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g%r cos Gc

which is the desired result.
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PANEL 4.3.1 GENERAL THEORY OF PLASMA WAVES .

4.3.1.5

PHASE AND OFOUP VELOTITY IN AN ANISOTROPIC PLASMA
K. V. Gould and R. K. FI
California Institute of Technology, Passdena, California, U.S.A.

e

1. lotreduction

Me d1scuss the relationsnip Betveen phase and group velocities of electyomag-

agnetopla In general, they are not parallel and when the index

setic

of refraction eshidits & rescnance (m = cf/v_ = =) they are nearly perpendicular.
Wen Artermining whether procagation batwesn tvo rewote points {s possible, the
allowed directions of the group veloclty vector #re lmportant and the usual phase

weloetty! plots are misleading.

8. Phare Velocity

Ve Pirst outline the disperslon of plane harmonic waves (vave fields
ennftlh - r-st)])
Maxvell's curl equations sre
€ Rluk
Iisit our discussion to wafficiently largs static magnetic fields so that, sffec-

in & plassa In & magnetic fleld B = B e in the & direction,

L%
and &k = B e-{u/c?) L« E whers

18 the tensor dielectric function of the plasma.

S T

Tor simplicity we

tively, electrons move along field 1in

L]
1 0 o0

E=-|o 1 0 1Y)
9 0 K

where K o l(u.k.) =14 g .kl) and ¥ For s cold colli-

slonless plassa X = ...:/

1s the susceptibility.
172

here u = [n:zllall 14 the plassa fraguencys
For plane waves whose wave vector (and hence phase velocity) makes an angle ¢
with respect to the magnetic fleld, n = Xx=/u # (n sin ¥, O, n cos ¢) and the (dis-

peraton) equation for the index of refraction n fis readily found to be (with
» = con b,

2 22

1=aex-an""« 0 (2)

The solution of this equation i

L R N E T )
When _2,_? ®<x <1 ,8 is resl for all angles ¢ , but whnen ..?/..2- LU B
2 =« (resonance) for w¥ el e 2 1/1 e, when con v conw vl

Purthermore, when u > u_ , l.e i3 real (propagating waves] wvherea

« n
$ES

when u <y . l.e..0 > .8 is imaginsry (evanescent vaves). This benavior iw
illustrated in the righ® half of Fig. 1, vhich is & polar plot of v /c = 1/n for
wfen2 or v w 60° (the dots correspond o 5° increments fa % . The angle .
defines a cone, vhose mxis coincides with the magnetic fleld, vithin which the phase
velocity vector wust lle and on which it tends to tero,

fhase velocity cone’ .

We refer to this the

11T. Croup Velocity

Por each (w k) we can assoclate a group velocity given by L 'ltut;_)i g
Using 2) we can readily sbtaln expressions for the magnitude of the group velocity
and the angle

@ which 1t makes with the zagnetic fleld

2
(“,ﬁz o f1ex)1 s w€) )
(1 ea? « x%?) ‘
tas @ = - tan /(1 + 1) s)
Thus the group velocity (s not (n the same direction as the phase wvelocity. In

foct the component of y. perpendicular to B is opposite ta the perpendicular

component of ¥ Bear resonance (u’ ==} v and are perpendicular (and

coplanar with This behavior s fllustrated In the left half of Fig. 1, which

is & polar plot of w /e . [Each dot on the group velocity plot is to be associated
with the corresponding 4ot on the phase veloaity plot (e « ADC
(5) snows that @ sonstonically vith # and reachcs its saxisus velue
8, ot resonance (o = #.). Purthernore ¢ o9 =907 Thue 9 defines s
cone, within vhich the group velosity vector must lie and on which it tends to tero.
e refer to this cone ms the group veloclty cone?.
remote polnts Le detersined by the group velocity, we wish to eaphasize the impor-
tance of x. and hence the group velopity cone rather thas the customary phase
welocity plots and cone.

) . Equation

increns

econd

Since propagation betveen tvo

For the case studled here (B, = =) v decresses from 90° to 0°, wnerens 0
increases from 0% te 90° when /ey

the cones do not exist.

iocreases from O to 1 . When n/l-n »1

V. Effect of Fiectron Thertal Velocities

The behavfor near resonance im modified substantislly by the inclusion of

electron thermal velocitie slnce X = -:’(-z-v lf ?J with ‘Z - ]l’l’.’. Ll ‘al:zA
Bquation (2) becomes .
B B O ]

when 07 <« 1/8%, . (3) 18 recoversd, ant when

T T T v
+ E
7
L vp/c y
1 Ll &
05 0%

Polar plot of phase welocity (right side) and group
Laver

velocity (left side) for B ==, »

I L
#haded reglon, whers electron thermal

w2,

plot show
velocities are lmportant, on an sxpand=d s:ale.

Iz-h?

Ly (n

CRg 3
i 222
v
The modification in the polar phase and group velocity plots are shows in the Lower

part of Fig. 1 for
inclusion of slectron thermal velocity effects nov permits all values of ¢ bdut @

8= .01 . (Dots correspond to 1% locrements). Ve see that

18 nevertheless restricted to 9 < L] before. We note mlsc that the % isa
Ls & double-valued function of @ (one
It should also be noted that when
X s determined from the Viasow eguation, the slov vaves exhibit strong Landau
damping in the dashed pars of Fig. 1.

single valued function of ¢ although v

fast wave v % ¢ and one slov vave v % 8c) .

Conclusion

By considering » spectal case (B, T @) we conclude that in an antsotroplc

magnetoplassa the phase and group velocities are, in general, in different direc-
tions and that the alloved directions of these tvo vectors are cootmined vithin two
differeat cones, the phase velocity cone (8 < # ) and the group velocity cone

(6 €8}, 08 which v +0 and v +0 . The cons angles are complesentary, i.e..
v+ =90
group velocity disgrams are ralevant when
tially separated points {m possidle. This is further confirmed by the fact
erage Poynting vector of a dipole antenna vanishes gutatde of the

Kroup velocity cone?.

While the phase velocity dlagrams are most frequently dlscussed, the

whether tri tsslon Between

tvo W

that the tise

This rescarch was sponsored by the United Btates Office of Naval Research.
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