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The Feinberg-Galanin method for heterogeueous resotors is
formulated ¥y using a two~group model instend of an sge kernel. This
traatwent 18 then extended to take into sccount secondary effects suuh
az famt fission and thermalization of neutruns inside & rod which may
oontain woderator. The use of e single coefficient im & Feinbsrg-
Galanin approach sllows one to relate the source and sink strongth of
the fuel elament to the thermal flux dnly. By defining 2 set of four
coefficients it is possible to connect the strengths of thermsl and fast
neutron sources and sinks to both thermal and fast fluwes. A mothod of
caloulating these four coeffialents o, , f, » x, and [, is prosemted.

The critical fuel maes of & fiesion clectric cell resctor is
ulwm by using the four coefficient method. A4 value of ayproximately
0.77 AJ is obtained, compured to a critical msss of 1.3 A(] eatimated

1

from two-group homorenecus theory.
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1. DRSROICTION

The theory of heterogenecus resctors was firet developed

mmmmmmiwmummunmuuofm
squivalont hosogeneous reactor. The actual resctor is divided into

cells whose shape is determined by the fuel element distributiom.

Using the Wigner-Seits unit cell model, each gell is then replaced

by & hemogensous circular osll whese properties are the average

properties of the aotusl cell., Diffusion theory is then used to ob-

tain critieality.

The hosogeneous mnethod has several disadvantagess

1)

ii)

141)

iv)

1t does mot give the fine structure of the flux
in a finite eore, whioh mukes it difficult to
knov the fiasion rate in the fuel.

it is completely irrelevant for a reactor with

& small mmber of elementa.

the side elemonts of the reaqtor, whers the flux
variee considersbly across the eell, are poorly
accounted for.

the actual disposition of the rods in a finite
core has no influence on the homogeneous calcula~

tions. The same number of fuel rods in & sguare

array or in a hexagonal srrey gives the sane results.



v) 3it’is inscourete in treating the effests of
singularities such as contrel reds, especially
if the eymmetry is destroyed by these mingular
ities.

Subsequently, Fedoberg (1) and Galanin (2) developed & heter-
ogenecus wethod applicable to infinite moderator media. This methed
vas extended to finite medis of rectamgular shape by Meets (5) and
eylindrical shape by Jonsson (6).

Feinberg and Oalenin consider esch fuel or oontrol rod as a
singularity. These singulsritiee are considered as extesnal te the
moderator and are treated as loonlized sources and sinks. The prop-
ortiesA of the xods are contained in the thermal constant X which
oconnecte the thersal net current to the thermal flux at the surface
of the fuel slement, ‘

This allows one @ relate the strangth of the thermal neutron
sink at the slug te the thermal nsutren flux &t its surface. The
aingularity is then considered az & sink of thermsl neutrons and a
source of fast neutroms. The strength ef the souracs is related to the
strength of the sink through the cosfficient 47 » the aversge number
of fission neutrons produced per neutren :baorbed in the rod. This co-
efficient may be differsnt for esch rod.

The Peinberg-Galanin method ls 8 big improvemaent over the
homogenevus method for resotors with & ssall number of rods. But it is

not completely satisfactory for such reastora as the fiseion-electric cell



resctor, or the vortexr tube reactor which hasve heterogeneous fuel
elements containing a nigniflcuht smount of mederztor. In other

words, in such & reactor faet neutrons can be produced in a fuel
slement Ly fission, but slow neutrone can alse be produced by slowing
down inside o fuel element. Neither of the above two methods treats
thie kind of resctor properly; the homogensous method doee not localise
the singularity, and the Feinberg-Galsnin method neglecte the slowing
down ineide the singulerity.

In order to introduce this effect im a heterogenecus reactor
calculation, we reconstruct a Feinterg-Galenin wethod in 2 two-group
model (eection 1X). Then we intyvduce the additionsl cource and sink
efiects in the fast mnd thormel groups {section III).

Heuce with the latter method of tresting s retercgenecus resctor
we conelder & fuel element ass

- a source of fast neutrons (fission}.

& source of thermal uoutrons {thermelization).

a sink of fast meutrons {radiative capture and
fast fission).
-« a sink of thermwl usutrone (thermsl absorption).

Thie source and eink terms are related $0 eech other by two
conptants: 4, and 9, , the sverage nunber of neutrons produced per
fest anu thermsl absorption respectivel: in the fuel element and A the
probability that a neutron sloving down inside the fucl element reaches

thermal energy.



The ehange introduced here with respect to the Feinberg-
Gelanin method ie that the sink terms are related to both the thermal
and fast fluxes at the surface of the rod. These relationships
necessitate the establishment of four coefficienta vhich mumt be
determinad. Section IV gives an approximetive method of obtaining
these coefficients for o simple fuel element.

In & rumerical exsmple (mection V) we consider a different
type of fuel element and make the neceseary corrections to the
previous pethod of obtaining the ocoefficients.

We treat here the case of fuel rode only; the extension to
gontrol rode is straightforward. In the latter case the coefficients ’7

axre eyual 1o gerv.



Conaider an infinite moderating mediux containing a finite
mmber of fusl slements. Thess fuel slenmsute are assumed to be eylinders
of finite length and perailel to each other forming a core cmbedded in
the zoderator. It is assumed that either the distance betwesn these
elezents is largs compared with their transverse dimensions, or that the
lattice is sufiiciently sysmetricel so that the flux nesr the elementa
possesees encugzh aymmelry $o coneider the slerents ae line sources. o
use diffusion theory im the moderstor only, we sake the further sssumption
that the distance hetween two fuel eslenents is large compared with the dife
fusion lemgth.

fpplying twow-group diffusion tieory one can write equations
for the overall fluxes:

N
_D,v‘¢>,(r>‘) +(Sg+zf'.’)¢.(f3) f;_ 7‘2‘ S, (F] §(7% - %a) (2.1)
N
DTG (R + Zo B#) = p5 AP - 2; S, (7) 8(%-7g) (2.2)

xhere & (p) and #(F) refer to the fast and thermal flux Tespectively

in the soderator, Zg is the removal cross section of ths moderator;
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ZR can bs defined in a two-greup theory W('):
Se= D
Ty
we bave introduced o f," a fast absorption cross section for the
modexator. This may be negligible:. N is the total mumber of fuel
elowents.
On the right hand sides are the densitias of the differmnt
neutron scurces of the system. Ve see that sach fus)l element is cone
"sidered as a line sink capturing S 4 therwel neutrons per unit time
and unit length. 5; depends om the position along the fuel element
(along the s axis) which is the reascn for introducing S in the
above equations. Hote that the Dirmc delta functions used in the
~ equations are two dimensional delta functions so thet the product
SF) §x-2) s the sink demsity of the fuel element A at
peint ',5‘ .
The gecmetry of the fuel elements suggesta the use of
eylindrical gcordinates. ¥We sepsrate the varisbles in the differen~
tinl equationa, Let:

) = (%) ¢(z) ()

B(z) oc cos B, 2 (2.4)

*Ref. 3 - 8,157, p. 459.



B, = _T (2.5)
R +<ZDz |

whare A, 48 the reflector saving on one side along the s axis, along

which the refleotor needs not to be infinite. S13 (7) which is directly

proportional %o the flux can he written:
SA(F) = S; t B,z

vhers 54 is now a constant to be determined for emch rod. ¥We ars

left with the two dimensional equations:
/

N
Vi) »idx) - 7 2. S

D, R=1 A 4
VG (R) + KEB ) - 15k B)- Zs SGE-%,) (@)
D, DL A=t
where
«) <)
4! _ Zx+%. , BE % _ Za , B (2.8)
D, D,
Solving the fast flux equation we lock for a solution of
the form:

&%) = ;L Ay K (4017 -Z51) (2.9)



which is the zolution for a auperposition of A 1ine sources lecated
at different positions lﬂ and satiafies the boundary condition for
an infinite moderator medium (vanishing flux at infinity).

One can easily find the Goefficients A; by making the
’ rollowing umption(.)x

The flux at a rod emplacement is the sum of a symstricel
repidly varying function due t© the rod iizelf and an unsymmesrical
slowly varying funetion due to all the other rods. In computing the
derivative about & rod we will neglect the derivative of ths slowly
varying function when compered with the derivative of the cther. The

latter function at the rod 43 ime
(f& = Aﬂ Ko('ﬂl’x— Z,A])
In order to evaluate the ecefficients Az, the finite

radius P of the red mast.now bs considered.  The number ¢f fast neu-
trons leeving the surface of the rod per unit length and tinme ism: |

"D, bﬁiiszfng‘ﬂlAﬂK,(‘klg) = ”/S‘ '(2010)
3R
where 5& is the number of thermal mtm abaorbed per unit length
andtimdtthecenmofrodﬁ 3 then:

A, - 7 54

= (2.12)
2rbD, % K, (%b)

"Ref. 3, p. TAC.



-9~

Ueing ths thermel constant defined by

Xz—é’wg J(Za) _ Sa

e S (2.12)
ACH), ALYy,

where 93()2'&) and J,(%;) ave the thermsl flux and net eurremt

(taken as positive whon directed outward) st the gurfsce of fuel element
A , we obtain for the fast fluxs

N
$x) W > b K. (kI F-Ty1) (2.13)
SnbD K K. (45) A=

The thermsl egquation 1.7 ia thenm:

N
TG ¢ # %) < ) GO K K1 al)

(2.14)
N
- ¥ ). 6By S(E-7y)
Dy A=
where m = b Za 77 (2.18)

Dy _'ZT"BD| *, K| (#, B]

We wolve this equation by a Fourier trenaforn techuiquel™)
noting that:

Lt =22

Frwi] - o

*M. 3, P. 707.
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Lot yx(‘s‘)=2/_// ) e
am

oo B
- Px) . L ” 3
& (%) ”// p)e s

- 00

The transform of equation .7 /4 i

y (8. X
(26 k) Uy(3) =m 2 & 2 B

Rl
%(,‘-/- st

X 2%
LS.
- X, grg)e 4

&1 D.z Rzt

N .
%(§) = ! ( ) z (,z‘) e
i+ s* -an A=

z 2
Ko+ S

Inversion of SV(§) is given by:

(x)_-___// L },
1‘(_24*5 7‘(‘(+5 2rD,

2% _is2
X i ﬁ[z})e > e ds
A=)

Lot dg - sdsdp

(2.16)



a I N
i |X-2glcn @
%G = // 4 )Z ¢ (%) e 5122l dsd@
i ‘k +ot f\’:+5 *'"D.g 4=t
: Y A7 (D328
¢(75)-___ S (’"’ _ X Z%(Z}}Ja e do
f(z-sz wi+s* D, ) R

vhere zr_l):.—/).&l

iS2cmb “
Foting that / e 46 = Zn J,(s2)

-]

N o6
% &) = Z 1,,,){ sJ.(sz)ds Y /sJ.Csa)ds}

Jocds sthxlest) £nD, ) (42 +sY
[o]

% (%) = Z ?,) } [/s.ﬂ(sz)ds _/sJo(szjds
‘Kz f(z -ﬁ(f#- 5? -ﬁ(j-r s¢

o o

_ Y /sjo(sa}ds }
Dy ) #E+ st

o0

Noting that /SJoCSf)dS - K, (%2)

K+ s?




)l

N
6c)_ L sg@){ i [m(mx-m—}n(«ﬂ—%/)} 21

- Y KK T }
ZnD,

Deline
/

H(lz'zﬁ[)-‘-______/m Ko(‘ﬂylx'lil}"( m + ! )Ku(‘f(,gp;"z:”) (2'18)
«Ll" ‘ﬁ(/z 1(!1- "/z 2 n D«i

N
808) = 2. BCR) HOF-Ty)) (2.19)

N
8(%,) - 2. ,05) H(I%p - 541) (2.20)

This is a system of N linear homogenecus equations whose
unknowns are the 95(22) 'S . Por a nom~trivial solution of 93(&) '
the determinent of the systex must vanish. This is the oriticality
condition,



¥e consider the soame assembly s the one defined in section
I3, but the fuel elementa are sllowed now %o have non-negiigible slow-
ing-down properties. We replace ecach fusl element by:
- & gink of thermal neutrons
- & sink of fast neutrons due t0 absorption and
thermaligation
- & gource of fast neutrons due to fission
~ & source of thermsl neutrons due to thermalisation
inside the rod.
To write the btalancse equations we need to relate the
source and sink strepgthe which we do with the coefficients Y end /t .
¥e use here an overall resonance escaps probability as a first
approach; it is the same probability as the one used in homogeneous
methods. Ve will indicate in the conclusion how this approximation can

be improved.

¥» write the maae equations as in section II but where 52

@
and 5& the fest and thermsl neutron sink terms appesr now insteed of

one thersal sink term:

N

N
(—D,vﬂz“sz)%(-ﬁ)%ﬂz 5, ) 505-7;) +(7,-1) g‘s;’@ SF-%,)  (3.)
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N

(2,7 +30) 5(7) - p3e %63 - ‘Z S, (7) 8% - %)
‘:‘

N (3.2)

SN GREEE
=l

0)
vhere 53 is the number of aeutrons wvhich disappear from famt

group per unit longth and time at the center of xred A .
S:) is the ramber of thermal neutrons sbsorbed per unit
langth and time at the center of rod A .
Y, 4s the average mamber of fast neutrons produced par
fast absorption in rod R (may depend on 2 ).
My is the average mber of fast neutrons produced per
thermel absorption inxod A .
We note the extrs terms in the right hand side of these
sguationas .
() (9,-1) Sz(ﬁ) §(X-%,) acoounts for fast absorp-
tion and fast fiseion inrod A .
(1) 2 5:@) §(*-%;) accounts for thersalisation in rod
& .

In thess equations the s dependancy can be removed by letting:

‘P(F = B(X) 0 B, 2
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Ve then obtain

N

(ot 4 )00E) = 22 2. 2. 6274 + 2 Z Sy S(x-A)  (3.3)

Cote i) F00 - f-zn $(x) - L Zs §(X-Zg)
D, 4

(3.4)

N

0]
v 2. Sy S(%-7g)
'DZ 8z
wheret
& 234’52) Bz 14( SQ) B'z B ™ (3.5)
| = — 4 £ = —a' -+ F-1 = ¢
D, De 2A+24,

UcuizhmwtocxprmSﬁmﬂS?intemeftheﬂum
at the purface of each rod ‘P,(I:g) and ¢1(1'ﬁ) . In order to do
this we define the coefiiclents:

&, 1 probabllity thet a fast neutrom entering the fuel
el’sont esoapes from the fuel eleament a8 a fast

neutron.
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(3, : probability that & fast neutron borm from fission inside
the fuel element escapes from the fuel element asx a fast
nsutrun,

K4 : protability that a thermal neutron entering the fuel
elazent eecapes from the fuel element.

!Q ;- probability that & neutron thermalised inside a fuel
element escapes from this fuel element.

These four coefficienis depend on the muclesr a&nd geometrical

properties of the rod., Ons way of getting a reasonsble approximation for
then is given in the next section.

Using these ccefficients we can write:

Sy = Ink JGTED? Sg (1-f.) + 2.5y (1-) (3.6)

Sz) - lvl/}’(/-le) *f‘ 5;,} (/—fh) {3.7)

vhere we use fl the everall resonence escaps probability as an approxe-
imation like stated before. ‘

0{_ is the partial surrent going inward at the rod surface.

b is the radius of the rod.



)T

The fast gnd thermal net currents can be expressed:

Ivb J, = jﬂg((/l+“(/-‘) =17, Sf)/?, + SZ (/y,/;,—l} (3.8)
b J, = 2mh (-17)- # S/ - Sp (3.9)
p4 £

and from diffusion theory we get:

(/++ (//‘ : Q(j&) (3.10)
thom _ $(Xs) (3.11)
A

where the f’s and B denote the partial currents and fluxes at
the ocutside surface of a slug.

Hote that dus to. the assmmption of syumatyy made at the be-
ginning of section II, the flux at the surface of & rod is inddépendent
of the asimuthal angle. ‘
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With the six linear relationsbips 3.6 thrsugh 3.11, ons can
find the 5,5 in terms of the 'S

Sy = a®(xa) + b (%) (3.12)
2 . ay $,(7a) + B, $CT) (3.13)

where:

a, = b (1-o)(1+ay)

M
-Bc = ‘TTL ’7‘2 (l—a(d(gﬂ,-j-a(,/],)
M
ag - b C-xn)lien(36.-2)+ 2 (1- 24
M (3.24)
Bﬂ - —TrBfl “(1-)(30B2-4 - %3¢ )
M

1 =[98 910 (o )] ve)-A 9 O 8- 030 2- )

Thus, the differential equations 3.3 and 5.4 becous:

N
(v 4 80) - %Lg[az@g(]ijﬁbz?(&)] 8 (x-75)

{(3.15)
N

-1 a + -
+_5:_h=‘[ ,43(7&) E.‘P:(Iﬂ)]é(x Za)



b

or

Vz + ’klz) Q(I) =
N .
3 { B08) 1 be +(r-0a) + e(rﬁ)h,an(o;,-l)b” §G-7)

55; a:l

(‘Vz+‘/'(f) %,Cx) = _ﬁ 3k 9%(75)

z

N
ER Y R LA Tes
Theee can be written:

N
(Vi &Y B CR) - AZ (%2) 8(7-2a)

%
(V4 KE) B < £ 20 80T) +§ (Ped) §(5-73)
% =1

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



where:
Ge) = L { 6 ora] + 4T[0, + 1) L}} (3.21)
:DI
%) - . {séof.) [#a,-B] + %CE) [ Abi- a,]} (3.22)

For an infinite woderator & solution of equation 3.19 im

/

N
6x) - hz Ay Ko (%% -%) (3.23)
=1
To compute A, , e again neglect in the derivative of the
flux at a rod ﬂl s the derivative of the flux dus to the other reds
when compared with the derivative of the flux due to the rod 4 . Ve
acppute the current st the boundary of the A element in the seme

manner &6 in ssotion XI. The result iss

Ay = (%) - (%a) F (3.24)
‘gTrEKIK'I(‘HIB)
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F = ! (3.25)
jTTE ‘A/, Ku ('ﬁ(lB)

N
$t) - F £Z (B8) Ko (%17 -Fal) (3.26)

By substitution ARt equation 5.20 ve get:

Lte k) 0u(x) = 2 SoF Z (9.2) K. (%1% -%51)
Dl
(3.27)

N
*;‘: (%08) 5(F-%a)
=1

iz in section II we use 2 Fourier transform procedure to solve
this equation., The two-disensional Fourier transform of equation 3.27
defined as in 2.16 im
S X
s20,6) ¢ KEp(s) = 2~ ERFZ Gaje "% |

D &=l ﬁ(4+5

{3.28)
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andt
N =%
LS.
YE) = 1& EKFZ @re® IDNCYIE *} (3.29)
ﬂ’:-f-s D, k=1 *1 st .211 =
Taking the inverse Fourier trensform the same way we did in
seotion 13

H(x)= 1 _ZeF Z @13)[ z,;p—x.(«,zz‘-z:qz)]
. M e (3.%)

N
+§L g (%18) K. (Kel%-%,1)

To get the oriticality condition, one computes from ejuations
3.26 apd 3.% the therzal and fast fluxzes at the surface of esoh rod:

)= £ ai [ﬂ(&){%@ )] + % (T[54 B]} T G

!

x KoK %m-Zp)

N
2eF Z SD()E‘)[%E +@,-l)q} ¢("‘3)[72a_2 +,- I)B}}

&=
x{ K,(ﬂ.ifm—lzl)—}f,(ﬁﬂ;n-n/}} L (302)



where N 1is the mumber of rods.
- P is defined Yy 3.5
- ‘lbl".’bz are defined by 3.14

Rence we end up with & systen of 2 N linear homogenecus
equations whose 2N unknowns wre the %% )snd $(7z) . ‘ton-trivial
solutions exiet only 1f 4 = 0, the determinant of the systez is sero.
The critiocality condition is that the 24 order determinant 4 wsust
vanish.

Practically, we can take inte aceount symmetries ao‘that
several fuel elewents have the seme surface flux #(Z,) end the mumber
of unknowns oan be considerably reduced. Xost of the time the order
of the determinent is smaller then ZAN .



The four coeffislents u, 8 «, 4, introduced in section III
depend on the nuclear propertier and geometricsl oonfiguration of the
fuel element. Each fuel slement if different from the othere can have
a different set of these coefricients. Ke consider here a simple model
of fuel element mnd give an approximate methad of obiaining these four
coefficients.

The fuel element is composed of two concentric ecylindricel
regions. The inmmer region conteins moderating materisl ( Tas<Ty)
end the cuther cylinder containe fuel (S~ Z,). The oross section of
the fuel element is shown belovw.




Ve oculculate first s few prodedilities which will be useful
in cbteining these scefficient. Ilet us define:

P, s probability that a neutron coming from the imner
mnoderator goes through the fuel shell without making
any collision.

P, t probebility that a neutzon escapes from the fuel
element after 8 scattering collisiom in the fuel.

F; 1 probedility that & neutron enters the inner moderater
aftdr a scsttering collision in the fuel.

T, t probability that & nautron coming from outside goes
through the fuel shell only and eacapes frow the fuel
elemiont without a collision.

T, : probability that a neutron coming from outside reasches
the inner moderator without a collision in the fuel.

T 8 probability that & fast neutron entering the inner
moderutor does not thermalize inside the moderator.

T, t prodability that & thermel neutron escapee the inner
moderstor, *

These probabilities (exvept Ty end n‘) mast be defined for
both fast and thermal neutrons. A general expression will be derived for
each of them in whieh the appropriate cross sections (fast or thermsl) |

wast be used.
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In computing these probabilities we make the following
approxizations:
~ the scattering is isotrepic in the leboretory system.
- the angular distribution of neutrons impinging en
the outside surface of the fuel element ia isotropls.
~ the collision density Z? 1n eech region of the fuel
element is spece independent for both thermal snd fast
nautrons .
a) The prabadility D : _ probakility thet s neutron
coming from the inner moderator goes through the
fuel shell without making any collision,

Vo will apsone ag 2 first approximation thet the angular dig~
tribution of the neutrons going into the moderator is uniforwm. 7Thia is
reasonable if diffusion theory applies because the net currsnt is sero at
the boundary ¢f the moderntor if there are no abeorptions inside.

It i3 shown in Appendix B that, subjeot to certain conditious,
the angular distribution of the neutrons which leave the inner moderadoer
is isotropic provided that the angunlar distribution of the inceming newtrons
is alsc imotropie.

The probability that a neutron coming out of JA(fig. 4.1}
through & solid angle Jn sbout 6 and P goes through the fusl shell
without colliding 1s € ~ErSe where Zr iz the tetal cross section of
the fuel. According to Appendix B:

J*dn =L 'Oy dpdo
|

™



FUEL

MODERATOR

Fz'g, 41



is the probability thet a meutron going through JA is in solid smgle

do about O and ¢ . The product e—&s:ffdn 1s in the probability
that » neutron going through dA u.’msoutin‘nglo d01 and goes through
the fuel shell without & oollision. P, is the sum of these elementary

probabilitiee over the solid angle:

.!I } 2SS,
P - _lf‘_//coa"ecm?e dpd o
™

vhere o ____73_( - 2 aim®e - 2 cotg according to (fig. 4.1)
7 R? R

T rr R |/y—&!4{m? -2
P :i/ylcmlecm(f e'EF‘“’( R* R Coﬂv)d? ol 8 (4.1)
T :
o ‘o

f,z_ﬁ_‘*.Z(.R{i/Rl Zr) (¢.2)

wkere, writing X=-7)§- and j: R

L = B (\[i-xZ%m%y - xcory
2(x4, 2):/7’wdzem¢€e sl )dvde (4.3)
0o ‘o



b) The prodability F; : Probability that s neutron
eacapes froz the fusl element after & scattering
otllision in the fuel. Ve asoume scattering ia
isotropieo in the fuel, snd suppose the flux ean be
considered &8s & conatant inside the fusl.

Within these restrictions, oach volume element oo is
ocnaidered as & unit source. The probability that a neutron coming
from do- resches an ares o/A oa the outside surface of the fuel elemant
is the product of € ' and of the frection of solld angle through whieh
dA ie seen from do-

dA 1B w @
Lt ot

vhere S is the distence between A and Ju-.

To get 7?‘ ve integrate this product over the volume and divide
by the ssurce strength which &s L

P, - L/// dA$0 0@ ¢ st modeds (4.4)
wr -
AsSe

we note thai there are twd kinds of limits of integration, depending on
whether ¢ is larger or smaller tham o (fig. 4.2) where o= M";-;‘- .
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These two limits are:

S, = 4R ¢
e B
R Y LI .
S, =1} L L Am
3 me( f r (f)

Le all the JA's are squivalent, equation 4.4 now becomes:

-ZgS
=4_{// Cm’tam(pe dsdzpdsy/ m"ecovgae dsd:fde}
o

A-J34rRA
U:_V(Rz-/z-xjk

zzR__.‘f
2 )//fmzemcf" ’ )d?d9+
z;n(R 28

T R _\[22 o’
.,/ch’smya(t-e_&‘“’(m? ® (f)) dy de}

¥ {4.5)

Pz_ff___{_-l(’& RZ w’ikz} (4.6)
* sem(RE2Y) )R ¢
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I(ng) //szgwb(fe 2y =2 dy do (4.7)

L x _ 49 w‘f“’XE-Mz‘f (‘08)
W(X,JIZ) ,-./]wg‘zﬁ 003()0 e zma( )d‘f,de

¢) The probability F} : probability that & neutvem
enters the izner moderator after & sosttaring . .
collision in the fuel. |
We consider mow a small volume element do- in the fuel and
a szsll ares dA  on the surfsce of the immer moderator and apply the
sane reasoning as for [y . The limit of integration (fig. 4.3) is mew:
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and
/
dA 2R3
_ L /// ROy e stds coadeaa’é’ (4.9)
v b s?
AS6 ¢
B=_%22
spm(RE-21) (4.10)
Iz R '/-&340»" - 2wy
x/y‘ﬁoa’ecm‘f("ejr‘"’( e i )C"f’ o8
B - 24_.__{1!’. - Z(_/_z. R ir) (4.12)
Z'FTT(R, /2.‘) R

where
Z(x,z/,Z) is defined by equation 4.3.

Gne can confirm that the normalisation is correct by cal~
culeting Fy+ P; which is equal to 1 without further gollisions:

X
Tr(zgf;‘l}{/ R&_;fcmzﬁcugod:(dﬁ/nw‘em?_&(mgo— £_ i 'f)dc,ode}'

.w(R‘ !)//cm(awocf—_(lfl‘g; (f_/lceocf) dgdo =
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4) The probability 77, : probability that a meutron
coming from outside gues tbrough the fuel ah«oli
only and escapes from the fuel element without
s colliaion,

et us assume an lsotropic angular distrimtien for the

velocitien of the neutrons eoming into the fusl element

J'(el?)dqoa’ﬁ = cot’0wrp dg ds (4.12)

The probability that a neutrern traveling in 80lid angle do about &

rSe
provided p > (see rig. 4.2). Hence:

. %/—(9/V) e-zps,d(p d6
//(/'(9/9’) dpdé

Lz
2 -2fS
S gy g
Tr, = Q ad
I I
, /f/‘mzamcp dod6

- -5
sndcf escapes is <

Sy = <R &Y
20 6
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. I r _F IR 212
e = %_/Yioﬁfawe el oo dyds (4.13)
[« " 4
T, = _li- I(%(RIZF) (‘014)
T
here IX, 4, 2]  1is defined by (4.7)

¢) The prodability 77, : probability that a neutrem
ooming from outside reaches the innar moderater

without a collision in the fuel.

Using the same procadure as for 7, e get

m //J’["’"/e_irssde
| -

- //J-[a’(p/ dodb

where aceording to (fig. 4.2)

Sy = .ﬂ_(wa(f—\/%;-/wn"so)

. 1%, ’chf—E[m‘f’V%{'M )
.. M=k 04" 6 oy €
T
[5) o

dode  (4.15)
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Ty = ;lf? W(i{g,n,'zp) (4.16)

whare W(x,:/, 2) ts defined vy (4.8).
£) The prebability T, s probability that a fast
neutron entering the inner moderator does not
therxzalise inside the moderator.
Lat ue dietinguish twoe Qmses:
1} The meutrons born inside the slug from fission;
thess neutrons have a well known average lethargy
and one can bave an 3den of the average nuber of
scattering collisions which will make these newirens
thermal. |
Enowing the probablility that a neutron escapss at each scat-
tering ocllision, ens can determine the probability that = fast neutron
escapes without becoming thermal.
We use the notations and reswlte of Appendix As
A s probability that a neutron going through the mcderater
does not collide
€ : probadbility that a neutron after o scattering . .
collision in the soderetor gscapes from the moderstor

In this case we can assume %__s.:l becauss we are conslfering only fast
&
neutrons.
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Calling N, the average number of collisions which make &

fisnion neutron thermal we geti

= A+ (1-\)'S +(/_-A)(I-S)§ +.. L+ (1-A)(1-8) " S

Tr3 = A+ (["A}S I-(I—SJN‘-I = /\ +((‘A)(, - (""g)ﬂ’-.}

(4.17)
1~ (1-8)

11) The fast neutrons which enter the slug from cutside.

Thess neutrons belong to the fast group, but actually

thelr lethargy is not well defined end is spread be-

tween thermal and ninimum lethargles.

In the context of the two group model, one can say that at

sach soattering oellision the average provcability that a fast neutron
becomes thermal is % » neglecting fust absorptions in the moderator.
Therefore, ueing the results of Appendix A:

my = A+ (1-A)( 1~ Z2 5 (4.18)
( s’)l—(l-s)(/—ﬁ)
z.

S

In these sxpreusicas: ) _ & I[o/ 2, E,m)
T

S . zf {-z +(20 +f) L(2) K, (e) + To(0) Ki(0)-1,(0) o) +8€ 1. (0) /ro(e)}
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@) The probabllity 7, 3 probebility that e thermal
neutron oscipen the inner woderator.
This probability sceounts for the thermal absorption which takes
place in the moderator. MNost of the time it ie vory close to 1.
T; 1s equiwdent to the transnission coefficient of the mod-

erator elug. Hence soccording to the resulis of ippendix A3

m, = A+ (l—A)ﬁ S (4.19)
Ze )-(1-3) 32
(4

&) fThe coefficient o, 1 probebility that a fast neutron

entering the fuel element escepsa as & fast meutren.

™
HG- 4~5

P

et W= 25 in the fuel
zs



S fast xeutrons enter the fusl elezent per unit time and
per unit length. X of these neutrons after entering
ths inner moderator leave it again as fast neutrens

per unit length and tire. Hence:

[5('““1‘",'7) + X("?:)]w mtrm nake at least one sesttering
eollision in the fuel.
[56-m-m)+ x(1-P)Jw(1-B-B Jw  make tw scatiering coliisions in the
fuel.
The total number of soattering collisions these neutrons
make in the fuel iss (by summation)

(s(i-m-m) +x(1-B)] w
- (1-P1-P)) w

Thus:

ST, + [5C-T-m) + x¢1-P.)] w P, + x P, (4.20)
- (1-F- Blw |

neutrons esdspe

S-H-Q + [S(I-W.-V¢)+X[I~P,}]w PB
” ({’P‘Q*ngw (4.21)

entor the imner modsrator
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Hence:

X = 'rr'3 {Sn}' + S(i-m-my )+ x(1-E) ng}
(BB

and solving for x ,

x = St} Q—(I-B-I’a)wn, + (1-m-1m Jw B (4.22)
(~-(1-B-B)w -~ (1-B)wF 4

Bubstituting equation 4.22 into equation 4.20 we get the mmber of
noutrons escaping:

S« = ST, 4 S(-m-m)wE,
~(-B-Bw

+ S Ty -(1-Fo-B )w Ty + (1-T-m) wF, [('-PJWP_, N P,]
/-(/-Pz—Pa)w "[/-P,)wfa rrg !“(I-P_z-?,)w

d =+ (T-T)wPs ¢ (BtBP -Blw+ P
I-(I-B- B)w 1-(I-Py-B)w (4.23)

where £, =T} TT:.'("E?‘Pa)WTTe“(/'m‘"z)wps. (4.2¢)
I-(1-Pe-F)w - (I-B)wF my

%) The coefficient pl 1 probability that a fast neutrem
born from fiseion inside the fuel element escapes

from the fuel eloment az fast neutrons.
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S neutrons are borm from fission in the fusl element per
unit length and time. X of these afier entering the inner moderator
leave it again aes fast neutrons. ‘
[S(-B-B)+x(1-E)]w meks at least ane scatiering collision in

‘the fuel.



e

The total mumber of scattering collisions these neutrons
nake in the fuel is:

[s(i-F-B) + x(1-B) Jw

I_(I"Pz—Pa)w
Thus
SP,Z -+ [S(I-P‘—P’) + x{/_PI}Jw P,z -+ XP/ (‘-25)
I'[/".Pz"?a}w
of these sscape .
SE, 4 [SU-P-B)+x(-B)]w B (4.26)
1-(1-5-B)w
eaater the imner moderstor
Hence:

X = T, {spa , [s(-B-B)+ x(/-m]wg}
I"(/"Pz"l’a}w
and solving for X ,

X= SPBWB (“0?7)
I-.(/—PI_PB)W - (/—R)LUPE Tra
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Subdbstituting equation 4.27 inte equation 4.2%

{5(:?2+(‘*Pr1’a]wpz+ P x P +w(B+15-F) (4.28)
-(-By-B)w  1-(F-B-Blw-(-B)whm, 1-(1-F-F)w

¢) The coefficient o, 1 probability that a thermal
neutron entaring the fuel element escapes from the
fusl slement.

One can use here the saxme prucedwre as for o, wherse M,

replaces T :
Xy =+ LTT)wEs g (B+B%-Rw + T (4.29)
I-(I-By-B )w I = (1-Pe-B)w
vhere:
e,=m, Te (" B-Blum, + (/-w,-m)wP;. (4.30)

I’("'Pg"Pg)w -[”P.) wPa T

4) The coeffisient (z 4 ¢ probability that a thermal
neutron thermelised ik the fuel element escapes
from the fuel element.
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S nsutrons are thermalised in the alug per unit length amd
time. X of these after being in the fuel retumm into the inner moé-
erstor and then leave again. (S+x)(/-F,) W meutrons maks at least ome
scattoring collision in the fuel.

The total mumber of seattering collisions these neutrons make
in the fuel is:

(5+X)(l— P.)w
-(1-Bg- B)w

Thusy

(5+x)P + (5+x)(1-B)w P,
I-(1-Py-P)w (4.31)
neutrons escape from the elug
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GG l-Flw p (4.32)
- (l-P’g— Pg)w

re-enter the inner moderator
Hence:

(S+x)(I1-B)w Py
I-(1-Fg -B)w

X = T,

solving for X 3

x-s_ (rBlwhm, (4.33)
I-(1-By=By )w~(I-F) wEy m,

Substitutiog equation 4.33 into equation 4.31

o fro B Bon g, Gnun ]

-(-5-B)w-(-R)wE, [=(1-Bg-Fp)w

P+w(B+PRE-7F ) (4.34)
|-(;-g—f3)w—(l—BJWP3 Ty

b=
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¥e calculate here the criticsl wmass of a fission-electrio
cell reactor. This reector contains fuel slementis cousisting of &
beryllive oylinder of 4.0 cm diasoter coversd with a thin layer of
fully enriched wrentus (93.5% U°°°), Between this laysr and the out-
@ide of the elswent there is a vacvum gep of 0.5 am. Fig. 5.1 ahows
an idealised cell configuration.

Fuel

—

Fig. 5.1



iene elements are 100 om long end 253 of them are contained
ir an hexsgonal array inside & 50 cm redius core. ihe conplete fuel
elerent lattice is shown in (fig. 5.4). fThe wiole corv is surrounded
by an {nfinite reflector made of the mame material ss t e core moderaior.

Baing gulded by ippendix € resulis, we select seversl fuel
loadingsand find out at what loasding the determinent of equetions 3,21
and 3.32 ie cero. ¥we give the rusuliis hera for the following values of
the totel mass of uraniums (.20, (.40, 0,60, C.7C, C.T5, G.80, 1.0C, and
1.3 ’AJ .

F}rst, we notice that our fuel element i different from the
one considered in section IV. This will bring & smell correction to the
tranemiseion probabtilities. Then we counstruct our determinant taking into
aceount the symnetry simplificetione. FKost of this work is dovne on a
computer and 8 brief outline is presented Lelow.

1) “heoreticel Considerations

. The presence of z vacuum gepr brings & ctmall correction to tue

rosulta of gection IV.l., We azsune here that the ansuler dietribution
of the velocity of the neutrone st the outer boundary of the vacuun gap
is ipotro;ic. ke consider the vecuunm gap as a part of the fusl element.
with thie assupption, thre sngular dictributior of the velocity of the
neutronz atl the cuter Wwundary of the fuel layer ig not isotrv,ic, and
we derive now an expression for this distritution.

At tue outer boundary of the vecuum gap the distritution io:

j’(e,’go') d8’ d(fv’ac 04?0’ couf’ A6 dp’
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where the angles are defined acsording to (fig. 5.2) and (fig. 5.5).
In order to use the results dexived in seotion IV.1l we sust express
this distribution in terms of the angles O and ¢.

Pig. 5.2

Vacuum

' (4 A

, s

Be '

Fig. 5.3




We see lmaedintely from (fig. 5.2) and {fig. 5.3) thats

8- 6’
A =f_‘ /
g = Ldimg
Henge:

j’(@,g}d(fde - wdle V!- _E;Mf(p dodo

3
\

which vhen Rormalised becomes:

R,
J’(azqo) = 68318 /’— FZM f
4/732’91/1- (J)R;M!f dp 46

Integrating the dencuinator we get:

(8,¢) dpdo = L L caa"&]/}-_@f,&&n" dod o
Cj ¥ o E T p? Fey

(5.1)

where £ is the complete elliptic integral of the second kinds

Ir
£ ,/“ /“Ezz“"”‘g‘f do (5.2)
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If we retain the assumption made in section IV.1, enly the
probabilities involving neutrons seming from cutside the fuel element
are affected Ly the change in the distribution due to the vaouam gap.
Eence, ., Py and P, remain unchanged:

(5.3)

p 2. & ‘/!—Afm}n*’ - L
__/7macm¢fe e (V' Pz ?)dc(?dﬁ

_T AR L&Y

N
ITZ.F(RI A() (5.4)

I -« R RE . aint
+/7m’8mcf[l—e‘iﬁm(m(f R M?)}dfde}

R (]i- 22 4wy - A
- 2 )//w"ﬁm‘f[l e-waa(W 27 4y - 2 ‘()Jdcpdﬁ (5.5)
VZF(R ‘M
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Bewever T/, and 779 now hecomes

s 2R L4
=Ll // tea’0 ,wn*'af e 7 e dtpd& (5.6)
&
T s, R -‘/ T 4im?
ng_/_i/y;‘elfh%’?m&pe (=t VR ?)c{(’ode (5.7)
E T P

Due %0 the faet that the fusl layer is very thin, I is very
close to unity. In ovder to have msers ascurscy in ealeulating /-I ve
define the quentity:

fl-P,:#/?i’Bwio[ e (Ve Y-_WY)J dodp  (5.8)
0o © '
Stailartly F+F; 4s very close to unity, and the quentity
- By- B, o very sall. So we define two quantitioss
~ B, = prevadlity that & meutren wbich would bave
~ esceped the fuel element after a ssattering
collision in the fuel, makes another ¢ollisien
~ 4n the fuel,

. Ce = peobability that A nestren which weuld have
| gtne ints the inner moderstor after a soaiter-
ing collision in the fuel, meies arother collisiem
in the fuel.



«33~

We see izmediately fxom sectioms IV.1l.b and IV.1.C that:

o)

/77 mcmgp(i-e )dsd?dﬁij/mzew?[/ e )Jsd?de} (5.9)

=A{

-]

T

[ []
r Xz

..._6_/7‘/ ’9cm<f(!-e’m)dsd<pda (5.10)
Henoe?
s 4R 2Y
Bo=_ <R ___ {//cos’tawcf[i R®Y_(+e “"”]d?de+
er(R’ 2%) a8 (5.11)

Nz , 5 (- B - i)
+/7m‘ew<p[iﬁg_(wy-”5_m‘ﬁ-{+e ° ]d da}

Coz__ %2 2o [ZFK 4’y - A can )_I
12e(RL &’}/ / i b Rf)T (5.12)
e-s"a;.?;(V",‘}z ""“f‘“""’)}

dypd@

Pinally, T, + T, 18 &lso close te unity. For the sane reaaos
as before we define two new quantities:
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D, = prevadility that a neutron, which coming from ocutside
would have goue through the fual shell without emtering
the inner modexetor, mskee a prior collision in the fuel.

F, = probability that a asutron, which coming from cuteide
would have gons through the fuel shell and entered the
ixner moderator, makes a pricr collisiom in the fuel,

Ve see immediately from sections IV.1.d and IV.)l-s that, taking
inte sscount the change in distridution mentioned adeve, D.and F, are:

mw_ T “
(7 _ZrER _Y
D=l i/” teclo I*Bf,&mfy[[- }J(fde (5.13)
E T P
o 7« )
r _x ~ e R l/ 2 !
FL-.—L_’L/" m’BI/I-B;M"yz[J-e e (1 )] dpd (5.04)
E T F

Cenparing thuo expressions (5.8) through (5.14) with o:epren—
ious (5.3) through (5.7) we osn deduce immediutely the relationshipe:

(5.158)

2 //fwlﬁmyék oy Jya’&.;.
TR 4’} . (5.16)
o & ) -
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g: ZRS .1"1‘:.-4—-2-5.— M__ 20()—- Bo
T(RE2Y (2 4 RT 2 &
T ‘
P_-_22 */ tos'0coap R V;- 2% yinlp- A i
T(RL2Y) ceab R* R

m(RL A3 4 £ R4
/
r I
Tl b/t wofel/:-&jm’go dpds - D,
ew) | p
- & -D,
E
/" lr“' B
Tr‘g,:_‘.'i//u/.atB ’“%M"f dcpd&’-Fo
v ) J P
_ £E-G _ R
m,= £I° .
< I3
vhere

(5.17)

(5.18)

(5.19)

{(5.20)

(5.21)

(5.22)

(5.2%)



Ard firally:

/-PZ—PB

)
w
0

+
N
o

(5.24)

(5.25)

2) Dats
Geometrical data:
A - 2.C0m
R = N+ T
T = thickness of the fuel layer (sce Tadle 5.2)
p = 2.5am
€ = scele faator egual numerically to the distance
~ between two rods in om (see seotion V.4) = 2.99%4
P . P = 25 om
Other data: All the Buclear constants aere obtsined from ref- o
arences indicated in Ajpendix C (seetion I1I)
S¢ » 0.91007 ™t
=¥ o 33.389 on”!

l -
Y . 0.001257 eu™

Th= & 22) . G.00B7658 oa )
) ‘
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2R = 0.0102
=0

(€] -
=9 . 0.8662 cut

D, = Zelih=0.852 om
Dz = 0.4156 on

s -
B: = 0.0004567 cm™

‘ﬁ(,z = .%‘.*-.B:: (0.10365 cﬂ.l)a _

e S92 -
) ‘RL = §.2'_+B;a (0.0586 m 1)2
D,

W, = .g,‘i = 0.526 fast velues in the fuel
&

Wy = 73 = 0.01434 thermal values in ithe fuel

e
- Z:‘} VE depends on fuel loading
Ve Z: + VMZA
M '&a ﬁl
0.20 006289
0.40 01283
0.60 01874
0.70 02182
.75 02336
0.8 .02490
1.00 .03102
1.20 .04011




¢ .
Tra.

T, =

fla

72 - 2.“
- T—L“_. I, (ZtL) = 0,07T13 see Appendix A, equation 22 |
S = 0.2688 see Appendix 4, equation 35

N, = gaverage mmber of cellisions to thermslise a fisaion
seutron. Ve sav in ippendix C that 84.

g3
(1-8) < |
N, =t
A=+ (I—)\)[l-’ (i-s) ] =~ | see squation 4.17
A+(s —A}(!- E%,)' -1 = 0.9659 see equstion 4.18
z, l—(:-?)(;—g_e) '
. z{’”
((—/\)_5_5. -1 = (.99468 see equation 4.19
Ze  |_(1-8)Es
2t
_’ » 14.619 ses oquation 3.28
jn’ B ﬁl Kg('ﬁ(lB)

0.97 see Appendix C, section J
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3) .ranemiecion Frobabilities and the Four Coefficients

From calculations programmed on an IEH 7090 ccmputer, we Ob-

tain the following numerical values for the integrals dsfined by equa-

tions

5

.8 through 5.12. Table 5.2 gives the values for the fast group,

and lable 5.3 the corresponding velues for the thermal group.

DQRZ

1:
microns

A

©

B.

C.

DO

Fo

0.2C
0.40
0.60
.70
Ve TS
0.80
1.0C
1.30

0.336398
0.672791
1.009179
1177371
1.261466
1.345561
1.661934
2.186487

LOU0061177
.000122333
.0001834 38
.000213936
.000:29183
000244425
.000305412
-Q0C396771

.000131035
000167924
000224196
.000252276
000265575
.000282829
000343468
.0004 36008

.00010%630
000115178
000144812
.000161450
.000170636
.0001804 28
.000216471
L000272753

000036230
.000072170
000107906
000125695
000134576
000143447
.000178680
.000231771

000107305
.000210011
.000310018
.000359246
.000383683
.000408025
000504569
000646687

Teble 5.2

Ma3

A.

B,

C.

D,

F.

E

.20
0.40
C.6e0
0.70
0.75
0.80
1.00
1.3C

.0022379
.0044621
0066724
0077113
.0083195
0088670
.0110506
.0143020

.00218819
.00411905
.00591796
.00678134
00720505
00762426
00926055
.01160504

-00151551
00296710
004367680
00505059
.00538789
00572272
.00703921
00894695

00096529
00172416
00238600
.00269122
00283861
00298285
00353250
00428839

0039011
0075763
.0111069
0128287
0136746
.0145249
.0178545
0226958

1.276337
1.276325
1.276313
1.276307
1.276304
1.276301
1.276<85
1.276627

Table 5 3

Q0347875
.00492067
00602691
.00650947
00673779
00695863
00778019
.008870%0




From these results, using the expressions 4.23, 4.28, 4.29,

4.34 of section IV we obtein the four coetficients &, (3 o, and (3¢

Mg, , 3 Xg (3

0.20 | .966465 | 1.0 98T8TL | .997807
0.40 .966203 1.0 .961372 +995609
0.60 | .966037 | 1.0 975144 | .993426
0.70 | .965961 | 1.0 .972110 | .992341
0.75 | .965947 | 1.0 970611 | .991801
0.80 | .965933 | 1.0 969122 | .991261
1.00 | .965846 | 0.999945 | .963260 | .989107
1.30 | .965703 | 0.999752 | .954730 | .985899

Table 5.4

These can be transformed into the four coefficients a,, b, ag
ané Bz defined by equutions 3.14.

M &y a, b, a, b,

0.20 13394 ~0.0016948 047927 =G, 0005044
0.40 «13499 -0.0026397 LU73850 ~0.0006452
0.60 13566 ~0.0035509 .098857 ~C.0L00T692
0.7C 13596 -0.0039994 .111096 -0, 0008265
0.7 13601 -0.0042192 117158 ~0Q, 0008536
0.50 13607 -0.,0044380 123185 -0.0008601
1.00 13641 -0.0052925 .147014 -~0.00096809
1.30 «13698 ~0.006504% .182026 -0,001116&




/
¥e write these squations hare in the fellowing way:

N |
= .J_f_ ; {mm; + %@)B:}Ko(«.em- ) (5.26)

. N
% (M) = oy ﬂla 1_; Z, { (,,)A.’,Jrg@)3"}{}:.(«,ei&,,-@)—ﬁ.(fgelz‘,.-vz,l)}
(s.27)
>
J— ..L g(x )C°I+ ¢ / ] Z_ - I‘
+-21r D, &:c{ # 4(7&)1)0}}{ (K& Zm Al)
where we define:
Al = 9,8, +(-)a,
Bo’ = ,71021 ‘f‘(b]r-l)E, |
(5.28)
Co, - ﬁql—- El
.Dol - fﬁ,—ql

£ is & poale factor. In {fig. 5.4) the distance between two
vods iz token a» uwnity. £ is the ratio between the actunl distance in
the reactor and this unit. As mentioned in asction V.2, £ = 2.99%.



The values of the coefficients defined in equations 5.28
can be expressed now for the different fuel loadings in terms of the
results of table 5.5.

M4, A, B, C. D,
0.20 -0.13414 0.10138 0.13042 -0.04957
0.40 | -0.13464 | 0.15621 | G.13159 | ~0.07641

0.60 -0.13472 0.20910 0.13236 ~0.10230
.70 -0.13471 0.23499 0.13271 ~0.11497
0.7%5 ~0.12461 C.24781 0.13278 ~0.1212%
0.80 ~Q.13451 0.26055 0.13e87 ~0.1£749
1.00 ~0.134¢22 0.31092 0.13330 ~0.1521%
1.20 -0.13381 0.38486 0.13399 ~0.18833

Table 5.6

s@ can now congtruct our determinant.

In order to si&plify the determinaticn of the coefficients of
Q(EE)and %(1) we utilize the symmetry of the fuel element locations.
From figure 5.4 we sege that we need consider only the flux at the ele—
rente located in 1/12 of the reactor. These are tlie elouents shown in
the shadud area of fiéhre 5.4 and their coordinates (ir u triangulasr
coordinate system, sre listed in the socond column of table 5.7. is
indicated by the first column of the tuble, only 28 different values

for euch of the thermal and fast fluxes need Le considered.
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a fuel elements ccordinstes ( k = 1 %o 253 )

1 |oo

2 |01 -11 -1 0 o-1 1-1 10

s (o2 -2 2 -2 0 0-2 22 20

4 |03 -3 3 <30 0-3 3.3 30

5 |04 44 40 0-4 4 40

6 105 -5 9 -5 0 0-5 8.5 50

7 |06 -6 6 -6 0 0-§ 6-6 60

8 07 77 -T70 C-7 T=7 | 70

9 (o8 -8 8 -80 0-8 s8-8 80

10 (11 -1 2 -2.1 -1-1 1-2 2-1

1 |(12(-s|-23({-32|-%1 [~2~1|-2-2 |13 |23 [3-2| 31|21

12 (13|24 =54 (43|41 {31 |-2-% |14 |34 |45 | 41 |31

13 14|18 45|54 |51 b=l (=l |25 |45 | 5=4 | 5=l | 41

14 [185|-26|56|-65|621 |51 |-1-5 |1-6 |56 65| 61 |52

1 [16|-17|67|-76|-7T1 |61 |26 |2-T | 6T |7-6 | 7-2 | 61

16 [17]|-18|-78(-87|-82 |(-7-1|-1-7 |18 |78 |67 81 |71

17 |22 -2 4 -4 2 —2e2 24 42 -

18 23 (=28 |=3S5|=83]|82 |«32 [~2F | 25 | 35 [5=3]| §=2 | 32

19 |24 |26 |~46|<64]|62|Ae2 |24 |26 |46 |64 ]| 62 |42

20 285 |27 | BT |~TS5 [T 2 |B2 |=2=5 | 2T | ST |15 | T2 | 5 2

A |26{-28|-68|-86|-82|6-2|-26|28|68 86| 82|62

22 2T |=29|~T9 |97 |«D 2 |=Twl |=2=T | 2=9 | T=9 | 97| 2 | T2

23 33 3 6 -3 «3-3 b 6-%

24 SA4|<3T|~4T[«T4|~T3 |43 [«34 | 37 | 4T | T4 | T3 | 4

o] 56(-58|-58|-8% (83 |55 (=35 36|58 85|83 |53

26 356 |=39|-69|B6|-93 |63 |56 | 39 | 69 | 96| 53 |63

21 |44 -4 8 -8 4 —4-4 4-8 8-4

@ |45(-49!-59[-95|-94 |54 4549|5095 94524
Table 5.7

Fuel elemants ceordinates

Fash rew represents poiats of equal flux.




By inspection of (fig. 5.4) we determine those elements out-
side the zheded area which have the same surface flux as sach of the 28
nl-;ncntl inside that area. %Yhe coordinaies of these are arranged in
table 5.7 such that each row correspordis % a single flux level, due to
syzmetry.

Eence, by snitably grouping the cosfficients of ¢ (713)
and $,(%;) in equations 5.26 end 5.27 the oumber of  terms in each
sunmation can be effestively reduced to 28, resulting in a determinant
of order %6.

Each clement of the determinant is & sumation of the terus
corresponding %0 all the eloments listed in the same row of table 5.7.

The term on the left side of each of equations 5.26 end 5.27
is transferred to the right side by adding an extra -1 to the diagonal
terms of the determinant. In order to represent the contritution of
P(Xa) to Pim)wnen A w/m ., ve replace Ki(ke(Bs- 7))ty Ho(#eD)
where b  is the redius of the element. For this case X - Xy would
be equal to zero.

The construction and caloulation of the determinant are pro-
grexmed on an IFM TOS0 computer. The program input are the parsmeters
whose values are given in seotion V.2, the four ccefficient A, B, C, D,
and table 5.7.

* The following results bave besen obtained:



M Ag A

0.20 1.1548 x 10°
0.40 1.4292 x 107
0.60 2.7905 x 107
0.70 1.9350 x 107
0.75 6.6451 x 10°
C.80 ~1.3570 x 107
1.00 -1.8307 x 10°
1.30 -4.1577 x 10°

9

For M = 0 the value of the determinant 18 4 = |

because in this oase:

A, - B, - C. - D, . o

A8 the mas: is increased, the value of the detorminant
increases from 1 (for zero mass) to the values indicated in table 5.8.
The first zero occurs between the values M = 0.75 ﬂg end M= 0.8035 .
This first zero corresponis to criticality. (See F‘S‘ 2 "\)

Fu:ther studiee cculd be undertaken to deteruiie the dexree
of precision required in such calculationse. ior instance, i1 one wants
to know what error is made on the deterninstion of the critical mass, one
has to maxke an error analyais on the value of the determinant. %This error
is due to the uncertainty of the data and to t:e liamit of accuracy used
in solving the ceterminant., This latter uucertvainty bLecomes more ime

portant as tie slze of the determinent increases, because when a high order
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deterninant takes on small values (near the zerv of the determinant),
the relative error involved in the computing process ie conaiderubly
incressed. A knovledge of the magnitude of the error allows one to de-

terzine an upper and lower beund for the critical losding.



LY S

ﬁg‘ 5-5

The Value of the Determinant [ Versus the Fuel Loading



Before performing these culculations, one should investigate
the velicity of the method outlinued here. From tie criticsl messes
obtained , M. = 1.3 Ry from Louopeneous tueory (i, pendix £) and M=
0.77 Rg from the four cocfficient metiud (mection \1}/ one observes a notice-
able differsnce. .etually, the exanple chosen here is not suitablie for
v e Jour ceelficient wethod. 7“his io due principally to the fuct tlat
e wlztance botween two fuel clements iz not large when compured with
the Giffusiose langth, and aleo to L.e small thickness of the fuel leyer.
Wherefore, it should be expscted that for this particular cesw, homo-
pencoue bieery o zore appropriate.  Whe fouvr coefficient method ie
westiy a pliesble 1o BBustblies boviig & suell nwiter of fuel elcerents,
flel elyaents of Aiffam—nt kinds, variation in tie latiice confijurestion
elong the rediues, ard otier fesltures which are not easily handled by
horo eneous theory. Leverti eless, the example trestved in section ¥ shows
trat, with the help of large uigitel ecorputers, the four coefficient
mothod way be a.plicd to resctors contalnlrg a significert number of
fuel elements,

rurthervore, the criticsl masses obtnined here shoulu not te
expceted to agree wiih experinental messusements. 48 was zentioned in
eopondix ©, the valuce of Qe Liernal crese secticns uswd are tlose evalu-

zted al oo energy correspousing to 2,000 o /8, anc the aversgi.g over



thernal distribution has not been performed here. The thermal ausorption
eross sections should be decreased by 11X, By performing calculetiona
identicel to those carried out to evaluste the cleange cue to modifications
in the diffucion l:ngth (.Appendi.x ¢J, one can eveluate the inroriunce of
this cervection. it ie found that the criticul mmss would te decrensed
by about 22%.

The fluk cistribution in the moderstor cun be ottalnec fron
equations 3.2 end 3.3, Thess eguations include the torme ((P/ /h) end
(¢3£) defiped in 3.21 anc 3.22. ‘they depend on %(t‘)and 952 [ZZ). thLe
filuxes at tie surface of each fuel alovent. The latter are solutious of
the homo, eraous liresr equetions 3,31 and 3.3%2 whose deterndnent has boen
rmece zero. llsnce the solution is ot unique. 4 value for one 49(7&) st
Le arw'..trari..ly chogen. By subsifituting this value in squations 3,31 and
3.32 one gete & systen of liuesr non-hono cueous equations. U(ne of these
equatione is redundart becuuse we are left with one more equatior fian une
anowrg,  This non-homogeneous cyctem ¢an be solved by celculutiyy determine
antes of order Zhe=l at mozt, In simjple csses the size of ths detorminant
is w=l wligre m 1s the reduced pusber of unkrowns corresponci:,; to the
elemants locates in the shaded area of (fis. 5.4).

Further improvements cn te made to the four couliicient method.
Ji was puid at the begdnning of section 11!, the rescuwnecees lu the fuel
are aken into account by an overall reconnince escupe jrobuability. sctuslly,

the resonsnce avsorptions take ploce wmainly in the fuel, and it might ve



worthwinile to wske Into mccount the locslization of this phlenorenon.
This might Le done for instasnce by introducins a third group. (ne
vbzerves thatl tie resonsnces cccur ir a relatively nerrow range of
enerygy for uranium (between about 2 ev  and 206 ev ). Using the flux
distritution of an interueciate group, it ie then possille to determine
et whut rete these neatrone go into ewch fuel clement. £ sel of oross
sections is to be evaluated, including resonance pruperties, for this
particular group. In other werds, one & olies the Letero. eneous mothod
to tle intervesinte group and taker into account the fect that rescnances
ere localized in the fuel elenents. .
«hie localizetion s un importent fict in heterogencous reactors,
becouse the increacc 03 the roesonmice asca.e prebubiiity de the ,rincipal
improvene:. over [OBCLEnEOUS Tresctors,
he intrcduction of three groups regquires the use of nine co-

of:icients lusteua of the four in the method cutlined in section 1IX1.

These nine coefliicients relzste the three sirk terme to the three fluxes at

the surisce of euch fuel elenent, an: asre eculvalent to the four coefticients

defined in ecustions 3,12 ot 3.13.
The next L provemernt would be to consider a {inite medium., Shis

ie necesasry for the cose of thdn reflecters., Une might ap; ly the refine-

~ents developed in the present investigetion to the Jonseon theory (6) .i;or '

exanple.
It should o0t be forepotten that &ll these exirz effects if tuken

into account give rise to wathemstical conzplications. Fer instecce,

-



e slze 01 the determinant of the criticali'ty condizion is doubled

in the four coefficient methoed, and is tripled 1Y three groups are

used. Hence, depending on the mumber of fusl elemeuts to be used, &
comproudse munt bo found betwsen thoe degree o copplexity ore cun afoxd

znd the weourncy one desires.



The thermal constant Y of a slug in a diffusming medium is
defined as the ratio of the net flow per unit time of thermal neutrens
into the slug t¢ the value of the thermel flux at the surface of the
slug. A

One way of getting en approximate value of this conmtant is
presented here, making the following assumptionss

« the fuel rod consista of one kind of material

-~ the angular diatribution of neutrons sntering ths slug
is isotropic (a first erder cerrection to this approx-
imstion is done here)

- the collisien density is constant inside the fuel

The thermal ocoufficient is related to the transmission co-
sffioiant [ = frection of all neutrons incident upen the surface
of & lump which pass through the lump without belng abeorbed:

Lo d+
=

y = -drb J - b J_-Z+
¢ /‘+df"
{ = rh -t (a.1)

. 1+ £




J and © are the net ocurrent aad the flux at the surfase
of the red. J*nd (/'mmmﬁdwrmuatmmmrfwo.
{7 being the ourreat going cutward. b is the rediue of the slug,
whiek is assumed to be eircular oylindrical.

We w11l compute [ and deduos ) from this relatiemship,

1)

hmong the nsutrons entering the slug, some scatter, soma ere
absoybed, and some escape without undergoing collisions. In seotion
A2 we will compute the fraction A which escape without undergoing any
colliston. The fraction (1 - A ) therefore make at least one collision.
Ist 2Zrw totsl macroscepic oross section of the material
inside the lump
Zsm macroscopic scattering eross section of the sane
materisl
Thus, among the (1 - A ) meutroms which make a cellisies,
(1-7) % sake & soattering collision. In section A3 we will ocom—
pute the fraotion S of these lattier neutrone which having made a
scattiering collisien, them escape from the alug. For that we will sake
the twe .follutn‘ sammptions:
1) The soattering is isotropic in the laboretory system
in the slug material. 7This assmumption is acceptable

for heavy muclel vhere - 8
A7 5K
The average cosine of the scattering angle becomes

sall when oompered to unity.



i1) The collismion demsity in the slug is independent
of positien.
Once S is found, we know that the frectiom

(A) Z2 (1-9) (a.2)
Ze
of the inceming neutrons make at least two collisions and the fraction

(-N) Zs (1-8)%s (2.3)
2t 2

sake at lesst two scattering collisions. By the same procedure, ve

koow that the fraction

(l—/\)_f_s[(:-*s)é]’" | (44)
2t Ze
of the insoming neutrons mske ot lemst (7+! ) soattering collisions,
and that at each scatiering gemsraiion, s fraction S of the seatte
ing neutrone escape from the slug.

Hance, the total frectiom of incoming neutrons vhich escape
from the slug after any number of collisions iss

_ A -A) Ss (1-9)%s A ss (-e)l=s) A.
LA+ )Eis +( /\)_E_b(l 3)53 + (1 A)EE (i-8) (_i) St... (A.5)

&



E= /\+(l—/‘)§_§8 [H-(l-‘%)gi + (I- 3)1(_?_5)2+... }
Z-'f Ze Zt

= A+(1-A) 23 ' AN 33

Ze - G-3) % - Zp-(1-9) =5

Hence, the thermal constant is, from equation A.dl

(-)[Ze~ (1-3)%]- (1-A) 85,

y=mbh
(1#A)[Ze ~(1-%) Es]+ (1-) S 5

=1bh (I"A)(Z&"Zs)
(lf/‘)(:b‘i;}+1sz5

2) The Prohabllity A

(a.6)

(5.7)

(4.8)

(a.9)

A ia the probability that a neutrom entering the slug will

sscape witbhout meking any eollision.

This probability is equivalent to the tranmmissicon coefficient

E eof a Lamp computed in a2 firet flight npmxmm(’), bt vhere

the oross section used is not the abmorption excss section tut the total

aross sectien.

"Ref. 3, p. UT.



a) Expressien for the Probability A

We need the angular distribution of the velocities of the
thﬂmln,ntrou inpinging upon the surface of the slug.

A Pirst order correction o the isotropic distribution is
given by the diffusion theoryl")s

() dudy = L228 / $(0) + 1THCI! wﬂ/f] (A-10)
LT s
* vhere /t is the cosiue of the angle which the direction of motiea of
the incident neutron makes with the normsl to the surfase

of the lump.

(f 1is the asimuth of the nsutron direction about the normal.

Z(Zvu the scattering oross section of the diffusion wedium
outside the lump.

3 1s the angle betwesn tha direction of motion of the incident
assutron and the flux gradient.

In gur present esse, the flux gredient can be conaidered as
always oriented perpendicular to the surfece of the slug, neglecting the
gross variation of the flux in the reactor when compared with the leecal
variation at the slug boundary.

Hence, cos’~ u and the neutron angular distritution ims

i _ wdudy /vwo)//a] (a.22)
flutldy < LLEE 00+ o

*Ret. 3, p. 171,



where (9(0) cam be appreximated from a diffusion theory calculation.
For eylindriocal geometry one geis:

vée) _ Pl _ #1(k6) (1.12)
(o) #(0) T,(#b)

vhere K Z'(F) (slug material constants) (4.13)
T e . ) )

Henee:

J'Qa,qjgudcfz M4u3¢ ¢ [I+ L (#E) ~ J * (A.24)

b I(xb) =<
(;{’(/l,c/}o/'udcf.—.- P did ¢o(/+;/) (4.18)
. 41
where g & L(#b) (A26)
s 1,001)

The integral, over all directions into the lusp, of the velcoity dis~
tribution is:

{ £n
¢° = ¢° f’ﬁ
/ ;;[/u(,w‘)a/uo/ dp = & (14 ) (A7)
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The probability that a neutron will pass through a distance S
» _2Zs5
of material without making any collision is & where 2 : ia the
total cross section of the material.

VWe can now exprees the probability A as:

’r //(Jﬁp}e__Etsg/ar(f/d d
!/ { '
A= ¥ J / e (70 (a.18)
y(/C{(U/({’)d/#d((
/’ /17 _Zes(s¢)
/\:__l___///(/'f&]/ujg/u / e 6{?0
7r(/+.§21/) o A (4.19)

g : defined in A.16
2t : total oross section of
the slug material

S8 ¢) : stbaight line path in

the direction A4 , ¢

through the slug

Fig. A.l
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b) Caloulation of the Probebility A in Cylindrical Gecmetry
fron Expression A.19

I r s, ]
//a(/af(]/ajcy‘/ o2 sf/(ﬁ/d({

2
Tr(u_ag_) A

o nalce the chunge of varisbles defined bys

=“”ﬁ“”{
- ﬁ
R
/
s = L} b (see Fig. A.1)
@)

The Jacobian of the treansformation im
Jg = m(

Hence:

/cl:oﬂcmx(“gcmlscm(y]woge d/?d()/ {a.20)

Tr(|+_1)
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A=

{ -?&1!——[;

oty ™ g oty

‘n(/-/-i(?)

These integrals wust De evalusted mumerically. ¥riting

[I +jf)

W(l+39)

the values of [, and [, ave plotted on (Fig. A.2) ss fumctions of
z.b .
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3) Ihe Provebility S

S 1is the probability, that & neutron will escepe from the
cylindrical slug after a seattering collision.

We made the assumptiona that the scattering is humogenesus
and isotrupic inside the elug. Hence, the aystem is equivalent to a
uniform source material whose shape is a circular cylinder, and € is
the probabllity that a neutron born in this source will escape.

This problem hes alresdy deen troated (Ref. 4) and a short demon-
stration will be given here:

Censider & source of volume U and unit source density
bounded externally by area A. The number of particles ocming from the
volume element J0- and going through the area dA ie:

do dAmg o3t (4.22)
L at
vhere 2 is the distance betwesn d¢- snd /4 and 5 1s the sngle between
the vector X and the cutward mormal to A, S is the total maoromcopie
oross esotion,
| Integrating over A and U ylelds the number of particles going
out of the wolume (O ; dividing by\the totel source strength U ylelds
the probability that a particle esospes without undergoing snother colli-

sion,



_Zeh

S - (A.2%)

/0{1)’ /,r‘//d A &g

/
Y3 / £

In oylindrical geometry every JA 4is equivalent, and

ﬂ‘o A03

[ do 28 e (4.24)



Por an infinite oylinder:

/Iodf/d?/dz e‘fm

vhere

0 = b—FmY

¥e carry out the integration over z with the substitution:

siat =/£+ 503 - g?l

-Zr 2

S = __/pJ’o/d«'o/(Z pwg) € Jdz

=:ff—//’t’f’/ (5- /’“”‘f']ﬂ(y’/ e **

yacayrn 23f r7e ¥
S T

{

/oee-fbi dr - 235¢ o;f-lg/@g_/_“
28 ! &

(4.25)

(A.26)

(a.27)

(a.28)

(A.29)
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Projecting (£ig. A.3) on a horizontal plane:

s A = (5-peop)2e _ | (a.%0)
/
2 S S e w
S = 2¢ d o , oo <
mh A ! f/ t.,/ / ¢
Observing that
K(ft)wot = 1 K, (58E) Tn(Zcet) coom o (.32)

and carrying out the integratica ever tf:

P e
£%e dt
s T[fdf/ K(z5t) L(2.pt) 2 (4.33)



S- 2/7{.(&5&) L(2.,5¢) %f (A.34)
’ &

/
S . L3 {—z r (22ek + L) T(2b) K (e8)
3 &
(4.38)

+ I, (Ze8) K (5e8) - 1,(z8) Ko (528) + 256k T, (26 4) /(o(nZ}}



¥e oconsider the ojundrioal region, containing moderator, of
the fuel element of sectiom IV. We show that provided the angular
distritution of the inconing neutrons is isotropic, the angular dis-
tribution of the outgoing neutrona is also isctropio, if ths following
assumptions are made:
~ there is no absorption in the moderator
~ the flux is {ndependant of position inside the
noderater |
- seattering {2 {sotropic in the laboratory aystem
By isotyropic distritution, we mean that considering & small
sres JA and defining the angles 0 snd ¢ Asenxding o (fig. B.1):

/

a

_—
/] : .

dA ference direction

Fig. B.1
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the nuaber of neutrons going threugh @A from ene given side to the
other in solid angle da ia proporticnal to

dA 326 terp d = dAcmzﬁcaoso dpd o

it /'fB,(p)dcp d8 = wowpdyds (8.1)
be the angulsr distribution of the neutrons going into the moderator.
smong these some scatier before going out and have the angular die-
trivuticn /:')(9;49} d@d S when leaving end soxs go straight through
and have the angular distridutien O/f” (6,¢)dpd6 when leaving. Hence,
if (/f) and /f’) are veighted with correot coefficiemts 5o that the
number of neutrens going in equals the mmber going out, the angular
distribution of the neutrons going out las

/
j*/@,q) dgd 6 = /"J(&,{f/a,ow + 0/*’/ (8,0)dy o 6 (5.2)
+ t

First, ve moauu/%, Q))dgo d6 . Consider a small volume element
+

d4> inside the owderator (fig. 4.1). The number of neutyons ooming

from d 0~ per unit tive and going through dA ies |

SmS * _ZmS

e " dAMODY o e A BD1Y c2impdydods
Gst st

-ZmS

where one neutron per uait volume and time is coming from dJo ; €

is the probability that a neutron coming from J4r reaches d/ witbout



golliding; and 2, is the scattering cross section of the moderasor.
Sinoe all the 4A are equivalemt:

S Sm S

/_:I)(BI(/}dtde o cmzﬁwa}o dc(e/B/ e " ds

) ~ZmS
(/:’ (6.9)dpd® o o'0 wop [1-€""" ) dpd o (2.3)

vhere S and S, are defined aceording to (fig. 4.1).

Nov we csloulate ﬁ"(@qjdqd&. First, we note that the
angles 0 and ¢ are the same at the entrance and at the exit for
the non-oolliding neutrens (fig. 4.1). Hence, the neutrous inooming
S

through the wolid augle 4.0 about ¢,0 have the probebility €
of resching the other side of the surface without colliding:

~ZmS
JQ)(B,cp}JgoJQ = € lcao(Gwocpdgode (B.4)
+
which has the gorrect weight factor corresponding to an incoming current:

1 (8¢)dpdé = o’y dpds
To find the weight festor of {/f’(&,qj&w 46 we consider the

neutrons which go in &nd collide. There are:

ﬁﬂ// ("e'smsy/{(ﬁlq/d¢da:/Jy/(/-eiﬂsjm’ewyd(pde
6./¢ S /elY

of then.
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and there are:

/Iﬂe//y(/:”[&(//ofsoc/B =/4%/V (1€ )i 0 corp dpdl®

going out. These two expressions must be equal. Ue ses immediately
that:

/+(’)[‘9,Q0} _ /I'C—sms.jngwlp (3.5)

The engular distribution of the neutrons geing out is then
- %S, ZmS
j*(a, ?)dpdo = c ™ wr’berydypdo+(l-e N )ces*0co09 4 of 6

= 60:)’9 m(/ d(ﬂd&

whioh is an isotyopic distribution, the suze as the incoming neutron
distritution.

In exder to emidorof*(s, cp/dcpa’a as a probability, it is
conveniently normalised as:

4
J*(a,cfjdwa = w; Gy 9470
4/*/fm‘9cm¢dwe9

77 ¢)dpde - L ws'e conp dpds (5.6)

T



Inomuulcuhﬁﬁumumunrmthufmw
efficients method (section IXI), the oriticality condition
zust be satisfied. 7The calculations may be performed by aseuming
seversl fusl loadings and deterxining the valre of the determinant
for esch.

A first guess can be chtained by homogenizing the reactor
and using two-group theory %0 csloulste the oritical mmas of an ..
equivalent homogensous reacter. For 1llustrative purpeses, the
reactor desoribed in sectisn V will de considered hers.

We recall briefly the two-group homogenecus mcdel des-
oeribed in Reference 3, seotion 8.4. Fast fiseion has been included
The diffusion equations in the core are:

D) +5 bp) = » 23%, (#) +» 2} 4.(F)

DV, (7) + 5L 4(8) = p L 9 (P)

In the refleotors

':Dg v2¢3(?;) + z(i) ¢3(F) =0

De Vi (E) + TG F) =52 b07)

(c.1)



Indices 1 and 2 refer

in the core. Indices

e’

to fast and thermal quantitiea, respectively,
3 and 4 vefor to fast and thermal quantities,

respectively, in the refleetor.

¢
D

zy
z}"

/L

0]

refers to the flux.

rafers %0 the diffusion corstant.

and ;) are the removnl croes sectiions in
the core and refleotor, respectively.

and Z?) ere the fast end thermal fission
oross ssctione, reapeotively.

iz the resonance escape probability in the oore.

a2 2
)
@

Zf _ %o (c.2)
D,
@)
®! . 2o
Dy



The solution of equatiomC.1l is1

$(F) = A.Z(F) + C W(F)

¢, () = a,AZ(F) +aeC WF) (c.3)
%) = S U(p)
$(p) = T, V(F) ~a3 S, U(F)

vhere Z ,Wo. U and |V are solutions of

v'w - AW o

(c.4)
VU -2U .o
vy - 2iv .o
o)
a, = #2R
D:/“e*f"‘w
0]
72e -
ag = c.
o (c.5)
G
a = Ze)
Dy (%f- 2)
2t < - (st + 4 +{ (RE o X+ st (A1 + RY) } % (c.6)

20 o -(2f Y -{ (e + 43"+ 42t (49 - f+££’.’)}y’”



In the present ocase, the geometry is sssumed to be & oylinder with
an infinite aide refleotor. The reflected ends are taken into
acoount by introducing the reflector savings.

2(¢) = Jo(B2) wnB,2 Z2'(F)= -B,J,(84) e Bs 2
WCF) = Io(B‘l) COﬁB; z . WI(F) = B,g L (B!)‘} mBlz
Bf= 4*-8!  Bi-N+B' BT
SR+i4=
(c.7)
U(-f;) = I{a(BSA)COQ B;? Ul(?):'B,K.(B;’UmBaE
V(F} = Ko(B A) unB; 2 V?F): -B. K:(Bb") @Bz 2
Bl 2f+ 3} 8l _ 2t + 8}

By applying the boundary conditicms to these solutions we
get the criticality ocondition:

y4 w -U 0

A =| DBZ -pW U o) -0
a,z agW a, U -V
-a,DyZ -aq,D,W -a3D,U D,V



vhere the functions 7 , W, U , V and their derivatives are
esvaluated at the boundary of thes oore.

Definings
g= 2’ w= W = U =V {c.8)
the oriticality condition becomess s - N
D
vhere
_w (}J(Gsl),Dg. +a, D, P3)—.D, Dyw (9 +0,)8+.D5 Doy (a, -Qz)ﬂ (c.9)

N
D pDyw(ay-a,) "171174(5(“2 +ag) + (0, DDy +a3 B D)

¥e will calculate € snd the value of the quotient 5/! for
varicus values of fusl loeding . After trial and error, we select
1.2, 1.5 and 1.4 Ag and ses where the criticelity condition is sat~
isfied,
2) peta
a) Densities (Ref. 3, Pe 46)
wranium d = 18,7 ‘;/c/vm3
verylltun d w 2,885 g/om’
b) Cross Sections (Ref. S, p. 46)
The thermal ayoss sections have been selected et energy
correapondivg to 2,200 m/s and no corrsction has been mede for averag-
ing over themsal distribtution.



‘he fart cross mm have bua obtained by averaging
over the lethargy range corresponding to energles /Mcv and /ev

the oroms sections given in Reference 7.

Thermal Cross Sections irn barns

Oa g 0‘?
Beryllium 0.0 7 ¢
Uranium 2%% 637 10 280
Uranim 298 2.T8 8,2 0

_Fut aross sections in barns:

berylltua ¥ = 6 barns

urantun 0—53 « 13.9 barns
The age to thermal is sasumed to be the same as in pure moderator.
Acoording to Reference 3, p. 415, we choose:
Ty = 97.2 m®

Average nusber of meutrons produced per Tissgion [ = 2.47.



s) Geometricsl date
Radius of the core ‘ R, = 50 em
Beight of the core 2 = 10C om
Inside radiue of cne elenent r = 20om
Cutside radius of one slesent p = 2.50m
Y » L4210 e’
Yoluce of ome oell Vo= 3103 x10° e

Total volune of the ocoxs

Radive of the equivalent cslld & = J. 143 om
Yolwse 6f beryllium in one cell v' = 2.3975 x 10° en”
Bquivalent demsity of beryllium &' = 1.4287 J/ow

Dus to the faot that the fuel is fully enriched ursnium im
szall conventraution, the rescmance escspe probability is closs te

unity. EHengs, we can use an approximetion for the resonsnce integral:

= _VelF a‘(,ajoLL
€=V
By integrating 03(y) M«llywthchthm range, we get
I = 0.0%2 for a fuel mase of 1.3 Ay . Therefors, the correspouding

value fer the resonanoe esCaPe prodability 18 /2 » 0.9,

Ve will keep this walue constant for all the valwes of fuel
mass. This is not a good approximation, btut satisfactory for the prssent
purpose.



Ye use the approximation
Se = 525

AL rR
in order t¢ csloulste 2x . Then the fast diffvaieon coefficient may
be ohtained by the relstionship

TrA
The spproximation ie ressonably good for the low fusl concentrations

used here.
g N xX én e« L 0.44628
- + | - o - - 0.566 = -W

o.0862 . 1. - -
%. T e (Aseuse u = O at B = 1 Mev.)

Eg) - W - O.5TS405 .{'1

0 Q.57 -
t;“ » rtﬁ (.‘.’: 2
01
- n.m..) - 2
97.2 (23-97 162.99 om

D = 162,99 x 0067698 w 1,034 om

So » ABLAMIRLA o 5,557 2 207

% - W « 0.66862 am~t
D, - o
355 (1-A.)
b3

* ¥ 0.66862 x 0.9299 <~ 03385 om



*100-

Kass of Urentwmn Mg, 1.2 1.3 1.4
Equivalent Density of U - 21 7w’ | 0.0018279 |0.0016552 | 0.0017825
52 %uel only ot 0.00250652 | 0.00ZTIS5 | 0.00292419
Ptuel only o 0.0000386 | 0.0000418 | 0.0000450
233’ "on~1 0.00211568 | 0.00229195 | 0.00246823
5Y wt 0.00346169 | 0.00367052 | 0.003BT9%6

z¥ ™t 0.66866 | 0.66866 | 0.66866
) et 0.0000544 | 0,0000569 | 0,0000634

The total absorption cross seotion has bewn obtained here by

adding the cross seotion ¢of the fuel and the orcss seoction of the moders~

tor. This oesn be dome because according to Appendix D the disadvantage

fLactor is very closs to unity.

7) Celoulation of /< apd A

.Z/u‘zz -(2:+1f}+3

eAt - - (=i xY) -6

6 . {ijﬁf}er 4&?:&5(;4’3-/+£3)}y{




«]0)e

Kase of Uranium Ay 1.2 1.3 1.4
m,‘ = %‘(é) cym"z 0.0061%540 0.00613540 0.0061%540
7 %ff_) om™? 0.00643078 0.00681872 0.00720668
A,ﬁ'.) = g C.019848 0.021489 0.0231351
- &Y ] 0.980152 0.978511 0.976869
xf. 23(1- 82 )omt | o0.00601362 0.00600355 0.00599348
RY s ng 1.46430 1.49605 1.52438
i+ X} ‘m“! ©.0124444 0.0128223 0.013200 -*‘7_
(525 + ,'Xf ) ot 0.000154863 0.000164411 0.000174242
xizt om-t 0.0000394554 0.0000418355 0.0000442156
R -1+ &Y 0.48415 0.51754 0.54751
431t (A2 -1+ 8 Y)emt | 0.0000764093 0.0000866062 |  0.0000968344
6% om- 0.000231272 0.000251017 o.eocz'no‘ﬁ
8 om-? 0.0152077 0.01584%5 0.0164643 .
6 - (RE+ X)) om? 0.0027633 0.00%0212 0.0032642
6+ (5ef + 4 om? 0.0276521 0.0286658 0.0296644
ot om? 0.0013816 0.0015106 0.001632} -
AT omt 0.0138260 0.0143330 0.0148322 :




8) Calculation of and a
) i S

@)

s =Y
a( = f. R (2 az = f R @
Dg/as"'fa—) —.D.z/lz"za.
r 0.970
0] )
ZR om” 0.0067698
Mass of Uranium Ag. 1.2 1.3 1.4
7Y om! 0.00346169 0.00367052 0.00387936
u? om? 0.0013816 0.0015106 ©.0016321
)\’z om-3 0.0138260 0.014%330 0.014832z
Dy st + 5@ om ™ 0.00420560 |  0.00448367 |  0.00475792
DoAY - Zf’ om™! 0.00398084 0.00404488 0.00410481
a, 1.56149 1.46458 1.38016
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9) Sulculation ef ds

(3)
2z

D, (933:-295}

®
(3) ZS low } 4 0.608 b 4 6 -}
Tam S - ST = 0.0087658 o

a; =

€)
-Dg - ZR Tl’:R - 9'1.2 X 0.0037558 - 0‘852 omn

/

35 (1-4,)

) -
%, = 0.010268 ea~2

z -,

o.o q-3 - 2.&48

For sun infinite refleotor the savings are approxisately
(Reference & - 15.14):

Ag = .D" - 3.5 em
Dy By

henoe JA + I Az m 2247 .

< < -
B, = (_r_) = 0.00045672 on 2
167
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11) Cslculation of By and By

54 2 4
.B/ = /L - BZ-
2 2
B 2'2 = )\ + B 2
Rass of Uranium ,43 1.2 1.3 1.4
H#2 gt 0.0013816 0.0015106 0.0c16321
AN on? 0.0138260 0.0143330 0.0148322
312 on~2 0.0009249 0.0010539 0.0011754
322 on=? 0.0142827 0.0147896 0.0152889
B, 0.030412 0.032465 0.034282
B, w2t 0.11951 0.12161 0.12365
12) Galculation of BY and By
2 2

1

By = 0.10%66 cu
B, ~ 0.08660 ont
/

B° = 0.010268 + 0.0004567 = 0.0107447 cm”
B,

= 0.00Z7T72 + 0.0004567 = 0.00333%9 a2




w35

33) Wﬁ.ﬂ.&.‘.

RQ- S0 am Radiue of the onve

Hass of Urantum Ag 1.2 1.3 1.4
3, ot 0.030412 0.032465 0.634282
B, wl | eamum 0.1216 0.12365
B, R 1.5206 1.6232 1.741
By R 5.9755 6.0605 €.182%
Jo (8, &) 0.5000 0.4422 0.7693
J, (3, n.) 0.5606 o.5721 0.5785
L(By 1) 65.75 72.36 T9.43
T (3 &) $9.96 66.11 72.69
z(a) 0.5000 0.4422 0.3898
-z' () 0.017049 0.018573 0.,0196%2
W () 65.75 72.36 79.43
W (x.) 7.166 8.0%9 8.988
-3 0.034098 0.042001 0.050877
w 0.10898 0.12109 0.11315




14) Galowlation of ¥ apd (>

B3 = 0.10%66 ou BE, = 5.183
-1

K(B;B) = 0.005020 K.(B,R) = 0.03765

K(3;8) = o.003298  K(B,R) = 0.04366 -

U (n.) = 0.003020 v (n.) « 0.03765
U (R) = -0.00034187 V’(no) = -0.002558
Y w «0.11320 (3 = «0.067941

15) Calewation of /D

w(@3D.D, + 4D, B ) -DD,whla+as) +D D, Yh(a, - 9)

D Dyws(dg-a,)- DD, f(ag+a3)+ Y (4, DeD; +a3 D, Da)
D = 1.0%4 em
Dy w 0.598% om
D; = 0.8520 o
Dy = 0.4156 on



¥ass of Uranimm &g 1.2 1.% 1.4
a3 D. D, om? 1.3229
~ay Dg Dy om? 0. T565% 0.74454 0. 73367
~w 0.012336 0.012%75 0.012808
-WY(ay D, D, 12D, D, Jom’ 0.0069965 0.0072728 | 0.0075468
“DDswpg  omt 0.00399537 0.00346111 | 0.00552529
a.+ay 4.4463 4.3434 4.2649
-DD, wfl (a,+az) om?® 0.0150968 0.0180537 0.0150%30
D3Py pf3(a,-a,) om® 0.0087447 0.0084095 | 0.0081148
N om? 0.016855 0.0161904 | 0.015603
D Dgw om? 0.064729 0.065983 0.067206
DDsw (ag-q,) om* 0.20795 0.20378 0.20026
DD, f (0g +ay) om* 0.038434 0.039300 0.0400%8
a, Dy Dy om? 0. TIELS 0.6TIT1 0.63296
~§(a,Dy Dy 93 D, Dy Jom? 0.23082 0.22579 0.22140
-D om? 0.40019 0.39024 0.36162
~-N/p 0.042127 0.041488 0.040886
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2la

D.os |

0.04 [

0.0%3

Fig. 4.2

Within /the 1imits of scsurmay of the method we esn cenalude

the oritical mass 48 M. = 1.5 ﬁg .
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It should be noticed that this homogensous caleulation is
a0t earried out in complets detatll .  Fur instance, the presence of
holes in the Teactor is taken into acoount by its influcuce on the
sverage density of the materials. Behrens (9) has proposed a better
way of taking such holes into socount by correcting the diffusiom
length. ¥We wasnt to abow here, that for our presemt purposs the L~
portance of this correctics is small.

Firet ve potice that a plain dexsity correction gives the
following resulis for the reestor described sbove:

L w1228

vhere L {8 the &iffusion lemgth of the actual wedium with holes and
Lo the diffusion length of the medium without holes.
The Behrsns correation gives:

L o« 1.268
°
the difference between the two corrections is sbout 3.2#.
¥e pexrform now & rapid csloulation to see what {s the influence
on the critical mass of such a difference.
In & two group theory eriticality is obtained whent
et s
(1+L3B*)(1+ ‘L'“B‘:}




in this expression . and |T:p ere affeoted by a change of 3.2%, henos,
the critical mans will be affected, too. 4 small change in the fuel
loading mnumwmtmwr/ :
2’:
£ a
,7 f ZaFffam
(1+09B%) (1+ Ty BY)

A straightforvard oaloulstion glves:

—— T mmne DD me—

r 2
AM _asf_ AL 2B (1A Ty +20 Ty BY (57+35)
M SF L ogep Sa 24

Using the abhove mumerionl resultis we find that:

LM_ = 0-59 A_L_

M z
which gives a difference of 1.9% in the fuel loading deduced above.
This correction does not affect the ueefulness of our present homo-
geneous caloulation whose goel e to give a first estimate of the

critical masa.



In the resctor desaribed in section V, the fuel is comtained
in thin shelle. Baoch of thess shalls gives rise te en equivalent cell
ss defined in howogeneous theeries. We shall show hare that the die-
sdvnntage factor in such cells iz vary close to unity.

%

Ve first consider s sell where no vacwum gap exists (ses
fig. D.1). Ve ume diffusion theory in thomdmm(*) and take inte

sooount the fuasl by means of transmission coefficients. Ve sssume thare

is s wifors scurce density S. of thermel neutrons in the moderator.
The flux in the moderstor is solution of the sguation:

—D-Z V!¢(T} + 2: p(x) = So

Wo choose the origin at the center of the cell. Using the
condition that the flux must be finite, the solution is:

¢ - _2_.;[: + A I,(ge/&)]

¢ - _S_e.[u BH.(22) + cr,(:u)]
b3y
/

.w. % Pe 648,



where reglons | and I are defined according to (fig. D.1)

Boundary of
equivalent cell

Fuel layer

Fig. D.1

We find the oonstants A , B and C by using the boundary
oonditions:
1) At the outside boundary of the squivalent cell the

net current is sexo.
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11) At the fusl shell loeation, the partial currents
are related Ly:

6/1‘(79} - c‘:‘r/I'(R}
J;(R) - c*G/I* (R)

t” w transmission coefficient of the fuel shell
frem inside to cutside.

[ w trenemission coefficient of the fuel shell
from outside to inside.

Ve notes that
t * = P, (..O squation 4.1)
7w T, (see equation 4.15)

Applying the first boundary gcondition gives:

B = C I‘(xa) = Cg
Ki(Ra)




ollk-

The second condition gives the ovefficients A and C

Ao (-C)(4h+1, +EDyR K -€PR1, )+ L (i-t¥)(g K +To- 2Dy R K + 2D 2 1)
A

(-t (To+ 2D 1) + £F(1-t /(] -2D 1)
4

C=

wheres

A= (I,+1D2L)(J Ko+ To +.9:l>5,;kk, -ép21,)

= L“t*(I.,—.?Déb I,)((7 Ko+ Io ‘-Z-Dgék K + 2D Il)

Iz I(2%) I=1 (%R)

Ko = Ko(2R) ’ K. = K.(%R)

This enables us to calowlate Py 1

R a
5. _ gn [ﬁ(z)xu +’/; ¢ (2)rd2
N =

2

' ma

¢7~~ Se {, + 2 [ARI.(M)—Co,ak.(xa}fcal.(mah CaRK(zeR)-CRI.(M}]}
xa®



ons.

l‘oulmlauaf: s We aspume that, bsosuss ths fusl shell

o 18 very thin, the flux inside the fusl is linear, so that:
b~ S(RI+ fy(R)
P)
¥e apply this to the 0ell which has the following character-

istics (see ippeudix C, seotion 2.0):
R - 200 on
a = 3143 em
For a thickness ef fuel shell of 7 = 1.8 microns we obtained
the values of [ and T, fyem equations 4.l end 4.15 in the four 9o-
officient caloulationa. Henge:
’— t— ] 9.012

I-t"m 0.020

Substituting thess values in the above squations and using
R u 0.0586 an )

4 = 0.8%

4y = 0.0176

A ==0.0436
B m-0.000672
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C w = 0.0882
. ¢(R}- 0.9%6

¢F(R) = 0.960
- ¢1(R) + ¢! (R)
.'. ¢F - 3 = 0,958
alse

This ssall deviation from unity indicates that the flux de-
presaion in the fuel shell is very mmall. Therefore, if we replace an
axmnilus of moderater outside the fuel shell by a vacuum, the flux de-
‘masmvulalnbemll. The disadvantage faotor should them be
eloge to the waliue osloulated above.



Bg“

D,D; -
A =
Km (X)a

o}
U

Sypbolp

longitudinal buckliing Bgo__ ™

radiue of a fuel clement 2R+ 2hz

fast and thermal diffusion constants

halt iength of a fuel elezent

modified Besmel function of the second kimd and of
the nth order

fuel loading in ﬁg

total nuxber of fuel elements

avgrage number of collisions to zake a fiealon neutron
thermal

resonance escape probability

radiua of the lnner woderator cylinder of 2 fisszion-
elactric cell elesment

ocutaide radius of the fuel layer of & fission-electric
cell elament

two dimeneional vector: apuce varinble ia transverse
flux squatiens after removal of the z dependancy
thres dinmensional vestor: sapasce veriable in overall
flux egurtions

outside radius of the vacuum gap of & fission-electric

cell element



o -
N'ld.?l {z‘;ﬂt"
b’ -
A, =
£ =
K =
-
N =
T =
T =
A =
V @

fest and thermal sink strength of the singularity

transinsion coefficient of a alug

-l 2
sin z

faur cosffisienta commecting asink stirengths to

fluxes (mection IIT)

thermal cesstant

reflector savings on ons end along the axis

scale faotor

transverse eciponent of the inverse of diffusion
leagth

inverse of the diffusion length

average number of neutrons produced per frst absorption
in the fuel element

avrrm mamber of neutrons produced per thermal absorp-

tion in the fuel element
prodability that a neutron aftsr colliiding in the fuel

shell osonpes without makirg an extra collision
provability that s nevtron guing through a fuel shell
does not oellide

average numbex of neatrons prodused per fission

fast and thermal absorption cross seotiona of the mod-
evator

renoval cross seotion of the moderator



fast flux at point 2

w flux at point x

flux at the surface of fuel elesent

ratio of the soattering and total cross seetion
in a given material

thickness of the fuel layexr in a fuel element
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