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ABSTRACT

An experimental apparatus capable of weasuring voltages in the micro-
volt region with an accuracy of t 5.10“9 volts is used to determine the
temperature variation of resistivity and Hall coefficilent of three specimens
of iodide titanium. These specimens are of comparable purity (room tempera-
ture to liquid helium temperature resistance ratio near 30) and possess a high
degree of preferred orientation. The measurements are made at temperatures
between 4.2 and 300°K.

The Hall coefficient is found to depend strongly on temperature and

crystalline texture. At room temperature it has a value of -1.8 x 10-11

mslcoulonb in two specimens, whereas in the third it equals + 1.2.102)"11
malcoulomb. Several factors including impurities, changes in the scattering
mechanism, size efifects, crystallographic anisotropy, which could account for
the observed differences, are discussed and it is proposed that crystallographic
orientation is the most influential factor. Prom the measured data and a
phenomenological theory of the Hall effect developed in the case of single
crystals, values of the components of the galvanomagnetic tensor, which re-
places the scalar Hall coefficient of isotropic media, are calculated and dis-
cussed in connection with a possible model of the Fermi surface of titanium,
Only tentative conclusions can be drawn from the present experimental
investigation and no definite explanation can be offered for the difference
in the signs of the two principal galvanomagnetic coefficients. Additional
measurements on single crystals and extension of these measurements to higher
temperatures, as well as investigations of other properties of titanium
(topological measurements in particular) must be made before a more compre=-

hensive band model of titanium wetal can be established.
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1. INTRODUCTION

The posgsibility of an effect of a magnetic field on the process
of electrical conduction was first suggested by W. Thomson in 1851
when he noticed a variation in thermoelectric power of magnetized
iron when the orientetion of the magnetic field was changed. In
1858 the discovery of an increase in resistivity in the presence
of a magnetic field opened the field of galvanomagnetic and thermo-
magnetic effects. However, no transverse effect was discovered
until 1879 when E, H. Hall measured a transverse electric field in
thin gold plates(l). In 1883 A. Righi found & similar effect in
bismuth but 8 thousand times stronger than im gold. Since then
the Rall effect has been measured in many materials,especlally
metals,and theories have been proposed to explain it in the light
of the electron theories of transport properties. The interpretation
of experimental measurements led to quantitative determinetion of
certain important parameters of these theories.

In the Hall effect & current carrying conductor is placed in
a transverse magnetic field. An electric field, called the Hall
field, appears in a direction perpendicular to both the wagnetic field
and the current flow. In many cases this fleld is proportional to the
magnetic field strength and the current density. The proportionality
constant or Hall coefficient combined with the electrical conductivity
yields information which is useful in determining the densities,
mobilities and exact nature (electroms or holes) of the charge carriers

responsible for electrical conduction. Metallic conduction is
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characterized by a small Hall coefficient which changes little with
temperature and & resistivity which increases with temberature. In
order to explain the sign, magnitude, temperature and megnetic field
dependences ,a detailed band model for the conductor has to be useq.
Since the Hall effect allows estimates to be made of the number
of conducting particles per unit volume and their sign, this measure-
ment is expected to be helpful in the determination of the rather
complicated band structure of the tramsition elements. In these
metals both electrons and holes contribute to conduction and thus
no quantitative information can be obtained from Hall effecg and resistivity
alone. Their temperature dependence can lead to further information on
the electronic structure. In particular, the question of how many of
the outer electrons are actually "free”, i.e., are responsible for the
metallic properties of these elements, might be clarified. The Hall
coefficient has been measured at room temperature for the elements of
the first transition period(z): it is positive and large for chromium,
positive and intermediste for vanadium and manganese, positive and small
for iron, rather small but negative for cobalt and nickel (Fig., 1l).
For titanium it is small but its sign 1s not established with certainty.
The present investigation was undertaken in the hope of finding
an explanation for the contradictory data on Hall effect published for
titanium, Besides the uncertalnty in the sign of the Hall coefficient,
its variation with temperature could not be characterized by a single
curve (Fig. 2). G. Scovil(a) reported first a positive value of the

1

Hall coefficient: R = (2.8 + 0.9) x 10~ 1 m;/coulomb at about 100°C.
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Fig. 1. Hall coefficient of various 3d transition
elements at room temperature.
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This value was explained by an overlapping of the energy bands and

a predominant contribution from holes, In a later series of measurements(a)
over & temperature range irom 300 to llOOOK. the Hall coefficient was
found to reverse its sign from negative to positive at 675 + 30%%. Just

11

above room temperature its value is -2.0 x 10”7 m3/couloub: it increases

. Plcoulosh at 1100%K.

smoothly with temperature and equals +3.5 x 107
This behavior was attributed to anisotropic thermal expansion causing
a change in the shape and mobilities in the 3d band. The relative
proportion of electrons and holes may vary, causing the Fermi level to
shift such as to decrease the density of holes and thus increase their
wobility. As temperature increases the contribution of holes becomes
predominant. This interpretation accounts also for the temperature
dependence of the electrical résistivity.

(2)

S. Foner studied three sheet specimens at room temperature.
In the three cases the Hall voltage was found to be rigorously proportional

to the applied field but the Hall coefficients were different:

Specimen Treatment Hall coefficient
I as machined 1.06 x 10~12
11 annealed for 2 hours at 600°C -2.59 x 10_11m3ICb
11 annealed for 6 hours at 800°C +1.02 x 10”'t

The differences between the three specimens were attributed to lmpurities
and differences in the preparation of the samples, The small magniltude

was thought to be due to the balancing effect of holes and electroms in

the overlapping 3d, 4s and 4p bends. HNegative values were correlated

)

with commercial grade titanium



More recent data are provided by the work of T. G. Berlincourt(6)
Five samples were studied between 1°K and room temperature. The Hall
voltage was a linear function of magnetic field strength at all
temperatures. However, the data revealed a great sensitivity of the
Hall coefficient to impurity content. It was also suggested that
preferred orientation contributed to the broad spectrum of observed
values. The temperature dependence of the Hall constant was weak in
the residual and linear resistivity temperature regions and strong
near 30°K.

The purpose of the present study was to investigate the
influence of preferred orientation on the Hall effect and possibly
- to detect any crystallographic anisotropy which could accouant for

the scattering in the experimental observations.
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2. FORMULATION AND MEASUREMENT OF THE HALL EFFECT
2,1 Definitions and Notations .

Consider a conductor having the shape of a rectangular parallele-
piped and a cartesian system of coordinates the axes of which are
paraliel to the edges of the specimen (in practice a2 long thin plate).
A current of uniform density J flows in the x direction and a magnetic
field of iantensity H is applied parallel to the z axis (Fig. 3a).

An electric fleld EH appears then in the y direction.

v i § The Hall coefficient

In most instances the Hall fileld Eﬂ is proportiomal to the current
density J and the magnetic induction B, which for most practical cases
is numerically equal to the applied field H. The phenomenon can there-

fore be characterized by the value of the proportionality comstant R.:

fp = RyT®
In practice one measures the transverse voltage between A and B and the
total current I through the sample.  Then the Hall coefficient RH is
defined by:
c

Re®sr Vu

since I = btJ and VB = bEH; b is the dimension of the sample in the y
direction, t its thickness in the z directionm; RH is characteristic of
the material and usually a function of temperature only. It is

commonly expressed in the two following units:
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~-in practical units t is expressed in cm, B im gauss, I in
.amperes and VK in volts. Then RB is in volt-centimeter
per ampere-gauss.

-in the MRS system t is given in meters, B in weber per
square meters, I in amperes (absolute), Vﬁ in volts.

Then RH is expressed in cubic meter per coulomb (mBICb).

V cm

1 m3/Cb o LO0 e
amp. Zauss

The sign of the Hall coefficient i3 defined in Fig. 3b. For identical
{7)

carviers a free electron model gives for the Hall coefficient
1
. e
RH Nec
in which N is the carrier concentration, e the carriers' charge and
¢ the veloclity of light. If electrons are mostly responsible for the

electyrical properties, RH will be negative. It is positive if holes

are predominant.

2.12 Other quantities related to the Hall effect

The Hall efifect can also be described as a shift due to the
magnetic fileld of the equipotential surfaces in the condﬁctor. In the
absence of the magnetic field, in an isotropic medium, these surfaces
are planes normal to the x axis along which the current is flowing.
When the magnetic f£ileld is applied, electric vector and current density
are no longer collinear. In first approximation, neglecting the change

in resistivity, this fact is expressed by writing



B
Ee= e (0 3+Rﬂ—ﬁx3'

In the absence of the magnetic field only the first term is present.
A measure of the Hall effect is then the angle pwhich exists between
the electric field and the current lines (Fig. 3¢). This angle is
defined and expressed in terms of RH by the following relation:

E B.HB

tantfﬂ—-Ei = —-é- -r\.—B
X

On a single band model pis the mobility of the charge carriers and ¢
is called the Hall angle. It 1s sometimes useful to use a Hall

resist;tvity or conductivity by expressing J in terms of E,
Jx = J e G‘Ex +°-HEy

where @ is the ordinary conductivity, and G‘H the Hall coanductivity.
The Hall resistivity can be defined by Ey = PH‘Ix' One frequently
employs the Hall mobility Mu defined by

‘.LH = c Qg RB ¢ is the ordinary conductivity.

In the following sections only the Hall coefficient RH will be

considered.

2.2 Anisctropic Ball Effect

Experimental investigations of the Hall effect, especially in
single crystals, have shown that RH is not always independent of
magnetic induction. Furthermore wmost materials are not isotropic.

Therefore a more general formulation of the Hall effect has to be
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developed. Scalar quantitiles like g and RH have to be replaced by
tensors., In the remainder of this section we consider ounly the case
of single crystals for which a phenomenological theory of the Hall

effect has been obtained.

2.21 gGalvanomagnetic coefficients

Consider & rectangular plate cut from & single crystal of a
conductor., 7Two systems of coordinates can be attached to it. The
experiment gilves quantities in the xyz system, the axes of which are parallel
to the edges'of the specimen. Intrinsic properties of the material
are better described in the system of coordinates Xy HoXg constituted
by the conventional principal crystallographic axes associated with
the symmetry elements of the crystal. A method is now presented
which allows the intrinsic characteristics of the Hall effect to be
obtained from quantitles measured in the xyz system.

Most generally, the Hall effect has been described as a change
in the relationship between the electric field and the current density
under the influence of an applied magnetic field. In the absence of any
thermal gradients, even imn zero magnetic field, these two vectors are
not collinear in the case of anisotropic media. The components of the
electric vector are given by:

E, = i=1,2,3 k=1,2,3 {1

i Rudk
where a summation over k is implied (Einstein's summation convention).

%j:is the resistivity tensor. This relation takes the same form in any
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system of coordinates. The components Qik' however, differ from one
system to another. For the sake of clarity we assume thet unless other-
wise specified, all equations are written in the Hy Koy system,

If an external magnetilec field is then applied, equation 1 1s still
satisfied,but the components of the resistivity tensor become functions
of the magnetic induction, For small magnetic fields each component

Qik(n) can be expanded in & power series(a’g)

Q1) = Quue ¥ RypeBy ¥ Rype ofaBpy ¥ v ()

i,k,0,m... take independently the values 1, 2 and 3. Rike s RikQ.m...

are called galvanomagnetic coefficlents. Most of the observations
can be accounted for by keeping ouly the first two terms of the
expanaioni

By = Quk i * Bype NiBe )
In equation 3 @, stands for Qik(O),tha resistivity in zero magnetic
field. In this form the Hall effect is proportiomal to both current
and magnetic induction., If this is not verified by experiment, higher
order terms have to be kept in the expansion. In this form, however,
Hall effect and magnetoresistance are not distinguished. 1Im order to
separate them,one has te divide eik(B} into its symmétric and anti-
symmetric parts

ek = S4B + a3, (B)

where Sik<B) o ski(B} @ % (eik *ﬂeki) = sik(~8) and aik(B) - 'aki(B) =

i { - 3 = -a,. {-B). The parity and symmetry characters follow
7 Wik " Qrt ik
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from Onsager's reciprocal relations. With these definitions,

E, = s,J + aixjk {4)

i ikTk

aika is & generalization of the Hall field and reverses its sign

with B, ika is the ordinary eléctric vector modified to take
magnetoresistance into account. It is even in B. The Hall effect

is then the antisymmgtrical part of Qik(B) or the fraction of eik(B)
which changes its sign when reverasing 6. The non zero components of

{B) can be denoted R = a Then equation &
ik ; g

z3* By = G510 By = 84y
becomes .

E, = 8,08 J + TxWH, ()
R is the vector of components Ri and is designated as the Hall vector.
This formlation is physically more significant and can be used to define
more meaningful galvanomagnetic coefficients.

(10)

T. Okada rewrites equation 5 in an equivalent form, with

a slightly different notation.
Ei = Qij(B) JJ + Eijk JJRR(B) (6}

G&j(B) is the magnetoresistance tensor (resistivity tensor modified to
taeke the change in resistivity with magnetic field into account).

Rk(B) are the components of the Hall vector (k = 1,2,3), € is the

ijk
Kronecker antisymmetric sywmbol and equals 1 if ijk is 123, 231, or 312,
-1 if ijk equals 321, 213 or 13Z and U otherwise.

For small magnetic inductiouns, ?13‘33 and Rk(B) can be approximated

by power series
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eij (B)-eij(c)-i-(’ij B B4 ..0

o M n

Rk(B) w Rk.mani+ Rk.mnoBﬁBnBo+ i

If we keep only first order terms, the electric field components

)

become: ‘
By = Q@ I +m BI. € @

which is equivalent to equation 3 if we replace Eiijij.m by

R In both cases magnetoresistance effects are completely

ijm’
ignored. The tensor quantities introduced as coefficients in the
power series 7 will also be referred to as galvanomagnetic coefii-
cients. In the first order the Hall effect can be described by the
second rank tensor Rk.m’ which has nine cowmponents. If the Hall
field is not proportional to B,higher order galvanomagnetic coeffi-
cients like Rk.mno can no longer be neglected, The number of
independent components of the galvanomagnetic tensors depends on

the wmacroscopic or point-grcgp symmetry of the crystal, 1In cubic
crystals ak.m has only one independent component. The Hall effect

is therefore isotropic in these crystals if it is proportional to B.
This ie no longer true if higher order tensors have to be introduced
because they are not isotropic. The effect is always anisotro#ic for
non cubiec crystals because Rk.m already has less symmetry. Consider

now a case where equation 8 can be used. It can be written

By = Bpy + Byy
where EP is the primary electric fleld assumed unaltered by the
< £ . (] e ] -
magnetic field: EPi = eij(O) JJ is Ohm's law; EH is the Hall field,

It changes sign when B is reversed.
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The advantage of the tensovial formulation is that relatiomns
between physical quantities take the same form in any system of
coordinates. Ome of the equations contained in 8§ gives an expression

of EHy in the xyz system

Egy = & -x’,z-nz xe)Bx * (R XY IRy, ny)Ly ® (R XeZ z-Rz.sz)Bz
{9
This is the component which appears between & and B (Fig. 3a). In

an actual experiment Jy = Jz = 0 and Bx = By- 0. Then equation 9

reduces to
Eﬁy = "Rz.szBz (10)

From equations 3 and 10

Eﬂy = Ey(B)-Ey{U) = -Rz.szBz {11)

This equation shows how the experiment can lead to a value for Rz &
which plays the role of -RH introduced in section 2.11. With the

same assumptions the other cowmponents of the Hall field are

EH = b (R “R. J 3 = U

2,29 y y.2'2

Eye® Bz(Ry.sz"Rx.sz) = By 3B

Using the laws of transformation of tensors with rotation of the
coovdinate system we can exprass Rz X in terms of the "intrinsic™”
galvanomagnetic coefficients Rl 1° Rl 2° etc... (which are nothing

but the components of the tensor Rk & in a preferred system of
.

coordinates, namely the principal axes x1x2x3). The change of
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coordinate system can be written by means of & 3 x 2 unitary matrix:

Ay & oy ooy A
&y 2 EZ m2 RZ A2
Az 33 m3 n3 Aj

A is a vector of components AxAyAz in the xyz system and AiLZAS in

the x;x,%, system, lelnl ave the direction cosines of the x axis in

the HyEaRy system. J, which is directed along this axis, has then as

components in the system of the crystallographic axes:

Iy = I Jg = mJ, dy ™l

In this system the components of the Hall field are:
=R B) - Xk, (B
= R, (B) - 0R.(B) | (12)

s

The component measured in the y direction is

gy = LaPuy + My, + nyfgy 13

Substitute the expressions 12 into equation 13 and recall that the
transformaetion matrix is unitary. Finally one gets

TRy

JK

= -23:11(3) - wR, (B) - nyR,(B) (14)

With the assumption that equation & holds,



“iby=

Rl(B) = R. .B B, 4+ R- w,B

1,15 * 1 272

>

B, + R

2,181 ¥ By By TR, B

R, (R) = & %573

83(3) - 33.151 “+ R, ,B, + R, B

3.272

But B is directed along the z axis. Therefore

B, =4 B B, =mn3 33 = n.,B

By .
is 8 R, 03 + By omgiR) 3ng)-m Ry UgiR,y omgt Ry gny)

a5 Ry Uyt Ry omg + Ry gng)

or zrouping terms in a different way:

M| - 5'12 e 2
R, .2 33, [L,) R1.1‘“"""3 2,27 (“3 Ry gt {gmy®y 5 + Ry )

- man, (R 3‘2) 4 n393(R3_1+ R

3" 1,3

(15)
This equation relates the Hall coefficient measured as described
in section 2.1l and caleulated from equation 11 to the galvano-
magnetic cocefficients. If six independent orientations can bef
found and Rz " measured for all six orientations, the six independent

quantitices Rk o car be determined,

2.22 QGalvanomagnetic tensors for the point group D&h

Pure titanium has a hexagonal close-packed structure in the

temperature range investigated., Its Laue polnt-group symmetry which
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determines the number of independent components of the galvano-

magnetic tensors is Déh or (6/m)(2/m){2/m). The principal crystal-
1 and sz
is parallel to the six-fold axis,

lographic axes are: Ux parallel to two perpendicular two-

fold axes; 0x3
As seen in the previous paragraph, the Hall field EH can be

written as:

Bgy = St P ®

with Rk{B) = Rk.m?m + Rk.mnoBmBnBo 4+ ... . For the point zroup of
interest the number of components of these two tensors is sufficientlyv
small so that one can write the expressions explicitly, Although it
does not come in here,we shall first mention the resistivity tensor
913(0). It has two independent components: ell o EEZ = Q; and 933= €y -
All non diagomal eléments are zero.

The tensor Rk.m is also diagonal and has two independent

components:

=R, , = -R

R 2.2 A,

L1 and Ry 5 = Ry

The subscriptsii and L mean that the magnetlc induction B is parallel
or perpendicular to the six fold axis xqe The tensor Rk w— is more
complicated but the subscripts relative to the magnetic field can be

transposed:

xk.mno = Rk.nom = Rk.omn ¢ Rk.nmo = Rk.non = Rk.onm
The componeuts can thus be arranged in a table of three rows (k=1,2,3)
gnd ten columns, each column corresponding to a different arrangement

of the three indices mmno.
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_—_— 111 112 122 222 113 123 223 133 233 333
kel | R 449 O %"1.111 O ¢ b 0 R4 000

1 . , )
s 2 1@ PBran 9 Bann o o0 o0 O B 433 O
k=310 0 g ¢ Ry 41309 Ry 493 9 0 Ry 333

There are four iudependent components for which we shall use the

1.133% Bys By 114% Rys Ry 444= R

The three cowmponents of the Hall vector are then:

simplified notation: Rl.lll’ RI’ R

B 2
B, ) = -R B, +R @ *5.8,% + R85,

2

3 2
12(3) e -RJ-B2 + RI(BZ +8231 Y +3 325253 (16)

R {(8) = -R 53 + 3533 + 3R (B ZB + B B

Plug these expressions into equation 14 using also the values of

Bl’ B2 and 83 in terms of Bz'

2
2 2 2 2 2
Ry iasx =R, ( Q4w + &y 0, - [R (%540 3@+ Ry

2. B % 47 4 2
(0, 40,90, + &, 0" | 3, (17)

All six galvanomegnetic coefficients can be obtained by measuring the
Hall coefficient in the usual menner for six different, independent
orientations.

A more general form of equation 16 could have been obtained by
choosing B in an arbitrary position in the yz plane. Bl’ 32 and B3
would have been expressed in terms of Bz and By instéad of just Bz.

The expression of RH would have been more complicated. Furthermore
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the presence of a component of the magnetic field in the plane of the
sample gives rise to the so called "planar Hall effect' which produces
an electric field which adds to the proper Hall field.

In ovrder to define the Hall coefficient RH only the component
an has to be comsidered. However, in anisotropic media the Hall
field is not directed in the y direction. It has other components
which can be written out in terms of the galvanomagnetic coefficients
as well, From equations 12 we can obtain the other two components in

the xyz system

%

J
x

= fl(m R.-n.R,.) + ml(nlal- 2123) P ul( an

1Ry~ R,y ) Y

2 %
J - la(mlpﬁa-nlnz) 2 m3(ﬂlal" 12133) + H3( Qlaz'mlﬂl)

Using equation 1&'335 can be written in terms of R, R“ R1R2R3 and

'Ra in a straightforward fashion. Thisz component in the 2z direction
is due to the planar Hall effect just mentioned. This effect produces
a component in the y direction (which would thus lead to an erroneous
Hall coefficient) only if the magnetic induction has a component in the
plane of the specimen.

4 slmlilar development could have been carried ocut on the other
part of the electric field, namely, Eri = eij(B) Jj. Expressions for

the magnetoresistance involving Qij(O) and Eij — would have been
]

obtained.



«20-

2.23 The Voigt-Thomson formula

In the case of titanium the earlier investigations have shown
that the Hall effect ilsstrictly proportional to the magnetic field.
It is therefore adequately described with only the first order
galvanomagnetic coefficients. Equation 8 can be used, or equation 3,
which 1s equivalent. Cowbining this equation with the results of
the previous section, we shall develop a very simple formula for the
Hall coefficient., Following Okada's analysis we write the Hall

field

B ™ TRy By + IR, B,

3 3

EHB = —JlP.__LB2 +J RL. 1
By carrying out the same steps that lead to eqguation 15 or applying

this equation directly, we obtain

R, = ——l-—i:Bz - (Q32 +m32) R, + n32&“ (18)

This follows also from equation 17 where one sets Rl szR3-Ra-U.

In Kohler's treatment, the Hall field is written
Bt ™ Bixe H1 %

For the point group Dﬁh the tensor Rik has only six non zero

2

components of which only two are independent.
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The components of the Hall field are then:
Byp = RypadyBs + ByspdsBy
Bas ™ BaartaPn Y MaielBy
By * Bgi9h1 B * Ryg By

By replacing the Ri k in terms of R, and R we obtain exactly the

3

same expressions for Eﬁi as above. Experimentally one measures

EHy with Jy = Jz = ( and Bx = By = U, Then

e = ©
X
EH =R J3B
v YXZ X 2
By = 0
z
The Hall coefficient determined experimentally is therefore Ryxz' it
is related to Ry and R, by the transformation law of the third rank
tensors:
Bopo Py €om dimdR  #ma(Rny- LondRy 4+ s(aymy-nym R
or
2 2 2
Roxs ™ By ™ o3 By + (m, "+ €,70R, (19)
which is of course identical with equation 13.
Describe the relationship between the xyz and X X,X, systems by
means of the Euler angles ¢w~f(F1g. 4). ¢ is the rotation of

xy By Xg about 0x3 bringlag sz into Oy'. W is the rotation of



Fig. 4. The two systems of coordinates attached to a
single crystal Hall plate. Euler angles

xyz: edges of the plate

X)X Xq: crystallographic axes



-23-—

the new system about Oy' which brings ()x3 into O0z. Wy is s rotation
about Oz bringing Oy' in colncidence with Oy. Under these circum-
stances, the direction cosimé of Oz with respect £o the RyXoky
system are;

43 = ginwcos ¥ m, = sinw sind n, = cosw

Substituting these values into equation 18 we obtain the well-known
Voigt-Thomas formla

BH = R“ coszw +R, sinzm : (20)

where w iz the angle between the magnetic field (0z) and the principal
axis of the crystal (Oxa). This is the formula that we will use later
to determine 8.“ and R.L from measured Rﬂ.

Consider now the planar Hall effect. In the Okada formulation

Ege ™ By.ehBy = (U &y + mmIRy 4 nynsRy
If the medium were isotropic E, = (22 9.3 + mm, + n,n,) R= 0, In
the Kohler formulation, however, we have just seen that E’az = 0 even
for non isotropic media., This wmethod is therefore restricted to the

proper Hall effect and has less generality.

2,3 Conventional Method of Measuring the Hall Effect

The Hall effect was first measured using a rectangular sheet
sample. The geometrical arrangement of current, magnetic field and
potential probes is sketched in Fig. 5., This conventional method
using direct current is still much in use and has been chosen in this
study. It will therefore be discussed to show its principal featmné

and limitations.
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2,31 Ezxperimental conditionms

If the voltage measured between A and B i3 to represent truly the
ilall effect, a certain number of experimental requirements have to be
satisfied, Diiferent results are obtained depending on whether the
measurement la carriled out under isothermal or adiasbatic conditioms,
In the absence of special precautions the voltage between & and B is
the combined ;esult of several galvanomagnetic and thermomagnetic
effects, Only if the temperature is maintained uniform and constant,
the true isothermal Hall effect is measured and tbe_results of section
2.2 are applicable. In practical situations, however, a longitudinal
temperature gradient is produced at the current electrodes E and F by
the Pgltier effect. The electrodes are usually of copper; not the
same material as the sample. One end is warmed, the other cooled
producing & heat flow along the plate. Arising from this gradient,
the Nernst effect produces a transverse emf which is measured together
with the Hall voltage. A transverse temperature gradient is alsoc
established. It has its origin in theé Ettingshausen effect of the
electrical current and the Righi-Leduc effect of the longitudinal
temperature gradient ) .

1f the Hall probes are of a material different from the sample,
these temperature gradients produce a thermoelectric potential difference
which reverses with current and magnetic field in the same way as thé
Hall voltage. I1f one measures a Hall current instead of the voltage,

this current generates a transverse Peltier effect, thus changing the
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temperature gradient due to the Ettingshausen effect. To eliminate
most of these errors or reduce them to an acceptable level, one can
choose among the following remedies:

a., eliminate the current contacts by using induced currents,

b. measure the Hall voltage by a null method (compensation

method),

c. veverse I and B rapidly: temperature gradients reverse

more slowly than the Hall field,

d. thermoelectric voltages do not reverse with the current

and are eliminated by reversing the current and averaging,

e. use Hall probes of the same material as the sample: then

no thermal emf appears due tc the Ettingshausen effect and
no Peltier effect due to the Hall current,

£. most of the spurious emfs can be avoided by placing the

sample in an isothermal bath. They can also be eliminated

by combining reversal of the current and the magnetic field,
In practice a compromise has to be found such that the effects not
eliminated are negligible or can be compensated for., The observed
voltage 1s thus very close to the isothermal Hall voltage even though
the conditions may not be perfectly 156thermal.

If the voltage appearing between A and B when the magnetic field
is turned on has to be due only to the Hall effect, in addition to
the precautions mentioned above, one has to realize zero potential
difference between A and B in zero magnetic fileld, If this is not the

case, the suall voltage existing before the field is turned on will be
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affected by the magnetic field and a part of the longitudinal effect
is incorporated in the Hall measurement, It is therefore recommended
to align A and B on the same equipotential before B is applied, Only
then Vy(B)-Vy(O) is a good measurement oi VH' The small contribution
of the longitudinal magnetoresistance can be eliminated by averaging
Vy(B) and Vy(-B) or by using a three probe geomeiry (see section 3.23

below).

2,32 Corrections due to the size of the specimen

So far the Hall effect has been descyibed for homogenaous samples.
Corrections may be necessary when working with an inhomogeneous
conductor. In the case of iodide titanium we shall assume that this
consdideration can be left out, the samples being homogeneous and pure
enocugh., Other requirements for a valid application of the formulas
given in sectiom 2.1 are more difficult to satisfy. They concern
mostly the dimensions of the sample. The lines of primary current
flow must be parallel. This 1s true only if the plate is infiniltely
long and of uniform thickness,

Two sources of error are related to the thickness., A nonuniform
thickness makes the interpretation of the Hall coefficient measurements
very difficult. It is then wore satisfactory to measure the Hall angle
which is not dependent on the uniformity of the plate surface. For very
thin samples there is in add}tion a size effect due to the scattering
at the surface of the specimen, This effect has been observed inm several
cases but is not well accounted for by theories. e shall discuss it

later more specifically.



The measured potential difference between A and B has to be
multiplied by a dimensionless factor £(u) in order to cbtain the
Hall voltage. This is a result of the shorting out effect of the
current electrodeas: the copper current electrodes along the short
sides of the Hall plate act as a short circuit on the Hall probes.
The correction factor £(u) is a smooth function of the parametier u =
trIPO; o is the zero field electrical resistivity, t the thickness
of the plate and r its resistance between E and F. For a rectangular
plate it is the ratiou = &b of length to width,

u <5 1.0 1.5 2.0 2.5 3.0 4,0 o0
£(u) 370 .675 847 2923 . 967 . 984 996  1.000

This caleculation assumes that the electrical resistance of the current
electrodes is much smaller than the resistance of the plate and that the
Hall angle is sufficiently small in oxrder that tanz\f be much less than 1.

Since the Hall probes cannot be soldered right at the edge of the
sample, the effective width b of the plate is reduced near the probes.
The measured value is larger than the true Hall voltage(ll). The
correction depends on the ratic of the length of one junction to the
total width of the plate.

Most of these corrections are sufficiently small in the practical

arrangement chosen so that they can be neglected.

2.33 OQther sources of error

Many other sources of error are introduced either by the method
itself or by the conditions of its performance. Surface conductivity,

field homogeneity, surface roughness are such factors. The magnitude
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of the errors introduced can be estimated from calculations or
models presented in the literature. Hereafter we shall neglect them
completely,

Ap an example of the kind of errors neglected, a second crder
effect of anisotropy in the electrical conductivity is now described.‘
Consider a single crystal in the shape of a rectangular plate with
the usual probe geometry. In the absence of the magnetic field, the
electric vector E is at an angle ) from the current demnsity J (Fig. 6).
The Hall probes are adjusted so as to be on the same equipotential line,
which makes an angle & with the y direction in which the Hall voltage
vﬂy should be measured. When the magnetic field is turned on, the
angle between E and J becomes S = 54—\? s where \p is the Hall angle.
What is called the Hall voltage and is described by the formalism
developed in paragraph 2.23 is

V., =V, () - Vy (0)
H By B,

Neglecting second order effects like magnetoresistance, the electric

vector E has the same length whether B is zero or not. Then

an Q) = VB (0) + Ed

where ¢ (d = b 8in® ) is the normal distance between the equipotentials

of B and B,. Similarly, V, (1) = V (0) + Ed' with d' = b ain 8’ .
1
Then

v, = Eb(sin8 -sin §)

The experiment, however, yields
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= o - Bin\p
VH' vB ) v]3\ ©) = Eb cos §

The error AVH = EBb ‘.sin(6+t‘7)- siny _ sin b—k vanishes in the first
cos §
order. The small magnitude of the ervor arises from the fact that & is very
small for titanium. This is best seen from the construction in Fig. 6 using
, : T2 2 2 :
the resistivity ellipsoid (xl /P.L) + (:h:2 /@) 4 (:\3 IQ“ Y =1, It can
also be cbtained from tand = EylEx a eyxj e x5 eyx a nondiagonal term
in the conductivity temsor is small. Since Q, and @, are nearly equal for
12
titanium, the ellipsold of resistivities is almost a sphere( ) and its
taagent in P 13 almost normal to OP. Thus P and ¢ are very close. The use

of V'B instead of VH to calculate the Hall field Eﬁy does not introduce a

noticeable error and the values obtalned in this manner for R and R T wiil

\
be satisfactory.
2.4 Other Methods

In order to avoid the sources of error which accompany the DC method,
other geometries and other techniques have been used to measure the Hall

effect.

2.41 Alternating curgenﬁ methods

An AC Hall voltage can be cbtained by using AC current and DC
magnetic field, DC current and AC magnetic field or AC current and
AC magnetic fileld of different frequencies(13). This voltage can be
directly amplified and recorded after celibration of the apparatus by

a known test signal., Saturation of the amplifier by the misalignment

voltage must be avoided: There should be zero voltage between 4 and B
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in the absence of magnetic field., The use of an AC compensation

wmethod gives both amplitude and phase of the Hall voltage and thus

the sign of the Hall coefficient can be found by comparing this phase
with that of the primary current. The mein sdvantage of the method

is to yield directly the isothermal Hall coefficient, the thermel emfs
being elimineted, Difficulties avice, however, from noise and stray
voltages. Shielding and grounding omst be psed and vibrations induced
by the wagnetic field in the leads must be prevented. In practice it is
therefeore hard to separate extraneous voltages from the guantity of

interest,

2.42 Methods using systems with cylindrical symmetry

a. The sasple 1s a flat disc perpendicular to & uniform magnetic
field. The primary curvent is radial., The Hall effect produces a cire-
cular current. This is called the Corbinoc effect and it ylelds a value
for the Hall angle.

be A uniform magnetic fileld which varies with time induces
circular currents in a £lat disc. & radiai Hall field appears. This
method can take advantage of very high pulsed magnetic fields. The

Hall voltage pulse between the center and the eircumference is

p 2
- 2
g Vdt = f‘g B, B
0

when B is varied rapidly {rom 0 to a maximum value of B.
¢. Radial magnetic fields can be used in conjunction with hollow

cylindrical épecimens. An induced circular current creates an axial



Hall field or, ia another version, an axial curreant causes a circulaer
Hall current.

Many other ingenious arrangements or variatioms on the
described ones can be imagined and mey present advantages over the

conventional wmethod in the particular case considered.
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3. EXPERIMENTAL APPARATUS AND METHQDS

In this investigation a DC method is used to measure the Hall
effect. Only this method has & sensitivity of the order of 5 x 101-9 volts
which is required to obtain the Hall voltage with reasonable accuracy.
Furthermore this method has been shown to be successful in similar
investigations and has the additional advantage of being very simple
in principle.

The goveruning factor in the design of the measuring circuilt is the
magnitude of the voltage to be detected, If a specimen of 2 x 4 x .005
inches is used, when traversed by a current of one ampere in the presence
of a magnetic f£ield near ten kilogauss, it exhibits at room temperature
a Hall voltage of only 2.5 x 10‘7 volté. The measurement of such small

voltages calls for special care in the design of the apparatus.

3.1 Experimental Arrangement

The photograph on the following page (Fig. 7) shows the experimental
arrangement used for the measurement of resistivity and Hall coefficient
of a titenium sample, from liguid helium temperature to room temper-
ature, The specimen is located in the gap of an electromagnet, inside
a double metallic Dewar vessel. Electrical leads carrying the current
or belonging to various circults connect the specimen to power supply
and measuring instruments, mostly potentiometers. These circuits allow
the measurement of the Hall voltage after partial amplification and of

the other quantities of interest: current, temperature, resistivity.
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In the photograph one can also see the magnet power supply and
the nuclear fluxmeter used to measure the strength of the magnetic

field.

3.2 The Electrical Circuit
The electrical circuit used to determine Hall coefficient and

resistivity is depicted schematically on the diagram of Fig. 8.

3,21 Specimen and specimen holder

The specimen is a thin rectangulgr sheet of titanlum of about
12 cm long, 4 cm wide and .0l cm thick; The current electrodes E and
F are along the short sides of the platé. The correction for finite
length is small in this case: u = ﬂIb is near 3 and the corresponding
correction factor f(u) is 0,98, This factor has been calculated by
assuming the electrical resistance of the current electrodes, two
copper strips, much smaller than the resistance of the sample and
the Hall angle such that tan2%>is much less than one (in titanium
canq)a’é X 10-4). These conditions are satisfied. Furthermore for
the thickness chosen, no appreciable size effect is expected, if
titanium behaves in a manner very similar to other metals,

The specimen is attached to a bakelite holder which serves as a
support for the sample itself as well as for the electrical connections
and leads., It is shown in Fig. 9. One end of the sample is clamped
against the holder by means of the current electrode, the other end is
free. The long sides of the specimen are maintained against the bake~

lite holder by small pieces of bakelite tightened by brass screws.
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Fig. 9. Specimen of titanium mounte

for Hall coefficient anc
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However the specimen can contract or expand without being restrained
by the holder. Ho stresses are thus introduced when it is cooled
down, The specimen and its holder are wrapped in a thin sheet of
insulating material (uylar), to prevent any metallic part from
coming into contact with the cryostat and to avoid a leakage or a

short circuit.

3.22 (Circuit for the measurement of resistivity

This circuit provides the current I through the specimen and
allows meaduring it. The addition of two potential probes € and D
provides a four-lead potential-terminal resistance circuit.

The DO current is obtained by conmecting the electrodes E and F in
series with a portable transistorized power supply (Universal
Electronics Company, model L 3501l). This power supply can be
utilized as & source of constent current. The output voltage is
regulated and éhanges by only 5 o¥ per 10% line change. The ripple
has an rms ¢f less than 500 microvolts. There is a slow drift, of
the order of 20 nV, over a period of eight hours. The warm up takes
twenty minutes. 4 switch is provided to open the circuit and to
reverse the direction of the current. The current can be varied
from 0 to 1 ampere. An ammeter in series in the circuit gives a
coarse reading of its value. A wmore accurate measurement is achieved
by placing the Leeds and Horthrup shunt box (Catalog No. 4385) ia
series in the circult and measuring the voltage drop in the shunt

with a Leeds and Horthrup potentiometer of type K (Catalog o, 7552).
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The current is then obtained by multiplying the reading of the
potentiometer by the factor appearing on the range dial of the

shunt box. The Leeds and Northrup type K potentiometer allows to
measure voltages from O to 1.6 volts with four significant figures.
The current leads are of copper and their diameter is chosen such

as to minimize the total amount of heat that they introduce into
the Dewar through Joule effect.and heat conduction. The use of
electrodes covering the whole width of the specimen favors a2 uniform
current density within the sample. J has therefore a constant value
end is directed along the x axis, especially near the center of the
specimen, where the Hall probes are located.

The resistivity of the specimen is obtaimed indirectly by
measuring the voltage drop between the points € and D located on the
longer side of the plate, a distance £ apart. The resistivity
potential probes consist of two small copper c¢lamps, making
almost apoint contact with the specimen through a small brass screw.
A thin sheet of mylar isolates the titanium sheet from the copper
clamp itself., C and D are located a certain distance away from the
ends of the plate, where end effects are nc longer felt and J has
reached a uniform distribution. The voltage drop VCD between C and
D is measured by a compensation method using a Leeds and Northrop
type K-3 potentiometer (Catalog No. 7553). The nuli detector is a
galvanometer (L& No. 2430). The voltage to be balanced with the

potentiometer is in the millivolt region. It is most accurately
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measured when the highest sensitivity range is used (0 to .0Gi16110 wvolis).
Then the precision of the reading is + (.015% + .5 nV), including
uncertainties in measuring and standaydizing, The potentiometer has

a "reverse emf™ position, making possible the measurement of voltages

of both signs without changlng the lead commections.

3.23 Circuit for the measurement of the Hall voltage

The D¢ voltage, developed by the shift in the equipotentlial lines
and due to the magnetic field, can in principle be measured by just
adding two potential probes across the specimen in the y direction,
wing to the small magnitude of the effect, the presence of pavasitic
voltages and their dependence on all experimental varisbles (current,
mgnetic field, temperature, contact potentials), special care mst
be taken in mounting the probes. Following the conclusions arrived
at in section 2.3, titanium wires are taken as potentlal leads in order
to eliminate thermal emfs due to several transverse effects, when
the specimen is not placed in an isothermal bath. In order to be able
to align the two probes A and B on the same equipotential line in the
absence of the magnetic field, the followlng probe geometry is used.
On one side of the specimen, probe A is replaced by two probes ﬁl and

A, about 5 mm apart and located on opposite sides of the equipotential

8]

?l A

iy

fo¥ 1 and ﬁz are connected to a 10 ohm voltage dilvider with a fine
adjustment (a 10 ohum Beckman Helipot). A is then the point on the slider

of the Helipot. The voltage V&B can thus be varied continucusly between .
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VA B and VA » and brought down as close to zero as the fineness of
1] 2:.-

the divider can permit. This adjustment is most sensitive 1f the
separation between Al and Az is small: a distance of 5 mm is

sufficient, because it allows room for the probes and makes it

relatively easy to locate Al and A2 on opposite sides of the
eguipotential of B, This method has two perturbing effects on the
measurement, First, it causes a modification of the current distribution
in the sample near the Hall probes: & small current circulates

through the Helipot, in parallel with the sample between &y and Az.

This current, however, is very small in comparison to the current

through the specimen, the ratio of the resistances of the two branches
being about 104. For practical purposes the current lines in the
titanivm plate can be considered as unaffected. The second effect of the
three probe geometry is a change in the sensitivity of the Hall
measurement itself,

Fig. 10 represents an “equivalent” or reduced diagram of the Hall

voltage measuring circult. The alignment of the probes is reslized when

Call E? the voltage at the terminals of the potentiometer, VH the Hall

voltage., LIf perfect balance is realized, EP = VH and there is no
error. Lf there is é slight difference between EP and VH' correspond-
ing to ome division of the finest decade of the potentiometer, a current
i will circulate in the whole circuit: Vy - E, = (P + " +R) i = Av.

Re is the resistance equivalent to the net R, R', ¥, v'. It is given
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Fig. 10. The three probe geometry. Equivalent diagram.
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The actual values of the resistances imwolved in these formulas make it
posaible to simplify the equations by neglecting smaller terms. Resistances
in the sample itself, r, r', r'", are fractions of a wmilliohm. Resistances
in fhe Helipot, R and R', are much larger (R + R' = 10 ohms)., The value

of ?, the resistance of the leads and the internal resistances of the

potentiometer and the galvanometer, is about 30 ohms. If ‘E}*l and .«5.2 are

~
~

symmetrically located with respect to B, R end R' equal 5Q and R, equals

2.5 . The current i produces a deflection of the galvanometer correspond-

P

P4+ R o
e

ing to a voltage AEP = Piw=

The value read with the potentiometer and the galvanometer for the Hall

voltage 1s then V'H = E, + AEP instead of thie actual value of vV, = Bp +4V.

%

The error is minimum if va = 1—-«;;..13:;73;

Since P is given, this condition requires Re to be small, For the Helipot

is as close to 1 as possible.

used, AEP

R, = 2.58. and ~ .90

oV
It is much easier to make this correction, than tc avaluate the perturbation

introduced by a nonuniform current, which would exist if the Helipot had a

much smaller resistance.
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The error on the Hall voltage itself is VH v H_ = 0,100V

VH EP + AV

In the actual casepV = .05 Vy and EPzi .25 ‘;V. The error is then
about 2% and the observed value is less than the actual voltage. This
factor compensates almost exacély for the effect of the finite length
of the plate.

An additiomnal advantage of the three probe geometry is that it
eliminates the effect of fluctuations of the primary current on the
Ball measurement, If the probes are not aligned, there is a bias voltage
superimposed on the Hall voltage, which is proportional to J and £luct-
uates with it. Averaging VAB (8) and VAB(-B) does not get rid of the
fluctuating pert of this voltage. When the probes are aligned, this
bias voltage stays zero whatever J does. The practical realization
of this circuit is now presented.

At points Al A2 and B titanium wires are clamped onto the specimen
by means of brass screws., Electrical contact with the specimen is
established by spot welding or just pressing the leads against the
specimen, Special care is taken to prevent any contact of the clamp or
the tightening screw with the titanium lead and the sample. Outside the
Dewar, the titanium leads are changed to copper in an isothermal oil bath.
Two copper leads commect then the slider of the Helipot and the lead
coming froﬁ B to the enf terminals of a Leeds and NHorthrup Wenner
potentiometer (catalog No. 7559). This instrument measures low DC
voltages with high accuracy and reliability. The design largely over=-
comes inevitable parasitic emfs and resistance variations at the

adjustable contacts. The null detector is a Leeds and Rorthrup 2284-c
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reflecting galvanometer with a semsitivity of 0.1 wW/mm on the scale.
In the low vange, voltages from 0 to .0111l1il1 volt can be measured to
the nearest 0.1 FV' Interpolation on the scale permits readings to be
made within 0.01 Pﬂ. The systematic errors due to comnstruction, cali-
bration and standardization are * .0l%. To improve the accuracy of the
measurement, the Hall voltage is first balanced to the nearest 10-7 volt
with the Wenner potentiometer., The remaining voltage, less than 10'7
volt, is amplified by a Beckman Model 14 DC breaker amplifier and read
on a Du Mont vacuum tube voltmeter (type 405). The method is no longer
a perfect null measurement, but the errors iniroduced are negligible.
A two position switch allows to direct the output of the Wenmer potentio-
meter elther toward the galvanometer or the amplifier. A similer switch
is provided on the imput connections to the potentiometer, to enable
the measurement of voltages of both signs.

The amplifier is designed for the measurement of voltages in the
microvolt and fractional microvolt region, It has a noise level within

a factor of 2 of the theoretical Johnson noise (maximum noise 3 x 10-9,

rms 1 x 10“9

volt). Ianput signals up to 300 Fv may be applied without
overloading., The whole Hall signal could therefore be amplified. However
the sensitivity would be much smaller and the output voltage would no
longer be proportional to the input, as can be seen from the output
characteristics (Fig., 11). The system can be calibrated by means of a

test signal control on the amplifier, or by making 10-7 volt changes by

rotating step by step the last decade dial of the ienner potentiometer.
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Fig. 11. Output characteristics of the Beckman
Model 14 DC Breaker amplifier.
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& zero positioning contrel is provided for bucking out residuals in

the input circuit. The instrument has a warm-up period of one hour

and a drift of less than .005 BV per day. It has good signal to noise
ratio, provided the input circuit has an ilmpedance between 7 and 60 ohms
(nominal impedance: 20, impedance of the actual circuit 25SL),

In order to take advantage of the full sensitivity and accuracy of
the amplifier, an all copper circuit is used and special solder is
employed to avoid thermal emfs as wwch as possible, To prevent unwanted
electromagnetic signals from belng picked up, the two input leads are
kept close together and unnecessary loops are avolded. The pick up
is further reduced by shielding the whole circuit, the metallic Dewar
being part of the shielding. Hevertheless, a noise level as high as
005 ry was left¢ and had Lts origin mostly in the potentiometer and
the Helipot. The latter, not being of copper, also introduced thermal
drifts. Additional precautions consisted in avoiding elecirical leakage
between various elements, including the ground, and mounting the lead
wires fairly rigidly iaside the bakelite tube and on the specimen holder,
thus reducing induced voltages in the measuring circuit caused by
vibrations or small magnetic field vaviations. The output at mexiwmum
gain of the amplifier_could be convenlently measured on the 10 wvolt
scale of the voltmeter and the vibrations of the needle about its mean

position gave an indication of the noise and pickup in the circuit.

3.3 The Magnet System
The magnetic field used in this study was obtained from a Varian

twelve inch electromagnet. The complete magnet system is now described.
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3.31 The magunet and its power supply

The twelve inch electromagnet system provides an exceptionally
stable magnetic field. The model V 4012-3 B electromagnet is capable
of supplying large volumes and wagnitudes of uniform magnetilc fleld as
required in this study, The magnet is equipped with cylindrical, ring=-
shimmed pole pleces, which give maximum uniformlty of the £field., In
the central section of the gap, the field is uniform within 1 part in
30,000 over an area of 4 1/2 inches in vertical and 4 inches in hori-
zontal extend. The specimen is entirely located in this region. The
air gap between the pole pileces 18 2.75 inches and the maximum field
of 10.2 kilogauss can be reached for a magnet current of 2.0 amperes
per winding section,

The model V 2100 B regulated magnet power supply generates highly
regulated direct current; It is possible to stabilize the current even
further using the feedback of a signal derived from a NMR signal. The
output can be varied from 0.02 to 2.0 amperes., The regulation of the
output current against input line voltage changes or magnet load re-
sistance changes of 10% is as good as one part in 100,000, The direction
of the magnetic field can be automatically reversed from the operating
panel of the power supply thanks to a field reversing mechanism installed

in the power supply.

3.32 Measurement and control of the magnetic field

The magnetic field in the central section of the gap, where the

specimen is located, is determined by weans of the Varian F8 nuclear



fluxmeter., This instrument is désigned for accurate measurement and
control of magnetic f£islds from 1 to 52 kilogzsuss. It operates on the
principle of nuclear magnetic resonance. A sample of protons or deuteroms,
the muclear resonance characteristics of which are accurately known, is
brought to magnetic resonance by the simultaneous application of a known,
variable frequency, vf field and the magnetic fleld to be measurad. The
frequency of the rvf field is varied until a2 nuclear resonance signal is
induced, or altermately, the magnet current ls increased until resonance
occurs for a preselected frequency. The rf tuning dial provides the
operator with a direct read out of the magnetic field in gauss. A
discriminator cirvcuit in the fluxmeter functions to keep the magnetic
field constant by automatically adjusting the power input to the magnet
coils, in the event of line voltage fluctuations or thermal variations.
There are more accurate ways to interpret the resonance signal than
just reading the tuning dial ( + 5% uncertainty). An additional scale,
a logging scale, is provided on the tuning dial, GCareful reading of this
scale in conjunction with the calibration curves furnished with the
iluxmeter permifs measurements accurate within + 0.2%. It is possible
to achieve even more accurate measurements by monitoring the transmitter
frequency with an external frequency measuring device. By this method,
field intensity in gauss may be measured within 4 0.05 gauss. The proton
sample has a resonance frequency of 4,2577 wmegacycles per kilogauas and
is useful for fields between 1 and 8 kilogauss, The deuteron sample has
a NMR frequency of 00,6536 megacvlces per kilogauss and covers the range

from 6.8 to 52 kilegsauss.



Accurate determination of the magnetic field is only meaningful
if the field is uniform and has the same value at the point where it
is measured and in the specimen. In order not to perturb the field
homogenelty attained by the equipment just described, no ferromagnetic
nor strongly para- or dliamagnetic materials are used in the constructiom
of those parts of the apparatus that are located in the gap of the
magnet. Only brass, copper and bakelite are used. Titanium itself has
a susceptibility of 1.5 x 10"° C.G.S. and there is no detectable dis-
crepancy between the magnetic induction in the sample and at the location

of the NMR probe.

3.4 'The Cryostat
In order to make possible measurements of the Hall coefficient and
conductivity over a wide range of temperatures, a liquid helium cryostat

has been designed and constructed. It is diagrammed in Fig. 12.

3.41 Description and operation

The cryostat consists of two metalliic, coaxial Dewars. Kach Dewar
is made of a stainless steel cylinder, terminated by a copper part with
rectangular cross section, to fit into the air gap of the electromagnet.
Each vessel has a double wall, the shell or jacket left in between being
evacuated under normal operating conditions. High vacuum valves are
provided to allow reevacuation before every low temperature test or as
often as necessary. A metallic cryostat has been preferred to glass
because of the large size of the vessel needed. Furthermore, only metal
is strong enough to enable the use of a rectangular cross section which

takes best advantage of the limited volume of high and uniform magnetic



ELECTRICAL LEADS

/

VACUUM VALVE

VACUUM VALVE

LIQUID NITROGEN—|
COMPARTMENT

BAKELITE TUBE— |

LIQUID HELIUM— |

;

COMPARTMENT

MAGNET

|

=d I

Ir

T
-
T

LUCITE COVER

| __~OUTER DEWAR

/INNER DEWAR

SUPPORTING TABLE

-SPECIMEN

POLE PIECES

Fig. 12.

vGth

Schematic diagram of the cryosctat,.



field available. Copper has been preferred to stainless steel for

this part of the cryostat, although it has less strength, because it
has lower magnetic susceptibility and thermal properties favoring the
persistance of isothermal conditions even in the absence of a fixed
temperature bath, The weak points of a metallic Dewar are the presence
of long welds: A leak is more likely to cccur than in a glass vessel.
The walls have not been silvered making its thermal characteristics
less favorable. The heat-flow by conduction and radiation into the
cold section of the cryostat is relatively largze.

. The inner Dewar contains the bath at the temperature of which we
wish to bring the specimen., It is liguild helium, liquid nitrogea or
PBuPont freom 22. Other fixed points could be used without much compli-
cation. When liquid helium is used, the space between the two vessels is
filled with liquid nitrogen. Temperatures below 4.2° could, in principle,
be reached by partial evacuation of the inner Dewar, which can be
completely closed by means of a lucite cover and an o-ring seal.
Temperatures between the fixed points are obtained by letting the helium
evaporate completely and the system warm up naturally until it reaches
liquid nitrogen temperature. This temperature rise takes four hours and
enables one to make several measurements with nearly uniform temperature
of the specimen at any stage. After the liquid nitrogen in the outer
Dewar has completely evaporated, the temperature rises agein, slowly,
up to room temperature. Thus any temperature between 4.2 and 295K can

be reached, but not maintained. The whole warm up process takes 18 to 24
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hours. For a glass Dewar this period would be considerably longer.

To prevent excessive condensation of moisture on the copper part of the
Dewar, a 25 watt heating tape is wound around it, protecting the pole
pieces against rust formatiom.

3.42 (Considerations governing the design of the cryostat

The general shape of the cryostat and most of its dimensions are
determined by its function, the size of the specimen, the dimension of
the pole pleces and the air gap of the magnet. Only the thickness of
the plates to be used has to be calculated, A compromise has to be
realized between two conflicting factors, The plates have to be thick
enough to stand the pressure, not to deform permanently and especially
to prevent opposite walls from coming into contact by elastic deformation.
On the other hand, if one wants to keep down the rate of heat inleak
through conduction by the walle, and also meintain open as large an
inner cross-section as possible, the walls have to be of minimum
thickness. The separation between opposite walls in a vacuum jacket
should be large in order tc keep down the heat transfer by radiation.
Rather crude calculations can be carried out to determine the minimum
thickness of the plates capable of standing a load of 15 psi. They are
based on the elastic deformation of rectangular plates under uniform
load with various boundary conditions(la). Once the dimensions of the
cryostat are all fixed, calculations are made to estimate the rate of
heat transfer from the outside into the Dewar and obtain an order of
magnitude of the rate of evaporation of the liquids used as coolants,
A small fraction of this transfer takes place through conduction by

the walls of the cryostat and the electrical leads (about 15 to 20%7).
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Due to the large thermal gradients in the evacuated jackets of each
Dewar, the largest part of the heat inleak occurs by radiation., The
liquid helium, with a low heat of vaporization (900 calories per liter),
boils off at the rate of about one liter per hour, Liquid nitrogen,
which exchanges heat with the room directly and by a large area,
receives much more heat, but, because of its higher heat of vaporization

(40,000 cal/l), it evaporates only at 1.5 to 2 liters per hour.

3.43 Testing the cryostat

The good ﬁorking conditions of the cryostat depend primarily on
the quality of the vacuum realized and the length of time a good vacuum
is kept. They can be checked in two different ways. A first test consists
in following the pressure rise inside each of the vacuum shells by means
of a type G.P, 140 Pirani Gauge (Congolidated Vacuum Co.), when the whole
system is at room temperature. Any value larger than Z'gper hour, the
normal rate of increase due to the outgasing of the walls, is an in-
dication of a leak or some other defect. During the experiment itself,
it is more convenient to consider the rate of boil off of the liguid
helium and nitrogen. If the consumption of any of these two elements is
significantly larger than the values estimated above, a defect mizght be
present and should be located systematically using a leak detector. Ome
has however to take into account an increase in helium consumption, due
to the heat produced by very intense eddy currents set up in the part
of the Dewar which is in contact with the liquid helium every time the

magnetic field is reversed.
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3.5 Tewperature Determination

The temperature range covered is best separated into two intervals:
above 20°K thermocouples can be used as thermometers, below 20%K methods
using resistance or helium gas thermometers are more successful. In the
present study a copper-constantan thermocouple was used jointly with
carbon resistors. DBoth were calibrated over the entire temperature range
of interest. This method was preferred to a more reliable platinum
resistance thermometry, which cannot be used below 20°%. Furthermore

" only moderate accuracy is necessary for the present study.

3.51 zg@perature measuring circuit

The circuitry for the measurement of the temperature in the cryostat
is represented schematically in ¥Fig. 13. There are actually two in-
dependent circuits, one using thermocouples, the other carbon resistors.

In a thermocouple, the temperature sensitive element is very small
and has quick response, making 1t possible to follow varilations of
temperature at a point. The simplest combination for low temperatures is
copper against constantan. Its thermoelectric power is more favorable
than that of other commonly used combipatioms. At the ice point it
is 39 erl"c; at 10°K it has dropped to 4 nV/°C, which is still measursble,
In the circuit shown there are three junctions: One i3 a reference

junctionplaced in an icothermal bath of known temperature (liquid

nitrogen or ice), the two others are located at both ends of the specimen
holder. This arrangement enables the measurement of absolute temperatures
as well as of longitudinal temperature differences along the specimen.

Beaded junctions are obtained by heliarc welding. In the low temperature
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range,it is advantageous to use & referemce junction at liquid
nitrogen temperature in order to reduce the error due to this
reference temperature. The thermal emfs are measured by means of
the K-3 potentiometer within G,5 HM. This sensitivity permits the
use of thermccouples even at &. OA, where the thermoelectric power
is very small. The ilwmpossibility of having the thermocouple junction
in contact with the specimen may cause an error in the temperature
determinntion,eapeci&lly during the warm up perilod, where specimen
holder and specimen may not be &t the same temperature. However,
because of the slow temperaturerise and the presence of a large mass
of copper surrounding tﬁe specimen sssembly, this discrepancy is
assumed small or comparable with the accuracy desired.

The circuit containing the carbon resistance thermometers was
originally meant to cover the rangé from 4.2 to 50%%. Carbon or semi-
conducting materials have an increasing resistance with lowering
temperature in opposition to metals like platinum, the recistance of
which becomes much less temperature sensitive below 20°%. The
resistance of the temperature sensitive elements is measured by the
voltage drop across them when traversed by a small curremt (small to
preveat heating of the resistors). The sensitive elemeats are homemade
from ordinary zradio resistors (a 10 ohm Allen Bradley and a 3.6 ohm
Uhmite resistor were used)., The bakelite insulation is ground off and
replaced by a thin baked-on coating of Glyptal varnish, Thus the element

(15)

takes rapidly the temperature of tha surroundings The advantage of



carbon resistances over metallic ones is their much smaller change in
presence of a magnetic field, The principal difficulty is to obtain
reproducibility. Frequent recalibration is needed. Two such elements

are used to enable the detection of eventual temperature inhomogeneities.

3.52 (Calibrations

Por the thermocouple, rvegular thermocouple wire was taken (Leeds
and Northrup 24 B & S gauge, with insulation) for which the calibrations
of 1921 or 1938 are valid. At several fixed points the measured and
tabulated emfs were compared and the emf versus temperature curve for
the 2ctual thermocouple established., This curve was extended down to
4.2% partly by continuity and partly by comparison with the indication
of the carbon resistances. This method does not pretend to be very
accurate.

Betwean liquid nitrogen and room temperatures, the indications of
the thermocouple helped to determine the resistance versus temperature
curve of the carbon elements. & smooth curve was then drawn, joining
this branch of the curve to the valve at 4.2°K (Fig. 14)., This procedure
was preferred to anm analytical determination of the coefficients of the
theoretical relation,

in R T

The number of data did not justify a least squares determination of
Ay, B and k, The curves of Fig. 14 helped then to draw the low temper-

ature portion ¢f the thermocouple calibration curve (Fig. 15). This
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procedure is good enough since an uncertainty of + 1°C in T is
considered tolerable, llowever, readings on the potentiometer are
fay wore accurate and with an exact calibration ¢f the thevrmocouple,
the temperature could be read vithin hundredihs of & degree, even
below 20%K.

Pericdic checks at room tewpersature, 4.2 and 77.4°K of the .
indications of therwmocouples and carbon resistors showed a satisfactory
stability of both lastruments under the conditions of the experiwent
{repeated thermel cycling).

in practice,once the thermocoﬁple had been calibrated cover the
vhole range of interest, i1t wes used alone, because 1t is much more
convenlent, Furtherwmore, it is more likely te gilve an instantaneocus
temperature, not tco far frcm the actual temperature of the specimen,
whereas the carbon resistors take umch lomger to reach the temperature
cf the surroundings, During the warm up period, aun average temperature
vas assigned to each measurement by taking the mean cf the temperature

read just before and just after the actual measurements.

3.6 Operating Procedure and Calculation Methods

Before each test, both shells of ;he cryostat are evacuated by means
of a mechanical vacuum pump to about 40 microms of mercury., The power
supply and the amplifier are turned on, The inner Dewar is cooled down
to 77.6°K by pouring just enough liquid nitrogen into it. The outer
Dewar is then filled with liquid nitrogen and an atmosphere of helium
is maintained in the ioner Dewar, completely isolated from the atmosphere.
Sufficient time is given for the whole system to reach steady state

conditions at that temperature. The current through the speclmen is



el

turned on and the Helipot adjusted, such as to minimlize the voltage
between 4 and B, The magnet power supply and the cooling water are
thes turned on and liguld helium Is transferred into the inner Dewar,
uniil iis level is well above the speclmen., The operation requires
a total amount of helium of nearly 10 liters. The magnetic £ield is

adjusted to its desired value and measurements can be started.

3.61 Resistiviiy measurements

The resistivity can be computed from the experimental determination

of the current, the voltage drop VCD

temperature are taken as the average of readings taken just before and

and the temperature. Current and

just aiter the measurement of VCD' in this manner variations of these

quantities over the time of & measurement are taken iato account
(drift in the power supply, of the temperature, gradual change in the
resistance of the civcuit). The result of this measurement is a
resistance RCD’ easily convercible into resistivity,

v
Yoo e, &y .
R* ~§ %=k 3 &V = Vo)

kl iz a geowmetrical factor depending on the dimensions of the specimen
and the distance { between the probes ¢ and D, In this formule, an
average value haa been cobtaiped for the thickness t from the weight of
the sample. Since this measurement is made in presence of a magnetic
field, Q contains wagnetoresistance, However, the error thus introduced

(16)

is negligible:

—%‘-’- - Etﬂz & 6.6 x 10™7 5224 % 10™° vhen K = 8 kiloganas.

This is smaller than the experimental uncertainty.



3.62 The Hall voltage

In presence of a magnetic fileld the voltage between A and B can

be written
VAB(B} ", Vl(J) + R,.BJ

B is the magnetic induction, J the current density. VI(J) is a small
voltage, depending‘on J, due to the imperiect alignment of probes
A and B and the anisotropy of the resistivity tensor. RH is the Hall‘
coefficient and VD is a spurious voltage including thermals in the
measuring circuit, pick up from the building, various thermomegnetic
and galvano-magnetic contributlons. The voltages included in Vo can be
separated into those which are constant or time dependant, those which
reverse with J, or B, or J and B, those which depend or do not depend
" on B, No measuring techulque can eliminate them all, nor even separate
them from the Hall voltage. VO is found to fluctuate in an unpredictable
manner and with no apparent periodicity. 1Its magnitude increases with
temperature and makes Hall measurements more difficult., Because of the
presence of Vs the full accuracy of the amplifier had to be sacrificed
to a wmore rapid method in which fluctuations in VO have less effect: the

fractional part (<‘.I.()"7

volt) of the voltage was estimated visually from
the deflection on the galvanometer scale. Furthermore easch mezsurement
had to be repeated several times and averaged to eliminate as much as
possible the random fluctuations. Due to the limiting values at temper-

atures below 77°K of electrical and thermal properties of the materials

used, Vo was very small and had no widely fluctuating part in that range



of temperatures, Reasonable accuracy was then possible in the
determination of VABCB)' The Hall voltage is obtained as an

average over three measurements of VAB: with the magnetic field
in one direction (Vﬁg)), then in opposite direction (Vég)), and

then back to the initial direction (V:g)).
v, = -g;—-[vg)(a) +vQe) -2 Viﬁ’('m]

This procedure eliminates V1 as well as those parts of vo which do
not reverse with the magnetic field. It does not get rid, however,

of the fluctuating part of VO and some of the thermomagnetic effects.
Reversal of the currvent eliminates most of the latter, whereas the
effect of the fluctuations cannot be compensated for. Above liquid
nitrogen temperature, where they become important (comparable in
magnitude to the ﬁall voltage), the Hall voltage can no longex be
measured, unless Vo is considerably reduced by putting the specimen
into an isothermal bath.

At fixed points, where the temperature can be malntained comstant
over a longer.period of time, the magnetic field dependence of Vﬁ has
been investigated by varying B from 3 to 9 kilogauss. If VH is not
proportional to B, all measurements ﬁave to be made with the same
magnetic field.

From the Hall wvoltage, the Hall coefficient itself is derived by
the following formula:

R (D) =V, x _t_ =k, x '8
B I I



3.7 Accuracy and Limitations

Tﬁere are two different categories of uncertainties involved
in the determination of resistivity and Hall coefficient., First,
the errors in the determination of 8, £, t, b introduce an un-
certainty in the numerical factors kl and kz. They are the same
for all experimental determinations on a glven specimen. On the other
hend each individual measurement of VE or AV involves errors varying

with each experimental point.

3.71 Resistivity

The larger part of the uncertginty in the resistivity values comes
from the pumerical factor k; = tb/f{ . The dimensions b and ¢ are
several centimeters and are known within 1%. The width b of the plate
can be considered comstant within the same factor. The value of t is
obtained indirectly and has a relative uncertaianty of about 1.5%, most
of it due to the dimensions, not the mass. kl has then assoclated with
it an uncertainty of nearly 4%.

On the other hand, AV is read on the K-3 potentlometer within C.5 v
and I is given by the type K potentiometer with four significant figures.
However, the drift of the constant current supply reduces the precision
in I to 0.1%. The resistance RCD is therefore measured at + 0.2% (magneto~
resistance changes are 4 x 10'5). Another important source of error in
the resistivity versus temperature curves arises from the uncertainties
in the temperature measurements. ot only way the temperature not be

uniform over the entire specimen, but it may also be different from the
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temperature recorded by the thermocouple. In unfavorable cases, the
differential thermocouple registered a 1% temperature difference
between top and bottom of the specimen, This is of the same magnitude
as the uncertainty in the low temperature part of the calibration curve.

One can therefore not expect to know T to better than # .5 or 1'10.

3,72 Hall coefficient

The uncertainty in the Hall coefficient has a threefold origin.

The major source of error is introduced by the measuring technique itself.
What has been chosen in section 3.62 to represent the Hall voltage
contains, in fact, several small transverse effects, negligible oaly if
perfectly isothermal conditions are set up, i.e., at a very few fixed
points., Due to the misalignment of the probes, part of the longitudinal
effects is measured together with the Hall effect. A systematic error

is introduced if the specimen is not perfectly normal to the magnetic
field lines. Thanks to the use of titanium leads and an averaging
procedure, the resulting error in Vﬁ should not exceed 3%.

In the second place, there is the uncertainty in the cooversion
factor k, = t/B. The magnetic field, 8 or 9 kilogauss usually, is
determined from the logging scale of the NMR fluxmeter within # 10 gauss
or 0.1%2. The homogeneity of the field over the region of the specimen
is better than this value. As far as t is concerned, its average value
is determined to 1.5%, but its lack of uniformity causes a perturbation

on VH’ which cannot be numerically estimated and which is not completely

compensated for by taking an average value. WNevertheless, the uncertainty
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in kz should not be greater than 2%.

Finally,uncertainties are introduced by the measurement of vy
and I. The current is measured in the same way as for resistivity
calculations, Its relative uncertainty is .1% and‘can be neglected
in comparison with the scatter and uncertainty in the Hall voltage.

The nolse VO, always present in the observation of » becomes

n
increasingly troublesome as the temperature is raised, requiring several
measurements to be taken and averaged and the time between measurements
with reversal of the magnetic field to be kept as short as possible.

This difficulty is the major drawback of the method and leads to an
uncertainty 1n.vg which can zeach 3% or more (a typical measured

voltage is then .30 nV & .02 wV).

The combined effect of all these sources of error leads to an
experimental uncertainty in the Hall coefficient of 5 to 10%. The
accuracy is better below 77°K where Vo is small and steady. aAbove
77°K reliable values can only be obtained when the specimen is placed
in an isothermal environment with controlled temperature., This difficulty

reduces the chances of finding a general quantitative interpretatiom of

the results.
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4. SPECIMENS

4,1 Origin end Preparation

The specimens used in this investigation were made from & piece of
iodide titanium, asbout 5x4x0.4 cm, cut from a strip of hot rolled, re-
melted titanium. The material was obtained from the U. 8. Army Ordnance
Corps, Watertown Arsenal Laboratories. Part of the same plate has been
used previously for accurate lattice parameter determination as a func-
tion of tem@etature(17>. The plece of metal was milled on both sides in
order to remove the contaminated layers developed during previous opera-
tions.

No guantitative chemical nor spectroscopic analysis of the material
was available, fHowever the iodide process leads to very pure titanium,
This is confirmed, on the one hand, by the measured values of the lattice
parameters, and on the other hand, by the ratio of the resistances at room
temperature and liquid helium temperature, which was quite high (around 30).

The piece of titanium of initial thickness of about & ma was first
cold rolled into a strip 0.02 cm thick., After this 95% reduction, part of
the sheet was kept to that dimension, whereas the rest of it was reduced
further to a final thickness of 0,000 cm. GSpecimen No. 1 was made out of
that sheet. However, before measurements could be made, a stress relief
treatment had to be performed. The specimen was heated for one hour at
500°c. Since titanium is a very reactive metal, the specimen was first
cleaned in an acid etch of equal parts of nitric acid, hydrofluoric acid
and glycerin., This insured that ilmpurities, contained in the surface layers
and coming frow the rolling mill or superficial oxidation, were removed and

prevented from diffusing into the interilor of the specimen during the subse-



<70~

guent heat treatment, The specimen was sealed in a pyrex tube filled with
purified helium. Care was taken to insure that the specimen did not touch
the pyrex by being clamped between two larger sheets of titanlum. This
procedure had the further advantage of straightening the specimen, which was
no longer perfectly flat after the cold rvolling. A 'getter'" was heated in-
side the tube to capture the remaining traces of oxygen and nitrogen prior
to the treatment, After the treatment, the specimen was guickly returned
to room temperature., It was then cut to the final dimensions with straight
and parallel edges. A back reflection pinhole diffraction pattern with
copper sxradiation wag taken on a fraction of the specimen and compared with
a similar pattern made prior to the heat treatment. The broad diffuse Debye
ring had been replaced by two much sharper and well resolved rings corres-
ponding to the 51 doublet, proving the effectiveness of the treatment.

The two other specimens were obtained from the remaining part of
sheet that had received only a 95% reduction. This sheet was treated for
stress relief before any further reduction,in the way just described for
specimen 1, Then a piece of about 12 cm long was cut out of it and cold
rolled in the transverse divection, in order to produce a different texture.
However, the thickness could only be reduced from 0.2 wa to 0.1 mm. This
specimen was sealed in a pyrex tube and treated for one hour at 500°C with
the precautions already mentioned. The result was specimen Ho. 2. After
all measurements on it were completed and a piece saved for x=-ray iavesti-
gation, specimen 2 was annealed in order to produce a third texture. For
this purpose, it was enclosed in a quartz tube with a titanium getter and
rested only on titanium supports away from the quartz walls. The specimen

was heated for ome hour at 950°C. It was then brought back to room tempera«
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ture. This recrystallized sample was designated specimen No. 3.

Before mounting each specimen for Hail measurements, the dimensions
were measured, in particular the average thickness. A& check with a micro-
meter revealed that, at least for specimen 1, the thickness varied appre-
clably about the mean value. This is a consequence of the chemical etch:
the lead dish in which the operation was carried out, was too small to

enable the etching of the whole specimen at the same time.

4.2 Principle of Texture Determination

In order to interpret the results of the Hall coefficient determina-
tion and in particular to relate them to the intrinsic galvanomagnetic co-
efficients By and R, , the knowledge of the texture of each specimen is
required, i.e., the orientation of the grains in the polycrystalline sample
and the relative importancae of sach particular orientation. The interest
of highly textured specimens, where one particular grain orientation is pre-
dominant, iz that such specimens reflect to a greater or lesser degree the
properties of a single crystal. Rough calculations can be carried out by
replacing the specimen by a single crystal having the mean orientation of
the grains of the polyecrystalline sample, Deformation and recrystallization
textures, a2s are obtained in the present case, usually fall into this
category. A directional character due to preferred orlentation is therefore
expected in most properties which depend on crystallographic direction iun
single crystals.

Preferred orientation is best described by means of a pole figure.
This is a stereographic projection which shows the location and demsity of
poles of a specific crystallographic plane. For sheet specimens, the plane

of the stereographic projection is parallel to the plane of the sheet and the
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iongitudinal direction of the sample (in most cases the rolling direction)
is indicated on the perimeter of the basic circle (equator) of the pole
figure. However, since a large number of crystals must be considered to
obtain a representative picture of the texture, instead of individual poles
being plotted, equidistant contours ave used to represent the average popu=~
lation of poles at all positions about the sample., A perfectly random poly-
crystalline sample has poles uniformly distributed over the reference sphere,
but not on the projection, which is not area-true. In & textured specimen,
poles cluster in certain areas of the pole figure,

The technlques used to determine the pole figures in this investiga-

tion use x-ray diffraction and are described next.

4.21 photographic method‘la)

X-ray methods of determining pole figures use the fact that x-ray
diffraction averages automatically the contributions from many grains, pro-
vided the grainm size is not too large. The (hkl) pole figure is constricted
by analyzing the distributlon of intensity around the circumference of the
(hkl) Debye ring, since the observable spatial distribution of x-ray diffrac-
tion intensity is identicai, within a proportionality factor, to the density
of poles on a reference sphere centered at the Qpecimen.

In the film technique, a series of transmission pinhole photographs are
taken with the sheet’first normal to the incident beam, then inclined at an
angle w about either the transverse or the longitudinal directions. The
blackening of the Debye ring of interest is observed as a function of the
angle A (Pig. 16) and plottedstereographically, using the rather complicated
method described in reference 18 (page 282)., By successive changes of M the
whole pole figur; can be covered. Two important disadvantages of this method

are the inaccuracy in visual intensity evaluations and the necessity of a
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different geometrical net for each specimen examined., Thus only qualita-
tive pole figures are obtained., But they are cften sufficient to give
information about an "ideal” or predominant orientation and the degree of
scatter about it.

A more quantitative pole figure is obtained by "reading' the photo-~
graphic film with a microphotometer and plotting iscintensity contours.
However an absorption correction has to be applied, to take into account
the variation with n and M\ of irradiated volume and path length of the

1
x-rays. This correction is given by the following formula( 9):

‘F("Z‘S‘Jo ol ‘E exps - L k@) - lto(lﬂo)]} sinh k(l-a)

o k(l-a)

in which k = ko = (418 # rL is the absorption coefficient of

cosn 2 cpsq

titenium,

- 1
o cos 26

a = cos 20 4 sin 20 tanw\ cos A,

a
and © is the Bragg angle.
This factor has been plotted on Fig. 17 for the (1010) reflection of speci-
men L. Another inconvenlent of the photographic method appears now: the
absorption correction depends on two parameters and a similar set of curves
has to be computed for each specimen and each reflection. In the diffracto-
meter method, the correction factor varles with only one angle.
Intensities observed on different £films are made comparable by examin-
ing a reference pattern of a fine powder of anatase (Tioz) taken and processed

under the same conditions as the mailn pattern. Thus variations in exposure

time and processing can be taken into acccunt.
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Fig. 17. Absorption correction factor for specimen No. 1
and the (1010) reflection (Ho&c radiation).
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4.22 Diffractometer method

A faster and more quantitative technique for pole figure determination
is the one originally proposed by Decker, Asp and Hatkerczo). It uses a
radiation counter associated with an x-ray diffractometer (of vertical axis
in the present case). Xerays striking the specimen are diffracted to a
stationary counter, set at the proper 29 angle for the crystallographic
plane chosen. The specimen holder allows rotation of the specimen about
the diffractometer axis and about a horizontal axis normal to the specimeﬂ
surface. 1In order to explore the complete Debve ring, the specimen has to
be rotated about the second axis. The angle of this rotation, P, is mea-
sured clockwise and indicates the awmount by which the transverse direction
is rotated about the sheet normal, out of the horizontal plane, and is zero
when the transverse direction is horizontal (Fig. 18). The angle between
the sheet normel and the normal to the plane, reflecting into the counter
is denoted 90° - . For a given position of the specimen, the normal to
the planes which diffract x-rays towards the counter can be defined by the
two polar angles ¢ and $ with respect to the xyz axes: ¢ is the latitude
and §# the longitude or azimuth counted from the transverse direction (Oy).
Because of the symmetry planes of the textures (the three coordinate planes
defined by the xyz axes), the sign of o and B does not matter. C = 0 cor-
responds to planes perpendicular to the sheet and = 90° to planes
parallel to it. On the stereographic projection § is measured counter-
clockwise around the pole figure and ¢ 1is measured radially from the
equator towards the center of the projection. In order to cover the whole
area of the pole figure, the specimen has to be studied both in transmission
and reflection(zl). In transmission, the specimen may diffract to the

counter when set at any B angle, whereas the ¢ range is limited to 90°-0.
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DIFFRACTION SPECIMEN ~
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Fig. 18. Principle of pole filgure determinstion by the
diffractometer method (transmission).
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The central part of the pole figure is determined by reflection. The
counter is set at a new angular position 26', where it will receive a
higher order reflection from the same set of planes (hkl); €' is larger
than 6. The specimen is Initially set so that it bisects the angle
between incident and diffracted beams (@ = 90°). 1In the reflection method,
@ can be varied from 90° to 90°- 6'. This way there is always a range
of & angles where data obtained by transmlssion overlaps that obtained by
reflection., This is not only a check, but it also allows to establish
the correspondance between the intemsity scales used in the transmission
and back reflection regions. For a glven position of the specimen,
described by the angles ¢ and B, the measured intensity, after correction
for absorption, gives a number which is proportional to the pole demsity
at the corresponding point of the stereographicprojection. When a polar
stereographic net is used, the plotting of the data is therefore straight-
forward.

Two corrections have to be applied to the measured intensities
before they are plotted onto the pole figure. There is first an absorption
correction, because variations in ¢ cause variations in both the volume of
diffracting material and the path length of the x-rays within the specimen.
Variations in B have no efifect. Tﬁe equations which apply to the conditions
described above are:

(22)

- for transmlssion

I _ Ft exp[ _ ot ] {cos(0-a)/cos(@4+a)] - 1

cos & exp{_« “t/cos(e-a)] -exp{_- put/cos(® + a)]
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- for back reflection(za)
1(0) . _tw [1 _ cos (94} exp [ - %/cos 6]
I{ey cos O cos (6 -) 1 - exp [rxlcos(cﬁe )-N/cos (ct-&)]

The absorption factor I(x) / I1(0) has been plotted on Fig., 19 for the
transmission method in the case of the (ldfﬂ) pole figure of the
three titanium specimens investigated, when molybdenum Ka radiation
is used, The intensity entering in these formulas is the integrated
intensity of the diffracted beam. The calculated correction factor
is therefore meaningful only if the x-ray beam is not too divergent,
so that it is received entirely by the counter.

The second correction consists in subtracting the background
from the total intemsity, because it contains contributions which are
not proportional to the density of poles. The background is measured
by slowly scanning over the diffraction peak and noting the counting
rate just before and just after the peak. The operation is repeated
for each setting of @, The background intensity is assumed independent
of £ and is best measured by replacing the actual specimen by a texture
free sample of the same e This random sample can also be used to
measure the maximum peak intensity at vavious @ settings. The intensities
from the textured specimen can then be expressed in multiplicities of these
values corrected for background. This procedure saves the.trouble of
computing the absorption correction, simce it is automatically included
by the cholce of the standard intensity levels.

The equlpment used in the performance of this experiment is a
General Electric XBD 5 diffractometer equipped with a proportional counter.

The specimen is mounted on an automatic ilntegrating pole figure goniometer
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{Model A 4968B) which allows both the ¢ and § rotations. The specimen

is held against a thia ring which rotates slowly in its own plane,

thereby varying the angle p. In addition the specimen holder osclllates

in a vertical direction a: the rate of one stroke per second with an
amplitude of omne inch. Thus the intensity from a large number of grailns

is averaged, even for the larger grain size of recrystallization textures,
At each vertical stroke the ring is advanced about 15 minutes of arc (every
2 seconds). While the p rotation and the vertical translation take place,
the ¢ setting remains constant until the complete circumference of the

Debye ring is described. Then the specimen holder is automatically rotated
by 5% about the diffractometer axis corresponding to a 5% advance of the
angle ¢, The intensity detected by the proportional counter is fed into

a pulse height analyzer (Nuclear-Chicago model 1810 radiation analyzer)
which lets only radiatioa near the characteristic wavelength chosen go
through. Its output goes to a Beckman Universal E-put and Ticer, Medel 7360.
This instrument is set so0 as to count x-ray pulses for 10 seconds. The
total number of counts is then printed on paper tape by a Berkeley model 1452
digital recorder. The counting and printing cycle takes nearly 11 seconds
but starts only at even seconds. Each number on the tape corresponds then
to a range in § of about 1.5° of arc. An exact correlation between numbers
on the tape and the value of § can easily be established. Furthermore every
time O changes by 50, a coded signal is printed on the paper strip. This
method produces information im aumerical form, which is easler to work with

than chart recordings.
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Errors in the interpretation of a pole figure can arise because of
the presence of spurious intensity maxima. First there might be a second
set of planes, (h'k'l'), with nearly the same spacing than the (hkl) planes.
There is a possibility that the counter, set to receive one refleciion,
gets also part of the second peak because of a3 too wide receiving slic
or an excessive divergence of the x-ray beam, A proper cholece of slits,
made after therdiffraction pattern in the neighborhood of the peak of
interest has been explored, reduces considerably the chances of an error
of that type. In the second place, there might be a set of planes,
{(L'"k"1"), and & strong component in the white radiation of the tube for
which the Bragg angle i1s almost equal to the Bragg angle 6 of the (hkl) -
planas with the Ka radiation., Misleading maxima appear then when the
orientation of the sample is such that the (bkl) planes contribute little,
but the (h"k"1") planes much, to the diffracted intensity. This cause of
error can be elimlnated in many cases by filtering the radiation and
making 2 pulse height analysis of the pulses coming from the proportiocnal

counter.

4,3 Texture of the Three Specimens

4,31 Experimental detalls and procedure

Each specimen was studied by both methods. In the photographic method
moelybdenum Ka radiation was taken. A zirconium filter eliminated wmost of the
P component (the (0002) and (1011) maxima from KG coincide almost with the
(IGEO) maximum from Ka) and reduced considerably the components in the

continuum the intensity of which is high in the primsry x-ray beam.
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Exposures of 3 or 4 hours were made. W was varied in steps of 10° from
¢ to 70°. The photozraphic method could not be applied to the third
specimen, which had too large a grain size and could not be translated
back and forth in the x-ray beam. A gqualitative and rather crude pole
figure of the (1010) planes was made in each case and used as basis of
compariscn with the more detailled pole figure obtained by the difiracto-~
meter, in view of detecting possible spurlous maxima in the latter pole
figure. Furthermore the £ilms showed clear, well defined rings and no
streaks nor dark areas due to diffraction of white radiation. The results
of the diffractometer method can therefore be used with confidence.
Although the pole figure of most interest in this study concerns the
{D002) planes, the (16?9) ieflection was preferred because this line is
batter separated from adjacent peaks and the corresponding pole figure
iz s5till easy to interpret. In the diffractometer method, wolybdenum
Ka radiation was preferred to copper, in transmlssion, because of its
higher penetrating power and becausze 1t produces less fluorescence in
the specimen, A4 i divergent beam has been adopted so that a fairly large
number of grains are irradiated simultaneously. No recelving slit is used
in front of the counter window, which has then an aperture of mnearly 5
and can recsive the wvhele (ldIO) peak but no appreciable contributions
from the adjacent {6002) peak. Thus the counting rate will not be
affected by a possible change in the shape of the peak when @ is varied.
Wavelengths other than HoKa are prevented from reaching the counting unit

by a zirconium filter and by the pulse height analyzer.



X-rays of wavelengths greater than the zirconium absorption edge and not
eliminated by the radiation analyzer, will not contribute much to the
diffracted intensity, because they correspond to weak components in the
spectrum of the incldent beam. For the back reflection region, copper
radiation and the (2050) planes were chosen because the corresponding
angle 0' was large and allowed a larger range of variation for a (about
400). However no useful information could be obtained, on account of a
poor peak to background ratio and too small a density of poles in that
region of the pole figure. The range 70 <« £;90° of the pole figures
has thus not been determined, This is no handicap, because the trans-
mission data alone determine the texture without ambiguity.

Background corrections are obtained experimentelly as described
earlier. The correctlon for absorption is computed from the average
thickness and the tabulated mass absorption coefficient, although an
experimental measurement of wt would have been preferable. A com-
parison with a random sample has not been estimated useful. Isointensity
contours drawn in arbitrary units, but equally spaced, give a representa-

tion of the texture significant enough for our purpose.

%.32 Results of the texture investigzation

The pole figures of specimens 1, 2 and 3 are reproduced in Fig. 20,
Fig. 21 and Fig. 22.

Although the pole figure itself is the best description of the tex-
ture, it will be convenient to represent it by an ideal orientation, i.e.,

the orientation of a single crystal whose poles lie in the high density

regions of the pole figure. This will simplify the interpretation of the
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Fig. 20.

(ldTO) pole figure of specimen No. 1.,
The mean orientation is indicated by
little squares. Isointensity contours

are equally spaced (200 in arbitrary units).

T.D.
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Fig. 21. (10"]_.0) pole figure of specimen No. 2 with
indications of the predowinant orientatioms.

Isointensity contours are equally spaced
(150 in arbitrary units).



Fig. 22.

B ORIENTATION d
A ORIENTATION e
® ORIENTATION f

(1dI0) pole figure of specimen No. 3 showing
three predominant orientations. Isointensity
contours are equally spaced (150 in arbitrary

units).



experimental resulte in & later section.

There are six areas of high density of poles in the stereographic
projection corresponding to specimen L. The centers of these areas,
indicated by little squares, represent the poles of six equivalent (16?0)
faces of the hexagonal prism of a single crystal with the following
orientation: the [IdTO] direction is parallel to the longitudinal
direction (the x axis); the hexagonal unit cell is tilted in such a
manner that the basal planes are rotated 45120 out of the rolling plane
about the rolling direction. There are two equivalent orientations
defined by these angles; they are mirror images of one another with
respect to the plane of the sheet.

The pole figure of specimen 2 looks similar to the ?revious one.
There is a large awount of preferred orientation: the leIG] direction
is still parallel to the x direction and the unit cells are tilted about
that axis by an angle of 1290. This orientation was produced by the
longitudinal rolling. The only effect of the second, transverse rolling
was to reduce the angle of tilt (although it might have been smaller than
in specimen 1 initially because of the lesser reduction of this specimen)
and to change the distribution of the poles about the ideal orientation:
there is less scatter in the angle of tilt but more scatter of the leIO}
direction about the x axis. In addition the texture has two very weak
components corresponding to grains with the ¢ axis parallel to the x and
y directions respectively and [16?0] contained in the plane of the sheet.

Specimen 3, although itrexhibits a2 highly textured character, is

made up of more than one preferred orientation. The same orientation as
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above has survived the recrystallization treatment. [ldiﬂ] is parallel to
the x axis, the basal planes are rotated by 319320 about it, out of the
plane of the sheet. The scatter of the [1010] direction about the x axis
is quite considerable and it is not impossible that the orientation is
actually double: in addition to the rotation about [}diO] of the basal
planes there is a2 small rotation of iﬁa about a perpendicular to thie plane
of the sheet. A second series of high density areas corresponds to graias
having their ¢ axis along the x direction and the [ldid)direction along
the vy axis. Finally there are two other sets of areas where poles are
clustering, but to a lesser degree. However theilr interpretation is not
unambiguous. In order to be able to draw definite conclusioms a (0002)
pole figure is required. The small number of grains having these orienta-
tions did not justify such an investigation. The corresponding areas of
the pole figure can be interpreted as related to grains oriented with the
& axis perpendicular and parallel to the plane of the sheet and the [1610]
direction a]..ong the y axis and the sheet normal respectively. A partial survey
of the central part of the pole figure using the back reflection method,
seems to indicate the presence of a maximum at the center of the pole
figure. This fact would support the preceding interpretation.

Table I which follows summarizes the texture of each specimen by
giving its predominant orientations. Angles w and X of the sheet normal
and the longitudinal direction with the ¢ axis of each orientation are
also listed, No attempt is made to explain these textures and to relate
the recrystallization texture to the deforwation texture f£rom which it has
been obtained. It shall only be noted that in the case of similar treatments,

the results are in agreement with findings by Keeler and Geisler(24).
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5, HXPERIMENTAL RESULTS
Hach of the three specimens, prepared and examined for texture,
was then mounted on the specimen holder and its reslistivity and Hall
coefficient measured between 4.2°K end room temperature as has been
described in section 3, The results are presented below and are

summarized in Table II.

5.1 Electrical Resistivity

The results of measurements of the electrical resistivity of the
three specimens investigated are plotted on Fig. 23. Although the curves
are very similar in shape and at a given temperature the resistivities
of the three samples are not too different, the slopes of the linear
portion of these curves differ from specimen to specimen. Before these
differences can be attributed to anisotropy, it must be verified that
they are not simply due to experimental errors. As seen earlier, wheveas
the value of the resistance is accurately known, there iz a 4% un-
certainty in the geometrical factor kl and hence the resistivities, This
uncertainty does not affect much the low temperature part of the curve,
but near room temperature a 4% change in the resistivity of specimen 1
would traasform it to & value very close to the vesistivity of speclmen 2
at that temperature. A 3% decrease of the resistivities of specimen 1
and a 2% increase of the resistivities of specimen 2 makes these two curves
coincide over almost the whole range of temperature. Purthermore, this
comnon curve is much closer to a straight line and thus more likely correct,
if the Gruneilsen formula is assumed to hold., As {ar as specimen 3 is

concerned, the uncertainty in k1 is not sufficient to bring its resistivity
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‘curve in coincidence with the others. It can be noticed, however, that
the slope of this curve is nearly the same as the slope of the curve
common to specimens 1 and 2: the two principal components Qu and Qil
of the resistivity tensor have a very similar temperature dependence.
Coming to the value of the residual resistance and the resistance
ratios, an indication of the purity of the material, it is seen that
the values obtained differ by more than 4%, The differences are
significant (especially for the resistance ratios where the uncertaiaty
in kl does not come ia) and can be interpreted in terms of & difference
in purity of the samples, in addition to the anisotropy effect. Specimen
1 might have suffered a slight contamination during its preparation. The
better conducting properties of specimen 3 most likely have their origin
in the annealing treatment which eliminated many lattice defects, un-
affected by treatments at lover temperatures.
The values of resistivity obtained in this investigation are in

good agreement with publiished dnca(b'zs)

and the spread in the values
both at room temperature and 4.2°K seems to have been less extensive than
has been reported previcusly. This arises probably from the fact that

the samples were all made frem the same piece of titanium,

5.2 Hall Coefficient

The variation with temperature of the Hall coefficient RB for the
three specimens is displayed in Fig. 24. Whereas two of the samples have
very comparable Hall coefficient versus temperature curves, specimen 2

shows a quite different behavior. Before maklug any further comments on
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these curves, it should be noted that it is meaningful to characterize
the temperature dependence of RH by a single curve only when RH is
independent of the magnetic fleld. Earlier investigations as well as
the data shown in Fig. 25 clearly establish the proportionality of the
Hall voltage with magnetic field. Therefore the Hall coefficient can
be derived from measurements at ény field strength and the obsexrved
discrepancies have to be attributed to somé other cause.

The most striking feature in common to the three curves is their
geqeral form, very much reminiscent of the lattice apecific heat curves.
This suggests that the mechanism of scattering of the electrons by the
lattice might be an important éactor in determining RH together with
the electronic structure. In many cases the latter factor is more
important and EH varies little with temperature. For titanium at low
temperatures the opposite situation might exist. Above 100°% a more
usual behavior, with an almost comnstant Hall coefficient, is observed.

The major difference between specimen 2 and the others iz the
positive value of its Hall coefficient above 77°K. If the differences
in Hall coefficient ere attributed to anisotropy, this means that there
must exist one or several crystallograephic directions, in which the Hall
coefficient is positive. 1In a detailed interpretation of the results,
other factors like impurities will also have to be considered. The numbers
themselves agree with results of other investigators: wvalues in the same
intervals are obtained at all temperatures. It has been attempted in this
study to get a more detniled shape of the RH versus T curves in order to
make sure that thelr slope does not change sign above 77°% as one of
Berlincourt's samples seemed to indicate (a differvence in texture could

account for this fact).
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Fig. 25. Dependence of the Hall voltage on magnetic field
strength.



6. DISCUSSION

The electricalproperties of titanium measured in this study will
now be discussed on the basis of the band theory of solids and the
phenomenological theory of the Hall effect developed in section 2.
Titanium has the electronic caﬂfiguration 3d24sz and hence has four
electrons beyond the argon shell. At ODK, these electrons, which
are responsible for the properties under consideration, occupy energy
states in wave number or k-space up to WF, the Ferml energy. The
ikinetic energy of the electrons, W(E), is not a continuous function of
E. Discontinuities occur at certain sets of planes foruing a polyhedron,
the Brillouin zone. Since the electrical properties of solids are
determined by electrons occupying energy states near the Ferml energy,
they depend stromgly on the relative configuration of the Fermi surface
WF(E) and the Brillouin zone boundaries, In the reduced zone scheme,
the Fermi surface consists of portions of surfaces belonging to different
Brillouin zones and the contributions to the slecirical properties from
these various surfaces may be quite different (multi-band models). In the
case of titanium, it could be attempted to explain the observed properties
from a preconceived model of its Ferml surface, which could then be refined.
The assumed band structure consists of two or three overlapping Fermi
surfacea(17): one {or two) 3d band(s) and a normal 4s band. Each of the
Bands agssociated with the different surfaces is assumed to be almost filled.

Ta addition, an upper band, completely empty and separated from the others

by an energy gap, is assumed to exist.



6.1 Electrical Resistivity

The electrical resistivity of titanium is particularly high in
comparison to copper and even its immediate neighbors in the first
transition series. This high value is in agreement with the smell
density of vacant states near the Fermi energy predicted by the
proposed band structure. The variation of electricel resistance with
temperature 1s expected to be linear for temperatures above the Debye
temperature as long as there is no change in the band structure.
Although the linearity is not clearly apparent in the plots of Fig. 24
becausze of the error in the factor kl’ a curve of the resistance ratio
R(T)IR(295°) shows it much better. The departure from 1ine§rity in
the direction of lower conductivities is explained by the presence of
lattice defects introduced during the preparation of the specimens.

A departure in the opposite direction, due to the increase of conducting
states as electrons are thermally excited into the upper band, becomes
important only at higher temperatures (above 20000).

However, as noted earlier, experimental uncertainty is not sufficient
to account for the different behavior of the three specimens. A differ-
ence in purity 1s most certainly a factor favoring such differences.
Since no guantitative analysis is available, no definite conclusions are
possible. However, it is not believed that the small amount of impurities
present is the only factor. Another explanation takes into account the
anisotropy of the Ferml surface in relation to the hexagonal symmetry.

Conductivity is characterized by a temsor which has two independent
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components @, and ¢, . If in a single crystal the current makes an
angle X with the hexagonal axis, the resistivity measured in that

divection 19(26):

Q(X) = Q4 cos® X + QL s1a%X

The resistivity of a polycrystalline sample is an average of the resistiv-

ities of all its grains:

/2
J e(X) n(x) dx
o

€ %2
j n(x ) dx
Q

in which a(x) dx is the number of grains, the ¢ axis of which makes an
angle between + X and + (X4 dx ) with the direction of the current.
This formula neglects grain boundary effects and is therefore not very
realistic. Knowing n{(x), Q cen be calculated in terms of @n and Qv

and conversely o, and @, can be deduced from the resistivity of

several textured specimens for which n(X ) is known from the pole figure.
1f the distribution of poles is sharply peaked about a small nuumber of

X angles, n{X) can be approximated by a set of delta functions and

e -nle(x1)+nze(xz)+..

where ny, 0, .. are the fractions of grains having orientationaﬁ_.‘xz S
respectively.
In specimens 1 and 2, only one orientation is predominant: X = 90°.

The corresponding resistivities areel = QL and ez = ("v In specimen 3
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1“—‘ .7 and

~ - -
n, = .3. Then Q3 = .39“-!- .7e_‘_. Plugging the room temperature values

two orientations are important: x5 = 90° and X2 = { with n

into these equations one obtains = 3Splem, Qo= &7 r\.Q.cm. These results
are not very meaningful because Ql' Qz, ?3 involve a large un-
certainty and because the distribution functions n(X) have been over-
simplified. There are reasons to belleve that Q“ and e_;_ are al@ost equal,
Therefore reliabie values can only be obtained by using single crystals
and measuring e in various directions on the same sample., The difficulty in
the interpretation of the present results comes from the fact that several
factors act simultaneocusly and not encugh information about them is available.
Experimental uncertainty furthermore reduces the chances of a detalled
explanation.

Lf derivable from the experimental results, the values of Q“ and e_,_
could be used to deduce certain features oi the Fermi surface in the 2

and ¢ directions. In fact, e“ and pLare glven by the following expressions:

— 17 2
L ar S @[ ds
F.5.

_éu " dky |Brady Wpl '
: e faig 4 2

1 & S E (k)(f_‘jg) ds

e 4x ) F.S. akz \gradk_ vig|

in which the integration is over the Fermi surface, 'r(i:) is the relaxation
time and Hr(z) the Fermi energy.

The use of these expressions in the hope of refining the picture of
the Fermi surface requires accurate data. But even then the interpretationm

is delicate and not always unique. The fact that the Fermi surface overlaps



-102-

or nearly overlaps the Brillouin zone in certain directions in k-space
would account for a smaller resistivity in the corresponding directions

of the real lattice.

6.2 Hall Coefficient

The Hall coefficient at a given temperature cam be interpreted on
the basias of several possible models. Titanium being a transition metal
with two types of charge carriers, a two band model has to be chosen.

The isotropic two band model givee the Hall coefficient as:

2 2 2
Sa _ So2 +\H \ in, - n,) o Ton

: <
R ___1 % n, N ec | n?‘im_
.
EE 2 H\2(no-na)* 2 2
3y 2
(q’o“b q'o’).\ '\'l \ = ?-—' G—o| G-QQ_
€ C n‘ i “1_

In this expression 661 is the conductivity of electroms of band 1 when

Hs= 0, n, is their density of states near the Ferml energy; n

Toz> ™2
are the corresponding values of band 2. On the same model the

conductivities are given by:

- 2({n, T n, U
= 061 + sz e g 1 "1 + 2 2 )
e 1 |

There are thus six unknown parameters and only two experimental values
to determine them. It is therefore not surprising that almost any
experimental curve RH(T) or Q(T) can be fitted by an appropriate choice
of these parameters and their temperature dependence. In order to
determine them uniquely, other properties have to be measured in terms
of the zame set of parameters, which should then be able to predict
additional properties of the material. However it often turns out that

the same set of parameters is not able to describe several properties
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similtaneously (for énample Hall effect and magnetoresistance). The
procedure is therefore mere curve fitting and has not much in common
with a reallstic picture of the electronic structure. In addition
this model does not allow to predict different values of RH for
different specimens of the same material.

Impurities have often been held responsible for the scatter of the
experimental data. In the present case, however, the three specimens had
very comparable purity because they were made out of the same plece of
titanium and great care was taken in the preparation of the samples.
Furthermore, the fact that specimens 2 and 3, actually the same plece of
material, gave drastically different Hall constants (even the sign of RH
changed) just by heat treatment, seems to rule out the influence of
impurities as predominant cause of differences ia.RH. However, other
ezxperiments and theory show that lmpurities affect the Hall coefficient
much more strongly than other properties like resistivity. The effect
of impurities cannot be completely neglected in a detailed discussion.

Similarly it is not very likely that a size effect could explain the
differences observed. In copper, where systematic studies of such an

effect have been made(27)

. RH was found independent of thickness provided
t was larger than the electronic mean free path (t > 0.1 mm). In this
study t was in this critical range. However the mean free path in
titanium i3 expected much shorter than in very pure ;opper. In addition
speéimens 1 and 3 had different thicknesses but similar Hall coefficients.

Although a size effect cannot be completely put aside, it is not sufficient

to explain the experimental results, At any rate such an effect is not well
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understood and would be difficult to be evalusted quantitatively,

On the other hand, it is possible to obtain a consistent interpre-
tation of the results of the measurements by assuming a dependence of
the Hall coeffilcient on crvstailographic direction, In each grain the
Hall coefficient becomes then 2 function of the angle W between the

wmagnetle field and the hexagonal axis:
iﬁl {w) = Ry coazw + R, sinzuo

it varies from R“ to R L in a continuous fashion and, since both
positive and negative values of 'Yl have been measured, one of these

two coefficients is nagativo: and the other positive. In the case of a
polycrystalline sample the measured Hall coefficient is a weighted
average of the contributions from the different grains depending on theilr

orvientation with respect to the magnetic field:

d’ “(Ul’) ilﬂ (' ) Sit . d'“‘
o Q

By ”

jzi'? } . n{w,$ ) sinw dw

(#] o}

in this formula n{w,?) is the number of grains per unit solid angle

the hexagonal axis of which has polar angles w and ¥ in the xyz system
of coordinates. Proceeding as in 6.1, we replace each textured specimen
by its ideal orientation in order to get order of magnitude estimates

of R" and R.L .

Specimen l: R~ = i@ +r) (we= 45%)
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Specimen 2: Raz o % 3 R“ 4 RL ) (W= 300)

Specimen 3: R.> = .30 R,(90°) + .70 B, (30°) = .48 B, + .52 B,

At voom temperature the values of RHI and Rﬂz lead to R“ = 4 4,2 and
Ry = -7.7 in units of iﬁ-ll ma/coulomb. Substituting these values into
RHB one gets BH3 w =1,5 inatead of the measured value of -1,84, At
liguid niltrogen temperatuve, one obtains similarly au = 42,63 and RL =
-7.9 and a caleulated value for ana of =2.4 instead of =-2.75. At
ligquid helium temperature, the corresponding values are: R“ = 2.4,
31_“ ~11.4 and Rn3 = 6,75 instead of -6,45, the observed value.

At least qualitatively the results are consistent. For specimen 3
ona of the components of the texture favors a positive Hall coefficient
and the other a strongly negative valua; the overall effect is a negative
3H3. The magnitudes of E“ and Ry given above are more questionable, in
view of the uncertainty in RH and especlally the crude assimilation of
a textured sample to a perfect single crystal. Calculations with nore
detailed expressions for nf{w, P), as can be constructed from the pole
fisﬁres, would not produce much more reliable numbers, the effect of grain
boundary scattering an& all lattice iumperfections being neglected. However,
it iz heliaved that the differance in sign of the two coefficilents 1is

significent. It shouwld finally be noted that the values of Rl and RL given

)
above ailow to account for the spectrum of Hall coafficieﬂt‘values published
befora,

Before commenting on the consequences of opposite signs of the twe
principal Hall coefficients, a brief remark will be made on the tamperature

dependence of Rﬁ. As noted earlier and as can be seen from the results

1 2 3
just given, Rﬁ % RB ¥ BR as well as R and B have very much the same
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type of temperature variation, snalogoud'to lattice specific heat curves,
although the extent of this variation may depend on crystallographic
direction. RH could therefore depend on the mechanism of‘scattering: at
low temperature, impurity scattering is predominant, whereas near room
temperature, lattice scattering is more important., The two mechanisms
may very well lead to different values of the relaxation time and hence
the Hall coefficient. However if this were true, a similar effect should
be observed for all metals., A better explanation may therefore be found
in very sensitive overlap conditions of the different sheets of the Fermi
surface.

A tempting explanation of the difference in sign of Rllnnd Ry
involves very sensitive overlap conditions of the emergy surieces among
themselves and with the Brillouin zone, which depend on the direction
in kespace. However, in orvrder co.relate R“and R, to the constant energy
surfaces, a detailed wmodel of the tr#nsport‘prcblem has to be developed,
iaking into. account the anisotropy of the Fermi surface, the anisotropy
of the scattering, impurity effects,efc.lit is not possible to rely only
on Intuitive arguments ovw qualitative reasoning. The Hall coefficient
depends much more on the detailed shape of the Fermi surface than resistivity,
for instance, and in sach of the components of the galvanomagnetic tensor,
contributions from all parts of the Permi surface have to be considered,
A theoretical formmula taking these factors into account can be derived
from the Boltzmann transport equation by assuming the existance of a
relaxation time'r(zs. In the first order in the magnetic field, the follow-

tng formila is obtained for the Hall coefficient ¥8).
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RH(T;) - 2 g “aw )2 )2;;:" Y '3?1-: ] 'r,z(k) as__
eﬂxtiy p.ol 'oky “okxl 'akx Bky ’axrtx'aky lgradk W\
{a)

In this formuls W(:) is the Ferml energy. The integration is over the
Fermi surface. Current, magnetic field and Hall field are directed as

in Fig. 3a and

5, =2 kg_‘ 2@ __as
“x F.S. Ak, \gradk h\

o/

-

Y .

N = 25 ( ¥ \ T (k) ds

v F.S. = o ny
ly \gradk w\

If the crystal is oriented with its principal directions along the xysz

o

2]

coordinates axes, the expression for the Hall coefficient reduces to:
f} —
oy j (@_3;_ \ 2 vt @ as s
eﬂxl\ly F.5. g ky 2 kxz \gradk W \

Nx and ﬁy are respectively proportional to G; and a&, the conductivities
in the = and y directions., Formula (b) can be used to calculate R W and

g
R if the functional form of W(k), the equation of the Fermi surface, is

L
given. The aign of RH depends therefore on 32W/ak2, a guantity which is
proportional to the reciprocal effective mass in thz direction of the current,
which was npt obvlous a priori. EH is, however, a weighted average of this
quantity over the entire Ferml surface. Negative and positive contributions
to RH can be distinguished by considering separately regions of the Fermi
surface where the curvature is positive and negative. RH' which is & measure
of the difference of carriers having electron-like properties (positive
curvature) and the number having hole-like properties (negative curvature),

is then given by(zg):



LB j dp, [Sw.p)-s (W.p)]} . (c)
Rli.’iec{ P T LEFE  hTETE

where pz --ﬁké is the component of the electron momentum in the
direction of the magnetic field; Se and Sh are closed areas formed

by the intersection of the Fermi surface with a plane perpendicular
to kz. Electron-like properties are associated with areas which have
states having energies less than WF’ hole-like properties with areas

‘'which have states of energy greater than W in formulas (b) and

P
(c) it is apparent that the Hall constant depends on the detailled shape
of the FPermi surface. A vague model is not sufficient to predict,
even in a semi-quantifative way, the sign of RH and certainly not its
magnitude. In the case of titanium, where the Fermi surface is multiply
connected, there is little hope to deduce it from the knowledge of RH 65
and e(gs alone.

If the Fermi surface is taken as an ellipsold of revolutionm, R\‘
and R, can be calculated in terms of its axial lengths, which in turn
can be related to the carrier demsity and their effective mass. To do this,
equation (b) together with similar expressions for the conductivity, has
to be used. However, this model is not very realistic since it does not
explain positve values of RH (for an ellipsoid, the curvature is always
positive and hence RH negative). Two techniques can be used to improve
the estimate. Assuming a simply connected Fermi surface, its shape might

be determined by sclving the integral equation (a) where RH (E} has been
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—
determined experimentally for ell orientations of k. The second solution
considers the Fermi surface as made up of two interpenetrating sheets
corresponding one to electrons, the other to holes.: If ellipscids of the

(30)

same orientation are taken as first approximation, H. Jones haa shown

that the Hall coefficlent could be written:

P - S ST meg e
H -) ) (=) -1 t-r\?-
1 + LT TR RO N OO0
- L
(et ie} (d)

6&(*) is the contribution of electrons to the conductivity in the x

< { [ G"_‘—‘ qg-) G.x‘ﬂ ﬁ_y\ai-] \ Q -t-]g.:’ \L\*‘\[—n(-)_ n\'H] l"“ }1
e G‘_'_

direction, d}(i) is the coutribution of holes to the conductivity
in the x direction. a‘x = 0 (-)+ g—x +)

) +)

n and n are the density of electrons and holes near the Fermi
surface in k-space.

The partial conductivities are expressible in terms of the axial
lengths of the corresponding ellipsoid. The experiment yields four values:
R“ i RL s Py and @, . However, there are six unknowns. So, evean with
this imperfect mwdel, there is no unique determination of the energy surfaces
in the solid., If, furthermore, the assumption of an ellipsocidal Fermi
surface is not made, many shapes can be found for the FPermi surface, which
account for the observed Ball coefficients. Therefore, before any guanti-
tative interpretation of the Hall measurements can be attempted, a fairly

detailed model of the Fermi surface of titanium mmst be worked out, 'Such a

model is not available yet, but should be obtained in the next few years by
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e topology.
i e,
tize equation of the Fermi surface, possesses the point group svometry

af the crystal, formulas {(a) and (d) give the canme dependence of Hall

“

coelficient on orientation az the phenomenovlogical theoory

S

sresanted in

k5

sa¢tlon 2, In many cases this fact is not obvious by just lookiny at the
integrals, but can be'checked in each case by carrying out the caloula-
-

tlons, using a speciflc function W(k) having the proper symmetry. The
difference between the physical and the phenomsnolozical approaches
arizes from the fact that one expresses ceverrthing in terms of conductly-
itles and the other in terms of resigrivities, The results however are
in agreement.

As far as the present study is concerned, the »revious remarks will

Justify the fact that ao conclusions are drawen from the relative sigas

ynitudes of R“ and R.L . Maverthaeless, there is little doubt that

the positive sign of R ; is associated with a rogion of tha Farmi surface

}
vary close to the Brillouin zone boundary, where the curvature is
negative, However, it is not cbviocus in what directions in k-space this
situation occurs. The hypothesis of an overlap at the (0002) faces of

the Brillouin zone suggestad by the Jones stress thaory‘may not be the only

possible explanation,
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7. CONCLUSION

The investigation of the Hall coefficient of three specimens of
iodide titanium from liquid helium to room temperatures has shown a
strong dependence of this coefficient on temperature, impurity content,
and preferred orientation. Although, at present, no general model can
explain quantitatively all the observations, several factors can be
considered. It is shown that impurities, size effects, changes in the
scattering mechanism and a dependence of Hall coeificient on crystallo-
graphic direction can account, at least in part, for the experimental
results, Even if all these factors may play a certain role in the value
of the Hall constant, the results of this investigation as well as of
earlier work can factually be interpreted by consldering only the
orientation effect. The anisotropy of the hexagonal symmetry causes
different values of RH in different directions. A positive value ia
obtained when the magnetic field is directed along the ¢ axis and a
negative value occurs when it lies in the basal plane.

The fact that no definite conclusions are drawn from these findings,
is due to the large number of unknown parameters that appear in the
theoretical formulas derived from the transport equation. These para-
meters can be estimated from other properties or assumed by the model.
Then some qualitative features of the Ferml surface could, in principle,
be deduced from the Hall data. However it seems easier to work ia the
opposite direction and determine first, by experiment, valuas of those
parameters and use topological methods to comstruct a wodel of the Ferml

surface. he assumed electrounic structure can then be tested by Hall
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measurements. This procedure is more satisfactory than just a fitting
of the data by assuming a fairly arbitrary model, even if this model
leads to not unreasomnable results. In both cases the interpretation of
the data may not be unique.

Although the information galned by ilall measurements is not complete
and does not allow an overall picture of the electronic structure, such
measurements are of high interest, especially 1f carried out with single
crystals., In the case of titanium the temperature range from 300 to
11009K should also be reinvestigated., Such measurements would provide
more accurate and more reliable values of the galvanomagnetic coefficients.
By combining these values with other results, a more detailed model of the
Fermi suriface may be derived and the Hall effect data may be useful to
decide between several possible models. In the case of copper, a similar

(29). Eventually it may

procedure has been successfully carried out
become possible to use the same model together with a consistent set of
formulas to give correctly all the major electronic properties: specific
heat, magnetic susceptibility, resistivity, galvanomagnetic and thermo-
magnetic effects, refractive index... In the case of titanium, where many

of these properties depend on orientation, this situation is far from

being attained.
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