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ABSTRACT

Part One

The thermal decomposition of n-butane was investigated in a
flow reactor at a pressure of 1 atm, in a temperature range of
460° to 560°C, and at low conversion levels, i.e. 0.06 - 0.68%
for the 460° runs, 0.5 - 2.3% for the 510° runs, and 3.5 to
8.2% for the 56000 runs. Temperature, velocity, and concen-
tration profiles at the exit end of the reactor were measured

to study the effects of energy, momentum, and mass transports
on chemical reaction. It was found after analysis of data
that the reactor could be treated as an isothermal reactor

with plug flow under the prevailing operating conditions.

Two rate expressions were determined for the reaction; one
corresponding to a first-order and the other to a second-order

rate. They are

12 _54Rgoo 1b
First-order rate = 3.34 x 10 e (C,H,,) ————
4710 3
ft~ sec
14 _56R$00 2 1b
Second-order rate = 2.55 x 107" e (C4H10) ;;g-ggz

These two expressions equally well represent the experimental

data.

On the basis of the products formed and the rates observed, a
Rice-type, free-radical mechanism was proposed for the thermal
decomposition of n-butane. The mechanism, which is presented

in the section on correlation of data, quantitatively describes



the reaction. One major feature of the mechanism is the con-

sideration of secondary reactions at very low conversions.

Part Two
Flow of an incompressible fluid at the entrance section of
parallel plates under isothermal, laminar conditions was in-
vestigated by solving the two-dimensional Navier-Stokes
equations numerically. The Navier-Stokes equations were trans-
formed into finite-difference equations in terms of stream
functions ¥ and vorticities w with a technique developed by
de G. Allen. The finite-difference equations were then
solved by an iterative procedure on digital computers. From
the solution, point velocities and pressure gradients were

computed.

Two cases were studied, both with a Reynolds number of 300.
Case I had a flat velocity distribution at the entrance to the
plates. Case II assumed that potential-flow conditions existed
only far upstream from the entrance. For both cases, large
velocity and pressure gradients were found near the leading
edges of the plates, although they were comparatively smaller
in Case II. Also the velocity profiles for small distances
from the entrance were found to be slightly concave in the

central portion between the plates.

Schlichting and others have solved the boundary layer equation
for Case I. Their solutions agree well with the present work

at large distances from the entrance but deviate considerably



near the leading edges as the boundary-layer equation does

not describe the behavior of fluid flow near singular points.
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PART ONE

THERMAL DECOMPOSITION

OF n-BUTANE



= =

I. INTRODUCTION

Thermal Decomposition of Paraffinic Hydrocarbons

Extensive studies of the thermal decomposition of paraffinic
hydrocarbons, especially lighter ones, have been made, and a
comprehensive review of the work was presented by Steacie (1).
The results showed that most of the decompositions roughly
follow a first-order rate equation even though they are all
very complex and involve free radicals. Furthermore, these
decompositions are sensitized by free radicals and inhibited
by substances such as NO and propylene which readily react

with free radicals.

Rice (2) proposed a free-radical theory for the thermal de-
composition of organic substances. In his theory the reaction
is initiated by a splitting of the C-C bond. Two free
radicals are thus produced, whose subsequent reactions decide
the reaction products. This is reasonable as the C-C bond in
organic substances is known to be considerably weaker than the
C-H bond. The bond energy of a C-C bond is approximately 71.0

kcal compared with that of 93.3 kcal of a C-H bond.

To account for the products in the thermal decomposition of a
number of saturated hydrocarbons, Rice proposed mechanisms
based on his free-radical theory. Later, Rice and Herzfeld

(3) showed that, in order to agree with the experimental facts,
these mechanisms could be devised to lead to first-order re-
actions. Moreover, by a suitable choice of the activation

energies of the individual reactions, the apparent activation



energy of the overall reaction could be made to agree perfectly
with the experimental value. Thus, in a general way, the
kinetics of the decomposition of hydrocarbons can be explained
on the basis of the Rice theory. The explanation involves
certain rather definite assumptions about the rates of the in-
dividual reactions, and the validity of these assumptions can

only be demonstrated by experiment.

The inhibition of hydrocarbon decomposition reactions has been
exhaustively investigated by Hinshelwood and his co-workers
(4,5). The principal inhibitor used was nitric oxide. As the
amount of an inhibitor added was increased, the rate approached
a limiting value greater than'zero. With different inhibitors,
identical limiting rates were obtained for many hydrocarbons.
The investigators thus concluded that as the limiting rate

was reached, the free-radical reactions were completely sup-
pressed, with the residual rate corresponding to a molecular
reaction. Although some evidence suggested that maximum in-
hibition does not necessarily correspond to complete suppres-
sion of free radicals (6,7), it is generally accepted that

the thermal decomposition of paraffinic hydrocarbons occurs

by simultaneous chain and molecular mechanisms.

Thermal Decomposition of n-Butane

Much work has been done on the thermal decomposition of n-
butane, especially in the low-temperature range of 450-65000.
Both flow and static methods have been used. Pease and Durgen

(8) studied the reaction in a flow reactor at atmospheric



pressure and in a temperature range of 600-650°C. As did many
other earlier investigators, they found the reaction to be
homogenous and approximately first order, with an activation
energy of about 65,000 calories. The main overall reactions
were found to be:

C.,H

4810 = C

JHg + CH, (1)

C4H10-+ 02H4 + C2H6 (2)

The first-order rate constant greatly decreased as the re-
action proceeded, and that was attributed to secondary
reactions such as rehydrogenation. Within the temperature
range studied, the relative amounts of various products were

found to remain fairly constant.

Another investigation on this subject was carried out by
Steacie and Puddington (9) using a static method at tempera-
tures from 513-57200 and pressures from 5 to 60 cm of Hg. The
reaction was studied by measuring the rate of pressure in-
crease and by analyzing the products at various times. Like
Pease and Durgen, they found the first-order rate constant in
a given run to decrease rapidly as the reaction progressed,
and also with diminishing pressure. These two facts suggested
that chain processes might be involved. The initial high-

pressure rate constant was calculated to be

-58,700

kK = 5.1 x 1044 ¢ BT sec. 1 (3)

which has been generally accepted.



Later, Echols and Pease (10) investigated the decomposition of -
n-butane in a Pyrex bulb coated with KCl. The work was done at
temperatures from 480° to 535°C and pressures from 100 to 600mm
of Hg. They decided, contrary to previous conclusions, that
the reaction could not be first-order, and their data corres-

ponded to the eguation

1.5

- o= Bp + kzpz'o/ (p,-P) (4)

dt
where p is the partial pressure of butane at time t, and P,
that at t = 0. An activation energy of 58 kcal was calculated
for the reaction which predominated after the high initial

rate. The main course of the reactions were given as

C4H,, — CH, + CgH, (1)
C4H;o = CoH, + CoH (2)
C4H o = C,Hg + H, (5)

At 520°C and 25% decomposition, the mole ratio of the products

(CH4 + C3H6): (02H4 + CZHG): (C4H8 " Hé) was 10:4:1.

Frey and Hepp (11) studied the thermal decomposition of several
light paraffins in a flow system. For n-butane, they obtained
the first-order reaction rate constant

-61,400

Kk = 3.4 x 1013 o RT  gec.”? (6)

The investigation, however, was conducted only at two differ-
ent temperatures. By means of low-temperature fractional

distillation, Frey and Hepp were able to analyze the products
completely. At 575°C and 11% reaction, the mole ratio of the

products (CH4 = CSHG):(02H4 + CZH6):(C4H8+ H2) was 6:3:1.



In all cases mentioned above, the extent of decomposition of
butane usually ranged between 20-50%. For the purpose of
identifying the initial products; the percentages of products
formed for finite conversions should be extrapolated to their
values at zero decomposition. Since secondary reactions could
become significant after, say, 10% decomposition, errors in-
volved in these extrapolations could be very large. Crawford
and Steacie (12) carried out the reaction at pressures of 4-13
cm of Hg and at 442° , wWith emphasis on low conversion. Due
to analytical difficulties, only H2, CH4, CZH4 and C2H6 were
determined. The rates of formation of these four gases were
found to be constant from 1.5 to 9.0% conversion, As the ex-
tent of decomposition exceeded 10%, marked decreases in the
rates of formation were noted. This was attributed to the
inhibition of the reaction by the products (4). On the other
hand; relative amounts of each product remained constant up to
24% conversion, agreeing with Pease and Durgen's results.

The initial products obtained by extrapolation were: H2’ 4.8%,
oHy s oHgs 12.0%. The ratio of Cy,H, to

C2H6 was approximately 2:1, a value much larger than those

obtained in other investigations.

CH,, 58%, C 24.5% and C

Neuhaus and Marek (13) studied the decomposition of n-butane

at 600° and 650°C in a flow reactor under atmospheric pressure
for the purpose of determining the initial product distribution.
The range of conversion was 2.4 to 6.0% at 60000 and 4 to 19%

at 650°C. By interpolating to zero conversion, the number of



moles of a product formed for each 100 moles of butane decom-
posed at 600°C was found to be 48.5 for methane and propylene,
34.5 for ethane and ethylene and 16.0 for hydrogen and butene.
Similarly, at 65000, these numbers were 48.0, 37.7 and 12.3
respectively. For higher-temperature work, Egloff and his
co-workers (14) pyrolyzed n-butane in noncatalytic metal tubes
at 6000-70000 with pressures from 1 to 7 Kg/cmz. Cambron and
Bayley (15) also studied the pyrolysis of butane and other
lower paraffins in externally-heated quartz tubes under con-
ditions of streamline and turbulent flow, the latter being
obtained in baffled tubes. At high temperatures and very
short residence times, the activation energy for the thermal
decomposition of n-butane was found to be 43,000 cal/gm-mole.
Both investigations, however, were carried out mainly to
determine the yield of olefins under various conditions. More
recently, Sandler and Y. H. Chung (16) investigated the re-
action using both annular and tubular flow reactors made of
porcelain or silica. Within the temperature range of 620°-
70000, they found the best value for the first-order reaction

rate constant to be:

- 45,600

k = 9.55 x 102 o BT sec.”t (7)

Sandler and Chung pointed out that the discrepancy between
values of activation energy reported, 43,000-74,000 cal/gm-
mole, was largely due to heat transfer. 1In many flow-system
studies, they claimed reported rates for thermal decomposi-

tion were actually heat-transfer rates.



As mentioned previously, the main course of n-butane decompo-
sition can be represented by:

¢ H. + CH

480 = C3Hg 4 1)

CyH o — CoH, + C,H (2)

In actual cases, however, a preponderance of ethylene over
ethane and methane over propylene (12, 15, 16) existed, even
at low conversions. Rice (2) explained this result by pro-
posing a mechanism based on his free-radical theory. In his

mechanism, the primary steps are:

C4H o = CHy + C3H; (8)
C4H o — 2C,H, (9)
CyHy — C,H, + CHy (10)

followed by chain processes of the usual type:

C4H; + R— RH + C Hy (11)

CyHy — CoH, + CoHy (12)

C4Hy — 2C,H, + H- (13)

C,Hy — CH, + CHy (14)
where R = Cﬂg, C2H5, or H.

The existence of free radicals in the thermal decomposition
of n-butane was demonstrated by Rice, Johnston and Evering
(17). At 8000—100000, they found the free radicals were 70%

methyl and 30% ethyl.

The effect of additives on the thermal decomposition of n-

butane has also been exhaustively investigated. The reaction
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was inhibited by NO, and propylene (4,5,6,7,10,18), with NO
being 20 to 30 times more effective than the latter (10). Just
as for other paraffins, the relative amounts of various prod-
ucts in the case of the fully-inhibited decomposition of
n-butane were roughly constant over the pressure range of 2 to
1400 mm at 530°C to 620°C (18). From these results, Peard,
Stubbs and Hinshelwood (19) concluded that the pyrolysis of
n-butane proceeded by simultaneous chain and molecular
mechanisms. A free-radical reaction mechanism due to Rice

has been given in the last paragraph. The molecular reactions

of n-butane are those given by equations 1, 2 and 4.

The effect of a small amount of oxygen on the decomposition of
n-butane was studied by Appleby, Avery, Meerbott and Sartor
(20) from 4860 to 52600 under both static and flow conditiomns,
The rate of decomposition was increased a hundred-fold with
addition of 0.54 oxygen. The initial-reaction products at low
oxygen concentrations consisted exclusively of butenes and
water. Thus, oxygen probably acted primarily as a dehydro-

genating agent under these conditions.

Reasons for the Present Work

A brief review of previous studies on the thermal decomposition
of n-butane showed the need for further investigation. Dis-
crepancies among the experimental results often existed. For
instance, values of the activation energy from 43,000 to 74,000
cal/gm-mole were reported. Distribution of the initial re-

action products also varied considerably. Even the order of



the reaction is still an open question. Part of the variabil-
ity in results probably is attributable to the chain-nature of
the reaction. In addition, however, some of the variations
appeared to have resulted from lack of care in collection and
analysis of the data. One of the possible contributors to the
spread in the results was the difficulty in extrapolating
product compositions to zero conversion. Most of the butane
decomposition studies were made in the range of 20 to 50% de-
composition without extrapolation to zero conversion. Because
secondary reactions become significant after 10% decomposition,
extrapolations for the reported investigations involved large
uncertainty. Low-conversion investigations, on the other hand,
involved the determination of products existing at very low

concentrations.

Another error was involved in the mathematical treatment of
the reactors. In both batch and flow reactors; energy trans-
port must be properly considered; and it is not clear in the

literature if such transport was under control.

The present work was designed to avoid the sources of error
just discussed. A flow reactor in which the temperature,
velocity, and composition fields were established was used to
investigate the thermal decomposition of n-butane at low con-
versions in the temperature range of 4600 to 560°C. The
composition of the reacting mixture was determined accurately
by gas chromatography. With low-conversion data; extrapola-

tion to zero conversion was more easily treated. Secondary
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reactions were not significant under the conditions studied,
and the results should give a more satisfactory understanding

of the mechanism of decomposition of n-butane.
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II. APPARATUS

A schematic diagram of the reactor assembly is shown in

Figure 1. The reactor was originally constructed by
Kalvinskas (21) for studying the partial oxidation of n-butane.
Since that work, however, a large number of modifications have
been made to improve the performance of the reactor. The
assembly now has the following sections: (1) a feed and flow-
regulation section, (2) a preheating section, (3) the reactor,
(4) a reactor head, (5) a micromanometer, and (6) a vacuum
system. Temperature measurements were made on a Leeds and
Northrup type K-3 potentiometer mounted on a central instru-
ment bench in the laboratory. Reaction samples were analyzed
by gas chromatography. A description of the chromatograph is

given in Appendix A,

Feed and Flow Regulation

Instrumental grade n-butane was used as the feed and was
obtained from the Matheson Company in No. 1A cylinders. For
temperature control, a hot-water line made of 3/8-inch
copper tubing was coiled around the cylinder in use. A
Fiber-Glas blanket, which covered both the hot-water line

and the cylinder, served as insulation.

From the storage cylinder, butane flowed through a double-
gauge pressure regulator into a surge tank. The surge
tank was a steel cylinder with a volume of approximately 0.5

cu., ft. The insertion of a surge tank was found necessary
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in order to reduce fluctuations in the flow.

A needle valve at the exit of the surge tank was used to con-
trol the flow of butane into the reactor. From the valve,
butane passed through a tee before entering a temperature
conditioner. As shown in Figure 1, the other arm of the tee
could be connected to either a compressed air line or a
nitrogen cylinder. Nitrogen was passed through the reactor
between runs., Air, if necessary, could be run through the
heated preheating section and reactor to burn out any carbon

deposited on the walls from the cracking of butane.

The temperature conditioner consisted of 20 ft. of 1/4-inch,
304-stainless—-steel tubing coiled and submerged in a con-
stant-temperature water bath. The bath temperature was con-

trolled to within 0.5°C.

From the temperature conditioner, the gas entered a Fischer
and Porter Tri-Flat Rotameter., Use of either a Size 02F-
1/8-25-5 tube with a sapphire float or a Size 8F-1/16-16-4
tube with a stainless-steel float allowed a range of flow
from 0,004 to 0.075 cu. ft. of butane per minute at 70°F
and 760 mm Hg pressure. A six-inch mercury manometer con-
nected to the exit side of the Rotameter measured the gas

pressure at that point.

Preheating Section

Butane leaving the Rotameter flowed through the preheating

section before entering the reactor. This section consisted
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of a pre-preheater and a preheater, each with two parallel
lines. One of these lines was installed to carry oxygen in

partial oxidation studies.

The pre-preheater was made of two 10 ft. lengths of 1/8-inch
stainless-steel tubing wound side by side into a helical coil
having a diameter of 4 inches and a height of about 9 inches,
with both outflow legs passing through the center of the
coil., The coil fitted snugly inside a steel casing having a
length of 10 inches, an I. D. of 4 inches, and a wall thick-
ness of 1/4 inch. A layer of zirconium oxide cement was
coated over the outflow legs, and a 1l2-ohm heater of No. 22
Nichrome V wire was wrapped on top of the cement. A

McDanel porcelain tube with an I. D, of 1 1/2 inches and a
length of 12 inches was placed between the outflow legs and
the inner surface of the coil. Two lengths of 35 ft. of No.
18 Nichrome V wire with a resistance of 14 ohms each were
spiraled into 1/4-inch O. D. coils which in turn were wound
around the porcelain tube. The assembly was then placed in
a porcelain dome having a height of 13 inches and a diameter
of 5 inches. A fourth heater with a resistance of 20 ohms
was wrapped vertically on the dome through slits cut 1/2
inch apart around the circumference at each end. Layers of
Micro-Quartz and Fiber-Glas over the dome provided the
necessary insulation. The pre-preheater was set on a fire-
brick base, and the voltage applied to each heater in the
pre-preheater, the preheater, and the reactor was regulated

by a separate General Radio Variac Type V-5,
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The preheater was made of two identical pieces of 3/16-inch
stainless—-steel tubing, each having a length of 30 inches
which could be extended if needed to 40 inches. One end of
the preheater was connected to the pre-preheater and the
other end to a gas-mixing chamber, A portion of the pre-
heater at the end next to the mixing chamber was housed in a
stainless-steel guide tube which had an O, D. of 15/16 inch
and a length of 19 inches. A heater ribbon having a resist-
ance of 20 ohms and a width of 1/16-inch was wrapped
helically with approximately 1/16-inch spacings between turns
on the portion of the preheater tubes inside the guide tube.
This ribbon was insulated on both sides with a 1/8-inch

layer of asbestos tape.

Two more heaters were wound in series over the portion of

‘
the preheater tubes outside the guide tube., Each heater
had a resistance of 10 ohms and was 20 ft. of No. 18 Nichrome
V wire spiraled into 1/4-inch O, D. coils. They were placed
in quartz fiber sleeves before being put on the preheater.
A layer of Micro—=Quartz insulation was inserted between the

preheater tubes and these heaters to provide further electri-

cal insulation.,

When the preheater was connected to the reactor, part of the
preheater together with the mixing chamber was mounted inside
the reactor. The length of this part was varied to obtain
different reactor lengths. The guide tube was clamped to a

screw jack which guided the movement of the preheater inside
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the reactor so that the preheater and the reactor would not
touch each other. The relative preheater position was measur-—
ed to within 40.02 inches with a steel ruler installed next to
the screw jack., After the preheater was connected to the
reactor, two additional coiled heaters having resistances of
10 ohms each were wrapped on the portion of the guide tube
that was not in the reactor. The preheater was then insulated
with several layers of Micro-Quartz followed by two layers of

Fiber—-Glas pipe insulation.

A schematic diagram of the gas—-mixing chamber is shown in
Figure 2. A function of this chamber was to mix the two
inlet streams rapidly by direct impingement upon each other.
Two platinum=-platinum=10% rhodium thermocouples made of 5-mil
wires were mounted in the chamber, The first thermocouple
was in the stainless-steel body about 1/32 inch from the
surface as shown in Figure 2, The second thermocouple went
through the wall of the chamber and was bent 90° at the wall
to fix the junction at the center of the outlet side of the
chamber, The second thermocouple thus measured the gas-—
stream temperature at the entrance of the reactor. To
insure uniformity in the gas temperature as well as to
reduce its volume, the mixing chamber was packed with porce-

lain pebbles, as in Figure 2,

The thermocouple wires in the mixing chamber were placed in
doubleholed porcelain protection tubes to prevent contact

with the wall of the chamber, Astroceram cement was used
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sparingly to mount the porcelain tubes as well as to seal the
wires from the gas. The lead wires from the thermocouples,
insulated in single-holed porcelain protection tubes broken
to 1/2-inch lengths, were led down along the preheater tubes

inside the guide tube before branching off.

In order to obtain a flat velocity distribution at the inlet
of the reactor, the feed gas was passed through a quartz
nozzle before entering the reactor. The nozzle was made of

a quartz tube having a length of 1 1/4 inches, an I. D. of
23 mm, and an O. D. of 25 mm. At the upper end, the nozzle
was packed with 1/2-inch lengths of quartz tubing, each with
an O. D. approximately of 3/64 inch and an I. D. of 1/32
inch. The lower end of the nozzle fitted snugly to the out-
side wall of the mixing chamber as shown in Figure 2. A
thin layer of zirconium oxide cement between the shoulder of
the chamber and the nozzle insured their attachment to each

other.

Reactor

The reactor itself consisted of two concentric McDanel,
high-temperature, porcelain tubes. The inside tube was the
reactor tube with an I. D. of 1.0 inch, an 0. D. of 1.25
inches, and a length of 30 inches. The outside tube, which
was a heater tube, had an I. D. of 1.50 inches, an 0. D. of
1.75 inches; and the same length as the reactor tube.

These two tubes were held together at both ends by two



s BT s

spacers made of Transite. The reactor was mounted vertically
on a steel flange, which in turn was held in place by three
bolts on a bracket mounted inside the reactor bay at a height
of 37 inches from the floor. The preheater entered the
reactor through the center of the flange. A stainless-steel
nut at the bottom side of the flange compressed two silicone
rubber gaskets to form a gas-tight seal. At the top of the
flange, sealing was provided by asbestos string impregnated
with a mixture of graphite powder and lubricating oil. The
string filled the space between the outer reactor tube and
the flange opening and was compressed by a steel ring
screwed to the flange. A schematic drawing showing the

cross section of the bottom section of the reactor is given

in Figure 3.

Five thermocouple holes were drilled six-inches apart along
the wall of the heater tube. Through each hole, a chromel-
alumel thermocouple housed in a double-holed porcelain pro-
tection tube was inserted with its junction touching the
outer wall of the inner tube. Astroceram cement was again
used to hold the porcelain tubes to the wall of the heater
tube and to seal the thermocouple wires from the surrounding
atmosphere. A heater made of 30 ft. of No. 20 Nichrome V
wire was wrapped around the outer tube between each pair of
thermocouples. Asbestos string was used to space the wire

to avoid electrical shorting, and a layer of asbestos tape

1/8-inch thick was wrapped tightly over the heaters to hold



them in place. Over the tube walls above the first thermo-
couple and below the fifth one, two 3-ft. Super-Cord heaters
made by Glas-Col Company were installed. Each of these

heaters had a maximum wattage of 300 and was usable up to
600°C. Insulation consisting of layers of Micro-Quartz,
Micro-Glas, and Fiber-Glas completely filled the space between
the reactor and a cylindrical steel shield which had a

diameter of 14 inches.

Reactor Head

The reactor head was mounted on top of the reactor tubes.
The top and side views of the reactor head are shown in
Figure 4. A schematic cross-sectional diagram is given in
Figure 5. The lower part of the head was a pressure tap
which consisted of two concentric rings. The inner ring was
made of soapstone and had an I. D. of 1.0 inch, an O. D. of
2.66 inches, and a thickness of 5/8 inch. The outer ring
was made of steel and was 7/8 inch in thickness with an

O. D. of 4 inches and an I. D. of 2.66 inches for the upper
5/8 inch and of 2 inches for the lower 1/4 inch. The soap-
stone part was press-fitted in the upper central portion of
the steel ring. Two holes, 180° apart, having a diameter

of 1/8 inch were drilled through both soapstone and steel
for pressure taps. During operation, one tap was closed
while the other one was connected to the static side of a

micromanometer.
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Next to the pressure tap was another set of soapstone and
steel rings having the same diameters as the pressure tap
rings but only 3/8 inch in thickness. Two grooves, 1/8 inch
in diameter, were drilled along the contacting surfaces of
these two sets of rings at right angles to the pressure-tap
holes. A pitot-tube probe was placed in one of the grooves

and a thermocouple probe in the other.

A picture showing both probes can be seen in Figure 6. The
probe thermocouple was made of Pt-Pt-10%4 Rh wires having
diameters of 0.003 inch. It was enclosed in a quartz tube
which had an 0.D. of 1/16 inch and was partitioned into four
compartments. The quartz tube was bent 90O at a distance of
2 1/2 inches from the junction. Part of this tube was then
welded into a larger quartz tube for protection. The outer
tube, having an 0.D. of 7/64 inch, slid easily into the
1/8-inch groove. Similarly, the pitot tube was made of a
quartz tube with an I.D. of approximately 0.024 inch and an
0.D. of 0.06 inch. Part of the pitot tube was also welded
to another 7/64-inch 0.D. quartz tube, and the effective

length of the probe was 2 1/4 inches.

To allow precise positioning, each probe was fastened to a
syringe externally mounted. Two 1/8-inch holes were drilled
at the center on both ends of each syringe piston to allow
the probe to pass through. The outer end of the piston was
clamped to a brass frame which in turn was connected to a

micrometer head.
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To hold each probe to the piston, a silicone rubber gasket
was compressed between the end of the piston and the brass
frame. When the reactor head was mounted onto the reactor,
the probes were placed inside the inner reactor tube. Move-
ment of a micrometer head caused the piston to move inside
the syringe barrel and consequently the probe to move across

the reactor tube.

The pitot tube was connected both to the kinetic side of

the micromanometer and to a sampling line through a tee.

By clamping off one of the connecting lines, the pitot tube
was used to measure the velocity profile or to take reaction

samples across the reactor.

Micromanometer

The micromanometer used in the velocity measurements was
similar to a differential pressure gauge. As shown in
Figure 7, two identical reservoirs were connected at the
bottom by a capillary glass tubing. The area ratio between
the reservoirs and the capillary tubing was approximately
1000 to 1. The manometer fluid used was methyl alcohol.
Instead of using a liquid drop to observe the movement, an
air bubble was inserted in the capillary tubing by means of
a syringe through a rubber cap on the side. One reservoir
was connected at the top to the pressure tap in the reactor
head. The other reservoir could be connected to either the

pressure tap or the pitot tube by means of two stopcocks.
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Any pressure difference between the pressure tap and the
pitot tube was measured in terms of the bubble movement.
Silicone grease was used for the stopcocks since it does not
readily dissolve in methyl alcohol., To insure a minimum of
fluctuations in temperature, the micromanometer was covered

with a Lucite hood.

Sampling and Vacuum Systems

Figure 1 shows that the sampling line leaving the reactor

led to a vacuum valve. A sampling bulb having a capacity of
250 cc could be placed between the valve and a vacuum line to
collect samples from the reactor. A total of 15 sampling
bulbs was available, Samples used for chromatographic
analysis were drawn from these bulbs by means of a separate

manifold system.

The upper part of the reactor head was a stainless-steel
nozzle which converged to a minimum diameter of 1/8 inch.

A sampling port with a diameter of 0.03 inch was located 2
inches downstream from the nozzle and also connected to the
sampling line. Samples were taken both from the sampling

port and from the pitot tube.

In operation of the reactor, gases were pulled past the port
and into the atmosphere by way of a water-jet exhauster, a
stripping column, an air compressor, a heat exchanger and a

refrigeration unit.
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I1II. REACTION KINETICS

Behavior of a Tubular Flow Reactor

A flow system, in most cases;, is defined if its temperature,
pressure, density, composition and velocity are known at

every point in the system. For a system of n components flow-
ing in a tubular flow reactor with radial symmetry, therefore,
there will be a total of 5 + (n-1) variables. These variables
are governed by the same number of equations, namely, the
energy balance equation, the equation of continuity, equation
of state, two momentum balance equations in longitudinal and
radial directions respectively, and material balance equations
for n-1 components. These equations are all interrelated

and highly non-linear. Although they have been discussed in
some detail in many standard textbooks on transfer phenomena,
no solution of the complete set of these equations has ever

been attempted.

If the fluid is a perfect gas and the flow is under laminar
and steady-state conditions, the set of governing equations
for the system in question can be written as follows:
(a) Equation of State

p = PM/RT (15)

(b) Equation of Continuity

5 (r p ur) % g% (pu) =0 (16)
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(c) Material Balance for Component k
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A number of assumptions have been made in writing down some
of these equations. For example, in the momentum balance
equations, the viscosity gradients have been neglected. 1In
the component material balance equation, diffusion other than
molecular is not considered. In the energy balance equation,
only the conductive and convective thermal energy transports
plus the heat sink due to chemical reaction are considered

important.
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Theoretically, equations 15 to 20 can be solved for the

5 + (n-1) variables, provided the boundary conditions are
given. In actual cases; so far, such a task has not been
achieved. Some simplified approaches are usually adopted. In
connection with the present investigation; a project has been
initiated to solve this complete set of equations by some
numerical method for the thermal decomposition of n-butane in
a tubular flow reactor. Only partial success has been accom-
plished so far, mainly due to instability of the numerical

schemes used.

Simplified Tubular Flow Reactor Equation

In the study of chemical kinetics by means of a tubular flow
reactor, simplifications are usually made to reduce equations
15 to 20 to only one equation. In the simplified approach,
the reactor is considered to be isothermal as well as iso-
baric, and the composition of the reacting mixture is assumed
to be uniform with respect to the radius. Further, longi-
tudinal diffusion is neglected. Under these conditions, only

equation 17 has to be considered, which now assumes the form

a

ax (Ux P - By = O (21)
Equation 21 is equivalent to the more widely used design
equation for flow reactors under steady-state conditions,

F dX,_ = R_ dV (22)

Equation 22 can be integrated to give



- 25 -

v oS
it RS e

0o B

If the relationship between Rk and Xk is known, equation 23

(23)

can be used to determine the dependence of X on the ratio V/F.
On the other hand, equation 23 can also be used to determine,
by trial and error, a proper expression for Rk in terms of Xk
if a set of data of X vs V/F is available. 1In the latter case,
several expressions for Rk are usually derived based on theo-
retical considerations. Each of these expressions is sub-
stituted into equation 23. The resultant relation between

V/F and Xk is then compared with the experimental data to
determine which expression for Rk gives the best fit and hence
is probably correct. Presently, the relationship between X
and V/F had been obtained experimentally for n-butane; equation

23 was then used to determine the correct rate expression.

Two Possible Rate Expressions for Butane Decomposition

Experimental evidence indicates that the thermal decomposition
of n-butane proceeds through a free-radical chain mechanism.

A free-radical chain reaction generally consists of four major
steps, namely,

(a) Chain-initiating:

k
a
RiRj - Ri + Rj (24)
(b) Chain-carrying:
Ky
RyH + R;® -—=— R/H + R (25)
k
R, wmisow Bar e (26)

1 J
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(c) Chain-terminating:

k

d
Ri+ + Ryr —-“— RR, (27)

In these steps, Ri- and Rj' are free-radicals, RiRj and RiH
are stable molecules and M is an unsaturated compound such as
an olefin. 1In a system in which n-butane is the only stable
species existing in abundance, the rate of decomposition of
n-butane proceeds, therefore, according to equations 24 to 27,

_ 4(CyH,p)

at (28)

)
" p 10

assuming that the contribution from the chain-terminating step
is negligible. The order of the overall reaction thus depends
directly on the relationship between the butane concentration

and the free-radical concentrations.

The determination of the concentrations of the free-radicals
usually involves the assumption that these concentrations are
in the steady state, or

d(Ri')
g . 0 (29)
For j free-radicals, j equations can be set up to be solved
for the j concentrations. These equations are in general
second-order algebraic equations; however, and are very dif-
ficult to solve when n is larger than three. Even if a
solution is obtainable for a system with more than three free-
radicals, the resulting expressions for the free-radical

concentrations would be usually too complicated to be helpful

in determining the order of the overall reaction. This
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happens to be the case for the thermal decomposition of n-
butane, which reaction involves five free-radicals from hydro-

gen to butyl.

On the other hand, it may be surmised that at a given tempera-
ture, the dependence of free-radical concentrations on butane
concentration varies between zero and first order. The order
of the decomposition reaction then lies somewhere between 1
and 2 according to equation 28. To verify this surmise, two
reaction rate expressions were tested, one a first-order re-

action and the other a second-order reaction.

In the analysis, Xb was taken as the conversion of n-butane at
a point. For each mole of n-butane decomposed, (1 + Z) moles
of products were formed. A total of (1 + ZXb) moles for each
mole of initial feed were then present at a given point. The
mole fraction of butane at that point was thus (1 - Xb)/

(1 + ZXb) and its density

1 - M, P
Pb '(1 S sz)Rg

(30)

For a first-order reaction, the reaction rate can be written

as

1 - Xb MbP
By =Ep Pp ™ krb<1‘+ 7X ) RT (31)
where k;b is the first-order reaction rate constant. Sub-

stitution into equation 23 gives
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v RT xb1+sz
T = NPT . (32)
£ MbP rb 0 ; xb

When a value of unity was used for Z in accordance with the
results shown in Tables VIII to X, equation 32 can be

integrated to give

() @

kI"b = - x.b + 2/n —'—:—i-; (33)
or
¢ o | BT F 1
ki, = (7“'?) @ ¢ X+ 20 i) (34)

Similarly, when the reaction is second-order,

3 1 - X,
Ry = Erp Pp = ( rb Ke5)

Equation 23 then assumes the form

P 4x
e (:;g—-) @ =[x, + i—:—%b +4in Q- x)] (36)
or
2 4
. _ /RT F X
ki = it_)-ﬁ> (V) [Xb L o X + 44n (1 - xb)] (37)

When the operating conditions and conversion of a run are
given, the reaction rate constants k;b and k;b can be evalu-
ated for that run using equations 34 and 37 respectively. The
reaction rate constant, kr’ is in general a function of

temperature only and can be related to temperature by the

Arrhenius equation

(38)



IV EXPERIMENTAL PROCEDURE

Analysis of Feed Butane

The feed butane was instrument grade (99.5% minimum purity)
obtained from the Matheson Company in No. 1A cylinders in
110 pound lots. Three such cylinders were used for the
thermal decomposition studies. Four or more samples had
been withdrawn from each tank before use and the samples
analyzed by gas chromatography. The average compositions
of the samples from each tank are listed in Table I. The
impurities were mostly trans-2-butene, isobutane, propylene

and propane.

Calibration of Equipment

The two Rotameters used were calibrated for butane against

a wet test meter over their entire ranges. Calibration was
performed at room temperature for several pressures. The

flow rates thus obtained were converted to flow rates for
standard conditions, which were taken to be 700F and 760 mm Hg
pressure. The data was then plotted as flow rate of butane at
standard conditions against Rotameter readings for given pres-

sures.

The 0.003-inch Pt and Pt-10% Rh wires used in making the probe
thermocouple were calibrated by the National Bureau of

(=}
Standards over the range of 0 - 1100 C. Calibration was

0
reported to be accurate to within 0.5 C. The Pt-Pt-10% Rh
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thermocouples at the mixing chamber had not been calibrated,
but were assumed to behave identically as the probe thermo-
couple. Chromel and alumel thermocouples were also made
using a single batch of wire. Seven thermocouples made from
these wires were compared directly with the calibrated Pt-
Pt-10% Rh thermocouple in a furnace over a temperature range
of 3800— 60000. At a given temperature, the deviation in emf
readings among these seven thermocouples was less than 0.1 mV
or roughly 2.5°C. Average values of these emf's were plotted
against temperature, and the results were used in obtaining

reactor temperatures from thermocouple readings.

Inside diameters at both ends of the reactor tube were
measured with a micrometer and were 0.981 inch at the upper
end and 1.020 inches at the lower end. An average value of

1.00 inch was adopted.

Relationship among the positions of the thermocouple and
pitot tube probes and the corresponding micrometer readings
were determined with a cathetometer, each with an estimated
error of +0.1 mm. The thermocouple was able to reach within
0.03 inch of the adjacent reactor tube wall and the pitot
tube to within 0.15 inch. The bend in the pitot tube was
slightly more than 900, thus preventing it from reaching
closer to the wall. When installed, the length of the
thermocouple probe inside the reactor tube was 2.25 inches

and that of the pitot tube was 2.0 inches.
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Surface effects of the reactor tube wall, both in cata-
lyzing the reaction and in terminating the free-radical
chains have not been investigated experimentally. The

catalytic effects of porcelain were surmised to be small

due to consistency of the experimental results.

Operating Procedure

To start the reactor, high-purity nitrogen was allowed to
flow through the reactor at a slow rate and exit into the
room through a valve in the vacuum line. The variacs which
controlled heaters on the reactor as well as the preheating
section were turned on. Each variac was set at a voltage
which would give approximately the desired temperature of
operation. The temperature of the reactor wall, as well as
the inlet gas temperature, was recorded continuously on a
Micromax recording potentiometer. When steady-state was
approached, the variacs were regulated whenever necessary
in order to obtain a uniform operating temperature. Final

adjustment generally required two to three hours.

An hour or so before starting a run, the flow of nitrogen
was stopped and butane flow was started at a predetermined
flow rate. The vacuum system was then turned on and the
pressure in the reactor adjusted to be slightly above atmos-

pheric (usually a head of 1/4 inch of methyl alcohol or less).
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When steady, uniform temperature was reached, the velocity
profile was first measured, followed by a complete set of
temperature measurements. Samples of the reaction gases

were then obtained, followed by a second set of temperature
measurements. This completed one run. Each run usually
required eight to ten hours. At the end of a run, the butane
flow and the vacuum system were turned off. The heaters,
however, were left on with nitrogen flowing slowly through
the reactor. The heaters were turned off only when no runs
were to be made over a period of several days or when repairs

were required.

The velocity measurements at any traverse position in the
reactor required measurement of the static and velocity
heads. One arm of the micromanometer was permanently con-
nected to the pressure tap. The other arm was also connected
to the pressure tap when measuring the static head and was
connected to the pitot tube for measuring the velocity head.
The difference between these two readings gave the relative
magnitude of the velocity at that point. Each static-head
reading took about three minutes, while a velocity head
required fifteen to thirty minutes, depending on the distance

over which the air bubble had to travel.



Due to fluctuations in line pressures, flow rates,
atmospheric pressures, etc., which all greatly affected
the micromanometer readings, several sets of velocity

traverse readings were taken for each run.

Thermocouple readings were usually obtained by means of

a Type K-3 Universal Potentiometer. When the butane

flow was low, however, fluctuations in thermocouple probe
readings up to IOOC were observed. It is suspected that
such phenomenom was associated directly with fluctuations
in butane flow. For these cases, the traverse readings
were recorded continuously on a Speedomax recording
potentiometer, with a period of five minutes for each
reading. An average temperature was then determined for

that position from the recording chart.

For a regular run, six gas samples were collected, four
through the pitot tube at different traverse positions,
one from the sample port at the reactor head, and one
which was a duplicate sample of any of the first five.
In runs during which no velocity measurements were made,
usually only two samples were taken through the pitot
tube, one at the center of the reactor and onme 0.15 inch

from the reactor wall.

In order to take a gas sample, the vacuum valve between

the sampling bulb and the sampling line was closed.
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The sampling bulb and attached tubing were evacuated by
means of a vacuum pump. The vacuum pump was then cut off
and the vacuum valve opened to let the reaction gas flow
into the bulb. This procedure was repeated twice for

purging purposes before a sample was taken.

In order to avoid leakage of air into the reactor and the
sampling line and to obtain a representative sample at a
given position, gas was throttled through the vacuum valve
at a desired rate observable on a 30-inch mercury manometer
attached to the sampling system. Two to three minutes were
required to f£ill a bulb of 250 cc capacity to a pressure of
one atmosphere. At that rate, the gas sample was withdrawn
from the reactor fast enough to minimize further reaction,
and yet slow enough to represent the actual composition at

the point of sampling.

Samples thus collected were occasionally stored in the
sampling bulb for 24 hours before analysis. Several
duplicate samples taken up to 24 hours apart from the same
bulbs were analyzed. No noticeable difference in composition
within each set of duplicate samples was detected as may be

noted in Table II.



- 3G -

V. EXPERIMENTAL PROGRAM

Temperature, reactor length and feed rate of butane were the
variables investigated. Pressure was held constant at
approximately 745 mm Hg, the atmospheric pressure in the

Laboratory.

Temperature

The thermal decomposition of n-butane was investigated in
essentially an isothermal reactor with temperatures centering
about three values, namely, 4600, 510O and 56000. In each
group, about twenty runs were performed. Despite efforts to
attain reaction temperatures exactly at these three values,
there were deviations up to 11°C. These deviations, however,
were taken into considerations in the determination of the

reaction kinetics.

Reactor Length

For each run, the reactor length was either 18 inches or

22 1/4 inches, which was the distance between the reactor
inlet and the pitot tube opening. The reactor length was
varied to observe end effects and possible variations in the
reaction products and velocity profiles for the same retention
times. About one-fourth of the runs was made at a reactor
length of 22 1/4 inches and the rest at 18 inches. 1In general,
no appreciable differences between the results of the two sets

of runs were observed.
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Flow Rates

The flow rates of butane were set at values which for the
particular temperature levels of operation would allow
reasonable amounts of reaction. For each temperature., the
feed rates were varied several-fold to give a spread in the
degree of decomposition. The range of nominal retention
times for the three temperatures, in terms of reactor volume
divided by the initial volumetric feed rates, and the amounts

of butane decomposed were:

t; € Retention Time, sec Butane Decomposition, %
460 4 - 40 0.05 - 0.65
510 3 - 15 0.5 - 2.3

560 3 - 7.3 Sl = 7.8



- 37 -

VI. RESULTS

Temperature and Its Control

Because the rate constant of a chemical reaction varies ex-
ponentially with the inverse of absolute temperature, it is
very important in conducting rate experiments to have precise
temperature control. 1In the present work, attempts were made
to maintain the reactor isothermally at a predetermined tem-
perature by adjustment of the variacs controlling all the
heaters. The voltage input to these variacs was controlled
at 115 + 0.5 volts by an electromechanical voltage regulator,
which thus eliminated possible variations in reactor temper-

ature with time due to fluctuations in line voltages.

The reactor wall temperature at any section could be controlled
to within + 2°C. Because of end effects and the long time re-
quired to reach a new steady state after each adjustment of

the variac settings, however, the maximum difference in temper-
atures among different sections of the wall for a run usually
amounted to 5°C or higher. Wall temperatures for several
typical runs are given in Table III. It can be seen in

Table III that the temperature at the No. 1 thermocouple was
often several degrees higher than the others. This situation
was due to the intentional overheating of the section of the
reactor tube above the No. 1 thermocouple to compensate for

end effects due to the reactor head. Moreover, the wall tem-
perature recorded by the thermocouple just below the reactor

inlet usually varied considerably from the average reactor
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wall temperature. This temperature was an indication of pre-

heating rather than reaction.

Gas temperature at the inlet of the reactor was controlled by
the preheaters and the heaters on the reactor wall below the
inlet nozzle. Heating of the feed gas in the preheating sec-
tion was done gradually and mildly to avoid pyrolysis and
carbon formation. Stainless steel begins to catalyze the de-
composition of butane into carbon and hydrogen at about 600°-
700°C (22). Butane, therefore, was heated to about 400°-500°C
in the preheating section before the guide tube and was brought
to the reactor temperature in the section enclosed in the
guide tube. This latter section had a volume of 0.1 cu.in.
compared with a reactor volume of 14 cu.in. with a reactor
length of 18 inches. Reaction in the preheater was thus neg-
legible. Lack of pyrolysis in the preheating section was
evidenced by the cleanness of the preheating tubing which was
inspected after each series of runs. The gas inlet temperature
was controlled to within + 59C of the average reactor wall
temperature and ocassionally deviated as much as 10°C. 1In a
number of runs, i.e. runs 20, 21, 28, and 34, the inlet tem-
peratures were intentionally set at values up to 38°C lower
than the average wall temperatures to study the effect of in-
let temperature on the chemical reaction. In all instance, no

appreciable effects were noticed.

The thermocouple probe mounted on the reactor head measured

the temperature traverses across the reactor at a depth of
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2 1/4 inches below the top of the reactor. At low flow rates,
the traverse temperatures read low compared with the average
wall temperature. The difference was as much as 40°-50°C at
the lowest flow rates. At higher flow rates, the traverse
temperature approached that of the wall. This is illustrated
in Figures 8 - 10. Furthermore, three types of temperature
traverses can be observed. In one case, the temperature is
high at the center and decreases toward the wall. Another
type of temperature traverse has a W-shape. The third type,
on the other hand, has an inverse W-shape. These phenomena
are due to end effects, which are discussed in detail both in

Appendix C and the Discussion section.

Flow Rate

The flow rate was measured with a Rotameter. Errors in flow-
rate measurements were mainly due to uncertainties in obtain-
ing the Rotameter reading. The maximum error was estimated

to be from + 1% at high flow rates to + 3% at low flow rates.

Fluctuations in flow rates were observed for all the runs.

One type of fluctuation was a high-frequency oscillation

(~ 100 cycles per minute). This was attributed to oscillations
in vacuum-line pressure due to vibration. Another type was

a long-period drifting mainly due to variations in feed-tank
temperature because of changing temperature in the hot water
used to control the tank temperature. The drift in flow rate

was corrected by occasional adjustment of the flow rate.
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Velocity Measurement

Velocity measurement by means of a pitot tube and a micro-
manometer involved great uncertainties. For instance, Table El
in Appendix E shows that the micromanometer reading corres-
ponding to a 1.02 ft/sec linear velocity of butane at 560°C is
only 0.77 cm. This was of the same order of magnitude as the
noise level in the readings estimated at 0.1 cm. Despite this
uncertainty, the taking éf velocity measurements over a long
period of time (up to eight hours or more) for each run and

the making of duplicate runs gave consistent data.

Since the static-head pressure was measured at the pressure
tap approximately three inches above the pitot tube, the
velocity head was not that usually obtained with a pitot-
static tube, but a combination of the velocity head at the
pitot tube and the static pressure drop between the pressure
tap and the pitot tube. The pressure drop, though unknown,
was assumed to be independent of the pitot tube position for
each run. The difference between the pitot-tube reading and
the static-head reading, therefore, represented a relative

measure of the linear gas velocity at the pitot tube.

Chromatographic Analysis

Gas samples withdrawn from the reactor were analyzed by gas
chromatography. Description of the chromatographic system, its
calibration, method of interpreting data, as well as its
sources of error, are given in Appendix A. A gas sample

stored in a sample bulb was transferred to a sampler before
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the sample was analyzed. The volumes of the samplers were
calibrated with mercury and were nominally either 1.3 cc. or
0.8 cc. The pressure of the sample in the sampler was usually
about 40-45 cm Hg and was measured accurately on a mercury
manometer with a cathetometer. The exact amount of each
sample was therefore known. After a sample had been analyzed,
the area of each chromatogram peak was measured and the ab-
solute amount of each component on the sample calculated.

From the amount of each component and the total amount of the
sample, the percentage composition of each component, with the
exception of n-butane, was computed. The percentage of n-
butane was obtained by difference since n-butane was present
in more than 85% in all cases. In all these runs, the con-
centration variations across the reactor were usually very

small and independent of radius.

Small amounts of air (< 0.1% by volume) were quite often found
in analysis of the samples. Since the ratio of nitrogen to
oxygen agreed with that of atmospheric air, this air was be-
lieved to be introduced into the samples during transferring
operations and, therefore, was not considered as part of the

actual reaction mixture.

The accuracy of the chromatographic analysis was indirectly
demonstrated by analyzing duplicate samples withdrawn from

the same sample bulb. A number of these duplicate analyses
were made. Some typical results are shown in Table II. The

results also indicated that the storage of a sample in a bulb
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up to 24 hours did not affect the composition of the sample.

In order to check the steady-state assumption of the reactor
operation; duplicate samples were collected from the same lo-
cation in the reactor at different times during some runs.
The chromatographic analysis of some of these samples are

given in Table 1IV.

Summary of Results

A total of 58 isothermal runs were made for the thermal decom-
position of n-butane. Of these runs, 19 were made centering
around 460°C, 20 around 510°C, and 19 around 560°C. The oper-
ating conditions for these runs are listed in Tables V to VII.
The given conditions for each run are the arithmetic average
of the wall temperatures, the gas-inlet temperature, butane
feed rate, length of the reactor, number of samples collected,
and finally an indication of whether the velocity profile was
measured for the run. The composition of the samples with-
drawn from the reactor through the pitot tube are listed in
Appendix B. The compositions of several samples withdrawn
from the sampling port are also given in Appendix B. Because
these samples were taken after the gas passed through a
relatively cold region near the exit of the reactor their

compositions are listed only for comparison purpose.
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VII. CORRELATION OF DATA

Temperature

For a run,

the traverse temperatures, wall temperatures and

gas-inlet temperature, in general, were not identical. For

the purpose of studying the reaction kinetics, the arithmetic

average of the wall temperatures was used as the reaction

temperature. This determination of the reaction temperature

was justified by the following considerations:

(1)

(2)

The measured temperature traverse was not a good
representation of the gas temperature inside the
reactor at low flow rates due to end cooling near

the exit.

Radial transport of thermal energy in the reactor
was very rapid. For one thing, the thermal con-
ductivity of n-butane is quite large at the oper-
ating temperatures as shown in Table G2 in
Appendix G. Moreover, radial convection probably
was even more important than conduction. Radial
velocities were developed by expansion of gas due
to chemical reaction and by the transformation of

velocity profile from flat to parabolic due to

viscous effects. Radiation, however, was relatively

small at these temperatures. Since the difference
between the gas-inlet temperature and the average

wall temperature was usually small and the heat of
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reaction was not significant at low conversions,
the gas temperature at any depth inside the reactor
was considered approximately the same as the wall

temperature at that depth.

(3) If (2) is true, the actual reaction temperature
was then the ''reaction-rate average'" of wall
temperatures, an average based on reaction-rate
considerations. If the wall temperatures did not
differ from each other considerably, however, the
arithmetic average of the wall temperatures
approximates the ''reaction-rate average' very well.
See Appendix D for information on the method to
calculate the 'reaction-rate average'" temperature
and a comparison befween the '"'reaction-rate

average' and the arithmetic average.

Velocity Profile

The velocity data were collected in the form of kinetic-head
and static-head readings at different radial positions. The
difference between a kinetic-head and the corresponding
static-head reading was a sum of two terms: the actual
kinetic head and the difference in static pressure between
the pitot tube and the pressure tap. Direct conversion of
the manometer readings into velocities was hindered by the
fact that the latter term was an unknown, although it was

probably a constant in each run independent of radial posi-
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tion. In the determination of velocities, therefore, a
velocity profile was first assumed, and the corresponding
kinetic—=head profile calculated. This kinetic=head profile
was then compared with the experimentally=-obtained profile
to determine whether the assumed velocity profile was the
correct one or not., It was found that in all cases the
assumption of parabolic velocity profiles agreed well with
the experimental results, Further detailed discussion on
reduction of the pressure data to obtain velocities is given

in Appendix E.

Reaction Products

From the composition of the reaction mixtures, the following
information was obtained for each run at two radial positions,
r/ro = 0,0 and 0.7: (1) the number of moles of butane decom-
posed per 100 moles of feed, (2) a carbon-hydrogen balance

for the reaction mixture excluding butane, and (3) the number
of moles of each product formed per mole of butane decomposed.
The method of calculation is shown in Appendix F. In these
calculations, the presence of impurities in the feed was neg-
lected. The values of the number of moles of butane decom=-
posed, the carbon-=hydrogen mole ratio, and the total number
of products formed per mole of butane decomposed for each run
are listed in Tables VIII to X, For each set of runs at a
given temperature, the number of moles of each product formed
per mole of butane decomposed, Pi’ was found to be independ-

ent of the degree of decomposition for the low-conversion
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ranges investigated. A plot of several P,'s vs., degree of

i
decomposition of butane is given in Figure 11, The average
values for Pi and their standard deviations are listed in

Table XI.

Reaction Kinetics

It has been surmised in the Reaction Kinetics section that
the order of reaction for the thermal decomposition of
n—-butane lies between 1 and 2, For the purpose of determin-
ing the kinetics, two rate expressions, one a first-order
and the other a second-order, had been developed. For each
run, the reaction rate constants corresponding to each of
these two rate expressions were calculated from equations 34
and 37 respectively for radial positions r/ro = 040 and 0,7
The radial position r/rO = 0,7 was as close to the wall as
the pitot tube could reach. Difference between these two
sets of data thus represents the variation in results across
the reactor, A total of four sets of rate constants were
thus obtained. A least-squares fit between 1ln k and 1/T

was then carried out for each of the four sets according to

equation 38,
ln k = 1n A - E/RT (38)

Values of A and E thus determined, together with their
standard deviations, are given in Table XII., Plots of 1ln k
vs 1/T for r/fo = 0,7 for both rate expressions are shown in

Figures 12 and 13.
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Table XII shows that the experimental data agree with both
first—- and second-order rate expressions equally well. This
is partly because the present work was performed only at one
pressure with low conversions., Under such conditions, the
concentration of butane varied slightly both within a run
and from run to run. The effect of concentration on reaction
rate was thus not easily detectable. On the other hand, the
agreement does indicate that the order of the reaction lies

somewhere between 1 and 2, as predicted.

The values of rate constants obtained by the least-squares
fits are also given in Table XII. It can be seen that for

a given rate expression, the difference between the rate
constants at different radial positions increases with
temperature, with those near the wall being the larger.

This shows that more reactions occurred near the wall than
at the center, even at low conversions probably because of
the finite rate of heat transfer, although the difference is

very small.

Reaction Mechanism

A reaction mechanism for the thermal decomposition of n=butane
is now proposed based on the present experimental results.
This mechanism describes the reaction behavior of n-=butane

for low conversions in the temperature range of 460° to

560°C., The following restrictions have been imposed: (1) In

this reaction, the formation of molecules or free radicals



with more than four carbon atoms is neglected, Such
formation occurs when either two free radicals recombine to
form a stable molecule or a free radical is added to a stable
molecule to form a larger free radical. The former will pro-
duce no molecules with more than four carbon atoms according
to (4). The latter case occurs only when the stable molecule
is an unsaturated compound (23). At low conversions, the
presence of butenes is small, Their reactions with free
radicals thus are negligible. Propylene reacts more readily
with hydrogen or methyl radicals than with ethyl radicals,
thus forming free radicals with no more than four carbon
atoms, Reactions of ethylene with free radicals do not
produce free radicals with more than four carbon atoms,

again according to (4).

(2) Only five free radicals, i.e., He, CHy, C,Hg, CSH%’

C4H§, are of importance. Their concentrations are at

steady-state. Formation of free radicals such as CHﬁ is

not likely due to energy considerations.

(3) Free radicals larger than CZH5 will decompose into an
olefin and a smaller radical rather than react directly

with another free radical or a molecule (24).

(4) Chain-carrying reactions involving the splitting of a

carbon-carbon bond in a butane molecule such as

C4H10 + H* - C_H:

357 + CH

. (39)
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are considered not very probable and thus can be omitted (2).

(5) At low conversions, reactions involving stable reaction

products, with the possible exception of propylene, are not

important and are thus neglected.

and propylene are the most important reaction products and

This is because methane

yet methane is very stable at the temperature range investi-

gated.

With these restrictions in mind, the proposed mechanism may

be represented by the following elementary reactions.

Chain

(1)

(1I1)

Chain

(I11)

(1IV)

)

(VI)

(VII)

Initiating:
kl
C4H10 — CH3° + C3H7v with k1
Ey
C4H10 - 2C2H5- k2
Carrying:
k3
C4Hld+H- —— C4H9o+H2 k3
Ky
C4H10+CH3' — C4H9'+CH4 k4
k5
C4H10+02H5' - C4H9e+02H6 k5
k6
02H5- - 02H4+H- k6
ks
03H7- - C3H6+H- k7
kg
(VIII) CSH7- - 02H4+CH3- k8

79,000
0l RT
82,000
13~ ”1%?““
107 e
9,300
13~ RT
10
8,300
- e i——
1olly BT
7,000
11~ "RT
10
_ 39,500
so8e ~RT
_ 46,000
ity B
263000
10149

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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" _ 29,000
9 13 RT
(IX) C4Hy- —= C Hg+H- kg = 107" (48)
5 _ 24,500
—cl—oo - — 13
(X) C,H, C H+CH, k,o = 10 RT (49)
Ky = 26§$00
(XI)  C Hg+ ==% C,H+C,H,_. ki, = 1077 (50)
Chain-Terminating:
K12
(XII) H- + H- -=% H, k,, small, 3-body collision(51)
(XIII) H- + CH3 —-§ CH kl3 small, 3-body collision(52)
(XIV) H* + C,H ‘14 C,H . . = A0 (53)
* Lot 6 14
. . _lg _ 11
(XV) CH3 + CH3 CZHG k15 = 10 (54)
(XVI) CH,- + C,H_- Z16 C.H, k.. =107 (55)
3 25 38 16
(XVII) C,H.- + C.H_- 517 CH k.. =10 (56)
279 275 4" 10 17
Secondary Reactions Involving Propylene:
K18 13 §h¥99
(XVIII) C3 g t H —= CSH7- k18 = 10" "e (57)
% _ 5,000
19 . anld.” TRY
(XIX) CBHG + CHS- - C4H9- kl9 = 10" "e (58)

In the above rate constant expressions, R is the universal
gas constant with a value of 1.987 cal/g mole “K, T is the
absolute temperature in °K, and the rate constant, k, has

units of sec™! for a first—order reaction and cc/(gm mole)
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(sec) for a second-order reaction. The activation energies
and frequency factors are either experimentally-measured
values or are estimated from information available for
similar reactions. Further information on how these rate
constants were obtained is given in Appendix H. Values of
the rate constants kl through kll together with k18 and k19

have been evaluated at three temperatures, i.e., 460° , 5100,

and 560°C, and are listed in Table XIII.

Based on the above reaction scheme, the rate expressions for

the free radicals are, in accordance with the steady-state

assumption,
d(H*) i .
3T kg (CoH, * )+ky (CoHy® ) +kg (C Hg+ )~k (H-) (C4H, )
“k | o (He) %ok o (H-) (CHy») =k, (H-) (CoH») (59)
-k g (H+) (CzHg) = O
d(CHz) . )
prai k1(C4H10)+k8(C3H7 )k o (C4Hg") =k (CHy-) (CyH,) ()
2 -
4 (H") (CH,* 5 (CH,*) "ok o (CHZ+) (CH, ) (60)
k Q(CHS')(CBHG)
d(C2H5 )
—235 7 - 2k, (C,H, g) Ky, (€ Hy") =k, (CxH ") (CH, )

—k6(02H5')—k14(H')(C2H5')—k16(CH3‘)(C2H5') (61)

7 (CoH 2_o

5°)



d(C3H7')
dt

d(C4H9')

Similarly,
neglecting

steps,

d(CBHG)
dt

d (C4Hg)
e

= kB(H-)(C4H

k4(CH3')(C4H
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= kl(c4ﬂlo)+k18(ﬂ-)(C3H6)—k7(03H7~)

—k8(C3H7-) = 0

ko (H) (C4H) o)+k, (CHy+) (C4H,) o)+k (CoHS ) (C4H, ()

+k) o (CHy) (CgHg) =k (C Hy ) =k, o (CyHy-)

—kll(C4H9-) = 0

the rate expressions for the stable species are,

the chain-initiating and the chain-terminating

10)

107
kg (CoHg-) (C4H, ()
+)

kg (CoHy - )4kg (CoH, < )4k, ) (C Hg

k7(C3H7-)+k10(C4H9-)—k18(H~)(C3H6)

—k, o (CH;*) (C5H)

kg(C4H9°)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)
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Glees e 3 (H-)+k, (CHz - ) +k5 (CoH5-) [ (C4H, ) 1)

It is of interest to note here that equations 64, 65, 66 and

70 can be combined to give

d(C,H, )
4710 d
- —a " at (HpvCH+CoHg) A

or the rate of decomposition of butane is equal to the sum of

the rates of formation of hydrogen, methane and ethane.

For a quantitative discussion of the mechanism, the relation-
ship given by equation 71 is first checked. The first-order
rate constant, k;, for butane decomposition has been obtained
from experimental data and its values at different tempera-
tures are tabulated in Table XII. Since at any given
temperature the number of moles of each product formed for
each mole of butane decomposed, Pi’ is approximately con-
stant and independent of conversion, the rate of formation

of any product i is given by

d(i) :
at ~ Py k. (C4H ) (72)

For equation 71 to hold,

+ P = 1.0 (73)
CH4 C2H6

P + P

%

The values of Pi's are given in Table XI. For all three
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temperatures, (P H ) is approximately 0.95. Values

276

of PH are 0.097 at 560°C and not known experimentally for the
2

other two temperatures. At 560°C, therefore, the experimental

CH4 C

value for (P + PCH + P H ) is 1.05, which compares well

2 4 276
with the predicted value of 1.0. The value of 0.097 for P

H C

Hy
at 560°C is, however, probably a little too high because of
some butane cracking at the walls. For the purpose of test-

ing the reaction mechanism, therefore, the values of PH
2
were calculated from equation 73 by difference to be 0.056,
0.047 and 0.046 for the three temperatures of 560°, 510°,

and 460°C respectively.

From the rates of formation of hydrogen, methane and ethane,

the concentrations of H-, CH3 and C H can be readily

5 J
calculated from equations 64 to 66 respectively. For

example,

(H-) = F'H2 kI"/k3 (74)

The evaluation of (CSH7') and (C4H9-), however, are more
difficult. These values can be computed from equations 62
and 63, provided the concentration of propylene is known.
Since the concentration of propylene is a function of

butane conversion, the concentrations of 03H7 and C4I-I9

are also dependent on butane conversion and should be treated

as such. This, however, complicates the situation beyond

possible solution. As the main interest in the present work



is to determine the mechanism of butane decomposition, the
effect of secondary reactions due to the presence of
propylene may be approximated, at least at low conversions.
Two approaches were used for approximation. In the first
approach, the presence of propylene is neglected. This is
called Case I. In the second approach, which is called Case
II from now on, the reaction mixture is considered to be
mainly butane with a small but constant percentage of
propylene independent of conversion. Case I should apply at
very low conversions, such as those for 460°C runs. Case II,
on the other hand, should approximate the actual situation
reasonably well for the 510° and 560°C runs, with less than
10% conversion., For Case II, the percentage of propylene is
chosen to be 0.2% at 460°, 1% at 510°, and 3% at 560°C,
approximately half of the average percentages of propylene
found in the reaction mixtures at these temperatures. The
concentrations of 03H7- and C4 g® are then calculated from
equations 62 and 63 for both cases. The free radical con-

centrations thus determined are given in Table XIV.

It can now be seen that the assumption which neglects both
chain-initiating and chain=-terminating steps in the rate of
formation or decomposition of stable species is justified.
At 560°C, for example, the rate of formation of ethane due

to reactions XIV and XV is 2.6 X 10~ 11

gm mole/ (cc) (sec)
compared with that of 5.6 x 1078 gm mole/ (cc) (sec) calculated

from equation 66.
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The rates of formation of the other three products, i.e.,
ethylene, propylene and butylenes, can now be predicted from
equations 67, 68 and 69 respectively. The agreement between
the predicted and experimental values is surprisingly well,
especially for Case 1I1. These rates are tabulated in Table
XV. With the exception of butylenes which existed only in
small amounts in the reaction mixtures, the difference be-
tween the predicted and experimental rates are only 5% or
less. The validity of the proposed mechanism is thus firmly

established.

A further test of the mechanism is provided by calculating
the rates of formation and disappearance of H-, CH3-, and
02H5-. If the steady-state assumption is to be valid, the
rate of formation of a free radical has to be equal to its
rate of disappearance. The rates of formation of these
three radicals are the sums of all positive terms in equa-
tions 59, 60 and 61 respectively. Similarly, their rates
of disappearance are the sums of all the negative terms in
the same equations. These rates thus calculated are given
in Table XVI. The agreement is again better than 5%, with

the exception of H- whose rates agree within 30%.
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VIII. DISCUSSION

Apparatus

The reactor consisted of a reactor tube and heater tube. Use
of a separate heater tube provided a gas jacket between the
heater and the reactor tube wall. Due to natural convection,
the temperature of the gas in the jacket and consequently the
temperature of the reactor tube wall became more uniform than
the case in which the reactor was directly heated. The re-
actor had an I.D. of one inch which was larger than most flow
reactors used for laboratory studies of butane decomposition,

but was needed to enable traverse measurements.

The thermocouples used in this investigation were made either
of platinum and platinum-10% rodium wires or of chromel and
alumel wires. These wires tend to disintegrate in butane at
high temperatures. For the purpose of extending their useful
lives, therefore, these thermocouples were sealed off from the
surrounding atmosphere as well as possible. This was done
satisfactorily with the probe and inlet thermocouples. The
reactor-wall thermocouples, on the other hand, broke down
quite regularly at their junctions. For one thing, they were
made of chromel-alumel wires which are unstable even at 480°
to 560°C. For another, the amount of Astroceram cement that
could be put over the junction was limited due to the small
size of the thermocouple holes in the wall of the outer tube.
Probably there was not enough cement to seal completely the

thermocouple junctions from the surrounding butane.
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End effects due to the reactor head were observed at low flow
rates, even though both the thermocouple and pitot-tube probes
were approximately two inches inside the reactor. One way to
reduce these end effects would be to make these probes longer
so that they could reach farther inside the reactor. Long
probes with very small diameters; however, are both difficult
to make and structurally very weak. A better way would be to
redesign the reactor and mount the probes between two pieces
of soapstone which in turn would be sandwiched between two
porcelain tubes. The bottom tube would be used as the re-
actor tube. The top tube would serve no other purposes than
to maintain the flow pattern of the gas in the reactor tube as

well as to avoid any end cooling of the reactor tube.

Both thermocouple and pitot-tube probes had an 0.D. of 0.06
inch which was as small as possible to avoid any possible dis-
turbance of the flow pattern. The probe thermocouple was
made of wires having diameters of 0.003 inch to minimize con-

duction losses along the wires.

For a pitot tube to measure the correct total pressure, its
axis has to be aligned properly with the gas flow. Since the
flow at the exit of the reactor was Poiseuille, the axis of
the tube should have been parallel to the axis of the reactor
tube. In the present case, the bend in the pitot was approx-
imately 92° corresponding to an angle of yaw of 29, ‘This;,
however, did not cause any difficulty in data reduction since,

in general, an angle of yaw of 5° or less produces little or
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no error in the reading (24). On the other hand, this devia-
tion from a right angle did prevent the pitot tube from reach-

ing within less than 0.15 inch of the wall.

The static pressure was measured at a distance 3 inches down-
stream from the pitot tube opening. It certainly would be
more desirable to measure the static pressure at a point in
the reactor tube wall at the same height as the pitot tube
opening. The positioning of the static pressure outlet was
not critical, however, due to the method used for correlating

velocity data.

The micromanometer described in Apparatus was capable of
measuring pressure differences as low as 0.0002 cm of methyl
alcohol. Although the sensitivity could be improved by in-
creasing the area ratio between the reservoir and the cap-
illary tube, such an increase was not justified because of

fluctuations in manometer readings.

Experimental Errors

The operating variables were reactor length, butane feed rate,
and temperature. The reactor length was measured to within
0.01 inch and thus introduced practically no errors. The error
in measurement of flow rate might have been as high as 3% at
the lowest flow rates. This error was due to uncertainties in
reading the Rotameter scale. It was also observed that the
feed rate of butane was subject to fluctuations. These fluc-

tuations were combinations of high-frequency oscillations and
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long-period drifting. Drifting in flow rate was quickly
noticed by making frequent checks on Rotameter readings and
corrected by adjustment of the feed-tank pressure. The high-
frequency oscillation was inherent to the system and could not
be eliminated. 1Its effect on conversion and velocity measure-
ment was not known, but was probably insignificant due to the
high frequency (-~ 100 cycles per minute). On the other hand,
this oscillation did induce considerable oscillation in probe
thermocouple readings at low flow rates, as noted in the

Result section.

The main source of error was the control of temperature. Tem-
perature at different sections of the wall for a run varied as
much as 5°C. An end effect caused by the relatively cold re-
actor head cooled the gas near the exit at low flow rates.
Inlet gas temperatures differed in many cases up to 10°C from
the average wall temperatures. And finally, chemical reaction
had an effect in keeping the gas temperature lower than the

wall temperature. These effects are now examined individually.

In consideration of the endothermic nature of the reaction, it
should be noted that the heat of reaction for the decomposi-
tion of n-butane is only 574 Btu/lb butane at 560°C. At that
temperature, butane has a heat capacity of 1.56 Btu/1lb °K. If
the reaction occurs adiabatically, the temperature drop for a
5% conversion would be 18°C. Because the conversions for 460°
and 510°C runs were much smaller than 5% and the reaction was

far from adiabatic, the effect due to chemical reaction at
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(o]
these temperatures can be safely neglected. At 560 C, the
conversion was of the order of 5%. The effect of heat of

reaction then became more significant.

The inlet temperatures for four runs, i.e., runs 20, 21, 28
and 34, were intentionally maintained 15 to 380C lower than
the wall temperatures to study the effect of inlet temperature
on conversion. Runs 20 and 21 were operated under the same
conditions except that the inlet temperatures were 491o and
48300 respectively. The conversions for these two runs were
practically the same as noted in Table IX. Similarly, run 34
had an inlet temperature of 53000 compared with 56000 in run 32.
Although the retention time in both cases were the same, run

34 actually had a conversion of 6.6% at r/ro = 0.70 compared
with that of 4.9% for run 32, mainly because the average wall
temperature of run 34 was 4D higher than that of run 32. This
agrees with the fact that within the temperature range studied
the rate of decomposition of butane double approximately every
l5°C. It was thus concluded that the actual temperature of the

reaction was not, within reasonable limits, affected by the gas

inlet temperature.

The end effects due to the cold reactor head have been investi-
gated in detail as described in Appendix C. It has been shown
that the reactor head cooled the top part of the reactor wall,
which in turn cooled the gas next to that portion of the wall,

mainly by conduction and convection.
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Since the wall temperature three inches below the top of the
reactor was known to be approximately the same as the average
wall temperature, the cooled portion of the reactor wall could
not have been more than three inches in height. The reaction
samples, on the other hand, were withdrawn with the pitot

tube at a distance of two inches inside the reactor tube.

The portion of the reactor length in which the gas temperature
could have been lower than the wall temperature was thus less
than one inch. Since the reactor length in the present work
was at least eighteen inches, the possible error due to neg-

lecting end effects is 5% or less.

The gas temperature in the reactor was closely related to the
wall temperature because heat transfer inside the reactor was
very fast. If the gas were a perfect conductor, the gas
temperature and the wall temperature would then be identical
at any height in the reactor. This was the basic assumption
made in calculating the average reaction temperature accord-
ing to Appendix D. In practice, the gas was not a perfect
conductor, and the reaction temperature thus calculated would
be subject to error. It is estimated that the maximum devi-
ation between the calculated and actual reaction temperature

o]
was 2 C, equivalent to a 10% error in the reaction rate.

Another major source of error, especially at low conversions,
was the chromatographic analysis. The minimum detectable
amount of a component in a l-cc sample at atmospheric pressure

and room temperature was about 0.3% by volume for hydrogen
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and 0.005% for all of the other components. Appendix B shows
that for runs made at 460° and 51000, no hydrogen was detected.
This probably means that for these runs, hydrogen was present
to less than 0.3% by volume rather than totally absent.
Another component that often escaped detection was l-butene.
For the chromatographic unit that was used, the retention time
of l-butene was 1129 seconds and that of n-butane 800 seconds.
Since the n-butane peak had a pronounced tailing, the peak of
l-butene sometimes was not distinguishable, especially when
l-butene existed in very small quantities in the sample. Other
small peaks, such as those of propane, trans-2-butene and cis-
2-butene, were probably also missed occasionally. Even when
small quantities of a component were detected the percentage
error involved in determining the absolute amounts was high.
For a component present to the extent of 0.01% by volume, the
maximum possible error was estimated to be 30% or more. For
this reason, composition data at low conversions are much less
dependable than those at high conversions as evidenced by the

scattering of rate constants around 460°C in Figures 12 and 13.

When a feed tank was initially acquired, the composition of its
contents was determined by gas chromatography. The results are
listed in Table I. Very small amounts of impurities were often
found. These impurities consisted mainly of isobutane, trans-
2-butene, propylene and propane. These components have larger
vapor-liquid equilibrium constants than n-butane. Therefore

the per cent by volume of all of them except isobutane, whose
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equilibrium constant is nearly the same as that of n-butane,
decreased rapidly in the discharge from the tank. That was
observed experimentally. Since isobutane was not a reaction
product, it was treated the same as n-butane in determining
the conversions, apd the presence of other impurities in the

feed was then neglected.

Experimental Results and Their Correlations

Experimental results here refer to the temperature and
velocity profiles as well as the composition of the reaction
mixture at the exit of the reactor. Samples of the reaction
mixtures were also withdrawn through the sampling port in the
reactor head. Since these samples were obtained after the
stream had passed through a distance of about four inches of
"cold"” region, they only served to show the distribution
pattern of the product in an overall sample. From these
samples, it was found that the product distribution was
practically independent of radial position, as can be seen in

Appendix B.

The measured temperature profiles for several runs at each
temperature are shown in Figures 8 to 10. For runs at 460o

and 510°C having an average linear velocity greater than

0.2 ft/sec, the temperature is nearly uniform and equal to the
wall temperature in the central portion of the reactor, but be-

comes lower toward the wall. These curves are similar in shape
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to those shown in Figures F1 and F2 for cases where heat
transfer is dominated by conduction and forced convection.

The average linear velocities for all of the 56000 runs were
greater than 0.2 ft/sec. For these runs, the temperature
profiles were lower at both the wall and the center, and
higher in between. The conversion for these runs ranged

from 3.7 to 8.2%. At these conversion levels, the heat of
reaction apparently became significant. This accounts for

the lower temperatures at the center. Otherwise, conduction
and forced convection still prevailed. When the average
linear velocity of a run was much smaller than 0.2 ft/sec., the
gas flowed slow enough to allow a considerable density dif-
ference to develop between a point close to the reactor head
and a lower point in the isothermal region. Furthermore,
forced convection decreased because of lower flow rates.
Natural convection thus overshadowed all other modes of heat
transfer, and the temperature profile changed to a concave shape.
For average velocities around 0.2 ft/sec. (Run 53 at 4GOOC and
Run 11 at 510°C), both natural and forced convection were im-
portant; the resulting temperature profiles are thus a com-
promise between the profile for a higher velocity and that for

a lower velocity as can be seen in Figures 8 and 9.

Thirty-six runs with velocity measurements were made. Of these,
only sixteen velocity profiles were determined. There are sev-

eral reasons why data for more than half of the runs were bad.
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Many of those runs were made at low flow rates, with average
linear velocities less than 0.2 ft/sec. The bubble displace-
ment in the manometer corresponding to a velocity of 0.4 ft/sec
is only 0.2 cm. Since the noise level in the manometer reading
was of the order of 0.1 cm because of the high sensitivity, it
was very difficult to obtain meaningful velocity data for

these low flow rate runs. As the manometer reading approxi-
mately varies with the square of the velocity, the accuracy

of measured data would rapidly improve with increasing flow
rate. Another factor that worked against reliable velocity
data at low flow rates was natural convection. It was rea-
soned in the last paragraph that due to end cooling, natural
convection began to appear at an average linear velocity
around 0.2 ft/sec. As natural convection caused circulation

in the exit end of the reactor., the flow pattern there was
probably distorted. As a matter of fact, all sixteen good

runs had average linear velocities greater than 0.2 ft/sec.

Leakage was mainly responsible for bad runs with high flow rates.
A one-centimeter bubble displacement is equivalent to a head

of less than 0.001 inch of methyl alcohol. If a tiny leakage
existed either in the connecting lines between the pitot tube

or the pressure tap and the micromanometer or in the stopcocks
on the micromanometer, considerable error could have been intro-
duced into the velocity data. Leakage in the stopcocks was

most bothersome because it occurred frequently. The silicone

grease that was used for these stopcocks did not seal well
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comparing with many other commonly used stopcock greases such
as Kel-F, but was the only one not readily dissolvable in
methyl alcohol. Leakage occurred not only during bad runs,
but also sometimes during good runs. The only difference was
that for a good run, leakage did not occur for a period long
enough to allow a sufficient number of data points to be

collected.

Although only sixteen out of thirty-six runs had enough
velocity data for the determination of velocity profiles, the
fact that all these sixteen runs had parabolic velocity dis-
tributions at the exit of the reactor is significant. These
sixteen runs covered a wide range of conversion and their
average linear velocities varied from 0.25 to 0.60 ft/sec.

It can thus be concluded that for all the runs in the present
work, the velocity profiles were parabolic at the exit in the

absence of end cooling.

The conversion and material balance for each run are given in
Tables VIII to X. The composition data and hence conversions
and material balances were subject to two possible errors:

chromatographic analysis and fluctuations in operating condi-

tions with respect to time, as have been discussed.

In general, the composition data and their derivatives, with
the exception of conversion, do not seem to vary in any
definite pattern with respect to the radial position of the

sample. More conversion, however, was observed at points
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nearer to the wall than to the center of the reactor. This is
expected because of the endothermic nature of the reaction as
well as the shorter retention time of gas molecules flowing at
the center of the reactor. The interesting point is rather
that such differences in conversion are smaller than expected.
Even with high-conversion runs at 56000, differences in con-
version between r/r0 = 0.70 and the center was usually smaller
than 5%. Furthermore, the composition of any component quite
often varied randomly with respect to radius. It thus seems
that (1) heat and diffusional transfer in the reactor were
rapid and (2) the transformation of velocity profile from flat
to parabolic was probably slower than the case without chemical
reaction. In any event, the reactor may be treated as essen-
tially an isothermal, plug-flow reactor based on conversion

and composition data.

Material balances were checked by computing for each sample
the mole ratio ZC/XH for all the components other than the
butanes. If the presence of impurities is negligible, this
ratio has a theoretical value of 0.400. For runs at 460° and
5100C, the calculated values are usually a little higher than
0.4, with a maximum deviation of 2%. For runs at 560°C, the
calculated ratios become lower than 0.4 and have a maximum de-
viation of 34. Considering the low levels of conversion, such
agreements are quite satisfactory. Furthermore, the deviation

from the theoretical value of the ratio C/H at lower
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temperatures can be attributed to the presence of small amounts
of hydrogen in the samples which were not detected by the
analysis. For runs at 56000, hydrogen was detected, and the
ratio drops below 0.4, possibly because of some carbon forma-
tion due to cracking at the walls. For run 60 with a conver-
sion of 4.6 moles of butane per 100 moles of feed with a C/H
ratio of 0.392, the calculated carbon deposit is 0.4 mole of

carbon per 100 moles of feed or 2.1% of the conversion.

The number of moles of products formed per mole of butane con-
verted also varied with temperature. Its value increased from
an average of approximately 1.95 to 460°C to 2.1 at 560°C. If
a butane molecule is decomposed into two free radicals, a

butyl radical is decomposed into a free radical and an olefin,
the presence of propyl radicals is negligible, and free radi-
cals smaller than propyl do not further split into two fractions,
the number of moles of products formed for each mole of butane
decomposed will be two. If some of the ethyl radicals also
decompose into an ethylene molecule and a hydrogen radical, as
shown in equation 45, this number will be larger than two. The
reason that this number is found to be slightly less than two
at lower temperatures is again the lack of detection of hydro-
gen. Values for PI_12 have been estimated to be 0.046 and 0.047
at 460° and 51000, respectively, based on the proposed reaction

mechanism.
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When these values are adopted, the number of products formed
per mole of butane decomposed becomes two at 46000 and slightly

higher than two at 51000.

The number of moles of a product formed per mole of butane
converted, Pi’ is also found to be a constant at each temper-
ature for each product, independent of conversion. These
average values together with the standard deviations are given
in Table XI. Propane in very small quantities was found,
mainly at 5600C. Its value of P was not calculated due to the
large uncertainties involved. It is of interest to note that
P's for methane and ethane remain almost constant with respect
to temperature while those for propylene and butenes decrease

with increase in temperature. on the other hand, in-

Poony?
creases with increase in temperature,.
The fact that within the temperature range of 450° to 650°C
the relative amounts of the products remain fairly constant has
been reported (8, 12). Most investigators (10, 11, 13), how-
ever, reported their results as the mole ratio of (CH4+C3H6):
(C2H6+02H4): (C4H8+H2). Since values of Pi s are dlfferenf

for different species, the use of such a ratio is not only

semi-quantitative but also misleading.

Reaction Kinetics

The reaction-rate constant, kr’ for both first-order and

second-order rate expressions has been fitted to an
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Arrenhius-type expression by the least-squares technique.

The values of kr’ used in the fit were computed with equation
18 or 21 for each run. For each rate expression, the rate
constant was obtained using the conversion data both at

r/ro = 0.7 and 0.0. The activation energies and frequency

factors thus determined are listed in Table XII

In using equations 18 and 21, the reactor was assumed to be
isothermal, and isobaric, the composition of the reacting mix-
ture uniform with respect to the radius, and longitudinal
diffusion negligible. How well did the actual operating con-

ditions agree with these assumptions?

The reactor was essentially isobaric. It was isothermal at

low conversions with the possible exception of a very short
length at the end. At conversions of 5% or higher, the
temperature at the center of the reactor was several degrees
lower than the wall temperature because of the heat of reaction.
For these runs, data at r/r0 = 0.7 should be used as the tem-
perature at that point approximated that of the wall. At

lower conversions, the conversion data do not differ appre-

ciably across the reactor.

The composition of the reacting mixture is fairly uniform in
the radial direction, as illustrated in Appendix B. Longi-
tudinal diffusion, on the other hand, was found to be negli-

gible.



- 72 -

o]
For the decomposition of n-butane at 560 C in a reactor two

feet in length with an average velocity of 0.1 ft/sec, the
conversion was calculated to be 23.66% when neglecting
longitudinal diffusion compared with a conversion of 23.65%

with diffusion.

With all these considerations, therefore, the validity of
equations 18 and 21 has been proved. Furthermore, the rate

constants for both first and second-order reactions are,

respectively,
_ 54,600
k, - 3.34x1012 ¢ Rl (75)
" 14 - 56|800
kr = 2.55x10 e RT (76)

using the conversion data at r/r0 = 0.7. Both constants

agree with the experimental data equally well. This is be-
cause within the temperature and conversion ranges studied,
the concentration of butane varied only to a very small ex-
tent. In order to determine the order of the overall reac-

tion accurately, data at several pressures are needed.

Most of the previous investigations reported the rate con-
stant corresponding to a first-order rate expression. Their
values for the activation energy ranged from 43 to 74 kcal.
Some of these results are given in the Introduction section.

The generally accepted value was that of 58,700 kcal by
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Steacie and Puddington (9) which agrees reasonably well with
the present result. Previous results, however, were based on
data at 20 to 50% conversions. At such high conversion
levels, secondary reactions, as well as mass and heat trans-
fer in the reactor, could have been of considerable importance

in making these results less dependable.

Reaction Mechanism

A free-radical reaction mechanism for the thermal decomposition
of n-butane has been proposed in the section of Correlation of
Data. Most of the activation energies and some of the fre-
quency factors for the elementary reactions involved in this
mechanism were chosen from experimental data collected by
Steacie (1) after critical review. The remaining activation
energies and frequency factors were estimated from the nature
of the reaction, bond-energy considerations, and from values
available in Steacie's book for similar reactions. The actual
determination of these quantities is described in Appendix H.
Because of uncertainties in experimentally measuring or esti-
mating the activation energies and frequency factors, the rate
constants for the elementary reactions calculated from these

quantities can at best be regarded as semi-quantitative.

One feature of this mechanism is the consideration of second-
ary reactions due to propylene in the thermal decomposition of
n-butane at low conversions. In order to demonstrate the

effect of secondary reactions, two cases were investigated.
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Case I neglected the presence of propylene. Case 11 assumed
that a constant percentage of propylene existed in the reac-
tion mixture at each temperature independent of conversion.

As the amount of propylene in the reaction mixture depends di-
rectly on conversion, Case I1 does not represent any actual
situation, but was used to study the effect of propylene as a
product on butane decomposition. At low conversions, Case I1I
should still approximate the actual behavior of the reaction

mixture reasonably well.

Quantitative discussions of both cases are given in Correlation
of Data. The predicted results for both cases based on the
proposed mechanism are given in Tables XIV to XVI. The agree-
ment between the predicted and experimental results shown in
Table XV is surprisingly good for both cases, in view of the
uncertainties in the rate constant data used for the elementary
reactions. Case II, nevertheless, agrees with the experi-
mental data better than Case I at higher temperatures where
more propylene was present in the reaction mixture because of
higher conversions. Furthermore, it has been experimentally
observed that more methane existed in the reaction mixture

than propylene on a molar basis even at the lowest conversion
levels. This is not explainable by Case I which predicts equal
amounts of methane and propylene according to equations 60, 65
and 68. Case II, on the contrary, does predict a preponder-
ance of methane over propylene because of the secondary reac-

tions XVIII and XIX. The inclusion of these two reactions in
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the proposed mechanism is thus justified.

In view of the good agreement between experimental and pre-
dicted results, the validity of the proposed mechanism, as
represented by reactions I through XIX, is definitely estab-
lished. This mechanism describes the thermal decomposition
of n-butane with less than 10% conversion by taking into con-
sideration the secondary reactions of propylene. At conver-
sions higher than 10%, secondary reactions due to ethylene
and butenes should also be considered. According to this
mechanism, the initial product distribution of butane decom-
position is 2.73% Hz, 33.53% CH

12.15% C 15.86% C2H4,

4’ oHg:
o]

33.53% CSHB’ and 2.20% C4H8 at 560 C. These values were cal-

culated from equations 64 to 69 with free radical concentra-

tions given in Table X1V for Case I.

According to the present mechanism, the overall reaction is
first-order with respect to butane and first-order with re-
spect to a combination of hydrogen, methyl and ethyl radicals
as given by equation 70. The dependence of free radical con-
centrations on butane concentration are not known, but are sur-
mised to vary between 0 and 1 depending on the radical. The
overall reaction then has an order between 1 and 2. This

agrees with the observations of Echols and Pease (10).

The first free-radical mechanism proposed for the thermal de-
composition of n-butane is that of Rice (2), as described in

the Introduction.
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Rice, however, did not attempt to discuss his mechanism
quantitatively. Most recently, Purnell and Quinn (26) in-
vestigated the formation of the products of the reaction in
a static system in the temperature range of 420° to 53000
and at initial pressures between 10 and 150 mm Hg. With the
help of a very sensitive gas chromatographic unit, these
investigators were able to study the reaction at low con-
versions up to 10%. On the basis of their experimental re-
sults, Purnell and Quinn proposed a free-radical mechanisnm
similar to that of Rice, which gives a quantitative account
of the elementary reactions occurring. They, however, did
not try to quantitatively discuss the overall reaction, as

was done in this thesis.

Purnell and Quinn found that the distribution of the major
products of the reaction, i.e. CH,, CZHG’ C2H4, and CBHG’

was independent of conversion at any temperature and initial
pressure. These distributions agree with the present results
very well. For example, the mole ratios of CH&: C2H6: 02H4:
CSHG obtained by Purnell and Quinn at a pressure of 150 mm Hg
are 37.7: 12.0: 12.6: 37.7 at 460°C and 36.0: 11.0: 17.0: 36.0
at 518°C. 1In the present work, these ratios were found to be
37.5: 13.3: 13.3: 35.9 at 460°C and 35.8: 13.5: 16.0: 34.7

at 5100C, both at one atmosphere. Purnell and Quinn, how-

ever, found that the yields of methane and propylene were

virtually identical, in contrast with the present work.
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Because of this fact, they did not incorporate the secondary
reactions of propylene in their mechanism, but claimed that
the preponderance of ethylene over ethane and the formation

of hydrogen were solely due to reaction VI. Purnell and Quinn
further claimed that the butenes were not formed by any pri-
mary reaction step, such as reaction IX, but were secondary
products. They nevertheless failed to show how the butenes

were formed.

By varying the initial pressure, Purnell and Quinn were able
to show that the overall orders for the formation of the major
products lay between 1.4 and 1.6. This would result in an
order for the overall decomposition of n-butane somewhere

around 1.5, as surmised previously.
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IX CONCLUSIONS

Thermal decomposition of n-butane has been studied in a
homogeneous flow reactor at atmospheric pressure and in the
temperature range of 4600 to 56000. The gas temperature in-
side the reactor in general remained fairly constant and was
equal to the wall temperature for each run. The velocity in
the inlet of the reactor was flat across the tube and by
measurement was found to be parabolic at the exit. Within
the range of conversion of 0.05-8%, concentration gradients
across the reactor were found to be insignificant. It was
thus concluded that under the operating conditions, the re-
actor could be treated as essentially an isothermal reactor

with plug flow.

The reaction-rate data were then correlated by a least-squares
fit to obtain an Arrhenius-type expression for the reaction-
rate constant. For a first-order rate expression, the con-

stant is

_ 54,600
RT

k, = 3.34x1012 ¢

and for a second-order rate expression it is
_ 56,800
i) 14 RT

k = 2.55x10 e
r

Both constants fit the reaction data equally well. The order

of the overall reaction thus lies somewhere between 1 and 2.
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More likely, the actual overall reaction expression is a com-
bination of first and second-order terms. such as:

d(C,H,q)

-—at — - k, CH O+ Kk (C

40 °

Based on the reaction-rate data as well as the product dis-
tribution, a Rice-type, free-radical mechanism has been pro-
posed for the thermal decomposition of n-butane. Using care-
fully chosen values of activation energies for the elementary
reactions, as shown in Appendix H, the proposed mechanism
compares well with the present experimental results. It seems
that even at very low conversions (~5%), secondary reactions
between propylene and free radicals should be considered, as
have been done in the present work. This once again stresses

the importance of studying free-radical reactions at very low

conversion levels.
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X RECOMMENDATIONS FOR FUTURE WORK

It is recommended that the present reactor be modified

to eliminate the end effects due to the reactor head.

It is proposed that an experiment be designed which would
enable the measurement of free radical concentrations in
the reacting stream. Such a measurement, if possible,
testifies in a direct manner the validity of the pro-

posed mechanism.

It is proposed that the work on the thermal decomposition
of n-butane be extended to temperatures above 600°C at
different pressures and with very low conversions. The
use of a microreactor would be ideal for this type of

work.
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NOMENCLATURE

frequency factor, sec_1 for a first-order and cc/

(gm mole) (sec) or cu.ft./(1b) (sec) for a second-order
rate constant

heat capacity at constant pressure, Btu;(lb)(oK)
diffusion coefficient, sq.ft./sec

activation energy, cal/gm mole

mass flow rate, lb/sec

gravitational acceleration, ft/secz
reaction-rate constant, same unit as A
thermal conductivity, Btu,(sec)(sq.ft.)(oK)
first-order rate constant, sec—t
second-order rate constant, cu.ft./(1lb) (sec)

molecular weight, 1lb,1lb mole

total pressure, atm or lb/sq.ft.

partial pressure, atm

number of moles of component i formed per mole of butane
decomposed, dimensionless

gas constant, 1.987 Btu/(1lb mole) (°R)

reaction rate for component k, 1b/(cu.ft.) (sec)

radius, ft or in

radius of the reactor tube, ft or in

°c

o
temperature, K or
velocity component in r-direction, ft/sec
velocity component in x-direction, ft/sec

volume of the reactor, cu.ft.
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X moles of butane converted per mole of feed,
dimensionless

X longitudinal distance, ft or in

Z increase in number of moles for each mole of butane
decomposed, dimensionless

% heat of reaction, Btu/lb

0 viscosity, 1lb/(sec) (ft)

P density, lb/cu.ft.

Subscripts:

b bulk or butane

k component k
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(a) Top View

(b) Side View

Figure 4. Reactor Head
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Figure 6. Thermocouple And Pitot-Tube Probes
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TABLE 1. FEED ANALYSIS

FEED SOURCE

TANK 1 TANK 2 TANK 3
Runs
Used In 11-22 24-60 61-70

Component
Propane -- - - 0.071¢%
Propylene Trace* 0.022% 0.010%
Isobutane -- 0.148% 0.039%
Trans-2-butene Trace 0.024% 0.019%
n-Butane** ~ 100% 99.806% 99.861%

Less than 0.005%.
"* Obtained by difference.
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Temperature,® C
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Std
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sStd
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P

deviation

P

deviation
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deviation

P

deviation

P

deviation

P
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TABLE XI. VALUES OF Pi
460° 510°
B .0 0.7 0.0
(a) CH4
0.704 0.700 0.691 0.705
6.73 5.1l 3.65 4.50
(b) CoHg
0.250 0.258 0.262 0.261
5.02 ZT.02 3.98 4.06
(c) Czﬂ4
0.250 0.252 0.309 0.302
BT 10,20 5.50 5,07
(d) cgH,

0.671 0.671 0.670 0.660
8.32 7.26 3:73 3.39
(e) C4H8
0.086 0.087 0.037 0.040
27 .4 39:1 22.8 22.0
(£) H2

0.695
5.05

0.249
2.60

0.371
3.04

0.632
3.29

0.026
15.8

0.097
15.1

0.709
3.72

0.248
2.08

0.371
3.21

0.631
2.98

0.026
16.3

0.093
27.7



TABLE XII.

RATE CONSTANTS CORRELATED BY LEAST SQUARES FIT

r/r

A*

- 111 -

i
RT

k = Ae

r

(a) Values of A and E

% Std deviation

of A

E, cal/gm-mol

% Std deviation

of AE

Temperature,oc

First-Order
0.7 0.0
3.34x1012 2.49x10%2
2.41 2.50
54,600 54,200
1.96 2.03

FIRST- AND SECOND-ORDER REACTION

Second-Order

0.7

0.0

2.55%10%% 1.88x10!

2.12

56,800

1:.91

(b) Values of kr*Calculated From

The Least Squares Fit

First-Order

2.20

56,400

1.98

Second-Order

4

*/x, 0.7 0.0 0.7 0.0

460° 1.71><:L0"4 1.70x10"4 2.92>.c10"3 2.90).;10‘3

510° 1.89%x10™° 1.83x1073 3.52x10°2 3.43x10”2

560° 1.54%10" % 1.48x10'2 3.15x10" L 3.02x10" %
sec_1 for first-order and

¥ A and kr have the unit of

fts/lb sec. for second-order rate expressions.



TABLE XIII.

REACTION
I

II

1 N

IV

G A
VII
VIII

IX

XI
XVIII

XI1X

- 112 -

NUMERICAL VALUES OF SOME REACTION RATE
CONSTANTS COMPUTED FROM EQUATIONS 40
TO 50 AND EQUATIONS 57 AND 58

k*

460°C 510°C 560°C
2.80x10 11 8.93x10 10 1.88x108
3.57x10" 12 1.30x10" 10 3.07x10~2
1.69x101° 2.69x101° 3.63x101°
3.35x10° 4.82x108 6.64x10°
8.19x10% 1.01x10° 1.46x10°
1.67x102 0.94x10° 0.43x10%
- = 85.5
1.77x10° 5.54x10° 1.51x10"
2.26x10% 8.05x10% 2.46x10°
4.96x10° 1.45x10° 3.73x10°
1.77x10° 5.54x10° 1.51x10°
3.23x1011 4.02x10%1 4.88x101
3.23x10° 4.02x10° 4.88x10°

*k has the unit of sec‘l for a first-order reaction and
for a second-order reaction.

cc/g-mole sec.
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TABLE XIV. FREE RADICAL CONCENTRATIONS CALCULATED
FROM THE PROPOSED REACTION MECHANISM

Relative Concentration, (R)/(C4H10)0*

R Case
H 1 and 2
CH3 1l and 2
02H5 1l and 2
03H7 ]

2
C4H9 1

2

B

v}

460°C

.81x10"
.16x10"
.15x10"
.58x10"
.71x10°
.46x10"

.49x10"

11
8
9
L
13
10

10

W O N

© ©O© N -

510°C

.10x10™
.74x10°
.15x10"
.61x10~
.63x10"
.06x10"

.60x10

10
7
8
16
12
10

10

(I

.63x10"
.10x10"
.80x10"
. 25%x10
.30x10"

.81x10"

560°C

9
6
g
15
11
9

.23x10'9

*This is the ratio of free radical concentration (R) to that of
pure butane (C4H10)0, both in gm-mole/cc at 1 atm and the

given temperature.
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TABLE XV. COMPARISON OF EXPERIMENTAL RESULTS
AND THOSE PREDICTED FROM THE
PROPOSED REACTION MECHANISM

Rate of Formation, gé%l/(c4ﬂlo)g,sec.-l
460°C 510°C 560°C

(a) ethylene

Experimental | 4.28x10°° 5.84x10™ 2 5.70x10>
Casa 1 4.41x10™° 5.32x10" 4 5.01x10"°
Case II 4.49x107° 5.75x10" % 6.00x10">

(b) propylene

Experimental 1.08x10"4 1.27x10°3 9.73x10™°
Case 1 1.22x10‘4 1.32;;10‘3 10.46x10‘3
Case II 1.21x107% 1.27x10°3 9.29x10°3

(c) Dbutenes
. -8 -8 4

Experimental 4.28x10 7.56x10 4.07x10
Case 1 5.56x10° 7.29x10"° 6.91x10 2
Case II 5.63x10~° 7.73x10° 7.95x10™ %

.

gé%l-is the rate of formation of M at zero conversion in
gm-mole :

oo Sco VWhere M is ethylene, propylene, or butemes. (C,H (),

is the concentration of pure butane in gm-mole/cc. Both at
1l atm and the given temperature.
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TABLE XVI. RATES OF FORMATION AND DISAPPEARANCE
FOR SOME FREE RADICALS AS CALCULATED FROM

THE PROPOSED REACTION MECHANISM

d(R) -
rate, —gz /(C4H10)0*, sec,

Temperature Case I Case II

formation disappearance formation disappearance

(a) H
460°C 0.61x10™°  0.79x10 2 0.62x10°  0.82x10 °
510°C 1.02x10" 2 0.88x10’4 1.07x10" % 1.01x10~ 4
560° C 1.47%x10°2  0.86x10°° 1.57%10™°  1.21%10™3
(b) CH,:
460°C 1.22x10—4 1.20x10—4 1.22x10'4 1.22;(10'4
510° C 1.32x10°°  1.31x1073 1.33x10°°  1.42x1073
560° C 1.05x10'2 1.07x10"2 1.39x10_2 1.31><10'2
(c) 02H5-
460° C 4.35x10™°  4.33x107° 4.41x10°°  4.33x10°°
510°C 5.04x10~%  5.25x107% 5.32x10 *  5.25x10 2
560° C 4.24x10°° 4.60x1073 4.88x10°2  4.60x1073
d(R) . : : gm-mole
* e is the rate of formation of R in (CC)(Sec.) where R
is H-, CH3-, or C,Hy. (C4H10)0 is the concentration of
pure butane in EE:EELS. Both at 1 atm and the given

cC

temperature.
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APPENDIX A: QUANTITATIVE ANALYSIS OF LIGHT

HYDROCARBONS BY GAS CHROMATOGRAPHY

ABSTRACT

A three-stage gas chromatograph was developed to allow quanti-
tative resolution of light hydrocarbons through C4 components
along with oxygen, nitrogen, hydrogen, carbon monoxide and
carbon dioxide. The system selected, however; did not allow
complete resolution of l-butene and isobutylene. 1In the
analysis; the response of a component in terms of g. moles

per unit of chromatogram area relative to that of nitrogen
was found useful. The individual response is designated as K
and the ratio of responses as N. Within experimental accuracy
moderate variations in operating conditions did not change the

value of N.

A least-squares analysis of the experimental data was used to
determine the value of N for each component. By establishing
the value of K for nitrogen each day, it was then possible to
compute the amount of each component from its chromtogram area
and its value of N. 1In the calibration of eighteen gases; an
average standard deviation of points from the least-square

plots was 1.23%
INTRODUCTION

Much work has been done on the analysis of hydrocarbons by

gas chromatography. One of the outstanding studies is that
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by Bloch (Al). By use of a four-stage column he was able to
separate more than 70 hydrocarbons from Cl through C7 as well
as permanent gases. Work reported here is a less extensive
study on possible products from the thermal decomposition of
butane, but the data was analyzed statistically and constants
were obtained for use in the ready computation of the amounts

of substances present.

EXPERIMENTAL PROCEDURE

Several partition liquids carried on firebrick were studied
qualitatively. These were tetraisobutylene, didecyl phthalate,
di-n-butyl maleate, tetraethylene glycol, dimethyl ether,
dimethyl sulfolane, and saturated silver nitrate solution in
benzyl cyanide. Also, with particular concern for the very
low boiling gases, molecular sieves, silica gel, and acti-

vated alumina were studied in their roles as absorbent solids.

On the basis of the preliminary data, a three-stage column was
developed, in which the first two stages consisted of two
sections each. The first section of the first stage was an
8-ft. length of copper tubing with an inside diameter of

3/16 in. It was packed with 30 to 60 mesh firebrick which

was coated with 30% by weight, on a dry basis, of di-n-butyl
maleate. A second part of that same stage was a 35-ft.

length of tubing packed with 30 to 60 mesh firebrick which
was coated with 33% by weight of dimethyl sulfolane and 3.5%

didecyl phthalate. The first section of the second stage
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was a 9-in. length of tubing packed with 35 to 48 mesh basic
activated alumina. That was followed with an 18-in. length
containing 35 to 48 mesh silica gel. The third stage was a
20-ft. length of tubing packed with 28 to 48 mesh molecular

sieve, type 13X.

A dual-thermistor thermal conductivity cell was used as a
sensing element at the discharge of each stage. The ther-
mistors were matched within 0.1%, and the resistance of each
was 8000 ohms. at 25°C. Cells and columns were mounted in an
air thermostat in which the temperature was controlled at

30 + 0.5°C.

Helium was used as the carrier gas. Its inlet pressure was
varied from 18 to 22 psig. and was maintained to within

+ 0.2 psig. The gas flowing through the final stage was dis-
charged directly to the atmosphere. Under these conditions

a flow rate of 45 to 60 cc./min., as measured at 1 atm. and
70° F., was maintained. For a given rate the variation in

flow was not greater than + 1 cc./min.

The signal from the first stage was recorded on a Brown
continuous recorder with a full-scale deflection of 1 mV and
a response time of 1 second. The recorder was equipped with
a disc integrator. Signals from the second and third stages
were each recorded on a Varian G-10 recorder with a full-
scale deflection of 10 mV and a response time of 1 second.

Before entering the recorder, each signal passed through a
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seven-step attenuator with a maximum attenuation of 200. A
signal was generally attenuated to yield a maximum record-

able voltage for the recorder.

The sample cells for the multicomponent mixtures were similar
to the design used by Sakaida (A2) with volumes of the order
of 1 cc. which were calibrated to within + 0.001 cc. For
quantitative calibration of the chromatograph, standard
mixtures were prepared in a 10-liter bottle. 1In the prepara-
tion, the bottle was first evacuated, and each component was
then added through a manifold system. The change in total
pressure for each gas was observed on a mercury-filled m;no—
meter by means of a cathetometer. Finally helium was used

to fill the bottle to slightly above atmospheric pressure.

A calibration mixture usually consisted of no more than three
components besides helium, wherein one of those was always
nitrogen which was present as the internal standard. Dalton's
law was used in combination with individual compressibility
factors in the computation of the composition of the gas in
the bottle. The assumption of Dalton's law for the conditions
studied was verified experimentally by the fact that each
component gave the same response in pressure whether in a

mixture or in its pure form.

EXPERIMENTAL RESULTS

Preliminary runs on the three-stage column showed that it was

capable of completely separating the components formed in the
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thermal decomposition of n-butane, except for isobutylene and
l-butene which were only partially resolved. Relative re-
tention times and volumes for the various components are given

in Table AI. Hydrogen was the basis for comparison.

Samples of five calibration mixtures were analyzed in a mass
spectrometer. The analyses are shown in Table AII and agreed

to within 4% or less with the computed compositions.

In the calibration of the chromatographic system, four or more
runs were made for each mixture. The area of each chromato-
gram was measured with a planimeter, and the response, K,
defined as g. moles per unit of chromatogram area; was com-
puted. In the use of nitrogen as an internal standard; the
ratio of K for a component to that of nitrogen; defined as
the normalization factor, N, was not found to vary with modest
variations in operating conditions. Average values of N for
the first nine components shown in Table AIII were found to
be constant with respect to varying amounts of the components.
That was not the case for components 10 to 18, and here N was
assumed to be a linear function of a normalized chromatogram
area. Coefficients in the function were determined by a
least-squares fit. The normalized areas used in the correla-
tion were calculated according to the expression:

normalized component area, AN

(observed component area)(KNz)

(x§2>
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where K§ is a standard response for nitrogen arbitrarily
2

selected as 0.0300 x 10_8 g. moles/unit chromatogram area.

In applying the above equation, the value of KN was deter-
2

mined in the same run for which the observed component areas

were obtained.

By use of the value of N for a given component, the amount of
that component in an unknown sample can be determined by the
following equation:

Amount of component A in g. moles

= (observed chromatogram area for A)(NA)(KN )
2

Expected standard deviations for the results are included in
Table AIII and were determined from the calibration studies
where for most of the components the range of amounts was
varied over six to eight-fold and in some cases as high as

twenty-fold.

In order to test the invariance of N, the operating conditions
were varied over a moderate range. For example; the carrier-
gas flow was varied between 45 and 60 std. cc./min., and the
thermistor current between 8 and 10 ma. Under these condi-
tions KN2 varied 3-fold but with no changes in N within

experimental error.

Although the minimum amount of the calibration samples
analyzed corresponded to 0.7% by volume for isobutane in a
1 cc. sample at atmospheric pressure and 25° C., the minimum

detectable amount corresponded to approximately 0.005% or
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50 ppm. by volume for all the components except hydrogen which
had a minimum of about 0.3%. These low concentrations pro-
duced signals ranging in maximum from 0.1 to 0.4 mv. in order

of decreasing retention times of the components.

DISCUSSION

In the calibration of eighteen gases, the maximum percent
standard deviations from the least-squares fit were 7% or less
except for 1,3-butadiene. The average maximum percent stand-
ard deviation was 4.77%. Relative to an average value for
amount of component present, the average percent standard

deviation for all eighteen components was 1.23%.

Among the possible sources of error; an important one was the
variation in partition efficiency which resulted from varia-
tions in the volume of the gas-sample pellet impinging upon
the first plate of the column. For the same amount of a
component, small pellet volumes gave lower values of N than

larger pellet volumes.

There were other errors of less significance than those re-
sulting from feed problem. Sources for the added variability
were in the preparation of calibration mixtures, variations

in operating conditions during each analysis of a mixture, in-
accuracies in area measurements; and finally in the insen-

sitivity of the recorder near the level of zero signal.
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It is interesting to note that the results obtained in this
study agree very favorably with those of Messner, et al. (A3).
A comparison is presented in Table AIV. In their work, the
ratios of the relative response of nitrogen to that of other
components correspond to the values of N presented here. As
shown in the table, however, the relative responses obtained
by Messner for components 10 to 18 are constants which agree
to within 5% of values of N obtained in this work for zero-
values of chromatogram areas. The fact that such values of N
obtained from entirely different chromatographic systems agree

so well gives added validity to their universal applicability.

Because of changes with time in the character of the component
parts of the chromatographic system, daily calibration is re-
quired for quantitative studies. The method presented here,
wherein a calibration is based upon the daily response of the
system to nitrogen in combination with previously determined
constants, is very satisfactory in lieu of a calibration for
every component, especially if a system with a large number

of components is being analyzed each day.
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TABLE AI. RELATIVE RETENTION TIMES AND RETENTION VOLUMES
COMPARED WITH HYDROGEN FOR POSSIBLE PRODUCTS
FROM THE THERMAL DECOMPOSITION OF n-BUTANE

Retention Time Retention Volume
Component (Sec.) (ce.)

First Stage

*Hz + air + CO 0 0
+ methane
ethane & ethylene 84 77
co, 191 175
propane 266 244
propylene 387 355
isobutane 524 481
acetylene 622 570
n-butane 800 734
l-butane + 1129 1035
isobutylene
trans-2-butene 1428 1309
cis-2-butene 1671 1532
methyl acetylene 2067 1895
1,3-butadiene 2357 2161
ethyl acetylene 4596 4215

Second Stage

H2 + air + CO 0 0
+ methane

ethane 13% 126

ethylene 179 164

*
Components coming out together or as partially separated

peaks.
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methane
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TABLE AI. (Continued)

Retention Time
(Sec.)

Third Stage
0

43
118
189
261

Retention Volume

(cc.)

39
108
173
239
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TABLE AII. COMPARISON OF COMPUTED ANALYSES OF CALIBRATION
SAMPLES AND MEASUREMENT BY MASS SPECTROMETER2

Mixture Component Mole % Computed Mole % Reported
No.

1 methane 9.84 9.5
ethylene 5.87 5.9
propylene 4.05 4.0
nitrogen 80.25 80.4
propane - 0.2

2 propane 4.85 4.9
isobutane 5.10 5.0
nitrogen 90.05 90.1

3 trans-2-butene 4.96 5.0
1,3-butadiene 2.03 2.0
nitrogen 93.02 93.0

4 ethane 1.04 1.0
acetylene 1.09 disald
nitrogen 97.87 97.9

5 & 6b methane 2.85 I §
propane 3.08 3.0
nitrogen 94.07 94.1
ethane - 0.2

aCourtesy of the California Research Corporation

bDuplicate samples, with identical reported analyses
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TABLE AIV. COMPARISON OF NORMALIZATION FACTORS

Component Component N* N
No. (Authors' (Computed from
Values) Messner (3))
- N, 1 1
1 02 1.071 1.05
2 Methane 1.112 8 I & 4
3 Carbon Monoxide 1.016 1.00
4 Ethane 0.761 0.82
5 Ethylene 0.805 0.88
6 Carbon Dioxide 0.848 0.88
7 Propane 0.640 0.65
8 Propylene 0.663 0.67
9 Acetylene 0.947 -
10 Hydrogen 32.29 -
11 Isobutane 0.523 0.51
12 n-Butane 0.512 0.49
13 1-Butene 0.522 0.52
14 Isobutylene 0.511 0.51
15 Trans-2-Butene 0.503 0.49
16 Cis-2-Butene 0.519 0.48
17 Methyl Acetylene 0.678 -
18 1,3-Butadiene 0.530 0.53

*
For components 10-18, the value of the normalized area, A, was

taken as zero to allow comparison with Messner (3).
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APPENDIX B. COMPOSITION OF SAMPLES BY CHROMATOGRAPHIC ANALYSIS

Run No. Sampling Position Composition of Samples, Mole %

r/’r‘J B, CHy CgE; C.H, CSHS Csﬂu !-Q?.".l!a tl‘lnl-’-—C‘Ba cis~2-C Hy IM-C‘BID “'cd‘m

11 Overall - 1.275 0.444 0.559 1.081 - - 0.018 0.018 - 96,605
0.70 - 1.133 0.430 0.535 1.064 - - 0.028 0.014 - 96,798

0.46 - 1.243 0.424 0,523 1.119 - - 0.023 0.019 - 96,649

0.25 - 1.200 0.425 0.529 1.073 - - 0.030 0.021 - 86.722

0 - 1.101 0.425 0.507 1.061 - - 0.027 0,023 - 96,856

12 Overall - 0,711 0.265 0,306 0,647 - - 0,023 0,015 - 98,033
0.70 - 0.686 0,247 0,301 0.639 - - 0.020 0.011 - 98,096

0.50 - 0.670 0.241 0.296 0.630 - - 0.024 0.015 - 98.124

0.25 - 0.685 0.248 0.297 0.614 - - 0.016 0.013 - 98,127

o - 0.658 0.257 0.296 0.646 - - 0.023 0.017 - 98,103

13 Overall - 0.313 0,087 0.091 0.205 - - 0,025 0.031 - 99,248
0.70 - 0.214 0.085 0.082 0,218 - - 0.017 0.013 - 99.371

0.50 - 0.188 0.076 0.074 0.210 - - 9.022 0.013 - 99,417

0.25 - 0,229 0,086 0,083 0,207 - - 0.016 0,017 - 99.362

o - 0.204 0.078 0.068 0,201 - - 0.019 0,014 - 99.416

14 Overall - 0.324 0.122 0.123 0.287 - - 0.014 0.008 - 99,122
0.70 - 0.283 0,103 0,102 0,281 - - 0.014 0.023 - 99,244

0.50 - 0.278 0.111 0.111, 0.271 - - 0,021 0.017 - 99,191

0.30 - 0.289 0.109 0.104 0.275 - - 0,018 0.017 - 99,190

1] - 0.309 0.119 0.111 0,297 = - 0.021 0.020 - 99.123

15 0.70 - 0.839 0.320 0.385 0.884 - 0.007 0.024 0.022 - 97.519
0.45 - 0,783 0.304 0.373 0.798 - 0.007 0.024 0.020 - 97.692

0.25 - 0.844 0.320 0.391 0.770 - 0.007 0.022 0.019 - 97.827

o - ©0.783 0.283 0.341 0.741 - 0.007 0.019 0.019 - 97.817

16 0.70 - 0.768 0.291 0.353 0,762 - 0.007 0.025 0.022 - 87.773
0.40 - 0.755 0.293 0.350 0.767 - 0.007 0.025 0.022 - 97.781

1] - 0.762 0.280 0.334 0.759 - 0.007 0.024 0.020 - 97.814

17 0.70 - 0.254 0.093 0,096 0.256 - - 0.015 0.013 - 99.286
¥ 0.50 - 0.245 0.079 0.082 0.233 - - 0.016 0.021 - 99,324
0.25 - ©0.235 0.085 0.083 0,232 - - 0.015 0.015 - 99,335

o - 0.219 0.087 0.090 0.230 - - 0.015 0.015 - 99,344

18 0.70 - 0.154 0.057 0.058 0.166 - = - = - 99,564
0.50 - 0.159 0,056 0,056 0.135 - - - = - 99,594

0.25 - 0.148 0.056 0.055 0,156 - = - - - 99, 585

0.05 - 0,173 0.056 0.061 0.164 = N - = o 99.546

19 0.70 - 0.729 0.269 0.326 0.728 - 0.007 0,013 0.015 - 87.914
0.50 - 0.684 0,264 0.313 0.809 - 0.007 0.020 0.016 - 98,087

0.25 - 0.874 0,253 0.308 0,599 - 0,007 0.019 0.015 - 98,127

o - 0.628 0.246 0.281 0,620 -~ 0.007 0,019 0.021 - 98.178

20 0.70 - 0.663 0,244 0,209 0.652 - - 0.018 0.0186 - $8.108
0.50 - 0.626 0.226 0,285 0,604 - - 0.018 0.016 - 98.225

0.25 - 0.590 0.237 0.301 0,831 - - 0,022 0.015 - 98.204

o - 0.868 0.228 0.289 0.606 = - 0.024 0.0186 - 98.169
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Run No. Sampling Positionm Composition of Samples, Mole §

r/x, Hy CHy CyRy C,B, CgHy CpHy 1-C.H, trans-2-C,H, eis-2-C,Bg iso-C,H,, n-C.H .

31 0.70 - 0.608 0.202 0,267 0.543 - - 0.020 0.019 - 98,341

0.50 - 0.577 0.215 0.258 0.556 - - 0.020 0.018 - 98,355

0.25 - 0.555 0.209 0.248 0.523 - - 0.020 0.019 - 98,426

[} - 0.539 0.200 0.238 0.556 - - 0.020 0.0189 - 98.428

22 Overall 0.600 4.665 1.499 2.420 4.046 -~ 0.045 0.043 0,040 - 86.642

0.70 0.600 4.274 1.488 2,394 4,168 - 0,045 0.045 0.043 - B6.943

0.50 0.444 4,102 1.453 2.346 3.867 - 0.039 0.053 0.040 - B7.656

0.25 0.656 4.252 1,494 2,413 3,994 - 0.051 0.048 0,033 - 87.059

1] 0.619 4.083 1.425 2,318 3.859 - 0,046 0.047 0.037 - 87,567

24 0.70 - 0.187 0.069 0.062 0.173 -~ - - - 0.151 99,346

0.50 - 0.193 0,073 0,073 0.169 - - - - 0.132 99,360

0.25 - 0.208 0.075 0.074 0.189 - - - - 0.157 99,297

] - 0.191 0,073 0.074 0.183 = - = - 0.131 99.349

25 0.70 - 0.170 0.058 0.057 0,145 - - 0.020 - 0.141 99,409

0.50 - 0.175 0.062 0.060 0.149 - - 0.023 - 0.148 99.403

0.25 - 0.172 0.067 0,059 0,149 =~ - 0.020 - 0.148 99,385

[e] - 0.175 0.062 0.052 0.188 - - 0.018 - 0.153 99,385

26 0.70 - 0.271 0.088 0.077 0,204 - - 0.027 - 0.130 99.204

0.50 - 0.241 0,092 0.088 0,223 - - 0.027 - 0,145 89,184

0.25 - 0.285 0.085 0.095 0.221 - - 0.027 - 0.141 99,018

0 - 0.257 0.092 0.096 0,219 - - 0.024 - 0.141 99,171

27 0.70 - 0.121 0.044 0.041 0.115 -~ - 0,023 - 0.145 99.511

0.50 - 0.127 0.049 0.042 0.115 - - 0.023 = 0.147 99,497

0.25 - 0.125 0.042 0.042 0.114 - - 0.024 - 0.141 29,511

0 - 0,119 0.044 0.036 0.116 - - 6.024 - 0.150 99,511

28 0.70 - 0.668 0.259 0.299 0.675 = - 0.029 - 0.133 97.937

0.50 - 0,649 0.259 0,303 0.649 - - 0.029 - 0.129 97.982

[] - 0.686 0,243 0.269 0.661 - - 0.038 - 0.129 97.963

29 0.70 - 0.580 0.211 0.236 0,541 - - 0.024 - 0.140 98.268

0.50 - 0.535 0.218 0.238 0,529 - - 0.030 - 0.142 " 98.308

0.25 = 0.557 0.204 0.230 0.507 - - 0.028 - 0.128 98.346

0 - 0.519 0.187 0.205 0.496 - - 0.028 - 0.143 98.422

30 0.70 - 0.763 0.311 0.360 0.766 - - 0.034 - 0.130 97.636

0.50 - 0.734 0.299 0.336 0.751 - - 0.035 - 0.121 97.724

0.25 - 0.731 0.298 0.332 0.739 - - 0.035 - 0.146 97.719

[+] fad 0.885 0,285 0.342 0.733 - - 0.035 - 0.121 97.53?

31 0.70 - 0,546 0.214 0.217 0.490 0.021 0.020 0,051 0.020 0,117 98,304

0.50 - 0.555 0.212 0,223 0.463 0.023 0,011 0.045 0.016 0.127 98,325

0.25 - 0.533 0.215 0.218 0.471 0.022 0.016 0.049 0.016 0.128 98,332

o - 0.551 0.209 0.220 0,472 0.021 0.019 0,053 0.017 0.137 98.301
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Run No. Sampling Position Composition of Samples, Mole £

r/’ro 52 Cﬂl‘ Czﬂs Cnﬂ‘ CSHB CSRB 1-C“F|E tn“—z—c‘ﬂa CiB—z-ciﬂa 1M-C‘BID n—c‘ﬂlo

32 Overall 0.751 3.329 1,208 1.753 2.910 0,046 0,034 0.069 0.038 0.119 89.745

0.70 0,564 3,282 1,164 1.689 2,962 0.041 0.040 0.060 0.043 0.118 90,233

0.50 0.605 3,202 1.1B8 1.739 2.945 0.045 0,041 0.060 0.032 0.118 90.025

0.25 0.757 3.267 1.193 1.744 2.931 0.040 0.039 0,082 0.023 0.116 B9.828

Q 0.738 3.221 1.156 1.690 2.915 0.039 0,046 0,087 0.030 0.116 B9.982

33 0.70 0.411 2,574 0.997 1.460 2.628 0.040 0.047 0.057 0.032 0.122  91.632

0.50 0.393 2.688 0.950 1.413 2.457 0,030 0.039 0,058 0.022 0.110 91.'840

(] 0,398 2,677 0,958 1,415 2,381 0,030 0.038 0.042 0,023 0,117 91.921

34 0.70 0.610 4,126 1.475 2.377 3.993 0.049 0.063 0.078 0.044 0.119 B7.066

0.50 0.648 4,059 1.416 2,242 3.905 0,045 0,087 0.079 0.033 0.108 87.398

0.25 0,611 3,989 1,474 2,287 3.847 0.041 0.055 0,071 0,032 0.098 87,495

0 0.609 3.806 1.419 2.235 3.843 0.045 0,057 0.069 0.028 0.105 B7.784

35 0.70 0.509 4,262 1,592 2,546 4,083 0.040 0,071 0,073 0,041 0,097 B86.686

0.50 0.522 4,336 1.589 2,504 4.214 0.042 0.063 0.068 0.043 0.101 86,517

0.25 0.484 4.138 1.583 2,507 3,998 0.035 0.061 0.074 0,038 0.100 B86.981

Q 0,439 4.361 1.590 2.493 4.123 0.042 0.058 0.070 0.037 0.097 B86.690

36 0.70 0.511 3.433 1.309 2.049 3.554 0.028 0.046 0.088 0.024 0.098 88.860

0.50 0.447 3,347 1.284 2,022 3,446 0.033 0,051 0,072 0.030 0.099 89,169

0.25 0.422 3.348 1.288 2.050 3.593 0.033 0.051 0,063 0.028 0.114 88.980

L] 0.416 3.427 1.275 1.935 3.495 0.031 0.055 0.068 0.030 0.104 89.164

37 0.70 - 1.545 0.643 0©0.761 1.476 0.036 0.011 0,050 0.019 0.093 95,459

0 - 1.546 0,601 0.725 1.517 0.024 0,010 0.041 0.016 0.109 95.411

38 0.70 - 1.236 0.475 0.584 1,190 0.012 0.009 0.035 0.010 0.107 96.342

o - 1.259 0.488 0.588 1.203 0.010 0.015 0.037 0.007 0,107 96,287

39 0.70 - 0.875 0.351 0.448 0.845 - 0.007 0.037 - 0.102 97.335

1] - 0.936 0.342 0.399 0.842 - 0.0086 0.036 - 0.103 87.335

40 0.70 - 1.076 0.416 0.501 1.037 0.012 0.011 0.030 0.012 0,103 96.802

0.50 - 1,130 0.408 0.492 1,055 0.012 0.013 0.042 0,018 0.105 96.725

0.25 - 1.061 0.438 0,527 1.001 0,016 0.017 0,052 0.019 0.108 96,760

(1] - 1.107 0.438 0,510 1,119 0.010 0.012 0.040 0.019 0.109 96.636

41 0.70 = 0.334 0,127 0.149 0.328 - - 0.025 - 0,089 98.948

0.50 - 0.321 0.119 0.145 0.283 - - 0.026 - 0.101 99.005

0.25 - 0.338 0.112 0.142 0.315 - - 0.026 - 0.090 98,977

o - 0.320 0.130 0.126 0.287 - - 0,027 - 0,093 99.017

42 0.70 = 0.380 0,146 0.166 0.364 - - 0.028 - 0.089 98.817

0 - 0.355 0.130 0.148 0,321 - - 0.022 - 0.099 98,925

43 0.70 - 0.398 0.149 0,167 0.363 - - 0.029 - 0,099 98.795

0.50 - 0.369 0.135 0.167 0,361 - - 0.029 - 0,104 98,835

0.25 - 0.391 0.140 0,166 0.3867 - - 0.029 - 0.108 98,799

0 - 0.365 0.129 0.143 0.325 - - 0.029 - 0.089 98,920
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Run No. Sampling Position Composition of Samples, lMole #
rlro B, CH, Czlu CoHy Cala C,l‘ 1-C By trlnn—ﬂ-c‘Bs cll-ﬂ-c‘la m—c‘lm n-c‘nm
44 0.70 - 0.271 0.088 0.092 0.240 0.030 0.009 0.021 - 0.078 99.218
0.50 - 0.274 0.095 0.098 0.240 0.031 0.004 0.020 - 0.084 99,154
0.25 - 0.287 0.102 0.117 0.282 0,035 - 0.020 - 0.089 99,068
[+] - 0.277 0.084 0.103 0.222 0.030 - 0.020 - 0.079 99.154
45 0.70 - 0.458 0.149 0.186 0.416 0.038 0.019 0.032 - 0.080 98,622
46 0.70 - 0.273 0.092 0.095 0.239 0.024 - 0.019 - 0.079 99.179
o - 0.282 0.104 0.106 0.273 0.027 - 0.019 - 0.099 99,090
48 0.70 - 0.258 0.100 0.104 0.245 0.028 - 0.019 - 0.080 99.166
49 0.70 - 0.233 0.081 0.081 0.204 0.005 0.005 0.024 0.003 0.084 99,280
o - 0.222 0.083 0.080 0.203 0.004 0.005 0.033 0.003 0.072 99.295
50 0.70 - 0.177 0,085 0,085 0.175 0.011 - 0.031 0.004 0.081 99,388
L] - 0,182 0.084 0.062 0.172 0.003 - 0.031 0.004 0.075 99,404
51 0.70 - 0.149 0.046 0.042 0,137 - - - - 0,078 99,542
0 - 0.140 0.052 0.051 0.137 - - - - 0.070 99,550
52 0.70 - 0.109 0.038 0.040 0.117 - - - - 0.086 99.608
0.50 - 0.097 0.040 0.032 0.100 - - - - 0.087 99,664
0.25 - 0.094 0.043 0.039 0.097 - - - - 0.064 99.663
o - 0,087 0.041 0.039 0,094 - - - - 0,060 99,669
53 0.70 - 0,028 0,014 0,014 0,038 - - - - 0.061 99,851
0.50 - 0.025 0,013 0.013 0.033 =~ - - - 0.057 99,859
0.25 - 0.030 0,012 0.012 0.037 =~ - - - 0.053 99,856
54 0.70 - 0.042 0.015 0,015 0.047 - - - - 0.057 99,816
o - 0.041 0.015 0,015 0.045 - - - - 0,056 99,829
55 o - 0,049 0,020 0.020 0.055 - - - - 0.047 99.810
56 0.70 - 1.182 0.424 0.499 1.087 0.010 - 0.039 0.012 0,040 986,707
o - 1.137 0.431 0.515 1.102 0.005 - 0.039 0,012 0,033 96,727
57 0.70 - 0.894 0,319 0,372 0.941 0.003 0.009 0.032 0.008 0.033 97.389
0.25 - 0.915 0,336 0.393 0.786 0,004 0.008 0.031 0.008 0.051 97.468
o - 0.836 0,309 0.355 0.722 0.008 0.009 0.032 0.003 0.025 97.710
58 0.70 0.420 3.433 1.339 1.918 3.357 0.018 0.033 0.042 0,023 - 89,402
o 0.422 3.506 1.252 1.767 3,164 0.017 0.033 0.044 0.023 - 89.772
59 0.70 0.376 3.073 1.071 1.556 2.830 0.011 0.027 0.040 0.020 - 90,997
o 0.287 3.056 1.054 1.507 2.692 0.011 0.027 0.040 0,020 - 91.326
60 0.70 0.379 3.285 1.112 1,550 2,848 0.033 0.031 0.048 0.023 - 90.691
0,50 0.387 3.316 1.165 1.653 2.834 0,030 0,035 0,046 0,028 - 90,506
0.25 0.380 3.240 1.109 1.579 2.741 0.026 0.031 0.040 0.023 - 90,831

o 0.380 3.119 1.114 1.594 2.802 0.030 0.035 0.048 0,023 - 20.855
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Run No. Sampling Position Composition of Samples, Mole §

r/rD Hz CH‘ CZBB L'284 CBHS CSHB 1-(J4K8 tl‘lnl-z-C‘Ba c&l-—ﬂ-c‘lls l'o-C‘Hlo n-C‘Blo

61 0.70 0.578 4,740 1,635 2,464 3.918 0.206 0,058 0.078 0.043 0.039 86.241

0 0,552 4.951 1.717 2.621 4.101 0.218 0.063 0.073 0.042 0.043 85.619

62 0.70 0.727 5.232 1.849 2.750 4.690 0.227 0.073 0.084 0.055 0.040 84.263

o 0,749 5.133 1,798 2,691 4.340 0.190 0,076 0.083 0,046 0.042 B84.852

63 0.70 0,553 4.458 1.578 2.355 4.119 0.221 0.062 0.080 0.045 0.047 86.482

0 0.598 4.665 1.535 2.329 3.850 0.211 0.046 0.062 0.057 0.042 86.605

64 0.70 0.642 3.801 1,411 2,095 3.444 0.211 0,050 0.080 0.027 0.048 88.113

0.50 0.618 3,981 1.412 2.061 3.633 0.220 0,063 0.075 0.040 0,055 87.842

0.25 0.685 3.881 1.348 2.051 3.478 0.216 0.047 0.067 0.036 0.046 88,245

1] 0.696 3.888 1.376 2.078 3.418 0.217 0,048 0.058 0.033 0.058 88.130

85 0.70 0.525 4.362 1.502 2.273 3.746 0.170 0.044 0.053 0.035 0.041 B87.249

0.50 0.489 4.225 1.388 2,103 3.605 0.169 0,047 0.057 0.034 0,038 87.844

0.25 0.500 4,122 1.541 2.303 3.616 0.167 0.043 0.054 0.034 0.047 87.573

(1] 0,509 4,151 1,434 2,142 3,606 0,173 0.045 0.061 0.034 0.042 87.803

66 0.70 0.285 2.788 0.965 1.423 2.395 0.127 0.027 0.041 0,023 0.045 91.881

0.50 0.225 3,014 1.056 1.566 2,643 0,139 0.036 0.052 0.027 0.042 1,200

0.25 0.226 3.017 1.036 1.522 ..573 0.135 0.031 0.047 0.021 0.043 981.123

o 0.179 2,785 0.971 1.435 2.461 0.126 0.033 0.048 0.028 0,038 91,898

67 0.70 0.393 3.227 1.126 1.621 2.843 0.142 0.041 0,046 0.024 0.048 90,491

0.50 0.347 3,107 1,087 1,580 2,686 0,137 0,038 0.047 0.031 0.038 90,903

0.25 0,275 3.066 1,033 1,529 2.689 0,148 0,035 0.048 0.033 0.044 91.100

0 0.253 2.960 1.001 1.496 2.626 0.139 0.039 0.049 0.032 0.041 91.364

68 0.70 0,695 4,385 1,555 2,270 3,784 0,120 0.062 0.069 0.039 0.040 86.981

0.50 0,700 4.573 1,485 2,276 3.830 0.120 0.058 0.070 0.043 0.041 86.804

0.25 0.724 4.573 1.544 2.312 3.764 0.120 0,046 0.070 0.040 0.037 86,770

] 0.705 4,396 1,547 2,427 3,918 0,132 0.046 0,062 0,036 0.037 86.720

69 0.70 0.372 2.647 0.934 1.297 2.107 0.106 0.031 0.046 0.022 0.035 92.403

0.50 0,382 2,738 0,953 1,356 2,335 0.119 0,033 0,053 0.027 0.041 91,963

0.25 0.341 2,832 0.933 1.343 2,353 0.120 0.039 0.059 0.028 0.039 91.913

0 0.301 2.699 0.891 1.279 2.187 0.115 0.033 0.061 0.030 0.040 92,364

70 0.70 0,498 3,193 1,126 1.641 2,621 0.112 0.034 0.051 0.024 0.032 90.688

0.50 0.504 3.148 1.041 1.518 2.580 0,115 0.035 0,051 0.037 0.029 90,942

0.25 0.582 2,933 1.015 1.465 2.530 0.122 0.034 0.053 0.022 0,042 91.202

a 0,437 2,941 0.989 1,400 2,437 0.123 0,037 0.066 0.031 0.042 91.497
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APPENDIX C: END EFFECTS AT THE EXIT OF THE REACTOR

End effects on temperature traverses were observed for many
runs. Specifically, the temperature traverses were found
to be a strong function of the flow rate. At high flow rates,
the temperature traverses were approximately the same as the
wall temperatures. As the flow rate was decreased, the
temperature traverses read up to 5000 lower than the average

wall temperatures. This was illustrated in Figures 8 to 10.

The reactor head temperature was selected as the cause of
this temperature effect. The head was made mainly of steel
and was connected to the vacuum system by cast-iron piping.
As steel and iron are excellent thermal conductors, the
temperature of the reactor head remained considerably lower
than the wall temperatures when the reactor was heated. This
low reactor head temperature, in turn, affected the gas
temperature inside the reactor both directly and indirectly.
Directly, the gas temperature was lowered due to conduction,
convection and radiation. Indirectly, the reactor wall
temperature was lowered by conduction and radiation. More-
over, the traverse thermocouple reading was lowered as much
as 500 because of conduction loss along the leads. These
effects are discussed qualitatively in this appendix.

Wherever possible, quantitative estimates are also made.
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In these discussions, the dependence of the fluid properties
on both temperature and composition will be neglected.
Furthermore, the effect of the reactor head will be considered
as equivalent to an imaginary boundary four inches above the
top thermocouple in the reactor wall. The gas and wall
temperatures at this boundary were at a constant temperature,

i b which was much lower than the average reactor wall

h?
temperature for any run. Also this imaginary boundary does
not affect the flow pattern of the fluid. Under such circum-

stances a fairly general energy balance equation for a moving

fluid can be written as follows (Cl):

2 s 4ac 4 4,

In equation Cl, the first term describes the hydrodynamic
transport, the second term thermal transport due to conduction,
the third term an energy source term, and the fourth term
thermal transport due to radiation. It should be pointed

out that in this equation, a is the absorption coefficient
over the entire wavelength range. This absorption coefficient

will be discussed later in connection with thermal radiation.

Consider now the situation under which conduction and forced
convection prevail. For simplicity, ur is neglected,

Equation Cl now assumes the form
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aT ~ 0 T 1 @ aT
W 3= X [——§ : T 3r (r 3;)] = 0 (c2)
0x
aT 82T G oT
or ux x X [g‘;{f + ﬁ (ZR'a'ﬁ)] = 0 (023.)

where R = 0.5 r2 and X is the thermal diffusivity. If the gas
temperature is constant and identical with the average wall
temperature, Tav’ at a distance X, below the reactor head,

the boundary conditions at both ends are then

T = Tav for x =0 (C3)

T =TT X = X (c4)

h (o)
At the side walls, it will be assumed that the temperature
varies linearly with distance in the section between the top

thermocouple and the reactor head;, i.e.,

T = Tav’ for r = K 0 <x = (x0—4) = X

 §
(C5)
o - -(Tav—Th)(x—xl)/xo, re=r, X <X =X
Finally, the flow is assumed to be Poiseuille, i.e.,
w =u_ [1- (@/r)?] (c6)
X Xm o

Equation C2a can now be solved for the boundary conditions C3,
C4, and C5. Because of the presence of the convective terms,

however, an analytical solution is not readily obtainable.
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Instead, a numerical method of solution has been devised.

This method called for the transformation of equation C2a
into a finite-difference equation. The difference equation
was then solved by an iterative procedure. In the finite-
difference equation, the derivative 3T/9x was replaced by

a backward-difference formula while all the other first and
second derivatives were substituted with central-difference
formulas. It has been found that the numerical solution of
equation C2a by an iterative procedure would be stable for

all values of . only when a backward-difference formula

was used for aT/9x. A computer program was then written and
the actual computations performed on a Datatron 220 computer
at the Computing Center of California Institute of Technology.
Solutions were obtained for various values of L - and Th.
For all these cases, the following quantities were used:

x = 6 inches, T = 510°C, K = 0.232x107° ft.z, Ax =0.2

inch and AR = 0.025 inchz. The value of thermal diffusivity

K was calculated based on butane properties at 510°C. Two
values of Th were used: 310°C and 360°C. Values of T as
function of r for various values of U are plotted in

Figures Cl and C2 for x = 2 inches and x = 3 inches. The
latter value of x represents approximately the position of

the thermocouple probe. The plot at this height therefore
demonstrates the effect of wall cooling on the gas temperature

at the probe thermocouple. It can be seen that at low flow

rates; the gas temperature would drop considerably at the probe.
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At x = 2 inches, however, the gas temperature remains

essentially the same as Tav for even the lowest flow rate.

The above analysis admittedly is not a rigorous cne. A
number of assumptions have been made. It nevertheless
demonstrates the strong dependence of gas cooling on the
flow rate due to a cold reactor head. Moreover, the effects
of cooling due to radiant and natural convective transfer
will be considered. These effects, when superimposed on

the results obtained in the above analysis, improve the

visualization of the actual situation.

When a gas flowing in a vertical tube under laminar
conditions is heated or cooled by the walls, both natural
and forced convection occur. Due to changes in viscosity
and density, radial flow is developed. 1In the case of gas
being cooled, the gas will flow from the center towards the
wall, resulting in a flatter velocity profile (C2).
Martinell and Boelter (C3) analytically treated the case of
fluid flowing vertically in heated or cooled tubes having
uniform wall temperature and obtained the relation

we
, [Ef~ +0.0722 { GrPr (M) ]

b

A
Nu=1.75 M 3 (c?)

where the Grashof number Gr, is based on tube diameter and
initial At, which is positive for both heating and cooling.
In equation C7, the first term in the cubic root is the

contribution due to forced convection and the second term
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due to natural convection. For butane flowing in the

reactor at an average linear velocity of G% at 510°C and

1 atm with L taken to be 4 inches, the first term has an
approximate value of 70 E%. On the other hand, if a value

of 50°C is used for At, the Grashof number is calculated

to be 19,000 while the Prandtl number is 0.955. The second
term thus has a value of 39.7 based on M2 = 1.0. Since ﬁ%
ranged from 0.05 to 0.6 ft/sec. in the present work, it is
apparent that natural convection is at least of the same
order of magnitude as forced convection for these velocities.
This analysis, of course, does not necessarily apply to the
present situation. For example, the wall temperature in the
present work is not uniform. It does, however, point out the

importance of natural convection in heat transfer at the exit

of the reactor.

What effect will natural convection have on the temperature
traverse then? Figure C3 shows a schematic diagram of the
portion of the reactor tube next to the reactor head. It is
assumed that at a height x = 0, the gas and wall temperature
are uniform and equal to the average wall temperature. Above
x = 0, the end effects due to the reactor head begins to
become significant and the gas temperature will drop as the
flow moves upward. At high flow rates, the gas does not have

time to cool much before it exits through the reactor head.
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Under such circumstances, natural convection will be
suppressed. On the contrary, sufficient cooling of the

gas occurs when the flow rate is low enough, and consequently,
natural convection takes place. As the gas at x = 0 is hot,
the reactor head cold and the reactor wall relatively warm,
some circulation of the gas in a pattern shown in Figure C3
will be induced due to natural convection. Consider now the
temperature at a height x slightly over the x = 0 line. Cold
gas comes down from the top at some radius r between the
center and wall, the temperature there is therefore quite low.
From this radius, gas flows radially both towards the center
and the wall and in doing so is heated by the hot gas at x = 0.
The temperature of the gas thus becomes higher the farther

the gas moves away from r. As the gas moving towards the

wall is also heated by the wall, its temperature rises more
sharply than the gas moving towards the center. The resulting
temperature profile thus will be similar to the one shown in

Figure C4.

Radiant transfer of energy of gases differ from that of

solids and liquids. Gases absorb and radiate energy only
within certain limited wavelength ranges. Moreover, gases

need great thickness to absorb the major part of incident
energy, if any absorption occurs. The absorption and radiation
of gases are caused by changes in the energy levels of the

gas molecules in accordance with Planck's law.
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o]

At temperature up to 5000 F, say, the bulk of radiation is
connected with changes in the rotational or vibrational
energy of the molecules in the infrared region. An infrared
absorption spectrum of n-butane is available (C4). The
absorption by a gas of a monochromatic beam with wavelength A

is described by the equation

—2 = _a_ds (C8)

where s is the distance in the gas the beam has travelled,
IR the intensity of the beam at s and a, is the so-called

absorption coefficient. The quantity a, is roughly pro-

A
portional to the number of molecules per unit volume and it

increases with temperature. Furthermore, a., depends strongly

A
on wavelength (C5).

When the temperature and gas concentration are constant,

equation C8 can be integrated to result in
T =X e ) (C9)

where I?\0 is the intensity of the beam at s = 0. By
definition, the absorptivity of a gas layer of thickness s

is then
S
a = 1=e X (C10)

The emissivity ER is equal to the absorptivity according to

Kirchhoff's law.
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Equations C8 to C10 apply to radiation at some particular
wavelength only. In practice, however, only the total
radiated heat integrated over all wavelengths is of importance.
Theoretically, a, for any gas can be evaluated as a function
of temperature, pressure and wavelength from the molecular
structure of the gas. Such evaluation, even if possible,

is usually impractical for other than diatomic molecules (C6).
Recently, Bevans and Dunkle (C7) pointed out the applicability

of band measurements for engineering calculations. The band

absorption of a band is defined as the absorption

2
A, = | a, dA (C11)

associated with a certain transition in the vibrational
molecular energy and simultaneous rotational energy changes.
Empirical band absorption correlations for 002 based on
experimental measurements have been given by Edwards (C8).
Work (C9) has also been performed to determine the overall
emissivity E for a gas at different temperatures as a function
of the product ps, where p is the partial pressure of the
particular gas and s the thickness of the gas layer. Data

are available for CO H

0, SO £0; NH3 and mixtures of

27 =2 2’

CO2 and Hzo at a total pressure of 1 atmosphere. For CO2 at
o

510 C and a ps of 0.25 ft. atm, the value of E at 1 atm total

pressure is given to be approximately 0.09. This overall

approach, however, applies only to gray surfaces.
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The role of radiant thermal transfer in the end effects will

now be examined. This transfer is represented by the term

4ag
Cpp i

4 1
Z Fy (T7 - Tgy)
in equation Cl. The significance of this term will be deter-
mined by comparing its order of magnitude with that of
aT

u §§'at the thermocouple probe. In order to perform this,

however, the values of Fi’ a, T

Wi T and %g have first to be

obtained. Since the overall emissivity of n-butane is not

known, that of CO, at 410°C and ps = 0.25 ft. atm will be

2
used as an approximation. The reactor is now divided into
two parts. The first part is the reactor head which is 3

inches above the probe thermocouple and has a uniform tem-
perature of 310°C. The second part consists of the rest of

the reactor and is at a temperature of 510°C. The value of

Fi's can now be obtained

2
1
(E) T 1 0. 00
F, = = = 0.00694
 § 4(3)2 144

F, =1 = Fl = 0.99306

The absorption coefficient a can be calculated from E by the

as

relation E = 1 - e Since for s = 0.25 ft and p = 1 atm,

E = 0.09,

6 8 o5 é In (1-E) = 0.372 £t~ 1
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The value of T and 8T/dx will be obtained from Figure Cl

at x = 3 inches and r = 0 for . - 0.08 ft/sec,

T = 499°C
aT _ _ 4
= 266°C/ft.
At 499°C,

p = 0.0571 1b/cu.ft.

cp = 1.51 Btu/lb °C

The radiant transfer term becomes

4x0.372x0.173x10"8 9.2

0. 0571x1.51x3600 — (3’

[(712.1)% -0.00694 (583.1)%

~ 0.99306 (783.1)%] = -0.01644°C/sec.

The longitudinal convective term is, on the other hand,
0.08x( -266) = -21.3 °C/sec.

It can thus be seen that even at very low flow rates, the
radiant transport is only 0.1% of the longitudinal convective
term. Even if the absorption coefficient of n-butane is
actually much largér than that of COZ’ the effect of thermal

radiation can still be readily neglected.

Finally, possible errors in probe thermocouple readings

are to be investigated. In general, the reading of a

thermocouple in a flowing fluid is determined by three
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factors: heat transfer from gas to the thermocouple, heat
conduction along the thermocouple leads, and radiant ex-
change of energy between the thermocouple and the surround-
ing surfaces. The net gain of energy is zero at steady-

state. Mathematically,

4 4 T
hcAl(Tg—Tt)+dEA2§Fi(Twi -T ) +kAy = = 0 (C12

In equation Cl2, %% is the temperature gradient in the ther-

mocouple wire. When the thermocouple probe is at the center
of the reactor with u, = 0.08 ft/sec. and Tav - 51000, it

has been shown that T, = 499°¢, T, = 310°c, T 510°c,

1 2

F. = 0.00694, and F, = 0.99306. The heat transfer coeffi-

1 2

cient hC can be calculated from the following equation Cl0:

0.44 28 195 ¢ (r, - 0.081) Btu

p
h =
e MO-1 (r, - 0.027) ££2hrOF

(C13)

whter T is in °R. For butane, hc = 2.61 under the prevailing

conditions. As an approximation A, and A, are both taken to

1 2
be equal to the surface area of a sphere having the same
diameter as the probe quartz tubing. Thus
2
L

1 "
Al - A2 = 47 (3—2) - "2—'5"— Sq. 1n.

A3 is the cross section of the wires. Its value is
2(wx0.00152) = 4.5:&10—6 sq. in. For quartz, E = 1. For

Pt at 50000, kc is approximately 5OBtu/(hr) (sq ft) (OF/ft).
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Finally, the temperature gradient in the gas is used for
that in the wires, or 3T/dx = -266 °C/ft. Equation Cl2 can

now be written as

-8 9,4
(=

2,61(%) (772.1 - T,) + 0.173x107° (3) [0.00694 (583.1)%

+ 0.99306(783.1)4 =7 4] -50(1.152x10_3)(266)C%) = 0

t

and can be solved for Tt' Tt thus obtained has a value of
approximately 767.1°K or 494 0C. The thermocouple therefore
reads about 5 oC lower than the actual gas temperature.

Since the temperature gradient in the wires is actually smaller

than that in the gas; the actual difference is also smaller.

The end effects due to the cold reactor head have been dis-
cussed in detail. Because of the cold reactor head; the temper-
ature of the adjacent reactor walls is lowered, which then
cause gas flowing past to be cooled by conduction and con-
vection. Radiant transfer, however; is insignificant. Also,

errors in thermocouple readings are not excessive.
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NOMENCLATURE

area of gas film around the thermocouple, sq.in.
surface area of thermocouple junction, sq.in.
cross-sectional area of thermocouple wires, sq.in.
absorption coefficient for thermal radiation, £t.71
heat capacity at constant pressure, Btu/lb oR
diamester of reactor tube, ft.

view factor

mass velocity, lb/ft.zhr

gravitational acceleration, 32.2 ft/sec.2

Grashof number, Lsngﬁ At/uz, dimensionless

heat transfer coefficient, Btu/hr £¢,2 0

R
intensity of radiation beam, Btu/ft.Z2hr
thermal conductivity, Btu/hr ft.cR
characteristic length, ft.

molecular weight

a unique function of temperatures
another unique function of temperature
Nusselt number, hD/k, dimensionless
partial pressure, atm

Prandtl number, Cp iL./k, dimensionless
0.5 r2, 2q ¥t or sg. in.

radius, ft. or inm.

hydraulic radius of the thermocouple, ft. or in.

radius of the reactor, ft. or in.
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s distance, ft.
(o] o

T temperature K or R

£ temperature, oC or oF

u average linear velocity, ft/hr

u velocity ft/hr

u., component velocity, ft/hr

u maximum velocity in x-direction, ft/hr

W mass flow rate, 1lb/hr

X longitudinal distance, ft or in.

a absorption, dimensionless

B  thermal expansion coefficient, 01?'_1
A difference

E emissivity, dimensionless

A wavelength, microns

X thermal diffusivity, k/C_p, £t.2

L viscosity, 1lb/hr ft.

p  density, 1b/ft.3

(o]
o Stefan-Boltzmann constant, 0.171 x 10’8 Btu/ft2 hr R4

v gradient operator

Vz Laplacian operator

Subscripts:
b bulk
g gas

t thermocouple
w wall

A at wavelength A



Cl.

Cc2.

C3.

C4.

C5.

Cé6.

C7.

Cs8.

Co.
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APPENDIX D: EVALUATION OF AVERAGE REACTION

TEMPERATURE IN A NON-ISOTHERMAL FLOW REACTOR

In a non-isothermal flow reactor, the average reaction
temperature should be evaluated based on reaction-rate
considerations. Specifically, the thermal decomposition
of n-butane following a first-order rate will be discussed.

The same discussion, however, applies to many other reactions.

Only one case will be considered here. 1In this case, the
extent of butane decomposition in the reactor is very small.
The flow is uniform in the axial direction, x. Finally, the
fluid temperature at any distance, x, is taken to be the same
as the corresponding wall temperature. The reactor is now
divided into m sections of equal length Ax, with each section
maintained at a constant temperature Ti' The rate of reaction

at any section i is thus:

E

r, =k, (B), = Ae i (B), (D1)

Since the flow is uniform and the concentration of butane
practically constant, the average rate of reaction for the

entire reactor is then

E
m I 2
¥ mEAB) T e My (D2)
av m Jomel

or the average reaction temperature,



E
_ R 1 & ~ RT.
Trav - E 1n El" § e E § (D3)
i=1
T in equation D3 is called the ''reaction-rate average

rav

temperature, as it is calculated from the average reaction

rate.

In many cases the Ti's differ from each other only slightly.

Under such circumstances,

2 m

or the '""reaction-rate average'" temperature can be approximated
by an arithmetic average. The validity of this approximation
can probably be demonstrated most clearly with some numerical

examples. Let the reaction rate constant be

_ 29,000
k, = Ae R (D5)
(o] (=] o
() Ifm=3, T, = 738.1 , T, = 732.6 and T, = 730.6 , from

o
equation D3 Trav = 733.9 C compared with the approximation of

(o]
733.7 C calculated from equation D4.

(=] =]
(II) Again let m = 3 with T1 = 782.1 , T, = 777.6 and

o]
T3 = 779.1 , the '"'reaction-rate average’ temperature is
(=] (o]
779.7 compared with the arithmetic average of 779.6 . Note
that the arithmetic average is always lower than the ''reaction-

rate average'.
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APPENDIX E: CORRELATION OF VELOCITY DATA

The correlation of velocity data consisted of assuming a
velocity profile, calculating a kinetic-head profile corre-
sponding to the velocity profile and comparing the calculated

kinetic heads with the measured kinetic heads.,

The feed entered in reactor with a practically flat velocity
distribution, If no chemical reaction occurred, and since
the reactor was essentially isothermal, the velocity would
gradually change into a parabolic distribution. Nikuradse
(El) measured the velocity distribution in the inlet portion
of a pipe under isothermal and laminar.conditions with a
flat inlet velocity profile and found that the flow was
practically Poiseuille at a distance i 0.16 Reyz where the

o

Reynolds number, Re, was based on the radius of the pipe,
re The maximum average linear velocity for all the runs
were 0.60 ft./sec. for Run 33 at 566°C. This corresponded
to a Reynolds number of 103 or x/ro = 16, As the minimum
reactor length was 18 inches, the reactor was long eunough

for the flow to become parabolic at the exit of the reactor.

Two possible effects on the flow pattern of the gas in the
reactor are now considered., The first one is that due to
chemical reaction. Because the reaction was endothermic,
the gas temperature at the center of the reactor would be
lower than that close to the wall. Furthermore, as boundary
layers began to develop, the retention time of the gas

became longer near the wall. More reaction, therefore,
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occurred in the boundary layer. The result was a larger
increase, percentagewise, in the number of molecules present
and consequently, a relatively higher linear velocity in the
boundary layer than the case without chemical reaction. The
second effect was that due to end cooling. It is shown in
Appendix C that when the gas flowing through a tube is cooled
by the wall, radial flow in the direction of the wall will
develop. This also would result in a relatively higher
velocity near the wall, Although both effects probably were
insignificant, the discussion here indicates that the
velocity profile at the exit of the reactor could not be
steeper than a parabolic distribution, As an initial esti-
mate, a parabolic velocity distribution was thus assumed for
each run regardless of temperature, flow rate, and other

operating conditions.

KINETIC HEAD PROFILE

The pitot tube measures the total pressure, PP, of a moving

stream, It was shown experimentally (E2) that

(e]

P° =P_4C (-2-];- ou?) (E1)

where C is a numerical factor dependent on the Reynolds
number and the shape of the probe. C is nearly constant and
equal to unity for most cases except at very low Reynolds
numbers. When the Reynolds number is small, C increases

rapidly with decreasing Reynolds number due to viscous
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effect,

Miss Barker (E3) measured the velocity of a water stream at
the center of a l.l—cm diameter pipe and found that the
viscous effect could be neglected when Re > 30, The Reynolds
number here was based on the inside radius of the pitot tube,
X For Re < 30, she surmised that the viscous effect

showed itself in the form of an additional pressure, com-
parable with that at the nose of a sphere of radius equal to

that of the pitot opening.

P addition = -z,g- pu/r (E2)

Such a supposition was supported by the experimental results.

Later, Hormann (E4) investigated for an incompressible fluid,
the effect of viscous force on pitot tube readings both
theoretically and experimentally., He obtained the correction
factor C as a function of the Reynolds number. The agreement
between theoretical and experimental results was good even
for very small Reynolds numbers. For a source-shaped tube,
which is a tube having a surface contour corresponding to

the stagnation stream line of a combination of a point source
with a uniform flow, the value of C is given by

C =5.25 - 0,504 Re for Re { 6.0 (E3)

If the kinetic head, AP, is defined as the difference
between the total pressure and the static pressure, from

equations El1 and E3,
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2
AP = P° - P_ = (5.25 - 0.504 Re) %— (E4)

The kinetic head for any given velocity can then be readily

evaluated.

In equation E4, AP has the unit lb/ft.2 while the measured
kinetic heads were expressed in terms of air bubble displace-
ment, AD cm., The relationship between AP and AD can be
obtained as follows: The manometer fluid used was methyl
alcohol which has a density of 50 1lb/cu. ft. at room tempera-
ture. Any pressure difference AP between the two sides of
the manometer would result in a difference in liquid levels,

Hm,

1
H = g5 AP ft. (E5)

if the effect of gas density is neglected. As the area
ratio between the cross sections of the reservoirs and the
bore of the capillary tube was 1000, the resulting air

bubble displacement is

AD = (5 H_)(1000) (30.48) = 15240 H_ (E6)

Combining equations E5 and E6,

AD = 304.8 AP (E7)
The velocity profile at the exit of the reactor is repre-

sented by the formula

b2
u = 2a [1- (;i) ] (E8)
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where the average linear velocity ﬁ; is to be calculated by

th2 equation

. F TP,
U, = 5% [1 + (Z-1)X] Y (E9)
s

As a numerical example, the kinetic head profile for runs
32, 34 and 36 will be obtained. These three runs were
replicate runs at 560°C with a feed rate of 0.0549 cus Its
per minute measured at 70°F and 760 mm Hg. The conversion
correction term (Z - 1)X is calculated from Table X to be
0.056. From equation E9,

By substituting the value of ﬁ; into equation E8, point

velocities across the reactor can now be calculated. The

bubble displacements, AD, corresponding to these point

velocity are then obtained from equations E4 and E7. These

values, together with values of C, are given in Table El.

In evaluating C, the viscosity is calculated to be 1.303 x
5

10"” 1b/ft. sec. based on a composition of 4.126% CH4,

1.475% CyHg 2.377% CoHys 3.993% C;H, and 88.029% C4H, ;-
This composition corresponded to that of run 34 at r/ro =
0.70. The results of a similar calculation for runs 21 and
31 are also given in Table El. Since the conversion of

these two runs was only 0.8%, the correction due to conver-

sion is neglected.
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COMPARING EXPERIMENTAL AND CALCULATED AD

Two difficulties arise in reducing the experimental data to
obtain AD. The first one is that the static-head reading
fluctuated. This difficulty was removed by plotting the
static head reading as a function of time. For each kinetic
head reading, the corresponding static head reading was read
from the plot at the same time the kinetic head reading was
obtained. Figure El shows a typical static head reading -

time plot.

The second difficulty lies in the fact that the difference
between the kinetic head and static head readings was a
combination of two things: the actual kinetic head AD plus
the difference between the static head at the pressure tap
and that at the pitot tube ADS. As the pitot tube could not
travel to within 0.15 inch of the wall, ADS could not be
obtained by extrapolation without considerable error. To
overcome this difficulty, the measured readings (AD + ADS)
were compared with the calculated kinetic head., If both
profiles were similar in shape, the value of ADS could then
be easily determined by forcing the measured profile to
superimpose on the calculated curve, Part of the measured
readings for runs 32, 34 and 36 are listed in Table EZ2,

For these runs, the values of ADS were obtained by comparison
to be 0.735, 1.90 and 2.10 cm respectively. The resulting
values of AD are then plotted in Figure E2, together with

the calculated profile. A similar plot for runs 21 and 31
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is shown in Figure E3.

Figures E2 and E3 show that the experimental data agree well
with the calculated kinetic head, which suggests that
velocity profiles for these runs were parabolic. Such agree-
ments have been found for sixteen runs out of a total of
thirty—-six runs in which velocity measurements were made. Of
the remaining twenty runs, either the data scattered too much
to enable any correlation or the velocity was too low to
result in detectable bubble movement. Some typical data for

both cases are given in Table E3.
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NOMENCLATURE

2
cross sectional area of the reactor, ft

a correction factor due to viscous force, dimensionless

manometer bubble movement due to kinetic head, cm
manometer bubble movement due to difference in static
pressure between the pressure tap and the pitot tube,
cm

volumeric feed rate measured at TS and PS, ft3/min
gravitational acceleration, 32.2 ft/sec2

methyl alcohol head, ft

pressure, lb/ft2 or cm Hg

standard pressure, 76 cm Hg

kinetic head measured by the pitot tube, 1b/1’t2
radius, ft

radius of the reactor, ft

radius of the pitot tube opening, ft

Reynolds number, pur/u, dimensionless

temperature, °K

standard temperature, 294.2 °K (70°F)

point velocity in the direction of the pitot tube
axis, ft/sec

longitudinal velocity, ft/sec

average longitudinal velocity, ft/sec

conversion of butane, dimensionless

distance from the inlet of a tube, ft

moles of products formed per mole of butane converted,

dimensionless
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density, 1b/cu.ft.

viscosity, lb/ft.sec.



El.

E2,

E3.

E4.
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TABLE El.

FOR SOME RUNS BASED ON A PARABOLIC
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VELOCITY DISTRIBUTION

u_, ft/sec

C

(a) Runs 32, 34 and 36

1.024

0.983

0.860

0.655

0.369
0

(b) Runs

0.692
0.664
0.581
0.443
0.249

21 and 31

3.12
3.21
3.46
3.89
4.48
5.25

3.50
3.57
3.78
4,13
4,62
5.25

VELOCITY AND KINETIC HEAD PROFILES

AD cm

0.774
0.735
0.607
0.394
0.145

0.447
0.419
0.340
0.216
0.102
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r/xr

0.60
0.40
0.30
0.00
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TABLE E3.
FOR TWO
Run 65
GEX = 0,359 ft/sec.)
Time (AD+ADS) cm
3:34 2.04
3:59 1.83
8:20 3.22
6:02 1.65
4-:21 2.50
5:25 1.55
4:59 1.98

MEASURED KINETIC HEAD READINGS

""BAD RUNS"
Run 26

G;x = 0,101 ft/sec.)
r/ro Time (AD+ADS) cm
0.70 4:01 1.156
0.40 4:13 1:3D
0.30 4:35 1.15
0.00 4.:23 1.15
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APPENDIX F: METHOD FOR CALCULATING CONVERSION
AND CHECKING MATERIAL BALANCE

The compositions of samples obtained by chromatographic
analysis are listed in Appendix B. From the compositions,
the conversions in terms of number of moles of butane con-
verted per 100 moles of feed were calculated for samples at
r/r0 = 0.0 and 0.70. Material balances for these samples
were also checked by computing the C/H ratio. The results
are shown in Tables VIII to X. The method of calculation is

given in this appendix.

The basis of calculation is 100 moles of feed with 6§ moles of
components other than butanes. In this treatment, n- and
iso-butanes are not distinguished. After the reaction, X
moles of butanes are converted into ZX moles of products.

The total number of moles now is 100 + (Z-1)X with (100-6-X)
moles of butanes and (ZX + §) moles of other components. The
total mole percentage of these other components in a sample

is thus

ZX + &
Y = 550 v (=Dx 100 i)

If the ratio C/H in the 5 moles of impurities is R the

63
overall ratio C/H in the sample excluding the butanes should

then be

0.4 ZX + R, &

ZX + & : (F2)

(C/H) =

If the values of Y, Z;, & and R{5 are known or calculable for

each sample, equation F1l can be used to calculate X and

equation F2 to calculate (C/H)T. (C/H)T is the theoretical
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value of the ratio C/H which provides a basis for checking the
material balances. The analysis is rigorous and the computa-

tions straightforward.

In practice, however; both values of Z and § were not easily
determinable. The amount of impurities in the feed was
noticed to decrease rapidly with time due to favorable equili-
brium conditions. Since the initial amount of impurities was
small, it was assumed that the presence of impurities could
be neglected for the present calculations. The value of Z, on
the other hand, varied slightly from run to run around an
average value of approximately 2.0 (Tables VIII to X). Since
X is almost inversely proportional to Z in equation Fl, the
use of a constant value for Z (say 2.0) to calculate X would
introduce undesirable errors. X, therefore, was calculated

by another approach.

For 100 moles of a sample, there were Y moles of products and
(100 - Y) moles of butanes. The values of 3C and IH were
calculated for the Y moles of products. Since the products
were formed due to butane decomposition, 3C/ZH has a theor-
etical value of 0.4. The actual values of the ratio 3IC/ZH
varied around this theoretical value due to errors in chroma-
tographic analysis and possible carbon deposits on the walls.
The number of moles of butanes equivalent to Y moles of
products was thus 3C/4 and the value of Z was 4Y/>=C. From

equation Fl, with & = 0 and Z = 4Y/35C,
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100 (=C/4)
X = @oo-v) + =¢/4) ° (F3)

Equation F3 was used in actual computations to obtain values

of X.
The number of moles of any product formed for one mole of
butane decomposed, Pi was computed from the formula

P, = Y,/(3C/4) (F4)

where Yi is the mole percentage of component i in the product

Stream.
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APPENDIX G: SOME EMPIRICAL FORMULAS FOR CALCULATING PHYSICAL

PROPERTIES OF n-BUTANE AND ITS DECOMPOSITION PRODUCTS

Much work has been done in measuring and correlating physical
properties of pure hydrocarbons. The correlations usually re-
sulted in empirical formulas with some theoretical basis.
Work concerning mixtures has been much less extensive. The
properties of hydrocarbon mixtures are invariably obtained
from the properties of pure substances by assuming the latter
are additive either on a molal or weight basis. After a care-
ful literature survey, the following empirical formulas were
chosen to be used in the evaluating of physical properties of
n-butane and its main decomposition products, i.e., methane,
ethane, ethylene and propylene. The choice was based on the
simplicity of the formula without appreciable sacrifice of
agreement with experimental data.

1) Heat capacity (G1)

C,=a+ bl + cT? (G1)

I1I) Viscosity (G2)
4

wE = (0.291 T - 0.058)3/ (G2)
I1I) Thermal conductivity (G3)
SR
k= p (C, + 7y (G3)

1V) Diffusion coefficient (G4)

6 3/2 L
D,_, = 4.63 x 10 s P M+ (G4)
P(le + V')
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V) Heat of reaction (G5)
A AH,, et C_ dT (G5)
= + A
HT s ‘% P
s
where AHT is the heat of reaction at a standard temp-
s

erature (usually 2500) and can be calculated from the heat of

formation or heat of combustion data.

Values of the coefficients and other qualities needed to
evaluate these properties are given in Table Gl. Numerical
values for n-butane at 4600, 510° and 560°C are shown in
Table G2. For a mixture, the heat capacity is additive on a
weight basis while the viscosity is additive on a molal basis.

Equation G3 applies to mixtures as well as pure substances.
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NOMENCLATURE

coefficients used in equation Gl

heat capacity at constant pressure, Btu/lboK
diffusion coefficient between gases 1 and 2, ftz/sec
enthalpy, Btu/lb

thermal conductivity, Btu/(sec)(ftz)(oK/ft)
molecular weight, 1b/1lb mole

pressure, atm

universal gas constant, 3.5766 Btu/lb mole’k
temperature, %

critical temperature, K

reduced temperature, T/Tc’ dimensionless

molecular volume of a gas at its normal boiling
point, cc/g-mole

viscosity, 1lb/ft sec

a constant for each compound

change in heat capacity of a reacting system due to
chemical reaction at constant pressure, Btu/lboK

heat of reaction at temperature T, Btu/lb



Gl.

G2.

G3.

G4.
GS.
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TABLE Gl. NUMERICAL VALUES OF COEFFICIENTS AND OTHER
PERTINENT QUANTITIES FOR EQUATIONS Gl TO G5

(a) Heat Capacity

Compound a bxlO3 —cxlO6

Methane 0.3848 2.007 0.4666

Ethane 0.0825 2.503 0.8273

Ethylene 0.1742 1.875 0.3645

Propylene 0.0842 2.131 0.7273

n-Butane 0.0697 2.532 0.8865
(b) Viscosity

Compound %k ex10%

Methane 191. % 6.905

Ethane 305.5 5.313

Ethylene 282.4 5.298

Propylene 365.1 4.821

n-Butane 425.2 4. 777

(c) Diffusion Coefficient and Heat of Reaction

Compound Vm,cc/g—mole AH,; heat of combustion at
259C, Btu/1b

Methane 29.6 21,502
Ethane 5%.8 20,416
Ethylene 44 .4 20,276
Propylene 66.6 19,683
n-Butane 96.2 19,665
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TABLE G2. SOME PROPERTIES OF n-BUTANE

Temperature, %

C._, BTU/1b°%K

p’
L x 10° 1b/ft sec.

k x 105, BTU/sec. (ftz)(;%)
D x 103, ftz/sec.
n-butane-methane
n-butane-ethane

n-butane-ethylene

n-butane-propylene

© © O O

460

.449
.143

.744

.4013
. 2977
.3206
. 2490

© © © ©

510

. 509
.204

.910

.4430
.3286
. 3539

L2748

©c © © o©

560

. 564

.269

.082

.4862
.3607
.3885

.3017
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APPENDIX H: RATE CONSTANTS FOR ELEMENTARY

REACTIONS I THROUGH XIX

The rate constants for elementary reactions I through XIX are
given in equations 40 to 58. The frequency factors A and
activation energies E in the Arrhenius equation

k = A o E/RT

(38)
for these rate constants were obtained from experimental in-
formations collected by Steacie (1) either directly or in-
directly. The choice of these quantities is described here.

The page numbers which are referred to in this appendix cor-

respond to those in reference (1).

In a reversible reaction, the activation energies for the for-

ward and reverse reactions, E, and E can be related to the

1 2’
heat of reaction at OOK, Qo’ by

El - E2 - QO (H1)

For chain-initiating steps such as reactions I and II, the
heats of reaction at 0°K are equal to the bond dissociation
energies, which are given on page 98. The activation ener-
gies for the reverse reactions in which two free radicals
combine are zero. Therefore, the activation energies for re-
actions I and II are equal to the corresponding bond dis-

sociation energies, i.e., 79 and 82 kcal respectively.

Reactions III and IV are described on pp. 473 and 561 respec-

tively. The first one has an activation energy around 9.3 kcal

and the second reaction 8.3 kcal. These values were adopted.
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The heats of reaction for III, IV and V are -10, -7 and -3
kcal respectively. As the difference in E between reactions
III and IV is 1 kcal, that between IV and V was surmised to

be 1.3 kcal or E for reaction V to be 7.0 kcal.

The activation energy for reaction VI is given on p. 142 to
be 39.5 kcal. Those for VII and VIII are found on p. 585 to
be 46 and 26 kcal respectively. The activation energies for
reactions X and XI are found to be 23 kcal as shown on p. 588.
For the proposed mechanism, values of 24.5 and 26.0 kcal were
assigned to these two reactions. A value of 29.0 kcal was
estimated for reaction IX, which is more endothermic than

reaction X and XI.

Reactions XII through XVII are radical-combination processes,
the activation energies of which are negligible. For re-
actions XVIII and XIX, the activation energies are also very
small, as discussed on pp. 442 and 557 respectively. They are
both around 5 kcal. Other reactions between propylene and
free radicals, such as

Call + B # R & CLH.- (H2)

376 2 35

C,H. + CH,* - CH HS' (H3)

3Hg 3 + C

4 3
are described on pp. 442 and 556. They have activation ener-
gies 2 to 3 kcal higher than those of reactions XVIII and XIX.

As the propylene concentration was low, they were neglected.

Experimentally-determined frequency factors are even less de-

pendable than activation energies. A for reaction VI has a
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valas of 2x10°" soe - a& shown on p. 142. For the present

purpose, a value of 1014 sec"l was used. This value was
carried over to reactions VII and VIII. For reactions I, II,
IX, X and XI which involve a larger moleclue or radical, A
was estimated to be 1013 sec"l, in agreement with the theo-

retical value shown on p. 489.

The rest of the reactions are bimolecular reactions with
the exception of reactions XII and XIII. A for these reac-
tions has a unit of cc/(gm mole) (sec). For these reactions,
a value of 1013 for A was used for reactions involving a
hydrogen radical and 1011 for reactions without hydrogen
radicals, in accord with the arguments given on p. 493.
Reactions XII and XIII probably occur only at triple col-

lisions as discussed on pp. 137 and 511. Their rates are

therefore negligible.



- 188 -

PART TWO

FLOW IN ENTRANCE SECTION

OF PARALLEL PLATES
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I. INTRODUCTION

The general equations of motion for a Newtonian fluid are the
Navier-Stokes equations. Because of the non-linear nature of
these equations, very few exact solutions have been derived;
and these are generally for the cases in which the non-linear
convective terms vanish. A number of approximate solutions
have been obtained by neglecting various terms in the equa-
tions, such as those obtained by use of boundary layer theory,
and the Stokes equation for very slow motion. Although these
approximate solutions hold well for some cases, there are
still a large number of cases for which no appropriate ana-
lytical solutions exist, for instance the flow near the
leading edge of a flat plate. Furthermore; few numerical
methods for attacking the Navier-Stokes equations are known.
The main reason is that there exist no general criteria con-
cerning the stability and convergence of numerical solutions
to non-linear partial differential equations, and when con-
ventional numerical methods are applied to the Navier-

Stokes equations, the solutions often are unstable. 1In the
present work, a numerical method has been devised for
solving the Navier-Stokes equations for the two-dimensional
steady-state flow of an incompressible viscous fluid in the
inlet length* of two parallel plates under isothermal,

laminar conditions.

*The inlet length is defined here as the distance inside the
plates over which the flow pattern changes from potential
flow to parabolic velocity distribution.
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Two cases have been studied. 1In the first case, potential
flow conditions were assumed to exist at the inlet of the
plates. 1In the second case, these conditions were taken to
exist only far upstream from the inlet. Numerical solutions
were obtained for both cases with a Reynolds number of 300.
Results were computed in terms of stream functions and
vorticities. From these; the point velocities and pressure

gradients were calculated.

Schlichting (1) obtained an approximate solution for the
first case using boundary layer theory. He assumed that the
velocity distribution at the inlet was uniform over its
width. Owing to viscous effects, boundary layers formed on
both walls, and their thickness increased in the downstream
direction. Eventually, at a large distance downstream, the
velocity profile became parabolic. At small distances down-
stream from the inlet, the boundary layers grew in the same
fashion as those along single plates, with a flat velocity
distribution in the center core. 1In order to satisfy the
continuity equation, the velocity in the center had to in-
crease at a rate such as to compensate for the decrease in
the rate of flow in the boundary layers. Hence the boundary
layers were formed under the influence of an accelerated ex-
ternal flow and their growth was calculated on this basis.
This concept was first suggested by Prandtl (2). Farther
down the stream, the assumption of a flat velocity distri-
bution in the center core no longer held. Schlichting,

however; found it possible to analyze the progressive
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deviation in the upstream direction of the velocity profile
from its asymptotic parabolic distribution. Having obtained
both solutions in the form of series expansions, he then
joined them together at an intermediate location where both
analyses were applicable. 1In this way, the flow pattern

for the whole inlet length was obtained. Schlichting found
that the inlet length was approximately (0.04) (2a) (Re),
where 2a is the distance between the plates and Re the
Reynolds number based on 2a. The acceleration of the flow
near the axis in this region gives rise to a pressure drop
in addition to that corresponding to Poiseulle's flow, which
was evaluated to be - 0.601 (1/2 ‘3Ux02) where Uxo is the
potential flow velocity. Both the influence of friction in
the intake and pressure gradients along the width were
neglected.* Another approximate solution for this problem
based on the momentum equation as well as experimental results

has also been reported (3,4).

Work has also been done on the flow characteristics in the
inlet length of a cylindrical tube. Again, potential flow
conditions at the inlet were always assumed. Boussinesq (5)
was the first to conduct a theoretical investigation of this
subject. He linearized the Navier-Stokes equation in the

direction of bulk-flow and applied it to the whole inlet

*Recently, Schlichting's solution has been modified and a
numerical solution for the problem has been obtained. These
are mentioned in the Discussion Section.
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length. His calculated velocity profiles were in agreement
with the experiments of Nikuradse (6) only at some distance
away from the entrance. Based on the momentum equation of the
boundary layer, Schiller (7) obtained an approximate solution
which agreed with Nikuradse's results for the first one third
of the inlet length. It is of interest to note here that
Schlichting's approach, as outlined above, was in essence a
combination of Boussinesq's and Schiller's techniques. Appli-
cation of Schlichting's method to flow in the inlet length of
a cylindrical tube has been carried out by Atkinson and

Goldstein (8).

Still another study of the case of a cylindrical tube is that
of Langhaar (9), who linearized the Navier-Stokes equation in
the direction of bulk flow, x, by assuming DuX/Dt = szux :
where u is the x-direction velocity and g is a function of

x alone. D/Dt is the substantial derivative with respect to
time. In addition, his basic assumptions, which were common
to the theories of Boussinesq, Schiller and Atkinson-
Goldstein, were:

(1) at x = o, T - const., = Uxo 3

(2) the pressure gradient - aP/9x is a function of x alone,

(3) the term v azux/ax2 may be neglected.
His resulting velocity profiles agreed well with Nikuradse's

experiments.

In all the analyses mentioned above, certain assumptions were

made which are not valid in a region close to the leading edge
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of the solid boundary, i.e., azux/ax2

<< azux/ay2 . Carrier
and Lin (10) have investigated the nature of the boundary
layer near the leading edge of a flat plate. Briefly, their
efforts were aimed at modifying Blasius' solution of the
boundary layer equation to include the effect of the leading
edge. Carrier and Lin obtained solutions applicable to the
region of very slow flow near the leading edge. They pointed
out, however, that there was another region between those of
very slow flow and potential flow in which it was doubtful
that any reasonably simple analytic solution could be found.
They suggested that some field solution might be possible for
that region. 1In order to obtain a truer picture of what
happens in the inlet length of two parallel plates, expecially

near the leading edges, numerical solution seems to be the

only feasible approach.

Numerical analysis dealing with partial differential equations
has progressed rapidly recently. Most of the work in this
field, however, considers only linear partial differential
equations. As yet, there exist no general criteria concern-
ing the stability and convergence of solutions to nonlinear
partial differential equations by numerical methods. Of the
comparatively small number of papers on this subject, the one
by de G. Allen (11) is of particular interest. 1In that paper,
he described a special technique for solving the Navier-
Stokes equations by the relaxation method. It was pointed
out that the special treatment was necessary because of the

"latent exponentials'. Since exponentials cannot be closely



- 194 -

represented by polynomials except within a very narrow range,
the customary finite difference formulas for derivatives would
not work satisfactorily. This difficulty is likely to arise
in most problems concerning motions of viscous fluid and to be

serious.

Another possible approach to the solution of the Navier-Stokes
equations is by means of analog computers. Janssen (12) used
this method to investigate flow past a finite flat plate at
Reynolds numbers of 0.1 to 10.0; with the exact nonlinear for-
mulation. The solution gave the stream function and the
vorticity in the flow field. From these, the pressure distri-
bution along the plate, the local coefficient of friction and
the total drag coefficient were calculated numerically. The
difference between the computed and experimental drag coef-

ficient for the most part was attributed to truncation error.

Numerical solution of partial differential equations involves
the use of finite difference methods. With the finite dif-
ference method, a boundary value problem F(u) = j for the
continuous operator F is transformed into a matrix equation
AU = B (1)
Equation 1 can be solved either by a direct or iterative
procedure. For non-linear partial differential equations; an
iterative method is always used. The number of iterations
required for a solution is roughly proportional to the
square of the dimension of matrix A. When A is large,

acceleration of the rate of convergence is very desirable.
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More information on the finite difference method for treating
boundary-value problems and methods of accelerating the rate
of convergence for iterative procedure is provided in

Appendix A.

Review of literature revealed that very few exact solutions of
the nonlinear Navier-Stokes equations existed. Existing solu-
tions were obtained either by linearizing these equations or
neglecting some of the nonlinear terms in these equations.

The purpose of this work was to solve by a numerical method

the Navier-Stokes equations for a simple problem without making
any assumptions. The problem concerned the flow of an in-
compressible fluid in the inlet length of two parallel plates
under isothermal, steady-state conditions. Due to singularity
at the leading edges of the plates, the boundary layer equa-

tion does not apply to regions near these singular points.
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II. FORMULATION OF THE PROBLEM

For an incompressible, viscous fluid flowing isothermally
under steady-state conditions, the problem of flow in the
inlet length of parallel plates can be formulated as follows:
Let there be an infinite number of flat plates of semi-
infinite length, all lying parallel to the x-axis between

X =0 and X = + w, The free-stream* velocity Uxo is independ-
ent of y and parallel to the x-axis. If the flow is independ-
ent of z, the two-dimensional equations of continuity and

motion are respectively:

Bux auy
sty =0 (2)
du du
x X AP 4 2
tomp bl S e ¥ U, (3)
du du
oP 4 2
Ny Pk B, = e e Vi, (4)

Equations 2 to 4 are in dimensionless forms. Re is the

Reynolds number based on the hydraulic radius:

4yon
v

Re = = (5)

The definition of symbols and the relationship between a
variable and its dimensionless form are listed in the
Nomenclature section. Throughout this thesis, dimensionless

expressions are used unless otherwise specified.

*The term "free-stream" is used throughout the text to
represent the region in which the effects of the plates on
the flow are negligible.
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Let the distance between any two adjacent plates be 2 and
consider the two plates at y =4+ 1 and y = - 1. Because of
symmetry about the x-axis, it is necessary to be concerned
only with the region bounded by y = 0 and y = + 1. For con-
venience, this is further divided into two regions: The
downstream region where x > 0 and the upstream region where
x £ 0. They have, of course, the common boundary line x = 0
at the inlet of the parallel plates. Case I assumes that the
velocity at the inlet is uniform in the y-direction. Thus it
is necessary to study the flow pattern in the downstream
region only. Case II, on the other hand, assumes that free-
stream conditions exists only far upstream from the inlet so
that the flow conditions in both regions have to be deter-—
mined. For both cases, the boundary conditions for the

downstream region are:

;;E-z 0 " uy =0 for y=0 , 0 x<+ = (6a)
u = 0 i uy = D y=1 ,0{x+ (6b)
., = %-(1—y2), u, =0 X=4+eo, 0Lyl (6c)
X y
The boundary conditions for Case I at the inlet of the
plates are:
u, = i p uy =0forx=0 , 0 y<1 (7)

For Case II, the boundary conditions for the upstream region

are:
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ou
X
ke 0, uy =0 for y=0 ,0>x>-m= (8a)
aux
W=0,uy=0 ¥y =1 ,OZXZ—m (8b)
u, = [ uy = ) X=-2, 0<y<1 (8c)
The stream function ¥ is now introduced. It is defined by
_ o¥
“ T 3y
Y (9)
y  ox

The continuity equation is thus automatically satisfied.
Farthermore, elimination of the pressure terms from equations
3 and 4 gives a single eqguation with one unknown:

Lo -4 L @ =ty (10)

Equation 10 can also be written as the vorticity transport
equation:

OV ow 3V dw 4 2
3y 5x oxoy "RV © LLE)

with the vorticity o defined by

du Bux
F -

In order to avoid difficulties involved in treating numeri-

-v 2y (12)

cally a problem with semi-infinite boundaries, a transformation
is used to change the independent variable x to 7 according

to the formula

n = T](X) =1 - 1+Cx (13)
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where C is a constant with a positive sign for the downstream
region and a negative sign for the upstream region. This
transformation also results in an expansion of scale (in
terms of x) near the entrance which is desirable for a
diffusional-type problem such as this. In terms of 7 and y,
therefore, both the upstream and downstream regions are
transformed into squares bounded by y = 0, y =1, 7 = 0 and

n = 1. As a result, equations 11 and 12 now assume the forms:

an @y dw _ 3y dwy _ 4 3Ppae, an? e, df g,
9x 9y 9 o7 9y Re ax2 M ax an 8y2

2 2 .2 2

ax” 1 G 8y

In terms of ¥ and w, equation 6 for the downstream region can

be rewritten as follows:

Y = 0 , w =0 for y=0,0< <1 (16a)
3y
Y = 1 ,5%-0 y=1, 0 <1 (16b)
3
Y =3y - 35°, © = 3y n=1,0<y<1 (16¢)

For Case I at the inlet of the plates, equation 7 assumes the
form

Y o=y , =10 for n=0, 0Ly<1 C17)
Similarly, for Case II for the upstream region, equation 8

now becomes

Y =0 , W =0 for y=0,0<1<1 (18a)
Y =1 , w =20 y=1, 0 1<1 (18b)
A y =20 =1, 0<y<1 (18c)

Equations 14 and 15, with boundary conditions 16a through

18c, describe the entire problem.
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III. METHOD OF SOLUTION

With the differential equations and the boundary conditions
completely defined in the previous section, the next step
was to devise a method for solving the differential
equations numerically. Preliminary investigation indicated
that an iterative procedure would be in order. The pro-
cedure required the transformation of differential equations
11, 12, 14, and 15 into difference equations, which are

listed below:

)

1 1 |
Crlg = CAwA + Cme + CCmC + CDwD (19)
2 2
r 2
2148 | ¥ = axfup ¢ (gpryy) + D (v (20)
CEwE - CAwA - CB“B - CC&b - CD“D (21)

2 2
2[02(1—%)4 @ ] ¥ = azusE + @ (g+yy)

2

+ €% a-np? (v - ac? a-np? (v @2

The complete derivations are shown in Appendix B. Equations
19 to 22 are the same as equations B23, Bll, B19 and Bl0 in
Appendix B respectively. The coefficients Cis are defined by
equation B20 for equation 21 and B24 for equation 19.
Equations 19 and 20 are applicable to a rectangular-meshed
X-y net, while equations 21 and 22 apply to a 7~y net. The
terms a and b are the mesh length of the 7-y net while Ax and

b are those of the x-y net. Also, a function with a sub-

script such as ¥ represents the value of that function at
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point E. The relative positions of points in the net are

shown in Figure 1.

The boundary conditions for the finite difference equations
can be derived from equations 16, 17 and 18. For the down-

stream region for both cases, they are, referring to

Figure 1,
Yp = 0 s Wp = 0 for Vg = 0, 0 < g < 1. (23a)
2
| S | , g = 2(1-¥p) /b Yg =1, 0 < <1 (23b)
-3, _13 = 7 e = 1, 0 1 (23¢)
¥g = 2V T Ve’ “E YE g » 0 < yp £ c

The boundary conditions for Case I at the inlet of the plates

are:

¥ = ¥g» @ = 0 for g = g, 0 ¢ Vg < 1 (24)

For Case II, the boundary conditions for the upstream region

are:
¥p = 0, g = 0 for Vg = 0, 0 < g £ 1 (25a)
¥y = 1, wy = 0 g = X, 0 g My g} (25b)
¥y = Vgolg = 0 g =1, 0 < Vg = & (25c)

Because of differences in boundary conditions, the procedure
for solving Case II was more complicated than that for

Case I. The two procedures, however, followed the same general
scheme. For this reason, only Case II is described in detail

here.
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In solving Case II, a square-meshed n~y net was chosen for
both the upstream and the downstream regions. Figure 2 shows
a typical n-y net together with its corresponding x-y net.
The square on the right of n=0 represents the downstream
region and that on the left the upstream region., Values of

¥ and @ were assigned to or calculated for the boundary points
according to the boundary conditions. Initial estimates of
these functions were made for the interior points. Based on
equations 19 to 22, new values of ¥ and w were computed and
used to replace the old values of each interior point in a
systematic way. This procedure was repeated until the values
of ¥ and ® converged to the desired degree of accuracy, and
thus to the solution. From the solution, point velocities
and pressure gradients were calculated., The actual computa-

tions were performed on an IBM 7090 digital computer.

In carrying out the iterative calculations, the values of ¥
were first calculated along the n=0 line from top down.
Equation 20 was used. As shown in Figure 2, the n-y net

is symmetrical about the y-axis when transformed into the
x-y net. It was thus possible to treat the lines n=0.2,
n=0 and n=0.2, say, as part of a rectangular-meshed x-y net

and use equation 20 to calculate Y at n=0.

The next step in the iterative process was to compute values
of ¥ in the downstream region using equation 22, This was
done by temporarily holding the points on the n=0 line as

boundary points. The computations were begun from the upper
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corner of the column next to the 7=0 line, went down to the
end of the column and moved to the next column in the di-
rection of increasing 7. In the same manner, the values of

¥y were then obtained for the upstream region. Each time a
new value of ¥ was calculated, it was substituted for the old

value by the process of single-step iteration.

After a new set of ¥'s had been obtained for all the interior
points, the same sequence was applied to compute new values

of w based on equation 19 or 21. This then completed one
cycle of iteration. At the end of each cycle, convergence was

checked to determine whether re-iteration was necessary.

The computation of point velocities and pressure gradients
from solutions in terms of ¥ and @ was direct and straight-
forward. Equations B34, B35, B38, B40, B43, B44 and B45 in

Appendix B were derived for this purpose.

In order to accelerate convergence, an overrelaxation method

which has been described in Appendix A was employed. Let

v ®)

gt be the value of ¥ at point (m,n) after P-th iteration and

&épzl)be the value of ¥ calculated for point (m,n) from

equation 22 during the (P+1)-th iteration. The new value for

¥y at (m,n) would then be:

@®+1) _ _(@®) ®) (P+1) ®)
Yh,; = ¥yn*t M! (ém n ™ n) (26)

M;P), which is called the overrelaxation factor for ¥, was

chosen to be a constant for each iteration, but could vary
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from iteration to iteration. Similarly, for @, an over-

relaxation factor M(P)

®) ®)
L was also employed. M? and Mw

were not necessarily equal for the same iteration, and they
had values ranged between 0.5 and 1.5. The choice of values
for the overrelaxation factors was entirely empirical, and

to some extent, arbitrary.

The actual computational work was performed on digital
computers. Case I was solved on a Datatron 220 computer at
the Computer Center of Caltech. Case II was solved on an

IBM 7090 at the Jet Propulsion Laboratory. The change from

a Datatron to an IBM computer for Case II was entirely due to
speed considerations, the latter being approximately 100 times
faster. A Fortran program for solving Case II is listed in

Appendix C.
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IV. RESULTS

During the early stages of this study, various numerical
methods were explored for obtaining a stable and rapid solu-
tion of the problem described in the section on Formulation
of the Problem. A detailed description of this phase of the
work can be found in Appendix D. In brief, a marching solu-
tion was first tried but soon proved to be instable. An
iterative method for solving either equation 10 or equations
11 and 12 in the Cartesian coordinates; on the other hand,
was found to be stable only for Reynolds numbers less than
fifty. For Reynolds numbers above 100, the solutions diverged
very rapidly. Substitution of 1 for x according to equation
13 allowed for use of a coarser net, and consequently, re-
duced the time required to reach a solution. This sub-
stitution, however, did nothing in improving the stability of

the solution for any given Reynolds number.

A new approach was then devised. Based on a technique pro-
posed by de G. Allen (11), difference equations 19 to 22 were
derived. The method of solution described in the previous
section was adapted. For Case I, the downstream region was
divided into a 10x10 p-y net. Initially, the values of ¥
were taken to vary linearly with 7 for any given y. Iterative
computations were made with Reynolds numbers of 60, 100,

300 and 1000 on a Datatron 205 computer at Caltech. The

value of the constant C in equation 13 was so chosen that
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the initial values of ¥ did not change markedly during
iteration. The value of C, thus, was varied with the
Reynolds number. For a Reynolds number of 300, the value

of C was chosen to be 1.2, For all four cases, convergence
was observed. From 40 to 65 stationary iterations were re-
quired to obtain a degree of convergence of 0.001% for ¥ and
0.1% for w; the number of iterations increased with in-

creasing Reynolds number. The degree of convergence is
(P+1) _ 4(P)
%n,n m,n
(P)
?m,n

defined in this work as max Each iteration

took about 120 seconds of machine time.

At this time, a Datatron 220 computer was acquired by
Caltech's Computer Center to replace the 205. Further compu-
tational work, therefore, was transferred to the new computer.
Sixty-seven additional iterations were carried out for the
case of Re = 300 before the ¥'s converged to all the eight
significant digits that are available on the 220. «, being
the second derivative of ¥, was converged only to the sixth
place or better. Because of the higher speed of the 220, the
time required for each iteration for the 10x10 grid was re-
duced to 16 seconds. The results in terms of ¥ and w are
given in Table I. The corresponding velocities and pressure

gradients are tabulated in Table II.

By means of 4-point Lagragian interpolation; the 10x10 grids

were expanded to 20x20 grids for both ¥ and w. They were
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used as the starting values for a new series of iterations
with the 20x20 grids. After 600 stationary iterations or
approximately ten hours on the computer, the solution con-
verged to a degree of 2 x 10-8 for v. The final values of

v and w are listed in Table III. Point velocities and pres-
sure gradients were also calculated and given in Table IV.
Figures 3 and 4 show the streamline pattern and constant
vorticity lines for Case I. The velocity distributions are
plotted for various values of 7 in Figure 5. 1In Figures 6

oP aP

and - =— are plotted against n as functions

to 8, Lly, — 3'; ay

of y respectively.

At this point, the possibility of using an overrelaxation
method to accelerate convergence was explored. A trial and
error procedure was adapted to determine suitable values of
the overrelaxation factors. Starting with the result of the
10x10 grid from Datatron 205 for a Reynolds number of 300, it
was found that a number of stationary iterations at the be-
ginning would help to orient the values of v and w. After
that, the optimum values for the overrelaxation factors lay
somewhere around 1.5. These values should then be decreased
slowly as the iterative process progressed and usually the
best final values were less than unity. Several runs were
made during each of which the overrelaxation factors were
held constant. 1In all these cases, either oscillation or
divergence was observed. Although the manner in which these
factors should be changed was not fully understood, it was

found desirable to decrease Mm faster than MY' By
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manipulating the overrelaxation factors, it was possible to
reach a converged solution in fourteen iterations as compared
with sixty-seven iterations in the case of stationary iter-
ations. Overrelaxation; therefore, seemed to be useful in

accelerating the convergence for this problem.

Case 1 assumes that potential flow conditions exist at the
inlet of the parallel plates. In most actual physical
situations, however, this assumption can hardly be valid
since some effect of the solid walls on the upstream flow
would be expected. In order to explore the effect of the
leading edge on the upstream flow, Case I1 was formulated.
A Fortran program for Case II was writtem for the IBM 7090
computer located at Jet Propulsion Laboratory, Pasadena.
This program consists of three parts. Part 1 does the iter-
ative calculations of v and w, checks and prints out the
degrees of convergence for the upstream region, the down-
stream region, and points on the n=0 line after each
iteration, and decides whether to re-iterate or exit to
Part 2. Part 2 of the program calculates and prints out
point velocities and pressure gradients from the latest
values of ¥ and w. Part 3 is actually an independent sub-
program. Its function is to expand the number of nodes of
a network by means of 4-point Lagrangian interpolation.

The program is listed in Appendix C.

In solving Case II with the Fortran program, a square-meshed

net with mesh length of 0.1 was used for both the upstream
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and downstream region. The solution for Case I was used for
the initial estimate of the downstream region. In the up-
stream region, potential flow conditions were first assumed.
These correspond to v=y and w=0 at every point. Within 150
iterations, a degree of convergence of 2 x 10"8 was arrived
for both ¥ and w. Their values are listed in Table V. The
corresponding velocities and pressure gradients are shown
in Table VI. The total time required, including the com-

piling of the Fortran program, is 70 seconds.

The mesh size of the net was then halved to give a 40x20 net.
Interpolation of the solution with the 20x10 net again gave
the initial estimate. To obtain a degree of convergence of

2 x II.O'-8 this time, a total of 400 iterations was necessary.
Of these, the first 200 were stationary iteratiomns. Over-
relaxation factors of 1.3 for v and 1.4 for w were then used.
these values were decreased by 0.1 and 0.2 respectively each
60 iterations, thus ending with MY = 1.0 and Mw = 0.8.

Table VII lists the resultant values of y and w for Case II
with a 40x20 grid. Streamlines and lines of constant
vorticity were constructed from these values and are shown in
Figures 9 and 10. In Figures 11 to 18, velocities and pres-
sure gradients are plotted against n for various y's or
against y as functions of p. In Tables V to VIII, as well as
Figures 9 to 18, negative signs have been added to all the
values of 1 in the upstream region in order to distinguish

them from those in the downstream region.
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V. DISCUSSION

The simplification of the Navier-Stokes equations to the
boundary layer equation by Prandtl proved to be one of the
most important contributions in the study of fluid mechanics.
It is also well-known, however, that the boundary layer
equation; being restricted by certain assumptions, does not
apply very well to cases such as flow near the leading edge
of a flat plate, where the term azux/axz is not negligible

2
a u
with respect to 2“ . This is well illustrated in the

oy

problem of flow in the inlet length of two parallel plates.
Schlichting solved the problem using the boundary layer equ-
ation. 1In this work, the same problem was approached by
solving the Navier-Stokes equations numerically. A compar-
ison of the results in terms of u is furnished in Table IX.
Near the leading edge (x << 1), the velocity, U, for Case 1
varies more rapidly near the wall than that from Schlichting's
solution. This is due to the fact that in this region,
azux/ax2 is significant and, therefore; cannot be neglected.
When the upstream disturbance is also taken into consideration,
(Case II), the velocity gradient, aux/ay, then becomes
smaller. Plots of u, vs. q at y = 0.95 for all three cases
are given in Figure 19. At a distance from the inlet say,

(x 2_3.0), the resulting velocity profiles for all three cases
agree very well. It is very interesting to note here that

different boundary conditions upstream have very little effect
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on the flow pattern at a distance from the inlet.

In the calculation of pressure drops, Schlichting took into
consideration; in addition to the pressure drop due to
Poiseuille's flow, a pressure drop resulted from the accel-
eration of flow near the center. This additional pressure
drop was found to be - 0.601 (%-pUio) over the inlet length.
More recently, Collins and Schowalter (17) improved
Schlichting's solution by retaining more terms in the series
expansions for both downstream and upstream solutions and
found the additional pressure drop to be - 0.676 (% pUio)'
This last value agrees with the numerical solution of the
boundary layer equation for the same problem (18). In all
these instances, however, the pressure variations across the
width were neglected. Once again, this assumption is rather
poor near the leading edges of the plates as witnessed by the
large pressure gradients in the y-direction in this region
(Figures 8 and 17). For comparison purpose, the pressure
differences between the free stream pressure and that at any
point 1), APn, are given in Table X for the present work and
Schlichting's case. The values APH, for Cases I and 1II are
obtained by evaluating the integral f %% dn for constant y's
using Simpson's rule. They are in general higher than the
corresponding values of Schlichting's. Figure 20 plots

(APq - APSq) vs. 7 for both Case I and Schlichting's result,

where APS is the pressure drop due to Poiseuille's flow only.
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The streamlines and lines of constant vorticities have been
constructed in Figures 3 and 4 for Case I, and in Figures 9
and 10 for Case II. 1In Case II, deviations from free-stream
conditions in the upstream direction are significant up to
approximately x = - 0.5. Because of this, the change in the
flow pattern for Case II is more gradual as compared with

Case I, although they are rather similar in general.

Figures 5 and 11 show the progressive transformation from

the uniform velocity profile to the asymptotic parabolic dis-
tribution as the fluid moves downstream. It should be noted
that in Figure 5 (Case I), the central portions of the
velocity profiles for small q‘s are concave upward. The same
phenomenon, although less profound, can be observed in

Figure 11. The difference between the maximum velocity and
that at the center at the same cross section may be as much

as 0.04 as compared with a free-stream velocity of 1.0. This
may be attributed to the finite time required for transporting
the fluid from near the wall toward the center as the fluid
enters the plates. This agrees with the fact that near the
entrance, uy is very large near the wall and then drops slowly
towards the center (Figure 6). In Case 11, however, part of
the transport from near the wall to center is accomplished in
the upstream region (Figure 14) and the concavity, therefore,
is less profound. Due to the concavity in the center, the
velocity profiles thus have points of inflexion. By

Rayleigh's theorem (13), this condition implies instability.
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It would be interesting to find out whether this phenomenon
would become self-exciting with increase in Reynolds number
and hence cause the flow to become turbulent. This concave
velocity profile was not obtained by Schlichting due to his

assumption of a flat velocity distribution in the center core.

The pressure gradient in the direction of flow is zero in the
free—stream region and has a value of 0.04 for a Reynolds
number of 300 when the flow approaches the asymptotic para-
bolic velocity distribution. Near the leading edges of the
plates, very large pressure gradients exist (Figures 7, 15,
and 16). Figure 15 also shows the presence of positive pres-
sure gradients in the direction of flow before the entrance
at some distance away from the center. In the upstream
region, the viscous effect is relatively small. Positive
pressure gradient, therefore, would be expected where
deceleration occurs. As soon as the fluid enters the region
between the plates, the viscous forces suddenly become Ilarge
and the pressure gradient changes sign. Such a region of
positive pressure gradient can also be found in Case I, ex-
cept that it is now located near the walls inside the plates.
Since part of the effect of deceleration is now counter-
balanced by the viscous effect, the magnitude of the positive

pressure gradient is much less in Case I than in Case II.

Two kinds of errors arise in solving a differential equation
by finite difference methods: the discretization or trun-

cation error and the round-off error. The latter is
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insignificant in the present work as eight digits for each
number were conserved throughout the computations. The dis-
cretization error, which results from the replacement of
derivatives with finite-difference formulas, depends on the
size of the grid and the form of the finite-difference for-
mulas used as well as the continuity and smoothness of the
dependent variables in the region of interest. If a proper
finite-difference expression has been chosen for the
differential equation, the discretization error should tend
to zero with the grid size. One empirical method to deter-
mine the discretization error semi-quantitatively would be to
compare the solution of the finite-difference equation for
several grid sizes. Table XI compares the values of ¥ and w
at several positions for two different grid sizes. It can be
seen that, except for a small region near the leading edge of
the plate, the values of ¥ agree fairly well. The values of
wy; being the second derivative of ¥, differ from each other
to a much greater extent, especially when they are small.
Fortunately, when the value of w is small, it has little
effect on the values of ¥, and consequently the velocities

and pressure gradients.

The reason that the values of ¥ vary with the grid size in
the region near the leading edge is that there exists a
singular point (x=0, y=1). The behaviour of the functions V¥
and @ in this region is, therefore, less smooth as compared

with regions farther away from this point. If it is desired
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to obtain comparable discretization errors throughout the
domain, it would be necessary to use smaller grid sizes in
this particular region. Although various methods for chang-
ing grid sizes in a network are available, none has been

tried for the present work.

That the discretization error is larger near the leading edge

can also be indirectly verified. For example, the integral

APn = fn2 %% d where 7, is in the potential flow region and
]

1y far downstream should have the same value for all y's. The

values of this integral for several values of y are presented

in Table X. For both Cases I and II, AP at y = 0.9 is lower

than those at smaller y's, and the difference is more than

can be attributed to round-off errors.

The transformation of the x into p proved to be reasonably
successful. With the introduction of 7, the original semi-
infinite domain became a square. This not only allowed the
use of fewer points without losing accuracy but also made it
possible to treat the boundary conditions at x = ® nicely. A
number of possible transformations; such as arc tan cx and
e-ax’ which have similar properties have been studied. Of
all these, the present one offered both simplicity and more
desirable correspondence to x. For small x, n approximates
Cx. For large x; 7 approaches 1 - é; . The value of C can

consequently be chosen to force the values of V¥ to change as
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smoothly as possible with respect to n. This has been
accomplished to a large extent as can be seen in Figures 3

and 9.

The discretization of equation 11 by the method of de G.
Allen introduced exponential terms into the finite-difference
equation 30. It has been shown in Appendix B that when the
mesh lengths in terms of a and b approach zero, equation 30
can be reduced to a conventional finite-difference equation
with forward-difference formulas for the first derivatives
and the central-difference formulas for the second derivatives.
When the mesh size increases, however, an exponential cannot
be closely represented by a polynomial. For this reason,
finite-difference equations using conventional formulas for
the derivatives were found to result in instability in the
present case. On the other hand; use of the conventional
finite-difference expressions has the advantage of simplicity
and universal applicability, and the possibility should be

further explored.

The use of the overrelaxation method in accelerating conver-
gence of the solution of non-linear finite-difference
equations was found to be fruitful. It is true that the
method used in the present investigation is entirely empirical
and most likely not very efficient. It nevertheless did im-
prove the convergence rate by a factor of 2 to 3. The

finding that the overrelaxation factors had to be decreased as

the iteration proceeded is especially interesting. It is
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known that the optimum value for the overrelaxation factor
for non-linear boundary value problems would change. The
fact that it has to be changed; at least in some cases, in

order to bring convergence, may shed light on the stability

aspect of the problem.
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VI. CONCLUSIONS

The two=dimensional flow pattern of an incompressible fluid
at the entrance section of two parallel plates has been
obtained for two cases, both for a Reynolds number of 300,
Using the Navier-Stokes equations, the solutions are presented
in terms of the stream function ¥ and the vorticity w. From
these, local velocities and pressure gradients have been
calculated. In Case I, potential-flow conditions prevail at
the entrance. Case II assumes that these conditions exist
only far upstream from the entrance. In the latter case,
deviation of the upstream flow pattern from free-stream
conditions was found to be significant only within a short
distance from the plates, i.e., up to x = -0.5. For both
cases, large velocity and pressure gradients normal to the
wall as well as in the direction of flow are observed in the
region near the leading edges of the plates, although they
are comparatively smaller in Case II. Also, the velocity
profiles for small x were found to be slightly concave in
the central portion. This is attributed to the finite time

required for transporting the fluid towards the center,

Case I has been solved by Schlichting using the boundary
layer equation. A comparison of the results shows that the
boundary layer equation does not describe the behavior of
the system well near the leading edges of the plates., At
larger distances from the inlet, the velocity profiles

obtained by Schlichting agree very well with those from Case
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I, as well as Case II.

Use of finite~difference equations based on the conventional
difference formulas for derivatives resulted in the insta-
bility of the solution., The finite-difference equations used
for the computations of the vorticity were derived based on a
technique suggested by de G. Allen to overcome this diffi-
culty. The transformation of x into 7 helped to reduce the
number of nodes and yet retained the accuracy needed. It
also made it easier to treat the boundary conditions at

infinity.

The use of the overrelaxation method helped to improve the
convergence rate of the iterative computations by a factor
of 2 to 3. It has been found that the values of overrelaxa-
tion factors used had to be reduced gradually during the

process to ensure convergence,
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VII. RECOMMENDATIONS FOR FUTURE WORK

Using the Fortran program listed in Appendix C, work
should be continued to determine the flow patterns at the
inlet length of two parallel plates over a range of
Reynolds numbers.,

The theory of hydrodynamic stability concerning plane
Poiseuille flow in two dimensions has been studied by
many authors, often with contradictory conclusions.
Possibilities of numerical approach similar to the one
described in this thesis should be explored.

As described in Appendix C, numerical solution of the
present problem using conventional finite-difference
expressions converged only for low Reynolds numbers,
This information may help in theoretical study of the
stability of numerical solutions of the Navier-Stokes

equations.,
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NOMENCLATURE
a mesh length in n-direction
b mesh length in y-direction
C a constant used in eguation 13

C!'s coefficients for m{s in equation 20
C!'s coefficients for m{s in equation 18
M overrelaxation factor for function u, dimensionless

pt pressure, lb/sq ft

2

P dimensionless pressure, P‘/p UXO

AP pressure difference between a point in the free stream
and point n, dimensionless

AP pressure difference between two points if Poiseuilles’
flow prevails throughout, dimensionless

Re Reynolds number, 4y0UXO/v, dimensionless

u; velocity component in x-direction, ft/sec

u dimensionless velocity component in x-direction, u}‘c/UXo

U free-stream velocity, ft/sec

u§ velocity component in y-direction, ft/sec

uy dimensionless velocity component in y-direction, u;/Uxo
x" Cartesian coordinate, ft

X dimensionless Cartesian coordinate, x?/y0

v ! Cartesian coordinate, ft

v dimensionless Cartesian coordinate, y'/yo

vy half width between two parallel plates, ft
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partial differential operator
substantial derivative operator

Laplacian operator in Cartesian coordinates,
325x2 + 32%/5y2

v2o? =3%/axt + 2 3%/ex®y? + 3t/ayt

an expression defined by equation B22

an expression defined by equation B26

an expression defined by equation B21

an expression defined by equation B25

a function of x defined by equation 13
density, 1b secz/ft4

kinematic viscosity, sq ft/sec
dimensionless stream function defined by equation 9

dimensionless vorticity, - Vzw
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TABLE III. Stream Functions And Vorticities For Case I With A 20 x 20 Grid
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»20000000, 00

1.018%1
OMEGA

«42304000, 01
240556414, O]
«31815929%, 01
«35208273. 01
30827578, N1
«25633710, 91
219664977, 01
14249739, 01
97071559, 00
$52431067s 20
+IBOTE4B0, 0
«72110817+ 00
«122708264 00
«£5287155.-01
+33197006.-71
slBubalBI4-T]
e 78155556.,-02
«359616274-92
« 15669649 ,-02
«5795682%5,-03
«N00NPJ00, N0

=201*

TABLE III. - Continued

ETAs
¥

100000
+950000
« 900000
« 850000
+ 800000
« 750000
« 700000
« 650000
» 600000
« 550000
« 500000
« 450000
«400000
«350000
« 300000
«250C00
«200000
» 150000
« 100000
«050000
+ 000000

ETA=
4

1.00000
« 950000
« 900000
« 850000
« 800000
« 750000
« 700000
«8650000
« 600000
«550000
500000
+ 450000
+400000
«» 350000
« 300000
250000
+200000
«1%0000
« 100000
« 050000
«000000

ETA=
¥

1.00000
« 950000
«908000
«850000
«800000
« 755900
«700090
«650000
« 600020
«550000
»500000
- 450900
400000
«3%2320
»3500C0
»250909
.200000
« 150000
»100000
+050300
+002000

ETA=
¥

100000
+950000
»931000
«850000
« 200000
« 750000
« 700700
«650000
+ 600000
«550000
«500000
« 4502000
«400000
« 150000
- 300000
«250000
« 200000
« 150000
« 100000
+ 050000
« 000002

«600000
Psi

+10000000,
«TLBTREE
« 98004658
« 95610808,
+92381778.
«B8a13215,
«+BIB19457,
«TBT24T786.
«73251050.
57506514,
«81579325,

01
00
oo
o¢
00
00
o
20
o]}
oo
o0

«37097863,
+309165%4,
224732210,
S 18547762,
«12764268,
«61818201,-01

+ 00000000,

+650000
sl

« 10000000,
« 99503263,
«FBNTI29,
«957656721,
«926612014
«88838787.
+B4196 148,
79638354,
$THOT1498,
“HBIFLETS,
«62493721,
«5643T7988,
+50280104,
44057787,
*37796637,
«31513219,
25217728,
«189156118,
«126116624

oo
o0
oc
00
oo

oo

Q1
00
00
00
oo
(1]
oo
oo
0o
=1}
[+]:}
oo
oo
00
00
oe¢
og
oo
oo

«63060285,-01

«+ 00000000,

« 700000
Pst

« 10000000,
+95519452,
«9813T368,
«95916181.
+92923893,
+ 89235053,
+BLO36 186,
+80113832,
«TLBECS T4
265264558,
«634L06279,
#5TI8LETE.
«51165404,
+4&EB1940,
« 38535980,
« 12149976,
« 25730160,
«19313501,
« 12879334,

oo

Lab |
0o
0o
oo
oo
on
oo
oo
oo
oe
oo
oo
co
oo
20
or
0o
0o
oo

s644053864~0!

« 00000000,

« 750000
Psl1

+10000000.
299537767,
«98208872,
#56073081
«931337C2,
289638689
«B5480872.
«B0797009.
$ 75665633,
«TD164019,
$64364932,
«58%33870.
«52127183,
45791159,
«39363212,
+32870880,
+263351656,
«19771044,
«13189110

ao

+559685444-01

+00000C00,

00

X=

x=

1.25000
OMEGA

240971200 D1
«3B851808, 01
+36465982, O]
+33506783, O1
«2976185Cs 01
«2527568%, 01
«20380900, 2}
«15560937, N}
211254749, 01
+77287833, 00
+50546729, 00
«31585T05, O0
« 18917352, 00
«1089C63%: DO
«60421171.-01
232374837,-01
#16773198,-01
+8380]15404-02
+39542798,4-02
« 15556485 ,-02
+00000000, 00

1.54761
OMEGA

+39739200, 01
«3T4132724 O}
«349212724+ 01
«32082061. 01
«28757293s 01
224535945, 0]
«20776778, 01
+156567639, 0]
212625466 01
«919901014 0O
«64187059, 0O
429855314 DO
#276953319, 00
«17207978. 00
+103332604 00
£00T12794-01
«338161504-01
«18340134,-01
+93291149,4-07
«18820049,-22
«00000000, 30

leFhada
OMEGA

«38444000, 0]
«3E053577, 0O}
+33572649, 01
«30865162+ 01
«2TB5055%. 01
«2854168%, 01
«20982%43, 01
«17341607y G1
+13822699. 91
«10617332, 0}
278616648, 00
«561798%, OO
38803490, 00
«25949101s 00
«16826682+ 00
+10589587, 00
«684597225,-01
+378790454+-01
«20651394,-01
+903307614-02
«00000000+ 00

2450000
OMEGA

+36979200+ O}
236068420, 07
*32281657+ 01
229755794, O
227046860+ 01
«2616473%. 0]
«21086028. 0}
«1795%852, 01
«14873840. 01
«11968600, 0]
+9351115%, 00
« 70952649, CO
«52317579. 00
«37519729,. 00
«2618569%, 00
«177776704+ 00
«1170015%: 00
«T37430224-01
242774749 ,-01
+195322224+-01
00000000 OO



—age

TABLE III. - Continued

ETA=  ,800000 x= 3433373 ETA=  .930000 X= 15,8333
Y Psl OMEGA Y Psl OMEGA
1.00000 +10000000, 01} -35319200+ 01 1400000 +10000000, 01 +30331200, 01
«950000 «99558512, 00 +33162577, 01 +950000 +99620888, 00 «28780387, 0]
+900000 +98288001, 00 +30955960, 01 +900000 +98522250, €0 +272277094 0©1
850000 +96243687, 00 +28662005+ 01 +850000 +94742954, 00 +25671686, 01
+800000 +93483005, 00 +26257260+ 01 +800000 +94321891, 00 «24111608, 01
« 750000 +90066212, 00 +23737390, 01 +750000 «91298058, CO +22547542, 01
« 700000 +86036463, 00 «21121982, 01 + 700000 7710560+ 00 +20980366s 01
+650000 +81519297, 00 +18455956, 0] = 650000 +83598572, 00 »19411737, 01
«5600000 « 76521516, 00 +15805298, 01 +600000 +79001316, 00 «17844128, 01
+550000 «T1129%12, 00 «13247232, 01 +5%0000 «73957979, 00 +16280479, 01
-500000 +65407341, 00 «10857464, 01 =500000 +68507663, 00 +14724188, 01
+450000 «59414810, 00 «B69B2T24, 00 «450000 «62689273, CO «13178721. 0}
« 400000 «53205907, 00 «6810531%, 00 + 400000 +36541a43, 00 +11647301, 01
«350000 «4682T7797, 00 «521087%9, 00 «350000 250102454, CO «10132584, 01
+300000 «40320388, 02 +38934348, 00 +300000 s43410172, 00 +86363523, 00
250000 2337165164 00 S28344921. 00 +250000 +36501998, 00 471592864+ 00
+200000 427042531, 00 419982204, 00 +200000 +29414853, 00 +570082264 00
2150000 220319201, 00 213420109, 00 +130000 +221852104 00 +42591347, 00
+100000 +13562784, 00 “820522994-01 +100000 +14849095, 00 «28312143, 00
.050000 «6TBE1656,-01 +38814580,-01 +050000 «T4422087,-01 +14130711, 00
000000 .00000000, 00 00000000, 00 +000000 +00000000, 00 »00000000, 00
= ETA=  1,00000 x= o
T o
1,00000 +10000000, 01 +30000000, 01
l;ggg:: ';:::‘;:gg' g; ‘;:::;;gg' g; +930000 +99631250, 00 +285000005 01
2500000  ,98373003, 00 229578234, 01 ey Ilnasoen, 92 mToslowin:
s  iwmioms g imemm: ol goses  iemrsol op  cavsosseos by
4800000 +93789632, 00 425453650, 01 2 p ! z !
+750000 +90517502, 00 23299839, 01 by E2iuasaty 10 431300000 01
700000 +86663125, 00 +21094476¢ 01 A +87850000, 00 +210000004 01
650000 +82281701, 00 slassers0: 01 +650000 +83768750, 00 +19500000, 01
2 50000 S ITaze1Te. OO 2 Ee24785: O +600000 +79200000, 00 +18000000s 01
550000 +72161409, 00 +14442176, 01 s230008 wAXB1Z504 00 L6 B0 ¥
=S S Es3%1s. DO eodohddediin +500000 «68750000, 00 +15000000+ 01
S aucea oo st o6 ey o) +430000 +62943750, 00 +135000004 01
S ABo000 iy o L rerie. U +400000 «56800000, 00 .120000004 01
. 350000 +47993196, 00 69367022, 00 e el S oo o
»300000 +41411781, 00 «55010620+ 00 250000 238718750, © * 7500 2
«250000 «34693353, 00 «42524536, 00 X s %) S0 aI30000001 i
-200000 +27869087, 00 «31754072, 00 +200000 429600000, 00 +60000000s 00
3150060 JEGseaTIr. OO e »130000 +22331250, 00 +45000000+ 00
« 100000 «14006651, 00 «14305672, 00 né:gg:ﬂ +14950000., 00 «30000000, 00
050000 +70119632,-01 +69513581,-01 . - #IAIATI0S~01 13000004+, 00
. d0000 S DODB00Gs. 85 t Seucnoog. Aa +000000 +00000000, 00 +000000004 00
ETA®=  .900000 x= 7450000
Y P51 OMEGA * This is again a floating-point expression. A
floating -point expression 0. YYY ,ZZ is equivalent
1.00000 «10000000, 01 «31717600+ 01 7z
«950000 «99603534, CO +29981777s 01 1o 0.¥YYY x 10
+900000 +98457547, 00 +28234328, 01
+B50000 +96605728, 00 +26467340, 01
+800000 +94092283, 00 $266764614 01
+750000 +90961988, 00 +22861419, 01
« 700000 +87260239, C0 +21026431, 01
+650000 +83032950, 00 +19180335, 01
« 600000 +73326293, 00 +173362464 01
«550000 +73186398, 00 »15510631, 01
+500000 +67658924, 00 »137218%2, 01
+450000 +61788599, 00 211988328, 01
«400000 +55618780, 00 +10326378, 01
-350000 +49191007, 00 +87494334, 00
+300000 P42544893, 00 +72646703, 00
+250000 +35716947, C0 +58741669, 00
+200000 +28742513, 00 +45736704, 00
+150000 +21653881, 00 +33530928, 00
+100000 +14481%33, 00 «219724867, 00
«050000 «72543126,-01 +10868937, 00

+ 000000 «00000000, 00 «00000000+ 00



¥

100000
« 950000
900000
2850000
« 800000
« 7950000
« 700000
« 650000
+5000C0
=55C000
« 500000
450000
« 400070
+350070
« 300000
«252600
« 200000
= 150000
100000
«050070
«0000"C

Y

100000
« 950000
«300000
«850000
«800000
« 750000
« TDNGD0

»250T00
«200C00
« 150030
«170000
«USPUDE
2UDTH 00

¥

| «00000
957000
«900C00
«850000
« 870000
« 750002
« 70000
«65°C00
« 600000
«5%30C0
«500C30
«457C00
430000
« 350000
« 3300C0
« 250000
« 209000
« 152000
« 109000
« 052000
« 000000

Y

1 «N0200
950000
« 330300

TABLE IV.

urx)

«10000000,
« 10000000,
«l0n00C00,
« 10000000,
«10100000,
« 10000000,
« 10N00000
+1000000C
« 10000000,
« 10000000
410000000
+10000000,
+ 10000000
« 10000000,
«10n00000,
1 COCO000
- 10000000,
« 10700000
- 10000000,
» 10000000
« 10700000,

utx)

= 000000030,
+B2805900.
« 99580020,
102856914
«10323585,
103002044
=1026787%
=10238493,
10214086
«10194322,
«1C1TB& L&,
+10165613,
«10155307,
«10147023,
« 10140400,
«10135166.
+10131116.
«1C128103.
10126021,
«10124799,
« 10124356,

uix)

«0C000000,
+66393500.
« 56627560,
«1G380993,
« 10600900,
« 1UE0384T,
210552695
«10496343,
«ICR&TO9E,
« 10406591
«1C373812,
« 10347372,
+10326053.
= 10358893,
210295153,
« 10286282
«1027586%,
«10269605,
= 10265273,
«10262728,
» 10261889,

utx)

« 00000000,
32793900,
«B604B060,
»10156607.
10718656,
«10849766.
« 10826264,
« 10760947,
« 10693134,
« 10533875,
«1058475Cs
«10544657 .
«1U512213,
« 10485965,
«1L8548%96,
«1Ua%B195,
210635284,
=« 10425588 5
«1 418904,
e ll&169T6,
eiTAI36E

s

Velocities And Pressure Gradients

ol
01
4} ]
01
1
n1
01
o1
o1
ol
o1
n
¢
21
g
o1
o1
pal
o1
21
At

or
ce

o1
01
01
c1
01

©

(31
o1
o1
o1
01
01
c1
01
01
01
01
t1

0o
oo
00
(31
(31
01
o1
01
g1
c1
01
21
e1
ni
ci
01
c1
c1
el
01
o1

00
a0
00
ex
[+5 1
31
(9]
(3]

a

sl

PV L

ADOBDONOe

ETA =
ury)

«00000000, DO
»00000000, 00
«00000000, 0D
+00000000. 00
«DOC00000. DO
« 00000000, DO
«0N00DORCs 03
«00000000s 00
«GO00000Ns 00
«N0DO0000. NG
«N0NECO00. N0
«NOB00000. N0
«00000200, NQ
»00700000+ 20
+00000N20. 00
«00000000, 00
+00200000, Q0
«N000000« 20
«N000C000« 950
+0C000000. %0
«000200000, 0O

ETA =
uiyy

+0C000000, OD
-+29571878+ 0OC
~-+36295882 00
-+353902304 00
-232269728. 00
-«288824834 00
-+25730065. 00
~«2289679¢. 00
=-220354670. DO
—218054747. 00
~2159%1290. 20
-=14006352+ 0OC
-412189251, 00
-2104T75198, 00
—«B88439404,-01
~+T2786913.-01
-«57651663+=01
-+42910301+-01
~22B8453442.-01
-+141813114+-01
+00000000. DO

ETA =
uty)

+000D0000 00
-=18552554« 00
-«29171683: 00
-+31705619+ 00
-+30426379, 00
-+27865529. 00
-+25%0B4837. 0O
-s22638027. OO
=e20006384, OO
~«17781680+ 00
-15733929, 00
~«13832094: 00
-«12069232, 00
-=10382988. 00
~+BT547165,=-01
-+72088671,-01
~e271207464+-01
~e42527630,-01
-#2B82052044-01
=e1405920 01

00000000 0O

ETA =
uiyl

+00000000s 0O
~+998702504~01
-+20621438, 00
-2259312354, 0O
-»26978681,4 00O
-+25810%37+ 00
-+237766084 0O
-«215318)4, 00O
19333978, 0N
=«17260799s OC
-=1%320982, 00
-+13501C10 00
-«11782738+ OO
10148867 CN
-+358407164-01
-e70750234,-01
=+56101229
-e&}] 791220
=aZ2T727440
~a13324192

on

IGG0000. T

«000000
~3°rdn

00000000,
«000D0000
«000N0NON,
+0NON0000
«AONAONON .
«00000000 «
+00000000+
+ 00000000+
« 00000000,
«00200000+
«N0000000
«DOON0000
+30000000+
«D0N00000 .
+N00CON00.
+00000000
«DO000N0.
»30000000
«ND0NOOD0
«NO0DONN0 .
«D0200000 .

»050000
- 9P 7an

4 T995752,
+ 3153994858
» 12545578
«B56145830,
= 72963000,
«63720231
+56119575,
«49512088
44503760
+40BTE280.
« 37633881«
+35017945%5,
=3290507%«
«31200785+
29831867,
«28750622.
22791134
2272858564
226852991«
226598570
226516719,

«100000
-aesan

#21114605
«17225095.
»11990041
«B9801924,
« 76278540,
«6T1031873.
259654363,
«53536032,.
«4B8555721,
244514396,
«4h1232097.
18560495
0363784317
«T4B15598
«313187682+«
#32051124.
+31166305,
« 10504560
#I0045649
«29TT75221
« 29686002

«150000
-aPsan

+69821084
46117197
«TIB56943 .
« 713690404
«ET592187y
«BIRL2T26.
506976174
55081836,
50997405 4
CATASITER,
YL B
81949895,
+29B61930
PR} DL T
«36T3I22844
« 35599342

«I&TI01T0e

« 74041079
<P 1576904,
+ 312997k
#1720878%s

For Case I With A

o1

oo
a0
(4]
oo
] ]
on

o0
oo
o0
o0
ne
1]

ng
oo
on
na
00
o0
0a
on
00

o0
o
or

20 x 20 Grid

«000000

- 3PraxX - APs Y
+0D0N0000. DO 00000000 AN
+ 00000000, 00 +00000N0Ns NN
«+200NNO00, 00 «ANDOONDN, AN
«+00NN0O00, 0O «ONB0NNGN, AN
«000N0000, 00 +D00ONNDN, A%
« 00000000, 00 « 00000000 O
70000000 00 0000000 0N
«20000000s 00 »00000N00s 00
+000000004 06 « 00000000 01
«00000000. 00 «+00000000s A0
« 00 o0 . » 00
«00NNO000. 00 «00000000 0A
«00000000s 00 «00000N00. N1
+00N00000. 00 «00000NN0. N7
«N0ONNO00. 0O «000000NN. DY
«000N0000s 00 00000000 N7
«000P0D00, 0O «00000000. MY
+20000000. 00 »00000000. N9
«00NN0D0C. DO 00000000 AN
«00000000, 0O «000001D0. DN
«200N0000, 00 +00000N00s DN
+043859

- aP/sax L]
«%1979400, 01 «27113698, 0O}
«38337874s 01 «27639127+ 00
« 13586861+ 01 = 32790059 DO
493295934+ 00 «323568T1s 00
« 79018930+ 00 «30206390s 00
+69009011s 00 «26310906. 0N
«60777500. 00 «21845089: 00
«54054770, 00 «17726691s 00
48630773, 00 14287441 OO
»442690124 00 +11526873. 00
+40757472. 00 2937132145,.-01
«37924435. 00
35638143, 00 «616T1410+-01
+ 23790429 00 «49981495.-01
+32310078.+ 0O asD166466+-01
»31176924. 00 «21714598,-0)
«30227986+ 0O «26299421 01
«29550580. 00 «17634822.-01
«29081790« 00 =« 11489382+-01
«288N62%2. 00 256649581 +-02
«28715441. 00 +00000000+ 00
4092592

-aes -3Ps3Y
«20523397, 01 «15244070« 01
«16742793. Q1 « 275714 0O
2116546320+ 01 +BT760%570. O
«B72874T1+ 0O «6T962404+ 00
«T&142741. 00 «50141202+ 00
«65224275. 00 +37988723, 00
«3T9B404L. OO0 «2964%131. 00
«52037024+ DO 23524248, 00
«671961614 DO +18B3T4B4s 0N
2863267993, 00 «15177987. 00
+40077599, 0N « 12285735+ 01
+317480802. 0O +99770850+-01
35365576+ 00 «81070252+-01
«33648360. 00 65650063 4-01
»32258622+ 0O «52672947.-01
«21153693« 00 «41568324+-01
+20293649, 00O «31828361+-01
29650423, 0D 23078282401
«29204177, 0O 215019954 +-01
+28941515, 00 «T40I9083,-02
+ZBRS&TILs DD +00000NONs AN
«147TN58

-aPs2x -3Psay
+60534880, 00 « 770820804 DN
«39983610, 00 «T2309873s N0
«£60139704 00 «B2262879+ 00
«E1ATI756. OO « 77289665 00
«=B6N2800s 00 «62505930. 00
255351644, 00 =4R1311%s ON
«S15R&278. 00 17165651 09
4776036, 00 « 291864424 0N
«4671041%. 0D «23265089+ 00
«41162417s 00 «18739%6s 00
+ 28545209, 00 £15192213. 0N
«?637055%. 00 «12359252. 0O
274562028+ 00 «10057708: 00
«?I067852. 00 «B1542188.-01
11546891, 00 «655207674-01
«3CE64630. 00 «S17348674 -0
»3009371E, OO +I962TA204-01
479513616, a0 «2R 744921401
7917948424 0N 18716802401
«?BBTOR96. 00 +92277205.-02
«28792017. 00 «00000000. N7



Y

100000
« 950000
+ 900000
« 859000
«800000
« 750000
« 700000
«650000
«600000
« 550000
« 500000
« 450000
430000
«350000
«300000
252000
2200000
«150000
«1C0000
«050000
«000000

A 4

1.00000
« 950000
+900000
+850000
+800000
« 750000
« 700000
«650000
+ 600000
550000
«5C0000
+450000
+ 400000
+350000
+ 300000
« 250000
+200000
»150000
= 100000
»050000
+» 000000

Y

1.00000
»950000
900000
«850000
»800000
« 750000
« 700000
»650000
«600000
= 550000
= 500000
«450000
+400000
»350000
» 300000
+250000
«200000
»150000
»100000
«050000
«000000

Y

1.00000
« 950000
« 500000
«B850000
+ 800000
= 750000
« 702000
+ 650000
»600000
» 550000
« 500000
«» 450000
«400000
« 350000
« 300000
«250000
«200000
« 150000
« 100000
« 050030
« 000000

uex)

+00000000,
»42608700,
+ 76237330,
«964TT4TO,
«10614835,
«10973175,
« 110456204,
+11008757,
«10939716,
10869451,
+ 108074868,
« 10755474,
«10712690,
« 10677828,
+ 10649691,
« 108627298,
+10609883,
« 10596869,
« 105878464
« 10582537,
«10580785,

uix)

+ 00000000,
+»35423300,
+»6T064460,
«89773210,
«10303157,
«10938514,
11172362,
«11210212,
«11168180.
#11102111
«11035213,
«10975531,
10924890,
» 10882524,
«10 T054
«10821281,
10799844,
«10783770,
«10772%97,
«10766012,
«10763837,

uix)

«00000000,
«30470100,
« 59386540,
«82700160,
«9BATATION
«10750219,
«11182123,
11338893,
«11357423,
«11317177,
«11258246,
«11198418,
v 11144862,
«11098281,
11059919,
«11028816,
11004311
+10985837,
«10972949,
+10965336,
10962819,

uix)

+00000000,
27064900,
«533272590.
« 76100680,
« 93242310,
« 104429004
«11076055,
«11379592,
«11489378,
«11499303,
+11465032,
«11415802,
«11365368.
11319455,
+11280006,.
«11247374,
11221345,
«11201561.
« 11187684,
«11179860,
211176736,

o0
00
oo
00
c1

o1
01
o1
o1
01
o1
01
01
01
01
01
01
01
o1
o1

ETA =
uty)

+00000000, 00
~+49T36064,4-01
-+13340620. 00O
-+19553011+ 00
-«22397537: OO
~222744043, 00
-e2171%9524+ 00
-+20086010+ 0O
-e18265597y 00
-e16437657s 00
-2 14669544, 00
-«12978101+ 0O
-«11360739, OO0
~s98087424,-01
312094701
~e68610892,-01
~»54467942,-01
=240609612+-01
~e26959564,-01
~«13446051,-01

00000000+ 0O

ETA =
vy

«00000000, 00
~224604492,-0]1
~«B81935347.-01
-+13834732, 00
=+17493219y 00
-+19014426+ 00
~«18998172+ 00
~+18096972+ 00
=«16769754, 00
-«152774530, 00
~«13747603, 00
=+12234699, 00
~=10757731. 00
3202380+-01
~eT9196737+-01
=+655119904-01
~e52094272.-01
~+38888100,-01
~e25838932,-01
~+12893640,-01

+00000000+ 0O

ETA =
uty)

«00000000, 00
~e127527794-01
~s49264933,-01
=+93527338.-01
~2129645540, 00O
~+«15108818, 00
~+15880151, 00
-+15675103, 00
~+14884196, 00
-+1378645%9, 00
-«12548707, 00

=e73931121+-01
=s61330634,4-01
876853,-01
. 46375,-01
~e28310742,+-01
-+12139218,-01
+00000000, 00

ETA =
uty)

+00000000s 0O
-« T01591674+-02
-«2956575%+-01
-«61307504:-01
~s92032059,-01
~s114%563864, 00
-+12683162+ 00
-+13019334, 00
=212720457+ 00
-s12024676+ 00
-+11104488+ 00
-«10067428+ 00
-+B89742295,-01
-2 TB566443,-01
—a67304047,-01
~«58029279,-01
—ek4773170,4-01
~+33545756,-01
=e22%46126,-01
~s11167470,-~0]

«00000900, 00

~254-

TABLE IV. - Continued

+200000 X =
-39!3q

«10524194, 00
=+1101345%9« 00

+28907942+ 00
6461223 00
+52289895: 00
+ 54735016+ 00
+54942673 00
+53583818+ 00
«51456238+ 00
49128098+ 00
« 46892309+ 00
«A4BT73514s 0O
+43109279. 00
+ 41600877 OO0
403356534 00
«39297277« 00
« 2BA69TAS. OO
+ 37840509+ 0O
«37398553%, 00
37136248 00
«37049419. 00

250000 X =
-Ps3y

~«B0488177,+~01
~«252%567%, 00
«54TI0962+~02
24497082+ 00
+365948%96+ 00
+43286333+ 00
«47296041s 00
«49222090+ 00
«49624127» 00
+49104717+ 00
«A8127174s 00
« 46981537, 00
+A58295244 00
»AATS54995, 00
«A3800016+ 00
«42982711s 00O
42311407+ 00
«A1789880s 0O
«41418174s 00
«41195%91. 00
«41121499 00

« 300000 X =

-)Pllq

~s 10461668, 00
~e22622528+ 00
-«11005231s 00
«93446207+~01
«238837a%,
32771690,
« 38890683,
«43182149,
« 45899290,
»473615060
AT9A9918,
7997615
«ATT387650
wATIN2914,
2468776800
+ 46431403,
« 46033017
=« 45705600
« 45463472,
+4531530% 00
«45265365, 00

3883838838583838

+350000 X =
- aPsan

=+ TAL18289,-01
=+ 15628124+ 00
-«12121287 00
«15174851+-01
«15273163« 00
+248961423, 00
«3175719%. 00
37133895 00
«41329917s 00
« 44406650, 00
«46510264 00
«4TB56T29, 00
«ABHL3A9S. DO
«AF107544s 00
«49318964+ 00
+49385031, 00
«49376617 00
+A59334003, 00
«49285814, 00
+49250307+ 00
+49237262+ 00

«208333
-arsax

«80825813,-01
~+845873370.-01
«22201300. 00
+356822204 0O
«40158640., 00
+42036493, 00
«42195973, 00
«41152219+« 0O
+29518391+ 00
+37730380+ 00
»36013294s 00
+34462859. 00
«33107927+ 00
+ 31949474 00
+30977782. 00
+30180309+ 00C
+29544798. 00
«29061511. 00
«28722089+ 00
28520639 00
228453954, 00

277777
-arsax

=+ 54%329520,-01
-« 1TOATS81s 00
+ 43693400502
+16535531, 00
24701555, 00
«2921827%, 00
+31924828, 00
+33224911. 00
+33496286, 00
«33145684, 00
+» 312485843, 00
«31712538, 00
+3093%4929, 00
+30209622+ 00
»29965011. 00
+29013330. 00
«28%60200+ 00
+2820816%9: 00
«27957268. 00
227807024 0O
«2T757012+ 00

357142
-2P/3X

~a61514613,-01
~+13302047, 00
=+54710760+=01
+549443704-01
« 14043641+ 00
« 19269754, 00
«22867710s 00
25391104, 00
« 26988783, 00
« 27848566, 00
» 28194552, 00
«28222598, 00
«28070394, 00
«27831754 00
+ 27364076+ 00
«27301665. 00
«2T06T414s 00
« 26874893, 00
«26732522, 00
« 26645401y 00
«2661603%, 00

A&8T17
- 3P/ IX

=+ 375T7973:-01
=a 79234589901
~e51454930,-01
«76936700,~02
« TT434940,-01
+12622345, 00
«16100898, 00
«1882688%, 00
+20954268, 00
«22%14172+ 00
« 235807044 0O
« 24263367, 00
« 24672392, 00
« 24897525, 00
«25003701+ 00
+25038211+ 00
«2%033945, 00
«25012340, 00
«24987908, 00
+ 24969906+ 00
224963292, 00

-2P Y

+37B24102+ 0O
+43565%97, 0O
«5T664951. 00
«65373585, 00
+861331390, 0N
+51651348, 00
«41665%52%, 00
« 313355506, 00
«26BA9630. 00
«21775282. 00
«17758380. 00
« 14523448, 00
+11870122, 00
«96589T738.-01
«TTB20790,-01
+81601185.,-01
+AT270869,-01
+ 34334557 ,-01
+223T75296,-01
+1103%6580,-01
+00000000+ 00

- WAV

« 19245600,
« 24588549,
« 35740953,
AETSET42
«50691138,
«ATTI0489
s41AATSES,
708041
. 063824
*236934T6
+ 19572161
« 16167904,
« 13323878,

838838388883383

«5%087021+~01
«79377890.-01
+25703131.+-01
«12690599.-01

» 00000000 O

- 3PSV

+ 104403704
« 13997229,
«21207541,
«30510336,
«37207093.
« 38999750
«368327334
«32TTIZTS,
« 28243079
« 23981563,
«202174%5,
+ 16962407
« 14150985,
+11708222»

83888338338333

+13989311.-01
+ 00000000 00

- ¥

+596610564-01
+82061920+-01
«12525243+ 00
+189699%: 00
«Z320033%: 00
« 78934329 00
+ 79684588, 00
« 78176481+ 00
+29503700+ 00
« 22454226 00
+ 19449577 00
«16657533, 00
«14129%45. 00
«118412%6+ 00
«9TT18294,:-01
+TBB28428,-01
«51394929,-01
+45090572.-01
+29611552+~01
s 18672675.~01
+00000000+ 00




¥

1.00000
« 950000
« 500000
« 850000
«BCOC00
750000
» 700000
«550000
» 600000
+ 550000
« 500000
« 450000
+ 400000
«350000
« 300000
+ 250000
«200000
« 150000
« 100000
+ 050000
= 000000

¥

1.00000
« 950000
«900000
«350000
«800000
« 750000
« 700000
«650000
« 600000
«550000
«500000
+450000
«400000
«350000
«300000
250000
+200000
« 150000
« 100000
«050000
«C00000

Y

1.,00000
* 950000
« 900000
+85C000
« 200000
« 750000
» 700000
«65000C
«6000CC
« 550000
« 500000
=450000
«400000
= 350000
« 300000
« 250000
+ 200000
+ 150000
« 100000
«050000
= 000000

¥

1.00000
« 950000
« 900000
- 850000
«B8C0000
« 750000
« 700000
« 550000
+£00000
« 550000
« 500000
+ 450000
« 470000
« 250000
«200000C

«250000

urxy

« 00000000,
+24638600,
«AB6T8140,
+ 70379390,
+B87970%6C,
+10063837,
« 10873845,
+11331537,
«11553608,
+11635909,
»11644291,
«11618587
«11580514,
«11540850,
+11504439,
«11473212,
«l1A47773,
+11428185,
«11414335,
+11406088,
»11403350,

uexi

«00000000,
«229163004
245149840,
«65635570,
«83075810,
+ 96582410,
«10605508,
«11206495,
«11545086,
+11719813,
«11787257,
«11 798573,
+11782841,
« 117596473,
«11728055,
»11701751,
2116794825,
«11661827,
211649213,
211641645,
11635124,

wixy

+0000300C,
+21658000,
«424T0T30,
+61800610,
«TBT66130,
=+92608410,
+10302502,
«11023915,
»11483148,
«11750216,
»11889175,
«11949803,
11966515,
11961018,
+11946000,
+11928421,
11911877,
+11898125,
«11887921,
«11881800,
11879727,

utxy

«+00000000,
20710100,
+40411450,
«58726870,
+ 75088780,
+88929120,
+99911010,
«10805149,
+11368325,
11731681,
211949467,
«12069291,
+12127866,
#12150854&.
« 12154856,
212149915,
121817
12123633,
12127053,
#+ 12122865,
=12121435%,

(1]
00
oo
oo
oo
o1
o1
€1
01
01
01
01
01
01
01
01
01
01
o1
01
e1

oo
0o
oo
o0
00
o0
01
o1
01
o1
01
01
01
c1
01
01
01
01
01

o1

oo

oo
oo
(1]
0o
01
c1
o1
o1
01

c1
01
01
01
01
o1
01
01
1

ETA =
ury)

+00000000. 00
~+40295232,-02
-e178355524-01
-«39357835,-01
~263044827,-01
-aB8327711%,=-01
~+969420964-01
-+10360474+ 00
=+10441988, 00
=+101025%36+ 00
=+ 94893854401
-+87105240,-01
~+78358147,-01
~+69070406,-01
~+59478969,-01
~e49T14689,-0]
~+39849883,-01
-+299256323,-01
~+19966392,-01
-+9987589 02

+00000000+ 00

ETA =
uty)

«00000000, 00
-+237391114~02
-+10819432,-01
=s24906809,-0]
~e419604044-01
~+503188904-0]
-271109159.,-01
-~ T9058641,-01
-=B82275837,-01
~+B1616339+-01
-=78126493,-0]
~272727050,-01
~e68103352,-01
-+58715213,-0)
~+50851254,-01
~eb26B6545,-01
~+343271674-01
-e2583957
~e17268345,~0]
-+B64624984~02

+00000000s 00

ETA =
ury)

«00000000+ 00
=«143205004-02
-+566184800,-02
-+ 15646020,-01
~s27344580,-01
-+39607110,-01
~«50304450,4-01
-+58039320,-01
~e862344830,-01
-e63462150,+-01
=e61988790,-01
-+58595850,-01
~+53867250,-01
~+48245100:~-01
=a42035820,+-01
—+35841070.~01
-«28590780,-01
-+21569850,~-01
~«14436600+-0]
e T238£650,-02

«00000000+ OO

ETA =
uty)

+00000000+ 00
-+90199170+-03
~+41421294,-02
-+989335624-02
~e17681627:-01
—e26393542,-01
~e346556673,-01
~+41315516.4-01
~s&5724508,-01
-s477520024-01
~e47631819,-01
~e45770969,-01
-e42602395.-01
-e385034a7,-01
-e33765263:-01
-228596555.-01
-e271405254-01

—a38795356.-02
20000000, On

i

TABLE 1IV. - Continued
«400000 X = «555555
-3Psay - 3P/ IX
~e284046894-01 -+ 10542826,=01
~+80065887,-01 ~434588377,-01
-+ 800949764 ~01 -+24601030+-01

~«2383333%,-02
«10852993. 00
+20136041» 00
«27000518» 00
«32498615%5 00
«372015%3, 00
«41166976+ 00
« 44363537 00
«h6B27523, 00
+ 48664016+ 00
«A9996789, 00
» 350947500, 00
+51616328, 00
«520785%69. 00
«52388928, 00
52585817+ 00
+526944T72. 00
52728858, 00

+4350000 x
- 3?/31
+36072873,-01
~s204TB2644-02
~«14T84T730,-01
*23852011+-01
«10329214s 0O
+ 18470214 0O
«24957355, 00
»30115501+ 00
« 346162234 00
«38713969 00
423746114 00
+45515584+ 00
“4B10464T, DO
+50177611s 00
+517997544 00
+530441214 00
+53976476+ 00
«54650033: 00
«55104484 00
+553683444 00
+554507%2+ 00

+500000 X
‘aﬂlaq

«1072221% 00
«T9819090.,-01
«645786264-01
+80703210+=01
«13262163+ 00
«19810100. 00
«25641803. 0O
«30318090. 0O
+34299890. 00
«37995413, 00
+41509850. 00
«AATHB296 00
«4T671283+ 00
+50159z280. 00
252222473 00
«53882450. 00
«55175136 00O
+56138220+ 00
« 56802946+ 00
+57191076+ 0O
«57314940+ 00

+550000 x
-¥/In

+19177898. 00
«17152547+ 00
+1568142%, 00
+16104526+ 00
+19246481, 00
+24125600. 00
29079518, 00
+33231135, 00
+36646502, 00
«39708882+ 0O
42669094 00
«45569773 00
+48320065% 00
+50817065+ 00
« 52989378+ 00
+54803711s 00
+562567€1+ 00
+57361008, OO
«581320%3. OD
«58%834524 N0
58720724 0D

-2 10296000.~02
+46884930,-01
«86987700.-01
«11664224, 00
«14039402s 00
«16071071. 00
«1778413&, 00
« 19165048 00
+20229490+ 00
«2102285%, 00
«21598613, 00
+22009320+ 00
222298254+ 00
«22497942. 00
+22632017» 00
«22717073, 00
«22764012+ 00
«22778867+ 00

«681818
- 3aPsax

213094453,-01
~+88856100,-03
~«53668570,~02

«86582800.-02

«37495050.-01

+6T70A68804-01

+90595200+-01

10931927, 00

+12%65689. 00

+14053171. 00

« 15381984, 00

+16522150+ 00

« 174619874 00
B21a4473, 00
«18803311+ 0O
« 19255016+ 00
«19593461+ 00
+19837962, 00
«20002928, 00
«20097983, OO
+20128623+ 00

«833333
- 3PsIx

+321666404-01
«23945727+-01
«19373588,-01
«24210963,-01
«39786490.-01
+59430300.-01
+76925410+-01
290954270.,-01
+10289967s 00
« 11398624, 00
«12452955s CO
+13430489, 00
+«14301385, 00
+ 15047784, 00
+ 15666742 00
+1616473%, 00
16552541, 00
+ 16841466, 00
« 17040884, 00
17157323, 00
«17194482. 00

1.01851
- APsax

+A6602293,~01
«&1680690+-01
«38105865%,.-01
+39132999.-01
«46T68950,-01
«58625210+-0C1
«70663230,.-01
«80751670.-01
+89051000.-01
+96492585,-01
+«10368590. 00
«11073455, 00
«11741776+ 00
«12348547, 00
«12876419. 00
+13317302. 0OC
+13670393, 00
«13938725, 00
+ 18126089« 00
«1&235779. 0O
« 14269136 OO0

-2PsaAY

«35131392,-01
«A9187400.-01
« TRAMAS164~01
« 11490749, 00
«16128304,
+1990%1064
2219223474
222159682+
«21115398.
« 19354542
«17296925,
«15184091
«13132425,
+1118430%,
«9I4962264-01
«76213890+~01
«59849513+-01
*44231389,-01
«291752414-01
» 14493352401
+00000000. 00

8388883833

-aPsaY

+21117888.-01
+29812026+~01
+&435T040,-01
68209223401
+98581910,-01
«12804038, 00
« 14950186+ 00
« 15987421+ 00
« 16004179 00
« 15284055, 00
«14119029. 00
+127296%8: 00
«11247%99,: 00
297483164401
«B26T2%04 01
«68181775,-01
54041412+~01
«40221550,-01
«26662%4,-01
+132847124-01
« 00000000+ 00

- aPsav

+ 13094400, -01
«18293699.-01
«2631097%:-01
+39563688,.-01
+57588322+-01
+77206012+~01
+34231830+-01
+ 10564498, 00
+ 1105693, 00
«10978482+ 00
«104T8037. 00
7019520+-01
+87612455.-01
«77302975.-01
«66524350.-01
+555227T92,-01

«11092816,-01
00000000+ 00

- aPs3Y

«863654404-02
»113963114+~01
«15529239.,-01
#22292031+-01
+31929300,-01
243335870401
« 54494489, -01
+63427438,-01
+58959028,-01
=« 70909543:-01
«59753413.-01
+566239096+-01
«51072281+-01
«54B0T27T+-01
+47820397+-01
«40358813%.-01
+325818494+-01
« 24593008401
= 16485302 +-01
«82529210+-02
= 00000000, 00



¥

1.00000
+950000
+ 900000
« 850000
«E00000
« 750000
« 700000
« 650000
«&00000
« 550000
« 500000
=+ 450000
« 400000
« 350000
«300000
=«2500C0
200000
= 150000
« 100000
«050000
+000000

Y

l.00000
+ 950000
« 900000
«B850000
« 800000
« 750000
« 700000
« 550000
= 600000
« 550000
« 500000
« 450000
« 430000
« 350000
« 300000
«250000
»200000
«1500Q0
« 100000
«050000
«000C00

Y

1.00000
+950000
+900000
«850000
«B800000
« 750000
« 700000
« 650000
«600C000
+« 550000
+ 500000
+450000
« 400000
«350000
«300000
+250000
«200000
«150000
« 100000
«050000
+«000000C

Y

100000
+950000
+900000
«B850000
+ 800000
« 750000
« 700000
+ 650000
« 500000
=« 5350000
« 500000
=+ 450000
=4C0000
+ 350000
«300000
« 250000
«200000
+ 150000
+ 160000
«050000
« 000000

utxy

+00000000,
»19953500,
«387705%80,
«56228800,
« 71975930,
+85623210,
«96884290,
« 10568407,
211218272,
#11671725,
«11970699,
212156776,
«122655904
212324686,
212353691,
+12365653,
212368772,
«12367942,
12365942,
#12364268,
+12363640,

uix)

+00000000,
«19287100,
+37365420,
+54100930,
#69279340,
«+B82650530,
+94004320,
+10324650,
+11043679,
11577777,
« 11956687,
«12213617,
«12380201,
¢ 12483467,
» 12544568,
«12578909,
+12597101,
«12606066,
12610090,
«i26116624
«12612057,

uex)

=+ 00000000,
+18626400,
»36032710,
527134750,
«66801280,
« 79877070,
«91222210,
+10075672,
« 10849274,
«11454235,
«11909982,
#12240875,
«126T72636,
«12629424,
12731964,
«12796820,
*» 12836475,
+12859826,
«12872863,
« 12879334,
«12B81277,

uix)

+ 00000000,
«17911300,
346468560,
+50151700.
64343920,
« 771283080,
+»8B8416800,
98152390,
«10632990,
«11300701,
«11830149,
«12237749,.
«12542511,
«127639714
12920479,
« 13028046,
«13099836,
«13146056,
«13174150,
«13189110,
+ 3193788,

oo
00

ETA =
uey)

+00000000+ 00
-+5615475204-013
=e27322176+-02
—e64638528,-02
-+11614022,-01
17617977,-01
3668915.,-01
-+28958803,-01
=+32894496,-01
~+35192006.-01
~+35849452,-01
-+35053382,-01
-«33078393,-01
30208550,-01
26652224,4-01
~e22T726080,4-01
~e184556164-01
13984281,+=-01
93849024,-02
-+ 47099635+-02

+0000C000, DO

ETA =
uty)

«00000000s 00
~eh6431420,4-03
19508370,4=02
44B889831,.-02
=e79690905,-02
~212095718.-01
~a16415916+-01
=+20418976,-01
~+23659120,-01
25843246,-0]
26856223,-01
~e26735786,-01
~+25619968,-01
23692210,-01
-+21140319,=01
-+18131597+-01
-+14802165+~-01
-+11256363,+-01
=2 T5714T02+~02
~238046348,-02

+00000000,+ 0O

ETA =
uiryl

«00000000, 00
-+37264320,~03
14858424 ,-02
33086880,-02
57510108+-02
B63894164-02
~+117150194-01
~214673474,-01
17216658,-01
19108915.-01
-+20209078,-01
-220475525,-01
~219948457,-01
187225%77+-01
«16919010,-01
~s18662738.-01
~+12068330,-01
92332008,-02
*62364384,-02
—+31413517,-02

«00000000, 00

ETA =
ury)

+00000000, 00
=~+292950004-03
11297475,-02
~e245629504-02
-¢41933400,-02
6226192%.-02
B&0207754+~02
105409874-01
124575154~-01
13987155.-01
15007965+-01
15451755.-01
15303772,-01
14593927,-01
13383060,-01
11749050,-01
-+97752825.-02
-+ T75427500,-02
~e51258750,-02
-a25914510,-02

«00000000, 0C

236~

TABLE IV. - Continued

+600000 X =
—39!31

«29436000+ 00
«27841775. 00
«26510365, 00
+26335742, 00
«28092603, 00
+31496031+ 00
«35456916+ 00
+39032026+ 00
+41946750. 00
+44399789. 00
« 46692669 00
«48974932, 00
51236926+ 00
+53402807s 00
55376505 OO
+ 57084531 00
« 58486921 00
+59568140¢ 00
60326328+ 00
«60763145+ 00
«60B74692+ 00

«650000 X =
- }P.riv

+42193704, 00
«40815721. 00
«39608292, 00
+39139261+ 00
+ 40009286+ 00
«h2243272+ 00
«45235190+ 00
48211333+ 00
«5071755%1+ 00
+52T38780+ 0O
« 54488014 0O
+56163735. 00
+ 57861845, 00
+39570067, 00
«612048160 00
»82679617, 0O
«639256314, 00
+ 64501832, 00
«65582114s 00
«65950609 00
65988940, 00

« TO0G000 X =

-3P/am

«587TT5873, 00
«57457525+ 00
+56326353: 00
«55T711711s 0O
«56033712+ 00
«57420015+ 00
+59584470. 00
«61989389, 00
+64178291, 00
»63973724, 00
«5TAATEEEs 00
+6BTT9646, 0O
«70113899, 0O
« 71498922, 00
« 72894620+ 00
«T4222937s 00
« 75394093, 00
« 76329803 00
« 76969021« 00
« 77262782+ 00
« 77164872, OC

« 750000 X =

-3P/3y

+821861066« 00
+80816978: 00
« 79730766 00
+ 79063725+ 00
« 79085304 00
« 79921762+ 00
+BL4601I53, 00
+83379958, 0O
+B5324070, 00
«87056616+ 00
«B8533885+ 00
«89854722. 00
+31144194, 00
+ 92488351 00
« 33889654, 00
+95283298, 00O
+ 96559114, 0O
+97392504 0O
+9826420%, 00
+ 98469636+ 00
» 981209264+ 0O

1.25000
- P/ 3x

«56517120+-01
«53456208,-01
+50899902.-01
+50564625.-01
#53937799,-01
+60472380,-01
+5B077280+-01
«T49414904-01
+80537760,-01
+85247596,-01
+B9649925,-01
+94031871+-01
»98374899,-01
+10253339, 00
+10632289+ 00
+10960230, 00
211229489+ 00
«11437083. 0O
«11582655. 00
211666524 00
«11687941+ 00

1454761
- 3P/

+52024T864-01
+59999110.-01
+58224190.~01
«57534714,-01
«588136514-01
#62097610,~01
+66495T20+,-01
«TOBT0660-01
+ T4554800.-01
+TT526008,~01
+80097381,-01
+82560691+-01
+B85056913,-01
+87567999,~01
+89971080,~01
«92139038,~-01
«739T1682+-01
+35405694+-01
«96405709,-01
«96947396,-01
+97003742,-01

laFhbsa
~ 3PN

«63877946,-01
+520541284-01
«60832462.-01
+60168648,-01
+60516409+-01
+62013617,~01
«54351228,-01
«669485414+-01
«69312555.-01
«T12%1622+-01
« T28438696,.~01
« TA282018,-01
«75723011,.,-01
«77218836,-01
+78726190.-01
+80160773,-01
«B1a25621,-01
+82436188,-01
«83126543,-01
«83443805,~01
+83338062,-01

2.50000
- P rAx

+61620800+-01
+60612734,4-01
«59798075+-01
«59297794+-01
+59313978.-01
+59941322,-01
«61095115,-01
«625349764.-01
+63993053,-01
#6529264€2,-01
«66400814,-01
+67391042,-01
+6B3581464-01
«693662T1+-01
«704172414+-01
«T1462476,4-01
« 72419326401
«T31943784+-01
+T73698157.-01
«T3852227+-01
+73590702+-01

-aPsav

«»53078400+-02
« 75036832202
»32820612+-02
«122682T74+-01
«167601274+-01
+22488704+=01
+285422T4+-01
+ 3419874801
«38327544,.-01
+40605040+-01
«41036284,+-01
*39871242:-01
«IT454TET +-01
»34116318,-01
+30121084,-01
« 2565965601
«20866523s-01
+15837010+-01
+10643878,+-01
*53473097¢~02
+«00000000s 00

-apsay

+507T1B40,s-02
«534376724-02
« 58385466402
+68421343,-02
+854808434,4~02
+10943667+-01
«13T68720+-01
+16594890+-01
+18971181.~01
+20576905+-01
»21267525+-01
+»21066036+-01
+20099644,-01
«18530479.-01
« 1650768201
«14154332,-01
»11563600+-01
+B88046245,-02
«59302015%+-02
+298279564+-02
+ 00000000+ 00

-3Prar

»42186240+-02
+40440059+-02
+3968592%,-02
«A11484674-02
«45809987+-02
+53962896+-02
«54912577+-02
«TTO661844-02
+B842T7250+-02
+9T71484504-02
+10202106+-01
«10263778.-01
99212100+~02
+92354350.-02
«82803660+-02
«T12691334-02
«58336513.-02
k4 AS]1A9Y,-02
*«29942298,-02
«15058781.-02
«00000000+« 0N

—-3Pr A

+33200000+~02
«30300578+-02
«28023970+-02
«2696TT9T+-02
«27577745.-02
+30019633,-02
«34080910+-02
«391617664+-02
«h&ADBTTB,-02
«hB8910323,-02
#51910129.~02
«52953087+~-02
«519C2765+-02
+48912390+-02
«44283212+-02
3838177102
«3155TTBO—02
«24107T389.-02
«16259351.-02
«B1816890,-03
00000000 0N



Y

1.00000
+950000
« 900000
« 350000
+500000
« 750000
« 700000
« 650000
« 600000
+ 550000
+ 500000
«450C000
» 400000
« 350000
+300000
=250000
«200000
«150000
« 100000
« 050000
«000000

Y

100000
« 950000
« 200000
+850000
« 830000
« 750000
« 700000
«650000
«600000
« 550000
« 500000
«450000
«400000
«350000
»300000
+250000
«200000
+ 150000
+100000
«050000
+000000

8

1.00000
950000
+900000
« 850000
«800000
+ 730000
+ 700000
« 850000
« 500000
« 550000
« 500000
« 450000
+ 400000
+35%0000
»300000
+250000
+200000
+150000
+ 100000
+0%0000
«000000

Y

1400000
+950000
+900000
+850000
»800000
« 750000
«700000
+630000
400000
+$50000
« 500000
+450000
+400000
« ¥0Qpoc
» 500000
»2%0000
«20000¢C
»150000
300000
050000
+000C00

uix)

« 00000000,
«17120000,
«33148250,
«HB04T960,
+B61TTATS0,
«TA265420,
+B5469150,
+ 95349470,
«10389785,
011114175,
+11714702,
+12201434,
+12587013,
12885519,
«13111281,
«13277857,
13397315,
« 13479747,
«13533036,
«13562784,
«13572331,

utrx)

«00000000
+16270000,
+31554320,
+45833710,
+59080860,
«T1265070.
«82338010.
«92339460,
«10120292,
+10896065,
«11564510,
»12131368,
»12603603,
«12989965,
13299843,
«13542714,
«13727576
13862416,
«13953814,
» 140066514
=140239264

utxy

+00000000,
« 15424600,
+29978060.
»43852640,
+56437400,
+68320440,
+ 792903830,
2893394560,
=« 98465520,
+10667369,
«11397799,
212040144,
«12597592
« 13074087
13474060,
+13802180,
« 14063066,
«164260980,
» 14399549,
+14481333,
+ 14508665,

uix)

«+00000000,
+14777500,
«2B779140,
«42003590.
«S44AB950,
«66113310,
+ 76954860,
«87092440,
+96405930,
«10453652,
+11268T706 s
«11966220,
12586819,
»13131271,
«13600456,
«13595314,
«14316788,
«14565762,
«14743002,
14843795,
148844174

00
00
00
00
0o
oo
oo
Qo
01
01
o1
01
01
01
01
01
01
o1
01
01
01

oo
o0
oo
co
00
oo
0o
co
o1
c1
01
01
01
01
c1
01
01
c1
01
01
Q1

oo
[+1+]
oo
oo
oo
oo
oo
00
oo
c1
'}
o1
01
01
01
01
o1
01
01
01
o1

01

ETA =
uty)

+00000000, 0O
=+20761440,-03
~«T8TB2880,+-03
~216920336,+-02
~+2860456404-02
~e421830244-02
~e56TARLA4 =02
=eT12652164-02
~«B456502084-02
958T4T204+-02
-210407273+~01
-«108620594~01
-+109179024+~01
-+10568817,-01
-+98331312,-02
~+B74T8T044-02
~eT73627248.-02
~e3T73AT184,4-02
~+39241968.-02
-+199233024-02

+000000004+ 00

ETA =
eyl

«00000000, 00
-+12155940,-01
A577T4204-03
+977510704-03
164%05064-02
24185952.~02
32501952.-02
—ah0868631,+-02
~s48728979,~02
-+55535922,-02
~«860792741,.-02
-+64092303,-02
651475T14-02
3806670.~02
6005623%,~02
-+540116374-02
-eh5899514,-02
-+360363604-02
248062234-02
-e126405094-02
«00000000+ OO

ETA =
ury)

+00000000, 00
—e4TB1T600,-04

-e63871080,-03
~s93666720,4-03
=e125692204-02
-s158024524-02
-+ 1886564 02
~021558840,-02
~e236945884-02
~e25109688,~02
~e256763644-02
~225311096+-02
-a239806924-02
-s21703740,~02
-a18549492,-02

~251629460,-01
»00000000s 00

ETA =
ury)

+00000000, 00
=«83148000,-05
=e27735900,-04
~+56406600,-04
92315100,.-04
13327860.-013
176928304-03
22074000,-03
=e26211210+-03
~+Z29845560,-03
-+32732280.-03
-+34654530,-03
354366004-03
49572904+-013
13159210+-03
=+30054090+-03
=e25T724610,-02
20321070.-03
14054010.-03
-« T18252204-04

«00000000, OO

-257-

TABLE IV.

«800000 X =
-3Prdn

«11981238, 01
+ 11843678+ 01
«11741885, 01
«11679502+ 01
«11672441. 01
«11729311. 01}
« 11845814, 01
+1200&154, 01
«12179977. 01
123521474 01
+12510%19 01
+12656111+ 01
+1279%930¢ 01
«12937806+ 01
«13083%509. 01
+13227818+ 01
«133587a5, 01
13460080+ 01
« 13514440, 01
13506077, 01
+134232¢7, 01

+850000 X =
-3’13n

«19318%48, 01
»19184803, 01
+19097788, 01}
+ 19054113, 01
+19061248, 01
«191217s8+ 01
«19230441s 01
«19374114. 01
19534569, 01
«19693617+ 01}
+19838109, 01
«19961511+ 01
«200544550 0]
«20150906+ 01
+20223100+ 01
«20279737. 01
203138640 01
+20314370s 01
+20268337, 01
201648660 01
19996617+ 01

+900000 x
=2Pidn

«38573044, 01
«38463100. 01
« 38421633, 01
3843435
. 648
«38598778: 01
«38726891, 01
«3886177%5, 01
« 389 2%+ 01
«39061781+ 01}
+ 39085902+ 01
39041015+ 01
«389242164 01
« 38738905, 01
+38495500+ 01
+38208167. O}
+37892153, 01
«37562708s 01
«37234260+ 01
+36921084s 01
« 36637768, 01

+ 950000 X
=-3P/dn

«1378%004, 02
«13779317 02
«13780620s 02
«13789182» 02
« 13802034 02
13816508+ 02
«13829714, 02
«13838720+ 02
« 13840638+ 02
«138329%, 02
+13813899. 02
«1378183%: 02
13737487, 02
+» 13681890, 02
« 13817576, 02
«13348022s 02
«134TT48Ts 02
« 13410487y 02
+133515%8. 02
+133047310 07
«13273349, 02

= Contimued

3.33333
-3Psax

+57509986,-01
«56849658,-01
+56361050,-01
+560616114-01
#560277214-01
+56300695+-01
« 56855908, -01
«57619543:-01
«584638914-01
+592903084-01
«60050495:-01
«60749335,-0]
+61420485,-01
+62101470:-01
+6280084%5,-01
«63493531,-01
264121978 ,-01
«64508385,-01
+64869312,-01
+648291724-01
+64431683,-01

4.72222
-3P/sax

+32160080+-01
+51798969,-01
«51564020+-01
«51446107+-01
«51465370+-01
+51628774,-01
«51922193,-01
+523101104-01
+52743337,~01
+53172766+-01
+53562896.-01
+533896082,-01
«581740294-01
«5440Ta48,-01
+546023714+-01
2 54755291+-01
#5484T43,-01
»54848801,4-01
«54724510,-01
« 54444059401
259990866401

7450000
- apsAx

«A6Z88613,-01
«46135720.-01
«46105960,-01
«46121230,-01
+46195785,-01
«46318534,-01
«454T2270.-01
+466341304~-01
«48776990,-01
«468TA138,-01
«46903083,-01
«46845219:-01
«46TN9060.-01
«46486687,-01
+46194601,-01
«45849801,-01
» 4547058401
+45075250,-01
«44681113,-01
. 05301,-01
+43965322,-01

15.8333
-3aPsax

+41355013,-01
+41337953,-01
+41341861.-01
«81367489,-01
«414061024-01
«A144551%,-01
+41485143,-01
241%5161614+-01
$21916,4-01
«4149886%,.-01
+414410974-01
«41345507.-01
+412124624-01
+41045672+-01
«408527294-01
24064406€4+-01
+40432462.-01
2402318624-01
+400%58675.~01
«39914193,-01
+39820049.-01

-3psay

223050240+ -02
+206087874~02
+18592055.-02
«173376674~02
«17059222+-02
«17824283.-02
+1953%023,-02
221934T7564-02
2 246384T3,-02
+2T1BBTA0s-02
+29174243,-02
«302628704+-02

« 7970986984+-02
«19784065+~02
+15288830+~02
«103965394~02
+52571206+~03
« 00000000+« 00

-2Psav

= 12965760402
+118460804+-02

+89260869+-03
«91147649+-013
«98135425,-03
+10914741,~02
+ 12256046+ -02
+13640875+~02
«14862962+-02
«15733%5224-02
»161052234-02
+ 1588394 02
+150346544-02
«135745814~02
+11562980.-02
+»90BB98704+-03
«62593810+-03
+31899091+-03
+00000000+ 0O

—-arsar

«44364800+~03
«38638883,-03
«33783300,-03
«303548TT,-03
«28T45952.-03
+290897404+-03
«312880744-03
+35034615.-03
« F9BAOAB] -0

« 54157644 ,-03
«%6676192,-03
«57154170.-03
«55275021.-03
+50913391+-03
+44139568,-00
»35203823+,~03
« 24508431 ,+-03
«12573915.+-03
«00000000+ 00

- IP/AY

«26496000+-04
#22613073,-04
» 19544163+ -04
«17BA8522+-04
« 17859073 +=04
+19688100+-04
«23238916+-04
«28220608+-04
+3418145 04
40599959, -04
«A6E39T20+~04
«31803268+-04
+935389503.-04
+56859178.-04
+35821315,-04
52073005+~
245622095 -C4
216690263, -04
=« 25698357, =04
«11233129.-04
«00000000. 09




urxy

«00000000,
» 146250004
+28500000
#+41625000,
+54000000,
«65625000,
+ 76500000,
+86625000,
+96000000+
+10462500,
»11250000,
+11962500,
+12600000,
+13162500,
+13650000,
« 14062500
+ 14400000,
« 18662500,
+ 148500004
149625004
+15000000,

ETA
uey)

«00000000,
+000000C0,
+00000000+
+00000000,
+00000000,
00000000,
+00000000
»00000000,
+00000000+
«00000000+
«000000004
+00000000
+ 00000000,
+00000000 4
+00000000,
« 00000000+
«00000000,
+00000000
+00000000
+00000000
«00000000,

e

TABLE IV. - Continued

1.,00000

18838888888 1938383888¢%

oo
=3Psax

«40000000+-01
«40000000.-01
«40000000,~01
+40000000.-01
+60000000,-01
«40000000,-01
«60000000,-01
#«40000000,-01
+«40000000,-01
+40000000,.-01
+40000000+~01
«40000000.-01
+4D00OCD0,~01
«40000000,-01
«40000000.,-01
«40000000,-01
« 4000000001
+4000C000,-01
+40000000,~01
«A00N0000+~01
+40000000.,-N1

-3P/3y

+00000N00
«00000000.
+000C0000 .
00000000+
+00000009%
+0000000%
«N000OCO0,
+ 00000000
« 00000000
« 00000000,
« 00000000
«00000000
« 00000000
« 00000000
«00000RN0
«00000000.
« 00000000,
« 00000000+
+00000000
+00000000,
« 000000004




TABLE V.

ETa= -1.COCPCC

¥
1.C0CCCC
c.50ccce
C.ECCCCC
c.3ccccc
C.eCCcCC
c.5cCCce
C.acCCCC
€.3cccce
c.2ccece
g.1ccece
£

Pl
l.Ccrececece
C.ESS5566G¢F
c.Ercccecce
C.77CCCCCC
€.5%55555%
C.4T555555
C.arCCccce
C.2rgcccce
€.27CCCCCC
€.Ce555555
C.

ETA= -(C.50CrCC

k|

l.ccccce
c.8cccce
c.80CCCC
c.7CCCCC
C.6CCCCC
c.5ccecc
C.40CCCC
C.30CCCC
C.28CCCC
C.1ccccc
c.

|

d.CCCCCC
C.5CCCCC
C.BCcccC
C.70CCCC
C.ecCCCC
C.50CCCC
c.4cCCCC
c.30Cccc
C.zZococc
C.lccccc
C.

Y
1.C0CCCC
€.5CCCCC
c.eccccc
C.7CCCCC
C.8CCCCC
C.5CCCCC
C.4CCCCC
C.30CCCC
C.2CCCCC
c.icccce
C.

¥
1.CCCCCC
C.SCCCCC
C.eccccc
c.7CCccc
C.eccccc
C.5CCCCC
C.4CCCCC
Cc.3cCCCC
C.20CCCC
c.1ecccc
Ca

Y
l.cocccc
C.50CCCC
C.Ecccce
C.70CCCC
G.60CCCC
c.5cCCCCC
g.4CCCCC
C.30CCCC
c.2¢CCCC
c.1CCcCC
c.

L §
l.CCCCCC
C.s50CCCC
C.8CCCCC
c.7CC0CCC
C.eCCCCC
C.50CCCC
C.4CCCCC
c.3ccccce
c.2ccCCC
C.lGcccc
c.

FEl
l.CrCCecce
C.ESSSGSSE
C.7%56655S
C.ESG5555S

«5€5568555
C.4%5655555
C.2S55555E
C.25555555
C.zrccccecc
C.CS555555
C.

ETe= ~C.BOCTCC

Fel
l.Crecccecce
C.STCCCCS2
C.EFCCCTe
C.77CC0242
C.&rCCC2ES
C.ErCCC256
C.4FCCC2ES
C.27CCcas4c
C.2rccc1s
c.1rccecesz
C.

Eva= -(.700PCC

Pl

l.Crccecce
C.SrCL275%
C.EFCCS21C
C.17CCT2s5s
C.ErCCBSES
C.SFCCBSEE
C.4rCCeS2]
C.2FCCT244
C.zrccszce
C.17rCC27el
C.

EVAa= —-C.€0C7CC

Fel
1.CrcCccce
C.srczzice
C.Ercslsce
C.77C572%5
C.EPCLESEE
C.570ES541
CabrCeeCee
C.2rgs58Ee
C.zrc4acsc2
C.ITCZ110€
Ca

EVA= -C.5CCCC

Beq
1.Crecgccc
C.SFCEISLE
C.EF157524
C.77212585
C.Er24€55C
C.5r254725
C.4r237521
C.2r 155277
C.iM1430e2
C.17CT4&71
C.

ETA= -C.a0CrCC

Fel
l.Crccccce
C.5r2168¢E
C.EraClane
C.1r522278
C.ereccls3
C.5CECS5CS
C.4r5%5471¢
C.2P4ST74C3
C.27324¢LEE
C.lr1eg272
C.

- 299~

CFECA

K= =T7,455555

CrECA

x= =3,322

w

33

CrECA

K= =1.944444

CrECA

X= =l.25CCCC

CrMECA

x= =0.823233

CrECH

C.

C.1C252753E-29
C.EBC&52T5E-20
C.463155£4E-30
C.15162T17E-30
C.EEE5E159E-31
C.2235ESCTE-31
C.£8G42T745E-32
C.196C5229E-32
C.51001&¢1E-22
C.

Xx= =0.55555¢

CFEGA

C.

C.E190CTESE~-1S
C.41005242E-15
C.1&678233SE-19
C.545917¢9E-20
C.1548555CE-2C
C.4C055192E-21
C.56822536E-22
C.22182¢€10€-22
C.4E65C554E-23
C.

Eva= -C.3CCrCC

Y FT1
1.00CCCC l.Creccece
€.ScCCCC C.5M4ECCL4
C.8cCcce C.Erezasel
c.70CCCC C.71C4BETS
c.egCCCC C.e7135¢£12
C.50CCEC C.57113517
C.4CCCCC C.4&4rFSS4AEEE
C.3¢CCCC C.2rBC437C
C.2CCCCC C.2r5e3z712
c.10CCCC C.1M2ES5ES
C. C.

Eve=s =C.20C7CC

¥ Fel
1.C0CCCC l.€rCCCCce
C.90CCCC C.SrEESCE2
C.BCCCCC C.81482¢57
C.70CCCC C.71778CL75
c.sccCCC C.E1826354
c.5CCccC C.5'721542
C.4CCCCC C.415C45¢2
c€.3ccccc C.2119311¢
C.2cCCCCC C.2F824E77
c.leccce C.1r42C0213C
C. C.

EVa= -(.l0CrCC

Y Py

1.CCCCCC 1.Creccccc
€.5cCcce C.5T686454
€.80CCCC C.E?45C245
c.70cCCC C.7265¢LL7E
c.&0ccCC C.t7¢28C12
c.50ccCC C.573933¢e
C.40CCCC C.47027822
€.36cccc C.3V5€12¢e8
€.20cccc C.Z7Ce1253
c.1ccccc C.1r5485C1
c. C.

EVa= (.

e ] Psl
1.cocccc l.crcceccec
C.Scoccc C.5712¢&£11
C.8CCCCC C.€8272484C
c.rCcCCC C.T?722C5¢
C.40CCCC C.é?454C57
c.5ccCCC C.57C3ATELT
C.4CCCCC C.47523¢47
c.3ccccc C.21942917¢
€.2cccCcC C.272179717
c.iccccc CalFELSS4E
C. C.

ETe= C.lOCrCC

Y FTl
1.cccccc l.Crcccece
€.9CCCCC C.584795%2
C.B0CCCC C.E®175254
c.7cCCCC C.7451C75C
€.60CCCC C.e43858C7
c.5¢cccc «E3TE4E1E
€.40CCCC C.47C¢117
C.3CCCCC Ca22342€¢5
€.2CCCCC C.21578114
c.1cCccc C.1r752842
C. C.

EVa= C.20C7CC

¥ Fel
l.cccccc l.Crocecce
c.sccccc C.5%€51272
c.g0CCCC C.ErE22Z1S
C.7CCCCC C.7#4235C25
C.4CCCCC Co8=E255LE
C.5CCCCC C.587421¢82
€.40CCCC C.47E18C%s
€.3ccCCC C.22E151¢e2
C.26CCCC C.2152817%2
C.lccccc Ca175E5ECS
Cc. Ca

ETA= C.30C"CC

A Feq
1.CCCCCC l.CrCccccc
€.5CCCCC C.SEECH11E
C.eccccc CaE®477422
C.7CCCCC C.7®155457
C.ecCccc C.ET16257¢
€.5CCCCC C.845CCSC2S
C.4CCCCC C.487582E5
Q.3CCCCC C.27561541
C.2CCCCC C.27361¢7€
€.1CCCCC C.171685CT¢
c. C.

Stream Functions And Vorticities For Gase II With A 20 x 10 Grid

K= =C.35T142

CrFECA

‘Ca
Ca15582478E-11
C.779911C3€E-12
C.248957¢9E-12
C.e446CC59E-13
C.14707125E-13
C.3CTICTESRE-1S
C.55885256E-15
C.11031529€-15
C.18855117E-"6
C.

X= =C.2CE232
OrECA

C.

C.3294£7ECE-Q6
C.12212511E-Cé
C.3C52ECSTE-C?
C.£3553734E~08
C.11T9C4E3E—08
C.ZCO0BS2E4E-CS
C.219452¢5E~-1C
C.478T€SE2E-11
C.£690CE50E-12
C.

x= =0.082593

CrECA

C.

C.288122CTE-C2
C.7e541B56E-C3
C.14915141E-C3
C.25004745€-04
C.37854358E-CS
C.529433E1E-06
C.£926T4C5E~CT
C.E5411441E-CB
C.586112C1E-CS

C.
X= €.

CrECA
C.12T4ET716E €2
C.26435554E C1
C.42B8353E7€~CC
C.E4B7¢6184E-C1
C.BT66CL1ESE-C2
C.1C997CS5E-C2
C.1295C4E1E-C3
Ca.l441E54CE-CA
C.15235861E-CS
C.151945E2E~Co

C.
X= €.062593

CrFECA
C.1104CESSE 02
C.41B6ALLEE O
C.ICBICSS3E Q1
C.22625542E-CC
€.3579C153E-C1
C.E259€583E-02
C.E93BETE2E-C3
C.1176235CE-0)
C.14357542E-C4
C.1631EEESE-OS
C.

K= C.2CE232

CrECA
C.EBE1T4531E C1
C.4EB32553€ C1
C.17885C15E C1
C.5C4724¢SE OC
C.11827458E-CC
C.235514E4E-C1
C.4330C4B3E-02
C.7CB42411E-03
C.1C635768E-C2
C.14551819E-C4
C.

X= C.357142

CFECA
C.E791T£74E C1
C.4S122%41E C1
C.23T72C44E C1
C.ET49C235E CC
C.26485CS6E-C0
C.EB6455€69E~01
C.156922C3E-01
€.222247¢CE-C2
C.E021497CE-01
C.1C1055E1€-C2
C.



]
l.00CCCC
c€.9ccccc
c.8CCCCC
c.7CCCEC
c.tocccce
Cc.5cCcccce
c.40CCCC
c.3cccec
C€.20cCCCC
c.lgcccc
C.

Y
l.c0CCCC
€.9CECCC
C.8CCCCC
o.TecCCC
c.sccCcCcC
c.scccce
C.40CCCC
€.30CCCC
€.2€CCCT
C.lgcccc
'

:
1.06cCCCC
0.5CCCCC
c.g0cCCC
c.76cCCC
c.40CCCC
C.56CCCC
C.4cCCCC
C.2CCCCC
€.2€CCCC
€.1ccccc
C.

hd

1.CecCCC
€.56CCCC
C.8CCCEC
C.T0CCCC
C.&0CECC
0.5€cCccc
C.40CCCC
c.3ccceC
C.20CCCC
c.10cccc
€.

EVA=

EYa=

ETa=

ETs=

C.40CrCC

Pl
r.CrCccccc
C.s72C8553
C.ESS22122
C.EFC2341¢
C.e®SE45CS
C.27SS80E4
C.42027CCE
C.345]1C554
C.275571%5¢
C.1145554¢
C.

c.f0Crce

Pl
l.Ccroccccc
C.57551242
C.S51CB5¢37
C.EYTE42CS
C.TrEEL14SS
€.5922321C
C.47515C21
C.2637¢C4
C.277522C4
C.11873272
Ca

C.&0CrCC

Fel
l.Crecocce
C.5784597C
C.5755311C
C.87257132
C.72762828
Cag12159C?
C.4S1E£C42
C.2£555237
C.2%£5242¢
C.173284¢8
C.

C.70CrCC

Fel
L.Crccocce
C.5PL53454
C.5772224¢
C.EALEES24
C.7455¢&13¢8
C.87210583

+51C56745
C.2F4S3¢2C
C.2=7317C1
C.17e81511
C.

-260 -

TABLE V,

X= 0.55555¢

CMECA
C.5582CS41€ 01
C.456BC230F Ol
C.27454748E C1
C.1269C274E C1
C.4B8264ET7T7E-CO
C.15741839E-C0
C.45197752€-C1
C.116324C5E-C1
C.2T153€54€-02
C.56134817€-03
C.

x= C.822232

OFECA
C.4B1T7214CE 01
C.41155CS54E 01
C.28B61513E 01
C.1£1715C5€ 01
C.T54SCES4E CO
C.2C43C5L1E-CO
€.10854C&2E-00
C.248351¢1E-C1
€.1C155377e-01
C.25817136€E-02
Ce

X= l.25CCCC
OFEGA
C.4300C553E 01
C.37131269E Ol
C.2B6049£5E C1
C.1ETL4SEZE Q1
C.1048¢230E C1
C.5150CC7EE QO
C.226223L¢LE-QC
C.SCL8SSCeE-OL
0.227BSSE4E-OL
C.1017SEE6E-CL

C.

X= l.944444

CPECA
C.2893C522€ C1
C.23762554E C1
C.27485757E C1
C.2C20£2%2€ C1
C.13264581E 01
C.TE83245CCE CC
C.421077¢2E-CO
C.ZCB04124E-00
C.53943179E-01
C.25104211€-01

C.

= Continued

EVA=

Y
1.0€CCCC
c.98cCCC
c.80CCCC
€.3ceCeC
c.s0CCCC
c.5cCCCC
C.4CCCCC
€.3ccccc
c€.20ccCC
C.iccccc
C.

Ela=

Y
1.cocccce
c.90ccce
c.eocccc
C.70CCCC
Cc.40CCCC
c.50ccCC
C.4CCCCC
C.30CCCC
€.2cCcCCCC
C.l1cccce
c.

ETE=

¥

1.cCCCCC
€.50CCCC
c.acccce
c.70CCCC
C.e0CCCC
C.5CCCeC
C.4gCCCC
€.3gcccc
c.2¢CCCCC
C.lCCCEC
C.

C.BoCrCC

L4 |
l.Crecccce
C.5"241788
C.5740485¢
C.E=SeEETES
C.TR&445542
C.e%3758C4
C.5723C5¢&17
C.4r3g128C
C.271C927C
C.17&CS515E
C.

€.50CrcC

F<]
l.Crocccce
C.5P4Z1T714
C.S4C34CT1
C.ETIS2164
C.T®2¢£C2E1
C.€76C5221
C.5%583455
Ca&2527644
€.2?738112
C.144€2C23
C.

l.cecrec

Pl
l.Crecocce
C.5P54555S
C.5835555¢€
C.ETB&SSSE
C. 78155558
C.EFT45555
C.5ET55555
C.4*E45555
C.296C0CCC
C.1485CCCC
c.

x= 3.333133
CrECA
C.351644E83E C1
C.307911E4E
C.2602777SE
C.2C822117E
C.15568321E
C.10B442E6&E
C.70485355E CO
C.426774726~C0
C.23494424E~-CC
E-lﬁlbla!@!-cc

X= T.455555

CFEGA
C.2156571CE
C.280941C3E
CaZ4544445E
€C.2C9023C2E
C.1723¢582¢€
C.13672478E C1
C.10347246E 01
C.7343376SF CO
C.46701828E~0C0C
C.2262C€5CE~CC

Cc.
x= ]

OMECA
C.29995959E
C.26995559E
C.23995559¢
C.2C995559E
C.17955559€
C.149595559€E
C.l1200CCCCE
C.E9995559€ CO
C.55995559E CO
:.ECGOCGCUE-GG

o1
o1
o1
o1
o1
€1
ci



¥

l.cccccc
C.SCCCCC
C.g0cccc
c.7¢0CccC
C.eCCCCC
c.5ccccc
C.4CCCCC
c.3qccce
c.2ccccc
c.loccce
C.

¢

1.0¢CcCCC
€.90CCCC
C.80CCCC
c.7CCCCC
g.e0cCCC
€.5CCcCC
C.40CCCC
C.30CCCC
€.20CCCC
c.10cccc
c.

k 4
1.coCcCC
C.5€ccce
C.8eCcCC
c.70CCCC
Cc.éeCClC
0.56C0CC
C.4CCCCC
g.30CCCC
C.2oCccC
0.l0ccec
C.

¥

1.00CCCC
€.5¢CCCCC
C.8CCCCC
0.7CCCCC
C.&cCCCC
C.5CCCCC
C.40CCCC
C.3CCCCC
0.20CCCC
C.lCCCCC
Cc.

Y
1.cccccc
0.scccce
c.8oCccC
c.rocccce
c.eccccc
C.5GCCCC
C.40CCCC
C.30CceC
c.2ccccec
c.lccccc
C.

Y
1.cocccc
c.9c0cccc
C.EBgCCce
c.70CcCCC
C.e0CCCC
C€.50CcCcCC
c.40cCCCC
C€.3cCCccC
c.zccccc
c.lcccecc
C.

¥

l.CCCCCC
C.50CcCCC
C.8CCCCC
C.7CCCCC
C.e00CCC
C.50CCCC
C.&CCCCC
€.3CCCCC
C.20CCCC
C.lcccce
C.

TABLE VI.

uty)
C.C5995°SSE
C.CS595CSSE
C.CSSSSE65E
C.CSS95CSSE
€.{559559SE
C.CSS95CSSE
C.CSS555%SE
C.CSSSSSSSE
C.CS595C5SSE
C.C5595C9SE
C.CS595CSSE

uir)
C.ICCOCTCLE
C.ICCOCrCCE
C.59595CSEE
C-CSS9ISSSSE
C.CS59559SE
C.CSS9SSSSE
C.CSS95°SSE
CSS995594E
C.555953G5E
C.C555555GE
C.SSS9SSSSE

uix)
C.5559S " TCE
C.5559971SE
C.55%95753F
C.S55595458F
C.S559S71EE
C.1CCOCTCCE
C.1CCOCr2BE
C.1CCOCrS4E
C.1CCOCTT4E
C.1CCOCreve
C.1CCOCr92E

uty)
C.555T72 E4E
C.555T244EE
C.S55TT&TEBE
€.55583726E
C.S55591=5€E
C.1CCOCT1TE
C.1CCOC®T1E
C.1CCOL#3TE
C.1CC02741E
C.1CCO2F2ZTE
C.1CC027861E

uiv)
C.S9TTET4A3E
C.S9T9C=C2E
C.59E2373¢E
C.SSET«=ECE
C.5S937rest
C.1CCOCLECE
C.1CCOTr3TE
C.1CC1z®32E
C.1CC1T7%44E
C.1CC2C?CLE
C.1Cc21v7eE

uix)

* C.SS16CFP42E

C.5S9Z1C7 7€t
C.S9249£51E
C.SGL54FT4E
C.SST967C3E
C.1CCOS=I4E
C.1CC27722E
C.ICC&TLLEBE
C.1CC627C3E
C.ICCT1<4lE
C.ICCT4FT1E

uix)
C.STE3124E
C.57992%21E
C.SE42IC4IE
C.SGCOE+12E
C.S9£22873E
C.1CC22718E
C.lCCT4CSIE
C.1C1L5M13E
C.1C144%¢E5F
C.1C1&2744E
C-1C16E?72E

c1
cl
c1
c1
cl
c1
c1
c1
c1
cl
€1

cl
cl

cl
cl
cl
cl
cc
ca
cl
cc

cc
cc
cc
cc
cc
cl1
cl
cl
cl
cl
c1

cc
cc
cc

cc
cl
c1
cl
cl
c1
€1

cC
cc
cc
cc

c1
cl
c1
cl
cl
c1

~206)-

ETa =

Uty

ETa =

uty)

C.
=CaS6TTI432E-QT
=C.1C59472TE-06
=C.14573338E-06
=C.1T1EE14CE-Q6
=C.17992154E-08
=C.17032029E-06
-C.1446157SE-08
~0.1C494]144E~06
-C.55264651E-C7

Ce

ETA = -C.EOCCCC
uty)
C.
-C.E&T10EETCE~0D5

=C0.12747645E-04
=0.1752C189¢~04
=C.2C55E237E-04
=C.21572CCIE-04
=C.204TEETBE~04
=C.173878E7E-0Q4
=C.12614429E-04

~C.EE26E2C8E~05

C.

ETA = -C.70CCCC
uty)

C.
-C.1188¢EEBCE-03
-0.2253C556E-C3
-C.3CB427Z1E-03
-C.26015519E-03
~C.2760&T16E-C3
-C.25522841E-03
-C.2C037455E-03
-C.21722177E-03
-C.113B643CE-C3

Ce

ETA =

uiy)

C.
-C.T78T€£325E-C3
~C.1465(541E-02
-C.198415CSE-02
-C.22BB45¢65E-02
-C.2359C71719E-C2
-C.22021436E-02
-C.18432251€-0C2
-C.13231478€E-C2
-C.£5032623E-03

C.

ETA =

uty)

C.
-C.252142E5E-C2
-C.5393&429E-C2
-C.71238129€E-02
-C.799T48€6E-C2
-C.E0334€17E-C2
-C.73297339E-C2
-C.€023C57E-C2
-C.426425C2E-C2
-C.22064242E-02

C.

ETA =

uty)

C.
-C.B1237256E-02
=C.16435€147E-C1
-C.18025288E~-C1
-C€.19281536E-01
=C.1855854TE-C1
=C.1634¢127E-01
=-C.1306S55S1E-CI
-C.5CT6C8CCE-C2
~C.4€422277E-C2

C.

-1.coccce

-C.5CCCCC

-C.£0COCC

-C.5CCCCC

=C.40C0CC

X= = oo

-2aps3q -3p/3x
0. 0.
C. 0.
€. o
c. 0.
Ce o.
G 0.
C. a.
[ C.
Gs 0.
C. 0.
Be 0.
X = —7.499999
-3P/3 -3p/3x

0.47311193E-04
C.44144T01E-04
0.37066630E~04
0.2738CHBB4E-04
C.14342378E-04
=C.55879354E-06
-C.14714891E-04
~0.27241174E-04
~0.37252907E-04
-C0.43725593E-04
-ﬂ.t&DS!Q?OE-UA

-0.56TT3442E-06
=0.52973650E-06
~0.444T79963E-06
-0.32857066E-086
-0.17210857E-06
0.67055236E-08
0.17657872E-06
0.32689414E-06
0.44T03496E-06
0.52470721E-06
0.55264689E-06

X = =3.333333

- 3/
C.1398CBB4E-02
0.1327866TE=02
0.11259560E-02
0.81355027E-03
C.42224833E-03

-0.B4B8CISOE-05
-0.43596511E-03
-C.819C1775E-03
~0.112059991E-02
-0.1314C157E-02
~0.1380558TE-02

- P /Ox
-0.67108246E~-04
=0.637376056-04
-0.54045889E-04
-0.39052 334E-04
-0.20267520E-04

0.4074285TE-06
0.20926326E-04
0.39312852€-04
0.53807959E-04
0.63072755E-04
0.6625681BE-04

X = ~l.944444

-aﬂrdz
0.11C03294€E-01
0.10427736E-01
0.B7T7T27755E-02
C.62418103E-02
0.31284042E-02
-0.2320C7TBTE-03
-C.35073229E-02
-C.£3517290E-02
-0.8637£891E-02
-0.10055950E-01
-0.10545901E-01

X =
- aP/oy
0.4047C925E-01
C.38C64186E-01
C.31302935E-01
C.21255622€E-01
0.96769T02E-02
-0.23327570E-02
-0.13507849E-01
=0.2297C4C4E-0OL
-0.30108973E-01
-0.34533609E-01
~0.36031157E-01

- 3F/3
£.56562771E-01
C.ES0BTTSHE-01L
0.69261560E-01
0.42655T65E-01
0.14458437E-01

-0.11792430E-01
-0.34133208E-01
-0.51685358E-01
-0.£41BC563E-01
-C.71625993E-01
-0.7409£660E-01

-3p /3K
-0.11883558E-02
-0.11261955E-02
-0.947459T8E-03
-0.67411552E-03
-0.33786765€-03

0.25164851E-04
0.378T9089E-03
0.69030675E-03
0.93287043F-03
0.10864T46E-02
0.11389573E-02

-1.25000C

- 3P /OX
-0.77704 1 7TBE-02
-0.73083238E-02
-0.60101636E-02
-0.41002796E-02
-0.18579783E-02

0.447889356-03
0.259351096-02
0.64103177E-02
0.57809229E-02
0.66304530E-02
0.69179822E-02

-0.R33333

-aP/sAx
-0.28969131E-01
-0.26726326E-01
-D.20778468E-01
-0.12796729E-01
-0.43375313E-02

0.35377289E-02
0.10235962E-01
0.15505607E-0L
0.19254163E-01
0.21487798E-01
0.2222R597E-01

X = -0.5555%6

-dF/d
C.18397111C-00
0.16221104%E-D0
0-111C5159E-00
C.538141T1E=-01
C.33126841E-02

-0.36463622E-01
-0.65755736E-01
-C.B6183099E-01
=C.99451663E-01
=0.10487978E-00
-C.10926722E-00

- 9P /9x
-0.79475522E-01
~0.7007TT60E-0L
~0.47974287E-01
-0.23247721E-01
-0.14310795E-02

0.15752284E-01
0.28406477E-01
0.37231096E-01
0.429563117E-01
0.46172C66E-01
0.472034390-01

Velocities And Pressure Gradients For Case II With A 20 x 10 Grid

- dp/AY

-3rsay
0.
-0.27251282E-07
-0.51069319E-07
-0.TOLE6654E-07
-0.82397512E-07
-0.8636T152E-07
~0.RBZ07558BE-07
-0.69630112E-07
-0.50371BS0E-07

-0.26527025E-07
0.
- ar/dY
0.

=-0.92280035E-05
—0.17540058E-04
-0.24106960E-04
-0.28285839E-04
-0.2568324BE-04
-0.2B17314TE-04
-0.23923893E-04
-0.17358277E-04
-0.91175628E-05%
Oa

-apsay

0.
-0.27437941E-03
~-0.5252038BE-03
-0.72374790E-03
-0.844260806-03
-0.8803T168E-0)
-0.83060868E-03
-0.70161632E-03
~0.50700646E-03
-0.26561326E-03

0.

- QP/OY

0.
=0.23151469E-C2
-0.43360032€-02
-0.56836¢1661E-02
-0.66TT4623E-02
-0.68289124E-02
=0.63270529E-02
-0.52627B94E-02
-0.37586843E-G2
-0.19551493E-02

0.

-opr/ay

0.
-0.99090282E-02
-0.17946339E-01
-0.2308B548E-01
-0.251T379TE-01
-0.24564084E-01
-0.21827240E-01
-0.17542736E-01
-0.12215085E-01
-0.62552328E-02

.

—aproy

0.
-0.32198653E-01
-0.53667434E-01
-0.62751461E-01
-0.62347411E-01
-0.559973T0E-01
-0.46421821E-0U1
-0.35332933F-u1
-0.23663148E-01
-0.11838751E-01

0.



l.goccCC
c.9cccec
C.BcCCCC
g.7CCCCC
C.&CCCCC
C.5CCCCC
C.aCCCCC
C.30CCCC
€.20CCCC
C.10ccccC
c.

Y
1.C0CCCC
C.50CCCC
C.ECCCCC
c.70CCCC
C.ecCCCC
c.5CCCCC
C.4CCCCC
C.3CCCCC
c.2CcCccce
c.lCCCCC
C.

¥

1.cccccc
c.socccc
c.eoccce
c.7CcCCCC
c.sgccCC
C.5CCCCC
0.40CCCC
c.3cccce
c.2cccce
c.lcccee
c-

¥
l.0cCCCC
0.sCCCCC
c.e0cccce
c.70CCCC
g.8CCCCC
c.50CCCC
g.40CCCC
c.3ccccc
0.20cccC
c.i1ccccc
c.

¥

l.cccccc
€.s0CCCC
c.8cCCCC
C.7CCCCC
C.6CCCCC
C.5CCCCC
C.40CCCC
C.30CCCC
€.20cccc
C.10CCCC
C.

¥

l.CoCCCC
C.9CCCCC
c.BQCcCC
C.7CCCCC
c.s0cCCC
c.5¢CCcCC
g.40CCCC
c.3ccccce
€c.20CCCC
c.lcccce
Cc.

A

l.ccoccc
C.9cCcCC
C.BcCccc
C.7CCCCC
C.éCCCCC
C.5CCCCC
C.4CCCCC
C.3CCCCC
C.2CCCCC
C.1cCCcc
C.

ui)
C.5529S"S 7€
C.SS5ERTVSSE
C.STCSeASEE
C.SE414736E
C.SSET2VESE
C.1CCT28863E
C.1CL54772E
C.1C21S7CEE
C.1CZ577SCE
C.lICZBLEISE
C.1C2B5%ESE

uix)
C.51105484E
C.52581715E
C.55%54P85¢E
C.SE221%17¢
C.lCC22retE
C.1C167415¢
C.1C265512€
C.10235%43E
C.1C28E42E
C.10412738E
C.1C42CP3CE

uix)
C.83235¢51E
C.ETI4ETTTE
C.S4B4STE4E
C.S5CE61T161E
C.1C151+55E
C.1C2057SCE
C.1CACErCCE
C.1C4T7273SE
C.1C516432E
C.1C54CrTEE
C.1CS4E=CIE

uix)

C.EL22€7CIE
C.57C2277SE
C.1C14C?S1E
C.10342154E
CelC465255E
C.1C547744E
C.1C&027B4E
C.ICEIETI4E
C.1CESEEEE
C.1CEES"4TE

uiT)

C.

C.74123=2EE
C.STES&2*5E
C.102392743E
C.1CSTZSEEE
C.ICE5ER44E
C.10T11773E
C.10745"CILE
C.ICTT48]13E
C.1CTBSTSTE
C.1C792%42€

uix}

Ca

C.¢5838SCTE
C.586281185E
C.1C598725¢E
C.1CEaE4ISE
C.1CS0BASAE
C.1C53145CE
C.1CS4E753E
C.1CS5¢6787E
C.1CS62775E
C.1CS85ACSE

uir)

C.

C.2T&12"3¢E
C.S20427S4E
C.1CE42427E
C.11C92728€
C.111977SSE
C.11Z0E=4&EE
C.11202753€
C.1115E421E
C.1119%F3EE
C.111957T£E

cc
cc
cc
cc
cc
c1
€1
€1
c1
€1
cl

cc
cC
(44
cC
€1
cl
c1
c1
cl
ci
cl

cc
cc
cc
cc
c1
c1
cl

c1
c1
c1

cc
cc
c1
cl
c1
cl
c1
c1l

cl

cc
ce
cl
ci
cl

c1
c1
c1
c1

~262*=

TABLE V1. - Continued

ETA = -(.3CCCCC

uiyd

C.
-C.157622CT7E-0C1
~C.2181£126E~-C1
~C.2&62£37TE-CL
=C.26433E£0E-C1
-C.32117244E-C1
-C.279255CCE~-C1
=C.Z162S9ETE-C1
~C.14695646E-C1
=C.74251TECE-C2

C.

ETA = -C.ZO0CCCO

utyl

c.
-C.48632EB28E-C1
=C.£25C03CSCE-Q1
-C.£32823CT7E-C1
=0.57538517e-C1
-C.491308%BE-C1
=C.356T2E4SE-C1
=C.2983EE3SE-C1
-C.15894315€E-C1
~C.59422225€E-C2

C.

ETA = -C.lQcCCCC

utv)

C.
=C.1CAT454CE-CC
=C.1C939T76E-CC
~C.946T7T4L9E~C1
-C.784T2€2CE-C1
=C«€345E217E-01
=C.49522633E-01
=C.36446322%E-01
=C.Z3974377E-C1
-C.11892252E-01

C.

E1a = ¢,
Uty

-C.1519CS15€E-CO
=C.147152€BE-00C
-C.1195£2CSE-0C
-C.5459¢&511E-C1
-C.7405E258E-01
=C.5660737TE-01
=C.4111C278E-01
~0.26825140E-01
=C.1224E4£4E-C1
C.

ETA = C.1cCCO0

utyl

Ca
-C.12464253E-C0C
~C.15054233E-C0
-C.12185078E-CO
~C.106040ESE-CO
-C.E2838511E-01
-C.£2561E871E-C1
-C.45455€12E-C1
~C.295884€5E-C1
=C0.145825€66E~C1

C.

ETA = c.z20coce
utvl

-C.B81582210€-01
-C.1268C210E-0C0
=C.12612274E-C0C
-C.1C762639E-00
~C.BE1TELB4E-CO1
=-C0.€6135CS0E-C1
=C.479T2C43E-C1
<C.3124C817E-01
=0.15407383E-01
C.

ETa = C.2cccee

uiy)

C.
=C.446157SSE-C1
=C.SCB42154E-C1
=C.1C54SB48E-CO
=C.SE44£SBOE-C]
=C.827BECSIE-CL
=C.€5207871E-0C1
=C.479623C4E-C1
=C.2147111CE-C1
=C.1558C2¢C4E~-01

Ca

X = -0,35714)3

-an;a!
C.32C63125E-00
C.25614250E-00
C.13175978E-00
C.30222269E-C1
=0.36969180E-01
=0.T814C608E-O1
=C.10256874E-00
-C.11675873€=00
=0.12471263E-00
-0,12€71821C-00
=0.12992542€6-00

-3e/9x
~0.18853117€-00
=0.15061179E-00
~0.TT4982T1E-OL
=~0.177706%3E-01

0.21737877€-01
0.459466T6E-01
0.60310418E-01
0.686564136E-01
0.73331030E-01
0.75686309E-01
0.76402029E-01

X = -0.208333

-aP/dn
C.5456CR89E 00
C.35897228E~-00
C.B1C43612E-01

-0.50953681E~-01
-0.10496516E-00
-0.12593228E~00
=C.13334031E-00
-0.13535T7T92€-00
-0.13543947€-00
-C.135C8075€-00
-C.13490392€-00

=3P /X%
-0.422099616-00
~0.275690T0E-00
=0.62241492E-01

0.391324266-01
0.80636282E-01
C.98715994E-01
0.10240535E-00
0.10395488F-00
C.10401751E-00
0.10374202E-00
0.10360621E-00

¥ = -0.092593

-dpsd
0.93213L1;E 00
€.39543816£-00

-0.1303790 TE-00
=0.18732624E-00
-C.17701577€-00
=C.16135824E-00
-0.14873195E-00
-0.13564808E-00
-0.13361747E-00
-C.130184356-00
-0.12507037€-00

X = Q.

-awa?s
C.1223¢£867E 01
C.1C538635E 01

C.4518E198E-00
0.285CC034E-00
C.214C1937E-0C
0.17253742E-00
0.14602938E-00
0.1331C764E-00
C.12412081E-00C
C.11928201E-00
C.1177517%€~-00

-grrdx
-0.50661464E 00
-0.38436588E-00

0.126728456-00
0.18208110E-00
0.17205932€-00
0.15684021E=-00
0.14456 T46E-00
0.13573793E-00
0.12987617E-00
0.126539196-00
0.12545640E-00

- 9P /aX
0.14804235€ 01
0.12646362¢ 01
0.54225838E 00
0.346B0041E-00
0.25682323E-00
0.20704451€-00
0.177641266-00
C.159725176-00
0.14894497E-00
0.14313842€-00
0.141302156-00

X = 0.092593

- 3Frd
C.QttZSﬂl?E 00
C.B5145168E OC
C.53841885E OC
0.39022869E~0C
€.30322365E~00
C.24E18454E-00
C€.20%53650¢E-00
C.1861C589€~-0C
C.17196656E-00
C.16434B06E-00
C.16154081E-00

- 3P/AX
0.91392378E OO
0.82781102¢ 00
0.52334312¢ 0O
0.37930228£-00
0.29473338E-00
€.23929136E-00
0.20350283E-00
0.180854936-C0
0.16715150€-00
0.159746306-00
0.157408646E-00

X = 0.208333

-dpsd
0.64829826E 00
0.58E147S8E 00
0.51158941F 00
€.42118860E-00
C.3625C860E~00
0.31432162E~-00
0.276765326-00
€.25CC83ISTE-00
0.23275318E-00
0.223C9045€-00
C.21555127€-00

~arsdx
0.49T89305E-00
0.&5169763E-00
0.39320786E-00
0.32347284E-00
0.2784C660E-00
0.24135900E-00
0.212555T7E-00
0.19206417E-00
0.17875443E-00
0.171333456-00
C.16895328E-00

X = 0.357143

- 3r/dg
C.42619350E-00
C.34014023E~-00
0.43133275€-00
C.4012C400E~00
C.38284674E~00
0.36474605E-00
0.3434£8176-00
0.32372016E-00
€.30E75593E-00
0.299¢86756-00
0.29665827€-00

-3p/dx
0.25060178E-00
0.20000245E-00
0.25362366E-00
0.23590795E-00
0.225113B8E-00
0.21447070E-00
0.20195928E-00
0.19034745E-00
0.18154848E-00
0.17621581E-00
0.17443506E-00

- 7Y

0.
-0.96606018E-01
«13510048E-00
- 13388009E-00
~0.11561851E-00
-0.928039396-01
-0.70580871E-U1
~0.50448143E-01
~0.32380766E-01
-0.15808038E-01

0.

—oP/dY

0.
=0.28T708469E-00
=0.29214682E-00
=0.22738344E-00
-0.16508909€E~00
=0.11754841E-00
-0.82509408E-01
=0.55980496E-C1
=0.34796082E-01
-0.16694693E-01

0.

-oP Ay

0.
-0.83193090E GO
=0.50121567E 00
=0.28749833E-00
~0.176616TBE-00
=0.11539404E-00
-0.77530818E-01
~-0.514268335€6-01
-0.315928356~01
=0.15072665E~-01
0.

- 3P /Y

0.38964686E-00
-0.2322725TE-00
-0.245592 T0E-00
-0.1B8475034E-00
-0.12734823E-00
-0.87TB06B62E-01
-0.60732333E-01
-0.4098B6TBE-01
-0.25443409E-01
-0.1220T551E-01

c.

- 9P/AY
0.31407805E-00
0.11433577E-00
0.211322776-01

-C.40458361E-01
-0.5208748BE-UL
-0.456B80553E-01
-0.35670564E-01
-0.25792138E-01
-0.16670168E-01
~0.81711894E-02
o.

— gp/ay
0.18695021E-00
0.164499683E-00
0.15252821€E-00
0.8318BB342E-0
0.32C36474E-01
0.75139558€E-02

-0.21358503E-02

-0.48555639E-02

-0.439517T90E-02

-0.24827962E-C2
0.

—ar/ay
0.94838385E-01
0.11126052E-00
0.14776223E-00
0.12889132E-00
0.87305600E-01
0.53296334E-01
0.31345811E-01
0.179656458E-01
0.9T024T44E-02
0.423581 76E~02
o.




Y
l1.c0CCCC
c.50cCCC
c.Boccce
c.7CCCCC
C.6CCCCC
c.5ccccc
C.&0CCCC
€.30CcCcC
c€.20cCccc
g.10CCCC
C.

h |
l.CCCCCC
c.50ccCC
C.8CCCCC
g.T0CCCC
c.¢0CCCC
0.5GCCCC
c.&CCCCC
€.3o0ccco
C.2¢CCCC
c.lccccce
C.

Y
1.00CCCC
c.50CCCC
c€.80cccc
C.70CCCC
c.e0CCCC
c.50CccC
C.4CCCCC
€.30CCCC
c.26CCCC
c.l10cCCC
C.

Y
1.06cCCC
€.90CCCC
c.8gccec
¢.70CCCC
g.e0CCCC
€.5cCCCC
C.aCCCCC
©.iacccc
c.20CcccC
e.l10cccC
C.

¥

1.c0CcCC
0.90CCCC
0.80cccc
€.7CCCCC
C.e0CCCC
€.50CCCC
€.40C0CC
€.30cccc
€.20cCCCC
g.loccccc
C.

v
1.CCCCCC
c.sccCoc
C.80CcCC
c.70CCCC
c.efcece
¢.5¢CcccC
c.&40CCCC
€.3ccccc
€.20ccCC
C.l00CCC
C.

Y
1.C0CCCC
c.5cCcCCcC
C.BCCCCC
c.7CCCCC
c.egccce
€.50cCCCC
C.40CCCC
€.3ccccC
c.20ccce
c.1ccccc
C.

uix)
C.

-5C2857SCE CC
C.ESS2TFTLE CC
C.1C46E"CEE C1
C.112328¢€€E C1
C.11472745E C1
C.115227€5E C1
C.115199C4E C1
C.11507=C2E C1
C.11458%SGE C1
C.1149%5%4EE C1

uix)

C.

C.44571"13E-CC
C.7518%152E CC
C.1C102FS1E CI
C.112154S7E C1
C.11683217E C1
C.11842%CZE C1
C.11E814CEE C1
C.1188271%5E C1
C.1187€1CZE C1
C.11873773E C1

uir)

C.

C.4CCI4451E~-CC
C.7276478EE CC
C.S€151412E CC
C.IM1C4CRLIZE C1
C.1178E?S1E C1
C.1Z13C™34E €1
C.1226¢™CSE C1
€.12212%85€ C1
€.12226212E C1
C.1222E4¢EEE C1

uix)

C.

C.26%38755E-CC
C.E6527%SBE CC
C.5C&B1FS4E CC
C.10728<7SE C1
C.117658S5¢E C1
C.12258KE1LE C1
C.12662%22E C1
C.1280%5"54E C1
C.128¢5P5CE C1
C.12E81511E C1

uix)

C.

C.22G757TLEE-CC
C.£13T74SESE CC
C.E4TTESESE CC
C.1C293&482E C1
C.11606487E C1
C.12495782E C1
C.13CH6CR4BE C1
C.1238EN41E C1
C.13554%34E C1
C.12&057SEE C1

uix)

Ca

C.2582S84TE-CC
C.5¢14775CE CC
CLTERLETAEE CC
C.STS34TLSE CC
C.11338412E C1
C.125387EEE C1
C.1342ZF71E C1
C.14C22"CSE C1
Ca1436S756E C1
C.14482733E C1

uiT

C.

C.285CCrC3E-CC
C.S4COCrC1E CC
C.7850CFC1E CC
€.S6COCrCIE CC
C.1125C7CCE C1
C.12595%SSE C1
C.13645%5GE C1
C.143959SGE CI
C.1485C7CCE C1
C.15CO0CrCCE C1

i

TABLE VI. - Continued

ETA =
utyl

C.
-C.21321552€-C1
-C.56337219€-C1
-C.16B6ECSIE-OL
~C.756TST42E-01
-C.7158£CT6E-C1
~C.58675318E-01
~C.4418&313E-01
-0.253873¢3E-C1
~C.148651153E-Cl

C.

ETA =

uty)

C.
-C.56152498E-02
=C.21064E19E-C1
-C.45105714E-01
-0.566T4840E-01
—C.54867344E-01
=C.47235554E-01
-C.3JE6TC241E-01
~C.24B2E420E-0C1
-C.124928C0E-01

C.

ETA =

utr)

C.
=C.44372249E-02
-0.1580E425€E-C1
~C.279814C5E-C1
=~C.3566C556E~01
~0.37322623E-01
=C.3400C550E~01
=C.2T7411755E-0C1
=C.15003168E~01
=0.96819654E-02

C.

ETA =

uiy)

C.
-C.2115€9596E-02
-C.762343C9E-02
-C.14418029E-01
-C.159082&61E-C1
—C.22485040E-01
-0.2184C423E-01
-C.1850C628E-01
-C.1326£S57E-01
-C.£8942415E-02

C.

ETA =
utrl

C.
-0.883823¢3E-03
-C.31241333E-02
-C.£05575C2E-02
-0.87935441E-02
=C.1C54€17CE-O1
-C.108641C5E~01
-0.9681€579€-02
-C.72152850€-02
-C.284025256-02

C.

ETA =

uiy)

C.
=C.1849396BE-013
-C.59T0E53CE-03
=C.11299379E-02
-C.16502736E-02
-C.2C221177€-C2
-C.2141€55TE-C2
=C.19612320€-02
-Ce14944381E-02
-C.EBC6BEL124E-03

Ca

ETA =

uty)

C.4000CC

c.sccecco

C.&000C0

C.7100000

c.goccco

c.5000C0

l1.CoCCCOo

X = 0.555556

- aridq
C.31258491E-00
C.20£21585E~00
0.3507C504E-00
0.37574331E-00
C.38285314E-00
0.39454664E-00
0.40CB1573E-00
0.39957620E-00
C.39533022€E-00
C.39158146E-00
0.39C04246E-00

X = 0.833333

-arian
C.31C22427E-00
C.2LCT6243E-00
G.31959519E-00
0.3851C072E-00
0.40502119E-00
0.42678168E-00
C.45708095E-00
0.47744758BE-00
0.48520428BE-00
0.49458018E-00
0.49562594E-00

e 1.250000

- 3psdn
0.40759199E-00
0.32844592E-00
C.37972569E-00
C.45761981E-00
0.490943526-00
0.51542228¢ 00
0.54501273€ 00
0.58383922E 00
0.61C067162E DO
0.62592120€ 00
C.£2875566E 0O

X o= 1.944444

-9P/3q
C.638C6528E 00
0.57592122E 00
0.58735269E 00
0.65117907E 00
C.569811418E 00
©.72547035€ 00
0.75778044E 00
£.79966220E 00
0.83575046E 00
0.86492570E 0O
0.B6567468E €O

X = 3.333303

-darsd
n.!Zlﬁabﬁ;E 01
C.11642403€ D1
0.11618107€ 01
0.12076292€ 01
0.12623353€ 01
0.12990617€ 01
0.13253812€ 01
C.1354107CE 01
0.13823701€ 01
C.13944442€ 0L
C.13735440€ OL

X = T.499999

- 3P/an
0.38573404E 01
6.38264253E 01
0.38451005E 01
0.28964088E 01
0.39466012E O1
0.3957603%€ Ol
C.39121702€ O1
C.38155246E 01
0.37027855E 01
C.35E56149E 01
C.34871783E 01

X = oo

- 2r/dq
-

IR RIRERERE)

=~ 3P /3x
0.13520948E-00
0.B912844TE-01
0.15150457E-00
0.16232111E-00
0.16539255€-00
0.17061695E-00
0.17315239€-00
0.17261691E-00
C.17078265E-00
0.16915455E~-00
0.16849834E-00

—-ar/ax
0.93067281E-01
0.63228730E-01
0.95878556E-01
0.11553022€-00
0.12150636E-00
0.12893450E-00
0.13712428E-00
0.14323428E-00
0.14676128E-00
0.14837405E-00
0.1486877BE-00

- 3Ps3x
0.78257664E-01
0.63061618E-01
0.729073336-01
0.87863004E-01
0.94261157E-C1
0.98561079E-01
0.10541044E-00
0.11209713€-00
0.11724895E-00
0.12017687E-00
0.12072109E-00

- aP/Ix
0.68911051E-01
0.62199493E-01
0.63438412E-01
0.70327340E-01
0.75394333E-01
0.78350799E-01
0.81840290E-01
C.86363519E-01
0.90693051E-01
0.93411977E-01
0.9349286TE-01

~9p/ax
0.58313560E-01
0.55883539E-01
0.55766517E-01
0.57966205E-01
0.60592290E-01
0.62354963E-01
0.63618297E-01
0.64997142E-01
0.66353765E-01
0.669333256-01
0.65930114E-01

-8pP/ax
0.46288092E-01
0.459171126-01
0.46141213E-01
0.46756913E-01
0.473592226-01
0.4T491255E-01
0.46946050E-01
0.458343036-01
0.44433434E-01
0.43027387E-01
0.41846146E-01

- ar/dx
C.39999999E-01
0.39999999E-01
0.39999999E-01
0.39999999E-01
0.399995996-01
©.39999999E-01
0.399999996-01
0.399999%9E-01
0.39999999E-01
0.39999999E-01
0.39995999E-01

- aprav
0.44039814E-01
0.5622TT10E-01
0.91049282E~01
0.10583328E-00
0.93288837E-01
0.71083154E-01
0.50280061E-01
0.33622450E-01
0.20505212€-01
0.969634526-02
0.

- ar/avy
0.20698187E-01
0.24861351E-01
C.42658168E-01
0.601465276-01
0.6446736B8E-01
0.57670863E-01
D.46146T04E-01
0.33797868E-01
0.21968396E-01
0.10793401€-01
0.

- dpsav
0.10418358E-01
0.10793725€-01
0.16559631€-01
0.25298740E-01
0.30575007E-01
0.31231278E-01
0.27360567E-01
0.21345184E-01
0.144554356-01
0.726982686-02
0.

- apravy
0.54233842€-02
0.48160607E-02
0.58248174E-02
0.84223060E-02
0.11006797€-01
0.12114757E-01
0.11413349€-01
0.935167786E-02
0.65163270E-02
0.33228719€-02
0.

-ar/aY
0.23033426E-02
0.18585636E-02
0.18501352E-02
0.23821115€-02
0.318077856-02
0.38056816E-02
0.39381809E-02
0.34992789E-02
0.25871935€-02
0.13666206E-02
0.

-gPiay
0.25051383E-03
0.18996381E-03
0.186037446E-03
0.25691768BE-03
0.38127790£-03
0.50949004E-03
0.5858T992E-03
0.57101344€E-03
0.4536T420E-03
0.25081922E-03
0.

- apravy

.




TABLE VII.

ETa= -).0C0C0C

Y PS1
L.acccoc 1.CCo00c00
c.95000C g.950CcCoC
g.sCCCCC C.8%559993
Cc.a85cccce 0.84999999
C.8CccoC €.acocgo0n
C.7500CCC 0.74959599
g.7CCCCC D.7CCCCCOO
C.65CCCC G.6499999H
C.8C000C C.559999599
C.5500CC C.55CCCCac
c.s5ccccee 0.45999999
C.45CCCC C.450C0C00
C.aco00C €.4C000000
G.3500CC 0.34995999%
0.3Cccce @.3ccdocoe
C.25C0CC 0.2493995999
C.2CCC0C S.2C0C00N0
c.15c00C 0.15CCoCGC
C.l1cCCCC £.C5955599
c.cs50coc C.cs50cooo0
C. c.

ETA= -C.7CCCCC

¥ PSI

L.0CCcccC L.cCCCoco0
C.950CCC 0.350C1166
C.9C0CCC C.90C02304
C.850CCC 0.850C3386
C.8CCcocC C.8CC04384
C.75Cc0C C.75005271
C.7Cccac C.7CCcOos6028
c.es50c0C 0.650CE635
C.eCCCCC 0.6CCA7080
C.55GCCCC 0.55007350
C.5¢0c0o0 0.5C00T441
C.4500pC 0.45C07347
g.4CCCCC 0.4CCCT073
C.35CCCC 0.35006674
C.3C0CaC C.3CCoeC12
G.25000C 0.250C5253
C.2cceccc C.2C0C438¢
C.15CCCC €.15003372
C.1C000C C.1CCC2295
C.05C00C 0.050C1161
Ca 0.

ETA= -0.&5CCCC

¥ PSI

l1.0Cog0C 1.0ccoacao
C.95CCCC C.55C03982
C.9CcCCC C.5C00T8BES
c.85cc0C C.85011552
C.8C0CCC C.BCO14548
C.75CcccC C.75017569
C.7Ccccc C.7CC20542
C.65000C C.65022¢802
C.&C000C 0.£C024101
0.55CCCC 0.55C25CC4
€.5CCCCC C.5C025289
C.45000C C.45024951
C.4C0CO0C 0.4CC24C00
C.35CCCC C.35022464
C.3CCCOC C.3CC202378
C€.250C0C C.25C17796
C.2C00CC 0.2CC14T784
C.15CCCC C.15C11412
C.1CCCCC C.lC007T64
c.csococ €.05003930
C. C.

ETA= -J.e00C00

Y Ps1
l.0C0Cc0C lL.0cgoocoo
€.9500CC 3.95010158
C.scccce 0.5CCc20058
C.85CCCC 0.85029440
C.acccec C.8C038068
C.75CCCt 0.75045720
C.7CCCCC 0.7CC52209
c.&5cCccCOC 0.65057375
C.&cC0C00 0.8C081102
C.550cCC 09.55C63301
C.SCccco 0.5C063933
C.45CCCC 0.45062992
C.&ccece C.4CCEDS513
C.35000C J.35056565
C.3ccccce C.3CC51254
t.250cCCC C.25044715
C.2¢ccoc C.2CC37112
C.150CaC J.15028629
g.1CCCCC 0.1CO19469
C.cs5ccoc 0.C50C9851L
C. 0.

x=

=1l.944444

SMEGA

-1.547619

EMEGA

-1.250C00

EMEGA

-264 -

EV¥A= -C.550C0C

¥ Ps1

l.CCCcCCC i1.CcCcacocoo
C.95CCCC C.95021302
C.5C0CCC 0.9C042C32
C.85CCCC C.85C&14630
c.8cccce C.8CO79579
c.7500C0C 0.75095417
C.7C0cC0C C.7C1CBT4T7
C.&5CC0C C.65119255
c.s&CCo0C C.6C12&710
c.550CC0 C.55130965
c.5c000cC 0.5C131558
C.450C0C C.45127713
C.sCo00C C.4C124331
C.35000C C.3511597%
C.3cooccC 0.3C1C4RG3
C.25¢cnc C.25091361
C.2¢0CaC C.2C075721
C.150C0C C.1505E347
€.l1Co00C J.1C035647
C.C50C0C C.C5020049
T. C.

ETA= -0.5CCCOC

¥ PSI

l.CCCCCC 1.CCCCO000
c.95cC0CC 0.95035009
C.SCCCCC 0.9C076888
C.B5C00C 0.B85112551
C.BCCCOC C.BCL45007
C.750CCC 0.75173400
C.7CCCCC c.7C197022
0.6500CC 0.65215342
C.eCcCCC 0.6C228C04
C.55C00CC 0.55234820
€.5C0C00 0.5C235762
0.45C00C 0.4523C0956
C.4CCCUC 0.4C220652
C.35C00C 0.35205239
C.3CcceC c.3C185091
C.25000C 0.25160832
C.2CCCCC 0.2C132033
€.15C000 0.15102348
c.1C0c0C C.1C069466
0.050C0C 0.C5C35105
Ca C.

ETA= -C.450C0C

¥ PS1
l.0cococ 1.8cccccoo
t.95ccac C.95064943
€.sccooc C.9C127800
C.85000C C.85186607
€.8C00CC 0.8C235616
C.75C0CC C.75285388
C.7CC0CC C.T7C322815
C.65C000C C.65351140
c.6COCOC 0.6C369945
0.55CCaC C.55379114
ct.5Cccoc €.503787193
0.45000C C.45369354
C.40000C 0.4C351348
C.35000C £.35325473
C.3cCo000 C.3C292%33
C.25C00C C.25253423
g.2cc00C 8.20209C93
c.15¢C0CC C.15160546
G.1C6CC0 g.1cloB811
6. 050000 0.05054941
[ 0.

ETA= -0G.400CCC

Y Ps1
l1.cCococC l.ccacococ
C.950¢cCC 0.951C1073
c.sccooe C.50158427
C.85CCaC C.8528856139
C.8CCCC00 C.8C3EEE26
C.75000¢C 0.75438766
C.7CCCOC C.TC4909593
C.850C0C C.65530547
C.6C0C00 C.6C555783
C.55000C €.5556538¢C
C.5CacCC C.5C561424
C.45000C C.45544285
C.4C000C 0.4C515023
C.35000C C.35474835
C.3CCcocC C.3C425C08
C.250c0C C.25366884
C.2Cc00C C.2C301826
C.15000C 0.15231223
€.1CCC0C C.1C156459
C.C5C00C 0.0s5078921

C. C.

Stream Functions And Vorticities For Case II With A 40 x 20 Grid

x= -1.018519

EMEGA

C.

Ca26258TLRE-34
0.44232248E-34
C.50455405E=-34
CotbTAIIBGE~34
C.37673295E~34
Ca27271678E-34
C.18149822¢~34
Cal1279999E-34
0.66235CH5E-35
0.37077540E-35
C.19926144k~35
C.10332227e-35
C.52068108E-36
€.25588498¢-36
C.12119C23E-38
C.56515649e-17
C.25284977¢-37
C.10872C85E-37
C.31911923c-38
C.

x= -C.833333

EMEGR

O

C.13450667E~27
0.21765863E-27
0.23411486E-27
C.202113974E-27
C.15027393E-27
C.99898455E-28
N.60839317E-28
0.34522779E~26
C.18481478E~28
2.94234017E-29
C.461C5197E-29
0.21774041€E-29
€.99738088¢-30
C.44486085E-30
0.19383154E-30
C.82696964E-31
C.34545256E-31
C.1354209CE-31
C.4BBS5C3S5E-32
C.

X= -0.581E18

IMEGA

0.

C.36270661E~22
C.55871664E-22
C.56106TBLE-22
0.446985C9E-22
0.30453616E-22
C.1B482316E-22
C.10254496E-22
0.529541226-23
C.25785344E-23
C.11956201E-23
0.53192217E-24
C.22841T4CE-24
C.95128669E-25
C.385730C5k-25
C.152T6E64E=25
0.59241667E-26
C.22512493t-26
C.83045968¢-27
0.27093450€-27
Ce

X= =-0.555556

ZMEGA

0.

G.10993C11E-17
C.1592TT46E-1T
0. 1475787217
C.10743511E-17
C.E65T6E3ITE-18
C.36681934E~18
C.1B48TT7¢E~18
0.86554505e~19
0.,382T0C15E~19
C.16121545E-19
C.65192562€-2C
C.25455134E-2C
D.964 17945E-21
C.35561186E-21
C.12810449E~-21
€.45185053€6-22
0.15624999€-22
C.52629420E-23
C.15923447E-23
Ca



¥

1.cCccoc
€.950C00
C.9C0C0C
C.850C0C
C.8CCCOC
C.750C0C
G.7C00CC
C.650CCC
c.eCacoC
0.55000C
0.5C000C
C.450C00C
C.4Co00C
0.35000¢C
c.3cococ
C.250C0C
C.2C0000
C.150000
C.10000C
C.050000
C.

¥

1.0cccoc
C.950¢CCC
C.9C00cce
0.85000C
C.BCOOCC
0.75000C
C.7C000C
C.&5000C
c.s6CC0CC
C.550C00
C.5c0coC
0.45000C
G.4C0CCC
G.35C000
0.3C0C00C
0.25000¢C
0.2C000C
0.150000
0.1C000C
C.05000¢C
C.

¥

1.00000C
0.95c00C
c.9Cco00
C.85000C
C.8C000C
C.750000C
C.T7CC000
C.650000
0.60000C
c.55c0C0
C.5C0C0C
C.45000C
0.4C000C
0.3500CC
G.3C0000
0.25000C
0.2C000C
C.150600C
C.1CoC00
C.05c000C
C.

L
l.ccooon
6.95C000C
C.s9ccooc
C.B5C00C
C.BCcOCO
C.75000C
c.7CcooC
C.650CC0C
C.&C0CCC
C.55000C
C.5CCoCC
C.45000C
C.4C0000
0.35000C
C.3CcCoC
€.250000
C.2c000C
0.15000C
0.1c000C
C.C50000
C.

ETA= -C.350C00

PS1

L.CcCcoccoog
0.95150056
0.9C293527
C.B5424592
0.80538730
C.T75632896
0.7CT05432
0.65755846
0.6C784530
C.55792502
0.50781192
C.4575227¢6
C.407C7560
0.35648902
0.3C578162
C.2549717¢
0.20407739
Q.15311605
0.1021C488
0.05106067
0.

ETA= -Q0.3C0C00

Psl
1.£C000000
0.95215853
€.90419858
0.85602278
0.80756529
0.75879154
0.7C9£9199
0.66027468
0.61055855
0.56056841
0.51033171
0.45987637
0.4C922963
0.35841750
0.30746455
0.25639386
€.20522720
0.15398513
0.10268734
0.05135280
.

ETA= -0.250C0C

PSI

1.0C00000C
0.95304870
0.905876213
0.85832321
0.81C30&79
0.76180533
0.71283583
D.6£343552
0.61364573
0.56352506
0.51310585
C.4€243290
C.41154296
C6.36046910
C.30924099
0.25788552
0.20642722
C.15488876
0.1C329138
0.05165529
0.

ETA= -0.20000C

PSI
1.0Cc000000
0.95428278
C.90812735
0.86128964
0.81370372
Q.T&540551
C.T1647320
0.56699447
0.561T705191
0.5&6671821
C.51605546
0.4651163¢
C.41394565
0.36258163
0.31105748
0.25940233
0.20764222
0.1558C071
0.1C389961
7.05195946
C.

TABLE VII.

X= -D.44BT18

BMEGA

G.

0.8274225TE-14
C.B41844T1E-14
0.71C0111BE-14%
C.467397T8E~14
0.2614569T7E-14
C.13008B6CE-14
C.5921T7964E-15
C.25131939E-15
0.10076561E-15
0.38540404E-186
0.14164502E-16
C.50304693E-17
0.17340512E-17
0.582264726E-18
C.19098856E-18
C.61346638E~19
0.19324555€E~19
0.5944215T€-20
0.1664T164E-20
0.

k= -0.357143

BMEGA

C.

0.96909539€-11
0.11803395€-10
0.89228562E-11
C.52538323E~11
C.26332349€-11
0.11773234E-11
0.48305823E-12
C.18529411E-12
C.6T7306826E-13
0.23367556E~13
0.TBOTETS2E-14
0.25239535E~14
C.T926T7433E~-15
C.24266443E-15
0.72609495E-18&
C.212825B7E-16
0.61204348E-17
0.17221177E-17
C.446318B87E-18
Qs

X= -0.277778

EMEGA

0.

C.52579227E-08
C.56693345E-08
0.377594¢61E-C8
0.1966426TE-08
C.87677296E-09
€.35069937E-09
0.12926C43E-09
0.44790608E~10
0.14T34846E-10
C.46454T8B4E-11
0.14126088E-11
0.41633565E-12
0.11938763E-12
C.33411912E-13
0.91486443E-14
0.2455967BE-14
C.64739946E-15
C.16728254E-15
0.40211875E-186

Qs
X= -0.208323

EMEGA

C.

0.12120318E-05
C.11215299£-05
C.64580563€E-08
C.29412241E-08
0.11588755E-06
C.41313712E-07
C.13675317E-07
0.42724416E-08
0.12738392E-08
0.3453138TE-09
C.10135¢698E-09
C.27327&78E-10
0.71B49193E-11
0.18472250E-11
C.46546082E-12
0.115186698E-12
0.28021251E-13
0.669T094TE-14
0.15018307E-14

=265~

l.0Ce00C
g.95C00C
.g.9co00C
g.850coC
g.8ccooc
€.75c000
g.7gcocce
0.é65000C
c.6CCCCC
0.550000
0.500000
0.45C00C
C.4CCCOQ
C.350000
0.30000C
C.25CCCC
C.2c0000
C.150000
G.10000¢C
t.050000

Y
l.ccoooc
0.95000C
Cc.9C0C00C
Cc.85000C
0.8C0C0C
c.750¢000
C.T7C00CO
0.65000C
C.&C0C00
C.550C00
g.500000
J.450000C
0.4CC000
0.350000
U.3C000C
0.25000C
0.2€0000
t.150000
0.1€000C
3.05000¢

- Continued

ETA= -C.150CC0

Psl

L.0Cccoo00
€.95607109
0.91120238
C.86510108
0.B1T83766
C.7£359403
0.TZ0554654
C.67087489
C.62067807
0.57006077
0.515C%908
C.46785375
C.41637418
0.3&470120
0.31286932
C.26090827
C.2CE884416
0.156T70045
0.1C449859
0.05225870
a.

ETA= -0.1CCCOQ

PS1
1.0C0Q0000
0.95884109
0.91548409
0.846994907
0.82274383
0.T71431694
0.72498€731
0.67497391
C.62442966
0.57346467
€.52216090
0.47058138
0.41877589
0.36678492
C.314£4215
0.26237635
0.21001261
0.15757328
0.10507882
0.05254832
0.

ETa= -0.050CC0

PsI
1.000000 1.0CcQc000
C.95CCCO 0.96350293
C.9CCCCO C.921 48674
0.850000 0.87595651
C.8Coo0C 0.82835694%
C.75000C C.T7344750
C.7cooo0 C.T2963889
C.650000 C.67917375
0.6C000C 0.62820828
C.550C000 C.57685000
c.scocoo 0.52517702
0.450000 0.47324850
0.4CC00C 0.42111084
0.35c00C 0.36880153
0.3Cc000 0.31635179
0.250000 0.2637€816
0.2C000C 0.21113385
g.15C00C 0.15840954
c.1cocca 0.1C563412
0.05000C 0.05282532
[ C.

ETA= 0.

Ps1
1=0C000C 1.0C0C0000
€.950000 0.97157998
0.9C000C 0.92948C17
0.85C00C 0.88295694
0.8C0C00 C.83444630
C.750000 0.7E47ET 18
C.7co00C 0.73435555
C.650C0C 0.6E335858
c.scC0C0C €.63192717
C.550c000 C.58015174
C.5C000C 0.52809855
C.450C0C 0.47581834
C.4CCCOC 0.42335133
C.35000¢C 0.37073029
0.3C000C 0.3179€273
0.25CC0C 0.2€6513229
G.2CC000 C.21219969
0.15C00C 0.15920354
0.10000C C.1C616098
g.CSCOCﬂ €.053C8800

- C.

X= =0.147059

BMEGA

C.

C.1346395C1E-03
0.104196356~-03
C.50805543E-04
€.20007344E-04
0.869243948E-05
0.219414256-05
0.65147B10E-06
C.18390054E-0¢
0.4983£24TE-Q7
0.130552316-07
0.33228716€-08
C.82493281€~-09
0.20036348E-09
0.47T127346E~10
0.11171769E~10
C.25738823E-11
C.58441322E-12
0.13066958E-12
0.27612403E-13
C.

X= =0.092593

BMEGA

0.

0.828102036-02
0.49623283E-02
0.20002148E-02
0.67324327E-03
0.20368095E-03
0.57339092E-04
0.15312787E-04
0.39260907E-05
C.97418182E-06
0.23525331E-06
0.5551B158E-07
0.12843572e-07
0.29196391€E-08
0.65340865E6~-09
0.144181156-09
0.31407283E~10
0.6T601404E-11
0.14366028E-11
0.29017C24E-12

X= -0.043860

BMEGA

0.

0.29085883E-00
0.12606420E-00
0.40T714¢10E-01
0.11585104E-01
0.30633684E-02
C.77132518E-03
0.18741576E-03
0.44301939€e-04
C.10241T69E-04
C.23239382¢~05
0.51889249E~06
0.11421957E-08
0.24820922E-07
C.5330544¢LE-08
0.11323003&-08
0.23805215€6-09
C.4955T102E~-10
C.10204981E-10
0.20043205E-11
0.

X= Q.

BMEGA
0.22736007E 02
0.62024548E 01
0.159988%CE 01
0.39805771E-00
€.96420543E~01
0.22879688E~01
0.533834T6E-02
C.1227323CE-02
C.27838559E-03
C.6234B8542E-04
0.13796434E-04
0.30178276E-05
C.65284421E-06
0.13973123€-06
0.29601236E-07
0.6208757CE-08
0.12897498E-08
0.26539502e-09
0.54034530E-10
C.105C1622E-10
c.



Y

1.0C00C0C
0.95000C
c.9CcooCC
¢.8sccoc
C.8CC000
c.7s5000¢C
c.7C0CCO
C.65CCCC
Cc.&Co00C
0.550C0C
g.5cCcCeC
0.45000C
C.4C0000
©.335000C
©.3C0C0C
€.250000
€.2c0c00
0.150000
c.1CCcO0C
c.0scece
c.

Y

1.0C0000C
0.95CCCC
C.9CCCOoC
0.85CC00
0.80000C
¢.75000C
C.7CCCO0
C.650000
G.&C000C
0.550C0C
€.5CcCoc
C.450000
0.4C000C
0.350C0C
C.3C0000C
C.250000
€.20000C
C.15000C
Cc.lcocoo
0.050000
0.

) |
1.0C0C0C
€.95C00C
0.9C0000C
0.85000¢C
C.8CCCO0
€.750000
0.7c00CC
C.65000C
c.&CCCOC
C.55C000
0.5C000C
0.4500CC
0.4CC00C
0.35000C
0.3c0000
0.25000C
0.2Cco0C
C.15000C
C.1cC000C
C.05000C
Q.

ETA=

¥

l.0cccce
C.950000
c.9co00cC
C.85ccot
C.8CCCCC
C.7500C0
C.7CO00C
C.&50C0C
C.6LCCO0
0.550000
0.50000C
c.45cCC0C
g.4ccCoC
€.3s5c000
€.3C000C
g.250CCC
C.2cococ
C.15c00C
0.1c000C
0.C5CCOC
0.

ETA= 0.050000
PS1
1.0CCc00C00
0.97825179
0.93779965
0.BS072090
0.84123395
0.750&7720
0.T73949701
C.68787537
0.63591027
0.58366710
0.53119478
0.47853198
0.42571034
0.37275641
0.31969288
0.26653963
C.21331441
0.16003329
0.1CeTL1122
C.05336226
C.
ETA= O0.l00CCO
PSI
1.000C0C00
0.98321863
C0.94585957
C.89924327
0.849C8448
0.79760697
0.74556211
0.69319209
0.64058360
0.58777874
C.53480636
0.481869008
0.42845C58
0.37510630
©.32167380
Q.26816817
0.21460233
C.16099212
0.10734680
C.0536T897
0.
ETA= 0.150C00
PSL
1.0C0C0000
0.98656549
0.95286500
0.90779938
C.857861945
0.805447862
C.T75254755
0.69935825
C.64801544
0.59255905
0.53900342
0.48535768
0.43163063
0.37783152
0.32396974
0.27005474
C.21609581
C.l6210204
0.10808235
0.05404545
0.

0.200000

PS1
1.0cccoo00
0.98876058
0.95858616
0.91583586
0.86639220
0.81395847
0.76038578
0.7C637210
C.65224%66
0.59806569
C.54384942
0.48959786
C.43530992
0.38098592
0.32662793
C.27223925
0.21782412
C.16338737
0.10893415
0.05446985
C.
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TABLE VII. - Continued
x= 0.043860 ETA=
BMEGA Y
C.17398572E 02 l.0cococ
0.85688835E Ol J.95000C
0.31769177E 01 J.9CCCOC
0.10096575€ 01 J.85C00C
C.29074L64E-00 1.8C0000
0.78165720-01 J.T75000C
0.19986854E-01 l.7CC00C
C.49198911E-02 J.650000
0.11753178E-02 J.6CCC0C
0.27398986E-03 1.55G00C
0.62569453E-04 J.5C0000
0.14035664E-04 J=450000
0.309899C8E-05 J.4C0000C
0.67449216E-06 J=35000¢C
0.1448T6T6E-06 J«3C000C
C.30737456£-07 J«25C00C
0.64458536E-08 Je 200000
0.13367282€-08 l«15000¢C
0.27385440€-09 }e1C€0000
0.534T71288E-10 1«050000
c. I
K= 0.092593 ETA=
ANEGA Y
0.13425100€ 02 .«Qo000C
0.90178491E 01 l«95CCCC
0.4417T7175€ 01 laSCCCCO
0.17628285E 01 l.85000C
0.61283632€ 00 1. 800000
0.19283506E-00 1.75000C
0.56279393E-01 1.7C0000
0.15492298E~01 l. 650000
0.40703618E-02 l. 600000
C.10294613E-02 l.55000C
€.25221387E-03 l-5C0C00
0.60137288E-04 1450000
0. 14004938E-04 i-40000C
0.31942899E-05 1.35C00C
C.71508034E-08 je3C000CC
0.15738259E-06 J.250000
0.34100433-07 la20Q000C
0.72811C81E-08 l.150CCC
0.15309817e-08 la1C0000
8-305531535"09 i-OSDOOB
A= 0.147059 ETA=
. _BMEGA . v
0.10747606E 02 L-8CC000
C.85507371E 01 J.95C000
0.51573114E 01 J.900000
0.24954388E Q1 J.85000C
0.10314052E 01 J.8C000C
€.37901831E-00 J«T750000
0.127136306-00 J.7C0G0C
0.39655834E-01 J.650000
0.11659093E-01 J.6CCCCC
0.32639159E-02 J.55C00C
0.87670931E-03 l.5C000C
0.22728272E-03 J.45000C
0.57128944E-04 J.4CCO00C
0. 13972992E-04 0350000
0.33351309E-05 8.3Cc000
0.77862598E-06 J.25000C
0.1T813385E-06 J.2C0000
0.39993390E-07 2.150000
0.88068394E-08 g.100C00
0.18290112e-08 2.05000C
0. Q.
X= 0.208333 ETA=
BMEGA . X
0.89915394E 01 1.0c000C
0.77T961867E 01 £.950000
0.54580175€ 01 0.9C000C
0.30951778E 01 0.850000
G. 14899530 01 c.8coCCO
0.63205492E 00 C.TS50000
0.24252047E-00 C.7c0C0C
0.85761932E-01 0.650C0C
0.28345942€-01 c.6000C0
0.88513374E-02 C.550000
0.26331288E-02 0.5C000C
0.75113724E-03 G.45C00C
C.20653643E-03 C.4C000C
0.54966LB2E-04 C.35C000
0.14206143E-04 0.3gg000¢C
C.35752302E-05 0.25C00C
C.87809770E-06 0.2cC0CC
0.21083075€-06 0.150000
0.49451751E-07 0.1c000C
g.iﬂlsiZJJE-O, g.o:ucoc

0.250000

Psi
l1.000C00C0
0.99024393
0.96313672
C.92305496
0.87500580
0.82284252
0.76885518
0.71417361
C.65927526
0.60433225
0.54935359
0.494486586
0.43954407
0.38462225
0.32969598
C.2T7476285
0.219822C2
0.16487385
C.1C991956
0.05496091
O.

0.30c0C0C

(21!
1.0C0CC000
C.95130770
0.96675280
0.92937253
0.88317598
0.83180580
0.77780683
0.T72264877
0.667C6149
0.61136083
0.555656358
0.5C000247
0.44437542
0.38878737
0.33321819
0.277¢6500
0.22212258
0.16658713
0.11105604
0.05552746

0.
0.350C0C

PSI
1.0C0C0C00
0.99211631
0.96966422
0.93483292
0.85073794
0.84059822
0.78699563
0.73164298
0.67551953
0.61911868
0.5€266031
0.5C622857
0.443984750
0.39351743
0.33723108
0.28057969
0.22475512
0.16855041
0.11235961
0.05617767
c.

0.400000

PsI
1.0C000000
0.99275758
0.97204991
0.93953554
0.89762234
0.84903107
0.79620665
0.74C57839
0.68452965
0.6275390%
0.57035603
0.51314194
0.4559613%
0.39883373
0.34175943
C.28473178
C.22774220
0.17078201
0.11384317
0.05691818
0.

X= 0.277778

EMEGA
C.7B04B586E D1
C.70478B6%E OL
0.54593616E 01
€.35157407¢ 01
0.19304159€ 01
0.93204951E 00
0.405338137e-00
0.16171565€-00
0.59990481E-01
0.20918407E~01
0.69150353E-02
0.21819177E-02
0.66075445€-03
0.192897516-03
0.54484002E-04
C.14933279E-04
C. 3981454 TE-05
0.10345068E-05
0.26165903E-06
0.61384727E-07
C.

= 0.357143

BMEGA
0.69538413E 01
0.63588394E 01
0.52920856E 01
0.37614208E 01
0.23089854E 01
0.12505648E 01
0.61003341E 00
0.27248918E-00
0.11291285E-00
0.43856692E-01
0.1610117CE-01
0.562549126-02
0.188086T2E-02
0.60454904E-03
0.18750545E-03
0.56293276E-04
0.16401128E-04
0.46460906E-05
0. 12T71793E-05
0.32222097E-08
0.

x= D.448T18

EMEGA
0.63069521E 01
0.58560017E
0.50476556E
0.38637843E 01
0.26018436E 01
0.15583604E
0.84328289E 00
0.41822582E-00
0.19236611E-00
0.82857292e-01
0.336B7586E-01
0.13013668E-01
0.480273T1E-D2
0.1TO101TSE-0Q2
0.58036949E-03
0.19135980€~03
0.61134326E-04
0.18958171E-04
0.56884918E-05
0.15486351E-05

0.
X= 0.555556

EMEGA
0.57936131€ 01
0.54024324E 01
0.47794174E 01
0.38623186E 01
C.28036104€ 01
0.18314552¢ 01
0.108745646E 01
0.59359409¢ 00
0.30095012E-00
0.1429&£500E-00
0.641049T78E-01
0.273C0333E-01
0.11100002E-01
0.43278141€E-02
0.16241241E-02
0.58848852E-03
€.20642041E-03
0.7020261TE-04
0.23034222E-04
0.67694832E-05
C.



¥

l.CCecce
C.95cCcCC
C.sCcccC
C.85CCoC
C.8Cccoc
C.7500CC
C.7CCCCC
C.65CCCC
c.&CCCOC
C.550C0¢C
C.5C0CCC
C.45CC0C
C.&CoCCC
C.35000C
C.3CcCCCC
C.25¢CC0C
C.2Cccoc
C.150C0C
c.1CCcec
C.05cCoC
C.

Y
1.0€Cc00¢C
C.95¢CCCC
c.9CcCcoC
C.850CCC
C.B8C000C
C.75CC0C
C.7CCCOC
C.e5CC0OC
C.6C0CCC
C.55CCCC
c.5ccccC
C.450¢0C
C.4C0COC
C.35CC0OC
c.3Cccoc
C.25C00C
C.2CCC0C
C.15CCCC
c.1cccec
C.c5¢C00C
C.

¥

1.CCCCCC
C.S5CccC
C.9cccoc
C.8500GC
C.8cccce
C.75¢CCCC
C.TCCCOC
C.&5000C
c.6CCCCC
C.55CCCC
c.5cocer
C.4%00CC
C.4C0CCC
C.35ccCC
C.3ccccc
C.250cCaC
C.2CcCCCC
C.15coCC
C.1C0CCC
C.0sccCC
[

ETa=

¥
lL.ccccce
c.95CC0C
c.9cc00C
C.85Ccoc
C.ecoccc
C.75000C
C.7C000C
c.65CCCC
C.6CCCOC
C.5%CCCC
C.5C0cCC
C.45CCCC
C.4ccCCC
C.35CccC
C.3C0c0C
C.25CcCC
c.2cccCC
C.15¢CCC
C.1Cgo0cC
c.0sccCe
C.

ETA= C.450CCC
PS]

l.cCccocur
0.99328247
C.974C3794
C.944359133
C.9C3221394
Q.R56577656
G.a05252130
C«T5C47093
C.6%384761
C.63£52597
C.5T8A960%
C.SZC11749
C.4£271510
0.4C4T4176
0.3468147]
C.28893515%
0.22129748
0.173293&8
C.11551521
C.05715345
Q.

ETA= (0.5CCCCC
PS1

1.0CCCCCI0
C.99372C84
C.97571950
C.94710393
0.9C93777¢
C.B6430TUS
C.81358260
C.75954L82
C.7C36181R
C.64590318
C.58786C4T2
£.52891234
0.47CCARSS
C.41123%30
C.35239840
C.253595186
0.2348275¢C
0.176C9151
0.11728031
0.C5868593
C.

ETA= (.55CCGC

Pl

1.CCCCCCoo
C.954C9392
€.97716229
C.95016688
0.91434009
C.87117819
0.82229943
0.TES26CIS
0.T7T1329334
C.655T292¢
C.55699 /54
C.5376T7126
C.478C5R7C
C.41820P33
C.35851429
3.25871512
0.23854040
C.178182¢&0
Cal19443LC
N.05971828
[

G.a00CoC

PSI
1.gcacocon
0.994418H3
0.97842155
C.95286¢E061
C.91879482
C.87743045%
0.83015731
C.77821557
C.723157%2
C.6L57218L
Q.6CHET49C
C.5465T7721
C.486L2CR1
U.42597675
0.3e518861
C.3C423704
C.24346413
C.1825E9464
C.l2172C84
C.CLCASH&N
Ca

=200~

TABLE VII. - Continued
x= U.2B)81%
YMEGA v
C.537140282¢ 01 t.6CCo0C
« 59199487 O1 C.95CC0C
C.45146615TE D1 C.SCCCCC
C.37971715t Ol C.25cCCC
Ca29221C3Ce C1 C.8CcC0C
0.26544758: 01 C.7500CC
C.13741518c C1 C.7CCCCC
C.788%54538¢ CO C.&5CCCC
C.43749151e~-00 C.&CCCOC
Ca22T854625 -0 C.5500CC
C.l1213548E-0U C.5CCCCC
CaS2689442¢-01 C.45CCCC
Ca23627135L-11 C.4C00CC
C.19934715e-01 C.3500CC
C.41368535¢-02 c.3ccece
C.lbLab1e83¢-02 €.25CcCC
C.63355594:~-03 C.2CcCCoC
C.2385425C¢-03 C.15000C
C.E4BT64CY-D4 C.1CcCCC
C.26889722c-04 C.C5CCCC
C. C.
x= £.833323
EVEGA Y
C.50234734€ 31 L.0CoCCC
C.46939925: 01 C.95CcCC
C.42656132c O1 C.9CcC0C
C.366441C8E GI C.8%0CCC
0.29723C5Ct €1 c.8co0ccC
C.22213260E ©O1 c.75¢CCCC
C.153TA718E C1 C.7CCCCC
C.99022C7¢E CO C.&5CCCC
0.596T8666E 0O C.46C000C
C.33BLBC38E-00 C.55CCCC
C.18201€72e-00 C.5CCCCC
0.9310¢1C3:-C1 C.45C000
0.45531529-01 C.4CCCCC
C.2136995TE-01 C.35CC0C
C.96582615¢E-C2 C.3CC00C
C.4215%523E-02 C.25C00CC
0.17809942E-02 C.2Cg00C
C.T2B0429CE~03 C.15cCCCC
0.265593C9E-03 C.1CCC0C
C.97272182E-04 C.C5C0CC
0. C.
a= 1.018519
eHEGA ¥
C.4T724R601F 01 l.CCCCCC
C.44132C00F 0O} C.S5CCCC
C.40370416E O1 C.9C000C
N.35558316¢ 01 C.B850C0C
C.29713712€ O1 C.8CCCCC
Ce23338243E C1 C.75CCCC
C.1T174C17E €1 C.7CC00C
C.11854813E 01 C.650CCC
C.TTC3LBEGE OO C.8CCCCC
C.4T7340751E-00 C.55C00C
C.27637C56L-00 C.5CC00C
G.153934876-00 C.45C00C
0.82123298e-01 G.saCcCCCC
C.42110813¢-01 €.350C0C
C.208188CSE-01 €.3cgooc
£.9949555CE-02 €.250CCC
C.46054857E-02 c.2¢CC0C
C.20633554¢-02 C.15¢ccoC
C.88147257E-03 €.1C0C0C
0.321586816-03 C.C5000C
C. C.
X= 1.2500CC
PVEGA ¥
Cohdb49362€ 01 1.eccccc
GC.416808862C 01 €.95¢cceC
0.3829435Ct 01 C.9C00ucC
C.34203401¢E OI C.85¢ccC
C.29353423¢ Ol C.8cccee
C.2399217CE 01 C.75CCCC
C.185B7T15%¢t 1 C.7CCCCC
C.13633779¢ D1 C.85CCCC
C.9%8151¢9 ©C C.6CcCCCO
C.E265!1949 OC C.55CCCC
C.39542537e-C0 C.5C0CCC
Ca23474¢614L-0C O.45CCCC
C.13R4219CL-00 C.4CCCCC
C.773182C3E-01 €.35¢CCCC
C.41711395€-01 C.3C0CGC
C.217TR4893E-01 G.25¢CCCC
C.11829719e-0C1 c.20CCCC
£.54C0T143L-02 C.15CCaC
N.2526545%9e-02 C.1c000C
0.9T4FICES5E-0) g.BSCCCC
C. -

l.ceccerng
C.9547C58Y
C.STa58T717
G.95%29128
C.92284016
0.8E3225%
C.83758540
C.TET09041
C.732861133
C.tT7565135
C.617CC03I2
C.55682220
0.49581902
B.6343C05L0
C.3725C4N%
C.31C%3395
C.2484751C
C.1EB3 7445
C.12425536
C.Ce212900

a

ETAa= Q.7CCCCC
PS1
L-ccoocc e
C.SS458C 49
C.98CS53 744
95753199
T.92660CH4
C.B8866A5]
C.B44688 74
C.T95£5457
C.Ta254619
C.6E62T7489
C.62T63929
C.56730076
D.5C577515
C.t4346382
C.380&3164
C.31748044
0.25413121
O.15Ce6T1T
0.12713864
C.CEA5T8L4
G.
Ela= C.75CC00
Ps1
1.8CCCco000
C.955242131
C.981588561
0.95967792
C.93020R09
£.89392517
0.B5182964
D.8C415617
C.752243217
C.69599748
C.6238EC64
C.57858278
C.51671C50
0.453¢8423
C.38984545
C.32544488
C.2eC68307
C.19587¢16
C.12052C39
C.085276545
L
ETA= C.BCCCCC
Psl
1-CCOCCCO0
€.9955C34P
0.982576%9%
C.S&1756T3
CT.93376984
C.B5913458
£.85856210
C.H1274T748
C.T6237%s17
C.7CB1938%
0.6508C4T73
C.55C8320%
0.52381359
C.4£521197
J.4C0&1272
C.334728132
C.2686C81%
C.2C1838%)3
Cal 2457417
C.C6TI29%5
C.

s 1.547615

<¥EGA
Le423213E3E
1. 394536 T4E
C.38407223¢
C.32354398L
C.28713417c
0.242739C1k
019625419k
C.15168677L
3.11204€£90r
0.73155%916 00
0.53672543L QO
C.34984275L-00
2.21949C59E-00
913313695690
C.1H154945E-01
C.44509588L-01
L.264595349E-01
C.131243C0E-01
C.658E8C245e-02
C.2T716T7€21t-02
C.

cl
01
01
¢l
o1
o1
o1
o1
a1

Xw l.544444

EMEGA
2.401565CCF
C.AT4STELSE
C.3466779¢
C.31542554¢
G.28066755E
€.2428233%
€.2033%408;L
C.16432551¢c
0.12797891k
C.56056148 00
C.695564949E Q0
C.4BE4CHT4E-COQ
0.329216TCE-00
C.216C2242E-00
Ca 13764138600
C.85240271E-01
C.51250079E=01
C.2967TT111E-01
C.160173T4E~01
C.6959288CE-02
C.

01
o1
o1
ol
a1
ai
¢l
el
o1

A= 2,500000

EFEGA
C.38061439E
C.35594565¢E
0.33021133¢
0.30264381E
C.27285662E
C.24C98583
C.207T74551E
0.17432590E
C.l4214422F
C. 11253837k
C.86514327 OC
0.6461743CE GO0
C.469340406-00
C.33184858E-00
€.27857CPSe-CC
0.15331563E-00
€.59825267¢-01
C.623412329¢:-01
C.359C154CE-01
0.16317382e-01
C.

o1
el
cl
€1
01
o1
c1
at
ol
ol

X= 3.333333

BMEGA
C.3I59T05E69E
0.33724373¢
C.31415225¢
€.28998282E
C.264496872¢
C.23772833¢
0.21CC0417E
C.18193588
C.15432812¢
0.12804143€
C.10385C54E
C.82332849¢€ 00
C.6381C942€ OO
C.483505026-00
0.357992%1e-00
C.25847115€-00
C.18088239E-00
C.120737CEE-0C
C.73474564E-01
0.345654C03E-01
Ca

ol
ol
o1
a1
o1
21
a1
al
o1
o1
o1



ETA=

Y

l.0CccoC
C.950CCC
Cc.s5cCCCC
C.85CC0C
C.8CCCO0
C.75000C
C.7CCCCL
C.&5CCCC
C.6CCCCC
€.55000C
C.5CCCCC
Q.45CCCC
C.4Co0CC
C.35000C
C.3CCCCe
C.250CCC
c.2ccooc
C.1s5c00¢C
C.1Cccoc
C.Csccoc
C.

b J
L.ococcC
C.95CCCC
C.9CCCCC
c.8500cC
C.8CC00C
C.75CCCC
c.7CCCCC
C.65C00C
C.&CcCCC
0.55CCCC
C.5CCCCC
C.45C000
C.4C000C
0.35CCCC
C.3lccce
C.2500CC
0.2C000C
0.15cCCC
C.1C0c0C
C.050c0C
c.

C.850cCC

Psi
1.0CCCOCCD
C.95576586
C.458356405
C.596390498
0.93731242
0.9C432768
C.8855C923
C.82142925
C.772¢6645
2.71975634
Q.6£337945
C.6C394979
C.54200429
0.47759498
0.41232423
0.34534372
C.27735623
0.2C862040
G.13935757
C.06975996
Cs

0.9ceCiC

PS1
l.CCoeccoe
G.55601628
C.98450448
0.9€59073C
0.94067284
C.9C9255%4
c.87211803
C.82972597
Q.78254931
0.731C5673
C.67571127
C.61696544
0.55525623
0.451CCOBS
C.42459349
C.35640351
0.28677521
0.2'6C2909
C.l44484T1
C.072386473
c.

~208 ~

TABLE VII .

x= 4.722222

EMECA
C.23BT46351E 0L
0.318657C7¢ 01
0.29831909€ 01
€.27738237: 01
C.2557L083E 01
C.23345442E C1
C.2106C378E 01
€.18748832¢ 01
C.16459126E 01
€.14210287€ 01
0.12076C95€ D1
€.100891C5¢ 01
0.82808£12¢ 0C
0.66700350E 00
0.52616CH1E 00
C.404774926~00
C.300981886-C0
0.212C8C51E-00
0.13477530E~-00
C.65383977E-01
C.

X= 7.4999%9

EMEGA
0.31869T68k 01
0.301124323¢ 01
C.2834224¢¢ 01
C.26550341E 01
0.24731997k 01
G.2288B7182E 01
0.21021002¢ 01
C.19143T1&€E 01
0.17270218E 01
0.15418828€ ©1
C.13609549€ 01
C.11861996E ©C1
0.1019329%¢ 01
0.86163227¢ 00
C.71383592¢ 00
0.57604551€ 00
0.447732876-00
€.32778081E-00
C.21456€13E-00
C.10&06932E-00
C.

= Continued
ETA=

¥

l.cCCCCC
C.95CCCC
c.9cocce
c.85000C
c.BCCcee
C.750C00
C.TCOCOC
C.65000C
C.e(CCCC
C.550CCC
C.5CcccC
€.4500CC
C.4{CCCC
C.35CC0C
C.3cococe
C.25000C
C.2CcCcCCC
C.150¢c0C
C.lCCCCC
€.05000C
C.

ETA=

¥

L.CcCCCOC
C.95000C
C.90000C
0.85CCCC
C.8cocce
C.75C0CC
g.7000CC
C.65CCCC
c.&6CCCCC
C.55000C
0.5C000C
0.450C0C
C.4CCCOC
€.350000
€.30000C
0.250C0C
C.2C0CCC
C.150CCC
G.1coccC
€.c5¢cCC
C.

C¢.850C0C

PS1
1.0CCC2000
0.99620507
0.98520894
0.9&£74CC89
C.94317108
C.91291083
€.877C125¢C
0.83586933
C.78587493
0.73942262
C.68450460
0.62671100C
C.565229086
C€.5C084215
C.43392918
0.364864C1
0.254C1539
C.22174712
Cal4341846
0.07438508
C.

1.c00cC0C

Ps]
L.cCocoCoo
0.99631249
0.98549999
0.96793749
0.94399998
C.914C8624%
0.878495998
0.83T68748
C.79199998
0.74181249
0.6ET49999
C.62943748
0.56799999
0.5C35625C
0.43649599
0.36T718749
0.296C0C0C
€.2233125¢C
0.14950C00
C.0T493749
c.

x= 15.833332

EMEGA
0.30359446E 01
£.28804749¢ 01
C.2T24719%E Q1
0.25687111E 01
C.24121968E O1
€.22552490¢ 01
C.20979&66E 01
0.19405354k 0L
C.17832202€ 01
C. 16263486 01
C.14702869E 01
G.13154075¢ 01
€.11620536c 01
C.10105G47E 01
0.B6094492E CC
C.71343917E OC
0.56752077c 00
C.42418954L-00
€.28192201E-00
0. 14069206E-00
C.

ENEGA
€.29999999% 01
0.28499999E 01
0.26999999€ 01
0.255C0000€ 01
C.23999999c 01
€.22499999E 01
0.20999999¢ 01
C.19499999¢ 01
C.17999999€ 01
C.16499999E 01
0.14999999€ 01
C.13499999¢ 01
€. 12000000t O}
C€.10500C0CE O1
0.8999999% 00
0.74999999E 0OC
£.59999999€ 00
€.4500000CE-00
0. 300C0CCCE-00
C.150C0C0CE-00
C.



]

l.C0CCCC
€.95CccC
C.s0CCCC
0.85CCCC
C.80CCCC
C.75CCCC
C.T7CCCCC
C.e5CCCC
C.60CCCC
C.55CCCC
C.50CCCC
C.45CCCC
g.4C0CCCC
C.35CCCC
c.30CCCC
€.25¢CCCC
0.20CCCC
C.15CCCC
c.1occce
C.05cCCCC
C.

Y

1.0CCCCC
0.95ccCCC
G.90CCCC
C.B5CCCC
c.BccccC
0.75CCCC
0.70CCCC
C.e5CCCC
C.s0CCCC
0.55CCCC
C.50CCCl
C.&5CCCC
c.40cCCC
©.35CccC
0.30CcCC
C.25CCCC
€.20CCCC
¢.15¢CC0CC
C.16CCCC
e.csccce
c.

Y
l1.cGcccc
@.ss5¢cccc
0.90cccC
0.85ccCC
c.accccc
g.75¢ccCcC
g.70cccC
0.&5CCCC
C.6CCCCC
C.55CCCC
0.5Ccccc
C.45CCCC
C.4CCCCC
0.35¢CCCC
0.30cCccc
C.25CCCC
€.20CCCC
0.15CCCC
0.loccce
0.05CCCC
C.

‘)

1.C0CCCC
C.95CCCC
C.9cCCCC
C.85CCCC
c.eccccc
C.75CCCC
c.70CCCC
0.&5ccCC
C.860CCCC
€.55CCCC
g.50¢CcCCC
0.450CCC
C.40CCCC
C.35CCCC
€.30cCCC
€.25¢c0CC
C.20CcCC
€.15cCCC
0.l0CcccC
g.05¢cccC
0.

TABLE VIII.

uty)
E.C559555%E
C.CSS95C55E
C.C55SS7SSE
C.LS595S55E
C.CSS95565E
C.CSSISEGSE
C.CSS9STGSE
C.CS595985E
€.C5595°9SE
C.C5555556E
C.C559576SE
C.CSSI5C55E
C.C559S5SSE
C.C5595¢C5SE
C.CSS9SCSSE
C.CS99S°9SE
C.CS95555SE
C.CSSHSCSSE
C.C5555SGSE
C.C5%9S%5SE
C.C5595955¢E

utx)
C.SSSTERESE
C.SSSTESSTE
C.5597T7S5E
C.5SSTS?0TE
C.5SSB1Y52E
C.SSS83<SEE
C.5558£™52E
C.55589%81E
C.55592P45E
C.595967 8EE
€.1CCOCTC3E
C.1GCOC & TE
C.ICCOC722E
C.16001r6CE
C.1CCOLT7CE
C.ICCOLF46E
C.1CCOL®R1E
C.1CCo2r71E
C.1GC02?1CE
C.1CC027S4E
C.1CC02722E

utx)
C.5552C 6 2E
C.5SS21753¢
C.SS%924"CAE
C.5952S165E
€.55935°13Ce
C.5S5447E3E
C.SSS53RELE
C.5956441CE
C.SS975S8IE
C.SSS8EV1EE
C.1CCOCrsS2E
C.1CCOl%8EE
C.1CC0268LE
C.1CCO2#23E
C.1CCO4*=&7E
C.1CCOE=S3E
C.1LCO0E733E
C.1CCOTr1SE
C.1CCOTea1E
C.1CCOTY64E
C.1CCOT®6CE

uix}
C.59T9¢"32E
C.59T795424E
C.SSEO0T718CE
C.SSELSPSSE
C+S58377CEE
C.SSESE=ESE
C.55EB83445E
C.555117T1E
C.5554C747E
C.S5S5T12ESE
C.1CCOCTCEE
C.1CCO241SE
C.1CCOE%2¢EE
C.10CCS?5EE
C.ICCLI®4SE
C.10Q14T41E
C.10C1€MBTE
C.ICC1TF43E
C.ICCLETTEE
C.ICCLS%&SE
C.1CCLIS7CIE

OONAOOAOOA000
o e

cl
cx
c1
cl
cl
cl
c1

=269 -

ETA =

uiy)

ETa =

Uyl
C.
-C.40715333E-04
+ECACS545E-06
-C.11B0E425E-03
=C.1527574CE-C3
=C.1838€6426E-C2
-C.2C99%259E-C3
~C.23C9E64EE-03
—C.24625E85TE-C3
~C.255646432E-C3
-C.25833456E-C3
~C.25484875E-03
~C.24511635t-C3
-C.2293E522E~-C3
~C.2CBCEL75E~03
-C.181656846E-D2
=C.15094C&40-02
-C.11651114E-013
=C.T9261289E-C4
=C.4C11B974E-04
C.

ETA =

uty)

C.
~C.13215451E-03
=C.26097269E-C)
=-C.383CCIELIF-0)
=C.49515592E-02
~C.5948C32%9E-C3
-0.£7885973€-03
-C.745871719E-03
=C.15412221F-03
=C.B224ET1C1E-C)
-C.E3042937E-C3
~C.E1T982C1E-0Q3
-C.7855£8520-03
~C.734]| 2627E-C3
~C.66504335E-03
-0.5B800S5142E-03
-C.4B8138C59E~-013
=C.2T127€657E=C2
=C.252450859E-03
=0.12772114E-03

C.

ETA =

uty)
C.

=C.33252449E-03
~C.£560C364F-03
=C.5€15C158E-02
=C.12405114E-02
~C.1487CC24E-02
=C.14935365¢-02
~C.18557452E~02
-C.15701CC3E-C2
~Ca20344448E-02
=C.204BC4S0E-C2
=0.20114453E~02
=C.192623239F~C2
=C.17954921E~-02
—C. 1622684802
~C.14124513E-02
~-0.11695SC3E-02
-C.50115C70E-03
=C.61215340E~03
~C.3094583CE-03

C.

-1.cocecc

-C.70CCCC

-C.&5C0CC

-C.&00CCC

A e oo
-dprdn -grsax
Ce G-
0. 0.
Ce 0.
0. Q.
Ce g.
g. 0.
Ce 0.
O. 0.
[ 0.
0. c.
e. 2.
05 0.
C. 0.
C. [+
C. 0.
Q. Oa
c. 0.
C. .
Ce 0.
0. 0.
(- 2.
X o= —1.944444
-3Pr -3p/3x

0.75282298E-02
0.74436089€-02
C.71619718FE=02
D.670078356-02
0.£0704503E-02
0.92903952E-02
0.43799238E-02
0.33599523E~02
0.22647211E-02
0.11165857E-02
=C.58757760E-04
-0.12258773E-02
-0.23591202€-02
-0.34308698E-02
-0.44177037€-02
-0.52925821€E-02
~C.603T74445E-02
-U.66387101E-02
=C.T0751229E-02
~0.73407345E-02

-0.614128B4E-03
=0.8039097T9E-0L)
~0.77344929Te-0)
-0.T7234B464E-03
=0.655608565F-0)
-0.5T1362T0E-G3
=2.473031786-03
=0.3628T4BTE-0)
~0.24458988E-0)
=0.12059126E-03
0.63458382e-05
0.13239475e-03
0.25478499E-03
0.370533956-03
0.6TT11202F-03
0.5TI59ERBE-03
0.652044C3E-03
0.T16980T1E-03
0.76411328E-03
0.T9279934E-03

-C.743116556-02 0.80256590E-03
X = -1.547619
-3e/dn -ar/ox

C.l75T13T7BE-0O1
C.17738926E-01
0.L7C47522E-01
G.15916518E-01
C.1438C225E-01
D.l2482623E-01
0.1C2T7E505E-01
C.7B267984E-02
¢.5196C757C-02
0.24557341E-02
=0.3191776TE-02
~C.3CE57659E-02
-0.5717760%E-02
=0.82129234E-N2
=0.106493112F-01
=C.12507834E-01
-0.1421E87T7E~01
=C.15586662E-01
-0.16581435€~01
=C.17187721E-01
=0.17392045E~-01

-0.26417926E-02
-0.26076223E-02
~0.25059859€-02
-0.23397283£-02
-0.21138931E-02
-0.1834945T6-02
~0.15106462F-02
=0.11505394£-02
-0.76282317¢E-03
-0.36099293E-03
0.469191196=-04
0.45066T60F-03
0.840510836-03
0.12072998F-02
0.156248T76F-02
0.18386516F-02
0.20901750F-02
0.22912366€E-02
0.243T4T11E-02
0.25265951F-02
0.2556630TE-02

X = =1.250000

-dp/sdg -3p/ox
0.345688636-01  -0.06372217E~02
0.34096545E=01  =0.65465367E-02
0.32688450E-01  -0.62761902E-02
0.30393934€-01  -0.58356354E-02
0.27299938E-01  -0.52415881E-02

0.23505015E6-01
0.19136316E-01
0.14335718E-01
0.92390613E-02
0.39922619€-n2
=0.12648262E-02
=0.64C556T4E-02
=0.11313932e-01
=C.1588C819E-01
=0.20C15156€E-01
=U.23842591E-01
=0.26694552E-01
=0.29117953E-01
=0.30878934E-01
=0.31946563E-01
=0.32302924E-01

~0.45129630E-02
-0.36761728E-02
-0.275245T9E-02
-0.17T738998E-02
-0.T6651429E-03
0.242846650-03
0.12299457E-02
0.21722749€-02
0.30490789E-02
0.384291C2E-02
0.45393T75E-02
0.512535400-02
0.55906472E-02
0.59287559F-02
0.61337402E-02
0.62021615E-02

Velocities And Pressure Gradients For Case II With A 40 x 20 Grid

-grsay

-3prdy
Ua
-0.11622500E-03
-0.22938458E-03
-0.33688285€E-03
=0.43571204E-03
~U.523TU558E-U)
~0.59849361E-U3
~C.65833814E-03
~0.70172748E~-03
-0.72760762E-U3
=U.T3540%66E-03
~0.T2518884E-03
-0.69716324E-03
-0.652238%4F-03
-0.591322%1E-03
=0.516185506-03
~0.428T1671E-03
~0.33016605E-03
=0.22497239E-03
~U.11388255F-03
L

-arrav

Ua
~0.40151624E-03
-0.79255909€-0)
-0.11622149E-02
-0.15012815E-02
-0.18006862F-02
-0.20529955E-02
-0.22521758E-02
-0.23941065F-02
-0.24752032E-02
-0.24950850E-02
-0.24535737E-02
-U.23525538E-02
-C.219502506-02
-0. 19856 T15E~02
-0.17299673E-02
=0.14338140E-02
~0.11050270E-02
-0.75103095€-03
-0.37976241E-03

0.

- aP/dY
0.
=0.10516561E-02
-0.20721797E-02
-0.30319232E-02
~0.390330T1E-02
~0.46636810E-02
-0.52932195E-02
-0.57T85548F-02
-U.561095072E-02
-0.62832450E-02
-U.5629830B9L-02
-0.61597819E-u2
-0.58753311E-02
-G.545576 T4F-02
-0.49139293E-02
-0.4264164TE-02
-0.352330T1E-02
~0.2TUBLITSE=( 2
~0. 1B36BT40E-U2
-0.92783T8IE-u3
.



¥

l.cccccc
Q.55CCCC
C.5CCCCC
c.escccc
C.8CCCCC
c.75CCCC
c.rCCCCC
C.65CCCC
0.60CCCC
C.55CCCC
c.50ccCC
C.45CCCC
C.40CCCC
C.35CCCC
C.30CCCC
C.25cccc
0.20CCCC
C.15CCCC
C.lCCCCC
c.C5CCcC
C.

¥

l.CCCCCC
0.950€CC
C.90CCCC
C.Bes5CccC
C.80CCCC
C.75CCCC
C.2ccCce
C.65CCCC
C.6CCCCC
C.55CCCC
c.50CCCC
C.45CCCC
C.4CCCCC
0.35CCCC
C.30CCCC
C.25cCCCC
c.20cccc
C.15CCCC
C.l0CCCC
c.cscccc
C.

¥

1.C0ccCcC
C.95cccC
c.so0cccc
C.85CCCC
C.gccccc
c.75¢CCC
c.70cCCC
C.65CCCC
C.seCcccce
C.55¢CCCC
€.50ccce
C.a5CuCC
C.4CCCCC
C.35CCCC
¢.30CCCC
C.25CCCC
C.2CCCCC
C.15CcCcC
c.10€cCC
c.chccce
C.

¥
1.c00CCC
C.85C0C0L
c.5cCcCe
c.85ccce
C.ecccce
C.75CCCC
c.recccc
C.e5CCCC
C.e0CCCe
€.55CCCC
c.5CCCCC
C.45CCCC
C.40CCCL
€.35CCCL
c.3ccccc
0.25CELCC
c.2ccecc
C.15CCCL
C.100Ecc
c.Csccce
C.

uir)
C.55572CICE
C.5SSTSEEAE
C.5S59CTLEE
C.SSE24C25E
C.%9E62Y13E
C.SST1082 150
C.59161F12€
C.S%82CTLEF
C.SSE82CZEE
C.59547%2CE
C.1CCD1?5CE
C.1CCO7%27E
C-1CCL3VISE
C.1CCIS4TE
L.1CC24F 1 BE
C.ICC25V11E
C.1CCI2714F
C.ICCIEmT4E
C.ICC3EYSTE
C.ICCASE4LE
Ca.LCT&CM35E

Liv)
C.55215°25E
C.99231724E
C.S9264°77C
C.592E9C2L
C.59391%12¢
C.596TSP94F
C.SSSACET1E
CsSOEICTRLE
C.SSBO0S72EE
C.55522411F
C.1CCO2%E3E
C.1CC1SVICE
C.l0C25T4EF
C.1CC35=&CE
C.1CCa4"TTE
C.1CC52r57E
C.1CCSE4R3E
C.1CCo2SEEE
C.1CC867242¢
L. 1C08545¢L
C.1CCTC211E

LYy
C.SETC1T4SE
C.SET227C2F
C.SE782755F
C.SEEHIF3IE
C.55C12188%
C.SS16ETLEE
C.5%24240CE
C.5%52EFS3E
C.5972C%82C
C.S6S11%2¢E
C.1CCCSTS5F
C.ILC2Tea4E
C.1CC42°R0E
C.1CCSE®L4E
C.ILCT274a0E
C.1CCB2R3%L
C.lCC92°1IE
C.1CICCTEIE
C.ICI05%C4E
C.1CICE®LIE
C.IGIUS®EE

uiv)
C.5TSTE4TE
C.58CE5T32E
C.SH124733C
C.S8Z9L7CSE
C.SBS1ET3TE
C.SETTET2SE
C.SSCE2MESL
C.5925€7C 2
C.S%E51472L
C.5553E% 8¢t
C.1CC2175S4E
C.1CCak%C1E
C.1lCE9h45E
C.1CCaCr 14
C.1CIOTEELL
C.1C1221&1¢
C.1C13%%86CE
C.1C1457EEF
C.1C1527¢CCE
C.I1CISEL55F
C.1C157 44k

cc
cc

e
cc
(4
(4
cc
cc
cc
cc
c1
c1
cl
c1
cl
cl
cl
cl
c1
cl
cl

cc
c
cc
cc
cc
cc
cc
cc
cC
cc
ci
ci
€1
ci
cl
cl
cl
c1
cl
cl
cl

cc
cc
e
£
cc
cC
ce
cc
cc
cc
ri
1
cl
ci
cl
L |
cl
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U 2609351 3E-01

=G.19u65593E-ul

=0.131673T726-01

~Ue 65601324002
[
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) J
l.CCCCCC
€.95CCCL
€.50CCCC
C.BSCCCC
c.BCCCCC
C.75CCCC
C.7CCCCC
C.45CCCC
c.t0cCCC
C.55CCCC
C.50CCCC
C.45¢CCCC
c.40cCCC
c.35CcCC
€.30cccc
C.25CCCC
C.20CCCC
C.15CCCC
C.leccce
€.05CCcCcC
C.

¥

1.CO0CCCC
C.95CCCC
C.5CCLCC
C.85CCCC
C.80CCCC
G.75¢CCCC
€.70CCCC
C.e5CCCC
C.6C0CCC
€.55cCcC
C.50ccCC
C.&5ccCCC
€.40cCCCC
C.35CCCC
C.30CCCC
C.25CCCC
C.20CCCC
G.15C¢cCC
g.10cCCC
€.C5CCCC
C.

]

l.CCCCCC
€.35CCCC
C.50CCCC
c.85ccCCC
C.80CCCC
C.75CCCC
€.70C0CC
0.45C0CC
C.ecCCCC
C.55CCCC
C.50CCCC
C.45CCCC
C.4CCCCC
€.25CCCC
0.30cccC
C.25CCCC
€.20CCCC
C.15CCCC
0.l0cccc
C.C5¢CCCC
C.

¥

l.ceccce
€.595CCCC
€.screcce
C.escccc
C.80CCCC
c.75¢CCC
c.7ccccc
C.e5ccCC
C.ecccCC
C.55¢CCCC
C.5CcCcc
C.45CCCC
C.40CCCC
C.35CCCC
c.3ccccc
c.25CCCC
c.20cCcCCC
c.15CCCC
c.lccccc
c.c5cccc
C.

uerl
C.ETEST®ZEE
C.EETITI83¢E
C.SCSTCrICE
C.S32647CEE
C.5550774EE
C.9T282°4BL
C.SET1SYISE
C.SSETE"SCE
C.1CCB1412¢
C.1C157°%BE
€.1C22C7C1E
C.1C272485¢
C.1021575¢E
C.1C35C485E
C.16278%52¢
C.1C40271EE
C.iC42C7EIE
C.10634"57E
C.lCea4174E
C.1C4s5855h
€. 1045174CE

ute)
C.E221T214¢
C.E&SIS°CTE
C.EE89272EE
C.52T4C 26EE
€.55632V21E
C.STT56%2CE
C.55243734E
C.1CC55764€
C.1C15C9223¢
C.1C226275€
C.1CZBE725E
C.1G23E5CCE
C.1C375445E
C.10512773¢
C.1C44CP55E
C.1046295%E
C.I04BC7CTE
C.10697778E
C.1C502455€
C.1C507%82E
C.1C505%64E

utxg
C.T2594V42E
C.78512765E
C.ETS&E423E
C.531257sSE
C.9&508FI1CE
C.SETLEr&TE
C.10027774¢E
C.ICI&3r8CE
C.1C232™15¢
C.1020212¢E
C.1036C14SE
C.IC&0E~ALTE
C.10444%S¢EE
C.104TSSC04E
C.I0501736E
C.1C521754E
C.1C537%62€
C.1C549971E
C.1CSSE4Z1E
C.10563412E
C.1CS565764E

utx)

C.

C.7C515"35E
C.BEE22NaTE
C.55C32%ESE
C.SE16GTEILE
C.1CCCSTT4E
C.IC142957¢
C.1CZ42"37E
C.1022CkE4E
C.1C2B2%E2E
C.1C42272GE
C.1C4T4721E
C.1C50E"CEE
C.1C53&7S8E
C.1C555"CCE
C.1CS5TE™CSE
C.IC592P75E
C.1Ce02°7CE
C.1CE11=53E
C.ICELETSEE
C.1CEL1T#C1E

cl
c1

(44

cC
cc
cc
cc

1
cl
€1
cl
cL
c1
c1
ol
cl
c1
c1
cl
cl1
cl

=22~

TABLE VIII. - Continued

ETA = -C.15CCCC
i)
C.
-C. 36520545001
=-C.63TRICCIE-O1L
=C.75077z55E-01
-C.TEATITS1E-CL
-C. 77262188601
=C.T3R17259F-01
~C.e5181723c-01
=C.£39651CIE~01
=C.58691E2TF-C1
=C.529342C9F~01L
-C.47381TLEE-CI
-C.4187€254(-C1
=L 364425Z17-C1
-C.210751£B8E-C1
=C.Z57B4T39E-CL
=C.20551273E-C1L
=C1536Ei77E-C1
=C.10222745E-01
=C.51052¢t¢6E-02

Cc.

ETa = -C.lCCCCO
uty)

C.
=C.722375C1E-C1
=C.59964C5CE-01
=C. 10551476500
-C.10224741E-CC
-C.857TSTCCE-CL
=C.BB29ET34F-C1
=C.806645CTE-C1L
=C. 72192863501
=0.65991312E-C1
-0.590717553E-01
=C+5243€£853E-01
=C.4604C352E-01
=C.398553186E~C1
=C.3384ST7C1E-C1
=C.27992¢17E-0C1
-C.22255787€~-01
-C.16612359E-01
-C.1103745CE~-C1
=C.5507157256-02

c.

ETa = =C.C500CC
uty}

C.
-C.1379¢&218E-C0
~C.15157745E~CC
~C.14087524E~-C0
=C.12672775E-C0
-C.11335238E-CO
~0.101458C4E~-00
~C.9CBOEC2SE-01
=C.B1l19EQ49E-01
-C.7242C53BE-01
~C.E4304676E-C1
~C.56T16366E-C1L
=C.49551519£-01
=C.4272€348E-01
-C.361T8476E-01
=+ 2984£T4BE-C1
=C.2368£083E-01
=C.17655712E-01
=C.11715S758E-C1
=C.58447558C-02

Ce

ETA = C.

Lyl
C.
-C.18813655E-CQ
=-C.1859£719E-00
=C.168314C5E-CC
=C.14675750E-CC
~C.1280185SE-CC
=C-11238252E-00
=CeSG19E4CE-C1
-C.ETBO2632E-01
=CaTTT14545E-01
=C.EB607455E-01
=C.eC231&5BE-C1
-C.52434369E-01
-C.450855C2L-01
-C.28088239E-01
-C.2136€753E-C1
-C.2485€378E~C1
=-C.1851C852¢-C1
-C.122TEE3CE-CL
-C.€12111e5E-C2
C.

- LY
0.8010C835E 00
C.63816814F 00
C.33&TSRISE-0O
C.l11E85648E-00

=C0.11385564E-01
~C.7954C130E-01
D.11381721E-00
0.129994923E-00
«136T7C995E-00
=C.13853318E-00
~0.13785928BE-00
=0.13€11542E-00
=C.133BET3I0E-00
=C.1315594C7F-00
=0.12944181E-00
=C.12754272E-00
=0.12595509E~00
=C.124TC65TE-0C
-G.123R08T0E~D0O
=C.12327008E-00
=~0.123C5104E-00

-3 /3y
C.122581749€ 01
0.8C612157€ 0O
€.21382045E-00

-0.5155C543E-01
=C.1475E86593E-00
~0.175955356-00
-C.17932548E-00
-C.17390177€-00
-0.16591752E-00
-0.15772329E-00
-0.15017413E-00
-0.14354370E-00
-0.13786836E-00
=~0.13309214E-00
=0.12913854E-00
=0.12%92932E-00
=0.12335657E-00
=0.12148619E-D0
-0.120151326-00
-0.11938162E-00
=-0.1191C029E-n0

X =

-3f/n
C.19313469€ 01
0.88526540F 0O

-0.21375983E-00
-0.34228904E-00
-0.31335455E-00
-0.27018671E-00
-0.23429107E-00
~0.20667358E-00
-0.18552116E-00
-0.16914121E-00
-0.15630360E-00
~0.14614163E-00
-0.138045056-00
-0.13157825€=00
-0.12842859€-00
-0.12236851C-00
-0.119234156-00
-0.1169C199E=N0
-0.11529190E-00
-0.11434874E-00
-0.11402636E-00

%= C.

- QF/3q
C.36741228€ 01
C.3347S514E 01
C.1295¢875F 01
C.LBETIT4SE 0O
C.452ET7930E-00
C.33£3L098E-00
0.26E676C2E-00
C.225CES54LE-00
C.19504945F-00
C.17337064E-00
C.1572C319E-00
C.144BB)14E-D0
0.13533289E-00
C.12786996F-00
0.122C2911E-DO
C.l174E439E-00
C.114C1070E-00
C.11144527E-00C
C.1096E837C-0C
C.10E£5840E~-00C
C.10831929F-00

-0.14T059

—-3P/ax
=3.69464T423E 00
-0.55155771 00
=0.29200416E-00
=0.10134925E-C0

0.9yBT12841E-02
0.68961293E-01
0.98679525E-01
0.11270933E-00
0.11852752E-00
0.1201082TE=-U0
0.11955867C=C0
0.118012C6F~-00
0.11508028E=00
G.11409206E-00
0.11222604E-00
0.11097954F~00
0.109203C4E~-00
0.10812060E-00
0.10736214E-00
D.1068T516E-00
0.106T1993E=00

=-0.092593 .

- 3P /AX
~0.11914949E 01
-0.78355016F 00
=0.20783348F-00

0.50107127E-01
D.14345449F=00
O.17106T48F-00
0.17430436F-00
0.16903251£-00
0-.16127T183E-00
0.153307C3¥E-00
0.14596925E-00
0.1395244 TE-00
0.1340DB04E~-CO
0.12938556E~-00
0.12552267E-00
0.12240329€-00
0.119941466=-00
0.11808458E=-00
0.11678708E~00
0.11601949E-00
C.L157654TE~-00

=0.043860

-3P/AN
-0.20916486E O1
~0.96307441E 00

0.23150190E-00
0.370699036-00
0.339406300-00
0.29261221£-C0
0.25373723E-00
0.22382749E-00
0.20091942E-00
0.183179930-00
0.169276806-00
0.15827138E-00

-14950278E-CO0
0.142499240-00
3.13692216E-00
0.132525C9E-00
0.12913059E-00
0.12660485E-00
2.124861136-00
0.12383968E-00
0.12350138E-00

- 3P/
0.44089471E 0L
0.40175416¢ O1
0.15548250L 01
0.B2653299€ 00
0.543455160 00
0.40363318€-00
0.32241122€-00
0.27010255C-00
0.23405934E-00
0.2080447TE~00C
0.18B65103E-00
0.17385977E~00
0.1623994TF~00
0.153443956~00
0.14643494E-G0
0.14C98127E-00
0.13681284E-00
0.133735526-00
0.13162365E-00
C.13039008L-00
0.12998315F-00

-apsay
0. -
=0.3583936T4E-00
=0.4T113584F-00
~Ueb4494B64E-CD
=0.376182426-00
-0.30612373E-00
~U«24693610E-00
-0.199T8287E-00
~0.16273432F-00
~0.13345%014E-00
-U.L100B160E-00
~0.91033664E-01
~0.T52294U6E-L1
~0.61857510E-01
=0.5032278%E-01
=0.4016754TE-GL
=0.31055105E-01
~U.22683638E-01
=U.14845417E-01

-0.73406183E-02
0.
-3y
0.

=U.81044006E 00
~0.80457725E 00
~U«62064307E 0D
-0.45691234E-00
-0.33952098E-00
-0.25633898E-00
-0.20134698E-G0
-C.16L11465E-00
-0.12%28123F-00
=0+ 1055064%9E-00
-0.86622628E~-01
-0.TL2Z35039E~-01
-0.58379818E-L1
=0.47386291E-01
=0,37764996E-01
=0.29150221E-01
-0.21287550E-0U1
=Ua.134922603E-01
=~0.6B823179E-02
0.

-ap /Ay
U
-0.17456883E Gl
-0.11596213€ 0L
~0.T7091LT174E OC
-0.46282919E-00
-0 32422T4TE-CO
-0.239B6119E~-00
~0.18450433E-00
~0.164584241E-00
~0.11T488T3E-00
-0.95823503E-01
-0.78715276E~C1
~0.54 TH840TE-CL
~0.53156846E-01
-0.4318B08SE-01
-0.34459371E-01
=0.26632T84E-01
-0-19438514E-01
=0.12731165E-01
~U.829535360-02
Ge

- AP IAY

0.16225801E 01
-0.51692142E o0
-0.62995769E 00
-0 4972001 2E-00
-0+ 35627B00E-GC
=0.25%118%8E-00
-0.19606822E-00
-0 15349664E-00
=C. 12315840800
~0. LULSSSS1E-CO
~U.82772990E-01
~0.685565420-01
~0.56809319E~ul
-0 46865259601
-0.38252752E-01
-0.30618133-01
~0.23719211E26G1
-0.17383970E-01
-C.11381626E-01
~0.56354588E- 02
0.



¥

l.CCCCCC
C.55CCCC
c.5ccccC
C.BSCCCC
€.BoCccC
C.75CCCC
c.7Ccccc
C.85CCCC
C.t0CCCC
C.55CCCC
c.5CCCCC
C.45CCCC
C.4CCCCC
€.350CCC
€.3cCccc
€.25CcCC
c.2ccccc
c.15CCCC
c.1ccccc
c.o5¢cccc
C.

¥

l.CcoCCCC
€.55CCCC
C.5CCCCC
C.BscccC
C.8ClCCC
C.75¢cCCC
c.700CCC
G.e5CcCC
C.eCcCCC
C.55CCCC
Cc.50CCCC
C.45€CCC
C.4CCCCC
C.35CCCC
C€.30CCCC
C.25CCCC
C.2CCCCC
C.15CCCC
C.l0CCCC
C.C5CCCC
c.

Y

l.CcCCccC
€.95CCCC
C.5CCCCC
C.85CCCC
C.B8CCCCC
Cc.7scccc
C.7CCCCC
C.&5CCCC
c.e0Cccce
C.55CCCC
C.5CCCCC
C.450CCC
C.40CCCC
€.35CCCC
€.3CCCCC
€.25¢CCCC
€.20CCCC
C.15CCCC
c.1cccCcC
€.c5ccCcC
c.

L)
1.0CCCCC
C.95CCCC
C.scCCCCC
C.850ccC
c.80CCCC
C.75¢CcCC
€.icccec
C.e5¢cCCC
c.s0CCCl
c.55¢ccCC
c.5cccce
C.45CCCC
0.40CLCC
c.3sccce
€.3ccCCC
c.25¢cccc
c.20cCCC
c.15¢CCCC
C.lecccce
C.C5CCCC
C.

LYy

C.

C.£220C753C CC
C.E753C*8SC CC
C.SES6STCLE CC
C.1CC04™ESE C1
C.1C172453E C1
C.1C2BC1E2E C1
C.1C25E#73E (1
C.1G42C"2¢E C1
C.1C4AT1"4EE C1]
C.1CE12°11E (1
C.1C54E4843E (1
C.1C5775€LC C1
C.1CEQ174EE C1
C.ICE21*77E C1
C.1CE3T®4TE C1I
C.1CE5C+33E (1
C.1C€éBC71EE CI
C.1CERTICIE CI
C.1C0e71122¢ C1
C.1CET2452E C1

uix)

C.

C.2414C434E CC
C.E3STE74CE CC
C.SETTEVCTIE CC
C.1Ci62£25E €1
C.102527234E (1
C.10441487€ C1
C.1C497"51E C1
C.1CS41735F C1I
C.1C577723E CI
C.10L0E®LSE (1
C.1CE35=17E C1
C.1GESE?TTE C1
C.1CETT=T7E C1
C.1C€92°12F C1
C.10707747E C1
C.10T717204E C1
C.1C725+#52€ C1
C.10731?15€ C1
C.1C734%8CE C1
C.1073575%E C1

utvy

C.

C.4T1357CE-CC
C.7TeTe£CBE CC
C.55245°48E CC
C.1CZ3%175E €1
C.IC507185E C1
C.10&DE=37E (1
C.1065271CE C1
C.1CETSTISE C1
C.107C1™ClE C1
C.1072C13EE (1
C.1C73727€E C1
C.1C752*%1%E C1
C.1076£7SCE C1
C.1CT77#78E €1
C.10787T752E €I
C.1079%2%¢SE C1
C.1CBOLYESE C1
C.10805%SEE C1
C.10808235E (1
C.1CECS7SIE C1

uty)

Ca

C.81412°3LE-CC
C.72524711E CC
C.S2192<&SE CC
C.101E7735€ C1
C.1Ce0G2541E C1
C.1CT56#35E C1
C.1CeL2711E C1
C.1083C+51E Ci
C.10835#22E C1
C.1086€6782E C1
C.1Ce52°5CE C1
C.10861793E C1
C.1CE86EVSEE C1
C.l1GBT4%&7E C1
C.1CEBC?HIE CI
C.1CEB5YETE C1
C.IGEEESSTE C1
C.1C8917SCE C1
C.1Ce923414E C1
C.1CE923°TIE CI
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TABLE VIII. - Continued

Efa =

uty)

G
-C.12804L425-C0
~C.L7732851E-CC
-C.1763EC52E-C0
-C.1585213CE-CC
-C.128828556-00
-C.1213£7128-CC
-C.1CE45656E-0C
-C.537451C4F-C1
-C.€260C4296-C1
-C.726455798-C1
-C.£359CESIE-CL
-C.55224E55E-C1
-C.473521776-01
-C.259742045-C1
-C.2287ELE6E-C1
-C.Z6031412E-C1
-C.1937€42CE-01
~C.12842424E-01
~C.£4001627E-02

2

Els =

uty)

C.
-C.EC8C0S1L6E~C1
=C.14642519€~-0C
-C.1E6CC2EIE-CO
=-C.1592¢7C80-C0
~C.la35&853¢E-CC
-C.1268%1250~-CC
=C.11161358E-0C
=C.58222253E-C1
=C.EE425728E-C]
-C.758955€65E-C1
-C.£6345BC6E-01
=C.575452260-01
=C.4533CCETE-C]
=C.41571C&TE-C1
=C.2418E751E-C1
-C.27035211E-01
~C.ZC10BLE4E-C]
-C.12327377E-C1
~C.EE40€2TTE-C2

C.

ETA =

Uiyl
Ca
~C.4B04ETLSE-CL
-C.110325¢06-CC
=C.14385703E-00
-C.150058CTE-CC
~Ca.1481TET74SE~CC
-C.12834775E-CC
~C.11427C€RE-CO
-C.1C1LICC4E-CO
-C.ESLETES0E-C1
~C.TESC23S55E-01
~C.LEB56C423E-01
=C.594TC474E-C]
=C.5C9TE3ES5E-CL
=C.42%523C1E-Cl
=C.3525€151£-01
=C.2792424CE-C1
=C.20T6ETISE-CL
-C.13762323E-01
-C.£B565542E-02
C.

ETa =

Liy)

Ce

=C.2825C426E-01
-C.7E8HEBL1E~C]
-C.11T162E3E~CC
-C.1335272CE~-C0
=C.13355277E~C0
=C.125242%9¢~-C0
-C.1137€168E-C0
=C.1CI82541F=CC
=C.SCalElE4F~LL
=C.1579e558E-C]
-C.£595CECE0-C1
-C.E07T71522CF~C1
=C.52152812E~C1
=C.43977525C-C1
-C.261582E4E-C1
=C.2E617255E-C1
=C-Z212875¢69E-C1
=C.1410SE4SE-Q]
~C.70307526E-02

C.

€.C50CCC

C.locccc

C.15CCCC

c.zcooce

X = 0.04346C

-ar/dn
C.21741308E 01
0.2026CT92F 01
C.I355C053E 01
C.8586TO37E OO
C.5BE45986F OO
C.43343342C-00
G.34111C56E=-00
C.2813B046E-00
C.24C4B692E-0C
0.211263459E-00
C.18STCI1ISF=-00
C.17342062€-00
€.16C51228E-00
0.15121110E-00
C.1436EBC4E-00
C.13782826E-D0
C.132382¥9E-D0
C.I3011657E~-00
C.I2TET892E-00
0.1265717CE-00
C.12614175E-0C

X = 0.092593

=ar/
g.12C51222C 01
C.10777845F N1
C.10838675€ 01
C.8426C909E 00
C.£3E51009€ 00
0.49355044E-00
C.3977C690€E-00
C.33134420E-00
C.284189421-00
C.24571338E-NC
0.22391307e-00
C.204253598E-00
C.18507824E-00
C.1T772T444E-N0
C.1680761TE-00
C.16095208C-00
0.15553093E-00
C.15154319E-n0
0.1468B1094E-00
C.14721683F-00
O.14€65222E-00

- 9P /3
£.23545835C O1
0.21942437¢ Gl
0.14674707E 01
0.92993%99E 00
0.63513602¢ 00
0.46540839E-00
0.36%62273E-00
0. 304T3503E-00
0.26044733-C0
0.22879836E-00
C.20564B72E-00
C.1B781453E6-00
0.17426800F-00
0.163761626-00
0.15559249F-00
T.14326B8CUE-U0
0.144453130-00
0.14091624C-00
0.13849287€-00
0.137077156-00
0.13661151(-00

- apsdx
C.11752668C O1
C.104T6065E C1
0.1053%192C Ul
0.81901602E CO
0.61868780F 00
0.48015R70E-00
0.3865T111C-00
0.32206656E-00
0.27623211E-00
0.242721%0E-00
0.21764 349600
C.19853486E-00
0.1837B405E-CD
C.17231075E-00
0.1633T004E-00
0.156445410-00
0.1511T606E-VD
0.14729998L-00
O.l4464%23E-00
0.143094756E-00
0.14258483E-00

X = 0.14705%9

- dF /D
C.ET565975E 00
0.525C834TE 00
C.75187072€ 0OC
0.72182859€ OC
C.E12B7674E 00
0.51139686E 00
C.%31C59v0E-00
0.365681606-00
€.32288575E-00
C.286929218-00
€.25304407E=00
0.23724431F-00
Ue22C1CB9E-00
C.2C66CIETE-00
C.19597834E-00
C.1E769842E-00
0.18135951E-0C
C.17668179E-00
C.17347059E-00
C.17159159E-00
0.17057445E-00

x = 0.208333

-ablaq
0+415C5998E-00
0.26827346E-D0
0.48430160E-00
C.57294%924E 00
C.54T3I6684E OO
C.492B945T7E-00
€.43893385E-00
0.291828C4E-00
€.35226023E-00
C.31953690E-00
C.29269522C-00
0.27CBC244E-00
U+253032616-C0
C.2386B562E-00
0.22715529E-00
C.21811269E-0C
0.211CS1T9E-00
0.20587495E-N0
0.20227110E-00
0.20C15641E-0C
0.19944048E-00

-ge/ax
0.58583167E CO
C.45524736F-00
N.65187190¢ 00
0.62582538E 00
0.53136413¢ OO0
0.443381C6E-00
0.373728931-00
0.32051394£~-00
0.27994194F =00
0.248T6T6LE~CO
0.22459120€-00
0.20569CALE-00
01908344 TE-00
0.17912538E-00
Q. 16991321E-C0
0.16273452E-00
Q.15723869E-00
0.15318311F-00
0.15039900F=C0
C.14876952E~00
C.14B23488E-00

- 3rsdx
0.318766C50-00
0.20603400E-C0
0.37194362E-00
0.44002500E-00
0.42037772E-00
0.37854302E-00
0.33710119E-00
0.30092394E-00
0.27053585E-00
0.25540433[-00
0.22478952E-00
0.2079T628E-C0
0.19432904E-00
0.18331055(-00
0.17448598£-00
D.16751054C-00
0.16211849E-00
0.15811156L-00
0.15534420£-00
0.19372012E-00
0.15318564E-00

- ar/ay
C.11475386F U1
0.323036956-00
0.12976304E-01

-0.13950942E-00
~0.1TGT5958E-00
~0.15573520E-00
-0.13223519€E-00
~C.11CBTS56E-00
~0.931406227C-01
-0.TB515255E-01
~0.66302427E-01
-0.55957549E-01
~0.4T70501630-U1
-0.392569T6E-01
=0.32325117E-01
-0.26063996E-U1
-0.20315728¢E-01
-0.14916854E-01
-0.98L8395)F-02
~G.4B611663E-02

0.

- aP/v
0.69400644E Q0
0.428697173E-00
0.28380413E-L0
0.12346T90E-00
0.13977483E-01

-0.3T049899E-01
~0.54894065E-ul
~0.582125T1E-vl
=0.55753034E-01
-0.51109891e-01
-0.457254498E-01
-0.40235534EL-ul
-0.34899461E-01
-0.29803693E-01
-0.24983082E-Ul
-0.20419496E-U1
-0.16060823E-01
-0.11896928E-01
~0.T&560TI1E-u2
-0.39072122E-02
0.

-avray
0.40600255E-00
0.33087420E-U0
0.30621091E-00
0.23252980C-00
0.13726961€E-00
0.64420753E-ul
0.26738564E-01

=0.2T7290939E-02
=C.14583591E=-01
=0.20043885E-u1
=0.21946035€6=01
~0.21818463E-01
-0.20526599€-01
-0.18562705C-ul
~0.16222285E-01
-0.13662358E-01
~0. LO994466E-01
-0.82707T280E-u2
~0.55181142E-02
-0.27611168E-02
Ue

-op/ay
0.243032226-00
0.22296127E-00
0.24144343E-00
0.23503731E-00
C.18729008E~-00
0.12822763E~-00
0.79604091E-01
0.46360088E-01
0.24813722E-01
0.11295156E-01
0.2972644BE-02

-0.19838168E-02
~0.&7259260F-02
-0.600U399276-02
-u.63070308E-02
-0.59563061E-u2
-0.51710490E~uU2
~0.5084994TE-02
-U.28179T89E~02
=0 14343084E-02
U,
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TABLE VIII. - Continued

ETA =  C.Z5000C X = 0.277178
¥ utxl utys - P/ - dp/ax - 2P 13y
1.00CCCC €. c. 0.299C5055E-00 0.20185912E-00 0.15318311€-00
€.55C0CC C.2EE627626-CC  =C.1T197CTEE-OL 0.17478351E-00 0.11797€86E-00 0.146947926-00
c.s0CCCC C.6T1BESTIE CC -C.55124775E-C1 0.313C2265E-00 0.21129028E-00 0.17031383E-00
£.85CCCC C.EBL3CSI4E CC  -C.51372515C-01 0.43582083E-00 0.29687905E-00 0.19237915€-00
c.80CCCC C.10C21742€ €1 -C.11325C52E-00 0.47C52173E-00 0.3176021TF-00 0.1B423740E-00
€.15C0CC C.10615M62E C1  =C.12046552E-00 0.4548647BE-00 0.30703372E~00 0.15217586E=00
c.r0cCCC C.1CB&ERSCE CI  -C.117727CEE-CO 0.427182026-00 0.28834786E-00 0. 11437503E~00
g.&5CCCC C.10557¢91E €1  ~C.1C98ET4BE-OC 0.39804830E-0C 0.26868260F-00 0.817003386-01
C.e0CCCC C.ICSB4135E C1  -C.1CDOCHESE-OC €.37032951E-00 0.24997241E-00 0.5686225TE-C1
€.550CCC C.1CSBE1LS5E C1  -C.EST42169E-01 0.34503312E-00 0.23289736E~-00 G.38950160E-01
c.s0cccc C.ICSBEA3BE C1  -C.757455426-C1 £.32258817E-00 0.21774701E-00 0.26279420E-01
C.45CCCC C.1C564951E C1I  -C.7C23111CE-OI C.30312053E-00 0.20460635£-00 0.17403071E~01
g.40CCCC C.1C58426CE C1 €.£12151256-C1 C.28654423E-00 0.19341736E-00 0.11228810E-01
€.35CCCC C.ICSB4PICE C1  =-C.52655716E-01 0.27266376E-00 0.18404803E-00 0.695T1669E-02
€.3gccce C.1CSB554CE C1  -C.44484243E-01 0.26122759E-00 0.17632861E-00 0.41441218E-02
C.25CCCC C.1CS87795E Cl  =C.3€622755E-01 €.25199369E-00 0.17009573E-00 0.2286T759€-02
c.20cccC C.1CSBE®SSE C1  -C.25014476E-01 C.244T4189E-00 0.16520078E-00 0.113770326-02
c.15ccCC C.1CS9CP44E €1 -C.2159€375E-01 0.23528677E-00 0.1615185TE-00 0.47581687E-03
c.lcceec C.1CS91763E €1  -C.14322826E-01 C.23548797E-0C 0.15895437€-00 0.14788191E-03
0.05CCCC C.1C591956E €1 -C.713BE259E-C2 £.23324803E-00 0.15744242E-00 0.2535281TE-04
C. C.10592184E C1 c. C.23250754E-00 0.156942586-00 0.
ETA =  C.300CCC K= 0.357143
¥ utey uty) - 3P /3q -3P/3x% - aPidY
1.cocCce C. C. C.2517C1556-00 0.14800051€~00 0.101432236-00
€.95CCCC €.23247703E-CC  -C.11005€126-01 C.15348369E-00 0.90248410E-u1 0.987729976-01
c.90ccCC C.e1935%64E CC  -C.3E381733E-01 0.22329435E-00 0.13129708E~-00 0.11626548E-00
C.BSCCCC C.E3576P21E CC  ~-C.£92544C2E-01 C.34C23869E-0C 0.20006035E-00 0.14278813E~00
C.BOCCCC C.GT56£731E CC  -C.92504978E-01 0.40104029€-00 0.23581169€-00 0.15525869E-00
€.75CCCC C.IC53£S14E €1 -C.1044C353E-CC C.41295188E-00 0.242815706-00 0. 14666840E~-00
c.70CCCC C.1CS157C3E C1  -C.1C66E5E5E-CO 0.40584987E-0C 0.238639726-00 0.125028326-00
0.&5CCCC C.1ICTAS33E €1 -C.1C271553E-0C C.393CeA60E-00 0.23112433E-00 0.10021693E-00
C.e0CCCC C.11128794€ C1  ~-C.555163C4E-01 0.37831581E-00 0.22244969€-00 0.77793418E-01
C.55CCCC C.111357SCE €1 ~C.B6S44245E-01 G.3628C982E-00 0.21333217E-00 0.59468792E-01
c.500cCC C.11135P35E €1  ~-C.7B0CE287E~CH 0.34T38658E-00 0.20426331€-00 0.45128404E~ul
0.45CCCC C.11128415E €1 -C.£5164T6BE-CI C.33272T48E-00 0,195643756-00 G.34085363E-01
c.4ceCcc C.11121%09€ C1  ~C.&05841C3E-0L 0.319334426-00 0.18776864E~00 0.256333126-01
€.35CCCC C.I11186122€ C1  =-C.523023842E-C1 0.307454T3E-00 0.18080690E-00 0. 19168705€-01
c.30cCCC C.11112738E €1 =C.4430€3P6E-01 0.2973301 1E-00 0.17483010E-00 0.14222131E-01
C.25CCCC C.1L105®E2E €1 -C.26555C24€-01 C.28886285E-00 0.16985136E-00 0. 104141326-01
c.2¢ccCC C.1110778€E CI =C.29008628E-C1 0.28205005E~00 0.16584543E~00 0. T4508991€-02
C.15CCCC C.I1ICEFSIE €1 =C.2161E116E-CL C.27&683569E-00 0.162T7938E~00 0.51023156E-02
c.locccC C.11105%&E C1 =C.14347455E-C1 C.27316183E-00 0.16061915E~00 G.31801869BE~U2
c.C5CCCC C.11105£C4E C1  -C.71544851E-02 0.27097730E~00 0.159334850-00 0.15253785€6-02
€. C.11105492€ cl c. £.27025213E~00 0.15890825€-00 G
ETA =  C.35C0CC X = 0.448718
¥ utr) utv) -3p/dq -9p/3x —ar/ay
l.C0CCCC C. C. C.23718627E-00 0.120253440~00 G.69403429E~01
©.95CCCC C.2C3357776~CC  ~C.T3525CE5E-C2 C.1610CTIBE-00 0.816306416-01 U.68L34TISE-UL
c.90CCCC C.572827S4E CC  ~C.26B856344E-C1 C.18836T61E-00 0.455023786-01 0. 79367291601
c.es5cccc C.T852¢76CE CC  -C.5152&416E-01 0.2771&£108E-00 0.14052068E-00 0.10122953E-00
c.BoCCCC C.S42346S8E CC  =C.732420576-01 0.34752057E-00 0.176192926-00 0.11981872€-00
€.75¢C0CC C.1037473CE €1  -C.ET332CS3E-CL 0.37729455E~00 0.19128833F-00 0.12526309E-00
c.T0CCCC C.1CB95523E €1 -C.532BTCE2E~CL C.38458757E-00 0.19498569F-00 0.117837386-00
C.e5C0CC C.11147¢1CE €1  -C.52931172E-01 0.38393834E-00 0.19465673E-00 0.103182456-00
c.60CCCC C.11252625E C1  ~-C.B8562E14E-Cl 0.38026178E-00 0.19279271€-00 C.8656T3TTE-0L
€.55CCCC C-11285921E C1 -C.E2023574E-Cl 0.3T458636E-00 0.189915286-00 0.70949448E-01
0.50CCCC C.1128SC1CE €1  —C.7449CT46E-CL €.36734066E-00 0.186241T1E-00 0.5T413574E-01
C.450CCC C.1128178CE C1  -C.&66171176-01 0.359118856-00 0.18207325€-00 0.46094932E-01
€.4cC0CC C.11271714E €1 -C.5€72C270£-CL €.35058348£~00 0.177745826-00 0.36766920€~-01
€.350€CC C.11261R41E C1  -C.5C935C58E-0L 0.34230569€-00 0.1735489 TE~00 0.290987526~-u1
€.3c0CCCC €.11252773E €1 -C.43304C52E-01 C.3347101 7€-00 0.16969805E-00 0.22780353E-01
€.25CCCC C.11247%SSE 01 =C.35B2E586E~01 G.328C5647E-00 0.16632462€-00 0.17535303E-01
€.20CCCC C.11242%28E C1 =C.28691571E~C1 C.3225C656E-00 0.16351102E-00 0.13117974E-01
C.15CCCC C.1123%%SCE C1 =C.2126E087E~C1 0.31814991€E-00 0.16130260E~u0 0.93288405E~-02
c.loCccC C.11237273E CI =C.1413C7488~01 €+315020306-00 0.15971529€-00 0.59818762E~02
c.esccce C.1123591E €1 -C.7C5096C8E-02 0.31312920E-00 0.158T615TE-00 0.29211339€-02
<. €.1123%%323¢ €1 C. €.31251091E~00 0.156844303E-00 0.
ETA = C.40CCCC £= 0.555556
¥ uix) utv} ~3r/dn -3P/3x -3psay
1.00CCCC C. c. 0.2414£961E-00 0.10431486E-00 0.48336409E-01
€.95CCCC C.2755CFSIE-CC  —C.50377559E-02 C.18203635E-00 0.78639963E-01 0.47582683E-01
€.50CCCC C.5222244CE CC  —C.IBB946CHE-OL C.18705C10E-N0 0.B0B0SE41E-01 0.54586267E-01
C.85CCCC C.76427%¢7E CC -C.2783£323E-C1 0.26695133E-00 0.1066829TE-00 0.70214352€-01
0.80CCCC C.5C504%E7€E CC  -C.545314674E-C1 £.31334458E-00 0.13536485€-00 0.AT541405E-ul
C.75CCCC C.1CL1&1=65%E C1  -C.70755171€-01 €.353C5966E-00 0.15252177E-00 C.9B865132TE-01
c.70CCCC C.1CBO567E C1  -C.TBRGETEBE-OL 0.37023458E-00 0.15994133E-00 0.10044482E-00
C.65C0CC C.1116T#68E C1  -C.E133£720E-C1 0.37762589€-00 0.16313438E-00 0.946412156-C1
C.6CCCCC C.11243934E €1 ~C.79609334E-01 C.38174611E-00 0.16491432F-00 0.84664366E-01
0.55CCCC C.11417761E €1 -C.75195441E-01 C.38406117E-00 0.16591442F-00 C.73340264E-01
C.5CCCCC C.1143STICE €1  -C.&92744CBE-O0L 0.38452592E-00 0.18611519E-00 0.62296770€-01
€.45C0CC C.1143G4LEE C1  -C.£25921C3E~-01 0.38319457E-00 0.16554005F-00 0.5222889T€=01
C.40CCCC C.1143C°2CE C1  -C.S55SBECTRE-CL 0.38C44232E-00 0.16435108E-00 0.43315535€=-01
€.35C0CC C.1142C151E €1 -C.4B84851C2F-C1 C.37682228F-00 0.16278722(-00 0.35516970E-01
C.3cCCCC C.1141C19%E €1 ~C.A1401327€-CL 0.37286516E-00 0.16107775E=00 0.28699391€-01
C.25CCCC C.11400723E €1 -C.243675776-01 0.36€95196E-00 0.15940452E-00 0.22T069BTE=-01
c.z20ccCC C.11294975€ €1 -C.273985C9E-01 0.3655179TE-00 0.15790376E-00 0.17392378€-01
C.15CCCL C.113859C1E €1  -C.2049(5286-01 0.36264687C-00 0.15666344E-00 0.12598383E-01
c.1ccece C.l1286783E C1  ~C.13632149E-01 0.36051624E-00 0.155743010-00 0.81902289F-02
c.c50ccc C.11284%L7E CI  -C.LB0735606-C2 0.35520952E-00 0.15517851E-00 0.4032%459E-02
c. C.11282%3¢E C1 C. 0.3587867726-00 0.15498T65E-00 0.



h J
l.CucccC
€.95CcCCC
€.90CCCC
0.85CCCC
C.Eocccc
€.75CCCC
c.7CCCCC
C.&5CCCC
C.6CCCCC
€.55CCCC
c.5CcCcC
C.45CCCC
C.40CCCC
C.35CCCC
c.3CCCCC
€.25CCCC
c.2cCCCC
€.15CCCC
C.lccccc
G.C5cCCC
C.

¥

1.c0cCCC
€.95cCCC
c.s0cccc
C.85CCCC
C.Bcoccc
va15CCCC
C.70CCCC
T.85CCCC
C.8CCCCC
C.55CCCC
€.50cCCC
C.45CCCC
C.4CTCCC
€.35¢CCC
€.30CCCC
€.25CCCC
c.20CCCC
C.15CCCC
g.lcccec
c.e5cCCC
€.

¥

1.00cCCC
0.95CCCC
c.s0cccc
C.BSCCCC
c.Boccec
C.75CCCC
C.70CCCC
C.85CCCC
c.e0CcCCC
C.55CCCC
0.50CCCC
C.45CCCC
C.4CC0CC
0.35CCCC
c.30CCCC
€.25ccCCC
c.2¢cCCC
€.15CCCC
C.loccce
€.cscccc
c.

¥

1.C0CCCC
C.95CCCC
€.sCCCCC
€.85CCCC
0.BCCCCC
C.75CCCC
c.70CCCC
C.e5cCCC
C.L0CCCC
C.55CCCC
€.5CCccC
C.45CCCC
C.4ccccc
€.35¢ccCC
C.3ccclc
c.25¢ccC
c.29ccCc
C.15CCCC
G.10CCCC
c.csccce
C.

uiv)

C.

€.25562725E~-CC
C.45€51161E=-CC
C.7C213756€ CC
C.EEEL2ATCE CC
C.SBSTI+ECE CC
C.HCe5CA72E Cl
C.1113C4eee C1
C.112948G¢E C1
C.1152875¢€E C1
C.1158CP4TE (1
C.1155€7S54E C1
C.11597%72E C1
C.1159Cr3eE C1
C.1158CHECE C1
C.1157172%E C1
C.11564V4¢EE C1
C.1155E224€ C1
C.1152472¢E C1
C.11551=2Ce C1
C.1155C#5CE C1

ut®)

e

C.2%2BC C3E~CC
C.atE18133F=-CC
C.£62628E(F CC
C.E2T3&£PHCE CC
C.55292412E CC
C.10442F22E C1
C.11C38%42E C1
C.112358763E C1
C.11e01%44E C1
C+11705783E C)
11751#17E €1
117677C2E C1
1176254k C1
117647 1%E C1
117571CSE C1
1175C7¢4E C1
1174471EE C1
1174C=5€E C1I
1173er3iE C1
11737186 C1

£
C
[
c
C
(o
C
c
C
C

)

C.

C.i2€377CeE~-CC
C.43527%6CE-CC
C.EZEZ21CHE CC
C.TESELATCE CC
C.52061761E CC
C.1C191783E C1
C.1C890*CEE C1
C.113521CeE C1
C.11£3%%3SE C1
C.11B05155E C1
C.11892924¢ C1
C.1193&R52E C1
C.11954441E C1
C.1155892CE C1
C.1195778EE C1
C.11552#53¢ C1
C.11545%75E C1
C.1154€432¢ (1
C.115447¢CE C1
C.11942452E C1

uiy)

C.

C.215TE&53E-CC
C.415522LEE-CC
C.55&2¢£925E (C
C.7542EV21E €C
C.EBBE3T?CTE CC
C.55122%15E CC
C.1CE9593EE C1
C.11259771€ C1
C.11&357CIE C1
C.118744¢32E C1
C.12C1EACEE C1
C.1210C 4¢E C1
C.12164272CE C1
€.12162971F C1
C.12172%46E C1
C.121T&T4CE C1
C.12174728E C1
C-12172V]15€ €1
Cal2172FB4E C1
C.1ZI171%S57E C1
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TABLE VIII. - Continued

ETa =

uly)
C.
=C.34UASISBE-G2
=C.1332C811E-C1
=C.2T472252E-01
~C.42665475E-01
=C.55665555E-01
=C.€453C358E-01
=C.EEBSSIELE-DL
=C.£9291222E-C1
~C.E6BTSS54E=01
=C.82612T44F=01
=C.5724€571E-C1
=C.51281743£-01
~C.45017724£-01
=C.2882C1Ie0E~C1
=C.22174CE63E-C1
=C.25715%8420-01
=C.19273424(~01
-C.12835817e-C1
=C.E4165288E-C2
€.

ETA =

ulvl
Ce
=C.243435C5E-C2
=C.%37255£5E-02
=Ce1§7255531-C1
=C.2155C131E-01
-C.42601551E-01
-C.5L1&4138T7E~-C1
-C.5636E2%3E-C1
-C.58337173E-C1
-C.5760SE7CE~C1
=C.54905¢666E-C1
=C.5C8TS)13E~C]
=C.4603CT74E~01
=C.4C695T3BE-01
-C.3509E7C56~01
=C.253515938E=-01
=C.2352E8845E-01
-C.1766£755E~01
~Cs1178%158E~C1
~C.58944254€E-02
C.

ETA =

uty)

Ce
=C.16965568E-C2
-0.E56558]12E-C2
=-C.14002333E-01
~C.22884770E-01
-C.31763&1TE-OL
-C.393021C3E~01
~C.4463E£082E-01
-C.4T7481576E-01
-C.4BC12589E-01
~C.4E65642TE-CL
=C.43697836E-01
=C.40173411E-01
-C.358217C6E-01
=C.31076731E-C1
-C.26102772E~01
-C.209871CC9E-C1
=C«1579C4323E~01
=C.1C54T4£4E-01
=C.52792951€-02

c.

ETA =

uty)

C.
-C.1182%54£6E-02
-C.457856T1E-C2
-C.5E392724E-C2
=C.1631E574E-C1
=C.23131713E-01
-C.2534S0T4E-C1
-C.34233712E-C1
-C.37378535E-01
-C.28TL1228E~01
=C.2840458%E-01
-C.26T5€280E-01
=C.34095810E-C1
-C.30722823€E-01
=C.2686C355E-01
-C.226B2126E-01
=C.1830¢66CHE-C1
=C.1380€738E-C1
-C.$2385596E-02
-C.4628225CE~-C2

c.

C.450CCC

-20CCCC

C.5500CC

C.ecCocCC

X = o.581818

=R/
C.26C11204E-00
C.2130T997E-00
£.20741134E-00
U.2444TOTTE-O0
C.29538866F-00
0.34304T59€-00
C.36493600E-00
0.379651 38E-00
C.38E5C1 T2E-00
C.39613456E-00
C.4025E5C3E-00
C.40738461E-00
C.41C38235E-00
0.411BCS4 LE-00
C.412C5955E-00
0.411588428-00
C.41C75832E-N0
C.40385H85E-00
C.409CE9I54T=00
C.40857735E=00
C.4083%4]19E-00

£ = 0.233333

- 3P /dq
0.292B87100E-00
C.255C5TH5E-00
Ce244T4032E-0C
C.26583447E~00
C.30B47320E-00
C.34GBC241E-0OC
C.3T7T63642E~-00
C.39415132F-N0D
C.405712485€E-0C
C.4l61£263E-00
C.42630835E-00
C.43555445E-0C
C.44339605E-00
C.44544502E-00
0.45383902E-00
C.45686463E-00
0.45B885415E=-00
0.4601CA39E-00
C.4608417TE~-00
C.46121778E-00C
0.46121326E-00

X = 1.01851%

—39131
C.34201384E-00
0.31109607E-00
0.29909737E-00
0.30974093E-00
C.34C4454TE-OO
C.3766TBSTE-DO
C.40571923E-00
C.42492609E-00
0.43EL9991E-00
C.449T75632E-00
G.486144T798E-00
G.47320327E-00
0.48423546E-00
C.49385116E-00
C.50172685E 00
C.50785752€ 00
C.512426867E 0O
C.51567176€ Q0
C.51781129€ 0OC
0.51900029€ 0O
C.51931680F 00

X = 1.250000

-3P/d
C.41229161E-00
C.3B649113E-00
C.3T7417T4CE-DNO
C.3781BC0TE-00
€.399C5302E-00
C.42861525F-00
0.456360T4E-00
C.47T01664E-0C
0.49155433E-00
C.5035C517F 00
G.51516343F 00
C.52756412E 00
0.56C12251F 00
C.551966493F 00
C.56237582¢ 0Q
C.570S78R8E NO
©.-57769850E 00
C.5826406%E 00
0.58595514E 00
D.SBTTED24E 00
C.SBELS9T4E 00O

-3pP /X
0.944206T1E=-01
0.7734B032E-01
D.75290316E-01
0.HBT42890E~01
0.10888862E-00
0.124526420-00
©.13319776€-00
0.13781345E-00
0.14102612E6-00
0.1437598699E-00
O«14613873E-00
0.14788U81E~00
0.148968T9E-00
0.14948536E-00
0.14957762E-00
0.14940659E-00
0.14910527E~0U0
D.14877876E-00
0.14B49950E~00
C.14831357E-00
0.14824709F~00

3P /ax
D.8TE61300E-U1
0.T65172956-01
0.7342209TE-01
0.79750491E-01
0.92541959E=-01
0.10494072E-00
0.11329092€E-00
0.118245396~-00
0.12171379E~-C0
0.1248487BE-00
0.12789250E-00
0.13067833£-00
0.13301881E-00
0.13483351€E-00
0.13615170E-00
0.13705938E-00
0.137658624E-00
0.13803131€E-00
0.13825253E-00
0.13836533E-00
0.13839398E-00

- 3P/
0.83109362€-01
0.755963456-01
0.72680661E-01
0.75267047E-01
0.E2728299E-01
0.91532B92E-01
0.98589772E-01
0.10325704E-D0
0.1064825TE-00
0.10929079E-00
0.11213186E-00
0.11498839E-00
0. L1T669226-00
0.12000582§-00
0.12191962¢€-00
0.12340938E-00
0.12451968F-00
0.12530824€-00
0.12582814E-00
0.12611T07E-00
0.126193986-00

~JP/Ox
0.79159991E-01
0.74206299F=01
0.71842C83E-01
0.712610576E-01
C.7561R1BLE=-CL
0.82294130£-01
0.8T7821264E-01
Q0.9158T197€-01
0.943TR43I2E=-C1
0.96654562E-01
0.98911380E-01
0.10129231€-00
0.10370352E-00
C.1059T727E-00
0.10797615F-00
0.10962T94E=-00
0.11091811E-00
G.111858T01E-00
0,11250339€E-00
0.11285380€£-00
0.11292667E-00

-2P/oN
G.339335146E-01
U.3345654 TOE-O1
0.37675333E-01
0.48030375E-0C1
C.61503249E-01
C.T73062456E-01L
C.T9191502E-01
U.T93403TTE-0L
0.T74997702C-UL
0.68130641E-01
0.602T0909E-01
0.52333868E-01
0.64T578U3E-01
0.37706060E-01
0.31197909E-0L
0.25195320€-01
U.19623667TE-01
U.14405963E-01
0.94555140E-U2
D.46829555E-02
0.

3P sy

4.23889060E~-01
0.23512162E-01
U.2591450LE-0L
0.32360008E~01
U.&1T36074E-01
0.51278828E-01
0.582819T7E-ul
0.61426932E-01
0.60890T83FE-01
0.5T7665806E-01
0.52850460E-01
0.4T282082E-01
0.41480763E-01
0.35717823E-01
0.30115841E-01
0.24T11198E-01
0.19504286E-01
0.14468317E~01
0.956718T6E-02
0.4Te0038TE-02
C.

- OPsAY
0.16843070E-01
0.16451219€~01
0.17664208E-01
0.21378512E-01
0.27302931E-01
0.34097356E-01
0.40066577E-01
0.43966032E-01
C.45378540E~-01
G.44577546E-01
0.421538556E-01
0.38707660E-01
0.34696313E-01
0.304135556-01
G.2602B790E-01
0.216262276-01
0.17243188E-01
0.12892895E-G1L
0.85751109E-02
0.42809162E-02
Ca

-9p /Y
0.11919250E-u1
0.11571531€E=01
0.119110026-01
C.13806409E-01
G.17159400E-01
0.21406T66E-01
0.25636669E-01
0.28981195E-01
0.30921864E-01
C.31357T445E-01
0.30492927E~01
0.288656088E-01
0.26169232E-01
0.23281820E-01
0.201597T89E-01
0.16906525E-01
C.13578981E-01
0.10210267E-01
0.68171801E-02
0.34116216E-02
0.



Y
1.00CCCC
0.55CCCC
c.sCcocC
0.85CCCC
0.80CCCC
g.75CCCC
c.70C0CC
0.8500¢CC
0.66CCCC
€.55CCCC
c.50CCCC
0.450CCC
C.40CCCC
C.35CCCC
€.3cccec
0.25CC0C
0.20CCCC
0.15CCCC
@.1CcCCC
c.05cccc
0.

L

1.C0CCCC
€.95cCCC
©€.90CCCC
C.85CCCC
c.8ccccc
C.75CCCC
0.700CCC
Q.&5CCCC
C.&60CCCC
0.55CCCC
0.50CCC0C
C.45CCCC
G.4CCCCC
€¢.35¢cCCC
€.3000CC
¢.25cCcCCC
¢.20ccCC
€.15000C
0.10ccoc
c.05¢cCCC
C.

v

l1.c0CCCC
0.55CCCC
c.sccccc
0.85CCCC
C.80ccec
0.75CCCC
c.70CCCC
C.&5CCCC
C.s60CCCC
0.55CCCC
©.50CCCC
C.45CCCC
c.&0cCCC
c.350CcC
c.30cccc
€.25¢CcCCC
€.20cecc
0.150CCC
c.lecccc
c.Cs5ccce
C.

¥
1.c0cCCCC
0.950CCC
0.5CCCCC
0.B85cCCCC
0.80CCCC
C.75¢CCCC
c.7CCCCC
c.65cCcCCC
C0.60cCCCC
0.55CCCC
C.5CCCCC
C.45CCCC
G.40CCCC
C.35CCCC
C.30CCCC
C.25¢cCCC
0.20CCCC
C.15CCCC
c.loccce
c.C5cCCC
Ca

ufx)

C.

€.20452°27E-CC
C.35418%4BE-CC
C.56707717E CC
C.72C&5724E CC
C.B5254751E CC
C.SE135%45E CC
C.IC4T2407E C1
C.11116SC4E C1
C.1158&1CCE C1
C.1190&°15E C1
C.1211872SE C1
€.12251738E C1
€.122314S3E C1
C.1Z23T72T7€E C1
€.12402"57E C1
C.12415%3SE C1
C.12421°74E C1
C.12424%E4E C1
C.12425%35E C1
C.1242575SE C1

utv)

C.

C.15412%62E~CC
C.2744E7SSE-CC
C.5358&SCCE CC
C.EEB63LB1E CO
C.E1S11™C2E COC
€.53012%42E CC
0.1C214754E C1
C.1CS3776&E C1
C.1149C*8SE C1
C.11897413€ C1
C.1218&712E C1
C-12283#93E 01
€.12514=51E C1
C.12558™37E Cl
C.12&5C?42E C1
C.1268122¢E C1
C.12695258E Cl
C.12TCSPT1E C1
C.12T12P64E C1
C.12715789E C1

uix)

C.

C.1841275SE-CC
C€.35564253E-CC
C.51278%18E CO
C.£5752752E CC
C.7B8S5TB&42E CC
C.B976ESSEE COC
C.5928&777E CO
C.1CT15P48BE C1
C.11248762E C1
C.11B4148SE C1
C.12215C14E C1
C.12485®5SE C1
C.12€BET04E CI
C.12822432E 01
C.1251673SE Cl
C.1287TT712E C1
C.I3C1E267E C1
C.13C3SFESE C1
€.13052r38E C1
C.13C55PG1E CI

uty)

C.

C.17422443E-CC
C.2370£SC3E~CC
C.4BBOEASTE-CC
C.E266219SE CC
C.7520717¢2E CC
C.B638T72CE CC
C.SE16TS25E CC
C.104557¢CE C1
C.LIESES43E C1
C.1173€184E C1
C.1Z1957114E CI
C.125627C3E C1
C.12E4CraeE C1
C.12048™64E C1
C.1220C¢5€E C1
C.1330€9ECE C1
C.1338376¢E C1
C.1343C"97E Cl
C.13457417€ C1
C.1346591CE Cl

-elo*-

TABLE VIII. - Continued

ETA =
uty)

C.
-C.E254E586E-03
-C.2183E6C2E-02
-C.tESBIC11E-02
-C.114T4TC4E-OL
-C.1650E121E-01
-C.21361187€-01
-C0.25488317E-01
-C.2B50C751E-01
-C.302129¢66E-01
-C.3062¢549E-01
-C.29875612€-01
-C.2B162757E-01
-C.25705589E-01
-C.22704191E-01
=0.1932C755E-01
=0.1568C4619E-01
=C.118725£SE-01
-C.79641£54E-02
=C.39954C57E-02

G.

ETA =
uir)

=C.5750£439E~03
-C.22025871€~02
=0.47375724E~02
~C.755T3£58E-02
=C.11555149€-01
-0.15167779E-C1
~0.1E431C24E-C1
=C.2104C4S7E-C1
-0.22794E31E-01
=0.23605149E-C1
=C.23501430€-C1
-C.22562798E-01
=C.20924377E-01
=0.187286E9E-C1
-0.1611C18BE-C1
=C.13184606E-01
=C.10045630E-C1
~0.£766231TE-02
~0.24027119E-02
C.

ETA =

uty)

C.
-0.3924€E65E-03
-C.14918351€-02
-C.3198%59C2E-02
-C.53765510€-02
-0.784955206-02
-0.10405C20E-01
-C.12815&459E-01
-C.1488595ETE-01
-0.16435220€-C1
=C.17374C82E-01
=C.17648438E-01
=0.17275824E-01
=0.16311119E-01
-0.148343126-C1
-0.12935517€-01
-0.1070&169€-C1
-0.822852C2€-02
-C.55T6€550E-02
-0.28148303E-02

c.

ETA =

uty)

Ca
=0.2512C4STE=-03
=C.94917257€-03
~C.20285874E-02
-0.34100819€-02
=0.45932039E-02
~0.86622030E-02
-0.8291C7863E-02
-C.§7551257€-02
~C.1€9423556-01
-C.11765C29E-01
~C.1217¢166E-01
=C.12141C19E~-C1
=C.11665150E-01
=-0.10785815E-01
~C.9549C3TTE~02
~C.8003118CE-02
-C.£2132353E-02
~C.42641B4E5E-02
-C.21506435E-02

ca

C.£5CuCu

C.T000C0

€.7500C0

Cc.gocceo

X = 1.54761%

- 3r/d
C.512C5588E 00
0.48993316E-00
C.477821C7E-0C
C.4TT760934E-00
0.49088863E-00
0.51356157E 00
0.53814039E 00
0.556883186E 00
C.57425626E OC
0.58632211E 0OC
0.59758964E 00
0.60956457E 00
0.562238591E 0O
0.63535250E OO0
0.64754394E 00
0.658207C9E 00
0.666909CBE 00
0.6T7348307E OC
C.67791872E 00
0.568C23764E 00
C.68C38345E 00

- 3P /3x
0.75272218E-01
0.72020177E-0L
0.T0239701€E-01
C.70208576E-01
0.T2160632E-01
0.75493553E-01
0.79106640E-01
0.82148286E-01
0.84415673E-01
0.86189353E-01
0.87845681E-01
0.89605996E-01
0.91490732€-01
0.933966822E-01
0.95188963E-01
0.96756446E-01
0.98035639E~01
0.99002016E~01
0.99654055E~01
0.99994537E-01
0.10001637E-00

X = 1.944444

- 3P r3q
0.65655185€ 00
0.638692590E 00
0.62511737E OO
0.62219201€ 00
0.62983526E 00
C.64£25T45E 00
0.66668255E 00
C.68611863E 00
C.701ST059E 00
0.T1452694E GO
0.72566812€ 00
C.73720111€ oC
0.74994239€ 00
C.T636TO3IBE OO
0.77T752107E 00
C.7904T039E 00
0.80163198E 00
0.81C3T477E 00
0.81628728E 00
C.81907262E 00
0.81841429E 00

—ap/ax
0.70907601E-0C1
0.68787998E-01
0.67512677E-01
0.6T196739E-01
0.68022210E-01
0.59795806E-01
0.72001716E-01
0.T74100813E-01
0.75812826E-01
0.77168912E-01
0.78372158E-01
0.79617722€E-01
0.80993780E-01
0.82476402E-01
0.83972277€E-01
0.85370804E-01
0.86576255E-01
Q.87520477E-01
0.88159028E-01
0.88459844E-01
0.58388T45E-01

X = 2.500000

-ar/d
C.E7711108E 00
0.85910968E 00
0.8475982%E 00
0.84301407E-00
0.84LT72945E 00
0.85810392€ 00
0.87433717€ 00
0.8917480&E 0O
0.90754990€ 00
0.92092098E 00
0.93275285€ 00
0.94463380F 00
0.95777345E 00
0.97253126E €0
0.98835043E OO
0.10041030E 01
C.101E4389E 01
0.1030C427E 01
C.10377772E 01
C.10407005E O1
0.1038C205E 0Ol

-AP/IX
0.65783334E-01
0.64433229E-01
0.635698T4E-01
0.63228058E-01
0.635047126-01
0.6435TT96E-01
0.65575290E-01
0.66881107E-01
0.68066245E-01
0.69069076E-01
0.6995646TE-01
0.70R47538E-01
0.71833026E-01
0.72939847E-01
0.74126285E-01
0.75307731E-01
0.76382929E-01
0.77253211E-01
0.77833297E-01
0.78052543E-01
0.77851542E-01

x = 3.333333

- AP/
0.12478866E 01
0.1231C815E 01
0.12201320€ 01
0.1215C001E 01
0.12166082€ 01
0.12247391E 01
0.12377942E 01
0.12532671E€ 01
0.12687807€ 01
G.12829863E 01
0.12958983E 01
0.13C84603E 01
0.13218638E 01
0.13368251€ O1
0.13532100€ 01
0.13700303E ©1
0.13856755E 01
0.13%82093E 01
0.14056972E 01
0.14CE64482E 01
0.13592044E 01

- 3P /Ax
0.59898559E-01
0.590915156-01
0.58566339E=01
0.58320005E-01
0.5839T196£-01
0.58787481E-01
0.59414127E-01
0.60156821E-01
0.60901475E-01
0.61583347F~01
0.62203119€-01
0.62806098E-01
0.63459463F-01
0.66167609E-01
0.64954083E-01
0.65761460E-01
0.665124296-01
0.67114049E-01
0.6T4734656-01
0.67509514E=01
0.67161815€-01

- P/
0.84847T39E-02
0.79948444E-02
0.79715561E-02
0.874227445E-02
0.10385249E~-01
0.126967C0E-01
0.15251118E-01
0. 175544 T6E-0U1L
0.19208089E~01
0.20009164E-01
0. 1994B656E~01
0«19149659E-01
0.17786862E-C1
0.16029906E-01
0.14014173E-01
CU.11834350E~01
0.95530523¢-02
0.72080658E-02
0.48243119E-02
0.26174463E-02
0.

- or/aY
0.603492T4E=-02
0.55570406E=02
0.53163861E~u2
0.54887503E-02
0. 61434845E-02
0.72227080E-02
0.85521968E-02
0.98902594E-02
0.10999836E-01
0.11T07760E-0L
0.11937158E-01
0.11696479E-01
0.11052100E-01
0.10093836E-01
0.B9098940E-02
0.75736281E-02
0.61391946E-02
0.46441629E-02
0.31125727E-02
0.156082306-02
0.

~AP/dY

D.41817421E-02
0.37781207€-02
0.34956680E-02
0.34250624E-02
0.36103354€-02
0.40409987E~u2
0.46524985E-02
0.53401221E-02
0.59833986E-02
0.64750292E~02
0.6T411T65E~02
0.6T7505484E-02
0.65091446E-02
0.60492349E-02
0.54150338E-02
0.46518559€-02
0.37992527E-02
0.28883216E-02
0.19417901E-02
0.97529806E-03
0.

—dp/AY
0.26827240E-02
0.23924991E-02
0.21641026E-02
0.20431816E-02
0.20542660E-02
0.21986394E-02
0.24543831E-02
0.277985L1E-02
0.31214673E-02
0.34234T767E-02
0.36381999E-02
0.37326150E-02
0.36%14548E-02
0.35154981€E-02
0.32175848E~02
0.28174882E~02
0.23373525€-02
0.179683954E-02
0.12192333E-02
0.61542901E-03
Ue



¥

l1.C0CCCC
0.55CCCC
C.50C0CC
C.gs5CcccCc
0.80CCCC
C.75CCCC
c.7CCECC
C.&5CCCC
G.e0CCClC
C.55CCCC
c.socccc
0.45¢CCCC
C.40CCCC
C.35CCCC
0.30cCCC
0.25¢CCCC
0.2ccccc
C.15CCCC
C.locccc
©.05CCCC
.

h §
1.C0CCCC
€.55CCCC
C.50CCCC
C.B5CCCC
C.8cccce
€.75Ccce
c.7cccec
G.s5CcCCC
C.geCCCCC
e.55CcCC
0.s50ccce
C.45CCCC
C.4aCCCCC
C.35ccCC
C.30cccec
C.25CCCC
C.20CCCC
C.15C0CC
0.1ccoccC
C.05cccc
Ca

¥.

l.c0CCCC
0.55CCCC
@.50CCCC
C.BsCccc
C.8cccce
0.75CCCC
C.70CCCC
C.&5CCCC
g.&0CCCC
0.55C0CC
@.5C0CCCC
C.45CCCC
€.40CCCC
0.35CCCC
G.30CCCC
C.z5CCCC
€.2c0cOcCC
0.15C0CC
g.10CCCC
0.05CCCC
C.

Y
1.00CCCC
C.95CCCC
€.50CCCC
C.ESCCCC
0.80CCCC
@.75CCCC
c.70CCCC
C.&5CCCC
0.60CCCC
0.55CCCC
€.5c0CCCC
C.45CCCC
C.40CCCC
€.35CCCC
€.30CCCC
C.25CCCC
g.2ccccc
C.15CCCC
c.loCccC
C.C5CCCC
C.

ulx)

C.

C.16435¢51E-CC
C.2]186CFTSE-CC
C.4€8251F25€E~CC
C.E95777C1lE CC
C.7180219CE CC
C.EZ2898431E CC
C.S284278CE CC
C.1C1637SCE C1
C.10S28£9SE C1
C.11584F54E C1
C.1z137%16E C1
C.12595483E C1
C.1256ErQ04E C1
C.13265124E C1
C.134969C1E C1
C.13&72731E C1
C.13796%66E C1
C.13BB&M43E C1
C.13S35757E C1
C.13551°%2E C1

utx)

C.

C.1549551¢E-CC
C.3CIC0ESELE-CC
Ce43831F4LE-CC
C.S5C&51761E CO
C.E8S547C4E CO
C.7552%°71E CC
C.EBSS6ETISE CO
C.SBE6STIBE CO
C.1CE33°C3E C1
C.114C%12€E C1
C.120455C4E C1
C.1259¢458E C1
C.13Ce€?13E C1
C.13455734E C1
C.13781R28E C1
C.14C37641E C1
C.14231r4SE C1
C+1436£535E C1
Ca.l444647CE C1
C+14472%4LE C1

uix)

C.
C.14791757E-CC
C.2EB04183E-CC
C.4203782&T7E-CC
«S449CTECE CC
C.EGISESTEE CC
C.77C4143%E CC
C.ET137565E CO
C.5644¢7CCE CC
C.10497733E C1
C.112717€2€ C1
C.11967<52E C1
C.12586P83E C1
C.13125<88E C1
C.13597714E C1
C.1385177€E C1
C.14211#8BE C1
C+14559%63E C1
C.15T3&7C4E C1
C.14841%46E C1
C.14B77T15E C1

uir)
0.
C.14€25FC2E-CC
C.z850CTC2E-CC
C.41£25"CLE-CC
C.54COCTCIE CC
C.E5€E257CZE CC
C.7€S0CTC1E CC
C.EE6E25FC1E CC
C.5&CO0CTCLE CC
C.1C46245%E C1
C.1125CTGCE C1
C.11562%5GE C1
C.12595°9SE C1
C.13162=CCE C1
Cal3€45°SSE C1
C.14C62495E C1
C.14355°55L C1
C.l4€62°CCE C1
C.1485CTCCE C1
C.15562=CCE C1
€.15C0CTCCF C1
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TABLE VIII. - Continued

ETA = C.ESCOCC x = &.722222

uty) - 3P/

C. €.198C2310€ 01
-C.1384C1558-03 C.19648T797E OL
~C.52054C36E-C3 £.19555163E 01
=C.1109€E411E-02 C.19517218€ 01
~C.18638041E-02 0.19538507E 0L
~C.27327674E-02 0.19615783E 0L
-C.326601C3CE-02 C.19737069E O1
~C.45841578E-02 0.19883471E 01
~0.5441E858E-C2 €.20C34178E 01
~0.£17257£3E-02 C.20172764E 01
—-C.E72476778-02 €.20291131E 01
~C.7056C252E-02 £.20350070F 0L
-C.7T13951306-02 €.20476088E 01
-C.69625962E-02 £.205564C1E O1
~0.£5288CE2E-02 €.20634151E O1
-0.58522550E-02 0.20705704E OL
~C.45596464E-02 €.20760753E OL
~0.28854513E-02 C.20783951E O1
~C,26704433E-02 C.20758452E OL
~C.12594573E-02 £.20669367E OL

Ce C.20507821E 01

ETA =  C.50C0CO x= 1

uty) - 3P/

(-2 £.39051884E Ol
-C.527255556-04 G.38929316E C1
-C.1S73E7376-03 0.38883410€ 01
-0.4195C517E-03 G«38901274E 01
-0.7030283RC-03 C.38574476E 01
-0.1C2957826-C2 C.3909C35B8E OL
-C.12803519E-02 €.39230285E 01
-C.1732E1C1E-02 £.3937C962E 01
-C.2C65C17BE-C2 C.394BE916F O1
-C.235515516-02 £.39554851¢ 01
-C.2583CL77E-C2 C.39557258E 01
~C.27313448E-C2 £.39485238F OL
-C.27865729E-02 ©.39335191E 01
-C.2741€637E-C2 C.39127054E C1
-C.25925932E-02 C.3€862089E 01
-C.23424351E-02 C.38555330F 01
-C.1599C554E-02 C.38233728E 01
-C.15752CE6E-C2 C.378SETESE 01
-C. ICBT2CEBE-02 0.3T566TL1E OL
-C.55501372E-C3 0.37245165E 01

C. 0.3695BTSGE 01

ETA =  C.5500CC A= 15

uiyl —BPIa]

C. C.13215533E 02
-C.EEB63E33E-C5 C.13813341E 62
~C.25865CE1E-04 C.13816723E 02
~C.£C505823E-04 G.13826912E 02
—0.558144C1E-04 0.13241354E 02
-0.14415647E-03 0.1385720%9€ 02
-C.15145857E-03 C.13871%82¢ 02
-C.23884539E-03 0.1388C980E 02
-C.2E352CC40-03 C.13282598E 02
-C.32267252E-03 0.13873624E 02
~C.3536€160E-03 G.13852023E 02
-C.3741€150E-03 0.13816817€ 02
-C.282312576-C3 C.13768259E 02
~C.27684542E-03 €.13707870€ 02
-C.35715519E-03 €.13538423E 02
-C.223519726-03 0.13563760E 02
-C.2T6T43¢6E-03 0.1348B343F 02
-0.2185C228E-03 C.13416978F 02
-0.15105868E-03 ©.13354363F 02
-C.771830356-04 C.13304721E€ 02

[ 5 £.13271460E 02

ETA =  1.€C00CG x = oo

uiyy - arsdn

g oo

E- o

D oo

i oo

B oo

Ce oo

C. oo

C. =

c. e

(=5 -

| =5 =

[ oo

Es oo

Ce oo

C. e

¢- -

s oo

G- oo

C. oo

Cs oo

(-5 oo

«499999

-833332

-3p/ax
0.53466240E-01
0.53051757E-01
G.527989456=01
0.52696493E-01
0.527539726-01
0.52962618E-01
0.53290091E-01
0.536853T56~01
0.54092285E-01
0.5446646TE-01
0.5478605TE-01
0.55053195E-01
0.55285443E-01
0.55502289E-01
0.55712213E-01
0.55905404E-01
0.56054146E-01
0.5611677T9E-01
0.56047824E-01
0.55B07295E-01
0.55371121E-01

-3P/dx
D.4686226BE-01
D.46T7T15187E-01
0.46660101E-01
0.4668153TE-01
D.46T693T9E-O1L
0.46908438E-01
0.4T0O76350E-01
0.47245163E-01
0.47384308E-01
0.47465830E-01
D.4T46B8TLITE-OL
0.47382254E-01
D.47207T03T7E-01
0.46952522E-01
0.466364515E-01
0.462T71203E-01
0.45880482E-01
0.45478554E-01
0.45080C61E-0L
0.44599C06E-C1
0.44350519E-01

- 3P /3x
0.4145860TE-01
D.41440C029E-C1
0.41450178E-01
0.41480743E~-01
0.41524070E-01
0.415716356E~01
0.416144556-01
0.41642548E-01
0.41647796E-01
0.41620880E-01
0.41556079E-01
0.41450460E-01
0.41304783E-01
0.41123616E-01
0.40915275E-0C1
0.4069128TE-C1
0.50465035E-C1
0.40250941E-01
0.40063096E-01
0.39914169E-01
0.39814388E-01

-aP /ax
0.39999999E-01
0.39999999E-01
0.39999599E-01
0.39999999E-01
0.39999999E-01
0.39999999E-01
0.39999999E-01
0.39999999E-01
0.39999999E-01
0.39999999F-01
£.39999599E-01
0.39999999E-01
0.399999599F-01
0.399994999E-U1
0.39999999E-01
.39999999E-01
0.39999999F-01
0.39999999F-01
0.399499999E-01
0.39999999E-01
0.39999999E-uU1

—-aP/ayY
0.14435439E-02
0.12732495E-02
0. 11315785FE-¢2
0:10394520E-G2
G.1U08BB48E-02
0. 10427062F-G2
0.11346747E-02
0. 127044 TTE-V2
0. 14295555E-u2
0.15883318E~-02
0.17231330E-C2
0.1813538TF-02
0.184451760-02
G.1807566TE-02
0.1lT7006744E-02
0. 15273255E-02
0.12951560E-02
0.10144232E-02
0.69681642E-03
0.354559BTE-C3
O.

=esdy

0.48330315E-03
0.42086796E-03
0.36785473E-03
0.331086756-03
0.3146383RE-03
0.3198T140E-03
0.34553592E-03
0.38800123E-03
0.44165951E-03
0.49952111E-03
0.55395155E-03
0.59745947E-03
0.62345775E-03
0.62686931E-03
0.60452976E-03
0.5553756TE-G3
G.48039853E-03
0.38244377E-03
0.2658950TE-U3
0.13630409E-03
0.

-oP/3Y
0.28755T65E-04
0.245TB348E-04
0.21269476E-04
0.1944T050E-04
0.19475690E-04
0.21476%13E~04
0.253416%8E-U04
0.30751325€E~-04
0.37208798F-04
0.440B0973E-04
0.50653531E~04
0.56192806E=-04
0.60011996E-04
0.61534093E-04
0.60346832E-04
0.56240950E-04
0.49233085E-04
0.39568258FE-u6
0.2TTOUB42E-04
0. 1425994 1E-04
0.

-2psay
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TABLE IX. COMPARISON OF RESULTS: u

=0 x=0 n = 0.05 x = 0.043859
y Schlichting's Case I Case II Schlichting's Case I Case II
0.95 1,0 1.0 0.7052 0.705 0.8281 0.6220
0.9 1.0 .0 0.8862 1.007 0.9958 0.8753
0.8 1:0 1.0 0.9817 1.040 1.0324 1.0004
0.7 1.0 1.0 1.0143 1.040 1.0268 1.0280
0.6 1.0 1..0 1.0321 1.040 1.0214 1.0421
0.5 120 1.0 1.0433 1.040 1.0178 1.0514
0.4 1.0 1.0 1.0509 1.040 1.0155 1.0578
0.3 1.0 1.0 1.0560 1.040 1.0140 1.0622
0.2 1.0 1.0 1.0593 1.040 1.0131 1.0651
0.1 1.0 1.0 1.0612 1.040 1.0126 1.0667
0.0 1.0 1.0 1.0618 1.040 1.0124 1.0672
n = 0.20 x = 0,208333 n = 0.50 x = 0.83333
y Schlichting's Case 1 Case II Schlichting's Case I Case II
0.95 0.399 0.4261 0.4141 0.245 0.2166 0.2428
0.9 0.720 ’0.7624 0.7292 0.467 0.4247 0.4662
0.8 1.046 p 1.0615 1.0188 0.806 0.7877 0.8274
0.7 1.088 1.1046 1.0759 1.082 1.0303 1.0442
0.6 1.088 1.0940 1.0831 1.130 1.1483 1,1398
0.5 1.088 1.0807 1.0847 1.182 1.1889 1.1705
0.4 1.088 1.0713 1.0861 1.192 1.1967 1.1768
0.3 1.088 1.0650 1.0875 1.196 1.1946 1.1764
0.2 1.088 1.0610 1.0885 1.196 1.1912 1.1750
0.1 1.088 ) 1.0588 1.0892 1.196 1.1888 1.1741
0.0 1,088 1.0581 1.0894 1.196 1.1880 1.1737
n = 0.80 x = 3.33333 n = 0.90 x = 7.50000
y Schlichting's Cage I Case II Schlichting's  Case I Case II
0.95 0.172 0.1712 0.1742 0.156 0.1542 0.1550
0.9 0.333 0.3315 0.3371 0,302 0.2998 0.3011
0.8 0.619 0.6177 0.6266 0.568 0.5644 0.5665
0.7 0.858 0.8547 0.8639 0.797 0.7929 0.7953
0.6 1.041 1.0390 1.0455 0.989 0.9847 0.9867
0.5 1,175 1.1715 1.1736 1.143 1.1398 1.1409
0.4 1.265 1.2587 1.2562 1.261 1.2598 1.2596
0.3 1.317 1.3111 1.3048 1.347 1.3474 1.3460
0.2 1.338 1.3397 1.3309 1.404 1.4063 1.4037
0.1 1.346 1.3533 1.3431 1.436 1.4400 1.4366

0.0 1.347 1.3572 1.3466 1.446 1.4509 1.4473
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APPENDIX A: FINITE-DIFFERENCE METHOD

FOR SOLVING BOUNDARY-VALUE PROBLEMS

A boundary-value problem, F(u) = j, for the continuous
operator F, when discretized, takes the form

AU = B (1)

The term discretization refers to the transformation of
differential equations into finite-difference equations. 1In
equation 1, B is a vector of constants determined by j and
by the boundary conditions, U the vector of unknown u, and
A a matrix determined by F and by the boundary conditions,
For linear problems, A is constant. For non-linear problems,
A is also a function of U, Methods for solving a matrix
equation like equation 1 are ordinarily divided into direct
and iterative. The direct methods are confined almost
exclusively to linear systems. They can render exact solu-
tions in a finite number of steps if there are no round-off
errors. A typical direct method is Gaussian elimination.
Iterative methods, on the other hand, consist of the repeated
application of a simple algorithm and would result in the
exact answer only as a limit of a sequence. When A is large,
iterative methods are preferred because they usually take
full advantage of the numerous zeros in the matrix (14).
Moreover, the round-off errors of an iterative method tend to
be self-correcting and are minimized, in contrast to the
direct method. Finally, for non-linear systems, iterative

methods are invariably used.
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In applying the iterative method, equation 1 can be written
as a system of N algebraic eguations with N unknowns, ui's.
A one~to-one correspondence between the N unknowns and the N
equations can thus be obtained with each equation to be
solved for the corresponding unknown. For partial difference
equations, it is natural to use the eguation of a node to
solve for the unknown at that node., Let U(p) be the vector
U obtained from equation 1 after P-th iteration, The method
of simultaneous displacements, or total step iteration, is
one which determines U(P+1) based on the values of U(P). On
the other hand, with the method of successive displacements,
or single-step iteration, a certain order of the systems of
equations has to be fixed; i.e.,, the order in which the com=-

ponents, u,'s, will be computed. In solving equation 1 for

i

u£P+1), the latest computed values of ui's are used; i.e,,
ngp'l'l)'s for j < i and uj(P)'s for j > i.

The number of iterations required for the solution of a
system of linear equations to converge to a given degree of
accuracy is roughly proportional to the square of number of
equations, For non-linear systems, this number would pre-
sumably be more dependent on the number of equations. When
the number of nodes involved in a discreted partial differ-
ential equation of boundary-value type is large, the time of
computation required may become too large, even when handled
by a high-speed digital computer. Acceleration of the rate

of convergence, therefore, is often a necessity.
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Of the various iterative methods available, the one that con-
verges most rapidly is the method of successive overrelaxation,

or simply overrelaxation. In using overrelaxation, the value

£ ui(P+1)

o is computed by the formula

(P+1) _  (P) (P+1) _ _(P)
ug uy + Mu (vi uy ) (A1)
In equation Al, uip) is the value of uy after the P-th

iteration; V§P+l)

is the value of the function u, computed by
the governing difference equation for point i; and finally
Mu is the overrelaxation factor which is ordinarily larger
than 1. With Mu equal to unity, the iteration is called

stationary and when Mu is smaller than unity, the process is

sometimes called underrelaxation.

Overrelaxation is not very useful when coupled with the
method of simultaneous displacements. With the method of
successive displacements, however, Young (15) found that
overrelaxation was very helpful in dealing with a class of
matrices with, what he called, property A. Further investi-
gations by others revealed that overrelaxation also improved
the rate of convergence for matrices which do not satisfy
property A, even though it was theoretically unjustifiable
at the time. It was found that, for certain types of
matrices, the method of overrelaxation gives convergence
for all values of M 6 between O and 2, and that the most rapid
convergence occurs for a value of M . between 1 and 2. The
op

determination of Mu for a system of linear equations
opt
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involves the determination of the dominant eigenvalue of the
matrix A in equation 1, and is a tedious job. For non-linear
boundary-value problems, matrix A is a function of U. Under
such circumstance, the value of Mu : requires frequent deter-
mination without prior knowledge (?g). It is, therefore,
probably more efficient to determine the value of Mu empiri-
cally by trial-and-error. The rate of convergence using
successive overrelaxation, with M~ Mu tJ is roughly P

times the rate of successive displacemeggs, wherein P is the
dimension of matrix A, When P is large, the use of the over-

relaxation method thus results in a substantial saving of

time.
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APPENDIX B: DERIVATION OF FINITE-DIFFERENCE EQUATIONS

The derivation of finite-difference equations from differen-
tial equations involves the replacement of derivatives by
difference formulas. Some of the more commonly used formulas
for first derivatives are the central-difference, the forward-
difference and the backward-difference formulas. Referring
to Figure 1, which shows the point pattern of a rectangular
mesh net with mesh lengths of a and b; the central-difference

formulas can be written as:

oV 8 {
(=) = 5= (¥,-v.)
a'q E 2a A C
(B1)
av 1
Gy 5 2b Y5 ¥p)
The forward-difference formulas have the form:
ov 1
(E)E "y (‘PA-‘YE)
(B2)
ov i
(W) b (YB—E’E)
E
Similarly, the backward-difference formulas are:
LR 1
(gﬁ = £ (‘YE—‘I’C)
(B3)

oV 1
(W)E s (‘l’E—‘l’D)

For the second derivatives, the difference formulas most
frequently used are based on central-differences as given

by:
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2
3%y 1
(g;g) = ;g (YA+WC—ZWE) (B4)
E
2
(a T) = (w +¥-2V ) (B5)
ay2 bz E
E
2
a ¥
anay) = 4ab (w ~ Yo+ Y- YI) (B6)

The errors which result in using these formulas are discussed
in nearly all standard numerical analysis books. More elab-
orate formulas than the ones given above are available and
are used mostly for large mesh sizes. In this work, central-

difference formulas were used in most instances.

Consider now equations 11, 12, 14 and 15. Equations 12 and
15, being linear, present no particular problem. Equation 15

can be rewritten as:

2 I 2
_ 3%y e, 2%y | a%n av
rem gt i) cBt g Ao
y an ox
Since n=1 - Tﬁ%f (13)
then %& = C (l—q)2 (B8)
e 2 3
and ——% = - 2C° (1-7) (B9)
0x

Substituting equations Bl, B4, B5, B8 and B9 into B7 and

solving for ¥ at point E results in
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2

4 a = 2 a
)T o+ (E) ] ?E = 3 Cp + QE) (TB+TD)

2[C2(1-7]E

(B10)

2 4 . 2 3
+ C7(1-np)”~ (¥,+%5) - aC” (1-ng)

Similarly, the difference expression for equation 12 at point

E in the x-y net is:

2 2
2[1+(%§) ] Ye = szwE + (WB+YD) + (%%) (?A+?C) (B11)

The approach used in obtaining equations Bl0 and Bll, however,
was not applied to equations 11 and 14. Preliminary investi-
gations indicated that a special device, due to de G. Allen
(11), had to be used in order to induce stability. Equation

14, when rearranged, becomes

{azw (Re 37 Yy gg}

ay 4 9x 9n° 9y
5 (B12)
37y _ Re 3 3Y
2 4 ¥x 9y
3y |8Tw ax 0w
l )
0x
or symbolically
o, 2
A 4+ (ax) B s (B12a)
where
azm Re dn 9oV, dw Bzw ow
A=S5+ (T3R5 39 -0+ S5y (B13)
ay2 4 93x an’ dy ay2 oy
and
2
3" _ Re 3 3V
g 4 3¥x ¥y 2 J
p = g ax ” %@ 5 E_% $ N%ﬁ (B14)
3 3 T 3 A
4l (2 l
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‘When x and A are held invariant, equation Bl3 can easily be

solved to give
x© = Ay + P + Qe XY (B15)

P and Q are constants of integration. Referring to Figure 1

again, the following equations can be written:
- ~X¥B
Kbp AyB + P + Qe

KR = AyE + P + Qe (B16)

KWp = AyD + P + Qe

Elimination of P and Q from B16 results in an expression for

A at point E:

xgP
xgle (wgmwg) - (wg-wp) ]
AE - B (B17)
*E
b (e - 1)
Similarly, by holding ?» and B invariant; solution of
equation Bl4 gives
7\Ea.
kE[e (wp-wg) - (wE-wC)]
By = s (B18)
E
a (e - 1)

Substituting equations B17 and B1l8 into Bl2a and solving for

wE results in:

CEwE = CA@A + CﬁwB + chc + CﬁmD (B19)
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where
2 Al AEa
- (31 E -
CA (ax)E )E e /a(e 1)
£.b £aD
E E - 1)
CB = xg © /b(e
(B20)
2 a
- @1 e _
Cc = G M/ale 1)
be
CD = KE/b(e - 1)
and
CE - CA -+ CB + Cc + CD
To evaluate ¥ and ), the central-difference formulas are
applied to the partial derivatives of ¥. Thus:
Re Re 2
azn Re
N = ( = = )/( )
E ax2 4 ax ay E
(B22)
== 2 Re i & ( —v.)
I=ng 8% c(1-q )2 b

In a like manner, equation 11 can be transformed into the
following form:

CEwE = C'w, + C

AL Blg + chc $ Gl (B23)

DD

with
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AgAx Aghx
L |
kb KD
Cp=xge ™ /b(e ™ -1)
kﬁéx (B24)
1 - ' -
CC }E/Ax(e 1)
Xnb
and
! - L 1 1] L}
CE CA + CB + CC + CD
In equation B24,
+ . Re 3Y¥y _ Re _
g =7 G¥ gax (YA Yo (B25)
and
' = _ Re 0% _ Re "
It is now time to take a closer look at the above trans-
formation. Equation Bl7 can be rewritten as
x-b
E
. Kg (e -1) (wB—wE) + (wB+wD—2wE)
E be
b(e -1)
or
_ Wp=Wp N fﬁ (wB«nD—ZmE) P——
Ag =xg — 5+ % xgh
(e = -1)
as by definition,
ow 62w
AE = Xg (W) + (—2) (B13)

E oy E
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it follows that

dwy, _ “BE
and
%oy xg (p+ep-20p) ——
3 2 b be
y
E
b
By expanding e in terms of powers of be; equation B29
becomes:
(ng) - EE_ B™Dp 2&h)
2 T
oy " Kb (1 + be/Z. + (KEb) F3L % zsin)
(B30)
1 @n O Zm )
- _7 ? L
b 1 + be/2. + (KEb) /3. +
When b approaches zero, equation B30 gives:
(i +0 =200, )
Jin Q0 D = B D : (B31)
b0 By - b

which is the conventional central difference formula for a
second derivative. Following the same reasoning, we can

obtain from equations Bl4 and B18 these relationships:

(w,~w)
w, _ Pag
(aﬁ)E = — (B32)
and
2 () D, =200
1im > =2 g - (B33)
a—0 o . a

It is thus shown that for small mesh lengths equation B19 is
egquivalent to a conventional finite-difference representation

of equation B1l2. The same argument holds for equation B23.
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The point velocities and pressure gradients can be calculated
directly from the values of stream function and vorticity

once the latter have been determined. By definition:

(w) = (%)E - o (Tg-¥) (B34)

@) =-&H - (¥

V' E E
(B35)
2
C(l-nz)
--3@y & - 5 gy
E ‘TE
Rearranging equation 6 gives
ou au
aP X b4 4 2
-G =W 55 + Yy 3y Re ¥ % (B36)
In terms of ¥ and w, this becomes
3P, _ av 3%y  av 3%Y . 4 aw
- G "3 wy ~ & a2 T Re 3y (B37)
the finite difference form of which is
oP 1 :
-~ = . = AR [CE 2 Y (230 ~2) ~ XD
(B38)
4 ,
Similarly, since
du du
Py L u Y vy _ 4 g2
B (5'37) Y% oax Y% oy Re Yy
(B39)
2 2

then
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AP 1
- o) = [(¥,-%) (¥.-¥.+¥ . ~Y.)
V' s  saxlp A" "C F G H X

(B40)
= 40 (Y +¥-2¥) | - E:E (wy-wg)

Note that the forward-difference representations for aw/dx

and 3w/dy are used, which is in agreement with equations

B28 and B32.

When n replaces x as the independent variable, equations B37

and B39 assume the following form:

2 2
by .33 AYe ¥ _avay .4 o
- Gx dx 3y ondy n ayi) * Re 3y (B41)

(B42)

Based on these equations, the point pressure gradients can be

calculated as follows:

2
C(1-ng)
= (2% -———-—E—[(w-\y) (Y -Y . +¥ —V)
= 5 QahZ B °D i s | S
(B43)
- a(y,-v) (Y29 ]+ E%E (@)
A (1)
3P g
= == —e— [ (¥,~7,) (Tt ¥ ~0) < 408~ 1)
e = 8a2p TR -t i i g B~ ‘D
C2(1—7]E)3
(Y +¥2Y) | + —555— (¥g-¥p) (¥,-¥.) (B44)
ac-np)?
- ()

Rea
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The values of - (3P/d7n) can easily computed from - (3P/3x)

by the relation:

oP aP Gl
-Gy T (-é;)E/(ﬁ'l)E (B45)



=298 -

0=3d1 251
(002401 )e0%2= 110D
. Zewp/Zee0X131 = 002
(VHdIWe@e0*A)/(ONIH=) =(1)L0D 0O1

ZYHdIV/Y13d =(11902

(Ve0*R)/LONIHSVHA TV) =11)60D

V/ZVH4IVY = (1)%0)

10°2/¥130eV)-2V44IV =(1)1€02

(0°2/¥13aev)+2v4dIV =111203

0°Ze(VII=0°T)evHd Ve (D=) = Vi@

0"Ze (2H+ZV4dW =(1)102

ZeayHdIV=ZYHA IV

0*Ze((T141)V13-0"1)eVHdIVe(I-)=V |30

- Zen((T+1)V13=0"T)ed=VHA Y

N*1=1 001 DO
NWNT0D HOVI ¥O04 INVISNDD SINIIDI44300 ONTLIVINDTIVI «
ODHI3W S*NITIV 9 30 AB WO3IA0 ONV 15d »
40 SNOTAVINATYD IATLVHILL 3HI 1IN0 SAMMYD L1 * 343 SNIO3G I 1wvd »

1=¥311

{(vy=0"1)#2) /v = OX139

(r=ZW)dIVDIded=(r)A €
ZW'1=r £ 03
0*1=(ZW)via
(LEIIVII-0*T)e2) /0 10VI3=(1)X 2

(1=1141v3dev=(1)V13

A'l=1 Z 02

(ZA*T=1"(2W*1=r 2

SLIATIAVOIND) ) (2N T=T*(ZW  T=F*(1'r)BISd)) *(ZN*T=1*(ZW'T=r T

CEIMPIVOIMOI ) 2N T=1 (2H 1=r (1°F)1Sd))%0ST*S 1dV1 LINdNI OV3IY
VO3IW0 ONV 154404 SINIVA QILIVALIST NI OVIH =

Z IH911 3SN3S

SOWYD NO Q3IHINN4 30 .

30 171K VOIWD ONY 1Sd 40 SINTVA ONTLINSTY SNVIW NO 2 (HOTT ASNAS «
09=v1
09=duid]
00€=MOTTIVI]

Q31NI3%3 38 1VIK HITHM SNOTLIVHIL] 40 HIAWNN WNATXVW 3HL ST MOTWI e
NOTAVWHOINT NOTLIVHILT W04 J¥3IW VIVI IN4ANT =

Z*0=10400

2°0=0400

1*n=94400

1°0=d¥00

Z*1=(1)140¥D

Z*1=(11234)

E1=(1)9d%0

€°1=(1)d%0

N'l=1 1 DO

SHOLIVA NOTLYXVIIYYIAD 140 AWV ISAMLe
8=30°2=0101
R=30*2=4101

J¥3H 03IMOTIV SIONVEIN0L ¥4 VIVD 1NdN] =
Tey=y
Z=IN=N
Z-ZA=d

T a5¥d

sH=ZH

A/v=y
0*0rE=0NIY
Cas ]
1*0=0
1°0=v
11=2¢N
11=24
215 OI¥9 HO4 F¥IH VIVD INdNI
NOTLDIMIO=-A 341 NI 035N r
NOT1I23%10-v13 3IHL N1 035N 1
'S4 1M258N0S
ATIALLIAASIY SNOTOIYW WYINLSAN ONY
WY3YISNMOOQ FHI NI NOTL23w10-A IHL NI AI12073A aAn*an
ATIATLIIASTY SNOTOIE WYIHLSAN ONY
WYIHISNMDG 3HL NI NOTID3WIO-X 3IHL NT ALTODT3A nntxn
HABWNN SOTONATH ON3I

ATIATLIIASIY SN 1938 WYI¥LISHN ONY

WYIHISNMOO LV NOILONNS WVIYLS SSITINOISNIWICQ 815d*154d
ATIATLI3453Y SNOTOIH WVIYLSAN ONV WYIHLISNMOO
JHI NI NOTLIJIHWTIO0-A IHL NI INIIOVED JHNSSIHA HAdd*Add
ATIATLII45IY SNOTOAM WVIHISHN ONV WYIHISNMOQ
JHL NT NOILIIWIO-X 2HL NI SINITOVED IHNSSId AXdd*xdd

AT3ATLD3453Y SNOTOIW WYIHLSAN ONY WYIHISNMOD
IHL NI NOLIJIWIO-VII IHL NI SINIIOVHD FIUNSSI¥d 8V 13dd‘viddd
SHOLIVY NOTIVXVIINHIAD hadd ¢ |
ATIATLIIIASIY SNOTOIW WYIHLISAN INV
WVIHISNMDO 1V ALTOILINOA SSIINDISNIWIO BVOIADVIIAD
NOTOIY WYIHISNMOO MO WY3IHLISAN

¥IHLTI NI NOTLD3WIO-V 3 3HI NI SMOM 40 d3IAWNN ZN
NOTLITMIO=A 3IHE NI SNANTOD 40 ¥IAWNN 2d
0IWd0A¥3d SNOTAVHILL 40 d7EWNN ¥3l
INDINTYd HIVI IHO04TA QIWWO4MId SNOTLIVHILT 40 HIaWNN Ad3d]
Q3IM0TTV SNOTIVHILT 40 WIAWNN WNWIXVH MOV
SHOIIVA NOT LYYV T3HHIAD
AHL ONTONVHI 3¥N438 0IWH0d 34 SNOTLIVHILE 40 ®I0WAN VI
€1 NOLIVNDA A6 OINTJIO0 X 40 NOTLINOS ¥ Vi3
SNOTAIVHALT VI ¥3d SWOLDVY NOTLVXVIIY¥IAD NI 3SvInI30 ***u30
¥ 0L VI ONIIVI3Y NI O3S0 INVISNDD ¥ 3
N 1133¥13-A N1 HI9N3T HSIW ]
NOI123¥10 V13 NI HIONIT HSIW v

ST0ENAS 40 NOTIINT 43D

(TZ)AMITZIX*(T12)VI3  AOTSNIAILQ

(6T)B0¥0(6TIOHD* (61134 (6]1)d¥02

FLBTILOI*I6TIO02* (6T)50D (ATIH02*LE1)E0I 161D 20 (6111001

U120 1Z)AVOIWD (12 12)8ISA (124 12)VO3W0* (12*12)15d NDISNIALD
B SNOTLIVNGT SINOAS-HITAWYN TWNOTSNIALID OML
"Z961 AMVINYP "A90T0MHIAL 40 IUINLTLISN]
VINHOJTIVY *ONTHZINIONT TVITWAHD *ONVM ONODT INA A0 N3LLTHY
"SIOUIANDD NDTINT0S IHL NIHM
SINITOVHD AWNSSIWd SV T179M SV SITLIA0T3IA INIDG FHL SIAVINDTIVI I5TW
WYHOOMd AHL  "A ONV VI3 3HV 53 AVIWVA INJONTA30M1 IHL “ALID1LHOA
IH1 ONY NOTJDNNG WYIHLS WL IHV JISN SINGVINVA INIONIHIA THL
SSNOILIONOD TVW¥IHLIOST ¥IANN SIIVIH 13TIVHVE DML 40 NITLD3S
FINVHINT JHL AV CINTS FIG1SSIHAWOINT NY 40 MOTd BUNIAVT AOV3ILS
HL SNYIINDD AVEIUYd THL * ODMI3IW NOTIVEILT AD SNULIVADI S3NOLS
=HITAVYN TVNOISNIWIO-0M) THL INTATODS MO WVHODWA NVHINO4 ¥ %1 SIHI

53x
Z9/%2/1 31v3

| abvd

BNOILVADE SINOLE-MIIAVN TVNOISNINIG-OML ¥HL ONIATOS MOd WVHDOMd NVELNOL V *D XIGNIddV

LR L I I R B R BT O B B R B I R R

C I R e



=299~

(11vi13-=3
ZN*T1=] &1 DO
(2 TP (1O IVOANO (LT D ISA ITIAD'RGTY 9 3dVL LNALN) FITHY RET
S61'9 Jdvl INdINY 11TuM
COIIX*(T)VETN*YST 9 DdVe INAIND J1Tus
eN‘Is 811 DY
FS1%9 2dV1 INAIND FLTIwM €1
W¥0d ¥YINAYL NI SEINSAH N INTHD =
1 JIHOTY 3SN3S Led
LEVT*LET'9ET (an3d1-Dd1)4] (€1
vOor+vi=v1
o0N00-(11828) (1)HI¥0 6€1
0¥00=(1)0u0=C1)2%3
Hd®WOU=(1)3au0=(1)8d¥]
dH00=(1 )ded=(1)d40
NfT=1 S§1 00 »€1
SEV'SETYEET (VI=-8711) 41
1+0d1= 2d1
T+d31T=4311 2¢1
TET'TET2ZE1 (MOTIVI=HALT )41 DEL
TET'TETR06E1 ((1eNoZ)wnal=dl) 4]
1IN0 INLHd 01 09 .
MOTIVI SHOVIW NOTLYHALT JU ¥WIBWNN Y0 JIIWIANDD 41 S1INS3IH ¥IAHD
100T+031+0001 ¢ddl 1 4d001+ 0d] = d]
(HOOWNS *HO0T* OOWNS *00T *00IWNS * 0001 *dOWNS 1
YHdO] dONNS * AT 0dUNWNS 0dOT AL *25149 JdvL INdIND JATHM
SNOLID3¥N0D 40 SWNS JHL SY 173K SV 9NV 204 .
NIHLI® SNOTLIDI¥NHOD 40 ¥AGWNN THI 1IN0 INIHd NOTLVHIL] HOVY d3ldV »
(1180 VAITIIA+ (T4 T TeM )AVOIWO=(T 41 * 140 ) OVOTHD G521
1+4031=a201 21
SZT*9Z1*921 (UTDL=AWKWNO/IVII3T)45av) 41
(V11301 458V +6IUWNS=HNA4NS
(1o *T4M IHVOAWO=AWANT =Y 1130
(94624224120 /LT 414 2eF )OVOIAIHI 4 1
(LT AVOINOE 4 (T4 T4 M )IAVIIHOSZIH(Z4T T4 1BVOIAIRTD) =AnANQ
(AevddVuX ) ddXTey)=20
(1O T=(0eVddVAX ) JdX T ) o3 ) /UddVAX=H]
(VeORAVI¥ ) ddXTe€D=TD
(01 =(VeQaWYIX ) dX T ) /(T )%IIe]0AVIX=ED
(EE+14240)A1Sa~-(T1+1 PIRISd)e (1 )L0I=(1)92D=0%47 X
(EZT Tr)QISd=LT1 T+ )INISd e (1)6ID=VddV¥X
A'1=r 621 03
N*1=1 s21 OQ
NOTO3Y WVIHLISHN ¥O4 VOIWD ONTLVINITIVE »
(1I0R0sY 130+ (T4 T TP IVOTNO= (T4 14140 ) VDIWD €21
1+#201=201 %21
EZT'%ZT1'%21 (0T01-AWWNO/(VITIVASAVI AT
(VIT30)4S8Y 420405 =0104NS
(1415740 )VOIHO=AWANT =V 1130
(2246804224120 /01141 240V TADnYD 4 1
CIAPIVOAHUST D4 (14T P IVOIWORZ D+ (Z41 4 T4 IVIIAIRT D) =AdAND
(AoVAAVHX ) ddX1ebD=2D
(L0 T=(RevddVaX)4dXT) e ) /VddVAX=HD
(VedHAVTIY ) 4dX1eED=1D
(0 T=(ve0 WYIX)4AXT)/L1)I%DDeTGAVIX=FD
(AT41*Zer)ISd=(141*C)ISd)n(T)20I+(1)192D=00nVIX
(ET1ar)ISd=( 21 " T4F)ISA) (1 )SII=VAdYNX
All=r €71 02
N'1=1 €21 00
NDIOTH WYIMISNMOO ¥DJ VOIWD ONLIVINDTVD @
(TUT40)VOIWO= (T * 147 ) AVOIND 02T
({TIEIB0+(TIOP0) o6 0oV I TIA4 LT T4 IVOINO=( T4 T4M IVETHD 221
+ 39vd

140001=0241 121
ZZTMTZTM121 (0N0L-AAWNAZ VLI 4SIVIAL
(Y1790 ) 458V +0I0WNS = DOOANS
(L4140 )VO THO=- AWAII =V 1130
(92424 Z24TDNZLUT 24P IVOIADaH D4 1
(2101 AVOAN0®E D4 (T P IVOIANGZI+ (2 14T IVOAANS 1D} =AAAND
(e ddVNY ) ddXAeh D20
(O T=(UeVddVNY ) JdX 1) 23 ) /VAdVEX =YD
(OXTIT=0AWY IX X T0ED=TD
(IO T1=(0XT3U0BWYTIY ) 44X 180¥ 13T ) /IRAVIN=ED
(Be0"B)/(L(T1*2¢F)ISA=(T1'F)ISd)a(ONIY~]) ) =TGNV IX
(OXTIA*0*RIZLLLZ T+ IAISA- (2 T4 )ISA)#INIH )=V ddVAX
A'1=r 021 03
0¥3Z STVNDA V13 ¥O4 VOIWI ONTIVINITVD »
0=8004NS
N=004NS
070004NS
0=8701
t=901
0= 0701
. VOIWD ONTIVHALL
(1)0dH0eVLIIIa+ (T+1'T40)QISd= (141 140 YHISd 911
142 21=dd401 L1
SUT'LIT*LIT (d01-AAWNA/ ELVIT30N450V) 41
(V1130)450V+ HAIRNS= Qd0ANS
[T+101+7)81Sd-AWANG= V113D
(DIT02/00AT41%24r)01Sde (T41°F)BISd)e2Hs (1°14F)H1Sd 1
SLIIEDD & (Z41°14Q)HISAe(1)Z00 + (1414141 )1AVITRDeZney )= AHANG
A'1=r 911 O
N*1=1 911 03
NOTO3¥ WVIHLISHN ¥O4 1S4 “NTIVINIVD »
ZoeR/LUT41*2)1Sd=0"T)90°2Z = (1411 )VOI4D €11
(1) du0DevL 130+ (T+1°T+r)1Sa= (T+1*14rF)1Sd #11
1+401=d401 S11
PIT'GIT'STT (dIDL=-AWANG/IYII3D)4SAV) 4]
(V17301458v+  dIWNS=  40ANS
(141140 ) 1Sd=AANNO~ V1730
(TITOD/CULToT 24P )ISA+(141*T)ISd)nZne (14147 ) 154 1
C(1)IEDD #(Z4T 140 )1SAe(TIZ0D + (T+1*14F)VOINNNZoay] = AWAND
At1=f %11 03
N*T=1 €11 00
NOIOTY WYINISNMOO ¥0d 1Sd INTIVINITIVD «
{1°T1)v9300= (T*1)8V9I4D
ZeaB/((1*'2)1Sd-0"T1)e0"2 =(1*'1)VOIND
(T 1+P)ISd=(T*T+P)IUISd OT1
({T1)9dH0+(T)dBO) &S Oev T30+ (T*140)1Sd= (1'140)1Sa 211
1+0d01=0431 111
SITATTNA 1NN (dN0L~AdWNG/ V13D BISTV) 4]
(VIT30)4S8V40404NS = 04UANS
(T4140)1Sd=ARAND =Y 1730
TON2/E T'F)NSA+ (1 Z4r)ISd)en0 1
(ZPTAT)OISA4 (T 14T ) ISA4 (T TP IVOTIA0eZna X 1A= A AN
A*T=r 011 D2
OWIZ STVNOA YE3 HOd 1S4 “NTIVINIIVD @
0=0dUANS
AN=d0ANS
0=0404N5
O="daUl
=dJ1
o=04a1 951
IS4 ON1LIVHALTL o
16149 3dvl INAIND 11 TH%

€ 35vd



-300-

26249 AdVI LNdINT J11y%

CEEIXP(TINIANATG2Y9 A4V INAINT Tyl umM

ZN*1=1 P0Z 00
0°C={1*'1)14Add 902

VHAW /LT T )Y dd=(1*T)2viTdd

(0°2eBay )20 LT4T 2)HISd=(T=142Z)01Sd)ay4d Va1 110X 1

(AeONTHIZLLT*Z)BVIIN0-(T T )NVYITAD ) e0 o={]' 1) ¥dd

YHAW/ (1 ZA)EXdd=( 1 CA)TVLTdd

LAeINTYI /(1 T+W I AVOINOR O e AX ] Sddn (1 ZHIEXN=( T 20 )1 dd

(Have0 " Z) /L(1-T T4WIBISA=(T4T * T4A)0ISA) 0 HdTIVAX] Sdd

B/0L142101Sd=C14T)01Sd)=(14T)0xD

AZL1 T+4101Sd=L 1" 2a)dXN

(VSONTH) /VHATIVE L L LT T40) AVOINO=(T41 ‘147 )AVIIND)eN"Y) - 1
ZAISAde (1 Tar1aXN=AXISddo( (1 *T4F JAN=)= (1° 147 ) OAdd LOZ

VHAW /(T 140 JuXdd=(1 4140 )0V ] Idd

(AeONTH)IZLLET T )AVOIWO=LT*FIEVIIND 1 o0 Y ) 1
ZAISAdR (T 14T JAANOAXISddn (T T4F ) UXN= (T4 T4F ) Uxdd

(Bava0 %) /(T =14Z4r 11Sds (1=1°*P)01Sd~ 1

(1414240 )01Sd=( 141 *F)ATISd)evHdIVE AXSdd

SOZ)/ULT=1" T4r)alSd=(1+1'T4r)01Sd)oy]1Ias Zunyg/ 1

ZesVHAIYR (LT 1or I UISAe0 " Z~(T=1"T4M)IHISA+ (141 140 100Sd)= ZX]Sdd

Con/ AT T4 )0 ISAR0 21 2+ )AISAe (1 F)ATSd)= ZAISdd

(Va0 Z1 /0L T TarIRISH=tT=1 1+ )DISd)eVHATIVI =( T Tor) AN

(B0 217001240 1BISA=(TMIDISa) =1 Tor)AXN

A'Tsf 202 04

0" Ze((1)VLI=0"1)evHdIVe D=V 118

Zes((1)VLII=0"T)e(2=)=VHA IV

Wiz=1 902 0U

NOTO3d WY3WISdN W04 SATITD0TIA ONV SINIIOVHD FUNSGIHd ONTIVINDIVD »

(VSONIH) VIV L (T4 TIVITHO=(T *TIVD9R0 ) en o= (1" 1) hdd %02

VHAIV/ (141 1 Xdd=(1*1)V1Tdd

[BeONI¥)ZELT*ZIVOIN0-(1*1)VITAD N0 %= 1*])¥xdd

YHAW/ (T 2RI Xdd=( 142WIVI3dd

(AeONIMW)I /(T THRIVOIWOR0 b+ AXTSAde (1 ZWIXN=(1*ZW ] Xedd

(Bavs0 *Z)/LU1=T ToW)ISd=( 141 14 ) I5d)eydIV= AX]1Sdd

. /L1 TeW) I Sd=T"2h) XN

(VRONIN )/ IVHA IV L LT T4 I VIR0 =( 141 147 )V IWD )00 "% )= 1
EXISAdeC] “1er IXN=AXTISdde [ (T 14T )AN=) =(1*T1+F)Add G502

VHATW/ (14140 ) Xdd={ 1*14F )V 1ddd

(ReONIMIZLLLT TP IVIIND=(T ' FIVATAC )0 "Y) 1

AZA1SAdARI I T4 )ANSAX IS A (1" 1+P )XV (T4T 4 ) ¥dd

(flsyen*y) 1

FUET=T 240 ) ISA+(1=T*T ) ISa=(1eT1 24 )ISA=(T41*C)ISd)ev4dIv= AX]ISdd
(Vo0 )/ 001=114T )] A=11+1 14T )1Sdlev 10+ 1

ZoaV/ZeaYHdIWa (1 140 ) ISAe0*Z=(T=T T4 )ISA+(T+1 TP )ISd) = 2X]15dd

CooH/ (1 14r ) ISAe0*Z=(12¢F ) IS+ (1*'P)ISd)= ZAISdd
Ve Z) /00141 T4r)ISd=11=1 147 ) 15Sd)aVHd IV )=(1*1er ) AN
(Be0°Z)/ (11 2+ ) 1Sa=L1'F)1Sd) =0 *Tel)XN
Atl=r 02 0U
0"Ze((1IVI3=0"T)eVHdIVe (=) V|30
Con((1IVI-0*T)ed=VHATY
NiZ=1 %oz DO
NOI193d WYIHISNMOO w04 SITLIIDTIA ONV SINITOVHD FuNSS Tdd ONTIVINIINWD «
(14r)viddd= (T 18y 1 3dd €02
(14r)Add=(1'T )0k ad
(1P IXdd=(1'F )X dd
(Tir)An=(14r)1aan

tr'rxn=g1triaxn
9 3bwd

T xdd = (1T IVLTad

Zd*1=r £02 DO

(OXT10008%IW) ACLIZATIVIIN0= (T4 1IVIIWO I eN 9 )=(1* 1) Add
(EELLESPARER RS LD RUGES R RERE SE LI ETAS S ERE ER S EFT
(ONIHe )/ (LT T4V THO RO S ) +AXTSelde (14 2WIXN=(T1'2ZH) Xdd
(0OY130eH00° 217012 1+WIDISA-(2  T4W) 1Sd) =AX1Sdd

AZLT 1 4W)1Sd=T142ZH) XN

(OXTI0CONTH) /( (LT T4 IVOTWO=(Z* 1+ ) VOIWD )00 %)~ 1
ZXISASa (A4 IXN=CLT TP PAN=) 0 AXISdd=(1'T 4 ) Add 202
(CeONTHD/ CCIT T4 IVOIWO=(T1 P IVOIND )0 %)+ 1

ZAISAAs (T T4 JANSAXISAde (T4T+0)¥ = (141 ) xdd
(DX1A00He0 ) /({2 24T )BISAM(Z T IBISA=(2 240 ISA=(2 ) TSd)=AX154dd
ZeoD/(IT 140 )15de0*2=(1424F)I5d+(T1 ) I1Sd)=2A1Sdd
ZonOX VA (T 140 ) ISdR0* 2~ Z T4 ) AISds (2* 140 ) 1Sd)=ZX15dd
(OX130e0*Z)/(I2 T4 IS~ (24 Tar)RSd)=(T 14 )AD
(o0 21/ (L (T 24 )ISd=(T ' F)ISd) =11  1+r)XN
Al1=f 202 03
0¥Aa7 SIVNO3 viI W04 S3TLII0TIA ONV SINIIOVHO INNSSI¥d "NTI¥INIIVD
N*O0=(ZN'r)Viidd 102
0°0=(2N'T)Add
S0 0={ZN'T)IXdd
0°0=(2N*FIGV1dd
0"0=(EN*I)0Add
0°0=(ZN'l)u¥dd
0°0=(2N'T)AN
(Zeo(F)A-D*T)eG*1=(ZN'T) XN
0*C={2Vir)aAN
D t=(Zviryaxn
ZAtl=r 102 00
0°0=(1""W)bAdd 002
0°N=(1'24)Add
0*0=(1'2W)I2AN
n*o=(1*2d1AN
0*0=(1*1)13AN
o*o=(t1*1)1ANn
0°0=(1°1)3xN
0*o=(1*1)xn
ZN*1=1 002 00 £%1
AWy avnan
FHL A1V SITEITI0TNIA ONV SINITAVED FUNSSIUA 40 SINTVA IHI INY ISTH)
(1Z2412)4VI3dd (12*12)HAdd (12412 )PXdd* (120 12)0ANY (T2 120 0xN 1
UTZ12IVIAdd (T2 TZ)Add (12 4TZ )X (T2 1 ZDAN (12412 00N NDISNIAID
“¥9340 ANV 15d 47 SANTVA 0IOUIANND 41 WOUA SINITOVHY THISSIvd
ONY SITLIJ0T3A INTOA AHL SAAVINIIVD 11 * 7834 SNIDIAR 11 Qvvd
(AR*B11'8"B14'9°014)1VAN04 961
C/VOINOHS * X5V TSAHE* XZT " AHT * XL /) IVWHDA 661
(9°0T4Y = HY'¥S'9*014 =VITHS YOL/) LVWHIA »G1
(xu2'01u) 02%0h ¥ ONISH I1
1 35¥9 04 SATLIDTLNOA ONV SNOTLINND WYINLS VIV IHZL P X%2) IVAHDS £ 61
((9°€T13*91)19*91) Lvywn04 261
t HOOWNS q001 0aWns oat 000ANS 0301 Hd0Aa1
ns 8401 dOWNS a1 0d0WNS 0d01  ¥I11 HOZT)IVAHOA 161
(B*612%) IVvAHO4 0&1
E2192%T1 (1 QMO0 ASNISIST 141
(ZN*T=1%(2A" 1= Z
FLIPIBVEIN0) D * (N T=T (2L Y= 1 'FIQISA) ) IZN T=1*(2ZWi =T 1
UTEPIVOTWO) ) (BN T =1 (ZH 1= T M) ISd) I OST ST 4dVL INdLIND 3118M 0%1
SUMYI NN S1INS3AH HINNG
TH10%1 (2 1H91 3SN1S) 41
(ZA*T=C (14T IAVOIHO (T FIAISA (P IAI*IGTY 9 JdVvL INdIND FATHM GET
CG149 1dVI 1NdIND A11HM
(XX*3)144G149 3dv] INdL1D TITHM
(1)X-=xX

. § 39vd

*



S30)-

PA&E 7
208 WRITE CUTPUT TAPE 6,253, (Y(J) UX(Jys1)sUYIJeT],PPETALS,IT,
SRR Tk PPX{Ja1)sPPY(Js1)sd=1,M2)
DO 209 I=1,N2
E=-ETA(I)
XX==X(1)
WRITE CUTPUT TAPE 6,251, (EsXX)
WRITE CUTPUT TAPE 6,252
209 WRITE CUTPUT TAPE 6,2535(Y(J1sUXB(Jo1),UYBIJs1)PPETABLJL1),
1 PPXBLJ 1) PPYBIJyl)ed=1,M2)
251 FORMAT (/32X ,6HETA = FL0.635X;5H X = ,F10.6)
252 FORMAT(/TXy 1HY, 11X, 4HU(X), 14X, 4HULY ), 14X, 5H P/ 413X,
1 SH P/ X,13X,5H P/ Y/)
253 FORMAT(F10.6,5E18.8)
CALL EXIT
= PART 3 BEGINS HERE. IT IS A SUBPROGRAM FOR REDUCING THE MESH SIZES
- OF A GIVEN RECTANGULAR NET. BY MEANS OF & POINT LAGRAGIAN
. INTERPOLATION, THE MESH LENGTH IN BOTH DIRECTIONS ARE REDUCED
» BY A FACTOR OF TWO. IN THIS PARTICULAR PROGRAM, ONLY
. THE DOWNSTREAM REGION WILL BE TREATED.
» THE INITIAL NET HAS TO BE FURNISHED IN PUNCHED CARDS AS DATA
= THE DIMENSIONS CF THE EXPANDED NET SHOULD BE GIEN BELOW
M=19
=19
A=0.05
8=0.05
MZ2=M+2
NZ=N+2
READ INPUT TAPE 5,350, ((PSI(J,11,J=1,M2,2),1=1,N2,2],
1 ((OMEGALJ,1),d=1,M2,2),1=1,N2,2)
00 300 J=1,M2
Y=BsFLOATF(¥2-J)
PSI(JsA2)=Y8(1.5-0,.5sYn82)
300 OMEGA(J,N21=3.0Y
CO 301 1=1,N2
PSIll,:1)=1.0
PSI(M2,11=0.0
OMEGA(¥2,1)=0.0
DO 302 I=14N,2
PSI(2,1)=0.0625%(5.00PSI{1,1)+15.0ePSI(3,1)-5.0PSI(5,1)4PSI(7,1))
OMEGALZ,1)=0.0625%(5.0+0MEGA(1,1)+15.0°0MEGA(3,1)-5.0%0MEGA(5,1)
1 +OMEGALT, 1))
PSIIMe1,11=0.06258(15.08PSI{My1)-5.08PST(M-2,1)+PSI(M-4,1))
OMEGA(M+1,1)=0.0625%(15.000MEGA (M, 1)~5.090MEGA (M=2,1)
1 +OMEGA(M=4,11)
DO 302 J=4,¥,2
PSI{J,1)=0.06258(9.0PSI(J+1,1)49.08PSI(J=1,1)1-PSI(J+3,1)
1 -PSI(J=3,11)
302 OMEGA(J,1)=0.0625%(9.0¢0MEGA(J+1,1)+9.090MEGA(J=1,1)
1 —OMEGA(J=-3, [ )-0OMEGA(J+3,1))

30

-

0O 303 J=1.M T L DN
PSI(J+142)=0.0625%(5.0#PSI(J+141)415.00PS1(J+1,3)-5.08PSI(J+1,5)
1 +PS1(J#1,T))
OMEGA[ J#142)=0.0625%(5.0¢0MEGA{ J#1,1)+15.0%0MEGAIJ#1,3)
1 ~5.090MEGALJ#1,5) +OMEGA(J+1,7))
PSI(J+1,N+1)=0.06258(5.08PSI(J#1sN2)+15.08PSI(J+1,N)=5.0m
- = _ PSI{J*L.N-2)+PSILJ*+L N-%}) =

OMEGA( J*14N+1)=0.06252(5.0*0MEGALJ+1,N2)+15.090MEGAIJ+1,N)
1 ~5.0#0MEGA(J+1,N-2) +OMEGA( J*1,N—4))
DO 303 I=4,N,2
PSI(J41,1)=0.06250(9.02PSI(J+1,1+1)+9.00PSI{J#],1=1)=PSI{J+l,143)
1 -PSIJ+1,1-3))

303 OMEGAIJ#1+41)=0.0625%(9.0%0MEGA{ .#1,1+#1)+9.0#0MEGA[J+1,1~-1)
1 —OMEGA(J+ 1, F+3)-0OMEGA(J+1,1-3]))

DIMENSION PSE(21,21),0MEGA(21521),PSIB(21,21) ,0MEGABI21,21),

WRITE C TPUT TAPE 6,350, ((PSI(JsI)sJ=1,M2),1=1,N2),
1 ((OMEGA(Jsl)sd=1,M2),0=1.N2)
350 FORMAT(4El18.8)
CALL EXIT _ s
ENC(1+040404040+05040414040,040,0)
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APPENDIX D: DETAILED DESCRIPTION OF PRELIMINARY INVESTIGATION

The purpose of the preliminary investigations for the
problem was to devise a method of solution which would be
both stable and rapid. Only Case I was studied for this
purpose. To start with, equation 10 was derived in the

Cartesian coordinates.

2% @®n - 323 @ - Lty (10)

For equation 10, difference equations were obtained based
on backward, central, and forward-difference formulas for
the first and third-order derivatives. The difference

formulas used for the second and fourth-order derivatives
were always based on central differences. These formulas

are listed in Appendix B.

A marching solution was first tried with a Reynolds number
of 16 for two grid sizes. One was square-meshed with a

mesh length of 0.1 and the other a rectangular meshed grid
with x = 0.025 and y = 0.1. In both instances, divergence
was observed almost instantly. The instability associated
with applying a marching solution technique to a boundary-

value problem such as this, however, was not unexpected.

An iterative approach was studied next. An inlet length of
0.08 Re, as given by Schlichting was assumed, although
theoretically, it should be infinity. Over this length, a

coarse grid of 8x2 was initially set up for hand computation.
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Equations 11 and 12 were derived and transformed into two
sets of difference equations, using central-difference and
backward-difference formulas for the first derivatives
respectively. With each set, several iterations were carried
out both by the total-step and by the single-step iteration
methods for a Reynolds number of 96. The results thus
obtained indicated that the backward-difference formulas

were stable while the central-difference formulas were not.
Also solution by the single-step iteration appeared to con-
verge more rapidly than that by the total-step iteration.

Similar conclusions were drawn with equation 10.

Based on these findings, a computer program was written for
solving equation 10 for ¥ using the backward-difference
formulas and single-step iteration. The scheme of solution
followed the same pattern as that described in Method of
Solution. Equation 10 was used because it contains only one
dependent variable ¥. The Datatron 205 digital computer then
located in the Computer Center of the California Institute of
Technology was used. For a Reynolds number of 300, the inlet
length was assumed to be 0.08 Re or 24. Over this, a x-y net
with a grid of 150 x 10 was laid. Since the values of V¥ at

x = 0 as well as x = 24 were known, linear interpolation of
these values for each value of y gave an initial estimate of
¥ at every interior point. Fourteen iterations were carried

out, each requiring approximately 400 seconds.




- 304 -

Very slow rate of convergence was observed.

Hoping that a better initial estimate for the values of ¥
would greatly reduce the number of iterations required to

reach a solution, the tabulated values of u, ., as calculated

by Schlichting (1), were integrated to give values of ¥ as
functions of position. These values were used as a new
estimate to start a new series of iteration. This time, the
result after ten iterations started to diverge. Investigations
revealed that for this Reynolds number and grid size, upstream
errors tended to be self exciting, thus causing the solution

to diverge. This instability, however, disappeared when the
Reynolds number was lowered. A run consisting of 53 iterations
was then made on the 205 computer with Re = 30. The solution
converged smoothly, though very slowly. The latter was

attributed to the large number of nodes in the net.

In order to reduce the number of nodes as well as to avoid

the necessity of assuming an inlet length, the transformation

1

s v (13)
was introduced. Equation 10 now assumes the form
2 dy o 2 oy o 2 _ 4 _4 "
C(1-n) 3y 97 (4 n_y‘f) - 37 oy W TI“Y!) =~ B v""‘l"YY (D-1)
here V2 LEY, c2@a-np? 2%y _ 202 (1-m)3 X
Tyt T 52 Ve R
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4 2%y 2%y 2 4 3%y 2 3 dy
andy ¥y = + 2 c(1-n* =% - 2 c°(1-n)
YTyt e a2 on
4 3 9
+ et ® §—§ = 13 &0~ §—§ + 36 ct@a-n°® 2 L4
Y M ﬂg

- 24 cta-n?® g%

Equation (D-1) was again transformed into a finite-
difference equation using backward-difference formulas

for the first and third derivatives. Iterative computations
were then performed on the Datatron 205 for Reynolds

numbers of 60, 100, 200 and 300 with a 10 x 10 n-y grid.
Except for the case with Reynolds number of 60, the solu-
tions were unstable. Thus, the introduction of the new
variable 1 had no apparent effect on the stability of the
solution, even though it is possible to cut down the size of

the grid greatly without losing much accurracy.

Finally, the discretion of equations 11 and 12 based on
de G. Allen's method was performed. Detailed description

from this stage on is given in the Results section.
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PROPOSITIONS
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PROPOSITION I

For a quantitative discussion of the mechanism of a complex
reaction involving free radicals, such as the thermal decom-
position of hydrocarbons, the concentrations of the free
radicals have to be determined. The usual approach is to
assume that these free radicals are at steady-state. The
rate equations for these free radicals can then be set up
and solved for the free-radical concentrations. From these
concentrations, the rates of formation or disappearance of
the stable species can then be predicted for comparison with
the experimental results. Some typical examples have been

worked out by Steacie (1).

When the number of species of free radicals is large, however,
the solution of the rate equations of the free radicals becomes
very complicated and is sometimes unattainable. It is proposed
that under such circumstances some of the free-radical con-
centrations can be obtained from the rate equations of some of
the stable products and the experimentally-determined reaction
rates for these stable products. The remaining free-radical
concentrations can be computed from their respective rate
expressions. The validity of the mechanism can then be checked
by comparing the rates of formation or disappearance of the
rest of the stable species both determined experimentally and

predicted from the mechanism.
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This method has been applied to the quantitative discussion
of the mechanism for n-butane decomposition, as described
on pp. 54-56 in Part One of this thesis under correlation of

data.
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PROPOSITION II

Finite-difference methods are most useful in solving partial
differential equations. In applying the method, the domain
of interest is treated as a network of nodes. When the domain
is not closed in one direction, say the x-direction, the net

will contain infinite number of nodes, which becomes impractical.

When the domain is semi-infinite in the x-direction, i.e.
0 < x { », some simple transformation of the x-coordinate

such as e 2%

may be performed to obtain a new domain of

finite dimensions. When -» < X { «», however, mere trans-
formation of the coordinates is not sufficient. For such
cases, it is proposed that the domain be divided into two
regions; one with x > 0 and the other with x { 0. Each region
~may then be treated separately with their solutions to be
matched at the common boundary line x = 0. This technique

was used successfully in solving the two-dimensional Navier-
Stokes equations. For detailed information, refer to pp. 202-
203 in Part Two of this thesis in the section of method of
solution. It was found that with the transformation 7, =

1 - 1/(1+Cx), the use of a 10x10 -y net results on a solution

having the same accuracy as that obtained with a 150x10 x-y

net for small x and having better accuracy for large x.
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PROPOSITION III

The importance of axial mixing in chemical flow reactor
designs has been stressed (2). With axial mixing, the
reactor design equation for a tubular flow reactor oper-
ated under isothermal, steady-state conditions may be

written as

d

dC dcC n
& = -

(D g% "

=0 (1)

When the order of the reaction n is other than zero or one,
equation 1 is non-linear, and analytical solutions for it
are not available. Numerical solutions, however, have been
worked out by Fan and Bailie (3) with n = 2 and 3 for

constant D and uX

It is proposed that when n is an integer, equation 1 can
be readily solved analytically by the perturbation method
with the resulting solution in the form of, say,

2

C =Cy + CD 4C D" + +vvv (2)

0

Substitution of equation 2 into equation 1 results in a
power series of D, the coefficients in which series should

each be equal to zero. For the D° term, the coefficient is

dC
0 n
ek =0 (3)
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if D is taken to be a constant. Equation 3 can be readily
solved for C0 which is also the solution of equation 1

with negligible axial diffusion.
The next coefficient in the series is

2
SX% - u, g; = HO, =8 (4)
which is a first-order linear differential equation with
respect to Cl' This equation can thus be solved for Cl
using the solution of C0 obtained from equation 3. Similarly,

the solutions of Cz, CB’ etc. can be determined. Cl’ G Cc

2" 73°
etc. may be regarded as corrections to C, due to the existence

of axial diffusion.

When D is small, equation 2 converges very rapidly. Equation
1 can then be solved much faster with the perturbation method
than with any numerical method. Furthermore, for reactor
design purpose, analytical solutions such as equation 2

are always preferred over numerical solutions. A major
advantage in having an analytical solution is that the

solution can be differentiated with respect to any parameter.
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PROPOSITION IV

The rigorous solution of a multicomponent distillation
problem at steady-state requires the determination of
temperature, compositions, and flow rates at every plate
in the column, provided that the pressure in the column
is known. For a column with theoretical plates, the con-
ditions at each plate are defined when the temperature

as well as the composition and flow rate of, say, the
vapor stream are known. For a n-component system, there
will therefore be (n+l) variables for each plate governed
by the energy balance equation, the dew-point relationship
equation and the (n-1) material balance equations for the
components. Since the conditions of different plates are
interrelated, there will be a total of m(n+l) equations
with m(n+1l) unknowns for a m-plate column including the
condenser and the reboiler, or

Mx = b (5)

where x is the vector of unknowns, b is a vector deter-
mined by the boundary conditions and M a matrix based on
the governing equations. x and b both have a dimension

of m(n+l). M is a square matrix also with a dimension of

m(n+1) .

Equation 5 is a non-linear algebraic matrix equation and
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can be solved only by some iterative procedures. A number of
methods of solution were proposed (4,5). In these methods,

the matrix equation 5 is invariably solved by the method of
block iteration. With block iteration, equation 5 is divided
into p sets of equations corresponding to p sets of unknowns.
These sets of equations are then solved one at a time in a
predetermined sequence for their corresponding unknowns.

This would be repeated until all the variables do not change
with respect to iteration. The division of equation 5 can be
done either by plates (4) or by variables such as temperature,

flow rate and composition (5).

The methods mentioned above work well with certain types of
distillation problems but not all of them, especially problems
with multi-feeds and multi-withdrawals. It is proposed that

a more general method should be used for stubborn cases, i.e.,
to solve equation 5 in a single step each time. By taking
advantage of the numerous zeros in the matrix M, equation

5 can be solved on a high-speed digital computer reasonably
fast. For example, for a 10-component system with a 30-

plate column, each solution of equation 5 is estimated to
require approximately one minute on an IBM 7090 digital

computer.

As the number of elementary operations required to solve a
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matrix equation is approximately proportional to the cube
of the dimension of the matrix, the use of block iteration
greatly reduces the number of operations required in
solving equation 5 as compared with the proposed One—étep
solution . The nature of the block iteration, however, is
such that for each iteration it tends to overcorrect some
sets of the variables while undercorrect the others. This
often leads to instability in the solution. With the pro-
posed one-step solution, such non-uniformity in correction
should be reduced or even eliminated. It should therefore
be used wherever the method of block iteration gives

divergent solutions.
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PROPOSITION V

The use of least-squares technique in correlating experi-
mental data is well accepted. If a set of P observations,

F can be represented by the expression

p’
G=G(X5, 4 ) (6)
where Xj's are the independent variables and Ak's are
constants, the least-squares fit then calls for the de-
termination of the constants Ak's based on the experimental
observations such as to minimize the function
ol 2
T = pfl [ Fp(xjp) - Gp(XJp, A) ] (7)

This is equivalent to solving the set of M equations

- = 2 Fp -G iml,2,-"--, M (8)

for the M constants Al through AM.

When G is linear with respect to Ak's, equation 8 can be
solved directly. When G is not linear with respect to Ak‘s,
however, equation 8 is usually solved by the iterative

Newton's method. With the Newton's method, a set of values
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L]
for Ai's is initially assigned. This set of values is then

adjusted according to the formula

C A& ) = (A, )

i “new i “old + AAi (9)

where the adjustments AAi's are computed by solving the

set of equations

M Su

Z n i %A
R EI; AA, = -U  n=1,2, , M (10)

The values of Ai's are to be repeatedly adjusted by the

above procedure until they all converge to the solution.

With the Newton's method, however, convergence is often
unattainable. It was found that in many textbooks, the

formula for aUn/aAi is given to be (6)

U P3G, 3G,
=~ =-2 L (=f=) (37 (11)
34, pm1 = OA_ 34,

while the correct expression should be

aun P [ asz aGp aGp
= = 3 B (F -G_) - G5 G ] (12)
04 s p p’ 9A 3A; 3A ° "3A,

When equation 12 is used instead of equation 11, the
solutions to many cases which previously diverged have

been obtained.
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NOMENCLATURE

constants in G
concentration, lb/cu. ft.

pertubated concentrations, 1lb/cu.ft.
diffusion coefficient, sq.ft/sec
experimentally-observed value for G
any function of the independent variables Xj's
reaction-rate constant, (1b/c:u.f1:.)_(n—l)sec_1
order of a reaction, dimensionless
a function defined by equation 7
BT/aAi
longitudinal velocity, ft/sec
some independent variables
Cartesian coordinate, ft.

the Laplacian operator, az/axz + 32/ay2
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