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ABSTRACT

Discrete-time lossless systems have been found to be of great importance in
many signal processing applications. However, a representation for lossless transfer
matrices that spans all such matrices with the smallest possible number of parame-
ters has not been proposed earlier. Existing representations are usually for special
cases and therefore not general enough. In this study, two general and minimal
representations are presented for multi-input, multi-output FIR and IIR lossless
systems. The first representation is in terms of planar rotations and it leads to
multi-input, multi-output lattice structures. The second representation is in terms
of unit-norm vectors and it enables shorter convergence times in optimization appli-
cations. A simple modification of this representation leads to structures that remain
lossless under quantization. The structures that follow from these representations
share some properties such as the orthogonality of the implementations, and min-
imality of the number of parameters and scalar delays the - Since all lossless
transfer matrices can be spanned by appropriately adjusting : . parameters, these
structures can be particularly useful in applications that involve optimization under

the constraint of losslessness. Some examples of such applications are included.
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CHAPTER 1
INTRODUCTION

Traditionally, lossless network functions and matrices have played a crucial role
in classical electrical network theory. Lossless electrical networks have been exten-
sively studied [BR 31], [GU 57|, [VAN 64], [BELE 68], [AN 73], [TE 77], [BA 69],
[OR 66] and many of the theoretical results on lossless systems have been applied
to the synthesis of electrical filters, which provide prescribed attenuation charac-
teristics. A complete treatment of continuous-time lossless systems can be found in

[BELE 68].

If we consider lossless systems from an input-output point of view, the theoret-
ical properties of these systems can actually be simulated even without the use of
electrical elements. It is in fact possible to build discrete-time systems and digital
filters by using appropriately defined lossless building blocks [FE 75a], [FE 75b],
[VAI 84]. Pioneering contributions in this connection can be found in [FE 75a),
[GR 80] and [DEP 80]. An independent development of the concept of losslessness
in the discrete-time world is possible [DEP 80], [VAI 84], and results in a number
of exciting applications in signal processing. These include low-sensitivity digital
filter design [VAI 84], [VAI 86a], [VAI 86b], [DEP 80], limit-cycle suppression [FE
75b], [VAI 87a], stability test procedures [DEL 81], [VAI 87d], filter tuning [MI
85], multirate filter banks [VAI 87b], [VAI 87¢] and development of new sampling

theorems [VAI 88b].

In the following, we will have a closer look at two of the applications listed

above, namely, multirate filter banks and low-sensitivity digital filter design.
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Use of lossless systems in multirate filter banks:

A digital filter bank is a collection of M filters Hy(z) that split a signal z(n)
into M subbands. These subbands are typically decimated (i.e., undersampled) by a
factor of M, for transmission or storing purposes. Such a system, called a mazimally
decimated analysis bank, is commonly used in several applications such as speech
coding, [CROI 76], [CROC 83], image coding [WO 86}, short-term spectral analysis

[CROC 83] and voice privacy systems [CO 86).

At some subsequent stage, it is eventually necessary to combine the subband
signals to recover the original signal z(n) as accurately as possible. This recon-
struction is done with the synthesis bank, which is a collection of M digital filters
F,(2). Fig. 1.1 shows a complete analysis/synthesis system which is often called the
Quadrature Mirror Filter (QMF) bank. The downgoing arrows in Fig. 1.1 represent
decimation by a factor of M, whereas the upgoing arrows represent the insertion of
(M — 1) zero-valued samples between adjacent samples, in order to match up the
sampling rates of z(n) and z(n). Details of operation of the system of Fig. 1.1 can
be found in a number of references [SM 87], [VE 87|, [VAI 87f], [VAI 88a], [VAI
88c]. Suffice it to point out here that &(n) is a distorted version of z(n) for several
reasons. First, there is aliasing caused by undersampling (since the filters H,(z)
prior to decimation are not ideal bandpass filters). It can be shown [VAI 87b] that

aliasing is cancelled if and only if

Ho(z) Hl(Z) [P HM..;[(Z) FO(Z) T(z)
Hy(zW™1) H,(:W™1) Hy 1 (zW™Y) Fi(z) _ 0
Ho(zW-M-D)  H,W-M-0) . Hy (W= FM_:I(Z) 0

(1.1)
where the M x M matrix is referred to as the alias component (AC) matrix H(z),

and W = e~*%. Second, assuming that aliasing is eliminated, we have a transfer



x(n) Ho(2) F*{MF—>{tM[—s{ Fo(2)
_E H(z) —",M—»fM—v Fi(z) :k

LHM_1(2)—> IM—{tM[-+ FM_1(Z)*-+—->

Fig. 1.1. An M-channel, maximally decimated QMF bank.

Q(n)
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function between X(z) and X (2) equal to T'(z) = e Y M- ! Hy(z)Fi(z). This causes
amplitude distortion (unless T'(z) is forced to be allpass) and phase distortion (unless
T(z) is forced to have linear-phase). If the filters H,(z) and Fi(z) are chosen such
that T(z) is a delay (i.e., T(z) = cz2™™), then z(n) is a (delayed) replica of z(n),

and the system is said to have the perfect-reconstruction property.

As such, perfect-reconstruction may seem to be a simple task to accomplish.

For example, if we take
Hy(z) = 2z7%, Fy(z) = z~M-1-0) (1.2)

then we have #(n) = z(n — M + 1). However, if we simultaneously insist that the
analysis filters should have sharp cutoff and good stopband attenuation, then we
have a nontrivial design problem. This problem can be handled by using the idea of
lossless transfer matrices [VAI 87b], [VAI 87f]. This is one of the major applications
of losslessness in modern signal processing. Here, we will very briefly state the basic

1deas.

First, any analysis filter can be represented in the form Hy(z) = 1451 27 By 1 (2M).
This is done simply by classifying the impulse response sequence hx(n) into M sub-
sequences hx(l + nM) for 0 <1 < M — 1 and defining ey (n) = hi(l + nM). The
z-transform of e;;(n) is then taken as Ej;(z). The functions E;(z),0 <1< M -1
are called the polyphase components [BELL 76] of Hy(z). Once we represent the
analysis filters in terms of Ej;(z), we can repeat a somewhat similar process for
the synthesis filters and obtain a representation Fi(z) = S gt z~M-1-DR, , (™).
Having done so, Fig. 1.1 can be redrawn as Fig. 1.2, where E(z) = [E} (2)] and
R(z) = [Rix(z)] are M x M matrices (called the polyphase component matrices).
It is shown in [VAI 87b], [VAI 87f] that if E(z) is a lossless transfer matrix and if

R(z) is chosen to be E(z) (= ET(z"1), where superscript T stands for transposition



Fig. 1.2. Alternate representation for the M-channel,

maximally decimated QMF bank .
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and subscript * stands for the complex conjugation of the coefficients), then perfect-
reconstruction property is ensured. As a result, our design problem is the following:
design the analysis filters Hi(z) to have good passband and stopband characteristics
under the constraint that the related matrix E(z) is lossless. If E(z) is IIR lossless,
then all the poles of R(z) = E(z) are outside the unit circle, resulting in instability.
For this application, E(z) is therefore restricted to be FIR. Suppose now that we
have a structural representation for FIR lossless matrices, which spans the entire
set of such matrices by the smallest possible number of parameters. Since using
such a representation for E(z) ensures losslessness, our design problem becomes op-
timizing the parameters of this representation such that the filters H;(z) have good
responses. It should be emphasized here that the generality of this representation
enables us to search for an optimum over every M x M FIR lossless system with a
given degree. In other words, the optimization takes place over the complete set of

suitable transfer matrices.

Let us now consider the case of IIR QMF banks. It has been indicated in [VAI
87b] that perfect-reconstruction IIR QMF banks are possible only under certain
(rather stringent) conditions. More useful solutions in this case can be obtained
if phase distortion in the reconstruction process can be tolerated. This can be
accomplished by forcing T'(z) to be a stable allpass function. One way of doing so

based on the losslessness concept was reported in [VAI 87b], and can be summarized
as follows.

Consider an ITR QMF bank for which E(z) is lossless. This in turn implies that
the AC matrix H(z) is lossless [VAI 87b]. Now, if the synthesis filters are chosen

according to
Fo(z) 1

BB agae ||, (1.3)
FM_.l(Z) 0
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where Adj H(z) = detH(z) H™!(z), it can easily be shown that the alias cancellation
condition (1.1) is satisfied with T'(z) = det H(z). Since the determinant of a lossless
matrix is a stable allpass function [VAI 89b], we conclude that the choice (1.3) of
the synthesis filters eliminates both aliasing and amplitude distortion. Suppose
now that we have a general structure for IIR lossless matrices. Such a structure
can be used to implement E(z), and the parameters of this implementation can be
optimized as before to obtain good analysis filters Hy(z). Once again, this approach
enables us to search over the complete set of lossless IIR matrices for an optimal
solution. Both of these cases (FIR and IIR) exemplify the importance of lossless

matrices in multirate filter bank applications.

Use of lossless systems in low-sensitivity filter design:

A digital filter implemented on a general-purpose computer or special-purpose
hardware behaves differently from its idealized design because of the finite word
length available to represent the multiplier coefficients and signal variables. A dig-
ital filter structure is said to have low-sensitivity if the properties of the filter are
relatively insensitive to incremental perturbations in the values of the multiplier
coefficients. In other words, the behavior of an implementation by a low-sensitivity
structure with quantized multiplier coefficients is very close to the ideal filter behav-
ior with infinite precision multiplier coefficients. Such a structure has the advantage
that the multiplier coefficients can be represented by fewer bits, thus making the
implementation faster and/or less expensive. Thus the low-sensitivity nature of a

digital filter structure is a very desirable property.

The sensitivity of the passband magnitude of the frequency response is a quan-
tity of interest in practice. In the following, the term low-sensitivity will be used

synonymously with low passband sensitivity. A general theory for low-sensitivity
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digital filter structures, based on the losslessness of certain building blocks, has been
developed by Vaidyanathan and Mitra [VAI 84], [VAI 85c], [VAI 86a]. Here, we will

mention some results of this theory.

Let us consider a rational transfer function H(z) with complex valued coeffi-
cients. Let us also assume that the structure implementing H(z) has the prop-
erty that as long as the values of the multipliers are within a permissible range,
| H(e™) |[< 1, Yw. Thus the structure imposes a kind of boundedness on the trans-
fer function H(z). If we consider the typical lowpass response shown in Fig. 1.3
for H(z), we see that at the frequency w; in the passband, the transfer function
magnitude is precisely unity, for an infinite precision implementation. If one of
the multipliers is quantized, then | H(e™*) | cannot increase because of structural
boundedness. Therefore, | H(e'“*) | plotted against an internal multipiier m; has

the form shown in Fig. 1.4 and satisfies

0| He™") | _
o Imymmu= 0 (1.4)

In other words, the structural boundedness of the implementation forces zero-
sensilivily property with respect to each internal multiplier at certain frequencies

wy in the passband.

Structurally lossless realizations (i.e., realizations that remain lossless in spite
of multiplier quantization) can be used to enforce low sensitivity. As an example,

let us consider a lossless vector
H(z) = (Ho(z) Hi(z) ... Hpy_y(2))T. (1.5)
Because of losslessness, the transfer functions Hy(z) all satisfy

| H(e®) <1, VYw. | - (16)



1] > mj
M,

Fig. 1.4. Pertaining to equation (1'.4).
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If H(z) is realized by structurally lossless building blocks, such a realization pre-
serves the property (1.6}, and thus imposes boundedness on the transfer functions
H,(z). Consequently, all H;(z) exhibit low sensitivity in their passbands. A use-
ful application of this concept is the following: Suppose that we are given M — 1

transfer functions Gx(z) that satisfy the property
M-2 _
3 | Gile®) ’P<1, Vw. (1.7)
k=0
A low-sensitivity realization for these is possible by forming a vector
G(z) = (Go(2) ... Gum-z(z) Gm-1(2))T, (1.8)

where Gpr-1(z) is chosen such that G(z) is lossless, and then by realizing G(z) in a

structurally lossless manner. Such an application will be considered in Chapter 3.

These two applications clearly show the importance of lossless systems, and of
finding general structures and realization procedures for such systems. Some partial
results that deal with the special cases have indeed been reported in the past. For
example, [VAI 86b] considers the synthesis of M x 1 FIR lossless systems with real
coefficients. Two different approaches to the realization of M x M real-coefficient
FIR lossless matrices can be found in [DO 88] and [VAI 89a], [VAI 89b]. On the
other hand, [VAI 87c], [VAI 86a] deal with a special type of 2 x 1 IIR lossless
system with real coefficients, where each of the IIR filters Hy(z) and H,(z) is a

linear combination of two allpass functions.

The purpose of this study is to obtain a completely general characterization of
lossless systems such that the previously mentioned partial results are special cases.
Even though discrete-time lossless systems have been found to be of tremendous
importance in the previously mentioned signal-processing applications, it has not

been possible in the past to obtain a self-contained and unified documentation of
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discrete-time FIR and IIR lossless systems. It was mentioned earlier that an excel-
lent reference on continuous-time lossless systems is the text by Belevitch [BELE
68]. In principle, it is possible to obtain analogues of some of the results of this study,
by carefully mapping the continuous-time developments to be found in [BELE 68].
We have chosen not to do so, for two reasons. First, a direct discrete-time approach
leads to a self-contained presentation, opening up wider readership. And second,

such a direct derivation is often simpler and leads to newer implementations.

This study is organized as follows: In Capter 2, we review some results about
lossless systems that are to be used in the later chapters. In Chapter 3, we in-
vestigate single-input, M-output IIR lossless systems and describe two structural
implementations for these in terms of complex planar rotations. A state-space ap-
proach is taken in Chapter 4 to derive parametrizations and lattice structures for
both FIR and IIR lossless systems. The characterization of lossless systems here is
again in terms of complex planar rotations. The parametrizations and structural
representations are also extended to the cases of rectangular lossless, real-coefficient
FIR and real-coeflicient IIR transfer matrices. Chapter 5 deals with a different rep-
resentation of lossless matrices as a cascade of lossless building blocks. The charac-
terization of these lossless building blocks are in terms of unit-norm vectors. The
FIR and IIR cases are again considered seperately, and structural representations
and synthesis procedures are derived for both cases. In Chapter 6, we show how the
- lossless structures of Chapters 4 and 5 are linked, and we also consider some com-
mon properties of these structures such as the unitariness of the implementations
and the minimality of the number of parameters. The Smith-McMillan form of a
square lossless matrix is also derived in Chapter 6. Finally, possible applications

and open research problems are pointed out in Chapter 7.
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The following notations are used in this study: Boldface letters such as A, H(z)
etc. denote matrices and vectors. The row and column indices of matrices and vec-
tors begin from zero. The (i, j)* entries of matrices U and Uy, are denoted by U, ;
and U,-’fj’-', respectively. Superscript T (as in A7) stands for transposition, whereas
superscript 1 (as in AT) stands for transposition followed by complex conjugation.
A superscript asterisk (as in A*, a*) denotes complex conjugation. A subscript
asterisk (as in H,(z), H.(z)) stands for conjugation of coeflicients. For example, if
H(z) = a+bz?, then H,(z) = a* + b*2z~1. The tilde notation is defined as follows:
H(z) = H7(z7!). It can be verified that H(e™) = HT(e"“’), i.e., on the unit circle of
the z-plane, tilde and dagger notations are synonymous. The inner product (a,b)
of two vectors a and b is defined as (a,b) = bta. The Buclidean norm of a vector
x is designated by the symbol || x |[, so that || x ||= \/—(;;)- A square matrix
B is denoted by AY if A = BB!. The following notations are also used in this
conjunction: A"I' =B, A~ = B! and A‘i = [B*]‘1 = [B“I]T. The notation
P < Q where P and Q are two Hermitian matrices means that Q — P is positive
definite (and P < Q means Q — P is positive semidefinite). The Kronecker delta
1 1=

is denoted by §;; = {0 it The hat accent on a polynomial P(z) = ¥

is defined such that P(z) = zM~1P(z). The hat accent is also used to denote the

e
reconstructed signal at the output of a QMF bank, which is not to be confused
with the first usage. The specific use intended is always clear from the context. A
unitary matrix U is generally defined as vty = cI, where ¢ > 0. In this study,
however, unless otherwise specified, a unitary matrix refers to one that satisfies the
above equality with ¢ = 1, and a real unitary matrix is referred to as an orthogonal

matrix. Finally, the notation a(z) | b(z) is read as a(z) divides b(z).



CHAPTER 2
MATHEMATICAL PRELIMINARIES

This chapter is intended to serve as the mathematical background for the re-
maining chapters. A range of topics from lossless systems to parametrization algo-
rithms will be covered with emphasis on the aspects that are relevant to the develop-
ments in the coming chapters. In Section 2.1, we will review scalar and multi-input,
multi-output lossless system properties. The discrete-time lossless lemma, which
states an equivalent condition for losslessness in terms of state-space parameters, is
reviewed in Section 2.2. Matrix two-pairs, matrix two-pair extraction formulae and
the vector version of the Maximum Modulus theorem, which will all be employed in
Section 3.2 in a synthesis procedure for lossless vectors, are reviewed in Section 2.3.
Finally, two minimal parametrization algorithms for unitary matrices are described

in Section 2.4.
2.1. LOSSLESS SYSTEMS
2.1.1. THE LOSSLESSNESS PROPERTY

A discrete-time lossless system is a device that comserves emergy so that the
output energy F, equals the input energy E,, except for a real scale factor ¢ > 0,

which is independent of the input sequence u(n).

Of particular interest to us are linear time-invariant (LTI) systems [OP 75
characterized by rational transfer functions. A very simple example of a lossless
transfer function is H(z) = z~L, where L is an integer. A more nontrivial example

is a stable allpass transfer function, which satisfies

| H(e™) |=d Vw, o (21)



where d > 0 is a constant. For such a system, we have | Y(e) |= d | U(e"™) | for

every (Fourier transformable) input, so that

2 . 2r .
i/O 1Y (e®) Pdo=S [ |U(*) [ dw, ¢>0. (2.2)

27 27 Jo

According to Parseval’s relation [OP 75], the integrals in (2.2) are precisely the
energies E, and E,, respectively, showing that an allpass function is indeed loss-
less. In fact, one can also work backwards to prove that a lossless function has to
be allpass. Even though allpass functions have several applications [RE 88], the
usefulness of lossless systems is greatly enhanced by extending the definition to
multi-input, multi- output (MIMO) systems. Before we do so, however, we will

review some standard notions in the MIMO system theory.
2.1.2. SOME STANDARD NOTIONS IN THE MIMO SYSTEM THEORY

Fig. 2.1 shows a LTI system with M-input sequences u;(n), 0 < i < M -1
and P-output sequences y;(n), 0 < i < P — 1. (Single-input, single-output systems,
which have P = M = 1, are commonly referred to as scalar fems.) The depen-

dence of the k** output sequence yx(n) on the M input sequences can be expressed

in the z-domain as
M-1
Yk(z) = Z HH(Z)Ul(Z), 0 S k S P - 1, (23)
1=
where Hy(z) is the transfer function from the I** input to the k** output, and

Yi(z) and Uj(z) are the z-transforms of yi(n) and u(n), respectively. The overall

input-output relationship of the system in Fig. 2.1 can then be written as
Y(z) = H(2)U(z), (2.4a)

where



Uy () —
u,(n)—

b, (n) —>!

H(z)

H, (@] ] :

Fig. 2.1. An M-input, P-output LTI system.



U(z) = (Us(2) Ti(z) ... Um-a(2))T,
and
Ho,o(z) v HO,M—I(Z)
H(z) = : : . (2.4b)
Hp_10(z) ... Hp_ym-1(2)

In the following, we shall restrict our attention only to those systems for which
Hyy(z) are rational functions, i.e., of the form g::(:), where Ny(2z) and Dy (z) are
finite-degree polynomials in the variable z~1. After this brief introduction, we will

review some standard notions in MIMO system theory.
Matrix Fraction Descriptions for MIMO Systems

An M-input, P-output system characterized by a P x M transfer matrix H(z)
with rational entries can often be given a matriz fraction description (MFD) [KA
80]. This description is an extension of the rational function representation for the

scalar case. In the following, we will use the form
H(:) = Q7()P(2), (2.6)

known as a left MFD, where Q(z) and P(z), respectively, are the P x P denominator
and P x M numerator matrices. The polynomial matrices P(z) and Q(z) can be

expressed as
K

P(z) =) p(n)2*™", Q(z) =Y q(n)z*", (2.7)

n=0 n=0
where q(n) are P x P and p(n) are P x M. Notice that only positive powers of z
appear in (2.7). This is not a loss of generality since we can multiply the matrices
Q(z) and P(z) with the scalar z=¥ to obtain equivalent representations for H(z)
in z7L.

Given P(z) and Q(z), suppose that we can write

Q(z) = L(z)Qu(z), P(z) = L(z)Pi(2), (28)
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where L(z) is a P x P polynomial matrix. Then L(z) is said to be a left common
divisor (LCD) of Q(z) and P(z). Note that Q7!(z)P,(z) is also a valid MFD for
H(z). An LCD L(z) of Q(z) and P(z) is said to be a Greatest LCD (GLCD) of
Q(z) and P(z) if every other LCD L;(2) of Q(z) and P(z) is a left-factor of L(z);

ie.,

L(z) = Ly(2)W (z) (2.9)

for some polynomial matrix W(z). Given an MFD Q7'(2)P(z) for H(z), if we
can identify and cancel off a GLCD, the resulting MFD for H(z) is said to be
irreducible. Note that this results in a reduced degree for the determinant of the
denominator matrix. Irreducible MFDs are not unique since given an irreducible
MFD Q!(z)P(z), we can generate infinitely many others of the form Q;!(z)P;(z)

simply by writing
Qi(z) = W(2)Q(z2), Pi(2) = W(z)P(2), (2.10)
where W(z) is any P x P unimodular* matrix. The matrices Q(z) and P(z)

describing an irreducible MFD are said to be leff coprime.

State-space Descriptions Any MFD of the form (2.6) can be implemented as an
interconnection of scalar delays, scalar multipliers and two-input adders [OP 75].
Let d be the number of delays used in such an implementation. If we assign the
names Xx(n) to the output sequences of the delay elements, with 0 < k < d — 1,

then the system can be described by the set of state-space equations
x(n + 1) = Ax(n) + Bu(n),

y(n) = Cx(n) + Du(n), (2.11)

* A square matrix W(z) which has detW(z) = ¢, where ¢ is a constant independent of z, is said to be unimodular.



where x(n) = (zo(n) zi(n) ... z4-1(n))?, u(n) and y(n) are the state, input
and output vectors, respectively. The state-transition matrix A is d x d and the

other matrices have obvious dimensions.

Poles and Zeros of a MIMO System The transfer matrix H(z) is said to have
a pole at z, if any of its entries has a pole at z,. If an irreducible MFD for H(z) is

assumed, z, is a pole of H(z) if and only if it is a zero of the polynomial det Q(z).

For an irreducible MFD Q~!(z)P(z), the normal rank r, of P(z) is defined to
be max, [rankP(z)]. We define zy to be a zero of H(z), if rankP(zy) < r,. For a

system with P = M = r,, the zeros of H(z) coincide with the zeros of det P(z).
The Degree of a MIMO System

As in the scalar case, the smallest number of scalar delay elements 2! required
to implement H(z) is called the degree of H(z) (also referred to as the McMillan
degree [KA 80]). In the following, the degree is always denoted by N — 1. This is
different from K appearing in (2.7), as can be seen from the example H(z) = 27 1p,
which is a system with P = M, Q(z) = zIp and P(z) = Ip. This system merely
delays each input sequence by one unit. Clearly, K = 1 here even though we require
P delays for the implementation. To determine the degree of H(z), we start with
an irreducible MFD Q~*(z)P(z) for H(z). It can be proved [KA 80] that with such
an MFD,

deg H(z) = deg detQ(2). (2.12)

It is meaningful to consider an irreducible MFD in order to define the degree, since
if the MFD is reducible, one can cancel off LCDs to obtain other MFDs that have
lower-order denominator determinants. This process can be continued until an

irreducible MFD for H(z) is reached.
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It is in general not possible to determine the degree of a given matrix H(z) by

inspection. However, in the special case of an M x 1 vector,
H(z) = (Po(z) Pi(z) ... Pu_yi(2))7/d(2), (2.13)

where the polynomials P,(z), 0 < i < M — 1 and d(z) do not have any factors
common to all of them, the degree is given by the maximum degree over all rational

. Pi(z
functions —5(%51.

2.1.3. MIMO LOSSLESS SYSTEMS

A MIMO lossless system can be defined as one whose output energy E, =
T e yT(n)y(n) equals its input energy By = Y20 _ uf(n)u(n) (up to a scale
factor ¢ > 0). The vector version of Parseval’s theorem states that for a column

vector g(n) with the z-transform G(z),

L/2”C;T(‘im)(;(em) dw = i g (n)g(n). (2.14)

2r Jo ne oo
This equality enables us to interpret losslessness in the z-domain as well. We say
that a MIMO system with an input vector U(z) and an output vector Y(z) is
lossless if U(z) and Y(z) satisfy

/ "y e )Y (€)dw = ¢ i " Ut (e U(e®) dw. (2.15)

0

Hence a second definition of losslessness based on Equations (2.4a) and (2.15), can

be stated as follows: A MIMO stable system is lossless if the system transfer matrix
H(z) satisfies

H(e)H(e®) = c Iy Vo, (2.16)

i.e., if H(z) is unitary on the unit circle. Note that the property (2.1) satisfied

by a scalar allpass function is simply a special case of (2.16) with P = M = 1.

Note also that a rectangular P x M lossless matrix must satisfy P > M, since if



P< M, HT(e‘“)H(e‘”) has rank < P, and therefore, cannot possibly be equal to
Ins. Another consequence of the above definition is that the cascade of two lossless
systems turns out to be lossless. This fact will be used repeatedly in the coming
chapters. Note, however, that a parallel connection of two lossless systems is not

necessarily lossless.

Let us understand the implications of losslessness in terms of the columns of

H(z). Let H,(z) denote the i** column of H(z). Condition (2.16) can be rewritten

as

H] (e*)H, () = {‘-’ ifl=n, (2.17)

0 otherwise.

In other words, the columns of H(e'*) are mutually orthogonal, and the components

H; (e™) of the I** column satisfy the property
P-1 .
S | Hig(e®) P=c Vw. 7 (2.18)
k=0

A set of P transfer functions Hy(z), 0 < k < P —1 satisfying (2.18) is called
a power complementary (PC) set, and (2.18) is called the PC property. In
particular, two scalar transfer functions H(z) and G(z) satisfying | H(e™) |?
+ | G(e") |*= c are said to form a PC pair and each P x 1 column vector

H(z) = (Hoy(z) ... Hp_1,(z))7 satisfying (2.18) is known as a PC vector.

Let us now consider some examples of MIMO lossless systems: A very simple
example is one for which H(z) = I. A less trivial example is provided by taking
H(z) = R, where R is a constant unitary matrix. As a specific example of this

case, assume P = M = 2 and let

R = ( cosf smﬂ)’ (2.19)

—sinf cosf

where 6 is real. Since R is memoryless, this example in a way is also trivial.

However, as we shall see, (2.19) forms the building block for much more complicated

lossless systems.



Note that we can rewrite Equation (2.16) as

H(z)H(z) = ¢ Iy, (2.20)

for z = €', Since (2.20) holds for every point on the unit circle, and since H(z) and
H(z) are analytic (except at an isolated set of points) in the z-plane, we conclude
by analytical continuation [AN 73] that for a lossless matrix H(z), (2.20) holds for

all values of z.

We can now formally define a discrete-time MIMO lossless system as follows:
A P x M transfer matrix H(z) is said to be lossless if it is stable and is unitary on
the unit circle, i.e., satisfies (2.16) where c is a positive scalar. A lossless H(z) is

said to be Lossless Bounded Real (LBR) if H(z) is real for real z.

A matrix H(z) that satisfles (2.20) for all z is said to be paraunitary. Thus a
lossless system is stable and paraunitary. The paraunitary property of a lossless
H(z) induces several other secondary properties on H(z). In ‘he following, we will
state some of these properties without proof (the proofs can L. “.ound in [VAI 89b]).

Some of these properties will be crucially employed in the coming chapters.

Property 1: The determinant of a lossless square matrix H(z) is a stable allpass

function. In the special case where H(z) is FIR, the determinant is a pure delay.

Property 2: Given a square lossless matrix H(z), « is a pole if and only if X is a

zero.
Property 3: For a square lossless matrix H(z), deg H(z) = deg det H(z).

Property 3 is a very important characteristic of lossless matrices, which will be used

several times in the coming chapters.

2.2. THE DISCRETE-TIME LOSSLESS LEMMA
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The following is a straightforward complex generalization of the statement and
proof of the DTLBR Lemma reported in [VAI 85b]. Let H(z) be a P x M rational
transfer matrix of an M-input, P-output system. The entries of H(z) are ratios of
polynomials in z~! with complex-valued coefficients. Let the complex matrices (A,

B, C, D) represent a minimal state-space description of the system; i.e.,
x(n + 1) = Ax(n) + Bu(n),

y(n) = Cx(n) + Du(n), (2.21)

with (A, B) completely controllable and (A, CT) completely observable. Here A
isa (N —1) x (N —1) matrix where N — 1 is the McMillan degree of H(z). The

input-output relationship is
Y(z) = H(z)U(z), (2.22a)

where

H(z) =D+ C(zI- A)™'B. (2.22b)

The discrete-time lossless lemma can be stated as follows: H(z) is lossless if and

only if there exists a positive definite Hermitian matrix P such that

Afpa +cfc=p, (2.23a)
BiPB+DID=1, (2.23b)
AfpB+cip=0. (2.23c)

Proof of the discrete-time lossless lemma: We first show that if (2.23) holds, then
H(z) is lossless, and then show the converse. Accordingly, assume first that (2.23)
is true. In particular, consider (2.23a) with P = P > 0. Since (A,B,C,D)is

minimal, (A, CT) is completely observable and by Lyapunov’s Lemma [CHE 79],



(2.23a) implies that all the eigenvalues of A are strictly inside the unit circle. Thus
H(z) is asymptotically stable.

Now, since P is positive-definite, we can decompose it as P = T-Tp-1, With

this, (2.23) can be rewritten as

ttatr-Tr-1aT + TfcfcT =1, (2.24a)
BiT-tr-'B+DID=1, (2.24b)
ttafr-f1-1B + TtctD = 0, (2.24¢)

where T is a nonsingular matrix. Thus an equivalent representation of H(z) can be

written as
x;(n+ 1) = A;x;(n) + Bu(n), (2.25a)
Y(Tl) = Clxl(n) + DIU(TI,), (2.25b)
where
A, =T'AT, B;=T7'B, C;=CT, D,=D. (2.25¢)

In view of (2.24), the matrices (A,, By, C;, D;) are such that the (P + N — 1) x

(M + N — 1) matrix defined as

_ (A1 B,
Ro_( o Dl) (226)

is a unitary matrix; i.e., RIRO = 1. Accordingly, the equation
x{(n+ D)xi(n +1) + y )y (n) = x] (n)x: (n) + uf (n)u(n) (2.27)
always holds and

Syl (m)y) = S ut (n)u(n) + x] (0)x:(0) - x] (L + )xi(L+1), ~ (2.28)



for every integer L > 0. If we consider an input u(n) = 0 for n > L, then
y(n) = Cix;(n) n> L; (2.29)

ie.,

vl )y () = x{(n)clCixi(n) = xf (n)[1 - AT A% (), (2.30)

by the unitariness of Rg. Therefore,

S yoym = 3 i mx(n) -+ Dxn + 1] = <[ (E + 1)xa (@ +1).

n=L+1 n=L+1

(2.31)
Equations (2.28) and (2.31) imply that
5y mly(n) = 5 uttauia) + <] 0 0), (2.32)

for every finite-energy input u(n) = 0 for n > L, where L is an arbitrary, finite

integer. This implies that H(z) is indeed lossless.

We will now prove the converse. For this, we will first assume that H(z) is
lossless and then obtain a a state-space description (A;, B;, C;, D;) such that Ry
defined by (2.26) is unitary. Let (A, B, C, D) represent some minimal realization
of H(z). Since H(z) is stable, there exists a positive-definite Hermitian matrix
P = P > 0 such that ATPA + cfC = P. We can once again decompose P as
P = T-1T-1 and define (A;, By, Cy, D;) as in (2.25¢). We then have

Afa,+clc =1 (2.33)
Now, by the losslessness of H(z), we have the following equality:

S yimym) = 3 ul(m)un), - (2.34)
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for any finite-energy input, applied under zero-input conditions. In particular, if we
let u(n) = 0 for n > L, where L is an arbitrary finite positive integer, (2.29) holds
and (2.31) follows by using (2.33). Thus (2.34) can be rewritten as

i yf(n)y(n) = i uf(n)u(n) — xI(L +1)x,(L +1). (2.35)

n=0 n=0
Rewriting (2.35) with L replaced by L + 1 and then subtracting from itself, we

obtaln

(xz+1 y@) (xlgfzg) 1)) = (xfz) ut(@)) (u(L) ) . (2.36)

for L > 0. This implies that the matrix Ry defined by (2.26) is unitary and concludes

the proof of the lemma.

A very simple circuit-interpretation can be attached to the discrete-time lossless
lemma. Consider Fig. 2.2, which shows an implementation of a P x M transfer
function H(z) with N —1 delays, where N —1 is the McMillan degree of H(z). After
all the delays are extracted, we are left with a (M + N —1)-input, (P+ N —1)-output

memoryless system, characterized by the (constant) transfer matrix

R, = (‘é g). (2.37)

The discrete-time lossless lemma says that H(z) is lossless if and only if there exists
a minimal implementation for H(z) such that Ry is unitary, i.e., lossless. Fig. 2.2
then represents a lossless memoryless structure, constrained at NV — 1 terminals by

delay elements.

As a final comment, note that the discrete-time lossless lemma can be stated in

the following equivalent way: H(z) is lossless if and only if there exists a minimal

B A) o
1s unitary.

implementation (A, B, C, D) such that the matrix R; = (D .

This form of the lemma will be used in the coming chapters.



P x(n)

Fig. 2.2. The circuit-interpretation.

X (z) — — Y,(2)
Y,(z) «—0o — X,(2)

Fig. 2.3. A digital two-pair.



2.3. MATRIX TWO-PAIRS, MATRIX TWO-PAIR EXTRACTION FORMULAE
AND THE MATRIX VERSION OF THE MAXIMUM MODULUS THEOREM

Matrix Two-pairs and Matrix Two-pair Extractions:

Consider the two-input, two-output system shown in Fig. 2.3. This system will

be called a digital two-pair [MI 77], and is described by either the chain parameters
Xi(z)) _ Yy(2)
(Yl(z) ) = II(z) (Xz(z) , (2.38q)
or the transfer parameters '

(1}28) =T() (§28> ) (2.38b)

where the matrices II(z) and T(z) are given by

wo- (2 20)
T(z) = (gigjg %223) . (2.384)

Suppose now that we are given a scalar transfer function G,,(z) from which we
extract a two-pair characterized by the chain parameters (2.38c). This situation
can be depicted as in Fig. 2.4. It can be shown that G,,(z) and the remainder

function G,,—;(z) are related by the extraction formulae
_ C-AG,
"~ BG,-D’

_ C+ DG,
~ A+ BG,,_,’

Gm—l (2.39‘1)

Gm (2.39b)

where the dependence on z is omitted for brevity. We note here that G,,-;(z) does

not necessarily have reduced order unless A, B, C and D are properly chosen.

If the scalar signals X, Y], Y and X, are replaced by vector signals X, Y;, Y,

and X,, we obtain a matriz {two-pair. Accordingly, the chain and matrix pérameters



w2 1(z) | [
Y-|(Z) D -~ XQ(Z)

Fig. 2.4. Two-pair extraction.



of this new system become matrices (or vectors). A lossless matrix two-pair is stable

and satisfies the paraunitary condition

T(2)T(z) =1, (2.40)

CC+1=AA,
BB + 1= DD,
CD = AB. (2.41)

The matrix two-pair extraction formulae, which are the matrix generalizations

of (2.39a)-(2.39b), are given by
Gpo1 = (D - G,.B)"}(G,,A - C), (2.42a)

Gm = (C+DGp_1)(A +BGpy)™'. (2.42b)

The derivations for Equations (2.39)-(2.42) are omitted here for brevity, but can be

found in Appendix A.6 of [VAI 85a).
The Matrix Form of Maximum Modulus Theorem:

It can be shown [POT 60] that a P x M lossless matrix H(z) satisfies

>I |zl
HU@H@){:I |z]=1, (2.43)
<I |z|>1

which is known as the matrix form of the maximum modulus theorem. For the
special case of a P x 1 lossless matrix H(z), the inequalities in (2.43) are strict unless
H(z) is constant. A proof of this theorem based on energy-balance arguments and

linear-system principles can be found in [VAI 85¢], and is omitted here for brevity.



2.4. PARAMETRIZATION ALGORITHMS FOR UNITARY MATRICES
In this section, we will consider two parametrization algorithms to decompose
an L x L unitary matrix U into a product of complez planar rotation matrices.

These algorithms, although somewhat different in details, have the same general

framework as the one reported in [MU 62].

An L x L complex planar rotation matrix{ that operates in the kl-plane has the

form
0 1 k l L-1
0 1 0 0 0 0\
1 0 1 0 0 0
k 0 o ... Ck,l e —S),’ge_i"'" ee 0
O, = s : : : | 0<k<I<L-1
l g 0 ... sk,,e"“v' e Ck,l e 0
L-110 0 0 0 1
\ /
(2.44)
where c;y = cosfy), spy = sinfyy and —F < opy < %- All the diagonal entries

except the (k,k)™ and (I,1)* entries are equal to unity and all the nondiagonal

entries except the (k,l)* and (I, k)™ entries are zero.
The First Parametrization Algorithm:

Let X be any L x L matrix. Consider the product

Y=X0], (2.45)

t The matrix (2.44) will be called a complex planar rotation matrix simply for the reason that its real spécial case (for
which o4 1 = 0) is a planar rotation matrix.



where [ is an integer in the range 1 <1 < L —1. The‘ L x L matrix Y has all
columns the same as those of X, except columns numbered 0 and I. Columns 0 and

l of Y are linear combinations of the corresponding columns of X. In particular, we

have Yy = cog Xo + S0,6 7' X 9, which can be forced to be zero by letting

—tapn—11Xos
00’1 = { - tan lxo,ol ' XO’O l;lé O, 3 (2-460)
'2' l Xo’o ‘= 0
and
_ Jarg[Xo,0] — arg[Xoy] | Xoo [# 0,
O = {0 | Xoo |=0 (2.46b)

where both 6y, and oy are unique in the range [—%,Z]. If X also happens to be
unitary, then so is Y, because @I,, is unitary. Now suppose that we create L x L
unitary matrices Ug,; according to the iteration Ug; = Ug,-; G)J;’,, 1<I1I< L -1,
with the initial condition Ugy = U (which is the given unitary matrix) and @y, as

in (2.44). The resulting matrix Ugz_; = U Gll 0(1,:2 e @I,L_l then has the form

0
UO,L—I = (io U, 1) ) (2-47)

where Uj,; is (L — 1) x (L — 1) unitary. Because of the unitariness of Ugy_;, we
have | ag |[= 1 and b = 0. We have thus forced the first row (and column) to be all
zeros (but one entry). We can now proceed to the second step, which is to repeat

the above process with U;; so as to obtain

. |
U, .=U, & ...&l —._—("1 ) 2.48
1,L-1 1,1 *0,1 0,L-~2 0 Uz’2 ) ( )

where U, is (L — 2) x (L — 2) unitary, ®o, are (L — 1) x (L — 1) complex planar
rotation matrices and | a; |= 1. If we define 3t = ‘DL .. QE’L_z, we can sumimarize

the first two steps as follows:

Qp 0 0
1 0\ (a O 1 0\ _
vies (o 91)= (% w) (5 qn)—(g a0 ) 49
2,2



which shows that the second step does not affect the entries of the 0** row, created

during the first step.

Proceeding in this manner, we eventually obtain

Qg 0 ces 0
0 a1 e 0
U [Gg,x Gg,z T OZ,L—I][GI,Z e GI,L—I] | I—Z,L-—l] = : Do, : !
0 0 ORI & § ]
(2.50)

where [ a; |= 1,0 < j < L — 1. This leads to the factorization

Qg ... 0
U= ( RN : ) [Or—21-1) [O1,L-1-+-0O12][Ogp-1 Op200,], (2.51)
0 e Or

which can be represented by means of a signal flow graph (lattice structure) as in
Fig. 2.5(a), with building blocks as in Fig. 2.5(b). (We feel it necessary to warn
the reader here that the block labelled T1 in Fig. 2.5(b) comes in various sizes
throughout this work.) The j* building block, where 1 < j < L—1, has L — j
criss-crosses, and each criss-cross is characterized by the two angles 8;; and oy, as
shown in Fig. 2.5(c) (It is worth noting here that all the criss-crosses in the figures
of this study have the internal details of Fig. 2.5(c) unless otherwise specified). The
complex unit-magnitude multipliers a; can also be expressed in terms of angles by
writing o; = €%, 0 < j < L — 1. The 2(;’) angles (0, ox1), and L angles ¢; thus
completely characterize U, which therefore has a total of L? degrees of frleedom

(also see Appendix A in this context).
The second parametrization algorithm:

As before, consider the product

Y=0], X,  (2.52)
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Fig. 2.5(a). Signal flow-graph representation for the

first parametrization algorithm of section 2.4.
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Fig. 2.5(c).

Fig. 2.5(b). Internal details of T1.

k,|
ic
S € k!
- —i0
Sk"e kv'

Ck.l

Internal details of the criss-crosses in Fig. 2.5(b).



where X is any L x L matrix and 1 <1 < L —1. Clearly, X and Y differ only in
the 0% and (L — I)** rows. The entry Yz_;0 = —80 z-1€'£-' Xo0 + co,L1 X110 can

be made zero by letting

—1]XLp-10!
bo,L-1 = {tan Mool | Xoo [#0 , (2.53a)
2 | Xoo|=0
and
—(arg[X-10] — arg[Xop]) | Xoo [#0
= ! ’ ' . .53b
00,L~1 {0 | Xoo |= 0 (2.53b)
Now consider the recursion

Upy = G;)'.,L—IUO,I—la (2.54)

where 1 <1 < L -1 and Ugy = U, the unitary matrix to be parametrized. At
each step of the recursion, the angles 6y 1—; and oy r~; are determined such that
Ugﬂ,’o = 0. Accordingly, Ug -1, which is the end result of the recursion, has the

form

b
Uozos = (‘:; U”) , (2.55)

with | g |= 1, b = 0 and U,,; an (L — 1) x (L — 1) unitary matrix. We can use
the same recursion (with some obvious modifications that are due to change of size,

initialization etc.) to write

0 :
Ql, . ‘I'J,L—:sQo,L—zUm =Ujpp-1 = (C:; U ) , (2.56)
} 2,2 .

where ®q; are (L — 1) x (L — 1) complex planar rotation matrices, | @; |= 1 and

U, is unitary of size L — 2. We can summarize these two steps of the algorithm
Qg 0 0
1 0 1 0

by writing

0 0 U,

where &1 = Qg,l e Q;Jl.,L-—Z‘



Repeating this process on columns numbered 2 through L — 2, we obtain

Qg v 0
0} szl (@] @] @l u= i | (s
0 vee Q-1
which is equivalent to
[2 7/ 0
U= [GO,L-I e @0,1][91,11_1 ) @1,2] e [@L-g'L_1] ( : .. E [ (259)
0 cee Q-1

as shown in Fig. 2.6. Equation (2.59) then represents another parametrization for
a unitary matrix U in terms of complex planar rotation matrices. Once again, the
number of parameters (angles) used in this parametrization is L?, which is shown

to be minimal in Appendix A.
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Fig. 2.6. Signal flow-graph representation for the second

parametrization algorithm of section 2.4.



CHAPTER 3
GENERAL STRUCTURES FOR IIR LOSSLESS VECTORS

A filter bank is a collection of filters that can be used to separate a signal into
a number of signals as in Fig. 3.1(a), or to combine several signals into a single
signal as in Fig. 3.1(b). Depending on the application, the analysis bank filters can
be followed by M-fold decimators and the synthesis bank filters can be precedéd
by M-fold interpolators, as shown in Fig. 1.1. After an input signal is separated
into several subbands at the analysis bank for a specific application, the challenge
at the synthesis bank is to choose the filters Fj(z) such that aliasing is eliminated,

and the reconstructed signal does not have amplitude and/or phase distortion.

Let us consider the case of an IIR analysis bank where the filters H,(z) form a
PC set, i.e., satisfy
M-1 '
> [ Hile®) P= 1. ’ (3.1)
k=0
Note that the PC property and the stability of these filters imply that the vector
H(z) = (Ho(z) Hy(z) ... Hp_1(2))7 is lossless. We will see that this choice
for the analysis bank has important applications in filter banks with or without

decimation.

Application without decimation: Let the analysis bank filters be given by

H(z) = %5)2, 0 < k < M —1. Then, if the synthesis bank filters are chosen

as F(z) = %‘E%l, the overall transfer function between the input and the output

becomes

M-1
T(z) = Z Hy(z)F(2) = (3.2)
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x(n) Hq(2) F—> %o(n)

Hq(z) —> X4(n)

I"’lHM-1(Z)—’xm-1(n)

Fig. 3.1(a). The analysis-bank.

Yo(n) —s Fo(2)

y{(n) —* F4(2)

V") —*@J—» y(n)

Fig. 3.1(b). The synthesis-bank.




This can also be written as

a

(2) Afjl Hu(2)Hi(2). (3.3)

(2) k=0

Since H(z) is lossless, the sum in (3.3) is independent of z, and T'(z) is an all-

T(z) =

a.

pass function, ensuring that there is no amplitude distortion in the reconstruction

process.

Application with decimation: Recall the QMF bank application of Chapter
1, which led to cancellation of aliasing and amplitude distortions. The polyphase
component matrix E(z) for that application was IIR and lossless. It was mentioned
in Chapter 1 that the parameters of E(z) can be optimized in order to obtain
good analysis filters. With no clue for the initialization of the parameters, this
optimization task is formidable. However, an initial guess of one of the analysis
filters not only reduces the parameter set for optimization but also makes it possible

to initialize all the remaining parameters based only on that filter.

It can be shown [VAI 88c| that the polyphase components of a spectral factor of
an M*™ band filter form a PC set. Suppose now that we fix ¥ /-) as such a spectral

factor. This completely determines the 0*” row
e;(z) = (Boo(z) ... Eom-1(2)) (3.4)

of E(z), where Ey;(z), 0 < i < M — 1, are the polyphase components of Hy(z).
Let N — 1 denote the degree of the PC vector eg(z). It can be shown using the

techniques of Section 3.1 that ey(z) can be represented as
eo(z) = U(z)Py, (3.5)

where U(z) is an M x M IIR lossless matrix of degree N — 1, and Pyisan M x 1
constant, unit-norm vector. If we augment Py to obtain the M x M unitary matrix

P=(P; P; ...Pp_;),then the M x M IIR system

S(z) = U(z)P - (3.6)
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is lossless with degree N — 1. We can now define the lossless polyphase matrix
E(z) £ $7(z), and obtain the analysis filters Hy(z). The number of freedoms that
can be exercised in this construction of Hy(z),1 < k < M —1, is equal to the number
of freedoms available in constructing an M x M unitary matrix whose 0** column is
fixed, and is given by M?—2M +1. This technique reduces the number of degrees of
freedom and results in faster convergence. However, it should be pointed out that
in general it does not span every possible set of IIR filters Hy(z), 1 < k< M -1,
such that E(z) is IIR lossless. Details can be found in [VAI 89a], where an FIR

version of this technique is reported.

In this chapter, we will consider two general structures for implementing IIR
lossless vectors. The first one of these was recently reported in [DO 89a], whereas
the second one is a complex and M-dimensional generalization of the 2 x 1 LBR
structure reported in [VAI 85a]. The first structure has the advantage that it can
be used to implement both FIR and IIR lossless vectors. In fact, the FIR special
case of this structure with real coefficients reduces to the lattice structure reported
in [VAI 86b]. The second structure, on the other hand, has the advantage that all

the multiplier values turn out to be real when an IIR LBR vector is synthesized.
3.1. A LATTICE STRUCTURE FOR IIR LOSSLESS VECTORS

In this section, we introduce a completely general structure for implementing
lossless IIR vectors. We first consider the 2-component case in Section 3.1.1, and
then generalize the results to M-components in Section 3.1.2. The minimality of

the structure in terms of the number of parameters is addressed in Section 3.1.3.

3.1.1 ALATTICE STRUCTURE FOR TWO-COMPONENT LOSSLESS IIR VEC-

TORS



Consider a lossless IIR vector of degree N — 1, which can be written as

(ar)) -

Hval) = 2520

where

N-1 ) N-1 ]
Py_yi(2) = E PN-1:2", Qn-1(2) = Z gN-1,2

1=0 =0

N-1
dN-l(Z) = H (1 - z,-z_l), l Z; |< 1. (37b)

=1

The scalars py_1,, gv-1,; and z; are in general complex. We assume without loss of
generality that Py_1(z), @n-1(z) and dy-;(z) do not have a factor common to all
of them, as such a factor can be determined and cancelled. Losslessness of Hy_;(z)

implies that
Prn_1(2)Prno1(2) + On-1(2)Qn-1(2) = dy-1(2)dn-1(z) Ve, (3.8q)
or equivalently, taking the complex conjugate of both sides of (3.8a),
1. 1. . 1. .
Pr-a( ) Proa(2) + Qnaa( )@ (2) = dyv-a (D)o (2) V2. (3.8)

We shall use this property in the synthesis procedure.

Given Hy_;(z) as in (3.7a), we would like to generate a lower-degree system

()

dv—(2) (3.9)

HN_;(Z) =

such that it is lossless (i.e., paraunitary and stable) and of degree N — 2. Re-
peated application of this process then results in a structural realization for
Hx_1(z). Each element of Hy_5(2z) should be generated by a linear combina-
tion of the elements of Hy_;(z). Consider the simplest possible linear combination

[@Pn_1(z) + BQn-1(2)]/dn-1(2z). This has a lower degree if @ and 3 are chosen



such that aPy-1(z) + fQn-1(z) has a factor (1 — z;27!) that can be cancelled with
the denominator dy_;(z). An obvious choice for this is to let @ = 0, 8 =1 if
Qn-i(z1) =0,and =1, 8 = "% otherwise. Thus we have generated one
component of Hy_(2), viz i—:f((f%, where Py_3(z) and dy_3(z) are polynomials of

degree less than V — 1 given by

dn-
Pros(e) = 2D EBQa) g = Bl (o)

We now need to find the other linear combination that would generate the second

component %Nij(f)) of Hy_;(z). The complete reduction process can be expressed

* Prn_z(2) o B Prn_y(2)
(QN-z(Z)) - (G(Z) b(z)) (QN—l(Z)) (3.11)
dN_z(Z) dN..l(Z) ) '
It remains to choose a(z) and b(z) such that a(z)Py—1(2z) + b(z)@n-1(z) has the

factor (1—2z;27!). In addition, we require the 2 x2 matrix in (3.11) to be paraunitary
so that the left-hand side in (3.11), which is Hy-5(z), is paraunitary. One obvious

choice of a(z), b(z), which makes the 2 x 2 matrix paraunitary, is
a(z) = -B", b(z) =a. (3.12)

With this,
a(z)Pn-1(z) + b(2)Q@n-1(2) = —B"Pn-1(2) + &"Qn_1(2) (3.13a)

becomes —Py_;(z) if @n-1(z;) = 0, and

Py (2) Pros(2) + Qos(21)Quos (2)
Q?v—1(21) , (3.13b)

otherwise. In either case, in view of (3.8b) and the fact that dy_,(z;) = 0, the linear

combination of (3.13a) becomes zero at L rather than at z,. We shall therefore

-
5

define
1- 212-1 1~ 212-1
=0 —— b =q¢" — 3.14
o(2)=-F 2 b= 2T (3.14)



so that
a(z)Py-1(2) + b(2)@n-i1(2) _ Qn-2(2) (3.15)
dy-1(2) T dy-a(z)’ '

where dy_2(z) is the N — 2 degree polynomial defined in (3.10) and Q@n_2(z) is the

N — 2 (or lower) degree polynomial

QN—Z(Z) - -‘B‘PN__I_(::{):;_.IQN-I(Z)- (3.16)

With the choice of (3.14), we can write

Hy-2(z) = Ti(2)Hy-1(2), (3.17a)
where
Ty(2) = ((1) %:_i);) (_i; f) (3.178)

is paraunitary. This ensures that Hy_5(z) is paraunitary. Since the poles of
Hy_;(z) are a subset of the poles of Hy_;(z), stability of Hy_5(z) is guaranteed

so that Hy_3(z) is a 2 x 1 lossless system of reduced degree.

It is convenient to obtain a normalized matrix S,(z) by scaling T;(z), by mul-
tiplying with the scalar ¢; = —TZI_’I:TB—I; so that S§,(z)S;(z) = I for all z. We would

then have

1 0 c e—iﬂl
SI(Z) = ( 1—-z 2! ) ( 1:'91 o c ) ’ (318)

—zy 421 —$.€
where s; and ¢; are real numbers such that ¢? + s2 = 1 and 6, is a real quantity.

After such normalization, we finally arrive at
Hy_1(2) = Wy(z2)Hy_2(2), (3.19a)

where W, (z) = S7(2) so that

Wl(z)=( o _s‘e_ml> (é _._L) © (3.19%)

Sle Cl 1—:12_‘
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Since W,(z) is paraunitary and stable (because | z; [< 1, z; being a pole of
Hy_1(z)), we note that W;(z) is lossless. This gives us a realization for the lossless
system Hy_;(z) in terms of the lower degree lossless system Hy_»(z) and the 2 x 2

degree-one lossless system W,(z), as illustrated in Fig. 3.2.

We thus have established degree reduction by extracting the pole at z;. Clearly,
this step can be repeated to extract the poles at z;, 2 < k < N — 1, resulting in
a reduced degree lossless vector each time, until finally a zero-degree lossless (i.e.,

unit-norm) vector is reached. This can be expressed by the recursion
HN—I-I:(Z) = S),(Z) HN_)‘, 1 _<_ k < N — 1, (320&)

where S;(z) has the form

1 0 Ck sxe "0
Si(z) = (0 —-*———-i-.'_,f:ll ) (—skeio* Ch ’ (3.200)
lk 2z

and Hy(z) = Hy is a unit-norm constant vector. The complete synthesis procedure

can be expressed as

H0= SN_l(Z)...Sz(Z)Sl(Z)HN_l(Z). (321)
Defining
_ —spe™ )\ (1 0
Wi(z) = S;'(2) = (s:ek.'a. si ) (0 —zp4z! ) ; 1<k N-1,
1—z,z! .
' (3.22a)

we can write Hy_;(2) as
HN—I(Z) = Wl(Z) e WN-Z(Z)WN—-I(Z)HO- (322b)

Fig. 3.3 shows the implementation of this realization of Hy_;(z). The internal
details of Wy (z) are as shown in Fig. 3.2 with 1 replaced by k. This gives us a

procedure for synthesizing an arbitrary two-component lossless IIR vector of degree
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1
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s d© )
Hy.2(2) - —s & 1O1 N-1(2)
BEETE
1 c‘l
- W,(z) >
Fig. 3.2. Pertaining to the synthesis procedure of = ‘ion 3.1.1.
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Fig. 3.3. The lattice structure implementation of a two-component

IR lossless vector HN_1(z).



N —1 as a cascade of N — 1 lossless systems of degree one, terminated on the left

by a constant 2 x 1 lossless vector Hg.

3.1.2. EXTENSION OF THE SYNTHESIS PROCEDURE TO M-COMPONENT
LOSSLESS IIR VECTORS

The synthesis procedure described in Section 3.1.1 can be generalized to M-

component lossless IIR vectors of the form

Hy_i(z) = (PY) () PR(2) ... PTY(2)) [dw-a(2), (3.23q)
where
0 N-1 ,
P( py;)_l!,'z", 0<k<M-1,
=0
N-~-1
dy-1(z) = J[ (1 = zz7%). ' (3.23b)

1=1
Again, without loss of generality, it will be assumed that P,(fll(z), 0<k<M-1
and dy_,(z) do not have any common factors. At a zero z of dy-;(z), the polyno-
mials P(Jll(z) satisfy the generalized form of property (3.8b) of Section 3.1.1, which
is

2 WP (2] = 0. (3.24)

k=0 l
Before we give the generalized synthesis procedure, let us recall from Section
3.1.1 that given two polynomials Aq(z) and A;(z), we can generate two new polyno-

mials By(z) and B;(z) such that By(z) is zero at some point z,, simply by writing
Bo(z)\ [ ¢ se7®\ [ Ay(2)
(Bl(z)) - (-.‘Je'.'9 c A(2) )’ (3.250)

- | Ai(z) | ,
VI Ao(zx) 2+ [ As(z) 2

where




w —Ag(zi)emiatglA=)]
= ’
VIAo(2) 7+ 1 Au(a) I
provided that Ag¢(z) and A;(z) are not both zero at z;. If that is the case, we can

(3.25b)

Just let ¢=1 and s = 0 in (3.25a).

Let us now consider two sets of polynomials P{),(z) and QW (2),0< <

M — 1, related by

(QW.(2) ... QWY = Uncaprmr - UngUos (PYL1(2) ... PRITV())T
(3.26a)

where Uy 441 are M x M complex planar rotation matrices of the form

k k+1
an 0 ] 0
k 0 Ck §ye 10 0
Ugps1 = E+1] 0 —speits e 0 , 0<kEL<M-2 = (3.26b)
0 0 0 | SV

It is evident from (3.26b) that the k* and (k + 1) outputs of Uj x4y are linear
combinations of the respective input polynomials and that the other outputs are
directly passed from the input in the order they originally appear. In (3.26a), let
Uy x+1 be determined such that its k*» output polynomial has a zero at z;. Clearly,
Q%)_l(z) can be made equal to zero at z; by determining Uy, x4, as described, for
0 < k < M-2. Since U, 44 are unitary matrices and Hy_,(z) is lossless, the
vector (ngo_)_l(z) ... %\ﬁl)(z) )T /dn-1(z) is also lossless. Therefore, at z;, the

polynomials Q%)_l(z) satisfy
Z QLN (1)) = (3.27)
If we substitute Q' 1(21)=0for 0 <k <M —2in (3.27), we obtain

(M—l)( )[Q(M 1)( )] =0, ’ (3.28)



which means that the (M — 1)* polynomial Q(M 1)( ) has a zero either at z, or
Suppose that Q(M Y(z,) = 0. Then all Q(k) (z), and therefore, all PI(J‘_)_I(Z)
have a zero at 2;. This, however, cannot be true since P,(f_)l(z) and dny_y(z) do

not have a factor common to all, by assumption. Therefore, (3.28) can only imply

% 1)(11) = 0, so that we can write
SV 0
Hy_s(2) = 0 1=t | Umcam-1.. . UppUgn Hy 4 (2), (3.29q)
_;1'+,—l
where
Hy_z2(z) = (P,(2) ... PMY(2)) Jdn-a(2), (3.29b)
and
() %) 1(2)
PN—2(2)=1_:—ZF1 0<j<M-2
(M 1) 53411)( )
Py = ===~/
()= St
_ dN_1(Z)
dn_a2(z) = e (3.29¢)

We have thus obtained an IIR lossless vector Hy_,(z) of degree N —2 from Hy_;(z)

by extracting its pole at z;. Clearly we can repeat the described step to extract the

other poles. If we define

In—s 0 ~
S;(z) = ( 0 iz ) 16) VAV 6114 01 (3.30)
—z;+z'

(where the superscript j is a reminder that we are working with the j** pole ‘zj), we

can describe this process by the recursion
HN—I-i(Z) = si(Z)HN—j(Z)’ 1<j<N-1, (331)

where the degree of the resultant IIR lossless vector reduces by one at each step
until finally a zero-degree, unit-norm vector H; is reached. Thus we can express

Hpy_,(z) as
Hy-1(z) = Wi (2)W3(2) ... Wy_(2)Hy, ~ (8.32a)



where
. . Iy, O
W) = 87) = [URIHOR T 0! (T i ). o
1-2j2-

This expression results in the complete lattice structure implementation for Hy_,(z)
shown in Fig. 3.4. The structure of Fig. 3.4 can implement only lossless vectors. It
is also general in that the set of all lossless IIR vectors can be spanned by appropri-
ately varying its parameters. This property of the structure can be advantageous
in applications involving lossless vectors where we need to optimize some of the
parameters, since it ensures that the search for the optimum is conducted over the

complete set of lossless vectors and nothing else.

Before we conclude this section, we will briefly describe an exercise that we car-
ried out to demonstrate that the synthesis procedure of this section really works.
Two 5™ order elliptic filters Hy(z) = %%% and Hy(z) = g—:g—% were designed inde-
pendently and then scaled such that | Ho(e™) |2 + | Ha(e*) |°< 1, Vw. A third

filter H,(z) = 5—%—% was designed with D;(z) = Dy(z)D,(z) and

Ni(z)Ny(z) =Dy(z)Do(z)Dy(2)Da(z) — No(2)No(2) Dy (2) Dy(2)

— N3(2)N3(2) Do(2) Do (2),

so that the vector H(z) = (Ho(z) Hy(z) Hy(z))T is lossless. H(z) was then
synthesized using the procedure described above. The lattice coefficients obtained
as a result of the synthesis process were used to reconstruct the three filters. The
magnitude response plots of the reconstructed filters are shown in Fig. 3.5 and
agree completely with the responses of the original filters. This example confirms
that the synthesis procedure of this section can be used to synthesize a given lossless

IIR vector as the cascaded lattice structure shown in Fig. 3.4.
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3.1.3. THE MINIMALITY OF THE STRUCTURE

The structure of Fig. 3.4 uses N — 1 scalar delay elements to implement a
lossless IIR vector of degree N — 1; hence it is minimal. In the following, we will
show that it is also minimal in the sense that it uses the smallest possible number of
parameters required to implement a completely general lossless IIR vector of given

degree and dimension.

Consider an M x 1 lossless IIR vector

h(z) = (Py(z) Pi(z) ... Py_i(2))T /d(2), (3.33a)
where
N-1
Pi(z)= Y p’z7, 0<j<M-1
d(z) = l_:I(l — 2,271, (3.335)

We will calculate the degrees of freedom that h(z) has. Note that h(z) satisfies the
paraunitary condition

M-1 _

Z:O P;(z)P;(z) = d(z)d(z). (3.34)
Both sides of (3.34) are polyI:omials of order 2(N —1) displaying complex conjugate
coefficient symmetry. If the coefficients of like terms on both sides are equated, we
obtain N nonredundant equalities, NV — 1 of which are complex, i.e., equivalent to
two equations. Therefore, the total number of constraints is 2N — 1. On the other
hand, h(z) has 2M N + 2(N — 1) unknowns, which are the (complex) coefficients
pfj), 0 <j< M-1 and the (complex) poles z;, 1 < i < N — 1. Subtracting the
number of constraints from the number of unknowns, we find that h(z) has a total

of 2M N — 1 degrees of freedom.

Let us now consider the structure of Section 3.1.2. Suppose that we implement

h(z) using this structure. The implementation will consist of N — 1 building blocks
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W ;(z) (each of which has M — 1 complex criss-crosses and an allpass section), and
M complex multipliers r; satisfying 5% | r; |*= 1. Each W;(z) has 2(M - 1) + 2
parameters and the multipliers r;, 0 < i < M —1 have 2M — 1 parameters, making
a total of 2M N — 1. Hence the structure of Section 3.1.2 represents a general M x 1
lossless IIR vector h(z) of degree N —1, by using 2M N — 1 parameters which exactly
equals the number of degrees of freedom that h(z) has. Therefore, the structure of

Section 3.1.2 is minimal in the number of parameters it uses.
3.2. A SECOND LATTICE STRUCTURE FOR LOSSLESS IIR VECTORS

The advantages of low sensitivity in realizations of transfer functions and the
role of structural boundedness as a key to low sensitivity were mentioned in Chapter
1. A method of realizing a transfer function in a structurally bounded manner is
to embed it into a 2 x 1 lossless vector, and then to synthesize this vector by the
losslesé matrix two-pair extraction method mentioned in Section 2.3. This method
is described in detail for the real-coefficient case in Section V of [VAI 85a]. In
the following, we will consider a complex and M-dimensior+" -~neralization of the
synthesis procedure described in [VAI 85a]. This not only 4,5 the 2 x 1 special
case with the advantage mentioned above, but also gives us an alternative way of

implementing M x 1 lossless vectors.

The formal statement of what we wish to do is as follows: Given an M x 1 IIR
lossless vector Gy-1(z) = % of degree N — 1, we want to extract a constant
lossless matrix 2-pair Ty—; (an (M + 1) x (M + 1) unitary matrix) such that the
remainder is of the form z27'Gy_3(z), where Gy._;(z) = II—N”_‘:A(E)Z is lossless and of

degree N — 2. This statement can be depicted as in Fig. 3.6. If Ty_, is defined by

the (constant) chain parameters

($1)=(é g) ()}(,22)’ | (3.35)
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Fig. 3.6. Extraction of a lossless matrix two-pair Ty _,

from G _,(z), with remainder G, . ~



where Ais 1 x1,Bis1xM,Cis M x1 and D is M x M, it follows from the
matrix 2-pair extraction formulae of (2.42) that

dn-1(2z) = A dy-2(2) + 27" BNy_s(z2), (3.36a)

Npy-1(z) = C dy_z(z) + z7'DNpy_o(z). (3.365)

Since a constant scale factor in the chain parameters does not affect the remainder,
we can conveniently let A = 1. If we also take the constant coefficients of dy_;(z)

and dy-3(z) to be unity, we obtain from (3.36) that
C = Gn-1(o0) £ kn_;. (3.37)

It is clear from (3.36b) that Ny_2(z) has order < N — 2. Therefore, it only remains
to force an order reduction on dy_»(z), which is given by

_ dN_.1(Z) - BD—INN_l(Z).

dN—2(Z) - 1 - BD-!C (338)
This can be accomplished by choosing B and D such that
zN—ldN_l(z) l:=0= BD_IZN_INN_l(z) l:=0, (3.39)

thus cancelling off the coefficient of z7N~1) in (3.38). Since Gy_,(z) is lossless, it

satisfies

Gli_1(00)Gnoi(0) = 1; (3.400)

ie., .
N (00)2¥ " Nu-1(2) lsco= 28" dn-1(2) |sco - (3.400)
Comparing (3.38) with (3.40b), we see that the choice B = va_l(oo)D achieves
order reduction in dy-2(z). The matrix D can be taken as I without affecting this

order reduction process. Thus if the following chain matrix is extracted,

T
= (kzj-l kli'l) ’ (341)



it results in a lower-degree remainder Gy_z(z). Recall, on the other hand, that the

paraunitariness in terms of the chain parameters is equivalent to

- -~ -~ -~

1+6C =44, 1+BB=DD, CD=4B. (3.42)

Since II does not satisfy (3.42), it is not lossless, but it can be made so by an appro-

priately chosen scaling scheme. One such possibility is to scale IT by postmultiplying

(8 g). (3.43)

This involves choosing a and b such that the paraunitary conditions

it with the diagonal matrix

1+ |a P KL kot =|a ], (3.44a)

I+blky_kl_b=bb, (3.44b)

are satisfied. It immediately follows from (3.44a) that we can take

1
a = .
V1= ks

Since the lossless vector Gy_1(z) satisfies G,t,_l(z)GN_l(z) < 1lfor|z|>1 (bythe

(3.45)

vector version of the maximum modulus theorem) and ky_; = Gy_;(o0), we have
kL_lkN_l < 1, and therefore, a is well-defined. It now remains to choose b such
that bf(I - kN_lkL_l)b = I. For this, we note _tha.t we can write I — kN_lkL_l =
I - kN_lkL_l)%(I - kN-ka_l);, where (I — kN_lkL_lﬁ is a lower triangular
square root of I — kN..lkL_l. This specific choice for the square root has some
advantages that will be evident in the later stages of the synthesis procedure. With

I- kN_1kL_1 decomposed as such, we see that (3.44b) can be satisfied by letting

't

b=(I-ky_.kl_,) (3.46)



The new chain matrix thus obtained is

_1
: kjv-q(l - kN—1k1t'—1) :
— k -1
Oy, = TN 1 : (3-47)
=2 (I- kN-lkj.v—1)_ :
1-kp _ ky-

We will next show that the remainder Gy_5(z) obtained by extracting IIx_;, from
Gn-1(z) is lossless. Since both Gy_;(z) and IIy_,, are lossless, we know that
Gn-_3(z) must be paraunitary. Therefore, we need only to show that Gy_5(z) is

also stable. We will do so by assuming the converse. Let us first write Gy_3(z) as

(- kyi k)]

\/ 1— kb knos

using the extraction formulae (2.42) and the chain parameters given by (3.47).

Gros(2) T~ Groa(e)kloi] (Gra(e) vty (348)
Suppose now that Guy-2(z) has a pole at zg, such that | zp |> 1. This implies that
det [I = Gy (20)kh_,] = 0; (3.49)
i.e., there exists a nonzero vector v such that
L= Groi(zo)kly_,]v = O. (3.50)
It follows, then, that
va = vtkN_1G:,t,_1(zo)GN_l(zo)kjv_lv. -(3.51)

Since Gy-1(z) is lossless and | zo |> 1, by the vector version of the maximum

modulus theorem, we have GL_I(ZO)GN_I(ZO) < 1. With this, (3.51) becomes

viv < vikyokl v, (3.52)

or equivalently,

via- kN_lk;[,_l)v < 0. (3.53)



But (3.53) contradicts the fact that I~ kN—1kIr-1 is positive definite. Hence a pole
25 of Gn_3(z) can be only strictly inside the unit circle, implying that Gy_5(z) is

stable. We have thus established losslessness of Gy_z(z).

Let us now consider the transfer matrix

N-1 (x- kN—1kjv—1)§

k
Trno11 = _ 1 , 3.54
N-1,1 Jl_kztquN—l _klr_l(l ";’"l‘ﬁ!—x)-; ( )
l‘kn_lkN-l

corresponding to Iy ;. Since this matrix is unitary, it can be parametrized using
the algorithms of Section 2.4. The advantage of choosing a lower triangular square
root for I — kN_lkL_l is now clear as reducing the number of parameters used in

the representation for Ty_; ;. Using the first algorithm of Section 2.4, we can write

ag ... O
Tyoa=] i . & |© Ok sry. 0,00,  (3.59)

: 0 ... aumg
where GLH are complex planar rotation matrices described by (2.93). Schemat-
ically, we can represent the extracted matrix 2-pair as shown in Fig. 3.7. The
internal details of the j* rectangular block in Fig. 3.7(a) are shown in Fig. 3.7(b),
where ¢; 41 = ¢0s 0;;4+1, Sjj+41 = sin 0,41, and 8,41, 0,;41 are real numbers.
This constitutes the first step of the synthesis procedure. In the second step, an-
other lossless matrix 2-pair can be extracted from Gn-z(2z) such that the remainder
Gn-3(2) is lossless and of reduced degree. If this step is repeated a sufficient num-
ber of times, one is left with a constant unit-norm vector as the final remainder.
This marks the end of the synthesis procedure which can be depicted as in Fig. 3.8.

In Fig. 3.8, the internal details of the building blocks are as shown in Fig. 3.7, and

To, is a unit-norm M x 1 vector.
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Fig. 3.7(a). Implementation of the extracted matrix two-pairTy ; ,-
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Fig. 3.7(b). Internal details of the j'" block in = . 3.7(a).
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Fig. 3.8. The complete implementation of Gp_4(2)
in terms of extracted lossless matrix two-pairs.
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Note that the scaling of (3.41) leading to a lossless matrix 2-pair is not unique.
Another possibility is to scale IIy_; by premultiplying it by (3.43). The equations

that must be satisfied for paraunitariness, in this case, are

1+, bblky_, = a P, (3.56a)
kl_btb=lapxl_,, (3.560)
I+ | a > kn_ikjy_, = bTb. (3.56¢)

Using (3.56b), we can substitute for k;t, lerb in (3.56a) and | a |* kv, in (3.56¢).

This gives rise to a new set of equations which is

14 |a Pk} ks =|a (3.57a)
I+bibky_ kl_, = bbT. (3.57b)
Clearly, the choice
1 'l' 1
. b=(I-ky_ikl_)} (3.58)

a=
\/ R

satisfies (3.57). With this, the scaled chain matrix becomes

HN—1,2 = ;[ _kN lkN 1 ;[ N ]k)v 1 (3'59)

I kN lkN 1) :kN 1 I kN lkN 1 3

and the corresponding transfer matrix is

_ 1
(1 knvoiky_ )ik, (I—kN—xkltf—l)’
I-ky_ ky-; ' (3.60)

\/1 - k}tr-lkN—l _k;rv-1

TN—1,2 =

The square root (I—kN_lkI,_l) 3, which appears in (3.59)-(3.60), is as defined previ-

ously for the first scaling scheme. Since Txn_, is also unitary, it can be parametrized
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in terms of complex planar rotation matrices using the second algorithm of Section
2.4. We will omit the details of this parametrization for the general case, for brevity.
We will, however, consider the two by one special case with the low-sensitivity filter
design application, in some more detail, in order to see how exactly the synthesis

procedure works for both scaling schemes.

If we define ky_; = (k; k; )T for the two by one case, we can easily show that

a lower-triangular square-root for I — kN-lkI,_l is given by

L (ViR P 0

(T—knokho)b = s, TG

Vil V -k

. _t :
With a = m and b = (I - kN_lkI,_l) 7, the transfer matrix Ty_;,

(3.61)

becomes
k, Vi 1k P 0
Tn-11 = k2 —kiks Hhi=kl )l e
Vil b 2=k 2 =K E:if—.l.%l:,lzb‘t N ‘}';TT?

If we apply the first parametrization algorithm of Section 2.4 0 (3.62), we find out
that Ty_;,; can be decomposed as

—e~io0s 0 0 1 0 0
TN-I,I = 0 —e"‘-’ 0 0 Ci1,2 —81,26—'.’1'2

0 0 ei(vo,1+0’1 2) 0 .5‘1,26'.6’1'z C1,2 (3 63)

—"
Co,1 —80pe7" 0
8g,1€'70" Co,1 01,

0 0 1

where coy = — ‘ kl l, S01 = \/l_lkl '2, Og,1 = arg [kl] and 12 = TL-’L-:_,;:I'“

l-lkll’—‘kg 2

S12 = T 01,0 = arg [kz] —arg [ki]. This decomposition can be represented

diagrammatically as in Fig. 3.9.
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so,1e'°0.1 s, 2e‘°1..'e e'(%,1+9 2)
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. : 0,1 1,2 1,2
Y “ X'
~S0. 48" 0,1 -s &9
, ' ,
Y2 e "2 L x(?
e % 2 :

Fig. 3.9. Factorization of T 4 4-
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Fig. 8.10. Factorization of T 4 5.



On the other hand, the second scaling method with a = m and b =

IT- kN_lkI,__l)‘%‘ gives rise to the transfer matrix

1=k [2—1ks ]2 _ 2 —k k3
=P Vi-lk] m

Ty_12= ky PEILIVE LI 3.64
N-1,2 ;——l_lkllz 0 1—-‘&1" ( )
VIS kP =Tk K ~k;

which can be factorized by the second parametrization algorithm of Section 2.4 as

1 0 0\ [c—0,1 —sp e™ 1 0) /1 0 0
Tyo12 = (0 0 1) (so‘le"‘“ Co1 0) (0 1,2 —sl‘ze”"'-’)
0 0 1 0 0 1) \0 s, e €12
01 0
(1 0 0) ,
0 0 1
(3.65)
where ¢g; = (/1= | k1 |2, o0 = — | k1 |, 00y = arg [ki], and ¢12 = 1/1—'-%';—:',&11,

k

- :Ik T 012 = arg [k2]. This factorization can be illustrated as in Fig. 3.10.
— 1K1

$12 =
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CHAPTER 4
PARAMETRIZATIONS AND LATTICE STRUCTURES
FOR LOSSLESS SYSTEMS

4.1. PARAMETRIZATIONS AND LATTICE STRUCTURES FOR FIR LOSS-
LESS SYSTEMS

In the following, we take a state-space approach to derive some parametrizations
and lattice structures that span the entire set of FIR lossless systems. In Section
4.1.1, a specific parametrization is investigated in some detail. A family of FIR
lossless lattice structures underlying this parametrization is derived in Section 4.1.2.
The developments of these two sections are for lossless matrices with complex-valued
entries. Section 4.1.3 briefly outlines the same developments for the LBR case. In
Section 4.1.4, some useful variations of the parametrization and the resulting lattice
structures are investigated. The state-space approach of {1 , =vious sections can
also be applied to the class of rectangular FIR lossless mairices. The resulting
parametrization and structures that find applications in nonmaximally decimated
perfect reconstruction systems are investigated in Section 4.1.5. Finally, an FIR
design example of a 5* order QMF bank that makes use of the FIR LBR structure

of Section 4.1.3 is presented in Section 4.1.6.
4.1.1. A PARAMETRIZATION FOR M x M FIR LOSSLESS MATRICES

Consider an M x M transfer matrix H(z) with the state-space representation
x(n+1) = A x(n) + B u(n),

y(n) = C x(n) + D u(n). (1)
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In (4.1), y(n) and u(n) are M-component vectors representing the output and
input, and x(n) is the state vector with N — 1 entries. We consider only minimal
realizations; therefore, N — 1 is the McMillan degree, or simply the “degree” of
H(z). It follows from (4.1) that H(z) = D + C(zI - A)"!B. If we define the L x L

constant matrix

R, = (g é) (4.20)

where L =N — 14+ M, we have

x(n+1) y(m) =Ry [u(n) x(n). (4.28)

Recall from Section 2.2 that the discrete-time lossless lemma guarantees the
existence of a unitary matrix R; of smallest possible dimension whenever we deal
with a lossless transfer matrix H(z). Therefore the problem of parametrizing lossless
transfer matrices becomes equivalent to parametrizing unitary matrices. It was
shown in Section 2.4 that an L x L unitary matrix can be characterized in terms of
L? parameters. Furthermore, L? is also the number of degrees of freedom that an
L x L unitary matrix has (see Appendix A). Therefore, this kind of parametrization

is minimal in the number of parameters it uses.

It is well known [AN 73], [FR 68], [CHE 79], [KA 80] that the eigenvalues of
A are the poles of the system. Since we are interested in lossless transfer matrices
with FIR entries, we note that all eigenvalues of A must be zero (see Appendix B at
the end, and references cited therein). We would like to make use of this property
to simplify R; and hence its parametrization. A possible way of doing this is to
employ the Schur theorem [FR 68] to triangularize arbitrary square matrices. The
theorem states that for any square matrix A, there exists a unitary matrix T such

that TTAT = A, where A is upper or lower triangular, as per choice. The diagonal



entries of A are the eigenvalues of A. Accordingly, since all eigenvalues of A are

zero, diagonal entries of A are also zero.

The matrix T transforms the minimal representation (A,B,C,D) with unitary
R, into another minimal representation (A, TTB,CT,D), which can in turn be

represented by the unitary matrix

0 1. M M+1 L-1
0 [+ * 0 0 0
1 * % * 0 0
_ TTB A _N-=-2]*x x ... = * 0
R_(D CT)‘ » (43)
N—-1]l% *x .., = * *
L—-11]=x% = * * *

where L = N — 1+ M. Here * denotes the entries that are not necessarily zero. In

the following, we will work with this form of the matrix.

Let us now recall the parametrization algorithm of Section 2.4 for unitary ma-

irices, that leads to the factorization

ag e 0 .
U= ( Do : ) Or-21-1]...[O12-1...01,][@pr-1...020p4], (4.4)
0 SR & § Al

where U is a completely general unitary matrix of size L. The flow-graph repre-
sentation for the factorization of (4.4) is shown in Fig. 2.5. This parametrization

algorithm is governed by the recursion

Vii=Vio ©), k<I<I-1, S (4.5)



for 0 < k < L — 2, with the initialization Voo = U, where U is the unitary matrix

to be parametrized. We know from section 2.4 that @I’, has the form

ol=(% o) (4.6)

where & is an (L — k) x (L — k) complex planar rotation matrix. If the (k,I)* entry

of V;_; happens to be zero, then & =I;_, and V;,; = V;,_;. Suppose now that
we let U = R.. It follows then, by an obvious inductive reasoning, that since R has
the zero entries indicated in (4.3), so do the matrices V, ;. Accordingly, the form

(4.3) forces the angles (6x,, 0k,) to be restricted such that

(Bomry domr) = (Bopr+1, Copr41) =+ = (Bo,1-1, Go,L-1) = (0, 0)

(61,41, Orpm41) =+ = (01,1, o1,.-1) = (0, 0)

(ONn-2,L-1, ON-2,1-1) = (0, 0)

where N = L — M + 1. More compactly, (64, oxy) = (0, 0), 0 < k < N -2,
M +k <1< L-1. Thus, out of the L? angles appearing on the right hand side of
(4.4), exactly 2();) angles are zero as indicated in (4.7). The flow-graph represen-

tation of Fig. 2.5 for a general unitary matrix therefore reduces to that of Fig. 4.1,

for R.

As a converse of this observation, it turns out that if (4.7) holds; i.e;, if the
representation for a unitary matrix U is as shown in Fig. 4.1, then U has the form
on the right-hand side of (4.3). As a result, the constraint (4.7) ensures that U
represents a unitary realization (A,B,C, D) of an FIR lossless transfer matrix, of
the form on the right-hand side of (4.3). In order to see this converse, note that in

Fig. 4.1, the signal sq is not affected by ry , I > M; and in general, s; is not affected
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Fig. 4.1. Signal flow-graph representation for the simplified
parametrization of section 4.1.1.



by rp for I > k + M. Accordingly, the corresponding entries Uz of U are equal to

zero, giving rise to the form (4.3). These results are now stated as a theorem:

Theorem 4.1: Consider an L x L unitary matrix U partitioned as
M N-1
N-1/B A

U=, |p ¢ (4.8)

with L = N — 1+ M. Then U has the form in the right-hand side of (4.3) if and

only if the angles (6,1, o+,) appearing in the factorization (4.4) satisfy (4.7).

The importance of this theorem rests in the fact that any M x M FIR lossless
transfer matrix can be realized with complex planar rotation matrices structured
as in Fig. 4.1, and conversely, the matrix (4.8) with the constraint (4.7) always
represents an FIR lossless matrix. The number of nonzero angles 6;, that appear

in the parametrization is given by

N,,=1;2—2(];7). ' (4.9)

4.1.2. THE COMPLETE STATE-SPACE STRUCTURE

The purpose of this section is to derive a minimal lattice structure based on the
parametrization of Section 4.1.1. Here minimality is used in two different senses:
in the system-theoretic sense that the structure has the smallest number of scalar
delays (i.e., has McMillan degree), and also in the sense that the number of param-
eters used in the structure is minimum. While the first of these claims is clearly

evident by construction, the second will be proved in Chapter 6.

Consider Fig. 4.1 where the quantities r; and s; can be identified with the ap-

propriate components of x(n+1), x(n), y(n) and u(n), appearing in (4.1).'Because



of the partitioning convention for U as in (4.8), we see that

o= Ul(n), 0<1<
T zem(n), M<I<L-1’
(4.10)

o= zi(n + 1), 0<I<N-

T y=naa(n), N-1<I<L-1"
By inserting a delay in between each state variable z;(n + 1) and the corresponding
z;(n), the complete state-space structure is obtained and, after rearrangement, has
the appearance shown in Fig. (4.2a). An important detail to note here is that after
the delays are inserted, the unit-norm multipliers @;, 0 < ¢ < N — 2 that appear
immediately before these delays can be pushed past the delays and the criss-crosses
all the way through the end, where they can be combined suitably with the other
unit-norm multipliers ¢;, N —~1 < ¢ < L — 1. The resulting unit-norm multipliers
at the end are denoted by £;, 0 < i< M —1 in Fig. 4.2(a). Such a rearrangement
is justified by virtue of the identity

AiO Ok, oky) 1 # k; 1 # 1,

Oki(fxs, oka)Ai = § AiOi(ry, o4y +arge. =k, (4.11a)
Aiek,l(ak,h Ok —arge, - == I’
where
0 J L-1
0 (1 0 0 \
Ai= ) 0 A 4 A cee 0 . (411b)

S /

Equation (4.11) simply states that the process of pushing a unit-norm multiplier
past a criss-cross alters only the angle o of the criss-cross and leaves # unchanged.

An important consequence of this is that the structural representation of Fig. 4.2(a)
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Fig. 4.2(a). The FIR lossless lattice structure of section 4.1.2.
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has exactly N — 1 less parameters (corresponding to the merged multipliers o;, 0 <
i < N — 2) than the flow graph representation of Fig. 4.1. This raises the question
of whether or not it is possible to further reduce the number of parameters in Fig.
4.2(a). Let us denote the number of parameters of the structural representation of
Fig. 4.2(a) by N,,. We will show in Chapter 6 that each of these N,, parameters
are relevant for representation of lossless matrices, by constructing an M x M FIR

lossless matrix of degree N — 1, which actually has N,, degrees of freedom.

Given a general M x M FIR lossless transfer matrix H(z) of degree N —1 and the
corresponding minimal state-space description (A, B, C, D), it may seem contra-
dictory at first that a minimal representation for the R matrix has IV, parameters,
whereas the representation for the transfer matrix requires only N,,. However, it
is not surprising when one acknowledges that a transfer matrix reflects only the
input-output relationship of a system. As a final comment, note that such a dis-
crepancy does not arise for FIR lossless transfer matrices (as we will see in Section

4.1.3), since in that case a; can all be taken as unity so that N, = N,,.

Reconsidering Fig. 4.2(a), we see that the stages 1 through N —1 appearing here
are special unitary matrices having only M — 1 complex planar rotations (rather
than (g) complex planar rotation matrices and M unit-norm multipliers). After
stage N — 1, the number of state variables runs out in Fig. 4.1 and we are left with
the last M — 1 sections, which can be Jumped into one single unitary matrix with
(I;I ) complex planar rotations and M unit-norm multipliers (summing up to M?
parameters or angles). The important point is that this arrangement of parameters
is sufficient to characterize any M x M FIR lossless matrix. Thus the total number of
angles involved in the realization of Fig. 4.2(a) is clearly N,, = 2(M —1)(N -1)+M?.

A simple explanation as to why the stages numbered 1 through N — 1 in Fig.

4.2.(a) have only M — 1 rather than (’;’) complex planar rotations, can be given as
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follows: Assume, for the sake of argument, that each stage in this figure is a general
unitary matrix with (1;!) complex planar rotations and M unit-norm multipliers
as in Fig. 2.5. Since the delay elements in Fig. 4.2.(a) affect only the topmost
line, the criss-crosses and multipliers of stage 1 that do not touch this line can be
moved to the right and coalesced with stage 2. Having done so, stage 1 contains
only M — 1 complex planar rotations. The newly formed stage 2 continues to be
an M x M unitary matrix, and can be re-decomposed into (1;‘) rotations and M
multipliers as in Fig. 2.5. We can once again move (A;) —~ (M —1) of these rotations
and the M multipliers to the right and merge them with stage 3. If this process is
repeated, then all the resulting stages (but the N*) will be characterized by only
M — 1 rotations. The N** stage, however, remains a general unitary matrix with

M? parameters.

Before concluding this section, we note that similar parametrizations that lead
to lattice structures for P x M FIR lossless transfer matrices, where P > M, are
possible. Such a parametrization algorithm is outlined in Section 4.1.5, and finds

applications in nonmaximally decimated perfect reconstruction systems.
4.1.3. THE FIR LBR STRUCTURE

Consider an FIR LBR transfer matrix Hy_,(z) of size M and degree N—1. Since

Hy_1(z) is real for real z, we can find a minimal state-space description (A, B, C,
B A).
D C ) *
orthogonal. Once again, Schur’s theorem ensures the existence of an (N —1)x(N—1)

D) for Hy_,(z), where A, B, C and D are all real matrices and R, = (

unitary matrix T such that A = TTAT is lower-triangular. T and A can, in
general, have complex entries (even though A is real); however, in our case, since
all the eigenvalues of A are zero (and hence real), both T and A turn out to be

real matrices so that T is orthogonal. The transformed state-space description (A,
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TTB, CT, D) gives rise to another orthogonal matrix R, which has the form of (4.3).
We will parametrize this matrix using the real version of the first parametrization
algorithm described in Section 2.4. The main differences between the complex and
real versions of this parametrization algorithm are as follows: In the real version,
we have planar rotation matrices (rather than complex planar rotation matrices,

which really cannot be physically interpreted), that are of the form

0 1 i j L-1
0 /10 ... 0 ... 0 .. 0)
1 01 ... 0 ... 0 0
©,; = S S S T A A
j 0 0 ... Siy e Cij 0
L-—l\O 0 0 0 1 )

(4.13)
where ¢; ; = cos 0, ;, and s, ; = sin 6, ;. Also, the complex conjugate transposition
operations of the complex version (denoted by superscript t) are replaced by trans-
position operations (denoted by superscript T). The choice of angle that forces Yy,

to be zero becomes

Xo | (4.14)

z XO,O =0.

29

9ol=

{ —tan'lﬁj"-, Xo,o # 0
Since each step of the algorithm gives rise to an orthogonal (rather than unitary)
matrix, the parameters a; can only be 1. We will, without loss of generality, take
a; =1for 0 <i < L~2,since we can always add 7 to 6; 1_; if necessary. However,

we do not have such control on az_;,which is 1 or —1 depending on whether detU is

1 or —1,respectively. We assume detU = 1 for simplicity hereafter (the detU = —1



case can be handled similarly). This leads to the factorization shown in Fig. 4.1
where a; = 1, and the criss-crossesin blocks T1 have the details shown in Fig. 2.5(c)
with 6; = 0. Note that this parametrization has exactly (I;) - (g) parameters.
Furthermore, since each criss-cross is characterized by only one angle 8, and ¢; do
not add any freedoms, the number of criss-crosses equals the number of parameters
(angles). Using the techniques of Section 4.1.2 on this factorization for R, we obtain
the structural representation of Fig. '4.2.(a) (where again the criss-crosses have the
internal details in Fig. 2.5(c) with ox; = 0), and the multipliers §; in the last stage
labelled T2 are all unity. As pointed out in Section 4.1.2, the representation for R
and the structure that follows from this representation, both have the same number

of parameters, which is (;‘) - (g)

Before we conclude this subsection, we note that the real versions of all the
Jossless structures reported in Section 4.1 can be similarly derived. Some examples

L

of such LBR structures can be found in [DO 88].

4.1.4. OTHER PARAMETRIZATION ALGORITHMS AND LATTICE STRUC-
TURES

The lattice structure presented in Section 4.1.2 has two problems: First, the
stages are interconnected in a rather complicated manner. Second, the criss-crosses
do not always interconnect neighboring links. If one intends to implement this

structure in hardware (VLSI) directly, then these are undesirable features. -

We will show in this section that the first problem can be eliminated simply
by rearranging the rows of R, and the second one by allowing only complex pla-
nar rotation matrices that operate in neighboring planes in the parametrization

algorithm.

Recall that in Section 4.1.1, we considered a unitary matrix R (related to a min-

imal state-space representation by (4.3)), parametrized it to obtain the the signal



flow-graph representation of Fig. 4.1, and from that representation, we obtained
the lattice structure of Fig. 4.2. Let us now reverse this procedure and consider the
structure of Fig. 4.3. Here, only the nearest neighbors are interconnected in each
building block, and moreover, successive building blocks are connected in a very
simple way. Notice also that the number of criss-crosses (i.e., the number of planar
angles) is equal to NV, in (4.12). Suppose now that we want to find a parametriza-
tion rule for FIR lossless transfer matrices that will lead to this lattice structure.
Notice that z;(n + 1) and z,(n) are, respectively, the input and output of the [*
delay element in Fig. 4.3(a). We can redraw Fig. 4.3 as Fig. 4.4 by physically
separating z;(n +1) and z;(n), 0 <1 < N — 2. (Note that this is exactly the reverse
of what was done to go from Fig. 4.1 to Fig. 4.2.) Clearly, there are many ways of
redrawing Fig. 4.3 since the choice of input-output ordering used in Fig. 4.4(a) is

quite arbitrary.

We can think of Fig. 4.4 as a signal flow-graph representation for a unitary
matrix R’ related to a minimal state-space representation (A, B, C, D). In this
respect, R’ is very similar to R. If we take A to be lower t: . .ular, the choice of

input-output ordering used in Fig. 4.4(a) restricts R' to have the form

0 1 M M+1 L-1
0 [ * ... 0 0 0\
1 * ok L, % % e *
M-1|x*x % ... =* * o
RI:M I 0 0o | L=N-1+M. (4.15)
L-2 |* » ... =x * ... 0
L-1 \* * L., % * C e *




Xo(n+1)_4 Xg(n) -t A -2

Yo (n) stage A stage| . ... stage * stage| Yo(n)
U1(n).——i 1 -—‘—O zg ‘-'b‘:'——-ﬂ N-1 ___.__,. ' N ___’. y1(|n)
Uy_g(n}—s{ T3 § T3 [reee—a T3 o T4 [ oy m 4
UM-1(n)——’L___‘-——’ o0 —p > — yM_1(n)

Fig. 4.3(a). The desired structure.
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One immediate observation that follows from Fig. 4.4 is that z)(n + 1) is not
affected by z;(n), k <1 < N —2. This reflects in R’ as the zero entries shown
in (4.15). Fig. 4.4, therefore, represents only unitary matrices of the form (4.15).
Notice that the above form of (4.15) is precisely a permutation of the form (4.3).
The permutation corresponds, clearly, to the rearrangement of the variables z;(n),
zi(n + 1), ym(n) and up,(n), for 0 < k < N-2,0 < m < M -1 (compare Fig.
4.4(a) with Fig. 4.1). Because of this relation between (4.15) and (4.3), we obtain

the following conclusion:

Lemma 4.1: Every M x M FIR lossless matrix E(z) of degree N —1 is representable
by a unitary matrix of the form (4.15) and conversely, a unitary matrix of the form
(4.15) always represents an M x M FIR lossless matrix E(z) of degree N — 1.
The relation between R’ and the lossless matrix E(z) which it represents is as in
Fig. 4.4(a). More specifically, if a delay is inserted between z,(n + 1) and z,(n),
0 < k< N-2 then Y(z) = E(2)U(z), with Y(z2) = [Yo(z) Yi(2) ... Yar-1(2)]T
and U(z) = [Up(z) Ui(2) ...Up-1(2)]7.

The next step is to show that all unitary matrices of = - ‘orm (4.15) can be
represented as in Fig. 4.4. This can be done by constructing a parametrization
rule for unitary matrices that will always yield a representation as in Fig. 4.4 when
applied to matrices of the form (4.15). Such an algorithm is described in Appendix

C.

Now, since Fig. 4.4 is obtained by a rearrangement of the “desired structure”

shown in Fig. 4.3, we conclude, with the help of Lemma 4.1, the following:

Lemma 4.2: Any M x M FIR lossless matrix of degree N — 1 can be realized as in
Fig. 4.3(a) with building blocks as in Fig. 4.3(b), with each criss-cross representing
a complex planar rotation. Conversely, Fig. 4.3 always represents an M x M FIR

lossless matrix.



Before concluding this section, we note that the possibilities for other lattice

structures are several. Consider, for example, R arranged as in (4.3) with a lower

triangular choice of A and the parametrization algorithm governed by the recursion
Um,t = Um,l-—1 91_1,1”

Um+1,0=Um,L—m—1,
0<m<L-2, 1<I<L-1-m, k=L-]| (4.16)

where @I—m are determined such that U,':,', = 0. If we let Ugy = R, we have
the structure of Fig. 4.5. Note that this structure also has nearest-neighbor link

interconnections only.

As a slightly different example, consider R as

R = ((j‘T TIJf)B) , (4.17)

with an upper triangular A. If we apply the second parametrization algorithm
described in Section 2.4 to this form of R matrix, we obtain a parametrization,
which after rearranging, gives rise to the structure shown in Fig. 4.6. Note that
this structure has a special first stage with (I;{) complex planar rotations rather
than a special last stage. Detailed derivations of the structures are omitted for
brevity. In any case, the structure of Fig. 4.3 seems to be the most attractive one

from an implementation viewpoint.
4.1.5. NON-MAXIMALLY DECIMATED FIR PERFECT-RECONSTRUCTION
SYSTEMS

Consider a QMF bank as in Fig. 1.1, with the modification that there are P

channels, which is greater than the decimation ratio M. Such systems are said to be

non-maximally decimated. For a given P, consider the case when M = P. Assume
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Fig. 4.5. An alternate FIR lattice structure.
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that Hi(z), Fi(z) are designed such that there is perfect reconstruction. If we use
the same set of filters Hy(z), Fi(2), 0 < k < P —1, and reduce the decimation
ratio M such that M is now a submultiple of P (i.e., M = P/m, m =some integer
factor of P), then Z(n) is not altered by this choice of M. This can be verified by
referring to the alias-cancellation equations [VAI 87a, Eqn. (1b)] and replacing W
with W™, which yields a subset of the set of equations for P = M. In this section,
we will consider the more general case where M < P and M is not necessarily a

submultiple of P.

The applications of non-maximally decimated structures are not very clear at
this time. Such systems may be of interest in short-time spectral-analysis [POR
80] and even in certain new types of subband coding [SM]. Regardless of the pos-
sible applications, the main purpose of this section, however, is to show how a
perfect-reconstruction QMF bank can be designed by a simple extension of the

ideas presented earlier in this chapter and in [VAI 87a).

The basic procedure is again to express the analysis and synthesis filters in terms
of their polyphase components, giving rise to the representation of Fig. 1.2, where
E(z) is now P x M and R(z) is M x P. With the decimators and interpolators
moved past E(z™) and R(z™) respectively, we obtain the representation of Fig.

4.7, where P(z) = R(z) E(z) is M x M.

A sufficient condition for perfect-reconstruction is to force P(z) = z"‘IM., which
can be done by forcing E(z) to be a P x M lossless FIR matrix and taking R(z) to be
R(z) = z7*E(z) so that P(z) = R(z) E(z) = 27*E(z)E(z) = z~*I,. The problem
therefore reduces to one of constructing P x M FIR lossless transfer matrices. In the
following, we will derive a structural representation for such matrices, once again

characterized by complex planar rotation angles.
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s
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Fig. 4.7. A redrawing of Fig. 1.2.



—95—

For a K x L matrix U to be unitary, it is necessary to have K > L. Such a matrix
has 2K L unknowns, 2(*;’) constraints that are due to orthogonality conditions and
L unity-norm constraints, resulting in a total of 2KL — L? degrees of freedom.
The discrete-time lossless lemma states that the problem of representing P x M
FIR lossless transfer matrices is equivalent to that of representing K x L unitary
matrices, where K = N~1+ P, L = N—1+ M, and N —1 is the McMillan degree.
Our next step, therefore, is to give a parametrization algorithm for K x L unitary

matrices.

Suppose that we are given a K x L unitary matrix U with column vectors uy,
u;,---,uz_;. We can find column vectors vg, vy,*++,Vx_r_1, each of size K, such

that the K x K matrix
W = [VO"'VK—L—I UQ"'UL_I] (4.18)

is unitary. Now suppose that we apply the first algorithm described in Section 2.4
to W. If we ignore the first K — L inputs in the representation thus obtained, what
remains is clearly a representation for the K x L matrix U, as shown in Fig. 4.8.
Note that ignoring the first K — L inputs leads to the complete removal of (K;L)
and partial removal of (K — L) criss-crosses from the representation for W. The
partially removed criss-crosses are shown with two branches (corresponding to the
multipliers ¢ and —se™) in Fig. 4.8. In every such partially removed crisé-cross,
one can split the multiplier —se™** into two multipliers —s and e~** and move the
Iatte.r to the right, past the criss-crosses to the farthest right end, where it can be
merged with the unit-norm multipliers a;. The justification for such a move was
given in Section 4.1.2. This tells us that the angles o of the (K — L) partially

removed criss-crosses should not be counted as freedoms in the
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Fig. 4.8(a). The flow-graph representation of the parametrization
for a KxL v .y matrix (using the first algorithm of

section 2.4).
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representation for U. With this observation, we see that the representation of Fig.

4.8 has K? — Z(K;L) — (K —= L) = 2K L - L? parameters showing that it is minimal.

It is also possible to formulate parametrization algorithms that are directly
applicable to K x L unitary matrices. One such algorithm is governed by the

recursion

Uijr =@, Uiy, 0<j<K—2—i, (4.19)
for 0 < i1 < L-1. Here, U;g = Ujjg2-ifor1 < ¢ < L-1. Gix—x-i are
determined such that U;”};tll_,- = 0. The resulting representation is shown in Fig.

4.9. The number of parameters used is 2% (K — i)+ L = 2K L — L?, which shows

that this representation is also minimal.

Now suppose that R is a K x L unitary matrix related to a minimal state-space

description (A, B, C, D) of an M-input, P-output FIR lossless system as in Section

4.1.1; i.e.,
0 1 M L-1
0 (* * 0 0 0 \
1 * % * 0 0
R=N-2]* *x 0 = x 00 (4.20)
* % * % *
K—-1|* =* * % * }
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Fig. 4.9(a). The flow-graph representation of the direct parametrization for

a KxL unitary matrix.
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If we apply the algorithm just described to parametrize R, we have

(90,1(—1, 00,}(-—1) = (91,1(—1, 0'1,K—1) == (0K—P—1.K—1a O’K—P—I,K—l) =(0, 0)

(oo,x-z, 0’0,K—2) == (9K—P-2,K-2, O'K—-P—Z.K-Z) =(0, 0)

(6o,p, 0o,p) =(0, 0)

(4.21)
and the parametrization of Fig. 4.9 simplifies to that of Fig. 4.10. It is also clear
from Fig. 4.10 that such a parametrization necessarily belongs to a K x L unitary
matrix R with R;; = 0for 0 < i1 < N-2, M+i < j < L-1. Therefore we
can claim that we have a complete parametrization for M-input, P-output FIR
lossless transfer functions. If the inputs and outputs are labelled appropriately by
the state-space variables, Fig. 4.10 can be redrawn as the M-input, P-output lattice

structure shown in Fig. 4.11.
4.1.6. A DESIGN EXAMPLE

In this section, we will consider a design example in which we will use the FIR
LBR structure derived in Section 4.1.3. In particular, we will consider a 5-band
perfect reconstruction QMF bank, with LBR E(z). Our aim is to optimize the
angles 6, so as to minimize the sum of the stopband energies of H;(z). We shall
impose a constraint on the analysis-bank structure such that the 5 filters H(z)

satisfy the following pairwise symmetry property:
Hi(z) = Hyi(~2), 0<k<2. (4.22)

This condition implies that the magnitude response | Hi(e’*) | is the image of

| He—i(e’*) | with respect to Z. Such a constraint reduces the number of parameters
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(angles) in the optimization program by a factor of 2, thereby reducing the design

time enormously.

Consider the structure of Fig. 4.12 where E'(z) is a 5 x 5 lossless matrix, I'(z)

is a diagonal matrix of the form

100 0 O
010 0 0

rz)=|001 0 o0 |, (4.23)
000 z! 0
000 0 2z

and R is an orthogonal matrix of a specific form mentioned in [NG 88]. This form

is
a b c cosf sin 6

d e f sinf —cosf

R=— V2p V2 V2r 0 0 , (4.24a)
V2 d e f —sinf cosf
a b c —cosf —sinf
where the matrix
a b c
(d e f) (4.24b)
P g r

is an orthogonal matrix with 3 degrees of freedom. It is shown in [NG 88] that such
a system satisfies the condition (4.22) automatically. The effective E(z) in Fig. 4.12
is E(z) = RI(2)E'(2?). For a given set of analysis-filter lengths the order of E'(z)
is less than the order of E(z) (by more than a factor of 2), so that the number of
angles representing E'(z) and R is fewer, cutting down the size of the parameter

space.

The proof that the structure of Fig. 4.12 forces (4.22) and other details per-
taining to R can be found in [NG 88], and are not relevant here. The main point is
that the design of the analysis bank has now been reduced to the design of the FIR
LBR system E'(z), which in turn can be done, based on the methods described in

Section 4.1.3. The objective function to be minimized is

= " )“J 2 -:.—e ju 2 L3 . 2
<I’-/{_+€IHo(e )|dw+/0 | Hi(e’) ] d“’+/?+e|H1(e’)| duw
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+/0 e | Hy(e'*) |2 dw, (4.25)

which, along with the automatic structural constraint of (4.22), ensures a good
stopband. The lossless nature of E(z) induces the condition j-, | Hi(e?*) |*= 1,

which ensures good passbands for Hy(z) (see [NG 88]).

In the design example, the quantity N — 1 representing the size of the A matrix
for E'(z) is equal to 3, so that the analysis filters have length 8+ (N — 1) x 10+5 =
43. Details can be found in [NG 88]. The quantity L defined in Section 4.1.1 is
L = N-14+M = 8. The parameter € used in the objective function (4.25) is € = 0.05.
An IMSL software package (ZXMWD, [IM]) was used to optimize the angles 6, of
E'(z) and the angles 6 in R, so as to minimize (4.25). The resulting analysis filter
responses for Ho(z), H;(z) and H,(z) are shown in Fig. 4.13 (responses for H;,(zj

and H,(z) are omitted because of the symmetry property (4.22)).
4.2. STATE-SPACE APPROACH APPLIED TO IIR LOSSLESS SYSTEMS

In Section 4.1, we saw in some detail how the state-space approach can be used
to obtain representations and structures for FIR lossless systems. We will apply the
same approach to IIR lossless systems in Section 4.2.1. The developments in the
IIR and FIR cases are quite similar; therefore, in the following, we will derive only
one structural representation for IIR lossless systems. We note, however, that all
the FIR lossless structures of Section 4.1 can be generalized quite straightforlwardly
for IIR lossless systems. The IIR LBR case, on the other hand, requires some

modifications of the state-space approach, and is dealt with in Section 4.2.2.
4.2.1. STATE-SPACE APPROACH APPLIED TO IIR LOSSLESS MATRICES

Suppose that we are given an M x M IIR lossless transfer matrix Hy_;(z) of

degree N — 1. Let (A, B, C, D) be a minimal state-space description for Hy-1(2)
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—» > —»> HO(Z)
> ; —» —» H,(2)
Lo FZ7) Lo R —» H,(2)
—» > —> Hj;(2)
—» > —» H,(2)

Fig. 4.12. The 5-channel analysis bank in which the filters

have pairwise symmetry about /2.



-107-

’ ANVNI pue Ef ‘ EoI 1o} sjeqioap ui sjoid esuodses spnyubey gLy ‘Bi4

AJN3IN0l¥4 C3I21IT0HYNON

eec’e

o0 per'e

PR EXE b bbb

sdo.mp-
008" 89-
208°50-
06" oc-

aee°st-

80 NI 3ISNO4S3IY¥ 30NLINIUMH



—108—

such that the matrix (g é) is unitary. There exists an (N —1) x (N —1) unitary

matrix T that transforms A into a lower triangular matrix A, while simultaneously
transforming the description (A, B, C, D) into another minimal description (A,
TTB, CT, D). Because of the nature of this transformation, the matrix R =
7B A
D CT

cases is that in the latter the diagonal entries of A are not zeros, but rather complex

) is unitary. The main theoretical difference between the FIR and IIR

numbers corresponding to the poles of Hy_;(z). Therefore, R has the form

0 M M+1 M+2 L-1
0 (* ce. X 0 0 0 \
1 * ... x * 0 0
R= N N N " N 0 (4.26)
N-2j=% * * * * *
L-11]|=* ... = * * ce. % *
\ )

If we apply the first parametrization algorithm described in Section 2.4 to R, we
obtain the representation for R shown in Fig. 4.14, where T1 is again as in Fig.
2.5(b). Notice that this representation differs from the one for the FIR case (shown
in Fig. 4.1), by one extra criss-cross in the first N — 1 steps, corresponding to the
nonzero diagonal entries of A. Accordingly, the structure that results by connecting
x;(n + 1) to x;(n), 0 < k < N —1, and rearranging, has exactly N — 1 first-order
allpass sections, as shown in Fig. 4.15. The angles # and o corresponding to the i**

allpass section come from the i** extra criss-cross. These allpass sections that



() — t e @ @ ® 1.[:)——‘» ()
step >{>—>
e |1 . step_’ 1
e L4 22 ® (11
T1}|° .
M b9
M+1 ———» Lk
-» $>—> N-2
. step
: : N1 [ Ften],, D N
) N ?\lte1 s _olstep
T1]° . [N+ . -
L—1 > o TT1IT 1 [eee—b l_.“1

Fig. 4.14. Signal flow-graph representation for the simplified
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replace the delays in the FIR case, therefore, represent the poles of the system. The

total number of degrees of freedom that the structure has is
Np=Np+2(N-1)=2M(N -1)+ M?, (4.27)

where N, is as in (4.12). This number will be shown to be minimal in Chapter 6.
The same discrepancy of N — 1 between the degree-of-freedom counts of the repre-
sentation for R, and the structure for Hy_;(z) that we have observed in the FIR
case also arises here, due to previously explained reasons. Although not elaborated
here, note that one can argue, using Fig. 4.14, that this representation necessarily
belongs to a unitary matrix of the form (4.26). The structure that follows from this
representation, by construction, can implement only lossless systems. Furthermore,
given any M x M IIR lossless transfer matrix, one can find the corresponding rep-
resentation and use it to obtain a structure implementing the given transfer matrix.
This, although not very practical to apply, constitutes a conceptual synthesis algo-

rithm, showing that the structure of Fig. 4.15 spans all M x M IIR lossless transfer

matrices.

4.2.2. MODIFIED STATE-SPACE APPROACH FOR IIR LBR MATRICES

It is sometimes possible to take advantage of certain properties of a given class
of systems in order to obtain structural representations (that apply only to that
specific class of systems). Although such structures are not general in the sense of
the structure of Fig. 4.15, they may prove to be-more useful in many applications,
usually because they have simpler structure or involve a smaller number of parame-
ters. In this section, we will consider IIR LBR systems, which are characterized by
real coefficients, and poles that are either real or in complex conjugate pairs. These
properties of IIR LBR systems suggest the possibility of a representation in terms

of real parameters only. Such a representation is indeed possible as we shall see.
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Let us consider an M x M LBR transfer matrix Hy_;(z) of degree N — 1 with

rational entries. Let (A, B, C, D) be a real and minimal state-space representation

B A\. .
D C) is orthogonal. Since A

is real, its eigenvalues (system poles) are either real or in complex conjugate pairs.

for Hy-1(z) such that the L x L matrix R; = (

Accordingly, let A have n complex conjugate eigenvalue pairs (XA;, A]), 1 < i < n,
and [ real eigenvalues v;, 1 < i < I, where l = N — 1 — 2n. With this setting, it can

be shown (see Appendix D) that A can be written as
A=TWTT, (4.28a)

where T is a (N — 1) x (N — 1) real orthogonal matrix and W is a block upper

triangular matrix of the form

(al 0 0 e 0\
* a, 0 0

W = . ™ 0 (4.28b)
\*x ... * x ..oy

In (4.28b), each a, is a real 2x 2 matrix with eigenvalues A; and A!. The entries below
the block diagonal denoted by asterisks are real and in general nonzero, whereas
the entries above are all zero. A proof of this statement can also be found in [GO
85]. In the following, we will use this decomposition to find a real parametrization

algorithm for R, which will lead us to a reallattice structure for IIR LBR systems.

Clearly, the orthogonal matrix T that transforms A into W also transforms the
minimal state-space representation (A, B, C, D) into another minimal representa-

tion, which is (W, TTB, CT, D). The matrix

R:(TIT)B (‘:Yr) v -+ (4.29)
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for this case is also orthogonal and has the form

0 M M+1 L-1

0 (* e X X 0 0 0 0 0 0 O 0 0 \
1 * X X 0o 0 0 0 0 0 0 O 0
* * * x x 0 0 0 0 0 O 0
* * * x x 0 0 0 0 0 O 0
* * * * % x x 0 0 0
2n—1| * ... = * * x ... x x 0 0 ... 0 (4.30)
2n * ..k * * x .., * = x 0 ... 0
* * * * ok * ok Xk X 0
N-21 = * * * % * k% * X
L—-1}|=%= ... =x * * kL., ok x k.. % *
\ , /
where n is the number of complex conjugate eigenvalue pair- ! A, and the entries

denoted by x belong to the block diagonal of W. If we apply the first parametriza-
tion algorithm described in Section 2.4 to R, we obtain the parametrization that
can best be described by the diagram in Fig. 4.16. The building blocks T1 in Fig.
4.16 have the general form depicted in Fig. 2.5(b) with varying sizes. If we i-aentify
the inputs and the outputs of this diagram by the appropriate state variables and
rearrange, we obtain the lattice structure shown in Fig. 4.17(a). This structure has
n second-order stages corresponding to the n complex conjugate pole pairs, and !
first-order stages corresponding to the I real poles of Hy_;(z). The building block
T12 in Fig. 4.17(a) has the form shown in Fig. 4.2(b) with ;= 1,0< i< M — 1.

The multipliers for all building blocks are real. In particular, all the criss-crosses
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have the internal details shown in Fig. 2.5(c) with ox; = 0, and the two-input,

two-output connection blocks for the second-order stages have the internal details

in Fig. 4.17(b). The transfer function for these connection blocks is given by

_ - -2
Sig+ 271 +8;182)cia+ 2 2s,~,2c,-2,3 —277¢; 1€ 28: 3
-1 -2
C1Ci 253 84,2 +z (1 + 3:’,15:',2)61',3 +z si,lc,z‘3

G,‘ =
(2) 14+ 271+ si2)eia + 2“28.',13.',20.2,3

(4.31)
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CHAPTER 5
A DIFFERENT APPROACH TO CHARACTERIZATION
OF LOSSLESS SYSTEMS

We saw in Chapter 4 that lossless transfer matrices can be parametrized in terms
of angles by a state-space approach. This approach gives rise to lattice structures
where the multiplier values are given by sines and cosines. The computation of
a sine (cosine) takes considerably more time than, say, a multiplication operation
on most general-purpose computers. Therefore, if the structures of Chapter 4 are
used in applications which require the optimization of the multiplier values, then
they may lead to long convergence times. Also, these structures, in general, do not

remain lossless when the multipliers are quantized.

In this chapter, we will derive a second representation for lossless systems. This
representation not only shares most of the desirable properties of the representa-
tion of Chapter 4, but it also offers the advantage of shorter convergence times in
applications involving optimization, and paves the way to structures that remain
lossless under quantization. We should point out, however, that the representation
and structures of this chapter are mainly for M-input, M-output lossless systems,
and can not be generalized for rectangular lossless systems (except for the special
case of single-input, M-output lossless systems), whereas the state-space approach
of Chapter 4 gives rise to structural representations for both square and rectangular

lossless transfer matrices.

5.1. FACTORIZATION OF UNITARY MATRICES IN TERMS OF UNIT-NORM
VECTORS

We saw in Section 2.4 that unitary matrices can be factorized in terms of com-

plex planar rotation matrices. This characterization, which is basically in terms of
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angles, was used in Chapters 3 and 4 to obtain structural representations for lossless
systems. The disadvantage of such a characterization was pointed out earlier. We
will see that unitary matrices come up in the derivations for the lossless represen-
tations of this chapter as well. The purpose of this section is, therefore, to give a
characterization for unitary matrices, which does not involve angles. Interestingly
enough, the building blocks of this characterization are special cases of the basic
building blocks of the lossless representations of this chapter. This is a consequence

of the fact that lossless matrices are unitary on the unit circle.
The main result of this section can be stated as follows:

Result 5.1: An M x M unitary matrix A can be factorized as

efo 0 ... 0
0 I 0
A= UQUl...UM_z : ¢ .. . s (510)
0 0 ... efma
where ;
u,u;
U; =1y - 2—41——4- (5.1b)
u;u; ’
are M x M unitary matrices,
0 J M-1
ll‘i-r= (0 N * ) (5.1¢)

are M x 1 constant vectors, and 6; are real numbers.

Proof of Result 5.1: Let v = (vo v ... vp— )T be any nonzero vector,
where vy =| vp [ €. fa=(1 0 ... 0)T andu=v— | v e’a (see [ST 88] in
connection with this choice of u), then it can easily be verified that

oy
u

v =il v [l ea. (52)

Ly — 2
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Suppose that we are given an M x M unitary matrix A with unit-norm column

vectors Aj, 0 < j < M —1. If we let v= A; and choose u = uy accordingly, we

can write

1 if
Ugu, _ (e 0 0)
Ing — 2 A= , (5.3)
[Toe uguo] 0 T

where T is an (M — 1) x (M — 1) unitary matrix. Clearly, the same step can be

repeated on T to write it as

1 18,
[Tpro1 — 2:—%]1‘ = (eo 3) , (5.4)

where R is again unitary, and w is an (M — 1) x 1 column vector. Combining (5.3)

and (5.4), we can write

1 1 e 0 0
Ty — 2“;&][1,, - ZU;UO]A =0 &% o], (5.5)
u; u, u, ug 0 0 R

0 .. . .
where u; = (w ) Proceeding in this way, we obtain

et .. 0
UM..g...UonAz ( T ‘ ), (56)

0 ... efm-
where U, are as defined by (5.1b)-(5.1c). Since U, are both unitary and Hermitian,
U;! = U,. Using this fact, (5.6) can be written as (5.1). The existence of such a

factorization for unitary matrices is also mentioned in [GO 85].

Note that this result is very similar to the second parametrization algorithm
of Section 2.4. The only difference is that each step in Fig. 2.6 is now expressed
in unit-norm vectors rather than rotations. The connection between these two

representations will be addressed in Section 6.3.

Let us now count the number of degrees of freedom involved in this characteri-

zation. The vector 73'— has 2(M — j) unknowns (which are its nonzero complex
u u; :
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entries), and one unit-norm constraint, which means that it has 2M — 2 — 1 degrees
of freedom. The product %EI, on the other hand, has only 2(M — j — 1) degrees
of freedom since the comrrll‘d;jphase factor of the vector u; cancels off in the prod-
uct. This is also the number of degrees of freedom that U; has. In (5.6), we have

M —1 matrices U; and an M x M diagonal matrix which has exactly M degrees of

freedom, yielding M + )52 2(M — j — 1) = M? degrees of freedom, as expected.

The process described above can be easily modified for real matrices and then
be used to find a characterization for orthogonal matrices in terms of real unit-norm
matrices and a diagonal matrix with only +1 on the diagonal. The total number of

degrees of freedom involved in this case can be easily shown to be (1;4)
5.2. REPRESENTATIONS AND STRUCTURES FOR FIR LOSSLESS SYSTEMS

In this section, we consider FIR lossless systems. In Section 5.2.1, an algebraic
form for degree-one FIR lossless matrices is derived. This form is then used in
Section 5.2.2 to obtain a general algebraic form and structural representation for
arbitrary-degree FIR lossless matrices. Section 5.2.3 deals with the same issues for
arbitrary-degree FIR lossless vectors. These results have also appeared in [VAI 89a]

and [VAI 89b].

5.2.1. A GENERAL FORM FOR DEGREE-ONE FIR LOSSLESS MATRICES

Let us consider an M x M lossless transfer matrix H;(z) with FIR entries. If

we restrict the degree to be unity, H;(z) takes the form
H,(z) = hy + z7'h,. (5.7)

Here hg and h, are nonzero, M x M constant matrices with complex-valued entries.
There are some restrictions on hy and h; imposed by the losslessness and degree

constraints. For example, since H;(z) is paraunitary, hg h; = 0, which implies that
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neither hy nor h; can be full-rank. It can furthermore be shown that h; has unity
rank. To see this, note that being FIR of degree one, H;(z) has a single pole at
z = 0. Therefore, the A matrix in the state-space description for H;(z) is a scalar

equal to zero and H,(z) can be written as
H,(z) =D +z7'CB. (5.8)

Comparing (5.7) with (5.8), we see that hy = CB, where C is M x 1 and B is
1 x M. Hence h; has rank equal to, at most, unity. Since the h; = 0 case is ruled

out, we conclude that h, is of unity rank.

Let us now recall that H,(z) is unitary at any frequency wy on the unit circle.

We can therefore express H;(z) in the form
H,(z) = (1 -z"'"“")S + R, (5.9)

where S is M x M and R is M x M unitary. If we impose the paraunitary condition

on (5.9), we find after some simplifications and collecting like powers of z that
(2sst + SRT + Rst) - 2-1(ssT + sR)ee — z(sst + RSt)e=e = 0. (5.10)

This implies that

2sst + sRT + RSt = o, (5.11a)
sst+srf=o, (5.11b)
sst + rst =o. (5.12¢)

Since SST is Hermitian, (5.11b) automatically restricts SR' to be Hermitian. With
this observation both (5.112) and (5.11c) become equivalent to (5.11b). Hence the
paraunitary condition can be met simply by forcing (5.11b). Using (5.11b), we can

rewrite (5.9) as

H,(z) = [I - SST + 22e*rssTR. (5.12)
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Comparing (5.7) and (5.12), we see that h; = e°SSTR. But R is full-rank and h,
has rank one; therefore SST must also have rank one. Since sst is Hermitian with

rank one, we can always write

sst = vvi, (5.13)

where v is an appropriate M x 1 vector. With this, (5.12) becomes
H(z) = [I - vl + 27 teovviiR. (5.14)

It can further be shown that v is unit-norm. For this, observe that Hl(z)RT must
be lossless for H;(z) to be lossless. This implies that Hl(z)R'l' is unitary on the
unit circle and in particular at z = —e'“?, where it becomes I — ovvi, Being both
unitary and Hermitian, I — 2vvT can have only 1 as eigenvalues. However, we
can see by inspection that 1 — 2 || v ||? is an eigenvalue. Therefore, || v ||= 0 or
|| v ||[= 1. Since v = 0 case is ruled out as trivial, we conclude that || v ||= 1 for

H,(z) to be lossless.

Note also that the form (5.14), where v is unit-norm an«. i is unitary, indeed
represents a lossless matrix as can be easily checked by applying the paraunitary

condition. These results can be summarized as the following theorem:

Theorem 5.1: If H,(z) is a causal, M x M FIR lossless matrix of degree one, then
for any arbitrary real wy, it can be expressed in the form (5.14), where v is. M x 1
with unit-norm and R is M x M unitary. Conversely, any FIR matrix of the form

(5.14) where v and R satisfy these conditions is necessarily lossless of degree one.
5.2.2. AGENERAL FORM FOR HIGHER DEGREE FIR LOSSLESS MATRICES

In Section 5.2.1, we saw a general form for M x M degree-one FIR lossless

transfer matrices. In the following, we will see how this form can be used to represent
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FIR lossless matrices of arbitrary degree. Specifically, we will prove the following

theorem:

Theorem 5.2: An M x M FIR matrix Hy-,(z) is lossless of degree N — 1 if and

only if it can be written in the form
HN_I(Z) = V](Z)Vz(Z) .. .VN_I(Z)H(), (5150)

where Hy is a constant M x M unitary matrix and V(z) are M x M degree-one

FIR lossless matrices of the form
Vi(z)=I- vka + vkaz'l], (5.15)

with M x 1 unit-norm vectors v,. (Note that (5.15b) is a special case of (5.14)

obtained by letting wg =0 and R =1.)

Proof of Theorem 5.2: The if part of the theorem follows almost trivially by
recalling from Chapter 2 that a product of lossless matrices is lossless and that the
degree of a product of V — 1 degree-one lossless matrices is N — 1. For the only if
part, suppose that Hy(z) is an M x M lossless matrix of degree k. Let the impulse
response coefficients be hi(n) so that Hy(z) = YF_ hy(n)z~". (Notice that hy(k)
can be null even though H,(z) has degree k.) We claim that H,(z) can be written
as

H,(z) = Vi(2)H,_1(2), (5.16)
i.e., as in Fig. 5.1, where V,(z) is as in (5.15b), with v; an appropriate.M x 1
unit-norm vector, and H;_(z) isan M x M FIR lossless matrix of degree k — 1.
Clearly, this step is equivalent to extracting a lossless matrix V,(z) from H,(z)
in order to obtain a reduced-degree lossless matrix H,_;(z). In (5.16), Hy-1(2)
will be called the remainder of the extraction process. Since the matrix V;(z) is
determined completely by specifying v;, the task of proving our claim reduces to

that of giving
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u(n) :>Hk_1(2):'j vi oz L v, :)Hk(z)

- V. (2) >

Fig. 5.1. Factorization of .~ IR lossless matrix H,(z) into V4(z) andH, _(z).
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a rule with which to choose a unit-norm M x 1 vector v;, such that the remainder
of the extraction process is indeed lossless of degree k — 1. Suppose for now that we
know how to do so. If we begin with Hy_;(z) and repeat the extraction step a finite
number of times, we obtain the representation of (5.15a) for Hy_;(z). The final
remainder Hy(z) is a zero-degree lossless system (i.e., a constant unitary matrix),
and is therefore denoted by Hy. This can be illustrated as in Fig. 5.2, where the

internal details of the blocks V,(z) are as shown in Fig. 5.1, with 1 replaced by :.

Given an M x M FIR lossless matrix H,(z) = ¥%_, hy(n)z™", it remains only
to show how to choose v; such that Hy_;(z) is lossless and of degree k — 1. With v,
restricted to have unit-norm, V,(z) in (5.15b) is clearly lossless, so that V7!(z) =

V1(z). Therefore, (5.16) can be rewritten as
1= vov] 4+ viviaHe(2) = Hioi(2), (5.17)

From (5.17), we see that H,_;(z) is guaranteed to be FIR and paraunitary since
both Vy(z) and Hi(z) are FIR and paraunitary. On the other hand, in order to

ensure causality, we must impose the condition
vihi(0) = 0, (5.18)

on v;. Losslessness of H,(z) implies that hI(k)hk(O) = 0. Therefore, h;(0) is
singular and there exists a unit-norm M x 1 vector v, satisfying (5.18). Let v, be
so chosen. With this choice of v;, we know that H;_;(z) is a causal FIR Jossless
system. All that remains to be shown now is that the degree is actually reduced
in the process. For this, we invoke the property of lossless matrices, which says
that the degree is equal to the degree of the determinant. Accordingly, we have
detH,(z) = ¢;z7* and detV,(z) = ¢;27!, where ¢; and ¢, are complex, unit-norm

scalars. Taking the determinant of both sides of (5.16), we immediately see that
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>>VN_1(z>

V,(2)

:> Hy -4(2)

Fig. 5.2. The structural implementation of section 5.2.2.
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detH,_;(z) = cz=(*=?) 5o that the degree of H;_,(z) is k—1 indeed. This completes

the proof of Theorem 5.2.

Notice that the choice of v, in (5.18) is not unique unless hy(0) has rank M —1.
However, we see from (5.15a) that Hy_,(1) = Hj is unique. This, in turn, implies
that

Hyo1(2)Hy! = V(2) = Vy(2)... Vnoy(2) (5.19)

is unique. Summarizing, an M x M causal FIR lossless matrix Hy_1(z) of degree
N — 1 can be factorized as Hy_1(z) = V(z)H,, where V(z) and Hy are unique,

even though the building blocks Vi(z) may not be unique.
5.2.3. A GENERAL FORM FOR M x 1 FIR LOSSLESS VECTORS

We can give a general form and structural representation for M x 1 FIR loss-
less vectors, based on the representation of Section 5.2.2 for FIR lossless matrices.

Consider an M x 1 column vector Py_;(z) of the form

N-1
Py-i(z) = ) pn-1(n)2™", (5.20)
n=0
where py-1(n) are M x 1 constant vectors, with py_;(N —1) # 0. Clearly, Py_;(z)
can be implemented with N —1 delays so that its degree is N —1. With this setting,

we can state the following:

Theorem 5.3: An M x 1 FIR vector Py_;(z) is lossless if and only if it can be

written 1n the form
PN-l(Z) =V1(Z)V2(Z)...VN_1(Z)P0, (521)

where Vi (z) are as in (5.15b) with unit-norm vectors v, and P, is an M x 1 constant

vector of unit-norm.
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The proof of this theorem is again based on repeated applications of the degree-
reduction step described in Section 5.2.2. There is, however, a fundamental differ-
ence because the determinants are not meaningful anymore. Given an M x 1 FIR
lossless system P,(z) of degree k # 0, the degree-reduction step seeks to generate
a remainder P,_;(2) such that it is a lower-degree M x 1 FIR lossless system. This

is done by attempting to express P,(z) as
P(z)=[I- vle + vlez'l]Pk_l(z). (5.22)

The choice of v, is crucial in the degree-reduction process. Since v; is unit-norm,

V(z) is lossless and it is possible to write
Pros(z) = [I = viv] 4+ viv) 2]Pa(2). (5.23)

The remainder function is causal if and only if vz.p,,(()) = 0. Since px(0) is a
column vector, there exist many unit-norm vectors v; satisfying this condition. In

particular, the choice

_ px(k)
(TN (5-2¢)

works since pI(k)pk(O) = 0 because of the losslessness of P,(z). With v, so chosen,

the coefficient of z7* in (5.18) becomes

1= vyv]]pa(k) =I| pa(k) || L= vivilvs =| pa(k) || [va = va] =0,  (5.25)

which proves that P,_;(z) has degree k— 1. Thus, the choice of v; in (5.19) ensures
that P,_;(z) is a lossless causal vector of degree k — 1. Repeated applications of

this step results in the form (5.21), proving the theorem.

Note that (5.24) is the only choice (except for a scale factor of unit-norm)
that results in a reduced degree causal lossless matrix P,_,(z). This follows since

[I—vle] has rank M —1 so that, its null space contains precisely one vector (except
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for a scale factor). Clearly, v, belongs to that null space. Therefore, v, as given by
(5.24), must be the unique solution to the equation [I — v,vj]v = 0 except for a

scale factor. Recall, on the other hand, that the implicit choice of v, in (5.18) for

the FIR lossless matrix case is not unique unless h;(0) has rank M — 1.
5.3. REPRESENTATIONS AND STRUCTURES FOR IIR LOSSLESS SYSTEMS

In the following, we will consider new representations and structures for IIR
lossless systems. In Section 5.3.1, a general form for degree-one IIR lossless ma-
trices is presented. In Section 5.3.2, this form is shown to give rise to a general
structure and a synthesis procedure with which all square IIR lossless matrices can
be characterized. Similar results are derived in Section 5.3.3 for IIR lossless vec-
tors. Finally, Section 5.3.4 deals with a modified synthesis procedure in terms of

real sections for LBR matrices. These results can also be found in {[DO 89b], and in
part in [DO 89a].
5.3.1. A GENERAL FORM FOR DEGREE-ONE IIR LOSSLESS TRANSFER
MATRICES

In this section, we will prove a Lemma that shows that a general form for

degree-one IIR lossless matrices can be obtained by modifying the general form for

degree-one FIR lossless matrices derived in Section 5.2.1.

Lemma 5.1: Any M x M, degree-one lossless matrix H;(z) with rational entries

can be written as

—a" + 27}

H)(z)=[I- vvi 4 et - va]R, (5.26)

l—az"

where v is an M x 1 vector of unit-norm, wy is a real number, a (| a |[< 1) is a

complex number representing the system pole, and R is an M x M constant unitary
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matrix. Conversely, (5.26) always represents a degree-one IIR lossless matrix with

a system-pole at z = a.

Proof of Lemma 5.1 Let us consider an M x M lossless matrix of degree one with

rational entries. Such a matrix can be represented by the general form

_ ho + Z-lhl

- )
1—az"!

H,(z) (5.27)

where hy and h; are M x M constant matrices with complex-valued entries and a

is a complex scalar that represents the pole of the system. Since H,(z) is stable,
la|< 1.
It can easily be verified that H;(z) can also be represented as

~a* + 27!
1

H,(z) = e U+V, (5.28)

1—-az"
where U and V are M x M constant matrices with complex entries. If we apply
the paraunitary condition to (5.28), we obtain (after simplifications and collecting

of like powers of z), the following conditions:

1+ e P)VV —2a7e UV + 1+ [a P)UUT = 1+ a )L, (5.29a)
—aVVt 4 g2eovut + evouvt - quut = -1, (5.29b)
'Vt 4 emwevut + g2ewuvt - e'uUt = —oL. (5.29¢)

Note that if we take the t of both sides of (5.29c), we obtain (5.29b). Therefore,

we will consider only (5.29a) and (5.29b) as necessary conditions. Now if we scale

(5.29a) by r7;w and (5.29b) by —;, we obtain

2ae"“"°VUT + 2a"e"“’°UV1’

TTap +uut =g, (5.30a)

VV". —

vt —gemwvut - Lewuvt oot =1 © (5.300)

a
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Subtracting (5.30b) from (5.30a) and simplifying yield

1-lal’

T Iz(—ae"’“VU* + -(l;e‘”°UVT) = 0. (5.31)

Since | a |# 1, the term inside the paranthesis in (5.31) must be zero; i.e., we must

have

vut = Zemyvi, (5.32)
a

If we take the 1 of both sides of (5.32), and substitute the expression thus found for

UV back into (5.32), we obtain

1
la]®

vut = —vut, (5.33)

which can be satisfied if and only if | a |[*= 1 or vU?t = 0. Since | a [< 1 for stability
reasons, (5.33) implies that VU = UV?T = 0. Now this result can be substituted

in (5.30a) and (5.30b) to get a simpler set of necessary conditions, which is
vvi+uut=0, vut=o. (5.34)

But (5.34) is exactly the set of conditions that we would obtain if we imposed
paraunitariness on the FIR form V4 z7!¢*°U, where V and U are constant M x M
matrices. This result enables us to obtain a general form for degree-one IIR lossless
matrices simply by substituting :1-‘%_—0'1;‘_—? for 27! in the general form that was derived
for degree-one FIR lossless matrices in Section 5.2.1. This general form, therefore,
is given by

—a” + 77!

1-az!

H,(z) = [T - vvi + e viiR, (5.35)

where v is an M x 1 unit-norm, complex-valued vector, R is an M x M unitary
matrix, 0 < wp < 27 and | a |[< 1. The converse statement that (5.35) indeed
represents a lossless matrix follows since it was obtained by a lossless transformation

from the lossless FIR form (5.14) [OP 75].
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5.3.2. A GENERAL FORM FOR M x M IIR LOSSLESS MATRICES WITH
ARBITRARY DEGREE

Consider the product

Vi(2)Va(z)... Vn_i(2), (5.36a)
where
—n* -1
Vi(z)=1- *+T‘-’:%vv* 1<i<N-1 (5.36)

(Note that (5.36b) is simply (5.35) with R =TI and wo = 0.) Clearly, such a matrix

is lossless. Furthermore, its determinant has the form ¢ [J¥7? :“::_, , (with | ¢ |= 1)
showing that its degree is V — 1. In this way, nontrivial examples of lossless IIR
systems of degree N — 1 can be obtained. However, it is not obvious that such
a representation is sufficiently general. In this section, we will show that any IIR
lossless matrix of degree N —1 can be expressed as a product of the form (5.36a) and

a constant unitary matrix. Our first step in this direction is to prove the following

theorem.

Theorem 5.4: An M x M IIR lossless matrix Hy_1(z) of degree N — 1 with poles

z;, 1 <1< N —1 can always be written as
Hy_,(2) = Vi()Hoa(2), (5.37)

where V,(z) is as in (5.36b), and Hy_5(z) is an M x M IIR lossless matrix of degree
N -2

We will give an assignment rule for v; and a, such that Hy_,(z) is indeed

lossless and of degree N — 2. Recall that det Hy_;(z) has the form

=zl 427
1—2z2z"1"

detHN1 = 'OH

=1

(5.38)
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Note that %, 1 < i < N —1 are the determinant zeros of Hp-1(2). Therefore, there

exist unit-norm vectors u; such that

u:rHN_l(;l;) —0, 1<i<N-1L (5.39)

We now propose the following assignment: Let a; = 2, and choose v, such that
1

VIHN_I(Z_’) = 0. (540)
1

Note that the existence of such v, is justified by (5.39). With this assignment,
Hy_»(z) becomes

Hy_s(z) = Vi(z)Hyos(2) = [I = viv] + — v HN(2). (5.41)

-

- 2}z
Observe that that since both Hy_;(z) and V,(z) are paraunitary, Hy_,(z) is guar-

anteed to be paraunitary by construction.

We will address the stability of Hy_2(z) next. Hy_5(2), as given by (5.41)
seems to have a pole at i Since | ﬁ |> 1, such a pole would cause Hy.z(z) to be
unstable. We claim that this apparent pole is automatically cancelled by the above
choice of v;. To see this, observe that since Hy_;(z) is analytic outside the unit

circle, it can be expanded into a Taylor series around z = zl_; i.e., it can be written
1

as

HN-1(2)=P+(z—%)Q+%(z—;li—)2R+..., (5.42)

where P = Hy_y(), Q = %HN_I(Z) l;=+ and R = f},—HN_l(z) |,____1_; If we
1 ll ,1'
substitute (5.42) in (5.41), we obtain

_ 1 .
12—1 :-zz)"“'mp +(z - E)Q + 5(2 - %)’R +...], (5.43)

Hy-o(z)=[I-(1-
or, after some arrangement,

Hy_s(z) = Hyos(2) 4oz, z)vivi P+ (e = 2 )viQ+ %(z -;1;)%}‘ R+..], (5.44)

24 1
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where o(z,z;) = LQ4n)c04:) 1 4o clear from (5.44) that the only problem-

%} z—-‘l.-
1

causing term is a(z,zl)vleP. Recall, however, that P = HN-J(;ll-') and that v;

was chosen to satisfy (5.40). With these, (5.44) simplifies to

.‘.

(142)—-2(1+ 21)[ Q+ (z——-)V1V1 o, (5.45)

zy

HN_Z(Z) = HN_1(2)+

which is analytic at z = X.
)

Having thus established stability of Hy_»(2), we next adress the issue of degree

reduction. If we take the determinant of both sides of (5.37), we obtain

-2} + 271
1-— .212_1

det HN..l(Z) = det HN__z(Z). (546)

Since there are no cancellations on the right-hand side of (5.46), we can write
deg det Hy_;(z) = 1 + deg det Hy_(2). (5.47)

Hx_;(z) and Hy_3(z) are both lossless; therefore, invoking the result of Section
2.1 which says that the degree of a square lossless matrix is equal to the degree of

its determinant, we can write
deg Hy_;(2) = 1+ deg Hy_5(2). (5.48)

It follows then that since Hy_;(z) has degree N — 1, Hy_3(z) must have degree

N — 2 as claimed.

We have thus proved that given any M x M IIR lossless matrix Hpy_;(z) of
degree N — 1 with poles z;, 1 < i < N — 1, we can factorize Hy_,(z) as in (5.37),
where Hy_3(z) is another M x M IIR lossless matrix of degree N — 2, by choosing
a unit-norm vector v, that satisfies (5.40). This step can be repeated until a factor-
ization of Hy_1(z) in terms of degree-one IIR sections is obtained. This observation

can be formalized as the following Lemma:
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Lemma 5.2: A general M x M IIR lossless matrix Hy_;(z) of degree N — 1 can

be written as

HN_;[(Z) = VI(Z)Vz(Z) TN VN—I (Z)Ho, (549)

where Hj is a unitary matrix and V;(z) are given by (5.36b). In (5.36b), v; are
unit-norm vectors chosen such that ijN_,-(‘l,) = 0, and a; = z;, which are the

system poles.

The corresponding structural implementation is as shown in Fig. 5.2 with the

internal details shown in Fig. 5.3.

5.3.3. A REPRESENTATION AND SYNTHESIS PROCEDURE FOR IIR LOSS-
LESS VECTORS

Clearly, a product of matrices of the form (5.36a) postmultiplied by a constant
unit-norm vector represents an IIR lossless vector. To demonstrate that this is a
general form for such vectors, we need to show that any IIR lossless vector can be
synthesized as such a cascade. As we will see in the following theorem, the synthesis
procedure described in Section 5.3.2 can easily be modified for IIR lossless vectors.
Theorem 5.5: Consider an M x 1 IIR lossless vector Gy-;(z) of degree N — 1
given by (3.18), where the polynomials P{),(z), 0 < j < M —1 and dn_1(z) do not

have any common factors. The vector Gn-;(z) can always be written as
Gr-1(2) = Vi(2)Gvos(2), (5.50a)
where Gn_2(z) has the form
Gr-2(2) = (PRL(2) Paly(z) ... PRIV(2))T Jdnoa(2),

PYy(z) = Zpﬁs’z. 0SS M1, dya(z) =222 (550
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-1

N
17
-1
), v-l- > = > V. )
—— 0 | - | rd
1-a,z N

- V;(2) >

Fig. 5.3. Internal details of v (z) in the IIR lossless structure.
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and V,(z) is as in (5.36b). Proof of Theorem 5.5: We define the FIR vector
Nn-1(z) 4 dn-1(z2)Gpn-1(2), and then propose to let a; = z; and to choose v; such
that
t 1
vINya() =0 (5.51)

1

Recall that we made a similar choice for v, in the M x M lossless matrix case. For
the case in hand, however, we can be more specific and give a closed-form expression
for v,. Furthermore, it can be shown that this choice is unique. We see from (5.50)

that Gy-_2(z) can be written as

Gn_2(z) = Vi(2)Gn_1(2) (5.52a)
= [I—v;v]]Gros(2) + ;—Z_l-z’i;fvlvfc;lv_l(z). (5.52b)

Let us consider the second term of (5.52b) first. It follows from (5.51) that
VINN_l(z) = (1- :—1.2'1)/\(2), where the order of A(z) is strictly less than that
of the highest-order polynomial in Ny_;(z). With this, the second term of (5.52b)

can be written as

—at ZVIVIGN_I(Z) = __1_ A(Z)V]

5.53
1—2z}z 21 dyn—z(2)’ (5:53)

which is analytic at z = %. Note that in (5.53), the order of the denominator

)

polynomial and the maximum order of the numerator polynomials are both reduced.
Let us now consider the first term of (5.52b). In order to cancel the pole at 2y,

we must have , ..
L= viviNy_1(z1) = 0. (5.54)
Note that [I— vlvf] has rank M — 1. Therefore, there is a unique vector u (except

for a scale factor) such that [I— vle]u = 0. By inspection, u = v, works. In view

of this, (5.54) implies that the unique choice for v, is

a_Nn-i(z) © (5.55)

I NaS ) T
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Note that (5.55) agrees with (5.51) since

NL-1(21)NN-1(L,) =0, (5.56)

2
because of the paraunitary property of Gy_i(z). With this choice for vy, the first

term of (5.52b) becomes

oo hNwa() (- znzta) __al) |
S Ina(s)  dna(z)’ (5:57)

where again the order of the denominator polynomial and the maximum order of

the numerator polynomials are both reduced.

Putting these results together, we conclude that Gy-;(z) = I:T"’:%:)Z can indeed

be factorized as in (5.50) into a lossless matrix V;(z) and a reduced degree PC IIR
vector Gy-2(z), by appropriately choosing v; and a;. The vector Gy_3(z) can in
turn be expressed as Gy_3(z) = %’vi:‘zi(%l. Repeatedly applying the described step,

we can synthesize Gy_;(z) as a cascade of V;(z). This result is now stated as a

Lemma:

Lemma 5.3: An IIR lossless vector Gny-;(z) of degree N — 1 can be written as
GN_l(Z) :Vl(Z)Vz(Z)...VN_l(Z)Go, (558)

where Gy is a unit-norm constant vector, V;(z) are as described by (5.36b) and z;

is the i** pole of Gy_;(z). In this decomposition,

N-i(2)

YT <3 - .
Il 2<i< N-1, (5.59a)

Gn-i(z) = Vio1(2)G-(i-1)(z) =
and the vectors v; in (5.36b) are determined such that

vi = Ny-i(2)

= Ny 1Sisi-1L (5.59b)

5.3.4. A SYNTHESIS PROCEDURE FOR IIR LBR MATRICES
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If the matrix Hy_;(z) is LBR, then the poles are either real, or occur in complex
conjugate pairs, which can be characterized by two real numbers. This suggests
the possibility of obtaining a synthesis procedure (hence, a representation) for IIR
LBR matrices in terms of degree-one and degree-two lossless matrices with real
coeflicients, corresponding to real and complex conjugate pole pairs, respectively.
Such a synthesis procedure will be outlined in this section for M x M IIR LBR
matrices. The procedure can be straightforwardly extended to the synthesis of
M x 1 IIR LBR vectors. The main advantage of this representation over the one
described in Section 4.2.2 is that it does not involve angles. On the other hand, as
we shall see, the representation of this section does not lend itself to a structurally

lossless implementation.

Let us first consider the real pole case. Let Hy_;(z) be an IIR LBR matrix
with a real pole a. It follows from Section 5.3.2 that v must be chosen such that
VTHN—x(;I;) = 0. Since Hy_;(3) is a real matrix, v turns out to be real and
therefore the extracted degree-one factor

_ -1
G(:z)=I-vwl + 1i—2;—_—1—va (5.60)

is also real for real z.
Let us now consider the complex conjugate poles case. For this case, for our
later convenience, we will adopt a slightly more general building block, which is

14+a; —a}+ 27!
PP m— v,-v:r. (5.61)

G,‘(Z) =1I- V,'V,T -
The added factor —il—_'ff* will be used later to make the overall degree-two matrix

real for real z. Note that (5.61) fits the most general form described by (5.35) with

e = —1*% and R = I. It can easily be verified that this does not change the

choice of v; and g; used in the synthesis procedure described in Section 5.3.2.
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Consider an IIR LBR matrix Hy_;(z) with the complex conjugate pole pair
(z;,27). Our strategy here will be first to determine the unit-norm vector v; corre-
sponding to the pole at z; as described in Section 5.3.2. Then u;, the unit-vector
corresponding to the pole at 27 will be expressed as an appropriate function of v;,
and it will be shown that the product of the two degree-one lossless matrices thus
obtained has real coefficients. (This development is analogous to the one reported

in Chapter 11 of [BELE 68] for the case of continuous-time real-coefficient systems.)

Accordingly, we let a; = z; and choose v; such that

vJ‘HN_l(f;) ~ 0. (5.62)

The first degree-one matrix is

t 14z -z + 2zt 1

Gi(z) =1-vwvyv; - S ——— v,v,, (5.63)
and the reduced-degree matrix that results is given by
Hy_3(z) = Gi(z)Hy_1(2). (5.64)
Now, to extract the pole at z = z7, we have to choose u; such that
u:rHN_z(%) -0 (5.65)

On the other hand, taking the complex conjugate of both sides of (5.62) and using

the fact that Hy_;(2z) is LBR, we obtain

v,-THN_1(—1-) =0. (5.66)

Since HN—I(,%) = Gl(i)HN-Q( 1), (5.66) can be rewritten as

zi

1

z;

V?Gl(%)HN-z( )= 0. - (5.67)
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Comparing (5.65) and (5.67), we conclude that we can choose
Gi(%)vi
s ret
I G ()il

(5.68)

Note that u; # 0 since it would imply that v; = 0. Let us now consider GI(}'_)V;“.

Substituting for GI(:—‘) and simplifying, we obtain

GJr( =)vi=v]—n"v, (5.69q)

where
— 1—- ] 2 |2 T
LR G ey gy 2 P A (5.695)

Using (5.63), (5.69b), and the fact that vjv,- = vIv} = 1, we find that ||

GT( 2)vil|l= /1= | n|°. With this, u; becomes

ik 1
v1i=1n?

with 7 as defined in (5.69b). The degree-one matrix associat=d with z7 is now fully

(5.70)

specified as

Gy(z) =I-wu, - ' u,-u; . (5.71)

We now consider the product G;(z)Gy(z). After equating denominators, multiply-

ing out and suitably combining terms, we obtain

2(1 —2z)(1 - 2})
(1- |z P)[1— | vTv |2 + &2l

(1~{zif?)?

Ge(z) = Ga(2)Gu(2) =

Re[bi] + 2~ Re[-21b;] » (5.720)
1—-2712Re[z;] + 272 | 2 |?
where
bi = (1 + z)viu). (5.72b)

The term in brackets in the denominator of (5.72a) can not be zero since it can easily

be shown that it would lead to || u; ||>= 1— | 7 |>= 0, which is a contradiction.
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Hence, (5.72) is well-defined and all the coefficients are real as claimed. Details in

the derivation of (5.72) are omitted since they can easily be carried out.
5.4. A NOTE ON THE QUANTIZATION OF LOSSLESS STRUCTURES

In all the practical situations, the filter parameters have to be represented with
finite accuracy. When the ideal values for the parameters are quantized, some prop-
erties of the ideal design are irrecoverably lost. A good example for such a situation
is the lossless structural representation of this chapter, for which losslessness prop-
erty depends critically on the unit-norm nature of the vectors v;. In general, it
is not possible to quantize v; such that it remains unit-norm. Thus, although the
ideal structures of this chapter are lossless, their quantized versions in general are
not. This is a drawback when one recalls the numerous advantages induced by the
losslessness of a structure. However, a minor modification of the basic degree-one
building block of this chapter does actually lead to structural representations that

remain lossless under quantization. Consider
U(z) = utul —uuf + a(z)uuT, (5.73)

where a(z) is a delay for the FIR case and an allpass section for the IIR case, and

u is a completely general M x 1 vector. Equation (5.73) can be rewritten as

u UT u u*

z=uTu— alz )

where the vector T“= is clearly unit-norm. Hence, the term inside the brackets is
uln '

(5.74)

exactly the basic degree-one building block of this chapter, and U(z) satisfies

U(2)U(z) = (ufu)?L. (5.75)

The structures where (5.73) is used as the building block (together with an appro-
priate scaling of the output to offset the factors ufu coming from these building
blocks), do remain lossless under quantization since there are no additional restric-

tions (like preservation of unit-norm) for losslessness.
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CHAPTER 6
SOME PROPERTIES OF LOSSLESS SYSTEMS
AND THE STRUCTURES OF CHAPTERS 4 AND 5

In this chapter, we investigate two independent topics on lossless systems. In
Section 6.1, we reconsider the structural representations of chapters 4 and 5 on
the basis of the common properties they have, and in Section 6.2, we derive the

Smith-McMillan form of a square lossless transfer matrix.
6.1. THE STRUCTURES OF CHAPTERS 4 AND 5 REVISITED

In the following, we establish the link between the lossless structures of Chapters
4 and 5, and investigate some properties common to both, such as the unitary nature

of the implementations and the minimality of the number of parameters.

6.1.1. UNITARINESS OF THE R-MATRIX

An interesting property shared by the structures described in Chapters 4 and 5

is that they are unitary implementations; i.e., the corresponding state-space descrip-

A B). nitar
c plBvu y.

These structures, therefore, have all the advantages of unitary implementations,

tion (A,B,C,D) in both cases is such that the matrix R = (

elaborated in [VAI 85a] and [DEP 80]. As a consequence of the discrete-time lossless
lemma, this property also implies that both structures are minimal in the number
of delays used. The fact that the structure of Chapter 4 is a unitary implementation
follows obviously by construction. To establish the unitary nature of the implemen-

tation of Chapter 5, on the other hand, requires some work, as we will see in the

following.



~146—

. A B
Theorem 6.1: The matrix R = c D

resentation (A, B, C, D) of the structure shown in Fig. 6.1 is unitary.

corresponding to the state-space rep-

Proof of Theorem 6.1: We will give a proof based on an energy-balance argument.
Let us first consider the building block V;(z) shown in Fig. 6.1(b), where the
state-variable is denoted by z;(n). If we denote the input and output matrices
corresponding to this block by u;(n) and y;(n) respectively, and the state-space

matrix by R;, we can write
(zi(n+1) yi(n))" = Ri(zi(n) w(n)). (6.1)

The state-space equations for this block are

zi(n+1) = a; zi(n) + /1- | a [* v ui(n),
yi(n) = /1= | @ 2 vi zi(n) + [I - (1 + a2)viv]Jui(n). (6.2)
Therefore, R; is given by
R, ( a; V1-|a; |? v,-T )’ (6.3)
Vi@ P v [I-(+a)viv]]

and can easily be verified to be unitary using the fact that v; is unit-norm. It follows

from the unitariness of R; and Equation (6.1) that
| zi(n+1) I + [l yi(n) [P=] 2i(n) [ + || wi(n) ||* (6.4)
for V;(z).

Let us now consider the structure of Fig. 6.1(a), with internal details as in Fig.

6.1(b). Using (6.4), we can write
|zi(n + 1) P + | y1(n) |? =| 21(n) | + || Hou(n) |,

| 22(n + 1) 2 + [ y2(n) || =] z2(n) * + || y2(n) | %,
(6.5)

| zv-a(n+1) P + [l yn-1(n) I =| 2w-a(n) 2 + || yn-2(n) |-



Fig. 6.1(a). The IIR lossless structure of chapter 5.



X, (1) — xi(n)

w— 2 i
Ji-aPA @ Vxh |a,l?

Fig. 6.1(b). Internal details of V.(z)
i(z).

-8v1-
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If we add both sides of the equalities in (6.5) and make the necessary cancellations,

we obtain
N-1 ,
Yo lzi(n+1) P+l y(n) [I’= ZI-’L' ) 1P+ [ u(n) II% (6.6)
i=1

where we have made use of the facts that || yn-i1(n) |[*=|| y(n) |, and ||

Hou(n) [|?=]| u(n) |[2. If we define a = (x(n) u(n))”, we can rewrite (6.6)

as

a'RRa = afa Va, (6.7)

or equivalently,

alBa=0 Va, (6.8)

where B = RTR—~I. Now it remains only to show that (6.8) implies B = 0. Suppose
that B # 0. Then there exists a nonzero eigenvalue A of B and a corresponding

eigenvector u. If we let a = u, the left-hand side of (6.8) becomes

ulBu=2|ul?#0, (6.9)

-

which is a contradiction. Therefore, B = 0, or equivalentiy, R is unitary. This
proves that the general IIR lossless structure of Section 5.3.2 (also shown in Fig.

6.1) is a unitary implementation.

Note that the same proof holds for the case when Hj is a unit-norm vector
instead of a unitary matrix. Hence the structure of Section 5.3.3 for IIR lossless

vectors is also a unitary implementation.

As a final remark, note that the general FIR lossless structures described in
Sections 5.2.2 and 5.2.3 can be thought of as special cases of the IIR structures of
Sections 5.3.2 and 5.3.3, respectively, obtained by letting all poles z; be zero. The

proof given above for the unitariness of the IIR structure can therefore be easily
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modified (by letting a; = 0 in all the equations it appears), in order to show that

these FIR structures are also unitary implementations.
6.1.2. MINIMALITY OF THE NUMBER OF PARAMETERS

We claimed in Chapters 4 and 5 that the structures presented in these chapters
were minimal in the sense that they used the smallest number of parameters required
to represent lossless matrices of given size and degree. In the following, we will prove

this claim.

Let us first recall that the parameter counts for the FIR and IIR lossless
structures of Chapter 4 were found to be N, = 2(M — 1)(N — 1) + M? and

N, = 2M(N — 1) + M?, respectively.

On the other hand, in Chapter 5, we showed that any M x M lossless ma-
trix H(z) of degree N — 1 can be represented by an M x M unitary matrix Hy,

premultiplied by a cascade of N — 1 lossless matrices of the form
1 viv) +ai(z)viv]), (6.10)

where a;(z) is simply z7! if H(z) is FIR, and -_I—Ef—f:—,l, if H(z) is IIR. In the following,
we will calculate the number of degrees of freedom involved in such a structural
representation. Let us first consider the number of degrees of freedom that a matrix
of the form (6.10) has. The vector v, has M complex-valued entries that give rise to
2M unknowns. The unit-norm condition v;-r v; = 1 is equivalent to one constraint.
Hence v; has 2M — 1 degrees of freedom. However, we see from (6.10) that v;
always appears as the product v;V,T . Suppose that we factor out a common phase
term from v; such that one of its entries becomes real. Clearly, this phase term will
not appear in the product v,-v,T; hence it can not be counted as a freedom. With

this, the total number of degrees of freedom that v,-v;l. has becomes 2(M —1). Also,
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the complex pole a; (which is subject only to the inequality constraint | a; |< 1),
contributes 2 degrees of freedom. Thus (6.10) has a total of 2(M — 1) degrees of
freedom if it is FIR, and 2M degrees of freedom if it is IIR. The M x M unitary
matrix Hy has M? degrees of freedom. Combining these, we conclude that any
M x M lossless matrix H(z) of degree N — 1 can be represented by the structures

of chapter 5 using
N, =2(M —1)(N -1) + M? (6.11a)

parameters if it is FIR, and

~

N =2M(N - 1) + M? (6.11b)

parameters if it is IIR. Note that these values are the same as those for the structures

of Chapter 4.

We will now show that these structures are indeed minimal. The proof we will
give is for the IIR case; however, it can easily be modified for the FIR case. Such
a modification for the FIR LBR case can be found in [DO 88]. Let N, denote the
smallest possible number of parameters required to represent an M x M IIR lossless
matrix of degree N — 1. Clearly, N, < N,.. To show the equality, all we need to do

is to prove the following theorem.

Theorem 6.2: There exists an IIR lossless matrix of degree N — 1 that has N,,

degrees of freedom.

Proof of Theorem 6.2: We will show the existence of such a matrix by actually
constructing it. Recall from Section 3.1.3 that an M x 1 IIR lossless vector hy(z) of
degree N — 1 has 2M N — 1 degrees of freedom. Such a vector can be implemented

by the lattice structure of Section 3.1.2. Therefore, we can write

hy(z) = S(z)vy, - (6.12)
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where S(z) = W, (2)W,(2)...Wx_1(2) is an M x M IIR lossless matrix and v, is

a unit-norm vector. Now consider an M x M unitary matrix V given by
V = (Vo Vi ... vM—l)' (613)

If we define
H(z)28(z)V, (6.14)

then clearly H(z) has hy(z) as its first column. Also H(z) is lossless by construction
and has degree N — 1 by the results of Section 3.1.2. Let us now count the degrees
of freedom that we could exercise in the construction of such a matrix. Since an
arbitrary M x M unitary matrix has M? degrees of freedom and V has its first
column v, already fixed, it has M? — (2M — 1) degrees of freedom left. The total
number of degrees of freedom that we could exercise in the construction of H(z) is
therefore the sum of the number of degrees of freedom of ho(z) and vy, va, ... Var_;.
This number is (2M N — 1) + (M? — 2M + 1), which can easily be simplified to N,

in (6.11b). This concludes the proof.

Since we have established the existence of an M x M IIR lossless matrix of
degree N — 1 with N,, degrees of freedom, we can write N, = N,,, which shows the
minimality of the structures of Sections 4.2.1 and 5.3.2 in terms of the number of

parameters used.

Note also that the structures of Sections 5.2.3 and 5.3.3 for FIR and IIR lossless
vectors have 2(M — 1)(N — 1) + 2M ~ 1 and 2M (N — 1) + 2M — 1) parameters
respectively. These numbers simplify to 2(M — 1)N + 1 and 2M N — 1, which are
the numbers of degrees of freedom that M x 1 FIR and IIR lossless vectors of degree

N —1 have, respectively. Therefore, these structures are also minimal.

6.1.3. THE LINK BETWEEN THE STRUCTURES OF
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CHAPTER 4 AND CHAPTER 5

In Chapters 4 and 5, some representations for lossless matrices that lead to two
classes of structures were derived. These structures, in spite of properties such as
minimality and generality shared by both, offer substantially different characteri-
zations for lossless systems. Therefore, it is of interest to know how the structures
of Chapter 4 are related to those described in Chapter 5. This will be considered
next. The link between the IIR structures is considered first, since once that _is

accomplished, the link between the FIR structures follows readily as a special case.

Let us consider the building block V;(z) described by (5.36b). Given v,, we can
use the Gram-Schmidt orthogonalization procedure [FR 68] to generate the set of

vectors v;, U, Uy,... Uy satisfying

t

u,u; = 5),,',
vju,-:O 1<k, j<M-1 . (6.15)
Note that
—a* -+ z_l
V. = T )
i(2)vi= T pap (6.16a)
and
V;(z)u,- = uy 1< ] < M-1. -(6.16b)
Hence V;(z) can be expressed as
Vi(z) = UAi(2)U], (6.17a)

where U; = (v; w; ... up_;)isa unitary matrix and A,(z) is given by

M) = [T O .,
; Z) — adz IM_I . (617b)
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If we substitute (6.17a) in (5.49) for 1 < i < N — 1 and simplify, we obtain
HN-l(Z) = L1A1(Z)L2...LN_lAN_l(Z)LN, (6.18)

where L, are unitary matrices. Hence, (6.18) can be depicted as in Fig. 4.15, where
the i** stage corresponds to the unitary block Ly.,;;. Since a general M x M
unitary matrix can be characterized by ()\24 ) complex planar rotations and M unit-
norm multipliers, each stage in Fig. 4.15 should be thought of as having the internal
details of Fig. 2.5. Note that the M complex multipliers of Ly can be moved to the
right of the first allpass block 1:—2’;% (denoted by T9 in Fig. 4.15(a)), without
altering the input-output relationship. Also, since this allpass block affects only
the topmost line, the (Mz—l) complex criss-crosses of Ly that do not touch this line
can be moved to the right and coalesced with Lx_; to form a new unitary matrix.
With this, the first stage is left with only M — 1 complex planar rotations (criss-
crosses) that are structured exactly as in T1. The newly formed unitary matrix
of the second stage can be redecomposed as shown in Fig. 2.5. We can then once
again move the M multipliers and (Mz_l) criss-crosses to the right and merge them
with Ly_2. If this process is repeated, then the first N — 1 stages have M — 1
complex planar rotations (of the form T1), and the last stage remains a general
unitary matrix with (A; ) complex planar rotations and M complex multipliers (of
the form T2). With these, the representation for M x M IIR lossless matrices
described in Section 5.3.2 becomes equivalent to-the one of Section 4.2.1. To relate

the FIR lossless structures of Sections 5.2.2 and 4.1.2, the same reasoning can be

used, simply by letting a; = 0,for 0 < i< N - 1.
6.2. THE SMITH-MCMILLAN FORM OF AN M x M LOSSLESS MATRIX

In the following, we will focus on the Smith-McMillan form [BELE 68], [KA 80]

of an M x M lossless matrix H(z). This result is a discrete-time version of the one
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to be found in the classical text on Network Theory by Belevitch [BELE 68]. The
Smith-McMillan form of a square lossless matrix has an interesting structure to it
that conveys most of the lossless matrix properties that we saw previously, and it

deserves to be considered here even on this account.

Let us first consider an M x M matrix G(z) with rational entries in z that are

in reduced form. G(z) can be written as

(6.19)

where N(z) is an M x M polynomial matrix and d(z) is the monic-least common
multiple of the denominators of the entries of G(z). It can be shown [GA 77] that

N{(z) can be expressed as
N(z) = U(2)A(2)V(z), (6.20a)

where U(z) and V(z) are M x M unimodular matrices and A(z) is the Smith form

[KA 80] of N(z), given by

r diag[X;(z)] O

Az) = M- 0 o | T rank of N(z), (6.200)

with the polynomials X;(z) satisfying the divisibility property

Ai(z) [ Misa(z), 0<i<r—2. (6.20c)
Let us now consider
U (2)G(2)V7(2) _AG) (6.21a)
d(z)’
and reduce the entries of %((f)) to lowest terms; i.e., write
Az) _ &) 0<i<r—1, "~ (6.21b)
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such that €;(z) and ¢,(z) are relatively prime. With this, G(z) can be expressed as
G(z) = U(2)M(2)V(z2), (6.22q)

where the matrix M(z) given by

r diag[f}(%] 0
M(z) = M_r 0 o (6.22b)

is known as the Smith-McMillan form [MC 52] of G(z) and the polynomials ¢;(z2),

$:(z) satisfy the obvious divisibility properties
€(2) | €i+1(2), (6.22¢)

$i+1(2) | ¢i(2), (6.22d)

for 0 < i < r—2. The poles and zeros of G(z) can alternatively be defined as the
roots of the denominator polynomials ¢;(z) and the numerator polynomials €;(z),
respectively, of the Smith-McMillan form M(z). The polynomial matrices U(z)
and V(z) in (6.22a) are highly nonunique [GA 77|, whereas the Smith-McMillan
form A(z) of G(z) is unique except for the ordering of entries and scale factors.
This uniqueness property of the Smith-McMillan form will be evident later when

we consider the concept of valuations [FO 75].

We will consider the Smith-McMillan form of an FIR lossless matrix first.
Lemma 6.1: The Smith-McMillan form M(z) of an M x M FIR lossless matrix
H(z) of degree N — 1 has the form M(z) = diag[z~"¢], where n; are nonnegative

integers such that 0 < ny < n; < ... < npy-yand TM ' n, =N — 1.

Proof of Lemma 6.1: Since H(z) is FIR, it follows from (2.31) that

det H(z) = ¢; 2~ V=1), (6.23)
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where ¢; is a nonzero complex constant, and N — 1 is the McMillan degree of H(z).

On the other hand, since H(z) = U(z)M(z)V(z),
det H(z) = cpdet M(z), (6.24)

where c; = det U(z)det V(z) is a complex constant. The result then follows from
the diagonal nature of the Smith-McMillan form M(z), and a comparison of (6.23)
and (6.24).

The next thing to consider is the case of an M x M lossless matrix with rational
entries in z. Before we do so, however, we will look into the concept of valuations
[KA 80], [FO 75], which will be useful later in obtaining the Smith-McMillan form of
such a matrix. Suppose that we write a rational function g(z) as g(z) = ‘(;—((f%(z—a)"“,
where p(z) and g(z) are relatively prime and not divisible by (z — &), and o is a
finite pole or zero of g(z). The integer v, is called the valuation of g(z) at o. This
definition can be generalized for rational matrices in the following way [FO 75).
Given a matrix G(z) with rational entries, the i** valuation of G(z) af « is defined
as

vi(G) £ minfva(| G 7)), (6.25)

a

where a ranges over the set of all finite poles and zeros of G(2), and the minimum

is taken over all i x i minors | G |) of G(z).

Now suppose that we write the nontrivial part of the Smith-McMillan form of
G(z) as _
M(z) = [ Ma(2), (6.26a)

where a ranges over the set of poles and zeros of G(z), and M,(z) has the form

r diag[(z — «)”®)] 0

= Mt 0 0 ~ (6.26b)



—~158-
In (6.26b), the integers o;(a) have a positive sign if o appears as a zero on the it
diagonal entry of M(z) and a negative sign if it appears as a pole. As a consequence
of the divisibility properties stated in (6.22c)-(6.22d), o;(c) satisfy oo(a) < 71(a) <

...o0,.-1(a). Because of the special form of M,(z), it follows that
oo(a) = vz(xl)(Ma)v

oi(a) = v(z)(Ma) - vz(xl)(Ma),

a

or-1(a) = vf,')(Ma) - Uf;—l)(Ma)v (6.27)

where « is a finite pole or zero of G(z). However, it can be shown [KA 80], using
(6.22a), unimodularity of the matrices U(z), V(z) and the Cauchy-Binet Theorem
[KA 80], [FR 68] that

HWI(M,) = (M) = of(G). (6.28)

a

This gives us a direct way of constructing the Smith-McMillan form M(z) of G(z)
based entirely on the valuations of G(z). The method also demonstrates the unique-
ness of the Smith-McMillan form. We are now in a position to state the following

theorem:

Theorem 6.3: The polynomials €;(z) in the Smith-McMillan form M(z) =
diag[ﬁ%—%] of an M x M IIR lossless matrix H(z) satisfy €;(2) = azb¢pr—1-;(2),
0 <j <M —1, where a is a complex scalar and b is an integer.

Proof of Theorem 6.3: Let us consider an M x M lossless matrix H(z) with

rational entries in z and write

H(z) = U, (2)M1(2)Vy(2), ©(6.29)
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where U;(z) and Vy(z) are unimodular matrices and M;(z) = diag[;-ﬂi(%] is the
Smith-McMillan form of H(z). In (6.29), all the matrices have entries that are
functions of z. Let us now rewrite H(z) as a function of z~! rather than 2. This

results in a new rational matrix G(z7!) such that
H(z) = G(z7Y). (6.30)
The matrix G(z7!) can be written as
G(z7') = Up(z"H M, (271 V(2 7h), (6.31)

where Uy(z7') and V3(z7!') are unimodular matrices in z7! and Mj(z7!) =
diag[:—:((:%%]. We should note here, however, that since G(z~!) has entries in 27!
rather than in z, the matrix M;(z7!) does not necessarily reflect the behavior of
G(z7!) at z = 0. Furthermore, My(z7!) is not a regular Smith-McMillan form
in the sense that the sum of the degrees of the denominator polynomials n;(z7?)
does not necessarily equal the degree of G(z7'). It follow - m (6.30) and the
constructability of M;(z) and M,(z~!) from the valuations of H(z) and G(z7?)

respectively, that

€, A (27t .
(z) _ ¢; 2% "(z_l), 0<i<M-—1, (6.32)
¢i(2) m5:(271)
where c;, is a complex constant, d;, is an integer and jg,...,jm—1 represents a

permutation of the integers 0,..., M — 1. On the other hand, since H(z) is lossless,
H(z) = [G(z7H)™. (6.33)
If we substitute (6.29) and (6.31) for H(z) and G(z7!) in (6.33), we obtain

Ui (2)My(2)Vi(2) = UzT (2)Mz2(2) V57 (2), - (6.34)
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Since Ui(z), Us(2), U3Z(2) and V7T (z) are all unimodular matrices in z, M;(z)
and M3(z) must both be Smith-McMillan forms for the same matrix H(z). It
follows from the uniqueness of the Smith-McMillan form that M;(z) and M3, (2)

are the same except for scale factors, delays and a possible relabeling of entries; i.e.,

6(2) ay, e (2)
Ll 20— 6.35
6:(2) M ) (6:35)
If we substitute for ;f:'—-((-:—; in (6.35) using (6.32), we obtain
ji*
——Ej(z) = C{.Zd‘j ?lj(Z), (636)
¢;(z) 7 &(z)
where ¢, is a complex constant, dj; is an integer and Iy, ..., Ip-1 is a permutation of

the integers 0,..., M — 1. Since ¢;(z) and ¢;(z) are relatively prime, (6.36) implies
that
€;(2) = a,2% ¢y, (2), (6.37)

where b, is an integer and a); is complex. It is intuitively clear (and is proved in
Appendix E) that (6.37) together with the divisibility properties stated in (6.22c)-
(6.22d) fix the permutation lo,...,lpy—1asl; = M —-1—j,for 0 < j < M — 1. With
this, (6.37) becomes

€(2) = ang—1- 2™ gary(2), (6.38)
which is the required result.

A direct consequence of this theorem can be stated as follows:

The Smith-McMillan form M(z) = diag[%((%] of an M x M IIR lossless matrix H(z)

has the form )
om-1-5(2)
¢;(z)

Note that some properties of lossless matrices stated in Section 2.1.3, such as

M(z) = diaglaps—;—;2"¥ -1~ ]. (6.39)

the allpass nature of the determinant and the existence of a pole at -L for every

a*

zero at o (and vice versa), follow as corollaries of this result.
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CHAPTER 7
CONCLUDING REMARKS

The main purpose in this study has been to obtain general structural represen-
tations for FIR and IIR lossless matrices. These representations span the entire
set of such matrices. They are minimal in both the number of scalar delays and
parameters used in order to implement a general lossless matrix of given degree and
dimensions. It should be kept in mind, however, that there are computationally
more efficient implementation methods (as far as the number of operations is con-
cerned) if the generality of the implementation is not the main concern. Examples
of such less general and more efficient implementations can be found in [VAI 86a]

and [VAI 87b].

The structural representations of this study can be classified broadly into two
groups according to the type of parameters that they use. first group are the
representations in terms of complex planar rotation matrices, while in the second are
the ones in terms of unit-norm vectors. The presence of angles in the representations
of the first group makes it necessary to compute several sines and cosines, especially
in applications that require optimization of parameters. On most general-purpose
computers, the computation of a sine (cosine) is about twenty times slower than a
multiplication operation. This makes the representations of the second group more
desirable in applications that involve optimization of the parameters. The structures
of the first group, on the other hand, offer a more comprehensive characterization

of lossless systems since they can also be used to implement rectangular lossless

matrices.
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The lossless structures derived in this study can be used in implementing the
polyphase-component matrix E(z) that arises in the QMF problem stated in Chap-
ter 1. The generality of these structures enable the search for an optimum to be

conducted over the complete set of lossless matrices.

These structures may also have some applications in adaptive filtering. A well-
known method for improving the convergence speed of adaptive filters is the use
of transform-domain techniques [WI 85], [NA 83]. The transversal structure used
in [NA 83], for example, uses an orthogonal transformation on the signal prior to
adaptation. A comparison of Fig. 2 in [NA 83] with the analysis bank in Fig. 1.2 of
this study reveals the striking structural similarity between the two systems. Indeed,
both systems have a chain of delays followed by a unitary matrix transformation.
In Fig. 1.2, the lossless transformation E(z) is dynamic, i.e., is a function of the
frequency variable, even though it is unitary on the unit circle. The transformation
in [NA 83] is, in principle, a special case with E(z) replaced by a constant unitary
system. If we attach adaptive tap gains at the M outputs of E(z), the analogy
with the system in [WI 85] is complete (Fig. 7.1). The use of comstant unitary
matrices in improving the convergence of the adaptive algorithm is well understood
[NA 83], but the additional advantages of using a dynamic unitary E(z) remain to

be explored.

Another closely related adaptive filtering technique is the subband adapiation
technique proposed in [BI 81], [GI 88]. Here the éigna.l is split into subbands by use
of an analysis bank, and the subband signals are used for adaptation. Notice again
that if the unitary matrix in [NA 83] is taken to be the DFT matrix, the system
is identical to the subband adaptation scheme with analysis filters H;(z) that are
uniformly shifted versions of a prototype Hy(z) = ;! z*. The analysis filters

used in [BI 81] are essentially a frequency sampling type of filters [OP 75].
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Fig. 7.1. Pertaining to applications in adaptive filtering.
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The use of a general lossless E(z) in place of such constant unitary matrices clearly
permits the benefits of unitary transformations to be combined with the advantage
of having sharper-cutoff-fillers with higher attenuation. One advantage of splitting
a signal into subbands before adaptation is that the spectral dynamic range in each
subband is typically smaller than the corresponding dynamic range for the entire
signal, resulting in a small eigenvalue spread of the covariance matrices, and hence

faster adaptation [WI 85], [NA 83].

Finally, we would like to point out some unsolved problems related to the lossless
representations presented in this study. A lattice structure for M x 1 IIR lossless
vectors was described in Section 3.1. However, a modification of this structure
for IIR LBR vectors is not known yet. Clearly, one can derive lattice structures
for lossless vectors using the state-space approach of Chapter 4. Furthermore, the
techniques of Chapter 4 make it possible to derive structures similar to the one
described in Section 4.2.2 for IIR LBR vectors. The advantage of the structure
described in Section 3.1, however, is that it has a very straightforward synthesis
procedure when compared to the structures of Chapter 4. Therefore, finding an IIR

LBR meodification of this structure is an important unsolved problem.

It was emphasized earlier, too, that the representation of Chapter 5 could not
be generalized for rectangular lossless matrices. Because of the advantages of this
representation over the one of Chapter 4, this also is an important open problem.
Also, the synthesis procedure described in Section 5.3.4 for IIR LBR matrices does
not give rise to a structurally lossless implementation. A synthesis procedﬁre for
IIR LBR matrices that does lead to a lossless structure, while at the same time

preserving the advantages of the representation of Chapter 5, remains to be found.

Finally, it i1s not clear if the IIR LBR structure of Section 4.2.2 is minimal in
the number of parameters since the number of degrees of freedom that an IIR LBR
matrix of given size, degree and number of complex conjugate pole pairs is not

known.
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Appendix A: The number of degrees of freedom of a square unitary matrix

Let U=[ug u; ... up_1] be an L x L unitary matrix. The column vectors of

U must satisfy

ugu1=u§u2= ---=u;ruL_1=0
qu2= =quL_1=O

(41)
uI_ZuL_1=0

u:,r uozuI u = ... =u}t,1 urp_, = 1. (A2)

L

It is easy to see that the 2(2

) orthogonality-constraints of (A1) (where the factor
2 arises because of the complex nature of the equalities), and the L normalization
constraints of (A2) are all independent. On the other hand, U has L? complex
entries, hence 2L? unknowns. It follows then that an L x L unitary matrix has a

total of 202 — [L + 2(%)] = L? degrees of freedom. The parametrizations of Section
2 g

2.4, which use L? angles are therefore minimal.
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Appendix B: State-space descriptions for p x r FIR systems

Let H(z) = Y23 h(n)z~" be any causal p x r FIR system, so that h(n) are
constant p x r matrices. Fig. B shows a direct-form realization of H(z). Let the

outputs of the delay elements in Fig. B be denoted xx(n), 0 < k < J —2. Each

xi(n) is an r-component vector. Defining x(n) = [xI(n) xT(n)...xT_,(n)]7, we
can obtain a state-space description as in (2.11) with
0o 0 0 ... 0 O I
I, o o ... 0 O 0'
A=|01 o0 ... 0 0| B=]|.],
SRR P 0
00 0 ...1 0O
C=(h(1) h(2) ... h(J-1)),D = h(0), (B1)

sothat Ais (J—1)rx(J=1)r,Bis(J—1)rxr,Cispx(J—1)rand Dispxr.

Since A is lower-triangular with all diagonal entries equal to zero, all its eigen-
values are zero [FR 68]. The above implementation is, however, not necessarily
minimal; i.e., the number of delays (or equivalently, the size of A) is not the small-
est. It is well-known that an implementation is minimal if it is both controllable and
observable [CHE 79]. There exist well-known techniques {< . :taining a minimal
implementation from an arbitrary nonminimal implementation {see Theorems 5-16,
5-17 and 5-18 in [CHE 79]). It can further be shown that the eigenvalues of the
A-matrix of such a minimal system form a subset of the eigenvalues of the matrix

A for the original nonminimal realization.

As a conclusion, given any p x r FIR system, it is possible to obtain a minimal
realization with all eigenvalues of A equal to zero. Since any two minimal real-
izations of a particular transfer matrix are related by a similarity transformation
(Theorem 5-20 in [CHE 79]), they have the same set of eigenvalues. As a result,
every minimal implementation of an FIR transfer matrix is such that all the eigen-
values of the A-matrix are zero. These results are also obtainable from the fact
that the poles of the entries of H(z) (being also the eigenvalues of the A-matrix in
any minimal realization of H(z), ([JA 86], page 40 and 36) are all located at z = 0.
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'Appendix C: A parametrization algorithm for unitary matrices

The purpose of the algorithm to be described here is to give a constructive proof

that all unitary matrices of the form (4.15) can be represented as in Fig. 4.4.

Let us consider an arbitrary unitary matrix U. In the first step, we define
Uy =Upy: @) ,,, 1<I<L-1, k=L-1 (c1)

with Ugy = U. G)I_Lk are determined such that Ug,’,i = 0. This step yields an

intermediate unitary matrix Ugp—; as in (2.47) with |ap |[= 1 and b= 0.

In the next step, instead of operating on the next row, we proceed to the M*™

row and define
Usy = Unges ©)_yye 1<1<L-M—-1, k=L-1,

Umo = Ug -1, (C2a)

where @I_l,k are determined such that Uﬁ,ﬂ = 0. Next, we define

Uni=Upyes ® 14y L-M<I<L-3, k=L-1-1. (C2b)

Here again 01-1,): are determined such that Uﬁ’,ﬂ = 0. Finally, we write

Unr—2=Upmzr-3 @I,M, (C2c)
and determine GI’M such that Uﬁ’f‘z = 0. This step is aimed at creating zero

entries along the M* row, thereby forcing a unit-norm entry, which will be denoted
by ap at the (M, M) position. While doing so, previously created zeros are

preserved since this step does not have rotations involving the 0t plane. At the
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end of this step, we have

0 1 M L-1
0 (ao 0 0 o0 0 0 \
1 0 = * 0 * *
0 = * 0 = *
Umr-2= p 0 0 0 apy O 0 (C3)
0 = * 0 *
L-110 x ... = 0 =* ... *

\ /

For the next N — 2 steps, we repeat this procedure for rows M + 1 through
L — 1. Recursions related to the (M + i)** row, 1 < i < N — 2, can be obtained
simply by substituting M + i for M in (C2a), (C2b) and (C2¢). As we proceed,
previously created zeros are not disturbed since while dealing with the j** row,
M +1<j< L-1, we do not use operations involving planes 0 and M through

j — 1. At the end of the N** step, we have

o 0 0 ... 0
0 V 0 0

UL—l,M—l = 0 0 apm ... 0 . (04)
0 0 0 ... aor

We now parametrize the (M — 1) x (M - 1) nontrivial unitary block V that
appears in (C4), using the first algorithm of Section 2.4, by (M — 1)? angles. Since
this process involves operations in planes 1 through M —1 only, previously created

zeros are not altered. The complete parametrization is shown in Fig. C.

It can easily be verified now that if we parametrize a unitary matrix of the form

(4.15) using this algorithm, we obtain the representation of Fig. 4.4.
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Fig. C(b). Some internal details of Fig. C(a).
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Appendix D: The real Schur decomposition of square matrices

We will show that an (N — 1) x (N — 1) real matrix A with complex conjugate
eigenvalue pairs (X;, A¥), 1 < i < n, and real eigenvalues v, 1 < ¢ < | where
I =N -1-2n, can be decomposed as in (4.28). A sketch of a proof can also be

found in [GO 835].

Note that for A with only real eigenvalues, this statement becomes a simple
special case of the well-known Schur Theorem. Here we will consider the more
interesting case of a real matrix A with n complex conjugate eigenvalue pairs,
where 1 < n < L]%J Let A\; = o1 + iw; be a complex eigenvalue of A, and
u = u, + iu; the corresponding eigenvector. The real vectors u, and u; are assumed
to be linearly independent to avoid trivial situations. Suppose that we take the
vectors “—‘;fﬂ and ﬁfﬂ’ and add to these other real vectors y, to form the set [y; =
”—:m,yz = “_:fﬂ’}'fh .-+,¥Y~n-1), which is linearly independent. We can feed this set
of vectors to the Gram-Schmidt orthogonalization procedure [FR 68] to obtain an

orthonormal set of vectors [zx]f;! such that 27z, = 8. Each vector z; in this set

is generated according to the recursion

zZ, =Yy,
- Zi1)Zp_
zo= YT Wb Boi)tioy oy gy (D1)
| ¥e = (Y Zr—1)Zk-1 ||
Since Anfm = A\ HTBPH’ equating real and imaginary parts, and substituting y; =

ll_::ﬂ and y; = I—I:—:*ﬂ in the two equations thus obtained, we can write

Ay, = o01y1 — w1ys,

Ay, = w1y1 + 01Y2. (D2)
Now, it follows from (D1) that y, can be written as

Y2 =23 || y2 — (¥2,21)21 || +(y2, 21)2;. ' (D3)
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Substituting (D3) in (D2) and arranging, we obtain

Az = 01,121 + a3,12;,

Az; = 01221 + 02329, (D4a)
where
Q)1 = 03 —w1(Y2, 21), Qz1 = W || y2 — ()’2, z1)21 H,
wyll + z,)?
Qiz = 1 ¥z, 21)7] y Qa3 =0 + w1 (y2,21)- (D5)
| y2 — (y2, 21)z1 ||
Let us now define the real orthogonal matrix T, e (z, 2z ... Zn-1),which,in
view of (D4a), satisfies
AT1 = (al,lzl -+ 02,122 amzl + Qg 2Z73 Z3 eee Zpnoq ) y (D6a)
and
A T _[a O
S—TIAT-—<* B)’ (D6b)
where

a; = ( 1,1 am) , (Déc)

Qz1 Q22
and B isa (N — 3) x (N — 3) real matrix. Note that the matrix a, has eigenvalues
A1 and A]. Note also that since S and A are related by a similarity transformation,

they have the same set of eigenvalues. It follows, then, that B has exactly n — 1

complex conjugate eigenvalue pairs.

If n =1, i.e,, all the eigenvalues are real, then there exists an (N — 3) x (N — 3)
orthogonal matrix U such that B = UEU7, where E is real and lower triangular.

Thus, the real orthogonal matrix

T=T, (% 8) : (D7)
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. 0 - . .
transforms A into (a*1 E)’ which is already in the required form.

On the other hand, if n > 2 or equivalently B has at least one complex conjugate
eigenvalue pair, say (A2, A;), we repeat the procedure described above for complex

conjugate eigenvalues, on B, so that we can write

T _ asp 0
VBV—(* Y), (D8)

where V is (N —3) x (N —3) orthogonal, Y is (N—5)x (N —=5), and a; = (21,1 gl,z)
21 Po2

is related to the complex conjugate eigenvalue pair (A;, A}) as explained above. In

this case, the matrix T, = T, (Ig \0/.) transforms A into
a; 0 0
* as 0 s (Dg)
* * Y

where a; and a, are as defined above.

This process can be repeated n times until all the complex conjugate eigenvalue
pairs of A are exhausted. This inductive reasoning shows that the resulting matrix

is indeed in the form described by (4.28), and the overall transforming matrix T is

orthogonal.
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Appendix E: Pertaining to the Smith-McMillan form of a square lossless

matrix

While investigating the Smith-McMillan form of a lossless matrix H(z) in section
6.2, we saw that the matrices M;(z) and Mj,(z) must coincide except for a possible
relabeling of entries. We will now show exactly how this relabeling takes place. From

equation (6.37), we can write
eo(z) = a5, 2% ¢y, (2). (E1)

By (6.22d),
b1, (2) = dar—1(2)70(2) - - . Y7=2-1, (2). (E2)

If we define aq(2)20(2) ... Ya—2-1, (z), €0(z) becomes
€0(2) = a2 gpr_1(2)ao(2). (E3)
By the same reasoning, we can write
e1(2) = @y, 2% $ar_i(2)as (2), (E4)
where ;(z)270(2) ... Yar—2-1,(z). On the other hand, by (6.;.\ Js
e1(z) = B(z)eo(z). (E5)

If we substitute (E3) and (E4) in (E5), cancel common terms from both sides and

rewrite, we obtain

N =c zdal(‘z) )
Bla)=c 225, (E6)

where d is an integer and c is a complex constant. Since §(z) is a polynomial, the
nontrivial polynomial ag(z) must divide a;(z), i.e., we must have l; > I;. This
argument can be used repeatedly in conjunction with the polynomials ¢;(2) and
€:+1(z) to show that I; > [;;;. As a result, we find that [; are related by I, > I; >
... > Iy Since ly ..., Ip_, represents a permutation of the integers 0,...,M — 1,

the only possibility is to have [; = M — 1 — j.
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