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ABSTRACT 

Assuming primary electrons, the theoretical variation of 

shower counting rate with altitude has been computed and a com

parison made with the observations of Kraybill. Expressed as 

the ratio to sea level, the observed counting rate has a maxi

mum of 63 as compared to 24 for the theoretical curve. The ob

served maximum is near 27,000 feet while the computed maximum 

is at 22,000 feet. Approximations in the calculation and ob

servational uncertainties may make this difference in the eleva

tions of the maxima spurious. The approximations are such as to 

give too low a theoretical counting rate, but an estimate of the~ 

magnitude seems to leave the theoretical maximum counting rate 

too small by a factor of 1.5 to 2. A computation based upon a 

mechanism for the multiple production of secondaries by primary 

protons, which has been proposed by Lewis, Oppenheimer and Wo~

thuysen, would probably lead to better agreement with the obser

vations. 

The zenith angle distribution of showers detected by Kray

bill1s counters at 30 ,000 feet has been computed and compared 

with one determined by Mr . E.W. Cowan from cloud chamber measur

ments . The theoretical distribution is twice as broad as the ob

served one. The angular distribution inferred from the altitude 

dependence observed by Kraybill is in much better agreement with 

the theoretical than with the clo~d chamber distribution. The 

discrepancy of the cloud chamber observations may arise from the 

fact that it was only possible to assign a direction to the traCks 

in 20 to 30 per cent of the photographs . 
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I. I NTRODUCTION AND CONCLUSIONS 

Since its ea rly investigation, cosmic radiation has 

yielded a series of such i mportant physical discoveries as 

the finding of new fundamental particles, the determination 

of their characteristics, and, in some cases, it has led to 

a valid theoretical description of their interactions with one 

another. An important by-product of the discovery of the meso

tron by Anderson and Neddermeyer (Ref. 1, 2) was the clarifica

tion and experimental verification of the Bethe-Heitler (Ref. 

65) theory of the interaction of electrons and radiation in the 

domain of high energies. This quantum theory of radiation, a

long with the theory of multiplicative showers developed inde

pendently by Carlson and Oppenheimer, and Bhabha and Heitler 

(Ref. 3, 4), has in turn become a valuable analytica tool for 

the disentanglement of many complex phenomena observed in cosmic 

radiation. One of these problems is the question of the nature 

of the primary cosmic ray particles, and the genetic relation

ships between these particles and the secondary radiations ob

served in the atmosphere . 

One facet of t his fundamental problem is the interpretation 

of the large air showers which were experimentally studied in 

considerable detail by Auger and his collaborators (Ref.5). In 

this thesis we will investigate the altitude dependence of these 

showers from the point of view of the primary electron hypothe

sis. In particular, we will extend the previous theoretical in

vestigations, which ranged only from sea level to mountain top 

heights {about 15,000 feet), up to a distance of only five radi-
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ation units from the top of the atmosphere (about 39,000 feet). 

This extension will include that interesting range of altitudes 

where the observed counting rate curve exhibits a maximum. 

1. Primary Particles 

Broadly speaking, there are two different hypothesis as ~o 

the nature of the primary cosmic ray particles: the primary e

lectron and the primary proton hypothesis . The large air showers 

are most easily described by means of primary electrons; but 

this description, which has been rather successful up to moun

tain top heights, on the basis of results given here, seems to 

be somewhat less successful at higher elevations. It is more 

difficult to explain the penetrating component and the presence 

of fast nucleons and stars on the basis of primary electrons, 

than by primary protons which give a natural explanation of these 

features and which are also sugbested by the experiments of 

Schein and of Vallarta and their collaborators (Ref. 6, 7). 

There has been some difficulty (arising from the long lifetime 

of the mesotrons) in obtaining soft radiation rapidly enough 

from primary protons to explain the very high elevation found 

for the maximum of the Pfotzer curve, but the recent theories 

of Lewis, Oppenheimer, and Wouthuysen; Hamilton, Heitler and 

Peng; Heitler and Power; offer a reasonable mechanism for this 

process (Ref. 8, 9, 10). In particular (Oppenheimer (Ref. 63) 

has proposed that t he soft radiation may be explained by the 

multiple production, by pr1mary protons, of neutral mesotrons 

which rapidly decay into photons . Finkelstein has calculated 
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the lifetime of such neutral mesotrons and finds that they are 

indeed sufficiently short (Ref. 11). 

With reference to the large showers themselves, there is 

a growing body of experimental evidence that they possess a 

complicated structure and penetrating components which, perhaps, 

are not describable by primary electrons and the cascade theory 

even assuming rather strong production of fast nucleons and 

mesotrons by the soft radiation. However, Cocconi and his col

laborators do find evidence for the strong production, in lead, 

of penetrating particles by the soft radiation (Ref. 12a, 12b). 

Alichanian, Asatiani, and Muskhelishvilli find narrow showers 

which seem to have a different structure from that of the large 

air showers as well as showers of penetrating particles (Ref.l3). 

George, Jason, and Trent find penetrating s howers and penetrating 

bursts separately and also associated with the large air showers 

(Ref. 14, 15). Broadbent and Janossy have found considerable 

difficulty in explaining the mechanism of production in absorbers 

of penetrating particles by soft radiation, and have come to the 

conclusion that the penetrating particles which they have ob

served to be produced by soft radiation are not mesot r ons (Ref. 

16). This evidence is all recent, and has involved the utiliza

tion of rather complicated counter arrangements. 

On the other hand, primary electrons have sufficed to de

scribe with remarkable success the less eleaborate studies of 

the large air showers in the lower portion of the atmosphere, 

and from this point of view it certainly is possible to assume 

that there are primary electrons as well as primary protons in 
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tne energy range, 1014 to 1016 e.v., responsible for these 

showers. However there is a difficulty, first noted by Follin 

and studied by Feenberg and Primakoff, that collisions of elec

trons originating in intergalactic space with the photons of 

starlight and sunlight would be sufficient to reduce their en

ergy below that of the cosmic ray range (Ref. 17, 18). 

2. Status of the Shower Theory 

Aftter its initial developmant,the shower theory was put in

to convenient analytical form by Snyder and Serber (Ref. 17,20). 

The theoretical calculation of the number of electrons in a show

er as a function of the energy of the initiating electron and 

the distance from the point of initiation has been checked in 

many important features by the experimental studies of Anderson 

and Neddermeyer; Bowen, Millikan and Neher; and Arley (Ref. 21, 

22, 23). Against thi s background, the theory has been subjected 

to careful study by RQssi and Klapman and also to critical dis

cussion by Tamm and Belenky (Ref. 24, 25); and the analytical 

expressions given by Rossi and Greisen (Ref. 26), which will be 

used here (Sec. 5), have been shown to be generally satisfactory. 

It should be mentioned here, that this shower theory does not 

t ake into account the possibility of additional effects such as 

photo-nuclear production of fast nucleons or of mesotrons. 

The spatial dis~ribution (lateral distribution away from 

the shower axis) of electrons is given at present by theory with 

only rather indirect experimental tests. A value of approximately 

60 meters (for air at sea level density) for the root mean square 

radius of t he lateral distribution at the shower maximum is now 
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generally agreed upon by a number of invest1gators including 

Bethe, Nordheim, Wolfenstein, Mol iere and their col l aborators 

(Ref . 27 to 32) . The most elaborate investigation of the de

tailed shape of the distribution has been given by Moliere on 

the basis of integra-differential equations derived by Landau 

which include both the lateral scattering of t he electrons and 

the generation of new shower particles (Ref. 33, 34). Moliere's 

distribution, derived for t he shower maximum, after suitable 

modification for posi tions off the maximum*, has been used here 

(Sec. 6). 

The shower theory just described yields results for only 

the average number of particles and t heir average ~atial dis

tribution . The problem of fluctuations in the number of elec

trons has been studied theoretically by Furry; Nordsieck, Lamb, 

and Uhlenbeck; Scott and Uhlenbeck; Bhabha, and Heitler; and an 

exhaustive comparison of theory and experiment has been made by 

Arley (Ref. 35 to 39). The fluctuation problem is so complica ted 

that so far it has not been treated in an entirely satisfactory 

manner . The general conclusion has been tha t the correct distri-

bution lies somewhere between t he one derived by Furry and the 

Poisson distribution. Fluctuations in the spatial distribution 

of el ectrons present an even more compli cated problem since cor-

relations in t he electron dens1ty due to t heir manner of forma-

tion and to scattering will be superposed on their fluctuations 

in number. For the computations given he re, no treatment of the 

*The writer wishes to express his t hanks to Professor R.F. Christy 
for suggesting the modifi~ion of the lateral d1stribution which 
has been used here. 
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effect of fluctuations has been included. This will make our 

values generally too low, which is not serious in itself since 

we have had to adopt a normalization pr ocedure . However, our 

density distributions, H( > p ), (See Sec. 8 , Fig. 6), become 

steeper at higher altitudes and this may be expected to make 

the correction larger at high altitudes than at low. Christy 

and Kusaka find a fluctuation correction of a factor of about 

1.5 for mesotron induced ionization bursts (Ref. 40). The ad-

ditional fluctuations of the spatial distribution of electrons 

would be expected to increase this in our case to a gro.ss cor

rection of 2 or more. The relative correction for high altitude 

as compared to sea level is obviously smaller, and should amount 

to something like a factor of 1.2 or less . 

3. Success at Low Altitudes 

Euler and Wergeland (Ref. 41) first calculated the effects 

of the large air showers by a method which has since had con-

siderable success in the lower portion of the atmosphere. They 

assume an isotropic primary inte6 ral electron spectrum of the 

form (energy)-i with y about 1.6 to 1.8 (See Heisenberg, Ref. 

42), and use the shower theory to predict the effects of cascade 

electrons generated by the primary electrons on the counter sys

tems employed by Auger and his collaborators (Ref . 5). Later 

work by Euler himself, Hillberry, Pomeranchuk, Migdal, Moliere, 

and particularly Cecconi and his collaborators has shown such 

satisfactory agreement between theory and experiment that this 

method must be cor.s i dered very successful (Ref. 33, 43 to 48). 
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Wolfenstein was not able to account for the ionization bursts 

observed by Lewis (Ref. 49), but Lewis 1 results are very diffi

cult to understand when compared with Hilberry 1 s (Ref. 44) 

counter measurements which were carried out at the same place, 

and it is likely that ionization bursts due to slow heavy par

ticles from nuclear disruptions and elsewhere completely smoth

ered the effects of the large showers in Lewis 1 measurements . 

Recently Skobeltzyn, Zatsepin and Miller. have made measurements 

with counter systems of very wide separation (up to 1000 meters) 

which seemed to be in very marked disagreement with the results 

of the theory (Ref. 50). However, Cocconi has shown that this 

disagreement arose from the neglect, in their calculations, of 

tne apparent reduction in the separation of their counters for 

showers inclined at large angles with the vertical; and that the 

agreement is actually very good (Ref. 51). This is a severe and 

successful test of the theoretical lateral distribution. Recent

ly Cocconi (Ref. 52) has calculated the altitude dependance of 

the large showers up to 15,000 feet and found reasonable agree

ment between theory and the experiments of Auger, Daudin, and 

Cosyns (Ref. 52, 53, 54) . 

The marked success of t his method at lower altitudes makes 

it of considerable interest to extend it to higher elevations 

where further and perhaps more exacting tests of its validity 

may be made. The recent exper1mental determination by Kraybill 

and Ovrebo (Ref. 55,56) of the counting rate of the large show

ers as a function of altitude up to 40 ,000 feet with the demon

stration of a maximum at 30,000 feet makes this especially de

sirable. 
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4. The Comparison of Theory and Experiment 

(a) Variation of counting rate with altitude 

In this thesis the shower counting rate as a function of 

altitude has been calculated, by a method first used by Cecconi 

(Ref. 46), for Kraybill's counter arrangement (Fig. 15, and Ref. 

56), from sea level to 39,000 feet. The method of computation 

differs from that of Cecconi in two respects: the lateral dis

tribution function adopted here has been modified in shape for 

positions off the shower maximum (Sec. 6) while Cecconi utilizes 

everywhere a shape corresponding to the shower maximum; the 

finite separation of the counters has also been taken into ac

count (Sec. 9) while Cecconi has treated the calculation as if 

the counters were at the same place. This last correction is 

'n essential feature of any computation extending above 15,000 

feet (where, incidentally, Cocconi 1 s calculations stop). In 

Parts II and III the computation is described in some detail. 

In order to reduce the labor of computation, the correction for 

the finite separation of the counters has been done in an approx

imate way (Sec. 9, 12). This approximation, and our omission 

of a treatment of fluctuations (Sec. 7) are both such as to 

make the theoretical counting rate computed in this way too low, 

each omission contributing a factor of roughly 1.2 so that the 

net reduction amounts to a factor of 1.5 to 1.4 or less. It 

may help to keep this in mind when studying the altitude depen

dence of the showers. 

In computations of this kind it is usually necessary to a

dopt a normalizing procedure. This is not surprising, since the 
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primary spectrum we have employed (Ref. 42) has been determined 

partly by considera tions of just this type (See, for example, 

Hillberry, Ref. 44, and also Sec. 12). The normalization we 

have adopted consists in multiplying our theoretical counting 

rate, Na, by a factor of 3 determined by fitting our theoretical 

curve to Hillberry 1 s data in the region from sea level to 

15,000 feet (Fig. 10). From now on we will consider the correct 

theoretical counting rate to be given by 3Na, and will use this 

notation for this quantity . In Fig. 11 the curves 3Na, and also 

8.33Na are plotted along with Kraybill's curve and experimental 

points in the region from 15,000 to 39,000 feet. The 3Na curve 

is seen to lie considerably below the experimental curve. The 

factor 8.33 was determined to bring the maximum of the theoreti

cal curve roughly equal to the maximum of the experimental curve. 

Of course this throws off the normalization at low altitudes . 

The two curves, 3Na and 8 .33Na, are compared with Kraybill 1 s 

experimental curve over the whole altitude range in Fig. 12, and 

it is clear that there is a marked discrepancy in the height of 

the maximum. The details in the shapes of the curves are some

what different, t he theoretical curve having a maximum at a low

er altitude (10.5 radiation units as compared to 8.5 radiation 

units for t he experimental curve) and falling off somewhat more 

rapidly at high altitudes. Expressed as the ratio to sea level, 

t he maximum of t he theoretical curve is only 24 compared to 64 

for the experimental curve. So far as the position of the max

imum is concerned, the uncertainties in the experimental points 

and in the t heory are such that a suitable adjustment could bring 
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the two maxima to nearly the same place. However, there would 

remain the difficulty that the theoretical curve decreases more 

rapidly at high altitudes. The discrepancy in the height of 

the maximum may be expressed by the ratio (64/24);(8.33/3):2.75. 

There are various effects which tend to reduce, somewhat, 

the magnitude of t hi s discrepancy. There is a transition effect 

for the showers as they pass through the 1.3 gm.jcm.2 of alumi

num and wood of the aircraft skin {Ref. 55). Near the maximuw 

of the counting rate curve the showers are considerably inclined 

so that we may double the amount of material to obtain about 

0.1 of a radiation unit with critical energy about half that of 

air. The most this can contribute to an increase in shower den

sity is about two per cent, and since the counting rate varies 

about as {counter area)2, a maximum increase in counting rate 

of four or five per cent is all that can be expected from this 

source. 

The effect of the approximation used to correct for the 

finite counter sepa ration may be estima ted to be a reduction 

by a factor of 1.35 to 1.20. The former factor comes from an 

estimate of an 11 effective counter separation 11 based upon the 

average separation of the counters which turns out to be a 

separation of 6 feet rather than of 9 feet which was used in 

the computation (end of Sec. 10); the latter factor was based 

upon a detailed, but a posteriori, discussion of the ernrs i n

troduced by this approximation (Sec. 13). It is believed that 

this latter estimate is more nearly correct. 

The effect of fluctuations is very difficult to estimate. 
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The normalization procedure washes out many gross effects, 

leaving only the ratio of effects at higher altitude compared 

to those at low altitude. It is believed this may amount to 

a factor of 1.2 or less. 

Taking all these effects together we obtain a factor 

(1.05) (1.20) (1.20) = 1.50, or at most a factor of 

(1.05) (1.35) (1.20) a 1.85. These may be compared with a fac

tor of 2.75 needed to bring agreement between theory and exper

iment, and there still remains a discrepancy of a factor of 1.8 

(more reliable) to 1.5 (less reliable). The discrepancy thus 

seems to be real although not, perhaps, as marked as indicated 

by Fig. 11. The rapid decrease of the theoretical curve above 

the maximum also remains rather hard to explain away, although 

the position of the maximum may well be given too low an alti

tude by our approximation. 

(b) Variation of counting rate with zenith angle at 30,000 feet 

The variation of counting rate per unit solid angle N(x,~) 

as a function of the zenith angle ( 0, ~) , (Fig . 15) has been com

puted for Kraybill's counter arrangement at 30,000 feet and is 

shown in Fig. 13 (in this plot e is represented via X where 

x = cos 8 ). From this has been derived the counting rate per 

unit plane angle by projecting the zenith angle, ( B, ~), into 

the angle ~ lying in the plane of a cloud chamber (See Sec. 14 

for details); and this last has been compared (Fig. 14) with 

the cloud chamber studies of Mr . E. w. Cowan (Ref . 57) who has 

determined this projected angle distribution at 31,000 feet 
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utilizing photographs taken of a cloud chamber controlled by 

Kraybill's counter arrangement. The details are g iven in Sec. 

14. 

The experimental distributions .are listed in Table 23, and 

we note that from all the photographs taken at a given altitude 

only 20 or 30 per cent could be used since it was imp ossible to 

assign an angle in the remainder in an unambiguous way. Conse

quently the corresponding experimental angular distribution is 

in some doubt since the data hidden in the unclassified photo

graphs could smother the tabulated distribution and might very 

well change its character altogether. A partial explanation of 

the difficulty found in assigning a direction to the electrons 

appearing in the photographs may lie in the relative orientation 

of the counter system and the cloud chamber (Fig. 15) . In Fig. 

14 the counting rate per unit solid angle has been shown as the 

dashed curves for ~ = 0 and ~ = 90° where for these two curves 

the angle ~ is to be understood as meaning the angle 8 . The 

much larger maximum for the ~ = 0 curve (it goes off scale, but 

has a maximum 3 times the ~ = 90° curve) as compared to the 

~ = 900 curve is evident. The showers at ~ = 0, however, lie 

in a plane perpendicular to the plane of the cloud chamber, and 

consequently just t hese more numer ous showers with the large 

inclination to the vertical will be rendered difficult to classi-

fy . 

The theoretical projected distribution has been calculated 

for all showers and for t hose s howers (about 20% of the total, 

which corresponds to the 20% which could be classified) for which 
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the zenith angle lies in a reg ion adjacent t o the plane of the 

cloud chamber and outside of the directions contained in a right 

circular cone with vertex in the center of the cloud chamber and 

axis perpendicular to the face of the cloud chamber with half 

vertex angle equal to arc cos 0 . 25 (the edges of the cloud cham

ber are g iven by arc cos 0 .16 ). This latter partial projection 

was selected to t ake into account the possibility that showers 

lying near the perpendicular to the face of the cloud chamber 

could not be classified. The 11 partial projection" distribution 

is shown as a solid curve in Fig. 14 and is seen to be even high

er than the "total projection" also shown as a solid curve. 

(All curves were arbitrarily normalized to 10 at ~ = 0 so that 

their shapes could be compared). The experimental distribution 

A (See Table 23) was considered as representative of the experi

mental results and is shown as the stippled curve in Fig. 14, 

it falls off twice as rapidly with increasing angle as either 

of the two theoretical curves. 

The result of the comparison is that the half angle for the 

experimental distributions is in the range of 15 to 20 degrees 

in every case while the half angle for the theoretical total 

projection is about 30 degrees, and is even l a r ger for the par

tial projection. On the basis of angles for half maximum the 

experimental distributions lie between 30 and 40 degrees, and 

the theoretical between 60 or 70 degrees. We have a body of 

experimental data which are consistent w1thin themselves and al

so consistently in disagreement with the theoretica l distribution, 

be ing too narrow. Two other factors that may bias this comparison 
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are the selection of tne photographs for measurement, which 

was done by requiring that there be ten or more parallel tracks; 

and the fact that the comparison is made for different a.ltitudes. 

The ten track requirement corresponds to a requirement of high 

part1cle density and near the counting rate maximum, where these 

data were taken, on t he general grounds of a longer distance 

for shower multiplication one would expect this to broaden, not 

narrow, the observed distribution. The theoretical curves 

would be made broader, and so increase the disagreement, if a 

correction for this is introduced. The theoretical computatio~ 

made at a slightly lower altitude than the observations, would 

be expected to be narrower than the 11 correct 11 theoretical curve~ 

and therefore a correction for this would also increase the dis

agreement. 

This discrepancy is all the more surprising since an approx

imate angular distribution may be inferred from Kraybill 1 s ob

served altitude curve by means of a Gross transformation, and 

this derived angular distribution agrees r ather well with the 

theoretical one and not at all with the distribution obtained 

from the cloud chamber studies . 

The disagreement found here between the cloud chamber and 

theoretical distribution should not be given too much weight be

cause of the uncertain statistics of the former. Nevertheless 

it is surprising and interesting, and has been given some study 

since instances of the investigation of cosmic radiation by the 

simultaneous applicat1on of counter and cloud chamber techniques 

are rather rare. 
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(c) Conclusions 

There seems to be a discrepancy between the theoretical 

variation of counting rate with altitude, ba sed on the assump

tion of primary electrons, and the variation observed by Kray

bill (Ref. 56) . The experimental curve exhibits a stronger max

imum by a factor of 2. 75 when compared with the theoretical 

curve. Various approximations present in the t heoretical calcu

lation are such as to reduce t his discrepancy, but an estimate 

of their magnitude seems to leave a discrepancy of a factor of 

1.5 to 2.0 still remaining. The maxima of the two curves are 

not at the same place (The depth at the maxima from the top of 

the atmosphere, t, measured in radiation units, is 8.5 for the 

experimental and 10 .5 for the theoretical curve.), but this dif

ference may well be accounted for by uncertainties in the obser

vations and calculat ions. The more rapid decrease of the theo

retical counting rate above the maximum as compared to the ex

perimental is more difficult to explain away . 

It is possible that a more accurate calculation of the alti

tude effect taking into account the effect of fluctuations and 

making no computational approximations would remove t he discrep

ancy found here, but the study presented here makes t his unlikely . 

It may also be possible to remove this discrepancy within the do

main of the primary electron hypothesis by selecting a smaller 

value, say 1.7 or 1. 6 rather than the value 1.8 used here, for 

the exponent in the primary electron spectrum. However, the 

normalization procedure of fitting theory to experimental data 

in the lower portion of the atmosphere will have to be followed, 



-16-

and this might make such a treatment unsuccessful. 

Lewis, Oppenheimer, and Wouthuysen (Ref. 8) have proposed 

a mechanism for the multiple production of secondaries by pri

mary protons . Their mechanism should lead to a stronger maxi

mum at higher elevations for the counting rate curve, and there

fore should yield better agreement with the observations than 

the curve derived here assuming pr1mary electrons. 

There has been found a rather marked disagreement between 

the theoretica l angular distribution of showers at the maximum 

of the counting rate curve and one observed by means of a cloud 

chamber (Ref. 57 ). The observed distribution being twice as 

narrow as the theoretical one. Too much weight should not be 

given this discrepancy since the statistical basis of the cloud 

chamber distribution is rather insecure and because the angular 

distribution inferred from Kraybill's observed altitude depend

ence by means of a Gross transformation is in rather good agree

ment with the tneoretical distribution. Nevertheless this point 

deserves further investigation, and something of interest may 

turn up. 

Finally, it may be said, tha t the results of the present in

vestigation indicate that the primary electron hypoth~s which 

has been remarkably successful in describing the experimental 

studies of the large showers in the lower portion of the atmos

phere has encountered some difficulties upon being extended to 

higher elevations, and that the satisfactory answers formerly 

derived from it may be looked upon as the result of a highly 

successful prescription rather than as proof of the real exist-
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ence of primary electrons. 

I I THE SHOVlER THEORY 

The shower t heory describes the multiplication of a sin

gle high energy electron* or photon by virtue of the processes 

of pair production and bremsstrahlung (Ref. 58) into a shower 

consisting of many electrons and photons (Ref. 59). The mul-

tiplication depends upon the material in which the shower oc

curs, and is stopped by dissipation of the incident energy 

through ionization of the surrounding atoms by the shower elec

trons. As a shower develops, it keeps a generally well defined 

direction or axis , but the electrons, due chiefly to multiple 

coulomb scattering by the nuclei of the surrounding material, 

also spread out laterally in a direction perpendicular to the 

shower axis. In many cases, depending on. the surrounding ma-

terial, one may separate the development of t he shower along the 

axis from t he lateral spreading of t he electrons. This is pos-

sible when the angle of deflection of the electrons is small e

nough so that their path of travel is nearly t he same as the 

projection of the path on the shower axis, and is a satisfactory 

approximation for showers i n air, water, and aluminum but not 

for lead. This approximation is adopted·here. A suitable de-

script ion of both t he number and lat eral distribution of elec-

trons is needed for interpretation of many experiments with cos-

mic radiation. In most cases, the distribution of photons may 

*The term electron will be used for both positive and negative 
electrons. 
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be neglected, since it is the ionization produced by electrons 

which is detected by counters and ionization chambers. 

5. The Number of Electrons 

We will now consider the calculation of the number of elec

trons as a function of the distance along the shower axis, and 

of the energy of the initiating electron. The expressions giv

ing the. total number of electrons as a function of depth have 

been subject to experimental study and critical discussion 

(Ref. 21, 23, 24, 25, 39), indicating that their uncertainty is 

less than that introduced by the rather incomplete treatment of 

fluctuat1ons (Sec. 7) . In fact, this constitutes one of the 

successful tests of the correctness of the quantum theory of 

radiation. The more detailed expressions giving the energy dis

tribution of the electrons are somewhat less accurately known. 

We will consider only electron (not photon) initiated showers. 

The development of a shower depends upon the material in 

which it occurs, but it may be described in a dimensionless 

form independent of the material by expressing lengths along 

the shower axis in terms of a "radiation length" (length meas

ured in these units will be denoted by t), lengths perpendicular 

to the shower axis in terms of a "lateral unit" (lateral dis

tances measured in these units will be denoted by r), and ener

gies by their ratio to a 11 critical energy" denoted by (3 • The 

radiation length is defined as the distance an electron must go 

to reduce its energy to 1/e of its initial value due to bremss

trahlung, and is about 7/9 of the distance a photon must go in 

order to produce a pair. The critical energy is the amount of 
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energy an electron loses by ionization in going one radiation 

unit. Thus an electron with the critical energy is likely to 

be stopped by ionization rather than multiply further, and so 

may be considered as lost to the shower. For any one substance, 

it turns out that the lateral unit is a constant multiple of 

the radiation unit, although the ratio of the two units varies 

from substance to substance. 
' 

Fundamentally, the radiation unit depends upon the number 

of nuclei or the amount of matter which the shower traverses, 

and it is most appropriately expressed as a number of grams per 

square centimeter. However, it is useful and sometimes neces-

sary to have a geometrical measure of the radiation unit. This 

is listed in the table below (from Ref . 33), and the data for 

air correspond to sea level density. If the air density de-

creases, then the size of the radiation unit and the l ateral 

unit undergoes a corresponding increase (See Table 1). The val

ues for lead are only approximate because of the large scatter-

ing. 

TABLE I. S~OWER THEORY UNITS 

Substance 

Air 
Water 
Aluminum 
Iron 
Lead 

Radiation 
Unit, 

em. 

33,000 
43 

9.6 
1 .8 

(0.51) 

Lateral I Critical 
Unit, I En9rgy, 

em. (10 e.v.) 

5950 
7 .8 
3.1 
1.2 

(1.0) 

1.13 
1.13 
0 . 63 
0 . 31 

(0.10 ) 
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Rossi and Greisen (Ref. 26, approximation B) give a par

ametric expression for the number of electrons in a shower 

which is used here. It may be written as follows: 

K ) )cs)t + E S l- .L lT = cs e G + n<sltj ~ (5.la) 

S E -\ 
t == vYI (5) (5.lb) 

(See Table 2 for air). {5.lc) 

The functions K, 1, m, n are given in Table 4 and have been re-

computed from functions tabulated by Rossi and Greisen in order 

to have the more convenient form of Eq. 5.1. The symbols are 

defined as: 

')\ - the total number of electrons in the shower. 

t = distance or depth along the shower axis from the 

point of initiation measured in radiation units. 

E = energy of the initiating electron measured in the 

same units as • 

(3 = the critical energy. (loB e.v. was used for air in 

the computations given here . This is very near 

0.98 x 108 as given by Rossi and Greisen, Ref. 2, 

and believed more reliable than Moliere's value, 

Ref. 33, given in Table I). 

s - a parameter entering the shower theory. 

The parameter s will be used (Sec. 6) as a guide in con

structing a lateral distribution function; consequently, its 
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behavior will be discussed. It increases with depth for fixed 

initial energy, and decreases with increasing energy for fixed 

depth. At s = 1 the shower has the maximum number of electrons. 

The maximum number of electrons and the position of the maximum 

is listed in Table 3 . 

The general nature of Eq. 5. 1 is illustrated as follows: 

The variation of the number of electrons with depth for various 

fixed energies is listed in Table 5 and plotted in Fig . 1 . The 

parameter s is also plotted in Fig. 1 as if it were a dependent 

variable, and may be seen to vary rather slowly. The variation 

of the number of electrons with initiating energy for various 

fixed depths is listed in Table 8 and plotted in Fig. 2. The 

parameter s is again plotted as if it were a dependent variable. 

The much less rapid incre ase of the number of electrons with 

energy for t = 5 than for t = 10 is noteworthy . It is primarily 

due to the smaller value of s at the smaller value of t . Phys-

ically, it means that five radiation units are not enough for 

much multiplication to take place, and large increases in the a-

mount of energy produce only a moderate increase in the number 

of electrons. This tendency will appear later later as a strong 

cut-off in the counting rate at t = 5 . 
6 . The Lateral Distribution 

The lateral spreading of the shower electrons away from the 

shower axis has only recently (1940) been the subject of theo

retical investigation (Ref. 27 to 32, 41, 43, 45). So far, the 

results of these investigations have not been subject to direct 

quantitative verification, as has been the case for the number 

of electrons, although indirect comparisons seem to be in rea-
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sonable agreement with counter observations on the large air 

showers carried out at elevat ions ranging from sea level to 

mountain top heights (Ref. 33, 44, 51). Furthermore, the fluc

tuations in t he surface density of electrons in a shower around 

the average distribution will be expected to be much greater 

than the fluctuations in the number of electrons, since the 

fluctuation of their distribution in space will be superposed 

on t heir fluctuation in number. In particular, Auger's studies 

(Ref. 5) seemed to indicate that the density fluctuations do 

not follow a Poisson distribution, although the interpretation 

of his results is uncertain because of the effect of t he walls 

of nis cloud chamber, and because he had two 1.0 millimeter 

tungsten and one 5 millimeter lead plates in the chamber. When 

the problem of the mean radial density distribution is solved, 

there will still remain much to be done. 

An incorrect estimate of the lateral spreading of the 

shower electrons will affect computed effects considerably, 

since, if one defines a mean shower radius in a suitable way, 

t hen the counting rate will vary roughly as rm-1 · 6 (See the end 

of this section). For these various reasons, a rather elaborate 

discussion of the lateral distribution is given. 

(a) General discussion 

The lateral or r adial spreading of the electrons out from 

the shower axis is due mainly to their multiple coulomb scatter

ing by the nuclei in the surrounding material, the angular di

vergence arising from t he process of tneir creation being negli-
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gible when compared with the scattering deflection. The shape 

of the radial distribution a t the shower maximum is approximately 

of t he form (1/r) exp (-r), the earlier investigat ions being 

mainly concerned with estimating the mean radius (i.e. the size 

of the unit to be used when writing t he expression above) of the 

shower. This mean r adius has undergone wide fluctuations as more 

refined theoretical investigations were undertaken , r anging from 

about 20 meters in t he pioneer investigations of Eul er, Werge

land, and Hilberry (Ref. 41, 43,44) to 120 meters in the studies 

of Pomeranchuk and Migdal (Ref. 47 , 48), and finally settling 

down to about 60 meters in the more recent work of Bethe, Wolfen

stein, Moliere, Nordheim, Richa rds, and Roberg (Ref. 27 to 33 , 

see also 26) . In t hese i nvestigations (excluding Moliere), the 

mean radius was calculated on the basis of t he mean square an

gular deflection at a given energy (Ref. 60 ) aver aged in an ap

propr1ate way over the energy spectrum of the electrons, and 

over the scattering for about one radiation unit. This distri

bution was t hen "gr afted on" to the one dimensional shower theory. 

The physical reasons f or t his procedure are quite reasonable. 

The mean square angular deflection of an electron in a t hicknem 

of matter dt is given by (Ref. 60): 

(6.1) 

where E is the energy of the electron, and the constant Es is 

about 2.1 x 107 e.v. In air, this energy is somewhat less than 

the critical energy , (lOBe.v.) so that only electrons, with the 

critical energy or less, will undergo appreciable deflection. 
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However, electrons with the critical energy will be stopped 

and lost from the shower in about one radiation length, so 

that it seems r easonable to set dt equal to unity in Eq. 6.1. 

The general picture is this: only rather low energy electrons 

will be appreciably scattered and contribute to the lateral 

distribution of the shower, but these electrons will be lost 

in one radiation length, so that most of the scattering takes 

place in the last radiation unit. For this reason, the general 

shape of the distribution will not change very much as the 

shower develops. The exponential lateral decay follows from 

the same considerations. 

(b) The lateral distribution adopted 

However, these arguments of a general nature do not give a 

very precise notion of the shape of the distribution; in par-

ticular the contribution to the distribution of the scattering 

in the earlier g enerations is not very carefully treated. Lan

dau (Ref. 34) has set up equations which combine both the de-

velopment of the shower and the scattering in a suitable way . 

Recently, Moliere (Ref. 33) has solved these equations by a 

difficult numerical procedure, and obtained the dis t ribution 

function at the shower maximum which can be represented with 

good accuracy by an expression of the form 

(1/r) [ A exp (-ot.r ) + B exp (- ~ ru 
(See Fig. 3). This is the most reliable distribution function 

so far available. For our calculations, we will adopt t his 

expression at the shower maximum, but introduce a slight modi-
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fication* to take into account the change in shape of the dis-

tribution on either side of the maximum. The expression adopted 

for the surfa ce density, P , of the shower electrons is: 

(6.2a) 

(6.2b) 

(See Table 6), (6.2c) 

(See Table 6), (6 . 2d) 

Here: A - 2. 94, B = 0.31, 

cJ.. - 2. 88, (3 = 0 . 855 per lateral unit . 

t = depth along shower axis in radiation units. 

E = energ~ of the initiating primary electncn. 

r - the radial distance from the axis of the shower, 

measured in lateral units . (about 60 meters for 

air at sea level). 

jO = the surface density of electrons, measured as the 

number of electrons per square lateral unit (the 

number in a square 60 meters by 60 meters for air 

at sea level). 

lT = the total number of electrons in the shower. 

s = the shower theory parameter, which is defined im-

plicitly when E and t are given. 

*The writer wishes to thank Professor R.F. Christy for suggest
ing this modification. 
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R(s) = a normalizing factor chosen so that the integr al 

of the density equals TI , ( tf>~JT r-cl r -= lT) · 

On setting s = 1 (the shower maximum), we obtain Moliere ' s dis-

tribution. For s different from unity, the shape of the shower 

is slightly modified (while retaining the gross features of the 

distribution represented by the exponential terms) to give a 

more appropriate radial function. In a general way , it is clear 

that a modification of this type is required, since for s < 1 

the average energy of the shower electrons is greater than at 

the maximum and so they will scatter less . Eq. 6.2 indicates 

a correspondingly greater density near the shower axis . A con-

verse situation obtains beyond the maximum. One may see that 

the analytic form of E~ . 6 . 2 is reasonable by constructing the 

approximate density distribution in the vicinity of the shower 

axis. 

(c) Density in the vicinity of the axis 

The mean square angular deviation given by Eq. 6.1 implies 

(assuming the angles are sm~l enough so that the angle is equ~l 

to its sine) that the radial distribution of those electrons, 

which have the same energy, may be represented by a Gaussian 

function of the form: 

(6. 3) 

Here: E = the energy of the electrons in the shower, (not 

the initiating electron) . 

r = radial distance from the shower ~is in later al 
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units. 

Es = a scattering energy (about 6.6 x 10? e.v. for 

air). (This is different from the Es of Eq. 6 . 1 

by the factor (330/60) introduced because the 

radial distance is measured in lateral units, not 

radiation units, and also by the factor (1 . 2/2.1) 

which was determined by Roberg (Ref. 31) by a 

self-consistent method of treating the scattering 

of electrons.) 

The probability, 'p , has been normalized so that 

From the shower theory (Ref. 26, Approximation A) we have for 

the differential energy spectrum of the shower: 

Here: 7T(Eo' E, 

with 

Eo = the 

E = the 

b +.: oO 

= - ~ ( J s H, c s) e ~ s -r ~.' s.> t 
~rn J 

6-< cO 

t)dE = the number of electrons 

energy within dE at E. 

in 

energy of the initiating electron. 

energy of the shower electrons. 

(6.4a) 

(6.4b) 

the shower 

t - the depth below the start of the shower, in radi--
ation units. 

H1 (s), \,(s) are functions tabulated in Ref. 26. 

s = a parameter of integration. 

Eq. 6.4 does not take into account energy loss of the shower 

due to ionization of the air. It gives a reliable estimate of 



-28-

the spectrum of the electrons only for energies five to ten 

times the critical energy; below this energy it predicts much 

too large a number of electrons. We may now estimate the ra

dial distribution of the electrons by integrating over the 

energy: 
OC) 

pCEo , Y,t) = f !f(E,, E,t)JE f'CEJ'C) 
~f3 

(6.5) 

Tne integration may be extended to infinity on the upper limit, 

since the spectrum is zero for E above E0 • We will also take 

the lower limit to be zero, since the excessively large number 

of electrons at low energy will be diluted by distribution over 

a very large area by the scattering function p . Since we are 

only interested in the density near the axis, where there are 

mostly high energy electrons, this will not introduce a serious 

error. With these limits, and exchange of the order of integra-

tion, an elementary integration yields: 

This integral may now be evaluated by the saddle point method 

(See Ref. 26) to give: 

(6.?b) 
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Here r is the usual r- function, 4J is its logrithmic derivative, 

and A 4J(x) = 111
1 

clX 't" The functions H1 , >. b etc. are tabu-

lated (Ref. 26) . As a matter of fact, Eq. 6 . 7 gives an estimate 

of t he density f or small r which agrees very well with t he nu

merical values obtained by Wolfenstein, (Ref . 32) using a more 

correct energy spectrum and numerical integration. It is ob

vious that Eq . 6 . 7 cannot be correct for large r, since, in gen-
<a 

eral, fp Hr r~r will not converge. (This is not surpr1sing 
0 

since t he energy integral .of the electron spectrum, if extended 

to zero, will diverge; and we find this infinite number of elec-

trons again when we go to l ar ge distances where thay nave been 

placed by the scattering function. ) 

However, the fact that Eq . 6 . 7 gives numerical values in 

good agreement with a more accurate procedure indicates that it 

may be used as a guide to modify Moliere 's distribution function, 

when away from the maximum. We notice that the radial depend

ence is of the form ljr2-s and for s = 1 it gives 1/r as in the 

case of Moliere. Furthermore, this same radial dependence, at 

short distances, has been derived by Pomeranchuk and Mi gdal (Ref. 

4? , 48) by a different method, so that one may feel somewhat 

more confidence in it. This, then, gives the analytic form in-

dicated in Eq. 6 . 2 .. 

For very short distances, the electron density increases 

without limit. This cannot be correct, because, even if all 

the electrons in t he shower had t he energy of the initiating 

lectron, they would be scattered over a circle of finite though 

perhaps small radius given by inserting t he initial energy into 
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Eq. 6.1, with dt = 1. Actually, this density increase must 

stop at some larger radius, since even the most energetic show

er electrons must have an energy less than tnat of the primary. 

The extremely short radii, where this failure of the expression 

occurs, contribute nothing to our computations except for the 

vertical integral density spectrum above t = 10, when there is 

no correction for the counter separ~tion (Sec. 8, 8) . When a 

correction is made for counter separation, and this was done 

in computing the counting rate to compare with the observations, 

the effect of this divergence at small radii is completely re

moved . 

(d) Description of the radial function 

The radial function, Eq. 6 . 2, is listed in Tables 6 and 7, 

and in Fig . 3 ln ( rfl(r)) is compared with the corresponding 

function of Moliere. In Table 21, values of tne mean radius 

are given as a function of s, expressed as meters for air at 

sea level density, and as the ratio to the radius at s - 1. The 

root mean square radius at s = 1 is 57 meters, agreeing with oth

er investigators. It will be noted tnat the mean radius, which 

is somewhat more sensitive to changes in the shape of the lateral 

funct1on than the root mean square radius, varies considerably 

with s so that an adjustment in the shape of the lateral func

tion should certainly be made for showers off the maximum. 

One may also obtain some idea of the significance of the 

modification of Moliere's functi on in the following way. If 

the integral primary electron spectrum is given in the form 



-.31-

1 
D ( (3 /E) , and we assume that the shGwer electrons are spread 

uniformly over a circle of tne mean radius, r , then the fre~ 

quency of occurence of a dens1ty of p or greater will be given 

by: 

(6.8) 

where E on the rignt side is tnat E wnicn is just suffic1ent 

to produce the dens1 ty p . Now, the density p 1s approx1mately 

related to E by an expression: 

TI 
(6 .9) p==-

where G1 depends on t, but only weakly on E. Substi tuting Eq . 

6 .9 into Eq. 6 .8 we obtain: 

(6.10) 

Thus the integral frequency (and the count1ng rate wh1ch is rough

ly. proportional to H( > p) ) varies as r-2( Yjs-1). Tnis function 

of r(s) is given in Table 21 in ~erms of i~s value at s = 1, as-

suming { = 1. 8 . This gives a rough notion of the effect that 

the change in shape of the radial distribution has on the count

ing r e te. For very small values of s (below 0 .6), the very large 

increa se indica ted in Table 21 is misleading s1nce it is due to 

t hose extremely small r ad1i for which the rad1al distr1bution is 

not valid. As mentioned above, these small r ad1i contribute noth-

ing to the computat ion of those counting r a tes which a re compared 
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with exper1ment. 

7. Fluctuations 

The shower theory j ust outlined gives only the average num

ber of electrons and tne1r average distrioution in space. For 

any individual snower, it must be expected tha t there will be 

considerable fluctua t 1ons away from th1s average. These fluctu

ations would be expected to alter the results of computations 

based only on tne average values. Arley (Ref. 3~) has given a 

rather exhaustive discussion of the fluctuations in the number 

of particles (Ref. 26 also gives a list of references regarding 

this problem; see also Ref. 38). So far, no attempt has been 

made to investibate fluctuations in the spatial distribution of 

electrons except for a discussion of local correlation of elec

tron pairs (Ref. 47, 61). 

(a) Experiments related to the fluctuation problem 

It has been mentioned that the spatial distribution observed 

by Auger and co-workers (Ref. 5) utilizing a comb1ned counter

cloud chamber technique does not seem to follow a Poisson dis

tribution very closely, altnough the presence of metal plates 

in h1s cloud chamber makes tne interpretation of his results un

certain . In the comparison between theory and exper1ment given 

by Moliere (Ref. 33),in which he computes the coincidence count

ing rate for two counters as a function of their sepa r a tion and 

compares it with Auger's experiments, the experimental counting 

r ate considerably exceeds the calcula ted counting rate for se~a-
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rations i n t he r ange from 10 em. to 1. 0 meter. Moliere sug

gests t hat t his discrepancy may be due to t he f act t hat, in 

his calcula tions, he used throughout t he l a teral distribution 

function corresponding to the s hower maximum, and that, if he 

had modified t he shape of t he function for showers not at their 

maximum, he would have obta ined better agreement. The results 

of t he calculations in this t hesis indica te that only showers 

very near t heir maximum, or beyond (but not before), contribute 

very much to t he counting rate a t t hese separations at sea lev

el. On quite general grounds, (Sec. 6) it is difficult to see 

how the spatial distribution coul d be narrower beyond t he max

imum than at the maximu. Consequently, the explanation offered 

by Moliere does not seem to be satisfactory. 

Pomeranchu k and Berestetzky (Ref. 47 , 61) have offered an 

explana tion of this discrepancy by computing t he local spatial 

correlations of pairs of electrons due to the f act that the 

s hower electrons are produced in pairs in which both electrons 

originate a t (macroscopical l y) the samepoint. Their results 

seem to explain this particular discrepancy satisfactorily. 

However, the s ame rapid increase in counting rate for small 

separations has been observed by Geiger and Stubbe (Ref . 62) 

utilizing five and six-fol d coincidences. This observation 

would seem to make t he explana tion based on pairs untenable, al

though t he general notion of local spatial correlation of the 

shower el ectrons, because of t heir manner of formation, seems 

reasonable. Thus, one would expect both t his sort of correla

tion and chance correlations due to scattering to play a part 
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in the density fluctuations. 

It may be that the excessive counting rate at narrow 

counter tube sepa rations may be due to a different mecnanism 

than fluctuations, such as local showers initiated by meson 

decay or knock on electrons from mesons. 

(b) Procedure adopted 

Since there is no adequate theory of the spatial fluctua

tions, no attempt has been made to include either spatial fluc

tuactions or fluctuations in the number of particles in these 

computations. It may be remarked that the fluctuations would 

be expe cted to increase the frequency of the integral density 

curve, and hence the counting rate as compared to a computation 

with no fluctuations. This follows (assuming a moderately sym

metrical distribution) from the r apid decrease of this curve 

with increasing density (See Fig. 6). Fluctuations upward 

from the very numerous low density portions of the curve should 

overcompensaUe for the loss of portions of the high density e

vents, due to the same type of fluctuations. In taking into 

account fluctuations in the number of electrons produced by 

mesotrons in lead, Christy and Kusaka (Ref. 40) found an in

crease of a factor of about 1.5 as compared to a calculation 

not including fluctuations. In our case, the fluctuations may 

be expected to introduce possibly a factor of two or more since 

fluctuations in the spatial distribution also enter. 
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III COMPUTATIONS 

This Part will outline the computational procedure followed 

in order to calculate various effects to be compared with exper

iment. Our general approach will be one first f ollowed by Coo

coni (Ref. 46), which has the advantage that a large portion of 

the calculation may be completed before inserting the specific 

details of any particular measuring apparatus. 

The basic calculations will all be carried out using show

er units and lateral units which change their geometrical values 

as the air density varies with altitude (Table I and Table 1). 

This is done to avoid a great deal of tedious conversion of units 

in the great bulk of the computation. This should be borne in 

mind when inspecting the results of calculations which do not 

yet include this correction. 

The differential primary electron spectrum adopted is es

sentially the same as that of Euler, Heisenberg, and Cecconi 

(Ref. 41, 42, 43, 46), but has been expressed in units especially 

appropriate for the computations: 

(III.l) 

E > \ o'o -e .v-. 

Here: P(E)dEd~ = the number of primary electrons per hour 

which strike on one square lateral unit (at sea level 

density 60 x 60 meters) within the solid angle d!L 

and the energy range dE at E. 

~ = the critical energy in air, 108 e.v. 
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D = 7 .52 x lol2j(hr. ) (la tera l unit )2(steradian) • . 

Y = 1 . 8 for the computations in this t hesis . 

The corresponding integral spectrum is: 

(III.2) 

Here P( > E) is the number of electrons of energy greater 

thanE , which strike one s quare l a teral unit per hour from any 

direction in the upper hemisphere . 

8 . Vertical Density Spectrum 

In t his section, we will c alculate the integr a l density 

spectrum a t any (vari ous) point in the atmosph~re due to primar

ies that enter the atmosphere within the small solid angle drl 

near the vertical. This is t he frequency per hour H "(>p, t) J..Q_ 

with which a surface density of el ectrons , equal to ? or greater, 

will pas s any point in t he atmosphere at depth t. 

I n Sec. 5, 6 there was derived an expression for the density 

of electrons due to a shower i nitia ted by a primary of energy E, 

at a dep th t , and at a distance r from the axis of t he shower: 

(8.1 ) 

Conceptually (and numeric~ly) we may invert t his equation to 

obtain: 

Note that f or g iven E and t, if the density isjO at r, then it 

is greater than ~ for any radius smaller than r. Hence, if we 

c onsider only showers due to primaries of ene r gy E, t he n those 
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primaries striking on or within a circl e of radius r, 5iven by 

Eq . 8 .2 about some fixed but arbitrary point at deptn t, will 

g ive rise to a density of p or greater. The tot al vertical fre

quency will be obtained by integrating over the primary energy 

to obtain: 
00 

) rr l_rctJfJ ED:2 P(E) ~ E (8 . 3) 
0 

The lower limit may be t aken to be zero, since r goe s to zero 

very rapidly for energies below 1010e.v. For ease of computa-

tion , it is best to make the transformation 

(8.4) 

which gives, on inserting the primary spectrum: 

Hv(>p )t) == 1l \) s d£ e-YL [r( tJ~) £o~ (8.5) 
- -o 

Some g ener&l features of t he integra l vertical density 

spectrum are revealed by an appr ox1mate trea tment of Eq . 8 .3. 

If one neglects the dependence on s of f 8 (r) in Eq. 8.1 by sub

stituting f 1{r), and ma~es use of the fact t hat 1\{E) varies 

roughly as Es (See Fig. 2) , then the inversion implied by Eq. 

8 . 2 may be written as: 

(8.6) 

wnere G1 and s depend on t but vary slowly withE, and are as-

sumed constant in our approximation. Inserting Eq. 8 .6 and 

III.l into 8.3 we obtain: 
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The chang e of variable: 
u.== (G, /f) (E /p)s (8.7) 

gives: 

(8.8) 

0 

This shows that tne integral vertical frequency will vary approx

imately as a power law in p with the power approximately (- Y/s). 

In particular, the rat1o Y;s should get smaller at greater depths 

in the atmosphere, since s increases witn t. 

These general considerations are borne out by the corres-

pending numerical values. In Table 8 and Fig. 4, the shower ra

dius (Eq. 8 . 2) is shown as a function of t, p and £ . The integrals 

(Eq. 8 . 5) are listed in Table 11 and plotted in Fig. 6 and 7. 

In particular, Fig. 7 shows that below about t = 10 the integral 

vertical frequency for constant p varies roughly as exp(- p t). 

The simple chan6e of variable indicated in Eq. 8 .4 has been 

of very great help in reducing the amount of labor necessary to 

carry out the numerical integral:ions. It was done primarily to 

eliminate the importance of the 11 tail 11 on the high energy side 

of the integrand, since for large energies r rises slowly with 

E. (Fig. 4) , while the primary spectrum decreases as exp (- Y£ ) , 

(Table 10) so tnat the integrand falls off exponentially. Conse-

quently, in the £ -scale the "tail 11 will contribute no more to 
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the integra l than the last value neglected, while, in the E

scale, one must integrate over about three orders of magnitude 

before the "tail" is negligible. In addition, this change of 

variable also made t ne primary spectrum (Ta.ble 10) much easier 

to handle, and indicated a useful integration technique. In 

the £ -scale, t he integrand resembles a Gauss function (See Fig. 

5), and, by measuring· the breadth at 1/e of tne maxi mum, the 

integral could be taken to be ( ,[1( / -;z. ) (breadth) (height of maxi

mum) . The integrand and its 11 equivalent 11 Gauss function are 

plotted in Fig. 5. In this particular case, the value of the 

integral, obtained by the 11 numerica l saddle point 11 procedure, 

was 2.264 x lo-13 while a careful application of Simpson 's 

method gave 2.270 x l0-13. Spot checks for other integrals con

sistently gave as satisfactory results. This method was adopted 

for t his set of integrations. 

In Table 12, are listed a number of constants entering into 

some c onvenient interpolation formulae for the density spectrum, 

for t greater than fifteen radiation units. These constants 

have been obtained by graphically smoothing the resul ts of the 

calculat ion. 

~JLorrection due to Lateral Counter Separation 

The calcula tions, indicated in Sec. 8, g ive the density spec

trum at a single point, but counter systems are usually separated 

by lateral (horizontal) distances of a few meters in order to 

register only showers which are energetic enough to produce a 

rather high elec t ron density over large areas. In this section, 
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we will calculate the frequency, \-\v (>P , t >l ) J_Q , with 

which a surface density of p or g reater occurs at a given point 

in tne atmosphere, when, at the same time, a density of p or 

greater occurs at a second point, separated from the first by 

a distance 2a. This will be done only for snowers which are 

initiated by electrons entering the atmosphere within tne small 

solid angle d iL near the vertical. As will be evident later, 

tnis is not precisely the function that should be used in the 

calculation of the counting rate; but it is bel1eved to furnish 

a reasonably good approximation to the cor~ect function, and a

voids the necessity for introduction of the details of the count-

er arrangement into the computation at an early stage. 

Consider again a circle of radius r g1ven by Eq. 8.2 around 

each of two arbitrary (flxed) points separated by a distance 2a. 

When r is taken greater tnan a, those showers, whicn strike with-

in the common area of the two circles, give rise to a density of 

p or greater at each point (See tne sketch in Table 9) . When 

r is less than a, no shower of sufficient density at one point 

will have sufficient density at tne other, and so the lower limit 

of integration over energy will correspond to the case where 

r = a. When r is greater than a, it is convenient to express 

the common area of the two circles as a fraction, C: (a/r), of 

the area of one of tnem. The integral vertical frequency for 

two points then becomes (See Eq. 8.5): 

(9.1) 
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The function C:(a/r ) is given explicitly in Table 9, along 

with some numerical values. 

The integral (Eq. 9 .1 ) h~s been carried out by numerical 

methods similar to tnose used for Eq. 8.5. In some cases, a 

simple polynomial approximation (given in Table 9) to tne func

tion C: has been helpful in reducing the amount of labor. The 

results of tne integration are listed in Table 11 . For depths 

below t = 15 to 20 the dependence of Hv on a is small. 

So far, all the computations nave been carried out in terms 

of the lateral unit. The geometric size of this unit increases 

at higher altitudes (or smaller t, See Table 1) by the ratio, ar , 

of the sea level air dens1ty to the density of air at that alti-

tude. Thus, in terms of this unit, the surface area of a count

er decreases by a factor 1/ cr 2 , and counter separation decreases 

by a fac-r;or 1/ <J . In addition, those showers, which are r lat-

eral uni"ts away from a counter system in the calculation above, 

will correspond to pr1m~r1es striking with a circle of radius 

crx (the sea level size of tne lateral unit), and "the sea level 

size of the lateral unit nas been used in setting up the expres

sion used for the primary spectrum (Eq. III.l). Consequently, 

tne integral vertica l frequency spectrum, which corresponds to 

a density relative to a counter of fixed gemoetric size, p , 
0 

and a fixed geometric counter separation a 0 , is given in terms 

of the func"tion just calculated by: 

(9. 2) 
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Tnis correction nas been c a rried out for log a 0 = 1. 644, 

(wni ch corresponds to a 9 foot counter separation) and t he cor

responding f unction is listed in Table 14, and plotted in Fig . 

8 . The resulting curves are much less alt i tude sensitive than 

the uncorrected curves. Actually the o- correction should be 

made utilizing a u roughly one radiation unit above t he point 

of observation; this has been done in the final calcula tion of 

the counting rates, but, for t he purpose of il l ustrat i on , the 

value of ~ at t he correspondi~g t has been used. 

In Fig . 7 and Table ll, there is shown a rather abrupt in

crease in t he vertical integral s pectrum for the higher densi

ti e s on going from t = 10 to t = 5 for t he c a se a = 0 G-og a=- oo ) • 

This ef t ect is due to t hose s mall radii for which t he radial 

function adopted here is not correct. These small radii play 

an i :nportant part here, because small values of s become increas

ingly i mportant a t t he small values of t near t he top of the at

mosphere. 

Table 11 also shows the very lar ge modification introduced 

into the vert1cal integral f requency spectrum by fini~e separa

tion of t he points of obs ervation. Thi s correction is very 

large at t = 5, and becomes essentially negl i g i ble below t = 20. 

The height and position of the counting rate maximwn de

pends essentially on tne finite separ at ion of the counters; and, 

for this reason , it is unfortunate that t he present approximate 

treatment of this effect had to be f ollowed. 

However, th1s could not be avoided, si nce the computation 

had t o be started before Kraybill nad selected t he counter geom-
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etry w1th which the major portion of his observations were made. 

Tne calculation given here would furnish a rigorous treat

ment for the case of coincident bursts between two unsh1elded 

ionizati on cnambers separated by the distance 2a. Observations 

of this sort have been made by Lewis (Ref. 49) and analyzed by 

Wolfenstein (Ref. 45). Unfortunately, it is probable t nat ioni

zation from stars and slow heavy particles completely masked the 

effects of showers in Lewis' experiments. 

1 0 . Integration over Zenith Angles 

The next step is to integrate over the Zenith angles, from 

wh1ch tne isotropically distributed primary electrons may come. 

However, t he counter arrangement, which Kraybill used, (Ref . 55, 

56) 1s not equally sensitive to showers coming from all direc

tions, and this must be t~ken into account in the zenith angle 

integration. For calcula tions of t h1 s sort, the directional 

sensitivity of a counter arrangement has usually been neglected 

in the zenith angle integration. For counter arrangements of 

limited extent (say less than ten meters horizontal extension) 

below 15,000 feet elevation, this neglect is essentially justi

fied. Even at these altitudes, Cocconi (Ref . 51) has shown how 

very larg e errors may be introduced into the calculation by 

neglecting this effect for counter extensions greater than 300 

meters . In the calculations given here, it is essential to con

sider the d irectional sensitivity of the counters, since, near 

the maximum in the counting rate versus altitude curve, the 

majority of showers tripping the counter system will come from 
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angles inclined to the vertical by 45 degrees or more . 

The geometrical arrangement of Kraybill's counters is indi-

cated in Fig. 15, as well as a sketch indicating tne angular co

ordina tes used in the following computations. (The co-lat1tude 

angle e measured from the zenith and the azimuth ~ measured from 

a line joining the centers of the counters). The directi~nal 

sensitivity is clear, since, as e increases for ~ = 0~ incoming 

showers will see a constant counter area (cylindrical counters), 

and a counter separation decreasing as cos 9 . As e increases 
.. 

for ~ = 90; the incoming showers will see a counter area decreas-

ing as cos e , and a constant separation between counters. A 

simple geometric construction shows that, for intermediate val-

ues of ~ , the effective counter area and effective counter sepa-

ration va.ry as: 

S{effective) = S ~('XJ <:f) = g -/I-(\-?\:~) AM, .. Cf 

a(effective) = a j CxJ 0() == d ..j1- U- 'X~) ~'1q> 

(lO.la) 

(lO.lb) 

(lO.lc) 

and the effective depth below the top of the atmosphere is: 

t(effective) = tjx. (lO. ld) 

Since counter surface and shower density are inversely re-

lated, we may calculate an effective density spectrum at a given 

po1nt in the atmosphere, due to showers coming from all direc-

tions as follows: 
o ~rr 

H ( > p ' t ,a) = Jc!.:X: j.o~ <f' H v(, P1 (",<f' J !" , a jcx,<f~ ( lO. 2) 

0 
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Here, the directional sens1tivity has been included in the in

tegral, in such a way, that in calcula ting counting rates, one 

may insert tne norizontal counter separation and normal counter 

area into the formulae,which will involve the function on the 

left of Eq. 10 . 2. From Eq. lO.lc we see that dx d~ = -dJl. 

The integral (Eq. 10 .2) has been calculated by first inte

grating over x utilizing Simpson's rule (x interval 0.1) for 

~ = 0, 400, 90°, and then integrating over ~ by means of graph

ical interpola~ion and Simpson's rule (interval lOO). This was 

done for log a = - 1.644 at sea level with appropriate correcti~ns 

at other altitudes (See Table 13 wnere the corrected separation, 

a/u , is g iven as a function of altitude). This corresponds 

to a fixed geometrical counter separation of 9 feet (a= 4.5 

feet in ordinary units; See Fig. 15). The correction to p due 

to variation in atmospheric density was not carried out at this 

stage, since 1t could be postponed. The numerical integration 

was carried out for log p = 4 , 5, 6, 7 for t in intervals of 

2 . 5 from t = 5 to t = 15. Below t = 15, a suitable approxima

tion procedure was adopted, based upon the interpolation func

tions (Table 12), and involv1ng t he logr1thmic integral (Table 

22), but not taking into account any counter separation. Values 

were calculated from t • 15 (to check) by steps of 2 .5 to t = 24, 

and 25 . The results are l1sted in Table 15. 

The general shape of the integrand in Eq. 10 . 2, as a func

tion of (x, ~ ) 1s illustrated by F1g . 13, which is really the 

directional counting rate, but is illustrative of the integrand 

fort= 7.5 and log p about 6 .5. The complete integral (Eq . 10.2) 
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for t = 10 is plot-ced i n Fig. ~ , a s a function of p , along 

with t ne vertical integral spectrum for a = 0, and log a =- 1.5 

for c ompari son. It is seen ~hat the integrat ion over zentih 

angles has not greatly affected the slope of the curve relative 

to the a= 0 curve, but the log a= -1.5 curve is much steeper. 

Above t = 10 t he integrati on over zenith angles reduced t he 

slope of the f1nal spectrum. The resulting curves were very 

nearly a straight line for all depths considered, and the slopes 

6 ( represented by H = Const. p- 8 ) decrease regularly, with in

creasing depth (Table 13) , as would be expected from Eq . 8. 8. 

It may be ment1oned here, that , since the method of compu

tation being foll owed is approximate, a more appropriate value 

for a mignt be half t ne average or root mean square counter sepa

ration (about 6 feet so a would be 3 feet rather than 4 . 5 feet), 

rather than half the extreme counter separation. The dependence 

of the vert1cal frequency curves on a, for the mos t effective 

direction ( e = 60° ,. t ( eff) = 12.5) at the maximum in t he counti ng 

r a te versus al titude curve, is roughly as a- 3/4 . The indicated 

change in the value of a would tnen increase t he count ing rate, 

roughly, by a factor of (4 . 5/3 )3/ 4 = 1.35. This result has been 

util1zed in tne introduction. 

11. The Counting Rate 

In Sec. 10 , t ne computa tion of H( >f , t, a), Eq . 10 . 2, the 

integr al density s pectrum for t wo points separ ated by a distance 

2a at t ne depth t, has been indicated . This function gives the 

frequency of occurence of a surface density of electrons greater 
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tnan or equal to p at ea ch of two points separated by a distance 

2a. Now, if this densi ty is uniform over an area of t his ex-

tent, then will be the frequency of occurence 

of a density between p and p + Jp at tnese two points . However, 

near the top of the atmosphere, tnis condi tion of uniform den-

sity is only appr oximately fulfilled, and, even if it 1s true 

for two points, the counter arrangement employed by Kraybill 

has three counters uniformly spaced 4. 5 feet apart (Fig . 15). 

The expression - vH dp actually corresponds to a density of 
between p and p + dp at one counter, and some other density be-

tween p/ and p / + d p at t he other two counters , where / f is not 

determined by our function, except t hat we know /> 
f =P · An a 

posteriori study of the results of t he computa tion (See Sec. 12 ) 

indicate that, for about 75 to BO% of the showers detected near 

30 ,000 feet, tne dens1ty is nearly uniform. For the remaining 

20 to 25~ of t he s howers, t he pr ocedure f ollowed in t his section 

will replace the accurate counting r ate by an approximate one 

which replaces one kind of integral over t ne density by another 

wnich, nevertheless, includes all t ne showers . This ap pr oxima-

t1on is seen to be one of replacing one average by another, and, 

since i t invol ves an i ntegr ation, may be expected to modify the 

results for t ne se showers by at most 50%. The over all counting 

r a te would tnen be uncert ain by about 10~ . Since, for t he show

ers of non-uniform density, this method gives somewhat too low 

an e st i ma.te of the density, t he counting r a te we will compute 

will be too low r a ther t han t oo high. 

If tne sensitive area of a counter is S and tne surface 
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density of electrons is p , then the probability that the 

counter will fire is L 1 - exp(-S p tl (Ref . 46). For tr..ree 

counters, all subject to the same density, tne probability of 

coincident discharge of a l l three counters is (1 - exp ( -S .P U 3• 

Within the approximation followed here, the frequency of occur-

ence of a density between p and P + d p is 

After tne integration over zenith angles, H( > p ) may be closely 

represented by an expression of the form P p-6 , where P and J 

are constant for any given value oft (Table 15). Consequently , 

the counting rate, N, is given by: 

(11 . 1) 
0 

This expression may be eva~uated analytically . First, it is 

convenient to ~ake a chang e of variable given by : 

s p -= I.A. (11. 2) 

and the expression for N becomes: 

(ll . 3a) 

(ll . 3b) 
0 

(a) Evaluation of I( 6 ) . 

Clearly, (11 . 3b) is uniformly and absolutely convergent 

for 0 -T E ~ RJ o ~ 3- f where E is any positive number, 

so that I ( S ) is an analytic function . With 8 in this closed 

domain, we may integrate by parts: 
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00 00 

+ 3 f ~; (1- e-•)"" e -" 
0 0 

and t he integra ted part vanisnes . The integr al becomes: 
00 

I (o) 3 ~ ~ [e-tA- 2e - 2 ~+-e- 31 ( l l. 4) 

0 

Now, t ne individual integrals i n (11 . 4) each converge, if 

RJ & <. \ , and in this case the resul t is: 

(11.5) 

T~e expressi on on t he ri~ht side of (11. 5), is an a~alyt ic ex

pression defined f or o <. R1 S <. 3 , s ince t he exDres s ion in the 

squ2.re bracket vani snes at tne poles s = l' 2 of t t:.e r- function 

(the limiting value s of I( & ) bei ng I( l ) = 0 . 8628 and 

I( 2 ) = l.l5rr02) . Hence (11.5) is equal t o I ( S ) f or o.(Rld<- 1, 

but (11 . 5) and (l l . 3b) are bo t n analy tic express ion equal over 

t.r. is r ange, and so are equal everywhe re that t hey are both de-

fined . As a matter of f act, (11 . 5 ) furnishes t he anal y tic con

tinuation of t he function defined by (ll . 3b) into tne whole com

plex plane, w1tn excepti on of tne poles of t he l-funct i on at 

3 , 4, 5, .... . The function I( & ) h~s been calculated f r om 

(11.5 ) , and is given in Table 22 . 

(b) Tne counting r a te 

The counting r a te is now e asily computed fro~ Eq . ll . 3a 

utilizinE; Tables 13, 15 and 22, recalling t hat the se!lsit ive 
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area of the counters decreases as 1/ <J 2, and tte constant p 

increases by o- 'l (See Eq. 9 .2 and Table 1.3) due to variation 

) 
- ( o-1) 

in atmospheric density. This introduces a factor (<J'2-

into results obtained utilizing sea level values for the geo

metrical extension of the lateral unit. The uncorrected re-

sults are listed in Table 16, tne density correction in Table 

1.3, and tne corrected counting r ate is listed as Nb again in 

Table 16. From Table 13, we see that t he lower density of the 

atmosphere at t = 5 (38,000 ft.) reduces t he counting rate by 

something more than a factor of ten. 

A slight additional correction of this last counting r ate , 

Nb, was made to obtain the counting r ate , Na , wnich is also 

listed in Table 16, and which has been taken as 11 standard 11 in 

this thesis . For Nb tne value of ~ used corresponds to the 

density of ai r at the point of observation, rather than tne 

densi ty about one radiation unit above t he counter system. It 

was possible to estimate t he direction of the showers which con-

tri buted most to tne counting r ate , and tne a- corresponding to 

a point one r adiation unit from the counter system in this di-

rection was then used in the computation of Na· For points near 

tne top of the atmospr1ere , where this correction was most marked, 

the change in cr (and therefore in N) is less than would be in

troduced by simply utilizing the value of cr- one radiation unit 

vertically above the counters, since t ne predominant showers 

make an angle of 45 degrees, or more, with the vertical. This 

is outlined in tne lower part of Table 13, and tne x-max. listed 

there is the cosine of the zenith angle of the important snowers. 
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The value at t = 17.5 was also corrected, because t he ap

proximations followed in calculating the integral density spec

trum (Sec. 10) below t = 15 neglected any correction due to the 

counter separation; these corrections are still apprec iable un

til t = 20 . This was taken into account by noting the correc

tion for t = 15, where the counting rate was calculated both 

with and without tnis correction (See Table 15 and 16), and a 

correction of nearly tnis amount was applied to the po int at l'i..£ . 

12. Comoarison With Experiment 

The counting rates just computed have been compared with 

Hilberry's data (Ref. 44, See also Fig. 15) in the lower part of 

the atmosphere (from t = 24 at sea level tot= 14.6, 14,200 ft . ) 

to determine an appropriate normalization. Hilberry used four 

counters grouped 1 - 2 - 1, equally spaced 4.1 feet apart, with 

the center two forming a wide angle (60 degree included angle) 

telescope (Fig . 15) . This separation is nearly the same as th~ 

used by Kraybill (4.5 feet), and the telescopic action of the 

center (double) counter is unimportant fer these altitudes, since 

most of the showers come ~ertically. The only correction that 

needs to be made to tne counting rate Na , wnicn is computed for 

tne arrangement used by Kraybill, is to multiply the values by 

( 2 .036) b since 2.336 = 196/83.9 = the ratio of t he counter areas 

"Hil berry/Kraybill 11 (See Eq. ll.3a). This is indicated in Table 

l 't . If t he theoretical values computed in tnis way are multi

plied by 3, they g1ve reasonable agreement with the data given 

by Hilberry, as may be seen in Table 17 . The theoretical curve 
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(Theory x3) is plotted in Fig . l u , along with tne experimental 

points given by Hilberry. A somewhat closer fit mignt be ob

t a ined by mult i plying by a factor slight ly less than 3, but this 

is an unimportant modification. 

This normalizing procedure is to be expected (determination 

of tne factor of 3), since considerations of t nis same type were 

followed by Euler, Heisenberg and others (Ref. 41, 42, 43, 44, 

33) in setting up the expression used here for the primary spec-

trum (Eq. III.l). Cecconi (Ref. 52) has c onsidered a primary 

spectrum of this form with Y = 1.6, 1.7 and 1.8, and forY = 1.8 

(the value selected her e) he also finds theoretical values too 

small by a factor of 3.9 at sea level and 2.0 at 7 ,500 feet ele-

vation. Our discrepancy in this respect is thus consistent with 

other computa tions, and of a reasonable order of magnitude . With 

this normalization now established, we may compare the tneory 

with t he results of Kraybill's observations . 

In Table 1? , tne values 3Na and 8.33Na are compared with 

values read from tne curve given by Kraybill (Ref. 56). Below 

fifteen radia tion units, 3Na agrees moderately well with these 
~ 

values. This is to be expected, since Kraybill determined these 

values by m&ltiplying Hilberry's data by a constant factor . 

Tha t this agreement is not quite as good as our fit to tnese 

data (Fig . 10) follows from t he fact tha t the correct modifica

tion is not to multiply by a constant but by various factors, 

(2.036) 8 , which vary with altitude (See Table 17 column 3). 

Above fifteen radiation units, the values of 3Na are considerab-

ly below tnose given by Kraybill. On t he other hand, multipli-
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cation of Na by 8 . 33 gives a somewhat closer fit to Kraybill's 

curve at hi gher altitudes, but a lar5 e discrepancy at low alti

tudes (Table 17). In Fig. 11 are shown the curve and experi

mental points given by Kraybill, along with the theoretical curves 

3Na and 8 .33Na· The dasned curve given by 7.4Nb is also shown, 

and it has essentially the same shape and values as 8 .33Na, am 

the refinement by which Na was derived from Nb may be considered 

as relatively unimportant (Sec. 11). The theoretical curves 

reach a maximum at 10.5 radiation units, as compared to a maxi

mum at 8 .5 radiation units for the experimental curve, and have 

a somewhat different shape (Fig. 11) . The ratio of the maximum 

to sea level for the theoretical curves is 24 , as compared to 63 

for the exper imental curve. The theoretical curves, dashed, 3Na 

and 8 .33Na are again compared with the experimental curve over 

the whole range of altitude on a logrithmic scale in Fig. 12. 

The necessity for a differfft normalization at low and a t high 

altitudes is clearly evident. A discussion of these discrepan

cies between theory and exper1ment has been g iven in the intro

duction; we mention here that a lower value of / , say Y = 1.6 

or 1.7 might possibly improve tne agreement within the domain of 

the primary electron hypothesis although the necessity of a nor

malization makes this uncertain, and also, the primary proton 

hypothesis with the multiple production of secondaries, as pro

posed by Lewis, Oppenheimer, and Wouthuysen (Ref. 8) , should im

prove the agreement . 
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13. Estimate of APproximations 

Tne discussion of approximations will be based on an a 

posteriori examination of some of the features of the approxi

mate calculation tnat has been carried out. This will give 

some estimate of the errors introduced by tnis method, but a 

true check of the accuracy of t he method could only be made by 

comparison with a rigorous computation. Thi s has not been done. 

The various approximations include: (a) the omission of a 

treatment of f luctuations (Sec. 7), (b) the assumption of a uni

form surface density of electrons (Sec. 12), (c) the a pproximate 

treatment of the effect of atmospheric structure (Sec. 12), and 

(d) the uncertainties due to the various numerical and gr aphic

al methods which were used. The errors due to this last source, 

estimated from the scale of plotting, more exact methods of 

computation applied to various check points , and from results 

for tne same points calculated independently by two separate peo

ple, may be placed in the r ange of zero to ten per cent error. 

In the writer's opinion, errors exceeding five per cent are rather 

rare. The "smoothing" effect of many integrat ions should help to 

reduce errors of this nature; the errors may be of either sign. 

A comparison of Na , No (Table 16) indicates t hat a more care

ful treatment of the eftect due to variati on in atmospheric den

sity would probably not al ter the calculation by more than 10 per 

cent. We discuss only (a) and (b) at length. 

(a) Fluctuati ons 

The general effect of fluctuations should be to increase 
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tne counting r ate as compared to the computed values for reasons 

g iven in Sec. 7 . Because t ne steepness of t he integral density 

spectrum increases with al~itude (See the v~ues of S in Table 

15), this effect should increase w1th altitude. Chr1sty and 

Kusaka {Ref. 40) have found a factor about 1.5 due to fluctua-

t1ons in the number of electrons, and, because of additional flue-

tua~i ons in spatial density, this factor may be of t he order of 

two or more for the calculati ons given here. The gr oss effect 

of tne fluctuations, to raise the general counting r ate, is not 

a problem here s1nce a normalization has to be made, but a vari-

ation in this effect witn al titude will affect tne disa~reement 

between t neory and experiment exhibited by Fig . 12, and t he tend-

ency should be to reduce the amount of disagreement, since larger 

fluctuations are to be expected at higher altitudes. Another 

reason for larger fluctuations at higher altitudes is the follow-

ing. 

Near the start of a shower, the parametric expressions for 

the number of particles may be in error {Eq. 5.1). For very large 

energies they predict more particl es tuan given by exp t . This 

is surprising , since a certa in number of steps are necessary to 

subdivide the energy, no matter how large. The explana tion has 

been t hat the infra-red catastrophe ih the bremsstrahlung eros

sect ion (See also the paper by Bethe and Oppenheimer, Ref. 64) 

ma~es poss1ble a multi~le pr oduction of photons in a single col

lision, so that a very energetic primary can generate a larg e 

nwnber of particles within a short distance.* For this process, 

*The writ er w1shes to thank Professor Christy for discussion 
of this point . 
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fluctuations might be very large, and may have marked effects 

for s howers coming near tne vertical at tne maximum of the count

ing rate curve. Tnis would oe an additional effect tend1ng to 

reduce the disagreement. 

The gross effect of fluctuations, a general sh1ft of the 

counting rate upwards, need not concern us here, since a nor

malization procedure has been adopted. This normalization, of 

course, washes out this general sh1ft, and leaves only the pos

sibility of a d1fferent effect at hign altitudes than at low. 

It is likely that the spatial distribution of electrons is near

er the mean distribution at nigh altitudes than at low, but that 

fluctuations in the numoer of electrons are greater. The energy 

range, and therefore the number of electrons, important in the 

considerations of Christy and Kusaka, is smaller than tnat of 

our problem by a factor of 103 to 105 . Since fluctuations in 

the number of electrons follows a law lying between the Poisson 

and Furry distributions, this is a factor tending to reduce the 

effect of these fluctuati ons in our problem, as compared to their~ 

Furthermore, we only need a comparison of this effect between a 

p-2 and a f -l. 5 distribution. For these reasons, 1 t is probable 

that the relative effect of fluctuations is smaller than a factor 

of 1.2, even including the fluctuations in the spatial distribu

tion. 

(b) The assumption of uniform electron dens1ty 

Cle arly this assumption is poor for showers with an exten

sion (extent of the reg ion where the electron density is about 
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one particle per counter) less tnan the counter separat1on. 

This problem nas been stud1ed oy examining some of the details 

of the computation. The electron density {fmax.), correspond

ing to the meximum of the integrand for the integral over den

sity (Eq. 11.1) when plotted on a logrithmic density scale, has 

been determined and is g1ven in Table 1 8 . The direction with 

the vertical (Gmax. ) of tne most important showers contributing 

to the density spectrum was then determined and 1s also l1sted. 

The effective counter separation (a eff) and effective depth 

(t eff.) for this direction could then be computed. The shower 

radius corresponding to the maximum of the integral over energy, 

including the correction for counter separation, for the vertical 

integral density spectrum (Eq . 9 .1) was then determined for the 

effective counter separation and effective depth mentioned above. 

At the effective depth and at the density maximum for Eq. 11.1, 

it was also possible to obta 1n the ratio of the intensity with 

no correction for c ounter separation to the intensity with the 

correction for counter separation corresponding to the effective 

counter separat i on (a erf). The results of all these determina

tions are listed in Table 18. 

For t = 5, 7 .5, 10, 12.5, the most important showers come 

from such an angle as to nave an effect1ve deptn of 12 to 14 

radiation units. For these effective depths, the intensity ratio 

just mentioned (no separation correction/ corrected value) varies 

from 1.70 at t = 7 .5 to 1.48 at t = 5 and t = 12.5. This may be 

taken as an estimate of the maximum possible error, and since 

our method of correct1on f or counter separat1 on gives essentially 



-58-

the minimum value, the true value may be expected to be limited 

by our value below and 1. r t1mes rur value above. Near the max

imum of tne t heoret1cal count1ng ra~e curve this ratio is less: 

1.6. Rowever, on g eneral arguments (Sec. 12), 1t seems likely 

that tne true value is nearer to our value than to tne upper 

limit. A rough estimate of tnis may be obtained oy c onsidering 

the proportion of the showers at the maximum of the integrand 

of t he corrected integral over energy (Eq. 9 .5), which strike 

inside a circle of radius a. This is given by the ratio a2eff. 

to r2(max. of integrand). Tne likely error computed on this 

basis nas a maximum value of 20 per cent for t = 7 .5, and a val

ue of 15 per cent at the maximum of the counting rate curve. In 

the writer's opinion, tne maximum error introduced into the cal

culation by the assumption of uniform electron density is not 

over 20 per cent (reduction), and is probably less tnan t hi s. 

The error is most marked at high alt1tudes and therefore is in 

such a d1rection as to lead to better agreement between the (cor

rected) theoretical curve and experiment . 

14. Zen1th Angle Distribution of Showers 

Mr . E.V/. Cowan (Ref. 5'1) and llr. H.L. Kraybill (Ref. 56) 

collaborated in the1r studies of cosm1c radiat1on oy utilizing 

the counter arrangement to operate tne cloud chamber, whicn was 

built by Cowan. Tne relative orientation of this apparatus is 

indicated in Fig . 15. From the cloud chamber pictures obtained 

in this way, Mr. Cowan could determine, among other tnings, some

thing about tne zenith angle distribution of the showers, which 
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trip tne counter arrangement, and he has very kindly made tnis 

information ava1lable, so tna t it can be compared with theory. 

Tnese observations were made at 31,000 feet and 37,000 feet . 

Tne information determined fro~~ them is the distribution of the 

nwnber of showers w1thin various angular ranges, wnere t ne angle 

measured is t he pro jection of the zenith angle onto the plane 

of the cloud chamber. The theoretical distribut1 on has been 

calculated fort= 7.5 radiat1on units (30 ,000 ft.), since the 

base calculations were already 11 set up" for t nis alt1tude, and 

the sl1ght difference in elevation would make no substantial 

difference in tne conclusions to be drawn t r am the subsequent 

comparison of tneory and experiment. Furthermore, if anything, 

tnis treatment snould reduce the amount of d1sagreement, wh1ch 

na s been found between tne two . 

(a) Tneoretical d1stribution at t = 7 .5 

F1rst the counting rate per unit solid angle, N, of Kray

bill' s counters as a function of the zenith angle ' ( e ' ~ ) ' was 

computed by inserting tne integrand of Eq. 10 . 2 (See Table 19) 

into tne integral over density of Eq. 11 .1. However, an examina

tion of tne integral dens1ty spectrum for a 51ven zen1th angle 

indicated that it could not oe well represented by a power law, 

so an integration by parts was first performed to obtain: 

N(9,<{)) = ~~p (,-e-sP)3(-~;)-= 3 S ~~ (1-e-sp)?.e-s,odp (l4.la) 
0 0 

(Ta.ble \C\ ), (14.lb) 
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To eln:tinate tne 11 t a1l s 11 of the numerical integration the fol-

lowin6 chanbe of variable was made 

)n(Sp) == u. , (14.2) 

wn ich gives: 
co u 

N \8) ~) -== 3 ~ H(> ~ ) F~ (uJ du , (14.3a) 
_OQ 

( -e'{J2 -eu 
~\u.) == 1-e e el..{ ( TJ\BLE '.21.). (14.3b) 

In the u-scale the integ rand of Eq. 14.3 nas a very sharp 

max1mum, and was ea.sily integrated by numerical methods. The · 

inteo-ral s' N' were carried out for X = cos e in steps of 0 . 2 

for cp = 0, 40, 90 degrees, and other values f1lled 1n by graph

ical interpolat1on to obtain the counting rate per unit solid 

angle N ( 8 , qJ ) as a function of tne zenith angle, ( B 1 Cf> ) • The 

results are plo tted on a logrithmi c scale in Fig. 13 (here B is 

represented Vla X where X: COS 8 ). 

This 1s only part of tne calcula. t1on; we must now project 

tnis an6ular d1str1bution onto tne plane of the cloud cnamber. 

The relation connecting the angle ~ between tne vert1cal and 

the projected zen1th angle, and tne zenith angle itself, is 

sketched at the bottom of Fig. 15, and the application of some 

simple spherical trigonome try g ives: 

(14.4) 

The counting rate per unit angle l}J is now g1ven by: 
0 

city )Jx Nb: , '\'(x,~TI(~:)cx=c.-t (14.5a) 

~4' 
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~ <.{' ==- 1 '-x~ (14.5b) 

The Jacobian in Eq. 14.5 introduces a singularity into the 

integr2nd ~nich, although integrable, makes numer1cal in~egration 

very difficult. The change cf VB.riable : 

UT'l. +- x.-2.;~~ 4l ==I (14.6) 

gives: 

N Lq>) 
I 

f~ urN (x = .._,._"' .y,_W",, (\'h '1'1) (14.7a) 
0 

I 

~'1' = L~ +- w-~/ci-"'')(...:..~'V)r" (14.7b) 

It turns out that arc cos w is tne half angle of a right 

circular cone, with vertex in the center of the cloud chamber, 

and axis perpendicular to the face of the cloud cnamber. The 

edges of the clcud chamber correspond to w = 0 .163. As explained 

later, Co~an was able to measure pr oj ected angles, ~ ~ for only 

about one-fifth of t .r..e showers. Taking the upper lL:;i t of i nte-

gration in Eq. 14.7 equal to 0 . 25 gives a ratio of this integral 

t o t ne total integral of about one-fifth. The angular distribu

tion, N( ~ ), was therefore calculated both for the upper limit 

equal to 1.0 and to 0 . 25 by numerical means util1zing Fig. 13. 

The results are listed in Table 20 and plotted in Fig. 14. 

(b) Experimental distributions 

The observed distributions furnished by l!i:r . E. W. Cowan are 

given in Table 23 . We found, that, in many cases, it was impos-
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sible to determine the direction of the s~ower from nis photo

graphs. The cloud cnamber contained two 1.5 em. lead plates 

which led him to the following metnods of selecting photographs: 

At 31,000 feet, with a grand total of 228 photographs: 

A. Those photogr~hs were recorded wnich showed ten or 

more parallel tracks anywhe~e in the chamber, 48 out of 

228 pictures . 

B. Those photographs were recorded which ·showed ten or 

more parrulel tracks above the lead plates, 38 out of 

228 pictures . 

C. Those pictures were recorded whicn s howed one hundred 

or more parallel tracks anywhere in the chamber, 21 out of 

G28 pictures. 

At 3·1 ,000 feet, with a grand total of 44 photographs . 

D. Those pictures were recorded whicn snowed three or 

more parallel tracks anywhere in tne cn~mber, 15 out of 

44 pictures . 

Tne avera5e of tne projected angles , ~ , made by tnese 

tracks was then observed and computed, and the number of events 

falling in each angular range tabulated (Table 23) . 

The gross features of all the four distributions are not 

very different. They all show a maximum at or near the vertical 

with a decrease to half maximum or less at 40 degrees . Tne dis

tribution, B, shows a somewhat less pronounced maximum than A, 

and this difference may be attributable to the enhancement of 

partially developed, nearly vertical, snowers by the lead. The 

100- track distrlbution, C, seems t o be flatter than A or B, but 
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it also drops to half maximum at 40 degrees. The tendency for 

g reater flatness of C 1s reasonable, since the ni gner density 

snowers should come from angles further from tne vertical where 

there is the possibility of more multiplication in the greater 

distance . 

Tne distribution, D, t aken at 37,000 feet, is somewhat 

more uncertain statistically than either A or B. Rather sur

prisingly , it falls to half value at 30 degrees, while A falls 

only to 0 . 6 maximum, and B to only 0 .7 maximum at t ni s angle. 

On gene ral grounds, one would expect the distribution at the 

higher altitude to be as broad or broader t han the lower alti

tude distributions. This may be partially explained by the se

lection of only three tracks, so that partially developed, near 

vertical, showers are given greater weight . 

(c) Comparison witn theory 

All the observed distributions disagree with tne theoreti

ca l distributions by being too narrow. The theoretic~ distri

butions and dis tribution A are shown in Fig . 14, where all the 

curves are arbitrarily normalized to 10 at ~ = 0. The dotted 

lines represent tne counting ra~e per unit solid angle for 

~ = 90 degrees (low curve) and ~ = 0 degrees (the high curve 

tha t runs off scale) plotted as if e were tne projected angle 

~ . It is unfortunate that the cloud chamber and counter sys

tem were not r otated 90 degrees in azimuth relative to each oth

er, so that t he Cp = 0 plane (tne hi gh curve) was also the plane 

~f the cloud cnamber. This would have increased tne 11 sensitivity' 
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of tne cloud chamber by a factor of tnree. The two solid lines 

are tne tLeoretical projected distributions, upper limit for 

w = 1 (the low curve) and upper limit for w: 0.25 (the nigh 

curve). The stippled curve is distribution A. 

The half angle of the observed curve, A, is about 17 de

grees, and tnis is not much different for the other distribu

tions . The half angle of the theoretical curve (w = 1) is about 

30 degrees, and is even larger for tne w = 0 . 25 curve. The angle 

for nalf maximum is 40 degrees or less for the observed curves , 

and 60 degrees or more for the theoretical curves . Tne w = OM25 

curve was computed to see if tne geometry of the cloud chamber 

was tending to select showers nearer the vertical (see remarks 

under Eq. 14. 7), but tnis curve is even broader than the complete 

projection curve w = 1. The value 0 . 25 was selected to give the 

intensity ratio of one-fif th which is roughly 48/228. The meth

od of selecting photographs for measurement ( ten or more parallel 

tracks) would be expected to bias the observations in the direc

tion of greater density . Theoretically , determined by examining 

tne integrand of Eq . 14. 3, this should bias the distribution to

wards larger angles, as would be expected on the quite general 

grounds of greater distance for the shower to multiply . The nar

row observed distribution is also surprising, since it was ob

tained near the ~aximum in the counting r a te curve, wher e one 

would expect showers to come from larg e angles . This has also 

been checked by determining the an5ular distribution i lflplied by 

Kraybill 1 s observed altituue dependence by means of a Gross 

transformation . The agreement between this curve and the theo-
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retica l curve is rather good, wnile it is v er y poor for t his 

curve and tne cl oud chambe r distri butions. 

The statistical feature s of the cloud chember observations 

are, of course, r a ther poor, especi ally, since tnere is a non

a nalyzable mass of materi a l f our times as large as t ne photo

graphs anal yzed, which could s motner the tabula ted distributions. 

It i s hard to explain t he d~fficulty i n assigning angles to these 

pictures, since t he distribution in angle of the electrons in a 

local portion of a hi gh density shower is only a few degrees. 

The general conclusion is that there is a set of cloud cnam

ber dat a , of r a tner uncertain sta tistics, which are consistent 

among t hemselve s , but i n definite disagreement with t heory and 

with t he angul a r distribution derived from the observed altitude 

curve . This lat~er is in rather good agreement with theory. The 

disagreement with the cloud chamber distributions is difficult 

to understand. 
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TA~LE 1 

Fad. rrm.lcm:Z r-· -~ --.;---r-- - - - - - c ~size ract. size la.t. ""l.ug 9.lt .Km. 9.lt.ft. *"' 
nits a- () J2:-i"ts, 'Tl . ~i_t, m. ---·-
o.1 4 . 3 0 .316 37.26 123,250 184.40 34~003 . 6 
0.5 21 . 5 1 . 581 26.74 87' 734 36. 85 1~357 . 7 
1 ~3 3 .1~3 22.22 72 ,904 18 . 43 339 . 6 6129 1114 
2 86 6 . 326 17.71 58,107 9.215 84 . 91 3065 557 
3 129 9 . 489 15.06 49,412 6. 142 37.73 2043 371 
4 172 12.65 13.20 43,309 4 . 608 21.24 1533 279 
5 215 15 . 91 ll. 75 38~552 3. 694 13 . P,5 1229 223 
6 258 18.98 10. 55 34, 615 3.129 9 . 79 1041 189 
7 301 22.14 9.52 31,235 2 . 756 7 . 60 917 167 
8 344 25 . 30 8.6o 28.,217 2. 47° 6.14 824 I 150 
9 337 28.47 7 . 76 25_. 461 2 . 260 5. 11 752 137 

10 430 31 . 63 6. 990 22,934 2.082 4.34 693 126 
11 473 34.79 6 . 298 20,664 1.932 3.733 643 117 

112 516 37 . 96 5 . 640 18_.505 1.901 3 .~45 599 109 
,13 559 d., .12 5. 015 16,4!14 1 . 6~13 2.!34.9 561 102 
114 602 44.281 4 . 452 14~607 1. 588 2. 520 528 96 . 0 
15 645 47.44 3.901 12,79') 1.49C} 2.247 4Q9 90.6 
16 688 50.61 3.396 11,142 1 • .1.20 2.0171 472 85 . 9 
17 731 53.77 2.899 $:),512 1.349 1.821 449 81.6 
18 774 56. 93 2 . 435 7~9d9 1.286 1.654 428 I 77 . 8 
19 817 60.10 1 . 991 6, 532 1.205 1 . 452 401 72 . 9 
20 860 63 . 25 1. 570 5,151 1.178 1.388 392 71.2 
21 903 66.42 1.165 3, 822 1.132 1 . 280 376 6'3 .4 
22 946 69 .58 0 . 776 2 , 5451 1.087 1 . 1'32 362 65.7 
23 989 72 . 75 0 . 400 1,314 1. 045 1 . 091 347 63 . 2 
24 1032 75.91 0 . 0394 129 1.004 1. 008 335 60.7 

I 
24. 03 76 .00~ o . oooo 0 1. ooo 1 .oool 332.6 60. 5 . , 

* Atmosphe r e "ress•Ire a"!1d de!lsit~· data. from Hunphreys , 11?hysics of the 

Air ", 1.1cGra.w ?.ill , NevT York, 1940. ?a,cre 80 1 Sununer) 

** cr a Patio of r'lP"'"lsi"bJ at s~a level to nensity fi-t a.ltit11n~ 
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TABLB 2 

£ lac; E log ~ s 
0 8 . 000 0 -18.421 
0 .5 8 . 217 1 -15.118 
1 8.434 2 -13.816 
1.5 a . R51 3 -11.51:S 
2 8 . 869 4 -9.210 
2.5 9 . 086 5 -6.908 
3 9.303 6 -4.605 
~ .5 9 •. 520 7 - 2.303 
4 9 .737 8 0 
5 1 f) ., '71 9 2.303 
6 10.606 10 4.~05 
7 10.040 11 6.908 
8 ll. 474 12 9 . 210 
9 ll.909 13 11.513 

10 12.343 14 13.816 
12 13.212 15 16 .118 
14 14.080 lS H~ • .o1.21 
ln 14.949 17 20.723 
18 15.817 18 23.026 
20 16.E>86 19 25. 328 
22 17.554 20 21 .~:n 
24 18 • .d.23 21 29 .934 
26 19.292 
28 20.1 60 
30 21 . 029 

*E = Energy of primary, ele tron volts 

£ • 1n(E/f3 ) 8 f3 = 10 e .v . 
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POSITim~ A~J) NlJ7,ffiER 01? ~LECT~O~TS AT ''l.A.XIMUM 

OF AJif ELECT'Wtr SHOV!Er.. 

lorr -E 
CJ log (E/~ ) t -t ~ax . TI r.!.a.x .* loe 1T max" 

- - ----- --I 

12 4 9.20 8.25 ,1.068 3 3.028 
13 5 n.so 10.58 ' 9.50 3 3.978 
14 6 13. 80 12.89 8.64 4 4.936 
15 7 16.10 15.21 a.oo 5 5.903 
16 8 18.40 17.53 7.4:7 6t 6.873 
17 Q 20.70 10.84 7.03 7 7.847 

l 13 0 23 . 00 22.1•: 6.6€' 8 8.823 
19 11 25.30 24.45 6.35 9 9.803 

f. 

* T"be seParate number is the povrer of ten b'IJ which the left mnnber should 

be multiplied. See logarithm. 

E = Primary energy 1 e.v. 

~ : 108 e . v . ~ critical energy in air 

E. :. ln(~/f3 ) 

Tf • Number of electrons at shower maxir.tum 

t : Position of shower maximum 
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TABLE 4 

S::OilE-q THEORY PARAMETERS * 

s K(s) 1 (S) m(s) n(s) ~ s K{s j i {s) m{s) n~s) 

o.o 0.1995 + -- -- 1.13 0.3273 -0.395 0.67424 1.446 
o.1 0.2528 ... 3.789 2.5005 -- 1.7 0.3117 -0.435 0.62747 1.407 
o.z 0.2924 2.270 1.8976 3.00 1.8 0.2972 -0.470 0. 58284 1 . 370 
0.3 0.3243 1.569 1.6245 2.34 1. 9 0 . 2804 -o. soo 0.53979 1.336 
0 . 4 0.3486 1 . 127 1 .4616 2.00 2.0 0.2670 -0.526 0 . 49960 1. 280 
0.5 0.3693 0.813 1 . 3465 1.90 2.1 0.2528 - o.5so 0.46242 1.222 
o.6 0 .3922 o.s76 1.2558 1.78 2. 2 0.2406 -0.570 0.42746 1.1')6 
0.7 0 .3938 0.389 1.1795 1.72 2.3 0.2296 -0 . 589 0 .39537 1.111 
o.a 0.3977 0.235 1.1112 1.63 2.4 0. 2201 - 0 .605 0.36552 1.048 
0 .9 0 .3984 0 . 108 1.0494 1. 60 2.5 o.2ll6 - 0 . 619 0 .33 850 0. 994 
1.0 0.3953 o.ooo 0.9908 1 . 5634 2.6 0. 2161 - 0 . 632 0 .31330 0.933 
1.1 0.3890 - 0 . 092 0 .93511 1.543 2.7 0 . 1963 - 0. 643 0. 29079 0.875 
1.2 0 . 3789 -o.l71 0.87996 l . f)26 2.8 0.1896 -o.654 0. 26992 0.839 
1.3 0.3675 -0.239 0.82706 1 . 509 2.9 0.1832 -0.663 0.25027 0.782 
1.4 0 .3526 -o.298 0 . 77434 1.4~7 3.0 0 .1789 -o. sn 0.23310 0.720 
1.5 0 .3430 -o.350 0.72375 1.474 4.0 0.1.4.0 9 - 0.720 0.12280 0.496 

* Computed from t.::~.bles in Possi Pnd Greis'll (Rev. ·~od . Phys. _£_, 240 (1941)) # 

in general one more sign;ficant figure has been retained trP.n is justified 

to a~oid roQ~ding un errors. 

1\EY TO SYMBOLS: 

The parameters are to be used in the fo~ulae: 

TT K(s) el(s)t • S£ 

= v' \ +n(s)t 

t = 6 s - 1 
m(s) 

'?her€': 

)ll ~ Tot~l number of electrons . 

t ~ Denth in show·er units . 

E -:. Primary energy (usually e .v.) 

(3 -:. Critical energy (108 e . v. for air) 
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TABLE 5 

NUl3~R OF ~LE8'1''?0U~ P. ~ A l<"(JlTCTIO~r OF D~PTF* 

fS'3e '!'a'-llP 4 f'or definition of symbols) 

s £. = 6 [, - 7 6 • 8 £ . 9 -- · t ln TT t ln 1f t ln TT t ln Tf 

0.4 -- -- -- -- 1.504 3.,19 1.777 3.83 
o.6 2.068 3 . 07 2. 547 3.87 3.025 4.68 3 . 500 5.48 
o. 8 3.42 3.74 4 . 14 4.63 4.86 5.53 5.58 6.43 
1.0 5.05 ~ .qg 6. 06 4 .91 7.07 5 . 84 8.07 6. 78 
1. 2 7. 05 3. 81 I 8. 41 4.70 9.77 5.59 11 . 13 6. 50 
1.4 9. 56 3.17 11.36 3.95 13.17 4.75 14.98 5.54 
1.6 12. 75 1.98 15.13 2. 56 17.50 3.14 1g.87 3.75 
1.8 16.81 o.n 19. 90 0.38 23 . 00 o . 66 26.09 0. 95 

s E. = 10 E. : 11 £ : 12 c:. • 13 
t 1n 1T t ln TI t Ln rr t ln lT 

0. 2 -- -- - -- o.737 2.31 0.843 2.70 
0. 4 2 . 050 4.49 2.326 5.14 2. 600 5.ao 2 . 872 6. 47 
o . s 3 . 980 6.31 4.455 7.13 4. 93 7.96 5. 41 8.8o 
o.a 6.30 7.35 7.02 8.27 7.74 9 . 19 8. 46 10.12 
1.0 9. 08 7. 72 10. 09 8. 67 11. 11 9. 63 12. 12 10.58 
1 . 2 12.50 7.41 13.86 8. 32 15 . 23 9. 25 16. 59 10.18 
1 . 4 16. 79 6.35 18.60 7.16 20. 40 7.98 22 . 20 8.79 
1.6 22.27 4.36 24. 61 4. 98 27 . 00 5.59 -- --

s £ :: 14 £ • 15 £ :r 1 6 E. a 17 
t 1n lT t ln rr t rr l n TT t 1n rr 

0.2 0 . 948 3.10 1. 054 3 . 50 1.159 3 . 90 1.265 4.32 
0. 4 3 . 147 7 .14 3.420 7.81 3. 691 8. 49 3 . 966 9.16 
o . 6 5 . 88 9. 63 6.36 10.47 6. 84 11 . 31 7. 32 12.15 
o .8 9.18 11.05 9.90 11. 99 10. 62 12 . 92 11 .34 13 . 85 
1.0 13.13 11 . 55 14. 14 12.51 H'i . 15 13.48 16. 16 14.45 
1.2 17.96 11 .11 19.32 12. 04 20 . 68 12.97 22 . 06 13 . 91 
1.4 24.01 9. 62 25 .82 10. 44 27 . 64 11.27 29.45 12 .11 

s £ = 18 £ ': 19 £_ = 20 
t 1n n t ln n t 1n lT 

0 . 2 1 . 370 4. 73 1.475 5. 14 1.580 5.55 
0. 4 4 .235 9.84 4 . 515 10.52 4. 78 11.20 
0 . 6 7. 80 13 . 00 8.28 13. 84 8.75 14 .70 
o.8 12.06 14.79 12.78 Hi . 74 13.50 16.68 
1 . 0 17.17 15.42 1R.l8 1 6.39 19 . 9 17.3 6 
1.2 z~ .. "-1 14.84 24.7 6 15.77 2~.13 1 t) . 73 
1.4 31~2~ 12 .94 -- -- -- ----

* Co·n+.~s~r ')_" Professor R . Fo Chri~ty. 
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0 
o.ol 
o.o2 
o.o3 
o . o4 
o. 05 
o.os 
o.o7 
0 .08 
o.o9 
0.10 

s 

0.2 
0 . 4 
o. n 
o. s 
1.0 
1.2 
1.4 
1 . 6 
1.8 
2. 0 

?5 

TABLE 6 

FAC~ORS -~ET3RI:m LATERAL !HSTRIBTIT JON :;;'T.J1'TCTION 

1n.Rl(r) r 1r_Rl (r) * 

1.179 -- --
1.154 0.1 0 . 908 
1 .128 0. 2 0.6S5 
1 .095 0.3 0 . 391 
1.072 0 . 4 0 .139 
1.044 0 . 5 1 . 894 
1.015 0 . 6 T.655 
0.990 Oo7 T.424 
0.963 o.s T.201 
0. 940 0 . 9 2.990 
0.908 1.0 2.786 -

I 
1n ~. 25 R(s U 

4. 824 
3.724 
2.303 
2. 70S' 
T.OJR 
1.232 
1.407 
T.513 
T.!i54 
T.!i94 -

-
r lnR1(r) r lnR1 (r) 

1 . 0 2.786 4.5 6. 982 
1 .2 2 .41 2 5. 0 6.5f.5 
1.4 ~.075 6 "1. 700 
J.6 "S.777 7 ~.845 
1.8 3.511 8 9.990 
2. 0 3.359 9 9 .135 
2.5 4.747 10 10.280 
3.0 4.286 -
3. 5 "b. 845 
4 . 0 5.410 
4 . f' 6.982 -

IGW : 

A : 2. 94 

B = Oo'3l 

o< :;. 2.88 

{3 :. 0 . 855 

r : redius fro~ rPnter of s~ower 

in lateral units (60 meters 

at sea leve 1) 

s -:. sf:ro"Wer theory par!l.meter 

f (s) = Ga."'l!Tle F'"mction 

* The underlined characteristics are 

negative . 
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l'ARL ~ 7 

VALUES 01<' 1n f 5 (r)'* 

f~• 0. 2 o.• o. o o.s 1.0 1.2 t;·• 1.s 1. 

0 . 01 5. 089 5.067 4 . 726 4 . 211 3.556 2 . 89 21 2. 145 1 . 330 0 . 450 
0 . 02 3 . 816 3 . 932 3 . 730 3 . 353 2. 837 2. 312 1.707 1 . 027 0 . 285 
0 . 03 2. 871 3 . 24q 3.128 ~ . 833 2.398 1 . 953 1.426 0 .831 0 . 171 
o. o4 2. s12 2. 767 2.703 2.456 2. 088 1.701!' 1.231 o . 694 o . 091 
0. 05 2.082 2. 382 2 . 3R3 2 .1 70 1 . 837 1 . 494 1 . 069 O. S76 0 . 018 
o . 06 1.725 2. 062 2. 079 1.922 1 . 6?6 1 . 320' 0 . 931 0 . 4741 1 . 953 
o . o7 1.424 1 . 791 1.839 1.713 1.447 1.112 o.714 o . 388l 1 . 879 
o . o8 1.155 1.522 1.6?4 1 . 525 1.286 1.037 o.706 o.3o7 1 . 843 

: 0 . 091 0 . 920 1.338 1 . 436 1.3601 1.145 0 .920 0 . 613 0 . 237 • 1 . 797 
1 o.1 0 . 101 1.139 1 . 259 1.2o4 1 . 010 o . 806 o.520; o . 165 1 . 746 

0. 2 1 . 198 1.775 o . o33 o .117 o . on1 1.9~7 , .R49 1 1.633 1.352 
o .3 1 2 . 202 2 . 861 1.200 1.36€ 1.391 1.407 1.341! r.206 r.oo7 
0 .4 3 . 434 2.150 2.547 2 .770 2.852 2.926 2 . 917! ~.8391 2 . 697 
o . 5 4.788 3 . 548 3.989 2.257 2.38l1 2 . so2 ~. 538 1 2 . 5o5

1 
_!. ~-08 

0 . 6 4 . 233 3.028 3 . 505 3 .807 3.970 2 .123 2 .193, 2.1961 2.134 
0 . 7 'f.711 4 •. ?39 3.049 3 . 383 3 . 577 3 .7 63 3.8661 3.896 3.870 
o.8 1). 249 4.103 4.638 "!. ooo "3'.221 "3'.433 "3'. 563

1 
"3'.624 "3'.621 

0 . 9 6.826 5.70~ 4.2 52 4o647 4.892 "3'.128 ~.?R1 • ~. 3132 '!.386 

I 
loO 6.~..32 5.331 5.911 4o'317 4.5R~ 1".840 -:z.014! 3.120 3.151 
1.? 7'.730 "S".6t;" b'.?82 s.n4 1.oz7 4.320 :!.sn; 4 . 673 4.757 
1.4 7ol15 ~.082 6.7?? 5.202 S.f3r 5.850 4.1011 4. 274 4.383 

I 1.6 -g. 577 "1.570 ""S.2L14 "'S'.7Ai!_ 'b. 104 b'. 455 5.723
1 

5 . 923 4.o58 j 
I 1.8 I 1f.099 7.116 7.813 6.336 6 . 720 5.0951 5.3861 5 . 610 b". 878 

2 . 0 ; ~.757 ~.7 95 ~.514 ~.059 ~.453 ~.858 5 . 171 5.~16 5.595 I 2.s 10.744 9 . 825 8 . 589 7.17a '7".628 "S'.o?a! 6.425

1

. 6 .715 6 . 939 

I 3 0 0 IT0 95 r !•073 ]'.873 '"S'.499 8 . 984 "7. 4611 '70 855 6.181 6 . 441 1 

3. 5 11.236 10.386 9.216 8 .873 8.389 8 . 8971 7 . 321 7.678 7.9701 
4.0 12.5~1 IT.737 10. 594 ~.277 °.821 "g. 3.ss

1 
'd.aos! "7.1~-<8 7.f08! 

4.5 •IT.nl IT.121 nr.cxn 1o.708 ]'. 275 ~.833 1 lf.3o8 'li.ns 1f'.ossl 
5 .0 !!'3.304 12 . 1125 IT.427 10.155 10'.743 ~.32:> ~.817 !•2"'-5 ~.608 
6 14.121 13.378 12 . 317 11.081 11 . 705 10.321 10. 853 o.317 9 .717 
7 16.958 IT.277 1"'3.246 12.041 IT.~96ll.342 IT.9os 10. 401 10". 841 
8 17'.893 T5.20A 14.204 13.026 13.708 !2.380 12. 970 IT.492 ll . 949 
9 TS'. 82 6 16.1 ~4 'IT.l83 IT.029 IT.735 ~.-1 ·-;n ~.045 IT:'590 rr.on 

10 !9. 781 11.141 lf!".vn rr. o4a rr. 774 14.~92 13.126 rr. s93 12.195 - -- - -- -
* Underl ined characteristic~ are ne~ative . 

f ( r s \ = R ( s ) ~Ae- o( r + RP - f3 rl 
# I }:2 - j - s 
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TABLE 8 

NUMBERS OF ELECTRONS AS A FUNCTION OF ENERGY AND 

SHOWER RADIUS AS A FUNCTION OF ENERGY AND DENSITY 

(See Table 4 for definition of symbols) 

lnl\ 
log r* in table for logp** == 

t E s 4 5 6 I 7 8 

5 4 1.289 1.88 5.127 7 . 724 8 .322 10.920 11.517 
5 1.123 3.06 4.534 5.393 6.253 7.113 9 .972 
6 1.000 3.99 3.306 4.305 5.306 6 .306 7.305 
7 0 .898 4.82 3.825 4.917 4.010 5.102 6.195 
8 0 .819 5.58 2.190 3.351 4.504 5.656 6.809 
9 0.752 6.24 2.455 3.70 4.887 4.086 5.284 
10 0.699 6.87 2.672 3.954 3.186 4.417 5.649 
11 0.651 7.45 2.854 2.150 3.441 4.700 5.958 
12 0.609 8 . 00 1.000 2.362 3.663 4.944 4.225 
13 0 .571 8 .54 1.146 2.532 3.84 3.14 4.462 
14 0.541 9 .04 1.255 2.672 2.01 3.34 4.659 
15 0 .519 9 .49 1.355 2. 792 2.16 3.500 4.824 
16 0.496 9.92 1.431 2.895 2.272 3.638 4.99 
17 0.474 10.32 1.498 1.01 2 .389 3 . 772 3.116 
18 0 .456 10.69 1.568 1.097 2.498 3 . 888 3.25 
19 0.438 11.07 1.618 1.18 2.62 2.000 3.360 
20 0 .421 11.44 1.672 1.255 2.699 2.11 3.49 
21 0 .402 11.86 1.328 2.804 2.210 3.60 
22 0 .390 12.26 1.406 2.892 2.322 3.715 
23 0.377 12.66 1.462 2.97 2.412 3.82 
24 0 .365 13.04 1.525 1.053 2.505 3.92 
25 0.353 13.42 1.586 1.146 2.602 2.013 
26 0 . 348 13.78 1.21 2.686 2 .104 
27 0 . 332 14.13 1.284 2.76 2.20 
28 0 . 323 14.47 1.352 2 . 845 2.283 
29 0 .314 14.80 1.398 2 .909 2.358 
30 0.306 15.12 1.455 2 .98 2.440 
31 0.298 15.43 1.04 2.50 
32 0 .291 15.72 1.11 2.580 
33 0.285 16. 01 1.170 2 .653 
34 0.278 16.28 1.238 2.714 
35 0 .273 16.55 1.28 2 . 76 
36 0 .267 16.80 2 .82 
37 0 .261 17.05 2 . 88 
38 0 . 256 17.28 2 .94 
39 0 .251 17.50 1.00 
40 0 . 247 17.71 1.05 

*Characteristics negative, mantissas positive . 
**Characteristics positive,~ is surface density of shower. 
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TABLE 8 {CONT'D·l 

NUMBERS OF ELECTRONS AS A FUNCTION OF El\:'ERGY AND 

SHOVIER RADIUS AS A FUNCTION OF El'J'ERGY AND DENSITY 

(See Table 4 for definition of symbols) 

log r* in table for logp* = 
t £ s ln l\ 4 5 6 7 I 8 

10 6 1.424 3.01 6.89 
7 1 1.315 4.34 4.495 5.04 7 .57 
8 1.218 5.56 3.544 4.24 5.00 
9 1.130 6 .66 2.276 3.12 5.98 6.87 
10 1.060 7 .70 2.778 3.78 4.753 5.66 
11 1.000 8 .67 1.161 2.29 3.340 4.33 6.63 
12 0.945 9 .59 1.422 2.69 3.825 4.89 5.34 
13 0.891 10.44 1.608 1.02 2.212 3.37 5.94 
14 0.845 11.25 1. 760 1.26 2 .538 3.73 4.43 
15 0.808 12.02 1. 881 1.45 2.183 2.04 4.85 
16 0.778 12.73 1.973 1.60 1.042 2.30 3.21 
17 0 . 750 13.44 0 .060 1. 72 1. 222 2.54 3.51 
18 0.?22 14.10 0.140 1.82 1.384 2.77 3.795 
19 0.696 14.75 1.91 1.528 2.97 2.025 
20 0.669 15.39 1.99 1.642 1.13 2.260 
21 0.631 16.03 1.740 1.27 2.484 
22 0.615 16.632 1.40 2.676 
23 0.597 17.232 2.854 
24 0 .582 17.810 1.020 
25 0 .567 18 .375 
30 0 .505 20.940 

15 6 1.723 0 .97 
7 1.592 2.62 
8 1.485 4.13 5.23 
9 1.395 5.53 4.875 5.2?7 
10 1.316 6.87 2.104 4.632 5.170 7.704 
11 1.250 8 .11 2 . 842 3.612 4.29 6 . 942 
12 1.193 9.28 1.312 2.352 3.16 5.902 6.68 
13 1.140 10.40 1.618 2 .906 3 . 87 4.69 5 5.50 
14 1.092 11.47 1.839 1 .290 2.472 3.356 4.28 
15 1. 045 12.50 1.982 1. 570 2.875 3.929 4.95 
16 1.000 13.48 0 .117 1.767 1.200 2 .380 3.52 
17 0.964 14.40 0 .233 1.714 1.470 2.763 3.97 
18 0.927 ·15. 31 0.040 1.668 1.097 2.278 
19 0.895 16.17 0.149 1.811 1.336 2.620 
20 0 . 865 16 .98 0 .526 1.936 1 . 528 2.903 

*Characteristics negative, mantissas positive. 
**Characteristics positive, jP is surface density of shower. 
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TABLE 8 (CONL"D.) 

NUMBERS OF ELECTRONS AS A FUNCTION OF ENERGY AND 

SHOir.ER RADIUS AS A FUNCTION OF ENERGY AND DENSITY 

t 

15 

20 

25 

(See Table 4 for definition of symbols) 

1£ s I ln TI 
21 0 .835 117.74 
22 0 .807 18.54 
23 0 .780 19 .33 
24 0. 751 20.11 
25 0.724 20.88 
26 0 .696 21.63 

10 1.512 5.13 
11 1.437 6 .63 
12 1.371 8 . 03 
13 1.317 9 .32 
14 1.268 10.58 
15 1.232 11.80 
16 1.178 12.95 
1 7 1 .138 14.04 
18 1.099 15.14 
19 1. 063 16.23 
20 1. 032 17 .28 
21 1.000 18.35 

12 2 0 . 971 19.37 
23 0 . 944 20 .38 
24 0 . 920 21 .33 
25 0 .895 22 . 25 

12 1.537 6 . 23 
13 1.474 7 . 85 
14 1.419 9 . 20 
15 1.369 10.57 
16 1.323 11.85 
17 1 .282 13.12 
1 8 1.242 14.37 
1 9 1.203 15.59 
20 1 .168 16.83 
21 1.133 1 7 . 93 
22 1.103 19.00 
23 1. 074 20.00 

log 
4 

0. 792 

2 . 667 
1.301 
1.653 
1.902 
0. 077 
0 . 210 
0 .371 
0.498 
0 .602 
0 .693 

I o. 765 

4.72 
2.389 
1.250 
1.668 
1.929 
0 .124 
0 .297 
0 .453 
0 .586 
o . e86 
0 . 763 

r* in 
5 

0.398 

0 .628 

7.850 
5 . 784 
3.170 
2.130 
2.895 
1.375 
1.658 
1.881 
0.047 
0 .196 
0 . 330 

0 . 739 

6 . 56 
4.445 
3 . 835 
2.806 
1.386 
1. 719 
1. 957 
0 .134 
0 .299 
0 .441 
0 .559 

table for logp** 
6 I 7 

o. 238 

0.410 

6 .25 
5.57 
4.69 
3.62 
2.39 
2 . 98 
1.40 
1.68 
1.87 
0 . 03 
0 .154 
0 . 29 

6.63 
4 .12 
3 . 34 
2 .255 
2. 998 
1.452 
1. 74'7 
1. 962 
0.129 
0 .265 
0 . .393 

I 1.683 
1. 816 

7 .99 
5.26 
4.30 
3.175 
3.903 
2.484 
2 .996 
1.338 
1.502 
1. 813 
1.971 
0.107 
0.225 
0 .340 

6 .39 
5. 755 
4 . 840 
3.767 
2.518 
1.107 
1.501 
1.748 
1.934 
0 . 079 

*Characteristics negative, mantissas positive . 
**Characteristics positive, f is surface density of 

8 

1.114 
1.320 
1.500 
1.683 

1.906 

6.92 
5.88 
4. 72 
3.44 
2.03 
2.52 
2.97 
1.301 
1.54 
1.73 
1.89 
0 . 041 

5.37 

I 

4.38 
3 . 27 
2.05 
2.64 
1.097 
1.43 
1. 703 

shower. 
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TABLE 8 (CONT1D.) 

NUHBERS OF ELECTRONS AS A FUNCTION OF E JERGY AND 

SHOYIER RADIUS AS A FUNCTION OF ENERGY AND DENSITY 

See Table 4 for definition 

ln 1\ 
log r* in 

s 4 5 8 

25 24 1.047 21 . 09 0.525 0 .225 1.90 
25 1.024 22 .18 0.944 0 .808 0 .366 0 .07 

126 1.000 23 . 22 0 .194 
27 0 . 978 24 .20 0.32 

30 12 1.670 4.32 8.95 
13 1.613 5 . 95 5.80 7.22 
1? 1.555 '1. 50 3.820 5.60 6.03 
15 1.502 9 .01 1.09 3.36 5.?6 
16 1.452 10.48 1.634 2 . 628 3.13 5.09 
1 7 1.407 11.94 1.957 1.342 2 . 2? 9 4.505 
1 8 1.362 13.30 0 .164 1. 771 1.079 3.655 4.09 
19 1.322 14.61 0 . 346 o.ooo 1.525 2.550 3.13 
20 1.288 15.91 0 .525 0.201 1.81 1.190 2.00 
21 1.253 17.15 0 . 642 0 .38 0.034 1.583 2.756 
22 1.223 1 8 .28 0 . ?40 0 .498 0.190 1.826 1.238 
23 1.195 19.48 0 . 628 0 . 352 0 . 025 1.570 
24 1.1'70 20.65 0.491 0 .193 1.810 
25 1.142 21 .82 0 . 942 0.326 0.011 
26 1.117 22 .9? 0.874 0 .484 0 .180 
27 1.092 24.10 0 .608 0 . 332 
28 1. 0 70 25 .18 0 .865 0 .460 
29 1.048 26 .25 0 .586 
30 1.022 27.24 

35 13 11.757 3 . 77 11.47 
14 1.686 5 .38 6 . 05 
15 11.622 7.04 4.96 6. 32 9.66 
16 1.563 8.64 2 . 771 4.655 6.35 11. '79 8 . 08 
1 7 1.515 10.22 1.568 2 .322 4.30 8.18 6 . 25 
18 1.471 11.67 1.914 1 . 272 3.78 6 .02 5.90 
19 1.432 13.13 0 .158 1.734 2.886 5.52 3.275 
20 1.396 14.58 0 .370 0 . 015 1.516 4. 73 2.406 
21 1.362 15.62 0 .525 0 . 220 1.813 3.82 1.146 
22 1.330 17 .12 0 .648 0 .389 0 .038 2.648 1.576 
23 1.298 18.39 0.764 0 .540 0 .226 1.857 1.260 
24 1. 268 19.62 0 . 842 0 .668 0 . 394 0 . 045 1.634 
25 1.240 20 . 85 0 . 765 0 . 520 0 . 236 1.875 

*Cha racteristics negative, mantissas positive. 
**Cnaracteristics positive, p is surface density of shower . 
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TABLE~ (CONT'D . ) 

NUMBERS OF ELECTRo ~s AS A Fu~CTION OF ENERGY AND 

SHOWER RADIUS AS A FUNCTION OF ENERGY AND DENSITY 

(See Table 4 for definition of symbols) 

lnl\ 
log r* in table for logp** ::=: 

E. 4 5 6 7 8 s 

26 I 1. 214 22 . 05 a 0 . 839 0 . 640 0 . 398 0 . 074 
27 1 . 187 23.21 (1.017) 0 . 903 0 . 752 0 . 534 0 . 250 
28 1.166 24 . 35 0 . 380 
29 1.144 25.50 0 . 525 
30 1. 123 26 . 62 0 . 952 0.634 

(a)Thi s number is entirely positive . 

*Characteristics negative, mantissas positive. 
**Characteristics positive, p is surface density of shower . 
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TABLE 9 

THE WEIGHT FUNCTION FOR LATERAL SEPARATION, C(y) 

~ 
' ............ 

.......... c 
~ 
' 

c 

C(a/r) = Ratio of shaded 
area to area of circle. 

a = Half the separation 
between counters. 
r = Shower r adius. 
y = a/r 

~·- :_a-- --~ 

C(y) = l - .£ (y ,jl-y2 + y 2 sin- 1y) 
1l 

C(y) 
2 3 

= 1. 0000- o.6366y + o.02207y 0.3730y 

y log*y Approx. 

o.oo o .oooo 1 . 0000 1 . 0000 
0.05 2.6990 1.9859 0.9681 
0.10 1. 0000 I 1. 9718 0 . 9360 0 . 9362 
0.15 1.1761 1. 9559 0 .9034 
0.20 . 1.3010 1. 9396 0.8701 0 . 8706 
0.25 1. 3979 1.9221 0 .8358 
0.30 1.4771 1. 9033 0 . 8004 0 . 8009 
0.35 1. 5441 1. 8828 0 .7634 
0 .40 1. 6021 1. 2602 0.724? 0 . 7Z50 
0.45 1.6532 I. 8351 0 .6840 
0.50 1.6~90 1. 8069 0.6410 0.6406 
0.55 1.7404 1.7?48 0.5954 
0.60 1.7782 1. 7379 I o. 5469 0 . 5409 
0.65 1.8129 1.6948 0 .4952 
0 .70 1.8451 1.6434 1 0.4399 0.4373 
0 . 75 1.8751 I . 5804 0.3805 
0 .80 1.9031 1.5005 0.3166 0.3139 
o.e5 I.g294 1. 3804 0 .2410 
0.90 1.9542 1.2380 10.1730 0.1730 
0.95 1.9777 2.~594 0.0911 
1.00 o.oooo - 0 . 0000 0.0125 

*Underlined characteristics are negative 
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TABLE 10 

THE PRIMARY SPECTRU11* 

E. 1og**e-n 
E. 1 ., * -Yc 

og··~ e E. 1og"''*e-,g 

1 1.2183 16 13.4922 31 25.7661 
2 2. 4.365 17 14. '7103 .32 26 . 7843 
3 .3.6548 18 15.9287 .3.3 26.2026 
4 4. 8730 19 15.1469 .34 27.4208 
5 4 . 0913 20 16.3652 .35 28.6391 
6 5.3096 21 1 7 . 58.35 .36 2§. 8574 
7 6.5278 22 18. 8017 .37 29 . 0756 
8 7. 7461 23 18.0200 38 .30. 2939 
9 8. 9642 24 19.2.382 39 31.5121 

10 8.1825 25 20.4565 40 32.7304 
11 9.4009 26 21.6748 41 .33 . 9487 
12 10. 6191 27 22 . 8930 42 3.3.1669 
13 11. 8373 28 22.1113 43 34 • .3852 
14 11.0556 29 23 • .3295 44 .35 .6034 
15 12.27.39 30 24.5478 45 36.8217 

4.5 4.4822 15.5 1.3.8830 26 . 5 21 .2839 
5 . 5 5.7004 16.5 1.3 . 1013 27. 5 22.5022 
6 . 5 6 . 9187 1? .5 14.3196 28 .5 23 . 7204 
7.5 6.1.370 18.5 . 15. 5.378 
8.5 7 . 3552 19.5 16. 7561 
9 . 5 8.57.35 20.5 17 .9743 

10.5 9 . 7917 21.5 17 .1926 
11.5 9.0100 22 . 5 18.410 8 
12. 5 10.228.3 2.3 . 5 1 9. 6291 
1.3.5 11.4465 24 . 5 20. 8473 
14.5 12.6648 25 .5 20.0656 

i~/=1 . 8 
**The underlined characteristics are negative, mantissas posi
tive. 
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TABLE 11 

INTEGRAL VERTICAL FRE QUENCY {log: (Hv (>P} / nD} 

I N BODY OF TABLE*) 

t = 5 

log a ::: -oo -2.5 -2. 0 -1.5 

log p = t l 10. 710 10.534 1 0 .204 11.42? 
ll. 018 12.454 13.779 14.2'74 

6 13.345 15.588 16.575 18 .502 
7 15.740 1 8 .645 20.417 23.457 
8 16.140 22.560 25. 720 29. 746 

t = 10 

log p - 4 10.294 10.270 10.200 10 .092 -
5 1 12.653 12.620 12.550 12.263 
6 14.922 14.746 14.517 14.099 
7 15.184 16.750 16.332 17.659 
8 j 1 7 .433 18.443 19 . 829 20 . 918 

t = 15 
log p = 4 ll. 716 11. 716 11.688 11.630 

5 12.184 12.169 12.122 13.970 
6 14.598 14.578 14.487 14.361 
7 16.890 16.806 16. '700 16.482 
8 1 '7.263 1 7 .094 18.812 1 8 .415 

All For a= 0 
t = 5 10 15 20 25 30 35 

1ogp= 4 10 .710 10.294 11. 716 12.879 13.985 13.196 14.248 
5 11.018 12.653 12.184 n. 564 14.711 15.912 15.048 
6 13 • .345 14. 922 14.598 14.020 15.293 16 . 658 1 7 . 777 
7 15. 740 15.184 16.890 16.435 1 ? . 854 1 7 . 246 1 8 .409 
8 16.140 1 7 .433 1 7 .26.3 18 . 894 18 .328 19 . 765 1 9 . 016 

*The underlined cnaracteristics are negative, mantissas posit ive. 
*a is half the counter separ a tion in lateral units. 
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TABLE 12 
0 

SUO~HED CONSTANTS FOR INTERPOLATION FUNCTIONS 

FOR I NTEGRAL VERTICAL FREQUENCY 

A. Values of pin Hv/n-D = L(p,t 0 ) exp (-p (t-t0 )) 

pin body of t able (a= o). 

log p : 4 5 6 7 8 

to = 15 1 0 .3339 0 . 2825 0 . 2360 0 .1946 0 .1504 
20 0 .3960 0 . 3495 0 .3085 0 .2710 0.2303 
25 0 .4260 0.3841 0 .3488 0 .3152 0.2779 
30 0 .4363 0.4013 0 . 3726 0 .3456 0 .3120 

Note: D = 7 . 52 x 101 2 x <J2 

B. Values of M, S ,q in Hv/Jr D = 1H .Po ,t0 ) exp (-q(t-t0 ))/ p& 

log M* in bodz of table {a::o). 9. in bodz of table { a=o ~ • 

log Po = 5 6 7 l og » = 5 6 7 
t 0 : 15 5 . 994 4.324 4.524 t 0 = 15 0 . 5250 0 .4812 0 .4397 

20 6 . 804 5.164 5 .488 20 0. 5687 0.5273 0 .4904 
25 7 .436 7. 891 6 -361 25 0 .5895 0 .5480 0 .5135 
30 8. 252 8 . 800 7. 2'17 30 0 .5964 0 .5572 0 . 5204 

*Underlined characterist ics negative . 

8 in bod;l of table {a=ol· l-8L& in bodz of table {a=oL. 

log R = 5 6 7 log Po = 5 6 7 
t 0 = 15 1.562 1.621 1.662 t 0 = 15 1.152 1.110 1.083 

20 1 1.448 1.524 1.579 20 1.243 1.181 1.140 
25 1. 345 1 . 433 1.501 25 1.338 1 . 256 1.199 
30 1. 268 1.357 1.433 30 1.420 1 . 326 1.256 
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TABLE 13 

EFFECT OF ATMOSPHERIC STRUCTURE ON COUNTING RATE 

Radiation Unit AdoQted a t Point of Observation 

t () CT~ I s * log S log a ~- (cS"-l)logo-~ 

5 3.694 13 .647 1.68 7 -6. 775 -2.211 2. 0 37 1.178 
7 .5 2 . 618 6.854 3.34 7 -6.476 -2. 061 1. 969 0 . 810 

10 2 . 082 4.336 5.28 7 -6.277 -1.962 1. 855 0 .545 
1 2 . 5 1 . 745 3 . 045 7 . 52 7 -6.124 -1. 886 1. 73 7 0 .356 
15 1.499 2.247 1.02 6 -5. 892 -1.820 1.636 0 . 224 
1 '7 .5 1.318 1. 720 1.32 6 -5. 880 -1. 7o3 1.582 0 . 137 
20 1 .178 1 .388 1. 6 5 6 -5. ?82 - 1.714 1. 536 0 . 076 
22 . 5 1. 066 1 . 132 2 . 02 6 -5.694 -1.672 1.455 0 . 020 
24 1.000 1.000 2.29 6 -5.640 -1.644 1.426 o.ooo 

AdJustment for Evaluating Radiation Unit 

Above Point of Observation 
---

t x max t-x o-lat ( t-x) (6 -l )log cr< Reduction 
5 0 .40 4.6 17.441 1. 2875 0 . 77'?2 
7 . 5 0 .65 6.85 7 . 928 0 . 8713 0 . 8684 

10 0 . 80 9 . 2 4 .954 0 .5942 0 .8913 
1 2 .5 1.0 11.5 3 .489 0.4000 0. 903 7 
15 1.0 14.0 2 .520 0 . 2553 0 . 9305 

* The separ ate numbers are t he power of 1 0 by which the 
left hand number should be mul tiplied. 
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TABLE 14 

INTEGRAL VERTICAL FREQUENCY CORRECTED FOR 

COUNTER SEPARATION AND ATMOSPHERIC STRUCTURE 

log p = 4 5 6 7 

t ·= 5 I 
12.851 15.673 18.005 23.295 

7.5 ll.S30 13.726 15.519 19.656 
10 11.768 13.891 15.725 17.356 
12.5 11.672 13. 970 14. 038 17.991 
15 11.470 1.3.848 14.120 16 • .356 
1 7.5 11.206 1.3.716 14.116 16 • .386 
20 12. 86.3 13.51.3 15.94.3 16.35.3 
22.5 12. 49.3 13.208 15.743 16 . 213 
25 12.128 14. 854 15.4.36 17 . 997 

Note: The numbers in the body of the table 
are: 

) 0 ~ L,;D .,. \-\<\:,. po-', t ) ;_ l 
for- l og d = -l. b'l-tf- . 
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TABLE 15 

I~TEGRAL FREQUENCY INCLUDING ALL ZENITH ANGLES 

log {H{>PibrDL in table for log a= -1.644 Constants** 

log P = 4 5 6 7 8 6 log P 
t = 5 10 . 830 12.933 14.863 16.858 2.037 12.456 

7.5 10 . 605 12.896 14. 942 16 . 958 1.969 12.129 
10 10.355 12.720 14.895 15.010 1.855 11.398 
12.5 11. \::!73 12.405 14.730 16.931 1.737 10 . 523 
15 11.567 12.082 14.505 16 . 811 1.636 9 . 694 
17 . 5* 11.156 13 . 799 14.263 16.636 17.144 1 . 582 9 .129 
20 12.641 13.392 15.880 16.319 18 . 849 1.536 8 .470 
22 .5 12.160 14.906 15.469 17 .996 18.509 1.455 7.582 
24 13.868 14.635 15.217 17 . 782 18 .295 1.426 ?.147 
25 13.680 14 .445 15.048 17.630 18 .151 1.408 6 . 869 
27 .5 13 . 202 15.984 16.622 17.212 19 . 776 1.386 6 . 312 
30 14.728 15.537 16.213 18 . 808 19 .410 1.365 5.776 

15* 11.636 12.184 14. 617 16.949 17 .383 1.618 9 .699 

* These values include no correction for tne finite separation 
of tne counters, and this correction is still appreciable until 
t = 20 or more. 

** Tnese are all constants for the expression: 

H(>p) ==- pIpS 
Where P does not include a correction for the variable density 
of t he atmosphere, the comolete correction is made by multiplying 
by ( o-~ )-S+I , see table 15. 

Note: The underlined characteristics are negative . 
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TABLE 16 

COUNTI NG RATE AS A FUNCTION OF ALTITUDE 

t I (S ) 

5 l. 64.3 
7. 5 l. 521 

10 l. .360 
12.5 l. 210 
15 1.116 
17 .5* 1. 075 
20 l. 045 
22.5 1.000 
24 0 . 987 

I 25 o. ~80 
27.5 0.970 

I .30 I o. 960 

15* (. )1.100 
1 7 .5 1 

l og [IPsS} Na** Nb*** log Na 

1.18.3 10 . 7874 1. 01.31 1.89620 
1 . 206 2.1592 2.4864 0 . .3.3429 
1.069 3. 0117 .3 . .3790 0 .47881 
0.808 2.5714 2.8454 0.45.399 
0 .514 1.815.3 1.9509 0 .29024 
0 .239 1.2400 1.2420 0 .09412 
1.826 0.5620 0.5620 1.74974 
1 . .376 0.2191 0 .2191 1.34064 
1.098 0.1252.3 0 .1252.3 1.09760 
2. 919 0 . 08.316 0 . 08.316 2. 9199 
2.482 0 .0.30.30 0 . 0.30.30 2.4814 
2.059 0.01150 0 . 01150 2.0605 

0 .615 2.3262 2.4999 0.36661 
1.000 1.002 0 . 0000 

log Nb 

0 . 00561 
0 • .39550 
0 .52879 
0 .45408 
0.29026 
0.09412 
1.749'?4 
I. 34064 
I. 09760 
2.9199 
2.4814 
2 . 0605 

0 • .3980 
0.0050 

* These values include no correction for the finite 
separation of the counters, and this correction is 
still appreciable until t = 20 or more. 

** This is the counting r a te per hour with the size 
of t he radiation unit adjusted to a suitable point a
bove the counter (See Table 15). 

*** This is the counting rate per hour with the size 
of t he r adiation unit evaluated at the point of ob
serva tion. 

(i) Estimated corrected value. 

Note: The underlined characteristics are negative . 
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TABLE 17 

COMPARISON OF THEORY AND EXPERIMENT 

---
t Na/hr. ( 2. 336 )h Theoret. Hi1berry 3 Na Kraybi11* 8 .33Na 

rad.units counts for Expt. Expt. 
per hr. Hi1berry Counts I Counts 
Theoret. x3 per hr. Per nr. 

5 0 .787 2.362 16.50 6.56 
7.5 2.159 6.478 24.65 17.99 

10 3.012 9 .. 035 24.20 25 .09 
12.5 2.571 7.714 1'7.10 21 .42 
15 1.815 4.007 21 .82 22 .2 5.446 7 .60 15.12 
17.5 1.000 3.827 11.48 9.95 1 3.ooo ~3.60) 8.33 
20 0.562 3.681 

\ 

6.21 4.65 1.686 1.60) 4 . 68 
22.5 0.219 3.437 2.26 2.25 0.657 (0.60~ 1.82 
24 0 .125 3.353 1.26 1.40 0.376 (0.40 1.04 

The ratio of Hi1berry 1 s counter area to that of Kraybi11 1 s 
is 196/83.9 = 2.336. 

8 .33/3 = 2.78. 

7 .40/3 = 2.45. 

* The ( ) numbers a re obtained using Hi1berry 1 s data to 
extropo1ate. 
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TABLE 18 

ESTIHATE OF UNCERTAINTIES I N CALCULATION 

' 

t log p (max) ·B( max) t(eff) log a eff. Max. errol' ~ 'I<' I E. (max logE 
de g. Possible Likely at 

_ __ L(factor) rnDC 

5 6.6.38 65 11.9 -2.588 1.48 15 14 14.080 
7.5 6.374 52 12.2 -2. 27.3 1. rro 20 16 14.948 

10 6.180 38 12.8 - 2 . 069 1.59 15 15 14.514 
12.5 6.129 27 14.0 -1.936 1.4:8 10 15 14.514 
15 6.038 0 15.0 -1. 820 1.26 7 15.5 14.731 
1 7 . 5 5 .948 0 1 '{ .5 -1. 763 1.20 2 16.0 14.948 
20 5.867 0 20.0 -1. rfl4 1.00 0 1 6 .5 15.165 
22.5 5 . 809 0 22.5 -1.672 1.00 0 1 7 . 0 15 • .382 
24 5.767 0 24.0 1 -1.644 1.00 0 1 7 .3 15.512 

* This is t he proportion per cent of the total integr al density 
spectrum which comes from integr a tion over radii which are equal 
to the separation radius of t he counters or less, and in this 
range t he approximation used may not be very good. 
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TABLE 19 

INTEGRAL FREQUErCY SPECTRUM AS A FUi CTION OF 

DIRECTION (log (HfrrD) IN BODY OF TABLE). 

log p = 4 

all at t = 7. 5 

<"f :: 90° 

5 6 7 

~---------------------

4 

00 
g: = 
5 6 7 

X = 1. 0 10.27 12.41 14.08 17.35 
0 .9 !rr.l9 12.39 14.20 17.71 
0.8 10.06 12.32 14.28 16.00 
0 .7 11.93 12.24 14.26 16.14 
0.6 11.62 13.98 14.14 16.19 
0.5 12.23 13.64 15. 9 7 16.18 
0 .4 12.53 13.08 15.49 17.87 
0 .3 13.36 14.05 16.59 1 7 .10 
0 .2 

10.27 12.41 14.08 17.35 
!0.31 12.53 14.28 16.96 
10.27 12.59 14. 52 16.30 
10.16 12.53 14.64 16.60 
11.99 12.40 14.65 16. 77 
11.70 12.15 14.53 16.78 I lL 10 13. 72 14.14 16.55 

0 .1 1

13.98 14.71 15.30 1 7 .85 
15 . 80 16.65 1 ? .37 18.02 

log p = 4 5 6 7 
X= 1.0 I 10.27 12.41 14.08 1?.35 

0.9 1 10.22 12.51 14.28 1 '( .89 
0 .8 10.20 12.45 14.43 16.18 
0 . 7 10.10 12.43 14.50 16.39 
0 .6 11.87 12.27 14.47 16.52 
0.5 11.57 12.00 14.37 1 6 .58 
0 .4 12.92 13.54 15.98 16.37 
o .3 1 13.86 14.57 1s.1s 17 .93 
0.2 15. 70 16.50 1 7 .25 19.85 
0 .1 - - - -

Note: Underlined characteristics are negative. 
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TABLE 20 

TEE A~GULAR DISTRIBUTION OF THE SHOWERS 

Theoretical* (Arbitrary but consistent scale). 

Projected 
Angle 

Intensity 
per unit 
solid angle 
at <:(> -= 90° 
Here If' = {) 

Intensity 
per unit 
solid an51e 
at Cf = 0 
Here tp : e 

Intensity 
per unit 
projected 
angle 
(c:omplete 
projection) 

Intensity 
1 per unit 

projected 
angle 
(project up 
to w = 0 . 25) 

L 

0 
5 

10 
20 
.30 
40 
50 
60 

6 .49 
6.5.3 
6.76 
7.45 
8.26 
9.15 
8.55 
5 . 07 t 

Range of 
projected angle 

6.49 
6 . 69 
?.42 

10 . 20 
15.00 
20.90 
24.95 
19 • .30 

Observed** 

1.3 • .36 
1.3.08 
12.80 
12.70 
12 . 76 
11.71 

9 • .36 

Number 
Observed 

----

--~~------------~ 
4-' 

0 to 
5 to 

15 to 
25 to 
.35 to 
45 to 

deg. 
5 

15 
25 
.35 
45 
55 

I 

__ l_ 
* Theory at 7 .5 radiation units. 

7 
15 
12 

9 
.3 
2 

1.76 
1.76 
1.82 
2 .05 
2.45 
2.64 
2 .45 

** A total of 48 out of 228 shower pictures obtained at .31,000 
(7 r ad . units) by the counter controlled cloud chamber selected 
on t he basis of 10 tracks or more having the same direction. 
Privately communicated to the author by Mr. E.W. Cowan on 
10 March 1948. 

Note: 228/48 = 4.75 
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TABLE 21 

TliE iiEAN SHOWER RADIUS AS A FUNCTION OF s 

AND ITS EFFECT ON Th~ DENSITY SPECTRUM 

I r mean , r r mean , f r mean : F3 (s)* 
lateral meters> r at s = 1 
units sea level set = 1 

00 

l 
o.o 0 0 0 
0 . 2 0.0889 5 • .3.3 0 .158 6.41 X 1012 

103 0 .4 0.1945 11.67 0 • .346 1.69 X 
0 .6 0.2981 17.89 0.5.30 12.67 
0.8 0 . 4218 25 • .31 0.750 2.05 
1.0 0.5625 .3.3.75 1.000 1 . 00 
1.2 0.7250 4.3 . 50 1. 289 0.776 
1.4 0 . 8718 52 • .31 1.550 0 .784 
1.6 1.1144 66.86 1.981 0.84.3 
1.8 1 • .3421 80.5.3 2 • .386 1.00 
-- ~ ---

* F3 (s) = 
-.( (f -1) 

7 = 1.8 r 
) 

and r is taken from col. 4. 
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TABLE 22 

MISCELLANEOUS MATHE1~ATICAL FUNCTIONS 

~ I (6) X l log F1 (x) u 0 .4343 u log F2 (u) l 
I 1.0 0 . 8628 2 l. 442 -6 -2.6058 8.1819 

1.1 0.9105 3 1.330 -5 -2.1715 7.4830 
1.2 0.9046 4 1.242 -4 -1.7372 6.?806 
1.3 0. 9320 5 1.171 -3 -1.3209 4.0469 
1.4 0 .9728 6 1.108 -2 -0.8686 3 .2?74 
1.5 1.0252 7 1.055 -1.5 -0.6514 3.8537 
1.6 1.0891 8 1.007 -1 -0.4343 2.3825 
1.7 1.1'rl8 9 2.964 -0.5 -0.2171 2.8352 
1.8 l. 2739 10 2.926 0 o.oooo 1.1673 
1.9 1.4272 11 2.892 0.5 0.2171 1.3155 
2 . 0 l. 5702 12 2.858 1 0.4343 1.1943 
2.1 1.9446 13 2.826 1.5 0.6514 2.6951 
2.2 2.073 14 2.798 2 0.8686 3.6580 
2.3 2.460 3 1.3029 8.5797 
2.4 3.012 4 1. 7372 22.0257 
2.5 3.821 5 2.1715 63.7179 
2 .6 5.106 6 2.6058 173.3988 
2.7 7.350 
2 .8 11.42 
2.£l 26.70 

Where: 

and 
log f (effective) = 0 .4343u - log S 

Note: Underlined characteristics are negative . 
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TABLE 2.3 

OBSERVED ANGULAR DISTRIBUTION 

Range of Number of Measurable Photographs at · 
projected angle .31000 feet .37000 feet 

(degrees) A B I c D 

0 to 5 7 5 4 2 
5 to 15 15 11 4 4 

15 to 25 12 10 5 .3 
25 to .35 9 8 4 2 
.35 to 45 .3 2 2 2 
45 to 55 2 2 2 1 
55 to 65 1 

Total photos. 
used 48 .38 21 15 

Total photos . 
t aken 228 228 228 44 

SELECTION PROCEDURE 

A* Ten or more parallel tracks anywhere in chamber. 

B Ten or more parallel tra cks above the lead. 

C One hundred or more parallel tra cks anywhere in chamber. 

D Three or more parallel tracks anywnere in chc~ber. 

*The distribution A is also g iven in Table 20. 
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Co~an•.: c:.'..0ud c::ar 'uer orier1<..ed 
as inniceted, f in deer a~d 
31. i"l in dia~ete~o 
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