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Abstract

The objective of the research described herein is to demonstrate conditions under
which controlled interactions between two structures or structural components can be
made effective in reducing the response of structures that are subjected to seismic
excitation. It is shown that the effectiveness depends upon such factors as the control
strategy implementation, the interaction element mechanical properties, and the param-
eters which characterize the dynamic behavior of the structural systems.

A study is conducted to examine the performance of a structural response control
approach referred to as Active Interface Damping (AID). This control approach utilizes
controlled interactions between two distinct structural systems — or different compo-
nents of a single structural system — to reduce the resonance buildup that develops
during an external excitation. Control devices or elements may be employed to phys-
ically produce the interactions between the systems. The proposed control approach
differs from some other control approaches in that the sensors, processors, and switching
components all operate actively, whereas the interaction elements function passively.
The major advantage of this semi-active control technology is that relatively large control
forces can be generated with minimal power requirements, which is of prime importance
for the control of relatively massive systems, such as structures.

In the most simple form, the strategy of the control approach is to remove energy
associated with vibration from only one system (the primary system). This process is
accomplished through the transfer of energy to another system (the auxiliary system) by
means of interaction elements, the dissipation of energy directly in the interaction
elements, or a combination of both these methods. In a more complex form, the control
strategy may be to minimize some composite response measure of the combined primary-
auxiliary system. Only the most simple form of the control strategy is considered in the

present study.



—vii —

Several physical interpretations of the control approach are possible: one is that the
systems represent two adjacent multi-story buildings; another is that the primary system
represents a single multi-story building, while the auxiliary system could represent either
an externally-situated resilient frame or a relatively small, unrestrained mass — or even
be completely absent (in this latter scenario, the interaction elements are internally-
mounted control devices). The interactions consist of reaction forces that are developed
within and transmitted through the elements which are located between the two systems
(or different points of a single system). The mechanical properties of these elements can
be altered in real time by control signals, so the reaction forces applied to the systems
may be changed, and the response control objective is achieved by actively changing the
interactions at the interface of the two systems (or different points of a single system).

Initially, a preliminary study of the proposed control approach is conducted within
the specialized setting of linear single-degree-of-freedom (SDOF) primary and auxiliary
systems. Numerical simulations are performed for a series of control cases using
horizontal ground accelerations from an ensemble of earthquake time histories as
excitation input. Subsequently, a follow-on study of the proposed control approach is
conducted for linear multiple-degree-of-freedom (MDOF) primary and auxiliary systems
intended to represent actual structural systems. Based upon the investigation and insight
obtained from the preliminary study, a limited number of control cases are considered
which include those deemed most effective and implementable. Numerical simulations
are again performed using the same excitation input as for the SDOF systems. The
control approach is targeted at reducing the response contribution from the fundamental
or dominant mode of vibration associated with the primary system. Uniformly-discre-
tized models of a 6-story primary structural system capable of only lateral deformations
are considered in most cases. A few cases involving models of a 3-story primary

structural system are also examined.
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Holiday Inn Excitation Records. Type 1 elements are used, with u =0.05, and are
locked in the activated state. o =6.50 and 8 =5.00. All elements participate. Primary-
Auxiliary System Configuration: 3—6.

Figure 4.44. Response Time-History of Mode 1 for a 6-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 3 elements are used, with §, =10.00. o =6.50
and 8 =5.00. All elements participate. Primary-Auxiliary System Configuration: 6-6.

Figure 4.45. Response Time-History of Mode 1 for a 6-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 3 elements are used, with &, =10.00, and are
locked in the activated state. « =6.50 and 8 =5.00. All elements participate. Primary-
Auxiliary System Configuration: 6-6.

Figure 4.46. Response Time-History of Mode 1 for a 6-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 3 elements are used, with 6, =10.00. «=6.50
and B =5.00. All elements participate. Primary-Auxiliary System Configuration: 6-3.

Figure 4.47. Response Time-History of Mode 1 for a 6-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 3 elements are used, with &, =10.00, and are
locked in the activated state. o =6.50 and  =5.00. All elements participate. Primary-
Aucxiliary System Configuration: 6-3.

Figure 4.48. Response Time-History of Mode 1 for a 3-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 3 elements are used, with 6, =5.42. a=6.50
and B =5.00. All elements participate. Primary-Auxiliary System Configuration: 3-6.

Figure 4.49. Response Time-History of Mode 1 for a 3-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 3 elements are used, with 8, =5.42, and are
locked in the activated state. o =6.50 and = 5.00. All elements participate. Primary-
Auxiliary System Configuration: 3-6. '
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Figure 4.50. Response Time-History of Mode 1 for a 6-Story Category 5 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. A Type 1 element is used, with # =0.005. o« =0.00
and § =0.06. Only top element participates.

Figure 4.51. Response Time-History of Mode 1 for a 6-Story Category 5 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. A Type 1 element is used, with g =0.005, and is
locked in the activated state. o =0.00 and § =0.06. Only top element participates.

Figure 4.52. Response Time-History of Mode 1 for a 6-Story Category 5 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. A Type 1 element is used, with 4 =0.025. o =0.00
and  =0.30. Only top element participates.

Figure 4.53. Response Time-History of Mode 1 for a 6-Story Category 5 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. A Type 1 element is used, with g =0.025, and is
locked in the activated state. ¢ =0.00 and  =0.30. Only top element participates.

Figure 4.54. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Category 1 Controlled Primary System which is Unforced, Initially at Rest, but
Given Initial Displacements. Type 1 elements are used, with 4 =0.50. All elements
participate. Targeted Response Mode: 2.

Figure 4.55. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Category 1 Controlled Primary System which is Unforced, Initially at Rest, but
Given Initial Displacements. Type 1 elements are used, with g =0.50. All elements
participate. Targeted Response Mode: 1 and 2.

Figure 4.56. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Category 1 Controlled Primary System which is Unforced, Initially at Rest, but
Given Initial Displacements. Type 1 elements are used, with ¢ =0.50. All elements
participate. Targeted Response Mode: 1.

Figure 4.57. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Category 1 Controlled Primary System which is Unforced, Initially at Rest, but
Given Initial Displacements. Type 1 elements are used, with g =0.50. All elements
participate. Targeted Response Mode: 2.

Figure 4.58. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Category 1 Controlled Primary System which is Unforced, Initially at Rest, but
Given Initial Displacements. Type 1 elements are used, with g =0.50. All elements
participate. Targeted Response Mode: 1 and 2.
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Chapter 1

Introduction and Background

1.1 Introduction

During the last two decades, a growing interest in the intelligent control of civil
engineering structures has developed, and many analytical, numerical, and experimental
studies have been conducted by various investigators with this objective in mind. This
interest is confirmed by the appearance of numerous journal papers and technical reports
on structural control in the literature (see [1-5] for an extensive review), as well as the
convocation of several conferences and workshops on this topic. Such an interest has
arisen in part because of the ambitious efforts by architects and engineers to create large-
scale structures such as high-rise buildings and towers, long-span bridges and cables, and
deep-water offshore platforms.

Yang and Soong [3] have remarked that improvements in structural analysis and
design methods coupled with the development of high-strength materials have permitted
the construction of taller and larger structural systems. In fact, it has been predicted that
the next generation of buildings may be one order of magnitude taller than those currently
considered feasible. But the inherent flexibility and low intrinsic-damping properties of
the materials used to fabricate these structures produces an increased vulnerability to
external excitations in the form of vibratory response. As a result, a control system might
become an integral member of a structural system in order to maintain both its stability
and integrity during response to routine and excessive loading conditions.

There is a natural desire for the protection and preservation of structures, their
occupants, and their contents during critical periods of usage or catastrophic excitation
episodes. Situations in which a structure is subjected to unpredictable environmental

excitations associated with atmospheric, oceanic, or seismic events (e.g., wind gusts,



.

water waves, or earthquakes) are of particular concern. The incorporation of control
devices into a structure to guard against these events should be viewed as a means of
alleviating such concerns, and this preventative measure has become viable because of
the technological successes achieved in such areas of applied scientific endeavor as
control theory and actuation, signal detection and processing, and fluid power utilization.
Several well-developed approaches (and their associated systems) to the problem of
controlling a structure subjected to an external excitation have emerged and are discussed

in the next section.

1.2 Background

As indicated by Leipholz and Abdel-Rohman [6], structural control involves the
regulation of pertinent structural characteristics in order to ensure a desirable structural
response while under the effect of loading. This regulation is achieved by modifying the
dynamic behavior of the structure through the application of control forces. The control
forces may be produced by either passive or active control systems. Passive control
systems operate without the need for energy from an external source. As such, these
syétems must develop forces which are reactive in nature. Often, their main function is
simply to dissipate mechanical energy (i.e., all forms of kinetic and potential energy) that
has accumulated within the structure. Alternatively, active control systems operate only
when an external supply of energy is available. But their advantage over passive control
systems lies in the fact that, within reasonable bounds, they are capable of producing
arbitrarily prescribed control forces for application to the structure. This feature permits a
strong connection between active control systems and modern control theory.

Some traditional approaches which have been used to suppress unwanted vibration
in mechanical systems produced by an external excitation are:

. Alter the mechanical properties of the system to shift the natural

frequencies of vibration (i.e., the resonant frequencies) away from the
dominant frequencies of excitation.
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. Introduce energy dissipating or damping mechanisms into the system to
prevent excessive vibration at or near the resonant frequencies.

. Employ vibration absorbers to counteract forces exerted on the system
by the excitation.

. Employ vibration isolators to reduce transmission of forces to the system
by the excitation.

. Actively generate applied forces to counteract forces exerted on the
system by the excitation.

It is not surprising then that extended versions of these basic approaches constitute
the primary methods used for most structural control applications. The principal areas of
technological development that have met with some measure of success are structural
base isolation, energy dissipation by internal devices, and active force application.
Among the latter two areas, Soong [7] has reported the following examples of structural
control systems: tuned mass dampers; tuned liquid dampers; sliding-friction dampers;
supplemental viscous dampers; viscoelastic dampers; active mass drivers; active brace
and tendon restraints; and pulsed gas-jet thrusters.

One of the earliest proponents for the application of modern control theory to civil

engineering structures subjected to external excitations and other loading conditions was

Yao [8], who in 1972 advocated

“... an error-activated structural system ... defined as a structural system the
behavior of which varies automatically in accordance with unpredictable
variations in the loading as well as environmental conditions and thereby
produces desirable responses under all possible loading conditions.”

In their initial efforts, structural control investigators have drawn upon the results
and techniques developed by the electrical and mechanical engineering communities for
such diverse applications as servomechanism devices, chemical production processes,
and guidance of aerospace vehicles. However, applications involving externally excited
structures often possess characteristics and present challenges that depart from or even
invalidate the assumptions and conditions upon which these results and techniques have

been based.
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In an address at a recent conference on structural control, Housner [9] has aptly
pointed out the fact that much of the theoretical basis in the development of active
structural control is rooted in modern control theory. For example, control algorithms
used to govern the operation of control systems intended for civil engineering structures
are often based upon standard solutions to the linear quadratic regulator (LQR) problem.
However, some of the features associated with structural control applications which differ

from the conventional LQR formulation are:

. a dynamical system typically characterized by only a few critical modes
of response, permitting the option of reduced-order modelling

. a limited number of available sensors and actuators, suggesting the need
for an optimal placement of these devices

. a relatively massive system, necessitating the influence of large and
sustainable control forces

. a control objective focusing on the reduction of selected maximum
response quantities but tolerating substantial imprecision in the state space
trajectory for the system
. a requirement for robust, reliable, and possibly fault-tolerant control
system performance under conditions for which the external excitation is
generally unpredictable

. a control algorithm that is both computationally implementable and
physically achievable

Because of their capability to provide arbitrarily prescribed control forces for
application to the structure, active control systems are more effective than passive control
systems. However, this superior effectiveness is accompanied by: increased complexity
(e.g., requirements for sensors, processors, and actuators); higher costs necessary to
construct, operate, and maintain such systems; and questionable reliability. On the
contrary, passive systems usually require minimal maintenance, do not need a power
supply in order to function, and are simple and extremely reliable.

From these considerations emerges the concept of a hybrid control system, which

consists of a combination of active and passive control systems. This system represents a
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compromise between the two control approaches, and it is intended to be more efficient
than either of these systems taken separately when all of the performance costs and
benefits are taken into account. Typically, the active part of such a control system is
operated for only brief intervals of time, as directed by a control algorithm, whereas the
passive part is always ready to function. As may be verified in the literature, there has
been an explosive growth in the number of hybrid control systems proposed for structural
control applications during the last several years.

Historically, aseismic design procedures for structural systems have relied upon the
ductility of structural members in the event of excessive loading conditions [10].
Materials which exhibit ductile behavior have the ability to dissipate energy during
inelastic deformation. However, such deformation generally leaves the structure in a
damaged condition with a compromised load-carrying capacity. Various researchers
have demonstrated that energy dissipating devices are an effective and reliable means of
reducing structural response during seismic excitation. Pall and Marsh [11] proposed and
tested sliding-friction devices mounted at the intersection of diagonally-crossed braces
connecting adjacent structural floors. The two ends of such a device are normally
resistant to relative motion but will slip when a predetermined level of restraint force is
exceeded. Because of the hysteretic behavior of the force-deformation curves for such a
device undergoing cyclic loading, mechanical energy is dissipated. Filiatrault and Cherry
[12] developed a simplified design procedure for determining the level of slip force to be
used during operation of these braced sliding-friction devices. It is based upon the
observation that a uniform distribution of slip force levels along the height of the
structure is nearly as effective as an optimally-determined distribution of slip force levels,
which vary with the height.

Another combination of active and passive control systems is manifested in the
concept of a semi-active control system. The idea behind this approach appears to have

first been elucidated by Karnopp et al. [13]. A semi-active control device consists of a
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passive mechanical element (or combination of elements) across which the force is
controllable. The variability in force will generally depend upon the instantaneous
mechanical properties of the element and the states of the dynamical systems with which

the element interacts. As described by Karnopp and Allen [14],

“The concept involves a damping mechanism for force generation which can
be modulated through a feedback control signal. The scheme requires only
signal level power and small transducers to generate large, controllable forces
in the damper.”

In principle and practice, any forces which are actively generated during operation
of a semi-active control device are not permitted to do work directly on the systems to be
controlled. The resulting energy changes of these systems can only occur through the
effect of reactive forces developed by the device. As an example, consider a control
device that consists of friction plates which are attached between two structures. When
there is relative motion of the two ends of the device, a normal force must be generated
and applied to the plates in order to develop and sustain a resisting force between the
structures. It is assumed that this normal force may be adjusted so that the resisting force
is varied in a manner which has an optimal control effect upon the structures involved.
However, the energy changes associated with this process are not a result of the normal
force doing work on either of the systems to effect these energy changes. Rather, the
normal force merely alters the mechanical properties of the device (i.e., the slip force
level) that is responsible for the interactions between the structures.

A number of investigators have performed analytical, numerical, and experimental
studies involving the incorporation of semi-active devices into structural systems for
control purposes. Hrovat ef al. [15] investigated a semi-active tuned mass damper for the
control of wind induced vibrations in tall buildings. The tuned mass damper utilized an
auxiliary viscous damper whose properties could be controlled. They demonstrated that
the performance of this control system is superior to passive systems and comparable to

active systems. Akbay and Aktan [16] proposed an actively regulated friction-slip brace.
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The operation of the brace was controlled by varying the clamping force on the friction
interface of the slip device in order to regulate the reactive force transmitted to the
structure. Dowdell and Cherry [17] performed a numerical study to demonstrate the
effectiveness of varying in time the slip force levels associated with braced sliding-
friction devices. Two control algorithms were investigated for the operation of these
devices: one involved a simple clamp-and-release scheme; the other used a linear state
feedback law motivated by optimal control theory.

Sack and Patten [18] introduced a semi-active hydraulic actuator as a means of
achieving a variable viscous damper. The actuator utilized an adjustable flow orifice in
the fluid return path connecting the high-pressure and low-pressure compartments of a
piston-cylinder mechanism. Such a device is capable of providing large control forces,
and it could be realized by installing a variable flow restriction on an otherwise generic
shock absorber. In addition, Hirsch et al. [19] conceived, constructed, and tested a semi-
active tuned mass damper which utilized a controllable viscous damper that can be
activated or deactivated with electromagnetic forces.

Kobori et al. [20-23] advanced an active variable stiffness approach in which
auxiliary braces are alternately engaged by or disengaged from the primary support frame
for the structure. This engagement or disengagement is accomplished by piston-cylinder
mechanisms which may be rapidly locked and unlocked. These braces and locking
devices have actually been installed in the Kajima Technical Research Institute (KaTRI)
No. 21 building in Tokyo [24]. Two methods are proposed for regulating the operation of
the devices in order to achieve a desired control effect for the structure: one uses an open-
loop approach based upon the excitation input characteristics in an effort to avoid
resonance conditions; the other uses a closed-loop approach based upon an adaptive self-
balancing principle.

In addition, it has been suggested that semi-active control systems be incorporated

into other kinds of structural systems. For example, Kawashima and Unjoh [25] proposed



—8—

using active variable damping and variable stiffness for the seismic response control of
bridges, while Yang and Lu [26] considered using semi-active friction damping for the
seismic response control of bridges.

More recently, increased attention is being devoted to control methodologies which
are based upon the theory of variable structure systems or sliding mode control [27-29].
Such methods of control bear a strong resemblance to those developed for the singular
optimal control of linear systems [30]. Structural control research efforts following this
approach are found in {31, 32]. The basic idea is that variable structure systems possess
different dynamic properties in different regions of the state space. The change in the
properties of the controlled system is idealized to occur instantaneously as the trajectory
of system states crosses a switching surface, which separates one region from another.
The switching surfaces are selected so as to produce a favorable control effect on the
system as its trajectory migrates through the state space, eventually being driven to the
origin. This method is also reminiscent of active variable damping and variable stiffness
approaches.

Another novel method proposed for the mitigation of excessive structural response
during seismic excitation involves the interaction of two distinct structural systems or
components of a single structural system. Kobori et al. [33] advocated the use of tuned
steel connectors between adjacent buildings for seismic response control. Each connector
consists of a passive joint damper whose function is to dissipate energy upon elastoplastic
deformation under loading conditions. The joint dampers are mounted to permit relative
motion between the buildings in any direction, rendering them effective in suppressing
both lateral and rotational motions. Such passive devices have actually been installed in
the steel-reinforced concrete Kajima Intelligent (KI) building in Tokyo, which is
comprised of a 5-story “A” building linked to a 9-story “B” building. Sera et al. [34]
performed numerical and experimental analyses on a model of a four-winged, 12-story

building with an internal atrium. The wings of the building were interconnected by link
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members of fixed stiffness and damping properties. Simulations were performed, and
different values were considered for these properties in separate simulation cases. Their
results indicated that this configuration produced special “link modes” of vibration,

which were effective in reducing deformations in each wing during seismic excitation.

1.3 Description and Organization of the Thesis

This thesis documents an exploratory study that has been initiated to examine the
performance of a structural response control approach referred to as Active Interface
Damping. This control approach utilizes controlled interactions between two distinct
structural systems — or different components of a single structural system — to reduce
the resonance buildup that develops during an external excitation. Control devices or
elements may be employed to physically produce the interactions between the systems;
these interaction elements are fully described in Chapters 3 and 4. The proposed control
approach differs from some other control approaches in that the sensors, processors, and
switching components involved all operate actively, whereas the interaction elements
function passively. The major advantage of this semi-active control technology is that
relatively large control forces can be generated with minimal power requirements, which
is of prime importance for the control of relatively massive systems, such as structures.

In the most simple form, the strategy of the control approach is to remove energy
associated with vibration from only one system (the primary system). This process is
accomplished through the transfer of energy to another system (the auxiliary system) by
means of the interaction elements, the dissipation of energy directly in the interaction
elements, or a combination of both these methods. In a more complex form, the control
strategy may be to minimize some composite response measure of the combined primary-
auxiliary system. This study focuses on the simple form of the strategy and presents
conditions under which the strategy will be effective in reducing only the response of the

primary system. In this situation, the auxiliary system must be capable of absorbing any
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additional energy received as a result of the control effort.

Several physical interpretations of the control approach are possible: one is that the
systems represent two adjacent multi-story buildings; another is that the primary system
represents a single multi-story building, while the auxiliary system could represent either
an externally-situated resilient frame or a relatively small, unrestrained mass — or even
be completely absent (in this latter scenario, the interaction elements are internally-
mounted control devices). The interactions consist of reaction forces that are developed
within and transmitted through the elements which are located between the two systems
(or different points of a single system). The mechanical properties of these elements can
be altered in real time by control signals, so the reaction forces applied to the systems
may be changed, and the response control objective is achieved by actively changing the
interactions at the interface of the two systems (or different points of a single system).

The objective of the research described herein is to establish under what conditions
the proposed control approach is effective in reducing the response of the primary system
when subjected to seismic excitation. As will be shown, this effectiveness depends upon
such factors as the method of control strategy implementation, the interaction element
mechanical properties, and the parameters characterizing the dynamic behavior of the
primary and auxiliary systems.

Before proceeding to case studies of the proposed control approach, the concepts
and theory of classical, instantaneous, and incremental optimal control methods are first
considered. This body of material is introduced and developed in Chapter 2, and it is
addressed in order to understand what constitutes an optimal control process and to offer
some alternatives for coping with the difficulties which arise when the external excitation
is unpredictable. As mentioned earlier, much of the theoretical basis that has been used
to treat structural control problems is rooted in modern control theory, for which the
notion of an optimal control process is essential. Some results are obtained that may be

valuable for fully-active control systems and might prove effective in the response control



—11=-

of structural systems subjected to seismic excitations. It is hoped that these results will
also lay a foundation for further studies in the field of structural control.

In Chapter 3, a preliminary study of the proposed control approach is conducted
within the specialized setting of linear single-degree-of-freedom (SDOF) primary and
auxiliary systems. Numerical simulations are performed for a series of control cases
using horizontal ground accelerations from an ensemble of earthquake time-histories as
excitation input. In each of the control cases, the system parameters are specified and a
particular type of interaction element is considered. The effectiveness of the control
approach is judged by comparing the response of the controlled primary system to that of
an uncontrolled primary system. The simplicity of this study is beneficial in formulating
the structural control problem, guiding the selection of a specific set of parameters, and
suggesting appropriate values for the chosen parameters. Most importantly, this study
facilitates the development of a basic methodology for the implementation of the control
strategy that is extendible to multiple-degree-of-freedom (MDOF) systems.

In Chapter 4, a follow-on study of the proposed control approach is conducted for
linear MDOF primary and auxiliary systems intended to represent actual structural
systems. Based upon the investigation and insight obtained from the results presented in
Chapter 3, a limited number of control cases are considered which include those deemed
most effective and implementable. Numerical simulations are again performed using the
same excitation input as for the SDOF system study. The control approach is targeted at
reducing the response contribution from the fundamental or dominant mode of vibration
associated with the primary system. Uniformly-discretized models of a 6-story primary
structural system capable of only lateral deformations are considered in most cases. A
few cases involving models of a 3-story primary structural system are also examined.

A summary of the work and results presented in this thesis is provided in Chapter 5.
There, overall conclusions are drawn, effects that have not been taken into account are

mentioned, and recommendations for future work are indicated.
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It should be emphasized that the control approach adopted herein is an outgrowth of
both the active variable stiffness system invented by Kobori and the concept of semi-
active control introduced by Karnopp. However, the control approach presented in the
following chapters is much broader than has been previously considered, and it can be
applied to situations involving the interaction of two structural systems — or between
different components of a single structural system — and may include the effects of
additional mass, stiffness, damping, or some combination of these mechanical properties.

Of particular significance are the control strategy employed and its relation to the
reduction of certain structural displacements (the so-called story drifts) associated with
the primary system, and the control algorithms used to operate the interaction elements
upon which the control approach is based. As will be seen in Chapters 3 and 4, bounds
can be established for the absolute structural displacements by considering a particular
kind of vibrational energy. The control strategy is intimately related to this vibrational
energy and the manner in which it evolves with time. It is believed that the adoption of
such a framework for the description and analysis of structural control problems,
including the concept of controlled interactions, sets apart the methodologies and studies

presented herein from the previous investigations discussed in the preceding section.
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Chapter 2

Classical, Instantaneous, and Incremental
Optimal Control Methods

2.1 Introduction

In this chapter, the concepts and theory of what will be referred to as classical,
instantaneous, and incremental optimal control methods are introduced and developed
primarily within the context of structural control applications. The structural systems of
interest are assumed to be linear, with time-invariant properties, and to be described by a
discrete set of state variables (see [1-3] for further discussion on state space representa-
tion of dynamical systems). In addition, these systems are subject to external excitations
— in particular, horizontal base acceleration as a result of the strong ground motion

brought about by seismic disturbances.

2.2 Definition and Formulation of an Optimal Control Process

In this section, a special case of the basic problem encountered in the classical
theory of optimal control processes is formulated. Such a case is sufficiently general,
though, to include the class of structural systems considered. The development of the
material presented here is partially adapted from the accounts given in [4, 5].

The objective of an optimal control process is to achieve a performance optimum
for some actual system. This is accomplished by optimizing the dynamic behavior and
control requirements of an ideal system associated with the actual system. The dynamic
behavior and control requirements are quantitatively characterized by a performance
index. The ideal system is a mathematical representation or model of the actual system,
and it is typically based upon many simplifying assumptions. If the actual system is

adequately approximated by the ideal system, then satisfactory physical performance
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should result. In what follows, the term system will be used to denote the ideal system.
First, suppose that the dynamic condition or state of the system at any time ¢ is
fully described by a set of m real scalar quantities z,, ... , z,,, known as system state
variables, which are functions of t. These quantities form the components of a vector
2=(Zy o s 2y )T, z € R™. It is assumed that the dynamic behavior of the system can be
controlled to some extent by specifying values for the r real scalar quantities u, ..., u,,
known as control input variables. These quantities form the components of a vector

u=(y, ... , u, )T, u € R". Furthermore, it is assumed that the system state variables are

governed by ordinary differential equations of the form

dz;

Ttlzgi(zl’ oo s Zpps Upy ooy U, 1) 2-1)
on a time interval ¢, <t <1, where i €{l, ... , m}. The functions g;(z, u, t), which also
form a vector g =(g;, ... , &n )', g € R™, are assumed to be defined and continuous,

together with their partial derivatives

_” 1’ eve s ; _l’ k l, cee g -
%, Jed m} 2, ef r} (2-2)

forall ze R" andu e R’.

Next, suppose that a real vector function u(t) € R" is prescribed Vz €[t,, #,]. Upon

substituting u = u(t) into (2-1), a system of ordinary differential equations is obtained

dz.
ix_=gi(zl, ey Ty W (D), en, U (), F) (2-3)

If the requirements of the Cauchy-Lipshitz theorem are satisfied, then this system of
differential equations possesses a definite solution on the time interval ¢, <t <¢,, known
as a state space trajectory, for every initial condition z, = z(¢,).

The aggregate of mathematical objects
U={z,, t,, t,; u(t), 1, <1<1,} (2-4)

will be called a control process. Thus, it is evident that to every control process U, there

corresponds a unique trajectory, with definite initial and final states, which is a solution
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to (2-3). It should be mentioned that although the aggregate is sufficient to yield a unique
trajectory, the objects comprising U may not all be a priori known. Indeed, one of the
tasks involved in the synthesis of an optimal control process is to determine each of these
objects if some freedom exists in their selection.

Now, let
L=L(Z), ... s Zp> Tys ooe s Tpgs Upy wnon y Upy 1) (2-5)

be a real scalar function which is assumed to be defined and continuous, together with its

partial derivatives

i, i, jefl, ..., m}; __3_l;’ kell, ..., r} (2-6)
dz; 0z

u,
forall Z,ze R" and u e R", and let

O=0(z, ... , Iy 1) 2-7)

be a real scalar, nonnegative definite function which is also assumed to be defined and
continuous, together with its partial derivatives

do . 29
U} ls cee gy sy T =
22, jed m} e (2-8)

For every control process U, a real scalar quantity J[U], known as a performance

index, may be assigned by a relation of the form

JIU] = ¢(z,, t,,)+J'tb L(zZ, z, u, t)dt (2-9)

t

a

where z, =z(z,). Thus, J[U] is a functional defined on some set of control processes.

The control process U is said to be optimal if the inequality

JIU1< J[U] (2-10)
holds for any other control process U which transfers the initial state z(z,) =z, to the
final state z(z,)=z,, where z(t) is the trajectory corresponding to U. Likewise, the

trajectory Z(¢) corresponding to U is an optimal trajectory for the system.

In many practical applications, it is assumed that some class of admissible control
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processes has been identified in advance. An admissible control process utilizes only
those functions u(?), ... , u,(t) which have values such that u(t) e Q, Vre([z,, t,], and
Q c R’ has been selected to incorporate the restrictions on y, ... , u, corresponding to
any physical constraints. The admissible control input functions considered herein are

assumed to be at least piecewise continuous.

2.3 Necessary Conditions for an Optimal Control Process

With the formulation of the basic problem in the classical theory of optimal control
processes complete, it is then useful to find necessary conditions which characterize the
optimal control process and the optimal trajectory. A special case of the basic optimal
control problem is now examined: the initial state z, and initial time ¢, are specified,
whereas the final state z, and final time 7, may each be either specified or unspecified.
In cases for which z, and ¢, are free to be specified, it is necessary to simultaneously
determine these quantities along with u(?).

The first class of optimal control problems considered are those for which Q= R".
In such a case, the calculus of variations may be used in conjunction with the method of
Lagrange multipliers to find the desired necessary conditions. Using these mathematical
tools, the necessary conditions for a solution to this class of optimal control problems

may be derived [4] as

JH . d|JdH| JH JH
=—, A=—|—|-—, —=0; Vre[t,¢ 2-11

oA dt[ % ] oz’ ou o> 1] 1D

subject to the boundary conditions
¢ aH]T o OH"
I:& az t b at & g t b ( )
b b

where H is a Hamiltonian state function, defined as

H(A, 2,2, u, )=2A'g(z, u, )+ L(Z, 2, u, 1) (2-13)

and A is the system costate vector, whose components are Lagrange multipliers.
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In cases for which the control input vector is constrained to belong to some
specified set of admissible functions; u € Q, with Q c R"; the minimum principle of
Pontryagin [5] is used (see Appendix A). This principle states, in essence, that all of the
necessary conditions in (2-11) and (2-12) remain in effect except for the last condition in

(2-11), which is replaced by
H(A, Z,z,u, ) SH(A, %, z, &, t); VueQ, Ve[t t,] (2-14)

where the optimal values for A, Z, z, and u are used in (2-14).

2.4 Classical Optimal Control Methods

A standard problem known as the homogeneous linear quadratic regulator (LQR) is
now considered. A regulator is a feedback controller designed to maintain the state of a
dynamical system within an acceptable deviation from a reference condition (if it were
suddenly perturbed away from this condition) by using a minimum amount of control
effort [6]. Solutions to this problem have formed the basis for much of the early work in
structural control applications, as previously mentioned in Chapter 1.

The dynamical system is assumed to be governed by a linear (and, as will be seen

from the relation between u and z, homogeneous) differential equation of the form
Z=Az+Bu (2-15)

where the matrices A and B are time-invariant, and the associated performance index is

selected to have the quadratic form

Iy
J=1z[Pz, +_[ tz" ez +u" Ru]dr (2-16)

a

where P, and Q are symmetric, nonnegative definite matrices while R is a symmetric,
positive definite matrix. This choice for J has acceptable physical implications for the
systemn behavior and yields desirable mathematical properties for obtaining a solution. In

a sense, the functional form selected for J can be viewed as a constitutive relation for use
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with the necessary conditions given in (2-11) through (2-14).
The particular case of interest is that for which z, is free but ¢, is fixed, and

Q= R’. From the form given in (2-13), the Hamiltonian H for this problem is
H(A, z, u)=/1T(Az+Bu)+%[zTQz +uTRu] (2-17)
For an optimal control process to exist in this case, the necessary conditions are
i=Az+Bu, -A=Qz+A"A, Ru+B"A=0; Vie[t,, t,] (2-18)
with the accompanying boundary conditions
A(t,)=P,z,; z,, t,, t,, P, specified (2-19)

The solution to this problem which satisfies the conditions in (2-18) and (2-19) was
first obtained by Kalman [7]. A technique known as the sweep method [6] is employed

here to solve this two-point boundary value problem. Let
A(t)=P(t)z(t) (2-20)

where P(t) is some matrix function of ¢, whose form is to be determined. In order to

obtain a relation that may be used to find this form, (2-20) is differentiated to give
A=Pz+Pi=Pz+P(Az+ Bu) 2-21)
The second of the necessary conditions in (2-18) requires that
~A=0z+A"A=[0+AP]z (2-22)
while the last of the necessary conditions in (2-18) demands that
u=—R'B'A=-R'B'Pz (2-23)
in which case, by using (2-22) and (2-23), (2-21) becomes
~Pz=[ATP+PA-PBR'B'P+Q]z (2-24)

Since the relation in (2-24) must hold at each z along the optimal trajectory for any

given z,, it is necessary that
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—P=A"P+PA-PBR'B'P+Q; Vtelt,, t,], P(t,)=P, (2-25)

where the boundary condition is deduced from (2-20). Equation (2-25) is known as a
matrix differential Ricatti equation, and if a solution P = P(t) to (2-25) exists with final
condition P(z,)= P,, then (2-24) is satisfied and (2-20) is valid. The solution to (2-25) is
discussed in [6, 8], and under some general conditions which incorporate the assumptions
stated for the parameter matrices, P will be a nonnegative definite matrix. Consider the
limiting case for which t, —t, = 0. Upon examining (2-25), it is possible that a finite,

steady-state solution P = P exists and possesses the property P =0, in which case
ATP+PA-PBR'B'P+Q=0; Vielt, t,], t,—t, > o0 (2-26)

Equation (2-26) is known as a matrix algebraic Ricatti equation. In either case, the
solution for P is then used with the result in (2-23) to obtain the optimal u.

Another problem that is perhaps more closely related to control applications for
structural systems which are subject to external excitations is the inhomogeneous LQR.
The solution to this problem is credited in [6] to Garber, who has shown that for a
dynamical system governed by a linear (and, by the presence of v, which is unrelated to

z, inhomogeneous) differential equation of the form
Z=Az+B'u+Bv (2-27)
with the performance index given in (2-16), the optimal u is given by
u=-R"'BT(Pz+w) (2-28)
where P(t) satisfies (2-25), and w(¢) is a solution to the vector differential equation
= [AT - PB"R"B"T]w +PBv; Vielt,, 1], wt,)=0 (2-29)

where v(f) is an excitation input vector function which forces the system state to evolve
in time. However, for applications involving seismic excitations, the functional form of

v(t) is generally not available in advance. This prohibitive condition leads to the
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realization that other approaches must be considered in the pursuit of “optimal” control

methods for structural systems.

2.5 Instantaneous Optimal Control Methods

As demonstrated in the previous section, the classical theory of optimal control
processes is well developed for linear dynamical systems which are subjected to a priori
known external excitations (this includes the specialized case of unforced systems, for
which the excitation input is zero but a dynamic response follows from nonzero initial
conditions that may be caused by a perturbation). For a seismically-excited structure, a
complete knowledge of the ground motion is generally not available when the control
input must be determined and applied. This situation has motivated the development of
instantaneous optimal control methods, which are founded upon the concept of attaining
the best performance possible for the system while utilizing only information available at
the current instant in time (and, possibly, that from previous instants in time).

The Instantaneous Optimal Control Method of Yang et al.

The first instantaneous optimal control method for structural systems appears to
have been introduced by Yang et al. [9]. The key idea behind the proposed method is to
use a time-dependent performance index in lieu of the standard integral performance
index given in (2-16). This time-dependent performance index also has a quadratic
functional dependence upon z and u, like the integrand in (2-16). The implication
inherent to the method is that the performance index is minimized at every instant in time.
In practice though, the performance index is minimized only at discrete, regularly-spaced
points in time. An abbreviated development of this method will be carried out here. The
intention of duplicating the efforts of the investigators is to illustrate a generalization to
their approach and -draw attention to some puzzling aspects of their results. The
presentation of the method here is somewhat different from that in [9], but the main

features are essentially equivalent.
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Consider again a dynamical system governed by the linear equation given in (2-27).

In the case of a linear structural system, a typical equation of motion would be
Mx+Cx+Kx=Lu+Lvy (2-30)

where x € R" is the generalized coordinate vector, # € R” is the control input vector, and
v € R’ is the excitation input vector. The parameter matrices M, C, and K, assumed to
be symmetric and positive definite, are directly related to the kinetic, dissipative, and
elastic properties of the uncontrolled structural system, respectively. The matrices L' and
L represent mappings between the control and excitation forces acting on the system and
the control and excitation inputs, respectively. The form in (2-27) is then obtained by

introducing the mathematical objects

XL, O F gl g © 231
Z= .x. ’ - _M—lK _M—IC i - M—-lLu 4 - M—lLv ( - )

The time-dependent performance index is given by
J(O =47 (0Q(0) +uT (1) Ru(1)] (2-32)
The equations of motion in (2-27) can be uncoupled by using the transformation
Z()=Ty() (2-33)

where T is an invertible matrix whose columns consist of the complex eigenvectors of
A, and A is assumed to be a stable matrix (i.e., the eigenvalues of A all have negative

real parts). Substituting (2-33) into (2-27) and rearranging terms yields
y=Dy+w; D=T"'AT, w=T"'(B'u+Bv) (2-34)

where D is a diagonal matrix whose entries consist of the complex eigenvalues of A. If

the system conditions are known at some initial time ¢, the solution to (2-34) is given by

t -
y(t)=e"""Py(z.) +j e Pyw(f)df (2-35)
t

c

in which e'*) is the matrix exponential function. Consider a later time t, = t_ + h, where

h is understood to be a small increment in time. Then, by using the trapezoidal rule for
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numerical integration, (2-35) can be approximately evaluated at time ¢, as
y(t;)=e"Py(t,)+ L h[w(t,) + " Pw(t,) ]|+ O(R*) (2-36)
Using the transformation given by (2-33) and the expression for w from (2-34), (2-36)
may in turn be used to approximately evaluate z(z;) as
2(t,) =Te*PT™ 2(2,) + 1B £ (1) + Te" T f(1,)] + O(R*) (2-37)

where f = B‘u+ B'v. Recalling the series expansion for ¢'*’, and rearranging some of

the terms, (2-37) may be expressed as
. . t,)—J(
z(t,) =z(t,)+ hi(t)+ L h*AZ(t,) + %hz[ﬂ-ﬁh—f(—cl]+ o(n*) (2-38)
If f (.) is approximated by
p t,)—Jf(¢
then it should be evident that the result in (2-38) could just as well be expressed as
z(t) =z(t,) + hi(t)+ 1 H*E(t,) + O(H®) (2-40)
which is simply a Taylor series expansion for z(¢;) in terms of quantities evaluated at ¢,.
The result in (2-40) clearly indicates that a restriction to linear systems, upon which the
development in [9] is based, is not necessary.
The objective is to optimize the time-dependent performance index J(z;), as given
in (2-32). In order to achieve this objective, a constraint relation between z(f,;) and u(t;)
is needed. This relation is obtained by dropping the terms of order O(%*) in (2-38) and
regarding the expression for z(t;) as exact. Hence, it is apparent that the optimization of
J(t;) is accomplished only in an approximate sense, and it should be recognized that this

procedure is equivalent to assuming that u(¢) and v(¢) vary linearly with t.

The optimization of J(t,) is facilitated by forming the Hamiltonian H(z,) as
H(tp) = A ()| {200 + ha(t)+ 3 Az) + Fa) |} - 26|+ 9@y @-41)

where A(z,) is a vector Lagrange multiplier. According to the optimization theory of
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Lagrange, the necessary conditions for minimizing J(z;) subject to the constraint (2-38)
are obtained by requiring H(t;) to be stationary with respect to arbitrary infinitesimal
changes in A(t;), z(t;), and u(t;); that is

8H(td)_0 8H(td)=0 JH(t,)

oAt k() | ou(ty)

where it is assumed that v(z,), u(z.), z(z,), and v(¢,) are fixed and known. The resulting

=0 (2-42)

necessary conditions are the constraint relation given in (2-38), neglecting the terms of

order 0(h3) , and
Qz(t,)+A(t;) =0, Ru(t;)—1hBTA(t,)=0 (2-43)
Thus,
u(t;)=—1hR'BTQz(2,) (2-44)
Substituting (2-44) into (2-38) and rearranging terms yields
u(ty) = —%h[l +1n’R'BTQ B“]_l R'BTQz (2-45)
(assuming the indicated inverse exists), where
Z=2(t,)+h[I1++hAJa(t,) - Lh{But,) - B'[v(t,)-v(t,)]} (2-46)

There are two troublesome features of this result which must be pointed out. First,
it is noticed that u(t;) = 0 as h — O, which is inconsistent with the previous assumption
that u(t) varies linearly with ¢, from which it would be expected that u(z,) — u(t,.) as
h — 0. The difficulty may be traced to the definition of the performance index given in
(2-32). Clearly, J(t;) — J(t.) as h— 0. But upon examining (2-32) and realizing that
z(t.) is fixed for the analysis, and therefore independent of u(t;), the obvious choice for
u(t;) to minimize J(t;) is zero in the limit as & — 0. Thus, the form given in (2-32) is
not acceptable for use with this instantaneous optimal control method.

Next, the manner in which the control input is physically implemented has not been

addressed. In particular, u(t) is ramped in a linear fashion from u(z,) at time ¢, to u(t,)
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at time ¢,. To accomplish this process, the determination of u(z,;) must be completed by
time ¢, in order to establish the rate at which u(z) changes with ¢. However, v(z,) is not
known until time #;,. Hence, u(t;) cannot be calculated according to (2-45) at time r,.
Thus, this particular method violates causality. Perhaps this fact was overlooked by the
investigators because their study was based upon numerical simulations for which a
complete excitation record was available in advance.
An Alternative Instantaneous Optimal Control Method

The analysis for the control method outlined above involves a single representative
short time interval for which the calculations used to determine u are uncoupled from all
other segments in time. It is conceivable that some of the difficulties with this approach
might be eliminated if a performance index which accounted for a series of consecutive
short time intervals were used instead. This approach is briefly explored below.

Consider again a linear dynamical system governed by (2-27). Then

2(tysr) = 2(t) + h[Az(,) + B'u(t,) + B'v(t,)]+O(r*) (2-47)
where
t,=t,+(k-1h, h=t”__ti’; ke, ..., m) (2-48)
and m is an integer, with
2(t) =2,, 2(t,)=2y5 2,5 1. 1, P, specified (2-49)

Suppose the following performance index is selected

m-1
J(m)= %ZZPb Z,+ ch %[ZT(tkH)Qz(tkH) +uT(tk)Ru(tk )] (2-50)
k=1
where P,, O, and R are all as previously defined in Section 2.4, and ¢, represents some

appropriately chosen weighting factor. Using (2-47) as a constraint relation between the
values of z(#,), u(z,), and z(,,,), the optimal values for u(z,) which minimize J(m) are
to be found.

As before, the optimization theory of Lagrange asserts that the solution for the
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constrained minimization of J(m) is equivalent to the solution for the unconstrained
minimization of H(m), where
m-1
H(m)= ZAT(tk)[z(tk) +hg(t,) ~ 2(ty)) + O(h™)| + J(m) (2-51)

k=1
and g = Az + B‘u+ B'v. The necessary conditions for the unconstrained minimization of

H(m), where A(z,) is now regarded as an independent vector variable, are

oH(m) _ 0 JH(m) _ 0 JdH(m) _

’ — Y (2'52
A1) oz(ty,1) du(t)) )
with [ e€{l, ... , m—1}. Upon letting ¢; = k (this choice will be explained momentarily),

and dropping the terms of order O(h?), the relations in (2-52) become
2(ty) = 2(,) + h[Az(t) + Bu(t) + Bv()| lefl, ..., m-1) (2-53)
Ae)= A+ R0z, )+ ATAGL)| Lefl ..., m=2) (2-54)
u(t)=-R"'BTA®) lef{l, ..., m—-1) (2-55)

subject to the boundary condition

A(t,.1)=(P, +hQ)z2(1,) ' (2-56)

Equation (2-54) represents a relation between A(f,) and A(t,,) which develops
backward in time, with a boundary condition specified for A(z,,_;). Since A(f;) depends
directly upon z(z,,,), which in turn depends upon v(z;), it is not possible to determine an
optimal solution for u(#;) unless the values of v(t) are a priori known. Hence, although
otherwise analytically sound, this method is not appropriate for applications involving
seismic excitations or any physical phenomenon for which a complete excitation record is
not available in advance.

It is interesting to observe the behavior of these necessary conditions in the limit as
m — oo. Upon rearrangement and letting m — oo (in which case h — 0, ¢, — ¢, and

the discrete variable 7, becomes the continuous variable t), (2-53) through (2-55) become
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i=Az+Bu+Bv, —A=Qz+A"A, u=—R"'BTA; Vie[t,1,] (@2-57)
with the accompanying boundary conditions
A(t,)=Pyz,; z,, ., t,, P, specified (2-58)

These results are identical to the necessary conditions obtained for the inhomogeneous
LQR problem discussed in Section 2.3, for which a solution can be found by using the
relations given in (2-25), (2-28), and (2-29) if v(¢) is known in its entirety. The reason
for selecting ¢, = h now becomes apparent: this choice ensures that the series in (2-50)
and (2-51) converge as m — oo (since h — 0 as m — o0),
The Suggested Instantaneous Optimal Control Method

Attention is now turned toward a control method which provides what may be more
accurately described as an instantaneous optimal control method for linear dynamical
systems subject to unpredictable external excitations. The key idea behind the proposed
approach is based upon a method attributed in [10] to Bass. Before proceeding with the
development of this approach, it is first worth revisiting the homogeneous LQR problem
examined in Section 2.4 so that a remarkable property associated with the optimal control
process can be demonstrated. This property is directly related to the proposed approach.

Consider the quadratic function
V(z, 1) =1278(t)z (2-59)
and define the matrix S(¢) to be governed by the relation
—$=A"S+SA-SBR'B'S+Q; Vtelt,, t,], S(1,)=S5, (2-60)

where S, is symmetric and nonnegative definite. It can be easily verified that § is also
symmetric and nonnegative definite. Using (2-59), the expression for V evaluated along

trajectories obeying (2-15) is given by

V=142"[ATS+S+5A|z+(Sz2)" Bu (2-61)
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where, upon using (2-60), (2-61) becomes
V=(52)" Bu-1z"[SBR'B'S+ 0|z (2-62)

Now suppose that the control strategy is to minimize V — to cause V to become as
negative as possible — along system trajectories at every instant in time (the motivation
for selecting this strategy is discussed below). Clearly, the choice for # which minimizes
V along trajectories obeying (2-15) is u — —oo, Vt €[t,, t,], which is neither physically
possible nor desirable. Indeed, a better choice for # would be ohe that yields the “best”
performance for the system while simultaneously conserving the control effort. If the
control input were also constrained to belong to some set of admissible functions (i.e.,
restricted to some reasonable range of values), then this procedure would be acceptable.
In the case of the homogenous LQR problem, there are no explicit restrictions on u;
rather, u is chosen to optimize the performance index given in (2-16), which assigns a
direct penalty for the “size” of u in the last quadratic term of the integrand. Based upon
this observation, an alternative procedure is proposed for the case in which the control
input is unconstrained: the modified control strategy is to minimize the sum of V and a
positive definite function of #, such as —;—uTRu, where R is as previously defined.

By using (2-62), it can be shown that along trajectories obeying (2-15)
i 2
V+lu"Ru =%”u+R"B“TSzHR ~17707 (2-63)
where

r=(-)'R(+) (2-64)

Since the system state is uniquely defined at each instant in time, the control input which

minimizes V + %uTRu at every instant in time is given by
u=-R"'B7Sz (2-65)

where S is the solution to (2-60). This solution for u is exactly the same as the solution

previously obtained in Section 2.4 when S, = P,. The precise equivalence of the two
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solutions is now further demonstrated.
In order to verify the true optimality of the proposed control strategy, consider the

generalized performance index

Jlz, t; 1, u(t)]= %z;S,, 2 +qu%[zT(t_)Qz(t_)+uT(t')Ru(f)]dt' (2-66)

t
where z(f) denotes a trajectory obeying (2-15), t <f <t,. For a given initial state z at an
arbitrary initial time ¢, but fixed final time ¢, and prescribed u(7), it is shown in [11] (see
Appendix B) that

_i[ﬂ] _oL &'
dtlok] d oz o
where L and g are the same objects as defined in Section 2.2. Ordinarily, (2-67) only

(2-67)

represents an intermediate result that is used in the development of the Hamilton-Jacobi-
Bellman equation, which forms the basis of another method by which solutions to
optimal control problems may be obtained. It is used for a different purpose here. In the

present context, (2-67) becomes

d|adl 1dJ
-——|=|=0z+A — 2-68
dt[ &] 0z % (2-68)
By comparison with the second necessary condition in (2-18), (2-68) reveals that
aJ
A=— 2-69

when the optimal u(f) is used. Using (2-63), it may be shown that along trajectories

obeying (2-15), (2-66) becomes
Jiz, 1, 1y, u(D)]=127Sz+ J:"’ %"u(f) + RBTS()2(F) “idf (2-70)
If the control input is selected according to (2-65), (2-70) is simply given by
Jz, t; t,, u(®]=1z"Sz (2-71)

in which case A =Sz, by (2-69) and (2-71). Letting S, = P,, it is clear that this is the
same result as obtained earlier, since S(¢)= P(t), Vt€l[t,, t,], from (2-25) and (2-60).

Hence, this class of optimal control problems has the property that the control strategy of



33—

selecting u to minimize V+%uTRu along system trajectories at every instant in time
produces an optimal control process as defined in Section 2.2.

The question then naturally arises as to the significance of using V evaluated along
trajectories obeying (2-15). This question can be answered by recalling the second or
direct method of Liapunov [12}, which is typically useful for stability analyses of general
dynamical systems. The basic idea is that if a positive definite function of the system
state can be found whose total time derivative is always negative when evaluated along
system trajectories, the system is asymptotically stable: |z|— 0 as 1 — co. In the case of
the homogeneous LQR problem, V, as given by (2-59), would be a candidate Liapunov
function if stronger conditions are imposed on Q and S,, requiring them to be positive
definite instead of merely nonnegative definite. Under these conditions, it is easy to
show that V, as given by (2-62), is negative definite when the control input prescribed by
(2-65) is used. Thus, the control strategy has the following physical interpretation: it
ensures that the state of the controlled system will eventually be driven to zero in an
optimal manner by selecting the control input given in (2-65).

It was indicated in Section 2.4 that as f, —t, — oo, a steady-state solution S=S to
(2-60) might exist. Actually, it can be shown [13] that even with the relaxed conditions
on Q and S,, S exists and is positive definite whenever the matrix pair (A, B) is
stabilizable and the matrix pair (C, A) is detectable. The pair (A, B) is said to be
stabilizable if a constant matrix L exists such that A— BL is stable. Since Q" =Q by
hypothesis, Q can be decomposed as Q=C'C, and the pair (C, A) is said to be
detectable if a constant matrix M exists such that A— M C is stable. If V is evaluated by
using the control input given in (2-65), with S =S, it is nonpositive definite. However, a
generalization of the Liapunov direct method, proved by Barbasin and Krasovskii [14],
states that if V is nonpositive definite along every nontrivial system trajectory, but not
identically zero Vt e[z, t,] for arbitrary ¢, the system is asymptotically stable. It can

be shown that these requirements are satisfied with the relaxed conditions on Q and S,
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when the pair (A, B) is stabilizable and the pair (C, A) is detectable.

Of course, deducing that (2-60) should govern the time evolution of S would have
been nearly impossible apart from the hindsight afforded in Section 2.4. But the principle
of the suggested control approach is still valid, especially in light of the desirable stability
properties discussed above. These asymptotic stability properties imply that the measure
used for the response of the system, given by equation (2-59), is being driven to zero in a
monotonically nonincreasing fashion. This is certainly an attractive type of behavior for
controlling the system response.

In view of the foregoing results, the following approach is suggested for the control
of linear dynamical systems subjected to external excitations for which information is not
available in advance. This control approach constitutes an instantaneous optimal control
method (i.e., optimal in a local-time sense but certainly suboptimal in a global-time sense
as delineated by (2-4), (2-9), and (2-10) in Section 2.2).

Consider again the linear dynamical system described by (2-27), where A, B*, and

B’ are time-invariant, and A is assumed to be stable. Let
Viz, )=1z75(t)z (2-72)

be a Liapunov function for the system trajectories described by (2-27) with u and v

identically zero. S(t) is then evaluated from a matrix differential Liapunov equation
—S=ATS+SA+Q, Vtelt,, t,}; St,)=S5, (2-73)
where Q is any symmetric, positive definite matrix. The solution to (2-73) is given by

T _ p iy aT _z _
S(ty=ev "4 5, e 04 4 j e DA el 4 gy (2-74)

t

which can be directly verified by Leibnitz’s rule for differentiation of an integral. Now,
for the case in which u and v are not zero, the control strategy is to select u so as to
instantaneously minimize V or V + %uTRu along trajectories obeying (2-27), depending

on whether u is constrained or unconstrained to belong to Q c R, respectively, where
g p y
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V=(52)' (Bu+Bv)-12"0z (2-75)

Note: Henceforth, the analysis will be carried out for the case in which the control
input is unconstrained, with the understanding that when the constrained control input
case is being considered, the terms which contain R should be dropped from the resulting

expressions or relations.

Now, consider a performance index of the form
fp
J=1z]8,z, +J‘ %[ZTQZ +uTRu]dt (2-76)
tll

where Q and R are no longer arbitrary as for the standard LQR problem but correspond
to the matrix parameters indicated above. S, should be a symmetric, positive definite
matrix but otherwise arbitrary. Using (2-75), (2-76) becomes
T b T T LPEN
J=12]80,)z, +£ ((52)" Bu+ u" Ru]de + _[ (Sz)" B'vdr @2-77)

It is recognized that the integrand in the first integral of (2-77) possesses the same
combination of terms involving u as the expression V +2u' Ru, in which V is evaluated
from (2-75). In fact, this structure will always be present as long as the positive definite
function of u appearing in the performance index matches that which is appended to V.
Therefore, a minimization of the expression V+%uTRu corresponds to a minimization
of the integrand in the first integral in (2-77).

Thus, in addition to the previous discussion based upon stability considerations, it is
apparent that the suggested control strategy has an alternate interpretation. For the case
where both u and v are identically zero, the matrix $(¢,), as evaluated from (2-74), and
the initial state z, determine the zero input cost, %zIS(ta)za, which is the value of the
performance index when the dynamical inputs are absent. When u and v are not zero,
the effect of the control strategy is to instantaneously minimize the integrand of the first
integral in (2-77), which represents the rate of accumulation of J contributed by the

control input. However, the rate of accumulation of J contributed by the excitation
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input, represented by the last integral in (2-77), cannot be directly altered in an
instantaneous sense, since v is externally imposed and the value of z is fixed at the
current instant in time.

Some additional comments are now in order. First, although the final time #, has
been regarded as fixed in the analysis, its value is generally unknown. This is because ¢,
along with 7, are taken to define a segment of time during which the external excitation
affects the system to be controlled. But as mentioned before, information concerning the
excitation is not available in advance. Thus, it is reasonable to treat the problem simply
as if 1, —t, — oo. This approach has the added benefit of enabling S to be determined,
since the solution for S(f) cannot be obtained from (2-74), even when S, is specified, if
t, is not known. But the solution in (2-74) reveals that as z, —1, — oo, S(t)— S, a

steady-state value that is given by
5= J 4" Qe di (2-78)
0
In practice though, S can be more easily evaluated by using its steady-state property in

(2-73), requiring it to satisfy a matrix algebraic Liapunov equation
ATS+5A=-0Q (2-79)

which may be readily solved for § (also, the need to specify S, is eliminated). Thus, this
instantaneous optimal control method depends only on the parameter matrices A, B*, Q,
and possibly R (if the unconstrained control input case is considered).

Of interest is the case for which the control input is unconstrained. In this case, the

instantaneous optimal control method yields
u=-R"'B7Sz (2-80)
In the absence of external excitations, V will be negative definite when the value given

for u in (2-80) is used, indicating the unforced system will be asymptotically stable under

the effect of the control strategy. Incidentally, it is apparent that the control method
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method outlined above may alternatively be described as a procedure to minimize the

total time derivative of the augmented Liapunov function
V(z, )=V(z, t)—j %uT(t)Ru(t)dt (2-81)
t

along trajectories obeying (2-27), although the geometric interpretation of V(z, t) is no
longer apparent. In addition, there are no explicit restrictions on the particular functional
form selected for the integrand in (2-81), other than it is taken to be a positive definite
function of u. Forms other than the quadratic type used above will generally lead to a

nonlinear functional dependence of u upon z, in contrast to (2-80).

2.6 Incremental Optimal Control Methods

In real applications, it may not be feasible to measure or estimate the system state at
every instant in time, as is required when using an instantaneous optimal control method.
Instead, it might be acceptable to determine a suitably optimized value for the control
input which may be applied during a short interval in time by using a zero-order hold
(i.e., a step function input). This procedure could then be repeated for the next short time
interval immediately following the current interval, and by continuing in this manner, the
control input is incrementally adjusted for each successive short time interval. This
approach is referred to as an incremental optimal control method.

Suppose that the entire interval [z,, 7,] is uniformly partitioned into a set of short
intervals, and consider some representative interval from this set with an initial time ¢,
and a final time #,. Again, let A=1¢; —¢, be small in comparison to some characteristic
time for the linear dynamical system described by (2-27). Define a performance index

for the representative interval as
m—1
AJ = ch [Vie + 307 (8) Ru(z)] (2-82)
k=1

where c, is an appropriately chosen weighting factor, V, is the value of V at time t,,as

given by (2-75), with



—38—

tk=g+(k_n
(m-1)

h, ty=t., t,=t;; kefl, ..., m} (2-83)
and m is an integer. The motivation for selecting a performance index of this form is
now explained.

The control strategy associated with an instantaneous optimal control method seeks
to minimize an expression of the kind appearing in the summand of (2-82) at every
instant in time. Consider the modified objective of seeking to minimize a collection of
terms associated with the representative interval, each term being this expression
evaluated at a particular time ¢, belonging to the short interval [z, t;]. So AJ is the
series obtained by adding together all of the terms in this collection. However, the
minimization is accomplished only in an approximate sense — the evaluation of the
expression at each #, is estimated on the basis of its value at .. Thus, the procedure used
for the incremental optimal control method consists of a sequence of minimizations at
particular points in time (represented by t.) belonging to the entire interval [¢,, ¢,], each
minimization effort reflecting an approximate optimization of AJ for a particular short
interval (represented by [z, #;]).

Before proceeding further, it is convenient to let m — oo, and thereby increase
without limit the number of terms in the series forming AJ. However, the series will

generally diverge unless ¢, > 0 as m — oo. To avoid this difficulty, ¢, is set equal to

h/(m —1), whereby (2-82) becomes
tap .
AJ = j [V +1u"Ruar (2-84)
'C
As in Section 2.5, the particular form of V considered is
V=177 = V=(Sz)'z (2-85)

where S is now understood to be time-invariant and specified according to (2-79) (in

which Q should be positive definite). Thus, (2-84) becomes

t
AJ = J [(52)" 2+ 4u" Rular (2-86)
[C
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As given by (2-86), AJ is to be minimized subject to the constraint relation (2-27),
and were it not for the fact that the excitation input is presumed unknown beyond the
time ¢,, the necessary conditions given in (2-11) through (2-14) could be used to obtain
an optimal solution for u during the interval [z, t,]. The approach adopted to develop
an incremental optimal control method is to demand that these necessary conditions be
satisfied in an approximate sense, one which is based only upon information available at
time ¢,.

To this end, it is clear that the value of any dynamic quantity associated with the
system at ¢, may be expressed in terms of its value and higher order derivatives at ¢, by

using a Taylor series expansion involving powers of h, for example

2(1,) = (1) + (1) () + O(h?) (2-87)
and

Alty)=A(2)+A(t,)(h)+O(h?) (2-88)

Since & is fixed and ¢, is assumed to be known, ¢, will also be fixed, and therefore the
last boundary condition in (2-12) is automatically satisfied. In general, z(z,) is not fixed
but will depend upon u(z,) and v(z,) — only u(z,) may be specified. From (2-12), the

first boundary condition which should be satisfied in order for the control process to be

optimal is
JoH
—-A{| =0 2-89
[ = ] ] (2-89)
In addition, the first term appearing in (2-89) can be expanded in powers of 4 to give
oH aHI d [8H] 2
—| == +—|—=—|| (W)+O(h 2-90
7| "l dt&z',c() (h7) (2-90)

Evaluating (2-11) at ¢, and using relations (2-87) through (2-90), the following equations

are obtained after dropping the terms of order O(h?)

z2(ty) =z(t)+g|, (M) (2-91)
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oH JH

Ae)=21 + 21 -
(t.) % tc+ % tc( ) (2-92)
oH| _
%' =0 (2-93)

c

in the case where the control input is unconstrained. In the case where the control input is
constrained to belong to some specified set of admissible functions; u € Q, with Q < R";

(2-14) is evaluated at ¢, and (2-93) is replaced by
HA,z,z,u, 0|, SHQA,2,2,@, 1) ; ViieQ (2-94)

By using the initial condition provided for the system at time ¢,, (2-92) is used
along with (2-93) or (2-94) to obtain A(z.) and u(z.) for the first short time interval.
Then, equation (2-91) can be used to integrate the system state to obtain z(¢,). This is
subsequently used as the initial condition z(#,) for the next short time interval, and by
continuing in this manner, the process may be repeated for each successive short time
interval in the set comprising the entire interval [z,, ¢, ].

A knowledge of the external excitation beyond the current instant in time is never
needed to determine the control input. This feature obeys the principle of causality, and
so the method is suitable for applications involving seismically-excited systems. In
actual practice though, (2-91) is not used, and z(z,) is obtained either by measurement or
estimation in the case of physical applications or by a more sophisticated integration
scheme than (2-91) in the case of numerical simulations. This algorithm represents a
closed-loop control method.

Finally, in the case where the control input is unconstrained, the expression for u

obtained from the incremental optimal control method is given by
-1
u= —[1 + hR"B“TSB“] R“B“T[Sz +hS(Az+ B”v)] (2-95)

(assuming the indicated inverse exists). Several additional remarks are in order. First, if

B“TS B* is invertible, then it can be shown (see Appendix B) that

-1
[1 +hRBTS B“] = I—hR'BTSB" +O(h?) (2-96)
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In the analysis that lead to (2-95), the terms of order O(hz) were ignored. If this same

level of approximation is maintained, then (2-95) becomes
u= _R-‘B"T{ [1 - hSB“R"B“T]Sz +hS(Az+ B”v)} (2-97)

Also, it is observed that as A — 0, the result given in (2-97) approaches the result given
in (2-80), which was obtained by using the instantaneous optimal control method. This
sort of behavior for u is both reasonable and expected.

Dynamic Controllers

At all stages in the foregoing development, it has been assumed that, other than the
requirement for piecewise continuity, the control input may be arbitrarily prescribed to
instantaneously become any member belonging to €2. This assumption corresponds to
the idealization of a nondynamic (sometimes referred to as inertialess) controller, where
the value of u can jump from one point to another in . Such an assumption is justified
if the “level” of control input is not excessive and the dynamic response of the controlled
system varies slowly in comparison to the dynamic response of the physical controller —
which depends upon the amount of time required for sensing, processing, and sending
signals, along with that necessary for the actuators to mechanically respond.

A variation on the previous results obtained by using incremental optimal control
methods is now presented for cases in which the dynamics of the controller are to be
explicitly taken into account. Only the case for which the control input is unconstrained
(i.e., Q= R") will be considered. This extension is based upon a discussion in [15].

Consider again a linear dynamical system governed by (2-27). Suppose that the

performance index is now selected to have the form
fa T. 1.-T N . 1..T
A = | [(S2)" 2+ 4" R+ SuT Ruldr (2-98)
’L‘
which assigns a direct penalty on the “size” of u# and thereby limits the extent of dynamic

performance expected from the physical controller. Also, assume that the control input

obeys a dynamical relation of the form
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u=h(u,z, c) (2-99)

where ¢ is a vector of appropriate dimension whose components represent a set of control
variables which may be directly specified. It is assumed a priori that (2-99) may be

inverted to obtain a functional relationship for ¢, expressible as
c=h, u, z) (2-100)

Furthermore, assume that the initial values of the system state z(z,) and control input

u(t.) are known. Next, define the new vector variables

A z A o ~ A z(tC)
Z= , u=su, v=y; 7(t,) = (2-101)
u u(t,)
Then, (2-27) and (2-98) can be recast in terms of these quantities as
$=Ai+B%9+BY (2-102)
and
dlanNT2 | ~Thn
AJ = j [(Sz) t+la Ru]dt (2-103)
tC

where the new parameter matrices are given by

~ |A Bl - o . ~ |S 0
A= , B'=| |, B=B, S= (2-104)
0 0 1 0 R

The augmented system governed by the dynamical equation in (2-102) and the
performance index as expressed in (2-103) are now in a form suitable for application of
the incremental optimal control method outlined above. Applying a zero-order hold on u
(i.e., u is a step function) for the augmented system, which has a nondynamic controller,
carries over to applying a first-order hold on u (i.e., u is a ramp function) for the original

system, obeying the dynamical expression
u(t)=u(t.)+a()t—t.); t.<t<ty, (2-105)

where #(t.) is evaluated from (2-97) by replacing R by R, S by S, etc. Also, if the

same level of approximation is maintained as was used in the foregoing analysis, then
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z()=z(,)+g@ )t —1.) .Sty (2-106)
where g(t,) is evaluated from the right-hand side of (2-27). Hence, (2-100) becomes
c(t) = h(t,), u(t), 2(t)); 1, St<t, (2-107)

Thus, the specifications for the operation of the dynamic controller according to the

incremental optimal control method are complete.

2.7 Summary

The material introduced and developed in this chapter has focused on linear time-
invariant dynamical systems described by a discrete set of state variables. It was shown
that the equations of motion for the structural systems of interest may be expressed in
terms of such variables. Definitions were given for an optimal control process, and a
standard optimal control problem known as the linear quadratic regulator (LQR) was
formulated and solved for both the externally-forced and unforced cases. It was pointed
out that the solution for the externally-forced case is only possible when the excitation is
a priori known. Thus, other control approaches must be considered for applications that
involve seismic excitations or any physical phenomenon for which a complete excitation
record is not available in advance.

This state of affairs motivated the development of instantaneous and incremental
optimal control methods as alternatives for coping with the difficulties which arise when
the external excitation is unpredictable. It is believed that some of the results obtained
might prove effective in the response control of structural systems subjected to seismic
excitations.

The developments presented in this chapter are not immediately applicable to the
proposed control method discussed in Chapter 1, which is based upon a semi-active
control approach. However, it is hoped that these results will be useful for further studies

in the field of structural control, specifically, those utilizing fully-active control systems.
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Chapter 3

Response Control of Linear SDOF Systems
Using Active Interface Damping

3.1 Introduction

When investigating the application of new technological principles and methods to
physical systems of interest, it is usually advantageous to begin by considering simple
idealizations of the actual systems. Thus, the present study focuses on two interacting
SDOF systems that are subjected to base acceleration, the source of which is seismically-
generated horizontal ground motion. One of these systems is designated the primary
system and the other is referred to as the auxiliary system. The two SDOF systems are
understood to be models for either two interacting structures or a single structure and a
control device which facilitates interaction of the structure with its base.

The control objective is to reduce the resonance buildup in the response of the
primary system that is produced by an external excitation. The strategy employed to
achieve this objective is to remove energy associated with relative vibration from the
primary system through interaction with the auxiliary system. A control algorithm is
used to determine when interactions between the systems should occur. Interactions are
permitted only when their anticipated effect is favorable to the control strategy. The
interactions consist of reaction forces that are developed within and transmitted through a
single interaction element that is located between the systems. The mechanical properties
of this interaction element can be altered in real time by a control signal and are discussed
later for each of the control cases considered.

Since the control objective is concerned with the response of the primary system, it
becomes necessary to specify those aspects of the system behavior that are to be

controlled. Typical response features of interest for an actual structure are the relative
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displacements of certain points on the structure from their equilibrium positions, as well
as the absolute accelerations of these points. In the present study, the control effort is
directed at reducing the relative displacements which are caused by the excitation. The
stresses induced in the structure are directly proportional to these displacements when

deformations are within the linear-elastic range of the material comprising the structure.

3.2 Problem Formulation

The following conditions are assumed to hold in this study: 1) the primary system
and the auxiliary system are subjected to the same base acceleration and respond linearly;
2) the interaction element functions passively, is considered to be massless, and responds
instantaneously to control signals (i.e., its mechanical properties may be instantaneously
altered); 3) the system states are completely observable, and all system parameters have
been identified in advance; and 4) only current values of the base acceleration and system
state variables are available to determine the control input.

Under these conditions, the equations of motion for the primary and auxiliary

systems are expressible as
% +28,0% + 0 x = ;- § (3-1)

where i € {1, 2}, with the parameter definitions

k. C; - f
W = _’, ; = —’, i = s 3_2
! \} m; ¢ 2 mk; m; (3-2)

where m;, k;, c;, and x; represent the mass, stiffness, damping, and relative displacement
(as measured from the base) of the ith system. f; is the control force applied to the ith
system by the interaction element, and y is the absolute displacement of the base of each
system. The subscripts 1 and 2 are used to denote the primary and auxiliary systems,
respectively. For the purposes of later discussion, let u be the reaction force developed
within the interaction element, which is subsequently referred to as the control input, and

let v=j, which is subsequently referred to as the excitation input. u is assumed to be
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positive when the interaction element is in tension. Because the element is treated to be
massless, a relationship exists between the control force acting on the ith system and the

control input, which is given by
fi=—lLu (3-3)

where [, =1= -1, for the assumed configuration of the systems. A schematic illustration
of the systems is provided in Figure 3.1.

Occasionally, it is convenient to recast (3-1) into the modified form

Z,=A2;+b'u+bv (3-9)

=) _ 0 1 B = 0 b = 0
zj:{x:}’ A _[_‘Oiz 2w, [ _{—Zi/mi}, _{_1} G-)

The equations represented by (3-4) are the state space form for the equations represented

where

by (3-1). It is evident that both u and v are dynamical inputs to the equations governing
the systems. The scalar pair (x;, x;), which comprise the vector z;, is referred to as the
state of the ith dynamical system. The state of a dynamical system is an embodiment of
the minimum amount of information at a particular point in time which, along with the
equation governing the dynamic behavior of the system, is sufficient to determine the
state of the system at all future points in time. Loosely speaking, the state of a system

consists of a certain set of defining conditions associated with that system.

3.3 Control Strategy

In much of modern control theory, the framework used to formulate problems is
founded upon the assumption that the control input may be arbitrarily prescribed and,
hence, no explicit restrictions regarding admissibility of a control input need be taken into
account during the solution procedure. In contrast though, the control approach under

investigation here utilizes control forces which are reactive in nature and, thus, cannot be
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arbitrarily prescribed. However, the objective of the control effort for the applications of
interest is response stabilization or reduction rather than more sophisticated goals, such as
regulation or tracking, in which a precise type of behavior is desired for the controlled
system. This simple control objective renders the proposed control approach extremely
attractive, especially in view of the following feature: successful operation of the control
system may be ensured without the demand for a significant supply of external power.

Due to its inherent simplicity and accompanying restrictions on admissible control
forces, the proposed control approach is only capable of directly controlling dynamical
quantities that are more primitive than the state. Of particular interest is a type of energy
associated with the controlled system. As indicated above, the control input is related to
the control forces which enter directly into the equations of motion. But the energy of a
system is related to a first integral of the equation of motion for that system. Hence, by
differentiating an appropriate expression for the energy of the system, the rate at which
this energy changes is directly related to the control input. Furthermore, it is shown
below that this energy is a positive definite function of the system state. Thus, if the
system energy can be limited in some fashion, then the system state is bounded. In turn,
each of the components of the system state is bounded. This logic constitutes the control
strategy proposed below.

Consider some time interval [¢,, f,] during which control of the primary system is
to be accomplished (e.g., the duration of the external excitation). The relative vibrational

energy of the primary system, E,, is defined as
=1 -2 1 2
E = 3mx; + kx| (3-6)

or, in terms of the system state,

k 0 m 0 a)2 0
El:%leSlzl? SI=|:01 m1}=|:01 m:”: 01 J (3-7
1

The response control objective is to reduce the maximum absolute value of the primary

system relative displacement, |x1 |max, that occurs during this interval of time. Since
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1m ] >0 at any instant in time, a least upper bound for |x, |, denoted by |x, |,,,, can be

sup’®
established at every instant in time. The greatest of these upper bounds then serves as a
bound for | X, |, that is

2E,
m wlz

le |S | X |sup’ Vie [ta’ tb]; |x1 L‘up = (3-8)

in which case

|x1 |max s 'arggbl X1 L‘up (3'9)

Thus, E, provides a measure which bounds |xl | at every instant in time. Hence, le [mx
may be controlled by controlling E, during the time interval [z,, #,].

When u=u(t) and v=v(t) are prescribed Vte(zr,, t,], the state of the primary
system evolves according to (3-4) along a definite dynamical path in the state space,
z, = z;(t), which then determines E, = E (f). The control strategy is to remove relative
vibrational energy from the system to the extent allowed by the constraints on the control
input values, and thereby drive E; as close to zero as possible at all intermediate times .
Since v is seismically generated, and therefore unpredictable, the values of u used to
construct any portion of such a path during a time interval [z,, f] must not depend upon
any values of v for 1>7.

A control process which produces a succession of system states that should
approximate the desired dynamical path is proposed as follows: First, let [¢,, ¢,] be
uniformly partitioned into a set of suitably short time intervals, each of duration A and
referred to as a control algorithm sampling period. Next, consider a representative short
time interval, the kth sampling period, defined by ¢, <t<7, +h. Attime f,, v and g,
are measured or estimated. A control processor then uses this information to ascertain an
appropriate operating state for the interaction element: activated or deactivated. In the
activated state, interactions between the systems are enabled. In the deactivated state,
interactions between the systems are disabled. This determination may initiate a

switching event by which changes in the mechanical properties of the interaction element
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are accomplished. These mechanical properties dictate the physical nature of the
interactions and subsequently the control input values used for the sampling period
duration. Interactions are permitted during the kth sampling period only when their
anticipated effect is favorable to the control strategy. The system then responds to the
values of u resulting from these interactions until the beginning of the (k +1)th sampling
period is reached, when an appropriate operating state is determined again. This
procedure is repeated for each successive sampling period.

For the purposes of both implementing the control strategy and formulating control
algorithms, efforts are directed toward minimizing the change in E, for the representative
sampling period, denoted as AEI", or even causing this change to be as negative as

possible. By differentiating (3-6) and using (3-1), E, may be evaluated as
E = m(% + ofx) % =[f; —m(§+25 0% )] % (3-10)

which then yields

t+h

AE{‘:_[ [fi —m (5 +280,%,)] %, dt (3-11)

k

Two methods are considered to achieve this goal. For each of these methods, let f,(f) be
the functional form for f;, the value of the control force applied to the primary system by
the interaction element. Such a form depends upon the type of interaction element used
and its current operating state (i.e., activated or deactivated).

Method 1:

Let f,(t) be the functional form for a finite control force resulting from continuous
operation of the interaction element during the sampling period. It is assumed that the
interaction element remains in one of its admissible operating states for the entire
sampling period. Using (3-11), and assuming further that f,(¢) is a continuous function

of ¢, a series expansion may be obtained for AElk as

AE =[i04]|, (D -m[(+28 )4 ]|, () +0m) (3-12)
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If the sampling period is small in comparison to some characteristic time for the primary
system, the terms of order O(h*) may effectively be ignored. In addition, the quantities
multiplying & in the second term of (3-12) are fixed irrespective of the operating state
selected for the interaction element. Thus, the contribution of this term to AE{ cannot be
changed. Hence, to the degree of approximation considered, the difference in values for
AE} obtained by selecting different operating states depends solely on the first term in
(3-12).

If the value of f;(¢)=—1 u(t) at t,, corresponding to the activated state, yields a
negative value for the first term in (3-12), then the resulting value for AEI" will be less
than the value obtained by using f,(¢) =0, corresponding to the deactivated state.
Method 2:

Let f,(¢) be the functional form for a pulse-like control force that is localized to the
time #,. Such a control force could be produced by a sudden impact between the systems
occurring at the beginning of the sampling period. To idealize this phenomenon, suppose
that f,(t) = I,(t,)6(t —t,), where I,(#;) is the impulse imparted to the primary system as
a result of the impact, and 6(r—1,) is a Dirac delta function. Using (3-11), and by again

considering a series expansion for AE, ,, it may be shown that

A, = 3560 + @O [h w0 = mi[(5+26000) 4] |, (0 +OG®) - (3-13)

where the symbols — and + denote times immediately before and after the impulsive
interaction, which is modelled to happen instantaneously. If a sudden impact is initiated
at time 7, such that the first term in (3-13) is sufficiently negative, then E; will decrease
immediately following time ¢, and the resulting value of AE" for the controlled system
will be less than that for the uncontrolled system. In contrast to Method 1, some of the
quantities multiplying h in the second term of (3-13) (i.e., x;) may change if such an

impulsive interaction occurs.

3.4 Interaction Elements
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In order to facilitate the implementation of the control strategy by the two methods
discussed in the previous section, several interaction elements are considered. For the
control cases which utilize Method 1, three types of interaction elements are separately
used to examine the effectiveness of the control approach. Each of these elements may
be described as nondynamic and memoryless (these qualifiers are discussed in more detail
in Chapter 4). The first type consists of a member that is capable of providing a rigid
connection between the two systems when activated. In the case for which the auxiliary
system consists of a linear elastic element, it is assumed that, upon deactivation, the
interaction element may be instantaneously slipped to reduce the reaction force to zero.
The second type consists of a member that is capable of providing a viscously-damped
reaction force between the two systems when activated. The third type consists of a
member that is capable of providing a Coulomb-damped reaction force between the two
systems when activated. For each type of interaction element, the activated state
corresponds to the enabling or presence of an interaction between the systems, while the
deactivated state corresponds to the disabling or absence of an interaction between the
systems. The relation between the reaction force and the primary and auxiliary system
displacements and their derivatives is given below for each type of interaction element in
the activated operating state:

. Rigidly-Connected / Instantaneously-Slipped Member
u=tm[(B-Dx +2(y-Dgok +of (@x, - x)+(B-DF]  (-14)

(X; must be obtained iteratively from the equation of motion for the primary
system, since that equation is expressed in terms of u.)

. Viscously-Damped Member

u=2mé o (% -x,);, 6

int (3_15)

. Coulomb-Damped Member

. X, # X; (slipping phase)
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u=meg,sgn(x —x,); € = fs (3-16)

. X, = x, (sticking phase)

u=meyzg, Sgn(urig) ’ urig > mlexgo (3'17)

u=u, s

Upig Smeg,

(u,, 1s the value of u as given by (3-14). f; is the slip force level normally
associated with a stick-slip element.)

The parameters ¢, 3, and 7y are defined in the next section. Each of these element types
is schematically illustrated in Figure 3.3. The configuration of the primary and auxiliary
systems is indicated in Figure 3.3. The systems are shown to be connected by a generic
interaction element, which could represent any one of the three types discussed above.

It is not necessary to specify the precise physical nature of the interaction element
for the control cases which utilize Method 2 since the activation-deactivation process is
modelled to happen instantaneously. However, the phenomenon is assumed to be
equivalent to a perfectly-plastic impact between the two systems. The energy changes
associated with this process could be effected, for example, either by rapid conversion of
mechanical energy to thermal energy within the interaction element or through
deformation of some of the material comprising the interaction element. The pertinent
quantities associated with this process are the impulse transferred to and the final velocity
acquired by the primary system immediately following the impact. These quantities are
given below for an instantaneous interaction assumed to occur at time ¢,:

. Impulsively-Generated Perfectly-Plastic Impact

11<tk>=;3"+ﬁ[xz(r;>—xl<r;)], () =g+ a] 618

3.5 Numerical Study

A deterministic analysis is conducted through numerical simulations. An explicit

Runge-Kutta method with fourth-order truncation error is employed to numerically
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integrate the equations given in (3-1). The numerical simulations are performed for a
series of control cases using horizontal ground accelerations from an ensemble of
earthquake time histories as excitation input. This ensemble is comprised of the 1940
Imperial Valley (El Centro) SOOE, 1952 Kern County (Taft Lincoln School Tunnel)
S69E, and 1971 San Fernando (Holiday Inn) NOOW earthquake records. Subsequently,
these earthquake records are denoted herein by the symbols ELC, TAF, and HOL,
respectively, following the convention used in [1].

The accelerograms from these events were normalized to an effective peak ground
acceleration of 0.40g according to the procedure described in [1]. Each of the recorded
acceleration values was divided by a characteristic acceleration value computed for that
particular event and then multiplied by 0.40g. The purpose of this scaling operation was
to reduce the statistical variance of the peak response of a SDOF oscillator subjected to
each of the excitation records; it is meant to produce equal spectral intensities. The
normalized accelerograms are shown in Figure 3.4, and the amplitudes of the Fourier
Spectra for these records are shown in Figure 3.5. In contrast to one another, these
records exhibit and possess very different time-domain behavior and frequency-domain
content. They have been thoroughly analyzed and are widely accepted for use as
excitation input to simulate the response of structural systems to the strong ground
motion brought about by seismic disturbances.

For prescribed 4 and v, the dynamical behavior of the primary system is fully
characterized by specifying the fraction of critical damping ¢, and the undamped natural
frequency @,/2z. In all of the control cases examined in this study, {; =0.02. Values
ranging between 0.10 and 10.0 Hz are used for @, /2 7 to construct response spectra. In
turn, the dynamical behavior of the auxiliary system is fully characterized by specifying
the dimensionless parameters

L =",

ki m,

it
n

a

y=2 (3-19)
C

1
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which, when inserted into (3-2) and used with (3-3), yield

w2=\/%wl, C2=ﬁ§1’ fz=—213-f1 (3-20)

In the case of i =2, (3-20) permits an alternative expression for (3-1)

Bx, +2y§ 0%, + aoix, =~ f, - B3 (3-21)

It is convenient to group the control cases to be examined into nine control
categories, which are distinguished by the method of control strategy implementation, the
number of possible operating states for the interaction element, the physical nature of the
interactions (which corresponds to the type of interaction element used), and the values
considered for the parameters that characterize the dynamical behavior of the auxiliary
system. A listing of these control categories is provided in Table 3.1. For most of them,
the interaction element has the capability to function in either one of two operating states.
However, this capability is restricted by the additional limitation that the element may be
activated or deactivated only at the beginning of a sampling period, and that it must
remain in the selected operating state for the duration of the sampling period. For all of
these control cases, a fundamental criterion which is based upon the control strategy is
used in the determination of the appropriate operating state. This criterion is discussed in
the next section.

For the cases in Categories 1 through 5, the interaction element is capable of two
operating states: an activated state and a deactivated state. In Categories 1 through 3, the
first type of interaction element described is used, which provides a rigid connection
between the systems when activated and provides no interaction between the systems
when deactivated. In Categories 4 and 5, an interaction element which is capable of
producing an instantaneous effect that results in a perfectly-plastic impact between the
systems is used (e.g., some kind of robust impact damper which reduces the relative
velocity between the systems to zero in an instant of time).

In Categories 6 and 7, the second type of interaction element described is used,
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which provides a viscously-damped interaction between the systems when activated. In
Categories 8 and 9, the third type of interaction element described is used, which
provides a Coulomb-damped interaction between the systems when activated. However,
for the cases in Categories 7 and 9, the interaction element possesses only a single
operating state (the activated state), whereas for the cases in Categories 6 and 8, the
interaction element is capable of two operating states (the activated and deactivated
states).

The cases in Category 1 involve an auxiliary system that consists only of a linear
elastic element. As the interaction element is deactivated, it is assumed that the rigid
connecting member may be instantaneously slipped in a manner by which the strain
energy stored in the auxiliary system is suddenly dissipated. The mechanism for this
dissipation depends upon the actual hardware used to produce the interaction but could be
achieved by the viscosity of a working fluid or sliding friction at a solid-solid interface.
Now, let U, be defined as the rate at which potential energy is stored in the elastic
element of the primary system (or, U, = +kx?; U, = k%,x,, k; >0). For exactly half of
the cases considered in this category, interactions are prohibited whenever U1 <0,
whereas interactions are permitted for any value of U, (but will occur only as directed by
the control algorithm) in the remaining cases. Note: Special reasons exist for choosing
to consider these two particular sets of cases, and these reasons are discussed in the last
section of this chapter.

In addition to the fundamental criterion, which is used to determine whether or not
an interaction may be initiated and/or maintained, the cases in Categories 2 and 3 utilize
another criterion to determine whether or not an interaction may be initiated (from a
deactivated operating state). This additional criterion is necessary because impulsive
forces will generally develop between the systems at the moment when an interaction
commences if the velocities of the systems are dissimilar and both systems possess mass.

The criterion requires the relative velocity between the systems to be nearly zero in order
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to initiate an interaction, as explained in the next section. It is recognized that such a
criterion is unnecessary for the cases in Category 1 because the auxiliary system is treated
to be massless in those cases (i.e., f =0).

For the cases in Categories 4 and 5, the interactions occur impulsively at strategic
instants in time through an attachment-and-release process. During such a process, the
systems are forced by means of a perfectly-plastic impact to instantaneously attach to
each other so that they acquire the same velocity, as described earlier. The connection
created is then immediately terminated, allowing the systems to move independently for
the duration of the sampling period. Such interactions generally occur intermittently.

Regarding the cases in Categories 8 and 9, an effective damping coefficient, c,g,
may be obtained for a Coulomb damper by considering a linear viscous damper with
actual damping coefficient c,, and requiring each element to dissipate the same amount
of energy per cycle when subjected to a sinusoidal deformation process of amplitude A
and frequency @. This method of equivalent damping is discussed in [2] and leads to a
relation between the slip force level f, of the Coulomb damper and the effective

damping coefficient c,;, given by
n
fs = Zceﬁ” WA (3-22)

For the purposes of comparison, the values used for the parameter &, associated
with the cases in Categories 8 and 9 are selected by requiring the values of ¢, to match

the values of c;

. used for the corresponding cases in Categories 6 and 7. By assuming

that A = I X |mx and @ = @;, and using the defining expressions for 6 and g, in (3-15)

and (3-16), (3-22) becomes

/4
28,
It is recognized that the last term in (3-23) is the pseudo-velocity of the primary system

£ = 6 Clwl[wll X Imax] (3-23)

response. Several intermediate values were obtained for this quantity from the response

of the uncontrolled primary system (for given values of 6 and w,) when subjected to
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each of the excitation records. These intermediate values were then averaged over the
excitation records to obtain a final value for each combination of § and @,. This final
value is used in (3-23) to determine £, for the cases involving the controlled primary
system. The range of values used for g for the cases in Categories 8 and 9 are reflected
in Table 3.1 by the effective values used for & to compute €, according to (3-23).

The sets of parameter values used to characterize the auxiliary system and some of
the particular features associated with specific control cases are listed in Tables 3.2
through 3.7. The values considered for the parameters indicated in Tables 3.2, 3.3, 3.4,
3.5, 3.6, and 3.7 are used for the cases belonging to Categories 1, 2, 3, 4, 5, and 6 through

9, respectively.

3.6 Control Algorithms

Before discussing control algorithms in detail, it is necessary to call attention to
some matters concerning the additional criterion that is used to determine whether or not
an interaction may be initiated for the cases in Categories 2 and 3. These matters are
related to some of the principles involved in the control algorithm used for cases in
Categories 4 and 5, and so it is prudent to discuss them now.

Attachment Criterion

For the cases in Categories 2 and 3, the purpose of the interaction is to transfer
energy from the primary system to the auxiliary system without dissipating any energy
within the interaction element, which consists of a rigidly connected member when
activated. In order for such an interaction to commence, it is necessary for the velocities
of the two systems to be brought into coincidence; this process is referred to as an
attachment and is modelled to happen instantaneously. Since the velocities of the
systems are generally dissimilar before an interaction commences, and because each
system typically has mass associated with it, an impulsive force is required during the

attachment process to cause the systems to acquire the same velocity, x, () = X (7). As
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indicated below, this process always results in a loss of the combined relative energy of
the two systems. It can be shown that the change in the combined relative energy of the

systems associated with the attachment process, assumed to occur at time ¢,, is given by

AE,, ()= A[E(1)+ E(1)] = ———[xl O REN (A (3-24)
while the accompanying change in relative energy of the primary system is given by

AE, ()= -+ AETCOREAD) EXCORE Ao (3-25)
20+

In all of the control cases other than those in Categories 4 and 5, the intention of the
control effort is to achieve a favorable control effect on the primary system by the
transfer or dissipation of energy through continuously-applied, nonimpulsive interactions
but not by sudden changes in E; through instantaneously-applied, impulsive interactions.
This objective may be ensured for the cases in Categories 2 and 3 if the attachment
process is delayed until an instant in time when x, () = x,(#,). Under these conditions,
AE, (1) and AE,(t,) are both zero, and the impulsive force vanishes as well (confer
with (3-18)). However, this restriction is unnecessarily prohibitive and would cause
many opportunities for interaction to be missed. So it becomes desirable to determine
practical conditions under which an attachment process can be accomplished, even when
X, (t; ) # %,(¢; ), but which limit the adverse effects.

The additional criterion used to determine whether or not an attachment process

should be permitted at some representative time ¢, is expressible as

l Al %] (tk) |.\'up <1

(3-26)
lxl (%)

sup

where

AI X1 (tk) |sup = l xl(t;) - I xl(tk_) (3-27)

sup sup

The condition expressed by (3-26) has been chosen because |x1 | which is directly

sup?

related to E,, is left relatively unchanged following the attachment process, after which it
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can be changed only through the interaction effects brought about by continuously-

applied forces. It is relatively straightforward to show (see Appendix B) that

|AE1(tk)| lAl xl(tk)Isup |A| xl(tk)lsup

x (3-28)
El (tk ) le (tk sup |x1(tk sup
and also that
lA xn(’k) AE,(t AE,(t
I |WP 1 I 1 ( k)l I 1(_k)| <1 (3-29)
Hence, if it is required that |AE1(tk) |< &g Ey(1), with €5 < 1, then
AI X (tk) |su
‘____” <& (3-30)
%@, 2

and it is evident that (3-26) will be satisfied.
Upon further inspection of (3-24) and (3-25), it is apparent that in some instances
|AE,(1,)| <| AE,,(t;)|, while in other instances |AE,, ()| <|AE(t,)|, depending on the

particular values of x,(#;), x,(#; ), and B. If it is stipulated that
|AE,,(8)| < 5 By (1) (3-31)

whenever |AE1(tk)| < | AE,O,(tk)I, then (3-26) will certainly be satisfied. Alternatively, if

it is stipulated that
|AE (1)| < 0 By (%) (3-32)

whenever | AE,,(t,)| <|AE,(#,)|, then (3-26) will certainly be satisfied. Thus, by using
the appropriate condition stipulated in either (3-31) or (3-32), AE, ,(¢,) is kept “small”
while simultaneously satisfying (3-26). This is an attractive feature since it is reasonable
to interpret AE,,(t,) as a measure of the potential for damage to the systems that is
associated with an abrupt attachment process. In addition, by using (3-18) and (3-24), the

following relation holds

|Il(tk)|=\/2 m‘ﬂl AE,, ()| (3-33)
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Therefore, requiring AE,(,) to be small also ensures that [;(¢,) will be small. This has
important physical consequences because, in reality, the attachment process will require
some small yet finite amount of time to transpire. An effective force during the
impulsive interaction may then be determined by dividing the impulse by this small
amount of time. By ensuring that /,(¢,) is small, this effective force is kept small. It is
of anecdotal interest to note that the criterion is automatically satisfied for all cases in
Category 1, since f=0.
Fundamental Criterion

As discussed previously, two methods are considered to implement the control
strategy: continuously-applied, nonimpulsive interactions; and instantaneously-applied,
impulsive interactions. The control algorithm corresponding to Method 1 is described
first. At the beginning of each sampling period, the states of the primary and auxiliary
systems are measured or estimated. These states are used to determine the control forces
that would be produced by an interaction. Then, the control processor evaluates the rate
at which relative vibrational energy is added to the primary system as a result of the
interaction (given by the term multiplying 4 in (3-12)). When this quantity is less than or
equal to zero, then either: (a) an interaction is initiated and maintained for the sampling
period duration, or () the interaction is maintained, if already in effect, for the sampling
period duration. Otherwise, either: (a) an interaction is not initiated, or (b) the interaction
is terminated, if already in effect. The conditional tests in this algorithm comprise what is
referred to as the fundamental criterion for Method 1, and represent the logic used by the
control processor to determine whether or not an interaction may be initiated and/or
maintained.

There are a few caveats to the decision process outlined above that must be further
explained. First, for the cases in Category 1 (excluding those cases for which interactions
are prohibited when U, <0), the auxiliary system consists only of a linear elastic

element, and upon deactivation, the interaction element may be instantaneously slipped to
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reduce the reaction force to zero. Hence, the interaction element may always be
immediately reactivated in accordance with the fundamental criterion. Thus, for these
particular cases, the interaction element remains activated at all times with the exception
of certain discrete points in time at which this deactivation-reactivation process occurs.
Also, for the cases in Categories 2 and 3, the initiation of an interaction is only permitted
when both the conditions of the fundamental criterion and those of the additional criterion
related to the attachment process are satisfied.

The control algorithm corresponding to Method 2 is described next. As with the
algorithm for Method 1, the states of the primary and auxiliary systems are measured or
estimated at the beginning of each sampling period. These states are used by the control
processor to compute the value of AFE,(t,), according to (3-25), that would result from an
impulsive interaction. When the value of AE,(#,) has reached a local (but negative)
minimum in time, an attachment-and-release process is initiated (without regard for the
attachment criterion). This local minimum is determined by monitoring the computed
value for AE,(t,) at the beginning of each sampling period and identifying the lowest
(but negative) value attained before it begins to increase for subsequent sampling periods.
Then, to ensure that a true minimum has been reached, the control processor postpones
initiation of the attachment-and-release process until the value of AE,(z,) is observed to
monotonically increase from the identified minimum for n, consecutive sampling
periods, where n, is a parameter. The conditional tests in this algorithm comprise what
is referred to as the fundamental criterion for Method 2, and represent the logic used by
the control processor to determine whether or not an attachment-and-release process may

be initiated.

3.7 Results

The simulation results are compiled in the form of response spectra, which plot the

pseudo-velocity of the primary system response, a),l X |max, versus the undamped natural
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frequency of the primary system, ®,/2 7, for the range of values considered. Response
spectra have historically been used by engineers for design purposes [3]. However, when
several curves representing the response of various control cases are plotted along with
the curve representing the uncontrolled case, this graphical construct becomes a useful
tool for judging the effectiveness of the proposed control approach. Results are now
summarized for the control cases belonging to each of the previously described control
categories.

Category 1:

The response spectra for the controlled cases in which interactions are permitted for
any value of U1 are significantly reduced in comparison to the response spectrum for the
uncontrolled case for each of the excitation records considered. A trend of decrease in
the response spectrum is nearly always observed as the value of « is increased. The
spectra for all of the cases are shown in Figure 3.6 for each of the excitation records.

The response spectra for the controlled cases in which interactions are prohibited
when U, <0 are generally reduced in comparison to the response spectrum for the
uncontrolled case for each of the excitation records considered. A trend of decrease in
the response spectrum is nearly always observed as the value of ¢ is increased. The
spectra for all of the cases are shown in Figure 3.7 for each of the excitation records.
Category 2:

The response spectra for the controlled cases are generally not reduced in
comparison to the response spectrum for the uncontrolled case for each of the excitation
records considered. The spectra for all of the cases are shown in Figure 3.8 for each of
the excitation records.

Category 3:

The response spectra for the controlled cases are moderately but not consistently

reduced in comparison to the response spectrum for the uncontrolled case for each of the

excitation records considered. The spectra for all of the cases are shown in Figures 3.9
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and 3.10 for each of the excitation records.
Category 4:

The response spectra for the controlled cases are generally reduced in comparison to
the response spectrum for the uncontrolled case for each of the excitation records
considered. A trend of decrease in the response spectrum is usually observed as the value
of B is increased at all but the higher frequencies. The spectra for all of the cases are
shown in Figure 3.11 for each of the excitation records.

Category 5:

The response spectra for the controlled cases are generally reduced in comparison to
the response spectrum for the uncontrolled case for each of the excitation records
considered. A trend of decrease in the response spectrum is generally observed as the
value of « is increased while using the smallest value of B, and the opposite trend is
usually observed as « is increased while using the largest value of 8. The spectra for all
of the cases are shown in Figures 3.12 and 3.13 for each of the excitation records.
Category 6:

The response spectra for the controlled cases in this category, which is included in
the study primarily for the purposes of comparison with Category 7, are shown in Figures
3.14 through 3.18 for each of the excitation records. For all of the controlled cases in this
category, the interaction element is permanently locked in the activated operating state.
The performance exhibited by the controlled cases in Category 7 at least equal, and
usually surpass, that in this category.

Category 7:

The response spectra for the controlled cases are moderately but generally reduced
in comparison to the response spectrum for the uncontrolled case for each of the
excitation records considered. A trend of decrease in the response spectrum is generally
observed as the value of & is increased. The spectra for all of the cases are shown in

Figures 3.19 through 3.23 for each of the excitation records.
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Category 8:

The response spectra for the controlled cases in this category, which is included in
the study primarily for the purposes of comparison with Category 9, are shown in Figures
3.24 through 3.28 for each of the excitation records. For all of the controlled cases in this
category, the interaction element is permanently locked in the activated operating state.
The performance exhibited by the controlled cases in Category 9 at least equal, and
usually surpass, that in this category.

Category 9:

The response spectra for the controlled cases are significantly and generally reduced
in comparison to the response spectrum for the uncontrolled case for each of the
excitation records considered. A trend of decrease in the response spectrum is generally
observed as the value of & is increased. The spectra for all of the cases are shown in

Figures 3.29 through 3.33 for each of the excitation records.

3.8 Discussion

In the last column of Table 3.1, a qualitative assessment of the control effectiveness
or performance achieved is assigned for typical cases in each of the control categories.
Such factors as the extent of response reduction attained for the controlled system, and
the consistency of the results obtained by using different excitation records for a given
case are taken into account to arrive at these assessments. It is evident from the results
previously discussed that the cases belonging to Category 1 are by far the most effective
with regard to the response control objective. The response control effort is generally
ineffective for the cases belonging to Categories 2 and 3.

The cases in Categories 4 and 5, which are the only ones that use the Method 2 form
of the control strategy implementation, are also very effective. But the consequences of
allowing impulsive forces to act upon the systems, and thereby modify their response,

have not been adequately addressed. Also, some questions remain concerning the details
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of how such impulsive interactions might be physically achieved. As was pointed out
earlier, the interactions for the cases in these categories correspond to perfectly-plastic
impacts which are assumed to occur instantaneously, and so it was not necessary to
specify the actual devices used to accomplish this idealized phenomenon. For these
reasons, the cases utilizing Method 2 are not pursued further in the follow-on study.

The cases in Categories 7 and 9 are also effective, with the results indicating that
the cases in Category 9 are generally more effective than those in Category 7. However,
this superior effectiveness might be related to the approximations used to determine the
value of g, for the cases in Category 9, resulting in effective values for & that are greater
than they are supposed to have been. In fact, because of the difficulties associated with
establishing the appropriate slip force level, as well as concerns about the power
requirements to generate the normal forces necessary for the proper functioning of the
stick-slip device, the third type of interaction element will not be pursued further in the
follow-on study.

The results of those cases in Categories 6 and 8 which differ noticeably from the
results of their corresponding cases in Categories 7 and 9 indicate that the switching
process associated with altering the mechanical properties of the interaction element
generally leads to improved control effectiveness.

Additional Observations

Of special interest are the cases in Category 1 for which interactions are prohibited
when U1 <0. Physically, this restriction means that when the elastic element of the
primary system is in the process of unloading (i.e., the system mass is moving back
toward its equilibrium position), interactions with the auxiliary system are not permitted.
In essence, these cases involve the same kind of auxiliary system and control algorithm as
that employed by the Kajima Corporation of Japan for the Active Variable Stiffness
(AVS) control method, as discussed in [4]. Thus, for the purposes of the present study,

this control algorithm will be referred to as the Kajima AVS control algorithm. Figures
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3.6 and 3.7 indicate that if an actual system can be made to respond like the auxiliary
system used in this category, then the control algorithm which permits interactions for
any value of U1 (i.e., the proposed control algorithm) yields a substantial improvement in
control effectiveness than the control algorithm which prohibits interactions when U, <0
(i.e., the Kajima AVS control algorithm). Of course, this conclusion is valid only for the
ensemble of excitation records considered.

Consider now the response characteristics of an externally-unforced SDOF primary
system that interacts with a SDOF auxiliary system of the type used in Category 1 and is
controlled by the two kinds of algorithms discussed above. It is assumed that at the initial
time ¢,, x(¢,) = x, and x(z,) =0. Upon doing some simple analysis, further insight may
be gained. The following results are obtained for the amplitude ratio, period of vibration,
and energy change associated with one cycle of oscillation for an undamped system of
mass m and natural frequency /27 (since in this case all quantities of interest except
o refer to the primary system, the subscript denoting the primary system is suppressed
for convenience and clarity):

. Proposed Control Algorithm —
x(t,+A1) (- A 1 AE _ 8a(l+a?)

= , —= , —= 3-34
X, (I+a’ T +l+a' E, (1+a)* (3-34)

. Kajima AVS Control Algorithm —
x(t,+Ar) 1 £_1+\/1+a AE  a(l+o) (3-35)

x, (+a) T 2\1+a’ E, (+af

2

0
For both of these algorithms, T =27/® and E, = imw?x?.

Figures 3.34 and 3.35 show a portion of the force-displacement time-history which
develops within the interaction element for the two kinds of algorithms discussed above,
respectively, for o =0.25. In both of these cases, the primary system is given an initial
displacement of x, and then released. The hysteresis loops which appear in the diagrams

represent the energy dissipated per cycle by the interaction element. It is evident that

more energy is dissipated per cycle for the case using the proposed control algorithm than
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for the case using the Kajima AVS control algorithm; this conclusion can also be reached
upon examining (3-34) and (3-35) when o <3. These results may offer a partial
explanation for the observed behavior in the externally-forced case.

For the case in which the primary system is harmonically forced at a frequency of
®/2 1 in a steady-state manner, it is simple to show that

. Proposed Control Algorithm —

x(t, + Ar) At AE
——=1], ==1, —=-8« 3-
X, T E, (3-36)
. Kajima AVS Control Algorithm —
Wo_*“A_Q:l, £=1, AE_ sa (3-37)
X T E

4

where T =27/@. The force-displacement time-histories for this case would be similar
to the diagrams shown in Figures 3.34 and 3.35, except that the displacement oscillates
between positive and negative x,, and each curve would return to the initial point at the
end of each cycle of oscillation, yielding closed hysteresis loops.

In seeking to compare the performance achieved by these two control algorithms, it
is also helpful to examine the effective damping ratio for both the externally-unforced
and harmonically-forced cases. The effective damping ratio is the damping ratio for an
uncontrolled SDOF system that would yield the same amount of energy dissipation per
cycle as is obtained for the controlled SDOF system. In the case for which the primary

system is externally unforced, it may be shown that
AE

2
c
Ceﬂ=1lc_2m—2—; le|=3In(1-b), b= 5

— (3-38)
Using (3-36), (3-37), (3-38), and o =0.50, the values of Ceﬁ for the proposed control

algorithm and the Kajima AVS control algorithm are 0.33 and 0.06, respectively. In the

case for which the primary system is harmonically forced at @ = w, it may be shown that

b@_ b , |AE

“=4ze an UT|E,

Using (3-36), (3-37), (3-39), and a =0.50, the values of {eﬁ for the proposed control

(3-39)
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algorithm and the Kajima AVS control algorithm are 0.32 and 0.08, respectively. Both
the externally-forced and harmonically-forced cases demonstrate that much higher values
for Ceﬂ are achievable when using the proposed control algorithm.

It should be mentioned that the cases in Category 1 may be viewed in an entirely
different manner than previously done. Consider a new interaction element consisting of
the old interaction element used for these cases, which can be instantaneously slipped to a
zero reaction force condition upon deactivation, placed in series with the linear elastic
element that was formerly considered to be the auxiliary system. From this viewpoint,
the cases in Category 1 may be described as those for which the new interaction element
facilitates an interaction between the primary system and its base (i.e., the ground). Such
an interaction element, and a modified version of it, will form the basis for much of the
follow-on study involving MDOF models of structural systems.

Chattering Phenomenon

In the theory of variable structure systems, or sliding mode control, usually the
objective is to bring the state of a system to a singular hypersurface (often referred to as a
switching surface) in the state space, and then to maintain the state on that surface while
simultaneously driving it toward the origin. Because relay devices are utilized by the
controller to achieve this desired behavior for the system, a chattering phenomenon will
result. While in chatter, the state undergoes extremely fast, alternating excursions across
the switching surface in an effort by the controller to maintain the state on the surface.

With regard to the Method 1 form of the control strategy implementation — which
utilizes continuously-applied, nonimpulsive interactions to implement the control strategy
— it is not desirable for such a phenomenon to occur. In the simulations conducted for
the control cases in the present study, there was no evidence of a chattering behavior for
the interaction elements during their operation. However, a simple example is now
presented which indicates that this phenomenon can occur under certain conditions for

the proposed control approach. It is prudent to mention that this example involves an



71 -

auxiliary system which, for the intended applications, is not very realistic, but it does
serve to illustrate the phenomenon.

Consider again two interacting SDOF systems which are externally unforced. The
primary system is characterized by a fraction of critical damping { of 0.02 and an
undamped natural frequency @/2 7 of 1.00 Hz. The auxiliary system is characterized by
0o=0.00 and f=5.00. The interaction element is a semi-actively operated Coulomb-
damped member, as previously used for control cases in Category 9, with g =0.25.
Figure 3.36 shows the response time-history of the primary system, in which the auxiliary
system is initially at rest and the primary system is given an initial displacement, for both
the controlled and uncontrolled cases. The chattering phenomenon occurs during those
portions of the response when the curve is relatively flat.

It may be of anecdotal interest to note that when an externally-unforced SDOF
primary system that interacts with a SDOF auxiliary system of the type used in Category
1 (as described earlier) under conditions for which o > 1 and the first control algorithm
discussed is used, the displacement of the primary system does not oscillate. Rather, the
response consists of a series of undulating decreases in the displacement, and as «
becomes very large, chattering behavior results.

It would be advantageous to develop additional criteria that may be used to
anticipate the occurrence of chattering behavior for the interaction elements and thereby
prevent their operation, even if otherwise directed by the control algorithm, until such a
time at which this phenomenon will not occur for a subsequent short interval of time.
Extension to MDOF Systems

In a later chapter, efforts are directed at extending the Active Interface Damping
control approach investigated for two interacting SDOF systems to MDOF models of
actual structural systems. This study will examine only linear MDOF systems, whose
response can be decomposed into particular modes of vibration. The response control of

one or several of these modes, each of which behaves like a SDOF system, is then sought.
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Figure 3.2. Schematic Representation of Interaction Elements Used for SDOF System Study.
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Figure 3.4. Normalized Accelerograms for the (a) 1940 Imperial Valley (El Centro)
SOOE, (b) 1952 Kern County (Taft Lincoln School Tunnel) S69E, and (c) 1971 San
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Figure 3.9. Response Spectra of Category 3 Controlled Cases for Various Values of o
— with $=0.20 and y =+/aff — for the (a) El Centro, (b) Taft Lincoln School Tunnel,
and (c) Holiday Inn Excitation Records. Results are for primary system.
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Figure 3.16. Response Spectra of Category 6 Controlled Cases for Various Values of &
— with ¢ =0.50, B=5.00, and y=+/0f8 — for the (a) El Centro, (b) Taft Lincoln
School Tunnel, and (c) Holiday Inn Excitation Records. Results are for primary system.



200

100

50 -

20 |-

Pseudo-Velocity (cm/sec)
N

T T T
No Control »——

§=2.50 =———=
§=500 =----

00

X0

0.03 0.1 0.3 I 3 10 30
Frequency (Hz)
fa 200 1 1 | | [}
o No Contro] =——
w ol (b) TAF _
2 5§=250 = ——
& o =500 w----=-
>
i)
oo
QO 20 _
0
Lo
v 10
A
Q
T Sk -
=]
0}
)
A2 l L L ] | |
0.03 0.1 0.3 I 3 10 30
Frequency (Hz)
200 T T T T T
No Control =——
wol- (¢) HOL ]

50—

20 .

10 [

Pseudo-Velocity (cm/sec)

5§=2.50 ———-
§=500 =---=

| | | |

Figure 3.17. Response Spectra of Catego
— with @=2.00, #=5.00, and y=

0.1

0.3

1 3 10 30

Frequency ;(Hz)

X

6 Controlled Cases for Various Values of &
aff — for the (a) El Centro, (b) Taft Lincoln

School Tunnel, and (c) Holiday Inn Excitation Records. Results are for primary system.



5 2 | T T | No C . T
o Contro

érh) wol. (a) ELC 5 2.50 -
8 S0 6:500 - - = = —g -
>
k=)
-
Q 20 -]
3
> op N\ ]
I N
0
5 sb _
3
]
g 2

0.03 o¥1 o?a l1 Ix 1'0 310 T00

Frequency (Hz)

~ 200 I I | [ 1
9 No Control s—
é) 100 |- (b) TAF 6 2 50 —_
O sol - = —a—
o
o
=
o
QO 20 -
0
y—(
v 10
>| ]
Q
ko) s -
o]
0
&

0.03 Oll 0'3 lx Iz ll() 3‘0 100

Frequency (Hz)

~ 200 | ] | | [
9 No Control] =——
E 100 | -
O sol - - - = o —]
o/
»
b
oy
Q 201 -]
0
]
O
> 10 |— o
o
ko] L3 -
=
0
& 2 | | |

0.03 ()!1 ()?3 Il 3 10 30 100

Frequency (Hz)

Figure 3.18. Response Spectra of Category 6 Controlled Cases for Various Values of
— with ¢ =8.00, §=5.00, and y=+/aff — for the (a) El Centro, (b) Taft Lincoln
School Tunnel, and (c) Holiday Inn Excitation Records. Results are for primary system.



200 T

100 |

— — —a

w
2
|

> - - — —a —f

-
=]

h
[
]

Pseudo-Velocity (cm/sec)
|

1 ] I ] | ]
0.1 0.3 1 3 10 30 T00

Frequency \(Hz)

<
[t
[

200 T T T T T
No Contro] =—=

§=250 =———s

- - = — —g —

wof- (b) TAF

50 =

Pseudo-Velocity (cm/sec)

20 |- -
10 f— —
5 —
] I ] | | [
0.03 0.1 0.3 1 3 10 30 100
Frequency (Hz)
~ 200 T T T T T
3 No Control s———
100 |- —
E — —— =g
U sop .- - .
A4
P
-
B
O 20 -
°)
-
D)
> 10 {o e
|
0
g sk -
3
0]
7]
A2 I | L ] { [
0.03 0.1 0.3 1 3 10 30 100

Frequency >(Hz)

Figure 3.19. Response Spectra of Category 7 Controlled Cases for Various Values of &
— with @ =0.50, f=0.20, and y =+ — for the (a) El Centro, (b) Taft Lincoln
School Tunnel, and (c) Holiday Inn Excitation Records. Results are for primary system.
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Figure 3.21. Response Spectra of Category 7 Controlled Cases for Various Values of o
— with ¢=0.50, B=5.00, and y=+/ff — for the (a) El Centro, (b) Taft Lincoln
School Tunnel, and (c) Holiday Inn Excitation Records. Results are for primary system.
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Figure 3.22. Response Spectra of Category 7 Controlled Cases for Various Values of &
— with «=2.00, B=5.00, and y=+/0ff — for the (a) El Centro, (b) Taft Lincoln
School Tunnel, and (c) Holiday Inn Excitation Records. Results are for primary system.



200 T T T T T
No Control =—

=250 ———
=500 =-----

wo|. (a) ELC

4
s
|

Pseudo-Velocity (cm/sec)
g
1

1] N -
A
s .
2 1 | | 1 | |
0.03 0.1 03 T 3 10 30 T00
Frequency (Hz)
~ 200 T T ] T T
9 No Control «—
g 100 L (b) TAF 6 2 50 -
9 sof §=500 =---—=-
N
-l
av
Q 20} —
0
]
:g 10
0
T sk . ]
]
0}
g2
0.03 0'1 0!3 l1 I3 ll() 3'0 T00

Frequency (Hz)

200 T T T T T
No Control =——

§=250 = ——s
5=500 =----=

wol. () HOL

50 L.

201

10—

Pseudo-Velocity (cm/sec)

2 | | ] | | |
0.03 0.1 0.3 T 3 10 30 T00

Frequency (Hz)

Figure 3.23. Response Spectra of Category 7 Controlled Cases for Various Values of &
— with ¢ =8.00, #=5.00, and y=+/aff — for the (a) El Centro, (b) Taft Lincoln
School Tunnel, and (¢) Holiday Inn Excitation Records. Results are for primary system.
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Figure 3.24. Response Spectra of Category 8 Controlled Cases for Various Values of &
— with ¢ =0.50, f=0.20, and v =./af — for the (a) El Centro, (b) Taft Lincoln
School Tunnel, and (c) Holiday Inn Excitation Records. Results are for primary system.
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Figure 3.25. Response Spectra of Category 8 Controlled Cases for Various Values of &
— with ¢ =2.00, $=0.20, and y=+/aff — for the (a) El Centro, (b) Taft Lincoln
School Tunnel, and (c) Holiday Inn Excitation Records. Results are for primary system.
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Figure 3.26. Response Spectra of Category 8 Controlled Cases for Various Values of &
— with @ =0.50, f=5.00, and y=+/cff — for the (a) El Centro, (b) Taft Lincoln
School Tunnel, and (c) Holiday Inn Excitation Records. Results are for primary system.
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Figure 3.28. Response Spectra of Category 8 Controlled Cases for Various Values of 6
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Figure 3.30. Response Spectra of Category 9 Controlled Cases for Various Values of o
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Table 3.2. Parameter Sets Used for Category 1 Control Cases.
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Parameter k,
c
Set a=s—= p="2 y=-=2 €
ky m G
1 0.5 0.0 0.0 —
2 1.0 0.0 0.0 —
3 2.0 0.0 0.0 —
Table 3.3. Parameter Sets Used for Category 2 Control Cases.
Parameter K, c
set | a=2 | B=T2 | g2 &
ky m G
1 0.0 0.2 0.0 0.01
2 0.0 1.0 0.0 0.01
3 0.0 50 0.0 0.01

Table 3.4. Parameter Sets Used for Category 3 Control Cases.

Parameter , c
St | a=2 | p=22 | y=2 €
k, m G
1 0.5 0.2 sJap 0.01
2 0.5 5.0 \Jap 0.01
3 2.0 0.2 w/aﬂ 0.01
4 2.0 5.0 Jop 0.01
5 8.0 5.0 rap 0.01
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Table 3.5. Parameter Sets Used for Category 4 Control Cases.

Parameter
Set o= -IS’Z— b= n Y= & np
k, m, q
1 0.0 0.2 0.0 2
2 0.0 1.0 0.0 2
3 0.0 5.0 0.0 2

Table 3.6. Parameter Sets Used for Category 5 Control Cases.

Parameter

Set o= % B= % V= z—? "t
1 0.5 0.2 JopB 2
2 0.5 5.0 JoB 2
3 2.0 0.2 JopB 2
4 2.0 5.0 JaB 2
5 8.0 5.0 JaB 2

Table 3.7. Parameter Sets Used for Categories 6 through 9 Control Cases.
Parameter

Set as% =tz | 1=2 552"
1 0.5 0.2 JoB 25,5.0
2 0.5 5.0 JoB 2.5,5.0
3 2.0 0.2 JoB 2.5,5.0
4 2.0 5.0 JaB 2.5,5.0
5 8.0 5.0 JoB 2.5,5.0
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Chapter 4

Response Control of Linear MDOF Systems
Using Active Interface Damping

4.1 Introduction

In Chapter 3, a preliminary study which examined various applications of the
Active Interface Damping control approach to cases that involved two interacting SDOF
systems was presented. This investigation was intended to be exploratory in nature but
not exhaustive in extent. In this chapter, a follow-on study of the proposed control
approach is presented. This investigation considers linear MDOF primary and auxiliary
systems which are intended to represent actual structural systems. However, in some
instances, the auxiliary system may represent an externally-situated resilient frame or a
relatively small, unrestrained mass rather than a conventional structural system; in other
instances, the auxiliary system is completely absent, and the interaction elements are
merely attached between different components of the primary system. Using the results
and insight obtained from the previous study, a reduced number of control cases are
examined in the present study which include those deemed most effective and imple-
mentable.

As before, the control objective is to reduce the resonance buildup in the response
of the primary system that is produced by an external excitation. The strategy employed
to achieve this objective is to remove energy associated with one or several modes of
vibration from the primary system through either interaction of the primary system with
the auxiliary system or interaction of the primary system with itself and its base. A
control algorithm is used to permit only those interactions which are anticipated to be
favorable to the control strategy. Again, the interactions consist of reaction forces that

are developed within and transmitted through interaction elements, whose mechanical
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properties can be altered in real time by control signals.

4.2 Problem Formulation

The following conditions are assumed to hold in this study: 1) the primary system
and the auxiliary system (when present) are subjected to the same base acceleration and
respond linearly; 2) the systems are discrete models of multi-story structural systems,
whose nodal masses are only capable of horizontal deformations from their equilibrium
positions; 3) the systems possess classical normal response modes, and the damping
matrix resulting from the discretization process is obtained by specifying values for the
modal damping ratios; 4) the interaction elements function passively, are considered to be
massless, and are characterized by parameters associated with their mechanical properties
that may be instantaneously changed in real time by control signals; 5) the system states
are completely observable, and all system parameters have been identified in advance;
and 6) only current values of the base acceleration and system state variables are
available to determine the control input.

The models used in this study represent two-dimensional uniformly-discretized
structural systems, consisting of a series of identical stories formed by floor and roof
slabs that are interconnected by elastic support columns which provide linear restoring
forces. The mass of each slab is m;, and the effective stiffness of all columns at each
story is k;, where i€ {l, 2}. The subscripts 1 and 2 are used to denote the primary and
auxiliary systems, respectively. The equations used for the analysis of the systems are
expressed in terms of the relative displacements of each slab from a vertically erected
datum line which is fixed to the base of each system. A schematic illustration of a
generic primary or auxiliary system is given in Figure 4.1.

Under these conditions, the equations of motion for the primary and auxiliary

systems are expressible as



~114-

where the generally time-varying vectors x; € R, f, € R", and v, € R" represent the
relative displacements (as measured from the base), control forces, and excitation input
associated with the ith system, respectively. The time-invariant matrices M;, C;, and
K;, assumed to be symmetric and positive definite, are directly related to the kinetic,
dissipative, and elastic properties of the uncontrolled ith system, respectively.

For the purposes of later discussion, let the components of the time-varying vector
ue R, referred to as the control input, represent the reaction forces developed within
each of the interaction elements. Because each of the interaction elements is treated to be
massless, a relationship exists between the control force acting on the ith system and the

control input, which is given by
fi=-Lu 4-2)

where the matrix L, represents a mapping which relates the control forces applied to the
ith system and its control input. The precise definition of L; and the functional form for

u depend upon the particular control case considered. The excitation input is defined as
y

v, =4 4-3)
y

where y is the absolute displacement of the base of each system.

Often, it is convenient to recast the equations in (4-1) into the state space form

2, =Az7;+Bu+ By, (4-4)

LAY 0 1 B = 0 B 0 45
= xi,Ai__Mi_lKi _Mi—lci’ i__Mi—lLi’ I 4-5)

0 and I represent null and identity matrices, respectively, of appropriate dimensions.

where

The equations in (4-4) can be expressed in terms of modal response coordinates, the X, ;,

with je{l, ..., n;}, by using the transformation

. x =T.7, T ® 0 4-6
x,=Qx, = ;=1;z;, I;= 0 o (4-6)
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where @, is an orthogonal matrix whose columns consist of the eigenvectors of M;'K..
Thus, as is well known, the response of a linear dynamical system may be decomposed
into particular modes of vibration.

Since the models considered for the primary and auxiliary systems are chain-like
systems, consisting of n; repeated identical units, it can be shown [1] (see Appendix B)

that the eigenvalues and eigenvectors of the ith system are given by

) PDi1j
fk- .l 2j-DH~r i . .1 2j=-1D
=2 |+ —_— J = : , L. =C. . -  rwk 4-
o, ; m sm[(zni_H) 2] Uk ik =€ Sm[(?-n,""l)” } 4-7)

Lnij

with k€1, ... , n;}, where the ¢, are the entries of the matrix @,. The coefficients of

the orthogonal eigenvectors, the ¢ ;, are obtained from the normalization condition

()" n; =8, (4-8)
with [€(l, ..., n;}, where &, is the familiar Kronecker delta symbol. Substituting (4-6)

into (4-4) and rearranging terms yields
L, =AZ+Bu+BY, (4-9)
where
] (4-10)
with
Df=olM 'k @, Df =0]M;'C,®, Pr=@]M'L, F'=0]  (411)

In fact, D and D/ are diagonal matrices, given by
wiz,l 0 2610, 0
D' = ., Df = (4-12)
0 0)2 0 2 i,n; wi,n,-

in;

D is diagonal by virtue of the mathematical properties associated with ®,; [2]. DS is
diagonal by definition; that is, C; = M; @, EiCCD,.T. This reflects the modelling assumption

that the modal damping ratios may be specified, and it is further assumed that a single
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value for the fraction of critical damping applies equally to all response modes (i.e.,

Cij = Cio)-

P! and P; are the modal participation matrices associated with the control and
excitation inputs, respectively, and their entries, denoted by p; ; and p; ji» are referred to
as modal participation factors. In general, the concept of a modal participation factor is
relevant whenever there are inhomogeneous forcing terms present in the coupled
equations of motion for a linear dynamical system. From (4-12), it is apparent that the
equations represented in (4-9), which govern the n; response modes of the ith system,

may be equivalently represented by a set of n; uncoupled equations, where the jth

equation is given by

"x;i,j +2§ wl jxt J + wl jxl_] zpz jkuk zpl ][vll (4'13)
The equation in (4-13) indicates that the modal pamc1pat10n factors associated with the

control and excitation inputs combine together the components of u and v;, respectively,

to produce the effective control and excitation inputs for the response modes.

4.3 Control Strategy

In essence, the control strategy employed in the study for MDOF systems is the
same as that employed in the study for SDOF systems. However, only the first method
for implementing the control strategy, as described in Section 3.3, is used in the present
study. As previously mentioned, the reason for this is that the effects on the systems
caused by impulsively generated control forces have not been adequately addressed
(though it may be possible to transmit these kinds of forces between the systems in a
manner which does not incur damage to one or both of them).

As before, the control strategy is to remove relative vibrational energy from the
primary system by transferring energy to the auxiliary system by means of interaction

elements, dissipating energy directly in the interaction elements, or a combination of both
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methods. In fact, attention will be focused on the relative vibrational energy present in
the dominant response mode of the primary system. This is because in many practical
situations for which a linear MDOF structural system is subjected to an external
excitation, only a few (perhaps, a single) response modes are significantly affected. This
kind of behavior depends upon two factors: 1) the dominant frequencies of the excitation;
and 2) the participation factors for each response mode.

From the definitions of v; and 13,.” given in (4-3) and (4-11), the contribution of the
excitation input to the jth response mode of the ith system is proportional to the sum of
the entries in the jth column of ®;. Since these columns represent the eigenvectors of
M'K,, the extent to which the jth response mode is externally excited depends upon the
nature of the eigenvectors of @;. For the models used in this study, the sum of the
components of the eigenvector associated with the fundamental frequency is greatest, as
determined from (4-7), so it is expected that the fundamental response mode will be
significantly excited. The contribution of the control input to the jth response mode of
the ith system depends upon both the values prescribed for the i, and the entries of the
jth column of P/. If possible, the values of the u, should be selected to achieve a
desirable control effect for the ith system.

Note: Throughout the remainder of this section and following ones, attention is
devoted exclusively to the primary system. For this reason, the leading subscript on the
notation, which is used to distinguish between the primary and auxiliary systems, will be
suppressed for convenience and clarity, with the understanding that the primary system is
implied when this subscript is omitted. Elsewhere in the chapter, the subscript may be
explicitly indicated when it is important to make this distinction.

Control Objective
Let the story drift vector of the primary system, denoted by b, be defined in terms

of its components
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bi=x;—x;_; je{l, ..., n}, x,=0 4-14)
This definition for the b; then provides a relation between b and x, given by
b=Gx (4-15)

where the entries of the matrix G are easily deduced from (4-14), and it may be shown
that G is nonsingular. The response control objective is to reduce the maximum absolute

values of the primary system story drifts, the ’b ; I Clearly,

15|, <18 e = [\/xTGTGx]m (4-16)

Because G is nonsingular, the matrix G'G will also be nonsingular. Moreover, G'G is
symmetric and positive definite, by construction.
A Useful Result

At this point, a brief digression is taken to develop a result that will be useful below.
Let w € R™ be an arbitrary vector and Q be a symmetric, positive definite, time-invariant

matrix of appropriate dimensions. Suppose that w satisfies the relation
wiow< B2 (4-17)

where 3 >0 is a parameter used to establish an upper bound for the quadratic product
wTOw. Using the standard theory for normed linear vector spaces, it can be shown there

exists a parameter o >0 such that
||W|l506=§ (4-18)

in order for (4-17) to hold, where A >0 is the smallest eigenvalue of Q. Furthermore, if
(o4, B)) and (,, B,) are two such pairs of corresponding parameters, then @, < ¢
whenever 8, < B,. The usefulness of this result may be qualitatively stated as follows.
Suppose that w varies with ¢ during the time interval [z,, #,], and [w| is to be
maintained as small as possible V7 €[z,, #,]. If a time-dependent upper bound B? can be

established for the quadratic product w'Qw, and if the value of this bound can be
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controlled, then the value of |w| can likewise be controlled.
Control Strategy

Consider some time interval {¢,, ¢,] during which control of the primary system is
to be accomplished (e.g., the duration of the external excitation). In a manner similar to
that considered for the SDOF system study, let the relative vibrational energy of the

primary system, E, be defined as
E=1i"Mxi+1x"Kx (4-19)
or, as expressed in state variable form,

K 0 M 0]M'K 0
E=1 TS,S= = 4-
2% 2 [0 M] {0 M][ 0 1] (320

By using the result from above, it is possible to determine an upper bound for each of the

'bj [ based upon E. Since %JéTM X 20 at any instant in time,
x"Kx<2E (4-21)

Applying the result from above, an upper bound for | x|, denoted by «, can then be

established at every instant in time
x| < e (4-22)
This implies that an upper bound, denoted by 2, may be determined for x'G'Gx
x'G'Gx < p? (4-23)
But from (4-15), (4-23) implies
|5, |<|B]<B (4-24)
The greatest of these upper bounds then serves as a bound for |bj |m, that is
18], < max B (4-25)

Thus, E indirectly provides a measure which bounds each ij I at every instant in time.

Hence, each ‘b ; Im may be controlled by controlling E during the time interval [z,, #,].
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Modal Decomposition of E
Attention is now directed to the fact that £ can be decomposed in terms of modal

energy components, as follows

=.. =_|D* 0| _|D* o0 || D*
E=%ZTSZ;S=[O D”]z[o D“}[O (j (4-26)

Df¥=d'K®, D"=0"M® (4-27)

where

are diagonal matrices [2], with Z and D* as defined in (4-6) and (4-11), respectively. A

closer examination of (4-26) reveals that E may be expressed as

E= Z s =1d (i + 0l%?) (4-28)

where d' is the jth diagonal entry of D¥. From this decomposition, it is evident that

2E,
(4-29)

sup dM 2

Ifjlslfj Isup’ VtE[t ' B |

This result, applicable to a particular mode of vibration for the system, is analogous to

condition (3-8) in Chapter 3. In addition, differentiating (4-28) and using (4-13) gives

E;=a!( + %)% =—d" zpjkuk Zpﬂv,+2§0a)x X (430

The control strategy is to remove relative vibrational energy from the dominant
response mode — say, the sth response mode — to the extent allowed by the constraints
on the control input. This is because the dominant response mode is expected to provide
the largest contribution to E, which is the quantity to be directly controlled in order to
achieve the control objective. Hence, the control effort is aimed at regulating E, in order
to maintain E as small as possible. This control approach is similar to some methods
suggested for active control applications by Meirovitch and Oz [3] and Yang and Lin [4].

For the purposeé of both implementing the control strategy and formulating control

algorithms, efforts are directed toward minimizing the change in E, for a representative
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sampling period, denoted by AE”, or even causing this change to be as negative as
possible. Such a sampling period is exactly as described for the previous study involving
two interacting SDOF systems. Upon integrating (4-30) over the sampling period, a
series expansion for AEP may be formed as

r

AE? =~d¥| Y ph |5| (=a¥| D Biv+28,0% |5 )+0k?) @31
1=1

k=l tP tP

Based upon this expression for AE?, a control algorithm is used to determine the
appropriate operating states for the interaction elements such that the control effort during
a representative sampling period is anticipated to be favorable to the control strategy. If
the sampling period is small in comparison to some characteristic time for the primary
system (e.g., the period of the sth response mode), the terms of order O(h?) may
effectively be ignored. It is then recognized that the remaining terms which multiply A
constitute E,. This forms the basis for the control algorithm. The specific details of this
control algorithm are explained for two kinds of control cases in Section 4.6.

It should be mentioned that in seeking to control only the sth response mode, the
values selected for the u, could have an adverse effect upon the other response modes;

that is, this choice for the &, might serve to excite the other response modes. This effect

is known as spillover.

4.4 Interaction Elements

One of the distinguishing features of the semi-active control approach proposed
herein is that the interaction elements consist of devices whose mechanical properties can
be discretely switched in real time according to the commands of a control processor but
otherwise function passively. (Note: The class of control systems considered could be
enlarged by allowing for the possibility of modulating some or all of the element
mechanical properties in a continuous fashion). Such devices are attached between two

distinct structural systems — or different components of a single structural system — in
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order to facilitate interactions which are favorable to the control strategy.

Since the devices are reactive in nature, the control forces produced will develop in
response to the motions of the points of attachment. These motions are determined by the
dynamical behavior of each structural system involved, which is typically described by a
set of nodal displacements associated with each degree of freedom for the system. Only
one-dimensional interaction elements are considered herein, whose ends are connected to
the points of attachment.

Dynamics and Memory

For the purposes of analysis, a mathematical model is constructed for each
interaction element, which is generally characterized by a functional relation between the
reactive force u developed within the element, the element deformation e, the rate of
element deformation ¢, and a set of parameters that represent the element mechanical
properties, which form the components of a vector p. u is assumed to be positive when
the element is in tension, and e is assumed to be positive when the element ends are
extended with respect to a given reference length. In addition, if the element behavior
depends upon certain aspects of its deformation history (i.e., if it possesses memory), then
it is necessary to introduce element state variables, which form the components of a

vector q. The functional relation for the kth element is expressed as

U, = 8, (€ys €s Prs i) (4-32)

Often, when the element possesses memory, g, is governed by a relation of the form

qk :hk(qk, ék, € Pk) (4-33)

Hence, an element which is governed by the kinds of the relations appearing in (4-32) and
(4-33) is said to be memory-dependent. If the relation given in (4-32) does not explicitly
depend upon the p, ,, with [ €{l, ... , m;}, and if ¢, and ¢, are continuous functions of
t, then the element is said to be dynamic as well. The continuity condition on ¢, and ¢,

usually holds when the element ends are attached to dynamical systems whose state
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variables are also continuous functions of .

As examples, consider the Maxwell and Kelvin viscoelastic elements. A Maxwell
element consists of a linear elastic element placed in series with a linear viscous element.
A Kelvin element consists of a linear elastic element placed in parallel with a linear
viscous element. In the descriptions which follow, let k denote the stiffness of the elastic
constituent, and let ¢ denote the damping coefficient of the viscous constituent. It is then

easily shown that the force-deformation constitutive relation for a Maxwell element is

given by
. u c
=ké——; T=— 4-34
i=ké—— P (4-34)
Alternatively, equation (4-34) may be expressed as
u=g, e k, 17,9 =q (4-35)
G=hig &, e,k D=ke-1 436)

indicating that a Maxwell element is dynamic and memory-dependent. The well-known

force-deformation constitutive relation for a Kelvin element is given by
u=g(e, e c, k,q)=cé+ke (4-37)

indicating that a Kelvin element is nondynamic and memoryless.
Passivity Formalism

At this juncture, it is appropriate to provide a precise definition for the term passive
system. This is because the semi-active control approach employed stipulates that only
passive elements, whose mechanical properties may be altered in a discrete manner, are
to be utilized. To facilitate the development of this definition, a passivity formalism (5] is
first presented for general dynamical systems, which is then specialized for the case of
mechanical systems. Attention will be confined to passive systems that interact with
other dynamical systems only at a finite number of points along their boundaries.

Consider a dynamical system with arbitrary input v and a conjugate output y, both
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of which are generally time-varying. If the system obeys a relation of the form
V@e)y=v"y+g() (4-38)

with V(z) lower bounded and g(z) <0, Vt €[0, o0), then the system is said to be passive
(or, to represent a passive mapping between v and y). Furthermore, a passive system is

said to be dissipative whenever

J viydt20 = j g(H)dr <0 (4-39)
0 0

The quantities appearing in (4-38) may be interpreted as follows: V(¢) is a form of
generalized energy stored by the system, v y is a form of generalized power externally
supplied to the system, and g(¢) is a form of generalized power internally generated by
the system (since g(r) <O for a passive system, the absolute value of g(f) represents the
generalized power internally dissipated by this kind of system). Thus, equation (4-38)
represents a principle of generalized energy balance.

Integration and subsequent rearrangement of (4-38) yields

J g(Hdt=AV — J. v ydt (4-40)
0 0

where AV = V(o0)—V(0). If the implication in (4-39) is enforced, (4-40) indicates that
the change in the generalized energy stored by system for all time is less than the net
amount of generalized energy supplied to the system by the input. This result agrees
nicely with the intuitive notion of a dissipative system. This formulation is now applied
to a several mechanical devices, and in these cases, V(f) is the mechanical energy stored
by the device.

As examples, consider again the Maxwell and Kelvin viscoelastic elements. In the

case of the Maxwell element, postmultiply (4-34) by u and rearrange terms to obtain

2 2
%[l“—}éu—”? (4-41)

Equation (4-41) represents a passive mapping between ¢ and u for the Maxwell element,

indicating that it is both passive and dissipative. In the case of the Kelvin element,
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premultiply (4-37) with é and rearrange terms to obtain

i[lke2]=éu-cé2 (4-42)
dr|2

Equation (4-42) represents a passive mapping between ¢ and u for the Kelvin element,
indicating that it is both passive and dissipative. Note that (4-41) can be put into a form
similar to (4-42) by recognizing that u=ke, and u =ce, for a Maxwell element, where
e, and e, are the individual deformations of the elastic and viscous constituents,

respectively, and e = ¢, +¢,. Using these expressions for u in (4-41) yields

i[lkef}=éu—cé3 (4-43)
de| 2

Reciprocity Relation

Another result that greatly facilitates the evaluation of the matrix L which is used to
incorporate u into the equations of motion in (4-5) is the reciprocity relation. Consider a
mechanical system that consists of the entire collection of interaction elements used in a
given control case. Let the individual deformations of the one-dimensional elements
constitute a vector e € R". It is assumed that the ends of these elements are permanently
attached to either the nodal masses of the structural system or the base of this system.
Then a mapping that relates the element deformations to the structural displacements

which describe the configuration of the nodal masses may be found and is of the form
e=L"x (4-44)

where the components of the vector x € R" are the relative displacements. If several
structural systems (to which the interaction elements are attached) are involved, then a
relation of the form in (4-44) still may be found and can be generated by augmenting x
such that it includes all of the displacements associated with the participating structures.
The mapping in (4-44) physically represents certain kinematic constraints arising from
the connections between the interaction elements and the structural system. For a passive

system, the element deformations will be driven by the motions of the co-located nodal
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masses of the structural system.

At the points of attachment, an interface exists between the mechanical system
comprised by the interaction elements and the structural system. The principle of virtual
work for a dynamical system [6] may be applied to the interface by considering the forces
acting at the attachment points on either side of the interface. Because the interface is
massless, the D’Alembert forces are not present, and the principle of virtual work

becomes
fTox+u'de=0 = fTox=-u'"de (4-45)

where the components of f € R" are the forces applied to the structural system, and the
components of u € R" are the reaction forces that develop within the interaction elements.
dx and e represent virtual displacements from the particular values for the structural
displacements and the element deformations, respectively, at a fixed point in time. For

virtual displacements which are consistent with the kinematic constraints, (4-44) becomes
Se=L"x (4-46)

Substituting (4-46) into (4-45), it is then easily shown that f is reciprocally related to u

(in view of the kinematic relation between e and x) by
f=-Lu (4-47)

This result is especially useful, since it is usually a fairly simple matter to deduce L
from the attachment geometry.
Element Types

Motivated by the performance achieved for some specific control cases considered
in the previous study, only three types of interaction elements are proposed for use in the
present study. One of these interaction elements (a Type 1 element) is idealized as a

linear elastic element, of fixed stiffness k, ,, that is assembled in series with a stick-slip

int

device which may be either locked or unlocked. The parameter u, defined below, is
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used hereafter to specify the value of k, ,, with

int®

int (4-48)

When the stick-slip device is locked, the interaction element behaves simply as a linear
elastic element. When the stick-slip device is unlocked, it is assumed to internally slip at
an infinitely-fast rate, instantaneously dissipating the strain energy accumulated in the
elastic element and thereby reducing the reaction force of the interaction element to zero.
Another of the interaction elements (a Type 2 element) is idealized as a Maxwell
viscoelastic element whose damping coefficient c,,, (or, alternatively, time constant )
may be switched to either one of two fixed values: c,, the high value of c,,,; or ¢, the

low value of c;,,. The parameter 6, defined below, is used hereafter to specify the value

of ¢;,,, with

6 =-in (4-49)
G

where ¢, =2m{; ,0,,. Thus, 6, and §, are used to represent c, and c;, respectively.
The switching process is modelled to happen instantaneously. It is shown below that,
with appropriate choices for §, and §;, the Type 2 element will behave in a manner very
similar to that of the Type 1 element. In the case of a Type 2 element, it is occasionally

useful to refer to 7 instead of 6. The relationship between these two parameters is
_2 881,01,

T
2
ﬂ wl,o

(4-50)

where wﬁo =k /m.

The remaining interaction element (a Type 3 element) is idealized as a linear
viscous element whose damping coefficient c;,,, may be switched to either one of two
fixed values: ¢, or ¢;. Again, the parameter J, defined in (4-49), is used to specify the
particular value for c,,. It is important to point out that although the same notation and
terminology is used for their descriptions, the viscous constituents of the Type 2 and

Type 3 interaction elements are considerably different with regard to their physical nature
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and duty cycle. This will become evident in following sections of this chapter.

At points in time other than when a switching event occurs, each type of interaction
element functions in either one of two possible operating states: an activated operating
state and a deactivated operating state. In the activated state, the value of § is &, ; in the
deactivated state, the value of & is &;; where 8, > 6,. Also, each interaction element
may be activated or deactivated only at the beginning of a sampling period, and once the
operating state of an element is determined by the control processor, the value of §
associated with that element is fixed for the duration of the sampling period.

For the various control cases considered involving MDOF structural systems
(hence, multiple interaction elements), it is worth emphasizing that the same element type
is used for all of the interaction elements employed in a particular control case. Likewise,
each element is characterized by the same set of possible parameter values (i.e., §,, §,,
and u). However, when commanded by the control processor, each element may
function in either one of the two admissible operating states independently of the others.
Figure 4.2 shows schematic representations of all three types of interaction elements. A
generic representation for either one of these element types, which is utilized in some of
the subsequent diagrams, is shown at the top of this figure.

In view of the previous discussion, it is convenient to solve (4-34), which represents
a Maxwell viscoelastic element, for the reactive force in terms of the element deformation
history (in order to avoid notational confusion, let £ denote the element deformation, and

let ¢*? denote the scalar exponential function)
t -
u(®) =u(t,)e "+ k I e~ g(F)df 4-51)
tO

As mentioned above, the Type 2 interaction element corresponds to a Maxwell element
with a variable value for 7. Consider the case where £(f) is slowly-varying over a time
interval that has a duration of several 7, which corresponds to slow motions of the

element attachment points; then u(¢) > 0 as 7 — 0. This feature permits the element to
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suddenly dissipate energy that has been previously accumulated as strain energy in the
elastic constituent. This behavior illustrates that when the interaction element is operated
with 7— 0 in the deactivated state, it functions in virtually the same manner as does the
Type 1 element upon deactivation. In fact, it is this kind of behavior which is sought.

There is an important difference in the application of the control strategy for the
different types of interaction elements considered, which will necessitate a modification
to the control algorithm, depending upon the element type that is utilized. For cases in
which a Type 3 element is used, a high level of reaction force may be instantaneously
produced upon activation by selecting 6 = §,. Likewise, a low level of reaction force
may be instantaneously produced upon deactivation by selecting é = §,.

In contrast, for cases in which a Type 2 element is used, a new level of reaction
force is not immediately produced by changing the value of &. Indeed, the operating
state of the element will change from an activated state to a deactivated state, or vice
versa. But the reaction force developed within the device does not instantaneously jump
from one value to another because the element is dynamic, in the sense described earlier,
and the states of the dynamical systems with which the element interacts, which dictate
the motion of the element attachment points, and hence &, are bounded and continuous.
Thus, the reaction force develops within the element over time according to (4-34), and it
is a continuous function of ¢ even when & (and therefore 7) is a discontinuous function
of t. For cases in which a Type 1 element is used, a zero value for the reaction force is
instantaneously produced upon deactivation of the element (this value persists as long as
the element remains deactivated), whereas a new level of reaction force is not
immediately produced upon activation of the element. Thus, this element is nondynamic
in the deactivated state but dynamic in the activated state.

Finally, it should be apparent that all of the element types considered are passive
and dissipative because each may be described as special case of the Maxwell or Kelvin

viscoelastic element with controllable parameters, representing the mechanical properties
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of the element. The Type 3 element may be represented as a Kelvin element for which k
is identically zero and c is intermittently switched to either one of two constant values.
The Type 2 element may be represented as a Maxwell element for which k is fixed at a
nominal value and 7 is intermittently switched to either one of two constant values. The
Type 1 element can be considered a special case of the Type 2 element, in which either

T—ooor T-0.

4.5 Numerical Study

As in the previous study involving two interacting SDOF systems, a deterministic
analysis is conducted through numerical simulations. These are performed for a series of
control cases using horizontal ground accelerations from an ensemble of earthquake time-
histories as excitation input. The same numerical integration method and normalized
earthquake records as were used in the previous study are used for the present study.

For prescribed u and v, the dynamical behavior of the primary system is fully
characterized upon specification of the undamped fundamental frequency of vibration
o, ,/2 m, the modal damping ratio {;, (which is the same for all response modes), and
the number of structural stories n;. In all of the control cases examined, {; , =0.01.
Most of the cases considered involve a 6-story primary system for which @,,/2 7 is set
to 1.00 Hz; a few cases involve a 3-story primary system for which @,,/2 7 is set to 1.85
Hz. This is done to preserve the ratio of k;/m, in all of the control cases so that primary
systems of similar construction (though of differing heights) are compared. The selection
of a 6-story primary system and its associated properties is based upon the previous work
discussed in [7], which involved a full-scale experimental study of active structural
control. For prescribed # and v,, the dynamical behavior of the auxiliary system (if

present) is fully characterized upon specification of the parameters

k,
k'

o= = ﬂ, §2,0’ n2 (4_52)
m
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In all of the control cases examined, {, , =0.01.

It is convenient to group the control cases examined into five control categories
which are distinguished from one another by the type of interaction element employed,
the range of parameters used to characterize both the auxiliary system (if present) and the
interaction elements, as well as the location and attachment of the elements. A listing of
the control categories is provided in Table 4.1.

For the cases in Categories 1, 3, and 5, Type 1 and 2 elements are utilized. For the
cases in Category 4, a Type 3 element is utilized. In Category 2 cases, modified versions
of the Type 1 and 2 elements are utilized. These modified versions are simply the regular
versions without the elastic constituent, with the stick-slip device and viscous constituent
operated exactly as for the ordinary versions of the Type 1 and 2 elements, respectively.
This is because the auxiliary system in this category consists of an elastic frame that is
treated to be massless, to which the modified elements are directly attached.

The physical nature and duty cycle of the viscous constituent used in the Type 2
element is considerably different from that used in the Type 3 element. In the case of a
Type 2 element, §, — oo, indicating complete lock-up of the viscous constituent during
activation, such that it functions merely as a rigid connecting member, whereas 6, takes
on a finite, relatively small value. In the case of a Type 3 element, §, takes on a finite,
relatively small value, whereas 6, =0. Also, the Type 2 element is typically deactivated
for only short time intervals (i.e., an amount of time sufficient for the strain energy in the
elastic constituent to be dissipated), whereas the Type 3 element may be deactivated for
sustained periods of time. The range of values considered for 8, and 6, are indicated in
Table 4.1 for each of the control categories.

In Category 1, the auxiliary system is absent and the interaction elements are
attached between adjacent floor and roof slabs, as illustrated in Figure 4.3. In Category 2,
the auxiliary system consists of a massless elastic frame that is externally-situated to the

primary system. The interaction elements are attached between the primary and auxiliary
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systems at corresponding vertical positions, as illustrated in Figure 4.4.

In Category 3, the auxiliary system represents a complete structural system that is
adjacent to the primary system. However, there are two widely different applications
considered for the control cases in this category. In one application (Category 3(a)), the
auxiliary system is supposed to mimic the ideal elastic frame comprising the auxiliary
system of Category 2. But unlike the cases in that category, a small but reasonable
amount of mass is ascribed to the auxiliary system for the cases in this category, as would
be physically expected for an actual elastic frame. In the other application (Category
3(b)), the auxiliary system is presumed to be much stronger and more massive than the
primary system, as is reflected by the choice of values for @ and B in Table 4.1. The
interaction elements are attached between the primary and auxiliary systems to floor and
roof slabs of corresponding height, as illustrated in Figure 4.5.

In Category 4, the auxiliary system again represents a complete structural system
that is adjacent to the primary system. As is done for the cases in Category 3(b), all of
the cases considered in this category presume that the auxiliary system is much stronger
and more massive than the primary system. The attachment of the interaction elements is
the same as that described for Category 3, as illustrated in Figure 4.5, but significantly
different interaction elements are used. In Category 5, the auxiliary system consists of a
relatively small mass located on top of the primary system, similar to the configuration
used for a tuned mass damper or active mass driver. A single interaction element is
attached between this small mass and the roof slab of the primary system, as illustrated in
Figure 4.6.

Some further comments are in order. First, in addition to the control cases of main
interest, several others may be considered within each control category by examining
conditions under which all of the participating interaction elements are permanently
locked in either their activated or deactivated states for the duration of the simulation.

These additional cases could be included for comparison purposes to verify both the
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efficacy of the switching process and the necessity of a control algorithm, and they are
discussed further in Section 4.7.

Next, the control cases represented in Category 2 are highly idealized because the
auxiliary system consists simply of an elastic frame which is treated to be massless.
Because of these properties, the relative displacements of the auxiliary system are not
directly affected by the base acceleration. And because the frame is massless, it is not
possible to separate the dynamics of the interaction elements (i.e., the modified versions
of Type 1 and 2 elements) from the dynamics of the frame. In fact, a composite system
consisting of the interaction elements and the elastic frame behaves in a manner similar to
a collection of coupled interaction elements (i.e., the regular versions of Type 1 and 2
elements), with the frame responding rapidly upon activation and deactivation of the
interaction elements with which it is in contact.

Although the models for the structural systems considered in the present study are
certainly more realistic than those dealt with in the previous study, the interaction
elements described in Section 4.4 are still very idealized devices. It was already pointed
out that the Type 1 element may be viewed as a more idealized version of the Type 2
element. However, the Type 2 and 3 elements could be physically realized by combining
a hydraulic actuator — which utilizes a variable flow restriction in the fluid return line
that connects the high-pressure and low-pressure compartments of the piston-cylinder
mechanism — with other purely passive devices. Figure 4.7 (a) depicts a configuration
of actual hardware to produce a Type 2 element. The hydraulic actuator is arranged in
parallel with a viscous damper of fixed damping coefficient ¢,. This unit is then placed
in series with a strong helical coil of fixed stiffness k;,. Figure 4.7 (b) depicts a
configuration of actual hardware to produce a Type 3 element. The hydraulic actuator is
placed in series with a viscous damper of fixed damping coefficient c,.

In each of these configurations, the desired functional behavior for the idealized

interaction element, corresponding to the two admissible operating states, is achieved by



~ 134 -

either completely opening or closing the flow control valve of the hydraulic actuator.
Other than the stepwise changes commanded for the flow control valve, the actuator
functions passively, with fixed mechanical properties, during piecewise continuous

intervals of time.

4.6 Control Algorithms

The implementation of the control strategy is based upon the previous discussion
surrounding equation (4-31). However, certain modifications must be introduced when
dynamic interaction elements (Type 1 and 2 elements) are utilized. As described earlier,
the control strategy is to maintain as small as possible the components of the primary
system relative vibrational energy contributed by the dominant response modes. In the
present study, the control effort is actually directed at the most dominant response mode.
But before restricting attention to that particular case, the following development will
consider the possibility of attempting the control of several response modes, whose
effects are assumed to be relatively dominant in comparison to all others.

Let the jth mode be one such dominant mode. As indicated in Section 4.3, efforts
are directed at minimizing the change in E; for a representative sampling period.
Following the argument used in that section, it was pointed out that the quantity which
may be used to achieve this goal is E ;- This is because the components of u enter
directly into the expression for E ;» as seen in (4-30). However, if the u, are selected to
be optimally effective in reducing the energy component corresponding to a particular
mode, it is uncertain what the effect will be on another dominant mode. Hence, a
compromise is struck by attempting to control the sum of the energy components
associated with the dominant modes, which is a reasonable approach since this sum
comprises the major portion of E, which is the quantity to be controlled.

Consider the pseudo-Liapunov function

v=17'Tz (4-53)

[SIE
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where T is defined as

_ (& 0|- |eD* 0
T= S = -

and © is a diagonal projection matrix (i.e., ®' =© and ©* =), defined as follows.
Suppose that the jth response mode of the primary system is to be controlied. Then the
entry appearing in the jth diagonal position of © should be unity. In turn, each
controlled response mode should have this value in the associated diagonal position,
depending upon its particular value of j, where je{l, ..., n}. All other entries along
the diagonal of © should be zero. Therefore, the pseudo-Liapunov function consists of

the sum of energy components contributed to E by the dominant response modes
V= ZE E; = 1d" (% + 0?%?) (4-55)
Consider the first and second derivatives of V with respect to ¢, given by
. — T~
Vv=(Tz) z (4-56)
and
i ~— T p-i v — T -~
V=(Tz) z+(Tz) z 4-57)

By using (4-9) through (4-11), (4-56) and (4-57) become

V=V'+V'+V (4-58)
and
.. — \T =
V=Vi+V'+ V' +(TZ) 2 (4-59)
with
. o eps|. .. [ o7 .. L 0]
vi=z" , Vi= , V= 4-60
“l-ep —ep°] Cleep |t VT | Lep ) @O
and
. ) enp: 1. .. 0 . .. [ 0 7.
=T = i _ =T v _ =T
t = , Vi= , V= 4-61
Vi=zZ _—@D" _@Dc_z z _—@P“_u z _—GP"JV ( )

where
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PP=®'L P=d"M (4-62)

The form for the last term comprising V in (4-59) has not been expanded from that given
in (4-57) because it will subsequently be demonstrated that this term may be dropped

from consideration. Finally, it may be shown that

Vi== 2drg,05%, V= ZV;, V= iv; (4-63)
j k=1 I=1

and
V==Y 2dr,m 5%, V=Y Vi, V=DV (4-64)
J k=1 =1
with
Vi== %, Vi==D Ipyv (4-65)
J J
and
Vi==Y Zpyi, Vi== %pp (4-66)
J j

The quantities of interest to the control algorithm are V and V. However, as will
be explained momentarily, only V* or V* can be directly affected. Hence, attention is
focused on these quantities.

Since the control algorithm adopted for the control cases which utilize nondynamic
interaction elements (Category 4) is the simplest, it will be described first. The control
algorithm adopted for the control cases which utilize dynamic interaction elements
(Categories 1, 2, 3, and 5) is somewhat more complicated, and it will be described next.
Control Algorithm for Nondynamic Elements

At the beginning of each sampling period, the states of the primary and auxiliary
systems are either measured or estimated. These may be used to determine the values for
each of the u, in both the activated and deactivated operating states (which, in general,
will be different). Then, because the operating state of each element may be selected

independently of the other elements, the following conditions are used to determine the
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appropriate operating state for the kth element, Vke{l, ..., r}, during the sampling

period.

. kth Element is Currently Activated:

Vi(8,)<Vi(8,) = element remains activated (4-67)

Vi(8,)>Vi(8,) = element is deactivated
. kth Element is Currently Deactivated:

Vi(8,)SVi(8,) = element is activated | (4-68)

Vi(8,)>V;(8,) => element remains deactivated

Some further remarks are in order here. Of interest is the minimization of V. Since
Z and v are fixed at any instant in time, V* and V* will also be fixed at that instant in
time. Hence, an instantaneous change in V may only be effected by directly altering V*.
This is accomplished by selecting a particular value for each of the u,, which then
determines each of the V. Thus, the logic comprising the control algorithm proposed for
nondynamic elements is justified.
Control Algorithm for Dynamic Elements

At the beginning of each sampling period, the states of the primary and auxiliary
systems are either measured or estimated, as are the reaction forces in each element.
Then, a two-step procedure is used to select the appropriate operating state for each of the
elements. This procedure consists of: (a) determining which of the currently activated
elements should be deactivated, and then immediately deactivating these elements; and
(b) determining which of the currently deactivated elements should be activated, and then
immediately activating these elements. The reason for employing such a procedure is
that in cases for which Type 1 elements are utilized, it is possible for the element to be
immediately reactivated following deactivation.

Since dynamic elements are utilized, the values for each of the u, are fixed at a
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given instant in time and cannot be changed, even if the element mechanical properties
are instantaneously altered (except in the case of the deactivation of a Type 1 element).
Thus, it is expected that certain modifications must be made to the control algorithm
proposed for nondynamic elements. Then, because the operating state of each element
may be selected independently of the other elements, the following conditions are used to
determine the appropriate operating state for the kth element, Vk € {1, ... , r}, during the
sampling period.

. kth Element is Currently Activated:

V,: u)<0 = element remains activated (4-69)

Vi,)>0 = element is deactivated
. kth Element is Currently Deactivated:

Vi(8,)<Vi(8,) = element is activated (4-70)

Vi(8,)>Vi(8,) = element remains deactivated

Some further remarks are in order here. Again, of interest is the minimization of V.
Since Z, u, and v are fixed at any instant in time, V:, V¥, and V"’ will also be fixed at
that instant in time, as will be z from (4-9). Hence, an instantaneous change in V cannot
be effected because V*, V*, and V" cannot be directly altered (except in the case of the
deactivation of a Type 1 element). However, an instantaneous change in V can be
effected by directly altering V*. This is accomplished by selecting a particular value for
each of the i, which then determines each of the V}. It should be recognized that the
last term in (4-59) may be dropped from consideration by virtue of z being fixed at a
given instant in time.

When operated according to the specified control algorithm, the reaction force level
within an element generally increases, in a gradual manner, for a period of time following

activation. This gradual development of the reaction force is characteristic of a dynamic
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element, since i, must be finite. As long as the value of V; is less than or equal to zero,
the element should remain activated since the effect it provides upon V is anticipated to
be favorable to the control strategy; the value of V} under these conditions is of no
consequence. However, when the value of V} is greater than zero, it is desirable to drive
that value to zero as rapidly as possible. This is tantamount to requiring Vk to be as
negative as possible. Upon examining (4-65) and (4-66), it is evident that this may be
accomplished by causing %, and u, to have opposite signs and requiring %, to be as
negative as possible. From (4-34), this will be accomplished if 7 (or, equivalently, &) is
selected to be as small as possible. Since 8, < §,, the deactivated operating state should
be selected. If the value of &, has been carefully chosen, a process of rapid reduction in
the reaction force level will be ensured upon deactivation under most conditions (in the
case of a Type 1 element, it is instantaneous).

Once the element is in a deactivated operating state, the concerns are different. In
this situation, the value of V; should be maintained as small as possible. This is true
either because the value of V; is still positive, and it is desired to drive that value to zero
as rapidly as possible, or because V is nonpositive, and it desired to cause V} to become
more negative. Of course, once the element is reactivated, the criterion in (4-69) is used.

For cases in which Type 2 elements are used, u, is generally nonzero in the
deactivated state. Consider the sum which multiplies #, in (4-66), which is the same sum
as that which multiplies u, in (4-65). By referring again to (4-34) and examining all of
the combinations obtained by considering the possible signs for this sum and u,, it may
be shown that the criterion in (4-70) is consistent with the desired objectives. Moreover,
when the criterion in (4-70) indicates that the element should be reactivated, the resulting
operating state will never immediately conflict with the criterion in (4-69).

For cases in which Type 1 elements are used, u, is always zero in the deactivated
state. In addition, although it is not apparent from (4-34), 4, will be zero for § =§,,

while «, will equal just the first term in (4-34) for 6 = 8,,. This is a result of the singular
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conditions associated with a Type 1 element: §, = 0 and §, — . Hence, V;} is always
zero in the deactivated state, and it is necessary to examine V} in order to determine the

appropriate operating state.

4.7 Results

The simulation results are compiled in the form of response time-history diagrams,
which plot the dominant modal response coordinates of the primary system, the X,
versus the time, ¢, for the first 30 seconds of each excitation input record. The modal
response coordinates are of principal interest because the control effort is specifically
directed at reducing the maximum absolute value of these quantities. As will be seen, the
first or fundamental response mode of the uncontrolled primary system exhibits the most
activity for the ensemble of excitation records considered. For this reason, only the
fundamental response mode is specifically targeted for reduction in all cases.

In all of the time-history diagrams, solid and dashed lines are used to illustrate the
response of a designated modal coordinate for a controlled and uncontrolled primary
system, respectively, that is associated with a particular control case. Usually, three such
diagrams, corresponding to the three excitation records, are shown on a single page. As
previously discussed in Chapter 3, the symbols ELC, TAF, and HOL denote the 1940 El
Centro, 1952 Taft Lincoln School Tunnel, and 1971 Holiday Inn excitation records.

The X; are dimensionally expressed in centimeters. This is because the matrix @
used for the mapping in (4-6) is taken to be dimensionless, and the relative displacements
of the primary system nodal masses, the x;, are computed in centimeters. Hence, the X;
may be interpreted in a physical manner by recognizing that the quantity @,; X; represents
the contribution, in centimeters, to the relative displacement of the kth nodal mass by the
Jjth modal coordinate, where @,; is the entry in the kth row and jth column of ®. The
columns of ® — given by the 7/ in (4-7) and (4-8), and referred to as mode shapes —

are indicated in Tables 4.2 and 4.3 for a 6-story and 3-story primary system, respectively.



~ 141 -

These mode shapes are schematically illustrated in Figures 4.8 and 4.9.

Figures 4.10 through 4.12 and Figures 4.13 through 4.15 show the uncontrolled
response of the first three modes for a 6-story and 3-story primary system, respectively.
These structural systems possess fundamental frequencies of vibration of 1.00 Hz and
1.85 Hz. In the case of the 6-story primary system, the response of the higher modes is
not shown because they exhibit no significant activity, relative to the lower modes, for all
of the control cases examined.

In addition to time-history diagrams, tabular data is provided for most of the control
cases examined, which consists of both peak and root-mean-square (RMS) nodal mass
accelerations and story drifts for the primary system. Tables 4.4 and 4.5 give the nodal
mass accelerations and story drifts, respectively, for the case of an uncontrolled 6-story
primary system. Tables 4.6 and 4.7 give these same quantities for the case of an
uncontrolled 3-story primary system.

In both these tables and the discussion below, a special notation is used to describe
the control cases in Categories 2 through 4. If an n,-story primary system interacts with
an n,-story auxiliary system, then this interaction arrangement is said to be characterized
by an n,—n, primary-auxiliary system configuration. Such a description is not applicable
to the control cases in Categories 1 and 5, for obvious reasons.

For each of the categories, a class of special reference cases is considered as well, in
which all of the interaction elements are permanently locked in the activated operating
state for the duration of the simulation. As mentioned before, this is done to verify both
the efficacy of the switching process and the necessity of a control algorithm for the class
of proposed control cases. It is recognized that another class of reference cases could be
considered, in which the interaction elements are permanently locked in the deactivated
operating state. However, this class would apply only to control cases which utilize Type
2 elements. In fact, some of these latter reference cases were examined in this study, but

it was observed that the system response did not significantly differ from that for the
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uncontrolled cases. Therefore, no further attention is given to these latter reference cases.
Category 1:

The schematic illustration for the interaction arrangement associated with the cases
in this category is given in Figure 4.3. Only a 6-story primary system is considered, and
the auxiliary system is absent. These cases utilize either Type 1 or 2 elements, and
control effectiveness is examined for ¢ = 0.50 and 1.00. These values are considered to
be physically realizable in view of the location and attachment of the elements.

Figures 4.16 and 4.17 show the response of Modes 1 and 2 for a case that uses Type
1 elements with g =0.50, and for which all elements participate. Significant response
reduction is achieved in the first mode for each of the excitation records. In addition, the
second mode response is moderately suppressed as a result of the control effort, though it
is not specifically targeted for reduction by the control algorithm. Figure 4.18 shows the
response of Mode 1 for a case that uses Type 2 elements with ¢ =0.50 and 6, =5.00,
and for which all elements participate. Almost the same degree of response reduction is
achieved as in the case utilizing Type 1 elements (the second mode response for this case
is virtually the same as that shown in Figure 4.17).

Figure 4.19 shows the response of Mode 1 for the special reference case that
corresponds to the control case used for Figure 4.16. Clearly, the response of Mode 1 is
adversely affected in comparison to both that obtained by using the proposed control
method and that which results from using no control for each of the excitation records.

Figures 4.20 and 4.21 show the response of Modes 1 and 2 for a case that
corresponds to the control case used for Figures 4.16 and 4.17, but for which only the
bottom three elements participate. Figure 4.20 indicates that nearly the same degree of
response reduction is achieved in the first mode, while Figure 4.21 reveals that the second
mode is significantly excited as a result of this control effort.

Finally, Figure 4.22 shows the response of Mode 1 for a case that corresponds to the

control case used for Figure 4.16, but for which only the top three elements participate.
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Clearly, the first mode response is degraded in comparison to that obtained by using the
proposed control method.

Tables 4.8 through 4.11 give data on the peak and RMS nodal mass accelerations
and story drifts for the cases corresponding to the proposed control method, which use
either Type 1 or 2 elements, with the indicated element participation. These data indicate
that both the acceleration levels and the drift levels are generally reduced in comparison
to that which results by using no control. However, a trend of decrease in the drift levels
is typically observed as u is increased, while a trend of increase in the acceleration levels
is generally observed as U is increased.

Category 2:

The schematic illustration for the interaction arrangement associated with the cases
in this category is given in Figure 4.4. Only a 6-story primary system is considered.
These cases utilize either modified Type 1 or 2 elements, and control effectiveness is
examined for o =1.00 and 2.00. These values are considered to be physically realizable
in view of the character of the auxiliary system for this category.

Figures 4.23 and 4.24 show the response of Modes 1 and 2 for a case that uses
a =1.00 and modified Type 1 elements, and which involves a 6—6 primary-auxiliary
system configuration for which all elements participate. Significant response reduction is
achieved in the first mode for each of the excitation records. In addition, the second
mode response is moderately suppressed as a result of the control effort, though it is not
specifically targeted for reduction by the control algorithm. Figure 4.25 shows the
response of Mode 1 for a case that uses & =1.00 and modified Type 2 elements with
6, =5.00, and which involves a 66 primary-auxiliary system configuration for which all
elements participate. Almost the same degree of response reduction is achieved as in the
case utilizing modified Type 1 elements (the second mode response for this case is
virtually the same as that shown in Figure 4.24).

Figure 4.26 shows the response of Mode 1 for the special reference case that
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corresponds to the control case used for Figure 4.23. Clearly, the response of Mode 1 is
adversely affected in comparison to both that obtained by using the proposed control
method and that which results from using no control for most of the excitation records.

Figures 4.27 and 4.28 show the response of Modes 1 and 2 for a case that
corresponds to the control case used for Figures 4.23 and 4.24, but which involves a 6-3
primary-auxiliary system configuration for which only the bottom three elements
participate. Figure 4.27 indicates that nearly the same degree of response reduction is
achieved in the first mode, while Figure 4.26 reveals that the second mode is significantly
excited as a result of the control effort.

Finally, Figure 4.29 shows the response of Mode 1 for a case that corresponds to the
control case used for Figure 4.23, and which involves a 6-6 primary-auxiliary system
configuration for which only the top three elements participate. Figure 4.29 indicates that
the degree of response reduction is nearly the same as that in Figure 4.23 and slightly
better than that in Figure 4.27 (the second mode response for this case is virtually the
same as that which results from using no control).

Tables 4.12 through 4.15 give data on the peak and RMS nodal mass accelerations
and story drifts for the cases corresponding to the proposed control method, which use
either modified Type 1 or 2 elements and the 66 primary-auxiliary system configuration,
with the indicated element participation. These data indicate that the drift levels are
generally reduced in comparison to that which results by using no control. A trend of
decrease in these levels is typically observed as o is increased. Consistent conclusions
regarding the acceleration levels are not easily drawn. However, these levels are the
same order of magnitude as those which result from using no control.

Category 3(a):

The schematic illustration for the interaction arrangement associated with the cases

in this category is given in Figure 4.5. Only a 6-story primary system is considered.

These cases utilize either Type 1 or 2 elements, and control effectiveness is examined for
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o =1.00 and 2.00, B =0.15 and 0.30, and u =1.00 and 2.00, respectively. These values
are considered to be physically realizable in view of the character of the auxiliary system
for this category.

Figures 4.30 and 4.31 show the response of Modes 1 and 2 for a case that uses
=100, B=0.15, and Type 1 elements with g =1.00, and which involves a 6-6
primary-auxiliary system configuration for which all elements participate. Significant
response reduction is achieved in the first mode for each of the excitation records. In
addition, the second mode response is moderately suppressed as a result of the control
effort, even though it is not specifically targeted for reduction by the control algorithm.
Figure 4.32 shows the response of Mode 1 for a case that uses @ =1.00, f=0.15, and
TyPe 2 elements with g =1.00 and 6, =5.00, and which involves a 6-6 primary-
auxiliary system configuration for which all elements participate. Almost the same
degree of response reduction is achieved as in the case utilizing Type 1 elements (the
second mode response for this case is virtually the same as that shown in Figure 4.31).

Figure 4.33 shows the response of Mode 1 for the special reference case that
corresponds to the control case used for Figure 4.30. Clearly, the response of Mode 1 is
adversely affected in comparison to both that obtained by using the proposed control
method and that which results from using no control for most of the excitation records.

Figures 4.34 and 4.35 show the response of Modes 1 and 2 for a case that
corresponds to the control case used for Figures 4.30 and 4.31, but which involves a 6-3
primary-auxiliary system configuration for which only the bottom three elements
participate. Figure 4.34 indicates that nearly the same degree of response reduction is
achieved in the first mode, while Figure 4.35 reveals that the second mode is significantly
excited as a result of the control effort.

Finally, Figure 4.36 shows the response of Mode 1 for a case that corresponds to the
control case used for Figure 4.30, and which involves a 6-6 primary-auxiliary system

configuration for which only the top three elements participate. Figure 4.36 indicates that
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the degree of response reduction is nearly the same as that in Figure 4.30 and that in
Figure 4.34 (the second mode response for this case is virtually the same as that which
results from using no control).

Tables 4.16 through 4.19 give data on the peak and RMS nodal mass accelerations
and story drifts for the cases corresponding to the proposed control method, which use
either Type 1 or 2 elements and the 66 primary-auxiliary system configuration, with the
indicated element participation. These data indicate that the drift levels are generally
reduced in comparison to that which results by using no control. A trend of decrease in
these levels is typically observed as & and u are increased. However, the acceleration
levels are much higher than those in previous categories. Also, it appears that for a given
control case, the acceleration levels are typically lower when Type 2 elements are used as
compared to when Type 1 elements are used.

Category 3(b):

The schematic illustration for the interaction arrangement associated with the cases
in this category is given in Figure 4.5. Both 6-story and 3-story primary systems are
considered. These cases utilize only Type 1 elements, and control effectiveness is
examined for & =6.50, B =5.00, and various values of y. The values chosen for
and f reflect the assumption that the auxiliary system is presumed to be much stronger
and more massive than the primary system. The value of « is selected to be 30 percent
greater than the value of 8 because it is assumed that the primary system is of inherently
weaker construction; otherwise, it might be expected that the stiffness and mass
associated with each story of the auxiliary system should be scaled by the same factor, in
which case o and 8 would be equal. The procedure by which the values selected for u
were obtained is now explained.

Initially, the following values of u were considered for each primary-auxiliary
system configuration: 0.50, 0.20, 0.10, 0.05, 0.02, and 0.01. Upon examining the first

mode response of the primary system for each excitation record, it was observed that the
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greatest response reduction is achieved for only one or two of these values, so it was
concluded that an optimal value for ¢ might exist. However, this optimal value was not
precisely determined. The two consecutive values for which the response reduction is
greatest are reported with the tabular data. Because of space limitations, only one of
these values is discussed below for each primary-auxiliary system configuration.

Figure 4.37 shows the response of Mode 1 for a case that uses u = 0.05, and which
involves a 66 primary-auxiliary system configuration for which all elements participate.
Only moderate response reduction is achieved in the first mode for each of the excitation
records. Figure 4.38 shows the response of Mode 1 for the special reference case that
corresponds to the control case used for Figure 4.37. Clearly, the first mode response is
adversely affected in comparison to both that obtained by using the proposed control
method and that which results from using no control for each of the excitation records.

Figure 4.39 shows the response of Mode 1 for a case that uses g =0.10, and which
involves a 6-3 primary-auxiliary system configuration for which only the bottom three
elements participate. Significant response reduction is achieved in the first mode for each
of the excitation records. However, Figure 4.40 reveals that the second mode is
significantly excited as a result of the control effort. Figure 4.41 shows the response of
Mode 1 for the special reference case that corresponds to the control case used for Figure
4.39. Clearly, the first mode response is adversely affected in comparison to both that
obtained by using the proposed control method and that which results from using no
control for each of the excitation records.

Figure 4.42 shows the response of Mode 1 for a case that uses u =0.05, and which
involves a 3-6 primary-auxiliary system configuration for which only the bottom three
elements participate. Significant response reduction is achieved in the first mode for each
of the excitation records. Also, the second mode response for this case is virtually the
same as that which results from using no control. Figure 4.43 shows the response of

Mode 1 for the special reference case that corresponds to the control case used for Figure
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4.42. Clearly, the first mode response is adversely affected in comparison to both that
obtained by using the proposed control method and that which results from using no
control for most of the excitation records.

Tables 4.20 through 4.25 give data on the peak and RMS nodal mass accelerations
and story drifts for the cases corresponding to the proposed control method, which use
Type 1 elements and the 6-6, 6-3, and 3—6 primary-auxiliary system configurations, with
the indicated element participation. These data indicate that the drift levels are generally
reduced in comparison to that which results by using no control. In contrast, the
acceleration levels are generally elevated in comparison to that which results by using no
control. Only the acceleration levels associated with the 3—6 primary-auxiliary system
configuration are generally reduced in comparison to that which results by using no
control.

Category 4:

The schematic illustration for the interaction arrangement associated with the cases
in this category is given in Figure 4.5. Both 6-story and 3-story primary systems are
considered. These cases utilize only Type 3 elements, and control effectiveness is
examined for ¢ =6.50 and f=5.00. The values chosen for o and f reflect the
assumption that the auxiliary system is presumed to be much stronger and more massive
than the primary system. The same reasons as are given for Category 3(b) apply to this
category. For the cases involving a 6-story primary system, either §, =5.00 or 10.00;
for the cases involving a 3-story primary system, either 6, =2.71 or 5.42. These choices
for 6, ensure that the interaction elements used for the 3-story primary system are the
same as those used for the 6-story primary system, owing to the manner in which §, is
defined (confer with (4-49)). The values selected for 6, are considered to be near the
upper limit that could be physically realized by the actual devices which the Type 3
elements are supposed to represent.

Figure 4.44 shows the response of Mode 1 for a case that uses §, =10.00, and
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which involves a 6—6 primary-auxiliary system configuration for which all elements
participate. Only moderate response reduction is achieved in the first mode for each of
the excitation records. Figure 4.45 shows the response of Mode 1 for the special
reference case that corresponds to the control case used for Figure 4.44. It is evident that
the degree of response reduction for the first mode is less than that for the proposed
control method for each of the excitation records.

Figure 4.46 shows the response of Mode 1 for a case that uses §, =10.00, and
which involves a 63 primary-auxiliary system configuration for which only the bottom
three elements participate. Only moderate response reduction is achieved in the first
mode for each of the excitation records. Also, the second mode response for this case is
virtually the same as that which resuits from using no control. Figure 4.47 shows the
response of Mode 1 for the special reference case that corresponds to the control case
used for Figure 4.46. The difference between the degree of response reduction for the
first mode in this case and that for the proposed control method is minimal for each of the
excitation records.

Figure 4.48 shows the response of Mode 1 for a case that uses 6, =5.42, and which
involves a 3—6 primary-auxiliary system configuration for which only the bottom three
elements participate. Significant response reduction is achieved in the first mode for each
of the excitation records. Also, the second mode response for this case is virtually the
same as that which results from using no control. Figure 4.49 shows the response of
Mode 1 for the special reference case that corresponds to the control case used for Figure
4.48. The difference between the degree of response reduction for the first mode in this
case and that for the proposed control method is minimal for each of the excitation
records.

Tables 4.26 through 4.31 give data on the peak and RMS nodal mass accelerations
and story drifts for the cases corresponding to the proposed control method, which use

Type 3 elements and the 66, 6-3, and 3—6 primary-auxiliary system configurations, with
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the indicated element participation. These data indicate that the drift levels are generally
reduced in comparison to that which results by using no control. A trend of decrease in
these levels is typically observed as §, is increased. The acceleration levels are generally
reduced in comparison to that which results by using no control. A trend of decrease in
these levels as §, is increased is observed only for the 3—6 primary-auxiliary system
configuration.

Category S:

The schematic illustration for the interaction arrangement associated with the cases
in this category is given in Figure 4.6. Only a 6-story primary system is considered.
These cases utilize only Type 1 elements, and control effectiveness is examined for
0 =0.00, 8=0.06 and 0.30, and various values of p. The values chosen for & and S
reflect the different character of the auxiliary system: a relatively small mass which is
connected to the top nodal mass of the primary system by a single interaction element.
The value of B is selected as either 1 or 5 percent of the total primary system mass,
which is both reasonable and in conformity with the typical values used for structural
control applications that involve tuned mass dampers and active mass drivers.

The values selected for it were obtained in exactly the same manner as described
for Category 3(b). However, the range of values initially considered for u was different
from that previously used: the values of y considered in conjunction with 8 =0.06 were
0.050, 0.020, 0.010, 0.005, 0.002, and 0.001; the values of u considered in conjunction
with 8 =0.30 were 0.250, 0.100, 0.050, 0.025, 0.010, and 0.005.

Figure 4.50 shows the response of Mode 1 for a case in which f=0.06 and
1 =0.005. Moderate-to-significant response reduction is achieved in the first mode for
each of the excitation records. Also, the second mode response for this case is virtually
the same as that which results from using no control. Figure 4.51 shows the response of
Mode 1 for the special reference case that corresponds to the control case used for Figure

4.50. The degree of response reduction for the first mode in this case is less than that
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obtained by using the proposed control method but not very different from that which
results from using no control for most of the excitation records.

Figure 4.52 shows the response of the first mode for a case in which §=0.30 and
1 =0.025. Significant response reduction is achieved in the first mode for each of the
excitation records. Also, the second mode response for this case is virtually the same as
that which results from using no control. Figure 4.53 shows the response of the first
mode for the special reference case that corresponds to the control case used for Figure
4.52. Clearly, the first mode response is adversely affected in comparison to both that
obtained by using the proposed control method and that which results from using no
control for each of the excitation records.

Tables 4.32 through 4.35 give data on the peak and RMS nodal mass accelerations
and story drifts for the cases corresponding to the proposed conFrol method. These data
indicate that the drift levels are generally reduced in comparison to that which results by
using no control when the lower value of u is used. A trend of decrease in these levels is
generally observed as B is increased. The acceleration levels are generally reduced in
comparison to that which results by using no control when the lower value of u is used.

A trend of decrease in these levels is generally observed as f is increased.

4.8 Discussion

In a manner similar to that done for the study involving two interacting SDOF
systems, a qualitative assessment of the control effectiveness or performance achieved is
assigned for typical cases in each of the control categories in Table 4.36. It is noted that
assessments are made with respect to both story drift and nodal mass acceleration levels.

The results of the Category 1 control cases display excellent modal response
reduction capability. In addition to the consistent reduction of drift levels, these results
indicate that acceleration levels are generally reduced as well. These features make this

specific control approach very attractive. The location and attachment scheme of the
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interaction elements, along with the absence of an auxiliary system, render this particular
interaction arrangement especially well-suited for the seismic upgrade and retrofit of
existing structures.

The results of the Category 2 and 3(a) control cases display excellent modal
response reduction capabilities as well. Actually, the more realistic cases considered in
Category 3(a) exhibit nearly the same capability for response reduction as the
corresponding more idealistic cases considered in Category 2. However, although
consistent reduction of drift levels may be obtained, the acceleration levels are generally
elevated. This effect is even more pronounced for the cases in Category 3(a), but the
severity of the effect for these cases can be lessened if Type 2 elements are employed. If
this increase in the acceleration levels can be tolerated, the interaction arrangement used
for these categories suggests a suitability for incorporation into newly-built structures in
zones of high seismic risk.

For all three of the categories mentioned above, it is demonstrated that some cases
for which only a partial complement of the interaction elements is used are nearly as
effective at response reduction as the corresponding cases for which the full complement
of interaction elements is used. In the Category 1 cases, this partial complement would
be the bottom three elements because the interaction elements are driven by the relative
displacements between adjacent nodal masses. Upon examining the first mode shape of a
6-story primary system (refer to Table 4.2 and Figure 4.8), it is found that the relative
displacements are greatest in the first three stories when the first mode response is
dominant. Hence, it is expected that by placing the elements only at these positions, the
response control effect would be comparable to that obtained when all of the elements are
utilized.

In the Category 2 and 3(a) cases, this partial complement would be the top three
elements because the interaction elements are now driven by the displacements of both

the primary and auxiliary systems. Thus, it is more appropriate to view the elements as a
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means of providing applied forces to the primary system. If it is assumed that the
elements provide forces that are approximately equal to one another, then since the top
three elements have the greatest participation factors (with respect to the first mode)
associated with them, it is expected that by placing the elements only at these positions,
the response control effect would be comparable to that obtained when all of the elements
are utilized. For all three of the categories mentioned above, the response of the second
mode is often excited because of the asymmetry in the loading conditions produced by
the control forces associated with a partial complement of elements. By examining the
second mode shape, it apparent why the loading conditions resulting from the utilization
of only the bottom or top half of the available elements causes this excitation.

The control cases in Categories 3(b) and 4 correspond to situations involving the
interaction of two existing structures. Hence, it is expected that the control approach of
these categories is directed at applications involving protection of one of the structures
from seismic hazards. For the cases in Category 4, the extent of response reduction is
much less than that for the previous categories. This result is largely due to the nature of
the interaction elements and the limitation imposed on the maximum value of 6,. The
position adopted in this study is that it would be overly-optimistic to expect that damping
ratios greater than 10 percent (with respect to the fundamental mode of vibration) could
be physically realized with conventional viscous dampers, and so this restriction is
maintained for the semi-active control devices utilized.

Also, it appears that the interaction arrangement for two existing structures works
best when structures of differing height are involved. This is probably because the act of
coupling the dynamic behavior of the structures would be expected to have a more
noticeable effect on either of the two systems when their respective mode shapes are
significantly different, as will be true for uniformly-discretized structural systems with
differing numbers of degrees of freedom. However, the results have shown (particularly

for the cases in Category 3(b)) that a low-high primary-auxiliary system configuration is
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preferable for response control of the primary system than is a high-low configuration.
Again, this is due the fact that the participation factors associated with the low-high
configuration are preferable for the first mode, while the high-low configuration induces
significant excitation in the second mode as a result of asymmetric loading conditions.

Finally, the control cases in Category 5 show remarkable response reduction
capability in view of the small size of the auxiliary system and the fact that only a single
interaction element is employed. Although these cases are not as effective as some of the
cases in earlier categories, such an interaction arrangement might prove useful for
applications involving wind gust excitation, which have been previously considered for
tuned mass dampers and active mass drivers.

Control of Higher Frequency and Several Dominant Modes

Some questions may be raised concerning the capability of the proposed control
approach to reduce the response of higher frequency modes or even suppress the response
which is due to several dominant modes. As previously mentioned, the ensemble of
earthquake records considered significantly excite only the fundamental response mode
of the 6-story and 3-story primary systems examined. For this reason, the fundamental
mode was solely targeted for response reduction by the control algorithms used.

Some results are now presented in an effort to suggest that the control approach
may be effective in both reducing the response of significantly-excited higher frequency
modes and suppressing the response of several dominant modes. Results are given for a
Category 1 controlled primary system, which utilizes Type 1 elements with y = 0.50,
and only externally-unforced (i.e., “free” vibration) response is considered, since the
excitation input used for the MDOF system study does not significantly excite any of the
modes other than the fundamental mode.

First, consider a 6-story primary system for which the initial conditions have been
specified in order to produce dominant response activity in the second mode. Figures

4.54 and 4.55 show the results of the response control effort for cases in which: only
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Mode 2 is targeted for reduction; and both Modes 1 and 2 are targeted for reduction;
respectively.

Next, consider a 6-story primary system for which the initial conditions have been
specified in order to produce equally-dominant response activity in the first and second
modes (i.e., X,(0)=Xx,(0)). Figures 4.56 through 4.58 show the results of the response
control effort for cases in which: only Mode 1 is targeted for reduction; only Mode 2 is
targeted for reduction; and both Modes 1 and 2 are targeted for reduction; respectively.

The results from these cases indicate that the proposed control approach appears to
have the capability to both reduce the response of higher frequency modes and suppress
the response of several dominant modes. From a comparison with Figures 4.56 and 4.57,
Figure 4.58 strongly suggests that there is an advantage in controlling all dominant
response modes when several modes exhibit nearly the same level of activity. In a future
study, it would be desirable to consider a situation in which the combination of the
structural system and the external excitation yields significant response activity in some
higher frequency modes.

Existence of Modes for Category 1 Control Cases

Some important features associated with Category 1 control cases which utilize
Type 1 interaction elements are now discussed. As described in Section 4.4, the control
algorithm used for the cases that involve dynamic interaction elements hinges upon the
quantities V}, as given by (4-64), where the subscript refers to the kth element. Consider
now a situation in which all of the elements are simultaneously either activated or

deactivated. Under these conditions, it may be shown that

é , 6=5, 4-71)

Because all of the elements are in the same operating state at once, it is now more

appropriate to examine V*, as given by (4-61), rather than individually examine each V,‘(‘ s
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as given by (4-66). From (4-6) and (4-44),
ée=L'x=L"®¥ 4-72)

Hence, using (4-62), (4-71), and (4-72), (4-61) becomes

Vi=—k, X OO LL'®x , 6=, (4-73)

Vu=0 , 6=61

But, as may be verified from the location and attachment of the elements,

LL = %K (4-74)

where k is the effective stiffness of all columns at each story and K is the stiffness

matrix associated with the uncontrolled primary system. Thus, (4-73) becomes

Vi==) pdols , 6=86, (4-75)
J

Vu—_-O , 6=61

It is now clear from the control algorithm, as given by (4-69) and (4-70), that once
the elements have been deactivated en masse, they should be immediately reactivated
upon relaxation since the expression for V* in (4-75) is nonpositive definite when & = §,.
Under certain conditions, to be described below, this feature permits the existence and
preservation of response modes even while under the effect of the control effort.

Based upon this scheme of collective element operation, (4-71) and (4-72) may be

used to determine the reaction forces in the elements at any particular time as

u(t) =k, L' (x(1) = x(1)); 121, (4-76)

int

where ¢, denotes the switching time, the time at which the most recent deactivation-
reactivation process occurred. Equation (4-76) is only valid because of the prescribed
operation of the elements (i.e., collective activation or deactivation), the stipulation that

the parameter values which characterize the mechanical properties are the same for each
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element in both the activated and deactivated operating states, and the assumption that the
reaction force level drops immediately to zero upon deactivation (i.e., instantaneous
relaxation). Thus, in terms of the modal response coordinates, the equation of motion for

primary system becomes
X + D% +(1+p)D"% = u D*x(t,) 4-77)

Now suppose that at the initial time ¢/, only the jth mode is given nonzero initial

conditions. In addition, assume that at z,, X(z,) is selected so that
x(t,)=0; iefl,...,n}, i#j (4-78)

with arbitrary selection of x (1) (usually taken to be zero). Then the equations in (4-77)

become
X +20,0%+(1+u)a’x =0 (4-79)
where X,(z,)=0 and X,(t,)=0; ie{l, ..., n}, i # j; and
X +28,0% +(1+p) 0%, = poix,(,) (4-80)

where X,(z,) and X,(?,) are specified.

It is evident that dynamic activity will only be present in the jth mode for all ¢ 2¢,.
Even as switching events occur, and the value of x;(z;) generally changes, the zero initial
conditions and zero forcing function in the ith mode is maintained. Thus, vibration will
only occur in the jth mode, and the undisturbed condition in the ith mode is preserved.
Furthermore, it is apparent that the undamped frequency in the jth mode is increased by
a factor of \/ﬁﬁ , and it is a simple matter to show even when {, = 0, the amplitude of

1-p

2
1 +u) for each cycle of modal oscillation when

response is decreased by a factor of (
u<I.

Although this result is valid only for systems which are not externally excited, it
offers a partial explanation for the fact that significant spillover into other modes is not

observed for many of the Category 1 control cases examined, which had full element
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participation. This conclusion follows because the fundamental response mode generally
experiences a gradual buildup at an oscillatory frequency near the resonant frequency,

much like the situation for free vibration, for each of the excitation records considered.
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Figure 4.2. Schematic Representation of Interaction Elements Used for MDOF System Study.



- 162 -

"UMOYS dIE SJUSWA[S UONIRIAUI OLIBUILN) 'Sase)) [onuo)) | A10391e)) 10] waIsAS ATewiLi jo uoneindyuo) ‘¢4 aIngrg

/Y

—
I




_163-

"UMOUS 9B SIUSWI[d UONORIAUI OLISUSN) 'sase)) [onuo)) ¢ A103a91e)) 10] uoneingiyuo) walsAg Arerjixny-Arewy ‘4 dngdrj

/00 LLLS LS

} ®
C ] ®
r ] ®

woIsAS Arewg waIsAS Arer[Ixny



- 164 -

"UMOYS 9JB SUSWIS[I UOTIIRISIUI JLIDUIN) °SISED) [0NUOD) p PUk ¢ A1039)eD) 10 uoneInijuo)) wasg Arerjrxny-Arewtlqd Gy aInsnj

L LSS

L I ® 1 ]
X |
L I ® { |

woIsAS ATewig waIsAg ATerjixny



- 165 -

"UMOYS ST JUSWII[O UONORISUI OLIUad  "sase)) [oNuo)) § K105a18)) 10§ uoneingijuo)) waisA§ AIRlIXny-Arewi "9 2131

S

. . wasAS Arew
| ]
L —a—

L ® - WRSAG Arer[ixny




- 166 -

b
b
k. ¥

int

WA e

(a) Type 2 Element

o X
° = °

(b) Type 3 Element
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Figure 4.10. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Uncontrolled Primary System Subjected to the El Centro Excitation Record.
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Figure 4.11. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Uncontrolled Primary System Subjected to the Taft Lincoln School Tunnel Excita-
tion Record.
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Figure 4.23. Response Time-History of Mode 1 for a 6-Story Category 2 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Modified Type 1 elements are used. a=100. All
elements participate. Primary-Auxiliary System Configuration: 6-6.
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Figure 4.24. Response Time-History of Mode 2 for a 6-Story Category 2 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
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elements participate. Primary-Auxiliary System Configuration: 6-6.
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Figure 4.25. Response Time-History of Mode 1 for a 6-Story Category 2 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Modified Type 2 elements are used, with &, =5.00.
o =1.00. All elements participate. Primary-Auxiliary System Configuration: 6-6.
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Figure 4.26. Response Time-History of Mode 1 for a 6-Story Category 2 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Modified Type 1 elements are used, and are locked in
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Figure 4.27. Response Time-History of Mode 1 for a 6-Story Category 2 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c¢)
Holiday Inn Excitation Records. Modified Type 1 elements are used. o =1.00. Only
bottom three elements participate. Primary-Auxiliary System Configuration: 6-3.
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Figure 4.28. Response Time-History of Mode 2 for a 6-Story Category 2 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Modified Type 1 elements are used. o =1.00. Only
bottom three elements participate. Primary-Auxiliary System Configuration: 6-3.
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Figure 4.29. Response Time-History of Mode 1 for a 6-Story Category 2 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Modified Type 1 elements are used. a =1.00. Only
top three elements participate. Primary-Auxiliary System Configuration: 6-6.
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Figure 4.30. Response Time-History of Mode 1 for a 6-Story Category 3(a) Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 1 elements are used, with 4 =1.00. a=1.00 and
B =0.15. All elements participate. Primary-Auxiliary System Configuration: 6-6.
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Figure 4.31. Response Time-History of Mode 2 for a 6-Story Category 3(a) Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 1 elements are used, with 4 =1.00. a =100 and
B =0.15. All elements participate. Primary-Auxiliary System Configuration: 6-6.
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Figure 4.32. Response Time-History of Mode 1 for a 6-Story Category 3(a) Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 2 elements are used, with ¢ =1.00 and §, = 5.00.
o =1.00 and B =0.15. All elements participate. Primary-Auxiliary System Configura-

tion: 6-6.
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Figure 4.34. Response Time-History of Mode 1 for a 6-Story Category 3(a) Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 1 elements are used, with g =1.00. & =1.00 and
B =0.15. Only bottom three elements participate. Primary-Auxiliary System Configura-

tion: 6-3.
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Figure 4.36. Response Time-History of Mode 1 for a 6-Story Category 3(a) Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 1 elements are used, with ¢ =1.00. o =1.00 and
B =0.15. Only top three elements participate. Primary-Auxiliary System Configuration:
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Figure 4.37. Response Time-History of Mode 1 for a 6-Story Category 3(b) Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 1 elements are used, with 4 =0.05. a=6.50
and B =5.00. All elements participate. Primary-Auxiliary System Configuration: 6—6.
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Figure 4.39. Response Time-History of Mode 1 for a 6-Story Category 3(b) Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
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Figure 4.42. Response Time-History of Mode 1 for a 3-Story Category 3(b) Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 1 elements are used, with 4 =0.05. o« =6.50
and B =5.00. All elements participate. Primary-Auxiliary System Configuration: 3-6.
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Figure 4.43. Response Time-History of Mode 1 for a 3-Story Category 3(b) Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 1 elements are used, with g =0.05, and are
locked in the activated state. & =6.50 and 8 =5.00. All elements participate. Primary-

Auxiliary System Configuration: 3—6.
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Figure 4.44. Response Time-History of Mode 1 for a 6-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 3 elements are used, with §, =10.00. o =6.50
and =5.00. All elements participate. Primary-Auxiliary System Configuration: 6-6.
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Figure 4.45. Response Time-History of Mode 1 for a 6-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (¢)
Holiday Inn Excitation Records. Type 3 elements are used, with 6, =10.00, and are
locked in the activated state. « =6.50 and §=5.00. All elements participate. Primary-
Auxiliary System Configuration: 6-6.
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Figure 4.46. Response Time-History of Mode 1 for a 6-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
Holiday Inn Excitation Records. Type 3 elements are used, with 6, =10.00. a=6.50
and =5.00. All elements participate. Primary-Auxiliary System Configuration: 6-3.
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Figure 4.47. Response Time-History of Mode 1 for a 6-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
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Figure 4.49. Response Time-History of Mode 1 for a 3-Story Category 4 Controlled
Primary System Subjected to the (a) El Centro, (b) Taft Lincoln School Tunnel, and (c)
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locked in the activated state. o =6.50 and B =5.00. All elements participate. Primary-
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Figure 4.54. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Category 1 Controlled Primary System which is Unforced, Initially at Rest, but
Given Initial Displacements. Type 1 elements are used, with u =0.50. All elements
participate. Targeted Response Mode: 2.
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Figure 4.56. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Category 1 Controlled Primary System which is Unforced, Initially at Rest, but
Given Initial Displacements. Type 1 elements are used, with 4 =0.50. All elements
participate. Targeted Response Mode: 1.
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Figure 4.58. Response Time-History of (a) Mode 1, (b) Mode 2, and (c) Mode 3 for a 6-
Story Category 1 Controlled Primary System which is Unforced, Initially at Rest, but
Given Initial Displacements. Type 1 elements are used, with ¢ =0.50. All elements
participate. Targeted Response Mode: 1 and 2.
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Table 4.2. Normalized Mode Shapes (Columns of @) for a 6-Story Primary System.

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
(=1 (=2 (=3 (Jj=4) (J=3) (j=6)
®g 0.55066 | —0.51865 [ 0.45651 | -0.36783 | 0.25778 | -0.13275
®s; 0.51865 | —0.25778 | —0.13275 | 0.45651 | —0.55066 | 0.36783
@4 0.45651 0.13275 | - 0.55066 | 0.25778 0.36783 | —0.51865
03 0.36783 0.45651 | -0.25778 | —0.51865 | 0.13275 0.55066
0, 0.25778 0.55066 0.36783 | —0.13275 | —0.51865 | —0.45651
0 0.13275 0.36783 0.51865 0.55066 0.45651 0.25778

Table 4.3. Normalized Mode Shapes (Columns of @) for a 3-Story Primary System.

Mode 1 Mode 2 Mode 3

(=D (Jj=2) (=3

03 0.73698 | —0.59101 | 0.32798
©,; 0.59101 0.32798 | -0.73698

Oy 0.32798 0.73698 0.59101




(tzo) | wo) | @o | Gro | #8380 | (260 . . L . OH
v6°0 Syl SS'1 68'1 1€T 9T

8y'0) | 80} | (BOT) | (8T | Oy | (8SD) . . . . VL
6’1 65°C $6'C IT°€ 8¢ 8TV

6£0) | WLo) | (o) | 9z | (evD | (asD . . . . y1a
I1S1 09'C SL'E 69t €C'S 6C'S

9hiyg | chioig | phioig | ching | zhiog | hiorg | 2=lo | 2=Y9 |ab=1| =g | L=p | vonenong

(yug L0 SIWY)
yug K101 yead

V/N :uonein3juo)) walsAg Areiixny-Arewnd

"wo ug

aIe SJu() ‘WISAS Areurg pajjonuodsup) £101S-9 € J0J JL( AI0IS JO sanjep arenbg-UBIN-100Y pue Yedd Gy 9qeL

- 220 -

6100 | (S10) | Wro) | Wro) | Wwro | aro . . . - 10H
$9°0 6€°0 940 123 6v°0 910

(€c0) | Gzo) | Wro) | (o) | (szo | (810) . . . . IVL
€01 9L°0 €L°0 L80 LLO €9°0

(Lzo) | o) | zo | (1o | 1o | (10 . . . . -
SO'1 060 £8°0 $9°0 19°0 340

9sseN | gsseN | psse | gsseN | gsseN | 1ssew | 2=l |o=Ye ..__w =7 |2=g MIU =p | uonenoxg

(uoneISEOdY SSe [EPON SIA)
UONBIS[AI0Y SSEIAl [BPON Yeod

V/N :uoneingijuo)) woalsA§ Areifixny-Arewnd

"8 urore syu) "wWoisAS Arewg

pa[jonuodu) £101S-9 € J0J (IN[0SqY) UONRISIIOY SSEIA [EPON JO Son[eA arenbg-ueag-100y pue Yead ‘' 9[qel




- 221 -

— — — (850) | (0D | (og1)
_ —_ — — — "TOH
_ — —_ 68’1 1€7C 97
— — — (85" : .
85°0) (10°1) 9T'1) _ _ _ — — IVL
—_ — — 181 Lo'€ 89°¢
— — — (s . .
SL0) e | WD . _ _ — —_— 19
_ — — 96T L9y 1€9
ghios | chiog | yhiois | ghioig | ghiowg | (hioig | 2=lo | 2=t [al=1| =g | L=n | vonenoxg
(yu( A101S SINY)
Juq A101S Yeog V/N :uoneindijuo)) waisAg Arerrxny-Arewiig

wo ul

are Siu) wWASAS Arewnd pa[jonuosur) A101S-¢ e I0j L] A101S JO son[eA arenbg-ueoy-100y pue yeed Lt 9qQBL

— — — oro | eo) [ (zo) | __ _ _ _ _ 10H
— — — (43! 611 6L0
— — — (czo) | Gzo [ Bro) | __ _ _ _ _ IVL
— — — STl 60 ¥9'0
— — - @50 | @o | o | __ _ _ _ — 1
— — — 8L'1 (49! 911

gsseN | csseN | psseN | gsseN | zsseN | 1SseN | 2= ‘o .“lw =" ___..w =1 ._m ={g Mlu =0 | uoneyudxy

(UONIR[200Y SSEIN [EPON SIATY)
UONRII[IIIY SSBIA [BPON Yead

V/N :uoneinsiuo) wasAg ArIxny-Areuwng

‘8 ul are Su) WISAS Arewilld

pafjonuodur) A101§-¢ B 10J (9IN[0Sqy) UONBIS[IIDY SSB]A [BPON JO sonjeA aienbg-ueay-100y pue yeod 94 9[qeL




- 222 -

(6000 | (800) | (800) | (Lo0) | (LoO) | (90°0) 0 | soce | 00T _ _ T0H
650 zs0 o €€°0 Se0 1€°0
(1o | 800 | oo | o | o) | (900 0 | e | 050 _ _ T0H
1S°0 940 6€0 wo 8€0 870
(T1°0) (01°0) (01°0) (600) | (600) | (80°0) o | s | 00T _ _ IV
180 vL0 $S0 910 SE0 €0
(z10) (01°0) (60°0) (600) | (600 | (60°0) 0 | s | 00 _ _ IVL
19°0 1S°0 €0 ov'0 8v°0 6€°0
ro) | (1o | 1o | (oo | (600 | (80°0) o | soee | 00T _ _ Y
L80 SLO 6¥'0 610 $S0 6€°0
€ro | aro | (ro | (1o | 600 | (800 o | oee | 050 _ _ YT
080 89°0 zs0 $S°0 0v'0 0v'0
9ssEN | SSSeN | pSSeN | €sseN | TSSeN | TSse | 2=To [2=Y =_.|w =1 | 2= Mlu =p | uonenoxg

(UONLIB[200Y SSEIl [EPON SIATY)
UOIIRIS[AIIY SSBIA [BPON Yeod

V/N ‘uoneingijuo)) wasA§ Arerxny-Arewg

"dedronred sjuswdpd [y *8 ur are syu() syuswo[y [ adA ], Suls) waysAg Arewg paj[onuo)
1 A103831e) £1015-9 © 10] (9INJOSqQY) UONRBIIAIDY SSBIA [EPON JO San[eA arenbS-UBSN-100Y Pue yead 'S¢y 9[qel




- 223 -

(90°0) (1o (S1°0) (81°0) azo (€2°0)
0« TOH
9¢0 99°0 160 y0'1 601 801
(60°0) (91°0) (1z0) (sTo) (820 (1¢o 0 1OH
LYO 080 L60 er'l ve'l 8S'1
(60°0) F1'o) (81°0) (0Z°0) (zz0) (sz0)
0« AVL
8Y°0 080 Y0'1 0T'1 1T°1 901
(T1'0o) (61°0) (€T0) (Lzo) (0£'0) (€0
0« VL
S¢S0 660 LT1 V'l 0S'1 12!
(60°0) F1°0) (81°0) (1zo) #T0) (97°0)
0« OTd
IS0 060 IT°1 91'1 r&A ST'1
(T1°0) (0T0) (97°0) (0£0) (¥€0) (LEO)
0« T4
690 8I'1 (4| 0S'1 Lyl Syl
9gki0s | chimis | yLiois | ¢ A1ois | Ao | 1 1ol le =g = = uoneoxyg
(Juq L1018 SIWA)
Puq L101S yead V/N :uoneingijuo)) wasAg Amijixny-Arewd

“otedronred syusuwgpe [y WO ul are syu() syudwlyg | 2dA L Suisp)
wasAg Arewnid pajjonuo) | A1039e) £1015-9 © 10J L] AI0IS JO sanfeA orenbg-ueoN-100Yy pPue Yeod ‘6%

JlqeL




- 224 -

-~

01°0) (60°0) (80°0) (LO'0) (L00) (90°0) 00¢ | o 10H
860 €50 wo 0 170 1€°0

(01°0) (30°0) (80°0) (80°0) (800) (LO'0) 00 | oo OH
950 ¥S'0 8€0 0 1§70 0€'0

(€10 (10 (11°0) 010 oro (60°0) 005 | o0 IV
86°0 96'0 L0 $9°0 wo wo

(€1°0) 010 (60°0) 010 01°0) (60°0) N TV
790 950 6v'0 90 LY0 LEO

(€1°0) (110 010 01°0) 01°0) (80°0) N 1
68°0 8L0 09°0 LSO 850 wo

(€1°0) aro o1o0) (01°0) (60°0) (80°0) 00°¢ | oo Y
8L°0 99°0 9’0 0S'0 0v'0 LEO

9 SSB]N | G SSe]N p SSse]y € SSe]N T SSEIN I SSe]N ulu =lg ._m M|H = = uoneyndxy

(uoneIa[aIdY SSeIN [EPON SI)
UONRIS[900Y SSBJA] [ePON Yeod

V/N :uoneingijuo)) wasA§ Amiixny-Arewid

-oredionred syuswsye [y 8 ul are sytup) syuawiayg 7 odA 1, Sursn) weisA§ Areurg pa[jonuo)
1 A108218) £101S-9 B 10J (S)IN[OSQY) UONRIAIIIY SSBJN [EPON JO Son[eA arenbg-ueajn-100y pue yeoad ‘0['v 9IqQelL




- 225 -

{L00) (T10) 91°0) (61°0) (zz'0) (sT0)
00 TOH
SE'0 89°0 680 0’1 01’1 LT'1
(o1°0) (L1°0) (zTz0) (9Z°0) (62°0) (€€0) - 10H
1S°0 ¥6°0 (4A 621 8t'l LLT
aro 91°0) (61°0) (zz0) (sZ°0) (82°0) - qVL
¥L0 ¥6°0 111 61°1 6C1 SOl
(Tro) (0Z°0) (sz0) (82°0) (ze'0) (s€0) - VL
SS'0 01 €€l IS°1 6t'1 1
or1°0) 91°0) (61°0) (Tz0) (97°0) (62°0) - T
SS'0 860 81°1 (4A 811 STl
(T1o) (1z°0) (Lz0) (zge0) (9€°0) or'0) - 1A
$9'0 81°1 81 Lyl 1 0S'1 .
9kio1g | chig | pAIoIg | ¢ 1oy | z Aaoig | 1 Kioig ._m =0 = = uonenoxy
(yuq £101S SINY)
YU A101S Yead V/N :uoneingijuo)) woalsAS Arerjixny-Arewnd

-ajedronred sjuowapd [y WO ur ore sjru) “syuawd[yg ¢ odA L Suisn)

wasAg Arewnd pafjonuo) | K103s1e) A103S-9 € 10J 1JUI(] AI0IS JO san[eA arenbg-UBSA-100Y pue Yead [’ 9IqelL




- 226 ~

(600) | (800 | (800) | (80'0) | (Lo'O) | (LO'O) 0 | oo _ _ 002 T0H
SS0 0S°0 340 9t'0 LY0 LLO
6000 | (800 | (Lo® | (LOo0O) | (LOO) | (LO0O) 0 | oo . _ 00’1 01
950 9 40) 0v'0 8€°0 9t'0 9€'0
(1o | ro (aro) | aro | @ro | @ro 0 | coc . _ 00z VL
060 690 99°0 780 11 81
aro (01°0) (600) | (600 (010 (60°0) 0 | s o _ 00'] IVL
99°0 19°0 050 ¥S°0 SLO 610
ro) | aro | (ro | (oo | (oro | (10 0 | oo . _ 00 Y
SOl 89°0 080 990 LLO YL
(1re | (010 | (oro) | (oro | (oro | (800 v | o . . 00'1 —
S8'0 SLO €50 L80 £6°0 850
osse]N | gsselN | psseIN | gsseIN | 7SSeIN | T SSeIN m. =g |__m =19 ﬂ_w =n W__m =g mw =p | uonenoxy

(UoNBIS[300Y SSe]N [BPON SIATY)
UONRIA[20Y SSBJA [BPON YBod

9—9 :uoneIN3Iyuo)) WISAS ArRI[IXny-Arewilg

‘aredronted syjuswod [[y 8 ur are syiup) sjuawd[yg | odA L Suis) waisAg Arewnld pajjonuo)
7 A103918) £101S-9 B 10] (SIN[0SqQY) UONBII[AIIY SSBJA [BPON JO Sen[ep orenbg-ueaA-100y pue yead ‘Z['y 9lqelL




- 227 -

(00 | (800 | (10 | 1o | Gro) | 810 0 | oo . - 002 10H
1€°0 0’0 ¥$'0 19°0 99°0 vL0
(oo | @ro) | ro | @ro | (oo | (€20 v | coce . . 00’1 10H
vE0 ¥9°0 98°0 960 SOl €11
(800 | (110) | (€10) | (O1°0) | (BT | (61°0) o | o _ _ 00 AVL
LEO LY TLo L60 961 SOl
(1o | 1o | 1o | (o) | (€20 | (sT0) v | coce . . 001 IVL
050 0L0 001 171 LT1 0T'1
(9000 | (o1 | (€10) | (s10) | (81'0) | (OT'O) v | oo _ _ 00 Y1
9¢'0 1240 vL'0 LLO 201 €60
(600 | (100 | |10 | (IT0) | (€20) | (STO) v | coc N . 00'] 1q
§S°0 880 4N 81 Tl 0T'1
9hkio)g | chimg | pA10IS | ¢ L1oys | z A1oig | 1 Koag ~Iw =g -_Iw =9 .__.w =1 hm =( IM = | uoneyoxyg

(yuq L101§ SIWY)
yuq K101 yead

9—9 :uoneInsyuo)) wajsAg ArIIxny-Arewtld

-ojedroryed sjuswopd [y WO Ut ore sy sjuawdfyg | odA L Suis)
wNsAS Arewnrd paqjonuo)) g 108918 £1015-9 € 10] 3J1I(] KIOIS JO san[eA a1enbg-uvaN-100Yy pue Yead ‘¢€1y 9[qel




- 228 -

(600) | (60000 | (800) | (800) | (800) { (LOO) 00 | o _ — | ooz 10H
19°0 $S0 950 8¥°0 $S0 0t'0

(010) | (6000 | (800) | (800) | (L00) | (LO0) 00 | oo _ — | oot T0H
19°0 ¥S'0 6v°0 170 LEO 9%'0

€ro) | Croo | Gro | aro | 1o | (1o N _ _ 002 VL
$6'0 260 $9°0 090 SLO L80

ro | aro | oroe | (600 | (600 | (600) 00c | oo _ _ 00’1 AVL
8L°0 0L0 ¥S'0 9t°0 0L'0 8%°0

aro) | aro | ro | 1o | 600 | (600) 00S | oo _ _ 00Z Y1
€L°0 89°0 190 LSO 960 9v°0

(zro) | (ro | ro | (ro | ©ro | (600) 00 | s _ _ 001 S
L80 18°0 ¥9°0 880 660 850

gsseN | SsseN | pssey | gssey | gsse | 1ssey | 2=lo (2=t |wt=1|X=¢ | L=n | uonenoxy

= 5 = My = [ 2 BARE

(UOTIRIS[200Y SSEIN [ePON SINY)
UONRIS[O00Y SSBIA [EPON Yead

9—9 uoneInIyuo)) wIsAS Arerixny-Arewig

-aredronred syuowis[o [y 8 urare syu() “syuowrayg g odA L, Suisn) woysAS Areuriig po[jonuo))
7 K108918D) £101S-9 ® 10} (9IN[0SqQY) UONBII[IIOY SSE]A [EPON JO San[eA orenbg-uesN-100y pue Yedd ‘H1'tv 9[qelL




- 229 -

(50°0) (80°0) aro) 1o (91°0) (81°0) 00S | o0 _ _ 002 TOH
8C°0 LSO SS0 9°0 890 LLO

(80°0) (€E1°0) (L1°0) (070 (€2°0) (5T°0) 00°s | oo _ _ 001 TOH
1240 8L0 L6'0 60'1 811 YA

(80°0) (11°0) ¥1°0) (91°0) (81°0) (0z°0) 00S | oo _ _ 002 IVL
S0 Yo 6L0 860 (40! 90°1

(oro | 0ro) | (ozvoe | o | wco | 9T0) 00¢ | o | — — | o1 VL
S0 eLo SO'1 LT'1 XA 0’1

(Loo) | (oro) | 1o | 1o | «ro | (ozo N _ _ 00 Y1
ceo0 1224 vL0 88°0 £8°0 L60

(01°0) (91°0) (0T'0) (€T°0) (ST°0) (87°0) 005 | oo _ _ 001 1
650 Y01 Ie'l o'l ve'l ee’l

gkioig | shiog | phioig | ghiois | zhiog | 1 hiois | 2=lo | 2= ..ﬁ =1 |2=g Mlu =p | uonenoxg

(yuq L1018 SIWA)
Jug LA103S yesd 9—9 :uoneIn3yuo)) walsAS ArIxny-Areuild

-ajedronted sjuowiod Ty WO UT AIe s)up) ‘syuswe[y 7 odAJ, Suis()
wAISAS ATewinl pajjonuo)) 7 A103ae) A101S-9 B J0J 1J11(] AI101S JO son[ep orenbg-uesjA-100Y pue yead ‘St 9Bl




- 230 -

91°0) 1°0) €1o (1ro) (1) 40)] (80°0) 0 | oo | 00C oco | ooz T0H
€8'1 66'1 L9'1 SE'l 660 090

(S1°0) »1°0) Tro (aro) 0r1°0) (80°0 o | o | 00T cro | oot 10H
96’1 SS'T LE'T €T'1 $6°0 8v°0

. . . . v . .

(0Z°0) (L1°0) (S1°0) 170 (Z1'0) 010 0 | s | 002 oco | ooz AVL
$8°1 9¢'1 1€°1 v6°0 9L°0 89°0

(81°0) (S1°0) (€10 (T10) (T1°0) (1] K1) o | o | 001 cro | oot IVL
0z'1 L60 780 LLO 8L0 990

(€2°0) (1z0) (81°0) (S1°0) (T1°0) (60°0) 0 | s | 002 oco | 0oz Y|
0¥’ 8€'C LTT S0'C 6€°1 L60

(61°0) (L1°0) S1°0 (€1°0) (1ro (60°0) o | o | 001 cro | oot T
9¢S'1 1€°1 €TT [AN1 18°0 950

I Iy Iy T Iy
9SSEIN | SSSBN | pSSeN | €SSeN | TSSEN | ISSeN | =9 |2="9 iy = nl=,=¢ 7 =0 | UoneNdXy

(UoneIA[220Y SSe]A [EPON SINY)
UONBIS[I00Y SSBA [BPON Yeod

9—9 :uoneIngyuo)) wa)sAS Arirxny-Arewg

-aredronted syuowopa [[v 8 ur are syun) Csjuawolyg | odA 1 Suisn woysAS Arew g pofjonuo))
(v)g £108918D) £101S-9 © 10 (2IN[OSQY) UOIIRI[AIIY SSBIA [BPON JO SonjeA a1renbg-uesp-100y pue yeod 91t 2[qel




- 231 -

(80°0) (€1°0) (ST°0) (L1°0) (0Z°0) (€2°0) 00 050 10H
wo 790 6S°0 €90 LLO Y01

01°0) 910 (61°0) (0z°0) (zzo) (szo 00T 10 T0H
¥$°0 98°0 660 90’1 67’1 0S'1

- A - . - . .

(aro 91°0) (61°0) azo (€20) (92°0) 00T 060 JIVL
6v°0 LLO 601 o1l 1€°1 8¢'1

10 (1z°0) (€T°0) ¥z 0) (sT°0) (82°0) 001 10 VL
50 $8°0 4A 43 61°1 €11

A . - . . . .
01°0) 910 0z'0) (4A)) bz 0o) (Lzo) 002 050 A
€90 90’1 YTl 191 $9'1 08’1

1o (81°0) (€2°0) 92°0) (62°0) (1¢°0) 001 c1'0 Y1
850 201 St'l S9'1 99'[ 181

g kg | shiois | phiog | ghiomg | zhioms | [ hios [ 2= =Y |my=1|g=4 uoneoxy

(3ug £101S SINY)
yuq £1031S ead 9—9 :uoneIn3yuo)) wasAS ArerIxny-Arewrng

-ojedronred syuowope [[y wd ul 1€ spup) ‘s)uawd[g | odA L, Surs) wasAg
Arewig po[jonuo) (v)¢ A1o3ae) A1015-9 ® I0J 111 A101S JO san[ep d1enbg-uedn-100y pue Yedd “L[¥ 9[qel




- 232 -

. v . . . . -
10 (€1°0) aro r1°0) (60°0) (LO0) 00 | o | 00z oco | ooz 0l
9’1 8¢'1 611 00’1 ¥L0 960
*10) . "0) : (60°0) (80
1% (T1°0) aro (01°0) 600 80°0) 00c | o | 001 cro | 001 OH
60'1 601 ¥8°0 L90 090 9%°0
A . v . . . . .
91°0 ¥1°0) @ro aro (o1°0) (60°0) 0w0s | e | 00z 0£°0 002 IVL
160 €80 $6°0 €L0 19°0 10
(S1°0) (€1°0) (1ro) (1ro) 10 (60°0) ooc | o | 001 cro | oot VL
10'1 00’1 680 90 19°0 S0

- v . . . . A .
(61°0 (L1°0) (ST (€1°0) (aro 60°0) 0w0s | we | 00z 060 002 Y1
9¢S'1 61 0¢'1 760 vL'0 0S°0
91°0) #1°0) (T10) (I1o (60°0) (80°0) 00s | oo | 001 1o | 001 YT
0T'1 201 980 690 790 €0

_u|~ _u|-\ _«| _E| _«|

9SSBIN | GSSBN | ¥ SSBN | €SSBN | TSSBIN | ISSBN | =9 | =" __.|__«u1 — =y Z =0 | uoneydxy

(uoneIa[200Y SSEIN [ePON SIATA)
UONBII[AIIY SSBA [EPON Yead

9—9 :uoneIndjuo)) walsAS AmI[Ixny-Arewrd

-oredionred sjuowald [[v & ur are sy sjuawayg g odAL Suisy walsAg Arewd pajjonuo))
(p)g K103918D) A101S-9 © 10J (9IN[OSQY) UONRIS[IIOY SSBIA [BPON JO SanfeA arenbg-ues|n-100y pue ead ‘Si'y 9qel




_233..

(L0'0) aro CAN0)) (81°0) (1z°0) ¥20) 00 | e | 002 0c0 | 00z 10H
€0 LSO 650 69°0 060 81'1

(1o (81°0) 441)) (€0 (82°0) (1€0) 00s | we | 001 cro | oot 10H
L90 91'1 A8 87’1 49 9’1

010 91°0) (61°0) (120) Tz o) (sz°0) 00 | oo 002 060 00 IVL
LY0 0L'0 830 11 61°1 671

€10 (0Z°0) (¥7°0) 9Z°0) (82°0) (0£°0) 00s | e | oot cro | oo IVL
0S0 880 AN 81’1 A ve'l

(60°0) 91°0) 0Z°0) (€T°0) 9z'0) (82°0) o0s | we | ooz 00 | 00z Y1
89°0 SO'1 LT ST 19°1 9L'1

(110 (810 #7°0) (8T°0) (zeo) (v€0) 00c | e | 00 cro | oot YT
£9°0 LT'1 vS'1 oL'1 99'1 89'[

ghiImg | cA101S | yAIoIs | ¢cA1ois | zA1ois | 1 Aioig ”Iw =g ___Iw =19 =_~.w =1 .M =g MIH = uonenoxy

(yuq L1015 SINA)
yuq £101§ yead

9—9 :uoneIingyuo)) walsAS Arerjixny-Areutd

‘aredronred syuswiafe [[y "wo ur are syun syuawdfyg g 2dA L Suis) wayskg
Arewinlg peorjonuo)) (v)g K10391e) A1015-9 ® 10J YU A101S JOo sanjeA orenbg-uedN-100y pue yead ‘61°v 2IqeL




- 234 -

(61°0) (S1°0) r1°0) (S1°0) #1°0) (rro 0 o <00 00°¢ 059 T0H
790 750 1S°0 950 80 10

(ZZ'0) Lo 91°0) (81°0) (81°0) (€10 o | e | 010 00°C 059 10H
780 790 €50 89°0 790 ¥$°0

(62°0) (12°0) (61°0) (zz0) (€T0o (L1°0) o | e | s00 00°S 069 AVL
LT 080 6L°0 060 Il 060

(82°0) (zz0) (0Z°0) (170 (12°0) 910 o | e | 010 00'c 069 IVL
0T'1 160 6L0 90'I 96'0 0L0

(82°0) (ST°0) (zZZ'0) (61°0) (91°0) Tro o | oo | s00 00° 059 1
'l 0T'1 €80 990 L9°0 90

(1€°0) (LZ'0) 74, (1zo (81°0) (€1ro 0 we | 010 00°S 059 Y
86T 1 €0'1 ¥6°0 SLO €9°0

1) 1) 1 Ty I
9 SSeIN G SSe]N t SSeIN € SSe]N T SSe]N I[sseN | ==/ | == l=p|—= g X =p | uonenoxyg

2 Tty W

(uonRIS[230Y sse]y [EPON SINY)
UOTJRIO[00Y SSEJA [EPON Yeod

9—9 :uoneIn3Juo)) WISAS ATRI[IXny-Arewid

-redronred syjusws[a [fy & ur are syu() ‘syuowalyg | odA 1, Suis) wAsAg Arewing pajjonuo))
(9)¢ A103218) £101S-9 B 10J (9IN[OSQY) UOTJBII[IIIY SSEIA [BPON JO San[eA arenbg-UBIIA-100Y Pue Yead ‘07y 2I9BL




_235_

(¥Z0) 0¥'0) (0S°0) (65°0) (L9°0) FL0) o | oo | 00 00 | 0s9 101
$8°0 8¢€'1 1S°1 €6'1 v€'T 69'C

Lz o) (S+0) #s0) (z9°0) (oL0) (8L0) o | s | 010 ooc | os9 T0H
601 SL'1 081 16'1 $1°C 1S°C

(9€°0) (09°0) aLo 6L°0) (88°0) (86°0) 0 | o | <00 oos | 09 IVL
19'1 67T 97'C 0S'C 10°€ $7'€

(F€0) (LS0) oL0) (08°0) (06°0) (86°0) o | oo | 010 | 005 | 059 VL
or'1 9¢'C 85T 68°C 8T'¢ 8v'¢

(€€°0) (65°0) (08°0) (L60) (60'1) o1 0 | oo | 00 oos | oso Y1
St'l SST 6€°€ SS'¢ LY'E 09°¢

(¥€0) (2Z9°0) (¥8°0) (zo'n) b1°1) (zz'1) 0 | s | 010 o0 | 0o Y1
LY'1 SLT LY'E ¥$'€ oLg 08'¢

gki01 | chios | phios | ckimg | zhiog | 1 hioig | 2= lo __.lw =g L=r| 2= g % =0 | uoneudxy

w

-~

]

(yuq L1015 SINY)
Juq L1018 yeaod

9—9 :uoneIn3yuo)) walsAS ArlIxny-Arewig

-gjedronred syuswofe [[y WO ur ore sytu) syuawdyg | odA L Surs) waiskg
Krewlld pajjonuo) (q)¢ A1o3are) A101§-9 ® 10J 1L AI0IS JO son[ep arenbg-uedN-100y pue Yedd ‘1z7'v S[qel




61°0) (€1°0) (Tro) (L1°0) (81°0) (s1°0) o | e | o010 oo | 0s9 0H
LLO 960 950 L0 9L'0 19°0

(07°0) #1°0) 91°0) Lro) (81°0) (Lro) 0 | o | 070 00s | 059 TO0H
S8°0 L9°0 ¥8°0 98°0 L90 080

A_u (82°0) (L1°0) (61°0) ¥Z°0) (92°0) (€2°0) o | o | 010 oos | os9 VL
Q L1 $6°0 980 LO'T 111 61°1

' (92°0) (1o azo (€2°0) ¥Z°0) (€2°0) 0 | e | 0z0 | 00 | 059 IVL
6¢°1 060 860 90'1 L1 60'1

$T°0) 91°0) (L1°0) (1z0) (zz0) 61°0) 0 | o | 010 oos | os9 Y1
AN 1L°0 €60 88°0 860 8L0

(82°0) T0) (1zo) (92°0) (zz0) (Lzo) 0 | oe | 070 0os | os9 Y1
671 671 LE'T 97’1 or'l LT'T

9Sse]N | Ssse]N | #SSeIN | €SSBIN | ZSSBIN | 1 SSeIN “I“ =lo ._.Iw =0 ﬁ =1 %m =( IM = | uonenoxyg
(uoneIa[a20y ssejq [ePON SIYH)
UOTIRIJ[IIIY SSeIN [BPON Jeod €—9 :uoneIngyjuo)) wasAS Arerixny-Arewd

-9jedionred sjusws[d 9a1y) wonoq A[uQ 8 urare syup) syuawelyg | 2dA [, Suls() woisAS Areurug pa[jonuo)
(9)¢ A108218D) A101S5-9 B 10] (IN[OSqY) UONBIINAIOY SSBIA [BPON JO sonjeA arenbg-uesjN-100y pue yesd ‘77 9lqel




_237-

(82°0) (10 (€¥'0) (b€0) (s€°0) (¥'0) o | o | 010 | 0os | os9 10H
111 9L'1 881 LS'T 08’1 LOT
(82°0) (ov'0) (Sv0) (¥€°0) ((1[1)] (LE0) 0 | coe | 0z0 | 005 | 059 10H
€T'1 YL 0€'C YL €C'T 89'I
0v'0) (96°0) (LS0) (ov'0) (6€°0) #s0) 0 | oo | 010 | 00 | 059 VL
69'1 S€T L6'T 1€C 1z 8€'C
(LE0) (0S°0) (€5°0) (L£0) (ze0) (€v'0) o | e | 0zo | 00 | o9 IVL
0T 1€ 6v'C €6'1 LS'T €8'1
(¥€°0) (05°0) ¥S0) (6€°0) (8€°0) (84°0) 0 | oo | oro | oos | os9 Y1
oLl 6€C 66'T 98’1 L1 SE'T
ov'0) #S0) (290) or0) (S€0) #y'0) o | oo | 0zo | 00 | 059 Y1
938l 8¢ €LE €1 69°1 €€'T
2 I fw i
ghiog | chims | yAioig | ¢ hioig | z Koy | [ K1ois ”Iw =lg “IQ =9 _..w =1 | =4 |~w = | uonendxy
(yuq A100S SINY)
W A101S Yedd €—9 :uoneIndyuo)) wasAS Arerrxny-Arewd

-ajedronted sjuowald 92Iy) WONOQ A[UQ WD Ul are syu[) “syuawdfy [ 9dA [, Sursn walskg
Areung psjjonuo) (q)¢ A1o8are)) A101S5-9 ® I0J YL AI0IS JO sanjep o1enbg-UBOJA-100Y pue Yedd ‘€7v 9IqelL




- 238 -

— — — (A1) (60°0) a1o 0 oo $0'0 00°S 059 T0H
- — — IL0 8Y°0 00
— — — (T1°0) (60°0) (11°0) o | e | 010 | 00 | 059 T0H
— - — 99°0 10 6¥'0
— — — (91°0) (z1°0) ¥1°0) o | s | c00 | 00 | 059 IVL
- — - 0L0 19°0 zs0
- — — 91°0) (T1°0) #1°0) 0« oo 010 00°S 059 VL
- - - Lo 90 09°0
— — — Lro €1o | 10 o | oo | c00 | 00 | 059 Y1
— - - £6°0 €L0 9¢°0
— — — (€1°0) (zZ1°0) (€£1°0) o | we | oro | 0os | os9 Y|
— — — 260 0oLo 9¢0
9sSeIN | SsseIN | pSSe]N | €SSBIN | T SSBIN | T SSBIN W =g “Iw =" *H =1 %:_m =( _Nlu =0 | uoneNoxg

(uoneIs[200y ssey [epoN SIARY)
UONRIJ[AI0Y SSBIA [ePON Jedd

9—¢ :uoneIngrjuo)) walsAS Arer[ixny-Arewriq

-oyedronred syuoware 2a1y) wWonoq A[UQ & ul are syupy syuswofy | adA L Suisp) waIsAS Arewtid pI[[onuo)
(@)€ K103918)) A1015-¢ © 10] (SIN[0SQY) UOIBIS[AIIY SSBIA [BPON JO son[eA arenbg-uedjA-100y pue yead ‘H7'v 2[qel




_239-

— 1o | (zo | (8z0) o 0S°9 10H
— #8°0 001 8T'1

— (s1o) | (oo | (sTo) o 059 10H
— €L°0 080 11

— (1zo) | (€0 | (8c0) o 059 dv.L
— PO’ v8'1 97'C

— (tzo) | (eo) | (6£0) o 0S'9 AV.L
— 00'T 8’1 87T

— (€z0) | (eo | (@o o 059 14
— 00'T 8S'1 9€'C

— (00 (0€°0) (8€°0) o 0S'9 014
— 201 (490! 67C _

(yuq £10)S SINA)
yuq £10)S Yead 9~¢ :uoneIndyuo) wasg Arerrxny-Arewnid

-ajedionged sjuswua]e 921y W0N0q A[uQ WO Ul Are sju() syuswo[g | adA ], Sursn wasAS
Arewiig pafjonuo) (g)¢ A1ofare) A101§-¢ € 10J Yuig AIOIS JO sonjep arenbS-ueojN-100y pue Yedd °G7'y °Iqel




- 240 -

w

b1°0) (Iro) aro oro 01°0) (80°0) 00°C 10H
850 €0 LEO 9¢°0 6£0 9¢°0
r1°0) aro (o) 010 (01°0) (60°0) 00°S T0H
09°0 170 8€°0 wo wo 6£°0
Tzo 91°0) (s1°0) wro (L1o) (€1°0) 00° IVL
760 650 6S°0 6S°0 1.0 960
Tz o) 910 1o @wro (81°0) F1°0) 00°S IV
060 960 19°0 €50 69°0 LSO
(zzo) (61°0) (L1°0) r1°0) (Tro) (60°0) 00° Y1
S6°0 680 99°0 19°0 SS'0 wo
(zo) (81°0) 91°0) C2K0)] (T1ro) (60°0) 00° Y1
£6°0 €80 99°0 19°0 850 10
9 SSe]N G SSBIN | ¥ SSe]N € SSeIN | T SSeIN 1 SSe]N le =g = —= g = uoneoxy

(UONRIB[300Y SSEIAl [¢PON SIARY)
UOTJRIO[AIDY SSEJA [BPON Yeod

9—9 :uoneIngyuo)) wNsAS AreIIxXny-Areurtig

-jedronured syuawd[s [y 8 ur are sytup) syuewd[y ¢ odA L Sursn wiaisAg Arewrg pajjonuo))
y K103918) £101S-9 B 10J (9IN[OSQY) UONRISPIOY SSBI [EPON JO san[eA orenbg-uesA-100y pue yead ‘974 9[qelL




- 241 -

8100 | (zZeo) | (@ro) | (0s0) | (Lso [ (290 00°0 059 10H
9L°0 el ST 9L'1 L0T vT'C
(61'0) | (€€0) | @o | 0so | s | (€90 000 059 0H
780 8¢l 129 081 11'¢ 1€°C
(620) | (8700 | (850) | (99°0) tLo) | (18°0) 000 059 VL
611 06'1 L0T 60'C LTT 9T
(0c0) | (6v0) | (850D | 90 | (ZLo) | (08°0) 000 059 IVL
171 06'1 80'C 81'C e 68'C
(Lzo) | (0s0) | (690 | w80 | (s60) | (0OT) 000 059 Y1
611 L1 16'C I€°¢ vL'E 1Ty
(tzo) | (0s0) (69°0) (#8°0) (S60) | (00'1) 000 . 00° 059 YT
ST1 STT L6'C ¥9°¢ 8% €Sy
ghiolg | chios | p Aoy | ghioig | zhioig | [hios | 2=g = = w =p | uonenoxg
(yuq L1018 SINY)
g L1015 Jeod 9—9 :uoneIngIyuo)) wAsAS ArerIxny-Arewig

-ojedionted syuowo[d [y W ur are sjun) s)uswefy ¢ odA L Suisn

wSAS Areuniid pajjonuo)) 4 A1039e) £1015-9 € J0J (] AI0IS JO san[eA a1enbg-uesSN-100Yy pue Yead L7+ SIGRL




(cro) | aro | (1o | (ro | 1o | (800 000 | o001 . o0s | 0s9 0H
$S0 LEO 9¢'0 8€°0 o €€°0
(sro) | ro) | o | aro | aro | (600 000 | oo . oos | oc9 T0H
65°0 6€0 6€°0 St'0 1240 6€0
9_~ Aa.ov r1°0) 5.8 5.9 1o | (€10 000 | coor _ oos | os9 IVL
3 18°0 €50 S0 1S°0 650 S¥0
| : : : : : :
(€0 | 810 | Oro) | 810 | (8100 | (b1°0) 000 | oo _ oos | oco IV
88°0 650 650 ¥9°0 790 zs0
610 | Oro) | wro | €ro | cro | (600 000 | ooor | — 0oc | oco T
¥6°0 8L°0 L9°0 $9°0 0S°0 €70
(1zo) | ®10) | Lro) | Wro) | @ro | (600 000 | oo _ oos | o9 1A
86°0 £8°0 vL0 £9°0 zs0 o _
9sSe]N | SsseN | pSseN | €SSBN | TSSeIN | 1 SseIN le =g hw. =9 .__.w =n m.m =( Mlu =p | uoneudxy
(uo1IBIA[320Y AN[OSqQY SR
UONRIJ[A0IY AN[OSqQY ead €—9 :uoneIn3yuo) WaNSAS AreIIxny-Arewnd

-ajedronged sjuowae oIy} wWoNoq A[uQ

"8 urare syrun) csyuawrdr ¢ 2dA L Sursp) wAsAS Arewnrd pajjonuo)
y £103918D) A101S-9 ® J0J (9IN[0SQY) UOTIRIS[ADIY SSBIA [ePON JO son[eA arenbg-ueajy-100Yy pue Yedd |7+ 9IqelL




- 243 -

(61’ . (s¥'0) . '0) '0)
0 (¥€0) S0 wso) | (190 (99 000 | ooor _ oos | oc9 T0H
080 Vel 1S 991 €6'1 60'C
(zzo) | (8c0) | (050) '0) '0) '0)
0S0 (090 (690 (SL 000 | ooc . 00 | os9 T0H
98°0 Wi vS'1 SLT 80'C 62T
(82°0) . (Ls . '0) '0)
(9¥'0) 0 | W90 | (Lo (8L°0 oo | ooor | — 0os | o0c9 IVL
ST'1 LL'T 60'C €0°C 0€C 06'C
weo) | wso | (Lo 80 | (6 T
€0 S0 ( €60) | (101 000 | oo _ 0os | oso IV
LT1 €1'C (A%4 VT 09'C ITE
(L (6% (LY '0) 0 | 460
0) 6¥°0) 90) | (6L0 (68°0 6 oo | o001 | — oos | os9 YT
9¢'1 €T 66'C 99°'¢ wy €'y
(og0) | (9¢ (Lo . T .
95°0) LLO (€6'0) | (50 arn 000 | ooc . 0w | os9 -
Wl £V Ve €'y 89 98t
9 kg | chioig | phioig | ghiog | zhioig | [hiorg | 2=lo (=Y |mL=1 =g | L= | vonenoxg
(uqg L&101S S
JyuQq L1031 yead €—9 uoneIN3Juo)) WASAS ArRI[IXny-Arewid

-otedronred sjuswiofe 991y} wonoq AJUQ WO Ul ATe SHU) sjuswdy ¢ 2dA L Suisn
wAISAS Areurniq pojjonuo)) ¢ A10391e)) A101S-9 B 10J U AI0)S JO san[eA oIenbg-ueoJ\-100y pue yedd 67+ °lqeL




- 24 -

— — — 1o | ro | (oro 000 | zre _ oo | 059 TOH
— — — 89°0 £€9°0 90
— — — (ozo) | Gro) | (zro 0o | 117 _ oos | os9 "T0H
— — — ¢80 6L°0 §S0
— — — @ro | (o | aro 000 | zre _ oo | oco VL
— — — 90 950 LY'0
— — — (ozo) | Gro) | €ro oo | 1.2 _ oos | oc9 VL
— — — 180 $9'0 0S°0
— — — (6100 | (s170) | (T10) 000 | zre . 00 | os9 1
— — — €0'1 v6°0 89°0
— — — (92°0) (1zo) | 1o 000 | 127 o oos | os9 Y1
— — — SI'T 00'1 8L°0
1) iy Ty lw ly
9SSeN | SSSBIN | pSSeN | €SSBIN | TSSBN | ISseN | o=lo [2=" iy = nl—=¢ 7, =0 | uoneloxy

(UOTIRIS[20Y SSEA [BPON SIARY)
UOIIRID[IIDY SSBIAl [EPON Neod

9—¢ :uoneIngiJuo)) WaSAS AIRI[IXny-ATewld

-ajedronred syuswops 921y} woNoq AfuQ °§ urare syup) syl ¢ odA [, Sursn) welsAg Arewrg pa[jonuo)
y K108918) AI101S-¢ ® 10} (9INjOSQY) UOTIRID[AIDOY SSBIA [EPON JO San[eA d1enbg-uedN-100y pue Jedad 'O’y 9Iqel




- 245 -

- A . . .
20) (8€°0) (6v°0) oo | e 10H
— 860 88'1 ¥$'T
— A . v . .
620 (0s°0) 90) 000 1T 0H
— ZA 8€'T L1°E
— (T o) (8¢°0) (8+°0) 000 b IVL
— 60 w1 S1T
— (6770 (6v°0) (19°0) 000 LT IVL
— 0Tl $0'C LST
— (62°0) (0$°0) (€9
620 0S°0 €9°0) 000 2pc Y|
— 8t'1 78T 89°¢
— (8€°0) (99°0) (€8°0) 000 1T -
— 91 $0'€ SO'Y
phios | chioig | zhiog | 1hoig | 2=Tg [2=" uoneIoXyg
(Juq L1018 SINY)
u.«fh_ boum Mﬁom @Im EOS&G:MEQOU Eoum%m %Hmmzx:<-bwaﬁm

-oredionued sjuawafe a1y} Wonoq A[uQ “wd ul are sju) “syuewefg ¢ odA ], Suisn

wAISAS Arewntld po[jonuo)) { A10393e) A101G-¢ ® 10J JJuI(] AI0IS JO san[e A arenbg-ueopy-100y pue yead ‘[¢'t 9lqelL




(S1°0) 010 aro (11°0) (1o (1o o | s | 000 | 900 | 000 10H
290 190 70 50 80 9%°0

(L1°0) (I1o) (Iro) r1°0) (91°0) Zro o | oo | 0100 | 900 | 000 T0H
€L0 0S°0 9%°0 950 80 80

A_V Qm.e (S1°0) §.8 am.ov (€2°0) (L10) o | o | 5000 | 900 | 000 IVL
3 ¥8°0 50 €50 790 #9°0 SS0

_ (€2°0) 1°0) (€1°0) (61°0) (Tz°0) 91°0) o | s | 0100 | 900 | 000 AVL
780 $$°0 €v'0 960 0L0 €S0

(81°0) »1°0) F1°0) (€1°0) (€10 (aro) o | o | c000 | 900 000 T
6L°0 6L°0 650 6S°0 850 €0

¥z 0) (LT°0) #1°0) 0Z°0) (zZz'0) 910 o | o | 0100 | 900 | 000 Y1
L60 080 650 69°0 €80 89°0

Iy 5] 1 L I
9sse]N | SSSeN | pSSBIN | €SSeIN | TSSEIN | ISSeIN | -='o [="¢ _..w =1 |+ = NIM = uoneoxy
(uoneIa[200Yy SseA [ePON SIN)
UONRIJ[IIY SSBIA] [EPON Yedd V/N :uoneIingjuo)) wajsA§ Ami[rxny-Areuilq

‘soyedionred juswoye doy AjuQ " & urare syupn “syuswary | odA 1, Suis) WaIsAS Arewid pI[[onu0)

¢ K108918) £1015-9 ® 10J (9IN[OSQY) UONEISIIIY SSEIN [EPON JO SanjeA arenbg-ueoJy-100Yy pPue yedd 'Z¢'v 9lqel




- 247 -

(82°0) €0 (1¥'0) 9¥°0) (ZS0) (65°0) 0 | s | 5000 | 900 | 000 OH
880 1 89'1 LL'T €8'1 S0'C

Lo (Iv°0) (9%°0) (0S°0) (LS0) ($9°0) o | we | 0100 | 900 | 000 T0H
SO'1 SL'T 90T 10T 10T 81°C

(s€'0) ¥$°0) (LS0) (95°0) (#9°0) (SL0) o | eoce | 000 | 900 | 000 IVL
0Tl 16'1 €0'C 10T ¥6'1 8€'C

((S54)] (€5°0) (95°0) (Ss0) (z90) (€L0) 0 | e | 0100 | 900 | 000 IVL
8I'1 96’1 70T 00T 6’1 8Y'C

(82°0) 9v°0) (09°0) (1L°0) (6L°0) ($8°0) o | oo | 000 | 900 | 000 Y1
P11 0°C €8'C ST€ ob'¢ 89°¢€

(6£°0) (09°0) (89°0) (€L0) (z8°0) (26°0) 0 | s | 0100 | 900 | 000 Y1
8¢'1 vE'T €6'C LEE 6S°€ 96°¢

ghioig | chimg | pA&iis | ¢ Aioig | z L1oig | | A101S le =g _Iw =g :w« =1 _|==“ =g W =0 | uoneyoxyg

(yuq L1018 SINY)
P A101S Yeod V/N :uoneindnuo)) waisAg Arerjixny-Arewtg

‘sojedionred juswoe doy AfuQ "wd ur are syun syuewd[y [ odA ], Sursn
wASAS Arewrtrg pajjonuo)) ¢ Kio3a1e) £101S-9 ® 10j I AI101S JO san[ep arenbg-ueaIA-100y pue yead ‘€€t 9[qel




b1°0) (60°0) (o1°0) (T1'0) (€10 (aIro 0 | o | 5200 | 0g0 | 000 OH
6v°0 LEO ¥€°0 0 o 8€°0

T0) #1°0) (€1°0) (0z°0) (€20) (61°0) o | e |0so0 | og0 | 000 T0H
LT'T 760 €90 SO'1 $0'1 €'l

on_U (€2°0) e:.e (€1°0) SN.e (TZ°0) (81°0) o | e | cz00 | oc0 | 000 VL
3 SLO 0S°0 124\ 650 990 090

' bT0) ¥1°0) b1°0) (07°0) (€2°0) (61°0) 0 | s | 0s00 | 0g0 | 000 qVL
160 €50 960 980 760 L90

(s1°0) (110 (Iro aro Tro (aro 0 | coee | sz00 | 0g0 | 000 1
0L0 $9°0 LY0 80 LSO 750

¥Z0) #1°0) 91°0) ozo ¥T°0) (0T0) o | s | 0s00 | 0c0 | 000 Y
111 89°0 LSO 980 €0'1 ¥8°0

gsseN | CSSeIN | ¥ SSBIN € SSBE]N | T SSe]N I sse]N 2= ‘o 2= o Ly | M d 2=y | vonenoxg
s = = E..& = w N« = . .
(uoneI9[a00Y SSBIA [EPON SINY)
UOIRIJ[I00Y SSBIAl [BPON Yeod V/N uonein3juo)) waisAS Arerxny-Arewd

‘soredronted juowsys doj AjuQ 8 urare syun syuswaly | odA T, SuIs() wAsAg Areunig po[jonuo)

¢ A108918) A1015-9 ® 10J (9IN[OSQY) UONIBIS[IIIY SSRIA [BPON JO sonjeA arenbg-ued]N-100y pue yesd ‘H¢'4 9[qel




- 249 -

rT0) (ze0) (s€0) (LE'O) (zv0) (6t°0) 0— 050 10H
£8°0 LT'1 0¢'1 S9'1 vL'1 6’1l

(8€°0) (zs0) (0s°0) (Tro) (8¥°0) (€9°0) 0« 0£°0 T0H
€81 61'C (A4 oLl (494 ¢8'C

(s€0) (6t°0) (Lvro) (or'0) (Ly'0) (09°0) 0« 00 IVL
8I'1 091 6L'1 981 £€8°1 68’1

(8¢0) (TS0 (05°0) (#°0) (6t°0) (29°0) 0 060 IVL
09°1 661 96°'1 S0'C £0'C ov'e

(9Z°0) (s€0) (oo C2dV)] 6+°0) ¥S°0) 0~ 0£°0 YA
(45! 9¢°1 c0'¢C 14 W4 (4 aré 9¢'C

(1v'0) (¥S°0) (15°0) (Sv°0) (6%°0) (€9°0) 0 050 Y1
61'C 1494 (404 L6'1 LET €9'C

9A1I0)§ | chioiS | Ao | chiois | z Aol | 1 1018 w. =0 |__m = 1= uoTneIOXyg

(Juq A101§ SINY)
Juq A101S yead V/N :uonein3ijuo)) wolsAg Arer[rxny-Arewng

‘sojedronaed juourafe doy AjuQ wod ur are sytup) Csyuowefy [ odA L, Suis)
wa)sAS Areuriig pajjonuo)) ¢ A103a1e)) £1015-9 © 10§ 11 A101S JO son[eA arenbS-ueaA-100y pue Yedd ‘GE'v dlqel




- 250 -

Table 4.36. Qualitative Performance Assessment for Control Categories
Used in MDOF System Study.

Performance Assessment
Based Upon:
Control Story Drift Nodal Mass
Category Acceleration
1 E G
2 E S
3(a) E PtoS
3(b) StoE PtoG
4 StoG StoG
5 StoG G

Note: E = Excellent, G = Good, S = Satisfactory, P = Poor
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Chapter 5

Conclusions and Future Work

5.1 Summary and Conclusions

As the field of structural control continues to mature, a consensus is emerging as to
the essential attributes of an effective and acceptable control system or approach for
application to structural systems. Reduction of selected maximum response quantities is
certainly mandatory; but simplicity, reliability, and ability to function without substantial
amounts of externally-supplied power are also desirable features.

The studies presented herein have examined a semi-active control approach which
involves controlled interactions between two distinct structural systems — or different
components of a single structural system — in order to reduce the resonance buildup that
develops during an external excitation. This approach utilizes certain types of elements
to physically produce the interactions, which consist of reaction forces that are applied to
the systems. The mechanical properties of the interaction elements may be altered in real
time through the use of switching components to effect changes in the reaction forces
which are favorable to the control strategy. The major advantage of this semi-active
control technology is that relatively large control forces can be generated with minimal
power requirements.

A preliminary study involving two interacting SDOF systems has been conducted to
examine the effectiveness of the proposed control approach. This study was exploratory
in nature and involved very simplistic models of structural systems. However, it was
crucial in the development of a methodology for implementation of the control strategy
(i.e., Method 1) that could be extended for application to MDOF systems. At present, it
has been demonstrated that such an extension is only possible for linear systems, whose

response can be decomposed into particular modes of vibration. The response control of
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one or several of these modes, each of which behaves like a SDOF system, then naturally
follows from the previous work. However, because the control strategy focuses on the
so-called relative vibrational energy associated with the linear system (in particular, the
components of this energy contributed by certain modes), it may also be possible to
further extend the approach to nonlinear systems which exhibit mode-like properties,
since this kind of system also has a relative vibrational energy associated with it.

In addition, the results of the preliminary study were instrumental in the conception
and development of new interaction elements (i.e., Types 1 and 2) for use in the follow-
on study involving MDOF systems. As may be recalled, these elements consist of an
elastic element which is placed in series with a component that may be activated or
deactivated in real time. When activated, the component behaves as a rigid connecting
member. When deactivated, the component yields in an extremely-fast manner, rapidly
dissipating the strain energy that is stored in the elastic element. In fact, of all the control
cases examined, the greatest degree of response reduction is achieved when these types of
elements are utilized. Finally, the results of the Category 1 cases in the preliminary study
indicate that a significant improvement in response control effectiveness may be obtained
if the proposed control algorithm is used instead of algorithm developed by Kobori et al.
for the Active Variable Stiffness control method [1].

The follow-on study considered MDOF models of structural systems to examine the
effectiveness of the proposed control approach and investigated various interaction
arrangements involving what may be interpreted as: two adjacent multi-story buildings
that interact with one another; or a single multi-story building that interacts with either
itself and its base, an externally-situated resilient frame, or an unrestrained, relatively
small mass located on top of the multi-story building. In each of these situations, the
response control effort is directed at controlling only one multi-story building, which is
designated the primary system; the other multi-story building, resilient frame, or small

mass is referred to as the auxiliary system.
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The following list summarizes the main conclusions for the MDOF system study:

1) Under appropriate conditions, the proposed control method and algorithm are
capable of achieving a substantial decrease in the story drift levels associated with the
primary system. Depending upon the particular interaction arrangement, the nodal
mass acceleration levels may either be reduced or elevated.

2) For the five categories of control cases previously considered, the best response
reduction results are obtained when interaction elements capable of continuous energy
storage and sudden energy dissipation (Types 1 and 2) are utilized.

3) The proposed control approach is most effective when these types of interaction
elements are either: internally mounted within the primary system, between adjacent
nodal masses; or attached between the primary system and an auxiliary system
intended to resemble an externally-situated elastic frame.

4) For these kinds of interaction arrangements, very significant response reduction
is achieved (a 50 to 75 percent decrease in the peak values of the first mode response,
which provides the largest contribution to the story drift levels for the ensemble of
excitation records considered) when stiffness ratios of order unity are used (1 = 0.50
for Category 1 cases; & =1.00 and pu =1.00 for Category 2 and 3(a) cases).

5) For the cases in Categories 1, 2, and 3(a), the results generally indicate that it is
better to employ the full complement of available interaction elements rather than a
partial complement. Such a policy enables effective reduction of the first mode
response and prevents the excitation of higher modes by the control effort.

6) Because the more-idealized Type 1 elements produce nearly the same controlled
response behavior for the primary system as does the less-idealized Type 2 elements,
as is verified by the results of the Category 1, 2, and 3(a) cases, it is acceptable to use
Type 1 elements for further exploratory investigation which involves these types of
interaction elements. This course of action permits a substantial savings in compu-

tational effort.
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7) The proposed control approach appears to be less effective for the situation in
which the primary and auxiliary systems represent two existing structures (i.e., two
adjacent buildings), in which the auxiliary system is presumed to be much stronger
and more massive than the primary system. However, significant response reduction
may still be achieved if a low-high primary-auxiliary system configuration exists.

8) When the results of cases in Categories 3(b) and 4 which involve the same
primary-auxiliary configuration are compared, it is generally observed that the
response reduction obtained for the cases in Category 4 is less than that for the cases
in Category 3(b). Hence, Type 3 elements are less effective at implementing the
control strategy for this interaction arrangement and the assumed conditions asso-
ciated with the auxiliary system.

9) The cases in Category 5 show remarkable response reduction capability in view
of the facts that only a single interaction element is utilized and an auxiliary system
consisting of a relatively small, unrestrained mass is employed. Although the control
effectiveness of these cases is not as great as that of some cases in other categories,
such an interaction arrangement might prove useful for applications involving wind
gust excitation, such as has been previously considered for tuned mass dampers and
active mass drivers.

10) The cases in Categories 3(b) and 5 reveal that response control effectiveness is
highly dependent upon the value selected for u, the parameter associated with the
Type 1 elements used.

11) For each of the categories previously considered, a comparison of the results of
special reference cases, in which the interaction elements are locked in the activated
operating state, with the results of the cases that use the proposed control method
indicates both the efficacy of the switching process and the necessity of a control
algorithm for the operation of the interaction elements.

12) Several examples of a Category 1 controlled primary system — which is
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initially given certain nonequilibrium displacements but is externally unforced —
show that the proposed control method is capable of reducing the response of higher
frequency modes and suppressing the response of several dominant modes. These
results suggest that such a capability may also be possible for a primary system which

is externally forced.

5.2 Topics for Future Work

Some questions may be raised regarding the simplistic nature of the models used to
represent actual structural systems and the idealistic conditions assumed for the behavior
and operation of the interaction elements. These are legitimate concerns. The studies
presented herein are based upon a very fundamental treatment of the structural control
problem, in which the structural systems are represented by discrete mechanical systems.
Such models were chosen for two reasons: to reduce the number of parameters necessary
to characterize the systems; and to obtain exact expressions for the natural frequencies
and mode shapes of vibration, with the number of degrees of freedom (i.e., the number of
structural stories) appearing as a parameter, a feature that greatly facilitated the study.

Perhaps, in more detailed and extensive studies, it would be desirable to include
additional factors that could be expected in a real-world setting. Some of these factors
might be:

. Constitutive and Geometric Nonlinearities

. Three-Dimensional Effects (e.g.: variation in the directional orientation

of the external excitation; presence of rotational, other translational, or even

vertical modes of vibration; etc.)

. Controllability and Observability Issues

. Parameter Identification and Uncertainties

. Thermal Loading of Control Devices

. Time Delays in Switching Processes

. Ground/Structure Interaction Effects
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The next steps which should most likely be taken in further investigation include:
development of more realistic models for the structural systems and interaction elements
utilized in simulations, which would more accurately capture the dynamics (both thermal
and mechanical) of the actual systems and devices involved; and incorporation of the
capability to identify and target the most dominant response modes in real time. In
addition, verification of the proposed control approach through experiments on reduced-
scale physical models of structural systems should be accomplished.

Also, it has not been rigorously established that the control algorithm used in the
proposed approach guarantees the stability of the controlled system. Because the
uncontrolled system is assumed to be asymptotically stable and the excitation input is
assumed to be bounded and of finite duration, it would intuitively seem that the proposed
approach preserves the stability of the system since the strategy of the approach is to
remove relative vibrational energy from the system, and it has already been shown that
this kind of energy provides an upper bound for the response quantities of interest.
However, it would be preferable to mathematically demonstrate that the proposed
approach preserves the stability of the system, and perhaps such a demonstration can be
carried out in future work.

Lately, earthquake engineering investigators have expressed concerns regarding the
so-called near-field effects which have been manifested in recent seismic episodes, such
as the 1992 Landers and 1994 Northridge earthquake events. These effects generally
occur at locations geographically near to the faulting mechanisms responsible for the
earthquake, and they are characterized by much greater peak ground velocities and
permanent ground displacements than are experienced at more remote locations. It can
be shown that such effects have a tendency to place high demands on the ability of multi-
story structures to withstand sudden and pronounced story drifts [2, 3]. These kinds of
ground motions are very different from those exhibited by traditional earthquake records,

such as the ones employed as excitation input for the studies presented herein, which
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typically produce a more gradual buildup in the response of the structure. For such
reasons, it would be wise to examine the control effectiveness of the proposed approach
in cases that employ these kinds of ground motions.

In each of the control categories previously considered, it has been assumed that the
auxiliary system is capable of absorbing any additional energy received as a result of the
control effort, and so attention need not be given to its response. In future work, it would
be prudent to directly examine the response of the auxiliary system in various cases to
verify such an assumption, and perhaps provide the results of some simple calculations
involving the strength of materials to substantiate this claim. Also, it is worth reiterating
that the parameters characterizing the auxiliary system were selected with the intention
that one of the following conditions holds: the effects upon the auxiliary system resulting
from interaction with the primary system are minimal (e.g., interaction between two
existing structures); or the auxiliary system does not represent a load-carrying structure
and can withstand large deflections or excursions (e.g., an externally-situated resilient
frame or an unrestrained, relatively small mass).

Finally, it should be mentioned that because most of the dynamic activity for the
control cases in the MDOF system study occurs in a single response mode, it should be
possible to perform further analysis using reduced-order models for the structural
systems. A few situations for which this analysis approach could be helpful are the
control cases considered in Categories 3(b) and 5, in which there appeared to be optimal
values for u given specified values of o and B. Perhaps, if it were reasonable to model
the external excitation as a random process (e.g., filtered, stationary Gaussian white
noise), a technique such as statistical linearization [4] could be used to find equivalent
elements and systems to which approximate analysis may be applied in order to facilitate
analytical determination of optimal values for g in terms of the other parameters.

It is believed that the studies which have been presented herein provide a solid basis

for more detailed and advanced investigations of a control approach that uses semi-
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actively controlled interactions for the response control of structural systems subjected to
external excitations. Although originally intended for multi-story buildings undergoing
seismic excitation, it is hoped that these research efforts can also be utilized for general
areas of application such as vibration suppression in mechanical systems, vehicles, and

other kinds of structures that are exposed to external excitations.
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Appendix A

A Generalized Form of
Pontryagin’s Minimum Principle

A.1 Introduction

In Chapter 2, attention is given to a particular form for the integrand L of the
performance index J associated with the optimal control problem formulated in Section

2.2. This form is one for which
L=1(z,z,u,t) (A-1)

(i.e., L explicitly depends upon the argument z). But such a problem can always be
converted into one for which the integrand has an explicit functional dependence only

upon z, u4, and ¢, by virtue of the constraint relation
z2=g(z,u,t) (A-2)
in which case, the modified form for the integrand, denoted by L,is
L=L(z,u, t)=L(g(z, u, 1), 2, u, 1) (A-3)
L may then be used to formulate the Hamiltonian H, given by
H=H(A,z,u, t)=1"g(z, u, 1)+ L(z, u, 1) (A-4)

If a solution to the optimal control problem formulated in Section 2.2 exists, then

the following necessary conditions, rigorously proved in [1], must be satisfied:

_fp—;’ —I:%zli; Vtelt,, t,] (A-5)
and
HA,z,u, O<H(A, z,v, 1), YweQ, Vielt, t,] (A-6)

subject to the boundary conditions



dt, =0 (A-7)

1y

ot

It is now shown that, for the assumed functional form of L as given in (A-1), an

dzb=0, [a—(P'i'ﬁ:l

alternative set of necessary conditions to (A-5) and (A-6) is available. These conditions
are considered more useful because they directly involve L instead of L. The path taken
to obtain these conditions starts from those given in (A-5) through (A-7), which have
already been established. A transformation is then used to modify the system costate A.
It is finally demonstrated that the condition in (A-6), although still valid, may be replaced
by an equally valid yet more convenient condition. The following derivation is partially

based upon the developments given in [2, 3].

A.2 Derivation

To begin, it is assumed that an admissible control # is a bounded, piecewise
continuous function of ¢ on the interval [z,, #,]. Furthermore, it is required that u(t) € Q,
Vtelt,, t,], where Q is a specified (possibly closed) subset of E", the Euclidean space
associated with R".

Moreover, it is assumed that g satisfies the uniform Lipshitz condition
le@, u, )-ga, v, D|sm[|z-a|+clu-v|]} Vielt, 1] (A-8)

where m and c are positive constants and | - | denotes an appropriate finite-dimensional

norm (e.g., the Euclidean norm). In addition, the auxiliary Lipshitz condition

lz-al, <kfu-v], (A-9)
will be shown to hold, where
2=g(z,u,t), a=ga,v,t) (A-10)
and
= R d 1
l2l,= max [z, e, = | "Juco (A-1D)

where T is some characteristic time for the problem.
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Let z be the system state (i.e., the entire trajectory) corresponding to the optimal

control u. Suppose that a class of controls neighboring u are considered, and denote an

arbitrary member of this class by v =u + du, where du is an admissible (not necessarily

infinitesimal) variation to the optimal control. Let the system state corresponding to such

a member be denoted by a =z + &z, where &z is the variation in z due to du. The class

of neighboring controls considered includes only those controls which take the system

state from z, at time ¢, to z, at time ¢,, where z, and ¢, are either specified or

determined from the conditions given in (A-7). Using (A-10), it is then clear that

4

dt[&]=g(a, v, )-g(z, u, 1)

in which case

6z(t)=J [g(a, v, ©)-g(z, u, 7)]dT

where the fact that 8z(¢,) = &z, =0 has been invoked. It is also clear that

|&0l< [ le@. v D-g@ v, D]dr
Using (A-8) yields
||&(f)||SJ m[ || 82() |+ | Su(T)| Jdz

Recall the Gronwall-Bellman lemma [4], which asserts that if

t

swso+ [ [pOED+uDdE p(D)20

o

where o is a constant, then

t —[p(md " p(1)d
5(:)3{“‘[ P nﬂ(f)d'r]ej‘"p i
t

o

Applying this result to (A-15) gives

t
” &(t) ” < mcem(t—ta)-[ e-m(r_ta)
t

a

ou(T) ||dT
Vtelt,, t,], for which

!
|&@], < meTem = [ du(r)|dr
tﬂ

(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)
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Thus,
|z-al, <k[u-v]|, (A-20)

where k =mcTe™ ') and (A-9) is verified.

Now,

LiZ,z,u, t)y-La,a, v, t)=1(2,z, u, t)—- L(Z, z, v, 1) (A-21)

+L(Z,z,v,t)—L(a,a, v, t)

But
T T
L(a, a, v, t)=[—g§—(z}, zZ, v, t)} (d—i)+[%(i, zZ, v, t)} (a-2) (A-22)
+ L(Z, z, v, t)+0(||2'—d||§ +||z—a||§)
Also,
) .

%(z‘, z, v, t)=%(z', z u, t)+[§;u(z’ z, u, t)_(v—u)+0(||"“’||i) (A-23)

and

24 224 dz du

In addition,

) -
.a_L(i, zZ, v, t)=.a£(z', zZ, u, t)+|: oL Gz u, )| -w)+0(u-v[}) (A-24)

|2-a|=|g(z u, )-gla, v, n|<mk+c)|u-v|, (A-25)
so that
o(z~al; +|z~al})=0(u-v[5) (A-26)
Hence,
Lz, z,u, t)-L(a, a,v, t)=L(Z, 2, u, t)—- L(z, 2, v, t) (A-27)

T T
+{%(z', Z, u, t):l (z'—d)+[§z—l‘(z', z,u, t)] (Z-a)’“o(”"""”z)

Likewise,
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i-a=g(z,u, t)—gla,v,t)=g(z, u, t)—g(z, v, t) (A-28)

+[%g(z, u, t)](z—a)+0<llu—VI|i>

Therefore, for the class of neighboring controls considered,

J[UI-J[V]= J'tb [L(z, z, u, 1) - L(4, a, v, t)]dt (A-29)

boror T.. .
+[" [F (e u, n-gta, v, 0)- AT G- )]
’a
which is valid for any A .
Now, let
H=HG, z,u, )=A"g(z, u, )+ Lz, z, u, t) (A-30)

Using (A-27) and (A-30), (A-29) becomes (after some manipulation)

L . . oH'
JU)- J[V]= j HOW 42 D= HOL 220, 0+ 2 @-a)|d (A3

t

a

J"b JL
+
t

| %
where the two partial derivatives in (A-31) are both evaluated at (Z, z, u, ?).

T
[-—,— (z—-a)-AT(z —d)Jdt+O(”u -y ||i)

Also, let

A=A- %f_—(z’, z,u, t) (A-32)

which is actually a defining relation for A, since A is governed by (A-5). It can then be

shown that

%I(I, z, u, t)=%g(l, Z,2, U, 1) (A-33)

where H and H are as defined in (A-4) and (A-30), respectively, and 7 is evaluated

according to (A-2). Thus, (A-5), together with (A-32) and (A-33), becomes

d|{JdL| oJH
=—|—=|-— A-34
di [ % } % (A=39
In addition, using (A-32), it easily shown that
T
H=H- a—L, g (A-35)

XK
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Using (A-34) to substitute for dH/dz in (A-31), integrating some terms by parts,

and cancelling other terms yields

JIU1-J[V]= f b[H(A, Z,2,u, )=H(QA, 2,2, v, D]dt+O(Ju—v|})  (A-36)

+|i@ - ﬂ.}(z -a)

73

&

The last term in (A-36) vanishes because only neighboring controls are considered for

lq

which a(z,) =z(z,) and a(z,) =z(t,). Hence, (A-36) becomes
JIU1- J[V]= J' [HA, 2,2, u, - HQA, 2, 2, v, D)dt+O(u—v[})  (A-37)

Consider the following claim:
Claim:
Suppose an admissible control u, having corresponding system state z, is optimal

on [t,, t,]. Then
HA,2,z,u, )SH(A, 2,2z, v, t); VwveQ, Vielr, 1,] (A-38)

Proof:
The assertion in (A-38) will be proven by contradiction. Assume there exists a time

t €[t,, t,] and a control w € Q such that
H(A(D), (1), z(D), u(D), £)> HA®D), 2(D), 2(D), w, T) (A-39)

The piecewise continuity of u and the continuity of A, g, z, and L imply that an

interval [z, t,1<[1,, t,], with f €[¢,, t;], and an € >0 exist, such that
H(A(1), 2(2), (1), u(t), t)~ H(A(2), 2(1), z(t), w, 1) > € (A-40)
Vte(t,, t;]. Consequently, let v be chosen so that

viy=w , telt,, t;] (A-41)

vity=u(t) , telt., t;]

Then
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JW1-JIV]I> ety —1,)+ O(u—v|) (A-42)
But
Ju=vl,=0(1 -t (A-43)

Thus, selection of 7, —¢, small enough forces J[U]}- J[V]>O0, which contradicts the
optimality of . Hence, the assertion in (A-38) is proved. n

Having concluded the immediate derivation, it should be noted that the procedure
followed above may be repeated while allowing for z, and ¢, to vary. In addition to the
foregoing results, which must be satisfied independent of whether or not z, and t, are
allowed to vary, boundary conditions equivalent to those given in (A-7) will also be
obtained. Thus, using the relations provided in (A-33) and (A-35), and noting that
odL/dz = dH/dZ (since g does not explicitly depend upon Z), the resulting necessary

conditions are

JH : d|JH| oJH
=, A=—|—=|-—; V -44
BT A dt[ 9'] P telz,, 1] (A-44)
and
HA,z,z,u, t)SHQA, %, z,v, t); YWweQ, Vrelt, t,] (A-45)

subject to the boundary conditions

d oHT J oH"
[—az‘ﬂ— +§} tdzb=0, [7?+H—g g:lt dt, =0 (A-46)

where g is as indicated in (A-30). It is worth mentioning that for the case when Q= R,

the condition in (A-45) can be replaced by
oH
—(A, 2,2, u,1)=0 A-47
EW ( ) ( )

The conditions given in (A-44), (A-46), and (A-47) may then be independently verified
by using the calculus of variations, which lends further support for the validity of the

conditions in (A-44) through (A-46).
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Appendix B

Some Mathematical Relationships
and Derivations

B.1 The 0O(-) Notation

A scalar, vector, or tensor function f(h) is said to be order of magnitude g(h) as

h — 0 if the condition

im I

h—0 g(h) (B-1)

holds, where g(h) is a nonnegative scalar function, b is a scalar, vector, or tensor

quantity, and 4 is a nonnegative scalar variable. This is expressed by
f(h)y=0(g(h)) as h—0 (B-2)
Furthermore, it can also be shown that if
fi(h)=0(g(h)) and f,(h)=O(g,(h)) (B-3)
then

Sih)+ f5(h) = O(g;(h)+ g,(h)) as h—>0 (B-4)
Moreover, if ¢ is a scalar constant, then

cf(h)=0(g(h)) as h—0 (B-5)

B.2 Derivation of Equations (3-28) and (3-29)

| AE\(1,) l
E(t;)

1 2 2
|smofalx o,

| 2| ey P
PRI 'xl(tk ) sup
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_ AI *1 (tk) lfup
BTN
le(tk ) sup
] ]
|1, =7,
= 2
|x1(tk ) sup
|50, =[x, | |20, +|x6],
B |50,
_ ‘A| x(t) |mp {2| x(t) op T A| xl(tk)lsup }
x|, EXaIm
2

| Al xl(tk) |sup + ' Al X (tk) L‘up

%Ok, | | 1500,
Now, let
REEIC _|AE @)
~ ueol, T E®)
in which case (B-6) becomes
6*+20-y=0
It is then easily verified that
0=41+7y -1

0=1+1y--Ly 13 3 . _1

from which it is clear that 6 <+ ¥, since y<1.

B.3 Relationship for a Generalized Performance Index

Consider the generalized performance index

Iz, 1, 1y, w(D)]= 9(z,. tb>+_["L(z(r), u(), T)dt

(B-6)

(B-7)

(B-8)

(B-9)

(B-10)

(B-11)
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where z(7) denotes a trajectory obeying

% =g(z(7), u(1), 7) (B-12)
T

on the interval 1< 7<¢,. For a given initial state z = z(¢) at an arbitrary initial time ¢,
but fixed final time ¢, and prescribed u(7), the derivative of J with respect to ¢ is given

by
J==L(z(®), u(®), t) (B-13)

as verified by using Leibnitz’s rule for differentiation of an integral. Alternatively, if the

functional form of J were known, J could be directly evaluated from

n

. aJ aJ
Jj=) Z o+ B-14
24, &t (B-14)
Equating (B-13) and (B-14), and rearranging yields
U
—g +—+L=0 B-15

A relation which links A to J in the formulation of the optimal control problem
discussed in Chapter 2 is now derived. The derivation follows the account given in [1].

Consider the equation obtained by taking the partial derivative of (B-15) with respect to

Zj jefl, ..., n},

ER N

9z; = dz, 7' dtdz; oz
or, assuming continuous first partial derivatives,

S| 0% ol dg, | 9*J oL
A AT

&\ 9z, 0z, 2; 0z; | dtdz; Iz

Next, consider the derivative of dJ/dz; with respect to ¢

dl ol | ~ 04 *J
—‘EI:B_ZJ] i=1 3zj 9%; st 3zj ot B9

Assuming that the first partial derivatives of J with respect to z, and ¢t are continuous,

0 (B-16)

0 B-17)

ke{l, ..., n}, the order of differentiation may be interchanged, whereupon

d| oJ = 92 3%J
Fhadll RGN U . B-19
dt|:82]:| =1 3Ziazj g'+9t82j ( )
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The relations in (B-17) and (B-19) may be combined to yield

d aJ] AL ~ dJ Ig,
——|=— ==t ) —= (B-20)
dt[az] azj Pt azi 821
which holds Vj e({l, ... , n}, and so (B-20) is representable in vector form as
d[dJ] L dg'aJ
===t = = B-21
ai [ az] 2% & 2D
which is the desired relationship.
B.4 Matrix Inversion Lemma
Consider the following claim:
Claim:
(I+GH) ' =1-G(I+HG)'H (B-22)

where G and H are assumed to be invertible matrices of the same dimensions, and I is
an identity matrix with appropriate dimensions.

Proof:

I1-G(I+HG)'H
=1-[H'(1+HG)G']
=1-[1+ (GH)"]'1

=[1+(cH)"|[1+(GH)" ]‘1 ~[1+(cH)™ ]'1
={r+(@GH)" - 1}[1+ (GH)'IJ_I
=(GH) [1+(ca)"]"

={[1+@n)ycm}

=(I+GH)" .
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Next, it is shown that a series expansion may be obtained for (I+GH )—1 through
recursive application of (B-22):

(I+GH)™
=I1-G(I+HG)'H
=I1-G|I-H(1+GH)'G|H

=1-G{1-H[1-G(1+ HG) H|G|H
from which it is apparent that

(I+GH)'=I1-GH+(GH} -(GH)’ + - (B-23)

B.5 Natural Frequencies and Mode Shapes for the Free Vibration of a

Uniformly-Discretized, Chain-Like Mechanical System

Consider a discrete, undamped mechanical system which consists of n repeated
identical units, with the same boundary conditions as that indicated in Figure 4.1. The

equation of motion for a representative nodal mass away from the boundaries is given by

mi, — k(x4 —x,)+k(x, —x,_;)=0 (B-24)
where r€{2, ..., n—1}. The boundary conditions to be enforced are
mi, —k(x, —x ) +k(x,-0)=0 (B-25)
and
mi, —k(x,~x,,)=0 (B-26)

The solutions of interest to (B-24) have the form
x, = A, cos(wt~ @) (B-27)

Substituting (B-27) into (B-24), and cancelling common terms yields
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A +(@-2)A +A_ =0 (B-28)
where
as= % w? (B-29)

Similarly, (B-25) and (B-26) become
A+ (ax—-2)A =0 (B-30)
and
(x—1)A,+A, =0 (B-31)

respectively. Equation (B-28) is a difference equation, and techniques for its solution
may be found in [2, 3].

Elementary solutions to (B-28) exist and are of the form
A =BéPr (B-32)

Substituting (B-32) into (B-28), and rearranging terms yields

2-a=él +e? (B-33)
in which case

2—a=2coshf (B-34)
if B is real, or

2— o =2cos|f] (B-35)

if B is imaginary. Equations (B-34) and (B-35) represent a constraint relation between
the parameters o and f3.
In general, the solution to (B-28) which satisfies the boundary conditions given by

(B-30) and (B-31) must be of the form

A =aeP" +bePr (B-36)

T
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Substituting (B-36) into (B-30) gives
ae*f +pe 2P +(a—2)[aeﬁ +be‘ﬁ]=0 (B-37)

which, upon using (B-33), becomes

a+b=0 (B-38)
Substituting (B-36) into (B-31) gives
(@-Dfae™® +be |+ ae" P +pe P =0 (B-39)
which, upon using (B-33), becomes
ae"B(1—e Pyt be VP (1-ePy=0 (B-40)

Equations (B-38) and (B-40) may be combined into a matrix form as

1 1 a 0
OB a —e'ﬁ) e—(n+l)ﬂ(1 —éP) {b} = 0} (B-41)

Clearly, (B-41) yields nontrivial solutions for a and b only when the determinant of the

coefficient matrix vanishes, in which case
e PP(1—e Py mVB(1_Py=0 (B-42)

After some manipulation, (B-42) becomes

sin[(n +1 B :l = sin[n E] (B-43)
i

i
where i = \/—-—1 .
There are two classes of roots to consider which satisfy (B-43):
a) (n+l)€=(2s—2)n‘+n€; s=1,2, ... (B-44)
in which case
B=B,=2smi (B-45)
Using (B-45) with (B-35) and (B-36), it is readily shown that

=0 = w=0 (B-46)
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and
A =a;+b (B-47)
which constitutes a trivial solution.
b) (n+1)€=(2s—1)7r-—n€; s=1,2, ... (B-48)
in which case
2s-1) _.
B=B, =G i (B-49)

(actually, s terminates at n because for s > n, the roots replicate the functional behavior

for s <£n). Using (B-49) with (B-35) and the trigonometric identity

1-
sin?| £ l _ 1zcosll (B-50)
2 2
gives
.2 2s-Dn~m
a=aq, =4sin’| === B-51
: [(Zn +1)2 ] ( )
and from (B-29) yields
k . {@2s-Drm
O=0 =2, —sin — B-52
* \/; [(2n+1)2] (B-52)
Using (B-49) with (B-36) gives
A=A =aePlryp e Pl (B-53)
But from the boundary condition in (B-38), (B-53) becomes
i|ﬁ, Ir _ —-i|ﬁ, |r
A, =2ia{e ° ] (B-54)
’ 2i
or
.| 2s=1
A = — 7 B-55
rs = Cs sm|:(2n ) r] ( )

where ¢, =2ia; € R, since A, ; must be real from the assumed form in (B-27). Hence,

the relations given in (4-7) are established from (B-52) and (B-55).
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