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Abstract

Core-Collapse Supernovae are one of the most complex astrophysical systems in the universe. They

deeply entwine aspects of physics and astrophysics that are rarely side by side in nature. To accu-

rately model core-collapse supernovae one must self-consistently combine general relativity, nuclear

physics, neutrino physics, and magneto-hydrodynamics in a symmetry-free computational environ-

ment. This is a challenging task, as each one of these aspects on its own is an area of great study.

We take an open approach in an effort to encourage collaboration in the core-collapse supernovae

community.

In this thesis, we develop a new open-source general-relativistic spherically-symmetric Eulerian

hydrodynamics code for studying stellar collapse, protoneutron star formation, and evolution until

black hole formation. GR1D includes support for finite temperature equations of state and an efficient

and qualitatively accurate treatment of neutrino leakage. GR1D implements spherically-symmetric

rotation, allowing for the study of slowly rotating stellar collapse. GR1D is available at http://www.

stellarcollapse.org

We use GR1D to perform an extensive study of black hole formation in failing core-collapse super-

novae. Over 100 presupernova models from various sources are used in over 700 total simulations.

We systematically explore the dependence of black hole formation on the input physics: initial zero-

age main sequence (ZAMS) mass and metallicity, nuclear equation of state, rotation, and stellar

mass loss rates. Assuming the core-collapse supernova mechanism fails and a black hole forms, we

find that the outcome, for a given equation of state, can be estimated, to first order, by a single

parameter, the compactness of the stellar core at bounce. By comparing the protoneutron star

structure at the onset of gravitational instability with solutions of the Tolman-Oppenheimer-Volkof

equations, we find that thermal pressure support in the outer protoneutron star core is responsible

for raising the maximum protoneutron star mass by up to 25% above the cold neutron star value.

By artificially increasing neutrino heating, we find the critical neutrino heating efficiency required

for exploding a given progenitor structure and connect these findings with ZAMS conditions. This

establishes, albeit approximately, for the first time based on actual collapse simulations, the mapping

between ZAMS parameters and the outcome of core collapse.

We also use GR1D to study proposed progenitors of long-duration γ-ray bursts. We find that many

http://www.stellarcollapse.org
http://www.stellarcollapse.org
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of the proposed progenitors have core structures similar to garden-variety core-collapse supernovae.

These are not expected to form black holes, a key ingredient of the collapsar model of long-duration

γ-ray bursts. The small fraction of proposed progenitors that are compact enough to form black

holes have fast rotating iron cores, making them prone to a magneto-rotational explosion and the

formation of a protomagnetar rather than a black hole.

Finally, we present preliminary work on a fully general-relativistic neutrino transport code and

neutrino-interaction library. Following along with the trends explored in our black hole formation

study, we look at the dependence of the neutrino observables on the bounce compactness. We find

clear relationships that will allow us to extract details of the core structure from the next galactic

supernova. Following the open approach of GR1D, the neutrino transport code will be made open-

source upon completion. The open-source neutrino-interaction library, NuLib, is already available

at http://www.nulib.org.

http://www.nulib.org
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Chapter 1

Overview

1.1 Main Results of this Thesis

This thesis focuses on the formation of black holes in failing core-collapse supernovae. While black

holes have been studied in the context of core collapse for over 40 years, there has been no systematic

examination of black hole formation in stellar core collapse. Perhaps the foremost reason why such a

study has not been performed is we do not have a compelling theory for the core-collapse supernova

central engine. However, regardless of how core-collapse supernovae explode, we know that they

do and that they robustly explode for garden-variety massive stars. Also, it is most likely that

some core-collapse supernovae fail to explode; we see stellar mass black holes in binary star systems

throughout the galaxy. While supernova theory may not yet be at a point where we can say

conclusively whether a given massive star will end its life in an explosion or in the formation of

black hole, it is worth exploring whether we can make statements on what conditions make black

hole formation more likely. This is what we attempt in this thesis.

1.1.1 GR1D and Other Open-Source Codes

To explore black hole formation in stellar collapse one needs several pieces of technology. One of the

major byproducts of this thesis is GR1D, an open-source, general-relativistic, Eulerian hydrodynamics

code for studying the formation of neutron stars and black holes in the context of stellar collapse.

This open-source code was the first of its kind in the core-collapse community and an attempt

to encourage openness in an otherwise very secretive community. Having GR1D open-source also

removes a significant hurdle for new researchers who want to study core collapse. In addition to

GR1D, several other open-source initiatives are either a part of the thesis (such as NuLib) or have

been contributed to during the development of GR1D (EOSdriver, EOSmaker and several equation of

state tables). All of these are available on http://www.stellarcollapse.org.

As of the writing of this thesis many studies have independently made use of the open-source

http://www.stellarcollapse.org
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codes we have made available. In particular, Dessart et al. (2010) have made direct use of GR1D

to collapse iron cores of massive stars, which they then proceed to blow up and follow through

an explosion. Fernández (2012), Shen et al. (2011b) have used our equation of state tables and

routines. There are also several more studies that are in the process of using our technology and

expect interesting results forthcoming.

One of the other motivations for developing a spherically-symmetric code is to have a test bed for

multidimensional implementations of supernova microphysics. We have already ported the neutrino

leakage scheme in GR1D to the 3+1 general relativistic code Zelmani. The first use of this imple-

mentation has been to study the gravitational wave signature of rotating-core collapse and how it

is affected by the neutrino deleptonization and energy leakage in the early postbounce phase (Ott

et al. 2012).

1.1.2 Black Holes in Stellar Collapse

Work in this thesis has revealed for the first time that if the core-collapse supernova shock fails to

be reenergized and a black hole forms, its properties can be easily predicted from one parameter,

ξ2.5, extracted from the structure of the progenitor star at core bounce and the chosen equation

of state. This is something that could only have been realized by performing a systematic study

of hundreds of progenitor stars—one or two detailed simulations of select models is not enough to

uncover the systematic trends in progenitor structure and equation of state presented in this thesis.

We find that the black hole formation time is essentially set by the free fall time of a critical mass

element whose mass is similar to assumed equation of state’s maximum mass. This time is unlikely

to be affected by multidimensional effects because the accretion onto the central protoneutron star

is supersonic and will remain roughly spherical for nonrotating or slowly rotating progenitors even

in multiple dimensions.

The mass at which the protoneutron star will become unstable and collapse to a black hole

depends on the equation of state and also on ξ2.5. Progenitors with higher values of ξ2.5 have larger

thermal support. This can increase the maximum mass by up to 25% above the cold neutron star

value. The extent of the thermal support also depends on the equation of state.

We further exploited the idea of discovering systematic trends by launching artificial neutrino-

driven explosions and measuring how fundamental properties of the neutrino mechanism depend on

the progenitor model. We find that for progenitors with high compactness, i.e., those that form black

holes the fastest, the heating efficiency needed for a successful neutrino-driven explosion increases.

This is because a explosion must be launched earlier to avoid black hole formation. If black hole

formation occurs at late times, the neutrino mechanism is allowed to work after the accretion rate

drops and therefore can be less efficient. We make a prediction, the first based on a systematic

study of black hole formation, about which progenitor structures have the predisposition to black
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hole formation via a failed core-collapse supernova. By linking a given progenitor core structure

back to the zero-age main sequence properties of the star we can then make predictions on the

number of failed core-collapse supernovae. For solar metallicity stars we predict that 0%–7% of

all stellar collapses will fail. For very low or zero metallicity progenitors, the percentage can reach

∼ 15%. The large range of the predicted percentage of failed supernovae in solar metallicity stars is

due to the uncertainty in massive star evolution, in particular the mass loss rates of very massive

stars. Interestingly, but not surprisingly based on our results, we do not predict a single mass cut

for successful/failed core-collapse supernovae. This is due to the complicated mapping of the initial

conditions on the zero-age main sequence to the presupernova structure.

A rapidly spinning black hole is the central building block in the collapsar mechanism for long

duration γ-ray bursts. We explore the effect of rotation in several models by applying a parameterized

rotation law and seeing how the black hole formation properties are affected. For high rotation,

we find that the initial dimensionless spin of the black hole may be limited by nonaxisymmetric

instabilities. We then apply our black hole prediction techniques to the available set of proposed

progenitors of long-duration γ-ray bursts. Surprisingly, we find that most proposed progenitors are

no more likely to form black holes than the standard progenitors of garden-variety supernovae. Of

the few models that have high enough compactness to potentially form a black hole, all of them

have a huge amount of rotation. This makes them prone to a magneto-rotational induced explosion,

which could very likely prevent black hole formation. It is imperative that one considers not just

the angular momentum distribution but also the bounce compactness when judging the merits of a

particular model as a progenitor of a long-duration γ-ray burst.

1.2 Related Work Not Contained in this Thesis

While the focus of my research has been on black hole formation and the development of techniques

for neutrino transport in core-collapse supernovae, I have made contributions to many related works

during my time at Caltech. I briefly describe these below.

With the supernova group at Caltech, led by Christian Ott and using the fully general-relativistic

three-dimensional stellar collapse code Zelmani, I have contributed to the study of black hole forma-

tion and the associated gravitational wave signature in the core collapse of a rotating massive star

(Ott et al. 2011). This paper was the first study to self-consistently evolve a presupernova model

from the onset of core collapse, and track the evolution through both the protoneutron star and

black hole formation phases. We find that for rotating progenitors, a unique gravitational waveform

is predicted from failed supernovae.

We have also investigated both the neutrino and gravitational wave signature, and the correla-

tions between them, in the early postbounce phase of rotating iron core collapse (Ott et al. 2012).
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This study makes use of the equations of state and the leakage scheme developed as part of this

thesis. The leakage scheme is implemented in Zelmani via a ray-by-ray approach. We find that a

strong quadrupolar mode of oscillation is induced due to the rotation-induced oblate structure of

the collapsing iron core. This quadrupolar mode gives rise to gravitational waves and variations

in the neutrino luminosity that correlate with the fundamental mode. We make estimates on the

detectability of such signals.

Along with Basudeb Dasgupta (OSU) and Christian Ott, I have investigated the role of collective

neutrino oscillations on the core-collapse supernova mechanism (Dasgupta et al. 2012) by performing

two-dimensional Newtonian simulations with spectral neutrino transport in VULCAN/2D. We explore

the possibility that such oscillations may increase the amount of neutrino heating by inducing a swap

of the softer electron-type neutrino spectra with the hard heavy-lepton neutrino spectra below the

gain region in the early postbounce phase. We find that for typical early postbounce conditions such

oscillations do not occur until large radii, and therefore are unlikely to influence neutrino heating

and therefore the neutrino-driven explosion mechanism.

Finally, with Gang Shen (LANL,IU) and Chuck Horowitz (IU), I have helped develop and imple-

ment finite temperature equations of state for use in astrophysical simulations (Shen et al. 2011a).

In this paper we take a relativistic mean-field interaction that reproduces many nuclear parameters

and better matches the astrophysical constraints placed on the nuclear equation of state.

1.3 Thesis Structure

This thesis in divided into four main chapters in addition to this overview.

1. Chapter 2 serves as a general introduction to supernovae with a focus on the theory and

observational signatures of core-collapse supernovae. We leave specific introductions, such as

literature reviews on black hole formation and neutrino transport, to the individual chapters.

2. In Chapter 3, we present GR1D, the code developed as part of this thesis for studying black

hole formation in stellar collapse. This includes details on GR1D’s neutrino leakage scheme, how

we treat rotation in GR1D, and our equation of state implementation. It contains several code

tests, starting with basic hydrodynamics and moving up through relativistic hydrodynamics to

general-relativistic hydrodynamics and black hole formation. Appendix A and Appendix B are

associated with this chapter, they provide a detailed derivation of GR1D’s evolution equations.

3. Chapter 4 presents the various studies we have done with GR1D on black hole formation.

We divide the chapter into two main sections, one focusing on nonrotating models and the

other focusing on rotating models. In the nonrotating section we perform over 700 stellar

collapse simulations utilizing four equations of state and over 100 presupernova models. We
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systematically explore black hole formation and its dependence on progenitor structure and

the nuclear equation of state. We explore how black hole formation may effect the neutrino

mechanism, and make predictions on black hole populations. For the rotation section of

this chapter we explore the affect of rotation on black hole formation and on the potential

development of nonaxisymmetric instabilities. We then use actual rotating progenitors from

stellar evolution calculations and assess their potential for black hole formation and their

prospects as progenitors of long-duration γ-ray bursts.

4. In Chapter 5, we present a new neutrino transport code for studying core-collapse supernovae.

The scheme evolves the first two moments of the neutrino distribution function, making the

approximation that the anisotropy in the distribution function is small. The scheme is de-

signed with multidimensional simulations in mind. This chapter includes several code tests, a

comparison to full Boltzmann neutrino transport simulations, and a preliminary look at the

progenitor dependence of observable neutrino properties. This chapter also sets the stage for

future work. Appendix C is associated with this chapter; it provides full details of all the neu-

trino interactions currently included in our neutrino transport scheme. This Appendix forms

the basis for NuLib, our open-source neutrino interaction library.
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Chapter 2

Introduction

The field of core-collapse supernova theory arguably began with the groundbreaking prediction

of Baade and Zwicky (1934b) that supernovae represent the transition of ordinary stars to neutron

stars. This remarkable insight came a mere two years after the discovery of the neutron by Chadwick

(1932) and the prediction of neutron stars by Landau (Bethe 1990, Landau 1932). Around this time

at Caltech, Zwicky started to systematically observe galaxies to discover supernovae, finding ∼ 20

in the decade following his and Baade’s seminal paper. In the present day, we have automated

supernova observing factories, like the Caltech-led Palomar Transient Factory (PTF) (Law et al.

2009), that now observe at least one supernova a day. The theory behind supernovae has come a

long way since Baade & Zwicky (Baade and Zwicky 1934a,b). A lot of the questions one can ask

have answers, however, some fundamental questions still remain unsolved. In this Chapter, I aim

to describe what we know, and what is still unknown about supernovae, I will focus on supernovae

that are associated with the collapse of the iron core in evolved massive stars.

2.1 Observations of Core-Collapse Supernovae

It soon became clear in the early days of supernova observations that (at least) two types of super-

novae existed: Type-I, which have no observable hydrogen lines, and Type-II, which do have strong

hydrogen lines. Observers have maintained this convention of classifying supernovae, although there

are now many subcategories to both Type-I and Type-II supernovae.

Type-Ia supernovae, which in the volume-limited Lick Observatory Supernova Search (LOSS, Li

et al. 2011) comprise ∼ 24% of all supernovae, are supernovae that contain no hydrogen absorp-

tion lines in their spectra, but do display strong silicon II absorption lines. These supernovae are

thermonuclear explosions of carbon-oxygen white dwarfs. One of the two big unanswered ques-

tions in Type-Ia supernova theory is, what is the origin of Type-Ia supernova progenitors? Two

competing theories include the double-degenerate model and the single-degenerate model. In the

double-degenerate model, gravitational radiation causes a binary white-dwarf system to inspiral over
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time and eventually merge; this potentially leaves a hypermassive white dwarf that is initially ther-

mally supported above the Chandrasekhar mass. The settling of the high-entropy merger remnants

onto the inner core slowly raises the temperature, eventually triggering the runaway thermonuclear

explosion. The single-degenerate model consists of a white dwarf accreting from a companion star,

e.g., a subgiant or red giant. As more material is accreted, the central temperature increases and,

like in the double-degenerate scenario, a runaway explosion is triggered. The other large uncertainty

in Type-Ia supernova theory is the process by which the carbon is ignited (Hillebrandt and Niemeyer

2000). Simulations have shown that in a pure deflagration, i.e., a subsonic burning front, the outer

layers of the white dwarf expand before ignited. This leads to too many intermediate mass elements

compared to what is observed. However, a pure detonation, a supersonic burning front, has the

opposite problem. It produces too little intermediate mass elements and instead forming too many

iron-group nuclei. The delayed detonation model, where a deflagration transitions into a detonation

can be made to reproduce observed abundances, but the physical mechanism of the transition is un-

clear. Type-Ia supernovae are not the topic of this thesis; we refer the reader to reviews Hillebrandt

and Niemeyer (2000), Wang and Han (2012) on Type-Ia supernovae for more detailed information.

All of the remaining types and subtypes of supernovae stem from essentially the same process,

the collapse of the iron core in an evolved massive star, it is the central engine of these supernovae

that is of interest in this thesis. Before delving further into the inner workings of a core-collapse

supernova in the following section, I will briefly describe the various electromagnetic observational

signatures of core-collapse supernovae. The two other subcategories of Type-I supernovae classify

the hydrogen-poor core-collapse events. These two subcategories encompass ∼ 19% of all supernovae.

The remaining supernovae are of Type-II and comprise ∼ 54% of observed supernovae in the LOSS

survey. Type-II are divided into four main categories, but as previously mentioned, all contain

strong hydrogen lines in their spectra.

Type-Ib and Type-Ic supernovae, like the Type-Ia supernovae do not shown hydrogen lines in

their spectra. They are distinguished from Type-Ia supernovae by the lack of silicon II lines. Type-

Ic supernovae differ from Type-Ib supernovae by the lack of helium lines in their spectra. This

suggests that Type-Ib supernovae have lost their hydrogen envelope during an earlier evolutionary

stage, while Type-Ic supernovae have lost both the hydrogen and helium envelopes. In the LOSS

survey, Type-Ib and Type-Ic supernovae comprise ∼ 19% of all supernovae. Of these 19%, roughly

21% are of Type-Ib, 54% are of Type-Ic and the remaining 25% are classified as Type-Ibc-pec.

Type-Ibc-pec is a catchall category for peculiar supernovae that lack hydrogen such as the broad

line Type-Ic supernovae associated with long-duration γ-ray bursts.

Type-II Plateau (P) supernovae are by far the most common supernovae, making up ∼ 70% of

Type-II supernovae and almost 40% of all supernovae (Li et al. 2011). They are distinguished

from other subtypes by the presence of an optical-luminosity plateau phase lasting ∼ 100 days. The
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progenitors of Type-IIP supernovae are red supergiants with large hydrogen envelopes. They are

thought to come from stars with zero-age main sequence (ZAMS) masses between ∼ 8.5–16.5M�

(Smartt et al. 2009). The evolution of the light curve after the shock traverses the envelope and

breaks out of the star is first determined by the photosphere slowly receding in mass through the

expanding hydrogen envelope as the hydrogen recombines and cools, this is the plateau phase. Later,

like most supernovae, the light curve is set by the radioactive decay of 56Co, and much later by 44Ti.

Type-IIb supernovae are a transitional type of supernovae. Early on in the evolution there are

strong hydrogen lines, however after a period of time these hydrogen lines disappear, and the su-

pernova transitions to a Type-Ib. From single star evolution one may expect that a very small

population of massive stars exists that has a thin hydrogen layer, these would naturally give rise to

a Type-IIb supernovae. However the high percentage of Type-IIb in the LOSS survey, ∼ 12% of all

Type-II supernovae, suggests there may be another, dominant, evolutionary channel for Type-IIb

supernovae, namely mass-stripping binary stars (Claeys et al. 2011, Woosley et al. 1994).

Type-IIn supernovae are Type-II supernovae that show narrow emission lines. The narrow nature

of the lines means that the material must be moving slowly, this is interpreted as circumstellar ma-

terial being excited by the interaction with the supernova shock wave. The amount of circumstellar

material suggests that large mass loss, most likely episodic, occurs very close to the time of core

collapse (Kiewe et al. 2012). Type-IIn supernovae make up ∼ 9% of Type-II supernovae in the LOSS

volume-limited survey.

Type-II Linear (L) supernovae comprise ∼ 10% of Type-II supernovae in the LOSS survey. They

are characterized by the linear decline of the light curve, and the lack of a prominent plateau phase.

Little is known about Type-II-L supernovae, they can be extremely luminous (Miller et al. 2009),

and may have yellow supergiants as progenitors (Elias-Rosa et al. 2010).

The vast observational landscape of core-collapse supernovae arises because of the large diversity

in the presupernova structure of massive stars. Type-Ib (Type-Ic) supernovae come from stars

that have, through some process, lost their hydrogen (and helium) envelope; Type-IIP supernovae

originate from stars have a large hydrogen envelope at the point of core collapse; and Type-IIn

supernovae have, through some process, expelled large amounts of mass in the years preceding

core collapse. However, regardless of which evolutionary path massive stars take, it will ultimately

undergo core collapse.

2.2 Core-Collapse Theory

For all stars with a ZAMS mass larger than 8–10M�, the end of hydrostatic stellar evolution is

marked by one of the most energetic events in the modern universe, a core-collapse supernova. The

core of such massive stars become unstable to gravitational collapse when the gravitational force can
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no longer be balanced by the electron degeneracy pressure of the inert iron core. Thus, the core-

collapse phase of a core-collapse supernova begins. The mass of the iron core at this time is referred

to as the effective Chandrasekhar mass; it is set by the electron fraction and, to a lesser extent, the

thermal content. For massive stars with a ZAMS mass between ∼ 8–100M� this can vary between

1.2–2.0M�. The final iron core mass, and the entire presupernova structure, is a strong function of

the evolutionary history of massive stars. While a very interesting topic on its own, we must refer

the reader to Woosley et al. (2002) for an in depth review of massive star evolution, also Limongi

and Chieffi (2006), Paxton et al. (2011).

The iron core collapses on roughly a free fall time. This is O(100 ms) for a typical massive

star but can last up to 500 ms for the most massive iron cores. The collapsing core separates into

a homologously collapsing inner core (i.e., v ∝ r) and a supersonically in-falling outer core. The

delineating point is the sonic point, where the fluid velocity equals the local sound speed. The mass

coordinate of the sonic point plays an important role in core-collapse supernovae. When nuclear

densities are reached the equation of state stiffens and the collapse halts. The inner core, which is

in sonic contact, elastically rebounds. The kinetic energy of the in-falling inner core is converted to

outgoing kinetic energy via an outward propagating pressure wave. When the pressure wave reaches

the sonic point it steepens into a shock wave. This shock wave carries with it the kinetic energy

of the collapsing inner core; a larger collapsing inner core delivers a larger amount of energy to the

shock wave. The mass of the homologously collapsing inner core is set by matter electron fraction

and temperature. The thermodynamic configuration of the matter is set by the progenitor model

and the detailed deleptonization history of the core-collapse phase.

The outgoing shock wave, for a standard core-collapse supernova, is what will eventually explode

the star. It is the primary goal of core-collapse theory to quantitatively describe how this shock

wave leads to an explosion. Other fundamental issues in core-collapse theory include what is the

final compact remnant, what heavy nuclei are synthesized, and what are the observational signatures

(including electromagnetic, gravitational, and neutrino). In the event that the shock wave is not

successful in exploding the star, the likely outcome is a black hole. We know that this must happen

as many stellar mass black hole candidates exist, however, what stars make black holes is an open

question. This is the main topic of this thesis.

2.3 The Quest for the Explosion Mechanism

For over 40 years, the evolution of the supernova shock wave after its formation has been studied

in great detail. However, how a star explodes remains the biggest unsolved problem in core-collapse

theory. What is known is that in all but the lowest mass progenitors (i.e., O-Ne-Mg cores, for

example, Kitaura et al. 2006) soon after the shock is formed, within 100 ms, it stalls and becomes an
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accretion shock (i.e., vshock ∼ 0). This occurs because the pressure of the matter behind the shock is

not large enough to overcome the ram pressure of the in-falling outer core. Two physical phenomena

are responsible for reducing the pressure of the material behind the shock and lead to its stagnation.

As the in-falling material slows through the shock, the kinetic energy is converted to internal energy.

This increase in internal energy (∼ 8–9 MeV baryon−1) dissociates the heavy iron-group nuclei into

neutrons, protons, and α-particles at the cost of softening the equation of state. The other cause of

the shock stalling is the copious emission of neutrinos, and therefore thermal energy, from the hot

postshock region.

The stalled shock must be reenergized before sufficient matter is accreted onto the protoneutron

star to cause a further gravitational instability, this time the collapse of the protoneutron star to a

black hole. Several theories for the supernova explosion mechanism have been proposed. They all

rely on the conversion of a fraction of the energy released during the gravitational collapse of the

iron core to a neutron star (∼ 3 × 1053 = 300B) to the kinetic energy of the explosion (i.e., for a

typical supernova, O (1051 ergs = 1B)). The remaining energy is radiated in neutrinos or converted

to rotational energy, if the iron core had some initial angular momentum. We describe the various

proposed supernova explosion mechanisms below.

2.3.1 The Neutrino-Driven Explosion Mechanism

The most ubiquitous mechanism is the neutrino mechanism, originally proposed by Wilson (1985). In

all core-collapse supernova simulations that include basic neutrino physics, a heating region develops

behind the shock. Neutrinos from the protoneutron star begin to decouple from the matter when the

interaction length scale (i.e., the neutrino mean free path) becomes too large to maintain equilibrium

with the surrounding matter, this decoupling is predominantly due to the decrease in the density

with increasing radius. This occurs at a reference radius called the neutrinosphere, usually defined

to be the radius where the mean neutrino optical depth is 2/3, this roughly corresponds to a matter

density of ρ ∼ 1011−12 g cm−3. Outside of the neutrinosphere, lingering neutrino interactions with

the matter preferentially transfer energy from the neutrino field to the matter. The gain region,

where neutrino heating dominates over neutrino cooling, develops between ∼ 100 km and the shock.

For a successful neutrino driven explosion, the heating in the gain region is large enough to increase

the pressure behind the shock above the ram pressure of the infalling material. In 1D and 2D,

the neutrino mechanism is not a robust core-collapse supernova explosion mechanism. In 1D, even

with the most sophisticated neutrino physics (Lentz et al. 2011, Liebendörfer et al. 2001, 2004,

Rampp and Janka 2000, Thompson et al. 2003), it often fails to reenergize the shock at all. In 2D,

while some successful neutrino-driven explosions are observed to occur with the most sophisticated

neutrino physics, (Buras et al. 2006a, Müller et al. 2011, 2012, Yakunin et al. 2010), they are

typically under-energetic compared to canonical observed core-collapse supernova explosions. The
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neutrino mechanism in 3D is still under investigation. Exploratory simulations with ad-hoc neutrino

heating and cooling are currently giving contradictory results. Nordhaus et al. (2010b) claim that

the critical luminosity needed to explode in 3D is lower (by ∼ 20%) than in 2D, however Hanke

et al. (2011) see no reduction in the critical luminosity when going from 2D to 3D. It is crucial

to accurately model the neutrinos and their interactions with the matter in order to fully capture

the neutrino mechanism. This makes simulations computationally demanding and complex; more

sophisticated neutrino treatment in 3D is needed before conclusions can be reached. An excellent

analytic break-down of the neutrino mechanism is presented in Pejcha and Thompson (2012), where

they investigate previous analytic approaches to describing the neutrino mechanism, discuss the

thermodynamic conditions in the postshock region when the neutrino mechanism is successful, and

study how increased dimensionality can improve the efficacy of the neutrino mechanism.

2.3.2 The Magneto-Rotational Explosion Mechanism

For magnetized protoneutron stars that are sufficiently rapidly rotating, LeBlanc and Wilson (1970)

proposed, with more recent work by Burrows et al. (2007b), Dessart et al. (2008), Obergaulinger

et al. (2009), Shibata et al. (2006), Takiwaki et al. (2004), the magneto-rotational mechanism. Unlike

the neutrino mechanism, provided the conditions present themselves, this explosion mechanism is

robust in producing a successful and energetic supernova via a jet-driven explosion. However, this

explosion mechanism requires large magnetic fields and rotation. The leading theory to generate the

large magnetic field needed to power such an explosion is the magneto-rotational instability (MRI)

(Balbus and Hawley 1991). In the context of protoneutron stars, the MRI occurs whenever there

is strong differential rotation and a seed magnetic field. In theory, it grows the magnetic field on

a dynamical time scale, which for fast rotating protoneutron stars is O(ms) (Obergaulinger et al.

2009). This allows the magnetic field to reach the required values for a magneto-rotational explosion

within the first O(100 ms). Numerically modeling the magneto-rotational explosion mechanism self-

consistently is difficult, as it requires one to resolve the fastest growing mode of the MRI. For typically

magnetic fields in protoneutron stars this scale is O(m). Larger initial magnetic fields increase this

scale and allow numerical simulations to resolve the MRI on a global scale (Obergaulinger et al.

2006a,b), but are currently not predicted from stellar evolution models. Unfortunately, the rotation

rates needed for magneto-rotational driven explosions are not predicted to occur in garden-variety

massive stars. So while the magneto-rotational mechanism may be robust in reviving the shock,

it cannot be the explanation for every core-collapse event we observe, rather perhaps only O(1%)

(Woosley and Heger 2006).
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2.3.3 Other Explosion Mechanisms

The unsuccessful attempts to simulate the explosion of core-collapse supernova have led to several

other proposals for the core-collapse supernova mechanism. Burrows et al. (2006a) propose the

acoustic mechanism. They find in their 2D axisymmetric simulations that the standing accretion

shock instability (SASI) generates downstreams onto the protoneutron star core that lead to the

excitation of g-modes. These g-modes create sound waves that propagate out into the postshock

region where they steepen into shocks, depositing their energy and eventually reenergizing the shock.

This proposed explosion mechanism is not without its caveats. Weinberg and Quataert (2008)

have found that unresolved daughter modes would saturate the g-mode that drives the explosion

at amplitudes much less than that needed for the observed explosion. The numerically observed

explosions also are 1) unconfirmed by other core-collapse supernova codes, and 2) sufficiently under-

energetic to explained observed explosion energies. It is also unclear if such oscillations would be

present in full 3D simulations. However, the acoustic mechanism provides a clear observational

signature in gravitational waves for a galactic core-collapse supernova (Ott et al. 2006a).

Another recently proposed mechanism for reenergizing the supernova shock is the QCD phase

transition mechanism of Sagert et al. (2009). As the protoneutron star accretes material the central

density slowly increases. If a QCD phase transition occurs at central densities reached in the early

postbounce phase that this would trigger a second collapse of the core, this time to a quark star.

Much like the standard iron core collapse case, the protoneutron star collapse will be halted at higher

densities. This will create a second shock wave that will propagate out and, in the simulations of

Sagert et al. (2009), reenergize the shock causing a successful explosion. However, with the recent

observation of 1.97 ± 0.04M� neutron star (Demorest et al. 2010), the critical density of such a

QCD phase transition is forced to higher densities. It is unclear if such a transition would occur

early enough in the postbounce phase to affect the explosion mechanism. Much like the acoustic

mechanism, there is a clear observational signature of the QCD phase transition induced explosion,

Dasgupta et al. (2010) predict a strong ν̄e signal from the second collapse, which would be observable

within the galaxy.

2.3.4 Missing Physics

It may well be that case that the crucial piece of physics that leads to a successful core-collapse

supernova explosion is something that has been neglected or not considered at all. Small changes to

specific elements of core-collapse theory are unlikely to make a qualitative difference on the outcome

because of the strong feedback. This is colloquially known as Mazurek’s Law name after physicist

Ted Mazurek. However, dramatic changes in the underlying physics may have a large effect. We

have already alluded to one potential missing piece of physics: three dimensions. Transitioning



13

from one dimension to two dimensions changed the picture a lot (Murphy and Burrows 2008). The

extra degree of freedom allows hydrodynamic instabilities to develop such as convection and the

standing accretion shock instability (SASI). These increase the dwell time of the fluid in the gain

region, allowing for a more efficient neutrino mechanism. Indeed, there is a consensus that neutrino

driven explosions are easier to obtain in two dimensions than in one dimension (Hanke et al. 2011,

Murphy and Burrows 2008, Nordhaus et al. 2010b). The transition from two to three dimensions

is less clear. Without the axial symmetry constraint imposed by two-dimensional simulations and

due to the nature of turbulence in three dimensions compared to two, it is unclear if the large scale

shock excursions seen in two dimensions will carry over to three dimensions. Preliminary work has

been done on the supernova mechanism in three dimensions (Burrows et al. 2012, Hanke et al. 2011,

Kuroda et al. 2012, Nordhaus et al. 2010b), but as of yet there is no consensus on its effect. This

will required detailed simulations with more sophisticated neutrino transport.

One of the most puzzling questions is, if the neutrino mechanism is successful in three dimensions,

how can canonical supernova explosion energies be reached when the most accurate one- and two-

dimensional simulations of garden-variety massive stars predict roughly a tenth of what is observed

(Müller et al. 2012). A recent example of a potential game-changing piece of physics is collective

neutrino oscillations in the early postbounce phase (Chakraborty et al. 2011a,b, Dasgupta et al.

2012, Suwa et al. 2011). Under certain conditions similar to those found in the early postbounce

phase of core-collapse supernovae, it is possible for the neutrino spectra to collectively oscillate.

One consequence is that the electron neutrino and antineutrino spectra swap with the heavy-lepton

neutrino spectra. If this exchange occurs before the gain radius, there is a potentially large, O(100%),

increase in the neutrino heating. However it has been shown (Chakraborty et al. 2011a,b, Dasgupta

et al. 2012) that such exchange does not seem to occur at small enough radii to have an effect on

the explosion mechanism.

2.3.5 Failed Supernovae

In a significant fraction of core-collapse events the explosion mechanism must be successful to repro-

duce observed core-collapse supernovae rates. However, it is most likely that some fraction of core

collapses do not give rise to a successful explosion, rather they are failed supernovae. If the shock

fails to be reenergized, matter will continue to accrete onto the protoneutron star. Eventually the

protoneutron star will surpass the maximum mass that can be supported by the nuclear equation

of state. It will then collapse to a black hole. This is likely the only pathway to produce the ob-

served stellar mass black hole binary star systems, the prototype black hole binary star system being

Cygnus X-1. After the black hole forms there are several possible outcomes. If the progenitor star

is nonrotating or rotating slowly, it is likely that matter will continue to accrete into the black hole

until the entire star is consumed, producing an unova (Kochanek et al. 2008). If enough rotation is
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present a disk may form around the black hole feeding it on an accretion time scale. Furthermore, if

the disk forms at sufficiently small radii, Woosley (1993) proposes that a long-duration γ-ray burst

may develop. Failed supernovae are the main focus of this thesis. We delay a detailed introduction

until Chapter 4.

2.4 Signatures of the Supernova Central Engine

Unfortunately, the electromagnetic observations of core-collapse supernovae carry no direct infor-

mation on the central engine of the supernova itself. For this we must rely on either neutrinos or

gravitational waves. Such detections are rare, the LOSS survey predicts that the expected super-

nova rate in the Milky Way is 2.84±0.60 supernovae per century (within a systematic uncertainty

factor of ∼2) (Li et al. 2011). Most of the current and future neutrino detectors (Borexino, HALO,

IceCube, KamLAND, SNO+, Super-Kamiokande) will be able to detect neutrinos from a galactic

supernova; in 1987 Kamiokande-II (Hirata et al. 1987) and IMB (Bionta et al. 1987) both detected a

handful of neutrinos from SN1987A in the Large Magellanic Cloud. The prospects for gravitational

waves are less certain, largely owing to the fact that gravitational wave have not yet been observed.

However, it is predicted that galactic events should be detectable in current and future gravitational

wave detectors (Ott 2009). A detection of either or both would provide supernova theorists with a

plethora of information much like the case following SN1987A. We report on some aspects of the

core-collapse supernova central engine that can be unveiled with a future detection of neutrinos

and/or gravitational waves. We also briefly discuss indirect probes of the core-collapse supernova

central engine.

2.4.1 Neutrino Signatures

For a core-collapse supernova at a fiducial galactic distance of 10 kpc, the total number of expected

neutrinos in the SuperKamiokande water-Cherenkov detector is ∼ 8000. These ∼ 8000 neutrinos

(although most detections will actually be electron antineutrinos) are emitted starting at core bounce

and continuing until a black hole forms or the protoneutron star has cooled sufficiently that the

neutrino emission rate drops below the detection threshold (∼ 20 s). These neutrinos can tell us

a great deal about the inner workings on the core-collapse supernova engine (Vogel 2002). How

the luminosity, spectral shape, and flavor content change with time can be matched with theory to

reveal details of the underlying progenitor models, nuclear equation of state, and neutrino oscillation

parameters (both collective and MSW). Decoupling these from each other may prove to be the most

difficult task.

More specific questions may also be answered. The absolute mass scale of neutrinos can be

limited by time of flight measurements of the neutrinos (Beacom and Vogel 1998a,b). Temporal
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variations in the total neutrino signal, (Brandt et al. 2011, Lund et al. 2010), especially if coincident

with a gravitational wave signature, (Ott et al. 2012), can reveal properties of the fluid motions in

the protoneutron star and postshock region. One proposed supernova mechanism, the QCD phase

transition model of Sagert et al. (2009), predicts a unique electron antineutrino signal that would

be observable from a galactic supernova. Kinks in the observed energy spectrum signal collective

neutrino oscillations and can help distinguish the neutrino mass hierarchy and determine neutrino

mixing parameters (Duan et al. 2010). Even standard neutrino oscillations (via the MSW effect)

can relay information of the density structure in the early postexplosion phase (Duan and Kneller

2009). The incredible sensitivity of the IceCube detector to the overall neutrino luminosity may

allow the precise determination of the time of bounce to within 3.5 ms (Halzen and Raffelt 2009).

This timing information may be crucial for gravitational wave analysts to extract a gravitational

wave signal from their data. If a black hole forms within the detection window for neutrinos, one

expects a sharp drop in the neutrino signal. This may happen in a failed supernova before the shock

is reenergized, or after the shock is launched via fallback or due to a late-time phase transition in the

protoneutron star (Baumgarte et al. 1996a,b). Such an event would allow for an even more precise

measurement of the neutrino absolute mass scale (Beacom et al. 2001) and perhaps reveal telling

information on the nuclear equation of state.

Relic supernova neutrinos are supernova neutrinos from distant sources. On average we would

expect to detect much less than one neutrino from each of these distance sources. However, integrated

over all core-collapse supernovae, of which there is O(1–10) per second in the observable universe, we

expect a relic supernova neutrino background. This background has not yet been detected, but the

most recent upper limits from almost 3000 days of live time at SuperKaminokande are NE>17.6 MeV
relic <

2.95±0.15 ν̄e cm−2 s−1 (Bays et al. 2012). This limit puts constraints on a combination of the total

energy released in electron antineutrinos and the associated energy spectrum. The limits are very

close to current theoretical predictions. This suggests relic neutrinos may soon be discovered with

more exposure time and/or a megaton-class neutrino detector.

2.4.2 Gravitational Wave Signatures

While no gravitational waves have been observed from any source, such detections are routinely

expected in the next generation of gravitational wave detectors, cf. Advanced LIGO and Advanced

VIRGO (LIGO, Virgo). Gravitational waves from core-collapse supernovae are very weak and a de-

tection of garden-variety core-collapse supernovae in gravitational waves is predicted only for galactic

supernovae (Ott 2009). Such a signal would be invaluable, gravitational waves carry direct informa-

tion on the dynamics of the supernova central engine. It is likely the case that if such a signal were

to be observed within a few kpc, we would be able to distinguish the explosion mechanism (Logue

et al. 2012). Each mechanism has a characteristic signature: the magneto-rotational mechanism,
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due to the rapidly rotating core, has a strong gravitational wave signature at bounce. The neutrino

mechanism has a lower signal driven by convection and, at least in two-dimensional simulations, the

SASI. The acoustic mechanism has a strong gravitational wave signature as the protoneutron star

core pulsates. A failed supernova with sufficient rotation also has a characteristic gravitational wave

signal with a distinctive pulse both at core bounce and at the moment of black hole formation (Ott

et al. 2011).

2.4.3 Indirect Probes of the Central Engine

There are many ways to indirectly probe the supernova central engine. For example, using the

observed mass distribution of neutron stars and black holes in observed neutron star–white dwarf,

neutron star–neutron star, and low- and high-mass x-ray binaries (Farr et al. 2011, Özel et al.

2010, 2012, Pejcha et al. 2012). Typical pulsar kick speeds are ∼ 200 km s−1 and may also give an

indirect probe of the central engine of core-collapse supernovae (Nordhaus et al. 2010a). Similarly,

asymmetries in the explosion eject or net polarizations in the observed photons possibly hint at

asymmetries in the underlying mechanism. Measurements of nucleosynthetic yields, either through

chemical analysis of stellar atmospheres, presolar grains, or observations of supernova remnants

also give clues regarding the central engine. However all these methods usually contain unknown

systematics, suffer from low statistics, and/or require assumptions of the underlying populations of

stars and stellar evolutions processes.
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Chapter 3

General Relativistic
Hydrodynamics and Core-Collapse
Supernova Microphysics1

3.1 Introduction

General relativistic computational models of stellar collapse have a long pedigree, starting with

the spherically symmetric (1D) Lagrangian work of May and White in the mid-1960s (May and

White 1966), based on the comoving GR hydrodynamics formulation in orthogonal coordinates by

Misner and Sharp (Misner and Sharp 1964) and using a finite-difference scheme with an artificial

viscosity (Von Neumann and Richtmyer 1950) approach to handle shocks. Much subsequent 1D GR

work (Baumgarte et al. 1995, Liebendörfer et al. 2002, Miralles et al. 1991, Schinder et al. 1988,

Swesty 1995, van Riper 1979) was based on this or similar approaches, including full radiation-

hydrodynamics stellar collapse and core-collapse supernova simulations with finite-temperature mi-

crophysical equations of state (EOS) (Baron et al. 1985, 1989, Bruenn 1985, Liebendörfer et al.

2004, Wilson 1971). Eulerian formulations, more suited for extension to multidimensional simu-

lations, were introduced later and used maximal slicing (Mezzacappa and Matzner 1989, Shapiro

and Teukolsky 1979, 1980, Wilson 1979), or radial-gauge, polar-slicing (RGPS) (Gourgoulhon 1991).

These schemes, with the exception of Gourgoulhon (1991), who employed pseudospectral methods,

still used artificial viscosity approaches to shock treatment. More accurate, high-resolution shock-

capturing (HRSC) approaches to GR stellar collapse based on higher-order Gudonov schemes and

Riemann solvers were introduced by Marti et al. (1990) and Yamada (1997) in the Lagrangian con-

text, by Mart́ı et al. (1991) in the fixed-background Eulerian case, and by Romero et al. (1996) and

1A large part of this chapter is taken from the article A New Open-Source Code for Spherically-Symmetric Stellar
Collapse to Neutron Stars and Black Holes. O’Connor, E. & Ott, C.D., Classical and Quantum Gravity 27 114103
(2010): Special Issue of invited papers from MICRA2009 held at the Niels Bohr International Academy, Copenhagen,
August 24–28, 2009. Reproduced with permission from IOP Publishing. This chapter also contains work from
the proceedings of the ‘Hamburg Neutrinos from Supernova Explosions, Haνse 2011’ Ott, C.D., O’Connor, E. &
Dasgupta, B.
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Noble (2003) in the RGPS Eulerian frame. Yamada’s approach was later extended to include micro-

physical EOS and radiation transport (Sumiyoshi et al. 2005, Yamada et al. 1999). Gourgoulhon and

Haensel (1993) included an approximate neutrino transport treatment in their code. Preliminary

results of Romero’s code with a microphysical EOS and a neutrino leakage scheme were published

in Romero et al. (1997) and Pons et al. (1997).

State-of-the-art simulations of stellar collapse and of the postbounce supernova evolution strongly

suggest that multidimensional dynamics is crucial for the core-collapse supernova mechanism to

succeed in massive stars (e.g., Hanke et al. 2011, Kuroda et al. 2012, Murphy and Burrows 2008,

Nordhaus et al. 2010b, Takiwaki and Kotake 2011). Present multidimensional core-collapse super-

nova codes are either Newtonian (Burrows et al. 2007c, Hanke et al. 2011, Nordhaus et al. 2010b,

Obergaulinger and Janka 2011, Ott et al. 2008, Suwa et al. 2010, Swesty and Myra 2009, Takiwaki

and Kotake 2011) or employ Newtonian dynamics with relativistic corrections to the gravitational

potential (Bruenn et al. 2009, Buras et al. 2006a, Marek and Janka 2009, Müller et al. 2010, Müller

et al. 2012). Multidimensional simulations in conformally flat (Isenberg 2008) or full GR tradi-

tionally relied on simple analytic EOS and polytropic initial models and neglected crucial neutrino

effects (see, e.g., Dimmelmeier et al. 2002a, 2005, Shibata and Sekiguchi 2004, 2005). Only recently

have the first axisymmetric (2D) (Dimmelmeier et al. 2007, 2008, Sekiguchi and Shibata 2011) and

3D (Kuroda et al. 2012, Ott et al. 2007a,b, 2012) GR core-collapse simulations become available

that employ microphysical EOS, approximate treatment of deleptonization in the collapse phase and

in the very recent case of Ott et al. (2012) and Kuroda et al. (2012), approximate neutrino leakage

or transport in the postbounce phase.

In this chapter, we describe the foundations of a new and open approach to the stellar col-

lapse and core-collapse supernova problem in GR. We discuss the formulation and implemen-

tation of the code GR1D, a new, spherically-symmetric Eulerian GR code for stellar collapse to

neutron stars and black holes with approximate pre- and postbounce neutrino treatment. We

release GR1D and all its microphysics and input physics as open source to be downloaded from

http://www.stellarcollapse.org. It is meant to complement open-source 3D GR codes that do

not come with microphysics and neutrino approximations. At the same time, we intend GR1D to

serve as an efficient 1D GR test bed for new modeling technology to be eventually incorporated in

multidimensional codes. In addition, GR1D and its microphysics components can readily be adapted

for use in the computational modeling of problems involving some or much of the same physics as

in the stellar collapse problem, e.g., the postmerger phase of double neutron-star or black-hole–

neutron-star coalescence.

We base GR1D on the conceptually simple and computationally efficient RGPS formalism of

Gourgoulhon (1991). GR1D, like the code of Romero et al. (1996), employs a Eulerian formulation

of GR hydrodynamics with HRSC and works on nonequidistant grids. For the first time in the 1D
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GR context, we derive and implement in GR1D an extension of the 1D GR hydrodynamics equations

to include rotation in an effective fashion. For completeness and comparison of Newtonian and GR

dynamics, GR1D also implements 1D Newtonian hydrodynamics. GR1D operates with analytic EOS as

well as with tabulated microphysical EOS through a general EOS interface. We discuss and provide

EOS tables for the EOS of Lattimer-Swesty EOS (Lattimer and Swesty 1991) and the one of Shen

et al. (1998a,b, 2011c). Furthermore, we discuss and include in GR1D the deleptonization treatment

of Liebendörfer (2005) for the collapse phase and a postbounce 3-flavor neutrino treatment based

on the leakage schemes of Ruffert et al. (1996) and Rosswog and Liebendörfer (2003) as well as an

approximate way of including neutrino heating.

Due to these approximations in the neutrino treatment, GR1D in its present form cannot be

used for accurate simulations addressing the core-collapse supernova mechanism or neutrino-induced

nucleosynthesis. However, we find that with the present treatment, GR1D reproduces very well

qualitatively the salient features of the postbounce evolution of core-collapse supernovae as predicted

by full 1D radiation-hydrodynamics simulations. Moreover, we find that GR1D may be used to

make quantitatively reliable predictions on the time of black hole formation in failing core-collapse

supernovae and on the maximum mass of the protoneutron star. The next major update to GR1D is

the inclusion of spectral neutrino transport (see Chapter 5).

This chapter is structured as follows. In Section 3.2 and Section 3.3, we discuss our 1D GR

hydrodynamics and curvature equations and their implementation in GR1D. Section 3.5 introduces the

EOS provided with GR1D and in Section 3.6 we detail our prebounce deleptonization and postbounce

leakage and neutrino heating schemes. A number of code tests are presented in Section 3.7.

We assume spacelike signature (−,+,+,+) and, unless mentioned otherwise, use units of G =

c = M� = 1, but use cgs units for the microphysics and neutrino leakage/heating quantities.

3.2 Spacetime Equations

We follow Gourgoulhon (1991), Romero et al. (1996) who formulate the 3 + 1 GR curvature and

hydrodynamics equations in radial-gauge, polar slicing (RGPS) coordinates. In these coordinates

and in spherical symmetry, the shift vector vanishes and the metric is diagonal and closely resembles

the Schwarzschild metric. The invariant line element is

ds2 = gµνdx
µdxν ,

= −α(r, t)2dt2 +X(r, t)2dr2 + r2dΩ2 , (3.1)
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where α and X can be written more conveniently as functions of a metric potential, Φ(r, t), and the

enclosed gravitational mass Mgrav(r, t) = m(r, t),

α(r, t) = exp [Φ(r, t)] , X(r, t) =

(
1− 2m(r, t)

r

)−1/2

. (3.2)

We assume ideal hydrodynamics for which the fluid stress-energy tensor is

Tµν = ρhuµuν + Pgµν , (3.3)

where ρ is the baryonic density, P is the fluid pressure, h is the specific enthalpy equal to 1 +

ε + P/ρ with ε being the specific internal energy. uµ is the four-velocity and, in 1D, is equal to

[W/α,Wvr, 0, 0]. W =
(
1− v2

)−1/2
is the Lorentz factor and v = Xvr. The equation for the

gravitational mass needed for determining the metric coefficient X(r, t) of Equation 3.2 is derived

from the Hamiltonian constraint equation and reads

m(r, t) = 4π

∫ r

0

(ρhW 2 − P )r′
2
dr′ . (3.4)

The expression for the metric potential Φ(r, t) is determined via the momentum constraints, taking

into account the polar slicing condition that imposes TrK = K r
r , where Kij is the extrinsic curvature

tensor (see Gourgoulhon 1991, Noble 2003 for details). It reads,

Φ(r, t) =

∫ r

0

X2

[
m(r′, t)

r′2
+ 4πr′(ρhW 2v2 + P )

]
dr′ + Φ0 , (3.5)

Φ0 is determined by matching the solution at the star’s surface (r = R?) to the Schwarzschild metric,

Φ(R?, t) = ln [α(R?, t)] =
1

2
ln

[
1− 2m(R?, t)

R?

]
. (3.6)

We use standard 2nd order methods to perform the integral in Equation 3.5 and obtain values

at cell centers as well as at cell interfaces. As we shall se in the next section, The integrand for

Equation 3.4 can be written purely as a function of conserved, cell-averaged variables and therefore

the volume integral is trivial and exact.

3.3 GR Hydrodynamics in 1D Radial-Gauge, Polar Slicing

The evolution equations for the matter fields are derived from the local conservation laws for the

stress-energy tensor, ∇µTµν = 0, and for the matter current density ∇µJµ = 0. This conservation

laws are evaluated in the Eulerian frame assuming the spacetime structure given in the previous

section. We write the GR hydrodynamics equations along the lines of the flux-conservative Valencia
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formulation (e.g., Banyuls et al. 1997, Font 2008, Font et al. 2000) with modifications for spherically-

symmetric flows proposed by Romero et al. (1996) and neutrino sources. Evaluation of the neutrino

sources in the Eulerian frame is presented in Section A.1. The derivation of the evolution equations

is presented in Appendix A.2.

We write the set of evolution equations as,

∂t~U +
1

r2
∂r

[
αr2

X
~F

]
= ~S (3.7)

where ~U is the set of conserved variables, ~F is their flux vector, and ~S is the vector containing

gravitational, geometric, and neutrino-matter interaction sources and sinks. In 1D and without

rotation, ~U = [D,DYe, S
r, τ ]. The conserved variables are functions of the primitive variables

ρ, Ye, ε, v, and P and are given by

D = αXJ t = XρW ,

DYe = αXYeJ
t = XρWYe

Sr = αXT tr = ρhW 2v ,

τ = α2T tt −D = ρhW 2 − P −D , (3.8)

where Ye is the electron fraction, the number of electrons per baryon, and the only compositional

variable needed to describe matter in nuclear statistical equilibrium (NSE). Note that there is a

misprint in the central part of Equation 9 of Romero et al. (1996) which is missing a factor of X

which we have corrected here. The flux ~F is given by ~F = [Dv,DYev, S
rv + P, Sr − Dv] and the

sources and sinks are given by

~S =

[
0, RνYe , (S

rv − τ −D)αX
(
8πrP + m

r2

)
+ αPX m

r2

+ 2αP
Xr +Qν,ESr +Qν,MSr , Q

ν,E
τ +Qν,Mτ

]
. (3.9)

The source and sink terms RνYe , Q
ν,E
Sr , Q

ν,M
Sr , Q

ν,E
τ , and Qν,Mτ are associated with neutrinos and are

discussed in Appendix A.1 and Appendix A.2.

We use a semidiscrete approach and first discretize Equation 3.7 in space, then apply the method

of lines (MoL, Hyman 1976) and perform the time integration of the conserved variables via standard

2nd- or 3rd-order Runge-Kutta integrators with a Courant factor of 0.5.

The spatial discretization follows the finite-volume approach (e.g., Font 2008, Romero et al.

1996) and all variables are defined at cell centers i and must be reconstructed (i.e., interpolated)

at cell interfaces, where intercell fluxes are computed. This interpolation must be monotonic to

ensure stability. We use the nominally 3rd order (in smooth parts of the flow) piecewise-parabolic
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method (PPM, Colella and Woodward 1984) to interpolate the primitive variables and then set up

the conserved variables at the cell interfaces. We also implement piecewise-constant reconstruction

as well as piecewise-linear (total-variation-diminishing [TVD]) reconstruction with Van Leer’s limiter

(van Leer 1977). The latter we use exclusively in the innermost 3 to 5 zones to avoid oscillations

near the origin.

Once the variables have been reconstructed at the cell interfaces, we evaluate the physical inter-

face fluxes ~Fi+1/2 with the HLLE Riemann solver (Einfeldt 1988). The right-hand-side (RHS) flux

update term for ~Ui then reads,

RHSi = − 1

r2
i∆ri

[
αi+1/2r

2
i+1/2

Xi+1/2

~Fi+1/2 −
αi−1/2r

2
i−1/2

Xi−1/2

~Fi−1/2

]
. (3.10)

Gravitational, geometrical, and neutrino-matter interaction sources/sinks are not taken into

account in the flux computation and are coupled into the MoL integration.

After the update of the conserved variables D, DYe, S
r and τ , primitive variables ρ, Ye, v, ε,

and P (ρ, ε, Ye) must be extracted since they are needed for the next time step. In the general case,

the primitive variables (with the exception of Ye) cannot be expressed algebraically in terms of the

conserved variables (see, e.g., Font et al. 2000). Hence, we employ an iterative approach and make

an initial guess using Pold from the previous time step,

v =
Sr

τ +D + Pold
, ρ =

D

XW
, ε =

τ +D + Pold(1−W 2)

ρW 2
− 1, (3.11)

where we note that X can be calculated from the conserved variables as ρhW 2 − P = τ + D. W

is calculated from the estimate of v. We then call the EOS to obtain a new pressure and iterate

this process using a Newton-Raphson method until convergence (we typically stop the iteration at

a fractional pressure difference of 10−10 between iteration steps).

3.4 Extension to 1.5D: Including Rotation

Lagrangian spherically-symmetric stellar evolution codes have long included rotation and rotational

effects in an approximate fashion (e.g., Endal and Sofia 1978, Heger et al. 2000, Hirschi et al. 2004).

The way this is typically done is to make the assumption that the star has constant angular velocity

on spherical shells. In order to compute the effective specific centrifugal force acting on a fluid parcel,

we compute the angular average of (~ω × ~r)2 on a spherical shell of radius r, which leads to fcent =

2/3ω2r. In Newtonian Lagrangian calculations, specific angular momentum j = ωr2 is conserved

by construction and the effective centrifugal force appears in the momentum equation. Relatively

recently, such an approach has also been taken in the Newtonian 1D core collapse calculations of
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Ott et al. (2006b), Thompson et al. (2005) in order to take into account the effect of rotation

approximately. In the Eulerian frame and in GR the situation is more complicated. We must solve

an equation for angular momentum conservation on top of taking into account a centrifugal force

term in the momentum equation. We begin by defining an azimuthal Eulerian velocity vφ(= ω) and,

in order to obtain a quantity of dimension velocity, we also define vϕ = rvφ (note that uφ = Wvϕ/r).

With finite vφ, T rφ is finite and W becomes W = (1 − v2 − 2/3v2
ϕ)−1/2 in our effective approach.

We provide derivation details in Section A.2 and present here only the results. The modified stress-

energy tensor leads to an additional equation for angular momentum conservation analogous to

Equation 3.7,

∂t(Sφ) +
1

r2
∂r

(
αr2

X
Fφ

)
= Sφ (3.12)

where

Sφ = ρhW 2vϕr ,

Fφ = ρhW 2vϕrv = Sφv ,

Sφ = ρhW 2αvvϕX
[
4πr2P +

m

r

]
. (3.13)

Also, an additional term, accounting for the centrifugal force,

+ α
2

3

(
ρhW 2vϕ

2

Xr

)
, (3.14)

appears on the RHS of the equation for Sr. Finally, the change of the stress-energy tensor also has

an effect on the metric potential Φ, whose equation is now given by

∂rΦ = X2

[
m

r2
+ 4πr

(
ρhW 2(v2 +

2

3
v2
ϕ) + P

)]
. (3.15)

We implement this 1.5D treatment of rotation in GR1D, but keep the metric diagonal. The 1.5D

treatment should be rather accurate for slow rotation, and, as shown by Ott et al. (2006b), will still

capture qualitatively the effect of centrifugal support due to rapid rotation. For completeness, we

note that the total angular momentum of the system (see, e.g., Cook et al. 1992) is given by,

J =

∫ ∞
0

T tφ
√−g d3x =

8π

3

∫ ∞
0

ρhXW 2rvϕr
2dr , (3.16)

where we include a factor of 2/3 to account for the angular average. The rotation parameter β,

defined as the ratio T/|Wgrav| of rotational kinetic to gravitational energy is

T/|Wgrav| =
T

|Mgrav −Mproper − T |
, (3.17)
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where

T =
1

2

∫ ∞
0

ωT tφ
√−gd3x =

4π

3

∫ ∞
0

ρhXW 2v2
ϕr

2dr , (3.18)

where again a factor of 2/3 in the last step is from performing an angular average. Mproper is given

by,

Mproper = 4π

∫ ∞
0

(ρ+ ρε)XWr2dr , (3.19)

and Mgrav is specified by Equation 3.4.

3.5 Equations of State (EOS)

An EOS is needed to close the system of GR hydrodynamics equations and provide the pressure as

well as other thermodynamic quantities as a function of density, temperature (or specific internal

energy), and composition. In GR1D, we include for test simulations the standard analytic polytropic

(isentropic “cold”, P = KρΓ) and the Γ-law EOS (“hot”, P = (Γ− 1)ρε). These are inappropriate

for stellar collapse since they do not capture the stiffening of the EOS at nuclear density. An analytic

EOS, able to capture this effect qualitatively and include nonisentropic effects, is the hybrid EOS

(Janka et al. 1993) which we include in GR1D and discuss in Section 3.5.1. For a more realistic

description of the thermodynamics of nuclear matter, an EOS built from a microphysical finite-

temperature model for nuclear matter is needed. This is also a prerequisite for any kind of neutrino

treatment, since crucial compositional information as well as chemical potentials must be derived

from a microphysical model. Such microphysical EOS are too complicated to be computed on the

fly in a simulation and are used in tabulated form with interpolation. GR1D is able to handle such

EOS and we provide tables at http://www.stellarcollapse.org/microphysics for the EOS of

Lattimer and Swesty (1991) (LS EOS) and for the one of Shen et al. (1998a,b, 2011c) (HShen EOS).

The details of these tables and the routines facilitating their use are discussed in Section 3.5.2 and

Section 3.5.3. In Section 3.5.4 we review the current state of observational and nuclear theory

constraints on the neutron star mass versus radius relation.

3.5.1 Hybrid EOS

The hybrid EOS found widespread use in early multidimensional simulations of rotating core collapse

(e.g., Dimmelmeier et al. 2002a, Zwerger and Müller 1997), but was shown by Dimmelmeier et al.

(2007, 2008) to lead in some cases to qualitatively incorrect results for the collapse dynamics and

the resulting gravitational wave signal. We include it in GR1D, because its analytic nature provides

for very fast calculations, allowing us to readily test the GR hydrodynamics of GR1D.
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The hybrid EOS splits the pressure into a polytropic (cold) and a thermal component,

P = Pcold + Pthermal . (3.20)

The cold part is piecewise polytropic. It is composed of a polytropic EOS with Γ = Γ1 for densities

below nuclear (ρnuc) and another polytropic EOS with Γ = Γ2 for densities above ρnuc. The two

are smoothly matched at ρnuc which makes the polytropic constant K2 of the high-density part a

function of the two Γs, of K1, and of the transition density ρnuc (see, e.g., Janka et al. 1993, Read

et al. 2009, Zwerger and Müller 1997 for a description of the procedure and detailed expressions).

The thermal part is modeled via a Γ-law with Γth. It becomes relevant only after core bounce when

shocks are present, making the flow nonadiabatic. Its contribution is determined via the thermal

specific internal energy which is the difference between the primitive variable ε and the cold specific

internal energy, εth = ε− εcold.

For collapse simulations, we set K1 = 1.2435 × 1015(Ye)
4/3 [cgs] (the value appropriate for a

relativistic degenerate gas of electrons, Shapiro and Teukolsky 1983, Zwerger and Müller 1997) with

Ye = 0.5. We choose a value below, but close to 4/3 for Γ1 and typically set Γ2 = 2.5 to mimic the

stiff nuclear EOS above ρnuc which we set to 2× 1014 g cm−3. Γth we normally keep at 1.5 to model

a mixture of relativistic (Γ = 4/3) and nonrelativistic (Γ = 5/3) thermal contributions. This leads

to rapid shock propagation and explosion. When simulating black hole formation with the hybrid

EOS, we set Γth to smaller values. This reduces the postshock thermal pressure and leads to shock

stagnation.

3.5.2 Lattimer-Swesty EOS

The LS EOS (Lattimer and Swesty 1991) is derived from a finite-temperature compressible liquid-

droplet model (Lattimer et al. 1985) with a Skyrme nuclear force, uses the single heavy nucleus

approximation, and assumes nuclear statistical equilibrium (NSE). NSE holds at T & 0.5 MeV

which in core collapse and supernova matter is typically the case at ρ & few × 107 g cm−3.

The LS EOS routines are open source and available from the Stony Brook group2. We employ

their baryonic parts to generate tables with nuclear incompressibilities K0 of 180 MeV, 220 MeV, and

375 MeV (the larger K0, the stiffer the nuclear EOS). Hereafter, we refer to these K0-variants of the

LS EOS as LS180, LS220, and LS375. The symmetry energy Sv is set in all variants to 29.3 MeV for

all K0. Electrons and photons are added using the routines provided by Timmes’s EOS3 (Timmes

and Arnett 1999).

We compute the maximum cold neutron star masses for the three LS EOS variants by setting T =

0.1 MeV, assuming neutrino-less β-equilibrium and solving the Tolman-Oppenheimer-Volkoff (TOV)

2http://www.astro.sunysb.edu/dswesty/lseos.html
3http://cococubed.asu.edu/code pages/eos.shtml
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equations (Oppenheimer and Volkoff 1939). The results are 1.83M� (2.13M�), 2.04M� (2.41M�),

2.72M� (3.35M�) for gravitational (baryonic) mass and for K0 = 180 MeV, K0 = 220 MeV, and

K0 = 375 MeV, respectively. The coordinate radii of neutron stars with a gravitational mass of

1.4M� are 12.1 km, 12.7 km, and 13.5 km.

Our LS EOS tables have 18 evenly spaced points per decade in log10 ρ ranging from 103–

1016 g cm−3, 30 points per decade in log10 T ranging from 10−2–102.4 MeV, and 50 points equally

spaced in electron fraction from 0.035 to 0.53. This table resolution is sufficiently good to allow

the use of simple and fast tri-linear interpolation (in log10(ρ), log10(T ), Ye), in collapse simulations

while maintaining good thermodynamic consistency. In tests of adiabatic collapse, the inner-core

entropy is conserved to ∼ 1% from the onset of collapse to core bounce.

To generate the LS EOS tables, we employ the LS EOS at densities above 108 g cm−3, but, due

to unreliable convergence, use linear extrapolation of the Helmholtz free energy F in Ye for Ye > 0.5

and in T at T < 0.06 MeV. Note that the latter is far away from NSE, but is never reached by

core-collapse trajectories at ρ > 108 g cm−3. At densities below 108 g cm−3, we use the Timmes

EOS (Timmes and Arnett 1999) and assume that the matter is an ideal gas composed of electrons,

photons, neutrons, protons, alpha particles, and heavy nuclei with the average A and Z given by

the LS EOS at the transition. Since the specific internal energies returned by the baryonic part of

the Timmes EOS do not contain the nuclear binding energy, we shift the zero point of the Timmes

EOS so that the returned specific internal energies are consistent with the LS EOS values at the

transition point. For simplicity, we keep baryonic compositional variables fixed at the values obtained

from the LS EOS at the transition density. These particular choices for the baryonic component

have little effect at low densities where the thermodynamics are dominated by electrons at low to

intermediate temperatures and by photons at high temperatures. However, for full core-collapse

supernova simulations that intend to address also nuclear burning and nucleosynthesis aspects, a

more involved consistent NSE/non-NSE EOS treatment involving the advection of many chemical

species and a treatment of their interactions with a nuclear reaction network is necessary. We will

leave such a treatment to future work (but see, e.g., Buras et al. 2006b, Rampp and Janka 2002 for

discussions of such implementations).

When using finite-temperature microphysical NSE EOS such as the LS EOS in GR hydrodynam-

ics codes, two additional caveats need to be taken into account: (1) The thermodynamic potential

from which all dependent variables are derived is the Helmholtz free energy F . This makes the EOS

a function of {ρ, T, Ye} while GR hydrodynamics codes such as GR1D operate on the primitive ther-

modynamic and compositional variables {ρ, ε, Ye}. Hence, in a typical EOS call it is first necessary

to determine T (ρ, ε, Ye) through a root-finding procedure, before the dependent variables can be

obtained through tri-linear interpolation in {ρ, T, Ye}. (2) In contrast to Newtonian hydrodynam-

ics that involves only differences of the specific internal energy ε, GR codes depend directly on ε
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through its contribution to the matter stress-energy tensor. Hence, it is important to find and use

a physically correct energy zero point and ensure that there are no rest-mass contributions included

in ε.

3.5.3 Table-Based EOS

The standard HShen EOS (Shen et al. 1998a,b, 2011c) is based on a relativistic mean-field model for

nuclear interactions (TM1), assumes NSE, and is extended with the Thomas-Fermi approximation

to describe the homogeneous phase of matter as well as the inhomogeneous matter composition. K0

of the HShen EOS is 281 MeV and the symmetry energy Sv has a value of 36.9 MeV. The authors

of the HShen EOS provide the baryonic component4 in tabulated form only. Several other table-

based finite temperature EOS have recently become available for use in simulations of core-collapse

supernovae. These include several tables from Gang Shen and collaborators5 Shen et al. (2011a,b)

and several from Matthias Hempel and collaborators6 Hempel and Schaffner-Bielich (2010), Hempel

et al. (2011). Both of these EOS are based on the relativistic mean field model. The underlying

interactions are NL3 and FSU for the Gang Shen EOS and TMA and DD2 for the Hempel EOS.

From the provided table of the nuclear EOS, we generate a larger table with additional variables

needed in hydrodynamical simulations. Our tables are uniformly spaced with ∼ 20 points per decade

in log10 ρ from 103–1016 g cm−3, ∼ 40 points per decade in log10 T from 10−2–102.4 MeV, and ∼ 50

points in Ye covering the interval 0.01–0.56. The exact parameters depend on the bound of the

original EOS table. We interpolate all dependent variables from the original tables using the cubic

Hermite interpolation function given in Timmes and Swesty (2000) modified to have monotonic

interpolation behavior according to the prescription of Steffen (1990). The interpolation is performed

first bicubic in ρ, T , then cubic in Ye. Alternatively to the just described, one could interpolate

the Helmholtz free energy F and rederive dependent variables by taking derivatives of F on the

interpolated table (see, e.g., Timmes and Swesty 2000). We decided against this approach, since it

would require quintic interpolation and the knowledge of the second derivatives of F at each point

in the original table, some of which would have to be computed by taking second derivatives in

the coarse original table. Also, compositional information cannot be obtained directly from F and

would have to be interpolated from the original table. We perform the described interpolation at

densities above ∼ 107 g cm−3. For points with T < 0.1 MeV we extrapolate most variables linearly,

keeping only the compositions fixed. We add photons and electrons after interpolation using the

routines of the Timmes EOS. At densities below ∼ 107 g cm−3, we employ the Timmes EOS in the

same fashion as described in the above for the LS EOS. We use EOSmaker to convert the nuclear

EOS tables to our standard format and EOSdriver to incorporate the tables into our hydrodynamic

4http://user.numazu-ct.ac.jp/∼sumi/eos
5http://cecelia.physics.indiana.edu/gang shen eos/
6http://phys-merger.physik.unibas.ch/∼hempel/eos.html
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simulations. Both of these routines, as well as several pregenerated EOS tables in our format, are

available on www.stellarcollapse.org

We compute the maximum cold neutron star masses for the table-based EOS in the same way as

for the LS EOS and find 2.23M�, 1.77M�, 2.77M�, 1.75M�, 2.42M�, 2.01M�, for the gravita-

tional maximum mass of the H. Shen TM1 (Shen et al. 2011c), H. Shen TM1+Λ (Shen et al. 2011c),

G. Shen NL3 (Shen et al. 2011b), G. Shen FSU (Shen et al. 2011a), M. Hempel TMA (Hempel

et al. 2011) and M. Hempel DD2 (Hempel, (unpublished)), respectively. The baryonic maximum

masses for the same set of EOS are 2.60M�, 1.99M�, 3.35M�, 1.99M�, 2.90M�, 2.31M�. The

coordinate radii of neutron stars with a gravitational mass of 1.4M� are 14.6 km, 14.6 km, 15.0 km,

12.8 km, 13.2 km, 13.8 km.

3.5.4 Neutron Star Mass vs. Radius Relation Constraints

A stringent constraint on the nuclear EOS is set by precision mass measurements of neutron stars

in binary systems. The 2-M� ([1.97± 0.04]M�) neutron star of Demorest et al. (2010) rules out a

large range of soft hadronic, mixed hadronic-exotic, and strange-quark matter EOS (Lattimer and

Prakash 2011, Özel et al. 2010). Recently, Hebeler et al. (2010) have carried out chiral effective field

theory calculations of neutron-rich matter below nuclear saturation density, strongly constraining

the P (ρ) relationship in this regime. They derived a radius constraint for a 1.4-M� neutron star

of 10.5 km . R . 13.3 km (these numbers would be shifted up by ∼400 m if a detailed crust

treatment was included) by requiring that all EOS support neutron stars with mass & 2M� and

pass through the P (ρ) range allowed by their calculations. Steiner et al. (2010) and Özel et al. (2010)

analyzed observations from accreting and bursting neutron stars to obtain neutron star mass-radius

constraints. Such observations and their interpretations should be taken with a grain of salt, since

large systematic uncertainties are attached to the models that are required to infer mass and radius

and to the assumptions made in their statistical analysis. For example, Steiner et al. (2010) and Özel

et al. (2010), starting with different assumptions, derive rather different 2-σ mass-radius constraints

from the same set of sources.

In Figure 3.1, we contrast the various observational constraints on the neutron star mass and

radius with the gravitational mass versus radius curve generated via the TOV equations for each

EOS mentioned in Section 3.5.2 and Section 3.5.3. Figure 3.1 shows that none of the current set

of available EOS allow for a 2-M� neutron star while at the same time being consistent with the

current mass-radius constraints from observations. The crux is that the EOS needs to be sufficiently

stiff to support 2-M� neutron stars and at the same time sufficiently soft to make neutron stars with

moderate radii in the canonical mass range. This balance appears to be difficult to realize. The stiff

set of RMF EOS produce systematically too large neutron stars. The soft compressible liquid-droplet

LS180 EOS (Lattimer and Swesty 1991) agrees well with the mass-radius constraints, but is ruled

www.stellarcollapse.org
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Figure 3.1: Mass-radius relations for 10 publicly available finite-temperature EOS along with several
constraints. The EOS are taken from Hempel et al. (2011), Lattimer and Swesty (1991), Shen et al.
(2011a,b,c) and Hempel, (unpublished) and the Tolman-Oppenheimer-Volkoff equation is solved
with T = 0.1 MeV and neutrino-less β-equilibrium imposed. The family of LS EOS is based on
the compressible liquid-droplet model (Lattimer and Swesty 1991) while all other EOS are based
on relativistic mean field theory. The nuclear theory constraints of Hebeler et al. (2010) assume
a maximum mass greater than 2M� and do not take into account a crust (which would increase
the radius by ∼400 m). EOS that do not support a mass of at least 1.97 ± 0.04M� are ruled out
(Demorest et al. 2010, Lattimer and Prakash 2011). Özel et al. (2010) analyzed three accreting and
bursting neutron star systems and derived mass-radius regions shown in green. Steiner et al. (2010)
performed a combined analysis of six accreting neutron star systems, shown are 1-σ and 2-σ results
in blue.

out by its failure to support a 2-M� neutron star. Closest to satisfying all constraints are the LS220

EOS of Lattimer and Swesty (1991) and the yet unpublished HSDD2 EOS of Hempel, (unpublished)

based on the RMF model of Typel et al. (2010). For the majority of work in this thesis, we make

use of the LS220 or the HShen EOS. Some results were obtained before the measurement of the

1.97± 0.04M� neutron star, and therefore make use of the now ruled out LS180 EOS.

3.6 Neutrino Leakage and Heating

3.6.1 Deleptonization and Electron Capture in the Collapse Phase

Electron capture on free and bound protons during the collapse phase leads to the emission of

neutrinos that stream away from the core and carry away net lepton number at densities below

∼ 1012 g cm−3. The change of the electron fraction Ye in the collapse phase due to deleptonization
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has important dynamical consequences. A reduction of Ye leads to a decrease of the mass of the

homologously collapsing inner core whose kinetic energy is initially imparted on the supernova shock

and which turns into the protoneutron star core after bounce (Bethe 1990). We take electron capture

in collapse into account in GR1D with the approximate scheme of Liebendörfer (2005) who observed

that Ye of infalling mass elements depends primarily on the local matter density ρ and can be

parameterized with rather high precision on the basis of radiation-hydrodynamic calculations.

Operator-split, after a hydrodynamics update, we compute the change in Ye,

∆Ye = min
[
0, Y e(ρ)− Ye

]
, (3.21)

which ensures for consistency that a change in Ye is either negative or 0. We use for Y e(ρ) the fitting

formula given in Liebendörfer (2005) with parameters ρ1 = 3 × 107 g cm−3, ρ2 = 2 × 1013 g cm−3,

Y1 = 0.5, Y2 = 0.278, and Yc = 0.035 corresponding to the 15-M� model of Woosley and Weaver

(1995), evolved as model G15 by Liebendörfer et al. (2005). GR1D also contains an interpolation

routine to use numerical Y e(ρ) data.

Electron capture leads to a change in the entropy (s, the specific entropy in units of kB/baryon)

that is injected into the matter by the thermalization of high energy neutrinos in the core at densities

below an assumed trapping density ρtrap = 2× 1012 g cm−3. The entropy change is given by

∆s = −∆Ye
µp − µn + µe − Eν

kBT
. (3.22)

Eν is the energy of the escaping neutrinos (set to 10 MeV). µp, µn, and µe are the proton, neutron,

and electron chemical potentials including rest mass, respectively. Following Liebendörfer (2005),

we set ∆s = 0 if µp − µn + µe < Eν and above ρtrap. After updating the entropy, we use the EOS

to update the specific internal energy ε for consistency with the new Ye and s.

We employ the outlined deleptonization scheme until core bounce (defined as the time when the

peak entropy of the inner core surpasses 3 kB/baryon) and until 5 ms after bounce for yet unshocked

regions of the outer core that will settle in the high-density outer protoneutron star and only in this

way assume realistic postbounce Ye.

3.6.2 Postbounce Deleptonization and Neutrino Heating/Cooling

At core bounce a strong hydrodynamic shock wave is generated that travels outward into the outer

core, heating and dissociating infalling heavy nuclei into nucleons. Electron capture occurs rapidly

on free protons and a sea of electron neutrinos (νe) builds up and is released in the νe burst when the

shock breaks through the neutrinosphere7, deleptonizing the postshock region and leaving behind a

7The neutrinosphere is the effective “decoupling” surface of neutrinos where the optical depth τν of the supernova
matter is 2/3. Its position depends strongly on neutrino energy.
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“trough” in the Ye profile (e.g., Thompson et al. 2003). The softening of the EOS due to dissociation

of nuclei and postshock energy loss to escaping neutrinos lead the shock to stall and turn into an

accretion shock soon after bounce. In the hot postshock region, electrons are less degenerate and

positrons appear and are captured on neutrons, leading to a rise of the ν̄e luminosity. In addition,

in the protoneutron star and in the postshock region, neutrinos and antineutrinos of all flavors are

emitted by thermal processes.

The simple Y e(ρ) parameterization discussed in the previous section (Section 3.6.1) is not

adequate to capture these effects and, in principle, a full neutrino energy-dependent radiation-

hydrodynamics treatment would be needed for accurately capturing postbounce neutrino effects.

Such a treatment is being added in a future version of GR1D (see Section 5). In the present version of

GR1D, we approximate postbounce neutrino transport by a gray (energy-averaged) neutrino leakage

scheme augmented with a simple prescription for neutrino heating in the postshock region. This

approach captures the most important qualitative aspects of the postbounce evolution well and, as

we demonstrate in Section 4.1.3.2, is sufficiently quantitatively accurate to make reliable predictions

of the time of black hole formation and the maximum protoneutron star mass in failing core-collapse

supernovae.

Our implementation in GR1D combines elements of the neutrino leakage schemes of Ruffert et al.

(1996) and of Rosswog and Liebendörfer (2003). We consider three neutrino species, νe, ν̄e, and

νx. In the latter, we lump together µ and τ neutrinos and antineutrinos since they interact only

by neutral-current processes in the core-collapse context and have very similar cross sections. The

mean (energy-averaged) optical depth is

τνi(r) =

∫ ∞
r

κt(νi)Xdr , (3.23)

where κt(νi) is the mean transport opacity equal to the sum of absorptive and scattering opacities8 for

neutrino species νi. We follow Ruffert et al. (1996) in the calculation of κt(νi) and of the approximate

neutrino degeneracy parameters (ηνi = µνi/T ). We consider opacity contributions from neutrino

scattering on neutrons, protons, and heavy nuclei and absorption of neutrinos (antineutrinos) on

neutrons (protons). For heavy-lepton neutrinos that are never degenerate, we set ηνx = 0. ηνe is

known (1 ) in β-equilibrium where ηeq
νe = ηe+ηp−ηn (where we include the rest mass in the chemical

potentials) and (2 ) in the free streaming limit, where ηstream
νe = 0. Furthermore, ηeq

ν̄e = −ηeq
νe . In

between the two regimes, the neutrino distribution function cannot be derived from first principles

and neutrino transport is necessary for a correct estimate of ηνe and ην̄e . As an approximation, we

8Note that the opacities for neutrino number and neutrino energy transport differ. Hence, the optical depths for
number and energy transport must be computed separately Ruffert et al. (1996). We neglect this subtlety and use
the optical depths for energy transport throughout GR1D.
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interpolate between (1 ) and (2 ) using the optical depth,

ηνi = ηeq
νi (1− e−τνi (ηνi )) . (3.24)

Note that τνi depends on ηνi and vice versa. Hence, we iterate their calculation until convergence

is reached9.

Knowing τνi and ηνi , we use the leakage scheme of Rosswog and Liebendörfer (2003) to calculate

the neutrino emission rates for the capture processes p + e− → νe + n and e+ + n → ν̄e + p and

thermal emission via electron-positron annihilation and plasmon decay to νν̄ pairs. We modify the

scheme of Rosswog and Liebendörfer (2003) in the following ways: (i) we use the interpolated ηνi

from above instead of the equilibrium values suggested in Rosswog and Liebendörfer (2003), (ii) we

increase their diffusion time scale tdiff
νi by a factor of 2 to obtain more reasonable neutrino luminosity

predictions, and (iii) for simplicity, we use the analytic thermal emissivities from Ruffert et al. (1996).

Following Rosswog and Liebendörfer (2003), we then interpolate the effective volumetric energy loss

Qleak
eff (erg/cm3/s) and effective number loss Rleak

eff (#/cm3/s) between the limits of diffusive emission

(subscript “diff”) and free emission (subscript “loc”) using

χleak
eff,νi = χleak

loc,νi/(1 + χleak
loc,νi/χ

leak
diff,νi) , (3.25)

where χ = Q for energy loss and χ = R for number loss (see Rosswog and Liebendörfer 2003 for

definitions and details). We define the neutrino luminosity seen by an observer at rest at radius r

in the coordinate frame by summing up the effective energy emission rates from each zone interior

to r, transforming from the fluid rest frame (FRF) to the coordinate frame (CF), and applying the

redshift (see Appendix B for details),

LCF
νi (r) = 4π

∫ r

0

[
α(r′)

α(r)

]
Qeff,νi(r

′)[α(r′)W (r′)(1 + v(r′))]X(r′)r′
2
dr′ . (3.26)

For an observer at rest at r =∞ (α(∞) = 1),

Lνi(∞) = 4π

∫ ∞
0

α(r′)Qeff,νi(r
′)[α(r′)W (r′)(1 + v(r′))]X(r′)r′

2
dr′ . (3.27)

It is useful to note the neutrino luminosity as seen by an observer at rest in the fluid rest frame at

radius r,

LFRF
νi (r) =

LCF
νi (r)

α(r)W (r)(1 + v(r))
, (3.28)

where the denominator transforms the luminosity from the frame of an observer at rest in the

9Initially we choose κνi (r) = 10−5cm−1 determine τνi through Eq. 3.23 and iterate Eq. 3.24. For all subsequent
times we use the previously determined value of τνi as a starting point, convergence (fractional difference in κνi <
10−10) is typically reached after three iterations.
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coordinate frame Equation 3.26 to the fluid rest frame.

3.6.2.1 Neutrino Heating.

In addition to the above leakage scheme, we include a parameterized heating scheme to mimic

neutrino absorption in the postshock region. Heating occurs at intermediate to low optical depths

where neutrinos begin to decouple from matter and a net energy transfer from neutrinos to the fluid

is possible (see, e.g., Janka 2001). The dominant heating processes are the charged-current capture

reactions of νe on neutrons and ν̄e on protons. We take the absorption cross sections from Rosswog

and Liebendörfer (2003),

σheat,νe =
(1 + 3g2

A)

4
σ0

〈ε2〉ns
νe

(mec2)2
〈1− fe−〉 , (3.29)

σheat,ν̄e =
(1 + 3g2

A)

4
σ0

〈ε2〉ns
ν̄e

(mec2)2
〈1− fe+〉 (3.30)

where σ0 is a reference weak-interaction cross section equal to 1.76×10−44 cm2, gA ∼ −1.25, and the

Fermi blocking factors 〈1− fi〉 are defined analogously to Rosswog and Liebendörfer (2003), Ruffert

et al. (1996). In the postshock region the positron blocking term is negligible but the electron

blocking term can be significant around the time of bounce. Following Janka (2001), we set the

mean squared neutrino energy to 〈ε2〉ns
νi = T (τνi = 2

3 )2F5(ηns
νi )/F3(ηns

νi ), where T (τνi = 2
3 ) is the

temperature at the neutrinosphere of species i, superscript ns denotes neutrinospheric values, and

Fn(η) =
∫∞

0
xndx

exp(x−η)+1 is the nth Fermi integral (we approximate Fermi integrals via the formulae

given in Takahashi et al. (1978)).

Given the neutrino luminosity LFRF
νi (r) obtained from the leakage scheme Equation 3.28, we

write the local neutrino heating rate in units of erg cm−3 s−1 as

Qheat
νi (r) = fheat

LFRF
νi (r)

4πr2
σheat,νi

ρ

mu
Xi

〈
1

Fνi

〉
e−2τνi , (3.31)

where mu is atomic mass unit and the mass fraction Xi = Xn in the case of νe absorption and

Xi = Xp for ν̄es. 〈1/Fνi〉 is the mean inverse flux factor describing the degree of forward-peaking

of the radiation field (e.g., Janka 2001, Ott et al. 2008; 〈1/Fνi〉 is 1 for free streaming and diverges

at high optical depth). We estimate 〈1/Fνi〉 by the interpolation 〈1/Fνi(τ)〉 = 4.275τ + 1.15, which

reproduces the predicted values of 4 at the neutrinosphere (Janka 2001) and levels off at a value

of 1.15 at low optical depth in the outer postshock region. We choose the latter value instead of

1, because (a) the radiation field becomes fully forward peaked only outside the shock (e.g., Ott

et al. 2008), and (b) the linear interpolation in τ drops off too quickly compared to full simulations

Ott et al. (2008), hence the higher floor value to compensate. Finally, we introduce the attenuation

factor e−2τνi to cut off heating near and below the neutrinosphere and the scaling factor fheat to



34

allow for an ad-hoc increase of the heating rate. Once the heating rate for a computational cell is

computed, we reduce the outgoing luminosity by the deposited power for overall energy conservation.

In the coordinate frame Equation 3.26 now becomes,

LCF
νi (r) = 4π

∫ r

0

[
α(r′)

α(r)

] [
Qeff,νi(r

′)−Qheat
νi (r′)

]
[α(r′)W (r′)(1 + v(r′))]X(r′)r′2dr′ . (3.32)

Along with the energy deposition goes a change in Ye which can be written as

Rheat
Ye =

Qheat
νe

〈εns
νe〉
− Qheat

ν̄e

〈εns
ν̄e〉

, (3.33)

where we approximate the mean neutrino energies based on their neutrinospheric values as 〈εns
νi 〉 =

T (τνe = 2
3 )F5(ηns

νi )/F4(ηns
νi ) (Rosswog and Liebendörfer 2003).

To caution the reader, we point out that the simple gray heating scheme presented in the above

is not self-consistent and cannot replace a radiation transport treatment that allows emission and

absorption to balance. While we find that the combination of gray leakage/heating reproduces the

overall qualitative dynamical features observed in postbounce radiation-hydrodynamic simulations,

quantitative aspects are not captured as well. This is true in particular in highly dynamical situations

shortly after bounce when we observe an unphysical rise of the electron fraction due to heating in

the lower postshock region.

We couple the neutrino leakage/heating scheme with the GR hydrodynamics in GR1D through

source/sink terms on the RHS of the GR hydrodynamics equations in MoL. Neutrino–matter inter-

actions occur in the fluid rest frame where the total energy and number changes are given by

Q0
E = Qheat

total −Qleak
eff,total , R0

Ye = Rheat
total +Rleak

eff,total , (3.34)

where Qheat
total and Qleak

eff,total are always positive or zero and Rheat
total and Rleak

eff,total may be positive or neg-

ative. Following Müller (2009), Pons et al. (1997), transforming these terms to the coordinate frame

via the methods laid out in Appendix A, we obtain the neutrino heating/cooling and deleptonization

source/sink terms for the RHS in the MoL integration,

RνYe = αXR0
Ye , Qν,ESr = αvWQ0

E , Qν,Eτ = αWQ0
E . (3.35)

3.6.3 Neutrino Pressure

Electron neutrinos above trapping density in the inner core during the final phases of collapse and

in the postbounce protoneutron star contribute to the pressure (with relative importance of up to

∼ 10% around core bounce Ott 2006). We neglect neutrino contributions to pressure below ρtrap

where they are small, but otherwise follow Liebendörfer (2005) and assume electron neutrinos and
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antineutrinos to be a perfect Fermi gas. The pressure is then given by

Pν =
4π

3(hc)3
T 4 [F3(ην) + F3(−ην)] , (3.36)

where ην = µν/T and µν = µe − µn + µp, where the chemical potentials include rest mass con-

tributions. F3 is the 3rd Fermi integral which we approximate following Bludman and van Riper

(1977).

We treat neutrinos and fluid separately from each other and treat momentum transfer between

the neutrino radiation field and the fluid approximately using the radial gradient of the neutrino

pressure as suggested by Liebendörfer (2005). We couple this radiation stress into GR1D’s MoL

integration of the GR momentum (Sr) and energy (τ) equations via source terms (see Appendix A

for a derivation; we neglect rotational effects in these source terms),

Qν,MSr = −αW ∂Pν
∂r

, Qν,Mτ = −αWv
∂Pν
∂r

. (3.37)

In addition to the force on the fluid due to the neutrino pressure gradient, we take into account

pressure of the neutrino radiation field by adding Pν to Equation 3.4 and Equations 3.5 and 3.15.

These contributions are derived by modifying the stress-energy tensor,

Tαβ = ρ

[
1 + ε+

(
P + Pν

ρ

)]
uαuβ + gαβ(P + Pν) , (3.38)

τνm and τνΦ are then given by Noble (2003)

τνm = ρW 2(Pν/ρ)− Pν = (W 2 − 1)Pν , (3.39)

τνΦ = ρW 2v2(Pν/ρ) + Pν = (W 2v2 + 1)Pν . (3.40)

Including these terms, Eq. 3.4 and Eqs. 3.5 become,

m(r, t) = 4π

∫ r

0

(ρhW 2 − P + τνm)r′
2
dr′ . (3.41)

Φ(r, t) =

∫ r

0

X2

[
m(r′, t)

r′2
+ 4πr′(ρhW 2v2 + P + τνΦ)

]
dr′ + Φ0 , (3.42)

We note that if rotation is included, we modify our terms as discussed in Section 3.4, i.e. v2 in

Equations 3.40 and 3.42 and the Lorentz factor is replaced with v2 + 2
3v

2
ϕ.



36

3.7 Code Tests

In the following, we provide results from a set of standard and stringent relativistic hydrodynam-

ics code tests for which analytic results exist. These involve two planar shocktube problems in

Section 3.7.1, the spherical Sedov blast wave problem in Section 3.7.2, and Oppenheimer-Snyder

collapse in Section 3.7.3. Finally, in Section 3.7.4, we present results from a collapse simulation of

a n = 3 polytrope and demonstrate convergence of the hydrodynamics scheme in GR1D. With this

selection, we test a broad range of aspects of potential problems to be addressed with GR1D: special

relativistic effects, geometrical effects, and fully general-relativistic collapse dynamics. We delay

comparing our neutrino leakage scheme to full Boltzmann radiation transport until Chapter 4.

3.7.1 Relativistic Shocktube

We assume flat space and planar geometry and perform the two relativistic shocktube tests proposed

by Mart́ı and Müller (2003). We use a Γ−law EOS with Γ = 5/3 and a grid of length 1 with a cell

spacing of dx = 0.001. The starting values of the density, pressure and velocity are summarized in

Table 3.1. The left panel of Figure 3.2 shows the exact results for velocity, density, and pressure of

the mildly relativistic problem #1 at t = 0.4. Superposed are the numerical results obtained with

GR1D that reproduce the exact results nearly perfectly. Problem #2 is a more stringent test and

involves Lorentz factors of up to 6 in the forward propagating shock and a very thin shell of trailing

matter. As shown in the right panel of Section 3.2, GR1D reproduces the exact solution at t = 0.4

very well almost everywhere, but fails to completely resolve the thin shell of relativistic matter. This

is most likely due to the rather diffusive nature of the HLLE Riemann solver employed in GR1D (see,

e.g., Dimmelmeier et al. 2002b, Ott 2006 for comparable results obtained with a nominally more

accurate scheme). In an attempt to obtain results closer to the analytic solution we use 3rd-order

Runge-Kutta time integration for this test case. These deviations are not worrying since the shocks

that obtain in stellar collapse are much less relativistic than that of problem #2. If GR1D were to

be applied to ultra relativistic outflows (e.g., in a GRB), a more precise treatment of the Riemann

problem would likely be necessary.

P1 P2

r < 0.5 r > 0.5 r < 0.5 r > 0.5

ρ = 10 ρ = 1 ρ = 1 ρ = 1

P = 13.33 P = 0 P = 103 P = 0.01

v = 0 v = 0 v = 0 v = 0

Table 3.1: Initial conditions for two relativistic shocktube problems

as presented in Mart́ı and Müller (2003)
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Figure 3.2: Relativistic shocktube simulations: Initial conditions taken from Mart́ı and Müller (2003)
and provided in Table 3.1. The pressure, density, and velocity are shown at t = 0.4 for problem
#1 (left panel) and problem #2 (right panel). For reference, in both figures the pressure is denoted
by boxes (red), density by circles (blue) and velocity by diamonds (green). The analytic solution
is denoted by the solid line. Both problems were run with a Courant factor of 0.5 and 3rd-order
Runge-Kutta integration.

3.7.2 Sedov Blast Wave

The above shocktube tests demonstrated the ability of GR1D to capture shocks and solve the special-

relativistic hydrodynamic equations in planar geometry. Here we go back to Newtonian hydrody-

namics and test instead spherical hydrodynamics with Sedov’s blast wave problem (Sedov 1959). For

a comparison with a large number of hydrodynamics codes, we use the initial conditions of Tasker

et al. (2008). The grid setup is in spherical geometry with (dimensionless) rmax = 10 and N = 400

cells which corresponds to the maximum mesh refinement level used in Tasker et al. (2008). We

deposit a constant specific internal energy into a sphere of radius r = 0.0875, corresponding to a

total (dimensionless) energy of Eo = 105, into a background medium of (dimensionless) ρ0 = 1. We

set the background energy density to an insignificant amount and use a Γ-law EOS with Γ = 5/3.

Figure 3.3 depicts the comparison of our numerical solution with the exact result for density, veloc-

ity and pressure at t = 0.1 normalized in such a way that the value of all variables at the shock is

1. GR1D performs very well in the region behind the shock and provides an adequate, though not

perfect, solution near the shock.

In addition to the Newtonian Sedov blast wave problem, we have also considered its relativistic

variant discussed in Anninos et al. (2005). These authors used 17 levels of adaptive mesh refinement

(AMR) and we find that the lack of AMR in GR1D makes it computationally impossible to adequately

resolve the relativistic Sedov problem. This, however, is not a problem for the application of GR1D
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to the stellar collapse problem, since the shocks appearing there are only mildly relativistic.

Figure 3.3: The Sedov blast wave problem and exact solution at t = 0.1. Shown are the numerical
results with the exact solution underlying the various curves of density, pressure and velocity. Both
the exact solution and the numerical result are normalized to the analytic value at the shock. ρs = 4,
Ps = 252.255 and vs = 13.757.

3.7.3 Oppenheimer-Snyder Collapse

For the final test problem for which an exact solution exists, we perform a simulation of the

Oppenheimer-Snyder collapse (OSC) (Oppenheimer and Volkoff 1939) of a constant-density sphere

of pressureless (P = 0) dust. The exact solution of OSC in RGPS spacetime has been laid out by

Gourgoulhon (1993), Petrich et al. (1986). We choose M = M�, R? = 10M�. We perform the

OSC test with the standard version of GR1D described in Sections 3.2 and 3.3 of this paper and do

not make special adjustments for the code to operate with P = 0. Hence, we set the pressure to a

small, but nonzero value, using a polytropic EOS with K = 10−20 and Γ = 5/3. In the artificial

atmosphere outside the dust ball, we set the density to 1 g cm−3. We use 9000 equidistant zones to

model OSC with GR1D. This is needed to capture the growing coordinate singularity at R = 2M

In Figure 3.4, we compare numerical and exact density and lapse profiles of OSC at t = 30, 35,

40, 43, and 60 M�. Following Romero et al. (1996), we normalize the central density to the value

at t = 0. The overall agreement is excellent. However, we notice two slight deviations: (1 ), near

the origin, we observe a small build up of material. This is present also in the OSC test of Romero

et al. (1996) and probably due to diverging terms near the origin. We do not notice this effect in

our stellar collapse calculations, most likely because of the stabilizing effect of the large pressure
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in the protoneutron star. (2 ), at late times (t > 50M�), the numerical α decreases more slowly

than its exact counterpart and begins to deviate significantly at α(r = 0) . 0.001. We attribute

this to numerical inaccuracies developing due (a) to the metric coefficient X becoming singular as

R? → 2M�, (b) to the extreme density gradient developing at the surface at late times, and (c) to

the fact that we use the standard version of GR1D without special adjustments for the OSC problem

(as, e.g., made by Romero et al. 1996).

Figure 3.4: Oppenheimer-Snyder collapse of a pressureless dust ball. Shown are the numerical (plus
symbols) and exact (solid lines) density (left panel) and lapse (right panel) profiles for various times.
The density is normalized to the density at t = 0. The simulation uses 9000 equally spaced grid
points across the domain of 20M�. Initially one solar mass is distributed with constant density in
a sphere of radius 10M�. For clarity, we show only every third data point.

3.7.4 Hybrid Core Collapse: Convergence

In this section, we present simulations of nonrotating core collapse and present proof of convergence

for GR1D. We utilize the hybrid EOS described in Section 3.5.1, taking Γ1 = 1.28, Γ2 = 2.5, Γth = 1.5

and K = 4.935 × 1014[cgs]. Following Ott (2006), we use as initial data an n = 3 polytrope

with a central density of ρc = 5 × 1010g/cm3 and a K value as above and initially zero radial

velocity. We simulate the evolution with GR1D for equally spaced grids of three different resolutions

(Nzones = 500, 1500 and 4500) to test the self-convergence of the code. The self-convergence factor

at convergence order n of a quantity q is given by,

Q =
q1 − q2

q2 − q3
=

(dx1)n − (dx2)n

(dx2)n − (dx3)n
, (3.43)

where qi is the numerical result from the simulation with the corresponding resolution and dx is the

zone width. For this convergence test, dx1 = 3dx2 = 9dx3. In the lower panel of Figure 3.5, we

show the self-convergence of Mgrav at t = −3.3 ms (before bounce) as well as at t = 16.6 ms and

t = 26.6 ms after bounce.
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Figure 3.5: Radial density profiles and self-convergence for core collapse using the hybrid EOS. Top:
Density profiles of the core collapse for various times including in the prebounce phase, and after the
shock has propagated through ∼ 300 and 600 km. We show the low resolution profile (segmented
lines) as well as the high resolution profile (solid lines) for comparison. Bottom: Self-convergence
of the enclosed gravitational mass, m(r). Dotted lines at Q=3 and 9 denote expected values for 1st-
and 2nd-order convergence.

We generally see the expected 2nd-order convergence (Q=9) in smooth parts of the flow, but

note several interesting features: (1 ) before bounce (red, dot-dashed curve) and near 120 km where

the convergence spikes, the velocity is peaking, causing a reduction in convergence. (2 ), during

the postbounce phase, convergence in the shocked region drops to 1st order, this is characteristic of

HRSC schemes in the presence of shocks. (3 ), finally, during the postbounce phase for r < 20 km,

the steepness of the density gradient at the protoneutron star surface and the coarseness of the grid

lead to local nonconvergence. We note that the lowest resolution used here is dx ∼ 2 km and that

deviations in the density profile compared to higher-resolution simulations can be seen in the top

panel of Figure 3.5.

3.8 Summary

In this paper, we have presented the details of our new open-source Eulerian 1.5D GR hydrodynamics

code GR1D. GR1D is intended primarily for the simulation of stellar collapse to neutron stars and black

holes and, for the first time in the 1D GR context, includes an approximate way of accounting for

stellar rotation consistent with that used in state-of-the-art calculations of stellar evolution (e.g.,
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Heger et al. 2005). GR1D also includes an approximate neutrino leakage/heating scheme for estimating

the effect of neutrinos during stellar collapse.

Many 1D GR (radiation)-hydrodynamics formulations have been presented in the past ∼50 years.

Yet, there is presently no open-source 1D GR stellar collapse code available to the broader commu-

nity. The primary motivation driving the development of GR1D is the need for such an open-source

code that may be used as a codebase, benchmark, and test bed for improved modeling technology

to be included in multidimensional GR codes addressing core-collapse supernova explosions, but

also failing core-collapse supernovae, black hole formation, and the postmerger evolution of binary

neutron-star and neutron-star–black-hole coalescence. Equipped with an approximate neutrino-

leakage scheme to capture the key effects associated with neutrino heating and cooling, the version

of GR1D discussed in this paper is a solid starting point for the next generation of astrophysically-

relevant multidimensional GR simulations.
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Chapter 4

Black Hole Formation in Failing
Core-Collapse Supernovae1

It is currently unclear what fraction of massive stars form black holes and through which channel.

Pre-explosion observations of progenitors of successful core-collapse supernovae suggest progenitor

masses . 17–20M� (Smartt et al. 2009) for standard Type II-P supernovae. Assuming, as one

suggestion by authors, that most other core-collapse supernovae fail or make black holes after a

successful but undetectable explosion, this would correspond to a black hole fraction upper limit

of . 30–35 % of massive stars above 8M� (assuming a Salpeter initial mass function). However,

alternative interpretations exist and have been summarized by Smith et al. (2011). Theoretical

work by Timmes et al. (1996), Fryer (1999), Heger et al. (2003), and Eldridge and Tout (2004)

provided rough estimates on the outcomes of stellar collapse as a function of progenitor ZAMS

mass and metallicity. Leaving effects due to binary evolution aside, Zhang et al. (2008) performed

an extensive study of fallback in artificially driven, spherically-symmetric core-collapse supernova

explosions and estimated that zero-metallicity stars form black holes in 20–50 % of all core-collapse

events with an average black hole mass of 6–10M�. For solar metallicity stars, due to increased

mass loss during evolution, they found black holes to form at a significantly lower rate and initial

mass. They predict black hole fractions in the range of 10–25 % with typical initial black hole masses

of 3M�. This is in rough agreement with previous population synthesis calculations of Fryer and

Kalogera (2001) and Belczynski et al. (2002).

However, there is strong observational evidence of black holes in low-mass x-ray binary systems

throughout the Galaxy (Remillard and McClintock 2006). Hence, at least in some core-collapse

events a black hole must be the final outcome. Observational studies (cf. the study of Smartt

et al. 2009 mentioned above) aim to determine which stars explode in core-collapse supernovae and

1This chapter is largely based on the article Black Hole Formation in Failing Core-Collapse Supernovae, O’Connor,
E. & Ott, C.D., The Astrophysical Journal 730 70 (2011): Reproduced with permission from IOP Publishing. This
chapter also contains both unpublished work and work from the article The Arduous Journey to Black-Hole Formation
in Potential Gamma-Ray Burst Progenitors. Dessart, L., O’Connor, E. & Ott. C.D. submitted to The Astrophysical
Journal 2012.
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which form black holes by observing the pre-explosion progenitor stars. Complementary, Kochanek

et al. (2008) suggest to actively look for the disappearance of massive stars in failed supernovae,

or unnova. The electromagnetic discovery of such an event would provide crucial constraints on

progenitor mass and structure. Furthermore, if occurring nearby (D . 100 kpc), the observed

neutrino signal would herald black hole formation by a steep signal decrease as the protoneutron

star is engulfed by the black hole horizon (Beacom et al. 2001, Burrows 1988). Gravitational wave

emission from a core-collapse event has the potential to be measured for a galactic or near galactic

supernova at current and future ground-based gravitational wave detectors (Ott 2009 and references

therein). As with neutrinos, a failed galactic supernova may have unique gravitational wave signal

(Ott et al. 2011). If collapsar-type failed supernovae are indeed connected with long GRBs, as

suggest by Woosley (1993) and MacFadyen et al. (2001), an electromagnetic signal may accompany

the event. Observational evidence exists linking long GRBs and broad line Type-Ic supernova, first

discovered with the correlation of GRB 980425 and SN 1998bw. Several other GRB-SN pairs have

since been observed.

Early spherically symmetric (one-dimensional, 1D) simulations of black hole formation in fail-

ing core-collapse supernovae were carried out by Wilson (1971) and van Riper and Arnett (1978).

Burrows (1988) performed a set of quasi-stationary 1D protoneutron star accretion and cooling sim-

ulations to investigate the possibility of black hole formation in SN 1987A. Delayed black hole for-

mation (by tens of seconds), due to, e.g., a nuclear EOS phase transition, was studied by Baumgarte

et al. (1996a,b). More recently, 1D full Boltzmann neutrino radiation-hydrodynamics calculations

of failing nonrotating core-collapse supernovae were carried out by Liebendörfer et al. (2004) and

more recently Sumiyoshi et al. (2007, 2008, 2009) and Fischer et al. (2009). These studies provided

detailed neutrino signature predictions for black hole-forming core-collapse events. However, ow-

ing to the complexity and computational expense of such Boltzmann-transport calculations, these

groups could consider only very limited sets of progenitor models and EOS. Simplified axisymmetric

(2D) simulations of black hole formation in rotating core collapse were first performed in a series

of papers by Sekiguchi and Shibata (2004, 2005) and Shibata and Sekiguchi (2005). These authors

used simplified EOS, no neutrino treatment, and artificially constructed initial conditions and found

prompt black hole formation. Recently, the same authors performed a small set of 2D simulations

with a finite-temperature nuclear EOS and a leakage scheme for neutrinos (Sekiguchi and Shibata

2011) and considered collapse, black hole formation, and subsequent evolution in an artificially con-

structed progenitor with an iron core mass of ∼ 13M� and constant specific entropy of 8 kB/baryon,

initial conditions that are inconsistent with those at the precollapse stage of core-collapse supernova

progenitors. The first 3D general-relativistic simulations of black hole formation and subsequent

evolution in the core-collapse supernova context were recently carried out by Ott et al. (2011). An

extreme, but realistic, progenitor profile was used. For computational reasons, a simplified equation
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of state with a low maximum mass was employed to ensure fast black hole formation.

In this chapter, our focus is on studying and establishing the systematics of failing core-collapse

supernovae and black hole formation in both nonrotating and rotating progenitors. We utilize GR1D

and its leakage scheme exclusively. While we sacrifice accuracy in the neutrino treatment by employ-

ing an efficient energy-averaged three-species neutrino leakage scheme instead of full transport, the

efficiency of GR1D enables us to perform more than ∼ 800 collapse calculations, investigating for the

first time in detail the effects of variations in nuclear EOS, progenitor ZAMS mass and metallicity,

neutrino heating efficiency, and precollapse rotational configuration. We employ four different finite-

temperature nuclear EOS and draw a total of 153 progenitor models from seven stellar evolution

studies. We divide this chapter into two main sections. The first section focuses on nonrotating

progenitors. The work is drawn from O’Connor and Ott (2011). The second section contains results

of rotating progenitors, this section draws stage-setting work from O’Connor and Ott (2011) and

quantitative results from Dessart et al. (2012).

In Section 4.1 we study nonrotating black hole formation. Sections 4.1.1 and 4.1.2 we intro-

duce our nonrotating progenitor model set and numerical grid setup. We also discuss the various

differences in presupernova model sets, with particular focus on the mass loss rates invoked. In Sec-

tion 4.1.3.1, we introduce key aspects of failing core-collapse supernovae and black hole formation

by discussing the evolution of black hole formation in a fiducial nonrotating 40M� solar-metallicity

progenitor. We go on in Section 4.1.3.3 to study the influence of the EOS and thermal effects on

the time to black hole formation and on the maximum (baryonic and gravitational) mass of the pro-

toneutron star. We discover that for nuclear EOS with physically plausible stiffness, the maximum

(baryonic and gravitational) mass of the protoneutron star is always greater than the corresponding

cold NS mass and discuss that the difference is due entirely to thermal pressure support of material

in the hot outer protoneutron star core. In Section 4.1.3.4, we analyze the impact of variations

in progenitor structure on the time to black hole formation and the maximum protoneutron star

mass in failing core-collapse supernovae. We find that the postbounce dynamics can be predicted

rather robustly by a single parameter, the compactness of the progenitor structure at core bounce.

The same approximate single-parameter dependence emerges in Section 4.1.3.5, where we deter-

mine the neutrino heating efficiencies required (modulo ignored multidimensional effects) to induce

a neutrino-driven explosion in a large set of progenitors. The combined results of Sections 4.1.3.4

and 4.1.3.5 allow us to make predictions on the outcome of core collapse for progenitors with varying

ZAMS mass and metallicity in Sections 4.1.3.6 and 4.1.3.7. As we discuss in the latter section, mass

loss may be the greatest uncertainty in connecting ZAMS parameters to core-collapse results.

In Section 4.2, we present results obtained by varying the precollapse rotation. We find that,

not unexpectedly, increased rotation leads to a delay of black hole formation and greater maximum

protoneutron star masses. We also observe that the birth spin of Kerr black holes in nature appears
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to be robustly limited to values below a? = J/M2 . 0.9 by the likely appearance of nonaxisym-

metric rotational instabilities that redistribute or radiate angular momentum. This finding requires

confirmation by 3D simulations. We go on in Section 4.2.2 to systematically explore the collapse

evolution of a set of potential long γ-ray burst progenitors that were evolved from the ZAMS with

rotation and discuss their viability as collapsar-type long-GRB progenitors. We stress the point

that one must consider the bounce compactness in addition to the angular momentum budget when

making predictions about progenitors of collapsars.

4.1 Nonrotating Black Hole Formation

4.1.1 Presupernova Data

We make use of single-star nonrotating presupernova models from several stellar evolution studies:

Woosley and Weaver (1995) (WW95), Woosley et al. (2002) (WHW02), Limongi and Chieffi (2006)

(LC06A/B) and Woosley and Heger (2007) (WH07). Each of these studies evolved stars with a

range of ZAMS masses at solar metallicity (Z�, hereafter denoted with prefix s in model names) up

until the onset of core collapse. In addition to solar metallicity, WHW02 evolved stars with ultra-low

metallicity, 10−4 Z� (denoted by prefix u) and zero metallicity (denoted by prefix z).

In Table 4.1, we list key parameters for all models in our nonrotating sets. These include

presupernova mass, iron core mass (which we define as the baryonic mass interior to Ye = 0.495),

and the bounce compactness ξ2.5. The latter is defined as

ξM =
M/M�

R(Mbary = M)/1000 km

∣∣∣
t=tbounce

, (4.1)

where we set M = 2.5M�. R(Mbary = 2.5M�) is the radial coordinate that encloses 2.5-M� at

the time of core bounce. ξ2.5 gives a measure of a progenitor’s compactness at bounce. We choose

M = 2.5M� as this is the relevant mass scale for black hole formation. ξ2.5 is, as we shall discuss in

Section 4.1.3.4, a dimensionless variable that allows robust predictions on the postbounce dynamics

and the evolution of the model toward black hole formation. The evaluation of ξ2.5 at core bounce is

crucial, since this is the only physical and unambiguous point in core collapse at which one can define

a zero of time and can describe the true initial conditions for postbounce evolution. Computing the

same quantity at the precollapse stage leads to ambiguous results, since progenitors come out of

stellar evolution codes in more or less collapsed states. Collapse washes out these initial conditions

and removes ambiguities.

We point out (as is obvious from Table 4.1) that there is a clear correlation between iron core

mass and bounce compactness. Since the effective Chandrasekhar mass increases due to thermal

corrections (Baron and Cooperstein 1990, Burrows and Lattimer 1983), more massive iron cores are
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hotter. Hence, progenitors with greater bounce compactness result in higher-temperature protoneu-

tron stars.

One of the most uncertain, yet most important, variables in the evolution of massive stars is

the mass-loss rate. Mass loss can vary significantly over the life of a star. Current estimates of

mass loss, either theoretical or based on fits to observational data, can depend on many parameters,

including mass, radius, stellar luminosity, effective surface temperature, surface hydrogen and helium

abundance, and stellar metallicity (de Jager et al. 1988, Nieuwenhuijzen and de Jager 1990, Nugis

and Lamers 2000, Vink and de Koter 2005, Wellstein and Langer 1999). The mass-loss rate is

uncertain in both the massive O-star and in the stripped-envelope Wolf-Rayet star stage. O-star

winds are expected to be responsible for the partial or complete removal of the hydrogen envelopes

of massive stars. Recent observational results suggest that the rates used in current stellar evolution

models may be too high by factors of 3–10 if clumped winds are considered correctly (Bouret et al.

2005, Fullerton et al. 2006, Puls et al. 2006). With the reduced rates, Wolf-Rayet stars would be

difficult to make in standard single-star evolution and would require binary or eruptive mass-loss

scenarios (Smith et al. 2011).

In Figure 4.1, we plot the mass-loss-induced mapping between ZAMS mass and presupernova

mass for the ensemble of nonrotating progenitors listed in Table 4.1. WW95 models do not include

mass loss — the presupernova models of this study have a mass equal to the ZAMS mass. WHW02

and WH07 employ the mass-loss rates of Nieuwenhuijzen and de Jager (1990) and Wellstein and

Langer (1999) and use significantly reduced rates for low and zero metallicity stars. The u and z

models of WHW02 have almost no mass loss and their presupernova masses are very close to their

ZAMS values. The solar-metallicity stars of the sWHW02 and sWH07 model sets have significant

mass loss, generally scaling with ZAMS mass. The most massive stars in these model sets have

presupernova masses that are a small fraction of the initial ZAMS mass. For main sequence and

giant phases, Limongi and Chieffi (2006) adopt mass-loss rates following Vink et al. (2000, 2001) and

de Jager et al. (1988). For Wolf-Rayet stars, they either use the mass-loss rates of Nugis and Lamers

(2000) (hereinafter referred to as LC06A models) or Langer (1989) (LC06B models). The latter

are close to the values used for solar-metallicity stars in the WHW02 and WH07 model sets. The

difference in the LC06A and LC06B mass-loss rates is roughly a factor of two. This, as portrayed by

Figure 4.1 and evident from Table 4.1, can significantly alter the total mass at the onset of collapse

and also has a strong effect on the iron core mass and bounce compactness.

An additional uncertainty in massive star evolution is the phenomenon of large episodic mass

loss (Quataert and Shiode 2012, Smith 2007, Yoon and Cantiello 2010). Unknowns and uncertainties

in both the cause and effect of large episodic mass loss currently prevent detailed stellar evolution

calculations from incorporating these phenomena self consistently.
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Figure 4.1: Presupernova mass as a function of ZAMS mass for the various model sets considered
here. See the text for discussion.

Table 4.1: The model name contains the information necessary to uniquely specify

the presupernova model. For nonrotating progenitors, the beginning letter in the

model name refers to the metallicity of the progenitor, following the convention

of Woosley et al. (2002), “s”, “u”, and “z” are used for solar, 10−4 solar, and

zero metallicities, respectively. Following is the ZAMS mass, next we specify the

progenitor model set (see the text for references).

Model

MZAMS Mpre−SN MFe core
1 ξ2.5

2

[M�] [M�] [M�]

s20WW95 20 20.0 1.74 0.383

s25WW95 25 25.0 1.77 0.416

s40WW95 40 40.0 1.98 0.583

s15WHW02 15 12.6 1.55 0.150

s20WHW02 20 14.7 1.46 0.127

s25WHW02 25 12.5 1.62 0.326

s30WHW02 30 12.2 1.46 0.223

s35WHW02 35 10.6 1.49 0.205

s40WHW02 40 8.75 1.56 0.266

s75WHW02 75 6.36 1.48 0.112

u20WHW02 20 20.0 1.57 0.338

u25WHW02 25 25.0 1.53 0.223

u30WHW02 30 30.0 1.58 0.326

u35WHW02 35 35.0 1.85 0.664

u40WHW02 40 40.0 1.90 0.719

u45WHW02 45 44.9 1.96 0.655

u50WHW02 50 49.8 1.83 0.574

u60WHW02 60 59.6 1.88 0.623

u75WHW02 75 74.1 2.03 1.146

z20WHW02 20 20.0 1.48 0.163

z25WHW02 25 25.0 1.81 0.404

z30WHW02 30 30.0 1.50 0.221

Continued on Next Page. . .
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Table 4.1 – Continued

Model

MZAMS Mpre−SN MFe core
1 ξ2.5

2

[M�] [M�] [M�]

z35WHW02 35 35.0 1.79 0.560

z40WHW02 40 40.0 1.90 0.720

s25LC06A 25 16.2 1.43 0.204

s30LC06A 30 12.8 1.48 0.274

s35LC06A 35 11.8 1.48 0.242

s40LC06A 40 12.4 1.50 0.339

s60LC06A 60 16.9 1.63 0.603

s80LC06A 80 22.4 1.67 0.628

s120LC06A 120 30.5 1.91 0.905

s40LC06B 40 6.82 1.51 0.322

s60LC06B 60 5.95 1.35 0.163

s80LC06B 80 6.04 1.46 0.185

s120LC06B 120 6.12 1.24 0.143

s20WH07 20 15.8 1.55 0.288

s25WH07 25 15.8 1.60 0.334

s30WH07 30 13.8 1.49 0.219

s35WH07 35 13.6 1.61 0.369

s40WH07 40 15.3 1.83 0.599

s45WH07 45 13.0 1.79 0.556

s50WH07 50 9.76 1.50 0.221

s60WH07 60 7.25 1.46 0.175

s80WH07 80 6.33 1.48 0.210

s100WH07 100 6.04 1.46 0.247

s120WH07 120 5.96 1.43 0.172

1We define the iron core edge to be where Ye = 0.495.
2 ξ2.5 is determined at bounce in collapse runs using

the LS180 EOS and will vary only slightly with EOS.

4.1.2 Grid Setup

Based on resolution studies, we employ a computational grid setup with a total of 1050 zones. Near

the origin and extending out to 20 km, we employ a constant grid spacing of 80 m (250 zones).

Outside of 20 km we logarithmically space the remaining 800 zones to a radius where the initial

density falls to 2000 g cm−3. We require the high resolution near the center for late postbounce

times when the postshock region becomes small (rshock . 20 km) and when the protoneutron star is

close to dynamical collapse to a black hole. We interpolate the various presupernova profiles (ρ, T ,

Ye, v, and Ω, if rotation is included) to our grid using linear interpolation.

4.1.3 Results

4.1.3.1 Fiducial Model

We begin our discussion with a detailed description of the evolution of a failing core-collapse super-

nova from core collapse, through bounce, and the subsequent postbounce evolution to black hole

formation. For this, we choose the 40 M� ZAMS-mass progenitor model s40WH07. We evolve this
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progenitor using the LS180 EOS, do not include rotation, and use the standard setting of fheat = 1

(see Section 3.6.2.1). In Figure 4.2, we show the evolution of the radial coordinate of select baryonic

mass shells as a function of time and we highlight shells enclosing 0.5, 1.0, 1.5, 2.0, and 2.5M�. In

addition, the figure shows the shock radius and the positions of the energy-averaged νe and νx neu-

trinospheres as a function of time. The prebounce collapse phase (t < 0) lasts ∼ 450 ms. At bounce,

the central value of the lapse function is αc ∼ 0.82, and the metric function X has a maximum of

∼ 1.1 and peaks off-center at a baryonic mass coordinate of ∼ 0.6M� which roughly corresponds

to the edge of the inner core. The inner core initially overshoots to a maximum central density

ρc ∼ 5.0 × 1014 g cm−3, then settles at ∼ 3.7 × 1014 g cm−3. ρc subsequently increases as accre-

tion adds mass to the protoneutron star. The bounce shock forms at a baryonic mass coordinate

of ∼ 0.6M�. From there, it moves out quickly in mass, reaching a baryonic mass coordinate of

∼ 1.5M� at 22 ms after bounce, 2M� at ∼ 162 ms, and 2.25M� at ∼ 329 ms. In radius, the shock

reaches a maximum of ∼ 120 km at 38 ms after bounce. There it stalls, then slowly recedes. At

10 ms after bounce, the accretion rate through the shock is ∼ 18M� s−1 and drops to ∼ 2.7, ∼ 1.7,

and ∼ 1.25M� s−1 at 100, 200, and 300 ms after bounce, respectively. The drop in the accretion

rate has little effect on the failing supernova engine. In agreement with previous work that em-

ployed a more accurate neutrino treatment (e.g., Liebendörfer et al. 2005, Thompson et al. 2003),

the 1D neutrino mechanism is manifestly ineffective in driving the shock, yielding, in this model,

a heating efficiency η = Labsorbed/Lνe+ν̄e of only ∼ 3 % (on average). The neutrinospheres (where

the energy-averaged optical depth τ = 2/3) are initially exterior to the shock but are surpassed by

the latter in a matter of milliseconds after bounce, leading to the νe deleptonization burst. At all

times, the νx neutrinosphere is interior to the ν̄e neutrinosphere, which in turn is slightly interior to

the νe neutrinosphere. The mean neutrino energies also follow this order. They are the largest for

νx and the lowest for νe and increase with decreasing neutrinosphere radii (e.g., Fischer et al. 2009,

Ott et al. 2008, Sumiyoshi et al. 2007, Thompson et al. 2003).

At ∼ 408 ms after bounce, the shock has receded to ∼ 20 km and the protoneutron star has

reached a baryonic (gravitational) mass of ∼ 2.33M� (∼ 2.23M�). The difference between baryonic

and gravitational mass, at this point in the evolution, is due to the ∼ 1.9×1053 erg of energy radiated

by neutrinos. At this point, dynamical protoneutron star collapse to a black hole sets in and happens

on a coordinate time scale of . 1 ms. In the rightmost part of Figure 4.2, we zoom in to the final

1 ms of evolution to show detail. The first signs of collapse manifest themselves in the development

of a radial infall velocity profile at the protoneutron star edge. The protoneutron star then collapses

in on itself and the central density increases by a factor of ∼ 3 in only ∼ 1 ms of coordinate time.

The simulation crashes due to EOS limitations at ρc ∼ 4.2 × 1015 g cm−3 and with αc = 0.006. At

this point the peak of the metric function X = [1− 2m(r)/r]−1/2 is ∼ 4.4 at a coordinate radius of

∼ 6.8 km. There, the fluid velocity also peaks at ∼ − 0.83 c. The shock recedes by ∼ 8 km in the
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Figure 4.2: Evolution of baryonic mass shells in the nonrotating model s40WH07 evolved with the
LS180 EOS. We also include the shock location and the radii of the νe and νx neutrinospheres. The
ν̄e-sphere (not shown), is inside, but very close to the νe-sphere. The vertical dotted line denotes a
change of time scale in the plot, highlighting the final ∼ 1 ms of evolution before the central density
reaches ∼ 4.2× 1015 g cm−3 and the simulation halts. We specifically highlight the 0.5, 1.0, 1.5, 2.0,
and 2.5M� baryonic mass shells with dashed lines. With solid lines, for M < 2M�, we plot every
0.1 M� mass shell. Above 2M�, we plot mass shells with a spacing of 0.05M�.

last ∼ 1 ms of evolution to a radial coordinate of ∼ 12 km. During the last ∼ 0.05 ms, due to the

central lapse dropping to nearly zero, the evolution of the mass shells slows near the origin. This is

characteristic for our choice of gauge. If the simulation were to continue, X would become singular

at the event horizon that would appear after infinite coordinate time in our coordinates (Petrich

et al. 1986).

The s40WH07 model discussed here is a typical example of a failing core-collapse supernova in

spherical symmetry. We present the results of a large number of such models in Table 4.2, where for

each EOS and progenitor model we show the time to black hole formation as measured from bounce

and the mass, both baryonic and gravitational, of the protoneutron star when the central value of

the lapse function α reaches 0.3 (roughly the point of instability). In this table, the model name

describes the initial model. The metallicity is denoted by one of three letters: s, u, and z which

represent solar, 10−4 solar, and zero metallicity, respectively. Following the metallicity is the ZAMS

mass and the progenitor model set. In many simulations, particularly in those employing stiff EOS,

a black hole does not form within 3.5 s. For these simulations we include in parentheses the mass

inside the shock at 3.5 s. We note that at black hole formation the shock is typically at a distance of



51

. 20 km and there is very little mass between the shock and the protoneutron star. The dynamical

collapse to a black hole happens very quickly (t . 1 ms) during which very little additional accretion

occurs.

4.1.3.2 Comparison with Previous Work

The s40WW95 progenitor was considered in the black hole formation studies of Liebendörfer et al.

(2004), Sumiyoshi et al. (2007) (hereinafter referred to as S07), and Fischer et al. (2009) (hereinafter

referred to as F09). For comparison, we perform simulations with this progenitor for both the LS180

and HShen EOS. Table 4.3 compares two key quantities, the time to black hole formation and the

maximum baryonic protoneutron star mass, obtained with GR1D with the results obtained in the

aforementioned studies.

For the LS180 EOS, we find a time to black hole formation of ∼ 524 ms and a maximum baryonic

protoneutron star mass of ∼ 2.26M�, which is ∼ 3 % larger than predicted by F09. We attribute this

discrepancy to the higher electron-type neutrino luminosities our leakage scheme predicts (∼ 20%)

resulting in lower gravitational masses compared to full Boltzmann transport calculations. Our time

to black hole formation is longer by ∼ 100 ms or ∼ 20 %. This disagreement is relatively larger than

the baryonic mass disagreement due to the low accretion rate at late times that translates small

differences in mass to large differences in time. At ∼ 435.5 ms, the time to black hole formation of

F09, our protoneutron star has a baryonic mass of ∼ 2.17M�, which is consistent to ∼ 1 % with F09.

We find it more difficult to reconcile our results (and those of Liebendörfer et al. (2004) and F09)

with the simulations of S07. Their maximum protoneutron star baryonic mass and the time to black

hole formation suggest a lower accretion rate throughout their evolution (∼ 2.1M� in ∼ 560 ms).

In the simulation run with the stiffer HShen EOS, the larger maximum protoneutron star mass

leads to a delay of black hole formation until a postbounce time ∼ 1.129 s and we find a maximum

baryonic protoneutron star mass of ∼ 2.82M�. The maximum protoneutron star mass and time to

black hole formation of S07 again suggest an accretion rate in disagreement with F09 and our work.

The results of F09 with the HShen EOS suffer from a glitch in F09’s EOS table interpolation scheme

which has since been fixed (T. Fischer 2010, private communication). This leads to a postbounce

time to black hole formation of ∼ 1.4 s and a maximum baryonic protoneutron star mass of ∼ 3.2M�.

Results from more recent simulations correct this error and are presented in Table 4.3 (T. Fischer

2010, private communication).

4.1.3.3 Equation-of-State Dependence and Thermal Effects

The maximum protoneutron star mass and, thus, the evolution toward black hole formation, depends

strongly on the EOS. This was realized early on (Burrows 1988) and has recently been investigated

by S07 and F09 who compared models evolved with the LS180 and HShen EOS. Here we extend
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Table 4.3: Comparison of the s40WW95 black hole formations properties with pub-

lished results.

Study

LS180 HShen

tBH Mb,max tBH Mb,max

(s) (M�) (s) (M�)

Liebendörfer et al. (2004) ∼0.5 ∼2.20 · · · · · ·
Sumiyoshi et al. (2007) 0.56 2.1 1.34 2.66

Fischer et al. (2009) 0.4355 2.196 1.0301 2.8661

This work 0.524 2.263 1.129 2.815

1See the text for a discussion of the HShen EOS results from Fischer et al. (2009).

their discussion and include also the LS220 and LS375 EOS. For a given accretion history, set

by progenitor structure and independent of the high-density EOS, a stiffer nuclear EOS leads to

a larger postbounce time to black hole formation. In Figure 4.3, we plot the evolution of the

central density ρc of the s40WH07 model evolved with the four considered EOS. Each EOS leads

to a characteristic maximum central density at bounce that is practically independent of progenitor

model: ∼ 4.8 × 1014 g cm−3, ∼ 4.4 × 1014 g cm−3, ∼ 3.7 × 1014 g cm−3, and ∼ 3.4 × 1014 g cm−3 for

the LS180, LS220, LS375, and HShen EOS, respectively. As expected, the variant using the softest

nuclear EOS (LS180) shows the steepest postbounce increase in ρc and becomes unstable to black

hole formation at only ∼ 408 ms for this progenitor. The onset of black hole formation is marked by

a quick rise in the central density. This is most obvious from the ρc evolutions of the model variants

using the stiff HShen and LS375 EOS.

Interestingly, the nominally stiffest EOS (LS375) leads to higher central densities than the softer

HShen EOS up until ∼ 1.1 s after bounce. We find that this is due to the HShen EOS yielding

higher pressure at ρ . 3× 1014 g cm−3, T ∼ 10 MeV, and Ye ∼ 0.3. This higher pressure, initially in

the core and later in the outer protoneutron star layers, maintains the protoneutron star at a lower

central density. The cold-NS mass-radius relation shown in Figure 3.1 also exhibits this. For a given

low-mass NS, the HShen EOS predicts a lower central density. For cold NSs, this trend continues

until ρc ∼ 5.4 × 1014 g cm−3. Thermal effects, which are stronger in the HShen EOS, will increase

this value for hot protoneutron stars.

We also plot in Figure 4.3 the evolution of the mass accretion rate Ṁ in model s40WH07

(evaluated at a radius of 200 km). Variations in the high-density EOS have no effect on Ṁ which

is most sensitive to progenitor structure. Sudden drops in Ṁ occur when density discontinuities

that go along with compositional interfaces advect in. An example of this can be seen in s40WH07

at ∼ 400 ms after bounce where Ṁ drops by ∼ 30 % due to a density jump at a baryonic mass

coordinate of ∼ 2.35M�. Such interfaces are common features of evolved massive stars (Woosley

et al. 2002) and can help jumpstart shock revival in special cases (see, e.g., the 11.2 M� model of
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Figure 4.3: Central density (left ordinate) and accretion rate (right ordinate) vs. time since bounce
for the s40WH07 progenitor and four EOS. Black hole formation occurs when the central density
diverges. Each ρc curve is annotated with the maximum gravitational protoneutron star mass. The
drop in the accretion rate at t ∼ 0.4 s is due to the accretion of a mass shell where the density drops
by ∼ 30 %. Note the accretion rate is on a logarithmic scale.

Buras et al. (2006a), and Section 4.1.3.5 of this study). In the black hole-formation context, they

lead to a disproportionate increase in the time to black hole formation in models whose EOS permit

a protoneutron star with mass greater than the mass coordinate of the density jump.

The maximum gravitational (baryonic) protoneutron star masses for the four models shown in

Figure 4.3 are ∼ 2.23M� (∼ 2.33M�), ∼ 2.31M� (∼ 2.45M�), ∼ 2.68M� (∼ 3.02M�), and

∼ 2.59M� (∼ 2.83M�); and the black hole formation times are ∼ 408 ms, ∼ 561 ms, ∼ 1.596 s,

and ∼ 1.259 s for the LS180, LS220, LS375, and HShen EOS, respectively. The maximum cold NS

gravitational masses are ∼ 1.83M�, ∼ 2.04M�, ∼ 2.72M�, and ∼ 2.24M� for the LS180, LS220,

LS375, and HShen EOS, respectively.

In models evolved with the LS180, LS220, and HShen EOS, the maximum gravitational pro-

toneutron star mass is larger than the maximum gravitational cold NS mass. We can understand

the differences between these cold NS and protoneutron star maximum masses by comparing the

protoneutron star structure with various TOV solutions. In Figure 4.4, we plot the density and

temperature profiles of the s40WH07 model evolved with the HShen EOS just prior to collapse

to a black hole. At this time, t ∼ 1.098 s, the central lapse is αc = 0.35, the central density is

ρc ∼ 1.44 × 1015 g cm−3, Tc ∼ 42.4 MeV, and the protoneutron star gravitational (baryonic) mass

is ∼ 2.51M� (∼ 2.74M�). For comparison, we include in Figure 4.4 three TOV solutions, all with
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Figure 4.4: Comparison of radial density (left ordinate) and temperature (right ordinate) profiles of
the protoneutron star just before collapse (αc = 0.35) in model s40WH07 evolved with the HShen
EOS with profiles obtained from a TOV solution using the same central density and the same
radial temperature and Ye distributions as in model s40WH07 (dashed). For comparison, we also
include profiles obtained with the TOV equations assuming both T = Tc = 42.4 MeV (dot-dashed)
and T = 0.1 MeV “cold” (dot-dot-dashed) and β-equilibrium. The flattening of the density profile
between 5 and 11 km is due to the strong thermal pressure support in this region (dotted). The
gravitational mass inside the shock (whose position we denote with a vertical black line) of the
s40WH07 model and of the TOV star agree to within 2 %. For this comparison, we switched off
neutrino contributions to the internal energy and pressure in GR1D.

the same central density but different temperature and Ye profiles. Specifically, we plot the density

profile assuming (1) T (r) = 0.1 MeV, this is the “cold” NS case, (2) T (r) = 42.4 MeV, which cor-

responds to the central temperature from the GR1D evolution, and (3) T (r) = TGR1D, assuming the

same radial temperature profile as the GR1D model. We impose neutrinoless β equilibrium for the

former two TOV solutions and, similar to the temperature, assume the Ye profile of the GR1D model

for the latter. For this comparison, GR1D is run without neutrino pressure and energy contributions,

since they are also neglected in the TOV solution.

Inside of ∼ 6 km, corresponding to a gravitational mass coordinate of ∼ 0.4M�, the material is

not shock heated but rather is heated only via adiabatic compression. The outer regions (∼ 6−11 km)

of the protoneutron star are hot compared to the inner core. This is due to accretion and compression

of shock heated material onto the protoneutron star surface. In this region, the thermal pressure

support is sufficiently strong to flatten out the protoneutron star density profile. More mass is located

at larger radii compared to constant-temperature TOV solutions. This decreases protoneutron star
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compactness, increasing the maximum gravitational mass. The cold-NS and the T = Tc TOV

solutions have a gravitational mass of ∼ 2.23M� and ∼ 2.35M�, respectively. On the other hand,

the TOV solution that assumes the same T and Ye profile as the GR1D model yields a gravitational

mass of ∼ 2.46M�, within ∼ 2 % of the protoneutron star gravitational mass in the full GR1D

simulation. Tests in which we vary the Ye distribution in the TOV solution with T = T (r) show

that the maximum protoneutron star mass is insensitive to variations in Ye from the GR1D profile to

neutrinoless β-equilibrium. All this leads us to the conclusion that it is thermal pressure support in

the outer protoneutron star core that is responsible for increasing the maximum stable gravitational

protoneutron star mass beyond that of a cold NS. Our finding is in agreement with the recent black

hole formation simulations of Sumiyoshi et al. (2007) and Fischer et al. (2009), who noted the same

differences to cold TOV solutions, but did not pinpoint their precise cause. However, our result

is in disagreement with Burrows (1988) who reported maximum protoneutron star masses within

a few percent of a solar mass off their cold-NS values. This could be related to Burrows’s specific

choice of EOS. As we discuss below, stiff nuclear EOS have a more limited response to thermal

effects. Another resolution to this disagreement could be the nature of his protoneutron star cooling

simulations that were not hydrodynamic, but rather employed a Henyey relaxation approach with

imposed accretion.

We find the same overall systematics of increased maximum protoneutron star mass due to

thermal pressure support for the entire set of progenitors evolved with the LS180, LS220, and

HShen EOS (variations due to differences in progenitor structure are discussed in Section 4.1.3.4).

In the sequence of the LS EOS, the relevance of thermal pressure support decreases with increasing

stiffness. In the case of the perhaps unphysically stiff LS375 EOS, the effect of high temperatures

in the outer protoneutron star core is reversed: the protoneutron stars in GR1D simulations become

unstable to collapse at lower maximum masses then their cold counterparts. This very surprising

observation is understood by considering that in GR, higher temperatures not only add thermal

pressure support to the protoneutron star, but also increase its mass-energy. This results in a

deeper effective potential well and, thus, is destabilizing. In the LS180, LS220, and HShen case,

the added thermal pressure support is significant and dominates over the latter effect. In the very

stiff LS375 EOS, the added thermal pressure component is negligible, and the destabilizing effect

dominates.

Finally, we point out quantitative differences in models evolved with and without neutrino pres-

sure in the dense neutrino-opaque core. In the s40WH07 model evolved with the HShen EOS, the

difference in the maximum gravitational mass is ∼ 0.08M� (∼ 3 %) and the difference in the time

to black hole formation is ∼ 160 ms (∼ 14 %). These numbers depend on the employed EOS and

progenitor model. In test calculations with a variety of progenitors and EOS, we generally find

increases of the maximum protoneutron star gravitational mass of . 5 %.
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4.1.3.4 Influence of Presupernova Structure

The failure of a core-collapse supernova becomes definite only when accretion pushes the protoneu-

tron star over its maximum mass and a black hole forms. Hence, the time to black hole formation is

a hard upper limit to the time available for the supernova mechanism to reenergize the shock. We

will demonstrate in this section that it is possible to estimate, for a given nuclear EOS, the post-

bounce time to black hole formation in non- or slowly spinning on the basis of a single parameter,

progenitor bounce compactness, ξ2.5, which we introduced in Section 4.1. In Figure 4.5, we plot

the postbounce time to black hole formation (tBH) as a function of ξ2.5 for all nonrotating models

considered in this study and listed in Table 4.2. The distribution of data points for each EOS can be

fit with a function ∝ (ξ2.5)−3/2. This remarkable result can be understood as follows: using Kepler’s

third law, consider the Newtonian free-fall time to the origin for a mass element dm initially located

at r∗ and on a radial orbit about a point mass of M∗ � dm,

tff =
1

2

√
4π2a3

GM∗
= π

√
r3
∗

8GM∗
. (4.2)

Here, for clarity, the quantities are in cgs units. G is the gravitational constant and a is the

semimajor axis equal to half of the apoapsis, r∗. Recalling the definition of ξ2.5, if the mass element

dm is located at a mass coordinate of 2.5M� and at a radial coordinate of r∗, then r∗ = 2500 km/ξ2.5

, and we can write the free fall time in terms of ξ2.5,

t
2.5M�
ff = 0.241(ξ2.5)−3/2 s. (4.3)

In Figure 4.5, we overplot this Newtonian free fall time for a mass element at baryonic mass

coordinate 2.5M� as a function of ξ2.5. For small ξ2.5, the mass element begins its free fall from a

large radius and, hence, takes longer to reach to origin. In general, material in outer layers of the star

will not begin to fall freely until it loses pressure support. Hence, the free fall approximation is not

exact (within a factor of ∼ 2; Burrows 1986), but describes the general behavior of tBH very well. The

deviation of data points from the free fall curve is because the maximum protoneutron star mass is

different for each model and EOS. Models evolved with the LS180 EOS have protoneutron stars with

maximum baryonic masses ranging from 2.1 to 2.5M�. Models with low ξ2.5 correspond to the lower

end of this mass range. For these models, tBH can be somewhat less than the free fall time of the

2.5 M� mass element, because less material is needed to form a black hole. The maximum baryonic

protoneutron star mass range for models using the LS220 EOS is somewhat higher, 2.3 − 2.6M�.

Black hole formation times for these models are more in line with the Newtonian free fall prediction.

Models evolved with the LS375 and HShen EOS have protoneutron stars that must accrete upward

of ∼ 3M� of material before becoming unstable. This significantly increases tBH above the free fall



59

0 0.25 0.5 0.75 1 1.25 1.5
ξ2.5

0

0.5

1

1.5

2

2.5

3

3.5

t B
H

 [s
]

LS180
LS220
LS375
HShen
tff, Eq. 4.3

Figure 4.5: Black hole formation time as a function of the bounce compactness (ξ2.5) for all non-
rotating models presented in Table 4.2 that form black holes within 3.5 s of bounce. Simulations
performed with the LS180, LS220, LS375, and HShen EOS are labeled with circles, squares, di-
amonds, and triangles, respectively. Also shown (dashed line) is the free fall time to the origin
(Equation 4.3) of a mass element located at a baryonic mass coordinate of 2.5M�.

prediction for the ξ2.5 characteristic mass element.

Thermal pressure support can increase the maximum gravitational protoneutron star mass

(Mg,max) as we have seen in Section 4.1.3.3 for the s40WH07 model. In Figure 4.6, we plot Mg,max

as a function of ξ2.5 for all nonrotating models listed in Table 4.2. As obvious from this figure,

Mg,max depends in a predictable way not only on the EOS, but also on the bounce compactness of

the presupernova model. Progenitors with high ξ2.5, in addition to forming black holes faster, create

protoneutron stars that are stable to higher masses. This is a simple consequence of the fact that

progenitors with larger ξ2.5 have iron cores with systematically higher entropies and masses signif-

icantly above the cold Chandrasekhar mass (see Table 4.1 and Baron and Cooperstein (1990) and

Burrows and Lattimer (1983)). Adiabatic collapse leads to higher protoneutron star temperatures

after bounce in progenitors with high ξ2.5 and, hence, more thermal support. This leads to higher

maximum protoneutron star masses. This effect can be large, up to 25% for models with large ξ2.5

and soft EOS.

4.1.3.5 Preventing Black Hole Formation with Artificial Neutrino-Driven Explosions

In a successful core-collapse supernova, the shock is reenergized before enough material can accrete

onto the protoneutron star to make it unstable. While fully self-consistent spherically symmetric
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Figure 4.6: Maximum gravitational protoneutron star masses as a function of the bounce compact-
ness (ξ2.5) for all nonrotating models presented in Table 4.2 that form black holes within 3.5 s after
bounce. Simulations performed with the LS180, LS220, LS375, and HShen EOS are labeled with
circles, squares, diamonds, and triangles, respectively. Also shown (dotted lines, labeled) are the
maximum gravitational cold-neutron star (CNS) masses, MCNS

g,max, numerical values are 1.83, 2.04,
2.72, and 2.24M� for the LS180, LS220, LS375, and HShen EOS, respectively.

simulations generally fail to explode in all but a few very low mass progenitors (cf. Burrows et al.

2007a, Kitaura et al. 2006), one can explode any star by the 1D neutrino mechanism by artificially

increasing the energy deposition in the postshock region. Without such an increase, all of our

simulations fail to explode. Our parameterized heating (fheat in Equation 3.31) allows us to explore

“how much” neutrino heating is needed to explode a given model (in 1D). By comparison with results

from previous self-consistent radiation hydrodynamics simulations we can then estimate whether a

given progenitor and EOS combination is more likely to lead to an explosion or black hole formation.

Our method for driving explosions is similar to Murphy and Burrows (2008), but has the ad-

vantage of being proportional to the neutrino luminosity obtained from the neutrino leakage scheme

and therefore conserves energy. We iteratively determine the critical value of fheat to within 1 % to

what is needed for a successful explosion for a large subset of our models and the LS180, LS220,

and HShen EOS. Of particular interest in this analysis is the time-averaged heating efficiency of the

critical model, η̄crit
heat. We define η̄heat as

η̄heat =

∫
gain

q̇+
ν dV

/
(Lνe + Lν̄e)rgain

, (4.4)
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where q̇+
ν is the net energy deposition rate and the neutrino luminosities are taken at the gain radius.

We perform the time average between bounce and explosion, the latter time defined as when the

postshock region assumes positive velocities and accretion onto the protoneutron star ceases. η̄crit
heat is

a useful quantity because it characterizes how much of the available luminosity must be redeposited

on average to explode a given progenitor. This is rather independent of transport scheme and code.

For example, for the 15 M� ZAMS solar-metallicity progenitor of Woosley and Weaver (1995) we

find η̄crit
heat ∼ 0.13. Buras et al. (2006b) who also artificially exploded this progenitor in 1D, though

with much more sophisticated neutrino transport, find2 an average heating efficiency of 0.1–0.15

which is consistent with our result. Note, however, that Marek and Janka (2009) observed in the

same progenitor the onset of a self-consistent neutrino-driven explosion in 2D at an average heating

efficiency of ∼ 0.07. This indicates a dependence of η̄crit
heat on dimensionality, should be kept in mind,

and is consistent with recent work that suggest that dimensionality may be the key to successful

neutrino-driven explosions (Murphy and Burrows 2008, Nordhaus et al. 2010b).

In simulations that explode, we do not track the shock past ∼ 5000 km and cannot address in

this study the effect of fallback which occurs at later times and will play an important role in the

final remnant mass (Zhang et al. 2008).

Figure 4.7: Shock radius as a function of postbounce time for the s21WH07 model using the LS180
EOS and various values of fheat. For fheat < 1.32, the shock fails to be reenergized, for fheat ≥ 1.32,
the shock is successfully reenergized and propagates out through the star.

As an example of this procedure, we briefly describe the nonspinning s21WH07 model run with

2This we deduce from their Figure 28, bottom panel. Note that their δtEcool includes all neutrinos, not just νe
and ν̄e.
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the LS180 EOS and show the results in Figure 4.7. The critically exploding model has an iteratively

determined value of f crit
heat = 1.32. For values of fheat below this critical value the shock fails to be

reenergized, in these cases, the late-time evolution of the models is not significantly different from the

fheat = 1 case described in previous sections. Black hole formation occurs at roughly the same time.

However, if fheat is large enough to cause an explosion, accretion onto the protoneutron star ceases.

This delays, or prevents altogether, black hole formation. For the fheat = 1.32, 1.33, and 1.36

simulations, the late-time shock is propagating out at a speed of ∼ 8000 km s−1. The gravitational

(baryonic) mass inside the protoneutron star, at the time of explosion is ∼ 1.49 (∼ 1.54) M�, ∼ 1.48

(∼ 1.53) M�, and ∼ 1.46 (∼ 1.50) M�, respectively. The baryonic mass stays constant after this

time while the gravitational mass decreases because of continued core neutrino emission. For the

s21WH07 model, for fheat = 1.32, 1.33, and 1.36, the corresponding time-averaged heating efficiencies

obtained with GR1D are η̄heat = ∼ 0.144, ∼ 0.147, and ∼ 0.160, respectively. For comparison, in the

fheat = 1.0 simulation, the time-averaged heating efficiency is ∼ 0.06 for the first ∼ 100 ms after

bounce and then drops as the shock recedes in past ∼ 50 km. The s21WH07 model has a low

bounce compactness ξ2.5 of ∼ 0.143, and is a typical example of models with ξ2.5 . 0.35.

Figure 4.8: η̄crit
heat obtained with GR1D as a function of bounce compactness. Plotted are models from

the sWH07 data set using the LS180, LS220, and HShen EOS; and models from the uWHW02 data
set using the LS220 EOS.

Since GR1D’s leakage/heating scheme is only a rough approximation to true neutrino transport,

and because our simulations assume spherical symmetry, we cannot make very robust quantitative

predictions for any one particular model, but rather study the collective trends exhibited by the entire
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set of 62 progenitors that we consider here. In Figure 4.8, as a function of bounce compactness ξ2.5,

we plot η̄crit
heat for all considered models and EOS. The data are summarized in Table 4.4. We can

divide the results into two general regimes: models with ξ2.5 . 0.45 and those with ξ2.5 & 0.45.

For many models with ξ2.5 . 0.45, oscillations in the shock position are ubiquitous near the

transition from failing to exploding supernovae in 1D (cf. Murphy and Burrows 2008; Buras et al.

2006b; Fernández and Thompson 2009). For both the LS180 and LS220 EOS, the η̄crit
heat required for

an explosion, modulo noise, is roughly constant and ∼ 0.16 on average for low ξ2.5 models. Hence,

explosion is the likely outcome of core collapse for progenitors with ξ2.5 . 0.45 if the nuclear EOS

is similar to the LS180 or LS220 case.

The noise in the η̄crit
heat distribution (absolute variations by up to ∼ 10 %) is in part a consequence

of variations in postbounce dynamics, such as the number and duration of preexplosion oscillations.

Compositional interfaces in some progenitor models, where jumps in the density lead to jumps in

the accretion rate, also affect individual models leading to variations in η̄crit
heat. For the LS180 and

LS220 EOS, any differences in η̄crit
heat with choice of EOS are indistinguishable given the noise in the

data.

For progenitors with ξ2.5 & 0.45, the η̄heat required to cause an explosion increases with ξ2.5

when run with the LS180 or LS220 EOS. Progenitors in this regime have tremendous postbounce

accretion rates, accumulating & 2M� of baryonic material behind the shock within the first ∼
200 ms after bounce. Without explosion, they form black holes within . 0.8 s (with the LS180 and

LS220 EOS). Hence, a very high heating efficiency of η̄heat & 0.23–0.27 is necessary to drive an

explosion at early times against the huge ram pressure of accretion. It appears unlikely, even when

multidimensional dynamics are factored in, that progenitors with ξ2.5 & 0.45 can be exploded via the

neutrino mechanism. The most likely outcome of core collapse in such stars is black hole formation.

This is further supported by observing the remnant mass of the protoneutron stars in our critically

exploding simulations. We do this for the sWH07 model set data in Table 4.4 and present the

results in Figure 4.9 where we plot the remnant baryonic mass as a function of ξ2.5. We note that

assuming no fallback, the cooled neutron star will have a gravitational mass which is lower than its

baryonic mass. For reference (using the LS220 EOS), a 1.6M� baryonic mass cold neutron star has a

gravitational mass of 1.44M�, and a 2.1M� baryonic mass cold neutron star has a gravitational mass

of 1.83M�. Progenitors with higher ξ2.5 accrete more mass onto the protoneutron star before the

explosion is launched, as the accretion rate roughly scales with ξ2.5. However, at around ξ2.5 = 0.45,

the remnant mass turns over and stays constant around 2.1M� for the LS180 and LS220 EOS. The

origin of this turnover is the same as the rise in the critical heating efficiency. For progenitors with

high ξ2.5, the explosion must be launched earlier to prevent black hole formation, this i) requires a

higher heating efficiency and ii) halts the accretion onto the protoneutron star at an earlier time.

The turnover does not occur for the HShen EOS, we expect such a turnover to occur for higher ξ2.5
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when the remnant mass approaches the HShen maximum mass.
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Figure 4.9: Protoneutron star remnant baryonic mass for critically exploding models as a function
the ξ2.5 assuming no late-time fall back. Progenitors with small ξ2.5 have small remnant masses.
For the LS180 and LS220 EOS, the latter increases with the former until ξ2.5 ∼ 0.45 where the
artificially driven explosions must occur early on in the evolution to prevent black hole formation.
The HShen does not show this trend, most likely because its maximum mass is higher.

We draw the reader’s attention to two outliers in the uWHW02 data set included in Figure 4.8, the

u50WHW02 and u60WHW02 progenitors. These models have high ξ2.5, but feature compositional

interfaces where the density drops by ∼ 50 %. These are located at a mass coordinate of 1.82M�

and 2.22M� in u50WHW02 and u60WHW02, respectively. When such an interface advects through

the shock, the accretion rate drops suddenly, but the core neutrino luminosity remains large and

an explosion is immediately launched. This results in a small value of f crit
heat and, therefore, in a low

required η̄heat. This demonstrates that the single parameter ξ2.5 is not always sufficient to predict a

progenitor’s fate.

In models with ξ2.5 . 0.45 and calculated using the HShen EOS, both η̄crit
heat and f crit

heat are

systematically higher than with the LS180 and LS220 EOS and explosion is less likely. Furthermore,

the qualitative behavior of our simulations is different with the HShen EOS. In many models with

subcritical fheat and η̄heat, the shock is revived and begins to propagate to large radii of O(103–

104 km), but the material behind it fails to achieve positive velocities. Hence, accretion onto the

protoneutron star is slowed but does not cease. High values of fheat are needed to avoid this and

achieve full explosions. We caution the reader that this regime may not be well modeled by our

neutrino treatment. Nevertheless, our results suggest that systematically higher f crit
heat and η̄crit

heat are
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required to explode models with the HShen EOS, even at low ξ2.5. In contrast to models using the

LS180 or LS220 EOS, models with ξ2.5 &0.45 with the HShen EOS require roughly constant η̄heat

to explode. Since the HShen EOS can support a high maximum mass, the protoneutron star can

withstand black hole formation longer and explosions may set in at later postbounce times when

the accretion rate has dropped sufficiently.

As an interesting aside, we point out the evolution of the u75WHW02 progenitor evolved with

the LS220 EOS. This model has a bounce compactness of ∼ 1.15 and, in the absence of an explosion,

forms a black hole ∼ 0.285 s after bounce (with the LS220 EOS). This progenitor has a compositional

interface at which the density drops by ∼ 50 % that is located at a baryonic mass coordinate of

∼ 2.5M�. This is very close to the maximum mass of the u75WHW02 protoneutron star (with

the LS220 EOS), and well above the maximum cold NS (baryonic) mass. The model can be made

to explode with f crit
heat = 1.35 with a corresponding η̄crit

heat = 0.287. The resulting protoneutron star

has a baryonic (gravitational) mass of ∼ 2.54M� (2.44M�). Interestingly, within ∼ 100 ms after

the launch of the explosion, cooling of the outer protoneutron star layers removes sufficient thermal

pressure, rendering the unstable to collapse and black hole formation. This scenario will necessarily

occur within the cooling phase for any that is initially thermally supported above the maximum cold

NS baryonic mass and is another avenue to black hole formation. In our simulations, this condition

is also met only in very few other models with very high ξ2.5 and fairly soft EOS, such as the 23, 40,

and 45 M� progenitors from the sWH07 series using the LS180 EOS. In order to fully investigate

this black hole formation channel, a more sophisticated neutrino treatment is required that allows

accurate long-term modeling of protoneutron star cooling (Pons et al. 1999), since, in general, the

Kelvin-Helmholtz cooling phase of protoneutron star is O(10–100 s). This is further explored in

O’Connor and Ott (2010).

4.1.3.6 Connection to Stellar Evolution: ZAMS Mass and Metallicity

Having established the systematic dependence of core collapse and black hole formation on progenitor

bounce compactness in Section 4.1.3.4, we now go further and attempt to connect to the conditions

at ZAMS. Doing this is difficult, and, given the current state and limitations of stellar evolution

theory and modeling, can be done only approximately. In general, presupernova stellar structure will

depend not only on initial conditions at ZAMS (mass, metallicity, rotation), but also on particular

evolution history and physics (binary effects, [rotational] mixing, magnetic fields, nuclear reaction

rates, and mass loss; cf. Woosley et al. 2002). While keeping this in mind, we limit ourselves in

the following to the exploration of single-star, nonrotating progenitors without magnetic fields. We

focus on collapse models run with the LS220 EOS, but the general trends with EOS observed in the

previous sections extend to here.

In the top panel of Figure 4.10, we plot the bounce compactness ξ2.5 as a function of progenitor
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Figure 4.10: Bounce compactness (top panel) and time to black hole formation (bottom panel) as
functions of ZAMS mass for various progenitor sets. ξ2.5 is determined for each model at bounce using
(Equation 4.1). tBH for each model is obtained using the LS220 EOS and assuming no explosion.
The times to black hole formation for progenitor models that take longer than 3.5 s to form a black
hole are not shown. Breaks in the lines connecting models indicate this. For clarity, the time to
black hole formation is not shown for the sLC06A/B series, but is provided in Table 4.2.

Table 4.4: Properties of artificial neutrino-driven explosions. fcrit
heat corresponds

to the critical value needed to cause a successful explosion in GR1D. η̄crit
heat is the

associated critical average heating efficiency defined in (Equation 4.4).

MZAMS ξ2.5 fcrit
heat η̄crit

heat MZAMS ξ2.5 fcrit
heat η̄crit

heat

(M�) (M�)

sWH07 LS220 sWH07 LS180

14 0.128 1.17 0.158 15 0.182 1.16 0.193

15 0.182 1.17 0.172 21 0.143 1.32 0.144

16 0.150 1.33 0.134 23 0.452 1.18 0.192

17 0.169 1.32 0.146 24 0.409 1.16 0.163

18 0.195 1.17 0.188 25 0.334 1.13 0.158

19 0.177 1.24 0.146 27 0.258 1.18 0.153

20 0.288 1.15 0.176 30 0.219 1.16 0.179

21 0.143 1.34 0.133 35 0.369 1.14 0.164

22 0.292 1.15 0.181 40 0.599 1.32 0.266

23 0.453 1.17 0.165 45 0.556 1.26 0.245

24 0.410 1.15 0.163 50 0.221 1.18 0.172

25 0.334 1.14 0.185 80 0.210 1.22 0.142

Continued on Next Page. . .
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Table 4.4 – Continued

MZAMS ξ2.5 fcrit
heat η̄crit

heat MZAMS ξ2.5 fcrit
heat η̄crit

heat

(M�) (M�)

26 0.235 1.21 0.142 sWH07 HShen

27 0.258 1.20 0.152 15 0.182 1.30 0.245

28 0.274 1.16 0.163 21 0.143 1.50 0.135

29 0.225 1.25 0.138 23 0.447 1.27 0.245

30 0.219 1.18 0.163 24 0.406 1.31 0.245

31 0.219 1.21 0.144 25 0.333 1.49 0.217

32 0.255 1.17 0.166 27 0.258 1.52 0.186

33 0.287 1.15 0.162 30 0.218 1.32 0.194

35 0.369 1.13 0.166 35 0.367 1.37 0.167

40 0.600 1.30 0.259 40 0.581 1.22 0.245

45 0.557 1.25 0.228 45 0.542 1.24 0.240

50 0.221 1.19 0.170 50 0.221 1.41 0.218

55 0.238 1.24 0.129 80 0.210 1.50 0.226

60 0.175 1.29 0.142

70 0.234 1.21 0.161 sWW95 LS180

80 0.210 1.24 0.143 15 0.088 1.33 0.130

100 0.247 1.15 0.175

120 0.172 1.25 0.152

uWHW02 LS220

20 0.338 1.13 0.155 40 0.721 1.44 0.297

25 0.223 1.16 0.168 45 0.656 1.22 0.267

30 0.326 1.13 0.156 50 0.575 1.09 0.174

35 0.666 1.37 0.284 60 0.624 1.12 0.133

ZAMS massMZAMS for a range of progenitors from multiple stellar evolutionary studies. Even within

a given model set, the MZAMS − ξ2.5 mapping is highly nonmonotonic. At the low end of MZAMS

covered by Figure 4.10, where mass loss has little influence even in progenitors of solar metallicity,

variations in ξ2.5 are due predominantly to particularities in late burning stages, caused, e.g., by

convective versus radiative core burning and/or differences in shell burning episodes (Woosley et al.

2002). At the high ZAMS-mass end, ξ2.5 is determined by a competition of mass loss and rapidity

of nuclear-burning evolution.

The bottom panel of Figure 4.10 depicts the time to black hole formation tBH in a failing core-

collapse supernova as a function of MZAMS for the sWH07 solar-metallicity progenitors of Woosley

and Heger (2007) and the uWHW02 10−4 solar-metallicity models of Woosley et al. (2002). Models

of very low ξ2.5 that require more than 3.5 s to make a black hole are omitted. As demonstrated

in Section 4.1.3.4, tBH scales ∝ (ξ2.5)−3/2 and, hence, progenitors that form black hole the fastest

and are (generally, cf. Section 4.1.3.5) the hardest to explode are those with high values of ξ2.5. In

the low-metallicity uWHW02 series whose progenitors experience only minuscule mass loss, black

holes form within . 1 s of bounce for MZAMS & 30M� and the high bounce compactness ξ2.5 & 0.45

makes a successful shock revival rather unlikely, Section 4.1.3.5. Hence, the most likely outcome of

core collapse is black hole formation in these progenitors. This may also be the case for uWHW02

progenitors in the ZAMS mass range from ∼ 20 to 25M�. The sWH07 progenitors have high ξ2.5 and
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form black holes rapidly only in the MZAMS ranges ∼ 23–25M� and ∼ 35–45M�. At higher ZAMS

masses, strong O-star mass loss leads to an early removal of the hydrogen envelope. Subsequent

mass loss in the Wolf-Rayet phase leads to bare, low-mass, low-compactness carbon oxygen cores in

the most massive progenitors that are unlikely to make black holes.

4.1.3.7 Connection to Stellar Evolution: Variations with Mass-Loss Prescriptions

Mass loss is key in determining the observational appearance of a successful core-collapse supernova

(e.g., Filippenko 1997, Smith et al. 2011), but, as we have seen in Section 4.1.3.6, also has a strong

effect on presupernova core structure and, thus, on the outcome of core collapse. The details of mass

loss in massive stars are still rather uncertain (e.g., Smith et al. 2011), and, unfortunately, there are

few stellar evolution studies that have studied the effects of variations in mass-loss prescriptions.

Limongi and Chieffi (2006)3 performed such a study, adopting two different mass-loss rates for the

Wolf-Rayet stage of solar-metallicity stars with M & 40M�. The sLC06B models are evolved with

the Wolf-Rayet mass-loss rates of Langer (1989) that are similar to those used in the sWH07 set

of Woosley and Heger (2007). As depicted in the top panel of Figure 4.10, high-mass sLC06B and

sWH07 models have similar low ξ2.5 and most likely do not form black holes but rather explode

as type-Ibc core-collapse supernovae. The models of the sLC06A set were evolved with the lower

(factor of ∼ 2) Wolf-Rayet mass-loss rates of Nugis and Lamers (2000). The sLC06A 60, 80, and

120M� progenitors have much more mass left at the presupernova stage (Mpre−SN ∼ 17–30M�,

Figure 4.1) and very high bounce compactness of ξ2.5 ∼ 0.6–0.9. In the likely case of core-collapse

supernova failure, a black hole forms within ∼ 0.5 s with the LS180 EOS and within ∼ 1.5 s for all

other EOS.

The above results highlight the sensitivity of outcome predictions on mass-loss physics and a

more solid understanding of this key ingredient will be necessary to robustly connect ZAMS masses

to the outcome of core collapse for massive stars around and above solar metallicity.

4.1.3.8 Connection to Stellar Evolution: Estimates of Failed Supernovae

With the results of Sections 4.1.3.5–4.1.3.7 we are in a position to make quantitative estimates of

black hole formation in model stellar populations. Neglecting the potentially highly relevant effects

of multidimensional dynamics and assuming an EOS of intermediate stiffness (the LS220 EOS), we

predicted that progenitors with bounce compactness ξ2.5 & 0.45 most likely form black holes with-

out explosion. This prediction, in itself, without connection to ZAMS conditions through stellar

evolution, is of limited utility. Using the whole set of progenitor data made available to us by stellar

evolution groups, we attempt the former in Figure 4.11. We plot the mapping between ZAMS mass

and outcome of core collapse, reduced to explosion or no explosion and black hole formation, neglect-

3See also Limongi and Chieffi (2009) and Meynet and Maeder (2003)
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Figure 4.11: Outcome of core collapse as a function of ZAMS mass of single nonrotating massive stars,
assuming that for moderately stiff nuclear EOS (e.g., LS180/LS220), neutrino-driven explosions can
be launched up to a bounce compactness ξ2.5 . 0.45 (cf. Section 4.1.3.5). Other potential explosion
mechanisms are neglected. We consider only explosion and black hole formation without explosion
as outcomes and neglect other scenarios, including postexplosion black hole formation via fallback
accretion (Dessart et al. 2010, Zhang et al. 2008), cooling or nuclear phase transitions. Shown are
results for a range of model sets and metallicities (see Section 4.1). Very low metallicity stars with
ZAMS masses above ∼ 30M� robustly form a black hole without explosion. At higher metallicity,
uncertainties in the physics of mass loss (e.g., Smith et al. 2011) make robust predictions difficult.
This is reflected in the rather dramatic disagreement of the four solar-metallicity progenitor model
sets that we include. The “Black hole fractions” stated at the right edge of the plot denote the
fraction of massive stars with M & 8M� that form black holes. They are obtained by convolution
with a Salpeter IMF under the assumption that stars with 8M� .M . 14M� explode robustly.

ing completely the possibility of black hole formation due to fallback/cooling/phase transitions after

a launched explosion. The case is clear cut at low metallicity where mass loss has negligible effect

on the mapping between ZAMS conditions and core-collapse outcome. Using a Salpeter initial mass

function (IMF; α = 2.35, Mmin = 8.0M�, and Mmax = 150.0M�, Salpeter (1955)) we estimate

that ∼ 15% of all progenitors form black holes without explosion. At (around) solar metallicity,

the precise way of prescribing mass loss in stellar evolution has tremendous consequences on the

mapping between ZAMS mass and core-collapse outcome. Depending on the particular mass-loss

prescription, we predict a black hole fraction of 0%–7% for solar-metallicity stars. This makes mass

loss the single most important unknown parameter in connecting ZAMS conditions to core-collapse

outcome (in agreement with Smith et al. (2011)). Of particular interest in Figure 4.11 is the band of

black hole formation around 23M� in the zWHW02, uWHW02, sWHW02, and sWH07 model sets.

This band signals an enhancement in the bounce compactness for models around 22–23M�, as we

have explored in this chapter, this follows directly from the presupernova structure. Models in this
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region have higher central entropies and larger iron cores. It is currently unclear what physical pro-

cess during stellar evolution causes this phenomena, however such an investigation is underway by

the Santa Cruz stellar evolution group using both KEPLER and MESA (Sukhbold 2011). We note that

the LC06A/B model set jumps from 20 to 25M� and therefore is not sensitive to this phenomenon.

With the neutron star mass predictions in Section 4.1.3.5, and with the assumption that after a

failed supernova all of the available presupernova mass falls into the black hole, we can construct a

compact remnant mass distribution plot. This is shown in Figure 4.12 for the sWH07 model set, the

LS220 EOS. As for Figure 4.11, we assume a Salpeter initial mass function. In cyan is the remnant

mass distribution of neutron stars, where we have use the formula of Lattimer and Prakash (2007)

to convert the final baryonic mass to a gravitational mass. In black is the remnant mass distribution

of black holes. In grey we assume that for the progenitors with 0.4 < ξ2.5 < 0.45, half make black

holes and half will explode as a supernova. Since we assume no fallback, we naturally have a large

mass gap between ∼ 2M� (the largest neutron stars made in a successful explosion) and ∼ 12M�

(the smallest presupernova mass that gives rise to failed supernova). Note we do not consider several

important considerations. i) Massive stars with a ZAMS mass of less than 14M�, this will affect

the low mass neutron star mass distribution. ii) We ignore the contribution to this distribution from

binary star evolution. This point is very important because only through binary interactions can

we observe stellar-mass black holes and infer their mass distribution. iii) We do not consider the

effects of any fallback onto the protoneutron star remnant which may be significant enough to lead

to the formation of black holes just above the maximum neutron star mass (Zhang et al. 2008).

4.2 Rotating Black Hole Formation

Massive star rotate. The rotation can influence the collapse and postbounce phase of a core-collapse

supernova. Rotation also plays a strong role throughout the evolution of a massive star (Heger

et al. 2005, Maeder and Meynet 2012), by, for example, affecting mass loss, and inducing rotational

mixing. In order to study black hole formation, black hole birth properties and their impact on a

potential subsequent evolution to a LGRB in such spinning progenitors, we use LGRB progenitor

models from Woosley and Heger (2006) (WH06). We also take nonrotating presupernova models

and assign a parameterized angular momentum distribution. We do this to systematically study the

effect of rotation on black hole formation.

Rotation, if sufficiently rapid, alters the core-collapse supernova dynamics via centrifugal support.

This important effect is captured by GR1D’s 1.5D rotation treatment, albeit approximately. Initially,

centrifugal support acts to slow the collapse of the inner core, delaying core bounce. At bounce,

lower peak densities are reached, the hydrodynamic shock forms at a larger radius, and its enclosed

mass is larger (Dimmelmeier et al. 2008). Conservation of angular momentum spins up the core from
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Figure 4.12: Compact Remnant Mass distribution from the sWH07 model set. In cyan is the neutron
star remnants mass distribution from the set of critically exploding models in Section 4.1.3.5, we
have converted the baryonic mass to the final gravitational mass via formula of Lattimer and Prakash
(2007). In black is the black hole mass distribution. We note the sharp jumps are various locations
is due to the small number of presupernova models in the sWH07 set that we predict to make black
holes. For progenitors with 0.4 < ξ2.5 < 0.45, we assume that half will form black holes and half
will successfully explode, these remnants are shown in grey. The entire distribution integrates to
1, however note that we only consider mass stars with masses greater than 14M�. We assume a
Salpeter initial mass function to obtain a initial stellar population.

precollapse angular velocities that may be of order rad s−1 to O (1000 rad s−1) as the core, initially

with r ∼ O(1000 km), collapses to a protoneutron star with r ∼ O(30 km). During the postbounce

evolution, the spinning protoneutron star is stabilized at lower densities, is less compact, generally

colder, and has a softer neutrino spectrum then a nonspinning counterpart (Ott et al. 2008 and

references therein). GR1D’s 1.5D treatment of rotation cannot capture other important aspects of

rotation. Rotational processes and instabilities will redistribute angular momentum, this is ignored in

our calculations. As discussed in Section 2, rotation is also key to the magneto-rotational mechanism,

which is a proposed mechanism for reenergizing the supernova shock wave.

4.2.1 Models with Parameterized Rotation

We first investigate the effect of rotation in failing core-collapse supernovae by assigning specific

angular momentum profiles to the uWHW02 model set (see Section 4.1) via the following rotation
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law,

j(r) = j16,∞

[
1 +

(
AM�
r

)2
]−1

1016 cm2 s−1 , (4.5)

where j16,∞ is the specific angular momentum at infinity in units of 1016 cm2 s−1. We define AM�

to be the radius where the enclosed mass is 1M�. This is a variation on the rotation law commonly

used in simulations of rotating core collapse (e.g., Ott et al. 2006b), where Ω(r) = j(r)r−2 is

prescribed and the differential-rotation parameter A is set to some constant radius. The advantage

of prescribing j (which is conserved along Lagrangian trajectories) and choosing the value of A

based on a mass coordinate is that progenitors from different groups that are evolved to different

points still yield similar protoneutron star angular momentum distributions for a given choice of

j16,∞. Equation 4.5 leads to roughly uniform rotation in the core inside AM� (j(r) ∝ r2) and

angular velocity Ω(r) decreasing with r2 further out (j(r) = const). We note that when 1M� of

material is contained within 103 km, which is typical of many progenitors, the central rotation rate

is j16,∞ rad s−1.

Our way of assigning rotation to precollapse models approximates well the predictions of core

rotation (inner ∼few M�) from stellar evolution studies (see, e.g., Ott et al. 2006b for comparison

plots) and, thus, is useful for studying rotational effects on black hole formation. Equation 4.5

does not, however, capture the rise in specific angular momentum observed at larger radii (or mass

coordinate) that is important for the potential evolution toward a LGRB and seen in recent rotating

progenitor models (e.g., Woosley and Heger 2006). We will explore progenitor models evolved with

rotation in the following section.

In Table 4.5, we summarize key parameters of our rotating model set. Among them is T/|W |,
the ratio of rotational kinetic energy to gravitational binding energy. It is particularly indicative of

the dynamical relevance of rotation. In the right panel of Figure 4.13, we plot the central density

evolution of model u40WHW02 run with the LS180 EOS for j16,∞ ranging from 0 to 3.25 in incre-

ments of 0.25. While we choose the u40WHW02 model here, the results are generic and apply to all

progenitors. AM� , of Equation 4.5, is 936 km for this model and the initial central rotation rate is

1.14× j16,∞ rad s−1. The nonrotating model takes ∼ 433 ms to reach bounce and a further ∼ 369 ms

before the protoneutron star becomes unstable to collapse to a black hole with a gravitational mass

of 2.24M�. For the j16,∞ = 1, 2, and 3 models, respectively, the times to bounce are 11 ms, 47 ms,

and 125 ms greater than in the nonrotating case. Their times to black hole formation tBH are 12 ms,

52 ms, and 150 ms longer than in the nonrotating case. The maximum gravitational protoneutron

star masses Mg,max are 0.03M�, 0.09M�, and 0.28M� greater. We find that the time to bounce,

time to black hole formation, and maximum gravitational protoneutron star mass increase above the

nonrotating values proportional to ∼ (j16,∞)2. The increase in tBH is due almost entirely to the in-

crease in Mg,max, since the accretion rate is not significantly affected by rotation. From a Newtonian
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Figure 4.13: T/|W | (left) and central density (ρc) (right) during the postbounce evolution of the
u40WHW02 model using the LS180 EOS and 14 different initial specific angular momentum profiles.
We vary j16,∞ from 0 to 3.25 in increments of 0.25. For clarity we highlight with solid lines the
simulations with integer values of j16,∞. Lines at T/|W | = 0.27 and 0.14 are added to denote the
dynamical and secular rotational instability thresholds.

point of view, one can understand the latter by considering the ratio of the centrifugal force to the

gravitational force, |Fcent|/|Fgrav|. This scales as (v2
ϕ/r)/(GM/r2) ∝ j2/r, where j = vϕr of a mass

element is conserved. For typical specific angular momenta (j = 2×1016 cm2 s−1) and protoneutron

star masses (∼ 2M�) considered here, |Fcent|/|Fgrav| ∼ 1/100 at 1500 km, ∼ 1/10 at 150 km, and

only reaches unity at the Keplerian orbital distance which generally is inside the protoneutron star

at ∼10–30 km. Hence, the basic picture of nonrotating collapse/accretion depicted by Figure 4.2 is

essentially unchanged by rotation.

The lower temperatures and densities of rotating protoneutron stars lead to systematically lower

mean neutrino energies and total radiated energy from the protoneutron star core (time-averaged

total luminosities are summarized in Table 4.5). Fryer and Heger (2000) and Ott et al. (2008),

who considered similarly rapidly rotating models, also see this effect. There is a clear trend toward

lower Lν with increasing j16,∞ and for a given model and at a given time, with increasing j16,∞,

less gravitational binding energy has been carried away by neutrinos and Mg is larger. Given

essentially unaltered accretion rates, one may expect earlier protoneutron star collapse and black

hole formation. This, however, is not the case in models run with the LS180, LS220, and HShen

EOS, since the centrifugally increased Mg,max systematically outweighs the increased gravitational

mass due to the lowered neutrino emission. For these EOS, the time to black hole formation is
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delayed by rotation. For models run with the extremely stiff LS357 EOS the situation is different.

For them, the centrifugal support provided by rotation is too weak to significantly enhance Mg,max

and, hence, black holes form faster with increasing j16,∞.

In the left panel of Figure 4.13, we plot the T/|W | evolution for the rotating u40WHW02 model

series run with the LS180 EOS. During collapse, gravitational binding energy is transferred to

rotational energy, increasing the value of T/|W |. Similar to how the central density overshoots

its new equilibrium, T/|W | also exhibits a local maximum at bounce. Continued accretion and

contraction of the protoneutron star increases T/|W | throughout the postbounce evolution for all

models. Initially very rapidly spinning models experience core bounce under the strong influence of

centrifugal effects, leading to reduced compactness and T/|W | at bounce. These qualitative features

are in good agreement with what was found by previous extensive parameter studies of rotating core

collapse (Dimmelmeier et al. 2008, Ott et al. 2006b).

Quantitatively, we find and summarize in Table 4.5 that models with j16,∞ . 1.5 yield T/|W | .
0.14 throughout their entire evolution. Models with j16,∞ & 2.25 have T/|W | & 0.14 during their

entire postbounce evolution. Models that have j16,∞ . 2.25 have T/|W | . 0.27 at all times.

Models with j16,∞ & 2.5 reach T/|W | & 0.27 before black hole formation. When considering these

numbers, it is important to keep in mind that GR1D’s 1.5D approach to rotation has the tendency to

overestimate T/|W | in rapidly spinning models. Ott et al. (2006b) found model-dependent differences

in T/|W | of O(10 %) between 1.5D and 2D. In addition, GR1D’s neutrino leakage scheme also tends

to lead to somewhat more compact protoneutron star cores and consequently higher T/|W | than

would be expected from full neutrino transport calculations

The systematics of T/|W | depicted by Figure 4.13 (left) and listed in Table 4.5, albeit only

approximate due to GR1D’s 1.5D treatment of rotation, shed interesting light on the potential role

of nonaxisymmetric rotational instabilities during the evolution of failing core-collapse supernovae.

Of course, due to its 1.5D nature, GR1D cannot track the development of such multidimensional

dynamics. Analytic theory and to some extent 3D computational modeling have identified multiple

instabilities that may lead to triaxial deformation of protoneutron stars, redistribution of angular

momentum, and to the radiation of rotational energy and angular momentum via gravitational waves

(see Stergioulas 2003 and Ott 2009 for reviews). A global dynamical instability sets in for T/|W | &
0.27 (Chandrasekhar 1969), leading to a lowest-order m = 2 “bar” deformation. Global secular

instability, driven by viscosity or GW back-reaction sets in at T/|W | & 0.14 (Chandrasekhar 1970,

Friedman and Schutz 1978). Finally, dynamical shear instabilities, arising as a result of differential

rotation, may lead to partial or global nonaxisymmetric deformation at even lower values of T/|W |
(& 0.05; e.g., Corvino et al. 2010, Ott et al. 2007a, Saijo et al. 2003, Scheidegger et al. 2008, and

references therein). In nature, and in full 3D simulations, these instabilities, through gravitational

radiation or redistribution of angular momentum, will effectively and robustly prevent T/|W | from
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surpassing the corresponding T/|W | threshold. The growth times of dynamical instabilities are

short, O(ms). Secular instabilities grow on time scales set by the driving process and are typically

O(s) (Lai and Shapiro 1995). The low-T/|W | shear instabilities in protoneutron stars appear to

grow on intermediate time scales of O(10–100 ms) (e.g., Ott et al. 2007a, Scheidegger et al. 2008).

In Figure 4.14, we plot the value of T/|W | (left panel) and the dimensionless spin of the protoblack

hole (PBH), a∗PBH = JPBH/(M
2
g,PBH) (right panel) at the onset of black hole formation (when

αc = 0.3) for the same values of j16,∞ used in Figure 4.13. Assuming that the entire protoneutron

star is promptly swallowed once the horizon appears, a∗PBH corresponds to the black hole birth spin4.

We again show results for model u40WHW02, but for all four EOS. The data are also presented in

Table 4.5 for these and other models. T/|W | at black hole formation scales ∝ (j16,∞)2: T/|W |PBH

is ∼ 0.05, ∼ 0.1, ∼ 0.2, and ∼ 0.3 at j16,∞ of ∼ 1, ∼ 1.5, ∼ 2.2, and ∼ 2.75, respectively. a∗PBH

scales linearly with j16,∞, reaching a maximally Kerr value of a∗PBH ∼ 1 at j16,∞ ∼ 2.75. T/|W |PBH

and a∗PBH vary little with EOS.

A disturbing fact depicted by Figure 4.14 is that our 1.5D simulations predict black hole birth

spins a∗ & 1 for j16,∞ & 2.75. In Kerr theory, such black holes cannot exist with a horizon.

They would instead be naked singularities, violating the cosmic censorship conjecture (Penrose

1969). However, when comparing right and left panels of Figure 4.14, one notes that all models

achieving a∗ & 1 are predicted to reach T/|W | in excess of 0.27. Hence, in nature and in a 3D

simulation, these protoneutron star will be dynamically nonaxisymmetrically unstable and angular

momentum redistribution and gravitational radiation will limit their T/|W | robustly below ∼ 0.27,

corresponding to a∗ . 0.9. Rotational instabilities at lower values of T/|W | may also be relevant.

Dynamical shear instabilities have time scales significantly less than the time to black hole formation.

Secular rotational instabilities may be relevant if the true nuclear EOS allows for a large maximum

protoneutron star mass as more time is needed to accrete the necessary material to form a black hole

(see Section 4.1.3.3). Large tBH is also possible if ξ2.5 is small (see Section 4.1.3.4) therefore allowing

secular instabilities to grow. In all rotating models considered here (see Table 4.5), protoneutron

stars stable against the dynamical rotational instability with T/|W | . 0.25–0.27 throughout their

postbounce evolution have a∗PBH . 0.9. Similarly, protoneutron stars with T/|W | . 0.14–0.16, the

threshold for secular instability, have a∗PBH . 0.6–0.7. If low-T/|W | instabilities are effective at

limiting T/|W | in protoneutron stars on short time scales, nascent black hole spins may be limited

to low values (a∗ . 0.4 for a T/|W | instability threshold of ∼ 0.05).

4Note that this may not necessarily be what happens. Outer protoneutron star material may become centrifugally
supported, falling into the nascent black hole only on an accretion time scale (Duez et al. 2006).
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Figure 4.14: Left: T/|W | for a range of initial j16, ∞ and EOS for the u40WHW02 progenitor. We
denote the value of T/|W | thresholds for the dynamical rotational instability, T/|W |dyn = 0.27,
and the secular instability, T/|W |sec = 0.14. Right: dimensionless spin parameter a∗PBH for the
protoneutron star at the last stable configuration prior to collapse to a black hole. Note that
a∗PBH > 1 is generally allowed by GR but a black hole must have a∗ < 1. Protoneutron stars that
could reach a∗PBH > 1 are nonaxisymmetrically unstable and will be limited to a∗PBH below 1. For
the uWHW02 model, the initial central rotation rate is given as Ωc = 1.141× j16, ∞ rad s−1.
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4.2.2 Models Evolved with Rotation: Proposed LGRB Progenitors

A great puzzle in massive star evolution is to understand the necessary departures from the general

core-collapse scenario to produce an LGRB in addition to a supernova explosion, as spectroscopi-

cally confirmed in, to date, six LGRB/SNe pairs. The very low occurrence rate of LGRB/SN per

core-collapse supernova calls for progenitor properties that are rarely encountered in star forma-

tion/evolution.

Two LGRB central-engine models are currently favored. They suggest the key components

for a successful LGRB/SN are a compact progenitor with a short light-crossing time of ∼1 s and

fast rotation at the time of collapse. One is the collapsar model (Woosley 1993), a fast-rotating

progenitor fails to explode in its early postbounce phase and instead forms a black hole, while the

in-falling envelope eventually forms a Keplerian disk feeding the hole on an accretion/viscous time

scale comparable to that of the LGRB. The other model involves a protomagnetar (Wheeler et al.

2000), in which the LGRB is born after a successful supernova explosion, either by the neutrino or

the magneto-rotational mechanism, although the latter seems more likely given the rapid rotation

required for the magnetar (Dessart et al. 2008).

In this section we focus on one important aspect of the collapsar model to validate, or invalidate,

the assumption, often made but so far never checked, that the LGRB progenitor models available in

the literature indeed collapse to form a black hole. We do this by collapsing the LGRB progenitor

models of Woosley and Heger (2006). This is the only stellar-evolutionary model set for LGRB

progenitors that is evolved until the onset of collapse owing to the difficulty of such simulations. This

issue of black hole formation in these progenitors is critical for testing the potential of progenitor

stars for producing LGRBs via the collapsar mechanism, but may also serve to diagnose an attractive

channel for the formation of protomagnetars. Such “failed” collapsars (because they explode before

forming a black hole) represent a serious alternative for the production of LGRBs, although they

have their own caveats. For example, it is yet to be demonstrated that large, ordered magnetic fields

can be generated via the MRI on short enough time scales to successfully explode rapidly rotating

stars, although see Obergaulinger et al. (2009).

We have performed core-collapse simulations for the entire set of models produced in the KEPLER

stellar evolution code for the study performed by Woosley and Heger (2006)5. We first consider the

rapidly spinning progenitors evolved without magnetic fields. All these models have a dimensionless

Kerr spin (a? = Jc/GM2) at 3M� greater than unity (with the exception of model HE16J, which

has a? = 0.91) and are thus considered as promising collapsar candidates by Woosley and Heger

(2006). Unfortunately, when evolved with GR1D, the collapsing iron core of all such models halts

its collapse and expands. We associate this problem with the neglect of the centrifugal acceleration

in the momentum equation in KEPLER, an approximation that fails in the fastest rotating models.

5Models are available from http://homepages.spa.umn.edu/~alex/GRB2/

http://homepages.spa.umn.edu/~alex/GRB2/


80

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

ξ2.5

0.1

0.15

0.2

0.25

0.3

η_
h
e
a
t

c
ri

t

LS220 - sWH07

LS220 - WH06

HE16H

HE16P

35OB

12TJ

HE16F

16SN

16TH

35OC

Figure 4.15: Illustration of the critical heating efficiency η̄crit
heat versus bounce compactness ξ2.5 for our

GR1D simulations of the Woosley and Heger (2006) models, whose properties are summarized in Ta-
ble 1 (blue diamonds). For comparison, we overplot the same quantity for the standard nonrotating
core-collapse supernova progenitor models of Woosley and Heger (2007) evolved at solar metallicity
(red squares). For the most part, the two distributions overlap, suggesting that the propensity to
black hole formation and explosion is comparable for both. Only models with the fastest rotation
rates achieve a larger compactness in excess of 0.4–0.5, but these may then be diverted from black
hole formation through an early magneto-rotational explosion.

This term is included in GR1D. The mismatch suggests that their fastest models may be significantly

affected by the addition of this term. Even if they did collapse, it is not clear that such extremely

fast rotating cores would avoid a centrifugal bounce, where the collapse is halted by centrifugal

support before nuclear densities are reached. We thus limit our discussion to models evolved with

magnetic fields and therefore subject to magnetic torques during their evolution. Of the 46 models

that fulfill this criterion, we identify 4 additional models (12OM, 16TJ, 35OD, and HE16G) that

do not collapse but instead expand when restarted with GR1D. We exclude these as well from our

study. Finally, for reference and completeness, we include the nonrotating models associated with

each series (12SA, 12OA, 12TA, 16SA, 16OA, 16TA), making a total of 48 models. Each simulation

is continued after core bounce until a black hole forms or until a time of 3.5 s has passed, whichever

comes first. We present the results for these 48 models evolved with magnetic fields in Table 4.6 (for

the table layout, we group models in bundles first of increasing mass, then of decreasing metallicity,

and finally in alphabetical order which generally corresponds to an increased initial rotation rate).
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4.2.2.1 LGRB Progenitors: Very Low Bounce Compactness

Our simulations first demonstrate that most of the models have a small bounce compactness, ξ2.5.

We have argued in Section 4.1.3.5 that a compactness of ∼ 0.45 represents a threshold value, for the

neutrino mechanism, since above it an unrealistic neutrino-heating efficiency is required to prevent

black hole formation. We also find this relationship for the models in Table 4.2. We note that this

criterion is for explosions via the neutrino mechanism in spherical symmetry and therefore neglects

any multidimensional and magneto-rotational contributions to the powering of an explosion (Dessart

et al. 2008, Murphy and Burrows 2008), so this threshold value is probably a lower limit. We plot

in Figure 4.15 the critical heating efficiency of the nonrotating solar metallicity stars from Woosley

and Heger (2007), (taken from Figure 4.8), together with the generally fast-rotating progenitors of

Woosley and Heger (2006), we find that both datasets in fact overlap for the most part. In other

words, in terms of compactness, most of these progenitors are similar to garden variety, low-mass,

nonrotating, progenitors and do not seem to have any more reason to form a black hole then, e.g., the

red supergiant progenitors expected to produce Type II-Plateau supernovae. As shown in Table 4.6,

provided no explosion is launched, half of these models have not formed a black hole after 3.5 s,

and only ∼ 15% do within ∼ 1 s. We note that this result is not so surprising given the small iron-

core mass (∼ 1.4M�) of most Woosley and Heger (2006) models (see their Tables 1 and 2). The

first conclusion from this exploration is therefore that most of the models presented here are rather

unlikely to form a black hole and thus may fail in a very fundamental way to produce a collapsar,

irrespective of their angular-momentum budget.

Within each sequence presented in Table 4.2, the models that form a black hole within 3.5 s of

core bounce, and thus at least in principle susceptible to form a collapsar, are the faster rotating

ones characterized by very low mass-loss rates. These properties conspire to produce larger CO

cores, more typical of more massive stars that do not rotate. In the following discussion, we group

these models into several additional categories.

4.2.2.2 LGRB Progenitors: Low Bounce Compactness, Slow Spin

The first category are models which obviously do not give rise to a LGRB, either by the standard

collapsar or the protomagnetar mechanism, because they contain too little angular momentum.

Optimistically assuming a failed core-collapse supernova, which is unlikely given the modest values of

ξ2.5, models 12SG (ξ2.5 = 0.239), 16OG (ξ2.5 = 0.193), 16SI (ξ2.5 = 0.380), and 16TG (ξ2.5 = 0.288)

possess too little angular momentum in the remainder of the star to form a disk about the central

black hole within 106 s of collapse. This behavior is reflected by the stellar type at the time of death,

i.e. a blue supergiant star for model 12SG and a red supergiant star for models 16OG and 16TG,

only 16SI is a Wolf-Rayet star at the time of death. Quantitatively, this can be further inspected
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in Table 4.2 where we include the disk formation time, the black hole mass and spin at that time,

and the mass exterior to the disk. We define disk formation to be when the accreting material will

first be supported at the innermost stable circle orbit about a black hole with the enclosed mass and

angular momentum using the formulae of Bardeen et al. (1972). We estimate the disk formation

time as twice the free fall time of the innermost mass element that reaches a Keplerian velocity

(Burrows 1986).

tDF ∼ 2× π
√

[rpre-SN(Mdisk)]3

8GMdisk
(4.6)

where rpre-SN(Mdisk) is the radius of the disk-forming Lagrangian mass element in the presupernova

model. If no such mass element exists, no disk will form. In this case we include, instead of the

enclosed black hole mass, the total presupernova stellar mass in parentheses. In the four models

mentioned above, either no disk forms or the disk formation time is & 106 s.

Additionally, we can discuss the potential for these models to form a LGRB via the protomagne-

tar model. Since uniform rotation is the lowest energy state, the shear energy of differential rotation

is to be interpreted as a free energy that will be tapped by any process (e.g., nonaxisymmetric

rotational shear instabilities, viscosity, or the MRI) capable of redistributing angular momentum.

Viscosity would lead to additional heating in the postshock region to enhance the neutrino mech-

anism (Thompson et al. 2005) while the MRI action could strengthen the magnetic fields, driving

bipolar outflows in the magneto-rotational mechanism (Burrows et al. 2007b). In our simulations,

we estimate the available free energy of differential rotation by computing the difference in rotational

energy of the protoneutron star model in GR1D and the rotational energy of a uniformly spinning

protoneutron star of the same angular momentum and moment of inertia,

Frot = T − Iω̄2

2
, (4.7)

where from section 3.4, for GR1D,

T =
4π

3

∫ RPNS

0

ρhXW 2v2
ϕr

2dr , (4.8)

I =
8π

3

∫ RPNS

0

ρhXW 2r4dr , (4.9)

ω̄ =

∫ RPNS

0

ρhXW 2rvϕr
2dr

/∫ RPNS

0

ρhXW 2r4dr . (4.10)

For reference we repeat the definitions of the hydrodynamic and metric quantities in Equations 4.8–

4.10. T is the rotational energy, I is the moment of inertia, and ω̄ is the uniform rotation frequency,

h is the specific enthalpy, X2 is the grr component of the metric, W is the Lorentz factor, and vϕ is

the angular velocity. We take RPNS to be the radius where the matter density, ρ = 1010 g cm−3.

Using Equations 4.7–4.10, we calculate the free energy available in differential rotation at 100 ms
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after bounce. We also calculate a reference spin period (Pref = 2π/ω̄), measured at the onset of

the neutrino driven explosion, by assuming solid-body rotation for the entire protoneutron star with

the same total angular momentum and moment of inertia. The corresponding values are given in

Table 4.2. In Figure 4.16, we show the free energy available in differential rotation at 100 ms and

the spin period of the protoneutron star at the onset of explosion. The total rotational energy of the

protoneutron star, estimated as Iω̄2/2, will increase as the protoneutron star cools and contracts.

In models 12SG, 16OG, 16SI, and 16TG, which are contained within the green (lightest shade) box

of Figure 4.16, . 0.1B of free energy could be extracted from differential rotation via the MRI and

converted to explosion energy, much less than is needed for a magneto-rotational explosion. Also,

the protoneutron star spin periods are & 10 ms,6 significantly larger than the . 2 ms periods required

for the protomagnetar model to reproduce classical LGRB energies (Metzger et al. 2011).
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Figure 4.16: Reference protoneutron star spin period, Pref , taken at the onset of explosion (left axis,
blue dots; Equation 4.10) and the free energy stored in differential rotation 100 ms after bounce
F 100ms

rot (right axis, red stars; Equation 4.7) versus bounce compactness ξ2.5 for all rotating models
in Table 4.6. While models with a low bounce compactness show a diversity in core-rotation prop-
erties, those with a high bounce compactness systematically have short spin periods and a large
budget of free energy stored in the differential rotation. Shaded boxes refer to specific groupings of
models discussed in the text. Using ξ2.5 > 0.45 as a black hole formation criterion for nonrotating
progenitors, we can qualitatively compare the reference spin periods of this figure to Metzger et al.
(2011), who sketches the outcome of collapse as a function of progenitor spin and mass. From this,
one would predict that none of the LGRB progenitor models studied here formed black holes.

6Even taking into account the spin up due to the protoneutron star cooling and contraction, which will decrease
the moment of inertia from the value in Table 4.2 to ∼ 0.4MPNSR

2
PNS ∼ 1.6× 1045(M/1.4M�)(R/12 km)2 (Metzger

et al. 2011), or roughly a factor of 2, the spin periods are & 5 ms.
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4.2.2.3 LGRB Progenitors: Low Bounce Compactness, Fast Spin

The second category are models with a larger angular-momentum budget but unfavorable bounce

compactness. Although compact enough to lead to black hole formation within 3.5 s of core bounce,

we find that the predicted critical heating efficiencies are similar to that expected for a standard

15M� nonrotating red supergiant progenitor star. These properties make them unlikely collapsar

progenitors, but in contrast, make them ideal candidates for protomagnetar formation, and perhaps

LGRBs through that channel. These models include 16OI (ξ2.5 = 0.344), 16ON (ξ2.5 = 0.357),

16TH (ξ2.5 = 0.434), 16TI (ξ2.5 = 0.242), HE16D (ξ2.5 = 0.283), HE16L (ξ2.5 = 0.316), HE16N

(ξ2.5 = 0.198), and HE16O (ξ2.5 = 0.298) and are contained in the orange (medium shade) box of

Figure 4.16. In addition to having critical heating efficiencies similar to what is needed to explode

typical low-mass massive stars, the free energy available in rotation is O(1 B). This energy may

be converted to explosion energy via the magneto-rotational mechanism. The spin period of these

protoneutron stars is in the range 1–6 ms, thus on the order of what is needed for the protomagnetar

model of LGRBs (Metzger et al. 2011).

4.2.2.4 LGRB Progenitors: High Bounce Compactness, Fast Spin

Eventually, the fastest rotating progenitor models evolved with a strongly inhibited stellar-wind

mass loss represent more suitable collapsar candidates, although each model has caveats. This set is

contained in the purple (darkest shade) box of Figure 4.16 and includes models 12TJ (ξ2.5 = 0.517),

16SN (ξ2.5 = 0.496), 35OB (ξ2.5 = 0.537), and 35OC (ξ2.5 = 0.458). Model 12TJ will form a

∼ 2.4M� (gravitational mass) black hole ∼ 0.85 s after core bounce, followed by a Keplerian disk

after ∼ 2.6 s, with a potential ejecta mass of ∼ 8.6M�. However, much like the models in the

previous category, model 12TJ has ∼ 3 B of free energy available in rotation that may lead to a

magneto-rotational explosion early-on, preventing collapsar formation. This model is evolved at 1%

solar metallicity, with an additional mass-loss rate scaling of 0.1, equivalent to an overall evolution

at 10−4 solar metallicity, much below that observed for LGRB/SN sites (Modjaz et al. 2008). We

find that models HE16F, HE16H, and HE16P have similar characteristics to model 12TJ. Model

16SN forms a ∼ 2.3M� black hole ∼ 0.8 s after bounce. Being evolved at an effective metallicity

of 0.01 solar, it has a lower angular-momentum budget at death and is thus more likely to avoid

a magneto-rotational explosion. However, it forms a Keplerian disk only ∼ 41 s after core bounce,

with only ∼ 1.8M� left over for the supernova ejecta. Such characteristics might in fact be more

amenable to reproduce recent observations of LGRB/SNe characterized by a very early and narrow

light-curve peak, as witnessed for example for GRB100316D/SN 2010bh (Chornock et al. 2010).

They may even explain why no supernova is found in association with some nearby LGRBs (Fynbo

et al. 2006). Finally, models 35OB and 35OC form a black hole within ∼ 0.78 and ∼ 0.97 s of bounce,
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respectively. Model 35OB will accrete ∼ 16M� before a Keplerian disk forms ∼ 32 s after the onset

of collapse, ∼ 4.8M� is then available for the supernova ejecta. With the 35OC model, a disk

forms very quickly after collapse, in 4.8 s, and a significant amount of mass is exterior to the disk,

∼ 24M�, and thus much too large to accommodate inferred LGRB/SN ejecta masses. However, the

propensity to collapsar formation of the 35OB and 35OC model may be ill-founded if the MRI is

successful at powering a magneto-rotational explosion. The free energy available in rotation is huge,

i.e., on the order of 4–7.5 B. In fact, in the 2D magneto-hydrodynamic simulations of Dessart et al.

(2008) based on the 35OC model, it was found that, despite the large progenitor compactness, a

magneto-rotational explosion was initiated ∼ 200 ms after core bounce and that the protoneutron

star mass decreased thereafter, never reaching the mass threshold for black hole formation. In our

models, the protoneutron stars in models 35OB and 35OC have ∼ 30–70 B of total rotational energy

at the onset of explosion, amply matching the inferred energies of observed hypernovae.

4.2.2.5 Discussion

Our quantitative study spells out the various shortcomings of these progenitor stars for producing

collapsars. Even in those models that have the right compactness for black hole formation and

sufficient angular momentum for disk formation, it is still unresolved today how they would avoid

the magneto-rotational mechanism of explosion that is used to explain hypernovae (Bisnovatyi-

Kogan et al. 1976, Burrows et al. 2007b, Dessart et al. 2008, LeBlanc and Wilson 1970, Moiseenko

et al. 2006, Takiwaki and Kotake 2011, Wheeler et al. 2000, Yamada and Sawai 2004) The difficulty

of forming a black hole and avoiding a magneto-rotational explosion in fast-rotating cores, at least in

the models of Woosley and Heger (2006), lends credence to the protomagnetar model of LGRB/SNe.

Overall, this suggests that studies of collapsar progenitors would benefit from a second look.

Angular momentum is key in the current collapsar and protomagnetar models, but there is a stiff

requirement on the progenitor compactness to speculate on its propensity for forming a black hole,

and thus for producing a LGRB through one or the other channel. A major step forward in resolving

those issues would be to conduct massive-star evolution with rotation, centrifugal force, and magnetic

fields always all the way to the formation of a degenerate neutronized core on the verge of collapse.

This would allow a straightforward comparison of results between groups, and an easy determination

of the compactness using GR1D to test the suitability of the core for black hole formation.

The ultimate check on the collapsar model requires multidimensional simulations covering the

whole evolution from progenitor collapse, bounce, failed explosion during the protoneutron star

phase, formation of a black hole followed by the formation of a Keplerian disk, and the powering of

a ∼ 10 B supernova explosion. As we emphasize, black hole formation is perhaps one of the most

difficult steps in this sequence of events, and in that respect, renders the protomagnetar channel

quite attractive for the production of hypernovae and LGRBs. The diversity of LGRB/SNe, the
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existence of supernova-less LGRBs and of LGRB-less hypernovae, may in fact call for a variety of

formation channels for these rare events, including both collapsars and protomagnetars.
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Chapter 5

Neutrino Radiation Transport1

5.1 Neutrino Transport Approximations for Core-Collapse

Supernovae

One of the largest deficiencies of GR1D is its treatment of neutrinos. While the leakage/heating

scheme is efficient and captures qualitative aspects of the postbounce phase, it cannot be quantita-

tively trusted and it does not predict, for example, the emitted energy spectrum of neutrinos. To

properly treat neutrinos one must solve for the neutrino distribution function at all spatial points,

for all neutrino energies, species, and propagation angles. The evolution of the neutrino distribution

function, fν , is governed by the relativistic Boltzmann transport equation (Lindquist 1966)

δ(dN) =

[
pα
∂fν
∂xα

− Γαβγ p
βpγ

∂fν
∂pα

]
dWdP , (5.1)

where dN is the number of particles in volume dV at position ~x within a momentum volume of

dP at momentum p, dW = −(p · u)dV dτ is the 4-volume traced out by a family of world lines

at position ~x and momentum p. Γ... are the Christoffel symbols. When collisions with matter are

ignored δ(dN) = 0. Scattering of neutrinos with other neutrinos or the surrounding matter and

the absorption and emission of neutrinos by the matter (i.e., collisional processes) lead to changes

in δ(dN) = [δ(dN)]coll = (∂fν/∂τ)colldWdP , giving the collisional Boltzmann equation (Lindquist

1966),

pα
[
∂fν
∂xα

− Γβαγ p
γ ∂fν
∂pβ

]
=

[
dfν
dτ

]
coll

. (5.2)

In practice, solving the full Boltzmann equation for neutrinos in the core-collapse supernova con-

text is a formidable task. For typical postbounce configurations, the neutrino distribution function

transitions from its thermal equilibrium value in the protoneutron star core to almost free streaming

at distances of &200 km. This is difficult to capture numerically as the nature of the equations

1This chapter contains unpublished work in progress.
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change from a diffusive regime, where the governing equations are parabolic, to the free streaming

regime where the governing equations are hyperbolic. Regardless, the transition from the diffusive

regime to the free streaming regime is absolutely crucial for the neutrino mechanism of core-collapse

supernovae. It is in this region where interactions between the neutrino field and the matter are still

appreciable—a net positive amount of energy can be transferred to the matter. It is commonplace

to make approximations to simplify the calculation from the fully relativistic 3+2+1+1 (3 spatial

dimensions, 2 neutrino propagation angle dimensions, 1 neutrino energy spectrum, and time dimen-

sion) problem for each neutrino species down to a more tractable problem. For most approximations

the simplifying assumption bridges, in some way, the two regions, diffusive and free streaming. We

briefly discuss the various neutrino transport schemes used in the core-collapse supernova commu-

nity and discuss the advantages and disadvantages of each. We start with the most approximate and

then increase in complexity of the scheme. Within each section we discuss current implementations

in spherically symmetric (1D), axisymmetric (2D), and full 3D simulations.

Leakage Schemes

Perhaps the crudest approximation to neutrino transport, neutrino leakage, cannot really be called

a transport method at all as no evolution of the neutrino distribution function actually occurs. In

general, a leakage scheme estimates the local neutrino energy and number emission rates by an inter-

polation between the free emission rate and the emission rate based on the diffusion approximation.

This emitted energy and lepton number is then explicitly extracted from the matter. The leakage

scheme used in GR1D is described in great detail in Section 3.6. Several methods are available for

computing the local emission rates. In heating/cooling schemes, such as those used in Hanke et al.

(2011), Murphy and Burrows (2008), Nordhaus et al. (2010b), Ott et al. (2011), the analytic formula

of Janka (2001) are used, with suppression at high optical depths, to determine the energy emission

and absorption rates. This method does not allow one to track the lepton number and, therefore,

one does not capture the neutronization burst or the deleptonization of material in the postshock

region. It has the advantage of being an almost completely local and analytic calculation; this

makes it attractive for multidimensional simulations (Hanke et al. 2011, Murphy and Burrows 2008,

Nordhaus et al. 2010b). It also allows one to study the neutrino mechanism in a parameterized way

via the so-called light bulb method of neutrino heating where a user-specified neutrino luminosity is

used to calculate the heating rate. More detailed leakage schemes track individual neutrino species

spatially and temporally and therefore can follow the deleptonization of the postshock material.

Examples in the core-collapse supernova context include, Kotake et al. (2003), Liebendörfer et al.

(2009), Ott et al. (2012), Sekiguchi (2010), Takiwaki and Kotake (2011) and the work in Chapter 4

of this thesis. A disadvantage of neutrino leakage schemes in their purest form is that they cannot

self-consistently reproduce the neutrino heating. In spherically symmetric problems this can be
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overcome by integrating the luminosity coming from smaller radii, as we have done in GR1D, however

in simulations of accretion disks, (Sekiguchi and Shibata 2011), or neutron star mergers, (Rosswog

et al. 2003, Ruffert et al. 1996), this is not possible.

Moment Schemes

An approximation often made in neutrino transport is to remove the full angular dependence of

the Boltzmann transport equation and decompose the neutrino distribution function into moments.

This decomposition is convenient as the first few moments have an intuitive physical meaning. The

zeroth moment of the neutrino distribution function is the neutrino energy density, the first is the

neutrino flux vector, and the second is the neutrino pressure tensor. For problems that remain highly

spherical, this decomposition is well justified. Within the moment scheme framework there is a lot of

room for further approximations. For example, one can truncate the moment expansion at any order

by specifying a closure, an expression that approximates the n+1 moment as a function of the first n

moments. The simplest variant, where one closes the moment expansion after the zeroth moment, is

flux-limited diffusion (FLD). Examples in the core-collapse supernova context include Bruenn (1985)

in 1D and Burrows et al. (2007c), Fryer (1999), Yakunin et al. (2010) in 2D. In FLD schemes, the

underlying equation one solves is a diffusion equation for the neutrino energy density. A flux-limiter

must be invoked that ensures the radiation does not travel faster than the speed of light in regions

where the diffusion approximation fails. The M1 moment scheme for neutrino radiation transport

(Kuroda et al. 2012, Obergaulinger and Janka 2011, Shibata et al. 2011, Swesty and Myra 2009),

evolves both the energy density and the flux vector but assumes an analytic closure for required

higher moments. One can also define moment schemes where the closure is not analytic, but rather

is obtained from, for example, a model Boltzmann equation solution (Buras et al. 2006a,b, Burrows

et al. 2000, Rampp and Janka 2002). In this case in one uses the evolved moments as source terms

to a formal integration of a Boltzmann-like equation, from this solution the higher moments are

calculated and the system is iterated until convergence is reach.

We note that, in principle, moment schemes can be either energy dependent or energy indepen-

dent. The latter are referred to as grey transport methods. Grey methods are computationally

appealing as they remove an entire dimension of the parameter space. However, the energy depen-

dence of the neutrino transport problem is crucial as the cross sections of neutrinos with matter

typically scale as the square of the energy. In fact, early grey transport scheme were successful is

obtaining explosions (Burrows and van Riper 1995, Fryer 1999, Herant et al. 1994). This strong

energy dependence warrants a multienergy (or often referred to as multigroup) treatment of neutri-

nos. Moment schemes can also either include or ignore velocity dependent terms, general-relativistic

terms, and/or energy-coupling terms, depending on the complexity of the method.
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Boltzmann Schemes

It is also possible to solve the full Boltzmann equation taking explicitly into account both the energy

and angular dependence of the neutrino distribution function. This has been done in spherical

symmetry (Liebendörfer et al. 2005, Mezzacappa and Bruenn 1993a,b,c, Rampp and Janka 2002,

Sumiyoshi et al. 2005, Thompson et al. 2003), in 2D (Brandt et al. 2011, Livne et al. 2004, Ott et al.

2008), and recently in 3D (Sumiyoshi and Yamada 2012). The latter two ignore velocity terms and

do not couple the energy groups. The work of Sumiyoshi and Yamada (2012) is a challenging task,

present results are only for static backgrounds with very low resolution in all quantities considered.

Monte Carlo Schemes

Like many numerical problems, the transport of neutrinos can be solved by throwing computational

time at the problem. For this, Monte Carlo methods for solving the Boltzmann transport equations

can be used. Monte Carlo scales almost perfectly to large problem sizes and therefore is very

attractive for 3D simulations. Monte Carlo methods have been used in the core-collapse supernova

context for many years, (Abdikamalov et al. 2012, Janka 1992, Janka and Hillebrandt 1989a,b), and

are potentially promising for large-scale 3D simulations in the future.

5.2 M1 Scheme for Neutrino Transport

We present here a fully general-relativistic neutrino transport scheme. We will use the M1 approxi-

mation, which involves evolving both the neutrino energy density and the neutrino flux vector and

assuming an analytic closure relation for the neutrino pressure tensor. The transport scheme is built

as an extension of GR1D, what we will now call nuGR1D. As with GR1D, nuGR1D will be open source

once complete. Half of the battle with neutrino transport is having a full set of neutrino interaction

with matter. To this end, we have developed NuLib, an open-source neutrino interaction library

currently available at http://www.nulib.org. NuLib is described in full in Appendix C. NuLib and

nuGR1D will grow together as more neutrino interaction physics is added, such as inelastic scattering

and detailed electron capture rates. It is our goal that NuLib be used as a community repository of

neutrino interaction rates to ensure consistent implementation between groups.

5.2.1 Derivation of M1 Equations in Flat Space

For demonstrative and testing purposes, we first derive the spherically symmetric M1 evolution equa-

tions in hyperbolic form without considering the consequences of fluid motions, gravitational effects,

or energy-exchanging collisional terms. The latter we leave until the next section where we consider

a fully covariant form of the neutrino radiation evolution equations, in which the gravitational and

http://www.nulib.org
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velocity terms manifest themselves naturally. In the flat space limit, Equation 5.2 reduces to

Eν

[
∂fν
∂t

+ µ
∂fν
∂r

+
1− µ2

r

∂fν
∂µ

]
=

[
dfν
dτ

]
coll

, (5.3)

where µ = cos(θν) is the neutrino propagation angle measured from the radial direction and Eν

is the neutrino energy. In the moment formalism for neutrino transport one typically rewrites this

equation in terms of the specific neutrino intensity rather then the neutrino distribution function,

∂Iν
∂t

+ µ
∂Iν
∂r

+
1− µ2

r

∂Iν
∂µ

=
cE2

ν

(2π~c)3

[
dfν
dτ

]
coll

, (5.4)

where the specific neutrino intensity and the neutrino distribution function are related via Iν =

cE3
νfν/(2π~c)3. We note that this equation is fully energy dependent, i.e., Iν and [dfν/dτ ]coll both

will be functions of energy.

Applying the operator
∫ 1

−1
µndµ to the collisional Boltzmann equation we can derive evolution

equations for the nth moment of the specific neutrino intensity. The first few radiation moments are

defined as (Castor 2004),

Jν =
1

2

∫ 1

−1

Iνdµ , (5.5)

Hν =
1

2

∫ 1

−1

µIνdµ , (5.6)

Kν =
1

2

∫ 1

−1

µ2Iνdµ . (5.7)

Taking the n = 0 moment of Equation 5.4 gives us the evolution equation for Jν , the spectral,

or energy-dependent, neutrino energy density.

∫ 1

−1

[
∂Iν
∂t

+ µ
∂Iν
∂r

+
1− µ2

r

∂Iν
∂µ

]
dµ =

∫ 1

−1

cE2
ν

(2π~c)3

[
dfν
dτ

]
coll

dµ = S0
ν ,

∂Jν
∂t

+
∂Hν

∂r
+

∫ 1

−1

1

r

∂Iν
∂µ

dµ−
∫ 1

−1

µ2

r

∂Iν
∂µ

dµ = S0
ν ,

∂Jν
∂t

+
∂Hν

∂r
+

1

r
Iν
∣∣∣∣1
−1

− µ2

r
Iν
∣∣∣∣1
−1

+

∫ 1

−1

2µ

r
Iνdµ = S0

ν ,

∂Jν
∂t

+
∂Hν

∂r
+

2Hν

r
= S0

ν , (5.8)

where in the second last step we integrated by parts. The collisional term, S0
ν , can be written as a

compilation of emission terms, absorption terms, and scattering terms. The complexity depends on

the neutrino interaction assumptions being made. We leave the discussion of the collisional source

term to Appendix C, there we begin with defining [dfν/dτ ]coll in terms of the neutrino interactions

currently including in NuLib. In general, this term will have a complicated dependence on both
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µ and Eν . Notice that the evolution equation for the spectral energy density Jν depends on the

spectral flux Hν . This hierarchy of moments persists to higher moment evolution equations; one

will never obtain a closed set of moment equations, although higher-order moments should become

subdominant, especially in systems with large-scale symmetries. Next we determine the evolution

equation for the spectral flux vector Hν ,

∫ 1

−1

µ

[
∂Iν
∂t

+ µ
∂Iν
∂r

+
1− µ2

r

∂Iν
∂µ

]
dµ =

∫ 1

−1

µ
cE2

ν

(2π~c)3

[
dfν
dτ

]
coll

dµ = S1
ν

∂Hν

∂t
+
∂Kν

∂r
+

∫ 1

−1

µ

r

∂Iν
∂µ

dµ−
∫ 1

−1

µ3

r

∂Iν
∂µ

dµ = S1
ν

∂Hν

∂t
+
∂Kν

∂r
+
µ

r
Iν
∣∣∣∣1
−1

−
∫ 1

−1

1

r
Iνdµ−

µ3

r
Iν
∣∣∣∣1
−1

+

∫ 1

−1

3µ2

r
Iνdµ = S1

ν

∂Hν

∂t
+
∂Kν

∂r
+

3Kν − Jν
r

= S1
ν , (5.9)

where again lump all collisional physics into S1
ν . Some geometric source terms in both Equations 5.8

and 5.9 can be removed by writing the flux term, eg. ∂Hν/∂r, in the form of r−2∂(r2Hν)/∂r, giving,

∂Jν
∂t

+
1

r2

∂(r2Hν)

∂r
= S0

ν , (5.10)

∂Hν

∂t
+

1

r2

∂(r2Kν)

∂r
+
Kν − Jν

r
= S1

ν . (5.11)

In the M1 scheme of radiation transport, the set of evolution equations are closed at this point

by setting Kν = kνJν Audit et al. (2002). kν is known as the Eddington factor. Diffusion theory

provides limits on kν , it has the well known values of 1/3 in optically thick environments and 1 in

free streaming regions. kν is therefore usually taken as a function of hν = Hν/Jν , when hν = 0,

kν = 1/3, and when hν = 1, kν = 1. The region in between depends on the choice of closure. Two

common choices of the closure relation are the Levermore-Pomraning (LP) closure (Levermore and

Pomraning 1981),

kν(hν) =
3 + 4h2

ν

5 + 2
√

4− 3h2
ν

, (5.12)

and the Minerbo maximum entropy (ME) closure (Minerbo 1978), modified by Cernohorsky and

Bludman (1994) to have an analytic form,

kν(hν) =
1

3
+
h2
ν

15
(6− 2hν + 6h2

ν) . (5.13)

We make use of both of these closures in our analytic tests of the transport scheme, although Smit
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et al. (1997) find that the maximum entropy closure corrected for Fermi-Dirac statistics (MEFD),

kν(hν) =
1

3
+ (1− J ′ν)(1− 2J ′ν)

x2

15
(6− 2x+ 6x2)

∣∣∣∣∣
x=hν/(1−J′ν)

. (5.14)

where J ′ν = Jν × (2π~c)3/(cE3
ν) is the occupation density, reproduces Monte Caro results much

better then the LP of ME closures. We perform several tests with this closure but leave detailed

studies to future work.

Within the closure assumption, the evolution equations become,

∂Jν
∂t

+
1

r2

∂(r2Hν)

∂r
= S0

ν , (5.15)

∂Hν

∂t
+

1

r2

∂(r2kνJν)

∂r
− Jν

1− kν
r

= S1
ν . (5.16)

These equations can be written in the form of

∂t ~Uν + ∂r ~Fν(~Uν) = ~Sν(~Uν) , (5.17)

where in our case ~Uν = (Jν , Hν), ~Fν(~Uν) = (Hν , kνJν), and ~Sν(~Uν) = (S0
ν , S

1
ν + Jν(1− kν)/r). This

forms a hyperbolic system of equations provided the characteristic speeds are real and causal. This

is the case for the closures considered here (Pons et al. 2000). These equations can then be solved

with the standard methods used for hydrodynamics. However, the source terms of Equations 5.15

and 5.16 can be stiff in regions of high Peclet number Pe = κ∆x. The Peclet number is the product

of the local opacity (κ) times the numerical grid zone width (∆x), and therefore can be thought

of as the effective optical depth of a grid zone. Numerical tests show that standard methods fail

when Pe & 1. Audit et al. (2002) have examined this problem in great detail. For regions of high

opacity the neutrino flux is essentially zero and not changing with time. The evolution equations,

Equations 5.15 and 5.16, then reduce to a diffusion equation for Jν
2. The diffusion coefficient is

[c/(2κν)] × (1 + 3Pe/2), (Audit et al. 2002), and therefore is dominated by a numerical term if

Pe = κν∆x > 1. Audit et al. (2002) then go on to present a scheme to modify the flux returned

from the Riemann solver to explicitly take into account the high Peclet number. We present the

basics and results of that scheme here.

2We note that while we have not yet given an explicit form for the source terms, the methods laid out by Audit
et al. (2002) assume the standard form of the M1 equations source terms, i.e., there is a source term in the flux
evolution equation of the form −κνHν , this is the ultimate source of the issues in evolving these equations. In our
work κν = κs,ν + κa,ν , see Appendix C for details.
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First we write down the numerical expression for the flux term in Equations 5.15 and 5.16,

1

r2

∂(r2Hν)

∂r
=

r2
i+1/2H

i+1/2
ν − r2

i−1/2H
i−1/2
ν

r2
i (ri+1/2 − ri−1/2)

(5.18)

1

r2

∂(r2Kν)

∂r
=

r2
i+1/2K

i+1/2
ν − r2

i−1/2K
i−1/2
ν

r2
i (ri+1/2 − ri−1/2)

(5.19)

where H
i±1/2
ν (K

i±1/2
ν ) is the flux of the Jν (Hν) evolution equation at the cell interfaces derived

from the HLLE approximate Riemann solver (Einfeldt 1988) and given as

Hi+1/2
ν =

λ+,max
ν Hi,R

ν − λ−,min
ν Hi+1,L

ν + λ+,max
ν λ−,min

ν (J i+1,L
ν − J i,Rν )

λ+,max
ν − λ−,min

ν

, (5.20)

and,

Ki+1/2
ν =

λ+,max
ν Ki,R

ν − λ−,min
ν Ki+1,L

ν + λ+,max
ν λ−,min

ν (Hi+1,L
ν −Hi,R

ν )

λ+,max
ν − λ−,min

ν

, (5.21)

where U i,R/Lν is the reconstructed moment vector at the right (i+ 1/2) and left (i− 1/2) interface.

λ+,max
ν is the maximum right-going characteristic speed (maximum of the value predicted from the

reconstructed left (L) state in zone i+ 1, right (R) state in zone i, and 0) of the Riemann solution

at the i+ 1/2 boundary and λ−,min
ν is the minimum left-going characteristic speed (minimum of the

value predicted from the reconstructed left (L) state in zone i+ 1, right (R) state in zone i, and 0)

of the Riemann solution at the i+ 1/2 boundary. These characteristic speeds are the eigenvalues of

the Jacobian matrix ∂Fν(Uν)/∂Uν ,

λ±ν =
k′ν ±

√
(k′ν)2 + 4(kν − hνk′ν)

2
, (5.22)

where again kν = Kν/Jν and hν = Hν/Jν , k′ν = ∂kν/∂hν and is obtainable from the closure

relation (Equations 5.12 and 5.13). We note again that the characteristic speeds are calculated

from the reconstructed moments at the interface and the maximum/minimum of both the left and

right states is chosen as the overall maximum/minimum characteristic speed. Audit et al. (2002)

modifies these expressions to obtain the correct diffusion rate in the high Peclet number limit by

introducing εν = 1/Pe = 1/(κν∆x) and rewriting the evolution equations in a form that avoids the

numerical diffusion constant term dominating when the Peclet number is > 1. We limit εν to be less

than one, therefore if the Peclet number is < 1, the flux calculation is unaffected. This changes the

characteristics entering into the Riemann problem, now denoted as λ̃±ν ,

λ̃±ν =
ενk
′
ν ±

√
(ενk′ν)2 + 4(kν − hνk′ν)

2
. (5.23)

Similarly, the fluxes calculated in Equations 5.20 and 5.21 are modified. Equation 5.20 for H
i+1/2
ν
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becomes

Hi+1/2
ν =

λ̃+,max
ν Hi,R

ν − λ̃−,min
ν Hi+1,L

ν + εν λ̃
+,max
ν λ̃−,min

ν (J i+1,L
ν − J i,Rν )

λ̃+,max
ν − λ̃−,min

ν

. (5.24)

The modified version of Equation 5.21 is slightly more complicated,

Ki+1/2
ν = ενK̃

i+1/2
ν + (1− ε2ν)(Ki+1,L

ν +Ki,R
ν )/2 , (5.25)

with,

K̃i+1/2
ν =

εν(λ̃+,max
ν Ki,R

ν − λ̃−,min
ν Ki+1,L

ν ) + λ̃+,max
ν λ̃−,min

ν (Hi+1,L
ν −Hi,R

ν )

λ̃+,max
ν − λ̃−,min

ν

. (5.26)

All that is left to describe before Equations 5.15 and 5.16 are ready to be solved numerically

is the handling of the source terms. We present here a basic representation of the moment source

terms taken directly from Appendix C. In general these source terms will become more complicated

when one includes inelastic (energy-exchanging) terms,

∂Jν
∂t

+ F0
ν = −κa,νJν + ην , (5.27)

∂Hν

∂t
+ F1

ν = −(κs,ν + κa,ν)Hν + Jν
1− kν
r

. (5.28)

In these equations we have, for simplicity, renamed the flux terms to F0
ν and F1

ν . κa,ν is the

absorptive cross section, κs,ν is the scattering cross section, and ην is emissivity of neutrinos. The

naive and simplest discretization of the radiation moment evolution equations is the following,

J (n+1)
ν = J (n)

ν + ∆t(−F0
ν − κa,νJν + ην)(n) ,

H(n+1)
ν = H(n)

ν + ∆t(Jν
1− k
r
−F1

ν − (κa,ν + κs,ν)Hν)(n) , (5.29)

where (n) denotes the current state variables and (n + 1) is the new state we are trying to solve

for. Even solved with a multistep Runge-Kutta scheme this method fails because the source terms

of the moment equations are very stiff, e.g., | −∆t(κa,ν + κs,ν)Hν | can be � Hν , which would lead

to numerical instability in the equations. Ideally one solves this set of equations fully implicitly, i.e.,

J (n+1)
ν = J (n)

ν + ∆t(−F0
ν − κa,νJν + ην)(n+1) ,

H(n+1)
ν = H(n)

ν + ∆t(Jν
1− kν
r
−F1

ν − (κa,ν + κs,ν)Hν)(n+1) , (5.30)

however, this is computationally demanding and not well suited for multidimensional situations as

the flux terms, F0
ν and F1

ν , are coupled to neighboring (spatial) bins. A fully implicit solution

involves inverting a large matrix to self-consistently solve for the fluxes. However, the beauty of the

flux determining scheme presented above is that it removes the stiff dependence of the flux term
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on the evolution variables and a fully implicit solution is not required, rather we use modified flux

calculated from the (n) state variables and this particular term explicitly. We then only require the

remaining source terms, which may be stiff, be solved implicitly,

J (n+1)
ν = J (n)

ν −∆tF0,(n)
ν + ∆t(−κa,νJν + ην)(n+1) ,

H(n+1)
ν = H(n)

ν −∆tF1,(n)
ν + ∆t(Jν

1− kν
r
− (κa,ν + κs,ν)Hν)(n+1) . (5.31)

In our scheme we first evolve the matter field which allows us to compute the (n+ 1) state values of

κs,ν , κa,ν , and ην . We then can solve for J
(n+1)
ν ,

J (n+1)
ν =

J
(n)
ν −∆t(F0,(n)

ν − ην)

1 + ∆t κa,ν
, (5.32)

and then for H
(n+1)
ν ,

H(n+1)
ν =

H
(n)
ν −∆t(F1,(n)

ν − J (n+1)
ν (1− k(n)

ν )/r)

1 + ∆t (κa,ν + κs,ν)
. (5.33)

To avoid having to iterate the solution, we use the (n) value of the Eddington factor. This explicit

treatment of the geometric term should be okay in most situations as this term does not make the

first moment evolution equation stiff, unlike the (κa,ν + κs,ν)Hν term.

5.2.2 Flat Space Test Cases

We now perform several code tests of our flat space neutrino radiation transport scheme. A common

test in radiative transfer is the homogeneous radiating sphere. It is an attractive test problem because

it tests a code’s ability to transition from an arbitrarily diffusive region to a free streaming region

and it has an analytic solution. We also test our code’s ability to reproduce the neutrino spectra

coming from a model protoneutron star and compare with recent Monte Carlo results.

5.2.2.1 Homogeneous Radiating Sphere

The homogeneous sphere test is standard among neutrino radiation transport codes. For other

implementations of this test we refer the reader to Abdikamalov et al. (2012), Rampp and Janka

(2002), Smit et al. (1997). We briefly present here the analytic solution following Smit et al. (1997).

The solution for the neutrino distribution function is

F (r, µ) = b [1− exp (−κs(r, µ))] , (5.34)
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Figure 5.1: M1 transport of homogeneous radiating spheres for two sets of initial conditions. We show
the zeroth moment of the neutrino distribution function, J , the flux factor, h, and the Eddington
factor, k for two test cases and several closures. The radiating sphere of Smit et al. (1997) has
an optical depth at the center of 4, this makes it moderately diffusive. The strongly diffusive
test of Abdikamalov et al. (2012) at an optical depth at the center of 250. For the Smit test we
compare the exact solution (dashed lines) to our M1 scheme using the LP closure (dashed-dotted
lines, Equation 5.12) and the MEFD closure (solid lines, Equation 5.14). For ease of comparison
we use the same line choice as Smit et al. (1997). As the initial conditions for the Abdikamalov
test do not consider potential Fermi-blocking of the neutrinos (their b is 10), we simply use the
ME closure (solid lines, Equation 5.13), the LP closure (dashed-dotted lines, Equation 5.12) along
with the exact solution (dashed lines). However, we note that tests with the MEFD closure with
a strongly diffusive and degenerate core do improve the solution in the free streaming region much
like in the Smit test.

where

s =

{ rµ+ rsg(r, µ) for r < rs & −1 < µ < 1

2rsg(r, µ) for r ≥ rs &
[
1−

(
rs
r

)2]1/2
< µ < 1

0 else

, (5.35)

and

g(r, µ) =

[
1−

(
r

rs

)2 (
1− µ2

)]1/2

. (5.36)
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To determine an arbitrary moment we simply use the operator
∫ 1

−1
µndµ. We do this numerically3.

The parameters of this solution are b, which sets the strength of the emission in the sphere; κ, which

is the opacity of the material in the sphere; and rs which sets the radius of the sphere. We neglect

the hydrodynamics and the gravity of the sphere. The test is difficult for two reasons: The sharp

discontinuity at the surface of the homogeneous sphere where both the emissivity and opacity drop

the zero, and the high opacity in the core. The latter changes the nature of the governing equations

as discussed earlier in this section. We present the results for two tests in Figure 5.1. In the left

panel of Figure 5.1 we reproduce the test in Smit et al. (1997) (hereinafter referred to the Smit

test), in the right panel we reproduce the test case of Abdikamalov et al. (2012) (hereinafter referred

to the Abdikamalov test). The Smit test case has an optical depth of 4 in the center (b = 0.8,

κ = 4, rsurface = 1) and represents a moderately diffusive case. This test uses 800 equidistant

zones between 0 < R < 3, therefore this test is not affected by the modified flux terms as the Peclet

number is Pe = 0.015. However the Abdikamalov test case, which uses 100 equidistant zones between

0 < R < 5, has an optical depth of 250 in the center (b = 10, κ = 250, rsurface = 1, Pe = 12.5)

and therefore represents a strongly diffusive case, here the modified flux terms are crucial. Our

neutrino transport code performs very well in both tests. The emissivity and opacity discontinuities

are handled well. In the Abdikamalov test, increased resolution would help resolve the surface. In

their Monte Carlo implementation, resolution should not be an issue. It is worth commenting on

the maximum entropy closure with Fermi-Dirac corrections used in the Smit test. While it matches

the solution very well in Figure 5.1 we note if we choose b � 1 then the MEFD closure solution

approaches the ME closure solution which is not shown, but is similar to the LP closure solution.

The analytic solution is merely scaled by a change in b and in no way depends on Fermi-Dirac

statistics. While this may be a coincidence in this situation, Smit et al. (1997) do find that even in

postbounce protoneutron star configurations, the MEFD closure does a better job at reproducing

Monte Carlo results. This will be something we investigate in the future along with a detailed

investigation of closures and their impact on modeling of core-collapse supernovae. Finally we note

that in the diffusive region of the Smit test the numerical solution deviates quite significantly from

the exact solution. Smit et al. (1997) also find and discuss this result. It stems from the numerical

treatment of the flux calculation, and is expected to not appear in realistic situations where local

gradients set the flux rather then the global initial conditions.

5.2.2.2 Comparison to Monte Carlo Transport

The previous test was somewhat artificial in its treatment of the matter interaction terms. We now

perform a test that much more closely matches the postbounce configuration found in core-collapse

supernovae. We perform the same protoneutron star cooling test of Abdikamalov et al. (2012).

3For this we use a numerical routine provided by Ernazar Abdikamalov (Abdikamalov et al. 2012).
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Figure 5.2: Comparison of the Monte Carlo results of Abdikamalov et al. (2012) and our M1 neutrino
transport scheme. Shown in blue, red, and green are the luminosities (left panel) and root mean
squared energies (right panel) averaged into 0.1 ms bins to reduce scatter (1 ms in the luminosity inset
for clarity) of the electron neutrinos, electron antineutrinos and heavy-lepton neutrinos, respectively.
We plot every 1 ms bin. The dashed, dashed-dotted, and dashed-dashed-dotted lines are the M1
luminosities and root mean squared energies of the electron neutrinos, electron antineutrinos and
heavy-lepton neutrinos, respectively. We allow the neutrino fields to fill up for 1.2 ms before evolving
T and Ye. For clarity we also show an inset zoomed in on the luminosity data.

Here we take a matter profile generated from an angular average of a 2D multigroup, multiangle

simulation of core collapse (Ott et al. 2008). We evolve only the temperature and electron fraction

of the matter, keeping the density fixed. We reproduce the grid structure of Abdikamalov et al.

(2012) exactly to minimize differences, using 100 grid zones logarithmically spaced out to 300 km

with a central size of 500 m. For pure Monte Carlo transport, i.e., without the hydrodynamics, the

grid zone size is not as crucial as the case for our moment scheme, we have tested higher resolutions

and have seen small changes in the measured quantities, but it is unclear if this comes from non-

convergence of the numerical solution (because of the coarse grid structure), or from changes in the

matter background (which are interpolated differently for different grid setups). To further minimize

differences between the transport schemes we use the same EOS, the HShen of Section 3.5 and the

same set of neutrino emissivities and opacities (Burrows 2012). We show in Figure 5.2 the results

of the comparison. The scattered points are the Monte Carlo results of Abdikamalov et al. (2012),

running averaged over 0.1 ms bins to reduce the scatter (we used 1 ms running averages for the

inset for clarity). The noise is characteristic of Monte Carlo scheme and depends on the number

of particles used to model the neutrino transport. The lines are the predicted luminosities (left

panel) and root mean squared energies (right panel) from our M1 scheme. For reference, blue and

dashed lines refer to electron neutrinos, red and dashed-dotted lines refer to electron antineutrinos,

and green and dashed-dashed-dotted lines refer to one characteristic heavy-lepton neutrino. Initially

there are transients that arise from the differences between the matter profile and the equilibrium
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matter profile. The equilibrium configuration is very sensitive to the neutrino interaction rates,

small deviations from the equilibrium profile, from, for example, the 2D averaging of the profile,

give large deviations in the neutrino luminosities. These transient differences quickly radiate away,

and in a similar fashion, for both the M1 and the Monte Carlo transport schemes. At later times

the luminosities and root mean squared energies agree very well and simply are set by the diffusion

of neutrinos out of the cooling protoneutron star core. The test confirms that the modified flux

terms of Equations 5.24 and 5.25 are accurately capturing the correct diffusion rate. For this test

we used the ME closure, Equation 5.13. Tests using the LP closure, Equation 5.12, show differences

only early on but not significant differences in the later phases. With a Monte Carlo code one can

in principle test current and derive new closure relations, this is something that will be done in the

near future.

5.3 General-Relativistic M1 Scheme for Neutrino Transport

We now extend the above transport scheme to full general relativity. While the approach to deriving

the evolution equations is different then the last section, as we shall see, the methods in the previous

section will be directly applicable to the fully general-relativistic case, for example, the modified

flux determination. We will see that the flat space equations are obtained if we ignore gravitational

effects, and any velocity and energy-coupling dependence.

We adopt the formulation of Shibata et al. (2011) in the derivation of our evolution equations.

Therefore we take the time to introduce and motivate their approach to solving the neutrino trans-

port equations. The work of Shibata et al. (2011) is based on the moment formalism of Thorne

(1981). It is truncated after two moments, and has all of the multidimensional benefits of the scheme

presented in the previous section. They obtain the moment evolution equations in conservative form

by writing the moment tensor of the distribution function in the laboratory frame,

Mαβ
(ν) = E(ν)n

αnβ + Fα(ν)n
β + F β(ν)n

α + Pαβ(ν) , (5.37)

where we follow Shibata et al. (2011) and denote the energy dependent moments with a subscript (ν).

We note the distinction with the radiation moments in the flat space case where the subscripts are

simply ν without the parenthesis. Here nα = (1/α,−βi/α) is the 4-velocity of a stationary observer

in the laboratory frame, in GR1D nα = (1/α, 0). The physical interpretation of E(ν), F
α
(ν), and Pαβ(ν)

is that they are the radiation fields measured in the frame of a stationary observer in the laboratory

frame. However, with this formulation it is unclear what energy is measured by this observer. The

inconvenient fact that we do not know the explicit energy dependence of the radiation fields in the

laboratory frame is acceptable, as long as we can describe the source terms in the laboratory frame
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without the knowledge of the energy in the laboratory frame, which turns out to be the case. We

ultimately want to have predictions for the neutrino observables as a function of energy. As long as

we extract the neutrino spectra at large enough radii, the fluid rest frame and the laboratory frame

are the same. One may suggest that we instead choose the fluid rest frame in the coordinates of the

laboratory frame to construct the moment tensor, i.e.,

Mαβ
(ν) = J(ν)u

αuβ +Hα
(ν)u

β +Hβ
(ν)u

α + Lαβ(ν) , (5.38)

where uα is the four velocity of the fluid in the laboratory frame. While the physical interpretation

of this equation is clear, J(ν) here would be the energy density of neutrinos with energy ν in the

fluid rest frame measured in the fluid rest frame, the evolution equations for J(ν) and Hr,(ν) are

nonconservative. This is why we, and Shibata et al. (2011), choose Equation 5.37.

From Thorne (1981) and Shibata et al. (2011), the evolution equation for the radiation moment

(Equation 5.37) in frame independent notation is,

∇βMαβ
(ν) −

∂

∂ν

(
νMαβγ

(ν) ∇γuβ
)

= Sα(ν) . (5.39)

For the time being we will ignore the energy derivative term, although this will be crucial to cor-

rectly model the velocity and energy dependence of the radiation field. These velocity-dependent

effects include the Doppler shift of neutrinos being emitted from a fluid moving with respect to the

laboratory frame, compression/decompression effects, and gravitational red shift. Before we derive

the moment evolution equations in the coordinate frame of GR1D, we must derive the expressions for

the source term, Sα(ν), and define the closure relation for Pαβ(ν) . We consider absorption and emission

of neutrinos via thermal and charged current processes and iso-energetic scattering off of nuclear

matter. From Shibata et al. (2011), the neutrino interaction source term is then,

Sα(ν) = κa,(ν)(J
eq
(ν) − J(ν))u

α − (ka,(ν) + ks,(ν))H
α
(ν) , (5.40)

where κa and κs are the absorption and scattering cross sections, respectively, Jeq
(ν) = B(ν) is the

equilibrium energy density. These quantities depend on the thermodynamic state of the matter (ρ,

T , Ye, and an equation of state) and on the neutrino species and neutrino energy. Expressions are

derived in Appendix C and are available as the open-source neutrino interaction library NuLib. J(ν)

and Hα
(ν) are the neutrino energy density and flux vector in the fluid rest frame, they are related to

the neutrino energy density and flux vector in the laboratory frame via,

J(ν) = E(ν)W
2 − 2Fi,(ν)Wui + Pij,(ν)u

iuj (5.41)
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and

Hα
(ν) = (E(ν)W − Fi,(ν)u

i)hαβn
β +WhαiF

i
(ν) − hαiujP ij(ν) , (5.42)

where we note that in the laboratory frame F 0 = P 0α = 0, hence the Latin indices on the flux vector

and pressure tensor. hαβ = gαβ+uαuβ , is the projection tensor. With these definitions, we can derive

the source terms in laboratory frame with the laboratory radiation fields. We note that since we

are using the fluid frame radiation moments (i.e., J(ν) and Hr,(ν)), we use the neutrino interactions

terms (i.e., the opacities and emissivities) associated with the fluid rest frame energy. As stated

earlier, this must be the case as we do not know the energies associated with the laboratory frame

radiation moments. For reference we list the expressions for J(ν), H
α
(ν), and Sα(ν) in the laboratory

frame of GR1D using the laboratory radiation fields and the fluid rest frame opacities.

J(ν) = W 2
[
E(ν) − 2Fr,(ν)v/X + v2Prr,(ν)/X

2
]

(5.43)

Ht
(ν) = W 3

[
−(E(ν) − Fr,(ν)v/X)v2/α+ vFr,(ν)/(αX)− v2Prr,(ν)/(αX

2)
]

(5.44)

Hr
(ν) = W 3

[
−(E(ν) − Fr,(ν)v/X)v/X + Fr,(ν)/X

2 − vPrr,(ν)/X
3
]

(5.45)

St(ν) = W 3/α
[
κa,(ν)(B(ν)/W

2 − E(ν) + 2Fr,(ν)v/X − Prr,(ν)v
2/X2)

+(κa,(ν) + κs,(ν))
{

(E(ν) − Fr,(ν)v/X)v2 − vFr,(ν)/X + v2Prr,(ν)/X
2
} ]

(5.46)

Sr(ν) = W 3
[
κa,(ν)(B(ν)/W

2 − E(ν) + 2Fr,(ν)v/X − Prr,(ν)v
2/X2)v/X

+(κa,(ν) + κs,(ν))
{

(E(ν) − Fr,(ν)v/X)v/X − Fr,(ν)/X
2 + vPrr,(ν)/X

3
} ]

, (5.47)

where we define κa,(ν)B(ν) = η(ν) as given by Kirchhoff’s law and derived in Appendix C. The closure

we use is described in Shibata et al. (2011),

Pij,(ν) =
3k(ν) − 1

2
Pij,(ν),thin +

3(1− k(ν))

2
Pij,(ν),thick . (5.48)

This is the general multidimensional closure relation, however we only are concerned with the diag-

onal components for GR1D,

Prr,(ν),thin = E(ν)X
2 (5.49)

Prr,(ν),thick = J(ν),thickX
2 1 + 4v2W 2

3
+ 2Hr,(ν),thickXWv (5.50)

Pθθ,(ν),thick = gθθ
J(ν),thick

3
(5.51)

Pφφ,(ν),thick = gφφ
J(ν),thick

3
. (5.52)

The values of J(ν),thick and Hr,(ν),thick derived in Shibata et al. (2011), we neglect the shear compo-
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nents in spherical symmetry. In GR1D, these become,

J(ν),thick = 3
(2W 2 − 1)E(ν) − 2W 2Fr,(ν)v/X

2W 2 + 1
(5.53)

Hr,(ν),thick = Fr,(ν)/W +
−4W 3XvE(ν) + (4W 2 + 1)Wv2Fr,(ν)

(2W 2 + 1)
. (5.54)

k(ν) in Equation 5.48 is the Eddington factor and is determined by invoking a closure relations,

see Section 5.2.1. However, a subtlety arises of how to define the flux factor, h(ν), used in computing

the Eddington factor. We follow Shibata et al. (2011) and use,

h(ν) =

(
hαβH

α
(ν)H

β
(ν)

J2
(ν)

)1/2

, (5.55)

where J(ν) and Hα
(ν) are defined in Equations 5.43–5.45 and hαβ = gαβ +uαuβ . As can be seen, k(ν)

is used to set the closure relation and define the pressure tensor but the flux factor used to calculate

k(ν) depends on the pressure tensor. An iterative process is needed to self-consistently solve for k(ν).

5.3.1 Moment Evolution Equations

We are now ready to solve for the evolution equations of the neutrino radiation moments. We plug

Equation 5.37 into Equation 5.39 and taking α = t gives us the evolution equation for the radiation

energy density in the laboratory frame. We use the simplifying equation of Equation A.2 with Tαβ

replaced with Mαβ ;

(√−gM tβ
(ν)

)
,β

=
√−gSt(ν) −

√−gΓtβµM
βµ
(ν)

∂t
(
XE(ν)/α

)
+

1

r2
∂r

(
Xr2F r(ν)

)
= αX

[
St(ν) − ΓtttM

tt
(ν) − 2ΓttrM

tr
(ν) − ΓtrrM

rr
(ν)

]
. (5.56)

Next we use the chain rule to extract a factor of X/α from the ∂t and ∂r terms, then we multiply

by α/X. We also use F r(ν) = grrFr,(ν) = Fr,(ν)/X
2 to rewrite the flux term in terms of Fr,(ν). We

use Table A.1 and Equations A.4-A.8 for evaluating the derivatives and Christoffels.

∂tE(ν) +
1

r2
∂r

(
αr2

X2
Fr,(ν)

)
= α2

[
St(ν) − E(ν)/α

2∂tφ− 2Fr,(ν)∂rφ/(X
2α)− Prr,(ν)

α2r
∂tm

]
−αE(ν)

X

(
X∂tα

−1 + α−1∂tX
)
− α2Fr,(ν)

X3

(
X∂rα

−1 + α−1∂rX
)

= α2St(ν) − αFr,(ν)

(m
r2

+ 4πr(P + ρhW 2v2)
)
− Prr,(ν)

r
∂tm

−E(ν)X
2

r
∂tm− αFr,(ν)

(
∂rm

r
− m

r2

)
= α2St(ν) + α4πrρhW 2

[
vE(ν)X(1 + p(ν)/X

2)− Fr,(ν)(1 + v2)
]
,(5.57)
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where p(ν) = Prr,(ν)/E(ν). We note that the factor of X2 arises due to our choice of definition for

p(ν). As in Section 5.2.1, we solve this equation implicitly but treat the modified flux term explicitly

to avoid iterations of the modified flux calculation. Unlike the flat space case, the solution for

E
(n+1)
(ν) requires knowledge of Fr,(ν). Therefore we must invert a simple 2× 2 matrix for the solution

of E
(n+1)
(ν) and F

(n+1)
r,(ν) . In the notation of Equations 5.32 and 5.33, we substitute Equation 5.46 into

Equation 5.57 to obtain,

E
(n+1)
(ν) (1 + ∆tκE,(ν))− F (n+1)

r,(ν) ∆tψE = E
(n)
(ν) −∆t(F0(n)

(ν) − ηE,(ν)) , (5.58)

where we collect all of the general-relativistic and velocity-dependent terms into the effective opaci-

ties, κE,(ν), the effective emissivities, ηE,(ν) and ψE,(ν), defined as

κE,(ν) = αW 2
[
κa,(ν) − 4πrρhvX(1 + p

(n)
(ν)/X

2) + κa,(ν)Wv2p
(n)
(ν)/X

2

−(κa,(ν) + κs,(ν))Wv2(1 + p
(n)
(ν)/X

2)
]

(5.59)

ηE,(ν) = αWη(ν) (5.60)

ψE,(ν) = αW 2
[
− 4πrρh(1 + v2) + 2κa,(ν)Wv/X − (κa,(ν) + κs,(ν))Wv(1 + v2)/X

]
, (5.61)

where the first term on the right hand side of κE,(ν) is the standard opacity term, corrected for

general relativity, the second term is a general-relativistic term arising from the curvature of the

space-time. The third and fourth terms are of order (v/c)2 and come from the neutrino interaction

source term defined in the laboratory frame, Equations 5.43 and 5.44. In this equation, we use the

Eddington factor from the (n) state to avoid nonlinearities and iteration of the new state variables,

all others are the (n + 1) state. The term in ηE,(ν) is the standard flat space emissivity corrected

for general relativity. The terms in the emissivity-like term ψE,(ν) all arise from either general

relativistic curvatures terms or velocity terms. We note that the neutrino contributions to the total

stress energy tensor of the combined hydrodynamic plus radiation system, Tαβ = Tαβmatter +Tαβradiation.

Their contribution must be taken into account when computing the metric terms, Equations 3.1–3.5.

We ignore the contribution of εradiation and Pradiation to the radiation and matter sources terms via

the specific enthalpy, h and the pressure, P . Including these terms self-consistently requires including

the radiation fields in the primitive variable recovery step of the conservative hydrodynamics, this

is not attempted in our, or in any other that we know of, implementation of neutrino-radiation

hydrodynamics. We will lay out the solution for the E
(n+1)
(ν) variable after deriving a similar equation

for the laborartory radiation flux vector, its evolution equation follows in a similar manner,
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(√−gM β
r (ν)

)
,β

=
√−gSr,(ν) +

√−gΓµβrM
β
µ (ν)

∂t
(
XF(ν)

)
+

1

r2
∂r

(
αXr2P r

r (ν)

)
= αX

[
Sr,(ν) + ΓtrtM

t
t (ν) + ΓtrrM

t
r (ν) + ΓrrtM

t
r (ν)

+ΓrrrM
r
r (ν) + ΓφrφM

φ
φ (ν)

+ ΓθrθM
θ
θ (ν)

]
∂tF(ν) +

1

r2
∂r

(
αr2

X2
Prr,(ν)

)
= α

[
Sr,(ν) − E(ν)∂rφ+

(
∂rm

r
− m

r2

)
Prr,(ν)

]
+α

Pθθ,(ν) + Pφφ,(ν)

r
− Fr,(ν)

X
∂tX −

α

X3
Prr,(ν)∂rX

= αX2Sr(ν) − αE(ν)X
2
[m
r2

+ 4πr(P + ρhW 2v2)
]

+
3α(1− k(ν))

r(2W 2 + 1)

[
(2W 2 − 1)E(ν) − 2W 2Fr,(ν)v/X

]
+αFr,(ν)X4πrρhW 2v , (5.62)

As we have done with Equation 5.58 we write the numerical expression that we employ for calculating

the new neutrino flux vector,

F
(n+1)
r,(ν) (1 + ∆tκF,(ν))− E(n+1)

(ν) ∆tψ(ν) = F
(n)
(ν) −∆t(F1(n)

(ν) − ηF,(ν)) , (5.63)

where the effective opacity and effective emissivities are given as,

κF,(ν) = αW 3κs,(ν)(1 + v2) + αWκa,(ν) +
6α(1− k(n)

(ν) )W 2v

r(2W 2 + 1)X
(5.64)

ηF,(ν) = αWvXη(ν) (5.65)

ψF,(ν) =
3α(1− k(n)

(ν) )(2W 2 − 1)

r(2W 2 + 1)
− αX2

[m
r2

+ 4πr(P + ρhW 2v2)
]

−αW 3vXκa,(ν)(1 + v2p
(n)
(ν)/X

2)

αW 3vX(κa,(ν) + κs,(ν))(1 + p
(n)
(ν)/X

2) . (5.66)

We solve the matrix formed byEquations 5.58 and 5.63 for (E
(n+1)
(ν) , F

(n+1)
r,(ν) ),

[
1 + ∆tκE −∆tψE | E

(n)
(ν) −∆t(F0,(n)

(ν) − ηE)

−∆tψF 1 + ∆tκF | F
(n)
r,(ν) −∆t(F1,(n)

(ν) − ηF )

]
=

[
aE bE | SE

bF aF | SF

]
, (5.67)

which gives,

E
(n+1)
(ν) =

SEaF − SF bE
aEaF − bEbF

(5.68)

F
(n+1)
r,(ν) =

SFaE − SEbF
aEaF − bEbF

. (5.69)
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We note that the flat space limit of these equations is identical, as expected, to the equations

derived in the previous section, Equations 5.32 and 5.33.

5.3.2 General-Relativistic Radiation Test Cases

5.3.2.1 Comparison to Full Boltzmann Transport Simulations

In Liebendörfer et al. (2005), two independent implementations of Boltzmann neutrino transport in

a 15M� progenitor from Woosley and Weaver (1995) were compared. They have made the results

of the comparison available for download4. This is a useful data set to compare our code with.

The two independent codes are fully general-relativistic AGILE-BOLTZTRAN of the Oak Ridge group

(Liebendörfer et al. 2004, Mezzacappa and Bruenn 1993a,b,c) and the Newtonian plus general-

relativistic corrections code VERTEX, from the Garching group (Rampp and Janka 2002). Both codes

solve the full Boltzmann equation in spherical symmetry, unlike nuGR1D which simply solves for the

first two moments of the distribution function. Both of the codes used in Liebendörfer et al. (2005)

have additional neutrino physics that is not yet included in nuGR1D as of the writing of this thesis.

This, most notably, includes inelastic electron scattering. Additionally, the full velocity dependence

described in the previous section currently leads to unphysical behavior when the velocities are large,

most likely due to the neglect of the energy-coupling term in Equation 5.39. For this reason we must

take the no-velocity limit of the general-relativistic radiation equations. This does not reduce the

equations to the flat space equations of Section 5.2.1, it maintains the general-relativistic nature of

the equations modulo velocity and energy dependent effects; we will discuss the difference later in

this section. We point out where these assumptions are expected to make a difference as we compare

our results to those of Liebendörfer et al. (2005). We note the comment that was added during the

proofing process of Liebendörfer et al. (2005). It says a bug was discovered in the general-relativistic

treatment in VERTEX after the comparison was made that greatly reduced the difference between the

results, for this reason we assume the AGILE-BOLTZTRAN results represent a more correct solution.

The corrected VERTEX results are not publicly available, however see Mueller et al. (2011), Figure 6

and 7 for a comparison with the updated versions of VERTEX.

In Figure 5.3, we compare the evolution of the central Ye during the collapse phase. As commonly

displayed, we show this plotted as a function of central density, the curve is then parameterized by

the time. The evolution begins at high Ye and low density and evolves in time to lower Ye and

higher densities as the core collapses and deleptonizes. Shown are both the AGILE-BOLTZTRAN

and VERTEX results, red dashed-dotted and blue dashed, respectively. We also include unpublished

results of Liebendörfer (2011) using AGILE-BOLTZTRAN with inelastic scattering turned off, the green

dashed-dotted-dotted line. The solid black line is nuGR1D’s Ye(ρ). We notice two large effects of the

4http://iopscience.iop.org/0004-637X/620/2/840/fulltext/datafiles.tar.gz

http://iopscience.iop.org/0004-637X/620/2/840/fulltext/datafiles.tar.gz
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neglected physics in nuGR1D. a) The drop in Ye starting around ρ ∼ few 1011 g cm−3 in the full

radiation transport simulations is due to inelastic scattering of neutrinos on electrons, as is evident

from the two AGILE-BOLTZTRAN simulations. As the neutrinos inelastically down-scatter off electrons

to lower energies, their mean free path in the matter increases because of the energy dependence

of the neutrino cross sections. They are now able to escape, accelerating deleptonization. We note

that neutrinos are not fully degenerate during the collapse phase, otherwise this process would be

blocked. An important consequence not evident in this plot is the thermalization of the neutrinos

due to this process. b) At densities around 1012 g cm−3, the neutrinos become effectively trapped

because the advection time of the infalling matter is shorter than the diffusion time. This stops the

deleptonization of the core and Ye(ρ) levels off. This does not occur in nuGR1D because we neglect

these terms, the radiation does not become trapped until nuclear densities. When we do attempt to

include the full velocity dependence (solid orange curve in Figure 5.3), we begin to see the trapping

of the neutrinos at a few 1012 g cm−3 but the code soon is unable to progress because of unphysical

conditions, this issue is currently being investigated.
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Figure 5.3: Comparison of central electron fractions (Ye) vs. central density for nuGR1D and the
results of Liebendörfer et al. (2005). For demonstration purposes, we show the effect of neglecting
inelastic scattering in the simulations of Liebendörfer et al. (2005) (data from Liebendörfer (2011)).
As well as the preliminary effect of full velocity terms in nuGR1D.

Next we focus on the postbounce neutrino signals. In Figure 5.4 we plot the three neutrino

luminosities and root mean squared energies as a function of postbounce time. For each panel

we plot the results of AGILE-BOLTZTRAN (red dashed-dotted line) and VERTEX (blue dashed line)
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from Liebendörfer et al. (2005) and nuGR1D (black solid line). Overall the results agree very well.

The differences seen in the collapse phase do not strongly influence the postbounce phase neutrino

signal. While the inner core has a lower Ye value, the neutrinos produced in the core are trapped

on the timescales we look at here (∼ 250 ms) and have no influence on the signal extracted at large

radii. However, the low Ye of the core reduces the mass coordinate of the shock formation and

the energy initially departed to the shock. The stalling of our shock is ∼ 25 km short of both the

AGILE-BOLTZTRAN and VERTEX results. This points out the importance of having the full suit of

physics as recently emphasized by Lentz et al. (2011) who see similar results.

One systematic difference in the neutrino luminosities from nuGR1D is the decrease starting around

150 ms after bounce instead of 180 ms as seen in the VERTEX simulation. This drop in the neutrino

luminosity is a direct consequence of the drop in the accretion rate of material through the shock.

This mass coordinate of the drop corresponds to the outer edge of the silicon shell. We attribute this

to the treatment of the low density equation of state. Below a density of 6×107 g cm−3 VERTEX uses an

equation of state that tracks the compositions of the original progenitor models whereas we assume

nuclear statistical equilibrium everywhere. This difference will adjust key quantities, such as the

speed of sound, which ultimately set the collapse time of the outer layers. We note that the times to

core bounce in these three simulations are 172.4 ms, 177.0 ms, and 177.5 ms for AGILE-BOLTZTRAN,

VERTEX, and nuGR1D. The excellent agreement between nuGR1D and the full radiation transport

simulations deserves comment. To achieve a collapse time of 177.5 ms we had to remove the energy

shift in our EOS, otherwise the collapse time is 224.6 ms. This inconsistency arises from both the

conversion from baryonic number density typically used in equations of state to mass density used

in hydrodynamic codes and from the energy-zero point of the EOS. The solution is ambiguous

unless the stellar evolutionary model explicitly has taken into account the effect of the binding

energy of the material. Finally, we comment on the lack of a sharp drop in the accretion luminosity

in AGILE-BOLTZTRAN. The adaptive grid used in AGILE-BOLTZTRAN induces artificial diffusion and

smears out sharp density features (Liebendörfer et al. 2005). By the time the silicon shell is accreted

through the shock there is no longer a significant drop in the density, and therefore, there is not a

significant drop in the accretion luminosity, rather the drop is smeared out over a longer time.

We can see some other systematic differences between the curves produced by nuGR1D and the

full Boltzmann transport codes. In the last stages of collapse, the trapping of the neutrinos via

the velocity terms produces a characteristic spike before the main neutronization burst. This is

not present to the same extent in the nuGR1D results as seen in the inset of panel 1 in Figure 5.4.

Several other systematic differences are seen in the root mean squared energies. For the electron

neutrinos, the lack of velocity-dependent trapping before bounce increases the root mean squared

energy. Similarly, for the heavy-lepton neutrinos, the higher values in nuGR1D are most likely due to

the lack of inelastic neutrino-electron scattering which softens the spectrum of the radiation in the
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postbounce phase. This is nicely shown in Thompson (2002) Figure 4.19 (with inelastic neutrino-

electron scattering) and Figure 4.27 (without inelastic neutrino-electron scattering) and also in Lentz

et al. (2011). The effect is strongest for the νx neutrinos (∼ 5 MeV), noticeable for the ν̄e neutrinos

(∼ 1 MeV), and the weakest in the νe neutrinos signal. Gravitational redshift of the neutrinos will also

effect the observed root mean squared energies, although this effect will not be as significant as most

neutrinos are emitted at 10s of gravitational radii (2GM/r ∼ 3–5 km compared to the neutrinosphere

locations of ∼ 50 km) in the early postbounce phase. The postbounce velocities are much smaller

than the collapse phase velocities. Especially at the relevant densities (∼ few 1012g cm−3) here we

do not expect to see a strong influence. This does not mean that the disregard of these terms in

justified, they must be included to accurately model neutrino transport in core-collapse supernovae.

Finally we note the effect of the (partial) treatment of the radiation in general relativity versus

flat space. The thin dashed curves in Figure 5.4 are from the flat space treatment of the radiation

transport in Section 5.2.1, these simulations were done with general-relativistic hydrodynamics.

The general-relativistic treatment of the radiation (solid lines) reduces the νe and ν̄e luminosities by

∼ 10% and the νx luminosities, which are emitted deeper in the protoneutron star where relativistic

effects are stronger, by ∼ 15%. Additional relativistic effects, such as gravitational red shift, will

further effect the neutrino observables and must be included.

5.4 Preliminary Investigations with nuGR1D

Keeping all of the shortcomings in the current version of nuGR1D in mind, we attempt a first look at

the progenitor dependence in core-collapse supernovae. While the lack of inelastic neutrino-electron

scattering and full velocity-dependent transport will quantitatively change the picutre, there are

many unanswered questions that can be explored qualitatively. Systematic trends are waiting to be

discovered!

5.4.1 Progenitor Dependence of Neutrino Observables

No systematic study of the progenitor dependence of the neutrino observables (luminosities, average

energies) has ever been attempted. With a neutrino transport code we can start to perform such a

study. The systematic trends of neutrino observables have important implications for the next galac-

tic supernova; ideally we want to be able to identify the internal structure (i.e., ξM , Equation 4.1)

based solely on the neutrino signature. It is unclear how degeneracies factor in. For example, the

nuclear equation state may be degenerate with the bounce compactness. Rotation, viewing angle,

and neutrino oscillations may also play a role.

We present a first attempt at such a determination. We use 23 progenitor models ranging in

mass from 12M� to 120M� from Woosley and Heger (2007) and evolve them with nuGR1D. We use
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Figure 5.4: Comparison of postbounce neutrino luminosities and root mean squared energies from
the full Boltzmann neutrino transport simulations of Liebendörfer et al. (2005) and nuGR1D. Shown
in the upper panels, from left to right, are the νe, ν̄e, and νx neutrino luminosities. Shown in the
bottom panels, from left to right, are the root mean squared νe, ν̄e, and νx neutrino energies. Shown
as an inset in the upper left panel is the neutronization burst. All neutrino signals are extracted at
500 km. The thin dashed lines are the luminosities and root mean squared energies predicted with
the flat-space neutrino transport, but general-relativistic hydrodynamics. We note that the root
mean squared energy definition of Liebendörfer et al. (2005) is different from that of Abdikamalov
et al. (2012).

the LS220 and the HShen equation of state for a total of 46 simulations. All of these simulations fail

to explode within 450 ms of bounce, as expected for 1D simulations. In Figure 5.5 we analyse the

progenitor dependence of the ν̄e luminosity. Here we choose the ν̄e luminosity as it is the primary

observable in water-Cherenkov detectors such as the currently-operational Super-Kamiokande and

IceCube and a proposed next-generation megaton-scale detector, Hyper-Kamiokande (Abe et al.

2011). In the left panels are the neutrino luminosity curves of models simulated with the LS220

EOS, the right panels are luminosity curves from the simulations done using the HShen EOS. The

top panels are the emitted ν̄e luminosities, the middle are the cumulative emitted ν̄e energies. Models

with high values of ξ2.5 have much higher accretion rates during the postbounce phase and therefore

have higher neutrino luminosities. The drop in accretion luminosity due to the accretion of the

silicon-oxygen shell interface is notable in almost every model. We note that if the shock wave is

reenergized, the accretion will cease and the accretion luminosity will drop accordingly.

In the bottom two panels we plot the cumulative emitted ν̄e energy at four different postbounce

times and the two EOS versus the bounce compactness, Equation 4.1, with the standard Mbary = 2.5
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and also with Mbary = 1.7. We choose the latter because at these earlier postbounce times the

accreted baryonic mass is closer to 1.7M� than 2.5M�. ξ1.7 does a better job at parameterizing the

progenitor models, this is evident in the smoothness of the cumulative emitted energy as a function

of ξ1.7 for the low ξ1.7 progenitors, whereas there is more scatter when plotted as a function of ξ2.5.

ξ2.5 is more relevant for black hole formation as investigated in Chapter 4.

An accurate measure of the early time cumulative emitted ν̄e energy in a galactic or near galactic

supernova can potentially be used to discern details of the progenitor core structure. For the electron

antineutrino capture rate on protons in water-Cherenkov detectors we restate the estimate in Ott

et al. (2012) based on Horiuchi et al. (2009), Vogel and Beacom (1999),

R
SK/HK
ν̄e ∼ Lν̄e

4πr2

σ0(1 + 3g2
A)

4m2
ec

4

〈E2
ν̄e〉

〈Eν̄e〉
MSK/HKXp

mp
, (5.70)

where σ0 = 1.76 × 10−44cm2 is the reference weak-interaction cross section, gA = −1.254 is the

axial coupling constant, MSK = 22.4 kT, MHK = 740 kT is the fiducial water mass of Super-

Kamiokande and Hyper-Kamiokande, respectively, Xp is the number fraction of protons (for H2O,

Xp = 2/18), mp is the proton mass, and 〈E2〉/〈E〉 is the energy-averaged spectral factor. We

estimate Tν̄e ∼ 4 MeV and zero chemical potential, giving 〈E2〉/〈E〉 ∼ 16.4 MeV. With these num-

bers, for Super-Kamiokande, RSK
ν̄e ∼ 12000 s−1Lν̄e,53/r

2
10 kpc and for Hyper-Kamiokande, RHK

ν̄e ∼
400000 s−1Lν̄e,53/r

2
10 kpc, where Lν̄e,53 is the electron anti-neutrino luminosity in units of 1053erg s−1

and r10 kpc is the distance in kpc.

For a fiducial distance of 10 kpc, 20 B of cumulative ν̄e energy could be inferred to .1 B in Super-

Kamiokande. Taking into account the difference in predicted cumulative emitted ν̄e energy due to

the nuclear equation of state, if 20 B of energy was inferred within 300 ms of bounce, this would

signify a value of 1.4 < ξ1.7 < 1.6. Hyper-Kamiokande would be able to increase the signal-to-noise

ratio by a factor of 6, allowing for more precise measurements of the cumulative emitted energy.

5.4.2 Progenitor Dependence of Collapse Trajectory

One can ask if the collapse trajectories of progenitors with different bounce compactnesses also

have systematic trends. This has been investigated to a certain extent (Dimmelmeier et al. 2008,

Liebendörfer 2005), but never systematically with many progenitors. Quantifying such trends and

the impact on the subsequent postbounce evolution can help determine the validity and range of

the deleptonization scheme presented in Liebendörfer (2005) and increase our understanding of

the postbounce initial conditions. For example, smaller inner core masses are detrimental to the

core-collapse supernova mechanism. There are two reasons for this. First, the energy departed to

the outgoing shock wave is directly proportional to the kinetic energy of the core, smaller cores

lead to smaller total outgoing energy in the shock. Second, for progenitors with small inner cores,
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more material must be shocked before a successful explosion when compared to a progenitor with a

larger inner core. A priori, one would expect that progenitors with a high bounce compactness will

deleptonize more during collapse. This is because tthe higher entropies will increase the amount of

free protons, the dominant production channel for neutrinos during collapse. In turn, this will reduce

the electron fraction and therefore the inner core mass. This systematic dependence of the inner

core mass may make it even harder for high bounce compactness models to explode, in addition

to the reasons laid out in Section 4.1.3.5. The question that remains to be answered is how much

dependence is there and can it affect the postbounce dynamics.

With the caveat that the Ye(ρ) collapse trajectories currently predicted by nuGR1D suffer from the

neglect of several key physical processes, we can investigate if/what the dependence of the collapse

trajectory is on the progenitor. In Figure 5.6 we plot the Ye(ρ) trajectory for 23 progenitor models

varying in bounce compactness from 0.025 to 0.60. Progenitors with high bounce compactness begin

to core collapse at lower central densities, higher central temperatures, and because the electron

chemical potential is smaller at lower densities, a higher ratio of electrons to nucleons. We do indeed

see enhanced deleptonization from the high bounce compactness models throughout the collapse

phase. Following from the reduced Ye is a reduction in the inner core mass. The later is shown in

the inset of Figure 5.6 for each of the 23 models. We define the inner core mass to be the mass

enclosed inside the shock at shock formation, which is when the entropy of the core first reaches

s = 3 kB/baryon. However, this trend first must be reproduced after including both full velocity

dependence and inelastic neutrino-electron scattering. At the very least, when the velocities and

small and inelastic scattering is not yet important (ρ . 1011 g cm−3), we can assume the results are

robust, in this regime we see a significant progenitor dependence.

5.5 Future Directions for nuGR1D

In the immediate future, the general-relativistic transport in nuGR1D will be completed by finishing

the implementation of velocity terms. This, along with including inelastic neutrino-electron scat-

tering in NuLib, will allow us to make concret statements on the progenitor dependence of neutrino

observables.

Progressing forward, more detailed neutrino interactions will be implemented in NuLib that will

refine our predictions and elevate our code to state-of-the-art status. At this point we will release

nuGR1D as a major update to the current open-source version of GR1D.

Meanwhile, we will begin to apply the transport scheme developed here to mutli-dimensional

simulations of stellar collapse. Without making simplifying assumptions, this will dramatically in-

crease the computational time. For each species, there are 4×Ng variables that need to be evolved.

For this first-generation energy-dependent three-dimensional neutrino transfer code it is likely we
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will neglect the velocity dependence, use a reduced set of neutrino interactions and employ a pa-

rameterized deleptonization scheme during collapse. To acheive this, nuGR1D must be generalized to

multiple dimensions and optimized to reduce computational time.
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Figure 5.5: Progenitor dependence of ν̄e luminosity for two EOS. In the top two panels are the
emitted neutrino luminosities for 23 models from Woosley and Heger (2007). The simulations in
the left panel use the LS220 EOS while the simulations in the right panel use the HShen EOS. We
group the curves by their ξ2.5 value. The ν̄e luminosity scales with ξ2.5. In the middle two panels
we show the cumulative emitted ν̄e energy for the same set of models and EOS. The bottom two
panels show how the cumulative emitted energy at various postbounce times and EOS vary with
ξ2.5 and ξ1.7. Water-Cherenkov detectors can make direct measurements of the cumulative emitted
ν̄e luminosity, and therefore can provide a quantitative measure of the internal structure that does
not strongly depend on the EOS.
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Figure 5.6: Progenitor dependence of collapse trajectories for 23 models from Woosley and Heger
(2007) using the LS220 EOS. This Ye(ρ) curves suffer from the neglect of inelastic neutrino-electron
scattering and velocity dependence, however the systematic trend of increased deleptonization with
bounce compactness is significant nonetheless. Shown in the inset are the inner core masses for each
of the 23 models. Progenitors with higher bounce compactnesses have lower Ye cores and therefore
smaller inner core masses at bounce.
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Appendix A

General-Relativistic
Hydrodynamics Evolution
Equations1

In this appendix we derive the evolution equations for the conserved variables D,DYe, S
r, Sφ and

τ used in GR1D and presented in Sections 3.3 and 3.4. GR1D uses the spherically symmetric metric

gµν = diag(−α2, X2, r2, r2 sin2 θ) with α = exp (Φ(r, t)) with Φ(r, t) defined through Equation 3.5,

X = (1 − 2m(r,t)
r )−1/2 where m(r, t) is the enclosed gravitational mass at coordinate radius r. We

assume the matter to be a perfect fluid described by a mass current density of Jµ = ρuµ and a

stress-energy tensor, Tµν = ρhuµuν + gµνP where ρ is the rest mass density, P is the fluid pressure,

h = 1 + ε+ P/ρ is the specific enthalpy with ε the specific internal energy; uµ = (W/α,Wv/X, 0, 0)

is the fluid 4-velocity (without taking into account rotation) with W = 1/
√

1− v2 is the Lorentz

factor and v is the physical radial velocity.

While evaluating the covariant derivative of the stress-energy tensor and matter current density,

we make use of the following formula,

∇µJµ =
1√−g

(√−gJµ)
,µ

(A.1)

and

∇µTµν =
1√−g

(√−gTµν)
,µ

+ ΓναµT
µα , (A.2)

where
√−g = αXr2 is the determinant of the metric and Γναµ are Christoffel symbols and are

defined through derivatives of the metric,

Γναµ =
1

2
gνβ(gµβ,α + gαβ,µ − gαµ,β) . (A.3)

1This appendix is reproduced from Appendix A of the article A New Open-Source Code for Spherically-Symmetric
Stellar Collapse to Neutron Stars and Black Holes. O’Connor, E. & Ott, C.D., Classical and Quantum Gravity
27 114103 (2010). Special Issue of invited papers from MICRA2009 held at the Niels Bohr International Academy,
Copenhagen, August 24–28, 2009. Reproduced with permission from IOP Publishing.
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For our metric, all nonzero Christoffels are given in Table A.1, Γναµ is symmetric in the last two

indices, duplicates are omitted.

Γttt = ∂tφ(r, t) Γrθθ = − r
X2

Γttr = ∂rφ(r, t) Γrφφ = − r sin2 θ
X2

Γtrr = α−2X4

r ∂tm(r, t) Γθrθ = 1
r

Γrtt = α2

X2 ∂rφ(r, t) Γθφφ = − sin θ cos θ

Γrtr = X2

r ∂tm(r, t) Γφrφ = 1
r

Γrrr = X2

r (∂rm(r, t)− m(r,t)
r ) Γφθφ = cos θ

sin θ

Table A.1: Connection coefficients.

It is useful to note the following derivatives needed in the derivation of the evolution equations:

∂rΦ(r, t) = X2
[m
r2

+ 4πr(P + ρhW 2v2)
]
, (A.4)

∂rX = X3

[
∂rm

r
− m

r2

]
, (A.5)

∂tX = X3 ∂tm

r
, (A.6)

∂rm = 4πr2(ρhW 2 − P ) , (A.7)

∂tm = −4πr2αρhW
2v

X
. (A.8)

A.1 Source Terms

The evolution equations follow from ∇µJµ = 0 and ∇µTµν = 0. Since we treat neutrinos through

a leakage scheme, we add in neutrino source terms explicitly to the RHS of these equations. The

neutrino physics of GR1D occurs in the rest frame of the fluid; in this frame the energy and lepton rates

are calculated with the neutrino leakage scheme, Q0
E and R0

Ye
are given in Equation 3.34. Momentum

exchange in the fluid rest frame is taken into account approximately via Q0
M = −∂Pν∂r where the

gradient is evaluated numerically in the coordinate frame. This introduces a slight inconsistency,

since in a full radiation-transport treatment the momentum transfer is computed fully locally via

the second angular moment of the local neutrino radiation intensity (Müller et al. 2010).

By writing the evolution equations in the comoving orthonormal frame of the fluid (fluid rest

frame, [FRF]) with 4-velocity ~u = (1, 0, 0, 0)FRF and unit radial normal ~n = (0, 1, 0, 0)FRF and

expressing them as frame-independent tensor equations we can derive expressions for the evolution

equations in any frame. For the lepton fraction,
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∂t(ρYe) = R0
Ye ,

∂t(ρYeu
t) = R0

Ye ,

∂µ(ρYeu
µ) = R0

Ye ,

∇µ(ρYeu
µ) = R0

Ye . (A.9)

We write the energy and momentum source terms in the fluid rest frame as a 4-vector, ~q =

(Q0
E , Q

0
M , 0, 0)FRF or in frame-independent notation, Q0

E~u + Q0
M~n. In the fluid rest frame, the

evolution equations for energy and momentum become,

∂tT
tt = Q0

E = qt, (A.10)

and

∂tT
tr = Q0

M = qr, (A.11)

or in frame-independent tensor notation,

∇µTµν = qν . (A.12)

For the evolution equations, we must transform ~q from the fluid rest frame, to the coordinate

frame (CF) of GR1D. In a general frame ~n is a vector that is both i) normalized and ii) orthog-

onal to ~u. In the CF of GR1D, where ~u is the 4-velocity, these two conditions (along with the

assumption of spherical symmetry) on ~n give ~n = (Wv/α,W/X, 0, 0)CF. ~q in the CF then becomes

~q =
(
W
α (Q0

E + vQ0
M ), WX (vQ0

E +Q0
M ), 0, 0

)
CF

. This can also be derived via a Lorentz transforma-

tion. In principle, nonzero rotation will give rise to source terms for the φ-momentum evolution

through qφ and modify the radial source terms qr. In consideration of the significant approxima-

tions already present in both our neutrino leakage scheme and in our treatment of rotation, we

neglect the influence of rotation on the source terms. This is justified as long as vϕ � c.
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A.2 GR1D Evolution Equations

In the coordinate frame of GR1D where uµ = (W/α,Wv/X, 0, 0), the continuity equation, ∇µJµ = 0

gives the evolution of the rest mass density,

∇µ(ρuµ) = 0 ,

1√−g

[
∂t

(√−g ρW
α

)
+ ∂r

(√−g ρWv

X

)]
= 0 ,

∂t(D) +
1

r2
∂r

(
αr2

X
Dv

)
= 0 . (A.13)

The evolution of the electron fraction Ye follows a similar derivation but contains a source term

from the neutrino leakage scheme. In the coordinate frame of GR1D Equation A.9 becomes,

∇µ(ρYeu
µ) = R0

Ye ,

1√−g

[
∂t

(√−g ρWYe
α

)
+ ∂r

(√−g ρWYev

X

)]
= R0

Ye ,

1

αX

[
∂t (XρWYe) +

1

r2
∂r

(
αr2

X
XρWYev

)]
= R0

Ye ,

∂t(DYe) +
1

r2
∂r

(
αr2

X
DYev

)
= αXR0

Ye . (A.14)
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The momentum evolution equation for GR1D is obtained by evaluating Equation A.12 with ν = r.

∇µTµr = qr ,(√−g Tµr)
,µ

=
√−g qr −√−g ΓrνµT

µν ,

∂t
(
ρhW 2v

)
+

1

r2
∂r

(
αr2

X

(
ρhW 2v2 + P

))
= αXqr − αX

(
ΓrνtT

tν + ΓrνrT
rν

+ΓrνφT
φν + ΓrνθT

θν
)
,

∂t (Sr) +
1

r2
∂r

(
αr2

X
(Srv + P )

)
= αXqr − αX

(
ΓrttT

tt + ΓrrtT
tr

+ΓrtrT
rt + ΓrrrT

rr + ΓrφφT
φφ + ΓrθθT

θθ
)
,

∂t (Sr) +
1

r2
∂r

(
αr2

X
(Srv + P )

)
= −αX

[
2
X

r

ρhW 2v

αX
∂tm

+
X2

r

(
∂rm−

m

r

)(ρhW 2v2 + P

X2

)
− 2P

X2r
+
α2

X2

ρhW 2 − P
α2

∂rΦ

]
+ αXqr ,

∂t (Sr) +
1

r2
∂r

[
αr2

X
(Srv + P )

]
= αX

[
(Srv − τ −D)

(
8πrP +

m

r2

)
+
Pm

r2
+

2P

X2r

]
+ αW (vQ0

E +Q0
M ) . (A.15)

where in the last step we have reorganized the source terms to the form of Romero et al. (1996) using

the derivatives defined in Equations A.4–A.8. If nonzero, uφ = Wvϕ/r leads to an additional term

(αρhW 2v2
ϕ sin(θ)2/Xr) arising through ΓrφφT

φφ on the RHS of Equation A.15, averaging this term

over the spherical shell gives 2/3 αρhW 2v2
ϕ/Xr. When rotation is included, the evolution equation

for Sφ = ρhW 2vϕr is,

∇µTµφ = 0 ,(√−g Tµφ )
,µ

=
√−g ΓνφµT

µ
ν ,

∂t
(
αXr2gφφT

tφ
)

+ ∂r
(
αXr2gφφT

rφ
)

=
√−g

(
ΓrφφT

φ
r + ΓφφrT

r
φ

)
,

∂t(XρhW
2vϕr) +

1

r2
∂r

(
αr2

X
ρhW 2vϕrvX

)
= 0 ,

∂t(Sφ) +
1

r2
∂r

(
αr2

X
Sφv

)
=

ρhW 2vϕr

X

(
−∂tX −

αv

X
∂rX

)
,

∂t(Sφ) +
1

r2
∂r

(
αr2

X
Sφv

)
= αρhW 2vϕvX

(
4πr2P +

m

r

)
. (A.16)
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The energy evolution equation for GR1D is derived by taking ν = t in Equation A.12,

∇µTµt = qt ,(√−g Tµt)
,µ

=
√−g qt −√−g ΓtνµT

µν ,

∂t

(
X

α
(ρhW 2 − P )

)
+

1

r2
∂r

(
αr2

X
ρhW 2v

X

α

)
= αXqt − αX

(
ΓttµT

µt + ΓtrµT
µr
)
,

X

α

[
∂t (τ +D) +

1

r2
∂r

(
αr2

X
Sr
)]

= αXqt − αX
(
ΓtttT

tt + 2ΓttrT
rt

+ΓtrrT
rr
)
− (ρhW 2 − P )∂t

(
X

α

)
−αρhW

2v

X
∂r

(
X

α

)
,

∂t (τ +D) +
1

r2
∂r

(
αr2

X
Sr
)

= α2qt ,

∂t (τ) +
1

r2
∂r

(
αr2

X
(Sr −Dv)

)
= αW (Q0

E + vQ0
M ) . (A.17)

where in the last step we use the continuity equation Equation A.13 to subtract out the evolution

of the rest mass density, obtaining the evolution equation for τ . A nonzero uφ does not contribute

source terms to this evolution equation.
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Appendix B

Neutrino Luminosities in GR1D’s
Leakage Scheme1

The luminosity computed from the neutrino leakage scheme is derived in the rest frame of the

fluid. We require knowledge of the neutrino luminosity as measured by an observer at rest in the

coordinate frame to determine i) the luminosity measured by an observer at rest at infinity and

ii) the luminosity in the fluid rest frame at some other coordinate radius for our neutrino heating

scheme. We derive these relationships by assuming the neutrinos are emitted radially in the fluid

rest frame with energy EFRF.

In the fluid rest frame (FRF), the 4-momentum of the neutrino is pa = (EFRF, EFRF, 0, 0)FRF.

We use the orthonormal tetrad in Section A.1, in the fluid frame, ~u = ~e0 = (1, 0, 0, 0)FRF and

~n = ~e1 = (0, 1, 0, 0)FRF, in the coordinate frame (CF), uβ = eβ0 = (W/α,Wv/X, 0, 0)CF and

nβ = eβ1 = (Wv/α,W/X, 0, 0)CF. In this we have neglected rotational effects which will be small for

vϕ � c. Transforming pa to the coordinate basis of GR1D,

pβ = paeβa = EFRF

(
W

α
(1 + v),

W

X
(1 + v), 0, 0

)
CF

.

An observer at rest in the coordinate frame (Uα = (1, 0, 0, 0)CF) then sees the neutrino with energy,

ECF = −~p · ~U = −gαβpβUα = α2EFRFW

α
(1 + v) = αW (1 + v)EFRF . (B.1)

Noting that (see Misner et al. 1973, Equation 25.25), for massless particles emitted from rest at r

and observed by a observer at rest at r′, λ(r)|g00(r)|−1/2 = λ(r′)|g00(r′)|−1/2 implies,

ECF(r′)

ECF(r)
=

λr
λr′

=
|g00(r)|1/2
|g00(r′)|1/2 =

α(r)

α(r′)
, (B.2)

1This appendix is reproduced from Appendix A of the article A New Open-Source Code for Spherically-Symmetric
Stellar Collapse to Neutron Stars and Black Holes. O’Connor, E. & Ott, C.D., Classical and Quantum Gravity
27 114103 (2010). Special Issue of invited papers from MICRA2009 held at the Niels Bohr International Academy,
Copenhagen, August 24–28, 2009. Reproduced with permission from IOP Publishing.
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this is the redshift formula for particles leaving a gravitational well.
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Appendix C

NuLib: Neutrino Interaction
Library for Neutrino Transport
Calculations1

The ultimate goal of NuLib is to provide a full set of standard, complete, and computationally efficient

neutrino matter interaction routines that can be readily incorporated in radiation-hydrodynamics

codes for physics benchmarking via on-the-fly routines or via tabular interpolation. The first version

of NuLib is available as a GitHub repository at www.nulib.org.

C.1 Definitions:

C.1.1 Constants and Units

In NuLib, all temperatures T , chemical potentials µi, and energies are measured in MeV, densities in

g/cm3. Emissivities will be given in units corresponding to specific intensity, erg/s/cm3/sterad/MeV.

Absorption and scattering opacities have units of inverse mean free path, cm−1.

Throughout NuLib, we will use the following values for common constants:

Reference weak interaction cross section σ0 = 1.761× 10−44 cm2

Fermi’s Weak coupling constant GFermi = 1.16637× 10−11 MeV−2

Axial coupling constant gA = 1.254

Neutron-proton mass difference ∆np = mn −mp = 1.293332 MeV

Electron Mass me = 0.510998910 MeV

Neutron Mass mn = 939.565346 MeV

Proton Mass mp = 938.272013 MeV

Weinberg angle sin2 θW = 0.23

Fine Structure Constant αFS = 7.2973525376× 10−3

1This appendix contains unpublished work in progress.

www.nulib.org
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C.1.2 Black Body Function for Neutrinos

We derive the black body function for neutrinos, by considering that the total energy density E =

E/V of a quantum gas is given by

E =

∫
ενfν

gd3pν
(2π~)3

, (C.1)

where fν is the distribution function and g = 1 for massless neutrinos. In equilibrium, fν = f eq
ν ,

f eq
ν =

1

exp [(εν − µν)/T ] + 1
. (C.2)

Furthermore, in equilibrium, µνe = µe − µ̂ with µ̂ = µn − µp. Also, µν̄e = −µνe , and µνx = 0.

The black body function Bν describes the specific radiation intensity in equilibrium. In order to

obtain it in the desired specific intensity units, we first use εν = pνc to rewrite Equation C.1 to

E = 4π

∫
f eq
ν

ε3ν
(2π~c)3

dεν , (C.3)

then differentiate (d/dεν E) to get the spectral radiation energy density in equilibrium. To obtain

the black body function in the standard units above we multiply by c/(4π). We obtain

Bν =
cε3ν

(2π~c)3
f eq
ν . (C.4)

C.1.3 Emission and Absorption: Kirchhoff’s Law and Stimulated Ab-

sorption

The interaction term on the RHS of the Boltzmann equation (which is usually written in terms of

the distribution function fν) that is due to emission and absorption may be written as

[
dfν
dt

]em−abs

coll

= εν [ην(1− fν)− κafν ] , (C.5)

where ην is the emissivity. The term (1− fν) accounts for final state fermion phase space blocking

and κa is the inverse mean-free-path for absorption. In equilibrium,

[
df eq
ν

dt

]
coll

= 0 = ην(1− f eq
ν )− κaf

eq
ν . (C.6)

Hence,

ην = κa
f eq
ν

(1− f eq
ν )

. (C.7)
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Inserting this into Equation C.5 yields

[
dfν
dt

]
coll

= εν

[
κa

f eq
ν

(1− f eq
ν )

(1− fν)− κafν

]
= εν

[
κa

(1− f eq
ν )

(f eq
ν − fν)

]
= εν [κ∗a(f eq

ν − fν)] , (C.8)

where we have followed Burrows et al. (2006b) and absorbed the 1/(1 − f eq
ν ) term into κ∗a, the

absorptive opacity corrected for stimulated absorption of neutrinos (the analog of stimulated emission

of photons). For practical purposes it is useful to rewrite these relationships in terms of the specific

radiation intensity Iν = cε3ν/(2π~c)3fν . Introducing the neutrino black body function derived in the

previous Section C.1.2, we arrive at

c

(2π~c)3
ε2ν

[
dfν
dt

]
coll

= κ∗a(Bν − Iν) , (C.9)

where the left-hand side of this equation relates back to the evolution equations for the radiation

moments Equation 5.4. Also from this we identify Kirchhoff’s law,

ην = κ∗aBν . (C.10)

Using Kirchhoff’s law, we can compute the emissivity of any process as soon as we have derived

its absorptive opacity κ∗a (corrected for stimulated absorption). Similarly, for neutrino interactions

derived directly from emissivities, such as electron-positron annihilation, we can use Kirchhoff’s law

to derive the corresponding absorptive opacity. We stress that this is needed to maintain balance in

the optically thick regions where the evolved neutrino field is very similar to the black body, ideally

one properly treats these emission processes (Shibata et al. 2011, Swesty and Myra 2009), we leave

this to future versions of NuLib when we begin to take energy bin and species coupling into account.

C.1.4 From Cross Section to Opacity

Cross sections σ are given in units of cm2 per particle. In transport calculations, the inverse mean

free path (the opacity; in units of cm−1) is needed and is typically of the form

κa =
1

λ
=
∑
i

σiXi ρ/mref , (C.11)

where Xi is the mass fraction of the nucleus or nucleon partaking in the interaction, ρ is the

baryonic density in g cm−3 and mref is the reference nucleon mass. Note that N = Xiρ/mref is the

number density of absorbers. The sum over i denotes all absorption processes. The value of the
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reference nucleon mass must be consistent with the nuclear EOS. Depending on the particular process

considered, correction terms for stimulated absorption, nucleon degeneracy etc. must be applied.

For practical reasons in NuLib, the stimulated absorption term is handled during the evaluation of

the cross section (see Section C.2.2), while the final state nucleon blocking is calculated when going

from cross section to opacity. From Bruenn (1985), the final state neutron blocking term, relevant

for ν̄e capture on free protons is,

bp =
nn/np − 1

exp (−µn,0 + µp,0)/T − 1
, (C.12)

where nN is the respective nucleon number density, and where we explicitly note that the chemical

potentials are the nonrelativistic ones, i.e., they do not contain the nucleon rest masses, and therefore

their difference does not contain the rest mass difference. If final state neutron nucleon blocking is

unimportant, bp ∼ 1. Similarly, the proton final state blocking term, relevant for νe capture on free

neutrons is,

bn =
np/nn − 1

exp (−µn,0 + µp,0)/T − 1
. (C.13)

With this notation, for free nucleon absorption cross sections, Equation C.11 becomes,

κa =
1

λ
=
∑
i

σiXibi ρ/mref . (C.14)

C.1.5 Isoenergetic Scattering Cross Section

The transport cross section for a scattering process i is defined as

σtr
i =

∫
dσi
dΩ

(1− µ)dΩ = σi(1− g1
i ) . (C.15)

The transport cross section is also known as the momentum transfer cross section as it sets the rate

of momentum transfer from the radiation field to the matter, but does not contribute to the energy

density. g1
i in Equation C.15 is the first angular moment of the scattering cross section σi. If g1

i > 0,

then a greater fraction of the neutrinos is forward scattered, hence the effective transport cross

section is smaller than the scattering cross section, less momentum is transferred when compared to

isotropic scattering. If g1
i = 0 the scattering is completely isotropic and σtr

i = σi, and if g1
i < 0 a

greater fraction of the neutrinos are back scattered, increasing the effective transport cross section

and the momentum transfer to the matter.

As for the absorption opacity, the scattering opacity is defined as,

κs =
1

λ
=
∑
i

σtr
i Xiρ/mref . (C.16)
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where Xi is the number fraction of target particles the a given scattering process with a transport

cross section of σtr
i and the sum over i denotes all scattering processes.

C.2 Neutrino Interactions in NuLib v1.0

C.2.1 Scattering

NuLib v1.0 includes only elastic scattering of neutrinos on the constituents of nuclear matter: neu-

tron, protons, heavy nuclei, alpha particles, and electrons. We take the scattering cross sections

from Bruenn (1985), Burrows et al. (2006b), and Horowitz (2002).

C.2.1.1 ν–Nucleon Elastic Scattering

The differential cross section for neutrino-nucleon elastic scattering without corrections is given by

Horowitz (2002),
dσscat

un,νN

dΩ
=
G2
F ε

2
ν(~c)2

4π2

[
C2

V,N(1 + µ) + C2
A,N(3− µ)

]
, (C.17)

where N denotes either neutron or proton and C2
V,n and C2

V,p are the neutron and proton vector

coupling constants equal to −1/2, and 1/2− 2 sin2 θW , respectively. C2
A,n and C2

A,p are the neutron

and proton axial coupling constants equal to −ga/2, and ga/2, respectively. We note these values

are for scattering processes only, as we shall see in Section C.2.2, these coefficients are different when

considering the weak magnetism corrections for absorption processes. One can trivially calculate

the total cross section, or the total transport cross section by integration of Equation C.17,

σscat
un,νN(εν) =

∫
Ω

dσscat
un,νN

dΩ
dΩ =

G2
F ε

2
ν(~c)2

π

[
C2

V,N + 3C2
A,N

]
, (C.18)

and

σtr,scat
un,νN (εν) =

∫
Ω

dσscat
un,νN

dΩ
(1− µ)dΩ =

2G2
F ε

2
ν(~c)2

3π

[
C2

V,N + 5C2
A,N

]
. (C.19)

For the cross sections used in NuLib, we include the phase space, recoil, and weak magnetism correc-

tions of Horowitz (2002). These corrections significantly complicate the expressions but, especially in

the case of antineutrinos, can be as large as 10–15%. It is important to include the exact expressions

as the first order corrections strongly deviate from the both the uncorrected and exact expressions

at high, but attainable, energies. For completeness, we present here the full differential, total and

transport cross sections for neutrino-nucleon scattering from Horowitz (2002). These corrected cross

sections will also be used when calculating the absorption cross section of neutrinos on free neutrons
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and protons.

dσscat
νN (εν)

dΩ
=

G2
F ε

2
ν(~c)2

4π2
η2

{
C2

V,N[1 + η2 − η(1− x)]

+C2
A,N[1 + η2 + η(1− x)] (C.20)

±2CA,N(CV,N + F2,N)(1− η2) (C.21)

+η2 e
2

2
(1− x)[F 2

2,N(3− x) + 4CV,NF2,N(1− x)]

}
, (C.22)

where η = 1/[1 + e(1−x)], e = εν/mN , x = µ = cos θ, and where N denotes the nucleon involved in

the scattering. Note that while we suppress the N index on η and e, these depend on the nucleon via

the nucleon mass. For the ±, + is used for neutrino scattering and − for antineutrino scattering. F2,N

is 1.019 and -0.963 for elastic neutrino scattering on neutrons and protons, respectively. Following

Horowitz (2002), we neglect the energy dependence of F2 as the terms including F2 are already

O(e2).

The corrected total cross section from Horowitz (2002) is,

σscat
νN (εν) =

∫
Ω

dσscat
νN (εν)

dΩ
dΩ = σscat

un,νN(εν)RN(εν) , (C.23)

where RN(εν) represents the deviation from the uncorrected rate,

RN(εν) =

{
C2

V,N

(
1 + 4e+

16

3
e2

)
+ 3C2

A,N

(
1 +

4

3
e

)2

±4(CV,N + F2,N)CA,Ne

(
1 +

4

3
e

)
+

8

3
CV,NF2,Ne

2

+
5

3
e2

(
1 +

2

5
e

)
F 2

2,N

}/
[(C2

V,N + 3C2
A,N)(1 + 2e)3] . (C.24)

Finally, the corrected transport cross section is similarly decomposed,

σtr,scat
νN (εν) =

∫
Ω

dσscat
νN (εν)

dΩ
(1− µ)dΩ = σtr,scat

un,νN (εν)Rtr
N(εν) , (C.25)

Rtr
N(εν) =

{
C2

V,N

[
e− 1

2e3
ln (1 + 2e) +

3 + 12e+ 9e2 − 10e3

3e2(1 + 2e)3

]
+C2

A,N

[
1 + e

2e3
ln (1 + 2e)− 10e3 + 27e2 + 18e+ 3

3e2(1 + 2e)3

]
±(CV,N + F2,N)CA,N

[
1

e2
ln (1 + 2e)− 2 + 10e+ 28

3 e
2

e(1 + 2e)3

]
+CV,NF2,N

[
1

e2
ln (1 + 2e)− 2

3

(
3 + 15e+ 22e2

e(1 + 2e)3

)]
+F 2

2,N

[
1

4e2
ln (1 + 2e) +

8e3 − 22e2 − 15e− 3

6e(1 + 2e)3

]}/[
2

3
(C2

V,N + 5C2
A,N)

]
.

(C.26)
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C.2.1.2 ν − e− Elastic Scattering

Ideally one must include inelastic scattering of neutrino on electrons, for now NuLib includes a simple

formula from Bowers and Wilson (1982), Thompson (2002).

σtr,scat
νe− (εν) =

3G2
F (~c)2

2π

(
T +

εe−,F
4

)
εν

[
(CV,νi + CA,νi)

2 +
1

3
(CV,νi − CA,νi)

2

]
, (C.27)

where εe−,F is the Fermi energy of the neutrino, taken to be the electron chemical potential; CV,νi
is

1/2 + 2 sin2(θW ) and −1/2 + 2 sin2(θW ) for νe and for νµ and ντ neutrinos, respectively; and CA,νi

is +1/2 for νe, ν̄µ, and ν̄τ and −1/2 for ν̄e, νµ, and ντ .

C.2.1.3 ν − (A,Z) Coherent Scattering

Neutrino scattering on heavy nuclei comprise most of the opacity during the collapse phase as xH ,

the mass fraction of heavy nuclei, is ∼ 1. From Burrows et al. (2006b),

dσscat
A

dΩ
=
G2
F (~c)2

16π2
ε2ν〈A2〉[WCFF + CLOS]2〈Sion〉(1 + µ) , (C.28)

where 〈A2〉 is the average A2 of the heavy nuclei, in principle one typically uses 〈A〉2, as the nuclear

EOS only provides this quantity. W is given by,

W = 1− 2Z

A
(1− 2 sin2 θW ) , (C.29)

with A and Z being the characteristic average mass and charge of the heavy nucleus. The CFF and

CLOS are the form factor correction and the electron polarization correction, respectively. There

expressions are given by,

CFF = exp[−y(1− µ)/2]; y ∼
( εν

56 MeV

)2
(
A

100

)2/3

, (C.30)

and

CLOS =
Z

A

1 + 4 sin2 θW
1 + (krD)2

, (C.31)

where k2 = 2(εν/c)
2(1−µ) and rD =

√
π(~c)2/(4αFScpF εF ) is the Debye radius. The final term of

Equation C.28 is the angle averaged static ion structure factor. We use the formalism of Horowitz

(1997) who use Monte Carlo simulations to generate an approximation of this correction term2.

2Later work by Itoh et al. (2004) improves the calculation of 〈Sion〉 at low neutrino energy, Marek et al. (2005)
found this has little effect in models of core-collapse supernova.
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j = 1 j = 2 j = 3 j = 4
β3j -7.362056 0.5371365 -0.1078845 4.189612×10−3

β4j 3.4489581 -0.40251656 9.0877878×10−2 -3.4353581×10−3

β5j -0.74128645 0.11019855 -2.5359361×10−2 9.0487744×10−4

β6j 5.9573285×10−2 -1.0186552×10−2 2.2791369×10−3 -7.4614597×10−5

Table C.1: Fit coefficients for ion–ion correlation correction factor Equation C.34 from Horowitz
(1997)

Their expression for 〈Sion〉 is the following fit,

〈Sion〉 =


1

/[
1 + exp

(
−∑6

i=0 βi(Γ)(ε)i
)]

if ε < ε∗(Γ) = 3 + 4/Γ1/2

1 if ε ≥ ε∗(Γ)

(C.32)

〈Sion〉 is a strong function of of the reduced neutrino energy, ε = ενaion/~c with aion = [3/(4πnion)]1/3

measuring the average distance between ions with number density nion. Also, 〈Sion〉 is a weak

function of the relative interaction strength, Γ = (Ze)2/(4πε0aionT ). Both ε and Γ are dimensionless.

The function, βi(Γ), is an expansion in Γ,

β0(Γ) = ln[0.3/(0.3 + 3Γ)], β1 = 0, β2 = 20/3, and (C.33)

βi(Γ) = βi1 + βi2Γ1/2 + βi3Γ + βi4Γ3/2 for i = 3, 4, 5, 6 , (C.34)

where, for completeness, we include the reference table of Horowitz (1997) for the fit coefficients βij .

Finally we note that the Monto Carlo results of Horowitz (1997) only cover value of Γ between 1

and 150. As suggested by the author, we take Γ = max(1,min(Γ, 150)).

To deal with the nontrivial angular dependence of the differential cross section, we numerically

integrate Equation C.28, weighted by 1 − µ, to obtain the transport scattering cross section. We

note that the ion-ion correlation term also depends on the scattering angle, the angle averaging

performed by Horowitz (1997) includes a 1 − µ, therefore it is the ion-ion correlation correction to

the transport cross section.

C.2.1.4 ν − α Scattering

As in Burrows et al. (2006b), we include a contribution to the scattering opacity from α particles.

This is calculated from the scattering cross section on nuclei above, but dropping all of the correction

terms, and setting A = 4, Z = 2.

dσscat
α

dΩ
=

4G2
F (~c)2

π2
ε2ν sin4(θW )(1 + µ) , (C.35)



134

the transport cross section is then,

σtr,scat
α =

∫
Ω

dσscat
α

dΩ
(1− µ)dΩ =

32G2
F (~c)2

3π
ε2ν sin4(θW ) . (C.36)

C.2.2 Absorption

In NuLib we calculate electron-type neutrino capture onto neutron and protons and heavy nuclei.

We take cross sections from Burrows et al. (2006b) and weak magnetism corrections from Horowitz

(2002). We do not calculate non-electron-type absorption cross sections as the energies present in

the core-collapse environment are typically much smaller than the muon and tau masses.

C.2.2.1 νe + n→ e− + p Absorption Cross Section

From Burrows et al. (2006b), the νe absorption cross section on free neutrons is,

σabs
νen =

G2
F (~c)2

π
(1 + 3g2

A)(ενe + ∆np)
2

(
1−

(
mec

2

ενe + ∆np

)2
)1/2

×Rn(ενe)[1− Fe−(ενe + ∆np, µe)]/[1− F eqνe (ενe , µνe)] , (C.37)

where ∆np in the neutron-proton mass difference, and RN(ενe) is the weak magnetism correction,

Equation C.24 taking the + sign and values of CV,n = 1, CA,n = gA, and F2,n = µp − µn ∼ 3.706.

Fe−(ενe + ∆np, µe) is the occupation density of an electron with energy ενe + ∆np and chemical

potential µe, 1 − Fe−(ενe + ∆np, µe) is then the Fermi blocking term for the final state electrons.

As discussed at the beginning of this Appendix, 1−F eqνe (ενe , µνe) is the stimulated absorption term,

µνe = µe − µn + µp is the equilibrium chemical potential of an electron neutrino. When converting

this cross section to an opacity, one must take the final state nucleon blocking into account, see

Section C.1.4. As a practical note, one must be very careful when evaluating the Fermi distributions

for arbitrary neutrino energy and matter temperature and chemical potential as individual terms can

quickly become too large for double precision mathematics, even if the end product is reasonable.

In NuLib, we work around this by working with the logarithms of the exponentials in the Fermi

functions and carefully covering all possible cases in order to construct the final cross section.

C.2.2.2 ν̄e + p→ e+ + n Absorption Cross Section

From Burrows et al. (2006b), the ν̄e absorption cross section on free protons is,

σabs
ν̄ep =

G2
F (~c)2

π
(1 + 3g2

A)(εν̄e −∆np)
2

(
1−

(
mec

2

εν̄e −∆np

)2
)1/2

×Rn(εν̄e)[1− Fe+(εν̄e −∆np,−µe)]/[1− F eqν̄e (εν̄e ,−µνe)] , (C.38)
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where ∆np in the neutron-proton mass difference, and RN(εν̄e) is the weak magnetism correction,

Equation C.24 taking the − sign and values of CV,p = 1, CA,p = gA, and F2,p = µp − µn ∼
3.706. Fe+(εν̄e − ∆np,−µe) is the occupation density of an positron with energy εν̄e − ∆np and

chemical potential µe+ = −µe, 1 − Fe−(ενe + ∆np,−µe) is then the Fermi blocking term for the

final state positrons. As discussed at the beginning of this Appendix, 1 − F eqν̄e (εν̄e ,−µνe) is the

stimulated absorption term, −µνe = −µe + µn − µp is the equilibrium chemical potential of an

electron antineutrino. When converting this cross section to an opacity, one must take the final

state nucleon blocking into account, see Section C.1.4. As a practical note, if the final state positron

energy is less than the positron rest mass, we set the cross section to zero.

C.2.2.3 νe + (A,Z + 1)→ e− + (A,Z) Absorption Cross Section

For NuLib v1.0, we treat electron capture on heavy nuclei via the simplified approach of Bruenn

(1985), Burrows et al. (2006b). A much more sophisticated treatment of electron capture is possible

via the formalism of Langanke et al. (2003), this will be incorporated in future versions of NuLib.

From Burrows et al. (2006b),

σabs
νe(A,Z+1) =

2G2
F (~c)2

7π
g2
ANp(Z)Nn(N)(ενe +Q′)2

[
1−

(
mec

2

ενe +Q′

)2
]1/2

×

[1− Fe−(ενe +Q′, µe)]/[1− F eqνe (ενe , µνe)]× exp(−∆1f5/2
/T ) (C.39)

where Q′ is the change in mass of the heavy nuclei due to the neutrino interactions, Q′ = M∗(A,Z) −
M(A,Z+1) = M(A,Z)−M(A,Z+1) +∆1f5/2

∼ µn−µp+∆1f5/2
. Here, ∆1f5/2

is the energy of the excited

neutron in the 1f5/2 state after electron capture onto a proton in the 1f7/2 state and is estimated by

Bethe et al. (1979), and taken here, to be 3 MeV. The nucleon blocking factors Np(Z) and Nn(N)

are degeneracy-like parameters that give the total available protons on the 1f7/2 state, and the total

number of neutron holes in the 1f5/2 state, respectively. They are given by

Np(Z) =


0, Z < 20

Z − 20, 20 < Z < 28

8, Z > 28

, Nn(N) =


6, N < 34

40−N, 34 < N < 40

0, N > 40

. (C.40)

C.2.3 Emissivities

C.2.3.1 Electron–Positron Annihilation

We derive the neutrino emissivity rates from electron-positron annihilation into neutrino-antineutrino

pairs via the formalism of Bruenn (1985), Burrows et al. (2006b), which is based on the early work of
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Yueh and Buchler (1976). We assume that the emissivity spectra for each neutrino type is isotropic

in emission angle, we then need to derive the zeroth moment of the neutrino production kernels.

The emitted neutrino spectrum, with units of [ergs/cm3/s/srad/MeV], following from Burrows et al.

(2006b), is,

ηe−e+→νν̄(εν) =
8π2

4π(2π~c)6
ε3ν

∫ ∞
0

ε2ν̄Φp0(εν , εν̄)dεν̄ (C.41)

where Φp0(εν , εν̄) is given by a phase space integral over the electron and positron distributions,

Φp0(εν , εν̄) =
G2
F (~c)2c

π

∫ εν+εν̄

0

Fe−(εe−)Fe+(εν + εν̄ − εe−)H0(εν , εν̄ , εe−)dεe− , (C.42)

where

H0(εν , εν̄ , εe−) = (Cνν̄V + Cνν̄A )2JI0 (εν , εν̄ , εe−) + (Cνν̄V − Cνν̄A )2JII0 (εν , εν̄ , εe−) , (C.43)

with Cνeν̄eV = 1/2 + 2 sin2(θW ) and Cνeν̄eA = 1/2 when calculating the emitted νe spectrum. To

determine the spectrum of µ and τ neutrinos we replace Cνeν̄eV → Cνeν̄eV − 1 and Cνeν̄eA → Cνeν̄eA − 1.

For all antineutrinos, change Cνν̄A to −Cνν̄A . This leads to unique energy emission spectra for electron

neutrinos, electron antineutrinos, heavy-lepton neutrinos, and heavy-lepton antineutrinos that is

a function of only matter temperature and the electron chemical potential. Finally, one needs

expressions for JI0 (εν , εν̄ , εe−) and JII0 (εν , εν̄ , εe−),

JI0 (εν , εν̄ , εe−) =
1

ενεν̄
Θ(εν + εν̄ − εe−)

{[
Θ(εν − εe−)Θ(εν̄ − εν) +

Θ(εν̄ − εe−)Θ(εν − εν̄)
]
a0(εν , εν̄ , εe−) +[

Θ(εe− − εν)Θ(εν − εν̄) + Θ(εe− − εν̄)Θ(εν̄ − εν)
]
×

b0(εν , εν̄ , εe−) + Θ(εe− − εν)Θ(εν̄ − εe−)c0(εν , εν̄ , εe−) +

Θ(εe− − εν̄)Θ(εν − εe−)d0(εν , εν̄ , εe−)

}
(C.44)
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where Θ(x) is the Heavy side function, equal to 0 if x < 0, 1 if x > 0 and 1/2 if x = 0. a0 through

d0 are given as,

a0(ε1, ε2, ε3) =
1

ε1ε2

[
4

15
ε53 −

4

3
ε43ε2 +

8

3
ε33ε

2
2

]
b0(ε1, ε2, ε3) =

1

ε1ε2

[
− a0(ε1, ε2, ε3)ε1ε2 +

8

3
ε23(ε31 + ε32)−

4

3
ε3(ε1 + ε2)2(ε22 − 2ε1ε2 + 3ε21) +

4

15
(ε1 + ε2)3(ε22 − 3ε1ε2 + 6ε21)

]
c0(ε1, ε2, ε3) =

ε21
ε2

[
8

3
ε22 + 4ε1ε2 +

8

5
ε21

]
− ε3

[
16

3
ε21 + 4

ε31
ε2

]
+

8

3
ε23
ε21
ε2

d0(ε1, ε2, ε3) =
4

15

ε42
ε1
− 4

3

ε32
ε1
ε3 +

8

3

ε22
ε1
ε23 (C.45)

where we note the following mistake in Bruenn (1985), which is corrected here, the a0 term in the

expression for b0 is multiplied by ε1ε2. Finally, the expression for JII0 is obtained by exchanging the

neutrino and antineutrino energy,

JII0 (εν , εν̄ , εe−) = JI0 (εν̄ , εν , εe−) , (C.46)

C.2.3.2 Nucleon–Nucleon Bremsstrahlung

We follow Burrows et al. (2006b) who derive a simplified formula for the single-neutrino energy

emission spectra from nucleon-nucleon bremsstrahlung. For astrophysical situations where this in-

teraction dominates, such as protoneutron star cooling, there are better implementations. We leave

this for a future version of NuLib. The fit from Burrows et al. (2006b) to the energy emission

spectrum of a single neutrino is given by,

ηNN→NN+νν̄ =
0.234

T

(εν
T

)2.4

exp (−1.1εν/T )×QNN (C.47)

where QNN is the total energy emission of a single neutrino pair. From Burrows et al. (2006b), QNN,

with a correction from Burrows (2010), is given by,

QNN = 207.78ξ(X2
N +X2

P + 28XNXP)ρ2

(
T

MeV

)5.5

(C.48)

where we, as in Burrows et al. (2006b) take ξ = 0.5.
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