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Abstract

We describe the application of localization techniques to the path integral for supersymmetric gauge
theories in three dimensions. The localization procedure reduces the computation of the expectation
value of BPS observables to a calculation in a matrix model. We describe the ingredients of this
model for a general quiver gauge theory and the incorporation of supersymmetric deformations and
observables.

We use the matrix model expressions to test several duality conjectures for supersymmetric gauge
theories. We perform tests of mirror symmetry of three-dimensional quiver gauge theories and of
Seiberg-like dualities. Specifically, we explicitly show that the partition functions of the dual pairs,
which are highly nontrivial functions of the deformations, agree. We describe extensions of these
dualities which can be inferred from the form of the partition functions. We review the application
of the matrix model to the study of renormalization group flow and the space of conformal field

theories in three dimensions.
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Forward

In this thesis we describe the application of localization formulas to supersymmetric gauge theories
in three dimensions, and the applications thereof to the study of such theories. Localization is among
the very few tools available for the study of strongly coupled gauge theories and for the extraction
of exact results from path integrals for interacting theories in general. The study of supersymmetric
theories, either as toy models for realistic models of particle physics, or as conjectural extensions of
the Standard Model, has proven both fruitful and satisfying. We hope that the work described here
can be used to advance the study of supersymmetric gauge theories and to further our understanding
of strongly interacting theories.

In Chapter 1 we describe the construction of supersymmetric gauge theories in three dimensions.
We review some of the dynamical aspects of the theories and show how they can be defined on a
compact curved manifold: the three-sphere. The material in this chapter is collected from various
sources. Where possible, the author has made an effort to include all relevant material and to
provide references to the original derivations or to standard reviews and books. We will restrict
ourselves to theories with extended supersymmetry in which localization computations, our main
topic of interest, can be performed. Even with these restrictions, the amount of material is vast and
one cannot hope for a self-contained explanation of much of anything within this modest framework.
Some important and closely related subjects are mentioned only briefly or not at all: topological field
theory, confinement, supersymmetry breaking, gauge/gravity correspondence, and many others.

In Chapter 2 we review path integral localization. We derive a matrix model which represents
the localized path integral, and can be used to compute the expectation value of BPS observables.
The matrix model is one of our main results. The derivation does not, in all cases, follow the original
paper, but uses some of the simplifications and advances that have been provided by subsequent
works. We note that there are additional, closely related localization computations for quantum
field theories in three dimensions. Among these are the superconformal index and the computation
on the squashed sphere. There is also an intimate relationship between the computation on the

three-sphere and the four-dimensional superconformal index.
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In Chapter 3 we apply the results of Chapter 2 to several problems. One of these is the study
of dualities in gauge theories. We compare the partition functions of dual gauge theories, which are
highly nontrivial functions of the possible supersymmetry-preserving deformations of the theories.
The ability to make such exact comparisons is a direct consequence of the application of localization
to these theories, and would not otherwise be possible except in very simple cases. The explicit
computations also allow us to extend the duality conjectures to more complicated theories which, for
example, do not have type IIB brane constructions. Holography and the AdS/CFT correspondence
provide a vast playground in which localization computations can be used to provide interesting
results. We will review one of these results related to ABJM theory. Finally, rather surprising
use has been made of the localization computation on the three sphere to provide insight into the
renormalization group flow and the space of conformal field theories in three dimensions. We include

a show review of some of this ongoing work.



Chapter 1

Introduction

In this chapter we introduce supersymmetric theories in three dimensions and the supersymmetry
algebra on which they are based. We will restrict ourselves to theories with at least N = 2 super-
symmetry, in the three-dimensional sense. The first section covers the algebra and the actions, as
well as the global symmetries. In the second section we review some of the dynamical aspects of
gauge theories in three dimensions and review their construction as low-energy theories on coincident
D-branes in type IIB string theory. The third section describes the transition to gauge theories on

the three-sphere.

1.1 Supersymmetry in 2 + 1 Dimensions

In this section we summarize the N = 2 supersymmetry algebra in three dimensions and supersym-

metric actions. The section will mainly follow the exposition in [1L 2] 3], 4 [5] [6].

1.1.1 Spinor Conventions

The Clifford algebra in three dimensions is defined by

{’Y;A,'Yu} = 29, (1.1.1)

where g, is either the flat Minkowski metric 7,,, or the flat Euclidean metric §,,,. We define the

usual Pauli matrices

g1 = , 092 = ,03 = (112)

The conventions for supersymmetry in signature (— + +) can be found in [7]. We repeat them
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here for convenience. In Minkowski signature the Lorentz group is SL(2,R) and we can impose a
Majorana condition and choose a real set of generators for the Clifford algebra. The following is a

possible choice

’yl :/L.UQ?’YQ :0’3”)/3 :0’1 (1.1.3)

Note that these matrices have the index structure (’y“)g where p is the usual contravariant Lorentz
index and «, 8 are indices in the defining representation of SL(2,R). These indices are raise and
lowered with
0 —i
Cop = —Cpo = —CF = (1.1.4)
i 0
These matrices act on real, anticommuting, two-component Majorana spinors . Spinors with

lower indices are thus imaginary. A Hermitian, SL(2,R) invariant inner product is defined by

1/]2

N —

9 %0 = 2 Capt” (1.1.5)

We will later work in Euclidean space where the relevant rotation group is SU(2). Our conven-

tions are the same as in [§]. We make the simple choice

Yu =" =0y (1.1.6)

under which 'y;ft = 7,. Fundamental SU(2) indices are raised and lowered with

0 -1
Eap = —Epa = —€%F = (1.1.7)
1 0
Note that
QR 1.1.
S'=37 (1.1.8)
satisfy the SU(2) algebra
[S%,89] = ic" 5" (1.1.9)

We will work with unrestricted complex, two-component spinors. There are two invariant inner

products



PE = peapt’ YT = ¢ £* (1.1.10)

the second of which is anti-Hermitian for anticommuting spinors. With this choice of basis we have

the following identity

1 .
Yy = 5[%“71,] = i€upY’ (1.1.11)

and the following relation (Fierz identity) for anticommuting spinors

1
(m " yuma) (137" n2) (1.1.12)

(771T772)(773T774) = *%(Thfm)(ﬁ?jﬁz) )

1.1.2 The N = 2 Supersymmetry Algebra

The N = 2 supersymmetry algebra has twice the minimal number of fermionic generators for a total
of 4 supercharges. These can be combined into a complex supercharge and its adjoint (indices on

the adjoint have been lowered)

Qur Qa (1.1.13)

This is the minimal amount required for a theory in 2+ 1 dimensions to have holomorphy properties

[1]. The algebra can be written [II 0]

{QOMQB} = {QaaQﬁ} =0 (1114)

where Z is a real central charge. The automorphism group of the N = 2 algebra is U(1). The U(1)g
R-charge rotates the supercharges

[R7 Qa] = _Qa (1116)

The various multiplets will be presented in The BPS bound takes the form

M > |Z| (1.1.17)
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Irreducible representations contain two real bosonic and two real fermionic degrees of freedom.
Z gets contributions only from global U(1) symmetries and sits in a linear multiplet (see .
Representations which saturate the BPS bound are charged and CPT dictates that they come in
conjugate pairs, each with half the number of degrees of freedom.

The N = 4 algebra can be written in terms of four real supercharges Q! as
{Q' 0, @5} = 2674, P, + 2C0p 2" (1.1.18)
for a real, antisymmetric matrix of central charges Z%. The automorphism group is
SO(4) ~ SU(2)r x SU(2)L, (1.1.19)

The superconformal version of the N = 2 algebra is [3]

50(37 2)Conformal X SO(Q)R C OSp(2‘4) (1120)

It has a distinguished R-symmetry. This “IR” R-symmetry is a linear combination of the exact

global U(1) symmetries of the theory F; and the UV R-symmetry Ryy

Rig = Ruv + Y aF; (1.1.21)
U(1);
All operators satisfy the constraint
D > |Rg| (1.1.22)

where D is the conformal dimension of the operator and Rir its R-charge. The bound must be
saturated for chiral operators. Unitarity demands that all gauge invariant operators in the theory
satisfy

D> (1.1.23)

N =

If the lowest component of a gauge invariant chiral superfield saturates this bound, then the scalar
in the superfield satisfies the free Klein-Gordon equation, and the entire chiral multiplet is free.

In Euclidean signature the superconformal version of the N = 2 algebra is [3]

50(4, l)Conformal X SO(Q)R C OSp(2|27 2) (1.1.24)
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with the real supercharges (including superconformal charges) Qfg with A = 1...4 an SO(4, 1) Conformal

spinor index and ¢ = 1...2 an SO(2)r R-symmetry index. These satisfy

{Q4, Q%) = 67 Mup +iwape R (1.1.25)
0 1 0 0
10 0 o0

w= (1.1.26)
00 0 1
0 0 -1 0

and the supercharges transform under the R-symmetry as

R, Q4] =<"Q’ (1.1.27)

1.1.3 Multiplets

The irreducible multiplets of the N = 2 algebra are familiar from the four-dimensional N = 1

supersymmetry algebra. Defining the supercovariant derivatives

0 G
Dy = 6. (+"0) 0, (1.1.28)
_ 0 o
Do = = 5 + (10,0, (1.1.29)

The chiral multiplet is a spin 0 superfield satisfying

Do® =0 (1.1.30)

The antichiral superfield satisfies
D, =0 (1.1.31)

The chiral superfield can be expanded in terms of the components: a complex scalar field ¢, a

complex Dirac fermion ¢ and an auxiliary complex scalar F’

D =¢+V20y + 6°F (1.1.32)

The N = 2 vector multiplet is a spin 0 supermultiplet satisfying



Vi=v (1.1.33)

The vector superfield can be expanded, in Wess-Zumino gauge, in terms of the components: a real

scalar field o, a vector field A,,, a complex Dirac fermion A and a real auxiliary scalar D

_ _ __ __ 1 __
V) = —0%(o"),40° A, (x) — 000 +i000X ) () — i00ON ) (z) + 599991)“%:) (1.1.34)

The superscript (a) indicates that these fields are Lie algebra valued. The components are usually
written in terms of the matrices of the adjoint representation. The gauge transformation parameter
is a Lie algebra valued chiral superfield A (here in matrix notation) and the transformation takes

the form

eV — etheVe i (1.1.35)

which for Abelian theories can be written more simply as

V =V +i(A - AT (1.1.36)

The field-strength superfields are defined as

1__
W, = EDDe’VDaV (1.1.37)

W, = iDDe‘VDaV (1.1.38)

and transform covariantly under the gauge transformations above. These superfields contain the

)

normal non-Abelian field-strength F ,S‘; . In three dimensions, there is an alternative multiplet con-

taining the field-strength. This linear multiplet is defined by

Y = DD,V (1.1.39)

DD (1.1.40)



DD, = D*Dy% =0 (1.1.41)

Its lowest component is the scalar o.

An N = 4 hypermultiplet is a pair of N'= 2 chiral multiplets in conjugate representations. An
on-shell hypermultiplet contains 4 bosonic and 4 fermionic degrees of freedom. The N = 4 vector
multiplet comprises an N = 2 vector multiplet and an adjoint N = 2 chiral multiplet. It has 4

bosonic and 4 fermionic degrees of freedom.

1.1.4 Components

The following are the component transformations for the multiplets in We begin with the
Minkowski version of the N = 2 supersymmetry algebra. The component transformations for the

gauged chiral multiplet are [4]

5 = & (1.1.42)
0 = (—iy*Dyp — o¢)e + Fe* (1.1.43)
F = &*(—iy" Dyt + iA + o)) (1.1.44)

note that here & = 7% and we define the gauge covariant derivative

D, =8, +i[A,, ] (1.1.45)

we will write the action of an adjoint valued scalar, a, on a field, X, in the representation R of the

gauge group simply as aX. The transformations for the vector multiplet are

§A, = %(aﬁ — AVu€) (1.1.46)

So = %(a —Xe) (1.1.47)

6D = %(EWDMA + Dy \yte) + %(E[A, o] + [\, ole) (1.1.48)
0N = (—%E“VPFMVVP —iD —~y"D,o)e (1.1.49)

o\ = 5‘(%5"”me,7,, +iD —~y"D,0) (1.1.50)

The Euclidean version of the algebra involves two unrestricted complex spinors €,&. The trans-
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formations for the vector multiplet, including the possibility of a nonconstant spinor which generates

a conformal transformation (or any transformation on a curved manifold) are [§]

0A, = %(év,y\ — M) (1.1.51)
1 _
do = 5(5)\ —Xe) (1.1.52)
oD = —%W‘DM - %D;}V"a + %E[A, o]+ %[Xa]e - é (D&Y N + MM D,e) (1.1.53)
: .
O = E%s’“’pFﬂu’yp —D+iy"D,o)e + ga'y“Dﬂs (1.1.54)
— 7 2 .
0N = (—%s”””Fwa +D —iv"Dyo)E - éavﬂDué (1.1.55)

In flat space, constant spinors generate supersymmetry transformations, and spinors linear in the
flat space coordinates generate superconformal transformations.

We will need the same sort of transformations for the chiral multiplet. In addition to the
conformal supersymmetries, the chiral multiplet can have a nonstandard conformal dimension A.

The transformations are

5p = & (1.1.56)
6¢T = et (1.1.57)
: . 2Ai .
0 = (W' Dpp +iog)e + T‘b'Y“DuE +éF (1.1.58)
- , 2Ai -
5 = (i7" Dyuo' +ioe’) + Twwpﬂe + Fe (1.1.59)
OF = ¢ (" Dy —irg —iot)) + % (2A —1) (v*Dpe) v (1.1.60)
SFT = ¢ (iv" Dyt +iXg! — o) + % (2A — 1) (v D) v (1.1.61)

1.1.5 Supersymmetric Actions

We will not use N = 1 superfields, but it is convenient to start with an action for a set of real scalars

¢" and Majorana fermions v*. The N = 1 supersymmetric sigma model has the action [6]

1

SSigma Model = /dgl’ (gz‘j(¢) <8u¢i5“¢j + wg(W)aﬂvuwé) + GRijklw“iwiwﬁjwé) (1.1.62)
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Vb, = 0, + Ty (0,07) 00 (1.1.63)

where g;; is the metric on the target space, a real manifold on which the ¢’ are coordinates, and
Rk its curvature tensor. The fermions are vector fields on this manifold, which explains their
kinetic term. This action is invariant under change of coordinates of the target space.

A set of scalar components ¢ of chiral superfields ®’ naturally act as complex coordinates on a
complex target space. The most general two derivative action for a set of chiral superfields is the

sigma model action given below

SWeZ Zumino = /d3md29d2§K(q>i,q5i) + (/ dPrd?*0W ({®}) + h.c.) (1.1.64)

where N = 2 supersymmetry implies that the first term above, and the metric, g;;(¢), for the kinetic
terms in its component expansion come from a Kahler potential K for the target space manifold
M. The superpotential W is a holomorphic function on M. The number of supercharges in fact

determines the geometry of the target space M through the following classification [6]

Number of supersymmetries | Target space geometry

N=1 Riemannian
N=2 Kahler
N=3,4 hyper-Kéhler

We will consider mostly theories with flat target spaces. The relevant actions for chiral superfields

are
Suncharged matter kinetic — / dgxd20d2§2 (@J(I)l) (1165)
= Z / dx ), (0R) + ithiy 8,0t + FF) (1.1.66)
Ssuperpotentlal /d?’deQW ({(I)}) + h.C. (1167)

= Z/d3 <a¢z ({oh) F ) +Z/ @aggw (o} v W) +he (1.1.68)

The superpotential must have R-charge 2 for the R-symmetry to be realized. We can couple these
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to vector superfields, thereby gauging a subset of the global symmetry group. The kinetic term

becomes
Schargcd matter kinetic — /d3xd20d2§z (@iTe2v(I)i) (1169)
-3 [ 2 ((Du0),(D"6)' +10i* Dbt + FiF* = 0% + 6:D6' — o’ +i6:3° — 116"
(1.1.70)

where we have used some actions of adjoint valued fields (A,,, o, D, X) on fields in the chiral multiplet.
Denote a chiral multiplet field X in a representation R as X“. We use a, b, ¢ indices for the repre-
sentation given by the matrices (T,)%,, and a, 3,7 for the generators of the adjoint representation.

Then the expressions above contain (for example)

(DuX)* = 0, X" +iA%(To)", X" (1.1.71)

(0X)* = o™(T,)", X° (1.1.72)

and all representation indices are finally contracted in a gauge invariant manner. When gauging a
background symmetry, we will work with a similar action where only the o component of the vector

superfield V' are turned on. This will be referred to as a “real mass” term
AN = — / dxd®0d?6 Z (@;1e?™ ;) (1.1.73)
= Z/dS ),(D )" + iy Dyibt + FF' — gym> ¢ — uz-mq/ﬁ) (1.1.74)

We can further add a kinetic term for the gauge fields. In three dimensions there are two

equivalent ways of doing this in superspace

1 - 1
SYang Mills — g?/dgdeHdQHTT‘f (422> (1175)

1 1 .
== / d*xTry (2FWF‘“’ + D,oD"o + D* + MWD,M) (1.1.76)
g

1
SYang Mills alternative — — o /dzeTerVa2 + c.c. (1177)
g
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An additional term involving only the vector multiplet that exists in three dimensions is the Chern-
Simons density. Below, the notation Tr; denotes a trace in the fundamental representation of a

gauge group G. The coupling constant k£ must be an integer.

_ k _
Sg&\rl;jian Chern Simons — E/d3xd29d29TTf (VZ) (1178)
k _
- = / PaTry (477 A4, A, — M+ 2Do) (1.1.79)
i 1
Snon—Abelian Chern Simons — E/dsxdzedQé /dt (Trf (VDa (e_tVDaetv))) (1180)
0

= g/dSITT‘f <€'U’VP <A/LayAp + QSZA;LAVAP) — S\A —+ 2D0) (1181)

Two Abelian vector multiplets can be coupled by an off-diagonal Chern-Simons term (a “BF” cou-

pling)
78
:@ B[P Al § Al 715\j)\i+DiO-j (1.1.83)
4 P2

This is related to the possibility of adding a Fayet-Iliopoulos term for every U(1) factor of the gauge

group

ST =¢ / d3zd*0d*0V (1.1.84)

:g/dSzD (1.1.85)

We write the action for an N = 4 gauge theory in terms of the N = 2 actions above. Let ®,q;
be the adjoint chiral superfield in an N = 4 vector multiplet. We must pick a set of hypermultiplets
{2, q;}, that is two chiral superfields in conjugate representations, the action for which is just the
N = 2 action for chiral multiplets above. The following action produces a theory with N = 4

supersymmetry

SN otential = —1V2 / Prd®0 " D Paqi®; + hec. (1.1.86)
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1
N=4 _ oN=2 N=2
SYang Mills — SYang Mills + gigscharged matter kinetic [(I)adj} (1187)

We can add a Chern-Simons term, but this involves breaking the supersymmetry down to N = 3

N= N=
Snon—gAbelian Chern Simons — Snon—zAbelian Chern Simons + TT‘f (/ d3$d29q’§dj + hC) (1188)

The off-diagonal Chern-Simons coupling changes to
Syt = SYE? + < / P rd® 0D}l + h.c.> (1.1.89)

which contributes an additional complex parameter to the N = 4 version of the Fayet-Iliopoulos

term

SPrt=Spr 4 Cc/d3xd29<1>adj tee. (1.1.90)

=SR2+ Cc/d?’xF +c.c. (1.1.91)

1.1.6 Global Symmetries

Every superconformal N = 2 theory in 2+ 1 dimensions has a global U(1)g symmetry which rotates
the supercharges m This symmetry is, in general, a linear combination of the global U(1)

symmetries visible in the UV action.

Rig = Ruv + Y a;F; (1.1.92)
U(1):

Gauge theories with an Abelian factor have, in addition, a “topological” conserved current called
U(1)y . The current is

Ju :E;J,VpF'uu (1193)

it is identically conserved due to the Bianchi identity
0 Fyp =0 (1.1.94)

where square brackets denote antisymmetrization. The current associated to non-Abelian theories is

not gauge invariant. Fundamental fields are not charged under U(1);. Monopole operators, however,
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can have a nonvanishing U(1); charge, although this is not always the case. The N = 2 BF coupling
is equivalent to background gauging this symmetry in a supersymmetric manner.

Theories with additional matter multiplets can have flavor symmetries. For a U(N) gauge theory
with Ny fundamental hypermultiplets (that is, 2Ny chiral multiplets, half in the fundamental and
half in the antifundamental representation), the flavor symmetry is SU(Ny) x SU(Ny) xU(1)a which
corresponds to arbitrary individual rotations of the chirals. The non-Abelian part of this group is
broken to the diagonal SU(Ny) by the N = 4 superpotential. The U(1)s symmetry is similarly not
present in such theories. The overall U(1)g flavor symmetry, which rotates the fundamentals and
antifundamentals in the opposite direction and by an overall phase, is gauged by the U(1) factor in
the gauge group. Real mass terms can be included though background vector multiplets for the flavor
symmetries (see above). The scalar in the background multiplet must be a constant in the Cartan
subalgebra of the gauge symmetry group. The Fayet-Iliopoulos term arises from a background vector
multiplet which gauges the U(1); symmetry. A real mass for the U(1)g symmetry can be shifted
away by shifting the origin of the Coulomb branch.

N = 4 theories have a potential SU(2);, x SU(2)g R-symmetry. Choosing an N = 2 subalgebra
picks out a single U(1)r. The following table summarizes the representations of this symmetry

present in a gauge theory

field or charge representation of SU(2)r x SU(2)r
supercharges (2,2)
A (2,2)
o, Re(¢ad), Im(daa) (3,1)
hypermultiplet scalars (1,2)
hypermultiplet fermions (2,1)

For N = 4 supersymmetry, a triplet of background scalars in the Cartan subalgebra of the flavor
group serve as deformations and contribute to the central charge. These transform as (3,1) under
SU(2), x SU(2)r. In N = 2 notation, one of these is the real mass and the two others combine into
a complex superpotential mass. A triplet of Fayet-Iliopoulos terms in the (1, 3) representation exist
for every U(1) factor of the gauge group. The actions for these are given in m Theories with
N = 4 matter content and superpotential, but with an additional N = 3 Chern-Simons term have
only an SO(3) R-symmetry.

Global symmetry currents sit in linear multiplets [I]. The linear multiplet containing the field

strength tensor for an Abelian gauge theory contains the conserved current for the U(1); symmetry.
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1.1.7 Abelian Duality

An important feature of 2 + 1 dimensions is the duality between vector fields and scalars. A free
vector is dual to a free periodic scalar via the relation
FMV = Epupap7 (1195)

One can consider the dual of an entire vector multiplet to a chiral multiplet satisfying

g g_g =0 +1iv (1.1.96)

where + is periodic with period g. If o and ~ are the light fields on the Coulomb branch of a theory
with a non-Abelian gauge group G broken to its maximal torus, then the good single-valued chiral

dual superfields are

Y, ~ i/’ (1.1.97)

where the f3; are simple roots [5] and the identification is only valid semiclassically [1]. The U(1);
symmetry acts by a shift on the dual photon ~.

Abelian duality can be carried out at the level of the action by considering the following steps
[B, 6]. The most general low-energy effective action for a set of linear superfields 3; and neutral

chiral multiplets M, M can be written

/d3xd29d2§f(2i, M, M) (1.1.98)

Consider an action for a set of unconstrained real superfields G; again with neutral chiral multiplets

and a set of chiral multiplets ®;, ®;

/ B ed®0d%0 (f(Gy, M, JT) — Gi(®; + ,)) (1.1.99)

Integrating out ®;, ®; results in an equation constraining the G; to be linear superfields, and sub-
stituting this back into the action gives back [1.1.98] If, instead, we integrate out the G;, we find the

equation of motion

O+ 0 =T (1.1.100)
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and a dual action for the chirals of the form

z YK (®; + ©;, M, M 1.1.101
Brd?0d20K (®; + ®;, M, M

1.2 Dynamical Aspects

We now review some of the dynamical aspects of N = 2 theories in 2+ 1 dimensions. We will follow
[1L5]. Much can be learned about such theories by considering them as low-energy theories on stacks

of D-branes in type IIB string theory. We will review this construction in [[.28]

1.2.1 Vacua

The set of space-time independent solutions of the equations of motion of a theory is called the set of
vacua. In supersymmetric theories, the subset of vacua with vanishing vacuum energy is called the
moduli space. For gauge theories in 2 + 1 dimensions, the moduli space can take on a complicated
form involving many distinct branches described by nonvanishing expectation values for different
fields. Quantum effects, either perturbative or due to instantons, can lift part, or all, of the moduli
space of vacua.

N = 2 gauge theories have a Coulomb branch of vacua, so named because the gauge symmetry
is spontaneously broken to its maximal torus at generic points on this space. The vacua are those
that satisfy the two conditions [5]

Tr([A,, A])? =0 (1.2.1)

Tr([A,,0])? =0 (1.2.2)

which restricts the photons and the adjoint scalar ¢ to sit in the Cartan subalgebra of the Lie
algebra of the gauge group. For a gauge group G of rank 7, the branch is r complex dimensional
and parametrized by the expectation values of ¢; in the Cartan subalgebra and the dual photons ;.
The complex structure is most easily seen by considering the duality The fields Y} are natural
coordinates on this branch. One must actually divide by the remaining discrete gauge symmetry

contained in the Weyl group W of GG. The classical Coulomb branch is then isomorphic to

R" /W (1.2.3)
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A Chern-Simons term for the gauge group removes the Coulomb branch.
Theories with charged chiral multiplets can have Higgs branches, where the gauge symmetry
is partially or completely broken by the expectation values of the scalar components of the chiral

superfields ®;

<¢i>#0 (1.2.4)

Coordinates on this branch are given by expectation values of gauge invariant combinations of the
matter fields. For a theory with a set of flavors ®¢ and &)3 in conjugate representations R and R,

these combinations are parametrized by the meson matrix

M = 3'd; (1.2.5)

which is subject to classical constraints. For U(N.) gauge groups with N; flavors, the constraint,

when the expectation values of fields in the vector multiplet vanish, is

rank(M) < N, (1.2.6)

For 2Ny > N, the Higgs branch is N.(2N; — N,) complex-dimensional. It is the Ké&hler reduction
of the 2N Ny complex dimensional space of hypermultiplet scalars by the complexification of the
gauge group G [6]. For Ny < N, the complex dimension is N]%. The Higgs branch is not subject to
quantum corrections.

Besides these, there can be mixed branches where scalars from both types of multiplets acquire
expectation values. The points at which different classical branches meet are often RG fixed points
with interesting interacting conformal field theories. Quantum effects are especially important at
these fixed points, which are often strongly interacting. In some situations, IR dualities relate
different UV Lagrangian descriptions of the same fixed point. The theories are said to be in the
same universality class. We will study various examples of this phenomenon in [3.1] The fact that
the two types of branches meet can constrain the metric on the Coulomb branch. An example is
SQED (see also (U(1) gauge theory with charge 1 and charge -1 chirals) in which the one
complex dimensional Coulomb branch pinches off when it intersects the (one complex dimensional)
Higgs branch. The effect can be argued to exist on the basis of the U(1); symmetry (see
which acts on the dual photon, but must act trivially at the contact point [IJ.

Quantum effects can, alternatively, smooth out a classically singular moduli space, joining two
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different branches in the process. Extended supersymmetry, specifically N = 3 or N = 4 in three
dimensions, can often rule out such effects. Indeed, the analysis in [1.1.6| makes it clear that the
different fields which gain an expectation value on a particular branch are acted upon, in these
cases, by different global symmetry groups. For theories with only N = 2 supersymmetry, the
coulomb branch of a non-Abelian U(N) gauge theory is generically lifted, by instantons, except for
a one complex dimensional subspace corresponding to the diagonal U(1).

Theories with N = 4 supersymmetry in three dimensions have a non-Abelian R-symmetry group
SU(2)L x SU(2)g (see [[.1.6). The vacua of the theory (see can be invariantly split into a
Higgs branch, which is a hyper-K&hler manifold ([6]) with a triplet of Kéhler forms transforming in
the adjoint representation of SU(2) g, and a hyper-Kahler Coulomb branch with Kéhler forms in the
adjoint of SU(2)r. The gauge coupling sits in a multiplet with scalars in the (143, 1) representation
([@]) and can only affect the metric on the Coulomb branch perturbatively at one loop and through
instanton corrections ([10] and see[I.2.4)). The Higgs branch metric is not renormalized. For a single
gauge group, G, the coulomb branch remains rank(G) dimensional after all quantum effects have
been taken into account. For gauge group U(N.) and Ny > N, fundamental hypermultiplets, the
Higgs branch has quaternionic dimension N.(N; — N.). It is the hyper-Kéahler reduction of the
Ny quaternionic dimensional manifold of hypermultiplet scalars by the group G [6]. The quantum
corrected metric on the Coulomb branch can be inferred, for rank 1 examples, from the fermion zero
modes in the instanton backgrounds and the constraints of constructing a hyper-Kahler manifolds

with an SU(2) action [10].

1.2.2 Renormalization group flow

A Wess-Zumino type Lagrangian has the superspace expression

SN2 ine = / dBrd*0d*0K (®, D) + / drd*0W (®) + h.c. (1.2.7)

Unlike in four dimensions, some of these theories flow to interacting fixed points in the IR. Specifi-
cally, this applies to the theory with a cubic superpotential, which will be discussed later. The chiral
superfields have engineering dimension 1/2. The quartic superpotential is thus classically marginal.

The scaling dimension may be modified in the quantum theory, subject to the constraint

D =|R| > (1.2.8)

N | =
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where R is the charge of the chiral multiplet under the distinguished R-symmetry which is part of
the N = 2 superconformal algebra and D its conformal dimension.

A gauge theory with N > 3 cannot have wave function renormalization, as the coefficients in
the superpotential are fixed by supersymmetry. The Chern-Simons term can only get an additive
renormalization at one loop (see [11]. The renormalization group flow is therefore controlled
by the gauge coupling which has mass dimension 1/2. The flow to the infra-red is simply given by
gy m — oo. In the far IR, the Yang-Mills term with a 1/¢%,, out front can be simply removed from
the action. If the Chern-Simons level vanishes, the remaining action is singular. N = 2 theories can
have wave function renormalization. The effective superpotential, however, cannot depend on any
of the coefficients appearing in the Kahler potential, specifically real mass or Fayet-Iliopoulos terms
.

The low-energy action in the bulk of the Higgs or Coulomb branches is a sigma model with the
target space geometry being that of the moduli space (see. For the Coulomb branch, one must
first dualize the vector multiplet into a chiral multiplet as in [[.1.7 When two branches intersect,

there can be an interesting interacting conformal fixed points. Some of these are discussed in

1.2.3 Anomalies

In even dimensions, the path integral of a gauge theory with charged chiral fermions can pick up
an anomalous transformation law due to the integration measure for the fermions. There are no
such local gauge anomalies in 2+ 1 dimensions. However, a similar situation arises when considering
the transformation of the determinant of a gauged fermion under large gauge transformations. It
has been shown that the determinant is not invariant, but that its anomalous transformation can
be canceled by adding a Chern-Simons term to the theory. This is called the parity anomaly.
Equivalently, one can consider the effective action resulting from integrating out a massive gauged

fermion at one loop. In the Abelian theory, the bare Chern-Simons term has the superspace form

> kij [0V (1.2.9)

ij

The anomaly can renormalize the coeflicients k;; at one loop

(keig = ki + 5 3 (ap)y(ag), sen(My) (1.210)
f
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where the sum is over all fermions in the theory and (gy); is the charge of the fermion under the
’th U(1) factor of the gauge group. Consistency of the quantum theory, which demands that the

partition function be invariant under large gauge transformations, requires that

(keft)ij € Z (1.2.11)

which puts a constraint on the k;; subject to the matter content of the theory. Theories with
charged fermions can therefore be inconsistent without a Chern-Simons term. In fact, since the
anomaly depends on the effective mass of the fermion, the effective Chern-Simons level k;; can be
different at different points in the moduli space of the theory.

The one loop effect that leads to the anomaly can also induce off-diagonal Chern-Simons terms
between the vector multiplet of a gauge symmetry and the linear multiplet which houses the con-
served current of a global symmetry. if one introduced a background vector or linear multiplet for

the global symmetry (V4 or Xp), this takes the form

/d402bV: /d492% (1.2.12)

This has the effect of mixing the topological symmetry U(1);, associated with the gauge field, with
the global symmetry, such that the dual chiral superfield Y described in is charged under the
global U(1).

A non-Abelian version of this effect shifts the (quantized) level of the Chern-Simons term of a

non-Abelian gauge group G as

1
k—>k+§zf:d3(Rf) (1.2.13)

where Ry is the representation of the gauge group in which the fermion sits, and ds is the cubic
index normalized so that the fundamental representation of SU(N) has ds(N) =1 [1].

Note that in N > 3 theories, the matter content comes in complete hypermultiplets, that is
pairs of chiral multiplets in conjugate representations. The chiral multiplets are restricted to have

opposite sign mass terms. Their contribution to the above anomaly therefore cancels.

1.2.4 Instantons

Gauge theories in 2+1 dimensions can have codimension three finite action Euclidean solutions to the

equations of motion. These serve as instantons, similar to the self-dual field strength type instantons
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in four dimensions, and are responsible for many important effects. The relevant configurations for
a gauge group G are classified by m2(G). This vanishes for all Lie groups, but is nonvanishing on the
Coulomb branch, where the gauge group is broken to its maximal torus. For a rank(G) = r gauge

group, these are classified by

T (G/U)) =27 (1.2.14)

so there are r distinct types of configurations. The solutions are, in fact, identical to four-dimensional
monopole solutions with the time direction removed.

The instantons are weighted, semiclassically, by

e Pild’ (1.2.15)

where 3; are certain distinguished roots in the Lie algebra of G. These naturally generate an
expectation value for the chiral dual fields Y; on the Coulomb branch [I]. For N = 2 U(N) theories,
these configurations generate a superpotential for the chiral multiplets which describe the Coulomb
branch, thus lifting all but a one complex dimensional subspace.

For N =4 theories, the 1/2 BPS instantons correct the metric on the Coulomb branch without

changing its dimension [10].

1.2.5 Vortices

Gauge theories in three dimensions can also have codimension two solutions of the equations of
motion with finite energy. These are time-independent configurations that are analogous to monopole
solutions in four dimensions. They are known as Abrikosov-Nielsen-Olesen vortices. The vorticity
in question is the winding of the fields at infinity. These vortices show up on the Higgs branch of
gauge theories.

Under special conditions, vortex configurations can saturate the BPS bound in the supersymme-
try algebra. An example of this is N = 2 U(1) gauge theory with N; massless flavors [I]. When one
includes a Fayet-Tliopoulos term (, there are vacua in which only one flavor gains an expectation

value. Vortices in this vacuum have the profile

¢~ /Ce (1.2.16)

Ag ~ £ (1.2.17)
T
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The central charge is

Z = /rdGAg = g/d%sOWFW :C/jOU(l)J (1.2.18)

so the configurations above have central charge given by

Z =+(C= (), (1.2.19)

When the Fayet-Iliopoulos term is taken to zero, the vacuum in question is the origin of the Coulomb
branch. The vortices are massless there. On the Coulomb branch one can identify the vortex

solutions with the dual chiral superfields Y; [IJ.

1.2.6 Monopole operators

Monopole operators are disorder operators where the dynamical fields appearing in the path integral
are taken to have a prescribed singularity at a point [12] [I3] [14]. The singularity for the gauge field
takes the form [15]

a 1

F=—-—%d— 1.2.20
2" |7 — o ( )

where a is an integer. This implies that there is a nonvanishing flux for F' through the two-sphere

surrounding the insertion point. To define a BPS monopole operator, the scalar in the vector

multiplet must have a corresponding singularity such that
do = *F (1.2.21)

Note that for N = 4 theories, the scalar with this prescribed singularity can be taken to be any of the
three scalars in the N = 4 vector multiplet. The prescription can also be used to define monopole
operators in non-Abelian theories by choosing a homomorphism from the algebra of U(1) to that of
G.

The conformal dimension of a monopole operator can be calculated at large Ny using radial
quantization [I2]. The R-charge of a BPS monopole operators, and therefore its conformal dimension
in the CFT, can be calculated exactly using localization [16]. The dimensions thus calculated can
sometimes violate the unitarity bound

D> (1.2.22)

N | =

Theories with N = 4 supersymmetry and unitarity violating operators are called “bad” [15]. The
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explanation for the appearance of such operators is that the UV R-symmetry used to calculate the
dimensions can mix with other global symmetries as the theory flows to the IR, thus changing the
naive dimension of some operators. We will see an example of this in N = 2 theories in [3.3.1
The effect can also take place for the non-Abelian R-symmetry of an N = 4 theory [I5]. Theories
with dimension 1/2 monopole operators must have a free sector in the IR and are called “ugly”.
All others theories are called “good”. For an N = 4 quiver node with a U(N,.) gauge group and
Ny fundamental flavors the node is “good” if N. < 2Ny — 1, ugly if N. = 2Ny — 1 and “bad” if
N, > 2Ny — 1. For “good” theories with N = 4 supersymmetry, one can identify the non-Abelian
UV R-symmetry with the IR R-symmetry and thus all operators have their canonical UV conformal
dimensions in the IR CFT.

For an N = 4 theory, the requirement that a theory is either “good” (inequality) or “ugly”
(equality) can be translated into a condition for the gauge group G and the representations of the

hypermultiplets [17]

3Tl + ;2 o) 5, (1223

where the sum is over the roots « of the gauge group G and p goes over the weights of all represen-
tations (with multiplicity) of hypermultiplets charged under G. 7 is an arbitrary nontrivial element

of the cocharacter lattice of G that determines the magnetic charge of the monopole [I7].

1.2.7 Chern-Simons Theory

In [I8], Witten showed that the 3D quantum field theory with the non-Abelian Chern-Simons action
is well defined and gives rise to interesting observables. The Euclidean action for this theory for

gauge group U(N) at level k is
= LC (13 eM Py A,0,A,+-iA A A 2.24
SChern - Simons \ z f nvp 37/ puvLdp (1- . )

where Try is the trace in the fundamental representation. The theory is topological, and the ob-
servables are Wilson loops in a representation of the gauge group G. As explained in [I§], for the
action to define a topological invariant at the quantum level, it must be regularized. A counter-term
involving the gravitational Chern-Simons action for the background metric must be added to the
action. This leads to the “framing” ambiguity. A particular framing corresponds to a trivialization
of the tangent bundle of the manifold on which the theory is defined. Observables are not invariant,

but transform simply under a change of framing: the partition function and Wilson loops have a



25
framing-dependent phase. The different framings are encoded in an integer s. The framing with
s = 0 is called the trivial framing. We will see that localization calculations, for the supersymmetric
version of this theory, force us to use the “supersymmetric framing” s = —1 [19).
The partition function for the theory, and the expectation values for Wilson loops can be cal-
culated exactly [I8]. The results are topological invariants of three manifolds such as the knot
invariants described by the Jones polynomial [I8]. The S® partition function for a U(N) gauge

group is [18] [§]

1 i \V
) 3) — o
ZChern - Simons (S ) = (k n N)N/2 Jl;[l <2 S1n 2 T N) (1225)

The partition function is invariant under the exchange of N and k. This is known as level-rank
duality and extends to the expectation values of Wilson loops. A Wilson loop in a representation
given by a certain Young tableaux in the theory with N colors and Chern-Simons level &k is mapped
to the Wilson loop corresponding to a Young tableaux which is flipped along the diagonal in a theory

with &k colors and Chern-Simons level N.

1.2.8 Brane Constructions

The low-energy action on an infinite flat type IIB D-brane is a maximally supersymmetric gauge
theory in d+1 dimensions. Some of the supersymmetry may be broken by suspending a D-brane
segment between two other branes. The resulting d dimensional (compactified) theory will preserve a
fraction of the original supersymmetry, providing one chooses correctly the orientation of the branes.
We briefly summarize the rules of the game for constructing such a theory in three dimensions. The
original derivation can be found in [20] with additional details in [21] 22} 23] 24]. Following [20], we

denote

(1.2.26)
W= (27, 2%, 29)

Three types of branes enter into the construction

e D3 branes whose world volume spans the (0,1, 2,6) directions. The low energy world volume
action on these is N = 4 SYM in 4 dimensions. Having the branes terminate on various

5-branes will reduce this to N = 2,3,4,6,8 in 3 dimensions.

e NS5 branes spanning the (0,1,2,3,4,5) directions.
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e NS5’ branes spanning the (0, 1,2, 3, 8,9) directions.
e D5 branes spanning the (0,1,2,7,8,9) direction.

e A bound state of 1 NS5 brane and k D5 branes, called a (1, k) brane, spanning the (0,1,2,3/7,4/8,5/9)
directions, with the last three numbers indicating that the brane may be tilted in the corre-

sponding plane.

A generic configuration of D3 brane segments stretching between 5-branes preserves 4 supercharges
on the D3 brane world volume, and so N = 2 supersymmetry from the three-dimensional viewpoint,

and has a supersymmetric vacuum provided the following restrictions are satisfied

e The D3 segments may form a line (linear quiver) or a circle (elliptic quiver). We consider only

connected configurations. Disconnected configurations correspond to decoupled theories.

e At most one D3 brane may stretch from a specific solitonic (NS or (1, k)) 5-brane to a specific
D5 brane. Only n < k D3 branes may stretch from a specific NS5 brane to a (1, k) brane.
D3 brane segments ending on opposite sides of a 5 brane and coincident in the (3,4,5,7,8,9)
directions may be thought of as piercing the brane and are not counted for the purposes of
this restriction. This is known as the “s rule” [20]. If a stack of branes can be arranged so
as to satisfy the rule, by thinking of the various D3 branes as either piercing or beginning
and ending on a 5 brane, then the theory has, potentially, a supersymmetric vacuum. Such a

vacuum may correspond to part of a Coulomb branch, a Higgs branch or a mixture of the two.

e Configurations involving only NS5 and D5 branes preserve N = 4 supersymmetry, with the
associated SO(4) ~ SO(3) xSO(3) R-symmetry identified with independent rotations of 77 and
. Distances in the i and w directions correspond to the triplet of mass and FI deformations,

respectively, introduced in [1.1.6]

e Configurations involving NS5, D5 and (1,k) branes can preserve N = 3 supersymmetry if the

(1, k) brane is rotated by an appropriate angle.

The field content of the low energy N = 2 theory is read off a brane configuration using the following

rules

e Every set of n coincident D3 brane segments stretching between two subsequent branes of type
{NS5,NS5’, (1, k)}, whether piercing additional D5 branes or not, contributes a U(n) N = 2
vector multiplet and an adjoint N = 2 chiral multiplet. The mass of the extra chiral multiplet,

and its superpotential couplings, depend on the orientation of the branes.
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e A D5 brane pierced by this type of segment contributes a fundamental hypermultiplet. This is
the result of the 5 — 3 string which has massless modes when the position of the D5 is adjusted

so that it touches the D3s.

e 3 — 3 strings stretching across solitonic 5 branes separating a segment of the type described
above contribute bifundamental hypermultiplets of the neighboring gauge groups. If one of
the segments ends on a D5 brane, the 3-3 strings contribute fundamental hypermultiplets to

the other segment.

The action for the theory is that of minimally coupled N = 2 gauge theory with fundamental,
antifundamental, bifundamental and adjoint flavors. If the right superpotential is produced, this
may be enhanced to N = 4 by combining chiral multiplets into hypermultiplets and adjoint chirals
with vector multiplets into N = 4 vector multiplets. The action is constructed according to the

following rules

e The gauge coupling of the gauge theory related to a particular interval is determined by the
distance in the zg direction between the pair of solitonic 5 branes. Specifically, for a pair of

branes located at x4 coordinates t; and ¢5 we get [20]

L

g=l-t (1.2.27)

e When one of the branes is of (1,k) type, the segments to the left and right get, in addition,
a Chern-Simons term at levels k& and —k, respectively [2I]. There may be cancelations if the

segment is bounded by two such branes.

e The triplet of FI terms described in for a vector multiplet is determined by

D = @) — 1y (1.2.28)

where the coordinates are those of the solitonic branes bounding the interval.

e The triplet of mass terms described in for a given hypermultiplet is determined by

1M = Mps — Mps (1.2.29)

only the difference of such parameters is physical as they are shifted together by shifting the

triplet of scalars in the vector multiplet, thereby choosing the origin of the Coulomb branch.
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e The superpotential involving the fundamental and bifundamental flavors, and the extra adjoint
chiral, depends on the exact brane arrangement and tilt. We will need to consider the following

cases

— When an interval is bounded by two NS5 (or two NS5’) branes the theory has the standard

N = 4 superpotential for the flavors.

— When an interval is bounded by an NS5 and an NS5’; the adjoint chiral is massive and

can be integrated out, leaving an N = 2 gauge theory [22].

— When an interval is bounded by an NS5 and a (1, k) brane, adjusted so that it preserves
N = 3 supersymmetry, we get both the N = 4 Yang Mills and N = 3 Chern-Simons

action.

The effect of moving D5 branes past solitonic 5 branes was studied in [20]. Such moves may result
in the creation or destruction of D3 brane segments. The low energy theory, however, remains
unaffected — one mechanism for producing massless hypermultiplets having been traded for another.
One may also try and move solitonic branes past each other. Such moves underlie the Seiberg-
like duality proposals we intend to examine. In the absence of Chern-Simons interactions, such a
maneuver necessarily involves a singularity where the gauge coupling becomes infinite. When one
of the solitonic branes is of type (1,k) or NS5’ it seems that the situation is more mild. We will
examine both scenarios.

For any of the quivers defined above, one can write down a set of invariant “linking numbers”
associated with the 5-branes. These are are related to conservation of charge for the three form field

strength Hyg. The total linking number associate to an NS5 brane is given by [20]
1
Lns = 5(r—1) + (L= R) (1.2:30)

where 1,;r are the number of D5 branes to the left and right of the NS5 brane respectively, and L,R
are the number of D3 branes ending on the NS5 brane from the left and from the right. An identical
formula holds for D5 branes, as long as we change the meaning of 1,r to the number of NS5 branes
to both sides

Los = %(7‘ )+ (L-R) (1.2.31)

When two 5-branes cross, additional D3 branes may be created or destroyed in such a way that

the linking numbers above, for any given 5-brane, do not change. The same is true for a (1, k) brane,
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regarded as a bound state of one NS5 brane and k£ D5 branes. In particular, when moving a D5 brane
outside a segment bounded by two NS5 branes, a new D3 brane is created. The two ways of getting
a fundamental hypermultiplet contribution to the action on the D3 branes of the segment bounded
by the NS5 branes are thus related, and the low energy theory remains the same. Moving two NS5
branes past one another causes the gauge coupling in the D3 segment stretched between them to
diverge. When one of the branes is replaced by a (1, k) brane, the segment still has a Chern-Simons
terms associated with it and the transition is, apparently, more mild. We examine the consequences
of such transitions for duality of N > 3 gauge theories in Note that all the dualities described
in (3.1} are valid at the IR fixed points of the theories. From the brane perspective, the IR fixed point

is reached when all the branes are coincident in the ¢ or xg direction.

1.3 Supersymmetric Lagrangians on S°

The IR fixed points of the theories described above can be interesting interacting superconformal
field theories. By a large conformal transformation, the path integral expression for the expectation
value of an observable in such a theory can be mapped to a path integral for a theory on the three
sphere S3. Working on a compact space like the three sphere offers an advantage, as the finite
volume provides an automatic IR cutoff and various observables, notably the partition function of
the theory (the expectation value of the operator 1) are well defined. In this section, we follow the

example of [25] and formulate supersymmetric gauge theories on S3.

1.3.1 Coupling to Supergravity

Anticipating the use of localization techniques to evaluate the path integral (see , we want to
put N = 2 supersymmetric gauge theories on a compact manifold. That is, we wish to introduce a
background metric without breaking the supersymmetry of the theory. There is an elegant way to
describe such a change: by coupling the theory to a background supergravity multiplet. We review
the procedure for doing this set down in [26]. To couple the theories one must first identify an appro-
priate current superfield which includes both the energy momentum tensor and the supersymmetry
current of the flat space theory. These multiplets were written down in [27] [28§].

We will follow the construction of the current multiplets for three-dimensional N = 2 theories in

[28]. The most general such multiplet is the 8 multiplet which a real vector superfield 8,, defined by

D®Sap = Xa + Ya (1.3.1)
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Duxp = %Caaﬁ (1.3.2)

Do = —D*Xa (1.3.3)
D.Ys + Dg¥a =0 (1.3.4)
D*Y, =—-C (1.3.5)

where C' is a complex constant. This multiplet is too general for our purposes. When the theory
possesses a continuous R-symmetry one can construct an alternative: the R-multiplet. It is defined

by

DaRalg = X« (136)
Duoxs =0 (1.3.7)

B
D%q = —D%Ya (1.3.8)

The superfield x,, is of the same type as the field strength superfield W,. The superfields Y,appearing

on the rhs of has been “improved away” using the superspace improvement transformation

[27, 28]
1 _ _
8ap = Sap + 3 ([Da, Dgl + [Ds, Da)) U (1.3.9)
Xa = Xa — D?*D,U (1.3.10)
1 2
Yo = Yo — iDaD U (1.3.11)

using the real superfield U. All the theories we consider in this work will be superconformal. This

allows a further simplification of the above, which yields the multiplet
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DPus =0 (1.3.12)

In [26], these multiplets were used to couple the theory to a background supergravity multiplet.
Such a multiplet contains the metric, fermionic gravitino fields and a number of auxiliary fields.
There is more than one such multiplet. The exact field content and couplings to the matter sec-
tor vary between formalisms and the dimension of the background manifold. We will follow the
example given in [26], where a procedure resulting in the coupling of a Wess Zumino type action
in three dimensions to a background metric for a round S® was written down explicitly. Including
ordinary gauge fields in this action is not difficult. We will give an alternative way of constructing
a supersymmetric theory on curved space in [2.2.2

The procedure in [26] is analogous to the background gauging of global symmetries performed
in Specifically, there is no action added for the fields in the background multiplet except
that which couples them to the dynamical fields already present in the theory. All fermions in
the background multiplet are set to zero from the outset. Bosonic components, whether normally
considered dynamical or auxiliary, are then set to arbitrary background values. Critically, the
background values need not solve any equation of motion or even satisfy the correct reality conditions
needed to define a sensible theory in which one integrates over these fields. The only criterion imposed
on the background values is that the resulting coupled action preserves a minimal fraction of the
supersymmetry of the flat-space theory.

To obtain an action for a theory in three Euclidean dimensions on a round S®, one starts with a
Lorentz signature four-dimensional theory on S3 x R. Then one rotates the time direction associated
with R to obtain a Euclidean version of the theory. Next, the R factor is compactified to S*.
The final step takes the radius of this circle to zero. Presumably, this chain can be shortened by
starting with supergravity in 2+ 1 dimensions, but the results are not available.The supersymmetry
transformations for the (four dimensional) chiral multiplet coupled to the R mutiplet with R-charge

¢; in the supergravity background are [20]
5¢' = —V2¢" (1.3.13)

Sl = =20 F' — i\/i(o‘f)a (O — ig;Ay) &' (1.3.14)

OF = —iv/2(a" (Vu —i(g; — 1)A, — ;m) P! (1.3.15)
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The background bosonic fields in the supergravity multiplet (in this case “new minimal supergrav-
ity”) must satisfy conditions, independent of the matter fields, in order to preserve supersymmetry.
The conditions on these fields, A,,, V,,, g.v, to preserve four supercharges (N =1 in four dimensions

or N =2 in three) are

V.V, =0 (1.3.16)
9uAy =0 (1.3.17)
Wiwka =0 (1.3.18)
Ry = =2 (VuiVi — g, V,V?) (1.3.19)

so the metric is conformally flat, the one-form A,, is closed and V), is Killing. This can be solved for
S? x S! by choosing
A=V = —- (1.3.20)

where the S! is along the 4 direction. The resulting action can then be evaluated in the limit where
the size of the S' goes to zero and the theory becomes three-dimensional. Choosing a flat target

space for the matter fields yields the following action for chiral multiplet in three dimensions

Sehiral = /d3x\/§<D#¢TDﬂ¢ +iptD/ p — FIF — ¢to?¢ + i¢T Do — ipTop + igp ATep — T Ao
(1.3.21)

+2i (A-é) Plop+A2—N)pTop+ (A—D w*w)

where A is the R-charge of the ¢ component, which is a parameter in the action as a result of
using the R-multiplet. The choice of R-symmetry (see thus affects the action of the theory
on S2. In fact, the construction in [26] makes it obvious that the action depends on the value of a
complex background scalar v, the real part of which parameterizes the choice of R-current, and the
imaginary part is the “real mass” described in [[.I.6] The dependence of the partition function of
the theory on v, is shown to be holomorphic [26]. This fact is used in m

There may also be a superpotential on S3, but we will find that it will not play a role in the
localization calculate, except to determine the set of global U(1) symmetries which can mix with

the UV R-symmetry.
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1.3.2 Coordinates on S

We will work with toroidal coordinates, in terms of which the line element on S° is

ds®gs = df* + cos?(0)dr? + sin?(0)d¢? (1.3.22)

and define a set of left invariant 1-forms

o1 = —sin(¢ + 7)df + cos(¢ + 1) cos(9) sin(0)dT — cos(¢ + 7) cos() sin(6)d¢p

o9 = cos(¢ + 7)df + sin(¢p + 7) cos(8) sin(0)dr — sin(¢ + 7) cos(0) sin(f)d¢p

(1.3.23)
o3 = cos?(0)dr + sin®(0)d¢
o4 = 01 £ i09
which satisfy
do; = el¥o; Aoy, (1.3.24)
These will serve as a vielbein for a noncoordinate basis
ol =e
S (1.3.25)
et = ()
ds*ss = 0} + 03 + 03 (1.3.26)

Note that tangent space indices {i, j, k} are raised and lowered with the flat metric 5; Define

also the dual basis of vectors

11, (1.3.27)

such that

al(l;) =4 (1.3.28)

These satisfy
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[Li, 1] = —2ek;1k (1.3.29)
so that
)
Li=-3l (1.3.30)
2
[Li, L;] = ie}; Ly, (1.3.31)

are generators of the SU(2) algebra. In terms of these operators, the scalar Laplacian is

A=-V?=-0'l; =4L"'L; (1.3.32)

In this basis, the spin connection simplifies to

Wpij = Eijkeﬁ (1.3.33)
so that the spinor covariant derivative is
L i
Vu = 6# + geltéijk[’y Y ] (1334)
— 0+ Lok 1.3.35
=0y + ieMVk ( 0. )
and the Dirac operator satisfies
, . 3
i N =iyl — 5 (1.3.36)
. 3
=—45'L; — 3 (1.3.37)

We will use the usual Laplacian for p-forms

dl = xdx (1.3.38)

A=dd +d'd (1.3.39)
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where * is the Hodge dual. We will set Lorentz gauge for all vector fields (or 1-forms), thus projecting

onto the space of coclosed 1-forms on S3

d'v=0e Vi, =0 (1.3.40)

1.3.3 The Spectrum

We will need the spectrum on S for the scalar and vector Laplacians, and for the Dirac operator.
We will follow [29, 130]. In [29] it was shown that the eigenvalues of the Laplacian on SV acting on

coclosed p-forms (scalars are included as 0-forms) are

An(L,p) = (L+p)(L+N-p-—1) (1.3.41)

(1.3.42)

with degeneracy

2L+ N —1)(L+N - 1)!

Dn(L,p) = p(N —p— DL —-1D)(L+p)(L+N—-p—1)

(1.3.43)

with the understanding that Dy (0,0) = Dy(0,N) = 1. For S3, the scalars sit in the (%, %)
representations of the SO(4) isometry group.

In [30] it was shown that the eigenvalues of the Dirac operator on SV are

AP x(n) ==+i(n+N/2), n=0,1,..,00 (1.3.44)
with degeneracy

2N/2(N+4n—1)!
277 (N4n—1)! N even

D _ n!(N—-1)!
DN() =9 v 1721y (1.3.45)
I (N—1)1 N odd
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1.3.4 Killing Spinors

The fermionic symmetries of the actions in [L.3.1] are generated by Killing spinors. For our purposes,

a Killing spinor will be one that satisfies
Vi€ = ayue (1.3.46)
Recall the spinor covariant derivative from
V. =0 4 leke o [yind
m N+8€M6Uk[’y’7]
(1.3.47)
wt €k

A Killing spinor can immediately be constructed by taking € to be constant in the basis of left

invariant one-forms, thus yielding [19]

Ve = —ehye = 2y,e (1.3.48)

= — Y€ (1.3.49)

These are all the Killing spinors on S®, in agreement with the results in [31, ?]. We will, specifically,

take the linear combination which satisfies

(13—1)e=0 (1.3.50)

We will also need the bilinears
efe=1 (1.3.51)
v, = €ely,e (1.3.52)

where we have normalized the spinor. The ability to do this can be inferred from the equations in
[32]. We also get that [32]
Vv, + Vv, =0 (1.3.53)

so that v, is a Killing vector. The integral curves of v, are great circles on S3.
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1.3.5 Gauge Theories on S*

To summarize, we have the following two supersymmetric actions on S2. For the gauged chiral

multiplets

Sehiral = /d%@(pﬂwpw +iptD/ o — FTF — ¢o%¢ + i¢T Do — ihTorp + igpT ATep — T Ao
(1.3.54)

1 1
+2i (A— 2> dlop+A(2—-A)plo+ (A— 2) w*w)
A kinetic term for the fields in the vector multiplet can also be written down on S3

Syang Mills = 912 /d%\/gTr (;F‘“’FW + DyoDM o + (D + o) + iATy# VA 4 i[AT, o]\ — ;)\T/\>
(1.3.55)
This term is, in fact, a total supersymmetry variation of an odd functional on S? (|8]) and is thus
guaranteed to preserve a subset of the supersymmetry (see . In fact, even the action for the
chiral multiplets above can be written as such a total variation [§]. By “supersymmetric,” we mean
that these actions have a fermionic symmetry which involves a Killing spinor with the usual

Euclidean supersymmetry transformations given in
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Chapter 2

Localization

In this chapter we review localization of path integrals. This procedure was inspired by the local-
ization computation in [25].

The basic building blocks for observables in a quantum field theory are correlators of the fun-
damental fields. Such correlators can, in principle, be computed by evaluating a path integral with
appropriate insertions. In general, however, it is not possible to compute such a quantity exactly,
unless the action is at most quadratic in all fields. In a theory with fermionic symmetries, some
correlators may be computed exactly even for a nonquadratic action. This is made possible by
deformation invariance. We will work through the logic of localization for a general theory. First,
we review the basics of localization of path integrals and quote the localization formulas due to
Duistermaat and Heckman and to Atiyah and Bott and Berline and Vergne In the next section
we specialize to 2+ 1 dimensional gauge theories|2.2l Finally, we present our results for the localized

partition function in terms of a matrix integral 2.3

2.1 Localization Formulas

Let § represent a fermionic symmetry of the action

55 =0 (2.1.1)

The symmetry is also preserved by a subset of the operators in the theory

50 =0 (2.1.2)

Here O represents an arbitrary operator, local or otherwise, made of the fundamental fields. Consider

the path integral expression for the expectation value of O
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<O >= /D[qs}eiso (2.1.3)

where we have set i = 1 and D][¢] represents a measure over all the dynamical fields. We can deform

the action without changing the value of < O >

<0 >= / D[g]etS 9V O (2.1.4)

where V is a fermionic functional such that 2V = 0 and ¢ is an arbitrary real number. In general,

0 squares to a bosonic symmetry of the theory. Examine the change for a small ¢

% <0 >= / D[] (5V)e STV 9 =§( / D[p]VeSTVO) =0 (2.1.5)

which implies that < O >; is independent of ¢. Consider, now, a Euclidean version of this compu-

tation with a positive definite functional §V" and a large negative coeflicient —t

<O >pue= /ZD[¢]e_S_t‘WO (2.1.6)

Configurations for which V' is nonzero, which we denote ¢g, are exponentially suppressed. In fact,
in the limit in which ¢ — oo, the integral over these modes can be evaluated exactly using the saddle

point approximation. To see this, scale every field, ¢, by

62 (2.1.7)

Vit

The quadratic part of the localizing action, 6V, is then of order 1 for the modes ¢3. nonquadratic
parts are of higher order in ¢t~'/2. Next, take the limit ¢ — co. The integral over these modes is
then becomes Gaussian. Note that the appearance of these modes in the original action, S, cannot
change this conclusion.

Zero modes of the functional V', which we denote ¢, must be treated separately. The integral

over such modes must be done in the usual manner. The general result is then

1

V/sdety, Viga]

<O >puc= tlirglo/D[¢]e*S*t5Vo = /@[%]J[%] e=512210(¢4) (2.1.8)

Where we have denoted by J[¢,] the Jacobian for the change of integration measure, and by

(sdetg, (V[0a]))~1/2 the result of evaluating the Gaussian integral over the modes ¢pg.
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The explanation above falls short of an actual derivation. We now review the general theory of

localization as it applies to path integrals. We will closely follow [33] and [34].

2.1.1 The Duistermaat-Heckman Theorem

We review the Duistermaat-Heckman formula [35]. We will follow the definitions and formulas given

in [33].

Definition 1. A vector field X on a manifold (or supermanifold) M is called compact if it generates

the action of a one parameter subgroup of a compact group G which acts on M.

the fermionic symmetry § used above will eventually be identified with such a vector field on the

supermanifold of field of the theory.

Definition 2. Let (M,Q) be a 2n-dimensional symplectic manifold with symplectic form Q. A

vector field X is called Hamiltonian with a Hamiltonian H if for every vector field Y on M
dH(Y) =Q(X,Y) (2.1.9)

The Duistermaat-Heckman theorem provides a simple expression for the integral

/Q"e“f:/ e (2.1.10)
M M

where dz = Q" /n! is the Liouville measure on M. At a point p where X vanishes, the Hessian of H
is well defined as a matrix acting on the tangent space TM,,. Let sgn(Hess(H (p)) be the signature
of this matrix at p. For the case when the vector field X has only isolated nondegenerate zeros (i.e.

det(Hess(H (p)) # 0), the theorem takes the following form

Theorem 1. (Duistermaat-Heckman) Let X be a compact Hamiltonian vector field on (M, Q) with

an isolated nondegenerate zero set R, then

‘ i etH(p)
/ Qreifl — jn 3 ¢ oon(Heas(H ) (2.1.11)
M ey 4 det(Hess(H (p))

This integral can also be written in a different way. We denote by IITM the supermanifold
obtained from the total space of the tangent bundle of M with the parity of the fibers reversed.

Coordinates on IIT'M are a set of regular coordinates on M, {z'}, and a set of Grassmann coordinates
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for the fibers &°. The integral can then be rewritten as an integral over the supermanifold

2n
/ Qretl == / Hdxidgie“H(fv)*Qab<I>€“€b> (2.1.12)
M OTM ;5

The exponential in the expression on the lhs can be identified with the inhomogeneous differential
form

S(x,6)=H+9Q (2.1.13)

we can define an odd vector field on the supermanifold

.0 : 0
= —+ X , 2.1.14
and check that
QRS =0 (2.1.15)
and the theorem states that the integral
s
/ e’ dV (2.1.16)
nTM

where dV is the volume element on IIT'M, gets contributions only from the zero locus of the vector
field X.

In terms of differential forms on M, @ is an equivariant differential

Q=d+ix (2.1.17)
and we have
(d+ix)(H+Q)=0 (2.1.18)
we also get that
Q*=(d+ix)*=Lx (2.1.19)

where £ x is the Lie derivative with respect to X.
We will apply the more-general case considered in [33] to supersymmetric gauge theories. Specif-

ically, we will rely on the following theorem which combines results from [33]

Theorem 2. Let M be a compact supermanifold with volume form dV. Let Q) be an odd vector field

on M such that
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1. divgy @ = 0 (the volume form is @ invariant)

2. 2 is an even compact Hamiltonian vector field on M.

Let Xg be the zero set of @ and let S be an even Q-invariant function on M which is locally
constant on Kqg. Suppose that () is nondegenerate in a neighborhood of K, then the stationary

phase approximation for the following integral is exact and given by

iS(p)
Zq5 = /HTM - Z \/sdet Hess(S(p)) (2.1.20)

peEXqg

where p(p) is the volume density at p, and “sdet” denotes the superdeterminant (Berezinian).

2.1.2 The Atiyah-Bott-Berline-Vergne theorem

The case where Kg is not simply a set of points is covered by the Atiyah-Bott-Berline-Vergne
localization formula [36, B7]. For a definition of the Cartan model of equivariant cohomology we

refer the reader to [34].

Theorem 3. Let Q be an equivariant differential and o a Q-closed equivariant form on a compact

manifold M, then the following holds

/ / g™ (2.1.21)
M Xg € NKQ

where K¢ 1s the zero set of Q, which is now not necessarily discrete, i3 s the pullback and

e(Nx,) is the equivariant Euler class of the normal bundle of X¢q in M.

In terms of the objects considered above, we can identify o with e**dV and e(Ng,) with

\/sdet(Hess(S(p)). Note that we can include in the definition of o any @Q-closed observable of
the theory, without changing the conclusions. Also note that the determinant factors appearing in
the localization formulas do not depend on «. The factor p(p) is the volume density at p. The
analogue in [3]is the determinant factor for the change of variables implicit in the pullback i;cqa of
the form « to the submanifold Kq. This does not depend on the form «. Likewise, the equivariant
Euler class appearing independs only on the embedding of Xg in M. Specifically, a representative
of this class can be computed by evaluating the superdeterminant of the Hessian of any suitable
Q-closed function. By suitable we mean that the critical set of the function includes Xg and that

the Hessian is nonsingular after removing the “zero modes”: those directions which parametrize Xg.



43
To sum up: the path integral computation of the expectation value of an observable of a super-
symmetric theory which is invariant under a supercharge () localizes to a subset X of the entire
field space. We can carry out the computation by parameterizing K¢ by a set of zero modes and
computing the determinant for the change of variables. We also need to include a factor which takes
into account the embedding of X, and which can be computed by choosing an appropriate ()-closed

function and evaluating the determinant of its Hessian with the zero modes removed.

2.2 Localizing 3D Gauge Theories

In this section we apply the localization procedure to the supersymmetric gauge theories described
in We will work with gauge theories on S® that correspond to the Euclidean version of conformally

invariant theories in 2 + 1 dimensional Minkowski space.

2.2.1 The Supercharge

We are interested in using the localization procedure to evaluate correlation functions of the theories
defined in We begin by choosing an appropriate fermionic symmetry or, equivalently, a Killing
spinor from those in [I:3:4] We will use the notation @ and ¢ interchangeably. We will choose to set

£ = 0 and take € to be the spinor in [[.3:4] The transformations of the vector multiplet fields are

then
SA, = —%)\Tyue (2.2.1)
1
0 = —5\le (2.2.2)
1 1 1
0D = —§D#>\T’y“6 + 5[)&0]&: + ZATs (2.2.3)
oN = (7%5MVPF,LW’YP - D+ i,‘)/MD/,LO- — 0)5 (224)

AT =0 (2.2.5)
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and for the chiral multiplet fields

5 =0
st = yle
6F =T (—in" Dyt +ioy) + (% — A)) +irg)
SFt =0
. , A
oY = (—iy"Dug —iog + 5 )

ol =eTF

The variations above correspond to choosing the generator

1
6= — (Q} +iQ?

\/i (Ql Ql)
the would be Minkowski signature adjoint will also be conserved

5t = % (@ —iQ?)

One can verify that [3, [19]

52 =0"=0

(2.2.6)
(2.2.7)

(2.2.8)

(2.2.9)

(2.2.10)

(2.2.11)

(2.2.12)

(2.2.13)

(2.2.14)

The anticommutator is a generator of the isometry group, with the Killing vector v,, and an R-

symmetry transformation

{6,601y =My +R

{6,010 = —i ("D +0) o+ Ag
{6,6"}w = ~i (" Dy + o)y + (A~ 1) 9
{6,y F = —i(v"D,+0)F+(A—-2)F

In the presence of real mass terms this is modified to

{6,6"y =M+ R+ Z

(2.2.15)

(2.2.16)
(2.2.17)

(2.2.18)

(2.2.19)
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2.2.2 The Functional

Next, we specify an odd functional V' which will be acted upon by our supersymmetry. We will take

V' to be of the following form

V' = Vyauge + VBRST + Vinatter (2.2.20)

The first two terms are given by
Vauge = Tr(60)TA (2.2.21)
VersT = cV*A, (2.2.22)

which serve to localize the fields in the vector multiplets, and to gauge fix the action. To do this, we
need to include in § the normal BRST charge d. The fact that it is possible to do this all at once is
a consequence of the fact that these two complexes commute. The action of the BRST supercharge
is obviously zero on the gauge invariant term We will choose its effect on to yield the
gauge fixing term

opVersT = €V, DFc+bVHA, (2.2.23)

The action of the supercharge § on [2.:2.22] can be absorbed into the definition of the ghost field ¢, as
long as we choose

5c=0 (2.2.24)

The resulting functional can be shown, with a little algebra, to be [19]
Vyauge = Tr' (;FWFW + D,oD o + (D + 0)? + XV A 4+ i[AT, o]\ — ;m) (2.2.25)
To localize the fields in the matter multiplets we could take
Vinatter = (0) "0 + 97 (597)" (2:2.26)

The functional resulting from this procedure is

Vinatter = 0,010"¢ +idpT 10,0 + ¢To,>p + i(f)% + FTF 4ot (W — o, + (1;%)) Y (2.2.27)

which explicitly depends on the vector field v, defined in [T.3.4 One could use this functional to
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compute the equivariant Euler class, but we will find it more convenient to use the action

2.2.3 Zero Modes

The bosonic fields appear in the localizing action [2.2.25|as a sum of squares. This was achieved using

integration by parts on S [I9]. One can then read off the zero modes: the bosonic configurations

on which this action vanishes. We would prefer to take a more general approach. The zero locus of

the supercharge used to localize the action coincides with the set of bosonic configurations for which

the gaugino variation vanishes. Examination of indicates that the conditions are

(xF), = Duo

D=-0

dotting the first equation with D* and using the Bianchi identity

Dy Fyp =0

we get the condition

D'Dyo =0

This is a negative definite operator acting on ¢ so the vanishing implies

D,oc=0

and so from above

F;LI/:O

Since S? is connected and simply connected, this implies

A, =0, o =—D =0y = const

This is quite a simple zero locus, reminiscent of the one obtained for theories on S* in [25].

(2.2.28)

(2.2.29)

(2.2.30)

(2.2.31)

(2.2.32)

(2.2.33)

(2.2.34)

Note that the remaining gauge freedom of the theory allows us to diagonalize the zero mode oy.

Henceforth, we will denote this diagonalized matrix as a. This matrix defines a point in the Cartan
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subspace of the algebra g of the gauge group G into which oy can be rotated. Its action on a field
X, in a representation R, is diagonalized by choosing a basis for R in terms of its weights. We will

denote this action as p(a). The weights of the adjoint representation are the roots of the algebra g.

The zero locus for the matter fields with the action is clearly

This is the result of the conformal mass term. Note that this means, in particular, that the form
of the superpotential does not affect the localization computation directly. The superpotential does
restrict the choice of global symmetries, and thus indirectly affects the action of the theory on S°
(see and [L.3.7)).

The modes found above parametrize the space Xg. According to the prescription in they
must be integrated over. Evaluating the original action for the gauge theory on S with only these

modes turned on yields “classical” contributions to the localization calculation. These are discussed

in [2.3.2)

2.2.4 Fluctuations

We now turn to the evaluation of the path integral for the nonzero modes. As explained above,
the remaining action for such modes is quadratic in the fields. This is a free action for which the
evaluation of the path integral reduces to the computation of a determinant. The relevant operator
is the first- or second-order pseudodifferential operator acting on a field. This operator can depend
on the supersymmetry employed, including any central charges, and on the zero modes.

Below is a list of the relevant operators for the localizing functional given in after taking
into account the space of zero modes in [2.2.3] These are the result or expanding the actions

and [[.3.58] around the zero modes.

Dyector = Avector — ['7 0,}2 (2236)
Dvector multiplet scalars = Ascalar (2237)
. . 1
Dyector multiplet fermions = © N — l[', Cl] -z (2.2.38)

2
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Dvector multiplet ghosts = Ascalar (2239)
. . 1
Dihiral multiplet scalars = Ascalar + /J(a)2 - Zp(a) + 2Z(A - §)p(a) + A(Q — A) (2240)
. . 1
Depiral multiplet fermions = ? )V - Zp(a) + (A - 5) (2241)

We also have an alternative set of operators for the chiral multiplet which would be appropriate

had we chosen to use [2.2.27[3], 19])

D™ chival multiplet scalars = Ascalar + 2i(1 — A)v*, + A* + p(a)? (2.2.42)
= —1'l; — 2i(1 — A)lz + A? + p(a)? (2.2.43)

=4L'L; — 4(1 — A)L3 + A% + p(a)? (2.2.44)

D™ hival multiplet fermions =@ & — ip(a) + % +(1-A) 0 (2.2.45)
=iyl —ipla) — 1+ (1 — A)y? (2.2.46)

= —4L-S5+2(1 - A)S® —ip(a) — 1 (2.2.47)

Note that, as explained in the specific functional used for this part of the localization com-
putation is irrelevant. The superpotential for the chiral superfields does not contribute to these
operators.

In addition to these, we must take into account the gauge fixing condition and the delta function
introduced by integrating over the field b. Since what appears in the path integral measure is A,
not V#A,, we incur an additional determinant from the change of variables. We will parametrize

the one form A, as the sum of a coclosed one form and a divergence

A, =V,b+ B, (2.2.48)
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The constraint from setting Lorentz gauge then forces

Vi =0 (2.2.49)

which, considering the relationship to the one form field A,, allows us to set g?) to zero at the expense

of a factor
1
2.2.50
v Detprst ( )
DetBRST = Det(Vz) = Det(Ascalar) (2251)

The auxiliary fields D and F can be integrated over by setting them to the values specified by
their equations of motion

F=0, D=-0 (2.2.52)

thus eliminating them from the action. To compute the path integral we must therefore evaluate

the following expressions: for the gauge multiplet

Zgauge multiplet( ) _ Det (Dgauge multiplet fermions) Det (Dgauge multiplet ghOStS) (2 2 53)
1 - loop \/Det (Dvector) Det (Dgauge multiplet scalars) Det(VQ)

and for a chiral multiplet

chiral multiplet o Det (Dchiral multiplet fermions)
Zl - loop ( ) A) - (2254)
\/Det (Dchiral multiplet scalars)

Note that cancelations in the vector multiplet immediately yield

Zlga_ul%i;nultiplet (a) _ Det (Dgauge multiplet fermions) (2255)
Det (Dvect0r>

The remaining calculation is performed in[A] and the results presented in the next section.

2.3 The Matrix Model

Having assembled all the components entering the localization calculation [2.1.8, we are now ready
to present the complete result. The matrix model described in this section can be used to calculate
exact expectation values of supersymmetric operators in an N = 2 superconformal gauge theory in

2+1 dimensions assuming one can correctly identify the R-symmetry charges of all dynamical fields.
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2.3.1 The Integration Measure

The analysis in [2.2.3] implies that for the class of N = 2 theories under consideration, the zero locus
of the supersymmetry generator @ is the set of constant modes on S3 of the scalar and auxiliary
scalar, g = —Dy, in every vector multiplet. This constant matrix is in the adjoint representation
of the gauge group. If the vector multiplet in question is dynamical, the constant matrix must be
integrated over. Denote the gauge group, which may be a direct product, for the dynamical vector

multiplet by G. Then the integration measure dictated by the path integral is

1

W(C;’)d(ﬂaeAd(g) (231)

We can use the residual gauge symmetry, the freedom to perform constant gauge transformations
on S3, to rotate a into the Cartan subalgebra. This is standard practice in analyzing matrix models.

The resulting measure is
rank(G)

ﬁ I » 1;[1 A (2.3.2)

pEroots(g)
where W is the Weyl group of G and the expression in parentheses is the Vandermonde determinant.
The \; parametrize the Cartan subspace of g. One can identify them with the eigenvalues of the

matrix a. For G = U(N) the expressions are

IW| = N (2.3.3)

[T o=TI:—N) (23.4)

pEroots(g) i<j
2.3.2 Classical Contributions

The functionals for gauge theories on S described in vanish in the background of zero-modes
found in However, the matrix model can receive classical contributions, as defined in[2.1] from
the Chern-Simons functional [1.1.80] and from the background Fayet-Iliopoulos term [1.1.84] Taking

into account the volume of S2, The contribution of a level ¥ Chern-Simons term is

o~ imkTr(a®) ’”k;)‘?

=e (2.3.5)

Note that the matrix model with this contribution and the one loop contribution of the vector

multiplets in the next section can be used to compute expectation values in pure Chern-Simons
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theory, since in that case the additional fields in the N = 2 vector multiplet are all auxiliary (see
. A matrix model for pure Chern-Simons theory was written down in [38] and agrees with our
results.

The Fayet-Iliopoulos term with coefficient 7 contributes
e2minTr(a) (2.3.6)

which, for gauge group U(N) is

27N > A;
i

e (2.3.7)

2.3.3 One-Loop Contributions

For a representation R of a group G, we use the notation

detrf(a)= []  f(p(a) (2.3.8)

pEweights(R)

As shown in[A] the expression for the equivariant Euler class appearing in the localization formulas
in [2.1} or equivalently, the one-loop contribution to the path integral due to a dynamical vector

multiplet with gauge group G is given by

detade <QSinh(7ra)> _ H 2sinh(7p(a)) (23.9)

“ pEroots(g) p(a)

For a U(N) gauge group

pla) =Xi—2X;,  i,j=1.N (2.3.10)

where )\; is the i’th eigenvalue of the matrix a. So the expression for the one loop contribution, in

terms of eigenvalues, is

4sinh? (1 (\; — A;))

L (2.3.11)

Zgauge multiplet (CL) _ H

1 - loop
i<j

Similarly, the expression for the one loop contribution from a dynamical chiral multiplet is

Zchiral multiplet(a’ A) — H exp (f (z(p(a), A))) (2.3.12)

1 - loop
pPER
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Note that this implies that an N = 2 chiral multiplet with A = 1 does not contribute to the matrix
model. Such a multiplet appears as part of the N = 4 vector multiplet. Also, we include the
possibility of adding real mass terms by shifting p — p + m.

For the fundamental representation of U(N) we have

pla) = A, i,j=1...N (2.3.13)
so the expression becomes
Z{u_n;ioaon;ental chiral mult1plet(a7 A) _ H exp (f (Z()\“ A))) (2.3.14)
i=1

When such multiplets appear in complete hypermultiplet pairs in representations R and R, and the
symmetries of the theory guarantee that the conformal dimension, A, is the classical one, 1/2, the

expression simplifies to

. 1
Zhyperrnultlplet A) = - - 2.3.15
1 - loop (a,4) plgz 2cosh (mp(a)) ( )

This is the expression which is applicable for theories with N > 3 supersymmetry. A real mass term

changes this to

Zhypermultiplet 1

1 - loop (a’ A’ m) - /)16_!2 2cosh (W(p(a> + m))

(2.3.16)

2.3.4 Observables

The simplest @ closed observable is the partition function of the theory. Note that this can be a very
nontrivial function of the various classical contributions[2.3.2] and the deformation parameters[2.3.3]
Note that the overall normalization for this calculation is defined by the zeta function prescription
given in [A]

N = 2 theories have BPS observable supported on curves. The simplest of these is the Wilson

line

1
_ o :
w dimRTrR (ﬁPexp (}é dr (iA,a" + 0’|£L’|)>) (2.3.17)

The data involved is a curve +, parametrized by z#(7), and a representation R of the gauge group

G. The symbol P denotes path ordering. The supersymmetry variation of the operator is

1 1
OW ox =t (" + [&]) A+ AT (i — i) e (2.3.18)
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W is invariant if the following conditions are satisfied

0 (" +|2]) = 0 (2.3.19)

(" —|2[)e =0 (2.3.20)

This system can be solved to yield a 1/2 BPS loop by choosing n = 0 and ~ an integral curve of the
vector field eTvue corresponding to the Killing spinor € given in All such integral curves are

great circles on S3. With our choice of spinor the equation is simply

(3—1e=0 (2.3.21)

Note that the formal product of any number of such operators W, is invariant when these are
supported on ~; which are all integral curves corresponding to the same spinor. The matrix model

expression is easily seen to be
1

Wie) = 5

Trg (e™*) (2.3.22)

Note the similarity to the result for the Wilson loop in [25].

2.3.5 Convergence

The integrals obtained from the elements described above can be divergent. Specifically, if a gauge
group factor for the theory has an associated Chern-Simons term, then the integrals can always be
defined by analytically continuing from a similar integral with a small negative imaginary Chern-
Simons level k. We will implicitly assume this continuation in the calculations in 3}

When no Chern-Simons term is present, the divergence can be interpreted as arising from a an
incorrect identification of the IR R-charge for the fields. Specifically it was shown in [I7] that for
large values of the eigenvalues entering the matrix model integration, or alternatively for a specific
direction 7 in the Cartan subalgebra, the asymptotic behavior of the integrand is as exp(—ta) where

t is a coordinate in the direction 7 and a is given by

a=—=Y la(r)|+ ) |o()l (2.3.23)

where the sum is over the roots « of the gauge group G and p over the weights of all representations
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(with multiplicity) of hypermultiplets charged under G. The condition that this asymptotic behavior
describes the exponential decay of the integrand in all directions (i.e., a > 0) was further shown to
be equivalent to the Gaiotto-Witten criterion for N = 4 gauge theories to be of either “good” or
“ugly” type [I7]. That is, that the theory supports only monopole operators of dimension greater
than or equal to 1/2. Theories of type “bad”, those which seem to have unitarity violating monopole

operators, also have divergent partition functions (see|1.2.6). We will not deal with such theories.
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Chapter 3

Applications

In this chapter we review some applications of the localization procedure described in In
we show how localization and the matrix model can be used to check various field theory dualities.
The dualities in question apply to strongly coupled filed theories and checking their validity requires
tools beyond perturbation theory.

In we show how localization is used to compare the UV and IR description of maximally
supersymmetric gauge theories in three dimensions. We also show an example of the computation
of the expectation value of an observable, a supersymmetric Wilson loop, using localization and the
matrix model. Finally, we comment on how localization can be used to check holographic dualities.

In[3.3]we review some applications of localization to studying aspects of the renormalization group
flow of gauge theories. We describe how the matrix model can be used to compute exact coefficients
for the R-symmetry mixing phenomenon described in We show how the partition function on
the three sphere, computed using localization, can be used to constrain the renormalization group

flow and investigate the space of conformal field theories.

3.1 Dualities

Duality of interacting quantum field theories is a fascinating phenomenon. The duality can exchange
weakly coupled theories with strongly coupled ones, relate theories with different gauge groups and
different matter content and create a map between regular observables built out of the fundamental
fields and disorder operators. In this section we show how localization and the matrix model can
be used to test some duality conjectures involving gauge theories in three dimensions. We note
that aspects of these dualities can be probed using the superconformal index [39] 40} [4T] [42] [43]
and monopole operators [44, 16}, [45] 46, [14] T3] (see . In we discuss mirror symmetry

in three dimensions. In[3.1.2] we show results for a set of dualities between gauge theories in three
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dimensions which resemble Seiberg duality of N = 1 gauge theories in four dimensions. In we

extend the discussion to theories with less supersymmetry and richer dynamics.

3.1.1 Mirror Symmetry

Mirror symmetry of three-dimensional gauge theories was first proposed in [9]. The original con-
struction was for N = 4 theories of the type introduced by Kronheimer [47]. Since then there have
been extensions to more general settings, including N = 2 versions [48] and more general quivers
[49]. An understanding of this phenomenon from the field theory perspective has been offered in
50, B] and from the string theory D-brane perspective in [51l [20]. There have been many checks of
the specifics of the duality relation using monopole operators [14] [13], the superconformal index [42]
and the S? partition function [52 53]. We will begin by defining mirror symmetry and reviewing
the original construction of the dual theories in [9].

The vacuum structure of theories with N = 4 supersymmetry is highly constrained (see.
Mirror symmetry, as introduced in [9], is a duality between different N = 4 theories with the following

properties
e The duality exchanges the SU(2), and SU(2)r R-symmetries.
e The Higgs and Coulomb branches are exchanged.
e Mass and Fayet-Tliopoulos terms map to one another.

The moniker “mirror symmetry” refers to the fact that the dual theories can be viewed as coming
from string theory compactifications on M x S* and M xS 1 where M, M’ are mirror pairs and the
two S’s have inverse radii [9]. There are also connections between the N = 2 version of this duality
and mirror symmetry of 1+ 1 dimensional sigma models and gauged Landau-Ginsburg models [54].

Kronheimer gauge theories ([47]) are based on the extended Dynkin diagram of the Lie algebra

g of a Lie group G of rank r. The gauge group is

K¢ = <H U("z’)) /U1)c (3.1.1)

where U(1). is the diagonal sum of the r» U(1)s and n; is the Dynkin index of the node ¢ in the

extended Dynkin diagram of G. The matter comes in the bifundamental representations

Dijaij(ni;n;) (3.1.2)
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where a;; is 1 if the nodes 7,j of the extended Dynkin diagram are connected by a link and 0
otherwise. This gives 2n; fundamental flavors for each gauge group factor U(n;).
All the theories have a one quaternionic dimensional Higgs branch. In the absence of Fayet-

Tliopoulos terms the metric on the Higgs branch is

C/Tq (3.1.3)

where T'¢; is the discrete SU(2) subgroup corresponding to the group G. Adding Fayet-Iliopoulos
terms can resolve the singularity. The available terms are (; where ¢ = 1...r in the Cartan of G
(what does this mean exactly?). There is also a rank(K¢g) = C2(G) — 1 quaternionic dimensional

Coulomb branch (Csis the dual Coxeter number). Classically, this branch looks like

)rank(Kg)

(R x S (3.1.4)

, but quantum mechanically it is modified to the moduli space of a G instanton with the R* factor
removed [9]. The origin of the Coulomb branch corresponds to zero size instantons.

An example given in [9] is the model based on G = SU(2). The gauge group is
Ko =U(1)?/U(1). (3.1.5)

This model is self-dual. It has one (quaternionic) dimensional Higgs/Coulomb branches. The metric

on the Higgs branch is the Eguchi-Hanson metric [55]

ds? Bguchi Hanson = ¢° () (dt + @ - d7)* + ¢~ 2(Z)dZ - dT (3.1.6)

9@ = ! (3.1.7)

1=1 f_ C_;
V(g 2) =V x @ (3.1.8)
and
{=G-G (3.1.9)

with the two Fayet-Iliopoulos triplets those of the original U(1)’s. The Coulomb branch is corrected
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by instantons to a Taub-NUT metric [56 57

dSzTaub NUT = gTNz(f)(dt + W - df)2 + gTNfz(f)df -d¥ (3110)

2
_9, _ 1
gTN 2(1:) = Yclassical 2+ E ‘LZ" (3111)
1=1

— |
In the far IR, the classical gauge coupling vanishes and grny — g. Thus the two metrics agree,

assuming we make the substitution

M & G (3.1.12)

The duality implies that the SU(2)p flavor symmetry of the Higgs branch is related to a hidden
SU(2)  symmetry of the Coulomb branch. The Cartan of this hidden symmetry group is visible
classically: it is the U(1); symmetry

Mirror symmetry for Abelian theories was shown in [50] to be the result of a single path integral
identity. Implies all other Abelian mirror. A special case is the constant background which can be
incorporated into the matrix model.

At the level of the partition function, the simple Abelian mirror symmetry described above

reduces to the statement

ZU(l),Nf=1(n) < Zfrcc hypcrmultiplct(m)7 m < n (3113)

which can easily be checked by noting

6271'2'170'
Z - = do—— 3.1.14
U@),n;=1(1) / acosh(wa) ( )
1
Ztree hypermultiplet (m) = m (3.1.15)

The two partition function are related in the appropriate way due to the basic Fourier identity

7 <coshl(7rx)) (n) = /dxcoe:;(ij;) - coshl(wp) (3.1.16)

The non-Abelian case involves integrals of the type specified in The matching of parameters
in the dual theories is more complicated and was explicitly given in [49]. A general setup and

comparison of the partition functions was considered in [52]. The quiver theories considered there
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N D3 branes : N D3 branes

: NS5 O Opbs

NS5

Obs
(a) : (b)

Figure 3.1: Mirror symmetry for an elliptical quiver, as realized in the brane construction. Figure
(a) shows a U(N)? N = 4 gauge theory with 1,1 and 2 fundamental flavors for the three gauge groups
respectively. There is also one set of bifundamental hypermultiplets for each gauge group pair. Figure
(b) shows the dual theory with product gauge groups and fundamental hypermultiplets: U(N), Ny =
LU(N),N; = LLU(N),Ny = LLU(N), Ny = 0, again with bifundamental hypermultiplets, now for
every adjacent pair of gauge groups.

are given by the following data

e The theory has a gauge group G = U(N)" Every factor U(N) is associated with a set of N
coincident D3 branes in Type IIB string theory. Branes associated to adjacent factors end on
the same NS5 brane, of which there are n in total. The dimension along which the five-branes

are spaced is compactified to a circle, and so the first and last factors are considered adjacent.

e For every gauge group factor there are v; fundamental hypermultiplets, v; > 0. These are

associated with v; D5 branes intersecting the i’th set of D3 branes.

e There is an additional bifundamental hypermultiplet for every adjacent pair of gauge group

factors. These come from fundamental strings crossing the NS5 branes.

In the mirror theory, the D5 and NS5 branes are exchanged. The gauge group is G = U(N)" where
v = Y, v;. For every ¢ there is a fundamental hypermultiplet associated to the j’th gauge group
factor, where j = Zf v; and for the first factor we sum [ from 1 to n. Note that some of the v;’s may
vanish, so two ’s irzlalmy contribute a fundamental hypermultiplet to the same gauge group factor. As
before, there is an additional bifundamental hypermultiplet for every adjacent pair of gauge group
factors. Mirror symmetry for these theories can be inferred from the SL(2,Z) duality of the type
IIB string theory used in the brane construction. Specifically, the S generator exchanges D5 and
NS5 branes and leaves D3 branes invariant, thus changing the gauge group and matter content of
the theory in the manner described above. The T generator (or rather ST') can be used to turn D5
branes into (1, 1) branes (see without acting on NS5 branes. A demonstration is provided in
1)

A derivation of the equality between the partition functions for gauge theories related by mirror
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symmetry was given in [52]. We now review the elements of this proof. The Fourier identity
made possible the comparison of partition functions related to Abelian mirror symmetry. In fact,
all partition functions of Abelian mirror pairs can be shown to be equivalent using this one identity
60, 52]. The key to relating partition function of non-Abelian theories is the following identity for

hyperbolic functions [52]

I1 sinb(z; = ;) sinb(y; = y;) )
[Icosh(z; —y;) - Z(_l)pnm (3.1.17)

,J

where p is the set of permutations on the index i and (—1)” its signature. This is a version of the
Cauchy determinant formula.

Let a be an index enumerating the D3 brane segments described above, and denote
dNoy = doyt...do (3.1.18)

Since a pair of NS5 branes contribute a vector multiplet and bifundamental hypermultiplets to the
theory, it is convenient to write the contribution to the partition function of such a brane on which

the a’th D3 segment terminates as

[1 sinhm(on? — 047) sinh w(oai1® — 0as1?)

iy - p
N! [T coshm(on® — 0at17) N! zp: H coshm(oyt — Ua+1p( )

4,3

(3.1.19)

27ri7'(,i(auifaa+1”(7"))

1 0 e
:m;(—n / de1:[ ]

(3.1.20)

The contribution of a D3 brane to such a segment can be written as

dNs (6' —a’)
1.21
H cosh o) / H cosh(mo?) (8 )

27717' (67—0?)

NgdN 1.22
/d od TH cosh(ms?) (3 )

where in both case additional auxiliary integration variables have been introduced in the second

line. The complete partition function now takes the form [52]

e27rirai(0aifoa+1p”'(i))

/H —ngad TaZ(_l)PaH NCRRE) (3.1.23)

Pa
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cosh(ro) «a=D5
Iy(o,T) = (3.1.24)
cosh(rT) « = NS5

which can be shown to be invariant under the exchange of D5 and NS5 brane contributions by
relabeling indices [52].

A stronger check involves including all deformation parameters: mass and Fayet-Iliopoulos terms,
to the two partition functions and evaluating how these map. This can be done in terms of a deformed

D5 brane contribution which includes both “mass” parameters w and Fayet-Iliopoulos parameters 7

27Ty (aai —Oa+t1 l)

/ dNo,dVr, [ e2miNaca’ (3.1.25)
i

cosh (o, + wq)

The dual contribution of an NS5 brane is

i/dNO_ dNT Z (_1)p H eQ‘/ri‘rai(G'aiftfaJrlp(i)) 627Tiwa7-u.i (3 1 26)
N! o ; L coshm(7," +na) o

Integrating out the auxiliary variables one finds

[1 sinhm(o,® — 047) sinh (0441’ — 0ar1?)

1 5. i<j
7 _ 2TiNgWa dN i i
({w} {n}) N¢ / 7 [Tcoshm (o, — 0a 417 + wa) ¢

2ming 3 (Cat1'—0a")
;

i,J

(3.1.27)

From which one can identify physical Fayet-Iliopoulos parameters &,
o =M1 = Ta+ I _Ta, (3.1.28)

Ao
and mass parameters m

mgifundamental = w, (3129)
mit;ndamental = Wa, (3130)

Which are exchanged in the correct way under mirror symmetry [52, [49]. The phase in front of the
integration in can be though of as a BF type coupling for the vector and linear multiplets
containing w and 7, respectively. These are indeed induced in the mirror transformation, although

that fact is hard to see without evaluating the partition functions as was done above.
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Figure 3.2: Brane manipulations in type IIB string theory which yield a naive dual. Solid vertical
lines are NS5 branes. Horizontal lines are coincident D3 branes. Dashed lines are D5 branes. The
legend indicates the compactification direction (t or z¢) and the directions of possible triplet mass
(m) terms (3,4,5), and possible triplet FI (w) terms (7 8 9). Directions (0 1 2) are common to the
world volume of all branes and are suppressed. We first move Ny D5 branes through the right NS5
brane, creating Ny D3 branes in the process. We then exchange the two NS5 branes, changing the
number of suspended D3 branes in the interval.

3.1.2 Seiberg-Like Dualities

In [58], Seiberg proposed that the IR fixed point at the origin of moduli space of SQCD in four
dimensions with gauge group SU(N,) and N; massless flavors has dual descriptions in terms of
“electric” and “magnetic” variables. For N; > 3N, the theory is not asymptotically free and the IR
fixed point is Gaussian. For Ny < 3/2N, the theory is infinitely strongly coupled in the IR, but there
exists a dual IR free description in terms of “magnetic” variables, which are supersymmetric solitons
in the original theory. In the window 3/2N. < Ny < 3N, the theory has a nontrivial RG fixed point
and flows to an interacting supersymmetric CFT. This CFT has a dual description in terms of
SU(Ny — N.) SQCD with Ny massless flavors, additional uncharged meson fields transforming in
the (Ny, N ¢) of the flavor symmetry and a superpotential coupling the quarks to the meson fields.
We will study several duality proposals for three-dimensional theories which resemble Seiberg
duality. The similarities lie in the connection between the “electric” and “magnetic” gauge groups,
such that the number of fundamental flavors appears in the rank of the “magnetic” gauge group, and
in the fact that the flavor symmetries in the “electric” and “magnetic” theories are identified. This
may be contrasted with mirror symmetry in three dimensions where flavor symmetries are realized
as topological symmetries in the dual theory. For the Seiberg-like dualities, there are constraints
relating the number of fundamental flavors and the rank of the gauge group. These constraints will
also include the Chern-Simons level. Although N = 1 in four dimensions corresponds to N = 2 in
three dimensions, in this section we will only analyze theories with at least N = 3 supersymmetry in
the three-dimensional sense. This is a necessary condition, but not a sufficient one, for identifying
the conformal dimensions of the fields of a generic theory at the IR fixed point (see . The

theories of interest all have brane constructions of the type introduced in
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’ Theory \ Z(¢) ‘
U(1), Ny =1 | %sech[r(]
U(1), Ny =3 | 15(1+ 4¢?)sech[n(]
U(2), Ny =3 | 55(1+ 4¢?)sech[r(]?
)
)

2 2 5
2),N;=5 (1+4¢%)%(9+4¢?)sech [n(]
U((3 Nf =5 (1+4C2)2(§$§1%42)Sech[ﬂ(]3
Lk 73728

Table 3.1: Exact result of the matrix integral for a partition function deformed by an FI term (.

3.1.2.1 Naive Duality

Following the results of [20], one can try to manipulate a type IIB brane configuration like the ones
described in to obtain, from a given three-dimensional theory, a gauge theory with a gauge
group of different rank. The basic manipulation, which was introduced in [20], is shown in figure
above. The constraints taken into account in this manipulation are preservation of the various
“linking numbers” and the “s-rule” [20]. The critical step, moving two NS5 branes past each other,
turns out to destroy the naive IR duality one would expect by reading off the gauge theories given
by the initial and final brane configurations. In this section, we explore what the calculation of the
deformed partition function implies for these theories. We write down a prescription for possible
dual theories. We relate our findings to previous observations regarding such theories [15][16] and
find that they concur.

The initial and final brane configurations depicted in figure |3.2] naively suggest an IR duality

between a pair of N = 4 quiver gauge theories in three dimensions. The putative dual pair is
1. N =4,U(N,) gauge theory with Ny hypermultiplets in the fundamental representation.
2. N=4,U(Ny — N,.) gauge theory with N, hypermultiplets in the fundamental representation.

We note that this pair resembles the N = 2 dual pair suggested in [59]. The difference is in the
amount of supersymmetry.

The integrals involved in the calculation of the partition functions, deformed by FI parameters
and real mass terms, can be done exactly in this case [I7]. Some examples are given in table
All these examples are “good” or “ugly”, since otherwise the partition function does not converge.
It is clear that the results contradict the naive duality presented above. We can try and correct
the statement of the duality “by hand”. The two sets of results suggest the following possible

identification
e U(1),Ny=30U(1),Ny=1<U(2),N;=3

e U(2),N;=50U(1),N;=1<U(®3),Ny=5
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where @ indicates the sum of two decoupled theories. More generally, the partition function can be

calculated with arbitrary FI (n) and mass terms (m;). The result, derived in [52], is the following:

(N) Nf iNf—leTrn N, Nec i N Ny —1

< . ) — UM 5 : L

ZNf (;my) = (Nc) (1 T (1)Nf162m7) <1_[16 a> (H H 2sinh 7(m; mk))
j=

j=1k=N,+1

{m;}
(3.1.31)

where the bar at the end denotes symmetrization over the m;. As shown in there, the equivalence

noted above continues to hold in general. Namely:

251 () = 20 (=mpma + - man ) Z5N ) (—my) (3.1.32)
Note that a U(1) theory with a single charge 1 hypermultiplet is equivalent to a free theory of a single
twisted hypermultiplet [50]. The appearance of decoupled sectors might seem like a surprising result,
especially in light of the fact that the other proposed dualities, discussed later, have no such subtleties
associated with them. However, we stress that brane manipulations do not provide a proof of the
types of IR dualities we have been analyzing. Furthermore, the appearance of decoupled sectors
in the IR theory has previously been predicted using the analysis of monopole operators [15] [16].
Namely, the U(N,) theory with Ny = 2N, — 1 fundamental multiplets is “ugly”, and contains a
decoupled free sector generated by BPS monopole operators of dimension 1/2. It was argued in [15]
that the “remainder” is dual to the IR-limit of a “good” theory, namely U(N, — 1) gauge theory
with Ny = 2N, — 1. The above computation of the partition functions provides a check of this
duality. The analysis of monopole operators provides some understanding of why the naive N = 4
duality cannot be true in general. The naive dual of a “good” theory (Ny > 2N,) is either “bad”,
when Ny > 2N, + 1, “ugly”, when Ny = 2N, + 1 (giving the examples above), or self-dual, when
Ny = 2N.. We can never get a duality between a distinct pair of “good” theories. If the naive dual
is “ugly”, we can try to correct the naive duality by adding some free fields to the original “good”
theory; we have seen that this works. If the naive dual of a “good” theory is “bad”, there is no way

to correct the naive duality.

3.1.2.2 Giveon-Kutasov Duality

A duality very similar to the one considered in the previous section was suggested in [60]. The dual

pair proposed there is

1. N =2 U(N,)i gauge theory with Ny hypermultiplets in the fundamental representation (that

is, Ny fundamental chiral multiplets @); and N antifundamental chiral multiplets QJ) and no
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Figure 3.3: Brane manipulations in type IIB string theory which yield a duality between Chern-
Simons theories. Panels (b) through (d) relate a pair of theories without CS terms. The deformations
of the theory needed to go from (b) to (a) and from (d) to (e) are identified.

Yang-Mills term.

2. N=2U(|k| + Ny — N.)_ gauge theory with N; hypermultiplets in the fundamental repre-
sentation (¢; and ¢’), no Yang-Mills term and an N x Ny matrix of uncharged chiral fields,

M}, coupled via a superpotential of the form Mg;q’.

where the subscript & denotes the level of the Chern-Simons term associated to the gauge group. It
has been argued that N = 2 Chern-Simons theories with Ny+|k| < N, do not have a supersymmetric
ground state. This is a consequence of the “s rule” The dual theory would, in that case, have
a negative rank gauge group. We will not consider such theories. A further consequence of the “s
rule” is the equivalence of the Higgs branches of the two theories [60]. The Coulomb branch is, of
course, absent in theories with a Chern-Simons term. In order to compare the partition functions,
we use a version of the duality that preserves N = 3 supersymmetry by adding the corresponding
superpotential to the electric theory (1). This has the effect of giving mass to the matrix M JZ and
producing the correct superpotential on the magnetic side. Figure[3.3|shows the brane manipulations
that lead to the dual configurations. The naive version of the duality described in the previous section
is the “k = 0” version of this proposal (assuming we start with an N = 3 gauge theory with both a
Yang-Mills and a Chern-Simons term). However, we will find that the calculation of the partition
function supports the dualities suggested in [60] without alteration. Note that the Ny = 0 case is
level-rank duality of pure Chern-Simons theory [[.2.7]

To compare the partition functions, we would like to show that

N, k|+N;—N,
2 () = 20N (< (3.1.33)
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where the LHS represents the partition function of a theory with N, colors, N; fundamental hy-
permultiplets, Chern-Simons level k, and an FI term 7. This was proved for the case Ny = 1 in
[17]. Numerical evidence for some other small Ny is presented in [Bl A more general formula was

conjectured in [I7], based on numerical evidence

Z](Cf\]f\c]; (n;ma) = osen(k)milein) n, 7n2)eza(k7rima2+27ri’flma)Zglljj\}Nf—Nc) (=1 ma) (3.1.34)

where:

1
ChN; = —E(k2 +3(Ny —2)k + ay,) (3.1.35)
with:
—1 Nf = 1(mod 4)

an, =4 2 Ny = 2,4(mod 4) (3.1.36)
—13 Ny = 3(mod 4)

which describes the background couplings induced in the duality as well as the overall phase. It was

also shown that

fo,f&,)c () =0, Ne>k+ Ny (3.1.37)

This is in line with the analysis of the brane picture which suggests that in such theories supersym-
metry is spontaneously broken.
3.1.2.3 Fractional M-Brane (ABJ) Duality

A similar duality in the context of N = 6 theories of fractional M2 branes was proposed in [61]. The

relevant brane moves are shown in figure These dual pairs are
1. U(N 4 £);, x U(N)_j, with two bifundamental flavors.
2. U(N)k x U(N + k — £)_j, with two bifundamental flavors.

for any k£ > [. This is nothing more than the duality studied in the last section, performed on only
one of the factors in the gauge group. The fundamental flavors in the first gauge group retain their

charge under the second gauge group after the duality transformation. Said differently, ignoring
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N+l N

(1.k) NS5 (1.k) NS5
N N+k-1
(a) (b)

Figure 3.4: Brane manipulations in type IIB string theory which yield a duality between Chern-
Simons theories of an elliptical quiver. An NS5 brane moves past a (1,k) brane creating k and
destroying ! D3 branes in the process. Reproduced from [61].

the second gauge group, the flavor symmetry associated with having N fundamental flavors maps
to itself under the duality transformation, and the theories where this symmetry is gauged by the
second gauge group should also be equivalent.

The partition functions for a generalized version of this duality we considered in [I7]. The
partition function of a U(Ni)k, X U(N2)g, theory with IV, bifundamental flavors was shown to
satisfy

n(ki)mi(c —ny 2 Nj,N:
Zlijlv.}QNJi/)b (11, 712) = s ETHCIRs vy vz = )Z(fki,k;J)rkal,Nb(_nan + Nom). (3.1.38)

This suggests that this theory is dual to a U(|k1| + NyNo — N1)_p, X U(Na)k,+N,k, gauge theory
with IV, bifundamental flavors. If we consider the special case Ny = N + /¢, No = N, ky = —ko = k,

and N, = 2, the above equation becomes:

Zzgj,\ifém(m, 1n2) = esgn(k)m(c““‘2N—n12)Z(,]Z;’§£’N)(—7717 2 + 21m1), (3.1.39)

which is just the ABJ duality. One can continue to play the same game, performing the duality
node-wise, for larger quivers and more complicated matter representations. Giveon-Kutasov duality
therefore extends to a much larger class of dualities between N = 3 Chern-Simons matter theories.
Note that knowing the induced background Chern-Simons couplings is crucial for identifying the
dual. These background couplings are an additional contribution to the bare Chern-Simons terms
for the neighboring nodes.

The

3.1.3 Duality in N = 2 Theories

Dualities involving N = 2 gauge theories are often complicated by the possibility of anomalous

dimensions for the chiral superfields. The simplest example of such a duality is the equivalence of
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N = 2 SQED (U(1) gauge theory with charge 1 and charge -1 chiral multiplets) and the theory
of three chiral multiplets X,Y, Z with a superpotential XY Z (henceforth the XYZ theory). The
accidental S3 symmetry which acts by permutations of XY and Z guarantees that the R-charge of
each of these chiral multiplets is 2/3 yielding the appropriate charge 2 for the superpotential [I].

One such duality was conjectured in [59]. The dual pairs are

e N = 2 U(N,) gauge theory with Ny fundamental flavors: Ny chiral multiplets @, and Ny

antifundamental chiral multiplets Q°.

e N =2U(N;—N,) gauge theory with N; fundamental flavors; N f2 uncharged chirals M," and

two uncharged chiral multiplets V1. The dual theory also has the following superpotential

GaMg® +V Vo + VoV, (3.1.40)

Both theories have a Yang-Mills term for the gauge groups and the duality holds in the IR limit
where the theory is strongly coupled. The chiral fields Vi are monopole operators m These
parametrize the Coulomb branch of the dual theory. Vi are mapped under the duality to the
monopole operators of the first theory, while M9, is mapped to Q%Qyp. The latter identification is
similar to Seiberg duality in four dimensions [58].

Both theories have the global symmetry group SU(Ny) x SU(Ny) x U(1)a x U(1) ;. The non-
Abelian factors rotate the fundamental chiral flavors, as does the U(1)4. The possible U(1)p sym-
metry which rotates the fundamental and ant-fundamental chirals in opposite directions is actually

gauged, the gauge group being U(N) not SU(N) as in [58]. The charges of the fields are summarized

below [59, [53]

Field | SU(N;) x SU(N;) UM)a UM); UM)gr_vv
Qa (Ng, 1) 1 0 z

Q° (1, Ny) 1 0 3
7 (Ny, 1) -1 0 3
da (1, Ny) -1 0 i

M, (Ny, Ny) 2 0 1
Vi (1,1) -Ny  +1 X _N.+1

The partition function of the first theory can be written [53]
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Ny

Z(U) (75 M s 1) = i /H (d)\ H (G HiXj+imatip)+H(5—ik; zmaer)) H(2 Sinhﬂ()\i—Aj)y
a=1 i<j

(3.1.41)
where 7 is the coefficient for the FI term, the constants m, and m, are the parameters in the Cartan
of the background vector multiplets for the non-Abelian part of the flavor symmetry and p is the
parameter for U(1) 4. Note that the possibility of mixing between the UV R-symmetry and the global
U(1) 4 symmetry, which could change the dimensions of the chiral superfields, is actually taken into
account completely by promoting p to a complex parameter. This is not surprising from the point of
view of the supergravity construction of the action[I.3.1} The comparison of the partition functions

for the dual theories is insensitive to this mixing, being an equality between two functions which

depend on g in a holomorphic fashion. The dual partition function is given by

7O

RV Np e o
Nf,foNu(n;_mlM — g M)eé(Nc 5= —iNyp+in)+€(Ne——-—iNsp m)Heé(Qm-Hma imy) (3.1.42)

a,b

where the factors outside of Z take into account the gauge neutral superfields My and V.
The equality between the two partition functions can be proven using identities for hyperbolic

gamma functions [62] 63]. Specifically, it was shown in [53] that

Th(2;i,0) = 1452 (3.1.43)

with the hyperbolic gamma function (at second and third argument fixed to be )

Tz +w) = QSln(w2 7Th(2)
Th(z +ws) = 2 sin(Z—j)Fh(z) (3.1.44)

Fh(z)f‘h(wl + wop — Z) =1

The integral defined in [62]

1 n mixz, n+m
I (3 A) = / _— ( oy Th(pa—2)Th(veta; )dx)
,(2,2) _ww@ n' " 1<J1:£<n Ty, (:I:(xj _ xk)) 31;[1 1;[ J J J
(3.1.45)
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and the identity

n+m
IV 2.2 (Bhaj Va; A) = 1% (2.2) (W= pla;w — vg; —A) H D (pa + vp) % (3.1.46)
a,b=1
1 n+m n+m
X Tp((m+ 1w — 5 az:; (fta +va) £ A)e(A ; (fta — va))
with the identification
Ty (£2) = (2sinh(7z)) "2 (3.1.47)

are sufficient to show the equality of the partition functions if one sets [53]

n=N; m=Ny— N, Ma:£_~a+/% Va:%—l—ma—l—y A= -2 (3.1.48)

[\)

This also defines the analytic continuation of the partition functions to complex values of the back-
ground parameters needed when R-symmetry mixing is possible.

The N = 2 version of the Giveon-Kutasov duality [3.1.2.2]is between the following pair
e N =2 U(N,);, gauge theory with Ny flavors with no superpotential.

e N =2U(|k| + Ny — N,)_, gauge theory with N; flavors and N;? uncharged chiral multiplets

M,®, which couple through a superpotential ¢* abqb.

where the subscript for the unitary groups denotes a Chern-Simons level and the duality holds in
the IR limit where the Yang-Mills terms can be ignored. These theories have no Coulomb branch,
due to the presence of a Chern-Simons term, and the dual therefore does not have the addition
superfields V. This duality can be inferred from the one in [59] by considering the latter with k&
additional hypermultiplets in the fundamental representation. When the additional hypermultiplets
are given a large axial mass (the one associated with U(1) 4, they can be integrated out to leave the
matter content above. The resulting theories also have a nonvanishing Chern-Simons level induced
by the parity anomaly This can be checked at the level of the partition function. For a flavor
with large axial mass M — +oo the contribution to the partition function behave as [53]

G HAHIM) (G —IAFIM) 1y oy (j: ( —imA? —irM? — M + g)) (3.1.49)

which exhibits the induced Chern-Simons level for the gauge group associated to the integration

variable \ as well as an additional phase associated with framing [I.2.7] The integrals above can
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then be used to relate the two partition functions [53].
Both dualities have a version where unitary gauge groups are replaced by symplectic ones. The

Aharony dual pairs are [59] 53]

e N =2 Sp(2N,.) gauge theory with 2Ny chiral multiplets @), in the defining (2N,) representa-

tion.

e N =2 Sp(2(Ny — N. — 1)) gauge theory with 2N; fundamental chiral multiplets ¢, and
N¢(2N¢ — 1) uncharged chiral multiplets M @b and a chiral multiplet Y, which couple through

the superpotential

M®qq +YY (3.1.50)

The superfield Y parametrizes the Coulomb branch of the dual theory and Y is identified with the
Coulomb branch of the original theory. There is a corresponding symplectic version of the Giveon-
Kutasov duality. The partition functions for both dualities were compared using the same methods

as used for the unitary groups and were found to agree [53].

3.2 Maximally Supersymmetric Gauge Theory

In this section we show how localization can be used to test the equivalence, in the IR limit, be-
tween two different gauge theories with maximal supersymmetry. In we compare the partition
functions of the two theories. In we show an example of the computation of a supersymmetric
Wilson loop in ABJM theory. In we review some of the ways that localization has been used
to test holographic dualities.

The maximally supersymmetric gauge theory in 2 4+ 1 dimensions is N = 8 super-Yang-Mills
(SYM). This theory arises as the low energy action on a stack of coincident D2 branes in type IIA
string theory. The theory has 16 conserved supercharges and a global SO(7) symmetry which rotates
the scalars in the directions transverse to the brane worldvolume. In terms of the N = 4 multiplets
described in it comprises an N = 4 vector multiplet, with a gauge group U(N), and an adjoint
N = 4 hypermultiplet. The IR limit of N = 8 SYM is described by the strong coupling limit of type
ITA string theory - M-theory. The strong coupling limit of the D2 brane is the M-theory M2 brane.
The action describing the fluctuations of an M2 brane is a superconformal 2 4+ 1 dimensional theory
with 16 supercharges (and 16 conformal supercharges) and an SO(8) global symmetry rotating the
scalars corresponding, as before, to the embedding of the brane in the 8 transverse directions. The

theory corresponding to just one M2 brane is free. The action describing N M2 branes in flat
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space is a U(N) x U(N) gauge theory with Chern-Simons levels k = 1 and k = —1 for the two
gauge groups and a set of two bifundamental hypermultiplets [64] (henceforth ABJM). This action
is superconformal and has manifest N = 6 supersymmetry. This is further enhanced to N = 8 by
monopole operators [16] (see . The generalization to k = —k > 2 describes a stack of M2

branes probing a C*/Z;, x R? singularity.

3.2.1 The ABJM Partition Function

Under the classification in N = 8 SYM theory is “bad” and, therefore, cannot be directly
analyzed use localization. However, one can construct a mirror dual theory using the brane con-
figurations in [1.2.8] The mirror dual is identical to N = 8 SYM, with the addition of a single
hypermultiplet in the fundamental representation. This is dual to N = 8 SYM because the latter
can be built using an elliptical quiver with one NS5 brane. The S generator of the SL(2,Z) duality
group of type IIB string theory turns this configuration into one where the NS5 brane has been
transformed into a D5 brane. This brane arrangement corresponds to the theory with an additional
hypermultiplet. The additional hypermultiplet breaks the supersymmetry down to N = 4, but max-
imal supersymmetry is restored in the IR limit. The supersymmetric deformations of the partition
function for this theory are a Fayet-Iliopoulos term 7 and a real mass term w for the adjoint hy-
permultiplet. The real mass for the additional fundamental hypermultiplet can be absorbed into 7.

The partition function, in terms of the matrix model is

[1,.., sinh®(w(0; — ;)¢ 2

1
Z = un: men ) = dN
N=8 SYM+1 fundamental (7, W) N / OHm’ cosh(n(0; — o + @) [1, cosh(noy)

(3.2.1)

The partition function for ABJM, including a Fayet-Iliopoulos term ¢ and a real mass term &

can be written down in terms of the matrix model

27i¢ Y (0i+5:)+mi Y (02 —572)
[1 sinh®(n(0; — o;))sinh?®(7(5; — 7;))e

1 _i<j
Zapim(n, w) = 7(N')2 /dNadNa <

[Icosh(m(o; — &; + €)) cosh(m(o; — 7; — &)

" (3.2.2)
Note that there are two gauge groups with opposite Chern-Simons levels 1 and —1 respectively.
There is also a contribution from the two sets of bifundamental hypermultiplets. This partition

function was shown in [52] to be equal to the partition function for N = 8 SYM, with the additional
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hypermultiplet, given above, provided one makes the identifications

n=8§+2(, w=§-2 (3.2.3)

The proof utilizes only the identity and Gaussian integration [52]. This is a powerful check
of the IR equivalence of these two theories, and therefore of the identification of ABJM theory with
the low energy theory on coincident M2 branes. Note that the version of ABJM considered above,
the one describing M2 branes in flat space, is strongly coupled. ABJM with higher Chern-Simons

levels can be perturbative. Calculations in the large N limit are described in [3:2.3]

3.2.2 A Supersymmetric Wilson Loop

A version of the supersymmetric Wilson loop described in [2.3.4]exists in ABJM theory. The operator
is [65), 66} [67]
1
W = NTr (Pexp (%dT (iAMx'“—&—MfXAXBM:D)) (3.2.4)
Here X4 are the scalar fields of the theory, of which there are four, and X 4 are their adjoints.
M?% is a constant Hermitian matrix which can be taken as diag(1,1,—1,—1). In those papers,
it was shown that this choice of M renders the Wilson loop 1/6 BPS, i.e., it preserves one real
supersymmetry and one superconformal symmetry (in flat Minkowski space). That this is the same
operator follows from the identification of o with the second term above [68].

The matrix model expression for the general Wilson loop operator is

1 s 2 det 44(2sinh(7a))
W >= d irtkTra T 21a 325
W= Z|W| dimR/ “c rr(e”™) det g2 cosh(ma) ( )
and for ABJM, in terms of the eigenvalues \; and ):Z
NN <
PN (@) = N = Ay (3.2.6)
pﬁf?”%a) =-Xi+ A (3.2.7)

The matrix model expression for the partition function is

h 1 (2 sinh (A — A;)2sinh (3; — &j))
7= / [Te O Danas, | 22 . (3.2.8)
; [I(2coshm(X; — Aj))?

2,
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and for the Wilson loop in the fundamental representation

?

) I1 (2 sinh w(\; — Aj)2sinh (A; — 5\J)) N
I eiikﬂ'()‘izij‘?)d/\id:\i i#£j § 2™
=5z (H [T 2eoshr(x; — 1,))? 2

2%

(3.2.9)
To compare to perturbative calculations, care must be taken to choose the correct framing (see
. Using the trivial framing, the expression for the Wilson loop above can be expanded in large
N and small N/k to yield [19]

5 1\ 72N? 1 1\ N3
-1 P [k (i 2.1
<W> +<6+6N2) k2 (2 2N2> ks + <3 0)

which compares well with perturbative results.

3.2.3 Holography

ABJM theory has a large N holographic dual description in terms of M-theory on AdSy x S”/Z,.
In the ’t Hooft limit of large N and fixed A\ = N/k, this can be interpreted in terms of type ITA
string theory on AdS, x CP? [64]. Operators of the ABJM CFT at large N therefore correspond to
string/M-theory configurations in 9 + 1 or 10 + 1 dimensions. The S3 partition function at strong
't Hooft coupling corresponds to the regularized supergravity action in AdSy [§]. One puzzling
aspect of this statement is that the latter action is known to scale like N3/2 at large N, whereas the
partition function of a gauge theory is naively expected to scale as N2. One can perform perturbative
calculations to extract the leading order behavior of the planar (leading order at large N) partition
function at weak coupling. In order to compare to the gravity result, however, a strong coupling
calculation must be performed. Such a calculation is feasible using localization and the matrix
model.

In [69], the authors solved the ABJM matrix model at large N and arbitrary A. The S? free

energy is related to the S3 partition function
Fgs = —log | Zgs| (3.2.11)

The solution in [69] provides an exact function for the free energy which interpolates between the
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weak and strong coupling results. The function is given implicitly using the following [§]

K 111 3 k2
A = —3F ==, =1 - —— 2.12
(K:) 8773 2<27232a 72a 16) (3 )
11 1 2 2 2
K 23 3 32 3 —K TR 111 3 kK
WFo(\) = -G —_— —aFy =, =, =1, = —— 3.2.13
A 0( ) 4 3,3 0 0 1 16 + 2 3 2(272a27 725 16 ( )
2

where F denotes the planar partition function. This complicated relationship (G is a Meijer func-
tion) can be expanded at weak and strong coupling to yield [§] (here a factor of N2 has been factored

out of the exact free energy and the limit taken to recover Fp)

1 —log(27)) + 3 +2log(2), A —0
= Jim 5 Feo & 8(2mA) + 5 5(2) (3.2.14)
N=oo —gg A — 00

which agrees with perturbative results at weak coupling, and supergravity results at strong coupling.
One can explicitly see the N3/2 scaling at large A (recall A ~ N).

The free energy can, in fact, be evaluated exactly for arbitrary N [8 [69]. This amounts to an
“all genus” calculation in type ITA string theory [§]. Furthermore, the expectation value of Wilson
loops, like the one described in[3:2.2] can be computed and compared to gravity results. The Wilson
loop in is 1/2 BPS from the N = 2 point of view, but there exists an operator which preserves
6 supercharges (and 6 conformal supercharges) and is therefore 1/2 BPS from the N = 6 point of
view [70]. Its expectation value at strong coupling, indeed the entire interpolating function, can be
computed using the same methods as for the partition function. The result for the 1/2 BPS Wilson

loop in the fundamental representation (denoted with a single box) at strong coupling is [71]

i
Wa) ~ 7/\6”ﬁ (3.2.15)

Note that this operator preserves the right amount of supersymmetry to be dual to a fundamental
type ITA string (or an M2 brane ending on the ABJM stack of branes in the M-theory description) [70]
and the asymptotic behavior in [3:2.15] matches gravity calculations for the macroscopic fundamental

string with worldsheet ending on a circle on the boundary of AdS, in AdS, x CP?* [70, [71].
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3.3 Superconformal Fixed Points

In this section we show how localization can be used to study aspects of the renormalization group
flow of gauge theories. In we show how the matrix model was used to solve the long standing
problem of computing the coefficients in the R-symmetry mixing of N = 2 theories described in[I.1.6]
In 7?7, we review how the three sphere partition function, computed from the matrix model, can
be used to put constraints on renormalization group flow. These constraints are similar in nature
to those provided by the c-theorem in two dimensions and the a-theorem in four dimension. The
validity of the constraints goes beyond the class of theories considered in this work, but the ability

to check them using exact computations has led to renewed interest.

3.3.1 R-Symmetry Mixing

Recall that the superconformal algebra contains a distinguished U(1)r R-symmetry, which is, in
general, a linear combination of the global U(1) symmetries of the theory, including the UV R-

charge.

Rigr = Ryv + Z a; F; (3.3.1)
U(1):

The charge of the various chiral multiplets in the theory under this special U(1)g determines their
conformal dimension. The exact linear combination entering [3.3.1]is a dynamical question, which
can be explored using perturbation theory, but which cannot be answered by examining the data
available in the UV action alone. When the global symmetries entering[3.3.1]are all flavor symmetries,
which are visible in the UV action, one can make some exact statements. An example of this is the
result that the correct linear combination minimizes the two point correlation function of R-currents
in the CFT [72]. This correlation function receives quantum corrections and cannot be evaluated
using localization. We will review the alternative approach pioneered in [3]. Note that when the
mixing involves accidental symmetries, which are not visible in the UV action, no explicit way of
evaluating the coefficients in[3.3:1]is known. Indeed, identifying such accidental symmetries is a task

in itself (see|1.2.6).
For the choice of supercharge in the algebra on the three sphere is [3]

(6,6 =My +R+Z (3.3.2)

with the central charge Z getting contributions from the real mass deformations for the global U(1)



77

flavor symmetries F;.

Z =Y (a;—im;) F; (3.3.3)

U,
This deformation has an imaginary part corresponding to the usual deformation parameter m and
a real part, a, which is the contribution of the global U(1) symmetry to the IR superconformal
R-symmetry. We previously called the sum of the real part of Z and the UV R-charge A. It is
the conformal dimension of the scalar in the chiral multiplet on which the commutator acts. The
parameters A; and m; enter the localization calculation only through the one loop contribution of the
chiral multiplet, where they appear in the same combination as in (see . This holomorphic

property of the partition function Z implies [3]
T = iOpmZ (3.3.4)

A similar conjecture could be made about the Fayet-Iliopoulos parameter ¢ [3]. This would imply
that the contribution of the U(1); current associated with the topological symmetry in to the
IR R-symmetry, which could change the conformal dimension of monopole operators, enters the
partition function in the same sort of holomorphic combination (i.e., as a complex extension of ¢ in
the classical contribution noted in .

The utility of the observation above is that, in the CFT, the quantity given by

1
7 0mZ] 0. a-an (3.3.5)

is a one-point function, corresponding to the insertion of the operator multiplying m. This one point
function is integrated over the three sphere. The expectation value of this operator can be nonzero
in a CFT only if it mixes with the identity operator [3]. In [3], it was shown that this cannot happen
for theories in which parity remains unbroken (since the operator in question is parity odd). Even
when parity is broken, the expectation value of the identity operator is a real number and therefore
5]

1
Im <Z 3mZ|m=07A=AIR) —0 (3.3.6)

which leads to the conclusion that,

a,

2
2P| yp =0 (3.3.7)

For a theory with n global symmetry currents, these are n conditions, which, generically, suffices to

determine the linear combination entering the IR R-symmetry exactly. For all known examples, the
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extremum implied in is a (local) minimum.

Examination of the XYZ theory in light of the above criterion trivially yields the correct
dimensions for the chiral multiplets (which can be inferred from symmetry considerations). The
conjectured criterion has also been tested for Abelian Chern-Simons theory at level k£ with Ny
flavors where one gets for all chiral multiplets

1 Ny+1 1

For SU(2) Chern-Simons theory

1 3(Np+1 1
Asy() cs(Ny) = 5 = ;T) +0 <k4> (3.3.9)
and for SU(2) Chern-Simons theory with ¢ adjoint flavors
1 4(g+1) 1
Aég(z) cs(9) = 3 T e T o <k:4) (3.3.10)

All of which agree with perturbative (large k) calculations [3].

3.3.2 The F-Theorem

In 1 4+ 1 dimensions the central charge in the superconformal algebra plays a special role in con-
straining the renormalization group flow. In [73], Zamolodchikov showed that there is a quantity,
C(gi, pv), which depends on the running coupling constants, and the renormalization group scale,
which is monotonically decreasing along the flow to the IR. The beta functions for the coupling
constants are determined by the gradient of C' and a metric determined by the two point functions.
At fixed points, the function coincides with the central charge ¢. The quantity ¢ also appears in the

Weyl anomaly [74]
c

9" (L) = EY

(3.3.11)

where R is the Ricci scalar. It was later suggested that the corresponding coefficient of the “a-type”
Weyl anomaly, that is the coefficient of the Euler density, should play the same role for theories in
four dimensions [75]. There is an increasing amount of evidence for the validity of this conjecture (a

recent example is [76]). There is no Weyl anomaly in three dimensions, but it has been suggested
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that the free energy on the three sphere
Fgs = —log |Zss| (3.3.12)

should play the same role [77, [78, [3]. This conjecture, now known as the F-theorem, is based on the

following observations

e The free energy is derived from the finite part of the partition function, which is unambiguous
and can be calculated using localization. The quantity Fgs appears to be always positive

([78]), which matches the behavior of Euclidean gravity calculations for AdS,

wL?

= 3.1
Ter (3.3.13)

Fags, =

where Gy is the effective Newton’s constant and L the radius of AdSs [78]. It has been
shown that L decreases along holographic RG flow in the leading supergravity approximation

[79, 178, &0

e As described in |3.3.1} the free energy (or equivalently the partition function) determines the
R-charges of chiral multiplets at the IR fixed point. The free energy is (locally) maximized
at the correct values. This resembles the result in four dimensions that the “a-type” anomaly

determines the R-charges of chiral multiplets by a-maximization [81].

e The free energy is constant under exactly marginal deformations of the CFT [78]. This is also
true for the “a-type” anomaly in four dimensions and the central charge in two dimensions [70].
This property of the free energy can be argued by noting that such a marginal deformation is,
to first order, an insertion of the corresponding (integrated) local operator. The expectation

value of such an insertion vanishes on S®, as was argued in m

In [78] the authors showed that given a CFT in three dimensions with a gravity dual of the form
AdS4xY, and where the cone over Y is a toric Calabi-Yau fourfold (a four complex dimensional
manifold with vanishing first Chern class and a torus action), the maximization of the free energy
with respect to the trial R-charge A is the holographic dual of the Z-minimization procedure used
to determine the volume of Y [82]. This, again, mirror four-dimensional results for the “a-type”
anomaly [82]. They also find the N 3/2 scaling discussed in for a larger class of quivers: non-
chiral theories with an equal number of fundamental and antifundamental flavors and Chern-Simons

levels which sum to zero. The behavior changes to N°/3 when the levels do not sum to zero, also in
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agreement with the gravity dual [83] [78]. Finally, explicit tests of the F-theorem done in [78], which

compare the free energy in the UV and in the IR, confirm the general statement

F&' < FGY (3.3.14)

The calculation of the free energy using localization is, of course, restricted to N > 2 theories.
The F-theorem, however, is thought to hold for a general quantum field theory in three dimensions,

as do the analogous conjectures in two and four dimensions.
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Discussion and Summary

We have shown that localization can be used to reduce the calculation of BPS observable in N = 2
SCFTs in three dimensions to matrix model computations. This was achieved, in part, by map-
ping the conformal theories to the three-sphere. A supersymmetric action on the three-sphere was
constructed, first by guessing the appropriate deformation of the flat space action, and later by con-
sidering a particular supergravity coupling procedure. A supercharge and the corresponding Killing
spinor were identified and used to deform the theory in such a way that the semi-classical approx-
imation became exact. This allowed us to write the entire path integral calculation as a matrix
model involving the remaining zero modes.

The partition function is well defined on the three-sphere and this allowed us to compare the
highly nontrivial deformed partition functions of dual theories. We were able to extend some of
the duality conjectures using node-wise duality with the background couplings visible in the matrix
model. We saw that the partition function calculation also gives a concrete way of evaluating the
R-symmetry mixing induced by renormalization group flow and to determine the IR dimensions of
chiral operators.

The localization performed here is part of a large set of calculations for theories in various
dimensions. The three-dimensional calculation has been performed on S? x S! (the superconformal
index) and on the squashed sphere. In principle, a similar calculation can be performed on any
manifold where one can write down an action which preserves enough supersymmetry. The work
presented here was inspired by the calculations on S*. That calculation was for N = 2 and N = 4
theories in four dimensions. It would be interesting to see if that can be extended to N = 1 theories.
Such theories are relevant as extensions of the Standard Model.

Defect operators, which play a role in duality, can also be incorporated into the localization
calculation. Monopole operators corresponding to such defects appear in the chiral ring of theories in
three dimensions. It is possible that localization can be used to probe the structure of the chiral ring
as it was to compute the conformal dimensions of these operators. There are also defect operators

supported on curves and 2-manifolds. The former may be related by duality to the usual Wilson
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loop operators. Localization could be used to evaluated the expectation values of such operators
and to provide evidence for their role in duality.

Finally, there has recently been increased interest in using the three sphere partition function
to constrain the renormalization group flow. The F-theorem states that this quantity plays a role
similar to the central charge in two dimensions and the a-type conformal anomaly in four dimensions.
Related quantities, such as Renyi entropy, can also be calculated using localization. This is work in

progress.
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Appendix A

Regularized Determinants

In this appendix we compute various regularized determinants of differential operators that enter
into the localization calculation We begin by defining the zeta regularized determinant of a
Hermitian pseudodifferential operator. We will follow the exposition in [84].

Let D be a first or second order Hermitian elliptic pseudodifferential operator acting on the
space of sections of some bundle over S3. We will consider only the Laplacian acting on scalars or
vectors, and the Dirac operator acting on the complex spinors defined in[1.1.1] These operators have
a discrete spectrum of real eigenvalues \; with degeneracy d;. We may choose an orthonormal basis
for the eigensections. The inner product is defined by the action on S3. Define the generalized zeta

function (here each eigenvalue appears with its degeneracy)
NOED PP (A.0.1)

the zeta regularized determinant of D is defined to be [84]

det(D) = eXp(f%\szo) (A.0.2)

For the operators in question, this can be evaluated in terms of the Hurwitz zeta function (25.11 in

[85])
1

Cu(s,a) =) —— (A.0.3)
7;) (n+a)

We will need the determinant of operators with eigenvalues n + a and degeneracies an? + n + .
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These are given by

Det(D(a){a,3,y}) = €Xp ((—’y + Ba + 04(12) CH/(O, a) + (= + 2aa) CHI(—l,a) - aCH/(—Q,a)>
(A.0.4)
Define

H(a,B,7v,n) = (—'y + Ba + aa2) CH/(O, a) + (=B + 2aa) CH/(—L a) — aCH/(—Q, a) (A.0.5)

The expression above can often be simplified using special function identities. It is often simpler,
however, to simplify the 1-loop factor appearing in [2] by explicitly canceling modes between the
bosonic and fermionic contributions. In one some situations, it is also useful to pair eigenvalues that
contain radicals before writing down the expression for the determinant. We now carry out these

procedures for the relevant operators. We will perform the calculation for fields with a given weight

p.

A.1 Vector Multiplet

We would like to evaluate the following expression for the Gaussian path integral in the gauge sector

224

Zlgaiulieo:ultiplet (a) _ Det (Dgauge multiplet fermions) (A.l.l)
Det (Dvector)

The relevant operators are [2.2.4]

Dyector = Avector - ['7 a}Q (A12)
. ) 1
Dyector multiplet fermions = ? N - Z['; a] - § (Alg)
and the modes [[.3.3]
A3(L,1) = (L +1)° (A.1.4)

L=1,2., 00 (A.1.5)
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with degeneracy

B (2L + 2)(L + 2)! B
Ds(L,1) = S S =2L(L+1) (A.1.6)
and
MP3(n) = +i(n +3/2), n=0,1,...,00 (A.1.7)
with degeneracy
DP(n) = (n+1)(n+2) (A.1.8)

In the notation with p(a) replacing i[-, a] we get the following result

(n+1—ip(a)) (—n — 2 — ip(a))) "D+
gauge multiplet (a)|p _n (Alg)

1 - loop
00 21(142)
1j ((z 12 p(a)Q)

((k +ip(a)) (k + 1 — ip(a))) "*V

—18

I
o

::]8

(A.1.10)
o k+2p (k 1)(k+1) (k’+1 ( ))k(k-‘rQ)
o1 (k+ip( ))kJrl
= H eyt (A.1.11)
i1 (b —ip(a))

anticipating the fact that for the adjoint representation the weights (now roots) come in posi-

tive/negative pairs, we write the product of such a pair

(k+ 1+ ip(@)"*? (k + 1 — ip(a)**?

Zgaugc multlplct( )|:t — (A112)
Lo | T s TS N
=exp (H(0,1,2,1+4ip(a)) — H(0,1,0,1+ip(a)) + c.c.) (A.1.13)
-
_ %sz(a)) (A.1.14)
pla)
We conclude that

Zlge?ulg(;)i;nultlplet( a)l, = M (A.1.15)

p(a)
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A.2 Chiral Multiplet

We would like to evaluate the following expression for the Gaussian path integral in the matter

sector [2.2.4]

Zchirlal multiplet( A) o Det (Dchiral multiplet fermions) (A 2 1)
ch , _ L.
oop \/Det (Dchiral multiplet scalars)

The relevant operators are

. . 1
Dihiral multiplet scalars — Agcalar + p(a)2 - lp(a) + QZ(A - i)P(a) + A(2 — A) (A22)
. . 1
Dchiral multiplet fermions = ? N - lp(a) + (A - 5) (A23)

and the modes [1.3.3]

A3(L,0) = L(L +2) (A.24)
L=01..,00 (A.2.5)
with degeneracy
D3(L,0) = 2(L +1)? (A.2.6)
and
AP3(n) ==+i(n+3/2), n=01,..00 (A.2.7)
with degeneracy
DP(n)=(n+1)(n+2) (A.2.8)
Define
z(pla),A) =ip(a) — A +1 (A.2.9)

then



I (0§ o+ (A= D)0+ §+io — (A= 3))"""
ZChlIiiIOIr)l'lultlplet (a)|p — n:loo (A210)
\/H (1L +2) + 02 —io + 2i(A — Lo + A2 — A))*
=0
oo _ k(k+1)
=11 (k=24 Dk+2) (A2.11)
= () —2)"
e3¢} k+1
=11 (W) (A.2.12)
E+1—-=z2
k=0
= exp (H(0,1,1,1+ 2) — H(0,1,1,1 — 2)) (A.2.13)
= exp (£(2)) (A.2.14)
where, following [3], we define
Tz i 1. Tz i
U(z) = —zlog (1 — ™) + 3 (7rz2 + ;ng (e )) kD) (A.2.15)

The last two expressions can be seen to be equal by using identities for special functions [85]. Note
that when A =1, z is pure imaginary and the one loop contribution is a pure phase. Moreover, the
roots p of a Lie algebra come in positive/negative pairs, which implies, from examination of [A.2.12

that the total one loop contribution vanishes for an adjoint chiral multiplet with A = 1.
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Appendix B

Partition Functions of Seiberg-Like
Duals

Some of the integrals resulting from the localization procedure can be challenging to evaluate. In
some cases, specifically in the presence of Chern-Simons terms and Ny > 1, we have used numerical
integration to compare the partition functions of dual theories. Where numerical results are provided,
the integrals were performed using the CUHRE numerical integration routine available in the CUBA
library [86] and using the Mathematica interface. The calculation for large rank gauge groups
becomes increasingly numerically demanding and only low-rank results are provided.

The figures and summarize the comparison of the absolute value and phase of the
partition functions for the dualities in
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Figure B.1: A comparison of the magnitude of the partition functions with FI deformation (7) for 8
dual pairs and values of n from .1 to .9 and a best fit line, which, to the accuracy of the numerical
evaluation, is of slope 1 and intercept 0.
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Figure B.2: A plot of the phase difference of the partition functions with FI deformation (7) for 8
dual pairs and values of 1 from .1 to .9 and a best fit parabola.
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