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Abstract

The content of this thesis includes results describing the asymptotic behavior of extremal polynomials
in a variety of settings. Special attention will be paid to the orthonormal and monic orthogonal
polynomials. Given a finite measure p with compact and infinite support in the complex plane, let
{pn(z; 11)}22, be the associated orthonormal polynomials. We will study the asymptotic behavior

of these polynomials. More precisely, we will consider so-called ratio asymptotics:

lim Pn—1(2; 1)
n—oo  pp(2; )

and Szegl asymptotics:
n—oo p(z)"

for an appropriate analytic function ¢. If the measure p is supported on the unit circle 9D = {z :
|z| = 1} or a compact subset of the real line, then both of these properties are well understood in
terms of the coefficients appearing in the recurrence relation for the polynomials {p, (z; 1) }rn>0. We
will work in settings where no such recurrence relation exists and prove analogous results.

We will prove Szegé asymptotics when the measure is supported on an analytic region and is
of a certain very general form, of which area measure is a special case. For this class of measures,
we will prove analogs of several theorems from orthogonal polynomials on the unit circle such as
describing when the probability measures {|p,(z; u)|2dp(2) }n>0 converge weakly to the equilibrium
measure for the support of 1 and positivity of the Christoffel function Ao (z; 1) at all points inside
the region.

We will prove ratio asymptotics in a variety of settings including the closed unit disk D = {z :
|z| < 1} and a region with sufficiently smooth boundary whose complement is simply connected
in the extended plane. The key tool for our ratio asymptotic results will be a nonlinear formula
involving the polynomials {p, (z; 1) }n>0 that was recently introduced by Saff.

This material is based upon work supported by the National Science Foundation Graduate Re-

search Fellowship under Grants No. DGE-0703267 and DGE-1144469.



viii



ix

Contents

Acknowledgements

Abstract

Introduction

1 Tools and Methods

1.1
1.2
1.3
1.4
1.5

Potential Theory
Conformal Maps

Chebyshev and Faber Polynomials . . .

The Szeg6 Function
The Keldysh Lemma

2 Overview of Polynomial Asymptotics

2.1 OPUC and OPRL: A Brief Introduction
2.2 Regularity . . .. ... ... .
2.3 Szegd’s Theorem . . . ... ... ....
2.4 Bergman Polynomials . . ... ... ..
2.5 Christoffel Functions . . . . . .. .. ..
2.6 The Bergman Kernel Method . . . . . .
2.7 Ratio Asymptotics . . . . .. .. .. ..
2.8 Relative Asymptotics . . . . . .. .. ..
2.9 Weak Asymptotic Measures . . . . . ..
3 Results

3.1 Weak Convergence of CD Kernels: A New Approach on the Circle and Real Line . .

3.2 LP-Extremal Polynomials on Analytic Regions

3.1.1
3.1.2 The Unit Circle Case
3.1.3 The Real Line Case

Gaussian Quadrature

vii

10
13
16
19

25
26
28
30
33
36
39
40
42
45



X

3.2.1 Push-Forward of Product Measures on the Disk . . . . . ... ... .. .... 61
3.2.2  Szegd Asymptotics for Extremal Polynomials . . . . . .. .. ... .. ... .. 72
3.2.3 Christoffel Functions . . . . . . . . . . L e 76
3.3 New Results on Ratio and Relative Asymptotics . . . . . ... ... ... ... ... 81
3.3.1 TheKey Fact . . . . .. o e 82
3.3.2  Application: Measures Supported on the Unit Disk . . . . .. ... ... ... 86
3.3.2.1 Ratio Asymptoticson the Disk . . . . . ... ... ... ... ... . 87

3.3.2.2  Weak Asymptotic Measures on the Disk . . . . . . . ... ... ... 89

3.3.3 Application: Measures Supported on Regions . . . . . .. .. ... ... ... 91
3.3.4  Application: Stability Under Perturbation . . . . . .. ... ... ... .... 93
3.3.4.1 The Uvarov Transform . . . . ... ... .. ... ... .... 93

3.3.4.2 The Christoffel Transform . . . . . . . ... ... ... ... ..... 95

Bibliography 99



xi

Index of Notation

a/n7 bn

Kn (s q)
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An (23 1, q)
Ao (25 11, q)

Py (z;1,q)
Pn (2511, q)
Pch(p)

0]

p
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S(z)
supp(p)
UM
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nth Jacobi parameters

n*" Verblunsky coefficient

C U {00}, the one point compactification of the complex plane
the t*® moment of the measure v

the logarithmic capacity of the set X

the convex hull of the support of the measure

the unit disk {z: 2] <1} CC

the disk {z: |z| <7} CC

the boundary of the set X

the closure of the set X

the Faber polynomial of degree n

the Green function for the region 2 with pole at infinity

the leading coefficient of the orthonormal polynomial

the leading coefficient of p,, (z; i, q)
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the limiting L9(p) Christoffel function
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the Bernstein-Szegé approximating measure for OPUC

the Uvarov transform of the measure p with added pure point at x
Nu {0}

the Christoffel transform of a measure with corresponding zero at x
the normalized zero counting measure for P, (z; i, 2)

a polynomial of degree n having minimal L?(u)-norm

the polynomial P, (z;u,q) divided by its L?(u)-norm

the polynomial convex hull of the support of the measure u
the inverse to the map v

a conformal map initially defined on C \ D

the Geronimus-type approximating measure for OPRL

the Szegé function

the support of the measure p

the potential funtion of the measure p

the equilibrium measure for a compact set K



Introduction

This text is devoted to the general theory of orthogonal polynomials in one complex variable. We be-
gin our study by fixing some notation and basic terminology. Let p be a finite measure with compact
and infinite support supp(u) in the complex plane C. By performing Gram-Schmidt orthogonaliza-

2

tion on the sequence {1, z,22% 23,...} in the space L?(u), one obtains a sequence of orthonormal

polynomials {p,(z; p) }n>0, which satisfy

/ pn(z;ﬂ)pm('z§ﬂ)d/~’l('z) = 5nma (001)
supp(p)

and are normalized so that p,(z; ) has positive leading coefficient r,,. The polynomial p,,(z; 1)k, *

is a monic polynomial of degree n, which we refer to as the monic orthogonal polynomial of degree

n and denote by P,(z; ). This polynomial satisfies an extremal property, namely
| Pullz2 () = inf{]|Ql|z2(y) : @ = 2™ + lower order terms}. (0.0.2)

We will find this extremal property very useful in our investigation.

We will be interested in describing the asymptotic behavior of the polynomials {p,(2; 1) }n>0
and {P,(z; 1) }n>0 as n tends to infinity. One usually studies the asymptotics of p,(z; x) in one of
three ways; the first is root asymptotics:

m p, (23 00)|/™
n—oo

the second is ratio asymptotics:
(2 1)

)

lim
n—oo pp_1(2; 1)

and the third is Szegd asymptotics:

pul(2; 1)

n—oo p(2)"

) ©(z) analytic on C\ ch(p),

where ch(y) denotes the convex hull of the support of the measure p. It is easy to see that the

existence of the limit for Szegd asymptotics implies the existence of the limit for ratio asymptotics,
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which in turn implies the existence of the limit for root asymptotics, and in general none of the
converse statements hold. Perhaps the most useful tools for studying the root asymptotic behavior
of the orthonormal polynomials have their foundations in potential theory, which we will discuss in
Section 1.1. The book [65] by Stahl and Totik contains many deep results on root asymptotics that
are proved using potential theoretic techniques. Our main focus in Chapter 3 will be on ratio and
Szegd asymptotics.

In Chapter 3, we will present recent results, most of which directly address one of the following

questions:
o If k, is the leading coefficient of p,(z; 1), what is the asymptotic behavior of k,, as n — co?

e Is there an analytic function ¢(z) so that the sequence of functions

{ P(z; 1) }
¢(z>n neN
approaches a limit as n — oo and what is the maximal domain of convergence?

e What are the weak limits of the sequence of probability measures {|p, (z; i) |>du(z)}n>0?

e What is the asymptotic behavior of the sum

n
> oIz m)P
j=0
as n — 00, and how does the limit depend on z?

e What is the asymptotic behavior of the ratio p,(z; pt)/pn—1(z; 1) as n — oo?

e What properties of the measure p, if changed, do not change the answer to some of the above

questions?

The two most heavily studied classes of orthogonal polynomials are those whose measure of
orthogonality is supported on a compact subset of the real line and those whose measure of orthog-
onality is supported in the unit circle {z : |z|] = 1}. These two “classical” settings are commonly
referred to as orthogonal polynomials on the real line (OPRL) and orthogonal polynomials on the
unit circle (OPUC) respectively. In both cases, one of the fundamental properties of the orthonormal
polynomials is that they satisfy a finite term recurrence relation, i.e., the polynomial p,(z; 1) can be
expressed in a concise way in terms of p,—1(z; 1) and p,—2(z; 1). This recurrence relation has been
an invaluable tool in the study of OPRL and OPUC, and the current state of knowledge in both
settings is very advanced. Indeed, the answers to many of the aforementioned questions are already

known for OPRL and OPUC. Much of this thesis is devoted to taking known theorems from the
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settings of OPRL and OPUC and adapting them to more general situations where the orthonormal
polynomials do not satisfy a finite term recurrence relation.
Aside from examining the asymptotics for orthonormal and monic orthogonal polynomials, we

can consider a related problem of examining the monic polynomials that minimize the expression

— q 1/q
/ 2"+ Z a;j 2| du(z) , (0.0.3)
C =0

where ¢ € (0,00). A short compactness argument shows that a minimizer exists and if ¢ > 1, the
strict convexity of the norm implies that the minimizer is unique. If ¢ € (0, 1], the minimizer need
not be unique (see Proposition 3.2.1 below). We will denote a minimizer of (0.0.3) by P,(z; u,q)
and denote the integral in (0.0.3) by || Pu(-; ¢, q)||£e(,) and refer to it as the LI-norm of Py, (- i, q)
(this is an abuse of terminology since it is technically not a norm when ¢ € (0, 1), but we give it this
name for convenience). If we divide P, (z;,q) by ||Pu(-; 1, 9)| £a(u), We get a degree n polynomial
having L9(p)-norm equal to 1, which we denote by p,(z; u,q). For many of the questions that we
mentioned above concerning the polynomials p,(z; 1) = pn(z;1,2) and P,(z;u) = P,(z;p,2), we
will investigate analogous questions for the polynomials p,(z; i, ¢) and P, (z; u, q) for all g € (0, c0).
Before we dive into the more technical matters, let us briefly summarize the main idea of the
results that follow. Recall that the polynomials { P, (z; i) }n>0 satisfy the extremal property (0.0.2).
This would lead one to believe that the polynomial P, (z;u) is smallest where the measure p has
greatest density and is largest where the measure has smallest density (to the extent this is possible).
One would therefore expect that under reasonable hypotheses, the measures {|p;, (z; 1)|?du(z) >0
converge to a measure that is somehow as uniformly distributed as possible. The extremal charac-
terization of the equilibrium measure given in Section 1.1 will show that the equilibrium measure
for the support of u is a likely candidate. In the settings of OPUC and OPRL, a precise description
of the measures for which this convergence property holds is well-known. We will show that this
convergence property often holds in more general settings. Although not every measure has this
convergence property, the intuition is helpful and also leads one to guess that the orthonormal poly-

nomial p,, resembles the function 98\ supp () (21%0)

in some ways (here gz, () (7:00) is the Green
function, which we define in Section 1.1). The main idea of our results is to make this resemblance
as precise as possible under the weakest possible assumptions on the measure pu.

Throughout this paper, C will denote the extended complex plane C U {co}. We will often omit

one or more parameters in our notation for p,(z; u, q) if we feel there is no possibility for confusion.

In particular, p,(z; u) will always mean p,(z; i, 2) and similarly for P, (z; ).






Chapter 1

Tools and Methods

“All men by nature desire knowledge.”

— Aristotle

This chapter is meant to be an introduction to many of the ideas and tools we will employ
in Chapter 3 to prove our new results. The material we present here will be relevant both for
understanding existing results in the literature and for proving new theorems. We assume the
reader has at least some familiarity with the concepts of analysis presented in standard texts such
as [46, 47, 51] and we will not review this material here. Much of the notation that we introduce in

this chapter will be retained for the remainder of this work.

We start this chapter by surveying some potential theoretic techniques in Section 1.1. Such
methods are very useful for studying root asymptotic behavior of orthonormal polynomials by con-
sidering the corresponding zero counting measure. Potential Theory will also naturally lead us to
define objects such as the equilibrium measure and the Green function, which will be important
in our later analysis. In Section 1.2 we will discuss some important results about conformal maps
that we will make extensive use of in Chapter 3. We then turn our attention to Chebyshev and
Faber polynomials in Section 1.3. Chebyshev and Faber polynomials are sequences of polynomials
that can be canonically defined for any simply connected and bounded domain. In Section 1.4 we
define the Szeg6 function, which is an analytic and nonvanishing function whose boundary values
are determined by the absolutely continuous part of a measure. Our discussion of the Szeg6 function
in this chapter will provide the framework we need to understand Szegé’s Theorem on the unit
circle and some of its generalizations, which we will discuss in Section 2.3. Finally, we conclude this
chapter with a complete proof of the Keldysh Lemma, which provides us with a useful criterion for
convergence in Hardy space. Further details on all of these topics may be found in the references

provided.



1.1 Potential Theory

We begin our discussion with an introduction to potential theory. The tools we discuss here have
been used extensively to study orthogonal polynomials (see for example [16, 49, 58, 65, 72, 73, 74]),
especially in deriving root asymptotics and exploring the consequences of the notion of reqularity
(see (1.1.6) below). Throughout this thesis, we will often make reference to objects such as the
equilibrium measure, logarithmic potential, and Green function of a compact set; all of which will
be discussed in this section. We refer the reader to the books [14, 45, 50] for additional background
in potential theory.

Given a finite measure v of compact support, we can define its logarithmic potential

0(2) = [ tog s (w),

though for some values of z, the integral may be +oco. We define the equilibrium measure of a

compact set K as the unique probability measure wy satisfying

[ [os ooty =t { [ [ 1og L drriw) om0 = 1=5©))

provided the right-hand side is finite. In this case we call the left-hand side the logarithmic energy
of wg and denote it by E(wg). It is always true that the support of the equilibrium measure wg
is contained in the boundary of K (see Theorem 3.7.6 in [45]). If a compact set K admits an
equilibrium measure wy, we define the logarithmic capacity of K to be e £«x) and denote it by
cap(K). If K does not admit an equilibrium measure (for example, if K is a single point), then
we define the capacity of K to be 0. A straightforward argument using the minimizing property
of the equilibrium measure shows that the support of the equilibrium measure of a compact set K
is always contained in the boundary of the set. It is also customary to say that a property holds
quasi-everywhere if the set of points where the property fails has logarithmic capacity zero.

The physical intuition behind the equilibrium distribution is quite simple. In two dimensions,
the electrostatic interaction is given by a logarithmic repulsion. Therefore, if a large collection of
charged particles is confined to a perfect conductor in the shape of a particular compact set K C C,
then the equilibrium measure describes the distribution of charge over the boundary of the set K
when the system has reached equilibrium. While this reasoning is not mathematically rigorous, it
is often extremely useful for developing intuition and understanding deeper mathematical results.

Armed with the notions of equilibrium measure and capacity, we can define the Green function

with pole at infinity of a compact set K (of positive capacity) as

9z\k (7;00) 1= —U**(z) — log(cap(K)). (1.1.1)
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It follows from Theorem 4.4.4 in [45] that the Green function is conformally invariant, i.e., if K
and K are simply connected compact sets in the plane and F is the conformal map that sends
the complement of K7 to the complement of Ko mapping oo to itself and having positive derivative

there, then
92k, (2:90) = 9o\ i, (F(2); 00). (1.1.2)

Example. Let K = D = {z : |z| < 1} and let us consider the quantities just defined. From the
uniqueness property of the equilibrium measure, we know that wy must be rotation invariant. Since
wp must be supported in 9D = {z : [z| = 1}, we must have

_ dll

dwg(2) o

We then calculate

1 2w 1 dls|dt|
= log ——dws(2)d
“») /ﬁ/ﬁ o8 |z — wl wp(#) / / |e” es| 2 2w

by Example 0.5.7 in [50]. Therefore, cap(D) = 1. Using this calculation, from (1.1.1) we calculate

9z\5(7; 00) = log |z].

It follows from (1.1.2) that if K is any compact set of positive capacity such that C \ K is simply

connected in C, then

e\ x (25 00) = log [$(2)], (1.1.3)

where ¢ is any conformal map from C \ K to C \ D satisfying ¢(cc) = occ.

In the above example, we heavily relied on the fact that the equilibrium measure of a compact
set is always supported on the boundary of the set. If we consider normalized arc-length measure on
the circle centered at zero and of radius 1/2, then this measure has the same potential as wg at all
points outside of D. Indeed, to any measure v supported in D we can associate a measure supported
on OD that has the same potential on {z : |z| > 1}. We call this measure the balayage of v and
it is the content of our next theorem. Before we state this theorem, we must introduce additional

terminology and notation.

Definition. Given a domain G and a bounded function f € C(9G), the Dirichlet problem for f on
G is to find a function fy that is continuous on G, equal to f on G, and harmonic on G. If G is

unbounded, we also require that fj is continuous at infinity.
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It is not true that the Dirichlet problem admits a solution on every domain. For example,
D\ {0} does not admit a solution to the Dirichlet problem for certain continuous functions f, the
difficulty being that f(0) cannot be chosen arbitrarily (see page 269 in [8]). If a domain does admit
a solution to the Dirichlet problem for every bounded and continuous f, we say that the domain is a
Dirichlet Region (following terminology from [8]). Several conditions that are intimately connected
to solvability of the Dirichlet problem are discussed in Section IIL.6 of [14] and Section 1.4 in [50].
One such condition involves the Green function and can be described as follows. Let € be the
unbounded component of C \ G. For a point z € 95, consider the condition

lim gz (¢ 00) = 0. (1.1.4)

C—z
CeQ

Any point z € 9Q for which (1.1.4) holds is called a regular point for G (regularity will usually
mean something different throughout this text (see (1.1.6) below); this abuse of terminology — while
unfortunate — is in agreement with standard terminology in the literature). Now we can state our

theorem asserting the existence of the balayage measure.

Theorem 1.1.1. Let G be a bounded domain whose closure is simply connected. Assume furthermore
that OG is a Jordan curve and G is a Dirichlet Region. Let v be a probability measure with support

in G. There exists a probability measure U supported on OG so that
1. if h is continuous on G and harmonic on G then [ hdv = [ hdD,
2. if 2 ¢ G or z € G and z is regular for G then U¥(z) = U”(z).

Remark 1. We will discuss uniqueness of the balayage measure in Section 1.2.
Remark 2. One can assert the existence of a balayage measure under more general hypotheses than

those given in Theorem 1.1.1. See Section 1.4 in [50] for details.

Proof. We will only prove (1) since most of (2) can be recovered from (1) because log|t — z| is a
bounded harmonic function of t € G when z € G. Also observe that it suffices to show that (1) is

true when v = 6, for some ¢ € G for then the general result follows by setting

ﬁ:/&w@.

By this we mean that for every f € C(9G) we set

feare) = [ [ e,

oG

Therefore, we may assume v = §;. If t € G then v = ¥ so we may also assume t € 0G.
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Let f be a bounded continuous function on dG. Since G is a Dirichlet Region, we may extend
f to a harmonic function fy that is harmonic on G' and continuous on G. The maximum principal
easily implies that if f is positive, then fo(¢) is also positive. Therefore, the map f — fo(t) is a
positive linear functional on the set of continuous functions on dG. By the Riesz-Markov Theorem,

there exists a measure d; supported on G with the desired properties. O

The measure &; from the above proof is often called the harmonic measure at t. Harmonic measure
can also be defined in terms of the hitting distribution of a Brownian motion. More specifically, if
E C 0G is a Borel measurable set, then &(E) is the probability that a two-dimensional Brownian
motion that begins at ¢ leaves G for the first time by passing through a point of E. This realization
of harmonic measure is a beautiful result due to Kakutani and is discussed in detail in Appendix
F in [14]. Furthermore, it makes sense to discuss the Dirichlet problem in unbounded domains in
the extended plane C. In this sense, the equilibrium measure for the boundary of a set K is the
harmonic measure at infinity (see Theorem 4.3.14 in [45]). If v is a measure that can be written as
vy + vy where supp(v;) € G and supp(r2) € C\ G, then we define the balayage of v onto C\ G as
Vo + 1, where 1y is the balayage of v onto JG.

In the study of orthogonal polynomials, potential theoretic methods play an important role for

the following reason: outside the convex hull of K, we know p,, does not vanish and so we can write

tog (Ipn (= m)l/") =  log(n) — U (2)

T
(recall k., is the leading coefficient of p,(z; 1)), where v, is the normalized zero counting measure
for the polynomial p,,(z; i), i.e., it is a point measure of total mass 1 that assigns weight n~! to each
zero of p,(z; p) (where we repeat each zero a number of times equal to its multiplicity as a zero of

|/ can be deduced from the asymptotics

Pn(z;11)). Tt is then clear that the asymptotics of |py,(z; 1)
of the leading coefficient x,, and the asymptotic behavior of the measures {v,}nen. We refer the
reader to references such as [49, 65, 74] for examples of results obtained in this way. A typical result

of this nature is contained in Theorem 1.1.4 in [65] and reads as follows:

Theorem 1.1.2 (Stahl & Totik, [65] pg. 4). Let p be a finite measure with compact support K.

Then locally uniformly in C\ ch(u) one has
lim inf |p,, (z; p)|V/™ > 9ok (2509 (1.1.5)

In fact, in [65] Stahl and Totik prove much more. They introduce the notion of regularity by

saying that a measure p is a regular measure if

lim /™ = cap(supp(u)). (1.1.6)

n—oo
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They then use potential theoretic methods to prove that regularity is equivalent to equality in the
limit (1.1.5) (with the liminf replaced by a true limit; see Theorem 3.1.1 in [65]).

Another elegant application of potential theoretic techniques was used to prove the following:

Theorem 1.1.3 (Saff & Totik, [49]). Let Q,, be the unbounded component of C \ supp(u) and let
v € Q, be a Jordan curve. Let Ny(vy) denote the number of zeros of p,(z; ) inside ~. If the interior
of v contains infinitely many points of supp(p), then lim, o Nyo(v) = oo. If v contains exactly
k € NU {0} points of supp(u), then liminf, ., Ny,(y) > k.

Remark. Although not explicitly stated in [49], the same proof shows that we can make the same

conclusion about the polynomials {p,(z; i, q) }n>0-

In [49], explicit examples are provided to show that in Theorem 1.1.3, one cannot replace v C €2,

with v C C \ supp(u) and still arrive at the same conclusion.

1.2 Conformal Maps

The discussion of conformal maps usually begins with the most relevant result: the Riemann Map-
ping Theorem, which establishes the existence of a conformal map from a simply connected region
G C C to the unit disk. Furthermore, such a map is unique if we further specify the preimage of 0
and the argument of the derivative at this point.

Given a compact set K C C, let © denote the unbounded component of C\ K. The boundary of
Q will also be called the outer boundary of K. Let us assume that € is simply connected in C and
K is not equal to a single point. In this case, the Riemann Mapping Theorem implies that there is
a unique conformal map ¢ that maps Q to C\ D and satisfies ¢(00) = oo and ¢'(c0) > 0. Let us
denote the inverse to ¢ by .

One is often interested in studying properties of conformal maps such as the existence of an
analytic continuation to a larger domain or continuity properties of the map ¢ as a function of the
domain Q (we will make this precise shortly). The first relevant result is the following theorem due

to Carathéodory:

Theorem 1.2.1. Let ¢ be a conformal map from the unit disk D onto a Jordan domain G. Then

¢ has a continuous extension to D and the extension is an injective mapping from D to G.

! can be extended to a homeomorphism of G onto D (see page 12 in [13]).

It is also true that ¢~
For a proof of Theorem 1.2.1, see page 13 in [14]. The utility of this result rests in the mild hypothesis
it requires, namely only that of being a Jordan domain, meaning its boundary is a Jordan curve.
Theorem 1.2.1 clearly applies also for mappings of regions in the extended plane, so it applies to the

map ¢ in the setting considered above provided the outer boundary of K is a Jordan curve. This is
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very useful because it gives us a way to understand the equilibrium measure for the compact set K.

This is the content of the following result:

Theorem 1.2.2 (Totik, [71]). Let K be a compact set whose boundary is a Jordan curve and let ¢

be the conformal map as described above. Then for any Borel measurable set E, it holds that

[9(E)
E =
wi(E) ===,
where | - | denotes arc-length measure on the unit circle OD.

Theorem 1.2.2 tells us that the equilibrium measure for the compact set K is the pull-back of
arc-length measure on the unit circle under the conformal map ¢. Indeed, the injectivity of ¢ on 92
allows us to pull back any measure on 0D to 0€2. Similarly, if one has a measure p defined on 952,

one can push it forward to a measure ¢,y on 0D using the map ¢. This is done by setting

(@) (A) = (¥ (4))

for all measurable sets A C 9. We can integrate with respect to this measure by using the formula

F(w)d(bupt) (1) = / F(6(2))du(2)
oD o0

for every f € C(0D). We can similarly take a measure v on 9D and push it to €2 using ¢ and obtain
the measure 9,v. From our definitions, it is clear that ¢.(1.v) = v and . (¢sp) = p. Theorem

1.2.2 can then be recast in this notation to read
WK = Yiwp.

Furthermore, we can now determine the uniqueness of the balayage measure in Theorem 1.1.1.
Assume the hypotheses of that theorem and let ¢ be any conformal map from G to . Since G
was assumed to be a Jordan curve, we may extend ¢ continuously and injectively to all of G. Since

v is given and we know © exists, we have

|eerane) = [ eotae)

G oG

for every k € Ny. Pushing the measure forward to 0D using ¢, we get

|e@rae) = [ i,

G oD

In other words, the moments of ¢, are uniquely determined, and since the moments of a measure
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on 0D determine the measure, we have established uniqueness of o.
Just as Theorem 1.2.2 establishes a relationship between exterior conformal maps and equilib-
rium measures, there exists a similar relationship between arbitrary conformal maps and harmonic

measures. We first need the following definition:

Definitiion. Let G C C be a simply connected domain and fix zyg € G. The conformal map

¢ : G — D is called the canonical conformal map at zo if ¢(29) = 0 and ¢’(z) > 0.

Given a Dirichlet Region GG and a point zyp € G, let wg o denote the harmonic measure for the

boundary of G at the point zg. Our result is the following:

Theorem 1.2.3. Let G C C be a Jordan domain and a Dirichlet Region and fix any zg € G. Assume

further that OG is rectifiable and that wg , s mutually absolutely continuous with arc-length measure

120

on 0G and has a continuous density function. If ¢ is the canonical conformal map at zg then

d|z|

dwg,.,(2) = [¢' ()15 (1.2.1)

where d|z| is arc-length measure on 0G.

Proof. Let x denote the inverse map to ¢. Theorem 1.2.1 implies x can be extended to dD con-

-

tinuously. Let w be the derivative of wg = with respect to arc-length measure on 0G. If fisa
»<0 )

G,z
continuous function on D that is harmonic on D then we get

[ NG = sixon) = 5tao) =
oD

.z (w)dog o (0) = [ flwlets @l (122)

f
oG
Taking the far right-hand side of (1.2.2) and setting w = x(z), we get

o))ty (@)Y (@)ldal.
oD

Therefore,

sty XN (@] = 5

for almost every x € JD and hence for all such = by continuity. This is easily seen to be equivalent

to (1.2.1). O

We know now that under very mild hypotheses we can extend the conformal map ¢ to the
boundary of Q. Under stronger hypotheses, we can make a more powerful conclusion. The notions
of analytic Jordan curve and analytic region will be very important for us throughout this thesis, so

we take the time here to define them rigorously.

Definitiion. We define an analytic Jordan curve to be the image of 9D under a map that is injective
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and analytic in a neighborhood of 9D (see page 42 in [14]). If T is an analytic Jordan curve and G

is the bounded component of C\ T, then we say G is an analytic region.

It follows from a simple argument using the reflection principle that if I' is an analytic Jordan
curve, then v can be univalently (that is, injectively and analytically) continued to be analytic on
the exterior of a disk of radius p < 1.

Theorem 1.2.3 establishes a connection between canonical conformal maps and harmonic mea-
sures. The intuition derived from the Brownian Motion definition of harmonic measure suggests that
similar domains should have similar harmonic measures at a given point and hence similar canonical
conformal maps at that point. In other words, one expects the conformal maps to exhibit some kind
of continuity as a function of the domain.

To make this idea precise, we first need to define an appropriate notion of convergence of sets.
All of our notation will be consistent with the notation in [13]. Let {D,, }nen be a sequence of simply
connected domains, all of which contain 0 and none of which are equal to C. Let f, be the conformal
map from D to D,, satisfying f,(0) = 0 and f},(0) > 0. If 0 is an interior point of the intersection
of the domains D,, then we define the kernel D of {D,,},en to be the largest open subset with the
property that every compact subset of D is contained in all but finitely many of the domains D,,.
If 0 is a boundary point of the intersection of the domains D,, then we define the kernel to be {0}.
The sequence {D,, }nen is said to converge to its kernel D if every subsequence has the same kernel.

The result we need is the following (see Theorem 3.1 in [13]):

Carathéodory Convergence Theorem. With the above notation, {fn}nen converges uniformly
on compact subsets of D to a function f if and only if { Dy }nen converges to its kernel D. In the case
of convergence there are two cases. If D = {0}, then f = 0. If D # {0} then D is a simply connected
domain, f maps D to D conformally with f(0) =0 and f'(0) > 0, and {f; ' nen converges to f=*

uniformly on each compact subset of D.

We will not prove the Carathéodory Convergence Theorem here and we refer the reader to a
complete and straightforward proof presented in [13]. One important consequence of this result is
that if the domains D,, are nested with the closure of their union compact, then the conformal maps
converge to the conformal map of their union. Under some additional (but mild) assumptions on
the domains {D,, }»en, Snipes and Ward in [64] are able to prove convergence of the maps {f,, tnen

uniformly on D.

1.3 Chebyshev and Faber Polynomials

In this section, we will explore two special sequences of polynomials. This first sequence we will

study is the sequence of Chebyshev polynomials and the second is the sequence of Faber polynomials.
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Each of these sequences is useful in applications for a particular reason. The Chebyshev polynomials
are defined by the fact that they have minimal supremum norm and so are useful as trial functions
when solving an extremal problem. The Faber polynomials are polynomial approximations to a
particular conformal map and hence serve as an analog for the monomials {z"},,>¢ for regions other

than the unit disk. We begin with a formal definition.

Definition. Let K C C be a compact and infinite set. The n'* Chebyshev polynomial is the unique

monic polynomial T}, of degree n satisfying

| Tl oo 5y = min { |Q| L () : Q@ = 2™ + lower order terms} .

Basic compactness results imply that the minimum in the definition of T, is actually attained
and a simple argument using the triangle inequality implies the minimizer is unique (though we
must assume K is infinite for this to be true). Computing the Chebyshev polynomial explicitly
for an arbitrary compact set K is in general a very difficult problem. However, it is known that

lim,, o0 ”Tn”lL/oZ(K) = cap(K) (see Theorem II.3.1 in [50]). Let us consider some examples.

Example. If K =D, then T,,(z) = 2. This is an easy consequence of the uniqueness of the degree

n Chebyshev polynomial.

Example. If K = [—1,1], then the Chebyshev polynomials are given by the formula

To(z) = — [<m+\/1’2—1>n+ (=~ xtl)n}, (1.3.1)

277,

which is in fact a polynomial. It is often the case that if one refers to the Chebyshev polynomials
without reference to a compact set, then it is understood to be this particular sequence of Chebyshev

polynomials.

Now we turn our attention to Faber polynomials. Let K be a compact and simply connected set
that is not equal to a single point and let 2 = C\ K. As in Section 1.1, ¢ will denote the conformal
mapping from the region ) to the complement of the closed unit disk in the extended plane. The

injectivity of ¢ implies that its Laurent expansion around infinity can be written as

6() =izt o+ L+ g
z z

We then define the degree n Faber polynomial as the polynomial part of ¢" and denote it by F,,(z).
More precisely, we can write

P(2)" = Fu(2) + €n(2),

where F),(2) is a polynomial and ¢,,(c0) = 0. The leading coefficient of F;, is £”,. It will be important
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for us that £_; = cap(K)~!.
One can also use alternative methods and formulas to characterize the Faber polynomials (see

[35]). For example, let ¢ : C\ D — Q be the conformal map that is inverse to ¢. One may also

define the Faber polynomials using a generating function and the formula

V(w) o Fal?)
S50 e
If we let
L. ={Y(z):|z|=r} (1.3.3)

(for appropriate r > 0), then if z lies interior to I',., a simple application of the Cauchy Integral

Formula yields

_ 1 " (t)
Fu(2) = 5— 7{ o T = —dt. (1.3.4)

If z lies exterior to I';, then (1.3.4) and the Residue Theorem imply

1 ! (t)
F.(z) =¢(2)" + — ———dt. (1.3.5)

2mi J{jp=ry ¥(t) — 2
Equation (1.3.5) easily implies that if {z : |2| = r} is inside the domain of v then all of the
accumulation points of zeros of {F}, },en are inside I',.. Furthermore, as mentioned in Section 1.2, if
0f) is an analytic Jordan curve, then it is well-known that the map 1 can be univalently extended
to the exterior of a disk with radius p smaller than 1. In this case, formula (1.3.5) remains true if

we take as our contour {|z| = r} for any r > p. It easily follows from this that if 9 is an analytic

Jordan curve, then in the region {z : |z| > p > p}, one has
Fa(¥(2)) = 2" + O(p"), (1.3.6)

where the implied constant is independent of z for z in this region. It is in this sense that the

sequence {F, },,>0 is a suitable analog of {2"},,>¢ for regions other than the unit disk.

Equation (1.3.6) impies that in the closed region 2, the functions F,(z) — ¢(2)" converge uni-
formly to 0. This is often a convenient property to exploit in applications and occurs under even
more general circumstances. In [17], Geronimus lists several conditions on the boundary of € that
imply this convergence property holds — analyticity of the boundary being one of them (see also [42]).

One meaningful consequence of this property is the conclusion that || F},||px) — 1 as n — oo.

Let us consider some examples:
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Example. Let K = D. In this case ¢(z) = z and so F,(z) = 2" for every n € Ny.

Example. Let K = [-2,2] so that ¢(z) = $(z+ V22 — 4). It is an easy exercise using the binomial

theorem to show that

<z+\/2z2—4> +<z— ;2—4> (1.3.7)

is a polynomial in z, while the Laurent expansion of %(z — /22 — 4) contains only negative powers
of z. Therefore, (1.3.7) is the expression for the Faber polynomial F,, corresponding to [—2,2].
However, we recall from (1.3.1) that (1.3.7) is also equal to 2"T,(z/2) where T,, is the degree n
Chebyshev polynomial for [—1,1]. Therefore — just as in the case of the unit disk — the Faber

polynomials and Chebyshev polynomials are the same for the interval [—2,2].

Example. This example is based on Example 3.8 in [35]. Fix m € Nand let K = {z: |2™ —1| < 1}

(a lemniscate). In this case ¢(z)™ = 2™ —1soif j € Ny and £ € {0,...,m — 1}, then

Fungoa() = 3o (-1 (T et

k=0

where (7) stands for the generalized binomial coefficient I'(a + 1)I'(b + 1)"'I'(a — b+ 1)~!. This

immediately implies Fj,,(z) = (2™ — 1)* for all k € N.

Further examples of Faber polynomials with explicit formulas can be found in [25].

By using the generating function (1.3.2), one can define generalized Faber polynomials, which we
denote by F,,(z;g), where g : Q@ — C is an analytic function satisfying g(co) > 0. In this case, one

has

g (w)¢'(w) _ <= Fulz:9)
Yw)—z 2.

wnJrl
n=0

so that F,(z) = F,(z;1). We will not use generalized Faber polynomials to prove any of our new
results, but they are an essential ingredient in many proofs in [37, 68]. Further properties of Faber

polynomials are discussed in [9, 35].

1.4 The Szego Function

To prove many of our results, we will need to treat certain equalities as two simultaneous inequalities
and prove each inequality separately. We will often use the extremal property to derive an upper
bound on || P, (z; i, q)|| a(u)- To obtain a lower bound, we will often use inequalities concerning the

measure or subharmonicity of certain functions. The key will be to use well-known results from the
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theory of H? spaces to realize the absolutely continuous part of a measure p as the boundary values
of the absolute value of an analytic function, often called the Szegd function, which was introduced

in [69].

The Szegé function will take on different forms in different settings. One common form will
be the function that we denote S(z), which is defined on C \ D and is useful in the context of
OPUC. However, in order to define S(z), we need to make some assumptions about the measure in
question. As just indicated, the function S(z) will depend only on the absolutely continuous part of
the measure i, so we will require the measure i to have an absolutely continuous component, but
we must assume even more. For a measure p defined on the unit circle, we can analogously define

a measure on [0, 27) (which we also call ) and write

du(0) = w(@)% + dus(0), (1.4.1)

where du is singular with respect to the linear Lebesgue measure on [0, 27) and w(#) is the Radon-
Nikodym derivative of p, which we may also denote by p/(6). To define the Szegd function, we

require

/ ﬂlog(w(@))g—i > —00. (1.4.2)
0

We refer to (1.4.2) as the Szegd condition and any measure for which (1.4.2) holds will be called a
Szegd measure on the unit circle. For reasons discussed in [22], if (1.4.2) holds we will also say p has
finite entropy. Since log(z) < z for all > 0, the finiteness of p implies that the integral in (1.4.2)

cannot diverge to +o00, so (1.4.2) is equivalent to saying log(w(0)) € L'(42).

Before we define the Szegé function, we must define some notation that we will retain throughout
this work. For any ¢ € (0,00), we say that a function f is in the Hardy space H?(D) if it is analytic
in the unit disk and

2m ) do 1/q
lim </0 |f(rele)q27r> < 00. (1.4.3)

r—1-

We call the limit in (1.4.3) the H9%-norm of f and denote it by || f||a(m). We say that a function g
is in the Hardy space HY(C\ D) if f(2) = g(1/2) € HY(D) (as in [19]) and define

2 " do 1/q
19 e @my = 1901/ 2) | o) = Jim (/0 lg(re’ )Iq%> .

We refer the reader to the references [12, 47] for more information on the Hardy spaces HY.
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Now, for a Szegd measure p on JD, we define the function S(z) as follows:

1 [ e + 2
S(z) = exp (—47T/0 log(u'(@))ew — Zd@) , |z| > 1, (1.4.4)

which is analytic in the region C\ D. If we want to make the dependence on y explicit, we will write
S(z; ). The importance for us comes from the following result, which is contained in Theorem 2.4.1

in [56]:

Theorem 1.4.1 ([56], pg. 144). Let S(z) be defined as in (1.4.4). Then
1. S(2) is analytic and nonvanishing in C\ D.
2. S(z) lies in the Hardy Space H*(C \ D).

3. lim,_ 1+ S(re??) = S(e") ewists for Lebesque almost every 0 € [0, 27] and

[S(e)? = '(6). (1.4.5)

Proof. The theorem is proven using a short argument from [56], which we reproduce here. The

property (1) is two statements. The analyticity is obvious while the fact that it is nonvanishing in

C\D follows from the fact that it is the exponential of a function with finite real part for each z ¢ D.
We will prove properties (2) and (3) at the same time. If log('(#)) is bounded, then

S(ret®)[? = exp ( / - 1og<u/<t>>|’"21 ‘“) .

et —ret?|2 21

We recognize this as the exponential of the Poisson extension of log(y’) to C \ D. Therefore,
lim,_,+ |S(re??)|? = 1/ () and since log(') is bounded, Dominated Convergence shows that S € H?.
If log(p') is not bounded, then a simple double approximation argument proves the general result

whenever p is a Szegé measure. O

When we consider the polynomials P, (z; i, ¢q) in Section 3.2, it will be convenient to generalize

our definition of the Szeg6 function by defining

I e + 2
S(z;q) = exp <_2q7r/0 log(//(@))ew — Zd@) , |z] > 1. (1.4.6)

In this case, the proof of Theorem 1.4.1 shows that S(-;¢) € H4(C \ D) and |S(e*)|7 = 1/(6).

The Szeg6 function can also appear in the context of measures supported on curves other than
the unit circle. If G is an analytic region and p is supported on 9G, we let w(z) = du(z)/d|z| be
the Radon-Nikodym derivative of p with respect to arc-length measure on 9G. Let ¢ : G — D be
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any conformal bijection and let its inverse be denoted by x. If

1 [ oo df

log(w(x(€"”))) - > —oo,

2mi o us

then for any ¢ € (0, 00) we define (as in [34])

f 1og<w<<>>”(“”(?so’<<>d<> . zea (1.4.7)
oG

2qmi @(C) — (2

Aq(z) =exp (

The argument in the proof of Theorem 1.4.1 can be easily adapted to this setting to show that
A4(z) € HY(G) (see Chapter 10 in [12] for a discussion of H? spaces for regions other than the
unit disk) and |A,(2)]? = w(z) for almost every z € OG with respect to arc-length measure. In the

special case G = D and ¢ = 2, the function As(z) is the function D(z) used throughout [56, 57].

1.5 The Keldysh Lemma

Recall that the polynomial P, (z;u,q) is defined in terms of an extremal property for a particular
integral. Consequently, it is often the case that the asymptotic behavior of P, (z;u,¢q) must be
determined by the behavior of the corresponding integral. The situation is not dire since convergence
in the space H?(D) is determined by the behavior of an integral and is stronger than pointwise
convergence in . Therefore, if one wants pointwise asymptotics of P, (z;u, ¢), it is useful to have a
general convergence criterion that can be applied to functions in H?(ID).

Fortunately, such a result exists, and is known as the Keldysh Lemma (see [19]). This result tells
us that a sequence {f, }nen converges in H%(D) whenever the norms {||f,|| g« }neny and the values
at zero {f,(0)},en converge to the same limit. In the case ¢ = 2, this is a triviality because of the
isometry between H?(D) and ¢?(Ny) realized by the Taylor coefficients. It is not as easy to see that
the result holds for all ¢, but it does and we will prove it in this section. The Keldysh Lemma was
applied to obtain orthogonal polynomial asymptotics in [19] and we will use it in several places in
this thesis, including in Chapter 3. Additionally, Theorem 3.3.2, which is the key to many of our
relative and ratio asymptotic results in Chapter 3, will be reminiscent of the Keldysh Lemma.

We begin with a statement of the result.

Keldysh Lemma. Let g € (0,00) be fized and suppose { fn}nen is a sequence of functions in H1(D)
with boundary values f,(e). If f,(0) — 1 and ||follga — 1 as n — oo, then f, — 1 in H? as

n — 0.

The remainder of this section will be devoted to the proof of this result. We begin with a
discussion of the simplest case, namely ¢ = 2. This case is especially simple because g € H? if and

only if the Taylor coefficients of g around 0 are in ¢?(Np) (see Theorem 17.12 in [47]) and in fact the
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H? norm of g is the same as the 2 norm of its Taylor coefficients. Let us write

fn(2) = Z a§-n)zj.
j=0

(

We are assuming a|” — 1 and Yo |a§n)|2 — 1. Therefore, >37%, lal™ |2

j — 0, which is equivalent
to saying the H? norm of f,, — 1 converges to 0, which concludes the proof in the case ¢ = 2.

The proof for arbitrary g € (0,00) comes in two steps. The first step is to show that f, — 1
uniformly on compact subsets of D and the second step is to show that this and the convergence
of norms (to the same limit) implies convergence in H?. We begin with a lemma showing that

convergence in HY implies uniform convergence on compact subsets (note that the following lemma

does not take the ¢*® power of |||/« as is done in [19]).

Lemma 1.5.1 (Kaliaguine, [19]). Let K C D be a compact set. There exists a constant Ck such
that for all f € H1(D) one has

sup | f(2)| < Ck || fl ma-
K

Proof. If ¢ > 1, we may apply Jensen’s inequality. Indeed, if ¢ < 1 and K C {z : |z| < ¢}, then

uniformly for z € K we calculate

1 L)
2mi éz—t} =

do

q 21
<o / F(te®)|1 22
0

£ < =

Since this last integral is increasing in ¢ (see Theorem 17.8 in [47]), we may further bound this by
| f1|%q as desired.
For arbitrary ¢ € (0,00), we define f.(z) = f(rz) for r € (0,1) and let g, be the harmonic

extension of |f,|? to D, that is,

27 2
; 1—|z]* do
= i0yg 171 77
gT(Z) A ‘f’l‘(e )| |€i9 _ Z|2 27_(_
We clearly have
sup |9 (2)] < Cicll £+ e (1.5.1)

by the uniform boundedness of the Poisson Kernel on compact subsets of the disk. Let us now write

fr(z) = B.(2)h,-(z) where B, is a Blaschke product and h, is nonvanishing. Then

27 2
g L— 127 do
> /0 hr(e ng = |he(2)]?

2 A 1— 122 do
0r(2) = / el 12

et — 2|2 o

since h is analytic in D. Now, h,(z)B,(z) = f(rz) so |h.(2)| > |f(rz)| and hence g.(z) > |f(rz)|2.
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Combining this with (1.5.1) and noting that Ck is independent of r, we get
[f(r2)|? < Chell frllFa

for each » < 1. Sending r to 1 gives the desired result. O

Lemma 1.5.1 tells us that the sequence {f,}nen as in the statement of the Keldysh Lemma is
uniformly bounded on compact subsets of D and hence forms a normal family. Let f be a limit —
which exists by Montel’s Theorem — and let N' C N be a subsequence so that f, converges to f
uniformly on compact sets as n — oo through N. It is clear that f(0) = 1. Since the convergence

is uniform on compact subsets, then for every r < 1 we calculate

27 2
| et = i [ et < im0 = 1

neN JO neN

and so f € H? and ||f||g« = 1. This and the fact that f(0) = 1 easily imply that f =
Furthermore, since the same reasoning can be applied to any subsequence of {f, }nen, we conclude
frn — 1 uniformly on compact subsets of .

The next lemma shows that we can deduce the desired convergence in L?(9D).

Lemma 1.5.2 (Duren, [12] pg. 21). Suppose {gn}nen is a sequence in L1(OD) and g € L1(OD) is

such that g, converges to g almost everywhere and ||gn||Le — ||gllze. It follows that g, — g in L9.
We include Duren’s proof so as to provide here a complete proof of the Keldysh Lemma.

Proof. For a measurable set E C 9D, let J,(E) = [ |g,(e?)|[94L and J(E) = [ ]g(e?)|722. Let
Y = 8D\ E. Then

J(E) <liminf J,(F) < limsup J,(F) < lim J,(0D) — liminf J,(Y) < J(0D) — J(Y) = J(E),

n—oo n—oo n—oo n—0oo

which shows J,(E) — J(E) for every E.
Given € > 0, choose E C 9D so that J(Y) < e. Choose ¢ > 0 so that J(Q) < € for every Q C F
satisfying |@Q| < §. By Egorov’s Theorem, there exists a set @@ C E of measure less than ¢ such that

gn — ¢ uniformly on E' = E'\ Q. Therefore,

ol d d d
/|g /\n o7 /|n o7 /|n o
oD

SO +IX) + @+ @)+ | lgn - 9”%'

The last integral tends to 0 as n — oo by the uniform convergence on E’. Also, we know J,(Y) —

J(Y) and J,(Q) — J(Q) as n — oo and J(Y) and J(Q) are both less than e. Since ¢ > 0 was
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arbitrary, we get the desired result. O

We now conclude the proof of the Keldysh Lemma with the following special case of a theorem

from [3].

Theorem 1.5.3 ([3]). Suppose g € (0,00) and {fn}nen is a sequence of functions in H1(D) satis-
fying limy, oo || fullge = 1 and for all z € D we know lim,, . frn(2) = 1 where the convergence is

uniform on compact subsets of D. Then f, — 1 in H1(D).

Proof. Our proof is based on ideas presented in [3]. If ¢ € (1,00), the result is easily obtained by
noting that

1
lim ‘ fn+H _1
n—oo Ha
and so the uniform convexity of the norm implies
—1
lim In H =0
n—oo Ha

as desired.

If ¢ € (0,1], then we again divide the proof into two cases. First, we suppose f,(z) # 0 for any
n € N and any z € D. Let s be any real number in (0,¢) so that s=! € N. In this case, we may
define fi/ 2 which is an analytic function. The Holder inequality shows that fi/ > e H2 (D) and since
fi/ 2 (0) — 1, a simple calculation shows || fi/ 2H g2 — 1. By our previous discussion, we know that

{3/ 2 converges to 1 in H2. By Theorem 3.12 in [47], we know that there is a subsequence N' C N so
that ff/ 2 (€?) converges to 1 almost everywhere as n — oo through A/, which in turn implies £, (e*?)
converges to 1 almost everywhere as n — oo through N (since 257! € N). Lemma 1.5.2 then implies
fn — 1in L9(0D) and hence in H?(D) (see Theorem 17.11 in [47]) as n — oo through N. Since
this reasoning can be applied to any subsequence of the functions {f, }nen, we conclude f, — 1 in
H1(D) as claimed.

The final step is to consider the case when 0 < ¢ < 1 and f,, is allowed to have zeros in D. In
this case, we write f, = B, h,, where B,, is a Blaschke product and h,, is nonvanishing and satisfies
hnll e = || fnllme. By Lemma 1.5.1, the families {h, }nen and { By, }nen are normal. Therefore, our
above arguments imply there exists a subsequence N € N so that lim,car by, = h and lim,en B, = B
uniformly on compact subsets of D with B,h € HY, Bh = 1, and ||h||g« < 1. Clearly ||B||z~ < 1,

SO

[Pl e < 1= [|Bhllara < [|B]laa,

so ||h||gr« = 1. However, |h(0)| > 1 so we must have h = 1 = B. Our previous considerations imply
that h, — 1 in HY. Furthermore, we have shown B,, — 1 uniformly on compact subsets of D as

n — oo through V. Combining this with the fact that || B, |~y < 1 shows that ||B,|z> — 1 as
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n — oo through N so our previous considerations imply we have convergence in H2. Now we apply
Theorem 3.12 in [47] again to conclude there is a subsequence N/ C N so that h,(e?’) — 1 and
B, (€"?) — 1 almost everywhere as n — oo through N”. This means f,(e?) — 1 almost everywhere
as n — oo through A, which by Lemma 1.5.2 implies we have H? convergence as n — oo through
N’. Since the same reasoning can be applied to any subsequence of the functions {f, }nen, we get

the desired conclusion. O

The Keldysh Lemma tells us that if we have a sequence of functions that converges at a particular
point and the norms of those functions converge in the space L?(0D, %) to the same limit, then
in fact we have convergence in the space H?. A variant of this theme will be prominent when we
discuss our new results concerning ratio and relative asymptotics in Sections 3.3.2, 3.3.3, and 3.3.4.
Furthermore, the map z — 27! induces a bijection between H4(D) and H?(C \ D) in such a way
that we can easily adapt the results of this section to the setting of H?(C\ D). Namely, if a sequence
{fu}nen in H1(C\ D) satisfies f,(c0) — 1 and | foll gra@\m) — 1 @8 m — oo, then f, — 1asn — oo
in H4(C \ D).
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Chapter 2

Overview of Polynomial
Asymptotics

“Those who cannot remember the past are condemned to repeat it.”

— George Santayana

In this chapter, we will motivate and introduce the problems that we will tackle in Chapter
3. Many of these problems are motivated by well-known theorems in the subject of OPUC and
OPRL that we wish to adapt to more general settings. A prominent theme in this chapter will be
to precisely state these known results so that we may draw meaningful comparisons to them in later

sections.

We begin our exposition in Section 2.1 with a brief summary of some basic properties of OPUC
and OPRL. In Section 2.2, we will discuss regularity and some associated ideas from potential theory.
In Section 2.3, we will state Szegé’s Theorem on the unit circle and explore some consequences
and generalizations of this important result. We then turn to Bergman polynomials in Section
2.4, which are polynomials that are orthogonal with respect to area measure on a domain. Our
discussion of Bergman polynomials will include one of the most important applications of Bergman
polynomials, which is the Bergman Kernel method for numerically approximating conformal maps.
We will discuss this method in Section 2.6 and state some of the key results. In Section 2.5 we
define Christoffel functions and the associated minimization problem and describe the relationship
between the solution to this problem and orthogonal polynomials. Our focus in Section 2.7 will be on
ratio asymptotic results while we will discuss a related phenomenon in Section 2.8 when we consider
relative asymptotics. Finally, in Section 2.9 we will examine the problem of finding the weak limit

points of the measures {|p,(2; i, 2)|?du(z) }n>0, which we call the weak asymptotic measures.

Throughout this chapter, we will write p, (z; 1) for p,(z; i, 2).
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2.1 OPUC and OPRL: A Brief Introduction

Any discussion of the history of orthogonal polynomials must begin with the classical settings of
the unit circle and the real line. Our exposition here will be very brief and we refer the reader
to the references [38, 56, 57, 63, 69] for extensive background and additional results on this topic.
Of central importance to the theory of both OPUC and OPRL is the existence of a finite term
recurrence relation satisfied by the orthonormal polynomials. If p is is a probability measure on a
compact subset of the real line, then there are two bounded sequence {a,}nen and {b,}nen such

that

TP (T3 1) = Qg 1Png1 (@5 1) + bpp1Pn (@5 1) + anpr—1 (@ ). (2.1.1)

For each n € N it is true that a,, > 0 and b, € R. These sequences are often called the recursion
coefficients or Jacobi parameters for the measure u. If p is a probability measure on the unit circle,

then there is a sequence of complex numbers {a, },>0 such that

1

nt1(2; 1) = ———= (zpn(z; p) — @upy(2; , 2.1.2

where p% (z; 1) = 2"pn (271 ). For each n € Ny it is true that «,, € D. The numbers {a, }>0 have
many names in the literature, including recursion coeflicients, Verblunsky coefficients, and Schur

parameters. Furthermore, there is an inverse Szegd recursion:

Poyi(zsp) +@n Py (25 1)
1— |ap|? ’

2P (2 ) = (2.1.3)

Since @, = —P,,1+1(0; 1), (2.1.3) allows us to recover the Verblunsky coefficients aq, . .., a, if we are
given Pp,41(+; p).

The existence of the recurrence relation (2.1.1) enables one to prove Favard’s Theorem, which
asserts that there is a bijection between pairs of bounded sequences {an, by tnen C (0, oo)N x RN
and compactly supported probability measures on the real line with infinite support. Similarly, the
relation (2.1.2) allows one to establish Verblunsky’s Theorem, which states that there is a bijection
between DY and probability measures on the unit circle with infinite support. A key step in one
approach to proving both Favard’s Theorem and Verblunsky’s Theorem is to use the recursion
coefficients to construct a particular operator, which is self-adjoint when we are given {a,, by, fnen
and unitary when we are given {ay,}n>0. These operators are respectively called Jacobi matrices
and CMV matrices, and the measure corresponding to the recursion coefficients is realized as the
spectral measure of this operator. Since the correspondence between measures and sequences is

established through the use of the recursion coefficients, it should not be surprising then that there
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are many results relating properties of the measure to properties of the corresponding sequence(s)

(see for example [5, 7, 10, 22, 23, 32, 55, 56, 57, 61, 63, 66, 75] among many others).

In the classical settings of OPUC and OPRL, the orthonormal polynomials also enable one to
study the corresponding measure by providing a sequence of measures that approximate the measure
of orthogonality and are defined in terms of the orthonormal polynomials. In the case of OPUC,

the approximating measures — which we denote by p™ — are defined by

= — 2.1.4
(e P 2 214)

These measures are called the Bernstein-Szegé Approximating measures and are in fact probability
measures on the unit circle. Theorem 1.7.8 in [56] tells us that the measures {u"},en converge
weakly to the measure p as n — oco. More precisely, if ) is a polynomial of degree at most n + 1

then

Q) = [ @)duce)
oD oD

Furthermore, it is trivial to see that p,41(z; ™) = ppt1(z; 1) and so by (2.1.3), we conclude that
the Verblunsky coefficients aq, . . ., o, are the same for p and p™ and so in fact p, (z; u™) = pm(z; 1)

for all m < n + 1.

In the case of OPRL, there is more than one sequence of approximating measures, some of which

are discussed in [26, 28]. We will be interested in the measures defined by

1

dpy, CL‘) =
( 7r(a3L+1p721+1(:c;,u) + (5 11)?)

d, (2.1.5)

which are analyzed in [59] where it is shown that the measures {p,}nen converge weakly to the
measure g as n — oo. It is well-known that the zeros of p,(x; 1) and p,,41(z; p) strictly interlace for
OPRL (see Section 1.2.5 in [56]) so the denominator on the right-hand side of (2.1.5) is never zero.
As discussed in Section 2 in [59], it holds that

/ zldp, (z) = / ztdp(z), £=0,1,...,2n. (2.1.6)
R R

Notice that for £ > 2n, the left-hand side of (2.1.6) is infinite. However, we can still construct the
orthonormal polynomials p,,(z; p,,) for m < n and we easily see that p,,(2; pn) = pm(z;p) for all

m < n.

We will continue to discuss OPRL and OPUC throughout this chapter and our exposition will
often make reference to the recurrence relations (2.1.1) and (2.1.2). In the Introduction, we men-

tioned some questions that will guide our investigation. In the remainder of this chapter, we will
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discuss some of these problems in more detail and state explicitly much of what is known about

these problems in the context of OPUC and OPRL.

2.2 Regularity

Recall that in (1.1.6), we said that a measure is called regular if the leading coefficients of its
corresponding orthonormal polynomials satisfy

lim /" = cap(supp(u)).

n—oo

For a measure p with compact support supp(u), we recall the notation ch(u) for the convex hull
of the support of p and we will let Pch(u) denote the polynomial convex hull of the support of p,
where the polynomial convex hull of a set X is defined as in [65] by

Pch(X) = N {z:1p(2)] < lIpllzeex) } -
polynomials p # 0

It is not difficult to see that if {2 is the unbounded component of C\ supp(u) then Pch(u) = C\Q (see
[65]). If K is a compact set, then a measure p is said to be regular on K if p is regular, supp(u) C K,
and the boundary of Pch(K) is contained in supp(u). Generally speaking, a measure is regular if
it is sufficiently dense near the support of the equilibrium measure for supp(u). There are many
ways to understand what is meant by “sufficiently dense” and we will discuss some of them in this
section.

As a motivating example, consider the case when p is area measure on the unit disk. Let {Qy, }nen
be a sequence of polynomials satisfying deg(Q,) < n. Suppose also that liminf,,_ . ”QnHlL/oZ(D) =
a > 1. In this case, for any A € (1, «) it is true that for every sufficiently large n there is a z,, € 9D
so that |Qn(2n)| = [|@nllze @) > A". Bernstein’s Theorem (see Theorem 2.2.5 in [56]) tells us that
|Qn(2)| > A"/2 for all z € {w : |w — z,| < (100n)~, Jw| < 1}. Therefore, limianQnHlL/;zu) > A
and since this is true for every A € (1,«), we get liminf ||Qn||2/2?#) = a. One might guess that
this phenomenon always occurs, namely that if a sequence of polynomials has L°°-norm growing
exponentially quickly, then the L?(u)-norms must grow exponentially quickly and at the same rate.

This is in fact not always the case, but when it is, we call the measure regular. The result is the

following:

Theorem 2.2.1 (Stahl & Totik, [65] pg. 66). A measure p is regular if and only if for every

sequence of nonzero polynomials {Qn }nen satisfying deg(Q,) < n we have

1/n
lim sup < @Qn(2)] ) < e9a(2500)

n— 00 ”Qn”L?(u) -
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locally uniformly for z € C.

Remark. Our use of the phrase “locally uniformly” is the same as in [65], i.e., for every z € C and

sequence {z, }nen converging to z, we have

1/n
lim sup < |@n (2n)| > / < p99(%00)
n—oo \|1@nllz2() B

Now we will consider some conditions on a measure that imply regularity. In keeping with
the above observations, all of these conditions will imply some amount of density near the outer

boundary of the measure’s support. First we need to define the notion of a carrier of a measure.
Definition. A carrier of a measure y is a measurable set X such that y(C\ X) = 0.

We call a measure p an Ullman measure if for every carrier X of p it is true that

cap(X Nsupp(u)) = cap(supp(u)).-

Now we can state our first regularity criterion.
Proposition 2.2.2 (Stahl & Totik, [65] pg. 102). If i is an Ullman measure, then u is reqular.

A condition equivalent to being an Ullman measure is known as Widom’s criterion and is satisfied
if for any carrier C' of p, there exists a sequence of compact sets {X,, }nen (possibly depending on

() such that wx, (C) — 1 and cap(X,,) — cap(supp(p)) as n — oo.

Proposition 2.2.3. Let p be a measure on the unit disk of the form w(z)dA(z) where dA(z) is
area measure and w € L'(dA) satisfies w(z) > 0 whenever |z| € (1 —¢€,1) for some € > 0. Then p

satisfies Widom’s criterion.

Proof. Fix a representative of the equivalence class w € L'(dA) and also denote it by w. Let X be
a carrier of . It must be the case that X has full measure in the annulus {z: 1 — ¢ < |z| < 1} since
otherwise X would not be a carrier of u. Therefore, without loss of generality we may assume w is
the characteristic function of this annulus.

Let C, = {z : |z] = r} and suppose for contradiction that there is some 1 € (1 —¢,1) and
€1 > 0 so that for almost every r € (r1,1) one has | X NC,|, < 1— ¢ (here |- |, denotes normalized

arc-length measure on C,.). This clearly contradicts the fact that X is a carrier of pu, so we can find

a sequence of circles {C). }nen such that lim, ,oor, = 1 and | X NC, |., — 1 as n — oo, which

means u satisfies Widom’s criterion. O

There are various other criteria that imply regularity and some of them are listed in Section 4.2

in [65]. One of the weakest such conditions is known as condition A* and is satisfied precisely when
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there exists a constant L > 0 such that

}ii%cap ({z:p({w:|w—z <r})>r"}) = cap(supp(p)).

The relevant result is the following:

Theorem 2.2.4 (Stahl & Totik, [65] pg. 109). If every point in the boundary of Pch(p) is a reqular
point with respect to the Dirichlet problem in C\ Pch(u), then criterion A* implies u is regular.

The condition of regularity has many important consequences. As mentioned in Section 1.1, it is
a necessary and sufficient condition for root asymptotics of the orthonormal polynomials. It also has
important implications for the location of the zeros of the orthonormal polynomials. If v,, denotes
the normalized zero counting measure for the polynomials p, (z; 1) (that is, the measure with a point
mass of weight n~! at each zero of p,(z; 1)) and we let 7, denote its balayage onto the unbounded
component of C\ Pch(), then the regularity of 1 implies that the measures i, converge weakly to
the equilibrium measure for supp(u) as n — oo (see Theorem 3.6.1 in [65]). If Pch(p) has empty
interior, then the weak convergence of v, to the equilibrium measure for supp(u) is in fact equivalent
to regularity provided every carrier of p has capacity bounded away from 0 (see Theorem 3.1.4 in

[65]). In Section 3.3 we will observe some further consequences of regularity.

2.3 Szeg6’s Theorem

One of the motivations for the present body of work is to explore generalizations of Szeg6’s Theorem
on the unit circle. This is a very profound result, several proofs of which are presented in Chapter

2 of [56]. The result can be stated as follows:

Szeg6’s Theorem. If u is a probability measure on the unit circle, then

n—oo

2m
lim &, ! =exp (41/ log(u'(@))dﬁ) = S(oo; ).
T Jo

Perhaps one of the deepest consequences of this result is given as Theorem 2.7.14 in [56], where
a large list of quantities related to orthogonal polynomials are (perhaps surprisingly) shown to be
equal. This theorem relates the limiting behavior of the monic orthogonal polynomial norms to
several other properties of the measure such as its entropy (see Section 2.3 in [56]) or the behavior of
the associated Christoffel functions (see Section 2.5 below). This list of equivalences invites one to
think about generalizations of Szegé’s Theorem to settings where recursion coefficients do not exist.

One of the earliest generalizations was achieved in [17], where Geronimus generalized Szegd’s

Theorem to the case of a sufficiently smooth Jordan curve I'. His result can be stated as follows:
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Theorem 2.3.1 (Geronimus, [17]). Let u be a finite measure on an analytic Jordan curve T where
cap(I") = 1. If ¢.p is a Szegd measure on the unit circle and q € (0,00), then

2

27
1P i)y =0 ([ ou(o @) ) (231)

Before we proceed with the proof of Theorem 2.3.1, we need to make an observation. The
upper bound will be obtained using the extremal property, while for the lower bound we will invoke
subharmonicity of a particular integrand. This is simple enough when g > 1 because every H'(C\D)
function is the Poisson integral of its boundary values (see Theorem 17.11 in [47]). However, some
care is required when 0 < ¢ < 1. We simply note here that Theorem 17.11(c) in [47] combined with
a well-known L? inequality (see page 74 in [47]) imply that if f € H9(C\ D), then

2T

27
/O £ S | p oo, (23.2)

Now we are ready to prove Theorem 2.3.1. The proof we present here is essentially the same as the

proof from [17]. We present it here in english for the reader’s convenience.

Proof. We begin with the proof of the lower bound. By definition of ¢, u, we have

1P g = [ 1Puless)ldu) = [ Paotw) ) (o)

_ [ [ Pa(w)ipa) | w
= [ O . )
Po(h(w); 1, 9)S(w; upps ) |* djw]

),
oD

Now, notice that the integrand in this last expression is analytic in C\D and hence we are integrating

wn 2T

a subharmonic function around a circle. Therefore, (2.3.2) implies that we can bound this integral
from below by the value of the integrand at infinity. Since I' has capacity 1, P, (¢ (w); u,q) grows

like w™ at oo, so we end up with

27 d9
1Pl 2 150603 sl =exo ([ lon((0.0/ 057 ).

which is the desired lower bound.
For the upper bound, we need to first recall a generalization of Szegé’s Theorem. For any measure

v, define the quantity

An(z;v,q) = inf {/C |Q(w)|%dv(w) : deg(Q) < n, Q(z) = 1} (2.3.3)

and we also define Ay (2; pt,q) = limy,— oo An(2; 11, q) (the limit clearly exists as the limit of a non-
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increasing sequence of positive real numbers). We will discuss this object in greater detail later (see
Section 2.5). Its importance for us in this section is derived from Theorem 2.5.4 in [56], which tells

us the following:
Theorem 2.3.2 ([56]). If v is supported on the unit circle, then
Ao (051, q) = S (003 v, q)1. (2.3.4)

We note here that the right-hand side of (2.3.4) is independent of q. The proof of Theorem
2.3.2 is in fact quite elementary and requires only two facts. The first is that for the case ¢ = 2,
the polynomial P?(z;u,2) = 2"P,(z-%,p,2) is the unique minimizer of A,(0;v,q). The second
ingredient is the fact that P*(z;u,2) has all of its zeros outside D, so (P(z; i, 2))?/9 is an analytic
function in a neighborhood of I and hence can be uniformly approximated by polynomials. These
two realizations make proving Theorem 2.3.2 quite simple, though Theorem 2.5.4 in [56] is, in fact,
much more general because it applies to Aoo(z; v, ¢) for any z € D.

Returning to the proof of the upper bound, recall that since I' is an analytic Jordan curve, we
know F,(2) — ¢(2)" — 0 uniformly for z in the closure of the unbounded component of C\ I'. To

see this, we use (1.3.5) to get

1
F,(z) —¢(2)" < —
N ATy

Analyticity of I' implies we may take r < 1 in this integral and see that for z in the desired set we

£y’ (t)

o) — 2| M

in fact have convergence to 0 at an exponential rate.
As is often the case, we exploit the extremal property of P, (-; i, ¢) to derive an upper bound on
its norm. We know that F,, is a monic polynomial, so for any m € N and any choice of constants

Y1y -5 Ym € C we have

q
m

1P (5 @)y < [ [F(2) + D 9Fa—j(2)] du(2)
j=1

—

q

Fo($(w)) + Y 7 Fa—j(b(w))] d(¢p)(w)
=1

|
S~
S

q
m

- /a w”;%ww d(epr) () + (1)
_ /6 1+;@wﬂ d(p1)(w) +o(1)

= A (0; pt5 q) + 0(1)
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if we choose the constants 1, ..., v, correctly. Therefore,

lim sup HPn(v 1y q)”%fz(u) S )‘m(o; ¢*/J7 q)

n—oo
and since m € N was arbitrary, the desired conclusion follows from Theorem 2.3.2. O

Remark. The same proof works if I' is any curve for which F,, — ¢™ tends to zero uniformly on the
curve I' and outside it. This is how Geronimus stated his result in [17], where he provides several

smoothness conditions on I' that imply this convergence property holds.

Notice that in deriving the lower bound in Theorem 2.3.1, we only used the absolutely continuous
part of the measure p (with respect to arc-length measure). Since this lower bound matches the

upper bound, we have proven the following:

Corollary 2.3.3. Under the assumptions of Theorem 2.5.1, if [ising 95 the component of u that is

singular with respect to arc-length measure, then one has

i (a5 @)l ) = 0

Furthermore, in the proof of Theorem 2.3.1, we showed that

Pn(¥(2); 1, @) S (2 Guts @) _q i Pr(@(2)s 1 @) Sz 6t q)

lim - H -
o Ha(T\D) neo z JR

n—oo ‘

Therefore, the Keldysh Lemma (see Section 1.5 above) proves the following:

Theorem 2.3.4. If u is as in Theorem 2.53.1, then

lim PrWEipna) 1 2] > 1

n—o0 2 S(2; Puptyq)’

and the convergence is uniform on compact subsets of C \ D.

Theorem 2.3.4 gives a very clear picture of the behavior of the orthonormal polynomials when
the measure p has sufficiently nice properties. The leading order behavior of the polynomials is
S(z)p(z)™ for an explicitly computable function S that is independent of the singular component of
the measure p. This is precisely the kind of statement that we will try to make about orthonormal

polynomials whose measure of orthogonality has a more general support.

2.4 Bergman Polynomials

One of the main themes of this thesis is to study orthogonal polynomials in the most general

possible setting, in particular in settings where the orthonormal polynomials do not satisfy a finite
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term recurrence relation. The simplest and most natural such setting is when the measure is area
measure on a region of the plane. The corresponding orthonormal polynomials are called Bergman
polynomials. The earliest substantial results concerning Bergman polynomials were obtained by

Carleman in [6]. His main result can be stated as follows:

Theorem 2.4.1 (Carleman, [6]). Let G be a bounded region in the plane whose boundary is an
analytic Jordan curve. Let p be area measure on G and suppose the conformal map ¥ has a univalent

extension to the exterior of the circle of radius p < 1. Then uniformly for z € Q we have

pu(e) = /LS (2)0=)" (1+O(Vnd) (2.4.1)

where p1 € (p,1) and the implied constant in the error term depends on p.

Since Carleman’s paper [6], there have been many generalizations that have extended Carleman’s
result by either relaxing the smoothness conditions on the boundary of the region G (see [67]) or
allowing for more general measures (see [68]). A brief description of many such generalizations can
be found in the introduction to [68]. One of the strongest such results is the following, which is

Theorem 3.1 in [68]:

Theorem 2.4.2 (Suetin, [68]). Let G be a bounded region in the plane whose boundary is an analytic
Jordan curve having capacity 1. Let p be the measure on G defined by h(z)dA(z) where dA(z) is
area measure on G and h(z) is Lipschitz continuous of order oo < 1 on G. There is a function g(z),

which is analytic in C\ G, so that if z ¢ G then

n ogln /2
pu(eip) =\ "t ()6 (a)" <1 +0 ((”ﬁﬁ)) )) ,

where the implied constant may be chosen uniformly on compact subsets of C\ G.

Due to the importance of Theorem 2.4.2, we will now sketch its proof (from [68]).

Sketch of proof of Theorem 2.4.2. Define the function

27 ) 0
D(w) = exp (—4;/0 1og(h(¢(€19)))ew i_ Zd@) , |lw| > 1

e

and define g(z) = ¢'(2)D(¢(2))~ ! for z € C\ G. Let {gn}nen be a sequence of numbers that
monotonically increases to 1 so that {z : |2] = ¢1} is in the domain of ¢. Let X,, be the image of
{z : |z| = gn} under the map ¢ and let G,, be the region bounded by X,,. If we define

)

(2
o

¢
g(z Qn =
(52)

')
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then a key estimate is given by Lemma 3.1 in [68], which states

_ h2)lg(z, 4x)I” RV
Ao = g, <1 Ol e

(
(
- h(2)|g(2,qn) |
B(g,) == min ————2""->1-0[(1-q,)"].
( YL) zeé\Gn |¢/( )‘2 [( n) ]

In other words, the Lipschitz continuity of the weight function h enables is to use the same Szego

function D to approximate the weight up to an acceptable error.

A second key step is an analysis of the generalized Faber polynomial B, (z,q,,), which is the
polynomial part of g(z, ¢,,)¢(2)™. It is a simple estimate to conclude that there is a constant C; > 0

so that

|Bn(2,gm)| < Cigp, 2 € Gp.
A more subtle estimate comes from equation (3.10) in [68], which tells us that there is a constant

C5 > 0 so that
Cagq,;, log(n)

With this estimate, it is a short argument using basic harmonic analysis techniques to show that

o [ ioraser 55 (10 (55))

9(2, qm)
(see Lemma 3.2 in [68]).

Now we have the necessary estimates to finish the proof relatively easily. Let gg = g(c0) so that

by the extremal property, we conclude

2

z z: 2 z z M z
[ repamPaac) < [ o )\ 20 a:),
Therefore,
_ Bn(zaqn) 2 /
i< [ BB 00 AAG) + Alan) /| e e eraac)

< gl + (14 0[(1 - )]) = [HO (biil’) )] -
Meanwhile

1= [ hE@lnGinPau) = Ba) [ . m dA(2).

Now we make the change of variables z = v(w) and switch to polar coordinates (w = re®). For

each fixed r, the angular integral is the integral of the absolute value of an H? function around its
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boundary circle, so we bound this integral from below by the value at infinity as in (2.3.2). We then

integrate in the variable r and use our previous estimates on B(g,) to get

« ™ n _
1> (1 -0[(1-aq.)%) m(l — ")k gy %

Using these estimates, the desired conclusion follows by setting ¢, = 1 —n~!log(n).

Theorem 2.4.2 is in many ways still the strongest result of its kind. We will generalize it in the
sense that we will consider a more general class of measures, but we will pay the price of replacing
the error term in the expression for p,(z;u) by simply o(1). However, notice that even with this
slightly weaker conclusion we still have enough information to determine the asymptotic behavior
of the leading coefficient of p,(z; 1) as n — oo as well as the ratio and root asymptotic behavior of

the orthonormal polynomials.

2.5 Christoffel Functions

In this section we will consider an important minimization problem. While the nature of this
problem may at first appear unremarkable, its solution in terms of the orthonormal polynomials is
of substantial importance because it provides a very useful tool for proving universality estimates
(see for example [27]) and a shape reconstruction algorithm (see Section 5 in [18]). In this section
we will explicitly state the problem at hand and explain its connection to orthogonal polynomials.
We will then state some important results on this subject in the setting of OPUC. We conclude with
a description of a generalized version of the problem.

The Christoffel function is defined as the limit of a sequence of functions that are defined in

terms of a very natural minimization problem. For each n € N, define

i) =it { [ 1QG)Pduw) : des(@) <, Q) =1} (25.1)

A simple compactness argument shows that in fact the infimum is a minimum and a convexity
argument shows that there is a unique minimizer. It is clear that the sequence {A,(z;p)}n>0 is
non-decreasing in n and so the sequence has a limit, which we denote by A (z; ). Our definitions

obviously imply that
Aoo(z; ) = inf {/ |Q(w)|*dp(w) : Q a polynomial, Q(z) = 1} . (2.5.2)
C

The definition of the function A,, makes it a natural object to consider. Its relationship to

orthogonal polynomials comes from our next theorem, but before we state it we must define some
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additional notation. For every n € N, define

Ko (zwip) = pj(z; m)p; (w; ). (2.5.3)
=0

Notice that K, (z,w) is a polynomial in z of degree n and K, (z,w;u) = K,(w,z; ). Its most

important property is the reproducing property, which is described in the following:

Proposition 2.5.1. If Q is a polynomial of degree at most n, then

/ Q) K (2, w; w)dp(w) = Q(2). (25.4)

Proof. Since deg(Q) < n, we write Q(w) = Z?:o d;pj(w; p) for some complex numbers dy, . .., d,.
We then use (0.0.1) to calculate

/Q n (2, w; p)dp(w ZZ/ d;p; (w; p)pi(z; ) pe(w; ) dp(w Zdypgzu Q(2)

7=0 k=0

as desired. O
We can now state the relevant result.

Theorem 2.5.2 ([63] pg. 124). The unique minimizer of the right-hand side of (2.5.1) is

and

1

An(z3p) = Kn(z.7:00)

(2.5.5)

Proof. The key to the proof is the reproducing property of the kernel K,,(z, w; ). Indeed, if deg(Q) <
n and Q(z) = 1, then
17/@ Ky (2, w3 p)dp(w).

Applying the Schwarz inequality yields

1< QU F2 () 1K (2, -5 1) 172 -

However,

1Kt )2 ) = /C K2y w5 1) Ko (0, 25 ) dpa(w) = Ko (2, 2)

since K, (w, z; ) is a polynomial in w of degree n. Therefore, ||QH2LQ(/L) > Ku(z,2z;u)7 L. Tt is easily
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checked that we have equality if Q(w) = K, (w,z;u)K,(2,2;p)~t, which is what we wanted to
show. 0

Theorem 2.5.2 tells us that we can deduce the behavior of the Christoffel function in any case
where we have sufficiently detailed information about the orthonormal polynomials. Conversely, if
we know something about the behavior of the Christoffel function, than we know something about
the behavior of the orthonormal polynomials. For example, if Ao (20; ) > 0, then we know that
the sequence {p,(20; it) }n>0 lies in £2(Np), implying the orthonormal polynomials tend to zero very
rapidly at zg. Therefore, studying the properties of the Christoffel function is a natural problem
associated to the general study of orthogonal polynomials and we will study it more in Chapter 3.

In the case of OPUC, much is known about the Christoffel function. For example, the following

theorem comes from Section 2.2 in [56].

Theorem 2.5.3 ([56]). Let p be a probability measure on the unit circle. The following hold
1. If z € OD then Aoo(z; 1) = p({=}).
2. If |z] > 1 then Ao(z; 1) = 0.

3. Either Moo (z; 1) is identically zero on D or it is never zero on D. The latter case holds if and
only if p is a Szegd measure on 0D, in which case Ao, is given by

Aoo(z: 1) = exp < / TAB ) d") .

et — 2|2 o

Ttems (1) and (2) continue to hold in much more general settings and with essentially the same
proof. As the statement suggests, the usual proof of (3) uses the Szegé function, so generalizing it
to measures with more general support is not immediate. We will prove a result analogous to item
(3) in Section 3.2.3. The main step in the proof will be to derive some amount of uniformity in the
harmonic measures for a sequence of nested domains whose union carries the measure p.

In fact we will consider a more general problem that admits the same solution. We will consider

a more generalized Christoffel function by defining

MCeina) = int { [ Q) tdu(w) s deg(@) < n. @) =1} (2.5.6)

and letting Aoo(2; p,q) = limy, oo An(z;p,q) as in (2.3.3). We will see that obtaining a result
comparable to Theorem 2.5.3 for this more general function is no more difficult than considering
only Ao (2; ) = Aoo(2; 11, 2), although when ¢ # 2, there is no obvious connection to orthonormal
polynomials. Indeed, the full version of Theorem 2.5.4 in [56] (which was cited earlier in Theorem

2.3.2), tells us that if u is supported on 0D and z € D, then A\ (2; p, q) is independent of g.
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2.6 The Bergman Kernel Method

In this section we will take a more detailed look at one of the many applications of Bergman
polynomials. This application is a tool for numerically estimating a conformal map from a given
region to the unit disk and is called the Bergman Kernel Method. Recall (1.1.3), which tells us that
one can express the Green function for a region in terms of the corresponding conformal map of the
exterior domain. Therefore, if one wants to numerically estimate the Green function — which is often
the case in applications — one can approach the problem by estimating the conformal map and the
Bergman kernel method gives an explicit algorithm for doing so. Much of the material we present
here can be found in [30].

Let G be a bounded simply connected domain whose boundary is a Jordan curve. If we let dA(z)

denote two dimensional Lebesgue measure, then we may define the Hilbert space

LA(G) = {f : f analytic in G, / |f(2)|?dA(z) < oo},
G

which is known to be a reproducing kernel Hilbert space, and so has a reproducing kernel K (z,w).

For any fixed 2y € G, we will consider the minimization problem given by

A(z) = inf {/G [f'(2)]?dA(z2) : f € L3(G), f(z0) =0, f'(20) = 1}-

If we let x be the inverse to the canonical conformal map at 2o, then for any f € L2(G) we have

/|f )2dA(2) /|f DI (w)]2dA(w /| o X)' () PdA(w) > 7|(f 0 x)'(0))2,

with equality in this last inequality if and only if (f o x)’(2) is constant on D. It follows that if f is
an extremizer of 5\(20) then f is a conformal map from G to some disk of radius rg > 0 satisfying
f(z0) =0 and f’(z9) = 1. Let us denote this conformal map by ¢o.

Now consider the problem of finding an extremizer for the function A (z), which is defined
similarly to 5\(20), except now we also insist that f is a polynomial of degree at most n. In this case,

a similar analysis to the one in Section 2.5 shows that if 7, is an extremizer of :\n(zo), then

Kn—l(za 205 AG)

!
m (2) = ,
() Kn_1(20,20; Ac)

n

7Tn(Z) = / Kn 1 C7ZO7AG)dCa

K, 1(20,20,AG

where Ag denotes area measure on the region G. The polynomials {7, },en are known as the
Bieberbach polynomials for the region G and the point zy. Given the nature of the extremal problems
defining X and )\, it is natural to wonder if the Bieberbach polynomials converge to the conformal
map @g. It is known that this convergence does hold when OG is a Jordan curve, and one can

estimate the rate of convergence given various smoothness conditions on G (see page 76 in [68]).
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Indeed, it is true that

K(z, zp)

<P6(Z)=ma wo(Z)ZM/Z:K(QZo)dC

The Bieberbach polynomials are an extremal sequence of polynomial approximations to the map g

in that

oo — L2 (@) = inf{lley — Q'llL2(q) : deg(Q) < n, Q(20) =0, Q'(20) = 1},

(see Section 1 in [30]). Note that the Bieberbach polynomials are not intrinsic to the region G, but
are determined by the region and a fixed point 2y € G.

The Bieberbach polynomials provide an explicit application of the Bergman polynomials to an
important problem in approximation theory, namely that of numerically approximating the confor-
mal map of an arbitrary simply connected Jordan domain to the unit disk. One can then ask how
good the approximation is and where the sequence of approximants convergences. This problem has
a long and ongoing history (see Chapter 5 in [68]) with many deep results. One very general result

is the following theorem, which is given as a remark following Theorem 5.2 in [68].

Theorem 2.6.1 (Suetin, [68]). Let I' be the boundary of G and suppose T' is p times differentiable
and the p*"' derivative is Lipschitz continuous of order o € (0,1). If p+ a > 7/4, then there is a
constant C' > 0 so that

C'log(n)

lpo(z) — mn(2)| < —opta

forall z € G.

We conclude that if the boundary of the region in question is sufficiently smooth, then we have
convergence of the polynomials 7, to the conformal map g in the closed region G and a reasonable

estimate on the rate of convergence.

2.7 Ratio Asymptotics

Ratio asymptotics for orthonormal polynomials on the unit circle or an interval have been studied
extensively (see for example [1, 2, 11, 38, 43, 44, 55, 56, 57, 70]). In particular, in [55], Simon gives

necessary and sufficient conditions for the existence of the limit

lim 7pn(z; 1)
n5% po1(2511)

when the measure of orthogonality is (compactly) supported on the real line. The criteria he provides

are in terms of the recursion coefficients for the polynomials {py(2; i) }n>0. Similarly, in [56, 57]
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Simon shows that if the measure u is supported on the unit circle, then the ratio pnp;ll tends to z
outside D = {z : |z] < 1} if and only if the recursion coefficients decay to 0.

For measures with more general support, the problem of ratio asymptotics is more difficult and
there are fewer results in the literature. The Szegé asymptotic results discussed in Section 2.4 clearly
imply ratio asymptotic results, but substantial results devoted specifically to ratio asymptotics
have arisen only recently. A recent paper of Saff (see [48]) develops some interesting and powerful
techniques that allow him to prove the existence of ratio asymptotics along a subsequence for a large
class of measures with very general compact support. His approach is relatively straightforward and
is based on showing that {zp,—1(2; #)pn(z; ) "' }n>0 is a normal family on the domain {z : |z| > R}
for some sufficiently large R. In Section 3.3, we will present many new results concerning ratio
asymptotics when the measure of orthogonality has very general support. Special attention will be
paid to the closed unit disk D and to the lemniscate E,, = {2 : [z™ — 1| < 1} for technical reasons
that will be explained later.

When p is supported on the unit circle or real line, there are detailed results regarding ratio
asymptotic behavior. The following two theorems are simple consequences of the proofs presented

in [55] and Section 1.7 in [56] respectively.

Theorem 2.7.1. Let p be a probability measure supported on a compact subset of the real line and let
{an, by }nen be the recursion coefficients from the three-term recurrence relation for the orthonormal

polynomials {p, (z; 1) }n>0. Let N C N be a subsequence so that for every m € Z, one has

M dpgm =1, i bogm = 0.
neN neN

For any x & supp(u) it is true that

vk Paoi(@ip) 2 o

Theorem 2.7.2. Let i be a probability measure supported on the unit circle with Verblunsky coef-

ficients {an }n>0. Let N C N be a subsequence so that

A a1 =0.
neN

For any z satisfying |z| > 1 we have

lim 7;0”(2;#) =z

no P12 p)

In both of Theorems 2.7.1 and 2.7.2, the ratio p,/p,—1 converges to the conformal map ¢. A

similar result was obtained in [2]. Although the proof of Theorem 2.7.2 is very simple, we will
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present here the proof of Theorem 2.7.1 since it is not explicitly stated in this way in [55]. However,

we use essentially the same argument as in the second proof of Theorem 2.1 in [55].

Proof of Theorem 2.7.1. First note that the theorem is known to be true in the case when a, =1,

and b,, = 0 (the so-called free case) due to the results in [55]. Let J be the self-adjoint matrix defined
by

(where all entries away from the three main diagonals are 0) and let J (") be the upper left n x n
block of J. Tt is well-known that P, (x; ) = det(z — J). Since a,, — 1 as n — oo through N, it

suffices to prove the ratio asymptotics for the monic orthogonal polynomials. By Cramer’s rule

Po1(x; 1)

=(z—JM)t = (z - J) ],

nn

where ji(;l) = J,(L:L_)l_im g Our hypotheses clearly imply that Jm) converges strongly to the free
Jacobi matrix Jy as n — oo through NV, and hence (z — J ("))=1 converges strongly to the resolvent
of the free Jacobi matrix for any z satisfying liminf,, . nep dist(z, spectrum(J ™)) > 0. Tt is
well-known that this property holds for any x not in the spectrum of J (as mentioned in [55]) and

so for any such x we have

Pr1(z;
i Pro1 (@)
n= TP (2 )

neN

= (v — JO)I11~

The result now follows from formula (2.25) in [55]. -

By using the argument in the proof of Theorem 2.9.4 (see below), Theorem 2.7.1 implies that if
1 has compact support in R, is regular, and has essential support equal to [—2, 2] then we have ratio
asymptotics along a sequence of asymptotic density 1. We will discuss generalizations of Theorem

2.7.1 to the setting when the measure u is supported on the closed unit disk in Section 3.3.2.

2.8 Relative Asymptotics

Let p and v be two measures with compact (though not necessarily identical) support. One expects
that if the measures p and v are very similar, then this similarity would manifest itself in some way
in the polynomials p,,(z; 1) and p,(z;v). This reasoning inspires the study of the quantity

lim Pn(2; 1)

: (2.8.1)
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a quantity referred to as relative asymptotics.

Relative asymptotics have been studied in a variety of contexts. A typical relative asymptotic
result is Theorem 2.3.4. In that theorem, one starts with the equilibrium measure on an analytic
Jordan curve and then perturbs it by adding a weight function satisfying (1.4.2) and a singular
component. Theorem 2.3.4 exhibits two properties that are typical of relative asymptotic results.
First, it shows that a particular perturbation — in this case the singular component — does not affect
the leading order behavior of the orthonormal polynomials. It also provides an explicit formula
for the limit (2.8.1) in terms of the relationship between p and v. These are features of relative

asymptotic results that we will also try to capture in Section 3.3.

Additional relative asymptotic results on the unit circle can be found in [2, 33]. In a more general
setting, some recent results of Saff have appeared in [48]. We will use techniques similar to those of
Saff later in this text and much of our work is motivated by the conjecture in [48], so we mention
some of his results here. His main result on relative asymptotics is phrased in terms of varying

weights, that is, he considers a sequence of measures {, }neny where
dpin(2) = wy(2)dA(z) (2.8.2)

and dA(z) is area measure on the unit disk. His main result is the following theorem, which in
a qualitative sense tells us that if w, has some reasonable constraints on it, then the correspond-
ing orthonormal polynomials cannot differ too greatly from the orthonormal polynomials for area

measure.

Theorem 2.8.1 (Saff, [48]). Let p, be defined by (2.8.2) and let Ky, ,, be the leading coefficient of
Pn(2; fin). If there exist positive constants My and My so that

Rn,n § Ml\/ﬁ and wn(z) § M27

then for any closed set E C C\ D there eist positive constants ¢, and co so that

Pn(2; fin)
/nzm

c1 < SCQ, zeb.

We will consider relative asymptotics in several different settings. For example, we will consider

the Uvarov Transform of a measure, which is obtained by adding a pure point to the measure:

fo = p+ 0z, t>0. (2.8.3)
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A straightforward computation reveals (see Proposition 8 in [15]):

Py (x5 1)

Pn(z§,u1) ZPn(Z;M)_ 1+ tK 1(1. T

)Kn_l(z,x;u) (2.8.4)

(recall the definition of K,(z,w;u) in (2.5.3)). While the extremal property suggests that the
polynomials { P, (z; ttz) tnen will have a zero very close to x when n is large, Theorem 2 in [49] tells
us that this is often not the case and provides examples where the point z is not a limit point of the
zeros of { Py (+; tz) }nen.

We will also consider the Christoffel Transform, which is obtained by multiplying the measure

by the square modulus of a monomial:
dv*®(2) = |z — x*du(2). (2.8.5)

A straightforward computation reveals (see Proposition 3 in [15]):

P (z;v"%) = o i " (Pn+1(z; ) — IMK”(Z,IE; u)) . (2.8.6)

The Christoffel Transform has a second interpretation that makes it a natural object to study. Recall
that the monic polynomial P, (z; 1) satisfies the extremal property of having the smallest L?(p) norm
of any monic polynomial of degree n. The polynomial P,_1(z; ") is such that (z—x)P,_1(z;v") has
the smallest L?(u) norm of any monic polynomial of degree n with a zero at x. Therefore, a relative
asymptotic result in this case will give us some idea about how changing the extremal problem in
this way manifests itself in the corresponding extremal polynomials. It may be helpful to keep the

following example in mind:

Example. Consider the case when p is area measure on the unit disk and we take the Christoffel

Transform v!. In this case then, we have (by the example in Section 4.6 in [68])

n+1 .
™

zvh) = 2 P z24+ 224 4R
Pul50) \/7r(n+1)(n+2)(n+3),;)(k+l) (L7t 252,

n

Clearly all of the zeros of p,(z; ) are located at 0. Figure (2.1) shows a Mathematica plot of the
zeros of pi7(-;vt). We see that the zeros of p,(z;v!) are not near 0 and further analysis shows
that the zeros of p,(-;v!) migrate to the unit circle as n tends to infinity. However, in spite of
this apparent lack of similarity, a simple calculation (see the example in Section 3.3.4) shows that
(z — Dpp(2; 1) pry1(z; )"t tends to 1 outside D as n — oo. Indeed this is a special case of a more

general result that we will prove in Section 3.3.4.
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Figure 2.1: A Mathematica plot of the zeros of py7(-;v?t).

The above example shows that it is interesting to consider not only the value of the limit in

(2.8.1), but also to specify those values of z for which the limit exists.

2.9 Weak Asymptotic Measures

As mentioned in the Introduction, one expects the orthonormal polynomials to behave in such a way
that the resulting measures {|py(z; u)|?du(2)}n>0 are asymptotically as equidistributed as possible
over the support of p. This intuition does not always lead to the right conclusions, but it is helpful in
understanding the behavior of the polynomials to some extent. In fact one can make a precise study
of the collection of weak limits of {|py(z; 1)|[?du(2)}n>0 and when the measure of orthogonality is

on the unit circle, we have the following two theorems:

Theorem 2.9.1 ([57] pg. 523-524). There is an explicit collection of measures {Vi’]z})\} indexed
by parameters k € N, 0 < a < b < 1, and A € 9D so that if there is a unique weak limit point
of the probability measures {|pn(z; p)|?dp(2) }n>0, then this weak limit must be from the collection
{Vi,kb]:A} U {%}. Furthermore, the weak limit is exactly Vii];)\ if and only if there exists an r €

{0,1,...,2k — 1} so that as n — o0
1 Goppare; — 0 if jAL2. . k—1k+1,...2k—1,
2. |agnkt2| — a,
3. ‘a2nk+r+k| — b,

4- a?nk+r+k/a2nk+r — )\b/a
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The weak limit is % if and only if for every k € N, apan+, — 0 as n — oo.

Theorem 2.9.2 ([56] pg. 408). There is a probability measure (1 on the unit circle such that the

collection of weak limit points of {|pn(2; p)|*du(z) }n>0 is every probability measure on the unit circle.

The proofs of Theorems 2.9.1 and 2.9.2 can be found in [56, 57] and we will not include them here.
However, we will state and prove Theorem 2.9.4 below, which provides a set of sufficient conditions
for the equilibrium measure on [—2, 2] to be among the weak asymptotic measures for OPRL. Before
we can state and prove that result, we need to introduce a technical lemma. We recall that for a set

of natural numbers V' C N, we define its asymptotic density as

N2,

n—oo n
provided this limit exists.

Lemma 2.9.3. Let N C N be a subsequence with asymptotic density 1. There exists a subsequence
N1 C N also of asymptotic density 1 so that if £ € Z is fized then every sufficiently large m € Np

can be written as q + £ for some q € N.

Remark. An equivalent condition on N in the statement of the lemma is that if £ € Z is fixed then

for all sufficiently large m € N7, the set {m — |¢|,m — |[¢| + 1,...,m + |€|} is contained in N.

Proof. The idea is to think of the set N\ N as being gaps in the set A/ and then to widen the gaps
in smart way. More precisely, let M = N\ AN and let [n] = {1,2,...,n}. If k € N is fixed, then by
definition of asymptotic density, one has

o HMA )

n— oo n

:07

where |X| denotes the cardinality of the set X. Therefore, by a standard argument, we can find a

sequence of natural numbers {k, }22 ;, which is non-decreasing and is unbounded so that

iy Rl MO (1]

n— o0 n

=0.

For every m € M, let U, = {m — (kp, — 1),...,m,...,m+ k,,, — 1} and define

M= | Un
meM
Then
2
limsupl Nl < limsup Fn| MO [] =0,
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so N'\ M has density 1. Define N = N \ Mand let £ € Z be fixed. Clearly M is divided into blocks
so that the first and last |[¢| elements of any sufficiently large block are not in M. In other words, if
we shift every block of A to the left or right by |¢], all but finitely many blocks land in N, which

is the desired conclusion. O

The relevant theorem is the following theorem that is proven using an argument from [55]:

Theorem 2.9.4. Let 1 be a measure supported on some compact subset of the real line. Assume
further that u is reqular and has essential support equal to [—2,2]. There exists a subsequence N C N

of asymptotic density 1 so that

w- lim. pn (25 ) Pdp(z) = dwi_g 9 (). (2.9.1)

neN

Proof. Let {an,by}nen be the recursion coefficients for the orthonormal polynomials (see Section
2.1). First note that Theorem 2 in [55] combined with formula (5.23) in [55] imply the result
holds with A/ = N when the orthonormal polynomials have recursion coefficients given by a,, = 1
and b, = 0 for all n € N. Let ¢t = (tg,t1,%2,...) be a walk on the lattice {0,1,2,...} so that

|tj — tj+1| S 1. Define

where

bk+1; lf tj+1 = tj = k,
w(tj7tj+1) =\ Ak+1, if tj+1 :tj—Fl = k+1,
Qg , ifthrl:tj—l:k—]..

Let Qn,m,; be the set of all paths of length j with {g = n and t; = m. We claim

[a bt wPano = 35 wo.

t€Qn,n,¢

To see this, recall (2.1.1):

Tpn (@5 1) = Any1Pnt1(T5 1) + b1 (T3 1) + anpp—1(z; ).

By induction then, we easily recover

epazip) => | D W) | pmlasp),

tEQn,m,¢
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from which the claim follows since

/x‘\pn(x;u)ﬁdu(w) = (pn(; ), 2°pu(@; 1)) -

With this claim in hand, we need to show that W (¢) converges for every t € Q¢ as 1 — 0
through some subsequence of asymptotic density 1. For this, we recall Theorem 1 in [61], which tells

us that there is a subsequence N’ C N of asymptotic density 1 so that

Hman =1, lin by =0.
neN’ neN’

Lemma 2.9.3 then implies that we can find a subsequence N' C N’ also of asymptotic density 1 so

that for every m € Z fixed, we have

M g =1, i by =0
neN neN

(this can be interpreted in terms of right limits; see Section 7.1 in [63]). For each ¢ € Q1 ¢, the
quantity W (t) is defined in terms of a set of recursion coefficients with indices having a bounded
distance from n, which implies that

lim xé|pn(x;u)|2du(x):}i_grolc Z W (t)

n— oo

neN neN tEQn.n.e

exists for each ¢ € N and the limit is the same as when a,, = 1 and b,, = 0 for all n € N. Since the
moments of a compactly supported measure on the real line determine the measure uniquely, this

implies the desired conclusion. O

Because of Theorems 2.9.1 and 2.9.2, we will consider the problem of characterizing the weak
asymptotic measures on the unit circle solved. We have necessary and sufficient conditions for a
unique weak limit to exist, when a unique weak limit does exist then we know what the possible
limiting measures are, and we know that without these conditions the collection of weak limit points
need not have any restrictions at all. Therefore, we will turn our attention to a related problem,

namely understanding the weak limit points of the probability measures
1< )
dpn(2) = ——= > Ip(z )P dpa(2).
n+1 =

In the context of this problem, we require substantially weaker hypotheses to reach a conclusion. In
fact we can consider measures with arbitrary compact and infinite support. The following result is

Proposition 2.3 in [62].
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Theorem 2.9.5 (Simon, [62]). Let N(u) = sup{|z| : z € supp(u)} and let v, be the normalized zero

counting measure for the polynomial P, (z;u). For any k € N, we have

’/Czkdun(z)_/czkdynﬂ(z) - M

2.9.2
- n4+1 (2.9.2)

We will now sketch Simon’s elegant proof of this result. Later, we will present an alternate proof

in the setting of OPUC and OPRL (see Section 3.1 below).

Sketch of Proof. Let M, be the multiplication by z operator on the space L?(u) and let Q,, be
the orthogonal projection onto the polynomials of degree at most n. Then it is a straightforward

calculation (given as Proposition 2.2 in [62]) to show that

S TQLQN) = [ () TH@uMEQL) = [ K (e (o)

Next, one shows that Q,MFQ, — (Q.M.Q,)* is an operator of rank at most k and norm at most
2N (u)*. This is very easy to show because the operator in question is zero on ran(l — @Q,,) and
ran(Q,—x), which implies it has rank at most k. The statement about the norms follows from

||M.|| = N(p). This then implies

|Tr((QanQn)k) - Tr(Qanan” < 2kN(/~L)kv

which is the desired conclusion.

a

Theorem 2.9.5 is especially helpful because one is often able to prove something about the asymp-
totics of the measures {1, }nen under very weak hypotheses (indeed just regularity, as mentioned
in Section 2.2). This allows us to make conclusions about the measures p, under similarly weak
hypotheses, while making conclusions about the measures {|p,(2;u)|>du(z)}nen requires stronger
hypotheses. In Section 3.1, we will provide a new proof of Theorem 2.9.5 in the case when the
measure u has compact support on the real line or the unit circle.

From our discussion so far, we see that the measures {|p, (z; u)|>du(2)}n>0 are well-studied and
well-understood in the literature when the measure p is supported on the unit circle or a compact
subset of the real line. However, it is also reasonable to consider the measures {|p,,(z; i, ¢)|7dp(2) }n>o0
for any ¢ € (0,00) and measures p with arbitrary support in the plane. None of the results from
this section extend easily to this more general case due to the lack of a recurrence relation satisfied

by the polynomials p,(z; i1, q). We will consider this problem again in Sections 3.2.2 and 3.3.2.2.
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Chapter 3

Results

“The greatest results in life are usually attained by simple means
and the exercise of ordinary qualities. These may for the most

part be summed in these two: common-sense and perseverance.”

— Owen Feltham

In this, the final chapter of this thesis, we will present new results. The results we present here
can be found in [52, 54, 53], though in many instances our presentation or exposition differs from
that given in the journal articles. Many of these results are generalizations of theorems from Chapter

2 and we will repeatedly mention the similarities between our results and those mentioned above.

We will begin in Section 3.1, where we present a new proof of Theorem 2.9.5 when g is a
probability measure supported on the unit circle or a compact subset of the real line (see also
[52]). In Section 3.2, we will present several new results concerning the polynomials P,(z;u, q)
for arbitrary ¢ > 0 when the measure of orthogonality has a certain form and is supported on an
analytic region (see also [54]). These results include the asymptotic behavior of the L(p)-norm of
these polynomials, strong asymptotic behavior outside the region of orthogonality, a description of
the weak asymptotic measures, and the behavior of the Christoffel functions. Finally, in Section 3.3,
we will present new results on relative and ratio asymptotics for orthonormal polynomials (see also
[53]). In Section 3.3, we make no assumptions about the support of the measure of orthogonality

except that it is infinite and compact.

Throughout this chapter, we will often abbreviate our notation for clarity. We will often denote
P, (z; 1, q) by Py (p; q) or just Py, () if there is no possibility for confusion. We will also use notation
from Chapters 1 and 2 throughout this chapter.
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3.1 Weak Convergence of CD Kernels: A New Approach on
the Circle and Real Line

In this section we will provide a new proof of Theorem 2.9.5 when u is a probability measure
supported on the unit circle or a compact subset of the real line. We recall that Theorem 2.9.5 is
originally due to Simon and can be found in [62]. If the measure is supported on a compact subset
of the real line, Totik has a different proof, which can also be found in [62]. The key idea in our
proof will be to look at Priifer phases of the appropriate ratio of the orthonormal polynomials.

If p is supported on 0D, we define n,,(0) : [0,27] — R to be a continuous function so that

i0.
ginn(@) _ Pt (€ ’L‘), (3.1.1)
Pri(es )
where p¥ 1 (2) = 2" "ppy1(2~1) (so that the right-hand side of (3.1.1) is a Blaschke product). If p
is supported on R (we always assume compact support), then we may define 6,,(z) : R — (—m/2, 00)

to be a continuous function so that

UnPn (5 1)

tan(f,(z)) = e Gat)

(3.1.2)

(see Proposition 6.1 in [23]) where a,, is as in (2.1.1). In our proofs, we will use the functions 7,, and
0, (and their derivatives) to obtain measures that approximate the measure u in a sense suitable
for our purposes. More precisely, we will use the measures p™ and p,, defined in (2.1.4) and (2.1.5)
respectively.

In the next section we discuss some properties of the measure p,, that will be relevant to our proof
in Section 3.1.3. In Section 3.1.2, we provide our new proof of Theorem 2.9.5 when g is supported
on the unit circle. In Section 3.1.3 we consider y supported on the real line and prove Theorem 2.9.5

with the right-hand side of (2.9.2) replaced by O(n™1).

Throughout this section, p will always be a probability measure.

3.1.1 Gaussian Quadrature

Before we move on to the proof of our results in this section, let us take a moment to better

understand the measures defined in (2.1.5). Recall the measure p,, is defined by

1

dz.
m(a2 17 (25 1) + pula; )?)

dpn(z) =

To understand the origins of this measure, we must introduce the notion of Gaussian Quadrature

for orthogonal polynomials on the real line. Let us fix some N € N. The orthogonality relation for
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/ Do (@ 1) (@3 1) d(@) = by My < N
R

determines the first 2N moments of the measure p and knowing these first 2N moments uniquely
determines the orthonormal polynomials {p,}Y_,. Therefore, any measure having the same first
N + 1 orthonormal polynomials has the same first 2N moments. In fact, this reasoning applies to
any measure with at least NV 4 1 points in its support, since for such measures it still makes sense
to talk about orthonormal polynomials up to degree N.

Let {e;}52, be the standard basis for £2(N U {0}). An example of a measure with N + 1 points
in its support is the spectral measure of the upper (N + 1) x (N + 1) block of the Jacobi matrix
corresponding to the measure yu (call this block J (v )) and the vector eg. Since the orthonormal
polynomials are determined by the recursion coeflicients, it follows that this spectral measure has
the same first 2N moments as the measure pu.

Notice that the matrix JZEN) defined by
TN = T 4 b(enden

has the same entries as J™) except in the bottom right-hand entry, where we have added b. Since
this coefficient is only used to determine py41, we see that the spectral measure of JlSN) and eq
(call it pn,p) has the same first N 4 1 orthonormal polynomials as p and hence the same first 2NV

moments as pu. To summarize, we have

/:z:kd,u(x) :/zkde,b(x), k=0,1,...,2N. (3.1.3)
R R

The measure py is often called the degree N 4 1 quadrature measure for the measure pu. The

following facts can all be found in [60]:

e The measure py,; is a pure point measure supported on N + 1 distinct points. The measure

pN,o is supported on the zeros of the polynomial py41(-; ).

e The supports of pyp and pnp strictly interlace if b # b'. Additionally, if b > b then the
largest value of a point in the support of py ; is larger than the largest value of a point in the

support of py .

o If x € supp(pnp) then pnyp ({2}) = Ky (z, 25 0) 7L

Now, let us integrate both sides of (3.1.3) along R with respect to the measure ﬁ, which

is a probability measure. Obviously the left-hand side is unchanged since it is independent of b.

On the right-hand side, we get the k" moment of a weighted average of the spectral measures of
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the matrices JZEN). This weighted average is precisely the measure py. For a proof of this fact, see

Theorem 2.1 in [59]. It follows that

/xkdu(z):/xkdpjv(x), k=0,1,...,2N,
R R

which proves (2.1.6).

3.1.2 The Unit Circle Case

Our goal in this section is to provide a new proof of Theorem 2.9.5 when p is supported on the
unit circle. We begin our proof by noting that the theorem is equivalent to the statement that the
moments of the signed measures di, 1 —du,, converge to 0 at a certain rate where 7, is the balayage
of the measure v, onto dD. Let {z;")}?:l be the (not necessarily distinct) zeros of py(z; ). It is

easy to check that (see equation (8.2.8) in [56])

dp : %1 L— 512 ag
v = —.
n+1 n+1 et ‘eia . Z§n+1)|2 o

If we define 7, : [0,27] — R as in (3.1.1) above, then equation (6.10) in [66] implies that

d g R Pk
@nn(@ = Z 0 (n+l) "
Jj=1 ‘6 Zj ‘

Furthermore, equation (10.8) in [23] tells us that

d Kn eie’ eiG; L
—nn(0) = (7192)
do [Pt ()]

so we conclude that -
K’n(eze’ 6107 /’L)

dp = du™(9).
Vn+1 n+1 1% ( )
Therefore, if k € N, we can write
1 n
/j"”“ dvyy1(2) —/ 2 (z) = [(pj (2 1), 2¥p; (25 1) pm — (05 (23 1), 2°p; (25 1)) ] -
D oD n—+ 1

J=0

Since p and p™ have the same first n moments, at most k of these summands are nonzero and each

nonzero summand has absolute value at most 2. We have therefore proven

[ 2% dpn(2) — 2F dvp 1 (2)
ft =

n+1’

exactly as in Theorem 2.9.5.
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Example. Let p be the normalized arc-length measure on the unit circle. In this case we have
prn(z; ) = 2™ for all n and u, = p for all n. The measures {v, }nen are all simply the point mass
at 0 with weight 1. This example illustrates the fact that, in general, the measures p,, and v, need

not resemble each other as measures on D, so it really is important that we consider the balayage.

3.1.3 The Real Line Case

Our goal in this section is to provide a new proof of Theorem 2.9.5 when p is supported on a compact
subset of the real line and with the right-hand side of (2.9.2) replaced by O(n~!) where the implied
constant depends on k. There is a proof of this result due to Totik, also appearing in [62], but with
the right-hand side of (2.9.2) replaced by o(1) (though it can be modified to produce the same O(n=1)
discrepancy estimate for the moments as in (2.9.2) above). Totik’s proof uses Gaussian quadratures
and the monotonicity (in n) of the sequence K, (z,z;u) to establish the weak convergence result
for all polynomials that are positive on the convex hull of the support of u. The proof we present
here will be analogous to the proof in Section 3.1.2 and will rely on the sequence of approximating
measures p,, (see (2.1.5) above). We will make use of formula (3.1.4) below, which relates a set of
perturbed zero-counting measures to a set of perturbed quadrature measures. Combining this with
an interlacing property will allow us to derive the O(n~!) estimate in (2.9.5).

Our computation will be a bit longer than in the unit circle case partly because in Section 3.1.2,
the most difficult calculation was already done for us in [23] and partly because the high moments
of the measure p,, defined in equation (2.1.5) are infinite, so we need to use a cutoff function.

Let us assume p has support contained in [—M, M| and define

7(z) = X[-M—1,M+1] (z).

Let v, 5 be the measure placing weight n~! on each point in the support of Pnp (so that vy, o = 1,).

It follows from formula (6.16) in [60] that

1
dpnpy = ———dvy, . 3.1.4
PES RS Wern et (344
Therefore for any fixed k € N, we have
k 1 k
/z T(x)dvps1p = —— | 7 () Kp(z, x; p)dpp p. (3.1.5)
R k) n + 1 R ’

After taking a suitable average (in b), the expression on the left-hand side of (3.1.5) approximates
the £ moment of v, ., as n — oo while the right-hand side approximates the k" moment of y,,
as n — oo. Indeed, our first step is to integrate the left-hand side of (3.1.5) from —oo to oo with

respect to Tl'(ldi-‘,l-ylﬂ)' Notice that for any value of b, at most one point in the support of p,11 lies
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outside [-M — 1, M + 1] because of the interlacing property. Therefore, we have

/_Z /kaT(x)anJrLb(x) W(lﬁ) b2) - /kaT(x)dyan(m) + O(n_l) (3.1.6)

as 1 — OQ.

If we integrate the right-hand side of (3.1.5) in the same way, this becomes

1
o Aka(x)Kn(m7x;u) dpn () (3.1.7)

by Theorem 2.1 in [59]. Notice that this integral would be infinite without the cutoff function 7. As

an aside, we note that by Proposition 6.1 in [23], (3.1.7) is just

! / $k7($>17d9n+1($) dx,
R

n+1 T dzx

which is why we call this the analog of the proof in Section 3.1.2. Notice that for any fixed m < n

we have

[ @l dputa) < (01 + 1)

This follows from the fact that p,, is also the degree m orthonormal polynomial for the measure dp,

by (2.1.6). Therefore, we can rewrite (3.1.7) as

n i 1 /R"””kT@)ank(x, @y 1) dpn(x) +O(n71)

as n — co. We can rewrite this again as

1
n+1

1
n+1

/ MK () dpp () — / e K iz, 2 1) dpn(x) +O(n™1) (3.1.8)
R |z|>M+1

as n — oo. Notice that z¥ K, _(x,x;p) is a polynomial of degree 2n — k while the denominator of
the weight defining the measure p,, is a polynomial of degree 2n 4 2. Therefore, both integrals in

(3.1.8) are finite. The first term in (3.1.8) is equal to

" -11- 1 /kaKn(x,l';M)d/,L(l') +0(n') = /R:vk djin () + O(n™Y)

as n — 0o again by (2.1.6). We will be finished if we can show that the second term in (3.1.8) tends

to zero like O(n™1) as n — oo and for this it suffices to put a uniform bound on

(3.1.9)

[ Ko )
|z|>M+1
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To do this, we rewrite the integral in (3.1.9) as

e db
2P Kz, ;1) dpp () —————==.
Lo S ™ Bzt donste)

Recall that for each fixed b, at most one point in the support of p, ; has absolute value larger than

M + 1. Let us denote this point (if it exists) by x,41,. Therefore, the above integral is just

K, _k(x x su)  db
k n—k\Tn+1,by Tn+1,bs 1
x : ’ , 3.1.10
[4 n+1b Kn(xn+1,b7 Tn+1,bs ,U,) 7T<1 + b2) ( )

where we used (3.1.4) and the integral is taken over some set A C R such that x,,41 5 exists if and

only if b € A. Using the Christoffel Variational Principal (Theorem 9.2 in [60]), it is easily seen that

2%
Ko i (Zns1,6s Tt 1,65 14) < ( M )
Kn(mn—&-l,b;xn—&-l,b;ﬂ) N |Z‘n+17b|

Therefore, we can bound (3.1.10) from above in absolute value by

/ M2¥ db
A [z plt w(140%)7

which is uniform in n since |z,4+1,| > M + 1. This completes the proof.

Although the proof we just presented is analogous to the proof in Section 3.1.2, an alternate

(though not dissimilar) proof follows from (3.1.5) evaluated at the value b = 0. In this case, we have

1
k k
A1 = " Ky (z, z; p)dpn 3.1.11
/]R T +1Jr ( Jdpn.o ( )

because the cutoff function plays no role here. As mentioned in Section 3.1.1, the polynomial p,, (z; u)
is also the degree m orthonormal polynomial for p, ¢ if m < n. Therefore, by the reasoning of the

above proof, we can rewrite the right-hand side of (3.1.11) as

kM*
n+1

1
n+1

[ Kaseaidpnat e el <
R

The expression z* K,,_j(z,z; 1) is a polynomial of degree 2n — k, and since Pn,0 has the same first
2n moments as u, we can rewrite this again as

1
n+1

1
/ 2P K, g,z p)dp(x) + €, = —— / e K (@, x5 p)dp(z) + &,
R n+1 R

2kM*
n+1 ?

where |é,| < exactly as in (2.9.2). This is our desired conclusion.
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3.2 [P-Extremal Polynomials on Analytic Regions

In this section, we will consider the behavior of the polynomials { P, (2; i, ¢) }n>0 for arbitrary g > 0
when the measure p is of a certain form. We will be interested in describing the behavior of the
polynomials P, (z; p, q) in several ways. The first step will be to determine the asymptotic behavior
of the leading coefficient of p,, (z; 1, ¢) (which we denote by &, (1, ¢)) as n tends to infinity. Then using
the Keldysh Lemma (see Section 1.5) and related ideas, we will deduce the Szegé asymptotics of the
polynomials {P,,(z; i, ¢) }n>0 as n — oo. We will also discuss the behavior of the Christoffel functions
Aoo (23 11, q) (see Section 2.5) and the weak asymptotics of the measures {|p,(z; p, ¢)|9%dp(2) tn>o0. If
the measure p is a Szegd measure on the unit circle, then a concise description of all of these objects
can be found in [56, 57], so our investigation here can be interpreted as a generalization of those
critical results.

Before we begin our investigation, a word is required concerning the case ¢ < 1, where the
polynomial P, (z;u, ¢) is not uniquely defined. On page 84 in [65], it is stated that one does not have
uniqueness of the Li-extremal polynomial when 0 < ¢ < 1 and the following proposition extends

this to include the case ¢ = 1:

Proposition 3.2.1. If u is a finite measure supported on [—2,—1] U [1,2] and p(A) = p(—A) for
all measurable sets A, then one does not have uniqueness of the L -extremal polynomial P, (u,1) for

every odd n.

Proof. Suppose for contradiction that Ps,41(, 1) can be uniquely defined. By the symmetry of the
measure, we must have that Pa,11(0;u,1) = 0. We may then write Po,q1(z;1,1) = 2Qn(2), for
some polynomial @, of degree 2n and satisfying Q,(z) = Q,(—z) for all x € R. For a € (—1,1),
define

Py (2) = (2 — @) Qu(2)

so that P2(2)+1(Z) = Pony1(2; 1, 1). We then have

—1 2
Sl = 5o ([ ta=21Qu@idn) + [ - @l@ulants))

-1 2
= [ 10uElau) - [ 1@u(@ldut) =0,
which contradicts our uniqueness assumption. O

Remark. If in Proposition 3.2.1 we also assume g has no pure points then an alternative proof can

be found by appealing to Theorem 2.1 in [41].

Therefore, in the case ¢ < 1, we will always let P, (z; u, ¢) denote some monic polynomial with

minimal L?(u)-norm (we use the word “norm” here loosely as it is not technically a norm when
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qg<1).

We will consider measures whose support is contained in some compact and simply connected
set G along with finitely many points not in G. We will also assume that G is a region with analytic
boundary and that the logarithmic capacity (see Section 1.1) of G is equal to 1. The analyticity of
0G allows us to univalently extend the conformal map 1 to the exterior of a disk of radius p < 1.
Therefore, if a measure p is carried by the set {z : |2| > p}, then we may define the measure .4
as in Section 1.2. Similarly, we may define the measure ¢,u when p is carried by the exterior of
I .= {¢(2) : |2| = p}. Henceforth, we will always assume that p is some fixed number in the
interval (p,1).

Throughout this section, for a measure v (on any set), we denote

a(y) = /C |2[* dvy(2), (3.2.1)

where we do not insist t € N. We will see that these “moments” provide the appropriate rate of

decay of the norms of the extremal polynomials. One of our main results is the following:

Theorem 3.2.2. Consider the measure ji(re®) = h(re?) (v(0) ® 7(r)) + oa(re??) where
1. h(z) is a continuous function on D that is nonvanishing in a neighborhood of OD,
2. o9 is a measure carried by {z : p < |z| < 1} that satisfies lim;_ o ct(02)cy (7)1 = 0,
3. v is a measure on the unit circle such that v'(0) > 0 Lebesgque almost everywhere,

4. T is a measure on [p,1] such that 1 € supp(7).

Let p be the measure on C be given by
m 0
p=dufitor Y dids, Y B,
j=1 j=1

where supp(o1) C G, d;j > 0, B; > 0, z; € G for all j € {1,...,m}, and ¢; € OG for all j €
{1,...,¢}. Then

. q
lim ||Pn(z7 12 q)HLQ(M)

n—oo an(T)

27 m
— exp (/O log (h(c**)/(0)) ;ﬁ) IS (3.2.2)

If the logarithmic capacity of G is equal to v > 0, then Theorem 3.2.2 still allows us to deduce
the asymptotic behavior of the extremal monic polynomial norms. Observe that the region v~ 'G =
{z : yx € G} has logarithmic capacity 1 (see Theorem 5.1.2 in [45]). If M-+ : C — C is given

by M,-1(z) = v 'z, then we define the measure (M,-1).u as usual. Notice that for any monic
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polynomial @ of degree n, the polynomial y~"Q(+vz) is also monic and

VRGN gy = V" RO Lagar, )y - (3.2.3)

Taking the infimum of both sides of (3.2.3) over all monic polynomials @ of degree n and invoking

Theorem 3.2.2, we conclude that if cap(G) = 7, then

||Pn(z§ﬂaq)H%q( 2m : d&

lim mo_ e / log (h(e')/(0)) — 24,
i = o ([ o (e @) 57 ) TT o)
Therefore, we suffer no loss of generality by only considering regions G with capacity 1.

During the preparation of [54], we discovered the recent announcement of Baratchart and Saff,
which is described in [4]. They consider measures on the unit disk that in may ways resemble the
measures we consider in Theorem 3.2.2. They obtain a similar description of the asymptotic behavior
of the monic orthogonal polynomial norms, though Theorem 3.2.2 seems to be more general.

The factor of H;n:l |6(z;)]? in (3.2.2) is exactly what one would expect given the results of
[19, 20, 21, 22, 37, 24, 40]. We will call a measure p as in the statement of Theorem 3.2.2 a push-
forward of a product measure. Let us consider some examples of measures to which we can apply

Theorem 3.2.2.

Example. If we set ¢ = 2, dv = %, dr = 2rdr, 01 = 02 = 0, and £ = m = 0, then we are
dealing with measures of the form h(z)d?z for a function h continuous and nonvanishing on D.
Such measures with an added Hélder continuity assumption on h were considered by Suetin in [68].

Theorem 3.2.2 recovers the leading term in the conclusion of Theorem 2.4.2.

Example. If we set G = D, 7 = §1, and h = 1, then we recover a result similar to that of [37]
(when ¢ = 2) that allows for a singular component of the measure on 9D, but only finitely many
pure points outside D. If we further set o1 = oo = 0, then we can recover the result from Theorem

2.2 in [19] (for any G with analytic boundary).

Example. Let us set G = D and 7 = %Z;ilj’%l_g—j, dv = %, h=1,¢=m =0, and

o9 =01 = 0. If s is a sufficiently large power of 2, then

6w 5 s 6 1\° C
-2 1—2y > 2 (1-2) >~ _
‘W)ﬂ;J<2)—m%W< ) 2 o

for some constant C' > 0. Theorem 3.2.2 implies that in this example, the extremal polynomial

norms do not decay like O(n~!) as n — oco.

Example. Let us set G =D, 7 = (1 — r)dr, dv = dvac, £ = m =0, and 03 = 01 = 0. In this case,

we have du(z) = w(z)d?z, where the weight w vanishes on the boundary. Theorem 3.2.2 still applies
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to this measure, and we will see below that we can still derive Szegé asymptotics for the extremal

polynomials outside D.

Theorem 3.2.2 provides the asymptotic behavior of the norms of the L?(u)-extremal polynomials
for every ¢ € (0,00). We can also deduce the behavior of the extremal polynomials outside the
compact set G, i.e., we can prove Szegé asymptotics. If y is of the form considered in Theorem 3.2.2

with v a Szegé measure on JD, then we can prove the following:

1. there are polynomials {y,}nen (depending on P,(p,q) and ¢) of degree m and a function

S = S, analytic and nonvanishing in C \ D and positive at oo so that

i n(¥()in @)S(2)

5 =1
w0 Y ($(2)2m S (00)

uniformly on compact subsets of C \ D),

2. the probability measures |p,(2; i, q)|9dpu(z) converge weakly to the equilibrium measure for G

as n — o0,

3. for any z € G, we have > |pn(2; 1, 2)|? < o0.

Ttem (3) follows from an argument based on Christoffel functions and the associated minimization
problem. We will discuss this in more detail in Section 3.2.3 and for all values of ¢ > 0. The function
S in item (1) will be of the form given in (1.4.6). We will see that the polynomial y,, in item (1) has
a single zero near each z; for ¢ € {1,...,m} and shares all of its zeros with P, (z; i, q).

The remainder of the section is organized as follows. In Section 3.2.1, we prove Theorem

3.2.2. One key step will be to use Faber polynomials and look at weak limits of the measures
{M

el } . In Section 3.2.2 we will discuss Szegé asymptotics of the extremal polynomials
an ne

for measures of the form considered in Theorem 3.2.2. In Section 3.2.3 we will discuss Christoffel
functions and their behavior on the set G, especially inside the region G. A major theme throughout
will be the many similarities with the theory of orthogonal polynomials on the unit circle. Many of
our results produce interesting corollaries and we will point these out as we go.

Throughout this section, we will let I', be the contour given by {¢(z) : |z| = r} for r > p, G,
will denote the region bounded by I',., and G, will denote G \ G,.

3.2.1 Push-Forward of Product Measures on the Disk

In this section, we will derive norm asymptotics for the extremal polynomials corresponding to
measures of the form considered in Theorem 3.2.2. We will use Faber polynomials in conjunction
with the extremal property to eventually derive an upper bound in the proof of Theorem 3.2.2 and

we will use subharmonicity of appropriate functions to derive a lower bound. For the remainder of
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this section, we will let ¢ > 0 be fixed but arbitrary, and we will denote P, (z;u,q) by P,(u) and
| Pn ()l Laguy by [[Pn(pe)ll. when there is no possibility for confusion. We begin with the following

crude estimate, which applies even when v is not a Szeg6 measure:
Proposition 3.2.3. If i is as in Theorem 3.2.2 then u is reqular.

Proof. We will in fact show that p satisfies Widom’s criterion (see Section 2.2) from which regularity
immediately follows by Theorem 4.1.6 in [65].

For each r € (p, 1], the equilibrium measure of the curve I, is absolutely continuous with respect
to arc-length measure with continuous derivative bounded above and below by positive constants
(see Theorem I1.4.7 in [14]; the constants are allowed to depend on r). Let C be a carrier of y. Since

V' (0) > 0 Lebesgue almost everywhere, we conclude that
A(CNT,) =£(T,)

for 7 almost every r € (p, 1] where A, is arc-length measure on I', and ¢(T";) is the length of the curve
I',. It follows that there is a sequence r, — 1 such that wr, (C) = 1 while clearly cap(I',,) — 1.

This shows pu satisfies Widom’s criterion. O

We will now begin developing the ideas necessary to prove the more refined estimate of ||, (1) ||f,
given in Theorem 3.2.2. Let {F),},en be the sequence of Faber polynomials corresponding to the

region GG. Since we are assuming cap(G) = 1, we recover from our earlier discussion of Faber

polynomials (see Section 1.3) the following two facts:
1. F,(2) is a monic polynomial of degree n,

2. for p < |z| <1 we have
Fo(¥(2)) = 2" + O(pg), (3.2.4)

where py € (p, p) and the implied constant is uniformly bounded from above in the annulus

considered.

We will henceforth assume that some value of py € (5, p) has been fixed so that (2) holds.
We begin with a lemma that immediately highlights the importance of these important polyno-

mials to our results.
Lemma 3.2.4. Let N C N be a subsequence such that

q
ot a0 (2)

n—oo
neN an
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where v is a measure on OG and {a, }nen is a sequence of positive real numbers satisfying lim, ana;il =

1. Then for any fized k € N, we have

F,_ ad,
w-lim [En—k(2)|dun = dn.
neN an

Proof. Recall our notation G, = {¢(z) : p < |z| < 1}. It is clear from our observations above
(specifically (3.2.4)) that all weak limits in question are measures on dG and that F,, has no zeros

in G, for all sufficiently large n. Now, let f be a continuous function on G,. We have

/f \F /f |Fnk ), du(z) =
[ sty

1
()| + 0(pf) | [Fu(2)]?
/G f (1 - |¢(Z)|q" I O(pg)o ) an d:u(Z)

/f (1= |6(2)] ") d(2)

G

P

!

—0
since |¢(z)| = 1 when z € 0G. O

Our next lemma will identify some ideal choices for the sequence {a, }nen of Lemma 3.2.4.

Lemma 3.2.5. Let vy be a probability measure on the unit interval [0,1] and let c; = c:(7y) be defined
as in (3.2.1). The following are equivalent:

1. 1 € supp(y),
2. limyoo )/t =1,

3. lim, cq(n+1)c;nl =1.

Proof. Tt is obvious that (1)=-(2) and (3)=-(1) so we need only prove that (2)=-(3). To this end, we

have .
Contq _ 1+ fo ra(r? — 1)dy(r )
Can Jo randry(r)
If limy oo ctl/ t_ 1, then the measures % converge weakly to the point mass at 1 as n — oo,
0
which implies the desired conclusion. O

Now we can prove the following lemma, which will be of critical importance in our proof of

Theorem 3.2.2.
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Lemma 3.2.6. Let k be a measure on G and v a measure on 0D and let N' C N be a subsequence
such that
F,(2)]?
et 2 s — gy,

neN an

where {an}nen is as in Lemma 3.2.4. Then

timsup 2 EE o ( / 7 log(+'(6)) d") .

n— 00 2w
neN n

Proof. By the extremal property, we have ||P,(k)||2 < ||Fn—r(2)Pr(¥x7)||2. By Lemma 3.2.4, we

K

can write

/ [ Pr (23 ) |9 i (2)]?

G QA

di(z) — /a P )

as n — oo through A. Therefore

limsup ay | Po (k)2 < | Pr(47)]

neN

q
Py

for every k > 0. Since k here is arbitrary, we can take the infimum over all k, which is no larger

than the limit as k tends to infinity. The result now follows from Theorem 2.3.1. O
The following calculation will be useful also.

Proposition 3.2.7. If x ¢ G and r € [p, 1], then

2 0 ng .
log |¢(re) — x| 5 = log |o(x)]9.
0 T

Proof. First, consider the case when x ¢ G. It is clear that cap(G,) = r. Define ,(2) = ¢(rz) on

{z :]z| > pr~'}. Then we calculate

2m ) do
loglo(o)|" = [ log|e" — ola)r 15 + qlog(r
= —qU"P (d)(:j)> + qlog(r)

= q9z\p(8(x)r ", 00) + glog(r)
= 49g\g, (¥,00) + qlog(cap(G,))
- / log ly — altdug (y)
Iy
27
— / log \w,.(em) — x|qﬁ.
0 27T

The first line follows from Example 0.5.7 in [50]. The second line is just the definition of the
logarithmic potential. The third line then follows from (1.1.1) above and the fact that D has
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logarithmic capacity 1. The fourth line then follows from the conformal invariance of the Green’s
function (see Section 1.1). The fifth line follows as the third did from the first. Finally, the last line

follows from the definition of equilibrium measure as given in Theorem 3.1 in [71].

The case © € G follows by dominated convergence as in Example 0.5.7 in [50]. O

Now we are ready to prove Theorem 3.2.2.

Proof of Theorem 3.2.2. For now, let us assume that £ = m = 0 in our definition of x. We will
appeal to Lemma 3.2.6 to prove our upper bound. As mentioned in the proof of Lemma 3.2.4, all
weak limits of the measures considered there are supported on JG, so it suffices to consider functions

that are continuous in a neighborhood of dG. For any k € Ny, we have

1 27 k+qn ikOh 0 dv(0)d k| n|q
r e re")dv T(r , d

lim/ (2)"[Fn(2)]? u(z):limfpfo (re'®)dv(0) ()+limeZ|Z| o9
o an n—oeo Cqn(T) n—oo Cqn(T)

2m

— [ e heine) = [ o). ().
0 oG
It follows that the measures |F ((ZT)l) dp converge weakly to d(i.(hv)) as measures on G. The upper

bound in this case now follows from Lemma 3.2.6.

If we add finitely many pure points outside G, we get the desired upper bound by placing a single
zero at each z; and (;. More precisely, if we define the polynomials yoo(z) and YT (2) by

H z=z) 5 Twl(z) = H(z — ) (3.2.5)

then we have

”Pn(M)HZ < HyooTooPnfmff(‘yoo(Z)TOO<Z)|qM)HZ = ||Pnfmff<‘y<>O(Z)T00<Z)|qﬂ)quoo )Y oo (2)]4
[Yoo (2) Yoo (2) |71

and then proceed as in the case when ¢/ = m = 0 and apply Proposition 3.2.7.

For the lower bound we will use an argument inspired by the proof of Theorem 2.4.2. Recall
that Theorem 1.1.3 (and the remark following it) implies that for each z;, we can choose a sequence
{wi n tnen so that P, (w; n; 1) = 0 and lim,, . w; »n = 2; (we will establish later that such a sequence

has a unique tail, but we do not need this now). Define

yn H z— w] n (326)
Jj=1
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(so that y,(z) — yso(2) pointwise). We now can calculate

27
1P qu>//

For |z] > 1 and r € [p, 1], define the functions

wj,n|qh(rei9)duac(9)d7(r) (3.2.7)

Srn(2) = exp L /27T log ﬁ [ih(re'?) — w; | h(re)V () 1:0 a0
’ 2q7 J, e 7 et — 2
By our discussion in Section 1.4, we can rewrite (3.2.7) as
1 o i
Pa(y(re”)) 6y(a 20
Pz i Z/ / - ; rn(€)|9=—dr(r
1Pz [ [ e ey | 15 (€ g

—i(n—m)0

(notice that we arbitrarily added a factor of e to the integrand, which is acceptable since it

is inside the absolute value bars). For each fixed r, we invoke the subharmonicity of the integrand

(or equation (2.3.2)) to obtain

1
IPaCslly = [ e, (oo)ar (). (3.258)
P

Since w,,, converges to z; as n — oo for each j (by construction), we find that

2m
lim inf MZGXP(/ log(h( 19 >I||¢ZJ
n—oo O

cqn(T)

by Proposition 3.2.7. This is the desired lower bound.

The proof of Theorem 3.2.2 produces several interesting corollaries. The first of these shows that
certain parts of the measure p contribute only negligibly to the norm of the extremal polynomial.

The following corollary is reminiscent of Theorem 2.4.1(vii) in [56].
Corollary 3.2.8. If u is as in Theorem 3.2.2 with v a Szegd measure on 0D, then

n—oo

i ([ a0 0 hre s @)dr(r) + [ (s (2) +

+/ﬁ|pn<w< 1) doa(re +Zb|pnzj, N+ 3 Byl >|)—o.

Jj=1
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Proof. Let us write u = pu° + p!' where p® = o, (h(v @ 7)) + 27:1 d;j6.,. Then

[Pa()ll NP0 [P () [

cn(r)  cqn(T) Cqn(7)

(3.2.9)

The proof of Theorem 3.2.2 shows that the left-hand side of (3.2.9) and the first term on the right-
hand side of (3.2.9) both converge to the right-hand side of (3.2.2). This shows that everything
except u° contributes only negligibly to the norm of p,,(z; ). To show that the pure points outside
G contribute only negligibly to the norm, we keep our definition of wj ,, from the proof of Theorem

3.2.2 and we write u° = p + w1d,,. We can now calculate

Pn(z;y,)

Z—Win

| P (1)
||Pn71(|z — Win ql‘l’(l))llizz—wlyﬂ‘lu?

- EAIH
can(7) ex0 (5108 (h(e)o' O)i(e) — wil?) 88) T, 6017
can(r) exp (J3 log (h(e®)v/(0)) 42) TT 16(24) 19

+ da|pn(21)|7 + o(1)

4 0
|z — w1, |dpy

Je

+ di|pn(21)[?

+ di|pn(21)]?

=1+ o0(1) + dilpa(z0)[%,

which implies the desired conclusion for z;. An identical proof works for each z; for j = 2,3,...,m.

O

Remark. As a consequence of Corollary 3.2.8, we see that if K C G is compact and p is of the form

considered in Theorem 3.2.2 with v a Szegé measure on 9D, then

/ 1Pa(z: 1, )| %dp(z) — 0
K

as n — oQ.

An additional consequence of Theorem 3.2.2 is the following corollary, which is a refinement of

Theorem 1.1.3.

Corollary 3.2.9. Let p be as in Theorem 3.2.2 with v a Szegé measure on OD. There exists a § > 0
and N € N such that for all n > N, the polynomial P,,(1) has a single zero in {u : |u — z| < §} for
each i < m. If we denote this zero by w; ., then there is an a > 0 so that |w; ., — 2| < e for all

large n.

Proof. Theorem 1.1.3 (and the remark following it) establishes the existence of at least one zero of

P () in {u : |u—2;| < &} for all 7 and all large n. Now, fix € > 0 (but small) and let {w1, ..., W)}
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denote the collection of zeros of P, (u) outside T'y .

Define for |z| > 1 the functions

1 21 t(n) ) )
Senl) = exp | =g [ tog | [T 10re™) = wjlnire®) 0) | S5
j=1

qm
As in the proof of Theorem 3.2.2; we calculate

1 n— n 1 n— n
||P7L(Z5/“‘L)||Z > fp Tq qt( )S’r‘,n(oo)da(r) > fp ’]"q qt( )Sr,n(OO)da(T)
Cgn (T) - an(T) - an—qt(n)(T)
fpl ran=at(n) exp (% fozﬂ log (h(re?)v'(9)) d(‘)) dr(r) t)

a Can—qt(n)(T) H lp(w;)|9, (3.2.10)

Jj=1

where we used Proposition 3.2.7. From this expression, it follows that n — ¢(n) tends to infinity as
n — oo, for if it did not, then since |¢(w;)| > 1+e¢ for every j < t(n), we would have ||Pn(z;,u)\|i/n >
1+ € for all n in some subsequence N C N, which violates the fact that cap(G) = 1 and p is regular
(see Theorem II1.3.1 in [50]).

Since n — t(n) — oo, the first factor in (3.2.10) converges to exp (% fozﬂ log (h(e™)'()) d9)
as n — oo while the left-hand side has limit given by the right-hand side of (3.2.2). If for each

i€ {1,...,m} we pick a sequence {w; ,, }nen as in the proof of Theorem 3.2.2, then the corresponding

factor in the product (3.2.10) converges to |¢(z;)|? as n — oo. Therefore, it must be that

t(n)
lim sup H |p(w;)|? < 1.

T =LA
However, each factor in this product is larger than (1 + €)?. We conclude that ¢(n) = m for all
sufficiently large n. This implies P, (1) has a single zero near each z; for j = 1,...,m when n is
sufficiently large.

The proof of the exponential attraction now proceeds exactly as in the last portion of the proof of
Theorem 8.1.11 in [56] and we provide it here for completeness. For eachi € {1,...,m}, let {w;n}nen
be as above. We have just shown that this sequence has a unique tail. Suppose for contradiction
that there exists ¢ € {1,...,m} so that for all a > 0 it is true that |w; , — 2z;| > e~ for infinitely
many values of n € N. Then we can find a subsequence n(j) so that |w; ;) —2z|Y/"0) = 1asj — oo,
The above proof shows that all accumulation points of the zeros of the extremal polynomials are in
Pch(p). Therefore, Corollary 1.1.5 in [65] (whose proof only depends on the extremal property and
not orthogonality) implies that
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for all z in some punctured neighborhood of z;, and in particular, uniformly on some small circle
C; centered at z. It is then clear that we retain the uniformity on C; in (3.2.11) if we replace
Pn() (25 1, @) DY Pn) (25 1, @) /(2 — w; n(jy). Our above analysis implies that for all sufficiently large
n € N, the polynomial p,,(;)(2; 1, q)/(z — w; n(j)) has no zeros in a neighborhood of z;, and all other
zeros tend to G U {z¢}¢x;. Therefore, Pn() (25 115 Q) /(2 — W; 5 (5)) is free of zeros inside C;, and so the

minimum principle implies

Pn) (25 14, 9)

lim inf
Z = Win(j)

J—00

1/n(4)
‘ > exp (—U“4(2)) (3.2.12)

uniformly for all z in some open set containing z;. By our definition of the subsequence {n(j)};en,
we conclude that

liminf [po) (221, )"0 = exp (<U5 () > 1.

which is clearly impossible by the normalization of p,. This contradiction gives us the desired

conclusion. m

Remark 1. We can actually quantify the parameters § and a in the statement of Corollary 3.2.9.
The proof of Corollary 3.2.9 shows that we may take & to be any positive real number so that

{w: |w—z]| < §} Nsupp(p) = {2} for each i < m. Furthermore, equation (3.2.12) shows that

limsup |z; — wi,n|1/n < exp (U5 (2))

n—oo
for all 7 < m.

Remark 2. Corollary 3.2.9 tells us that the polynomial P, (u,q) has a single zero extremely close to
z; for each i € {1,...,m} and the remaining n — m zeros are placed so as to minimize the L%(u)
norm with respect to a varying — yet converging — weight. It would be interesting to look at the
measure g on DU{zy, ..., 2, } given by du = dA(z) + Z;”:l J., (where dA(z) refers to area measure
on the unit disk) and see if the results from [36] continue to hold in this case, where the polynomial

weight would be yoo(2) (see (3.2.5) above).

The upper bound in the proof of Theorem 3.2.2 came from Lemma 3.2.6, which applies to
arbitrary finite measures (not just product measures). We can also state the lower bound used in

the proof of Theorem 3.2.2 in a more general form.

Proposition 3.2.10. Let fi be a measure on G so that ji > p and p is the push-forward (via ) of

the measure w(re®®)22dr(r) where 1 € supp(r) and w € L*(2£ ® dr(r)). Then

Pa@ly > [ e ([ ostutre )L ) artr)
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Remark. The statement here is very general because we do not insist on any continuity of w.

Proof. By the inequality of the measures and the extremal property, we have

1P (@G Z 1 Pa (@) = Nl Pa ()1

so it suffices to put the desired bound on HPn(u,q)H%q(#). Let X C [0,1] be the collection of all r

so that w(re®) 4 is a Szeg$ measure on ID. The proposition is trivial unless 7(X) > 0. Therefore,

we assume this is the case, and for r € X we define

1 I o €0+ 2
Sy(z) = exp <_2q7r/0 log (w(re’)) 7 Zd@) , |z > 1
and write
1PN > [ 7915 (o0) tar(r
as in (3.2.8). This is the desired lower bound. O

We conclude this section with an example showing how one can apply Lemma 3.2.6 to a region

without analytic boundary.

Example. Let G be the region {z 22 -1 < 1} and assume g > 1. Notice that G has capacity
1 since ¢(2)® = 2% — 1 (see Example 3.8 in [35]). Therefore, when n is a multiple of 3 we have

Fym(2) = (23 — 1)™.

Figure 3.1: The region G of the example.

Let 7 be a probability measure on (0,1) with 1 € supp(7). The region G can be decomposed
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into level sets =,. where

E={z:1"-1=r}

and r runs from 0 to 1. Let v, be arc-length measure on each component of =, and let h(z) be
a function that is continuous on G and is invariant under rotations by = 2T 5o that ¢, (hvy) has Z3

symmetry as a measure on 0D as in Example 1.6.14 in [56]. Let us define p by

/f Jau(2 //f 2)dvn ()dr(r).

Consider the measure hvy on 0G. If m € N is fixed, then by the extremal property we have that for

any choice of complex numbers ay,...,a,—1 and a,, =1

q q
m

1Psn (hns ) oy < (1D @5 Fs(in—m) (2) =D ajp(z)*0 )
J=0 La(hvy) 3=0 La(hvy)

Following the proof of the upper bound in Theorem 7.1 in [17] we get

q

L4+ e dg.(hin) (3.2.13)

k=1

2
| Paa (i, 1% ) < /

for any m < n and any choice of constants 71,...,7vs,. The assumed Zs symmetry of the measure
implies that Ps,,(z; ¢« (hv1),q) = Ry (23) for some monic polynomial R,, of degree m (this follows
from the uniqueness of the extremal polynomial in the case ¢ > 1; see Example 1.6.14 in [56]).
Therefore, we can choose 71, ..., v, appropriately so that the right-hand side of (3.2.13) is equal to

| s (¢4 (R11), q) q*(hul). The reasoning of Lemma 3.2.6 then implies

) 27 de
lim sup ||P3n(hV17Q)||%q(h,,l) <exp (/0 log (¢4 (hv1)'(9)) 27r> .

n—oo

Now, as in Lemma 3.2.6, we calculate (for f € C(G))

con(D) [ TP ) Pduz) = o / (/f vy ))rqmdm)

- f( )h(2)dv(z)

[Fam ]9

cqm(T)

as m — oo. Therefore, the measures dp converge weakly to hdvy and the reasoning of Lemma

3.2.6 implies
7

LW < exp (/027r log(éf’*(hl’l)/(a));j?er) .

, | P3n (25 25 q)
lim sup

n—o00 Cqn (T)




72

In the next section, we explore more detailed asymptotic properties of the polynomials P, (z; i, q)

and py(z; 1, q).

3.2.2 Szeg6 Asymptotics for Extremal Polynomials

The main idea of Theorem 3.2.2 is that the asymptotic behavior of the extremal polynomial norms
is comparable to the behavior of the L9 norms {[|¢(2)™||za(y) }nen. It should not be surprising then
that in some cases we can make a stronger statement about the extremal polynomials’ resemblance
to ¢(z)™ in certain regions of the plane, which is the essence of what we call Szeg asymptotics.
Theorems 3.2.11 and 3.2.12 will provide us with detailed information about the behavior of P, (z; 1, q)
outside of G' and near the boundary of G. In the next section we will see how P,(z; i,2) behaves
inside G (see Corollary 3.2.18).

In the previous section we established that the polynomial P, (u,q) has a single zero near each
pure point of y outside of G (for large n) and asymptotically, all other zeros tend to G. If we label

the zero of P, (u,q) near z; as wj 4, let us define
m

un(2:9) = [[(z = wjna)s
j=1

which can be uniquely defined for all sufficiently large n by Corollary 3.2.9. It will be convenient for

us to define

Pu(z; 1, q)
An(z 1, 9) = 3.2.14
ek yn (25 q) ( :
for all sufficiently large n. We also recall the definition
1 o N i0 q e +2
Srn(z;q) = exp ~ 5o log (h(re™ )1 () |yn (1(re'); )|7) ———db (3.2.15)
am Jo ew —z

for r € [p,1] and z € C\ D. We begin by considering the behavior of P,(z;u,q) when 2z ¢ G and
any g > 0. We will prove a result reminiscent of the convergence result in Theorem 2.4.1(iv) in [56]

and the corollary in [37].

Theorem 3.2.11. Let Sy, (%;q) be defined as in (3.2.15). If u is a measure as in Theorem 3.2.2
with v a Szegd measure on 0D and q > 0, then

An((2)i 1 @) S1,00(20)

1
2" mS (005 q)

as n — oo uniformly on compact subsets of C\ D.

Proof. Let ¢ > 0 be fixed throughout this proof and denote S, ,(2;¢q) by S, n(2) and A, (z; 1, q) by
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Ap(z3p).

We showed in Section 3.2.1 (or see equation (2.3.2)) that if r € [p, 1], then

0

o (3.2.16)

2
rmwmmm%/ (A (0(re™); 1) Sy ()
0

for all r € [p, 1]. Let us fix some t < 1. If we divide both sides of (3.2.16) by ¢4, (7) and then integrate
in the variable r from ¢ to 1 with respect to 7, then both sides converge to S1,00(00)? as n — oo (by
Theorem 3.2.2). Therefore, (3.2.16) is optimal in that we cannot multiply the right-hand side by
a factor smaller than 1 and have the inequality remain valid for all r € [t,1] when n is sufficiently
large. It follows that for any € > 0, there exists a sequence {r,}22; converging to 1 from below as

n — 0o so that

L0

27
S, () 2 (1= [ Aaae S, (el (3.2.17)
0 7T

By a standard argument, we can choose our sequence {r,}>2 ; converging to 1 from below so that
(3.2.17) remains true for some sequence €, tending monotonically to 0 from above. Let a, :=

||An(¢(rnei9);u)STmn(ew)HLq(%). By using (3.2.16) and (3.2.17) we see that

: q
1- €n < lim An(’l/)(Tnz)’ :[L)Srn,,n(z)

Z—00 Ap ™M

<1 (3.2.18)

Let
A (Y(1r02)5 1) Sy, n(2) )

an, Zn—m

fu(2) =

Clearly, || full go@\m) = 1 for all n and equation (3.2.18) shows that lim, .o fn(00) = 1. Therefore,
the Keldysh Lemma (see Section 1.5) implies {f,, }nen converges to 1 in H4(C\ D) as n — oo so f,
converges to 1 uniformly on compact subsets of C \ D. Equations (3.2.16) and (3.2.17) show that

an, = (1+ 571)1"51”_7”)5,«"7”(00) with §, — 0 as n — oo. Therefore, if |2z| > 1, we have

An(d’(rnz))srn,n(z)

(Tnz)(n_m)sm,n(oo)

1 (3.2.19)

and the convergence is uniform on compact subsets of C \ D. By plugging in z = w/r, into (3.2.19)

and using the uniformity of convergence on compact subsets we recover

A, (w(w))srn,n(w/rn)

wnr=mS,. . (00)

1, (3.2.20)

and the convergence is uniform on compact subsets. Equation (3.2.20) is sufficient to guarantee that

the sequence {A,, (1) (w))w™("~™},cy is a normal family on C\ D. Dominated Convergence easily
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implies that

Sppm(W/Ty) _ 51 00 (W)
Sy, n(00) S1,00(0)”

lw| > 1
pointwise as n — 00, so we must have the desired uniform convergence on compact subsets. O

Remark. Notice that Theorem 3.2.11 tells us that the leading-order Szegd asymptotic behavior of
the polynomials P, (4, q) is independent of 7.

Now that we have some information about the behavior of P, (z; u, q) outside G, we will consider
what happens close to the boundary of G. Our next result is motivated in part by Theorem 9.3.1

in [57]. As in Theorem 3.2.11, we will consider all ¢ > 0.

Theorem 3.2.12. If u is as in Theorem 3.2.2, ¢ > 0, and v is a Szeqgé measure on 0D, then

w-lim [p, (25, q)|1dp(2) = dwg(2)

as measures on C.

Proof. Let g > 0 be fixed and denote by p,, the polynomial p,,(z; i, ¢). Corollary 3.2.8 and the remark
following it imply that any weak limit of the measures {|p,|%du}neny must be a measure on OG and
that we may, without loss of generality, assume that o1 = 05 = 0, £ = 0, and v is purely absolutely
continuous with respect to Lebesgue measure. Let us recall the definition of S, ,,(z) = S.n(2;q)
from (3.2.15) for r € [p,1] and 2z € C\ D.

We showed in Theorem 3.2.2 that

/1 /27r e~ =m0 N, (9 (re®®))|* | S, ()7 ﬁdT(r) 1 (3.2.21)
P 0

Cqn (T)S1 n(00)? 2m

as n — o0o.
For fixed n € N and r € [p, 1], let {u1,...,uy,, ()} be the zeros of A, (¢ (rz)) (n. € No) lying
outside of D, each listed a number of times equal to its multiplicity as a zero. We may then define

the Blaschke product
M (7)

2= Uj Uj
By a(z) = H L

o At = 1wl

With this notation, we may define J, (%) so that
2N ((r2)) S (2) = Bron(2) Jrn(2). (3.2.22)

From (3.2.22), we know that J,,(z) is analytic and nonvanishing in C \ D, so we may write

n—m 2
Jm(z)q/2 - Jrn(oo)Q/2 + grn(z) = M " + Grn(2) (3.2.23)
’ ' ’ B, (o) ’ ’
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where g,.,(2) is in H?(C \ D) and is orthogonal to the constant functions in H2(C \ D) (that is,
grn(2) € HZ(C\ D) in the notation of [12]). Notice that

e O ((re™)) S (€)= | T n ()12

)

If we plug (3.2.23) into (3.2.21), we get

1 ran=amg, . (co0)? [P
) ’ d 1 2.24
/” Cqn(T)S1,n(00) 1By n(00)1 " Cqn(T)S1,n(00)1 7(r) = (3 )

as n — oo. However, B, ,(00)”% > 1 and the second term is always nonnegative, so we conclude

that the first term in (3.2.24) has integral tending to 1 as n — oo, and hence

! ng,nH%[z’ (1) —
/,, e () 0 (3.2.25)
Now fix k € N. We have
| o eran) (3.2.26)
[ R e O, (e ) [9]S, () df
-1 (1)1 (501 w77+ o)
2 . 1k9|rqn m)/25 NES )/QB,.n( )~ q/2 +gr,n(€w)|2ﬁ
/ / an( )51 a(o0)? 27rd7'(7“) +0(1)

27 k+q n—m) ,ik6 q 1 27k _ik6 2 4
Cqn(T)S1.n( )qBr,n( )7 2 p Jo an(T)Sl,n(OO)
+/ /271- rkta(n— m)/2€ikOST7n(OO)Q/2 . 2Re[gr7n(ei9)] ﬁ
Cqn(T)S1.1(00)1 By (00)4/2 27

dr(r) + o(1)

as n — oo. If we send n to infinity, the first term in (3.2.27) converges to 0 since k € N. The second

term in (3.2.27) can be bounded from above in absolute value by

/1 _ Mgrnllzs dr(r) (3.2.28)
p Cqn(T)S1,n(00)1 ’ -

which tends to 0 by (3.2.25). By applying the Schwarz inequality, the third term in (3.2.27) can be

bounded from above in absolute value by

1 T2k+q(n—m)sr)n(oo)q 0 1/2 1 4| f027r etko Re[gr,n(ew)}%P . 1/2
(/ e ()51 2 (50)1 B, (00)1 T )> / @St )

The first factor tends to 1 as n — oo (as in (3.2.24)). After applying Jensen’s inequality to the
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second factor, we can bound it from above by twice the square root of (3.2.28). Therefore, the
integral (3.2.26) tends to 0 as n — oc.

We conclude that if -y is a weak limit point of the measures {|p, (¢)|?dp}nen, then for every k € N
we have

P(2)*dy = 0.
oG

This implies that « is induced (via t) by a measure x on JD with no nontrivial moments, i.e.,

dk = % and it follows that « is the equilibrium measure for G (see Theorem 3.1 in [71]). O

Theorem 3.2.12 yields the following corollary, which can be interpreted in terms of the Christoffel

functions discussed in Section 2.5 (see (2.5.5)).

Corollary 3.2.13. Under the hypotheses of Theorem 3.2.12, we have

K
w-lim 7n(z, ?)

n—oo n ]_

dp(z) = dwg

as measures on C.

Remark. Since p is regular, one can use a polynomial approximation argument, Corollary 3.2.8, and
Theorem 2.9.5 to arrive at a different proof of Corollary 3.2.13. Theorem 3.2.12 is of course much

stronger.

In the next section, we will consider the behavior of the Christoffel functions on G.

3.2.3 Christoffel Functions

In this section we will turn our attention to the Christoffel function Ao (2; i1, ¢) = limy 00 An (25 1, Q)
where A, (z; p, q) is defined as defined in (2.5.6). The behavior of Ao (2; p, q) is particularly easy to

describe when z € 0G.

Proposition 3.2.14. If p is any measure with support in G and G has analytic boundary, then
Aoo (5 14y q) = u({z}) for all x € G and all ¢ > 0.

Remark. For Proposition 3.2.14, we do not need to assume cap(G) = 1.

Proof. Fix x € 0G. It is obvious that A, (x; u,q) > p({z}) for every n € N, so it remains to show the
reverse inequality holds in the limit. Since G is analytic, we can define a conformal map ¢ : G — D
satisfying ¢(z) = 1. By a well-known argument, this map ¢ has an analytic continuation to some
open set U O G. Define

fu(z) :==37"(p(2) + 2)", zeU

so that fn(z) =1 = ||fullp=@)- By Theorem 2.5.7 in [51] there exists a sequence of polynomials
{Whltnen so that [[Wy — full @) < n~1 (we do not assume W, has degree n). It follows that
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for each n € N there is a constant a, = 1 + o(1) (as n — o) so that a, W, (z) = 1. Then (with
E, =W, — fn)

Adeg(w,) (%3 1, 4) S/élaan(Z)lqdu(Z)=(1+0(1))/§|fn(z)+En|qdu(Z)—>u({$})

as n — oo by Dominated Convergence. O

Remark. For results producing more precise asymptotics of A\, (z; u,2) for z € G under stronger

hypotheses on pu, see [27, 71].

Now let us focus on « € . For measures supported on the unit circle, recall the discussion
in Section 2.5, where we said that if v is a Szegd measure, then A (z;v,¢) > 0 for all z € D and
q € (0,00). We will prove an analog for the kinds of measures considered in Theorem 3.2.2. Before
we can do this, we need to define some auxiliary notation. For x interior to I'y, define

fz)=-(Q+inf{r:zeq,.,r>p}).

1
2
For each r € [¢{(x), 1], let ¢, , be the canonical conformal map at = from G, to D (see Section 1.2).

Denote the inverse to ¢, ; by Xr . The following lemma will be useful:

Lemma 3.2.15. With the above notation, it holds that ¢, , converges to @1, uniformly on some
open set containing G as r — 1 and there is an s € (£(x),1) and positive constants Ay and Ay such
that

A< gra(2)] < A2

for allr € [s,1] and z € G.

Remark. The proof of the lemma will actually show that when r is sufficiently close to 1, ¢, 5 is

defined on all of G so the statement of the lemma makes sense.

Proof. By the Carathéodory Convergence Theorem (see Section 1.2), the maps ¢, , converge to
1, uniformly on compact subsets of G as r — 17. Since G has analytic boundary, a simple
argument shows that each ¢, , can be univalently continued outside of G when r is sufficiently
close to 1 and in fact all such ¢, , have a common domain of holomorphy containing G. A normal
families argument then implies ¢, , converges to ¢;, uniformly on some open set containing G
as 7 — 1. We can then use the Cauchy integral formula to conclude that ¢/, converges to ¢} ,
on a smaller open set containing G. This means that when r is sufficiently close to 1, we have
€5 2 llLoery) < 2[1¢7 2l o (r,)- The same arguments can be applied to {Xx }re[¢(x),1), Which proves

the claim. O
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As a final preparatory step, we will need the following lemma, which is a slight refinement of

Lemma 1.1 in [19] (see also Lemma 1.5.1).

Lemma 3.2.16. Ifq € (0,00) and w € G,., then there is a constant (3, so that for every f € H(G,),

F@)]? < Ba / () |%d).

Furthermore, the constant (3, may be taken uniform for all v sufficiently close to 1 (but perhaps

depending on w).

Proof. The inequality follows from Lemma 1.1 in [19] and the equivalence of the spaces E?(G,)
and H%(G,) (see Chapter 10 in [12]), so we need only focus on the uniformity. If ¢ > 1, then
this is a simple consequence of Jensen’s inequality and the fact that H! functions are the Cauchy
integral of their boundary values (see Theorem 10.4 in [12]), so we need only focus on the case
0 < ¢ < 1. To this end, let g be the function harmonic in G, satisfying g(v(re??)) = | f((re'?))|4
almost everywhere on I'.. Let w;,, be the harmonic measure for the region G, and the point w.

Then by the subharmonicity of f, we have

S < gw) = [ gle)dunnlc) < Hd;tfﬂ

r

[ 9 < el ey [ 11

LOO(FT) Ly

where we used Theorem 1.2.3. We can now apply Lemma 3.2.15 with £ = w to provide uniformity

in the constant . O

Now we are ready to prove the main theorem of this section.

Theorem 3.2.17. If p and G are as in Theorem 3.2.2 with v a Szegé measure on 0D, then
Aoo (25 14,9) > 0 for all z € G and q € (0, 00).

Proof. Since h is bounded from below and A, (z;p, q) increases as we increase p, we may assume

that u = v4. ® 7. In the region G, we may write (for f continuous)

1
| @ = [ [ s, (3:2.20)
G, p JI¢
where W is a weight on G,. In fact, we can write explicitly

N T CANAE]
o) = 5 <|¢<z>> (2] (3.2.30)

(we identify v/(e?) and v/(0)). As in (1.4.7), define A, ,(2) by

Avgl2) = exp (2;7”. # 1o (3(0) ”%(Wsa;(oczc) (3.2.31)

@r(() - (PT(Z)
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for each r € [p,1] so that A, , € HY(G,) and |A, 4(¢))|? = w(¢) for almost every ¢ € T, ((3.2.30)
implies the integral in (3.2.31) converges).

Now fix y € G and let Q(z) be any polynomial so that Q(y) = 1 (we make no assumptions about
the degree of Q). Let s € (p, 1) be so that y is interior to I'; and so the constant 3, of Lemma 3.2.16

may be chosen independently of ¢ € [s,1]. We calculate

1 1
@l > [ [ Q)M dllir(r) 2 57 [ 1aman) (3.2.32)

by Lemma 3.2.16. The function A, 4(y) is expressed as an exponential so the fact that v is a Szeg6
measure on 0D implies A, 4(y) is never equal to 0 for any t. Therefore, |A; 4(y)|? is not the zero
function and so the integral on the far right of (3.2.32) is not equal to zero. We have therefore
obtained a lower bound for the far left-hand side of (3.2.32) that is independent of the degree of Q.

Taking the infimum over all such @) proves the theorem. O

If we combine Theorem 2.5.2 and Theorem 3.2.17 for the case ¢ = 2 we arrive at a proof of the

following corollary:

Corollary 3.2.18. If i > p and p is as in Theorem 3.2.2 with v a Szegd measure on D, then

o0
> (2 1,2)]* < o0

n=0

forall z € G.

Now that we have some understanding of A (z;p,q) for all x € G when p is of the form
considered in Theorem 3.2.2, we want to try to calculate it exactly. Our next result will show that
one can reduce the problem to considering only measures on G = D and only the point x = 0.
Indeed, take any zg € G and let ¢ : G — D be the canonical conformal map at z (see Section 1.2).
By the injectivity of ¢ on G (we used Carathéodory’s Theorem here; see Section 1.2), we can push
any measure p on G forward via ¢ to get a measure @, on D as in Section 1.2. With this notation,

we can prove the following result:

Proposition 3.2.19. With xq, p and ¢ as above, we have Ao (xo; 11, q) = Aoo(0;0upt, q) for all
q € (0,00).

Remark. We do not exclude the possibility that G = D and ¢ is an automorphism of the disk.

Remark. If T # §1, the resulting measure ¢, may not be of the form considered in Theorem 3.2.2.

Proof. Fix g € (0,00). Given € > 0, let T be a polynomial so that ||THqu(%M) < Aoo(0; pupt, q) + €

and T(0) = 1. Then Q := T o is a function on G satisfying ||Q||qu(m = ||T||%q(%ﬂ) and Q(zo) = 1.



80

Now let @ be a polynomial satisfying |||Q]? — |C~2|q||Lw(§) < eand Q(xg) = 1 (such a Q exists by
the same reasoning as in the proof of Proposition 3.2.14). It follows at once that Ao (2o; 1, q) <
Aoo (05 @41, ¢)+2€ and one direction of the inequality follows by sending e — 0. The reverse inequality

follows by an argument symmetric to the one just given. O

Remark. If we set 7 = 61, Proposition 3.2.19 can be used to provide a new proof of Proposition 2.2.2

in [56] and a new proof of Theorem 2.5.4 in [56].

Proposition 3.2.19 allows us to calculate Ao (z; 4, q) by considering only measures on D and
only the point 0. If p happens to be supported on dG, then @, is supported on 9D so that
Aoo (05 0w, q) is in fact independent of ¢ (see Theorem 2.5.4 in [56]) so the same must be true of
Aoo(T; 11, q). However, the following example shows that the value of Ay (0; i1, ¢) is in general not as

easily calculated when supp(u) € 9G.

Example. Let us consider the special case of Corollary 3.2.18 where G = D, h = 1, and z = 0.
Let us further assume 7 and v are both probability measures. Fix any N € N and let Qx(2) be a

polynomial of degree at most N satisfying Qx5 (0) = 1. Then for any r < 1 we have

2T
/ 1Qun (re®) 2du(6) > Aw (0;1,2)
0

because Qn(rz) is still a polynomial of degree N in z that is equal to 1 at 0. Integrating both sides
in the variable r with respect to 7 from 0 to 1, we obtain Ay (0; p, 2) > An(0;7,2). Sending N — oo
we obtain A (0; 14,2) > Aso(0;1,2) > 0 (see equation (2.2.3) in [56]).

However, if 0 € supp(7) then the reverse inequality is false unless dv = % (we still assume v is
a Szegd measure on ID), i.e., it is true that Ao (0; 1, 2) > Ao (0; 7, 2). To see this, recall Proposition
2.16.2 in [63], which tells us that Q, .(w) = K, (w,z;u)K,(z, 2z; 1)~ satisfies Q, .(2) = 1 and
HanHZ = A\(z;1,2). If G =D and ¢ = 2, then by appealing to Theorem 2.5.4 in [56] and our
above arguments, one can conclude that {Q,, o(w)}nen is uniformly bounded on {w : |u| < ri} for
any r;1 < 1. By Montel’s Theorem this is a normal family so we may take n — oo through some
subsequence N' C N so that {Qn0(w)}nen converges uniformly to a function Qo o(w), which is
analytic in {z : 2| < r1} and Qu0(0) = 1. By continuity and the fact that if dv # 22 then

Aoo(0;7,2) < 1, it must be that

1+ Ao (0;1,2)

2
/ Qoo (re™®)2du(0) >
0 2

for all r sufficiently small (say r < r9). By Dominated Convergence, the same must be true for all
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Qn,0(z) for n sufficiently large and n € N'. We conclude that for sufficiently large n € N, we have

1Qno(2)]2 = / /2W|c2nore ) 2du(6)dr(r / /2W|Qno7”€ ) 2d(0)dr(r)

1
- + Ao (0;,2)
2
Ao (057, 2)

= fT([O,ro]) + Ao (051, 2).

An (05 12, 2)

7([0,70]) + Ao (051, 2)7((ro, 1])

Since A, (0; u, 2) is decreasing in n, 7([0,79]) > 0 and A (0;7,2) < 1, the desired conclusion follows.

O

3.3 New Results on Ratio and Relative Asymptotics

This section will be devoted to the new results on ratio and relative asymptotics for orthonormal
polynomials presented in [53]. Recall that regularity is a necessary and sufficient condition for the
existence of root asymptotics (see Theorem 3.1.1 in [65]). Although ratio asymptotics need not
hold for regular measures (see the example in Section 3.3.2.1), we can say something about the
asymptotic behavior of p,, /p,—1 when p is regular. We will prove that if the measure p is regular on
D, then the ratio zp,_1(z; 1) /pn(z; i) converges to 1 uniformly on compact subsets of {z : [z| > 1}
as n tends to infinity through a subsequence of asymptotic density 1. This can be thought of as a
unit disk analog of Theorem 2.7.1. We also show that if the measure p is regular on the lemniscate
m = {z : [z™ — 1| < 1}, then the ratio (2™ — 1)pp—m(2; 1)/pn(2; 1) converges to 1 uniformly on
compact subsets of C \ ch(u) as n tends to infinity through a subsequence of asymptotic density 1.
The advantage of working on a lemniscate is that there is a monic polynomial whose L°°-norm is
1 on the lemniscate, while for more general supports this is not necessarily the case. If this is not
the case, then we cannot obtain convergence of p,/p,—1 by our methods, but we can describe the
behavior of p, /pn—_, for a possibly unbounded sequence {k,} (see Section 3.3.3 for details).

The strength of our results is rooted in the weak assumptions we place on the measure p in order
to arrive at a ratio asymptotic result. Many ratio asymptotic results arise as a consequence of Szeg6
asymptotics (see Theorems 2.4.2 and 3.2.2), which is a stronger conclusion than ratio asymptotics
and hence requires stronger hypotheses on the measure. In [48], Saff places bounds on |p,, /p,—1| for
arbitrary compactly supported measures using methods similar to ours. The results in [11] concern
orthogonal polynomials on the real line and are in the same spirit as our Theorem 3.3.2, though
Theorem 3.3.2 is much more general.

In addition to studying ratio asymptotics for consecutive orthonormal polynomials, we will also
consider ratios of orthonormal polynomials corresponding to different but related measures. In

particular, we will study the Uvarov Transform and the Christoffel Transform, both of which were
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introduced in Section 2.8. In both cases, we show that the asymptotic behavior of the orthonormal
polynomials outside of ch(u) is unchanged provided the pure point (for the Uvarov Transform) or

the zero of the monomial (for the Christoffel Transform) satisfies the condition

. 2
i Pol@i0)

ST (3.3.1)
neee Zj:o I (5 )|

(see (3.3.15) in Section 3.3.4). The condition of regularity is equivalent to

limsup [p,, (z; 1)/ = 1

n—oo

for every z in the outer boundary of the support of p, except perhaps on a set of capacity 0 (see
Theorem 3.1.1 in [65]). Therefore, condition (3.3.1) — when applied to a point  in the outer boundary
of supp(p) — qualitatively tells us that « is not a point at which |p, (x; 1)| grows exponentially (see
also Theorem 1.3 in [5]).

After proving the key fact about ratios of polynomials in the next section, we will apply it in
the case when the orthonormal polynomials correspond to a measure supported on the closed unit
disk in Section 3.3.2. We also include a brief digression where we show that if p is any regular
measure on D, then there is a subsequence N' C N of asymptotic density 1 so that the probability
measures {|py, (z; 1)|2du(z) }n>o0 converge weakly to normalized arc-length measure on the unit circle
as n — oo through A, which is a unit disk analog of Theorem 2.9.4. In Section 3.3.3, we will apply
the results of Section 3.3.1 to orthonormal polynomials whose measure of orthogonality has a more
general support. The main theorem in Section 3.3.3 is analogous to results in Section 3.3.2, but
requires a small sacrifice in the strength of the conclusion due to the added generality. Finally,
in Section 3.3.4, we will apply the results of Section 3.3.1 to prove our stability results concerning
orthonormal polynomials when the measure is perturbed in specific ways. The foundation for all

that follows is Theorem 3.3.2 in the next section.

Throughout this section, p,(z; ) will be used to denote p,(z;u,2) and P,(z;u) will denote
P, (z; 1, 2).

3.3.1 The Key Fact

We begin by recalling a formula originally due to Saff (see [48]) that will be essential to the proof of
our key result. Let @ be a polynomial of degree at most n and let z € C be fixed. The orthogonality

relation implies

P (w; p)dp(w) = 0.

/ Q(2)pn(w; 1) — Q(w)pn(z; 1)
C

Z—w
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By rearranging this equality, we recover

Q(z) f pn(wu du( )
CT 'p“  dp(w)

, (3.3.2)

whenever both denominators in (3.3.2) are nonzero.

At first glance, the utility of (3.3.2) is not obvious, though some applications are discussed in
[48]. We will apply this formula in cases where Q(z) = @,(2) is also n-dependent. The key to
our calculations will be to write the numerator on the right-hand side of (3.3.2) as a perturbation
of the denominator and — under suitable hypotheses — show that the perturbation tends to zero
as n — oo while the denominator does not. In order to do so, we will require that the left-hand
side of (3.3.2) tends to 1 at infinity as n — oo and also that Q,(z) has L?(u)-norm tending to 1
as n — o0o. Obviously Q,(z) = pn(z; ) satisfies these conditions, but we will show that for any
sequence {Qp }nen of polynomials satisfying these conditions, the left-hand side of (3.3.2) tends to
1 as n — oo when |z| is sufficiently large.

Before we prove our main result of this section, we make the following simple calculation:

Lemma 3.3.1. Let p be a measure with compact support supp(u) C C and suppose z satisfies

z¢ ch(p). There is a constant A, > 0 so that

. 2
[pn (w; )| du(w)] > A.
C Z— W

for everyn € N. Furthermore, the constant A, may be bounded uniformly from below on any compact

subset of C\ ch(u).

Proof. Since z ¢ ch(p), we can find a § € R so that min,een(,) Re[e?z — e®w] = dist(z, ch(u)).

Therefore
4 o (w: )2 n (w; )2 . , dist(z, ch
e |:e—19/ | (w; )| du(w)} _ |p (w:,u)2| Re[e_’eé _ e—ww]du(w) > ist(z, ch(u)) 5
C —w C ‘Z - ’lUl SupwEsupp(u) |Z - w|
as desired. The uniformity in A, is now obvious. O

Remark. Lemma 3.3.1 assures us that the denominator on the right-hand side in (3.3.2) is nonzero

for appropriate z.

Now we can prove the critical result. The following theorem will be used heavily for the applica-
tions in the remainder of this section. It tells us that the behavior of the orthonormal polynomials

when |z| is large is determined only by its normalization and its leading coefficient.

Theorem 3.3.2. Suppose p is a (finite) and compactly supported measure on C. For each n € N,

choose a polynomial Q., of degree exactly n and leading coefficient T, so that the following properties
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hold:

1. limy, oo [|@Qnllr2() = 1,
2. hmn—>oo Tn/m’ﬂ =1

Then

lim @n(2)

A ) (3.3.3)

for all z ¢ ch(u). Furthermore, the convergence is uniform on compact subsets of C \ ch(p).

Remark 1. The proof will show that we get the same conclusion if we only define @,, for n in some

subsequence and then send n — oo through that subsequence.

Remark 2. By evaluating Q,(-)/pn(-; ) at infinity, we see that the second condition in Theorem
3.3.2 is necessary for (3.3.3) to hold. Additionally, since r,* = || P, (; )| 12(,), the second condition
and the extremal property imply

. e ) _
liminf || @n | £2 () = Hminf 7 || P (5 )| 2y = 1,

so the first condition of Theorem 3.3.2 is really a statement about the lim sup.

Remark 3. We will show by means of an example in Section 3.3.4.2 that we cannot extend the
conclusion of Theorem 3.3.2 to include the boundary of Pch(u). However, we will be able to say
something about what happens at points z that are outside Pch(u), but inside the convex hull of

the support of p (see the end of Section 3.3.2).

Proof. Fix z ¢ ch(p). By (3.3.2), we have

On(2) f P ,M)Qn(w)d’u( )
Palzip) [ el g, )

f ‘pn (w /“')‘ d/,L + f pn(w F")(Qn(w)_Pn(w#")) d/};(u})

f((: Ipn(uuu)l du(w)

(3.3.4)

By Lemma 3.3.1, the denominator and the matching term in the numerator in (3.3.4) stay away
from 0, so we need only show the second term in the numerator goes to 0 as n — oco. For this, we

apply the Schwarz inequality to see that

/ ol 1) (@n®) ~ puwip)) * 1Qnw) (i) ey
C

z—w inf,con(u |2 — w/?

(3.3.5)
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The norm can be expanded as

1Pn (5 )12 ) + 11Qn |72 ) — 2Re [(Qn (w), P (w3 1)) ] -

Our first hypothesis on @,, implies that the sum of the first two terms tends to 2 as n — oco. By
the orthogonality relation, we may replace @, (w) in the inner product by 7, || Py (+; 1) || 2 ()P (w5 ).
We now apply the second hypothesis on @,, and arrive at (3.3.3).

To prove the statement concerning uniformity, notice that Lemma 3.3.1 proves that convergence
holds uniformly on compact subsets of C \ ch(u) so by the maximum modulus principle, we get

uniformity on any closed set in C \ ch(x), even those that include infinity. O

Before we turn our attention to applications of Theorem 3.3.2, we conclude this section by
exploring the behavior of the ratio (3.3.2) when z is inside the convex hull of the support of p but
outside the support of . The calculations in the proof of Proposition 3.3.2 imply that the second
term in the numerator on the right-hand side of (3.3.4) still tends to 0 in this case, so we can obtain
the same conclusion as Theorem 3.3.2 (without the uniformity) if we can show that the denominator
on the right-hand side of (3.3.4) stays away from zero, perhaps on some subsequence.

It is clear that if z & supp(u) then the sequence

{ [ Ipn(ﬁ; u)IQdu(w)}
Z—w o0

is bounded uniformly on compact subsets of C \ supp(u), so Montel’s Theorem implies that some
subsequence converges uniformly on compact subsets to an analytic function h(z). It is possible that
the limiting function h(z) vanishes at a point inside the convex hull of the support of the measure.
For example, let © be a measure supported on [—2,—1] U [1,2] satisfying p(A) = p(—A) for all
measurable sets A. Since the measure is symmetric about zero, so are the orthonormal polynomials

so we conclude

L2
[l g
supp(x) w

i.e., the limiting function h(z) satisfies h(0) = 0. However, this example tells us how we can look
for the zeros of h(z); the relevant fact being that in this example any weak limit of the measures
{lpn(2; p)|?du(2) }n>0 is an even measure.

In a general setting, suppose o is a weak limit point of the measures {|p,(z; it)|?du(2) }n>0 with

corresponding subsequence N, . Let B, (z) denote the Borel Transform of the measure o with domain

given by C\ supp(u). If B,(z) # 0, then

- )2
Mdu(w) >0, (3.3.6)
C zZ—w

neNs
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which is exactly what we need to carry out the proof of Theorem 3.3.2. We have therefore proven

the following result:

Proposition 3.3.3. Suppose a sequence of polynomials {Qn}n>0 is defined so that the hypotheses
of Proposition 3.3.2 are satisfied. Let o be a weak limit point of the measures {|pn(2; pw)|*dp(2) tn>0
with corresponding subsequence N,. The conclusion (3.5.3) holds for all z outside the zero set of

B, as n tends to infinity through N.

Example. Proposition 2.3 in [62] tells us that if u is a regular measure and cap(supp(u)) > 0, then

for any function f that is analytic in a neighborhood of Pch(u) we have

lim

n~>oon+lz/f w)|p; (w; p) Pdp(w /f w)dwy, (w

7=0

where w), is the equilibrium measure for the support of 4 (we used Theorem 3.6.1 in [65] here).

Therefore, if

/ ! dw, (w) # 0, (3.3.7)

cR—Ww

then we can find a subsequence AV, C N of positive density such that

{22 o} -0

We conclude that if p is regular, z ¢ Pch(u), (3.3.7) holds, cap(supp(u)) > 0, and the conditions of

Theorem 3.3.2 are satisfied, then we can establish convergence as in (3.3.3) along a subsequence of

positive density.

The next several sections are devoted to applications of Theorem 3.3.2.

3.3.2 Application: Measures Supported on the Unit Disk

Let us recall Theorems 2.7.1 and 2.9.4, which assert ratio asymptotics and weak convergence of the
measures {|p,(z; 1)|?du(z) }nen along a subsequence of asymptotic density 1. The proofs of both of
these results depend heavily on the existence of a recurrence relation satisfied by the orthonormal
polynomials. Our main goal in this section is to prove analogs of (2.7.1) and (2.9.1) for measures
on the closed unit disk, a setting in which the orthonormal polynomials do not, in general, satisfy a

finite term recurrence relation.
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3.3.2.1 Ratio Asymptotics on the Disk

We begin with a result that is related to the conjecture in [48]. There, it is conjectured that for
a measure g of a certain form on D, one has p,(z;1)/(2pn_1(2;p)) — 1 for all z in C\ D. As a
corollary, one then concludes that Iinligil — 1 as n — oo (recall k,, is the leading coefficient of
Pn(-;1)). We will show that in fact the corollary implies the conjecture. More precisely, we will
show that we need only verify the ratio asymptotic behavior at infinity to deduce it for all of C \ D.

This can be viewed as a unit disk analog of Theorem 1.7.4 in [56].

Theorem 3.3.4. Let i1 be a measure on Dand NCNa subsequence so that

lim ket =1 (3.3.8)

neN

Then
2pn—1(2; 1)

1 =1
nex Pa(zip)

uniformly on compact subsets of C\ D.

Remark. The condition (3.3.8) does not imply 0D C supp(p). Indeed there are examples of measures
whose essential support is exactly two points and (3.3.8) holds with A/ = 2N+ 1 (see Example 1.6.14
in [56)).

Proof. We will apply Theorem 3.3.2 with Q,, = zp,—1(2; ). We need only verify the first condition

in Theorem 3.3.2; the other condition is immediate from our hypotheses. The upper bound

limsup ||Qnllr2) <1
N|| ll22()

n—oo,ne

is obvious while the lower bound follows from Remark 2 following Theorem 3.3.2. O

From Theorem 3.3.4, we deduce the following corollary, which is an analog of (2.7.1) for regular
measures on the unit disk. By appealing to Proposition 2.2.3, it also tells us that if the conjecture

in [48] is false, then it can only fail along a sparse subsequence.

Corollary 3.3.5. Let i be a reqular measure on D. There exists a subsequence N C N of asymptotic

density 1 so that

hm ZPn—1 (Z; ,u)

=1 (3.3.9)
no¥ palzip)

uniformly on compact subsets of C\ D.

Remark 1. We will generalize this result in the example in Section 3.3.3.
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Remark 2. In Proposition 3.4 in [48], Saff verifies boundedness of the ratio (3.3.9) under related

hypotheses.

Proof. To apply Theorem 3.3.4, we need to verify that /in,%;il — 1 along some subsequence

of asymptotic density 1. If we define v, = kpk then each 7, > 1. Regularity implies

n—1°

1/n
(H?:I 7j) — 1 so 7, tends to 1 along a subsequence of asymptotic density 1 as desired. O

Corollary 3.3.5 cannot be improved to give us convergence as n tends to infinity through all of

N as the following example shows.

Example. Let p be a probability measure supported on the unit circle and let {a,, (1) }n>0 be the

corresponding sequence of Verblunsky coefficients. The recurrence relation (2.1.2) easily implies

n—1

k=[]0 =1y ) (3.3.10)

Jj=0

(see formula (1.5.12) in [56]). Let us define the measure p by defining

1, ifn =2 for some j € N,
an(p) =
0, otherwise.

One can easily check that this measure is regular. However

2pai (25 1) _ V3

Pai1(Z 1) e 2

b

so we can only apply Corollary 3.3.5 to the subsequence N'= N\ {2/ +1: j € N}.

Now let us turn our attention to measures supported on the unit circle 0. In this case, since the
polynomials do satisfy a recurrence relation we can actually strengthen the conclusion of Theorem

3.3.2.

Theorem 3.3.6. Let p be a probability measure supported on the unit circle and let @y, be as in

Theorem 3.3.2. Then
Qn(.) — 1
P (1)

in L*(0D, 42).

’ 2T

Proof. We use the Bernstein-Szegé Approximation Theorem (Theorem 1.7.8 in [56]) to calculate

27
/0

°_ /a 1Qu( dul) 1

o

Qn(ew)
pn(ei?; )
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by hypothesis. Theorem 3.3.2 establishes uniform convergence on compact subsets of C \ D and we

have just established convergence of norms. The result now follows from Theorem 1.5.3. O

Example. Let p be a probability measure supported on the unit circle and suppose p is normal in
the sense defined in [32]. This means that

P (25 1)

n

=1.
L2 (p)

lim

n—oo

This clearly implies ||zp), (2; #)n~ || 12¢,) — 1 while it is also clear that the leading coefficient of

zpl, (z; u)n~t is k,. Therefore, Theorem 3.3.6 implies
/(e
lim || 220z 1” —1
n—o || npp (2; ) H2(C\D)

when y is normal.

3.3.2.2 Weak Asymptotic Measures on the Disk

Consider now the unit disk analog of (2.9.1). Lemma 2.9.3 tells us that if p is a regular measure on

D, then there exists a subsequence M C N of asymptotic density 1 so that for every m € Z we have
lim /{,H_m/é:;l =1.
nem

To see this, we let A be the subsequence as in Corollary 3.3.5 and let M be the subsequence of A/

constructed by Lemma 2.9.3. Then if m > 0, we have

/fn+m o /fn+m 5n+m71 /fn+1

Rn Rn4+m—1 Rn4+m—2 Kn

Since {n,n+1,...,n+m} C N whenever n € M (for large n), we see that all of the ratios in the
above equality tend to 1 as n — oo through M. A similar argument works if m < 0.

This observation will allow us to make further conclusions about regular measures supported on
D. More specifically, we will address possible weak limits of the sequence of probability measures
{lpn(2; p)|?du(2) fnen. Recall our discussion in Section 2.9, where we saw that without any restric-
tions, the set of weak limit points can be hard to control. Also recall Theorem 2.9.5 and Section 3.1

where we learned that if p is supported on 0D and is regular, then

. n 2 de
m jZ::O |pj(zvﬂ)| du(z) — >

weakly as n — co. This suggests convergence along a sequence of density 1 and we will show this is

the case. In fact, we will show that if  is any regular measure on D, then there is a subsequence
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N C N of asymptotic density 1 so that

do

w-lim |p,, (25 )| Pdp(2) = —.
eN 2

The first step is to show that the weak limits we are interested in are measures on 0. This is the

content of the following lemma.

Lemma 3.3.7. Let yu be a measure on D, m € N fized, and N' C N a subsequence so that
lim FLnerIiT_Ll =1.
neN

If K C DD is a compact set, then

iy [ (a0 Pdn(z) =

n—oo

neN

Proof. Let K C I be a fixed compact set and assume K C {z: |z| < R < 1}. For contradiction, let

us suppose that there is a subsequence N7 € A and 3 > 0 such that

/K Pz ) P > BIPu(0) 2

for all n € Ni. Then for these n, we have
[ PGPl < (1= 51200
D\K
We then use the extremal property to calculate
P < [ 1 PatepPdus [ 2 Pates P
K D\K

< R / (P22 1) Py + /, (P22 1) Pl
K D\ K

:Rzm/ |pn(z;u)\2du+RQML IPn(z;u)\zdqu(l—Rzm)/, | P (25 ) [Pdps
K D\K DK

< RO P ()72 + (1= B2 (1 = B)IPu ()72,

= (1= 81 = R*™) 1Pa(1) 122,

which contradicts our hypothesis when n € N is sufficiently large. O

Now we can prove an analog of (2.9.1) for regular measures on the closed unit disk.

Theorem 3.3.8. Let p be a reqular measure on D. There is a subsequence N' C N of asymptotic
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density 1 so that

do

w-lim |pn (23 ) Pdp(z) = o
neN

Proof. As mentioned above, we may begin with a subsequence N' C N of asymptotic density 1 so
that for every m € N we have

. -1 _
Jgrgo Entmb, = 1.
neN

It then follows from Lemma 3.3.7 that if K C D is compact, we have

n—oo

neN

fim, [ Ipaz10Pdnz) = 0.

We conclude that any weak limit of the measures {|p, (z; 1)|?du(2) }nen is supported on OD.
Let o be such a weak limit point and N, C A the corresponding subsequence. Then for every

fixed k € N we have (by the extremal property)

3 < [P0l i) (), (3:3.11)

As n — oo through N, the left-hand side of (3.3.11) tends to 1 while the right-hand side tends to
HPk(';J)H%Z(U). However, clearly ||Pk(~;cr)H%2(ﬂ) < ||zk||2L2((7) =1, so we must have ||Pk(';U)H%2(U) =

1, which implies the Verblunsky coefficients for the measure o satisfy
aj(o) =0, j=0,1,2,....k—1.
Since k € N was arbitrary, this implies ¢ is normalized arc-length measure on JD as desired. O

3.3.3 Application: Measures Supported on Regions

If a measure p is supported on an arbitrary bounded region G, we cannot prove a result quite as
precise as Theorem 2.7.1 or Corollary 3.3.5 using our methods. The main difficulty is that the
conformal maps sending the exterior of D to the exterior of D or the complement of [—2,2] have
finite Laurent expansions, which simplifies matters computationally. To make up for this, we will
approximate the exterior conformal map with polynomials. The price we will pay is that we will
reach a conclusion about p,/p,—g, for a possibly unbounded sequence {k,} (but see the example
below).

Our proof in this setting will require use of Faber polynomials. Given a bounded region G C C
whose boundary is a Jordan curve, let £ be the unbounded component of C \ G, which is simply
connected in the extended complex plane. Let ¢ denote the conformal map sending Q2 to C\ D
satisfying ¢(o0) = oo and ¢’'(c0) > 0. There are three conditions given in [17] that guarantee the

uniform convergence of F,, — ¢™ to 0 on Q as n — oco. Whenever this convergence property holds
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(for example if G satisfies any of the three conditions in [17]), we will say G is of class K and write
Gek.

Our result is the following:

Theorem 3.3.9. Let p be a measure on the closure of a bounded region G € K with logarithmic

capacity 1. Let Ny M C N be infinite subsequences so that for each j € M, knk — 1 asn — oo

n—j
through N'. Then there exists a non-decreasing and unbounded sequence {kntnen of elements of M

such that

kn .
i 9 ()P (25 1)
NN Pn(2; 1)

=1 (3.3.12)

for all z & ch(u). Furthermore, the convergence is uniform on compact subsets of C \ ch(p).

Proof. We will apply Theorem 3.3.2 with Q,(z) = Fy, (2)pn—&, (z; 1) for some appropriate k, € M.
First note that our hypotheses imply that if the sequence {k,}n,canr grows slowly enough, then
Iin/i;ikn tends to 1 as n — oo through A. Therefore, the second condition of Theorem 3.3.2
is satisfied by @,. Remark 2 following Theorem 3.3.2 puts a lower bound on the liminf of the

L?(p)-norm of @,,. To put an upper bound on the lim sup, we see

LB @, P auz) < 1

for every n € N. Therefore, ||Qnllz2(,) < 1+ €, where €, > 0 tends to 0 as n — oo through NV
provided {k, }nenr is unbounded (this is because G € K and |¢(w)| = 1 for all w € 9Q). By invoking

Theorem 3.3.2, we conclude that

F _ .
noee Pn(2; 1)

=1 (3.3.13)

for all z ¢ ch(u), and the convergence is uniform on compact subsets of C \ ch(u). Since F,, — ¢"

tends to 0 on Q as n — oo, (3.3.13) implies (3.3.12). O

Although Theorem 3.3.9 is an analog of Theorem 3.3.4 for more general supports, proving an
analog of Corollary 3.3.5 or Theorem 2.7.1 is more challenging. The difficulty lies in the fact that
it is possible to have || P, (-; )| £2¢) > [ Pa—1(1t)

|L2(,) When the support of the measure is not the
closed unit disk. The following example shows that we can strengthen the conclusion of Theorem
3.3.9 to more closely resemble that of Theorem 2.7.1 if some power of the conformal map ¢ is a

monic polynomial.

Example. Consider the set E,, := {z : |z™ — 1| < 1} (pictured below for m = 3). In this case,

Fo(z) = 2™ — 1 (see example 3.8 in [35]) so that if 4 is a measure supported on E,,, we can write
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Figure 3.2: The boundary of the set Ej3.

| Prgrn (5 1) |12y < 1P (5 1)l 2y for all n € N.If p is regular, then we have

1/n
n—1 /
. 1/n . -1
1= lim (Kpkn+t1 - Bnem—1) ' = lim | K1 - K H Kjtmh;
n—o0 n— 00 el
J:

We can now apply the same reasoning as in the proof of Corollary 3.3.5 to conclude that there is
a subsequence N C N of asymptotic density 1 so that lim, o nen Iinlﬁgim = 1. Furthermore,

| Frn(2)[| Lo (&,,) = 1 so the proof of Theorem 3.3.9 shows that in fact we have

lim Fm(Z)pn—m(Z;/i) — lim (Zm - l)pn—m(z;#) -1
new  Palzip) N Pn(2; 1)

for all z¢ ch(u). Notice that if we set m = 1 we recover Corollary 3.3.5. The same calculation

applies in any situation where some power of the conformal map ¢ is a monic polynomial.

3.3.4 Application: Stability Under Perturbation
3.3.4.1 The Uvarov Transform

Another application of Theorem 3.3.2 is to show that the behavior of the polynomials {p, (z; 1) }n>0
is stable under certain perturbations of the measure. In the following example, we consider the

Uvarov Transform of a measure (see [15]), meaning we add a single point mass to the measure .

Example. Let u be a measure with compact support and x € C. We will show that for any ¢t > 0
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we have

(25 1+ t05)

lim =1 3.3.14
n—oo  pu(z;p) ( :
uniformly on compact subsets of C \ ch(u) if and only if
AT
lim 2n@HE (3.3.15)

n—oo Kp,_1(z,x; p)

where K, (y,z; 1) is defined as in (2.5.3). We will apply Theorem 3.3.2 with Q,, = p,(z; p + t0:).
The proof of Theorem 10.13.3 in [57] applies in this setting also to show that

||Pn(‘;ﬂ+t5x)H%2(“+t5m) _ 1+ tK,(x,x; 1)
Hpn('éﬂ)“%zw) 1+ tKy—1(z,z;p)

pa(z; w)[* t
Knq(z,z;pn) t+ Kp_q(z,z;p)~ 1

(3.3.16)

=1+

Notice that,

t
lim
n—oo t + Ky 1 (z, ;)71

always exists and lies in the interval (0,1]. Therefore, if we assume (3.3.15) holds then (3.3.16)
verifies the second condition in Theorem 3.3.2 for @,. To verify the first condition, write Q, =

TnPn(+; 1+ td;) and notice

([P (-5 e + tdw)||2L2(u+t6m) 2 ||Pn('§ﬂ)|\%2(u) + (1P e+ t5z)”%2(taw)-

Dividing through by || P, (+; pp+td,) ||2Lz( ) and using our above calculations, we get 1Qunllz2(ts,) —

Httds
0 as n — oo, which verifies the first condition in Theorem 3.3.2 and hence proves (3.3.14).

If (3.3.15) does not hold, then (3.3.16) shows that we do not even get the the desired convergence

at infinity so we cannot possibly have (3.3.14).
Remark. The Uvarov Transform on the unit circle was studied extensively by Wong in [75].

As an aside, we note here that the condition (3.3.15) is well studied in the context of OPUC and
OPRL (see Theorem 10.13.5 in [57] and also [5]). In the context of OPRL, when x € supp(p) it is

equivalent to the Nevai condition, which was introduced in [38]. Tt holds at x precisely when

K7 . 2
oliy (@93 1)

d = 0.

In [5], it is conjectured that the Nevai condition holds for p almost every x. There is an extensive

literature on the Nevai condition and related phenomena. Further results can be found in [5, 29, 38,
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39] and references therein.

The calculations in the above example prove our next result. It shows that if a measure is
perturbed in a way that does not affect the asymptotic behavior of the monic orthogonal polynomial
norms, then it also does not affect the asymptotic behavior of the orthonormal polynomials outside

ch(p).

Corollary 3.3.10. Let py and pe be two measures with compact support such that

P’n '; L]
i (1P (5 ) 22 1)

=1.
n—oo || Pp (-5 11 + f12) 1 22 (1 4112)

Then
i Pr(Z + p2)

-1
n—oco  pp(z; )

for all z ¢ ch(p).

3.3.4.2 The Christoffel Transform

A second kind of perturbation we will consider is the Christoffel Transform of a measure (see [15]),

where we multiply the measure by the square modulus of a monomial; that is, we define
dv®(z) = |z — x2du(z). (3.3.17)

The location of the point x will not be arbitrary; indeed we will have to place a hypothesis on the
point x as in (3.3.15). We will see later (Corollary 3.3.13 below) that this forces z to lie in the
convex hull of the support of u.

For every n € N, we recall the definition of K, (y, z; ) given in (2.5.3). A very simple calculation

provides us with the following formula (see Proposition 3 in [15]):

1

Palsiv®) = —

(Pn+1(2; W — MK( m) . (3.3.18)

We can now prove the following result:

Theorem 3.3.11. Let p be a measure with compact support and let v* and p be related by (3.3.17)
where © satisfies (3.3.15). Then

=1 (3.3.19)

uniformly on compact subsets of C\ ch(yu).
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Proof. We wish to apply Theorem 3.3.2 with Q,(z) = (z — ©)pn—1(2; v"). First notice that

Qua - NP Gy
(1) [Pa—1 (5 ) 172

by definition, which verifies the first condition of Theorem 3.3.2. By formula (3.3.18), we calculate

[P (; )]

Paa () ey = I = 2)Paca (o Ny = P ) a0 + o (o

The leading coefficient 7, of @,, is just || Pn—1(:; um)||zzl(yw) so we have

T = [PaCs I3 (14 0(1))

as n — oo by our assumption (3.3.15). This verifies the second condition of Theorem 3.3.2 and

hence the desired conclusion follows. O

Remark. By Theorem 3.3.6, if the measure p in Theorem 3.3.11 is supported on the unit circle, then

in fact we get H? convergence in (3.3.19).

The hypotheses of Theorem 3.3.11 are presented in terms of the measure p, but we can also state
a condition on v* that implies relative asymptotics. We will follow the notation and terminology
from [31], where p is called the Geronimus Transform of the measure v*. As in [31], let us define

r— =z

i) = [PE e, o) =r© - Y lg) (3.3.20)
§=0

We saw in the proof of Theorem 3.3.11 that ||(z — @)pn—1(z;v")||L2(u) = 1, so we need only verify
the condition on the leading coefficients to apply Theorem 3.3.2. To this end, we apply Corollary 2

in [31], which tells us that
Hpn(zvu)H%?(u) _ anl(l‘).
||Pn_1(z;1ﬂ)||%2(w) €n—2()

Therefore, we see that (3.3.19) holds uniformly on compact subsets of C \ ch(u) provided z satisfies.

2
lim 921 @F (3.3.21)

n— o0 en_g(aj)

Combining Theorem 3.3.11 with the example in Section 3.3.4.1, we deduce the following corollary:

Corollary 3.3.12. Let p be a measure with compact support, x € C, and t > 0. If x satisfies

(3.3.15), then
n—co  pp(z;p+td,)
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uniformly on compact subsets of C \ ch(u).

The following example illustrates Theorem 3.3.11 and shows that in general we cannot hope to

extend the results of Theorem 3.3.2 to the boundary of Pch(pu).

Example. Let us reconsider the example from Section 2.8. Let p be two-dimensional area measure
on the unit disk D so that p,(z; p) = \/@z” It is easily seen that in this case, the point 1 satisfies
(3.3.15) so we will consider the Christoffel Transform given by v*. We recall that by the example in
Section IV.6 in [68] (or equation (3.3.18) above), we know that

n

zvh) = 2 P Z24+ 22442
Pul50) \/W(n+1)(n+2)(n+3)k§0(k+l) (L7t 252,

We then see that

(z = Dpn(z") _

Pt1(2; 1)

2(z — 1) -
— (z Zk+1 (L+z4+224- 427"
2" (n+2)\/(n+1)(n+3) =
B 2 <( +r+2) n+1 2 1 >
(n+2)/(n+1)(n+3) 2 z vzl )7

which clearly tends to 1 as n — oo if |2| > 1, in accordance with Theorem 3.3.11.

It is clear that
(z = Dpn_1(z; 1)
Pn(25 1)

:0,

z=1

so we cannot in general hope to extend the conclusion of Theorem 3.3.2 to include convergence on
the boundary of Pch(u). However, in this example all of the zeros of p,(z; 1) are contained in D so

(2 = D)pn_1(2;0Y)pn(2; 1) 71 is a function in H>°(C \ D) and as such

Knp—

_ ()

— D17 ) — 1
2—00 ’Qn(ﬂ)

/2” (€ = Dpua(e?v') dd (2= Dpp_a(z0")
0

Pn(e?; 1) 2m Pn(2; 1)

as n — 0o, which suggests we do have convergence to 1 almost everywhere on 0D in this example.

A short calculation reveals that this is the case.

Theorem 3.3.11 also yields the following (see also Theorem 1.3 in [5]):
Corollary 3.3.13. If x & ch(u) then (5.5.15) fails along every subsequence.

Proof. Since all zeros of p,(; 1) are contained in ch(u), we have

(z — 2)pp_1(z; V")

=0
pn(z7 ,LL) Z=x
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for every n € N, which means (3.3.15) cannot possibly hold along any subsequence for otherwise, by

Theorem 3.3.11 (applied along the subsequence) this expression would have to converge to 1. O

It is interesting to observe that we can derive a different proof of Theorem 3.3.2 (without the
uniformity) if we assume Corollary 3.3.13. To see this, notice that (3.3.15) failing along every

subsequence is equivalent to the statement that

Kn_1(z, 2;
lim sup nLE T (3.3.22)

n—oo  |pn(@;p)l?
Therefore, if we have {Q }nen as in the statement of Theorem 3.3.2, then we can write each @, as
n

Qn(2) = A"p;i(z 1)

=0

for appropriate /\g-TL) € C, j € {0,1,...,n}. The hypothesis, 7,x,* — 1 implies A 1. Since
||QnH%2(M) =30 \/\;n)|2, the hypothesis [|Qn||r2(,) — 1 implies Z;:ol |)\§-n)|2 — 0. Therefore,

Qn( ) (n) Zn 1>‘(n)pj(z§ﬂ)
pn( ﬂ) >\ * pn(zvlj') ’

We have already seen that )\%n) — 1, while the remaining term can be bounded by the Cauchy-

Schwarz inequality:

n— n 2
S A sz )
pn 2 ,u)

n—1
n Kn-1(2,2; 1)
< [ e (Fe),

2 ek

which tends to 0 as n — oo since we are assuming (3.3.22). Therefore, Q,,p,;* tends to 1 outside of

ch(p) as in (3.3.3).
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