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Abstract

A new set of models for homogeneous, isotropic turbulence is considered in which the
Navier-Stokes equations for incompressible fluid flow are generalized to a set of N
coupled equations in N velocity fields. It is argued that in order to be useful these
models must embody a new group of symmetries, and a general formalism is laid out
for their construction. The work is motivated by similar techniques that have had ex-
traordinary success in improving the theoretical understanding of equilibrium phase
transitions in condensed matter systems. The key result is that these models sim-
plify when NV is large. The so-called spherical limit, N — oo, can be solved exactly,
yielding a closed pair of nonlinear integral equations for the response and correlation
functions. These equations, known as Kraichnan’s Direct Interaction Approximation
(DIA) equations, are, for the first time, solved fully in the scale-invariant turbu-
lent regime, and the implications of these solutions for real turbulence (/N = 1) are
discussed. In particular, it is argued that previously applied renormalization group
techniques, based on an expansion in the exponent, y, that characterizes the driving
spectrum, are incorrect, and that the Kolmogorov exponent ¢ has a nontrivial depen-
dence on N, with {(N — o0) = ;—’ This value is remarkably close to the experimental
result, { = %, which must therefore result from higher order corrections in powers of
%. Prospects for calculating these corrections are briefly discussed: though daunting,
such a calculations would, for the first time, provide a controlled perturbation expan-

sion for the Kolmogorov, and other, exponents. Our techniques may also be applied
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to other nonequilibrium dynamical problems, such as the KPZ equation for interface

growth, and perhaps to turbulence in nonlinear wave systems.
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Chapter 1

Introduction

1.1 The Energy Cascade

Perhaps the most basic issue in the theory of homogeneous turbulence is the nature of
the so-called Kolmogorov energy cascade[l]. To describe the problem in the simplest
possible terms, consider a three-dimensional fluid that is being stirred on some length-
scale, lo, much larger than any dissipative length-scale, {,. The stirring force causes
(kinetic) energy to be input into large-scale, long wavelength hydrodynamic flows.
If the fluid equations of motion were linear, the energy would remain in these long
wavelength modes for all time. However, the equations are, in fact, nonlinear, and
energy will gradually be transferred to shorter and shorter wavelength modes via the
interactions between them. Eventually this cascade process will input energy into
small-scale modes, of size [,, which are strongly damped by viscosity. At this point
the energy is dissipated irreversibly, and finally appears as heat. A steady state is
then achieved in which energy is dissipated at the same rate that it is generated, and

there is a kind of momentum-space flux of energy from small wavevectors, k = O(Ig!),



2
to large wavevectors, k = O(I;'). In the intermediate inertial range, I7' < k < I;1,
the equations of motion are essentially scale invariant, and one expects power-law

behavior of the energy spectrum,
E(k) = A=, e« k<. (1.1)

The exponent ( is called the Kolmogorov ezponent, and, crudely, the question of its
value is the fundamental issue in the theory of turbulence.
To state the problem in more formal terms, consider the Navier-Stokes equations

for a three-dimensional incompressible fluid:

1
%:‘ 4+ A(v - V)v= —p—Vp + 1 Viv+f;, V.v=0, (1.2)
0

where v(r,t) is the velocity field, p(r,t) is the pressure (determined completely by
the incompressibility condition), f(r,t) is the external driving force (without loss of
generality, we take V - f = 0), py is the mass density, vy is the kinematic viscosity,
and the coupling constant, Ay, physically equal to unity, is included for convenience.
Since we assume the stirring to be large-scale, the Fourier amplitudes, i’(k, w), of
the driving force vanish rapidly for k 3> mg = [g!. In the absence of the nonlinear

convective term, Ag(v - V)v, we would have

v(k,w) = f(k,w)/(iw + vok?), (1.3)
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and only those velocity Fourier modes, v(k,w), for which &k < myp would be substan-
tially excited, and no small-scale motions would result. However, the nonlinearity
leads to interactions between modes, and energy will gradually be transferred to
shorter wavelengths.

We may estimate the lengthscale, l,,, at which the viscosity becomes important
using dimensional analysis[l]. If energy is input into the system at a rate € per unit
mass, and is more-or-less conserved in the inertial range, then it must be dissipated
at the same rate at the length scale l,. The only viscosity dependent quantity (with

the correct dimensions of length) intrinsic to the dissipation process is

L= % = (7. (1.4)

A well defined inertial range clearly requires some combination of small viscosity,
large energy input, and large stirring length.

The energy spectrum is obtained from the velocity-velocity correlation function,
! / 1 (A
U(r—r,t—-t):§(v(r,t)-v(r,t)), (1.5)
with Fourier transform

U(k,w) = / dirdte®THOU (1, 1), (1.6)
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The meaning of the average, ( - ), will be made clear below. The (angular integrated)

energy spectrum is then defined by
E(k) = Bgk®! j U(k w) (1.7)

where the angular factor By = (d — 1)7r2d/1"( 5d) is chosen so that E = [{°dkE(k) =
%(vz) is the total energy per unit mass, and for later convenience we have kept the
spatial dimension, d, as a free parameter. In the inertial range, the power law form

(1.1) is expected to hold.

1.2 The Kolmogorov Argument

In 1941, Kolmogorov([l] presented a simple argument for the value of {. The argu-
ment was based on two fundamental assumptions. First, the cascade process was
assumed to be local: in a sense, to be made precise later, the fluid equations lead
mainly to exchanges of energy between modes with wavenumbers of the same order
of magnitude. This allows one to define a momentum-space energy fluz, which is the
rate at which energy is transferred “through” wavevectors of magnitude k. Locality
postulates that this flux is independent of k in the inertial range, and must therefore
be precisely equal to €. Second, the energy spectrum was assumed to be independent
of the length scales [y and [,. This turns out to be the more questionable assump-

tion. It basically postulates that as the stirring length, Iy, diverges, with € fixed, the
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energy spectrum at any given fixed k in the inertial range remains unchanged. The
larger scale motions therefore do not affect the details of the local cascade process.
Through simple dimensional analysis these two assumptions together determine E(k):
the unique combination of €, and k that yields a quantity with the same dimensions
as E(k) is

E(k) ~ Cxeik™3, mo< k< A (1.8)

independently of the dimension, d. The dimensionless Kolmogorov constant, Ck, is
postulated to be a universal number (for given d).

There seem to be two schools of thought on the validity of (1.8). The Kolmogorov
prediction, and its derivation, would probably not receive the attention it does today
if it did not fit the experimental data so well[2]. One school takes this agreement as
strong evidence that { = g is exact, and this has led to numerous attempts, based
to varying degrees on the actual fluid equations themselves[3,4], to put the result
(1.7) on a firmer theoretical footing. Unfortunately, all of these derivations contain
uncontrolled approximations, and the inherent danger is that they may all simply be
more complicated rephrasings of Kolmogorov’s original argument.

The second school (which includes the present authors) takes the view that turbu-
lence is a strongly interacting, nonlinear problem, and that it would be very surprising
(if not disappointing!) if the answer were indeed so simple. Given the failure of all
attempts to date to prove its exactness, the proximity of experimental reality to the

g-law should tentatively be viewed as coincidental[5], and some systematic means



5

sought to distinguish ¢ from 3

It is simple enough to parameterize such a distinction. If we relax the condition
that F(k) be independent of the outer scale, Iy, the energy spectrum may then depend
on the dimensionless combination kly = k/my, and equation (1.8) may be generalized

to

E(k) = Clesk™5 (k/mo) ™2, (1.9)

and thus ( = §+ &. This definition of the exponent u seems standard in the literature,
originating from the Kolmogorov-Obukhov-Yaglom log-normal theory|[2], in which u
is proportional to the variance of 5‘9;1 nle(k)], where €(k) is the (fluctuating) energy flux
at scale k (no longer equal to the constant €). Experimentally one finds p = 0.2-0.5.
The exponent p may also be interpreted in terms of the fractal codimension, d — Dy,

of the dissipation region via u = 3(d — Dy).

1.3 Renormalization Group Approach

The most modern approach to the theory of turbulence is based on renormalization
group ideas[4]. The renormalization group method has proven extraordinarily success-
ful in the treatment of strongly interacting, highly nonlinear problems in equilibrium
statistical mechanics. One might hope that the method would be equally successful
in treating the problem of turbulence, and hence resolve the differences between the

two schools of thought. This hope turns out to be unfounded, as we shall detail
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below. However, the method does yield exact results for related problems, which can
then serve as a basis for comparison with appropriate limiting cases of a more general
theory. For this reason we summarize the renormalization group results in fair detail.
In applying the renormalization group method to turbulence, one begins by mod-
elling the stirring force, f, as a stochastic variable, usually taken to be Gaussian with

zero mean and Fourier transformed variance

(fi(k,w) fi(K',w")) = D(k,w)7:;(k)6(k + k)é(w + o), (1.10)

where 7;;(k) = &; — kik;/k?* is the transverse projection operator arising from the
choice V - f = 0. The é-functions reflect the basic assumption that the turbulence
is homogeneous. Within this model, true turbulence is obtained when the driving
spectrum, D(k,w), vanishes rapidly for k > my. One may well question whether
this model yields the same Kolmogorov spectrum as one with a more deterministic
stirring force, i.e., whether or not they lie in the same “universality class.” Clearly for
a very weak deterministic force, the flows will also be deterministic. However, as the
strength of the forcing grows, the onset of turbulence is expected to occur through
various routes to temporal chaos. Eventually (through as yet ill-understood means),
as the driving strength increases, flows that are both temporally and spatially chaotic
are generated[6]. Once the flows are chaotic, the behavior in the inertial range is
expected to be insensitive to the detailed structure of the forcing, and the stochastic

model is probably appropriate. This question will not be addressed any further in
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this work; from now on we simply work with the model (1.10). The meaning of the
average in (1.5) is now clear: the velocity field is to be averaged over all realizations
of the stochastic driving force.
In addition to the velocity correlator, U (k,w), there is another crucial two-point
correlation function, namely the response function, G(k,w), which measures the av-

erage response of the velocity field to an infinitesimal forcing field:

89;(k, w
( (k, w)

5fj(k,,w,)> = G(k,w)7y (K)b(k + K)é(w + o), (1.11)

and with the Gaussian stochastic driving, (1.10), one has the more explicit relation
(f:,-(k,w)f]-(k’, W) = G(k, w)D(k,w)7;; (k)6(k + k')é(w + o). (1.12)

The response function is causal, so that in the time domain G(k,t) = 0 for t < 0,

while

G(k,t = 0*) =1 for all k. (1.13)

The renormalization group method is based on a form of the driving spectrum that
has completely opposite characteristics from that required for turbulence. Specifically,

the driving spectrum is assumed to grow stronger as k increases:

Dok*~¢

e 1.14
(k2 + mf)3¥ .

D(k,w) = D(k) =
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where the parameter y is assumed to be either negative, or positive but small.

When y = 2 — d, D(k) = D¢k? and the model is that of a thermally driven fluid
(for this case it is safe to take mo = 0)[4]. The fluctuation-dissipation theorem then
requires that Dy = kpTvp, and the relation U(k,w) = (2Dy/vy)ReG(k,w) holds. The
model was originally proposed by Forster, Nelson, and Stephen[4a] in order to study
the effects of small-scale thermal fluctuations on large-scale hydrodynamics. By using
a momentum-shell renormalization group technique, in which short length-scale fluc-
tuations are successively integrated out, these authors were able to derive recursion
relations for the length-scale dependent effective viscosity, (1), and the effective non-
linearity coefficient, (1), where A(1) = A(1)[D(1)/v(1)®]*/? and [ is the renormalization
group flow parameter. For d > 2 they showed that limj_. #(I) = vp is finite, while
lim;_o, A(!) = 0, indicating that linear hydrodynamics, with a renormalized (eddy)
viscosity, vy, appropriately describes large-scale flows. Generally, vy is larger than
v (and is, in fact, positive even when vy = 0), indicating enhanced diffusive trans-
port by small-scale eddies. The energy spectrum obeys the equipartition principle,
E(k) ~ k%1, In contrast, for d < 2 nontrivial large-scale behavior results: In an ex-
pansion in y = 2 — d, A(!) flows to a finite fized point value, A\g = O(y). However, the
energy spectrum still obeys E(k) ~ k%!, a consequence of the fluctuation-dissipation
theorem.

These authors also considered the case y = 4 — d, and hence D(k) = Dy, in

which all wavenumbers are driven equally (“uniform” driving). In this case, linear



10
hydrodynamics is valid on large scales only when d > 4. Once more, when y = 4—d >
0, A(1) flows to a nontrivial fixed-point value, Ag = O(¥), and E(k) ~ k3(24=5)_ Note
that in both cases the borderline between the two different kinds of behavior occurs
at y =0.

A short time later, DeDominicis and Martin[4b] formalized and generalized these
results using field-theoretic methods. From Ward identities, and the general form
(1.14) for the driving spectrum, they showed that for y < 0 linear hydrodynamics
results on large scales, while for y > 0, A\g = O(y) is finite. Furthermore, they showed
that to all orders in y (see Appendix A for a discussion), the energy spectrum takes
the power-law form

2

B(k) ~ k"W, ((y) =1 2, (1.15)

with no further explicit dimensionality dependence in (.

The renormalization group picture implies much more than power-law energy
spectra. The existence of fixed points implies scaling of the correlation functions.
Thus, for example, in the inertial range the correlation and response functions are

predicted to take the forms

Gk,w) = Ak *g(w/ik) (1.16)

Ulk,w) = Ak 2u(w/vk?), k,w—0 (1.17)

where the exponents A and z, and the scaling functions g(s) and u(s) are universal,
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while A;, A2 and 7 are nonuniversal scale factors. The dynamical ezponent z provides
a connection between length-scales and time-scales. The fact that it appears also in
the prefactor of (1.16) is a consequence of the normalization (1.13). DeDominicis and

Martin show that, again to all orders in y, the exponents are given by
z=2—%y; Azd+%y (y > 0). (1.18)
Notice that this implies the “hyperscaling” relation,
A+z=d+2, (1.19)

which will be significant later on. The relation (1.7) gives E(k) = Baiiok (4,

where

(Az2)=A—-2z—-d+1 (1.20)

and @y = [, 2 u(s). Together with (1.18) this immediately yields the result (1.15).
It should be emphasized that (1.20) is a general scaling relation, whereas (1.18) and
(1.19) are valid only within the y-expansion.

Now, what connection, if any, do these results have with turbulence? Clearly, what
we will call the “short-ranged” driving problem, in which D(k) effectively vanishes
for k > mg, corresponds, in some sense, to the limit y — oo of the “long-range”

driving problem. If we blindly take this limit in (1.15), ¢ diverges to plus infinity,

which is clearly nonsensical. This is our first hint that the y-expansion must have a
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finite radius of convergence, yp.

From theories of critical phenomena one knows that “input” exponents, like y,
need not actually be infinite to recover “short-range” behavior. Rather, for sufficiently
large values, y > y., one expects long-range driving, (1.14), to become technically
irrelevant, and give rise only to lower-order corrections to the leading short-range
(i.e., turbulent) behavior. In the simplest, most optimistic scenario, the value of y
at which this happens is precisely the radius of convergence of the expansion around
y = 0, i.e., yo = Y. In the renormalization group picture, this corresponds to a
continuous coalescence of the long-range fixed point with the short-range one, and
the exponents correspondingly go continuously over to their short-range values. We
would conclude, in this case, that { = %yc -1, 2=2~ %yc, and A=d—-2+ %yc.

Unfortunately, within the y-expansion there is no direct way of ascertaining either
Yo of y.. DeDominicis and Martin[4b] have shown that for y > 4 there are an infinite
number of relevant Galilean invariant perturbations to the linear hydrodynamical
fixed point. This says nothing about the stability of the power-law driven fixed point.
In particular, it neither establishes that y; = 4, nor that yy = y., though a great
deal of work has been based on precisely these assumptions[7]. What makes them so
compelling is that, as first noticed by DeDominicis and Martin[4], they yield precisely

the Kolmogorov result for the energy spectrum, ¢ = g
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1.4 Analogy to Spin Models with Long-range

Interactions

In order to place the renormalization group results in a clearer context, it is use-
ful to consider the following analogy[8]. Consider the standard ferromagnetic phase

transition in an Ising model with long-range interactions. The Hamiltonian is

1
H[= "§ZJij3isj (121)
i#]
where s; = %1 is the Ising spin at d-dimensional lattice site 7, and the exchange

constants have the power-law behavior

T = Jo|Rag| ™), i 4,05 > 0, (1.22)

in contrast to those for the standard Ising model which vanish when 7 and j are not
nearest neighbors. In Figure 1-1 we show the boundaries between various types of
critical behavior in the d-¢ plane. For o < %d or d > 4 a Gaussian model controls
the critical behavior. For sufficiently large ¢ and d < 4 the usual short-range critical
behavior, characteristic of the nearest neighbor Ising model, results. For d < 4
there is an intermediate range of ¢ for which nontrivial long-range critical behavior
results. We make an analogy between (Gaussian behavior in the spin model, and

linear hydrodynamic behavior in the fluid model; between short-range Ising critical
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Figure 1-1: Phase diagram for magnets with long range interactions
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behavior and real turbulence; and between nontrivial long-range critical behavior and
the long-range driven fluid. Analogous to the y-expansion in the fluid problem is the
€s-expansion[9], with ¢, = 20 — d, which penetrates upwards into the long-range
critical region from the line ¢ = %d. In addition, an analysis equivalent to that of
DeDominicis and Martin[4b] shows that for o > d, there are infinitely many relevant
perturbations to the long-range Gaussian fixed point (corresponding to multicritical
behavior of all orders). It is clear from Figure 1-1 that this line has no significance
whatsoever so long as d > 2.

In the spin problem one has the advantage that the short-range critical behavior
may be accessed directly through the usual e-expansion[10] about d = 4. Thus one
can check directly the relevance of long-range interactions at the short-range Ising
fixed point. This, as well as more general arguments, allow one to fix precisely
the boundary between short-range and long-range critical behavior[11], which occurs
when o = 2 — 79, where 7y(d) is the short-range value of the critical decay exponent,
n. In addition, the long-range value of 1 is given ezactly by nrg = 2 — o, much like
the exact results (1.15) and (1.18) for the fluid problem. Note that this immediately
implies continuity of n across the boundary.

We may now address, by analogy, the question of the position of the equivalent
boundary in the fluid problem. There is no information in the €,-expansion about the
value of 7, and therefore no hint that the value ¢ = 2—1y is special. Only by locating

both fixed points, and seeing when they merge, or equivalently, seeing when the long-
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range fixed point becomes unstable to the short-range one, can this boundary be
located. Naively one might have expected this boundary to occur at ¢ = 2, for this is
when the k? and k? terms in the Fourier transform, J(k) = Jo+ Jok? + J, k% + O(k?),
of Ji; exchange dominance as k — 0. For subtle reasons, involving the nontrivial
rescaling of the k? term under renormalization[11], this expectation is false. There
is no reason not to have similar doubts about the yy = y. = 4 conjecture in the
turbulence problem.

It is basically the existence of the point A in Figure 1-1, near which all of the four
possible fixed points are simultaneously perturbatively accessible (both € and €, are
small) that allows one to infer the detailed characteristics of the short-range-long-
range boundary. The apparent absence of such a point in the d-y plane for fluids is
what leads to the failure of the renormalization group method in turbulence. We are

therefore forced to seek a new approach in order to make progress on this problem.

1.5 The y-expansion and the Spherical Limit

In the theory of equilibrium phase transitions there are actually two analytic tech-
niques that have provided many of the fundamental insights into the nature of critical
phenomena: the epsilon expansion[9,10] and the i-expansion[12]. The first, as we
have seen, corresponds most closely to the y-expansion, and is based on the fact that
the critical behavior is simple in sufficiently high dimension, d > d.. One can then

perform a systematic expansion in € = d. — d when d < d. (here d. = 4 for the
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short-range Ising model, and d. = 20 for the long-range Ising model with o < 2).

The second technique involves analytically continuing the problem to one with a
larger number of degrees of freedom, N. Thus the Ising Hamiltonian is generalized to
the O(N) model, H™) = —3 ¥, J;s; - sj, where s; is an N-component unit vector,
|s;| = 1. If taken in an appropriate fashion, the so-called spherical limit, N — oo, is
often analytically tractable, and a systematic expansion in # may be developed for
the exponents[12]. The epsilon expansion has generally proven the more definitive of
the two in understanding critical phenomena, mainly because it transpires that the
dimensionality of interest, namely d = 3, is usually, in some sense, closer to d. = 4
than are physical values of NV, say NV = 1,2, or 3, to N = oco. However, the Ttr"
expansion has the advantage that the dimensionality, d, is a completely free variable,
and is theref(;re useful in the study of physics in lower dimensions where € is not
small.

In turbulence, as described, the analogue of the epsilon expansion is uncontrolled
in the region of interest. We seek, therefore, an approach in which the variable y
[or, more generally, the entire driving function D(k,w)], like the dimensionality, d, in
the spin problem, may be taken as a free parameter. This thesis, then, is concerned
with the construction of a +--expansion for turbulence[13]. Our primary aim is to
obtain an analytically tractable spherical limit and then to elucidate the dependence
of the Kolmogorov spectrum, (1.1), on y. In particular, we wish to understand the

analyticity properties of ((y), and how true turbulence is recovered in the limit of
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large y.

The essential results of our study are summarized below, and in Figures 1-2 and
1-3. The spherical limit yields a pair of coupled, nonlinear integral equations
for the functions G(k,w) and U(k,w) [see equations (3.3) and (3.4) in Chapter 3]
which turn out to be precisely Kraichnan’s Direct Interaction Approximation (DIA)
equations[14]. Although they have been around for nearly 35 years, these equations
have never been fully solved. Kraichnan[14], through a series of scaling arguments,

concluded that
3

< (1.23)

ze=1, A=d+g, and { =

for short-range driving. We shall show that these results are, in fact, correct and
present complete solutions for the scaling functions g(s) and u(s) (see Chapter 4).
Note that these exponent values violate the hyperscaling relation (1.19) and therefore
do not correspond to any value of y.

How do these results come about? If one now examines the solutions to the
DIA equations in the presence of long-range driving, one discovers some amazing
things. Firstly, so long as the integrals converge in the scaling limit, mg — 0, one
finds precisely the hyperscaling relation (1.19). If, furthermore, it is assumed that
D(k) controls the scaling, then (1.18) and (1.15) hold and the y-expansion results
are reproduced exactly. In fact, it can be shown that the DIA equations are an
ezact resummation of the O(y) renormalization group recursion relations. The limit

N — oo is therefore exact to O(y). However, the DIA equations also extend these
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recursion relations to arbitrary driving, D(k,w), and allow one to see where the
renormalization group results break down. Specifically, when y > 3 the DIA integrals
no longer converge, and the limit my — 0 becomes subtle. By careful asymptotic
analysis one can show that the dynamical exponent sticks at z = 1, and, again, so

long as the driving still controls the scaling, one finds

~3 —3
mdg=1+23—. (1.24)

A=d+1+2

Finally, to connect these with the Kraichnan ¢ = % result, one must determine the

value of y at which the driving ceases to control the scaling. This occurs at y = 4: for
y > 4 long-range driving becomes technically irrelevant, and except for lower order
corrections to scaling, is equivalent to the real turbulence problem. For y > 4 all
exponents then stick at values determined by (1.24) with y = 4, i.e., precisely the
values (1.23) predicted by Kraichnan[14].

In Firgure 1-2 these results for the exponents in the spherical limit are contrasted
with those obtained from the yy = y. = 4 conjecture. In Firgure 1-3 we show a plot
analogous to that for the Ising model, Firgure 1-1. Our basic prediction is then that
a new type of “critical behavior” intervenes between the boundary of convergence for
the y-expansion, yp = 3 (which we believe to be ezact: see below), and the onset
of true turbulence at y. = 4 (which will likely have corrections for finite N). Thus,
although real turbulence indeed occurs for y > y. = 4, the different behavior in the

intermediate interval, 3 < y < 4, changes completely the values of the turbulent
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exponents. In renormalization group language, a new stable fixed point bifurcates
away from the now unstable long-range driving fixed point, and only later coalesces
with the true turbulence fixed point. This scenario is clearly even more involved
than that for the Ising model, where the analogues, oy and o, of yy and y., though
nontrivial, are at least equal, o9 = 0. = 2 — 1.

The physics behind the y = 3 borderline is, in fact, well known, corresponding to
the oft-quoted effects of sweeping of smaller eddies by larger ones. The dynamical
exponent value z = 1 then confirms the Taylor “frozen in” hypothesis: small-scale
turbulent structures are swept past a fixed observer at a speed which fluctuates, but
remains more-or-less constant in order of magnitude. This speed basically determines
the shortest time-scale in the problem, and the small scale structures change very lit-
tle in the time it takes them to be swept by. Thus, measuring the temporal velocity
fluctuations at a single point is nearly equivalent to measuring spatial velocity fluctua-
tions along a one-dimensional line at a single time. Therefore, inertial range frequency
spectra and wavenumber spectra should be the same up to a rescaling factor which
depends on the large-scale cutoff, mg. The fact that the spherical model equations
reflect this physics is heartening and leads us to believe that yp = 3 and 2 = 1 are
exact results.

In a nutshell, it is attempts to remove the boundary at y = 3 that motivates many
of the attempts to show that the Kolmogorov g-—law is exact (see especially Ref. 15).

At the level of the DIA equations, these efforts focus on producing, in some natural
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way, extra terms which cancel the divergent parts of the integrals when y > 3. One
problem with this is that if these same terms are produced when y < 3, there will be
large-k divergences in the region described (presumably correctly) by the y-expansion.
The theory will then fail to encompass the known exact results.

The second problem is connected with the entire philosophy of the large-N ap-
proach. The limit N — oo produces an exactly soluble model. Any alterations in
this model can come only from finite-N corrections; the DIA equations, not their
subtracted versions, are fundamental. The differences between the value ( = % at
N — oo and the experimental result { ~ g at NV = 1 are now accounted for in a very
natural way: we propose that, just as for the O(V) spin model, the exponents A and
¢ (and most likely the boundary y.) vary continuously with N, interpolating between
¢((00) = 3 and ((1) ~ 2. The fact that ((c0) # 5 is strong evidence that {(1) is a
nontrivial exponent, not obtainable through any simple argument. A real test of our
ap.proach would be to compute the first correction, in powers of +, to ((o0). As will
be seen in later chapters, this is a daunting task, but seems to be a necessary step in
order to confirm our ideas.

We therefore view the DIA g--result not as a problem to be fixed, but as an
amazingly accurate zeroth order result, differing from the experimental result by only

10%. Large-N expansions for spin models seldom do this well!
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1.6 OQOutline

The remainder of this thesis is organized as follows: In Chapter 2 we generalize the
incompressible Navier-Stokes equations, (1.2), to N equations for N d-dimensional
velocity fields. In Chapter 3 we obtain the limit N — oo and derive the spheri-
cal/DIA equations. In Chapter 4 we solve these equations and derive the results
shown in Figures 1-2 and 1-3. Finally in Chapter 5 we summarize and describe
work for the future. Appendix A is devoted to the derivation of the Ward iden-
tity. In Appendix B we describe a time-independent toy model whose large-N limit
yields frequency-independent DIA-type equations that can be solved analytically us-
ing power laws. The solution to these toy equations contain all the structure of their
frequency-dependent counterparts, and provide some further insight into the workings
of the full DIA equations. Appendix C outlines the numerical work that is involved
in Chapter 4. In Appendix D, we describe one of our attempts at generalizing our
large-N model. Although this attempt is fruitless, it provides another example for

the application of the formalism developed in Chapter 3.
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Chapter 2

Generalization to N velocity fields

2.1 Analogy to Spin Models

The most straightforward generalization of the Navier-Stokes equations, (1.2), to N

velocity fields, v/, 1 =1,...,N, is

! N
%—‘;+A0 S AP (ve-V)v, = —-%Vp’—%—r/gv2v'+f'; Vvl=0,1=1,...,N. (2.1)
mmn=1

where f! are independent random forces. The only question one must address is that
of the choice of the tensor Ay (for later convenience, a distinction, to be defined
below, has been made between upper and lower latin indices).

Here we again appeal to the spin model analogy. The generalization of the Ising

Hamiltonian, (1.21), to N-component spins, s; = (S;1,...,5in), is
1 LA 2
HW = -—52 i Z CN'$i18jm, |si]> =N (2.2)
i#j l,m=1

where one must choose an appropriate N x N positive definite matrix C'y (the normal-
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ization [s;|> = N is chosen by convention, and yields the correct large- and small-N
limits). Since Cy is symmetric one may perform a rotation in spin-space to diago-

nalize it, obtaining

y N
HM = -2 ; Jij?: Nsiisja, |sil® = N, 28
i 1=

where A are the eigenvalues of C ~. Clearly, any state with long-range magnetic order
will energetically prefer to align along the component of s with largest eigenvalue, say
Al. If A! is unique one can, in fact, show that the critical behavior is completely
dominated by this “easy axis,”[16] and lies in the same universality class as that
of the Ising model, (1.21). We have therefore gained nothing by giving s; extra
components. Only if A! is not unique does the critical behavior change. Thus if
Al=A2=...=AM M < N, are the largest eigenvalues, then the model has O(M)
symmetry and the critical behavior depends on the value of M. Again, however, the
N — M components with smaller eigenvalues are redundant and do not effect the
asymptotic critical behavior. Clearly, then, in order to obtain the simplest possible

model, one should take M = N (i.e., C{* = é;,) and

HP) = —% S Jijsi - 85 (2.4)
i#]

This is the so-called N-vector model. Special cases are N = 1, Ising; N = 2, XY; and

N = 3, Heisenberg. The crucial property of H") is its invariance under the group of
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rotations, O(NN), in spin space, and this is what allows the universality class of the
transition to vary with N[17].
By analogy, if we seek a generalized model for turbulence in which Kolmogorov-
type exponents depend continuously on N, it seems likely that one must build into the

equations an extra group of symmetries. Thus, by analogy with the set of rotations

N P
siy= Y R{(9)sim, g € O(N), RyRy= I (2.5)

m=1

(here Iy is the N x N identity matrix) which leave HV) invariant, we seek an N-
dimensional irreducible representation of a group (technically, a simple compact Lie
group), G, of transformations along with an appropriate tensor, Ay, such that the

transformation

N
v!i=Y Dir(gv™, g €G, (2.6)

m=1
leaves the equations of motion (2.1) invariant. Since the group is taken to be compact,
the representation may always be taken as unitary, BLB ~v= Iy. We assume, of
course, that the pressures, p', and the forces, ', also transform under (2.6). We leave
open the possibility that the velocity fields are complex (their real and imaginary parts

then being the physical variables). The distinction between upper and lower indices

is then made: v; transforms via the inverse (or complex conjugate) representation,

N N e
v) = Z_} Ve DR(g7Y) = 3 va[Dw (9)71™. (2.7)

m=1
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If the representation is unitary (which we assume unless stated otherwise), then
v; = vi*, and DP!(g!) = DY¥"(g)*[18]. If the representation is orthogonal (and
hence all quantities are real) there is no distinction between upper and lower indices.
If the representation is not unitary, it differs from unitary only by a similarity trans-
formation, and v; is then an appropriate linear combination of the v™*. Substituting

(2.6) and (2.7) into (2.1) we obtain then the condition

Al = 3~ Di(g) D' ™(g) D "(9) A", Vg € G, (2.8)

l,m,n

i.e., that Ay be invariant under the group of transformations G. The questions to
be addressed then, are, given a group G, which irreducible representation should we
choose, and given a representation how do we construct appropriate cubic invariants,

-~

An?

2.2 Diagramatic Formalism

Before addressing these questions it is useful to outline the perturbation theoretic
formalism for the Navier-Stokes equations, including its generalization to N > 1.
The formalism was first developed by Martin, Siggia, and Rose[19], extending the
earlier Wyld diagrammatic theory[20], and was used by DeDominicis and Martin[4b]
in their renormalization group calculations.

First we include the incompressibility condition, V - v = 0, explicitly by realizing
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that the gradient of the pressure in (1.2) simply cancels the longitudinal part of the
nonlinear term. Thus if we define the k-space transverse projection operator,

koks

’i'a‘@(k) == (Saﬁ = 7,

(2.9)

and let 7,5(r) be its inverse Fourier transform, then the Navier-Stokes equations may
be written
ov

'a—t + Ao T '(V . V)V = U0V2V +f (210)

where we have used the shorthand notation

[F (v V)V]a(@) =5 ] B ag(r — P )V (') - Voa(r).
B

Let us define the “Navier-Stokes operator”

N(r,t) = ?)_: + X T (V- V)V — 1V, (2.11)

then we may formally compute the statistical average of any functional F[v] of the

velocity field via

(FIV]) = [ DVFIVIIVI(SINTY] — £)) (2.12)

where [ Dv is a functional integral over all incompressible velocity fields, and is
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defined by an appropriate continuum limit,

M
/ Dv = lim ] [ dho(r, )6(V - v(rs, £:)) (2.13)

where {r,-,ti}f‘_’__1 runs over a discrete space-time grid, and V - v(r;,¢;) is the obvious

discretized divergence at lattice point (r;,t;). Similarly,

6[N[V] = f] = A}I—IPOO ﬁ 6(N(I‘,‘,t,') = f(l‘,',t,')) (214)

i=1

enforces the Navier-Stokes equations at all space-time points. The Jacobian, J[v], is

given by
6N(r,t)

J[v] = det [6v(r’,t’) ;

(2.15)

with the operator

gié%%={%ﬂa—wv%hwwv)+M@w@%ﬁ—fﬁ@—ﬂ (&16)

inside the determinant, and is precisely what is needed to convert 8[v — N71[f]] to

S[N[v] — f].

o % i '] - oo d i
We now represent the é-function using the identity é(z) = [, §2e™'™7 for each
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space-time point, so that

(F[v]) = /Dv/Dw F[v]e—ifddrjds w(r,t)-N(r,t)+1nJIv]<e——i_fd"rfdt w(r,t)-f(r,t)>,
(2.17)
where w(r,t) is also incompressible, i.e., V-w = 0. It can be shown that causality
(i.e., the fact that 6N(r,t)/év(r’,t') vanishes when ¢’ > ¢) implies that the Jacobian

term reduces to[21]

6
In J[v] = C; + fdd fdtz 5]: ((" L =C1+G;p- /ddrfdt v(r,t).  (2.18)
Rotation invariance implies that Cs must vanish, and the Jacobian term is therefore
a constant, independent of the velocity field.

Performing the average over the Gaussian random field f(r,¢), we finally arrive at

- i Lv,w]
(F[v]) = Z[Dv[DwF[v]e (2.19)
where the Lagrangian is
Liv,w] = —iY f dir / dt[wa(0; — 1 V2)0s6as + AoWaTas(V - V)vs]
a8

= 35 [dir far [ @ [t )Dople — ¥t = )us(x', ),
Q,ﬁ

(2.20)
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with Dog(r — 1',t — ') = (fa(r,t)fa(r',t')) [see (1.10)], and Z = [ Dv [ DweflvV:Wl
ensures correct normalization by cancelling out the (formally divergent) constant C;.
One may now extend, in the obvious way, the quantities being averaged to functionals

of both w and v:
(F[v,w]) = %/Dv/DwF[v,w}e‘:["’w]. [2.21)

This is important as it turns out that response functions may be generated in this

way[19]. In particular, for isotropic driving, (1.10), we have

(itha(k,w)ip(K,w')) = G(k,w)7ap(k)6(k + k' )6(w + o) (2.22)
[compare (1.11) and (1.12)] while, as before,

(Ba(k, w)Bp(K',0)) = Uk, w)Tap(k)é(k + K')8(w + o), (2.23)

where (1.5) is obtained by realizing that tr[7(k)] = 2. In Fourier space the Lagrangian

may be written £ = Lo + AoLy, with

Lolv,wl = [ [[-il—ier + wk?)(—k, —w) - ¥(k,w) - %]vir(k,w)PD(k,w)]

(2.25)

vl = =5 [ [ [ 3 Pag(yive(=k, ~)is(k = @, = )in(a, 9)

B,
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(2.26)

where P,g,(k) = 7o5(k)k, + Tay(k)ks, and we have used the short hand notation
i = I &5, [, = [ £, etc. Recalling that k - ¥(k,w) = k- W(k,w) = 0, we easily

compute the zeroth-order (Ao = 0) forms

Golk,w) = m (2.27)
Us(k,w) = D(k,w)|Golk,w)>. (2.28)

The usual diagrammatic perturbation theory[19] in Ay results by expanding e**** in
a Taylor series and performing the averages term by term. Representing the resulting
integrals by Feynman diagrams, the zeroth order correlation function, Up, becomes a
straight line, the zeroth order response function, é’o, becomes a combination straight-
wavy line. Vertices have three legs (one wavy one and two straight ones) and a
momentum-conserving §-function, along with a factor £\gPag,(k) (where k is the
incoming momentum on the wavy leg) accompanies each one (see Figure 2-1).
Generalizing the formalism to N velocity fields is straightforward. Introducing
incompressible fields w! and w;, I = 1,..., N which bear the same relationship to

each other as v! and v;, and assuming

(fa(k,w) fom(K,w)) = Dk, w)Tap(k)b(k +K)8(w +u')é,
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Figure 2-1: (a) Go(k,w) 7ap, Do is represented by the straight line, iwg s represented
by the wavy line. (b) Up(k,w) Tap (c) %AOPQB.,(I{)
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one finds a Lagrangian £V) = L',((]N) + )\DE(lN) , with

4 =y L/ {—%[(—z’w«i—uok?)v‘v,(—k,—w)-\“f’(k,w)+c.c.]

- %D(k, W)W (—k, —w) - Wy(k, w)} (2-29)
(N) _ Z mn X
L:l B _Z IJHZ,n a%’y -/k ~/w v/;l./(.llAl!V P‘J'B'Y(k)wa'l(p—k’ _w)
X Vgm(q—k,w— Q) .(q,0) +ccl (2.30)

The fields w! are assumed to transform in precisely the same way, (2.6), as the fields
v!. The properties (2.7) and (2.8) then immediately imply that both L',(()N) and LEN)

are invariant under the group, Gy, of transformations. When Ag = 0 we have

(i) (K, w)ipm(K, ")) = Gk,w)fap(k)6, 6(k + K )6(w + o) (2.31)

(B (k, W) igm(K, ")) = Gk,w)fas(k)bl 6(k + K)é(w + ') (2.32)

with Go and Uy given by (2.27) and (2.28).

Perturbation theory in A(,zﬁ"” is also straightforward. The only changes are that
one associates an extra index, [, with each line in a diagram, and the vertices are
now :A\oPogy(k)AR" and %AQPaﬂT(k)AN’[mn, where Ayxmn = AY™. We adopt the
convention that an arrow coming into a vertex carries an upper index, while an arrow

going out of a vertex carries a lower index (see Figure 2-2).
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2.3 Symmetries of ZN

In order to limit our search for appropriate cubic invariants, we now discuss symmetry
requirements on the coefficients A%

Firstly, since the projection-type operator P,g,(k) is symmetric under interchange
of 3 and 7, it is natural to choose A" symmetric in m and n. It is easy to check that
the equations of motion are still nontrivial even if AQ"" is antisymmetric in m and n
(the nonlinear term does not vanish identically so long as N > 1), but this does not
give a sensible N = 1 limit. In particular the diagonal terms, n = m, which are the
only ones that survive when N = 1, are cancelled. We therefore assume A" = Alp™,

Secondly, we impose the constraint that the total energy be conserved in the

absence of viscosity and forcing. The total energy is defined as
1 XN
E = /ddrf(r,t), e(r,t) = §POZ vi(r,t) - vi(r,t) (2.33)
=1

whose integrand reduces to %pg 3 |¥!|?> when the representation is unitary, but is in
any case real and positive. Using the incompressibility conditions, and appropriate

integrations by parts, one finds

dE 1
o -—§p0/\0Re{ ¥ (A7 = AR /ddrv, ¥ V)vn} (2.34)
Im,n

and therefore vanishes automatically if A%"™ = A%™ (more complicated assumptions
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which allow for an antisymmetric part may be possible, but we again appeal to a
sensible V=1 limit). Associated with this conservation law is the conserved energy
current jp(r,t) = Re {Aopo T AW (VI-Va )V +2 ¥, p'vi} such that %?+V-jE — 7
Together with the symmetry in m and n, this implies that we require full symmetry

under all permutations of the three indices:

Alﬁr{nn - At:’(’zm = Ar}:{ml - A%I‘n. (2-35)

2.4 Group Theoretical Considerations

We now treat more technical issues involving the relation between Ay and the group
G. We will discuss two approaches to constructing group invariants: trace invariants
and Wigner symbols. The first is actually a special case of the second, but is easier

to motivate, and hence worth introducing separately.

2.4.1 Trace Invariants

Perhaps the simplest way to generate invariants is to associate the indices I, m, and
n with the generators of the group G. Thus we let J', I = 1,..., N be some set of

finite-dimensional Hermitean matrices such as the unitary matrix, U(g), representing
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any group element, ¢ € G, may be expressed as
5 N
U(g) = X' g e @, (2.36)

where the q; are real numbers. The group structure is completely specified by the
structure constants, f'™", which are real and defined by the commutation relations
N
2 =13 Py (2.37)
n=1
We will always take tr[J'] = 0 (since an overall phase factor in (2.36) has no effect).
By choosing suitable linear combinations if necessary, we may also take tr[J'J™] =
Adim, where the real number A > 0 is chosen for convenience. In this case fi™" =
Tlxtr{[.]l ,J™|J"} is completely antisymmetric in all three indices. For example, if
G = SU(2), and J' = ¢', Il = 1,2,3, are the Pauli matrices, then A = 2, and
fi™™ = 2€,n, Where €, is the fully antisymmetric tensor with €03 = 1.

Suppose we now define matrix dynamical variables, Q,[x], by
N
D[] =Y @yl =148 (2.38)
=1

where x/(r,t) = x;(r,t) are real vector field dynamical variables. The unitary trans-
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formation (2.36) induces a transformation on the x! via
N
Qu[x'] = UT(9)Qu[x]U(g) = 3 2, , 3" (2.39)
=1

which defines a N x N real orthogonal matrix D% (g) via

N
ul(g)3u(g) = 3 DY (9)3", (2.40)
I'=1
N ' 1] =T =
2l =S D¥(g)a; Dy (9) Dn (g) = Iy (2.41)

=1
[compare (2.6)] and there is no distinction between upper and lower indices in this
case. We now ask: what equations of motion for the x/, can we write down that are
invariant under this group of transformations? To see the answer, note that due to

the cyclic property of the trace, any quantity of the form

t’f‘{ﬂa [X]Q,g [y] - Q.-,[Z]} = Z AR{"I'"SL‘Q,II Ypjlg -+ - Ty lm s (242)
{1,0240ilm
where,
Alpdm = ¢pfJh | I} (2.43)

is an invariant of order m. Invariants other than those defined by (2.43) can also
be constructed: simply contract the indices on products of lower order Ay’s. For

example, both 8,81, and ¥, A%?" A%*" are fourth order invariants (which may or
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may not differ significantly from A’,{,"‘"”‘).

Consider then any set of equations of motion of the form

i =Flx],l=1,...,N, a=1,...,d, (2.44)

where F![x] is a sum over all possible m, and for each m, all possible mth order

invariants (which we will still denote generically by A%~/™), of terms of the form

fg"‘[x]s Z AIN"‘"'"‘ Z & S T - W (2.45)

I2,lm O2,..yQm

where Oaq,..q,, could be any spatial-rotation invariant integro-differential operator

acting of the r dependences of the z! (r,#). In particular, the form

3}
s

Oaasas = baas [ d'ra [ d'raé(x — ro)z—8(x — o) (2.46)

yields the nonlinear term in (2.1) with x! = v/

These equations must transform
covariantly since multiplying by z,; and summing on ! yields a scalar on both sides
of the equation.

Given a group G, there are many possible choices for the generators J'; however,
within a given representation, any choice may be obtained from any other by taking

appropriate linear combinations. The corresponding invariants are then similar linear

combinations of each other. The number, N, of generators is determined by the
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dimension of the group. Thus, if N is to vary (in particular, become large) the group
G must vary with N. The dimension of the matrices J' (i.e., the dimension of the
representation) is of no consequence here. Though the details of the representation
may enter [more than just the structure constants (2.37) are relevant in computing
(2.43)], the matrices D ~ are representation independent, and a single maximal set
of independent invariants must exist. It is simplest to assume that the J' generate
the fundamental representation, i.e., they have minimal dimension. For SU(2) these
are the Pauli matrices; for SU(n) they are any orthogonal set of N =n?—1,n xn
traceless matrices. Below we will discuss invariants that depend more significantly
on the representation.

In the example of SU(2) represented by the Pauli matrices, the first few invariants

are

Ay = tr(d')=0
Abb = r{oho®) =2y
Ahls = tr(ah0'0™) = i€y,

Aglziah = tr(o'h 0120[30;4) = 2[—611136f214 + 6‘1’461'2’3 =+ 6‘1‘2613’4]' (247)

Note that A" = if!™" is completely antisymmetric in this case, and therefore vio-
lates the requirements in Section 2.3. It will always be the case that A" — A" =

iAf'™. The only question is whether or not there is a nontrivial symmetric part
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[clearly not, for SU(2)]. Note also that the fourth order invariant can be constructed
trivially from sums of products of the second order one. In fact, in this case all higher
order invariants may be constructed from products of Kronecker-6’s and e-tensors.
This implies the well-known result that all rotation invariant combinations of vectors

in three dimensions may be constructed from dot products and cross products.

2.4.2 Wigner Coeflicients

In the second approach to constructing invariants we associate the index [ with the
basis vectors (or states) on which the J' operate. Thus N is now the dimension of
the matrices rather than their number, and may vary even when the group G is fixed,
independent of N. Using a quantum mechanical bra-ket notation, if {|1),...,|N)} is
an orthonormal basis for the vector space (with corresponding hermitian conjugates

{(1]...,{N]|}), then we define dynamical states

N N
o) = 3wl ()= sadll, V=1 .04, (2.48)
=1 I=1
The operation
|z5) = U(g)|za), (2ol = {za|U'(g) (2.49)

then defines the group of transformations on the z!, via

N N
zhy = Y Di(9)za, Toy= 2 Dy (9) ap (2.50)

I'=1 =1
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where

D (g) = (1[U(g)|I'). (2.51)

For the group SU(2), the representations are labelled by the total spin, j =

0,s,1, %, 2,..., and have dimension N = 2j 4+ 1. A convenient basis is formed by the

K=

eigenstates of angular momentum component J,:

| =jm), —j<m=I0l-j-1<j. (2.52)

For integer j these are most familiar in the form of the spherical harmonics
Y;m(6,®). The transformation matrices (2.50) are the famous quantum mechanical
D-matrices[22].

We now wish to construct quantities of the form

Icr]...am = Z Aﬂ’t’."[m‘ral,ll L] :""am,lmv (2'53)

h sl
where ZN is chosen to make 7 invariant under (2.50). Since, by (2.51),

N

Ug)|l) = 2 DY (g1, (2.54)

the kets transform in the same way that the z,; do. We may therefore state the

problem alternatively: we seek a tensor, Ay, such that the linear combination of
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product states

[Z= T AR @ 8l (2.55)

-
is a scalar (normalized in some fashion) under the transformation (2.54). For the
group SU(2) this means that we wish to add m angular momenta together to obtain
a state with zero total angular momentum. This is a well known problem in group
theory and quantum mechanics, closely related to the problem of decomposing the
direct product of (m — 1) irreducible representations of a group into a direct sum of
irreducible representations. The solutions Ai,{,"""‘ are called Wigner coefficients. For

SU(2), with basis states given by (2.52), one uses the notation

Ak/"?'f’ = , m; = -"j, '-'] + 1, e ,j- (256)
ma mao ms

These are special cases of the Wigner 3j-symbols[22]. In general, the states in the

direct product (2.54) can belong to different representations, Nj,...,N, and we

would seek coefficients A',{,;‘j_’_'}‘vm that make the result a scalar. The general SU(2)
i J2 I3

Wigner 3j-symbol is then = A’ﬁ:’,{,’? Ns» With Ny = 2j; + 1 and

m; Mz Mg
m; = l; — j; — 1. We are clearly interested only in the case in which all representations

are the same.
Appropriate equations of motion may now be written down precisely as before.
Equations (2.45) and (2.46) are valid with the new tensors Ay defined above.

In addition, the relation to the Clebsch-Gordon coefficients is made clear by con-
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structing the state

III(m)> _ Z Allz--dun ) @3} ®...® |Ln). (2.57)

12yeeerlrm
From (2.55) we have the obvious relation

2y = 311y © |Z™). (2.58)

=1

Since |Z(™) is a scalar, it is clear that |Z{™) must transform in the same way that
(l| does, i.e., with the complex conjugate representation. More generally, if the states
in the product come from different representations, Ns,...,N,,, the resulting states
transform via the complex conjugate of the representation N. Thus by letting N vary
over all permitted values, the Wigner symbols allow one to decompose the transfor-
mation of the given direct product into a direct sum of irreducible representations
(this is known as the Clebsch-Gordon decomposition of the direct product). This does
not quite define the usual Clebsch-Gordon coefficients. These are defined so that the
resulting product state transforms via the representation N, not its complex conju-
gate. In the case where the representation is real (i.e., where the complex conjugate

representation is the same as the representation itself), there is a matrix g such that

=3 "0 (2.59)
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translates the bras into kets. This matrix is really a special case of the invariant
tensors Ay in which there are only two indices since [Z?) = 37, ¢"'|I) ® |I') is clearly

a scalar. If we then define the Clebsch-Gordon coefficients

Caione, = ol M, ooy M) Z " AR (2.60)

=1

where the prefactor is an appropriate normalization, it is clear that

I™= ¥ Ot Y@ 8 [ln) (2.61)
121 vl

transforms just as |I) does. For m > 4 these coeflicients are no more unique than the
Wigner coefficients are [see the discussion below (2.43)]. For the rotation group O(3)
the representations are all real, and one more commonly denotes

J J2 s

CN, N, = (Imljamajams) = (—1Y273+™ /25 4 1 , (2.62)

—m Mm99 M3

corresponding to the matrix ¢ = (—1)"éy n_;, and conventional normalization
e(N, Ny, Np) = —(—1)3N2=Na)=N /N[29],

Finally, we mentioned at the beginning of this section that the trace invariants
are really special cases of the Wigner coeflicients. They are constructed, in effect, by
using the group generators as states. This, in fact, corresponds to a special repre-

sentation, known as the adjoint representation|[23], and it can be shown that in this
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representation the Wigner coefficients as defined above are precisely the traces of
products of generators, (2.43). The demonstration of this fact is a special case of the
use of tensor methods in the theory of group representations[23], where invariants are
constructed as traces of products of more general tensor quantities. In the case of
the adjoint representation, the tensors have only two indices [one transforming under
the fundamental representation, the other under its complex conjugate, exactly as in

(2.39)], and are traceless, and hence may always be written as linear combinations of

the generators, precisely as in (2.38).

2.5 Graphical Considerations

A crucial property of the group-theoretical formulation is the preservation of the co-
efficients Aﬂ{,""“‘ under vertex renormalization. Stated more simply, different order
diagrams, with the same structure of m external legs, will have the same dependence
on the indices l;,...,l,, and must therefore be proportional to some linear combina-
tion of A ~’'s with the same m. For small m (m=2 or 3, say) there will be only a single
type of XN, and the dependence on the indices Iy, ...,1, will be uniquely specified.
The reason for this is that E(IN) is a scalar, and therefore the average of an operator

Ohrlm  which transforms in the same way that z"y2 ... 2! does, is given by the

sum over p of

O:}"""‘ = AB(Oh-= (LYY, (2.63)
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which therefore must also transform in the same way. Now Ol';“""' is independent of

the v and w fields, and a contraction of the form

Op= Y O:}"""‘.r,l Yy oo B, (2.64)

hi.dm

is, by construction, a scalar. However, the Ai\‘,“‘l'“ comprise all invariants; therefore,
O:,’“""' must be some linear combination of them.

At the level of graphical technology, it is precisely this property that is responsible
for the variation of the universality class with N in the spin models. Without the
group symmetry, diagrams with the same external leg structure would have essentially
random dependence on the indices and will therefore not add up in any coherent way.
This is precisely what leads to Ising-like behavior for all finite V. We expect similar

behavior to occur in the turbulence problem.

2.6 Galilean Invariance

In Chapter 1 we alluded to the importance of Galilean invariance in the establishment
of the exact renormalization group results (1.15) and (1.18) for the exponents. If the
generalization to NV > 1 is to be truly useful, it seems necessary that we be able to
prove similar results for any /N. This can, in fact, be done, and is a consequence only

of the symmetries, (2.35).
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For N =1 the Galilean transformation
V’(l‘, t) = V(l‘ + AoVvot, t) — Vo, (2.65)

where vg is an arbitrary fixed (real) velocity, leaves the Navier-Stokes equations in-
variant since
av’ ov

=t /\o(Vl 2 V)V’ = ET

5 + Ao(v - V)v. (2.66)

If, in addition, we assume that w'(r,t) = w(r + Agvot,t) transforms without an
additive term (as do f and p), then the Lagrangian (2.20) is Galilean invariant,
L[v',w'] = L[v,w]. It is precisely this invariance that was exploited by DeDominicis
and Martin[4b] to prove (1.15) and (1.18) to all orders in y.

For N > 1, consider the following generalization of (2.65):
n ! 1 / 1
vi(r,t) = v (r + Avot,t) — ;h vo; Vi(r,t) = vi(r + Aovot,t) — 'ﬁ:hlVg, (2.67)

where h! = h} are any set of complex numbers, normalized so that 3"}, pjp' = 1, and

/it is yet to be determined. We then have

ov!

ov't
T

ot

+ o Y AR (VL - V)V, = XY A (Vi - Vv,

+ ,\O(VO.V)[VI—%ZA',;;(;;)VH], (2.68)

where A%2(h) = ¥, Af""h,,. The last term on the right cannot generally be made
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to vanish simultaneously for all /, so full invariance of the equations of motion under
(2.67) is not possible. Let us focus instead on the equation of motion for scalar

combinations

N
vie,0) = 3 Ylav! (e, ) + gwi(r, )], (2.69)
=1

where ¢’ = g is another set of complex numbers with ¥, ¢'¢; = 1. From (2.68), the

equation of motion for v, is invariant under the transformation (2.67) only if

N
pe" =3 Ax(h)a =3 AN hna. (2.70)

i=1 Im

This is a kind of eigenvalue problem for the ¢*, with eigenvalue p. The matrix A% (h)
is symmetric, but not necessarily real, so u is not necessarily real.

Associated, then, with each Galilean transformation, (2.67), are a set of N in-
variant velocity fields, v,(r,t), one for each eigenvector ¢’ of Al?(h), transforming
with the associated eigenvalue, p. This invariance property clearly respects the group
symmetry: if v! is transformed according to (2.6), transforming A’ and ¢' in exactly
the same way yields the same scalar v, in (2.69), and the same eigenvalue equation
(2.70). Clearly, when N = 1 the standard Galilean invariance, (2.65) and (2.66), is
recovered with eigenvalue p = 1.

These invariance properties, though compelling, do not by themselves imply the
result we seek, namely that the renormalization group results for the exponents gen-

eralize to any N > 1. Further analysis is necessary: in Appendix A we present the
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technical arguments necessary to fully establish (1.15) and (1.18). The validity of
these results lends further credence to our proposition that the N > 1 equations
really do represent a logical generalization of the N = 1 Navier-Stokes equations,
and do not violate any fundamental symmetries present at N = 1. One might still
worry that the Galilean symmetry at N = 1 is somehow stronger and more profound
than the seemingly more restrictive symmetry inherent in (2.67) and (2.70). How-
ever we know of no explicit property (of the correlation functions, for example) that
demonstrate any “discontinuity” in behavior between N = 1 and N > 1. Unless such
behavior is found, it seems reasonable to propose that the model evolves continuously

with N, just as do the N-vector models of magnetism.
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Chapter 3

The Spherical Limit (N — o0)

3.1 Graph Decomposition Rules

Before deriving the spherical limit, we shall first develop some useful graph decom-
position rules in this section. These rules concern the numerical factors due to the
presence of A" and thus have nothing to do with the spatial parts of diagrams.
Their validity is very general and can be applied to a very general class of A" or
even to other theories, such as theories with a quartic term (¢* theory).

These rules are summarized in Figure 3-1[24]. To derive them, we first make a few
remarks about the group transformation properties of perturbation theory developed
from (2.29) and (2.30). First, as an example, let us consider the n** order term of the

two-point correlation function {(zw' - vy}, which may be written as
(’l:Wl -V [)\O,C(lN)]n)o, (31)

where the average (-)p is done with respect to ,CSJN). Under the group transformation,
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the term (3.1) transforms exactly as w' - vy because CBN) and E(IN) are invariant.
Now assuming w' and vy transform according to the irreducible representations of
the group G, then by the fundamental lemma, Schur’s lemma, of group representa-
tion theory, it is straightforward to show that &' is the only invariant second rank
tensor under the group transformation. Hence (3.1) must be proportional to § with
an l-independent proportional constant (see Section 2.5). Similarly, assuming A"
is the only invariant three rank tensor, any three-point correlation function is also
proportional to AlP".

Under these assumptions, rule (i) is simply the graphic representation of the

following identity:
! ] 1
the left hand side = 65 A= 6 - N ZA;,
1

where 3_; A; corresponds to the closed diagram on the right hand side.

By using rule (7), rule (i) can be easily derived as follows:

1
the left hand side= > B/ Cié6, = > B Ci=NB,C, = = S B, Y C,.
Lr '} I I

The right hand side of rule (i7) is thus the graphic representation of the last expression.
To derive rule (ii), we first note that since (iw'v™v™) is assumed to be propor-

tional to A4"", it can be written as A{" 'y, where ['y is the proportional constant.
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Therefore, we have

S AN LWtV =Ty - 3 AN Alen,

imn Imn

Hence Iy = 1 Timn Alpn (iW'v™v"), where I is 3y, AfY,, AZ". Finally, we have

& & ’ 1] ] ].
(iwlvmvy = S AN L Gwlv™vy Al —
'm!'nt 2
This is the content of the third rule. Using rule (¢¢), rule (iv) can be derived similarly

to rule (42).

3.2 N — 0

As far as two-point correlation functions are concerned, only the first two rules are
relevant. For any diagrams of two-point correlation functions, we first close them
by using rule (7). If the closed diagrams can be separated into two diagrams by
severing two internal lines, they are so-called two-particle reducible (2PR) diagrams.
They can be decomposed into two smaller diagrams by using rule (7). These two
smaller diagrams may be decomposed further if they are also two-particle reducible.
This reduction can be proceeded until finally we are left with a bunch of two-particle
irreducible (2PI) diagrams and some  factors. Some of the lower order terms of 2PI
diagrams are shown in Figure 3-2. If during this reduction, no other 2PI diagrams

except the lowest order ones (the first term shown in Figure 3-2) are generated, they
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Figure 3-2: Lower order terms of two particle irreducible diagrams

are called fully 2PR diagrams.

In general, any 2PI diagram has an even number of vertices. Therefore, we may
represent them by Io, I, ---, Igc), ---. Here, the lower indices indicate number
of vertices in diagrams, while the upper indices indicate different topologies of the
diagrams, because there may exist more than one diagram for a given number of
vertices. When there is only one diagram for the given number of vertices, we drop
the upper indices. Note that I> is the same as the factor defined in the last section
that results from the lowest order 2PI diagram.

The total number of ]—{,- factors depends on how many times we sever the diagram.
Suppose that at the end of this reduction, the 2PI diagrams we are left with are
(Io)™ (L) -« (I ---. In other words, we are left with ny Ir-diagrams, ny Iy-
diagrams, etc. The total number of times we sever the diagram is then simply (n; +
ng+---+ni---) — 1. Adding the ﬁ that was generated when we closed the diagram

by using rule (7), we have

n1+---+n:‘--- ; ;
%) (B (L (Ph . (32)

any diagram = 6," (-N—
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For the special case when the diagrams are fully 2PR, ni, = 0 for k > 2. Therefore,
we have

2n** order fully 2PR diagram = 6} (]%-) :

It is now clear that the large-V limit of any diagram is summarized in the asymp-
totic behaviors of I, Iy, - -- when N — oo. To discuss these asymptotic behaviors, it

is convenient to choose the normalization: I, = N. Then, under this normalization,

we parameterize the asymptotic behavior of Ié;c) by I;}c) = O(N'-°%). As a result,

(3.2) becomes
1

Nma +n2a2+---+niai"-

any diagram = §/

b}

where by construction, @y = 0. Clearly, if all ais are positive, all the higher terms
(nj # 0, k > 2) vanish when N — oo. In this case, fully 2PR diagrams are the only
surviving diagrams in spherical limit. On the other hand, if some o} is negative, it
means that the previous normalization Iy = N is not good. Suppose the most negative
term is aif;. Then the new normalization is simply I;'_;';m = N. The corresponding 2PI
diagrams are then the surviving diagrams.

Although the above procedure of finding the spherical limit is quite general, with-
out considering specific A{"", we are not able to make general statements about what
kinds of diagrams can survive. Therefore, in this thesis we shall only consider the
Wigner 37 coefficients of SU(2), which is the group that has been understood most.

We leave other choices of A¥"" as possible future generalizations of this work (see
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Appendix D for one of our attempts).
Specifically, the A4"™ we consider are
J I 3

I m n

Aﬁnn=f(N)( )7 lvm’n:_Ja_J'i"l,;J,

where N = 25 + 1. f(N) is introduced for the purpose of normalization and will be
chosen below. In order to satisfy the symmetry requirements (2.35), we require that
j is an even integer (if j is odd, 3j coefficients will pick up a minus when exchanging
two columns).

As it was mentioned in Chapter 2, when j is an integer, the upper indices (e.g.,
v™) transform in the same manner as Y;,(0,¢) does. Because (—1)™Y;_n(0,0) =
Y;:.(8,¢) and, by construction, (v™)* = V., the lowering and raising operations of

indices are defined via
An=(-1)"A™™, A" =(-1)"A_,.
Thus, ¥, A B™ = ¥,. A™ B,,. Altogether, the 3j coefficients we consider satisfy

g 7 3 I m n gy 3 3
= = = any permutations in I, m, n.
Il m n 7 3 3 -l -m -n

Finding the large-N limit can be proceeded as we just described. First, we note

that 3;j coefficients are not zero only when [ +m + n = 0. Apparently, this implies
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the “conservation” of indices at each vertex, which in turn implies that (3.1) is pro-
portional to & . Since for a given j the representations of SU(2) are irreducible, the
proportional constant must be l-independent. Therefore, rules (z) (i7) apply.

The derivation of the large-V limit is proceeded first by normalizing I, to N. In
this case, because

J 3 3 Il m n
L=f 2 Z =f . )
tma\l m n)\j j j
we may choose f(N) = v/N. Then the next task is to compute aj.

Amit and Roginsky[24] have considered N-component generalizations of the Potts
model, which also requires cubic invariants. The cubic invariants were also chosen
to be the Wigner 35 coefficients of SU(2). Using f(N) = /N, they computed the
conventional 3mj coefficients numerically. In this case, the 3mj coefficients, (3mj),

are related to 2PI diagrams with 2m vertices by (3mj) (VN)*™ = I;(g:,)1 They found
|(3myj)| g N~

with a > 0 if m > 2. This implies I} = O(N'=*) = O(N!=»). Hence, o}, = a > 0

if m > 2. As a result, when N goes to infinity, only fully 2PR diagrams survive.
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Figure 3-3: Diagrammatic equations in the spherical limit

3.3 The Resulting Equations

The main feature of fully 2PR diagrams is that they consist of bubble diagrams only.
In the spherical limit, the two-point correlation functions are simply summations of
these bubble diagrams. Let us represent U7 by a thick, straight line and G by a thick,
straight-wavy line in the spherical limit. Obviously, they satisfy the diagrammatic
equations as shown in Figure 3-3, where as usual, thin, straight-wavy lines represent
G- Using the fact that both U and G carry the transverse projection operator Tap(k),

we may write out these equations. We find

1 _ , ) )
Gk.o) = —iw+ 1pk® + Aok ]qu b(k,q)U(k — q,w — Q)G(q, ), (3.3)
Uk,w) = |Gk w)|? Dk w)+ /\ok"’/q/n a(k, Q)0 (k — q,w — Q)0(q, )],

(3.4)
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where a(k, q) and b(k, q) result from contractions among P,s,’s and 7,4’s :

a(k,q)

b(k,q)

11 ) . 4
11 ) -
= ﬁd =1 Hj‘(k)ij(k = Q)lei(Q) = b(k, E) .

Hence a and b are homogeneous functions. In three dimension, they become

ak,q) =

bk,q) =

Ly o0kl (e—a))? | (k- q)(k - (k—a))(a(k—a),

A kig?(k — q)2 k2¢?(k — q)? ’
gumwk—vam—q»+m«m]
k kq(k — q)? k3g®

Also, they satisfy a simple relation,

which is true in any dimension and can be verified straightforwardly. It is important

to note that, as
(3.4). Therefore,

long-ranged D(k

These equations are very well known in the theory of turbulence:

Kraichnan'’s Direct Interaction Approximation (DIA) equations[14], originally derived

through an unco

a(k,q) = 3[b(k,q) +b(k,k ~ q)],

promised, the driving function D(k,w) is completely arbitrary in

y is a free parameter, and the detailed crossover between short- and

) can be elucidated now!

ntrolled approximation scheme. We have derived these equations in

a well-defined large-NV limit.

they are
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The DIA equations are non-linear integral equations which presumably include
the energy cascading phenomenon. That is, even though D(k,w) vanishes in the
inertial range, U(k,w) does not vanish because of the presence of the second term in
(3.4). In fact, if we consider the strictly bounded force

=0 ifk>mg
D(k,w)

£0 if0mg> k>0,

then look at these bubble diagrams that compose U ; one can easily see that the
diagram with one bubble vanishes for & > 2m,, that diagrams with two nested bubbles
vanish for £ > 3my, and so on. Therefore, looking at the inertial range (k > my)
effectively picks up diagrams with very large numbers of bubbles, which are the large-
order terms in perturbation theory. The progression of energy towards larger k then
corresponds to the progression of the value of U towards diagrams with larger numbers
of bubbles. This is the way that the DIA equations preserve the energy cascading
picture.

We conclude this chapter by a brief discussion of some old attempts at construct-
ing large-N models of turbulence. The most serious attempts of which we are aware
are those of so-called stochastic models|[17,25,26]. These models, originated from
Kraichnan’s Random Coupling Model (R.C.M.)[25], are only variations of R.C.M.
Kraichnan noted that the DIA equations also result from the large-N limit of the

Random Coupling Model in which A" are randomly i%, restricted only by sym-
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metry under permutation of the indices. We stress[17], however, that because these
models do not include some higher-order symmetry varying with N and, also, they do
not reduce to the original Navier-Stokes equations at /N = 1, we do not expect that
they can yield a systematic expansion of the universal exponents. Kraichnan’s result
does, however, lead one to expect that the limit NV — oo will be rather insensitive to

the detailed procedure for obtaining it.
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Chapter 4

Scaling Properties of the Spherical Limit

We now turn to a complete analysis of the DIA equations. Most of the formalism
described in this chapter is carried over from that of a toy model developed in Ap-

pendix B. We refer readers to Appendix B for more details.

4.1 Recovery of the RG’s Results and
the Analysis of Convergence

We first note that the DIA equations reproduce the y-expansion results precisely. To
see this, we assume the dynamical scaling forms, (1.16) and (1.17), in the inertial
range mo < k <€ A. We shall consider the limit when the inertial range is expanded
to the whole space of k by letting A go to infinity and my go to zérc. Since A — oo
is the same as vy — 0, we are equivalently considering the limit of infinite Reynolds
number.

Because A — oo is the same as 1y — 0, we shall drop 14, put an upper cutoff A in

every integral, and take A to oo at the end. Similarly, we shall put the lower-end-cutoff
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myp in every integral and take my to zero at the end.
When we substitute the scaling forms, (1.16) and (1.17), into the DIA equations

and make the rescalings, s = w/0k?, t = Q/0¢* and q — q/k, we have

1 )
= = =8
A1vg(s)
Alk . g — g
Avask2-2= e [ aiq b(k,q)——u (f : i)g(t),
mo/k |k —q| |k —q
(4.1)
and
Azu(s) D(] —2244—d—
—_— . = TkA 2z44—d y+
7] A1|"lg(s)] ¥
Alk = 1 1 - gt
A 2kdH2-0- f dt / dq b(k, q)—— A_zu( — ) u(t),
mo/k lk—q|” 9 |k —ql
(4.2)

where the integration limits become k dependent. Obviously, if the two integrals
involved are convergent when A — oo and my — 0, they are functions of s only.
Since all of the other terms in equations are functions of s, it is consistent only when

the two exponents in k vanish. We thus obtain

A4+z=d+2,
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and

2A —2=2d-2+y,

which lead directly to the y-expansion solution. This is perhaps not surprising because
one may perform the renormalization group y-expansion directly on the equations (3.3)
and (3.4), and the result is precisely the O(y) recursion relations from Ref. 4. Thus
the equations (3.3) and (3.4) are an exact integration of these lowest order recursion
relations.

It is important to note that the y-expansion solutions are exact to all orders in y if
Ao is not renormalized. When N = 1, this is guaranteed by the Ward identity derived
from Galilean invariance (see Appendix A). However, when N # 1, even though
Galilean invariance can be generalized in a certain way as shown in Chapter 2, the
Lagrangian is not invariant under the generalized Galilean transformation. Hence,
there is no corresponding Ward identity in the case when IV # 1; nevertheless, by
resorting to a direct graph analysis, one can still prove that A is not renormalized.
We refer readers to Appendix A for further details.

The validity of y-expansion solutions depends on the convergence of the two in-
tegrals in (4.1) and (4.2). The analysis of the convergence can be proceeded first by
taking ¢ — co. Then (s — ¢°t)/|k — q|” — —=, and the relevant integrals in (4.1) and

(4.2) are reduced to

b(k,q) a(k,q)
AR, Q) nd j ,
/q>1 qA an >1 q2A—z
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which are convergent if A > d and 2A > d + z. Next, we take q — 0 and thus

(s —g°t)/|k — q|" — s. In this case, we need to consider the integral

/ a(k,q)
a1 qA—z %

which is convergent when A < d + 2. Finally, when considering the limit q — k, we
change variables by substituting: 7 = (s — ¢°t)/|k — q|z . The integrals involved are
then

bk, k — E ok —
/ (k. k—q) and/ a(k,k q)_
g1 qA—uz e qA—z

These integrals are also convergent in the range A < d + z. The final range that
every integral is convergent is d < A < d+ z (if 0 < z < d). When we combine this
with the y-expansion solutions, we find that the y-expansion solutions are valid in the
range 0 < y < 3. Furthermore, as we increase y towards 3, A approaches d + z, which
is the boundary when the convergence of my — 0 fails. Apparently, when y > 3, we

need to include mg carefully in our analysis. This will be done below.

4.2 Forcing at y > 3

In this section, we shall derive the main consequences of y > 3, i.e., A > d+ 2. We

first generalize the dynamical scaling forms to include m( dependence with

Glw, k) = Alk—zg( o i) (4.3)

f}kz’ my



69

and

_ag-a, [w Kk
Uw, k) = Ask ”(ﬁkz’mo)’ (4.4)

where lim,_.o 9(s;z) = ¢(s) and lim,_ u(s;z) = u(s) are the asymptotic scaling
functions in the limit m¢ — 0 or, equivalently, in the inertial range. When including

the mio dependence, equations (4.1) and (4.2) become

1 _
Agsa) T
. 1 s .
AlAzkd”"A"”f b(k,q)——5u (s» Tk —QIE) g(t; qz),
qt |k —q| |k —q|
(4.5)
Asu(s; x)

Do, as
= —k2" " n(z) +
| A1|*|g(s; 7)) v

K - 1 1 s—qt -
A RIrEA / a(k,q)— = ==l ( <. =3 [k — Q|$) u(t; qx),
a2 lk —q| ¢ |k —q|

(4.6)

where we have reparameterized D(k,w) by Dg(mg)n(;’%).

Let us define

- I 1 s—qg*t -
Ju(siz) = [ alh@)—"—x—u (=15 lk - alz ) ult;e),
44 |k —q| ¢ |k —ql
S

—a*t -
Wsiva) = [ bk @)——xu(=—1xilk - alz ) g(t;g2),
qt |k — q| |k — q

and proceed in the same way as what is done in Appendix B to isolate the singularities
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in J, and J, by defining

Jam(s;2) =

u(sx)f Qa( t—9

Jy9(s;,z) =

g(S;I)/qtb(fc,Q) - L

|k —q|

where we have set q to & in all nonsingular terms. The factor of 2 in J:n9 arises

because a(ic, q) = a(fc, fc—q), so the singularity at q — 0 is identical to that at q — k.

By construction, AJy(s;,z) = Ju(s;,z) — J2™(s;z) and AJy(s;z) =

Jb(s; 7x) =

J2'™(s; ) are convergent as T — 0o so that we are able to define

lim AJu(s;, 7)

Jim AJy(s;,x)
By changing variables:

Js(si) =

u(sz]?

= u(s;..’c)/[l —(k-p
d—1

p=s(k—q)andw=(s—gt)/lk—q|,

)

AJB(S)’

AJb(s).

we may write

Uoop) pA—z—d

U\ P - S
pAE) A d+0(zA d 2)

— uoo(p) U(S :B) A—z—d+0(xA—z—d—2)’

d Jp pA~

J,fi"g(s; 2 =

= g(s;x

g(s; z)f bk, k — 2) “"'w_(_mxa—z_d

]Uoo(P) A— z—d+0(xA—z—d—2)

)xA—z—d g O(xA-z—d—2),



)

where uy(p) is defined to be [ &

Ceo 52u(w; p), and we have made use of (B.13) and

(B.14).

By using all of the above expressions, the DIA equations (4.5) and (4.6) now read

1 :
A1vg(s; x) = ol
A1A2m0d+2—-A—~z$2—2z [uog(s; SL‘) £ xd+z—AAJb(8) +-- ] ,
(4.7)
Agu(s; z) Do A2 A2
= = —my T n(z) +
| A41)%|g(s; )|
A22m0d+2_A—z.’E2—2z [UOU(S;.’L') o $d+z—-AAJa(s) e -] ,
(4.8)
where we have defined uy = =1 5 ’;:?—11_2,2 , which may also be rewritten as
d-—1 moA‘d" 5
wp="g= " [ [ Olkw). (4.9)

Hence wg is a cutoff dependent measure of the total energy density.
We see from (4.7) and (4.8) that we may choose A;7 = 1 (take A; to be real) and

ugA; Aamo®t2-*73 = 1, And also, for large x, we may expand

g(s;,z) = g(s)+ gl(s)$d+z_A 4.,

u(s;,z) = u(s)+uy(s)z? 2 +....
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Clearly, considering the leading terms of (4.7), we require 2 — 22 =0, i.e, z = 1 and

1 '
T~ —is + g(s).

Therefore, g(s) = (is + v/4 — s2)/2. In order that g(s) — 0 for large s, we choose

4 — g2

o(s) = 2= 5

On the other hand, considering the extreme case when y is very large, i.e., n(z) =0

for z > 1, comparison of the leading terms in (4.8) yields

Zuls) = Z2u(e)lg(o)”

Since |g(s)|*> = 1 only for s2 < 4, we have u(s) = 0 for s2 > 4 but is otherwise
undetermined at this order.

At next-to-leading order, we find

_9i(s) _ AJi(s)

9(3)2_ Up +a1(s)

and

T [0 - 2R (?((ss)))] = 22 w(e).
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From these equations, we can solve u(s) for s2 < 4. We get

2u(s)
V4 — 2

Re [AJy(s)] = AJa(s).

Writing this out, we have

A = [ o ()l a2 ok o -5 (5223 o0

aIs) = [ (l—,—f_%f) e 6 i )ucs)]

Since — 7 Re [J;""g] = J2"9_ the final equation for u(s) is

% s—gt\ - —A
0 = blk,qQu | — = | |k — X
[, bk an (5=E5 ) i~

{u(s)\/l - 5;0(1 - %) —y1- S;qz-ﬂu(t)} , (4.10)

where (s —g*t)/|k — q|” < 2, and we have made use of a(k,q) = %[b(fc,q)—%b(fc, k—q)]
and the fact that J,(s) is invariant under the substitutions: t’ = (s — q’t)/|fc — q|z
and ¢ =k —q.

An obvious solution to (4.10) is u(s) o - 943, A = z which is the solution
guessed by Kraichnan[14]. Clearly, this solution implies A = 1, which is ruled out by
the requirement A > z + d.

Another exact solution, which is also readily read off, is u(s) o 6(s). The consis-
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tency condition is

f b(k ,q !A_zq —f b(k,q) T ;,A zq:_,,

e, y(A—2,2,d) =T;(A—2z,A-2,d). Therefore, this solution corresponds precisely
to that of the static model studied in Appendix B, with the substitution A — A — z.
The word “static” is justified since in the time space u(t) is constant. Apparently,
this solution is also not the one we are seeking.

Besides the above two trivial solutions, there seems to be no obvious analytic
solution. Therefore, numerical work is in order to find u(s) and A. Before describing
our numerical results, it is convenient to consider the case when y is greater than
three, but not very large. To this end, we put n(z) = z%-9"¥ back. Then equation

(4.8) becomes

Agu(s; x) 3 &moa-zzzA—zzM—d-y e

Aallgsof P

A22m0d+2—A—z [U(]U(S; 1_) $2—2z A AJa(S) $d+2—z—A - .] )

Following the same reasoning at the end of Appendix B, we expect that when y is
greater than 3 but less than certain y., =2 is the leading term on the right hand
A—-2z+4+4—d—

side, while the remaining terms, x ¥ and z%2-=24 are both the next-to-

leading terms. As a consequence, A is d + 3—5-1 when 3 < y < y. and sticks to A(y,)

beyond y.. On the other hand, (4.10) becomes
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[ (s) ( iﬁ) 6(1 — £2/4) - ql-Aum] , (4.11)

where 69 = D~ 3uy2Dymg*~ ¥, which vanishes at y.. It is interesting to note that the
reason why turbulence happens at §, = 0 actually reflects the definition of turbulence,
in which Dy vanishes in the inertial range.

Our numerics for solving (4.11) is described in Appendix C. Figure 4-1 shows u(s)
for various y’s with the normalization u(0) = 1. In Figure 4-2, we see that §, seems
to vanish exactly at y. = 4. This is of course not a proof. If y. = 4 is exact, we have
z=1, A =d+3/2,and ¢ = 3/2, which agree with Kaichnan’s guessed solutions[14].
In Figure 4-3, we show the turbulence scaling function u(s) at different dimensions.

Figure 4-4 shows the deviation of u(s) from Kraichnan’s guessed solution, 4/1 — s2/4.

The deviation is quite large.

4.3 Viscous Cutoff in the Spherical Limit

In this section, we discuss the viscous cutoff A, which is an important length scale in
Kolmogorov's theory and also plays an important role in subsequent experiments[27].

In Kolmogorov’s theory, A is (€/19°)}/* and A/mg ~ (Re)*/4, where Re is the
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|

— 1 L = 18 0.0 LLS 1.0

5 f 2

Figure 4-1: Scaling function u(s) for different y’s with u(0) = 1. y is 3.1 for the
outmost curve and increases 0.1 for each successive curve.
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Figure 4-3: Turbulent scaling function for various dimensions
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Reynolds number. When including A, the energy spectrum is predicted to be
E(k) = &k~ 3F(k/A),

where F(z) is a universal function. We may also rewrite it as

E(k AN

Since e2/3A%/3 = g/41,%/1, we may measure E(k) in units of /41454 and k in units
of A to test (4.12). If (4.12) is right, one should be able to see that data due to
different preparations of turbulence collapse on a universal curve. If neither k nor
E(k) are measured in appropriate units, collapse would not occur. Although many
subsequent measurements (see Ref. 2) claimed that F(z) is universal, there were also
measurements[28| claiming that the data were also consistent with models considering
intermittency, in which mg is present in E(k) (which also happens in our spherical
limit), and, therefore, F'(x) is no longer universal. There appears to be no consensus
as to the extent that F(z) is universal. Therefore, it is still an open question.
Despite the important historic role that A has played in collapsing data, its ratio
to myg, i.e., A/my, also gives an estimate of the total number of degrees of freedom in
turbulence. Because w ~ k*, we may naively estimate A by setting 19A? ~ A*. Hence
A ~ vy~ and, therefore, A/mq ~ (Re)™=. When z = 2/3, we have A/mg ~ Re¥/4,

On the other hand, since z = 1 in the spherical limit, A/my ~ Re. As we shall show



81
below, this naive analysis turns out to be wrong in the spherical limit.

There are two places in which 1 enters into the theory. First, there is a vyk?
term. Second, the cutoff, A, of the integrals also depends on 14. In general, one
expects A — oo as vy — 0, even though A may not be proportional to 4 ~3/4, which
is expected in Kolmogorov theory. As far as A is concerned, its main effect is to
renormalize various quantities. For example, if the integral in (3.3) is divergent as
A — oo, it contributes a term, b(A)k?, which renormalizes vy. The fact that we are
considering the region where no divergence arises due to A simply means the effects
of renormalization are small.

To see the effect of 19k?, we include it in (4.7) by

> = —is+ 0 2 +
Aivg(s;z) v

Ay AgmgTtE-A-ig? [uog(siﬂf) + 2 BAT(s) + - - ] ,

(4.13)

where we have chosen # = vmg?~* so that v has the same dimension of vy. As was
done in Section 4.2, we may choose z = 1, A;7 = 1 and ugA; Aamgit2—:—4 =1, We
may also set A = 1 and absorb the amplitude into the scaling function u(s). This
amplitude of u(s), which is denoted by A in Appendix C, is basically determined by

the total energy, i.e., A ~ ug (see equation (C.4)). Hence, we have A; = v~ mg" 2
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d42—-A—z

and A;myg up = 1. Eliminating A;, we get

g /v = mg®~. (4.14)
With the above choices, (4.13) becomes

! = ; . 1 d+2—A—z W o,
Alﬂg(s;x) - w+g(s’w)+u0$ AJb(S)'F;.T + e

Obviously, competing between %xd““A" AJy(s) and “2z2~% sets a characteristic
scale, x,, defined by

W _ o Yo 9
—.’12,\2 * AJ[,(S) = -—.’L‘A2 %
v v

The relation AJy(s) = O(u(s)) ~ A ~ ug implies

A v.,_1
TpA = ;’I_’L—; ~ (1/_0) &, (415)

To make contact with the real experimental parameter, Re, we make use of equa-

tion (4.9) and find

ug ~ ———(v?). (4.16)

Eliminating uo in (4.14) and (4.16), we get ¥ ~ mo~'v = lov. Therefore, v/1y is
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simply the Reynolds number. As a consequence, we get

2, (Re)a=2 ~ Re*/3,
mo

This is the correct prediction for A/mg in spherical limit.



84

Chapter 5

Summary and Future Work

In summary, we have proposed and investigated a spherical model for turbulence.
Our results in the spherical limit are summarized in Figures 1-2 and 1-3. As y is less
than three, the exponents follow the RG’s results. When y exceeds three, the RG’s
results were demonstrated to be invalid. Specifically, when y > 3, we find that z first
sticks to one at y = 3 and then A sticks to d+3/2 at y = 4, while A is still controlled
by the driving force between y = 3 and y = 4.

One of the areas that the formalism developed in this thesis may become useful
is in the theories of surface growth. The model that attracted most attention is the
Kardar-Parisi-Zhang[29] (KPZ) equation of which the non-linear interaction is also
cubic. In the lowest-order RG calculations, however, the non-linear coupling becomes
intractably large at d = 2; and hence, the correct exponents and scaling functions are
not known. This is quite similar to the situation of turbulence in which the whole
scalings are also dominated by the non-linear coupling. Application of our formalism

also produces a pair of coupled integral equations. We expect that a similar numerical



85
work on these equations can provide some insights into what is going on at d = 2.

The other work that needs to be addressed in the future is the next order cor-
rections to the spherical limit. We have made a brief attempt at going beyond the
spherical limit. Amit and Roginsky’s numerical work suggests that the next order
terms would be the order of 1/+/N. These terms that contribute O(1/v/N) are (6] )
and (95) coefficients, where the (65) coefficients are the second term shown in Fig-
ure 3-2, and the (95) coefficients are obtained by adding two more vertices to the
(67) coefficients. There are seven different diagrams that one has to add to the DIA
equations in considering the (6j) coefficients, and there are even more diagrams for
the (97) coefficients. Analyzing these extra diagrams is a daunting task, but seems
to be a necessary further step.

We close by a brief discussion of the Taylor frozen hypothesis. As it was mentioned,
the physics behind z = 1 may be summarized in the Taylor frozen hypothesis. The
Taylor frozen hypothesis is usually invoked when measuring the energy spectrum
E(k). It was originally introduced to analyze grid turbulence with a mean flow
speed[30]. In this case, the hypothesis reduces the measurement of E(k), which needs
to be done at different spatial points, to the measurement of the frequency spectrum
E’(w) at one fixed spatial point. If the mean flow speed is U, one may simply replace
w in E(w) by k- U to get E(k).

In the absence of a mean flow, it is expected[31] that the flow caused by large

eddies act effectively as the local mean flow, so the Taylor frozen hypothesis still
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applies locally except that U is substituted by (v(r,#)2)!/2, Because the local mean
flow is randomly distributed, this effect is usually termed the “random sweeping
effect.” This effect is especially pronounced when the difference between the spinning
velocity scale of large eddies and that of the small eddies is large. In other words, it
is expected to happen only at high Reynolds number.

People have argued that because of the random sweeping effect, the small scale
structures of turbulence change very little when they pass by a fixed spatial point;
therefore, it is impossible to observe the internal dynamics of the small scale structures
by looking at the frequency spectrum at a fixed spatial point. Much effort has been
thus directed to remove the sweeping effect. The most frequently referred models are
those in which one adopts the Lagrangian type description of fluids by following the
fluid particles in certain ways[15]. Usually, these theories are not only too complicated
for rigorous analysis, even at the level of the DIA equations, but also too cumbersome
and insufficiently systematic for further expansions to higher order terms. At the level
of the DIA equations, they focus on producing extra terms, which cancel the divergent
parts of the integrals when y > 3, to show the exactness of the Kolmogorv g—law. As
mentioned, the danger for doing this is that if these same terms are produced when
y < 3, there will be large-k divergences in the region described by the y-expansion.
The theory will then fail to encompass the known exact results.

In a word, all of these attempts are motivated by the closeness of experimental

data to —5/3, and the main efforts are to show that the Komogorov’s assumptions can
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be realized in the Lagrangian type descriptions. Once the Komogorov’s assumptions
are realized, the sweeping effects can be removed completely and therefore all of the
predictions made by Komogorov are correct; in particular, the —5/3 is exact. In
view of the experimental data for the higher-order spetra of turbulence, there is no
evidence that Kolmogorv’s predictions are correct[37]. These theories will then fail
to give correct higher-order spectra of turbulence.

The idea we propose in this thesis is to face the infrared divergences caused by
the sweeping effect directly. To this end, we have proposed a new set of generalized
models for turbulence, parameterized by the the number of velocity fields, N. The
DIA equations represent an exact solution in a special limit, which is continuously
related, via N, to the real turbulence problem. These equations should thus be taken
at face value. Previous work[15] which has concentrated on modifying them to obtain
the %-Iaw thus appears to miss the mark. We view the g--law not as a problem to be
fixed, but rather as an amazingly accurate zeroth order approximation in a systematic
expansion for ((NV). The closeness of the experimental value to the Kolmogorov—% is
perhaps an unfortunate coincidence which has led people away from taking the DIA

equations as seriously as they deserve.
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Appendix A

The Ward Identity and the

Renormalization of \g

The exactness of ((y) = 1 — 2y/3 when 0 < y < 3 is closely related to Galilean
invariance at N = 1. Here, following the usual method employed in Quantum Field
theory, we present the derivation of the Ward identity[4b] resulting from Galilean
invariance at N = 1. The main consequence of the Ward identity is that )q is
not renormalized[4b]. We further analyze this consequence through a direct graph
analysis, which generalizes the method of Forster, Nelson and Stephen[4a]. Finally, we
show that even though the Lagrangian is not invariant under the generalized Galilean
transformation derived in Section 2.6 when N > 1 (hence there is no corresponding
Ward identity); nevertheless, this graph analysis allows us to show that Ay is also not

renormalized, even when N # 1.
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A.1 The Ward Identity (N =1)

To derive the Ward identity, we introduce source terms into the Lagrangian L[v, w]
and define

2131,3a] = [ Dv [ Duwettvmisl e @yvidyw,

One can also define a “free energy” by F[J1,J2] = —1n Z[J1,J2] and then perform

a Legendre transformation of F[Jq,J2| via:
T[¥, W] = F[J1,J2) + /dtfddr (319 + 33 -W),

and

It is clear that ¥ and W vanish when J; = J3 = 0.

The Galilean transformation on various fields are:

vi(r,t) = v(r+ Aut,t)—u,
¥'(r,t) = ¥(r+ Aut,t) —u,
a'(r,t) = a(r+ Mut,t),

where a can be any fields of w,w,J; or J2. Under these transformations, one finds

LV, w')] = Llv,w],
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P 3] = F[Jl,J2]+jdt/de1-u,

v,

hl
I

I[v,w].

Therefore, 6T" = 0.
Considering the infinitesimal Galilean transformation when u = eht and € < 1,

we get from O(e) of 6T that

o_fdt/dd { 5 Dot B Vo (r,8) = hol 4 oot b Vi, )}

7( t)
Integrating by parts, this becomes

- d,. ’ b w,(r
o_fdt/d {[)\oth Vﬁ.,(r, )] o, (r, t)+h,,_( 1t)+[)~oth V— ( )] 0., ( t)}

Now functionally differentiating this equation twice with respect to o4(r;,%;) and

Wq (T2, t2), and taking J; = J2 = 0, so that ¥ = W = 0, we obtain

0 = Mifip—#lh+¥ & %
- REGETTR ™ §95(T1,t1) 6Wa(Ta, t2)
§°T
d
fdt/d F i 35 Tr 1) Boatrs, ) b0l ta) (a1

The first term on the right hand side is related to the response function by

§°r
605(r1, 1) 8Wa(ra,t2)

= Taﬂ G_l(l‘g == I‘l,tz = tl).
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The content of (A.1) becomes clear when we apply the following Fourier transform:

f ddlrl ddT? /dtl dt2 tk ‘Ta+ip-T)—fwls—iSdt;
(2m)d J (2m)¢ '

We find that

Moh - K7 (k) 5 0 — G (k,w) + hyTapy(kw; —k —w,00) =0,

where I',3, is the three-point vertex function. Since h is arbitrary, we have
0

Aokvrag(k)ém&é_l(k,w) + Topy(kw;—k —w,00) = 0.

When the bare vertex is symmetrized with respect to a and g, i.e., 1“2,%, = %AgPaﬁ.,,

we must also symmetrize the above result. Finally, we have
1 & .
§A0Paﬁ7(k)a—wG (k,w) 4+ Fopy(kw; =k —w,00) =0. (A.2)

Equation (A.2) is the Ward identity we seek, which can be trivially verified to the

order of Ag.
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A.2 Direct Graph Analysis

As mentioned, the consequence of (A.2) is that g is not renormalized; this is because
a%é"l(k,w) is convergent at y = 0 [4b]. To see this result more directly, we resort to
direct graphical analysis. First, by naive power counting, we realize that the primitive
divergences for the (2n+1)" order diagram of I, are A™"¥, where we have set all of
the internal wavenumbers to A and all of the internal frequencies to A%. Therefore,
all of the diagrams of I',5, are logarithmically divergent at y = 0. This, however,
doesn’t imply that the overall I',45, will also diverge, because these divergences may
as well cancel each other when we sum them up. Indeed, as we will show below, this
is what actually happens.

Following Forster, Nelson, and Stephen, we rewrite

Uo(k,w) = |Go(k, w)|? Dok?*=4-¥ = ;D 4

Sk [Golke,w) + Gk, w)],
0

and replace all straight lines in diagrams by either straight-wavy lines ((:;'0) or wavy-
straight lines (G).

The resulting diagrams have representations in time-space in which Go(k,t) is
retarded, and each vertex is associated with a time label. Because Gy is retarded, the
smaller time label is assigned to the straight end in every straight-wavy line. Thus,
each resulting diagram can be specified by the ordering of time labels on vertices. It

is important to note that in resulting diagrams, vertices may carry one, two, or even
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three wavy lines, but no matter how many wavy lines they carry, there is only one
for each vertex carrying %Pa[g.,. To make distinctions, we use a thick wavy line for
the one carrying 3 P, .

One can easily deduce that given the topology and the time ordering of vertices
for a diagram, there is only one way to draw this diagram by using straight-wavy
lines only and without making distinctions between thick wavy lines and thin wavy
lines. Hence, there is only one vertex whose time label is the largest for each diagram.
However, the topology and the time ordering of vertices do not uniquely determine a
diagram due to the different orientations of the thick wavy line at each vertex.

Given the topology of the diagrams and the time ordering of the vertices, we
classify diagrams according to the orientation of the thick wavy line at each vertex:
in each class, the orientations of the thick wavy lines are fixed at all of the vertices
except the vertex with the largest time label. Hence, diagrams in the same class differ
from each other only by the orientation of the thick wavy line at the vertex with the
largest time label. There are two possible situations. First, if the largest time vertex is
connected to an external line, there are two possible orientations. These are shown in
Figure A-1. The summation of leading divergences of these two possible orientations

is

B te) 4

[Pas(~8) + Fran ()] (220 ) i 7o (A7 () My (A),

where Mg is the contribution from the remaining part of the diagrams, Pegs, is

reduced to 150,[3., (k) = k,bap + kgbay by using the incompressibility condition, and we
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external line

external line

Figure A-1: Two possible orientations when the largest time vertex connects to an
external line
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have also made use of Gy ~ # It is straightforward to show that the summation in
the bracket is zero.
The second possibility occurs when the largest time vertex is entirely internal as

shown in Figure A-2. In this case, the summation of leading divergences is

[Papy (A1) + Poy(A2) + Pras(As)] x

Dy A2-4-9\? 1
A®

Taa' (A1) Tap (A2)Tyy (Ag)Nargry (A) (2_116 e

where A1 +As+A3 =0, |A;]| = |A2| = |A3| = A, and Ny g denotes the contribution
from the rest of diagrams. The total sum in the bracket also vanishes in this case.
Therefore, the leading divergences in any class of diagrams get canceled.

Now since the leading divergences are logarithmic at ¥ = 0 and they are cancelled
after summation, we conclude that I' 53, is convergent at y = 0. As a result, )¢ is not
renormalized.

When N # 1, there is an additional factor due to the presence of A/"" for each
diagram. However, if AY"" is symmetric under permutations of I, m, and n, these
factors will be the same for diagrams considered in either Figure A-1 or Figure A-2.

Hence, the same cancellations happen, and Aq is also not renormalized.
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Figure A-2: Three possible orientations when the largest time vertex is internal
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Appendix B

The Model DIA Equations

To seek the intuition for analyzing DIA equations, we analyze a set of simplified
equations - model DIA equations - in which all frequency dependencies are simply

suppressed

ﬁ = wk? +* [ b(k, @)Uk - @)G(a), (B.1)
Uk) = |G [D(k)+k2 [ etk - a@) . (B.2)

The underlying equations are the time-independent Navier-Stokes equations
1 2
Ao(v-V)v = —p—Vp+u0V v+f;, V.-v=0.
0

Note that although the dynamics is suppressed, the nontrivial kernels a(k,q) and

b(k,q) are still included.
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If we reparameterize D(k) by

Doks_d
PO = G ot

then [Ao] = £ (the dimension of \) is the same as before[4b)].

To explore the solutions of (B.1) and (B.2), we assume power law solutions

h
G(k) ~ (B.3)
h
Uk) ~ Eg_ (B.4)
When we substitute them into (B.1) and (B.2) and rescale q by q/k, we get
Alk 5 1
1= hy?hak*2-872 [ g bk, q)——, B.5
172 ok q b Q)|k_q|qu (B.5)
2% Ak > 1
1= _kﬁ—d—y+A—2z h 2h kd+2—A—2zf d¢ k _ (B.
e + hnhy s ’q)—“lk T (B.6)

Clearly, if the integrals are convergent, we would conclude

A+22z = d+ 2,

6—d—-y = 2z-A.

Thus, we have z = 2—% and A = d—2+%, which play the same role as the y-expansion

solutions to the full DIA equations. To find when the integrals are convergent, we
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need to know how a(k,q) and b(k, q) behave as ¢ — 00, @ — 0, or q — k. These are

summarized below:

(a) g— o0

a(k,q) = gty sin6(d — 2+ 2cos”8) + O(})

>

b(k,q) = F27q(cos® 6 — cosf) +sin® @ + O(%),

alk.q) = %sin29 + O(q)

b(k,q) = 5 (cos® 8 — cos@)g + (sin? 0)¢% + O(g®)

(c) ¢=lk—ql—0
a(k,q) = a(k,k — q), the expansion is the same as (b)

b(k,q) = sin® ¢’ + (¢°),

where cosf = k - g, while cos@’ = k- ¢'. It is then easy to show that the integrals in
(B.5) and (B.6) are convergent as longas § < A<d,A+z>dand z < d+2.
Consequently, the y-expansion solutions of the model DIA equations are valid only
when 4 — d < y < 4. Moreover, as y — 4, A approaches d, which is the boundary
when the convergence of my — 0 fails.

It follows from the above observation that when y > 4, one has to treat the lower
cutoff mg carefully. As a first step, we consider an extreme case when y is very large.
For this purpose, let us parameterize D(k) by Do(mo)n(mio), with n(z) = 0 when

x > 1. Since everything is convergent as k — oo when y > 4, the limit vy — 0 is well-
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defined and we may simply drop it. The only relevant scale is then mg. Therefore,

we generalize (B.3) and (B.4) to

Gk) = hTig(s), (B.7)
Uk) = :—zu(s), (B.8)

where s = miu and by construction, g(s),u(s) — 1 as s — oco. It suffices to take
constant A and z in the whole range of s, while the forcing dependence and the
crossover from s < 1 to s > 1 are all thrown into g(s) and u(s). Following the same
procedure of obtaining (B.5) and (B.6), we substitute (B.7) and (B.8) into the model

DIA equations and find

1 _ 2p . (1ag)d+2—A—2z 2 “(SVAC—CIDQ(SQ)
7 = mha(mos) [k o=r=ait (39)
I—gﬁ(()—)l Do(mo)(mos)®~ 2*’“ Zn(s) +

h12h2(m05)d+2_A_2zf (k )u(s"kk (;]l.Bug'SQ) :

(B.10)

Here no explicit cutoffs are introduced for the integrals. Singularities due to the limit
mgy — 0 appear in the singular behaviors of the integral as functions of s.
Clearly, (B.9) and (B.10) imply hi2hy ~ m§+t2*=4=2 Moreover, if Dy(mq) =

2 Lip—d— i
Domo~F, then % ~ moP+2:=2_ Hence, hy ~ mo*t3(P~9-2) and hy ~ mo2—2(FP+d+2)
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Let

_ . u(slk — g|)u(sq)
Li(s) —/a(k,Q) E—qligd (B.11)
u(s|k — q|)g(sq)
Ib(s)_jb(k q) . (B.12)

As it was mentioned, they are convergent when g <A<d,A+z>dand z < d+2.
We shall consider the case when A < d is violated so that only singularitiesat q — 0
and q — k are problems. These singularities can be easily isolated because they
essentially happen at isolated points. For example, the singularity at q — & may be
isolated by setting the regular parts (excluding a and b) of the integrands to their

values at q = k. Hence, we define

Ijiﬂy = u(s)/;a(k,q)M_i_u(S/ (k )U(SQ)

|k —q|4
; - u(s|k - q)
I = S b(k,q)———.
b 9( )/q (k,q) Ik — g

Therefore, Al (s) = I(s) — I?™ and Aly(s) = I(s) — I;™ are convergent. As
s — oo, since u(s|k — q|), u(sq) and g(sq) — 1 for most g except when q = k
or ¢ = 0, and at these points the integrands are either subtracted or vanishing, we

conclude

1

Al (00) = T4(A,A,d) = Finite part Of/qa(k’q”fc —qlags’
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1

Aly(o0) = Ty(A,A,d) = Hmmmnd[qurj;F*

By changing variables: either w = sq or w = s(k — q), we may write

I:ing — )/ U(’U))Q (E,E),

I.smg == sA-dg(s)/w IIEJ )b(i{} "“: %)

where we have made use of a(k,q) = a(k,k — q). Now because of

;w1 N2 1
ath, %) = (- (k-9)) +0(), (B.13)
s s . 1
b@&-?): 1 (k)" + 0(5), (B.14)
we may simply redefine
: « k—
I;:ng — u(s)]Q&(k, - q )u('fl q|)’
|k —al” |k—q|*

- h—q u(sf -
57 = gs) [ bk, A= gyl = aD,
q

with 2a(k, %) = b(k,w) = 1 — (k-)2. The leading order terms of I(s) and I,(s) can

thus be identified

I(s) = T (A A d)+ues® u(s)+ -,

I(s) = Tu(A,2,d) +uees® g(s) + -+,
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where uy = [ ﬂwl”&l(l — (k- w)?) = | "w—(%l is a cutoff dependent measure of total
kinetic energy density. In view of (B.13) and (B.14), it is clear that all the higher
order terms are at least O(s27972), which vanish if d < A < d + 2.

We now substitute I,(s) and I,(s) back to (B.9) and (B.10). We find

1
ol hy®ha(mgs) 2472 [Pb(A, 2,d) + oo s "g(s) + - ] : (B.15)
Tféf))l—g = hi%ha(ms)#*2=8-2 [Dy(A, A, d) + iees® %u(s) + -] . (B.16)

For large s and A > d, the R.H.S.’s are dominated by the u., terms. Thus we require
d+2—-A—-2:4+4A—-d=0,1ie.,z=1and hi2hy(mgs)¥?us = 1. The equations

then become

fs) B if‘b(z&, z,d)s" % + g(s) + -+, (B.17)
|;((:))]? = al—I‘a(A,/_\.,d)sd_A +u(s)+---. (B.18)

It is clear that to next-to-leading order, we may write[32]

9(s) = 1+gs™®+---,

u(s) = 14+us®™®+--
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Substituting them into (B.17) and (B.18), one finds

1 1
= ——T4(A,z,d) = ——TH(A,A,d
[51 27-500 b( 12y ) 271:00 b( ) 2y )a
and u; is undetermined at this order. This finally determines the self-consistent
equation for the exponent A: T'y(A,A,d) =Ty(A, z,d) and 2 = 1.
To solve for A, we first note that because a(k,q) = %(b(i%, q) + b(k, k — q)), we

have T'x(A, A,d) = T'y(A,A,d). Thus the final equation we need to solve is

Ty(A, A, d) = Ty(A, 1, d). (B.19)

Let & - § = y, b(k,q) becomes

q(1 — y?)[(d — 1 4 4y®)q — 2y — 2q¥*]
(d—1)(1 - 2qy + ¢?)

b(q,y) =

Note that b(q,y) satisfies b(%,y) — q%b(q, y). We may write out the integrals in T,

which is the finite part of

b(q,y)
(1-2qy+¢?)

oo 1 d—3
I'= Kd_ljo dqqd—l—”f_ldyu )7

]
2

where (27)?K,_; is the area of unit sphere in d— 1 dimension. After doing a simplified
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“conformal transformation”[33] ¢ — l we get

: - d=3 b(d,
(1 _ 2q’y+ q:2)z
s 1
= /E b(k ) |k‘ q |/_\,q12d+2—A—z '

It implies Ty(A, z,d) = T'y(A,2d + 2 — A — z,d)[34]. An application of this identity
is that aside from the obvious solution A = z for (B.19), we may also have z =
2d+2—2A,ie.,2A + 2 =2d+ 2 which yields z=1and A =d + % However, since
we are interested in the range A > d, A = z is ruled out, and we are left with the
only solutions, z =1 and A =d + %, at this stage.

The conformal transformation is not powerful enough to exhaust all possible solu-
tions. To explore other possible solutions, one has to evaluate I', numerically. A good
way to accomplish this evaluation is via using the identity 2&@- b = (@ + §)? — a® — b2.
Then b(k,q) can be cast in the form ¥ Cp,q?|k — q|”. Clearly, the basic integral

involved is

C(a,B,d) = Finite part of /ddq - ey
k—q|"q

which can be evaluated via the standard method. We find

lF(d)F(“—+‘Q Ir(E ~ 25 -8
I($)D(5)T(d — =52)

C(a, f,d) =

Substituting b(k,q), in the form of ):C’mqﬂm — q]ﬁr, back to I'y, and after some



106

lengthy but straightforward algebra, we find

To(A, z,d) = —d—g—lc(a +2,2,d) + %C(A § Bz = Bl

_ d+1
~dS—IC(A+2,z 4,4) - E20(A - 2,2,0)+ LO(A, 2 4 2,d) +

2 —
%C’(A,z 8= ;(A 6,2 +2,d)+ 3C(Az 2,d) +

2d -3

gC’(A—4,z+2,d)+ C(A,z,d) = 3C(A-2,2+2,d) +

gC(A —4,z,d) — gC’(A —-2,z2—2,d).
The above expression is ready for direct computer computations. We find that A =
d+ % is the only solution of (B.19) persistent in all dimensions. In addition to this
solution, there are two other solutions at d = 2: A = 3 and A = . It is interesting to
note that the solution, A = -g-, could also be obtained by assuming that the enstrophy
flux is constant over the inertial range. These solutions disappear when |d—2| > 0.05.
Therefore, they exist essentially at d = 2.

We now go back to the old parametrization of n(s) = s%797¥ and ask how the
y-expansion solutions, z =2 — ¥ and A = d — 2 + £, connect to the solutions, z =1
and A =d+ 3.

For this end, we first include 7(s) in (B.16)

G = D

B2 hislrmg) oA [F,,(A, A, d)sT2 A2 4oy s 2y (s) + - - ] , (B.20)
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where D = Do(mg)moA‘h%#2 > 0. For z = 1 and A = d+3 to be solutions, we require
s9+2-8-% he the the next-to-leading order term, and thus A—2z4+6—d—y < d—A < 0.
Clearly, this implies that z = 1 and A = d + % are valid only when y > 5. On the
other hand, because the y-expansion solutions are obtained under the condition that
both s8—2:+6-d-v apd s4+2-4-2% are leading terms, and this is true only when s2-22
is subleading, hence y has to be less than 4. As a result, when 4 < y < 5, none of
them is the solution.

One must bear in mind that although (B.16) becomes (B.20) when the force is
present, (B.15) is unchanged and will always fix z to 1 when A > d (or y > 4).

2-22 s always the leading term in (B.20) when y > 4. As a consequence,

Therefore, s
when 4 < y < 5, solutions are obtained by setting both s2—2:+6-d=y gpnq gdt2-4-22
as the next-to-leading order terms. Weget z=1, A=d—2+y/2 and g; = —5-t- =

2Uoo

—2—1[;: - %. Hence, for 4 < y < 5, the self-consistent equation is

Ty — Ty = ueoD. (B.21)

The implication of (B.21) for numerical computations of the exponent A is clear.
If one starts from y = 4, then one should look for at what value of y the difference
between I', and I'y vanishes. Suppose this happens at y., then at y. and beyond .,

A sticks to d — 2 + y./2.
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Appendix C

Details of Numerical Work

In this Appendix, we outline our numerical work for u(s) and y.. We start from the

subtracted version of (4.11)

—u(s) Re[Ady(s)] — /1 — %2 Ada(s) — /1 - %2 6o =0, (C.1)

where

“Re[AJy(s)] = /(;tu( z)|1;_q|—A.

q
AL(s) = [ il 2 NNV
at \|k—q|

We emphasize that in (C.1) the integrals are over [t] < 2 and |(s—qt)/|k — q]| < 2. For

convenience, we scale down a factor 2 by setting s’ = s/2,t' = t/2, and (z) = u(2z).
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Then, for example, we may write

ff dtb(k, q) 1——I!‘v q|™u (ﬁ)

— ¥ ul
=2, [ a [~ dq [ ay(1 - )5 g b(g,9)v'1 tiﬁ( s — gt )
(1-2qy+¢®)7 \VI-2qy+¢

= 2Ad__11($’)

with A4_; = area of unit sphere in d — 1 dimension.
We convert the infinite integral domain of ¢ into a finite one by performing a

conformal transformation ¢ — 1/q on [ dq and find that

I{g) = f_ll dt/ol az'qj_l1 dyv'1 — t2 [Kfll)(q,y)ﬁ (\/Tj;q_zt-i-qf) +

” t—qs
K20t ()|

where we have defined

a3 blg,y) ¥
KV (q, = [1—32V3 ’ d—1
d(9y) = (1-99) 0 —2qy+ 7% "

a3 blgy) i
K?(q, = [l 2% ’ A-d-3
a (@y) = (1-99) 120w+ )% "

The singular point is now located at ¥y = 1 and g = 1, but is subtracted. We may

also rewrite the other integrals in the same way, then (C.1) becomes

ii(s)B(s) — V1 — s2A(s) = V1 — 52§y = 0. (C.2)
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Here &y = 60(2A4_1)~" and we have defined

aw = [ [ da [ v (=) (Kt - K@) +

" (\/%?) (KD (q,)a(t) - K(a,9)u(s)]

fdtf dqf dy“(\/r_—gg,m?)[ K (g, y)V1— -

KP(q,y)V1— 82| + i (\/%) [P (q,y)VT =2 - K (g, y)VT = 57|,

B(s)

and

(3) 9\ d=3 b(q,y) st
q = 1 — 2 g
(¢.9) = (1-¥) 1 2qyt 2% °

d=3 b(q,y) 'y
I((4) q,Yy) = 1—y2 d23 2 A—d-3
d (DY) ( ) (1_2qy+q2)%q
d=3 b(q,y) e
EN(gy) = (1-4»)F ’ S
(1-2qy+¢q?)%

d=3 b(q,y) N
K(Q)(q,y) - (l_yz)"j ) qd A,
(1-2gqy+¢%)*%

b

bl

g o _ 2(1—y2
with b(g,y) = %.

The integration is done by Gaussian quadrature using Gauss-Legendre weights
and points. Thus [*, dt f3 dg [}, dyF(s,t,q,y) is replaced by

n

35 3wk F(a(l), 2(), 2(5), 2(k)),

i=1j=nj k=1

where w(i) are the weights, z(i) reside on the Gauss-Legendre points of (—1,1), and
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n, ny are taken to be 50, 26, considering the capacity of our computer system (Sun
SPARC 1+ station).

As a result of discretization, (C.2) becomes a system of nonlinear equations which
then may be fed into any “standard” subroutine designed for such a problem. Our
error bar, when finding the root, is always at most O(107!2?) for each individual
equation.

The interpolation scheme is linear. For comparison, we also run a computation at
A=d+ % and d = 3, using a quadratic interpolation. The difference is very tiny as
shown in Figure C-1. Increasing divisions to 100 also has little effect (see Figure C-2).
It is important to note that (C.1) is homogeneous in u(s). Hence, if u(s) is a solution,
so is Au(s) for any A. Similarly, if @(s) and & are solutions to (C.2), so are Ai(s)
and A\6. Numerically, it is convenient to fix the value of %(s) at some particular s.
(In our work, we normalize %(0) to 1.) Let such a solution be ,(s), then the general

solution is Aé,(s). Consequently, we have

A
Ulk,w) = 22 [Aa,, (5;"7) Fo. (2;) I8 4 ] . (C.3)

Physically, A is fixed by ug. To see it, we use the expression

d—1 moA—d—l

Up = — 7 fka(k,w).
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1.0 , , I |
0.8 r = - |
0.6 | _ ! i
0 : :
> . .
0.4 | . . ]
. * linear interpolation | .

. o quadratic interpolation
(2 | > _
O O E —1 1 i

~1 4 -0.5 0.0 0.5

s/2

Figure C-1: Comparison of linear and quadratic interpolations
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1.0
0.8 r
0.6 t
0
>
0.4 +
50 divisions
« 100 divisions
0.2
OO E L 1 i il 3y 1
—1.0 —0.5 0.0 (.9

Figure C-2: Comparison of two different numbers of divisions
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Assuming that [;_,.. ., U(k,w) is negligible when mo — 0, we have

d—1 1 dz

Ug = 4 d Kd " ﬂﬁ’p(x)v

where (27)?Kj, is the area of unit sphere in d dimension and we have made use of

(C.3). Finally, we have

% = du(]
4K (d - 1) [, &q,(z)

(C.4)
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Appendix D

Large-N Limit of a Cubic Invariant

In this Appendix, we describe briefly the large- N limit of a model with the following

cubic trace invariant

Almm = f(N)6(I + m + n) x

2xi _2mi 250 " 2xi _2mi
[eMlxm+e MIXm+emen+e men+eMnxi+e Mnxl]’

(D.1)

where the notations will be explained shortly. We shall show that this model selects
all of the diagrams in the large-N limit and therefore is not useful in considering the
large-N ezpansion of the exponents.

In (D.1), following the trace invariants approach described in Section 2.1, A"™" is
constructed from SU(M), where M is an odd integer. I, m, and n are two-dimensional

vectors represented by (a., a,), where a, and a, are integers which may be confined
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in

(D.2)

with the origin (0, 0) excluded. Hence the number of allowed (a., a,) is N = M2 —1.
8(a) is 1 if (a, mod M, a, mod M) = (0, 0). f(N) is introduced for the purpose of
normalization and will be chosen below. Clearly, A" is periodic in any of the indices
I, m,n with the period M in both x and y directions. Thus the choice of (D.2) is only
a convention.

The generators J/, | = 1,---, N, which define the cubic trace invariant Alrn (~
tr(J'{J™,J"})), are a special basis of su(M) algebra, which is also useful in con-
structing finite modes approximation of 2D Euler’s equation[35]. We refer readers to
references[36] for their explicit matrix representations. Here, for our purpose, knowing
their explicit forms is not necessary.

In this model, v! transforms according to SU(M) of which the dimension of rep-
resentation is NV (see (2.41)). It can be shown that there always exists an irreducible
representation of SU(M) with the dimension of representation equal to N. (This
representation is associated with the Young diagram in which the first row has two
columns, while the rest M—1 rows have one column.) Hence rules (i) and (ii) of
Chapter 3 are valid here.

As before, the derivation of large-/V is proceeded first by computing

I? = Z (Al;r"")2»

L,mmn
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which can be reduced to

[3f(N)]2 Z [e%mxu 3 e—gﬁ'mxn]2 )

myn

There are two types of terms when we expand out the bracket in the above equation.
One is the cross term which has a zero phase and is proportional to N? after summing

+HM ™xn have non-zero phases. Summing of these

over n and m. The other terms, e
terms over n and m may be evaluated first by computing more generally the following

sum

Sa

Z e%"‘x“; a= (ag_-,ay)v
n

where a, and a, are integers. In the large-N limit (hence M is also large), S, may

be estimated by

1

Sa 2 % i27(ray—yaz) 1

sin Ta, sinTa, 1
= + ===
Ty Tay M

where the summations over n, and n, are replaced by the integrals over x = n,/M
and y = ny,/M. Clearly, if a, and a, are integers but not equal to multiples of M, then
the integral vanishes and hence S, ~ O(1). On the other hand, when (a, mod M,

a, mod M) = (0, 0), S, = N. This implies

S, = Né(a) + O(1). (D.3)
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The most important consequence of (D.3) is that terms with non-zero phases are
subdominant to terms with zero phase. For example, in the evaluation of I, the zero
phase term is O(N?), while the non-zero phase terms are only O(N). This conclusion
applies equally well to the evaluations of other 2PI diagrams. Consequently, the
leading order terms for any 2PI diagrams must be these with zero phase. In the rest
of this Appendix, we shall lay out an argument to establish the existence of such
terms by explicit constructions. Following this argument, we give a simple example
to demonstrate the constructions. Then, we show that because of the existence of
zero phase terms in any 2PI diagrams, all of the 2PI diagrams are O(N).

For any 2PI diagram, we assign an index to each line obeying the “conservation”
of indices at each vertex (see Figure D-1). The conservation of indices at each vertex
originates from the & function in (D.1). There are two possible configurations at
each vertex, i.e, either two indices coming out from the vertex (Figure D-1(a)) or two
indices combined at the vertex (Figure D-1(b)). In both cases, [ may be substituted

in terms of m and n; A" then becomes
AR = 3F(N)6(1+m + n) [e5mm 4 eBamxm] (D.4)

Therefore, each vertex contributes either eFmxn or eF 7™ The rules for the con-
struction of a term with zero phase are to choose the cross product (m X n or n X m)
clockwise at each vertex. (Counterclockwise is equally good as long as one sticks to

one of the conventions all the time.) For example, if our convention is clockwise, then
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m-+n
n
(a)
m
m-+n
n
(b)
2 m-s
77 X
LV N
(] 1
Ae-L oS ep
! C !
\ ’
\\\ ,’,
\JI.}-I_-I?<’/

Figure D-1: Two possible configurations: (a) m X n (b) n X m (c) An example for
the construction of a zero-phase term
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Figure D-1(a) contributes eFmn while Figure D-1(b) contributes eFm*m . Obvi-
ously, if two indices m and n depart from a vertex somewhere in the diagram, they
will eventually combine at another vertex. Therefore, according to our rules, the
phases due to m and n at these two vertices are canceled (m X n+n x m = 0). This
concludes our proof for the existence of zero-phase terms.
As an example, we consider the diagram shown in Figure D-1(c), which is I,

according the notations of Chapter 3. By using (D.4), its explicit expression is

I4 == [3f(N)]4 Z Bm,n Bm—s,s Bn,s Bn+s,m—.s )

m,n,s

2xi 2xi

where B,,,, = eM ™*" 4+ e "*™_ Note that the contributions of vertices A, B, C,

and D are By, », Bn_ss, Bans, Bnysm—s respectively. Our rules correspond to the

2x1 2xi

. 2mi _ 2xi
case Whetl By, n; Bm—sss By 80d By, gy contribute es ™%, em (—2)%e o rmke,

2xi

g3t (n+9)X(m=3) respectively. One can easily check that this gives a null phase.

Since there are three free dummy indices, Iy ~ (3f)*N3. In general, if a 2PI
diagram has 2k vertices, there are £ + 1 free dummy indices. Hence we conclude
Iéi) ~ (3f)*N*¥+1  As a result, one may choose (3f)2N =1, ie., f = ﬁ Under
this normalization, IS = O(N) = O(N-°). This gives oi = 0 and hence all of

the 2PI diagrams survive as N — o0.
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