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Abstract

Many examples of gauge-gravity duality and quantum equivalences of different-looking three-
dimensional Quantum Field Theories indicate the existence of continuous symmetries whose
currents are not built from elementary, or perturbative, fields used to write down the La-
grangian. These symmetries are called hidden or nonperturbative.

We describe a method for studying continuous symmetries in a large class of three-
dimensional supersymmetric gauge theories which, in particular, enables one to explore non-
perturbative global symmetries and supersymmetries. As an application of the method,
we prove conjectured supersymmetry enhancement in strongly coupled ABJM theory from
N =6 to N = 8 and find additional nonperturbative evidence for its duality to the N’ = 8
U(N) SYM theory for the minimal value of the Chern-Simons coupling. Hidden supersym-
metry is also shown to occur in N =4 d = 3 SQCD with one fundamental and one adjoint
hypermultiplets. An infinite family of ' = 6 d = 3 ABJ theories is proved to have hid-
den N = 8 superconformal symmetry and hidden parity on the quantum level. We test
several conjectural dualities between ABJ theories and theories proposed by Bagger and
Lambert, and Gustavsson by comparing superconformal indices of these theories. Compar-
ison of superconformal indices is also used to test dualities between N' = 2 d = 3 theories
proposed by Aharony, the analysis of whose chiral rings teaches some general lessons about
nonperturbative chiral operators of strongly coupled 3d supersymmetric gauge theories.

As another application of our method we consider examples of hidden global symmetries
in a class of quiver three-dimensional N = 4 superconformal gauge theories. Finally, we
point out to the relations between some basic propeties of superconformal A/ > 6 theories
and their symmetries.

The results presented in this thesis were obtained in a series of papers [1, 2, 3, 4, 5].
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Chapter 1

Introduction

This thesis summarizes research on continuous symmetries in three-dimensional supercon-
formal field theories presented in a series of papers [1, 2, 3, 4, 5]. The bulk of the research
was the analysis of hidden, or nonperturbative, symmetries whose conserved currents were
the so-called monopole operators introduced in [6, 7]. These operators are a central concept
in realization of nonperturbative symmetries. In this introductory chapter we give a short
motivation for the introduction of monopole operators as essential objects responsible for
the enhancement of continuous symmetries.

In three space-time dimensions a photon has just one polarizations, the same number
as a scalar. It was pointed by Polyakov [8] thirty-five years ago that the action for a free
photon can in fact be written as an action for a free scalar called a “dualized photon” ~. In
terms of equations satisfied by the field strength I’ = F),, dx* A dx”, this just corresponds to
swapping the roles of the equation of motion d* F' = 0 and the Bianchi identity dF' = 0. The
first equation is regarded as defining a new “gauge potential” v by means of xF' = d~, while
the second equation becomes the equation of motion for the free scalar v. The new gauge
transformations are trivial. Because of the quantization of the magnetic flux, the target
space for the scalar « is a circle with radius g2, the dimensionful parameter in the Maxwell
action S = —ﬁ [ d*xF N <F.

The old Bianchi identity dF" = 0 can also be seen as a conservation 0*.J, = 0 of the

1

topological current J, = 5-€u\F ¥A. When written in terms of the “dualized photon” 7,

0,7 is seen to generate global rotations of the target space circle:

;)

v(z) = v(x) + . It is useful to introduce a global coordinate for the circle: ¢(z) =e o .

this current J, = QL
T



This field has charge one under the global symmetry generated by the topological current.
It is interesting that in the initial formulation of the theory in terms of the gauge potential
there was no gauge invariant operator charged under this symmetry. The introduction of
magnetic monopole operators in the approach with the gauge fields eliminates this mismatch
in the two descriptions of the same physics.

Of course, the example with the free electromagnetic field is too easy to be an interesting
system with monopole operators playing any significant role. However, there are many
theories with nontrivial interesting dynamics where introduction of monopole operators is
well worth it. For example, consider following [9] an N/ = 2 supersymmetric nonabelian
gauge theory with a gauge group U(NN). At a general point on the Coulomb branch the
gauge group is broken to its maximal torus U(1)" by the expectation value of the scalar ¢
in the adjoint representation of U(N) that lives in the AV = 2 vector multiplet together with
the gauge fields. Below the gauge symmetry breaking scale all massive fields are integrated
out, and the remaining N photons can be dualized to N scalars 7; because there are no
fields that couple to them. They can be combined with ¢; into chiral fields with scalars
®, = e(@+)/9° A natural question to ask is what these chiral operators correspond to in
the ultraviolet. The answer is the monopole operators.

There is, however, a very practical (from a theoretical point of view) and not just academic
reason to introduce monopole operators. This practical reason comes from dualities between
quantum field theories with different Lagrangians and also from gauge-gravity duality. For
example, there are two theories with different Lagrangians, which are conjectured to be
equivalent quantum mechanically. However, at a first glance the global symmetries do not
match. One of the actions has a symmetry group G and the other one has symmetry group
H C G which is a proper subgroup of GG. In all known cases in three dimensions monopole
operators come to rescue, completing H to G. Consider a specific example where G and H
are global symmetries. One of the theories Intriligator and Seiberg analyzed in their paper
[10] is an N = 4 gauge theory with gauge group U(1)? and matter fields in the bifundamental
representation of each of the pairs of U(1) gauge factors. This theory is an example of a
quiver gauge theory. In the present case the diagonal U(1) gauge group decouples, and the
remaining gauge group is U(1)?/U(1) = U(1)%. They argued that this theory is equivalent



to another theory whose global symmetry group G = SU(3). As was pointed out in [7],
a Cartan subalgebra of SU(3) can be easily identified in the quiver theory as symmetries
produced by the two topological currents J* = % x . The identification of the remaining
six currents that, together with the two topological currents, complete the symmetry group
to SU(3) is more diffucult. This identification is explained in chapter 5. One thing can
be seen immediately, though. The remaining six currents correspond to the roots of SU(3)
and thus must be charged under the two topological currents which correspond to Cartan
generators. Because monopole operators are charged under topological symmetries, it is
natural to expect that they help resolve the puzzle.

The gauge-gravity duality, or more precisely AdSs/CFT; duality, provides examples
where the continuous symmetries that are enhanced are supersymmetries and corresponding
R-symmetries. The most famous example is the ABJM theory describing the low energy
limit of the dynamics of a stack of M2-branes probing a conical singularity C?/Z;. Tt can
be described as quantum gravity or string theory in AdSy x S7 background or as a three-
dimensional Chern-Simons gauge theory with the parameter k determining the Chern-Simons
level of the gauge group factors [11]. The gravity description of this system for £ = 1,2 has
more supersymmetries that are seen in the gauge theory description. There are again some
topological currents under which the missing conserved currents in the gauge theory must
be charged, and so monopoles operators which by definition are charged under topological
symmetries are relevant for the supersymmetry enhancement.

This thesis organized as follows. Chapter 2 reviews the definition of monopole operators
and their basic properties and introduces the method to find and prove enhancement of
continuos symmetries. Enhancement of supersymmetries is discussed in chapters 2 and 3.
Chapter 4 is devoted to an analysis of chiral rings and dualities in a certain class of N’ = 2
supersymmetirc theories. Chapter 5 discusses enhancement of global symmetries in N' = 4
supersymmetric theories of Intriligator and Seiberg and some other quiver theories. Some
very general properties of A/ > 6 superconformal theories which our approach to global

symmetries helps to illuminate are considered in chapter 6.



Chapter 2

Supersymmetries Enhancement by
Monopole Operators

2.1 Introduction

In this chapter we describe a method which enables one to study hidden, or accidental,
continuous symmetries in strongly coupled superconformal field theories in three space-time
dimensions. The existence of such hidden symmetries has been conjectured for many three-
dimensional theories. We apply our method to two models. The first one is the recently
proposed ABJM model [11] which has gauge group U(N) x U(N), an integral parameter k
(the Chern-Simons level), and a manifest N' = 6 supersymmetry. It is believed to have hidden
N = 8 superconformal symmetry for £ = 1,2 [11]. The second model is the infrared limit of
N =4 d = 3 super Yang-Mills theory with an adjoint and a fundamental hypermultiplets.
It is believed to be dual to the ABJM model with £ = 1, as well as to the infrared limit of
N = 8 super-Yang-Mills theory with gauge group U(N), and consequently also must have
hidden A/ = 8 superconformal symmetry. In this chapter we demonstrate the existence of
supersymmetry enhancement in all three models. We also provide some evidence in favor of
the duality with A/ = 8 super-Yang-Mills.

By definition, a hidden symmetry is generated by a conserved current whose existence
does not follow from any symmetry of an action. A simple example of such a symmetry

corresponds to a topological conserved current which exists in any three-dimensional gauge



theory whose gauge group contains a U(1) factor:

1
JH = %e‘“”\Tr F. (2.1)

In this chapter we study more complicated hidden symmetries whose conserved currents are
monopole operators, i.e., disorder operators defined by the condition that the gauge field
has a Dirac monopole singularity at the insertion point. More concretely, in a U(N) gauge

theory the singularity corresponding to a monopole operator must have the form

H
AN () = - (1 = cos 6)dg (2.2)
for the north and south charts, correspondingly. In this formula H = diag(ni,ns, ..., ny),
and the integers ny,...,ny are defined up to a permutation.! These integers are called

magnetic or GNO charges [12].

If we require the monopole operator to preserve some supersymmetry (such operators
may be called BPS operators), matter fields must also be singular, in such a way that BPS
equations are satisfied in the neighborhood of the insertion point.

The idea that hidden symmetry currents can arise from monopole operators is not new.
Even before the discovery of the ABJM model, it has been mentioned in [7] in connection with
the hidden flavor symmetries proposed by Intriligator and Seiberg [10]. More recently there
have been several works which studied monopole operators in the ABJM model with the
goal of showing the existence of hidden conserved currents enhancing N' = 6 supersymmetry
to N = 8 supersymmetry [13, 14, 15]; other works which studied monopole operator are
[16, 17]. Our approach is similar to Benna, Klebanov and Klose (BKK) [13] in that we deform
the theory in a controlled manner which makes it weakly coupled but breaks part of the
conformal symmetry. The details are rather different because the deformation we use breaks
a different subset of the conformal symmetry. The deformation of ABJM theory used by BKK
preserved the Poincare subgroup of the conformal group as well as the Spin(3) x Spin(3)

subgroup of the Spin(6) R-symmetry. The conformal and dilatational symmetries were

1One often chooses a particular representative satisfying n; > ng > ... > ny. We will not always follows
this convention.



broken. The deformation we use preserves the rotational and dilatational symmetry of R3
and the Spin(2) x Spin(4) subgroup of the Spin(6) R-symmetry. The translational and
conformal symmetries are broken. This is the same deformation as that used by S. Kim
to compute the superconformal index of the ABJM theory [16]. We will see that the same
kind of deformation can be used to study any three-dimensional gauge theory with enough
supersymmetry. One big advantage of this method is that we have control over the conformal
dimensions of an important class of monopole operators. We show that for £ = 1,2 the ABJM
theory has monopole operators which are conformal primaries of dimension 2 and transform
as vectors under Lorenz transformations. Such operators must be conserved currents, which
enables us to conclude that the R-symmetry and consequently supersymmetry are enhanced.

The other model we consider is an N' =4 d = 3 U(N) gauge theory with an adjoint and
a fundamental hypermultiplet. This theory has no Chern-Simons term and is not conformal
but flows to a nontrivial IR fixed point. String theory arguments show that it must be
IR dual to N' = 8 super-Yang-Mills theory with gauge group U(N). This implies that it
must have enhanced supersymmetry in the infrared, and we show that this is indeed the
case. There are several important differences compared to the case of the ABJM theory.
In particular, we find that some currents predicted by the duality are realized by monopole
operators with a vanishing topological charge (but nonzero GNO charges). This is a nice
illustration of the importance of nontopological disorder operators in quantum field theory.

We also show that for N > 1 the U(N) x U(N) k = 1 ABJM theory as well as the
IR limit of N/ = 4 U(N) theory with an adjoint and a fundamental hypermultiplet have a
free sector (also with A/ = 8 supersymmetry). This decoupled sector is not visible on the
perturbative level, but its existence is predicted by the conjecture [11] that both theories are
dual to the IR limit of A" = 8 U(N) super-Yang-Mills theory.?

The organization of this chapter is as follows. In section 2 we study monopole operators
in the ABJM theory. In section 3 we study monopole operators in the N’ =4 U(N) gauge
theory with an adjoint and a fundamental hypermultiplet. In section 4 we discuss out results;
in particular we show that supersymmetry enhancement is quite delicate and does not occur

in other similar gauge theories. In the appendices we provide some details of the arguments;

2Other tests of this conjecture have been performed in [16] and [18].



in particular, we rederive a formula for the charges of a bare monopole proposed by Gaiotto

and Witten [19].

2.2  Supersymmetry Enhancement in the ABJM Model

2.2.1 Field Content, Action, and Symmetries

The ABJM model is an N' = 6 d = 3 Chern-Simons gauge theory with the gauge group
U(N) x U(N). It is convenient to use N' = 2 superfield formalism to describe its field
content and action. The U(N) x U(N) vector multiplet consists of gauge fields A,, A,
adjoint-valued scalars o, 5 and adjoint-valued Dirac fermions A, \. Fields with a tilde take
values in the Lie algebra of the second U(N) factor, while fields without a tilde take values
in the Lie algebra of the first U(N) factor. The matter sector contains complex scalars
C; and Dirac fermions ¥/ in the representations 4 and 4 of the SU(4)p ~ Spin(6)r R-
symmetry and are in the bifundamental (N, V) representation of the gauge group. Written
as C; = (Ay, Ay, B, B?) and U! = (—1)y, 11, —X2, X) they can be grouped into four N = 2

chiral multiplets
(Aaal/)a) S (N7 N), (B[uXiz) S (NvN) (23)

The indices mark the representations of the fields under the group SU(2)4 x SU(2)p C
SU(4)r which is manifest in the N' = 2 superfield formalism.

The Lagrangian is
L= ‘CCS + ﬁmattera (24)

with the Chern-Simons term

™

k % . - koo 9 =
Los = otr (AAdA—EZASHAMzDU)—Ztr(AAdA—ngummD&),
T

(2.5)



and the matter term

Lumatter = tr[—Du[l“D”Aa - DuBaDuBa - iiﬁ“lﬁ% - iXdlDXa
(0Ay — Ay6) (A% — 6AY) — (6B; — Byo)(B*%G — 0 B)+
+ 0 — e + AN, + D NA, — 1P AAT — FAND®

— e XY 4 X0 xs — iXaABY — iBaAY® + iB* My, + z‘x"‘f\Bd] + Lup, (2.6)

where Ly, contains Yukawa interaction terms and scalar potential coming from the quartic

superpotential

o
W= —%e“be“btr(AaBdAbBb). (2.7)

The N = 6 supercharges transform in the vector representation of Spin(6)g or, equiva-

lently, rank two antisymmetric tensor representation of SU(4)g with a reality condition

1

Qrr = EEIJKLQKL7 (2.8)

where I, J, K, L are indices of the fundamental representation of SU(4)x.
Apart from Noether currents corresponding to symmetries of the action the ABJM theory

also has two conserved topological currents

1 ~ 1 .
J?Z%TI’FM, %Z%TI’FM,

where F*, F* are Hodge-dual to F s F w- Equations of motion of the ABJM theory imply
kTr F* = kTr F*, i.e., the two currents may be identified. Thus the theory has a topological
symmetry U(1)r (it was called U(1), in [11]). ABJM proposed that at £ = 1,2 U(1)r X
Spin(6) g is enhanced to Spin(8). The adjoint of Spin(8) decomposes under U(1) x Spin(6)
as follows:

28 =15, @ 1, D 6, ©6_,.

Here the subscript indicates the U(1)r charge. The first two subrepresentations correspond to



the U(1) x Spin(6) currents. The last two subrepresentations have nonvanishing topological
charge and therefore the corresponding currents are monopole operators. Our goal is to show
that such monopole operators indeed exist for k =1, 2.

More precisely, we will see that for k = 1,2 monopole currents have U(1)y charge +2/k.
If we want the charge to be £1 for both values of k, we need to change the normalization of

the U(1)r current. From now on we will define the U(1)r current as

k
J# = —ETI' F'u.

The sign is convention dependent.

2.2.2 Deformation to Weak Coupling

Since the ABJM model is strongly coupled at k of order 1, we will deform it by adding
terms to the action suppressing fluctuations of all fields. The additional terms in the action
are multiplied by a parameter ¢, so that the deformed theory becomes essentially free in
the limit £ — oo. In order to be able to relate the spectrum of operators in the deformed
and undeformed theory, we need to have some control over the behavior of the theory as
t is decreased from 400 to 0. A measure of control is achieved if the additional terms are
(Q-exact for some nilpotent supercharge (). To construct a deformation with all the desired
properties we follow S. Kim [16].

We pick the supercharge () = Q12— where “—7 stands for the spinor index corresponding
to j3 = —%. Quantum numbers of supercharges Q)+ = Q1o+, their Hermitean conjugates (in

the radial quantization) S*, and the fields of the theory are summarized in table 2.1.

The deformation

ALy = (rWeW,, + rWeW,)|g =

1 IR o
= 57 ((Fu = Dy0)? = D* + 30" D) + 57 ((Fu = Duo)? = D*+Ao"Dyr)  (2.9)

proposed in [16] suppresses fluctuations of the fields (A,,0) and (A,,&). This expression
is Q-exact for the following reason. Recall that WW, (and W*W,) is a chiral superfield



—_
e}

fields h1 hg h3 J3 €
(A As) [(=3,=3) (G—3) G—3)| O )
(Bi,Bs) | (=3,—3) (5.—3) (=3,3) 0 2
(wlia@bZi) (%7%) (%7_%) (%7_%) :i:% 1
(iaxos) | (523)  (5—3) (=5.3)| +3 1
AL A, 0 0 0 (1,0,—1) 1
i, Ay —1 0 0 +1 2
0,0 0 0 0 0 1
Q. 1 0 0 +1 z
S* —1 0 0 i 1

Table 2.1: Quantum numbers of fields and supercharges. The charges hq, ho, hy are weights
of Spin(6) R-symmetry, j3 is the projection of spin, € is the conformal dimension. Our
conventions are such that spinors of Spin(6) have half-integral weights.

which can be written in the form WeW,, = A(y) +v/20¥ (y) +6%F (y) with /26 F = £€QV and
y" = a* +ifotf. In other words, the component WeW,|g: (as well as W, |g2) is Q-exact,
and multiplication by r does not change this fact. Of course, we lost invariance with respect
to . Note that terms W”Wa|92 and I/T/aﬁ/abz are not included in the deformation.

On the other hand, ALy does not suppress fluctuations of the chiral multiplets which
therefore interact strongly via the quartic superpotential. It is easy to come up with a Q-
exact term serving to fix this problem. For chiral multiplets whose scalars have conformal

dimension 1/2 we introduce the usual kinetic term
AL, =Tr [/ d*0d*0A,e " A + /d20d29_Ba62de:|
+Tr [ / d*0d20 A,V A° + / dQQdQGBde‘QVBd] (2.10)

Strictly speaking, what is (-exact is not this expression but another one differing by a
total derivative. This makes no difference as we integrate the Lagrangian over the entire

space-time to construct the action. The full Lagrangian on R3/{0}
Ly =Ly +tALy +tALy,. (2.11)

gives rise to a Lagrangian on S? x R which determines a deformation of the ABJM model.

The deformed theory on S? x R becomes free in the limit ¢t — oo.
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2.2.3 Monopole Operators

Using the state-operator correspondence in the undeformed ABJM theory, we replace the
study of BPS monopole operators with the study of BPS states on S? x R with a magnetic

flux on S%. Such a magnetic flux corresponds to a singular gauge field on R? of the form

FH o~ H FH o~ H
2 72’ 2 1?2’
where 7 is the unit vector in the radial direction and H = (ny,...,ny) and H = (71, ..., 7iy)

are GNO charges for the two U(N) factors of the gauge group. The BPS equations F,, = D 0,

F, = D,o imply that a BPS field configuration must have singular o and o

After a conformal rescaling 0 — o/r, & — & /r needed to go from R? to S? x R this becomes

a constant scalar background at 7 = logr = —oo:
1 1~
oco~-H, oc~-H.
2 2

Another way to understand these values for scalars is to note that for 7-independent fields

the action for bosonic fields A, fl, 0,0 reduces to
t -
5 /deQ <TI'(F12 - 0)2 -+ TI'(F12 — 6)2)

where Fiy is the magnetic field on S2. Thus for constant magnetic fields H/2, H/2 the
absolute minimum of the action is reached for o0 = H/2, & = H/2.

This a good place to discuss the difference between the deformation we use and the one
used by Benna, Klebanov, and Klose [13]. An obvious difference is that our deformation is
time independent if one regards the factor R in S% x R as time, while the BKK deformation is
time dependent and interpolates between weak coupling in the far past and strong coupling
in the far future. Using a time-independent deformation has the advantage that one can

compute the conformal dimensions of monopole operators. Another important difference is
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that the BKK deformation introduces three dynamical scalar fields in the adjoint represen-
tation (the scalar part of the N' = 3 vector multiplet) which transform as a triplet of SU(2)g
symmetry. This leads to a continuous degeneracy of classical vacua which are parametrized
by points in a 2-sphere.®> BKK propose to deal with this degeneracy by regarding the 2-
sphere as a space of collective coordinates and quantizing it. In contrast, we introduce only
one dynamical scalar in the adjoint. For a given magnetic flux there is a unique value of the

scalar which minimizes the energy, and therefore a unique classical vacuum.

2.2.4 Strategy of the Computation

We would like to study the spectrum of monopole operators in the ABJM theory using the
above deformation. Let us outline the idea of the computation. Since the deformation we use
preserves the dilatational symmetry, it is best to think about the theory we want to study as
defined on S? x R with a product metric. Then dilatational invariance becomes translational
invariance of R, which we therefore regard as Euclidean time. Local operators in a conformal
theory on R? are in one-to-one correspondence with states on S? x R. Instead of studying
monopole operators on R? we will study states on S xR with nonabelian magnetic flux (GNO
charge) on S%. The deformed theory on S? x R is not conformal, so once the deformation is
turned on we can only talk about states not operators. The deformation we have constructed
breaks the number of supersymmetry generators (counting the superconformal ones) from
24 down to 4. They can be assembled into a spinor representation of SO(3), the rotational
symmetry of S%2. The supercharge ) used to construct the deformartion is a particular
component of the spinor with j3 = —1/2. The R-symmetry group Spin(6) is broken down to
U(1)r x Spin(4), so that the supercharges have charge 1 with respect to the U(1)g subgroup
and are Spin(4)-singlets.

We will call a state annihilated by both @ and QT a BPS state. One reason to be interested
in BPS states is because their spectrum changes in a controlled manner as one varies the
deformation parameter ¢t. For example, a BPS state |¢) can disappear only if it pairs up with

another BPS state [¢)") whose quantum numbers are related to those of [¢) in a well-defined

3This is a 2-sphere in the space of scalars and is acted on by SU(2)g. It should not be confused with the
52 on which the theory lives.
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manner. If such a BPS state |¢') is absent, the BPS state |¢) is stable with respect to
deformations. Using such considerations we will infer that at ¢ = 0 and k£ = 1,2 there exist
scalar BPS states which transform in a particular representation of Spin(4) x U(1)g x U(1)r.
Another reason to be interested in BPS states is that supersymmetry algebra on S? x R

implies that the energy of a BPS state is related to its U(1)g charge and spin:

E:hl +j37

where hy is the U(1)g charge. From this we will infer that the BPS states we will have found
have energy 1 for all ¢, including t = 0.

We now recall that at ¢ = 0 the theory has at least N/ = 6 superconformal symmetry, and
therefore the scalar BPS states must be part of some Spin(6) x U(1)r multiplet. We will
argue that this multiplet must be 10_1, i.e., a 3rd-rank anti-selfdual skew-symmetric tensor
with U(1)7 charge —1. Acting on it with two supercharges we can get vector states with
energy 2 which transform in 6_; of Spin(6). By state-operator correspondence (which holds
only at ¢t = 0!) we will be able to conclude that the ABJM theory at k£ = 1,2 has conserved
currents realized by monopole operators which transform in 6_; of Spin(6) x U(1)r. By
charge-conjugation symmetry, there are also monopole currents in 6;. Conserved currents
in any theory must fit into an adjoint of a Lie group, and it is easy to see that monopole
currents together with the U(1)7 current and the Spin(6) currents assemble into an adjoint
of Spin(8). This implies that the superconformal symmetry must also be enhanced at least

to N = 8 superconformal symmetry.

2.2.5 Quantization of the Deformed ABJM Theory

In the limit ¢ — oo fluctuations of all fields, inlcuding A and o, are suppressed, and each
magnetic flux gives rise to a sector (summand) in the Hilbert space of the theory. If we
ignore the issue of gauge invariance, each sector is a Fock space for excitations of fields
coupled to a monopole background but not between themselves. (The constraints following
from gauge invariance will be discussed later). The amount of magnetic flux for each mode

is summarized in table 2.2.
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Mode Flux

(Ap)ij: 0ij | i =1y
(@ij)p, O3 | i — 7
>\ij n; — nj
A

ij ni — Ny
Ai, Ag)ij | ni — 1y

(
(Y1, ¥2)ij | mi — 1y
(
(

By, By)ij | i —ny

X1, X2)ij n; — 1y

Table 2.2: Magnetic flux for gauge and matter modes in the ABJM theory. The integers
n;,ni, ¢t =1,..., N, are GNO charges of the monopole state.

The energy spectrum of a free chiral field X in a Dirac monopole background with
magnetic flux ¢ was calculated in [7]. In appendix A we summarize these results and also
compute the energy spectrum of a vector multiplet. To perform the computation for the
vector multiplet one needs to choose a gauge. If the GNO charges are all zero, the most
convenient choice is the three-dimensional Coulomb gauge which says that the spatial part of
the gauge field A is divergence free. If the GNO charges are nonzero, the vacuum value of the
scalar field breaks the gauge symmetry down to a subgroup. Consider a general monopole
background? with flux ({n;}) where the first k; fluxes are equal and strictly greater in
magnitude than the second group of equal fluxes and so on until the last group of k,, equal
fluxes with the obvious condition &y + ko + - -- + k,,, = N. A choice of a classical vacuum oy
breaks the gauge group down to a subgroup U (k1) x U (ky) X - - - x U (k) represented by block-
diagonal matrices. This means that we can choose a “unitary” gauge for the quantum part
o—0y by requiring it to be block-diagonal as well. For the residual U (k1) xU (k2) X+ -x U (kp,)
gauge symmetry we again use the three-dimensional Coulomb gauge.

The outcome of this computation is that none of the fields have zero modes, and therefore
one may quantize each magnetic flux sector by defining the vacuum in this sector as the
unique state annihilated by all annihilation operators. We will refer to the vacuum state as

the bare monopole.

4For definiteness,we focus on one of the U(N) factors in the U(N) x U(N) gauge group.
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2.2.6 Quantum Numbers of Bare Monopoles

To compute quantum numbers of the bare monopole we follow the usual procedure. For
definiteness, let us discuss the computation of energy. We regularize the vacuum energy
using point splitting in the time direction and subtract a similarly regularized vacuum energy
for the trivial magnetic flux sector. The difference has a well-defined limit as one removes
the regulator and gives the renormalized energy of the bare monopole. The final answer for

the energy is (see appendix A for details):

N
E=Z|m~—ﬁjl—Z|m—nj|—2|ﬁi—ﬁj|- (2.12)
ij=1 i<j i<j
The first term is the contribution of chiral multiplets, the second and third terms are the
contributions of the vector multiplets for first and second factors in the U(N) x U(N) gauge
group respectively. The same result was obtained in [16] and [13].

It is easy to show that the energy of a bare monopole is nonnegative; it is equal to zero
if and only if n; = n; for all 4.

The U(1)gr charge of a bare monopole is equal to its energy. This happens because the
bare monopole is a BPS state. It transforms in a trivial representation of Spin(4)r and
the rotational SU(2) symmetry. The topological charges are ) . n; and ), 7;; as discussed
above the equations of motion imply that they are equal. The U(1)r charge is —g >

Gaiotto and Witten proposed in [19] a general formula for the R-charge of a bare monopole
in an NN = 4 d = 3 gauge theory. According to this formula the R-charge receives a
contribution |q|/2 from every (twisted) hypermultiplet which couples to magnetic flux ¢ and
a contribution —|g|/2 from every charged component of a vector multiplet which couples
to magnetic flux ¢q. For example, in ABJM theory for every pair of indices i, j there is a
hypermultiplet and a twisted hypermultiplet which both couple to magnetic flux n; — n;
and four vector multiplets which couple to magnetic fluxes +(n; — n;) and £(n; — ;). Our
computation in appendix A can be viewed as a derivation of the Gaiotto-Witten formula
valid for an arbitrary three-dimensional gauge theory with at least N = 3 supersymmetry.

Another derivation can be found in [13].
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2.2.7 Gauss Law Constraint

So far the value of the Chern-Simons coupling appeared irrelevant. Its significance emerges
when we turn to the Gauss law constraint. The Coulomb gauge for the residual U (k1) x - - - X
U(k,,) symmetry does not fix the gauge symmetry completely: we still have the freedom to
perform constant gauge transformations on S2. Physical states must be annihilated by the

charge corresponding to this symmetry. In the undeformed theory this charge is

k
—— | Fu+N,
2w S2

where N is the gauge charge of the matter fields. Similarly, the second U(N) factor in the
gauge group is broken down to U(ky) x - - - x U(ky) by the scalar background, and the charge

for constant gauge transformations is

% o Fa+ N,
where N is the gauge charge of the matter fields. These formulas remain true in the deformed
theory if we understand N and N to include the charges of fields in the vector multiplet,
i.e., o, 7, and the gauginos.® Thus the gauge charges have a Chern-Simons contribution and
a matter contribution.

Note that in a given magnetic flux sector the Chern-Simons contribution to the charge is
a c-number. Concretely, for the U(k;) factor in the residual gauge group the Chern-Simons
contribution is —kn;, and for the U (l%z) factor the Chern-Simons contribution is kn;. We
may interpret this as saying that the bare monopole has U(k;) charge —kn; and U (k;) charge
kn;. Physical states must have vanishing gauge charge, so bare monopoles are not physical if

k # 0. To construct physical states we need to act on bare monopoles by creation operators

of matter fields or fields in the vector multiplet.

5The term O0;E; in the Gauss law constraint does not contribute because it is a total derivative and
integrates to zero on S2.
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2.2.8 Superconformal Multiplet of the Stress-Tensor

The following table summarizes some conformal primaries of the N/ = 8 superconformal

rmultiplet which includes the stress-tensor.

E |j R (h.w.)

iy 1 o |(,1,1,-1)
U, [3/2]1/2](1,1,1,0)
Res |2 |1 |(1,1,0,0)
Qasy | 5/2 | 3/2 | (1,0, 0, 0)
Tagys |3 |2 | (0,0,0,0)

Table 2.3: Some conformal primaries of the N' = 8 stress-
tensor multiplet. Greek letters denote space-time spinor

indices.

Operators at zero level transform as the rank-four anti-selfdual tensor of Spin(8)z. With
respect to its subgroup Spin(6) g x U(1)r this representation decomposes as 15,10_; $10;.
Here 15 is the adjoint representation of Spin(6)z. In the ABJM theory it is built from the
fundamental fields and is given by trq(C;Ch) — }LtrG(Z}lzl C;C1).% Representations 10 and
10 carry topological U(1)7 charge —1 and 1, respectively, and should be realized by monopole
operators.” Their highest weights are (1,1,1) and (1,1, —1), respectively.

Our method is based on studying a deformation which breaks Spin(6) gz symmetry down to
Spin(4) xU(1)g =~ SU(2) x SU(2) x U(1)g, so we need to decompose 10 and 10 with respect
to this subgroup and identity BPS states in these representations. The decompositions look

as follows:

10 = (2,2)0® (3,11 @ (1,3)_;, 10=1(2,2)0a(3,1)_, @ (1,3);.

Scalar BPS states have ' = h; and live in representations with positive U(1)g charge,

6The trace is over the gauge indices.
"This was also mentioned in [20].
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i.e., (3,1); and (1,3);.These two representations have opposite U(1)r charge: —1 for the
former one and +1 for the latter one. Scalar anti-BPS states® have £ = —h; and live in
representations with negative U(1)gr charge, i.e., (1,3)_; and (3,1)_;. They have U(1)r
charges —1 and +1, respectively. Assuming that BPS states survive in the deformed theory
(we will justify this assumption below), we expect to see them as elements of the Fock space
built on a bare monopole.

The GNO charge of a monopole state with U(1)r charge 1 must either have the form
(n,0,...,0) with kn = 2, or (n,n,0,...,0) with kn = 1 (for both U(N) factors). Indeed, the
energy of a bare monopole is a nonnegative integer. If it is nonzero, then it cannot give rise
to a physical state with energy 1, because to construct such a state one needs to act on the
bare monopole with creation operators, and they all have positive energy. If the energy of the
bare monopole is zero, then the GNO charges for the two U(NV) factors must be identical.
Further, to construct physical states we need to act on bare monopole states by creation
operators, and it is easy to see that these must be creation operators for chiral multiplets,
so that the energy does not exceed 1. Bosonic creation operators for chiral multiplets have
energy 1/2 or larger, while fermionic creation operators have energy at least 1. Hence the
states we are looking for must be obtained by acting on the bare monopole by two bosonic
creation operators with the lowest possible energy. Such a state can satisfy the Gauss law
constraint only if the GNO charges are of the above form.

Since both k and n are integral, for k = 2 there is a unique possible GNO charge
(1,0,0,...,0). For k = 1 there are two possible GNO charges: (2,0,...,0)and (1,1,0,...,0).
For k > 2 there are no candidate GNO charges, and therefore no BPS scalars with £ = 1.
This agrees with the expectation that for £ > 2 there is no supersymmetry enhancement.
The difference between the £ = 1 and k = 2 case arises from the fact that in the former case
the theory has two copies of N' = 8 superconformal algebra as discussed below.

For £k = 2 we have the following BPS states with £ = 1 satisfying the Gauss law

8That is, states annihiated by both Q and (Q)'.
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constraint:?

(3,1)1 ~ A(j = 0) A (j = 0)1,0,0,...,0), (2.13)

(1,3)1 ~ Bi'(j = 0)B}'(j = 0)| - 1,0,0,...,0). (2.14)

Here |ny, ng, ..., nx ) denotes the bare monopole with the indicated GNO charge in one U(N)
subgroup and identical charge in the other U(N) subgroup. The Spin(4) x U(1)g x U(1)r
quantum numbers of these states are exactly as predicted by enhanced supersymmetry.
Similarly, the anti-BPS states are obtained by acting on bare anti-BPS monopoles with
lowest-energy modes of A, and B;.

For k = 1 we have very similar scalar BPS states with £ = 1:

(3,1)1 ~ A(j = 0) A1 (j = 0)2,0,0,...,0), (2.15)

(1,3)1 ~ Bi'(j = 0)B}'(j = 0)| - 2,0,0,...,0). (2.16)
In addition, we have the following scalar BPS states with £ = 1 and U(1)r charge F1:

(3,1)1 ~ eppegy APU(j = 0)AY'T (j = 0)[1,1,0,...,0), (2.17)

1,3)1 ~ epyea BP(j = 0) BP9 (j = 0)| — 1,—1,0,...,0). 2.18
PP -99 ~a b

The indices p,p’ and ¢, take values in the set {1,2}. The manner in which these indices
are contracted is determined uniquely by the the Gauss law constraint. Indeed, the GNO
magnetic flux breaks the gauge symmetry down to U(2) x U(2) x U(N —2) x U(N — 2).
The Gauss law constraint for £ = 1 says that the combination of oscillators acting on the
bare monopole | £ 1,£1,0,...,0) must be a singlet of the SU(2) x SU(2) x U(N — 2) x
U(N —2) subgroup and have charge F2 under the U(1) subgroups of both U(2) factors. The
requirement of SU(2) x SU(2) invariance tells us that gauge indices must be contracted with

epsilon tensors.

9The superscripts are gauge indices.
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2.2.9 Evidence for Duality at £ =1

The existence of extra scalar BPS states (2.17) might seem surprising, but in fact it is implied
by the conjecture that for k = 1 the ABJM theory is dual to the IR limit of N' =8 U(N)
super-Yang-Mills theory. For N > 1 the latter theory decomposes into two noninteracting
sectors corresponding to the decomposition of the adjoint of U(N) into trace and traceless
parts. The trace sector is a free N' = 8 U(1) gauge theory which flows in the infrared to a
free N' = 8 SCFT (a free N' = 4 hypemultiplet plus a free N' = 4 twisted hypermultiplet).
The traceless part flows to an interacting N’ = 8 SCFT. Thus we expect that for N > 1 the
k =1 ABJM theory has a decoupled sector which is the free N'= 8 SCFT described above,
and correspondingly has two copies of N' = 8 superconformal symmetry algebra. This is the
reason we see the doubling of £ = 1 BPS scalars at k£ = 1. Note also that the extra BPS
states (2.17) exist only for N > 1.

We can go further and directly demonstrate the presence of a free sector in the k = 1
ABJM theory. In a unitary conformal three-dimensional theory a free scalar must have
dimension 1/2. A free ' =8 SCFT contains eight real scalars which transform in a spinor
representation of Spin(8). With respect to the Spin(4) x U(1)g x U(1)y ~ SU(2) x SU(2) x
U(1)g x U(1)7 subgroup they transform as

(2, 1)1/2,—1/2 @ (1, 2)1/2,1/2 @ (2, 1)—1/2,1/2 @ (1, 2)—1/2,—1/2~

The first two subrepresentations are BPS, and the last two are anti-BPS. The corresponding

BPS states in the deformed theory are

(2.1)1/2,-12 ~ AL (G = 0)[1,0,...,0), (2.19)

(1,2)12.0/2 ~ BY'(j = 0) = 1,0,...,0). (2.20)

Similarly the anti-BPS states satisfying the Gauss law constraint can be obtained by acting
on bare anti-BPS monopoles with a single creation operator for A}Li or Béi. All these states
have £ = 1/2, and if the spectrum of BPS scalars does not change as one decreases t from

t = oo to t = 0, then these states must correspond to free scalar fields in the undeformed
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theory. Acting on them with supercharges we get the free sector of the theory. Note that it
is not possible to construct BPS states with E = 1/2 satisfying the Gauss law constraint for

k> 1.

2.2.10 Protected States and Enhanced Supersymmetry

We have seen above that A/ = 8 supersymmetry of the ABJM theory implies the existence
of scalar BPS states in particular representations of Spin(4) x U(1)g x U(1)7, and that such
states do indeed exist in the weakly coupled limit for £ = 1,2. In this subsection we will
argue that such scalar BPS states are protected and their existence at ¢ = 0 implies their
existence at t = oo and vice versa. Then we will reverse the logic and show that existence of
scalar BPS states in the weakly coupled limit implies that R-symmetry at ¢ = 0 is enhanced
from Spin(6) to Spin(8). This in turn implies that supersymmetry is enhanced from N = 6
to N =8.

The argument that BPS states are protected is standard and based on the observation
that as one varies a parameter cohomology classes appear and disappear in pairs, so that
members of the pair have R-charge differing by 1 and energy and j3 differing by 1/2. Thus
the number of scalars with R-charge 1 can change as one varies ¢ only if there exist either
BPS spinors with R = 0, E' = 1/2 or BPS spinors with R = 2, E = 3/2. These spinors must
also transform in (3,1) and (1, 3) and have U(1)r charge F1. At ¢t = 0 there can be no such
states because they would violate unitarity bounds. Therefore scalar BPS states predicted
by N = 8 supersymmetry cannot disappear at ¢ > 0, and this is why we expect to see them
at t = oo. Conversely, we can explicitly check that at ¢t = oo there are no spinor BPS states
with R=0, E=1/20or R =2, F = 3/2 in the sectors with U(1)7 charge +1 (see appendix
B). However, in principle, at some intermediate value of the deformation parameter ¢ where
we cannot check the spectrum of BPS states some BPS states could pair up with others to
form long multiplets. Fortunately, this never happens to the scalar BPS states with minimal
energy ' =1/2or E = 1. A quick and easy way to see this is to consider the superconformal
index for the theory under consideration. We will explain this argument after we introduce
the superconformal index in chapter 3.

The conclusion is that the states (2.13), (2.15, (2.17) are protected and cannot disappear
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as one decreases t to 0.
We have established that in the undeformed ABJM theory with k = 1, 2 there exist scalar

BPS states which transform in the following representations of Spin(4) x U(1)g x U(1)r:

(3,1)1-1®(1,3)1,1.

There are also anti-BPS states which are obtained from the BPS states by charge conjugation;
they transform as

(3a 1)—1,1 S¥) (1, 3)_17_1.

At t = 0 these states must be part of some Spin(6) x U(1)r multiplets. A generic state in
a Spin(6) multiplet is not BPS, but if it contains any BPS states at all, the highest weight
state must be among them (otherwise the unitarity bound £ > h; would be violated). Hence
the Spin(6) multiplet containing the Spin(4) x U(1)g multiplet (3, 1); must have the highest
weight (1, 1,1). This is the representation 10_; of Spin(6) x U(1)r. It also contains anti-BPS
states in the representation (1,3)_; 1 of Spin(4) x U(1)gr x U(1)r. By charge-conjugation
symmetry, the BPS states in (1, 3)1; and (3,1)_; are parts of the Spin(6) x U (1) multiplet
10, with highest weight (1,1, —1).

Now let us act on these scalar states with two supercharges with symmetrized spinor
indices and antisymmetrized Spin(6) indices. This combination of supercharges transforms
as a vector with respect to rotations and as a rank-2 antisymmetric tensor with respect to
Spin(6). Since 10 and 10 are self-dual and anti-self-dual components of a rank-3 antisym-
metric tensor, acting on them with this combination of supercharges will produce, among
other things, states which are vectors with respect to both Spin(6) and the rotation group.
They also have U(1)r charge —1 and +1, respectively and energy 2. Local operators corre-
sponding to such states must be conserved currents, by unitarity.

To complete the argument we only need to show that the vector states in 6; and 6_;
constructed as above are nonzero. The norm of these states is determined by NV = 6 su-
perconformal algebra alone, thus we may use any unitary N' = 6 theory where the scalar
states 10 and 10 are present and check that the corresponding conserved currents in 6 are

nonvanishing. For example, one can take a free N' = 8 superconformal theory and consider
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the N/ = 8 superconformal multiplet of the stress energy tensor. When decomposed with
respect to N = 6 subalgebra it contains both dimension-1 scalars in 10 and 10 (arising from
decomposing 35 of Spin(8) with respect to Spin(6)) and conserved currents in 6 (arising
from decomposing N' = 8 R-currents).

We have shown that the ABJM theory at £ = 1,2 has extra conserved currents which
transform as 6; and 6_; with respect to Spin(6) x U(1)7. Conserved currents in any theory
must fit into an adjoint representation of some Lie group. In our case the only possible
choice of such a Lie group is Spin(8); its adjoint decomposes with respect to Spin(6) as

150 @ 15 ® 6, @ 6_,. This implies that supersymmetry is enhanced from N'= 6 to N’ = 8.

2.2.11 Construction of States Corresponding to Conserved Cur-

rents

Instead of relying on group-theoretic arguments and unitarity, one might try to construct
directly vector BPS states with energy 2 at ¢ = oo and then argue that they persist all the
way down to ¢t = 0. The first step is easily accomplished: the desired states are obtained by

acting on the bare monopoles by two bosonic creation operators with spin 1 and spin 0

=1

|E=2j=1); =PAl(j = DAL (j = 0)[2,0,0,..,0), k=1,

|E=2,j=1) =PAL(j = 1)AL(j = 0)[1,0,0,...,0), k=2,

(2.21)
or two fermionic creation operators with spin 1/2
|E=2j=1) =y Ly} ]2,0,0,..,0), k=1,
|E=2,j=1)="yLx11]1,0,0,..,0), Ek=2
(2.22)

In the above formula the superscripts of bosonic and fermionc creation operators are the

gauge indices.
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As long as we consider t = 0o, both states states have the quantum numbers appropriate
for a conserved current, and we cannot decide what linear combination of them is the correct
one. Presumably, when we consider small nonzero values of %, this degeneracy is lifted, and
the secular equation gives us a unique linear combination of states |E = 2,7 = 1); and
|E = 2,j = 1)y which has the right quantum numbers to be a conserved current.

Unfortunately, it might happen that all vector BPS states with E' = 2 “disappear” (i.e.
become non-BPS) at ¢ < oo. This appears possible because at ¢ = oo there are enough
fermionic BPS states with £ = 5/2, R = 2 which could pair up with vector states with
E =2 R =1. It is for this reason that we had to resort to a more roundabout argument

using scalar BPS states with £ =1, R = 1.

2.3 N =4 SQCD with an Adjoint Hypermultiplet.

2.3.1 Field Content and RG Flow

The second model we consider is N' =4 d = 3 U(N) gauge theory with the following field
content: a U(N) vector multiplet, a hypermultiplet in the fundamental representation of
U(N), and another hypermultiplet in the adjoint representation (the B-model in the termi-
nology of [21]). We will use N' = 2 superfield formalism, so that an adjoint hypermultiplet
contains two adjoint chiral superfields which we denote X and X, and a fundamental hyper-
multiplet contains a fundamental chiral superfield f and an antifundamental chiral superfield
f. The N' = 4 vector multiplet contains an A = 2 vector multiplet and an adjoint chiral
superfield ®. This theory is IR-dual to N' =4 d = 3 U(N) gauge theory with only a vector
multiplet and an adjoint hypermultiplet (the A-model in the terminology of [21]). The A-
model has N' = 8 supersymmetry in the UV and therefore expected to flow to an IR fixed
point with A/ = 8 superconformal symmetry. More precisely, for N > 1 the IR theory has
two copies of N' = 8 superconformal symmetry. Indeed, both the vector multiplet and the
adjoint hypermultiplet have a traceless part and a trace part, and the latter is decoupled at
all scales. The trace part can be regarded as an abelian N/ = 8 gauge theory which flows to

a free N/ = 8 superconformal field theory in the infrared. The traceless part is described by
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SU(N) gauge theory and flows to an interacting N/ = 8 superconformal field theory in the
infrared. By duality, we expect that the B-model has the same behavior, even though in the
UV there is only N/ = 4 supersymmetry, and the only decoupled field is the trace part of the
adjoint hypermultiplet. Our goal is to verify these predictions of duality.

The B-model has SU(2)r x SU(2)y R-symmetry with respect to which the supercharges
transform as (2, 2), the lowest components of the hypermultiplets as (2,1), and the scalars
of the vector multiplet as (1,3). In the N/ = 2 superfield formalism only the maximal torus
UMW) rxU(1)y of SU(2)gr x SU(2)y is manifest. With respect to this subgroup N = 2 chiral

superfields transform as follows:
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If we assume that SU(2)g x SU(2)y becomes part of N' = 4 superconformal symmetry
in the infrared, then the IR conformal dimensions of hypermultiplets are the same as in the
UV (i.e., scalars have dimension 1/2 and spinors have dimension 1), while the IR conformal
dimension of ® is 1. This means that the kinetic term for the vector multiplet is irrelevant
in the IR and may be dropped. In other words, the IR limit is the naive limit ¢*> — oo.
While this assumption is very natural, it is not true for all N'= 4 d = 3 gauge theories. For
example, it is known to fail for the A-model. A necessary condition for the assumption to
hold has been formulated by Gaiotto and Witten [19]: the R-charges of all chiral monopole

operators must be positive. Here the R-charge is defined as
1
—g(h r+hnN),

where hr and hy are U(1)g and U(1)x charges, respectively. For the A-model the condition
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is not satisfied since the contributions of the vector multiplet and the adjoint hypermultiplet
to the energy cancel ([19], see also a discussion below). For the B-model there is also a
contribution of the fundamental hypermultiplet which is strictly positive, so the Gaiotto-

Witten condition is satisfied.

2.3.2 Symmetries and Their Expected Enhancement

Let us now discuss the symmetries of the B-model and their expected enhancement in the
infrared. Apart from SU(2)r x SU(2)n ~ Spin(4) symmetry, there is also a flavor Sp(1) ~
SU(2) symmetry acting on the adjoint hypermultuplet; we will denote it SU(2)x and its
maximal torus will be denoted U(1)y. SU(2)x acts on (X, —X) as a doublet, so X and X
have U(1)x charge +1. There are no nontrivial flavor symmetries acting on the fundamental
hypermultiplet (the U(1) symmetry is gauged). In addition, there is a topological symmetry
U(1)r whose current is

1
1] nrp .
JH = o e’ Irk,,

We expect that in the IR the R-symmetry is enhanced to Spin(8). We propose that the
symmetry Spin(4) x SU(2)x x U(1)7 visible in the UV embeds as follows into the Spin(8)
group. First of all, Spin(8) has an obvious Spin(4) x Spin(4) subgroup. We identify the first
Spin(4) factor with the Spin(4) R-symmetry visible in the UV. The second Spin(4) factor
is isomorphic to a product SU(2) x SU(2). We identify the first SU(2) factor with SU(2)x,
and identify the maximal torus of the second SU(2) factor with U(1)y. In what follows we
will denote the second SU(2) factor by SU(2)r.

To motivate this choice of embedding, consider the case when the gauge group is abelian,
i.e., N = 1. In this case the B-model reduces to an N' = 4 SQED with a single charge-1
hypermultiplet plus a decoupled uncharged hypermultiplet. It is well-known that in the IR
N =4 SQED with one charged hypermultiplet flows to a theory of a free twisted hypermul-
tiplet [22]. The lowest component of the free twisted hypermultiplet is constructed as a bare
monopole with U(1)r charge £1 [7]. The U(1)7 symmetry of SQED is therefore enhanced in
the IR to SU(2)r, with the lowest component of the bare monopole transforming as (1, 2, 2)
of SU2)g x SU(2)y x SU(2)7. The theory of a free hypermultiplet and a free twisted
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hypermultiplet is well known to have N’ = 8 superconformal symmetry. For example, the

scalars transform as

(2,1,2,1) @ (1,2,1,2)

of SU2)g x SU(2)n x SU(2)x x SU(2)r, which corresponds to the decomposition of the
spinor of Spin(8).

The adjoint of Spin(8) decomposes with respect to the SU(2)g x SU(2)y x SU(2)x X
U(1)r as follows:

28 =(3,1,1)0 8 (1,3,1)08 (1,1,3)0 0 Lo ® LB 1, (2,2,2); & (2,2,2)_1.

Thus we expect to see currents in all these representations. In fact, as explained above, for
N > 1 we expect to see a doubling of all conserved currents. For example, we expect to see
not one but two R-currents which transform as an adjoint of SU(2)g x SU(2)y and a singlet
of SU(2)x x U(1)r. This might seem surprising: while we already got used to the idea that
monopole operators may provide extra conserved currents, the extra currents we need here
have vanishing topological charge! The resolution of this conundrum is rather mundane: a
monopole operator may have nontrivial GNO charges but vanishing topological charge. This
is a new phenomenon which is observed only for a nonabelian gauge group. We will see that
all additional operators predicted by duality are monopole operators, some of which have
vanishing U(1)r charge.

Given the assumption about symmetry enhancement, the group U(1)gxU(1)y xU(1)x X
U(1)r can be identified with the maximal torus of Spin(8). More precisely, our convention

for the weights h; of Spin(8) is such that the precise relationship is

hN == —(h,l —hz), hR: —(h1+h2>, hX - h3-h4, hT:h3+h4. (224)

The peculiar minus signs in the first two equations arise because we define BPS operators

as operators annihilated by @ rather than Q, i.e., they are elements of the antichiral ring.
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2.3.3 Deformation to Weak Coupling

Deformation to weak coupling is constructed along the same lines as for the ABJM model.
The only difference is the presence of an adjoint chiral multiplet ® which is part of the
N = 4 vector multiplet. As explained above, its lowest component has dimension 1, and
consequently in the IR limit the usual kinetic term should be dropped. Then ® enters the
undeformed action only through the N’ = 4 superpotential,

iV2Tr (X[®, X]) 4+ ivV2Tr (fOf). (2.25)

Thus in the IR limit ® is a Lagrange multiplier field whose presence enforces a quadratic
constraint on the hypermultiplets. To go to weak coupling we need to suppress its fluctua-
tions. The usual kinetic term on R? is not conformally invariant, and adding it would result
in an action on S? x R which is time dependent. Instead, we may use the following Q-exact

deformation which is conformally invariant:
ALy =7 / d*0d%0 e 24V) @, (2.26)

Adding the term ALg with a large coefficient suppresses fluctuations of . In appendix
A we show that the contribution of the field ® to the energy of a bare monopole vanishes.
Essentially this happens because the fermion contribution is the same as for the NV = 2
vector multiplet, and because we have scalars instead of vectors, the bosonic contribution
increases resulting in a net zero.

There is a way to reach the same conclusion without any computations. Instead of adding

the term ALg to the action, we add a (Q-exact F-term
AL, (D) = m/d29 P?

It looks like a mass term but is conformally-invariant since the conformal dimension of ®
is 1 rather than 1/2. The nice thing about this @Q-exact deformation is that it leaves ®
non-dynamical. Integrating it out, we get a quartic superpotential for the hypermultiplet

fields proportional to 1/m. In the limit m — oo the effect of this quartic superpotential



29

disappears, and we see that the field ® may be simply ignored for the purposes of computing
the BPS spectrum on S? x R.

Either way of constructing the deformation leaves only four supercharges unbroken (out
of the original sixteen, if we include superconformal generators). If we use ALg to suppress
the fluctuations of ®, then SU(2)r x SU(2)x R-symmetry is broken down to its maximal
torus U(1)g x U(1)n. If we use AL,,, then SU(2)g x SU(2)y is broken down to the diagonal
U(1) subgroup of U(1)g x U(1)y. Since we would like to keep track of both U(1)g and U(1)y
charges of the states, we will assume in what follows that the former deformation is used.

The expression for the energy of a bare monopole is

1 1 & 1
E:§Z|ni|+§z|ni—nj|—2|ni—nj]:§Z|ni|. (2.27)
i=1 ij=1 i<j i=1
The first term is the contribution of the hypermultiplet (one flavor) in the fundamental
representation of the gauge group, the second term is the contribution of the adjoint hy-
permultiplet (one flavor) and the last one is the vector multiplet’s contribution. The U(1)y
charge of a bare monopole is twice the energy, while the U(1)g charge vanishes. The rela-
tionship £ = hy = —%(h N+ hg) is satisfied, in agreement with the fact that a bare monopole
is a BPS state.

Because we do not have a Chern-Simons term in this theory, the Gauss law simply says
that the total charge of the excitations with respect to the unbroken gauge group is zero. In

particular the bare monopole is a physical state.

2.3.4 Spectrum of Protected Scalars

As in the case of the ABJM theory, it is more useful to focus on scalar BPS states with energy
1 than on vector BPS states with energy 2. The lowest component of the superconformal
multiplet of the stress-tensor is a dimension-1 scalar in the Spin(8) representation 35 which
has highest weight (1,1, 1, —1) (4th rank anti-self-dual tensor). With respect to the manifest
SU(2)r x SU((2)n x SU(2)x x U(1)r symmetry it decomposes as follows:

35=(3,1,3)0® (1,3,1) 0 1o (1,3,1), & (1,3,1) 2B (2,2,2); & (2,2,2) ;.
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From the point of view of the N' = 4 superconformal algebra these scalars are not part of the
stress-tensor supermultiplet. Some of them can be thought of as lowest components of the
N = 4 supermultiplets containing the SU(2)x and U(1) currents. We recall that in an N' =4
superconformal theory there are two kinds of supermultiplets containing conserved currents.
The lowest component of either multiplet is a dimension-1 scalar either in (3,1) or (1,3) of
SU(2)r x SU(2)y. Currents corresponding to the flavor symmetries of hypermultiplets sit
in the former kind of a supermultiplet, while topological currents arising from N = 4 vector
multiplets sit in the latter kind of a supermultiplet.

As discussed above, for N > 1 we expect a doubling of the stress-tensor multiplet and
therefore two copies of 35. Let us begin by constructing scalars in 35 which exist for all N,
and then show that for N > 1 one can construct another copy of the same representation
which we will call 35"

The construction of 35 valid for all N is suggested by the abelian case N = 1. First of all,
we can construct quadratic combinations of the scalar which is the lowest component of the
decoupled hypermultiplet (Tr X, Tr X ). This scalar is an ordinary operator, not a monopole
operator. This gives us a representation (3,1,3) of SU(2)g x SU(2)y x SU(2)x x U(1)7.
Second, the trace part of the scalars in the N' = 4 vector multiplet gives us a representation
(1,3,1)p.

For the remaining representations we construct only the BPS or anti-BPS states. The
trivial representation 1q is neither BPS nor anti-BPS, so we do not consider it. The repre-
sentation (1,3, 1), contains a BPS scalar with hy = —hxy = 2, hg = hx = 0 and an anti-BPS
scalar with hy = hy = 2, hg = hx = 0. In the deformed theory the corresponding states are

bare monopoles
(1,-1,1,1) =12,0,0,...,0)4, (-1,1,1,1)=12,0,0,...,0)_.

Here the numbers in parentheses are the weights of Spin(8), and subscripts + indicate
whether the state is BPS or anti-BPS. Similarly, the representation (1,3,1)_» contains a
BPS scalar with hy = —hy = —2,hg = hx = 0 and an anti-BPS scalar with hy = hy =
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—2,hg = hx = 0. The corresponding states are also bare monopoles
(1,-1,-1,-1)=1-2,0,0,...,0),, (=1,1,-1,-1)=1]-2,0,0,...,0)_.

The representation (2,2,2); contains two BPS scalars with hy = hg = —1 and two anti-
BPS scalars with hy = hp = 1. Both BPS scalars and anti-BPS scalars transform as 2; of
SU(2)x x U(1)7. The corresponding states are obtained by acting on bare monopoles with
GNO charge |1,0,...,0) with TeXT, Tr Xt (for BPS states) and by Tr X, Tr X (for anti-BPS

states):

(1,0,1,0) = Tr X'|1,0,0,...,0),, (1,0,0,1) = Tr Xt[1,0,0,...,0),, (2.28)

(=1,0,1,0) = Tr X|1,0,0,...,0)_, (=1,0,0,1) = Tr X|1,0,0,...,0)_. (2.29)

Similarly, BPS and anti-BPS states in (2,2,2); transform in 2_; of SU(2)x x U(1)r and

are represented by

(1,0,0,—1) = Tr X —1,0,0,...,0),, (1,0,—1,0) = Tr X| —1,0,0,...,0);, (2.30)

(=1,0,0,—1) = Tr X| — 1,0,0,...,0)_, (=1,0,—1,0) =Tr X| —1,0,0,...,0)_. (2.31)

We can now see how a decoupled free NV = 8 CFT arises for all N. It is obvious that
for all N there is a free hypermultiplet (Tr X, Tr X ). It follows from the formula for the
energy of a monopole operator that the bare monopole with GNO charge | £ 1,0,...,0),
is a BPS scalar of dimension 1/2. By unitarity, the corresponding local operators must be
complex free fields with U(/N) charge £1. Such fields are lowest components of a free twisted
hypermultiplet, which together with the free hypermultiplet forms a free ' = 8 SCFT. Note
that the BPS and anti-BPS states in the representation 35 constructed above all lie in this
free sector of the theory.

Now let us construct BPS and anti-BPS scalars with £/ = 1 which exist only for N >
1. The representation (3,1, 3); is essentially the lowest component of the SU(2)x current
multiplet. More precisely, it is constructed by taking various gauge-invariant quadratic

expressions built out of the traceless parts of X and X. If we denote these traceless parts
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by x and Z, the operators are
Tre?, Tra?, Trazz, Tr(z")? Tr(z")?, Tra'z!, Trzfz, Trezl, Tr(ezt — 2z0).

Out of these nine states the first three are anti-BPS, the next three are BPS, and the last three
are neither. The corresponding operators are ordinary operators, not monopole operators.
Representations with a nonzero topological charge correspond to monopole operators, so
for these representations we only construct BPS and anti-BPS states. The representation
(1,3,1), contains a BPS scalar with hy = —hy = 2,hg = hx = 0 and an anti-BPS scalar
with hy = hy = 2,hg = hx = 0. In the deformed theory the corresponding states are bare

monopoles
(1,-1,1,1) = |1,1,0,...,0)y, (=1,1,1,1)=11,1,0,...,0)_.

Note that these states exist only for NV > 1 so presumably they do not belong to the free

sector of the theory. Similarly, the representation (1,3,1)", contains a BPS scalar with

hr = —hy = —2,hg = hx = 0 and an anti-BPS scalar with hr = hy = —2,hg = hx = 0.

The corresponding states are also bare monopoles
(1,-1,-1,-1)=|-1,-1,0,...,0),, (-1,1,-1,-1)=|-1,-1,0,...,0)_.

The representation (2,2,2)] contains two BPS scalars with hy = hg = —1 and two anti-
BPS scalars with hy = hgp = 1. Both BPS scalars and anti-BPS scalars transform as 2; of
SU(2)x x U(1)7. The corresponding states are obtained by acting on bare monopoles with
GNO charge |1,0,...,0) with X' X' (for BPS states) and by X', X' (for anti-BPS

states):

(1,0,1,0) = X'*[1,0,0,...,0), (1,0,0,1) = X'*[1,0,0,...,0), (2.32)

(—=1,0,1,0) = X'1,0,0,...,0)_, (-1,0,0,1) = X'1,0,0,...,0)_. (2.33)

The point is that a monopole background with a GNO charge of the form |ny,0,0,...,0)
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breaks the gauge symmetry down to U(1) x U(N — 1), and X' and X' are invariant with
respect to the residual gauge symmetry. Note that X!! by itself is not gauge invariant, so
the operators thus constructed cannot be viewed as products of free fields (corresponding to
the bare monopole states | +1,0,0,...,0)) and some other gauge invariant operators.
Similarly, BPS and anti-BPS states in (2,2,2)"; transform in 2_; of SU(2)x x U(1)r

and are represented by

(1,0,0,—1) = X'M| =1,0,0,...,0),,  (1,0,—1,0) = X" —1,0,0,...,0),, (2.34)

(-1,0,0,—-1) = X'} —1,0,0,...,0)_, (=1,0,—1,0) = X™| —1,0,0,...,0)_. (2.35)

The most interesting representation inside 35" is (1,3, 1);. It contains a BPS state with
hy = —2,hg = hx = hy = 0, an anti-BPS state with hy = 2,hg = hx = hy = 0 and a
state which neither BPS nor anti-BPS and has Ay = hr = hx = hy = 0. It turns out that
we can construct BPS and anti-BPS states as bare monopole operators with zero topological

charge but nonzero GNO charge, namely

(1,-1,0,0) = [1,-1,0,...,0)4, (=1,1,0,0)=|1,—1,0,...,0)_.

2.3.5 Symmetry Enhancement

So far we have confirmed that scalar states with £ = 1 predicted by the hypothesis of
hidden N = 8 supersymmetry are indeed present. We can do better: we can argue that the
spectrum of BPS and anti-BPS scalars in the theory at ¢ = oo is such that the theory at
t = 0 must have enhanced Spin(8) R-symmetry and therefore enhanced supersymmetry.
The argument proceeds along the same lines as for the ABJM theory. We have seen
that all weights of (1,3,1)1s which are BPS states are realized by monopole operators of
conformal dimension 1. Hence the whole representation must be present in the theory at
t = 0. The commutator of two N' = 4 supercharges contains a piece which is symmetric
in the spinor indices and antisymmetric in the Spin(4)g indices. This piece is a vector in
the adjoint of SU(2)g x SU(2)n, so letting it act on a scalar in (1,3,1)1s of SU(2)g X
SU(2)y x SU(2)x x U(1)r we get, among other things, a vector in (1,1,1)4s which has
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dimension 2. One can check that this vector has nonzero norm by considering the theory of a
free twisted hypermultiplet. By unitarity, the corresponding vector operators are conserved
currents, which combine with U(1)r current into an SU(2)r current multiplet. Thus U(1)r
is enhanced to SU(2)r.

Next consider the representations (2, 2, 2)1;. All its BPS weights are realized by monopole
operators of conformal dimension 1, so the whole representation must be present at ¢t =
0. Further, since U(1)r is enhanced to SU(2)r, these two representations assemble into
(2,2,2,2) of SU22)gp x SU(2)y x SU(2)x x SU(2)r. Acting on it with the same com-
bination of supercharges as above, we can get a vector of conformal dimension 2 which
transforms as (2,2,2,2). The corresponding operator must be a conserved current. To-
gether with SU(2)g x SU(2)n x SU(2)x x SU(2)r currents they assemble into an adjoint
of Spin(8). Thus the theory at t = 0 has hidden Spin(8) R-symmetry and consequently
hidden N = 8 supersymmetry.

For N > 1 we have an additional set of scalars of conformal dimension 1 which leads to
another copy of Spin(8) R-symmetry. So all in all the theory at ¢ = 0 has two copies of

N = 8 superconformal symmetry in agreement with the predictions of duality.

2.4 Discussion

2.4.1 Gauge Group SU(N)

One may study other models in a similar way. For example one may take the model consid-
ered in the previous section but with gauge group SU(N) instead of U (V). This results in a
very different spectrum of protected scalars and no supersymmetry enhancement. The man-
ifest symmetry in this case is SU(2)g x SU(2)n X SU(2)x X U(1)r, where U(1) is the flavor
symmetry of the fundamental hypermultiplet. The adjoint scalars X and X are now trace-
less, so there are no decoupled hypermultiplets in the theory. In addition, since the gauge
group is SU(N), the GNO charge must satisfy > . n; = 0. Hence the bare monopole operator
| +1,0,...,0) is no longer allowed, and there are no decoupled twisted hypermultiplets.



35

The only scalar (anti-)BPS monopole states with £ = 1 are

[0,-2,0,0] = |1,—1,0,...,0);, [0,2,0,0]=1,—1,0,...,0)_,

where the numbers in brackets denote charges with respect to U(1) g xU(1)y xU(1)x xU(1) p.
They are obviously part of a representation (1,3,1)y of SU(2)px SU(2)n x SU(2)x xU(1)p.
Such a scalar is the lowest component of a supermultiplet which contains a conserved U(1)
current. Hence there is a hidden U(1) symmetry in this model whose current is a monopole

operator, but there is no enhanced supersymmetry.

2.4.2 Adding More Flavors

Another obvious modification of the model is to add more hypermultiplets in the fundamental
representation. The Gaiotto-Witten condition is still satisfied, so it is reasonable to assume
that SU(2) g x SU(2)y multiplet of currents becomes part of the stress-tensor supermultiplet
in the IR. Fundamental hypermultiplets make a positive contribution to the R-charge of BPS
monopole operators, so if we are looking for states with £ = 1, their number is decreased
compared to the case Ny = 1. In fact, for Ny > 2 the energy of a monopole operator is
strictly greater than 1, so there are no enhanced symmetries at all. For Ny = 2 the only
way to get scalars with £ = 1 is to consider a bare monopole operator with a GNO charge
| £1,0,...,0). Such scalar BPS states have hy = —2, hg = hx = 0, hy = £1, so they
indicate the presence of protected scalars in the undeformed theory which have £ =1 and
transform in the representations (1,3,1)4; of SU(2)g x SU(2)y x SU(2)x x U(1)7r. Such
scalars are lowest components of a supermultiplet which includes a conserved current. Since
the U(1)r charge of these conserved currents is £1, we conclude that U(1)r symmetry is
enhanced to SU(2)r.

In the case N = 1 this result is well known and follows from the usual three-dimensional
mirror symmetry. Indeed, for N = 1 the model reduces to N' = 4 SQED with two charged
flavors and a decoupled hypermultiplet (the adjoint of U(1)). Apart from this decoupled
hypermultiplet, the theory is self-mirror, and the SU(2) flavor symmetry acting on the
charged hypermultiplets is mapped by the mirror duality to the SU(2)r symmetry. For
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N > 1 the model we are considering is not self-mirror, even if we drop the trace part of
the adjoint hypermultiplet. Nevertheless, the symmetry enhancement occurs just like in the
abelian case.

One can also understand these results from the standpoint of string theory. One can
realize N' = 4 U(N) gauge theory with one adjoint and N; fundamental hypermultiplets
via a system of N D2-branes and Ny D6-branes in Type IIA string theory. The infrared
description of this system is provided by N M2-branes in a multi-Taub-NUT space with
Ny centers. In the extreme infrared limit one can replace multi-Taub-NUT space with an
orbifold C*/Zy;,. For Ny > 1 orbifolding breaks N = 8 supersymmetry down to N = 4, so
we do not expect to have enhanced SUSY in the infrared. In addition, for Ny > 2 orbifolding
breaks the Spin(4) symmetry acting on C? down to SU(2)y x U(1)r, while for Ny = 2 it
does not break it at all. Thus for Ny = 2 we expect that U(1)r is enhanced to SU(2)7.

2.4.3 Concluding Remarks

We have studied in detail supersymmetry enhancement in the U(N) ABJM model and N = 4
SQCD with adjoint and fundamental matter. We found that supersymmetry enhancement
is rather delicate: in the ABJM model it occurs only for Chern-Simons level 1 or 2, while in
N =4 SQCD it occurs only if Ny = 1 and the gauge group is U(N) rather than SU(N). We
also showed that the latter model has a decoupled free sector with N' = 8 supersymmetry.
The same method can be used to study enhancement of global symmetries in other
N = 4 supersymmetric gauge theories. Some examples of global symmetry enhancement
have already been discussed along similar lines by Gaiotto and Witten [19]; We extend this

discussion to other models in cfhapter 5.

2.5 Appendix A. Quantization in a Monopole Back-
ground

In this appendix we compute the spectrum of fluctuations and the energy of the ground

state in the presence of a background magnetic flux in the theory deformed to weak coupling
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(t = 00).

Energy spectrum

The contribution of a hypermultiplet has been computed in [7], so we will focus on the vector
multiplet. We will follow the approach of S. Kim [16]. Let a, and p denote deviations of A,
and o from the background values. The quadratic part of the Lagrangian for a, and p (in

the Euclidean signature) is

2

=2

/L‘?j

N 2

5 X 4 — ﬁp — i[O', CL] ﬁij X a:z'j — Dijpij — quc_i” . (236)

Here ﬁij =0— iqij./f, A is the vector potential of a Dirac monopole with unit magnetic
charge, and ¢;; = n;, — n;.

The analysis is easier to carry through if we expand the fluctuations in terms of vector
monopole harmonics [23], [16]. Let g be the magnetic charge of a monopole.’® The values
of spin j start with the minimal value j,.;, = % — 1 if this is nonnegative and from 7,,;, = %
otherwise.

For j > g + 1 there are three kinds of vector monopole harmonics which were denoted
in [23] as C_’)&\jm (with A = 41,0,—1). For the value of spin j = ¢/2 the harmonic C_’)q_ﬁn is
absent, while for j = ¢/2 — 1, both C_”qﬁn and égjm are absent. We expand the fluctuations

of fields around their background values as

i=30 Y @G =Yg, (2:37)
7,m

7,m A=0,%£1

where Y, ;,, are monopole spherical harmonics [23], [24]. Substituting these expressions into
the action (2.36) and using some properties of the vector monopole harmonics written down
in [23] and [16] we obtain the action for the modes a3, and a;y,.

Recall that we are interested in only those components that are coupled to the monopole
background and in their counterparts in the trivial background. For the latter we use the

usual scalar and vector harmonics and have the action

10Tn this subsection we consider the case ¢ > 0. The energy, of course, depends only on |q|.



38

S = /d3x r|d x @ — do|? = /d7'|(5400 — agol?

. . — + +
+ Y / dr{|m — i + is;(als) — aSYP + 1550 + i) — aSH) P2
m=—7y,....,J

0 . (=
+ |sj(a§”)£ — Q) — agm)|2], (2.38)

where 7 = logr, s; = 4/ (3;1 and the Coulomb gauge condition is sj( )4 a( )) 0.

For the former case we work in the unitary gauge which puts the relevant os to zero,

so the action is

S = /d?’x r|D x @ —iqa/r|* = S + Z /dT sj_a;;n) + qa?|?
J=jo+2
mf_]v .7
) + qalh) = sfalp P+ [al,) — qal,) — 55 al) } (2.39)

where s/ = 4/ ‘72+q/2 =y % with J? = j(j + 1) — ¢*/4. In the above

formula we decomposed the action into two pieces: Sy which depends on the modes
corresponding to the two lowest values of spin jo which in turn depends on ¢, and the
piece which depends on other modes. The reason for this distinction is that there are
(potentially) fewer vector harmonics for the two lowest spins than for higher spins, so

we need to treat them separately.!!

UTndeed, if ¢/2—1 > 0 then jo = ¢/2—1 and for this spin there is only the mode C. For j = jo+1 = ¢/2
there are modes C! and @0, and for higher spins all three modes C_"“7 C° and C~1 are present. If ¢ > 1
then jo = ¢/2 and this spin has two modes C+! and C° while 7 = jo + 1 and all higher spins have three
modes for each. See [23].
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(i1)

—1$ . /2_1 S dTH _I_ a(+)/2 + (0) |2
¢=1=Jjo=q/2=73, g om
+|stalt) + qa§23n/2|2]+

S [l syl + aa®F
m:7j7 ’j
0 — — (0
+ |CL + Qa(+) + ( )|2 + |a]m qagm) — 5 a§”)1|2|j:j1:j0+1:3/2’

Q/221:>j0:q/2—1, SO:/dTla’jom+qaj0m/2|2
/ drllat) + qalt)/2 — st 4 |s*alt) + qa®, /2P,

t=1/q/2. (2.41)
These systems are coupled harmonic oscillators with normal frequencies
(1)

V=, WP =j+1 for j=1,

wjp,=Jo+1=1 for j=0, (2.42)

(i)

w®) = ;. w](.z):j—l—l for j>jo+1,

wj, =Jo+1 for j=jo=4q/2, (2.43)
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Field

Energy spectrum

Spin

Degeneracy

Y

—lql/2 —p, Flgl/2,

lq|/2+p | j=|E|—1/2

2j +1=2|E]

Table 2.4: Spectrum of Dirac fermions in a monopole background [7].
natural number.

(iii)

WP =41 for j>jo+2,

wj, =Jo+1 for j=jo=¢q/2—-1,

Wj:j0+1 = j —f- 1 = jo —f- 2 fOl"

J=2Jo+ L

p is an arbitrary

(2.44)

The presence of only one frequency for the lower spin reflects the fact that there is only

one complex degrees of freedom (for fixed m) for each of these values of j in contrast to two

complex degrees of freedom for higher j.

Next we consider the kinetic term for fermions in the vector multiplet. The only difference

between fermions in the vector multiplet and fermions in the hypermultiplet is an extra factor

r = exp7 in the action for the latter. It has been shown in [16] that the additional factor

of r shifts all energies by 1/2, so we can use the results of [7] where the spectrum for the

hypermultiplet has been computed (table 2.1).

The energies are E(j) = j —I—% in terms of angular momentum values, which gives us £ =

J+ % —i—% = j+1 and also from shifts of negative frequencies —F = —j — % +% = —j. Thus we

get EW(j) = j, E@(j) = j+1 except for lowest j = jo = |q|/2—1: the lowest j corresponds

to the case when there is no negative-energy mode and E(jo) = jo + 1 = |q|/2+ 1/2.

2.6 Appendix B. Casimir Energies

Contribution of the fields to the vacuum energy are summarized below.

(i) =0
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Bosons:
Ey(0) = e P+ (25 + 1)[je ™ + (j + 1)e P01, (2.45)
j=1
Fermions:
Ep(0) = =Y (2§ + 1)[je P + (j + 1)e 1], (2.46)
=4
(i) |q|/2=1/2
Bosons:
1
Ey(q/2= ) =3¢ 4 Z 2j + Dje 7 + (j + 1)e PV, (2.47)
i=3
Fermions:
1 > A
Ey(q/2 = =N @+ e + (G + 1)e PO, (2.48)
7=1

(ii) |q|/2 > 1

Bosons:
By(a) = la/20(al — D72 + (lg| + 1)([gl/2 + 1)e /22
+ Y @i+ De 4 (j+ 1)e U], (2.49)
Jj=lal/2+1
Fermions:

[e.9]

Er(q) = —lq/2|(lq] + 1)e U072 — N (25 4+ 1)[je ™ + (j + 1)e POV,
j=lal/z41/2

(2.50)
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The contribution of the vector multiplet to the the energy of the bare Dirac monopole

of charge ¢ is then given by
E(q) = Ey(q) + Ef(q) — Ey(0) — £4(0) = —lq]. (2.51)

Let us now specialize to the case of the ABJM theory. First of all he have abelian
vector multiplets (d;;, 0;;) interacting with Dirac monopoles of charges ¢;; = n; — n;

and their tilded copies. Their contribution to the vacuum energy is

Ey==> |ni—n;| =Y | — iyl. (2.52)

i<j i<j
The contribution of a (twisted) hypermultiplet in the Dirac monopole background of
charge ¢q is F(q) = |¢|/2 [7]. In the ABJM model for each pair of indices i, j we have
two hypermultiplets (one of them twisted) coupling to the Dirac monopole of charge

n; — f;, so the total vacuum energy is'?

Etat:Z]m—ﬁj|—Z|nz—nj|—2|ﬁ,—ﬁ] (253)
]

1<J 1<J

12The expression below was also obtained in [16] as an expression for E;,; + j3. Since bare monopoles are
spherically symmetric, our result agrees with [16].
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Chapter 3

Dualities in Three-Dimensional
SCFTs

3.1 Introduction and Summary

Over the last few years several new classes of N' = 8 d = 3 superconformal field theories
have been discovered [25, 26, 11]. Until then, it had been widely assumed that the only such
theories are infrared limits of N' = 8 super-Yang-Mills theories and therefore are infinitely
strongly coupled. The newly discovered theories are not of this type. Rather they are Chern-
Simons-matter theories which are superconformal already on the classical level. First of all,
there are BLG theories [25, 26] which have gauge group SU(2) x SU(2) [27] and an arbitrary
Chern-Simons coupling. N = 8 supersymmetry in these theories is visible on the classical
level. Then there are N/ =8 ABJM theories [11] which have gauge group U(N) x U(N) and
have Chern-Simons coupling ¥k = 1 or k = 2. These theories have N' = 6 supersymmetry
on the classical level, and N = 8 supersymmetry arises as a quantum effect. N' =8 ABJM
theories are strongly coupled, but they have a a weakly coupled AdS-dual description in the
large-N limit [11] and describe the physics of M2-branes.

In this chapter we exhibit another class of N/ = 8 d = 3 superconformal Chern-Simons-
matter theories. The theories themselves are not new: they are a special class of ABJ theories
describing fractional M2-branes [28]. The gauge group of ABJ theories is U(M) x U(N)
with Chern-Simons couplings k& and —k for the two factors. These theories have N' = 6
superconformal symmetry on the classical level for all values of M, N, and k. We will show

that for M = N + 1 and k = £2 they have hidden N' = 8 supersymmetry on the quantum
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level. The same kind of arguments were used by us in [1] to show that ABJM theories with
gauge group U(N); x U(N)_;, and k = 1,2 have hidden N/ = 8 supersymmetry.

At first sight it might seem unlikely that ABJ theories may have N’ = 8 supersymmetry
for N £ M. These theories are not parity invariant on the classical level, while all hitherto
known N = 8 d = 3 theories are parity invariant. On the other hand, we know of no reason
why N = 8 supersymmetry should imply parity invariance. We will see that U(N + 1)y X
U(N)_o theories do have hidden parity-invariance on the quantum level. The definition of
the parity transformation involves a nontrivial duality on one of the gauge group factors.

ABJ theories with M = N+1 and k = 2 have the same moduli space as U(N ) x U(N)_
ABJM theories. Nevertheless we show that at least for N =1 and N = 2 (and presumably
for higher N) these two N/ = 8 theories are not isomorphic. We do this by comparing
superconformal indices [29] of both theories. The indices are computed using the localization
method of [16].

The existence of two nonisomorphic N' = 8 superconformal field theories with the moduli
space (R®/Z,)" /Sy is unsurprising from the point of view of M-theory. Such theories should
describe N M2-branes on an orbifold R®/Z,, and it is well-known that there are exactly two
such orbifolds differing by G-flux taking values in H*(RP",Z) = Z, [30].

The interpretation of Bagger-Lambert-Gustavsson theories in terms of M2-branes is un-
clear in general. However, for low values of k it has been proposed that BLG theories describe
systems of two M2-branes on R® or R®/Z, [31, 32, 33]. Such systems of M2-branes are also
described by ABJM and ABJ theories [11, 28]. Thus we may reinterpret these proposals
in field-theoretic terms as isomorphisms between certain BLG theories and ABJM or ABJ
theories. We test these proposals by computing the superconformal indices of BLG theories
and comparing them with those of ABJM and ABJ theories. Based on this comparison, we

propose that the following N = 8 theories are isomorphic on the quantum level:
e U(2); x U(2)_; ABJM theory and (SU(2); x SU(2)_1)/Zs BLG theory
o U(2)y x U(2)_9 ABJM theory and SU(2)y x SU(2)_5 BLG theory

o U(3)y x U(2)_9 ABJ theory and (SU(2)4 x SU(2)_4)/Zy BLG theory
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The first two of these isomorphisms have been discussed in [33].

We provide further evidence for the first of these dualities by showing that on the quantum
level (SU(2), x SU(2)-1)/Zs BLG theory has a free sector realized by monopole operators
with minimal GNO charge. This sector has N/ = 8 supersymmetry and can be thought of
as a free NV = 4 hypermultiplet plus a free N' = 4 twisted hypermultiplet. Thus this BLG
theory has not one but two copies of N' = 8 supersymmetry algebra, one acting on the free
sector and one acting on the remainder. This quantum doubling of the N = 8 supercurrent
multiplet is required by duality, because U(2); x U(2)_; theory also has such a doubling on
the quantum level, as well as a free sector [1]. All these peculiar properties stem from the fact
that the theory of N M2-branes in flat space must have a free N' = 8 sector describing the
center-of-mass motion. In the “traditional” approach to the theory of N M2-branes via the
U(N) N = 8 super-Yang-Mills theory, this decomposition is apparent on the classical level
(one can decompose all fields into trace and traceless parts which then do not interact, with
the trace part being free). In the ABJM description of the same system this decomposition
arises only on the quantum level [1]. For N = 2 we also have a BLG description of the same
system, and the existence of a free sector is again a quantum effect.

Superconformal index provides a simple tool for distinguishing N = 8 theories which
have the same moduli space. We can apply this method to other BLG theories which do
not have an obvious interpretation in terms of M2-branes. For example, as noted in [33],
SU(2), x SU(2)—; and (SU(2)ax x SU(2)_2x)/Zs BLG theories have the same moduli space
for all k£ and one may wonder if they are in fact isomorphic. We compare the indices of these
theories for £k = 1,2 and show that they are different. We also find that for £ = 1 both
BLG theories have an extra copy of the N’ = 8 supercurrent multiplet realized by monopole
operators. This indicates that each of these theories decomposes as a product two N = 8
SCFTs which do not interact with each other. For higher k there is only one copy of the

N = 8 supercurrent multiplet.
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3.2 The Moduli Space

Consider the family of N' = 6 Chern-Simons-matter theories constructed by Aharony,
Bergman and Jafferis [28]. The gauge group of such a theory is U(M) x U(N), with Chern-
Simons couplings k and —k. If we regard it as an N/ = 2 d = 3 theory, then the matter
consists of two chiral multiplets A,, @ = 1,2 in the representation (M, N) and two chiral

multiplets By, @ = 1,2 in the representation (M, N). The theory has a quartic superpotential

2 i
W = %G“beabTrAaBdAbBi)

which preserves SU(2) x SU(2) symmetry as well as U(1)g R-symmetry. The chiral fields A4,
and B, transform as (2,1); and (1, 2); respectively. It was shown in [28] that the Lagrangian
of such a theory has Spin(6) symmetry which contains Spin(4) = SU(2) x SU(2) and U(1)g
as subgroups. This implies that the action has N' = 6 superconformal symmetry, and the
supercharges transform as a 6 of Spin(6) R-symmetry.

We wish to explore the possibility that on the quantum level some of these theories have
N = 8 supersymmetry. A necessary condition for this is that at a generic point in the
moduli space of vacua the theory has N' = 8 supersymmetry. The moduli space can be
parameterized by the expectation values of the fields A, and B,. Let us assume M > N for
definiteness. The superpotential is such that the expectation values can be brought to the
diagonal form [28]:

(Add) = ajudl, (Bl) =06} i=1,...,M, j=1,...,N.

Thus the classical moduli space is parameterized by 2/N complex numbers a;, and 2N com-
plex numbers bgl which together parameterize C*. Unbroken gauge symmetry includes a
U(M — N) factor which acts trivially on the moduli, as well as a discrete subgroup of U(N).
The low-energy effective action for the U(M — N) gauge field is the Chern-Simons action
at level k' = k — sign(k)(M — N). Thus along the moduli space the theory factorizes into
a free theory describing the moduli and the topological U(M — N) Chern-Simons theory at
level k'. Note that for M — N > |k| the sign of £’ is different from that of k. This has been
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interpreted in [28] as a signal that for M — N > |k| supersymmetry is spontaneously broken
on the quantum level, and that the classical moduli space is lifted. Therefore from now on
we will assume M — N < |k|.

The putative N/ = 8 supersymmetry algebra must act trivially on the topological sector,
so we need to analyze for which M, N, and k the free theory of the moduli has N' = 8
supersymmetry. This theory is a supersymmetric sigma-model whose target space is the
quotient of CV by the discrete subgroup of U(N) which preserves the diagonal form of the
matrices A, and B,. This discrete subgroup is a semidirect product of the permutation
group Sy and the ZY subgroup of the maximal torus of U(N) [28]. Thus the target space
is (C*/Zy)™ /Sn. The action of Z; on C* is given by

i nz, i=1,...,4, n*=1

Here z; o are identified with a;,, @ = 1,2, while 234 are identified with bé, a=1,2.

Free N' = 2 sigma-model with target C* ~ R® has /' = 8 supersymmetry and Spin(8)
R-symmetry. Supercharges transform as 8, of Spin(8), while the moduli parameterizing R®
transform as 8,. The above Zj, action on 8, factors through the Spin(8) action on the same
space, and for |k| > 2 its commutant with Zj is U(4). Zj itself can be identified with the
Zy, subgroup of the U(1) subgroup of U(4) consisting of scalar matrices. Under the U(4)
subgroup 8. decomposes as 6y + 12 + 1_», and therefore for |k| > 2 only 6 is Zj-invariant.
Thus for |k| > 2 the moduli theory has only N' = 6 supersymmetry.

For |k| = 1,2 the Z; subgroup acts trivially on 8., and therefore these two cases are the
only ones for which the theory of moduli has N' = 8 supersymmetry. In view of the above,
for |k| = 1 we may assume that M — N < 1 while for |k| = 2 we may assume M — N < 2.

For N = M and |k| = 1,2 it has been argued in [11] that the full theory has N =
8 supersymmetry on the quantum level. The hidden symmetry currents are realized by
monopole operators. This proposal has been proved using controlled deformation to weak
coupling [1]; for other approaches see [14, 13, 15].

It remains to consider the case 0 < M — N < |k| for |k| = 1,2. Some of these theories
are dual to the N' = 8 ABJM theories with N = M and k = 1, 2. Indeed, it has been argued
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in [28] that for M — N < |k| the theory with gauge group U(M); x U(N)_y, is dual to the
theory with gauge group U(2N — M + |k|)_ x U(N);. We will call it the ABJ duality.!
It maps M — N to |k| — (M — N) and k to —k. Hence the ABJ theory with gauge group
U(N+1); xU(N)_; is dual to the ABJ theory with gauge group U(N)_; x U(N);. Similarly,
the ABJ theory with gauge group U(N +2)s X U(N)_5 is dual to the ABJ theory with gauge
group U(N)_o x U(N)a.

The only remaining case is the ABJ theory with gauge group U(N + 1) x U(N)_5 and
its parity reversal. Each theory in this family is self-dual under the ABJ duality combined
with parity. Put differently, the combination of naive parity and ABJ duality is a symmetry
for all NV, i.e., while these theories are not parity invariant on the classical level, they have
hidden parity on the quantum level. In the remainder of this paper we will argue that this
family of theories in fact has hidden A/ = 8 supersymmetry and is not isomorphic to any
other known family of N’ =8 d = 3 SCFTs. We will also present evidence that certain BLG
theories with k = 1,2 are isomorphic to N' =8 ABJ and ABJM theories for N = 1, 2.

3.3 Monopole Operators and Hidden N = 8 Supersym-
metry

In this section we will show that the ABJ theory with gauge group U(N + 1) X U(N)_5 has
hidden N = 8 supersymmetry. We will follow the method described in the first chapter. The
main step is to demonstrate the presence of protected scalars with scaling dimension A =1
which live in the representation 10_; of the manifest symmetry group Spin(6) x U(1)7. Here
U(1)r is the topological symmetry of the ABJ theory whose current

k ~
JH = —Ke’“’p (TrF,,p + TrF,,p) )
T

is conserved off-shell. Once the existence of these scalars is established, acting on them

with two manifest supercharges produces conserved currents with A = 2 transforming in

! Alternatively, the ABJ duality follows from the A/ = 3 version of the Giveon-Kutasov duality applied
to the U (M) factor [34]. One can also verify that the S partition functions of the dual ABJ theories agree
[34].
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the representation 6_; of Spin(6) x U(1)r. Since conserved currents in any field theory
form a Lie algebra, these currents together with their Hermitian-conjugate currents, Spin(6)
currents and the U(1)r current must combine into an adjoint of some Lie algebra containing
Spin(6) x U(1)r Lie algebra as a subalgebra. The unique possibility for such a Lie algebra
is Spin(8), which implies that the theory has N' = 8 supersymmetry.

The existence of A = 1 scalars transforming in 10_; is established using a controlled
deformation of the theory compactified on S? to weak coupling. This deformation preserves
Spin(4) x U(1)g subgroup of Spin(6) as well as U(1)r. Decomposing 10_; with respect to
this subgroup, we find that it contains BPS scalars in (3,1); _; of Spin(4) x U(1)g x U(1)r
and anti-BPS scalars in (1,3)_; 1. Such BPS scalars cannot disappear as one changes the
coupling (see appendix A for a detailed argument), so it is sufficient to demonstrate the
presence of BPS scalars at extremely weak coupling. Note that the scaling dimension A of
an operator is now reinterpreted as the energy of a state on S2.

The BPS scalars we are looking for have nonzero U(1)r charge and therefore are monopole
operators [7]. At weak coupling monopole operators in ABJ theories are labeled by GNO
“charges” (myq,...,my) and (M, ..., my). GNO charges label spherically symmetric mag-
netic fields on S? and are defined up to the action of the Weyl group of U(M) x U(N) [12].
They do not correspond to conserved currents and can be defined only at weak coupling.

Their sum however is related to the U(1)r charge:

QT:_E <Zmz+zmz>

Equations of motion of the ABJ theory imply that > m; = > m;, so Qr is integral for even
k but may be half-integral for odd k. We are interested in the case Qr = —1, k = 2, which
implies
> m = i =1
Consider a bare BPS monopole, i.e., the vacuum state, with GNO charges m; = m; =1
and all other GNO charges vanishing. This state has A = 0 but because of Chern-Simons

terms it is not gauge-invariant (does not satisfy the Gauss law constraint). One can construct

a gauge invariant state by acting on the bare BPS monopole with two creation operators
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corresponding to the fields fl}li, a = 1,2. These states are completely analogous to the BPS
scalars for the U(N)y x U(N)_o ABJM theory constructed in [1] (see equation (13) in that
paper). The resulting multiplet of states transforms as (3,1) —; of Spin(4) x U(1)g x U(1)r.
It also has A = 1 and zero spin, since the creation operators for the field A with lowest energy
have A = 1/2 and zero spin.

Similarly, by starting from an anti-BPS bare monopole with the same GNO charges and
acting on it with two creation operators belonging to the fields B}Li we obtain anti-BPS
scalars which transform in (1,3)_; _;. One can also check that no other GNO charges give
rise to BPS scalars with A = 1. In view of the above discussion this implies that the

U(N + 1)y x U(N)_s ABJ theory has hidden N’ = 8 supersymmetry.

3.4 Superconformal Index and Comparison with Other

N = 8 Theories

One may question if U(N + 1)y x U(N)_o ABJ theories are genuinely distinct from other
known A = 8 d = 3 theories. The moduli space of such a theory is (C*/Zy)"™ /Sy, which is
exactly the same as the moduli space of the U(N)y x U(N)_o ABJ theory. They differ in
that along the moduli space the former theory has an extra topological sector described by
U(1) Chern-Simons theory at level 1. The latter theory is not quite trivial [35], but it is very
close to being trivial; for example, it does not admit any nontrivial local or loop observables.
In any case, one could conjecture that even at the origin of the moduli space the two N' = 8
d = 3 theories differ only by this decoupled topological sector. Some evidence in support of
this conjecture is that BPS scalars in the two theories are in one-to-one correspondence, as
we have seen in the previous section.

Fortunately, in the last few years there has been substantial progress in understanding
superconformal d = 3 gauge theories which allows us to compute many quantities exactly.
One such quantity is the partition function on S3 [36]; another one is the superconformal
index on S? x S1 [29, 16]. The superconformal index receives contribution from BPS scalars

as well as from other protected states with nonzero spin. In what follows we will compute the
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index for several low values of N and verify that it is different for the two families of N' = 8
theories. The perturbative contribution to the superconformal index for ABJM theories has
been computed in [37]; the contributions of sectors with a nontrivial GNO charge has been
determined in [16]. We will follow the approach of [16].

Bagger and Lambert [25] and Gustavsson [26] constructed another infinite family of
N = 8 d = 3 superconformal Chern-Simons-matter theories with gauge group SU(2) x
SU(2) and matter in the bifundamental representation. More precisely, as emphasized in
[11, 33], there are two versions of BLG theories which have gauge groups SU(2); x SU(2)_
or (SU(2), x SU(2)_¢)/Zy where k is an arbitrary natural number. The moduli space is
(C* x C*)/Dyy, and (C* x C*)/Dy, respectively, where Dy, is the dihedral group of order 2k
[31, 32, 33]. For large enough k the moduli space is different from the moduli space of ABJ
theories and so BLG theories cannot be isomorphic to any of them. However, for low values
of k there are some coincidences between moduli spaces which suggest that perhaps some of
BLG theories are isomorphic to ABJ theories.

One such case is k = 1 and G = (SU(2) x SU(2))/Zy. The moduli space is (C* x C*)/Z,
where Z, exchanges the two C* factors. It is natural to conjecture that this theory is
isomorphic to U(2); x U(2)-; ABJM theory. A derivation of this equivalence was proposed
in [33]. Another special case is k = 2 and G = SU(2) x SU(2). In that case the moduli space
is isomorphic to (C*/Zy x C*/Zy)/Z,, where the first two Z, factors reflect the coordinates
on the two copies of C?, while the third one exchanges them [31, 32, 33]. This is the same
moduli space as that of U(2)y x U(2)_o ABJM theory and U(3)y x U(2)_o ABJ theory. It
was conjectured in [33] that this BLG theory is isomorphic to the U(2)s x U(2)_2 ABJM
theory. Finally, one can take k =4 and G = (SU(2) x SU(2))/Zy. The moduli space is the
same as in the previous case, so one could conjecture that this BLG theory is isomorphic to
either the U(2)y x U(2)_2 ABJM theory or the U(3)s x U(2)_5 ABJ theory.

Below we will first of all compute the superconformal index for the U(N)y x U(N)_
ABJM theories and U(N +1)s x U(N)_o ABJ theories for N = 1,2 and verify that although
these theories have the same moduli space, they have different superconformal indices and
therefore are not isomorphic. We will also compute the index for the special BLG theories

with low values of k discussed above and test the proposed dualities with the ABJM and
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ABJ theories. We will see that certain BLG theories have an additional copy of the N' =
8 supercurrent multiplet which is realized by monopole operators. In some cases this is

predicted by dualities.

3.4.1 N =8 ABJM vs. N/ =8 ABJ Theories

The superconformal index for a supersymmetric gauge theory on S? x R is defined as

I(x,z) = Tr{(-1) 2" [ ] 2, (3.1)

where F' is the fermion number, F is the energy, j3 is the third component of spin and F;
are flavor symmetry charges. The index receives contributions only from states satisfying
{Q,Q"y = E —r — j3 =0, where @ is one of the 32 supercharges and r is a U(1) R-charge.
For details the reader is referred to [29, 16].

The localization method [16] enables one to express the index in a simple form?

I(z,2) = Z/[da]{ni}xEO("i)esgs("““i)ea:p(i fz™, 2" ma;)), (3.2)
{ni} m=1

where the sum is over GNO charges, the integral whose measure depends on GNO charges is

over a maximal torus of the gauge group, Ey(n;) is the energy of a bare monopole with GNO

charges {n;}, S24(n;) is effectively the weight of the bare monopole with respect to the gauge

group and the function f depends on the content of vector multiplets and hypermultiplets.
For details see [16].

We computed the indices for the U(2)y x U(1)_5 and U(1)y x U(1)_5 theories up to the

sixth order in z and found the following pattern. In each topological sector the indices agree

at the leading order in = as a consequence of the identical spectra of BPS scalars of the

lowest dimension. However, next-to-leading terms are different which signals nonequivalence

2The formula is written for the case of zero anomalous dimensions of all fields which is true for all theories
with at least A/ = 3 supersymmetry.
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of these theories. We summarize our results in tables 3.1 and 3.2 in appendix B.

It is possible to single out contributions from different topological sectors by treating
topological U(1)7 symmetry as a flavor symmetry and introducing a new variable z into the
index. The result is a double expansion in x and z with powers of z multiplying contributions
of the appropriate topological charge. Alternatively, one can restrict summation over all
GNO charges to those giving the desired topological charge. We used the second type of
calculation.

We also compared the indices for the ABJ theory U(3)y x U(2)_2 and the ABJM theory
U(2)2 xU(2)_3 up to the fourth order in z. The contributions from different GNO sectors are
summarized in tables 3.3 and 3.4 in Appendix B. Note that we count the contributions from
the topological sectors T' > 1 twice because there is an identical contribution from the sectors
with opposite topological charges. Starting at order z?® the indices disagree, which means

that these two A = 8 theories, despite having the same moduli space, are not equivalent.

3.4.2 Comparison with BLG Theories

There are two BLG theories which have the same moduli space as U(2) x U(2)_o ABJM and
U(3)2 x U(2)_2 ABJ theories. They have gauge groups SU(2)y x SU(2)_s and (SU(2)4 X
SU(2)-4)/Zs. 1t is natural to conjecture that these four theories are pairwise isomorphic.
Indeed, the moduli space is (C*/Zy x C*/Z5)/Z in all four cases, suggesting that all these
theories describe two M2-branes on an R®/Z, orbifold. It is well-known that there are
two distinct R®/Zy orbifolds in M-theory [30], which means that there should be only two
nonisomorphic N' = 8 theories with this moduli space.

Comparison of the indices of the U(2)y x U(2)_o ABJM theory and the SU(2)s x SU(2)_2
BLG theory (see table 3.5) reveals their agreement up to the fourth order in z. Thus we
conjecture that the two theories are equivalent.

This conjecture can be checked further by comparing contributions to the indices from
individual topological sectors on the ABJM side and sectors parametrized by the correspond-
ing U(1) charge on the BLG side. Recall that the topological charge Q1 on the ABJM side
is a charge of a U(1) subgroup of the Spin(8) R-symmetry group. The commutant of this

subgroup is Spin(6) R-symmetry visible already on the classical level. Furthermore, the
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supercharge used in the deformation and the definition of the index is charged under a U(1)
subgroup of this Spin(6). On the BLG side, the whole Spin(8) R-symmetry is visible on the
classical level. Recall that one can think of the BLG theory as a N' = 2 field theory with
gauge group SU(2) x SU(2) and four chiral multiplets in the bifundamental representation.
In this description, there is a manifest SU(4) = Spin(6) symmetry under which the four
chiral superfields transform as 4. The commutant of this Spin(6) symmetry is U(1)g sym-
metry with respect to which all four chiral superfields have charge 1/2 and the supercharge
has charge 1. The topological charge Q7 on the ABJM side corresponds to the charge of a
U(1) subgroup of Spin(6) which we denote as U(1);.> Thus we should compare the ABJM
index in a particular topological sector with the BLG index in a sector with a particular
U(1); charge. The four chiral fields of the BLG theory decompose as 4 = 2; + 2'_; under
U(1); x Spin(4). To keep track of U(1),; charges we introduce a new variable z in accordance
with (4.1). To the fourth order in x only the (|0)|0),|1)[1),]2)]2)) GNO charges contribute.

The two-variable index is

Iprep=s(z, 2) = 1+ 4a + 212” + 322° + 532 + 2°(3x + 162% + 362° + 48z")+
(1122 + 3623 + 54x?) + 26(2223 + 642") + 45212° + 2723z + 1627 + 362° + 4827) +

27 (112% + 362° + 5da?) + 27%(222° + 642*) + 452% 2% + O(a). (3.3)

This is in a complete agreement with the index for the U(2)y x U(2)_5 ABJM theory.
Similarly, we can compute the two-variable index for the (SU(2)4 x SU(2)_4)/Zs BLG
theory. The difference compared to the SU(2) x SU(2) case is that the GNO charges are
allowed to be half-integral, but their difference is required to be integral. The contributions
of individual GNO charges are summarized in table 3.6. We see that the total index agrees

with that of the U(3)s x U(2)_2 ABJ theory at least up to the fourth order in x. The

3We now adopt the notation T = >, m; for the topological charge and normalize the U(1); charge of
fundamental scalars of the BLG theories to &1 for notational convenience. The U(1)g charges are not shown
in what follows.
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two-variable index for this BLG theory is given by

Tpra(w,2) = 1+ 4z 4 212” + 362° + 392" + 2%(3x + 162° + 392° + 40z*)+
2 (112? + 362° + 56x") + 20(222° + 642") + 45282 + 272(3z + 162% + 392° + 402)+

24 (112? + 362° + 562%) + 276(222% + 642*) + 452782 + O(2”) (3.4)

and agrees with the two-variable index of the U(3)s x U(2)_5 ABJ theory.

Lambert and Papageorgakis [33] argued that the (SU(2), x SU(2)-1)/Zs BLG theory is
isomorphic to the U(2); x U(2)_; ABJM theory. We can test this proposal in the same way
by comparing the two-variable superconformal indices of the two theories. We find that they
agree up to at least the fourth order in . The contributions from different GNO charges are
written down in tables 3.7 and 3.8. They happen to match in each GNO sector separately.
For a fixed topological charge on the ABJM side and the corresponding value of the U(1);
charge on the BLG side which manifests itself in the index as a power of z, the contribution
to the index comes from a sum over different GNO charges, and the two sums happen to
coincide term by term. For example, in the topological sector T = 1 on the ABJM side
the contribution from the GNO charge |n,1 —n)|n,1 —n) equals the contribution from the
GNO charge |n — 1/2)|n — 1/2) with the first power of z on the BLG side.

The index makes apparent a peculiar feature of these two theories: they have twice
the number of BPS scalars needed to enhance supersymmetry from N' = 6 to N' = 8.
The first set of scalars has vanishing GNO charge. The corresponding contribution to the
index is AZ = 4x + 3z2% + 3z272. It represents the decomposition 10 = 44 + 35 + 3_,
under U(1); x Spin(4) C Spin(6). The corresponding operators are gauge-invariant bilinear
combinations of four chiral superfields present in the BLG model. The second set of ten BPS
scalars comes from the GNO charge |1)[1) and makes an identical contribution to the index.
Ten BPS states are obtained by acting with ten scalar bilinears on the bare monopole to form
gauge-invariant states QUQ7|1)|1). Here Q' is an off-diagonal component of the ith complex
scalar, i = 1,...,4. Among these ten states there are representations (3,1), , +(1,3), ; of
Spin(4) x U(1)g x U(1); with the normalization of the U(1); charge as in section 1. Together

with their Hermitian-conjugates, these BPS scalars lead to supersymmetry enhancement as
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in [1].

The existence of two copies of the N' = 8 supersymmetry algebra for the U(2); x U(2)_4
ABJM theory was noted in [1]. It was shown there that the extra copy arises because
the theory has a free sector with N’ = 8 supersymmetry realized by monopole operators.
The same is true about the (SU(2); x SU(2)-1)/Zy BLG theory, giving further support for
the duality. The sector with the GNO charge [1/2)|1/2) contains four gauge-invariant BPS
scalars Q'|1/2)|1/2) with energy A = 1/2 whose contribution to the index is AZ' = 2z/2z+
22712z, This expression corresponds to the decomposition 4 = 2; + 2'_; under U(1), x
Spin(4) C Spin(6). By virtue of state-operator correspondence these states correspond to
four free fields with conformal dimension A = 1/2. Their bilinear combinations give rise to
ten BPS scalars with GNO charge |1)|1) discussed above. This is in a complete agreement
with the structure of the U(2); x U(2)-; ABJM theory explored in [1].

We can also use superconformal index to test whether certain BLG theories with identical
moduli spaces are isomorphic on the quantum level. It has been noted in [33] that the moduli
spaces of SU(2), x SU(2)_ and (SU(2)ar x SU(2)_ax)/Zs BLG theories are the same (they
are both given by (C* x C*)/Dy,. We have seen above that for k& = 2 these two theories are
not isomorphic. We also computed the index for £ = 1 and found that the indices disagree
already at the second order in = (tables 3.9 and 3.10), so the theories are not equivalent.
Examining BPS scalars, we find that neither of these theories has a free sector, but they both
have two copies of the N' = 8 supercurrent multiplet. One copy is visible on the classical level,
while the BPS scalars of the other copy carry GNO charges, so it is intrinsically quantum
mechanical in origin. The presence of the second copy of N' = 8 superalgebra indicates that
on the quantum level both of these theories decompose into two N' = 8 SCFTs which do not

interact with each other. This phenomenon does not occur for higher k.

3.5 Appendix A. Protected BPS States

Our method of detecting hidden supersymmetry is based on deforming the theory to weak
coupling and analyzing the spectrum of BPS scalars. In general, a local operator (or the

corresponding state in the radial quantization) which lives in a short representation of the
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superconformal algebra can pair up with another short multiplet to form a long multiplet;
quantum number of a long multiplet can change continuously as one deforms the coupling.
We would like to show that this cannot happen for the cases of interest to us.

The kind of short multiplet we are interested in has a BPS scalar among its primaries.
In the radial quantization such a state has energy A equal to its U(1)g charge r. To form a
long multiplet there must be a short multiplet containing a spinor with energy A’ = A+1/2
and R-charge r = 1’ £ 1. The option with A’ = A+ 1/2 and " = r + 1 is ruled out by
unitarity constraints [29]. These constraints also specify the short multiplet with the spinor.
This is a so-called regular short multiplet [29] with a scalar A" = A — 1, 7" = r — 2 as the
superconformal primary state satisfying A” = »” + 1. The zero-norm state is also a scalar,
appears on the second level, and has the quantum numbers of a BPS scalar A = r. The
spinor itself is on the first level.

We conclude that a necessary condition for a BPS scalar with quantum numbers A = r
to pair up into a long multiplet and flow away is the existence of a regular short multiplet
with quantum numbers A” = A —1 and " =r — 2.

In the particular case of a U(N + 1), x U(N)_ ABJ theory and A = 1 such “regular
short multiplets” do not exist at the value of the deformation parameter ¢ = oo because
A" = 0 and all physical states have A > 1.

However, as we mentioned earlier, the spectrum of BPS states at intermediate values of
t (between t = 0 and ¢t = 00) is unknown and the pairing could occurr in principle. Indeed,
there are examples of theories in which BPS scalar with high conformal dimension dissappear
on the way from ¢t = oo to t = 0. Fortunately, this never happens for scalar BPS states with
the energy F =1/2 or £ = 1.

The argument uses the invariance of the superconformal index under the deformation.
The Taylor expansion of the index around = = 0 has the form Z(z) = 1+ax'/2+ Bz +O(2%/?).
A BPS state with quantum numbers £ and js gives contribution £+ where the sign
depends on whether the state is bosonic or fermionic. Because the state is BPS E = r + j3
and because of the unitarity constraints [38], » > 0 and j3 > 0. Note that although only

part of the full superconformal group is preserved at t = oo this is the part that gives the

constraints. Hence, BPS scalars and only BPS scalars contribute to /2 and ' terms in the
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Taylor expansion of the index. It follows that the spectra of BPS scalars at ¢ = 0 and t = oo

are identical.



3.6 Appendix B:
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Superconformal Indices

for NV = 8§

ABJM, ABJ, and BLG Theories
GNO charges | Index contribution
T=0 1+ 42 + 222 + 152* — 162° + 1125
10,0)[0) 1+ 4z + 222 4+ 152* — 1625 + 22°
I1,—1)]0) 95
T=1 3z 4 2% — 423 4 202t — 322° + 242°
11,0)]1) 3z + 2% — 423 4 2021 — 3225 + 2425
T=2 52 4 4x® — bt + 425 — 425
12,0)]2) 5% + 4x3 — bt + 4a° — 42"
T=3 7% + 42t + 2F
13,0)|3) 72% + 42t + 2F
T=4 9zt + 4a°
14,0)|4) 9zt + 4a°
T=5 112° + 42°
15,0Y]5) 1125 + 4a°
T=6 1328
16,0)/6) 1349
total 1+ 102 + 1422 + 1423 + 712t — 4225 + 392°

Table 3.1: U(2)y x U(1)_5. T stands for the topological

charge.
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Topological charge | Index contribution

T = 1+ 4x + 22 + 423 + To* — 122° + 2625

=1 3r + 422 + 8z* — 42 + 826

52 + 4% = 8x° — 426

T3 + 4x* + 826

112° + 426

2
3
=4 9zt + 4a°
5
6

1328

total 1+ 10z + 1922 + 2622 + 492* 4 262° + 9226

Table 3.2: U(l)Q X U(l)_2
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GNO charges

Index contribution

T=0

1+ 42 + 2122 + 3622 + 392*

10,0,0)]0,0) 1+ 4z + 1222 + 1222 + 522
11,0, —1)[1,—1) | 922 + 2423 + 102"

12,0, —2)|2,—2) | 25z*

11,0,—1)|0,0) —xt

T=1 3z + 1622 4 3923 + 402
11,0,0)[1,0) 3z + 162% + 2423 + 8z
12,0, —1)[2, —1) | 152® + 32z*

T=2 1122 + 362° + 562*
11,1,0)[1,1) 62% + 1223 + 9!
12,0,0)]2,0) 5% + 2423 + 261

3,0, —1)|3,—1) | 212*

T=3 2213 + 644

2,1,0)[2,1) 152° + 322*

13,0,0)3,0) Txd + 3222

T=4 4524

12,2,0)2,2) 15z*

13,1,0)3,1) 212

14,0,0)]4,0) 9z

total 1+ 10z + 752% + 23023 + 4452*

charge.

Table 3.3: U(3)2 x U(2)_5. T stands for the topological
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GNO charges | Index contribution

T=0 1+ 4z + 212% + 3223 + 53z*
10,0)]0,0) 1+ 4z + 1222 + 823 + 122%
11, —=1)[1,—1) | 927% + 2423 + 162!

12, —2)[2, —2) | 252

T=1 3z + 162% + 362° + 48z*
1,0)/1,0) | 32 + 162 + 212 + 162
12, —1)|2, 1) | 152® + 32z*

T =2 112? + 3623 + 54!
11,1)1,1) | 62 + 122 + 122
12,0)]2,0) 5% + 2423 + 212!
13,—1)]3,—1) | 212

T=3 2223 + 6421

12,1)[2,1) 1523 + 322*

13,0)[3,0) | 74 + 3244

T=14 45x%

2,2)2,2) | 154

3,1)[3,1) | 21a*

14,0)]4,0) 9z

total 1+ 10z + 752% + 22023 + 475z*
Table 3.4: U(2) x U(2)_5. T stands for the topological

charge.
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GNO charges | Index contribution

10)]0) 1 + 10z 4 402 + 762 + 1142
11)[1) 3522 + 1442° 4 1962

12)]2) 1652*

total 1+ 10z + 752% 4 2202° + 4752*

Table 3.5: SU(2); x SU(2)_s

GNO charges | Index contribution

10)[0) 1+ 4z + 1222 + 823 + 122+
22(3x + 82% + 1223 + 821) + 272(3x + 822 + 1223 + 8z*)+
24622 + 1223 4+ 122%) + 274(62? + 1223 + 122%)+
25(1023 + 162*) + 27%(102® + 162*) + 15282* + 152782
11/2)]1/2) 922 4 2823 + 22t +

22(82% + 2723 + 82*) + 272(82% + 2723 + 8x1)+
24 (52% 4 2423 + 23x%) + 27 (5a? + 2423 + 232%)+
20(122° + 322%) + 275(122% + 322*) + 21282 4 2127 82*

)

252 4+ 24225% + 2427204 + 24240 + 24240t + 162024+

162782 + 92824 + 927824

Table 3.6: (SU(2)4 x SU(2)_4)/Zs
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GNO charges

Index contribution

10)10)

1+ 4z + 122° + 82 4 1227+

22(3x + 82 + 1223 + 8x*) + 272(3z + 822 + 122° + 8z1)+
24622 + 1223 + 122%) + 274 (622 + 1223 + 122%)+

29(102°% + 162%) + 275(1023 + 162*) + 152121 4+ 1527821

[1/2)11/2)

22(x2 + 622 + 1022 + 722) + 221 (z2 + 622 + 1027 + T27)+
223(32% + 1022 + 922) + 2273(322 + 1022 + 922 )+
225(62% 4 14x2) + 2275(623 + 14x2)

[1)10)

0)]1)

)

4x + 162* + 162° + 3321+
22(3x + 162 4+ 192° + 242*) + 272(3z + 1622 + 1923 + 242*)+

29(152° + 322%) + 275(152° + 322*) + 24282 4 2427 82*

3/2)13/2)

(

24 (822 + 2423 + 1621) + 274(822 + 2423 + 162*)+
(
(

22(3x% + 1027 + 8z2) + 227 '(3z? + 1027 + 822 )+
223(222 + 1023 + 1027) + 2273(222 + 1027 + 1022 )+

T
2

225 (5as 4 14x3) 4+ 2275 (5a? + 14x3) 4+ 182727 4 182 7z

2)12)

922 4 2423 + 162+

22 (822 + 2423 + 1621) + 27%(822 + 2423 + 162*)+
24(52? + 2423 + 212%) + 274 (5a? + 2423 + 212%)+
20(1223 + 322%) + 275(1223 + 322) + 21282 4 2127824

5/2)15/2)

(
22(6x2 + 1422) + 2271 (622 + 1427)+
2:3(52% + 1422) + 2273(52% + 1423 )+
225(3x% + 1427) + 227°(32% + 1422) + 142707 + 142 Tx2

3)13)

1623 + 322 + 22(152° + 322*) + 272(1523 + 3221+
241223 + 322%) + 274 (1223 + 322%) + 25(723 + 322%)+
275(72% + 3221) 4 16282 + 162424

7/2)17/2)

27(202 4+ 20271 + 1825 + 18273 4+ 1425 4 14275 + 827 +8277)

[4)14)

225 + 2427 + 24272 + 2124 + 21271 4+ 1620 + 16275 + 928 4 9278)
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Table 3.7: (SU(2)1 x SU(2)_1)/Zs
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GNO charges

Index contribution

GNO charges

Index contribution

T=0

T=5

0,0)[0,0) 1+ 4z + 1222 + 823 13,2)]3,2) 2(623 + 14x72)
11, —1)|1,—1) | 4z + 1622 + 162° 14,1)]4,1) 2(522 + 14x?)
11,-1)/0,0) | —a? 15,0)(5,0) 2(323 + 142/%)
0,0)[1, 1) | —a* 16, —1)]6,—1) | 1422
12, =2)|2, —2) | 922 + 2423 + 162*
13, —3)|3,-3) | 1623 + 322*
4, —4)[4, —4) | 252
T=1 T=6
11,0)|1,0) 2(xz + 6x2 + 1022 + 723) | [3,3)]3,3) 1023 + 162
12, —1)[2,—1) | 2(32% + 1022 + 8z7) 14,2)[4,2) 152% + 327
13,—2)[3, —2) | 2(62% + 1427) 15,1)]5,1) 1223 4 322
14,—3)|4,-3) | 2022 6,0)(6,0) T’ 4 322%

7, —1)(7,~1) | 162
T=2 T=1
11,1)[1,1) 3z 4 822 + 122% 4 8zt 14,3)]4,3) 2022
12,0)[2,0) 3z 4 1622 + 1927 + 242* | |5,2)[5,2) 1872
13, —1)[3,—1) | 822 + 2423 + 162 6,1)]6,1) 1423
14, 2|4, —2) | 1523 + 3224 7,0)|7,0) 812
15,—3)|5,—3) | 24z
T=3 T=38
12,1)[2,1) 2(3x2 + 1023 + 9x2) 14,4)[4,4) 152
13,0)|3,0) 2(2x2 + 10x2 + 10x2) 15,3)[5,3) 244
14, —1)[4, —1) | 2(5z% + 1427) 16,2)(6,2) 214
15, —2)[5, —2) | 1822 7,1)]7,1) 1624

18,0)]8,0) 94
T=4

2,2)[2,2)

62 + 1223 + 122*




13,1)3,1)
14,0)]4,0)
15, —1)]5,—1)
16,—2)|6,—2)
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8x2 + 2423 + 162*
52 + 2423 + 212*
1223 + 322*

21z4

Table 3.8: U(2); x U(2)_;. T stands for the topological

charge.

GNO charges

Index contribution

10)10)
[1)1)
2)12)

1+ 4z + 1222 + 22(3z + 822) + 27%(3x + 82?)
4z 4+ 162% + 22(3x + 1622) + 272(3z + 162?)

9x? + 822122 + 82722

Table 3.9: SU(2); x SU(2)_,

GNO charges

Index contribution

10)10)
[1/2)1/2)
1))

1+ 4z + 1222 + 22(3x + 822) + 272(3x + 8x?)
4 + 1722 + 22(3x + 162°) + 272(3x + 162?)
92% + 82%2% + 82 %a?

Table 3.10: (SU(2)2 X SU(Z)_Z)/ZQ
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Chapter 4

Monopoles and Aharony Duality

4.1 Introduction

An important class of dualities of four-dimensional gauge theories are Seiberg dualities which
relate minimally supersymmetric N' =1 SQCD theories with gauge group SU(N.) and Ny
flavors of quarks and antiquarks to SU(Ny — N.) gauge theories with Ny flavors of quarks
and antiquarks as well as a singlet field coupled through a superpotential. This duality has
a generalization to symplectic and to special orthogonal groups.

More than a decade ago Aharony proposed a three dimensional analog of Seiberg duality.
It is a duality between the infrared limits of A' = 2 gauge theories with fundamental matter
and unitary or symplectic gauge groups. Namely, an N = 2 supersymmetric theory with
gauge group U(N.) with Ny chiral fundamental multiplets and N chiral antifundamental
muliplets is conjectured to be dual to an N = 2 theory with gauge group U(N; — N.), Ny
chiral fundamentals, Ny chiral antifundamentals together with additional gauge singlet chiral
fields and a superpotential. For the symplectic gauge groups the duality relates USp(2N..)
gauge theory with 2Ny fundamental chiral fields to USp(2N; — 2N, — 2) gauge theory with
2N; fundamental chiral fields together with a number of gauge singlets and a superpotential.

Another class of three-dimensional dualities for N’ = 2 and N = 3 theories with Chern-
Simons terms was introduced by Giveon and Kutasov [40]. It was noticed by these authors
that these dualities could be obtained from the Aharony dualities by integrating out some
matter fields (see also [41] and [42]). Recently, it was shown [34] that N' = 6 dualities

proposed by Aharony, Bergman, and Jafferis [28] are descendant from Aharony dualities.
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The fact that Aharony-type dualities generate a large class of dualities in three dimensions
makes their verification and further understanding an important task.

Such a verification was recently performed by Willett and Yaakov [41] who showed that
partition functions on S® agree for theories which are related by Aharony duality.

In the present chapter we verify that the superconformal indices of theories related by
Aharony duality agree to a high order in the Taylor expansion for several low values of N,
and Ny. This is of interest because agreement of indices is a check independent of agreement
of partition functions on S3. We also discuss the role played in the duality by monopole
operators. In particular, we discuss the matching of chiral rings in dual theories taking

account, of monopole operators.

4.2 Index for N =2 Theories

The superconformal index of an N/ = 2 superconformal theory on S? x R is defined by the

expression
I(z,z) = Tr[(—1)F 217 H z; (4.1)

where I is the fermion number, F is the energy, j3 is the third component of spin and F; are
charges of abelian flavor symmetries. As usual, contributions to the index come from states
with {Q,Q"} = E —r — j3 =0 [29],[16]. r is the R-charge and @Q has spin —1/2.

An important feature of N' = 2 superconformal theories in three dimensions is that the
conformal dimensions of fields are not canonical in general and generically are irrational.
The formula for the superconformal index of a theory with canonical conformal dimensions
Ag of chiral superfields ® from the UV Lagrangian was obtained by Kim [16] and recently

generalized to any conformal dimensions by Imamura and Yokoyama, [43]

I(xo, 2i) Z/da{ yo{n)) ¢'Ses(inha) Hz Lerp Zf ™, z" a™)). (4.2)

{n} =1

The sum »,,, is over all GNO charges [12] {n} = (n1, ..., n.) with n; = w;(H) where w; are
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the weights of the fundamental representation and Hs are all element of a Cartan subalgebra
defining a Dirac monopole. The integral whose measure depends on GNO charges is over
a maximal torus of the gauge group, Fy({n}) is the energy of a bare monopole with GNO
charges {n} and F}) = =374 3" . [p(H/2)|Fig is its global charge under a global symmetry
U(1);, the sum being over all gauge weights of all chiral fields with Fj¢ being their U(1)p,
charges. S24({n},a) is effectively the weight of the bare monopole with respect to the gauge
group and a is in a Cartan subalgebra.The function f = f., + f, depends on the content of

vector multiplets and hypermultiplets.

fon = ; 1 - Z Zm'p(H)‘(xA%ip(“) HZFI _ p2-De —ip(a) HZ—FI)
—x
e p

7 %

fo= =3 alotinlginte) (4.3)

The first sum in the expression for f., is over all chiral multiplets ®. The second sum is over
weights p of the representations of the gauge group in which the chiral fields ® live. The
contribution of the vector multiplet f, contains a sum over all roots o and does not contain
any anomalous dimensions because it is assumed that the superconformal R-current at the
IR fixed point is a linear combination of a UV R-current and some global U(1) symmetry
current visible classically (in the UV). This guarantees that the vector multiplet retains
its classical dimension. In general, the superconformal R-current can mix with accidental
symmetry currents. In such a case the above formula for the index is not correct. We
assume, following Gaiotto and Witten [19], that this manifests itself in violation of unitarity
bounds on conformal dimensions of chiral operators including monopole operators, and thus,
in principle we know when the formula for the index is correct. The closed-form expression
for the index is not known for nonabelian gauge theories'See paper [44] for the abelian case.
but a finite number of terms in its Taylor expansion around point x = 0 can be computed
on the computer.

The fact that conformal dimensions Ag are not known does not pose a problem if the

goal is to perform a check of duality. As usual, the index can be computed as a path integral

1
)
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with (twisted) periodic boundary conditions along the time line R. That is, it is a path
integral on S? x S!. There are many ways to put the theory on S? x S! parametrized by the
choice of the R-current [43]. For the present theories any R-current is a linear combination
Jr = J9V + aJs of the UV R-current Jx and the global current Ja generating the U(1)4
symmetry. For a special choice of the current, that is, for a special value of parameter o which
determines anomalous dimensions of fields, the theory on S? x S* is superconformal.? In this
case the quantity computed by the path integral is the index in the sense of definition (4.1)
with the trace over the Hilbert space of states living on S2?. For other values of the parameter,
it does not have this interpretation, but it is nevertheless a quantity characterizing the theory
which is independent of the description of the theory, that is, independent of a duality frame.
Thus the “indices” of dual theories must coincide as functions of the parameter a. So we
can introduce a new variable y = z* following [43] and compare the indices as functions of

two variables x and y.

4.3 Aharony Duality for Unitary Groups

The duality relates two theories which we will call electric and magnetic. The electric theory
is the N' = 2 supersymmetric gauge theory with gauge group U(N.) with Ny flavors of
fundamental chiral fileds ); and Ny flavors of antifundamental chiral fields Q". The global
symmetry group is SU(Ny) X Sﬁ(\]\é) x U(1)a x U(1)r x U(1)g. The first two factors are
flavor symmetries, the third factor is a rotation of both Q; and Q' by the same phase, U (Dr
is the microscopic R-symmetry and U(1)r is the topological symmetry with the current

JH = —ﬁe““pTrF,,p under which no elementary field is charged. We summarize the action

of the global symmetry group in table 4.1.

Fields | U(1)x U(L)a | SUN;) | SUNS) | U(1)p
Q 1/2 1 Ny 1 0
Q 1/2 1 1 N¢ 0
M1 2 N N¢ 0

2This special value of the the parameter o = A — 1/2 is determined by the extremization of the absolute
value of the partition function of the theory put on S with respect to A [45].
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e nemet]on 0 [0 [ |

Table 4.1: Global charges of fields of the electric theory.

Here MZJ = ;) is the meson field and vy are monopole fields. In the ultraviolet the-
ory the monopole operators are defined as disorder operators in the path integral [7] with
topological charges +1. On the Coulomb branch below the Higgs scale with all charged

o, Eiv,

fields integrated out they appear in the path integral as vazcl e Mo where o; are real scalars

from the vector multiplets of the broken gauge group U(N,) — [[~, U(1); and ~; are dual-
ized photons. More precisely, in the UV description the correlation functions of monopole
operators with fundamental fields are defined by performing the path integral over fields

configuration having a Dirac monopole type singularity for gauge fields,

H
ANS = 2—(:|:1 — cos 0)do, (4.4)
r
together with the corresponding singularity o = —f—r for the real scalar ¢ in the vector

multiplet at the insertion point to make the operator chiral. The GNO charges of monopole

operators vy are (+1,0,---,0).
——

Ne—1
On the magnetic side is the N/ = 2 supersymmetric gauge theory with gauge group

U(N;—N.) with Ny flavors of fundamental chiral fileds ¢* and N; flavors of anti-fundamental
chiral fields ¢;. In addition, there are two gauge-singlet chiral fields vy which correspond to
the monopole operators of the electric theory and a gauge-singlet chiral field Mf which is a
counterpart to the meson Q;Q7. The theory has a superpotential W = MZ] ¢ GHuVo+v Vy

where V. are monopole chiral operators with GNO charges (+1, 0,...,0 ). The representa-
Ny—Ne—1

—~——

tions of the fields under the action of the global symmetry group SU(Ny) x SU(Ng)xU(1) 4 %
U(1l)r x U(1)g are written in Table 2.

— ~——

Fields | U(1)n U(1)a | SUN) | SUN;) | U1y
q 1/2 1 N¢ 1 0
i 1/2 1 1 N¢ 0
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M1 2 N N 0
V+ Nf — Nc +1 —Nf 1 1 +1
Vi N, — N;p+1| Ny 1 1 +1

Table 4.2: Global charges of fields of the magnetic theory.

Note that some of the “elementary fields”, vy, are now charged under the topological
symmetry. This is compatible with the invariance of the superpotential. The only informa-
tion about the superpotential in the formula for the index (4.2) is the constraints on the
superconformal IR R-charges of fields it provides.

We computed indices for several dual pairs of theories.

4.3.1 Indices for Dual Pairs of Theories with Unitary Gauge Groups

We use the notation U(N.)y, to denote the electric theory with gauge group U(N.) and
Ny pairs of fundamental and antifundamental chiral fieds. The magnetic theory with gauge
group U(N,) and Ny pairs of fundamentals and antifundamentals and additional singlets is

denoted by U(Ne)n, + M + vy

(i) Electric theory: U(2)2. Magnetic theory: U(0) + MZJ + vy

In this case there is no vector mutiplet and no superpotential in the magnetic theory.

The chiral fields 2 x 2 matrix M/ and two SU(2); x STJ\@]C flavor singlets v, and v_
are free. The conformal dimension A = A(Q) = A(Q) was computed in [41] to be 1/4.
This is one of the rare cases when the conformal dimension is rational. The conformal
dimensions of the fields of the magnetic theory are easy to find using the duality
dictionary. The conformal dimension A(M) = 2A of the M/ is twice the conformal
dimension of () because these fields correspond to the meson of the electric theory.
The conformal dimensions of singlet fields vy are equal to the conformal dimensions

of bare monopole fields (£1,0) on the electric side: A(vy) = 1/2. Of course, this is

obvious because all chiral fields of the magnetic theory are free and thus have conformal
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dimension one-half. To the second order in x the index of the magentic theory is
Tp =1+ 622 + 21z + 5022 + 9022 + O(2°/?). (4.5)

The first term is the contribution of the vacuum and the second term comes from the
six free chiral fileds. The contribution to the index on the A-side comes from sectors

with different GNO charges. It is summarized in table 4.3.

GNO charges | Index contribution

0,0) 1+ 422 + 102 + 202%/2 + 2722
1,-1) x

2,—2) 7

1,0) 21?4 4z + 92%/% 4 1622

2,—1) z3/?

2,0) x4 423/% 4 922

3,—1) x?

3,0) 23/2 4 422

(4,0) x?

Table 4.3: Contribution to the index from different GNO

sectors in U(2), theory.

Summation of these contributions over the topological charges (the contribution from
the negative topological charges are the same as from the positive ones) reproduces

the answer on the magnetic side, which consitutes a nontrivial check of the duality.

In general, we do not expect the GNO charges within a sector with a fixed U(1)r charge to
mark sectors in the Hilbert space of the theory because they do not arise from any conserved
currents. Rather, it is an artifact of the weakly coupled description of the theory. We saw it
in chapter 3 where the indices of dual theories were in agreements within a given topological
sector only after summation over all GNO charges and there was no mapping of GNO charges

between dual theories. This was also noticed in [46].
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However, in certain situations GNO charges may acquire invariant meaning if they cor-
relate with other quantum numbers. This is the present case. For each value of the U(1)r
charge and the U(1)4 charge the GNO charge of a bare monopole is determined uniquely.

We list the global charges of some of the low-energy bare monopoles in Table 4.4.

Bare monopole | Conformal dimension | Topological charge | U(1)4-charge
(1,0) 1/2 1 2
(—1,0) 1/2 -1 2
(1,-1) 1 0 -4
(2,—2) 2 0 -8
(2,-1) 3,2 1 -6
(1,1) 3 2 4
(2,0) 1 2 4
(3,-1) 2 2 -8
(3,0) 3/2 3 -6
(4,0) 2 4 -8

Table 4.4: Quantum numbers of bare monopole operators

in U(2)y theory.

The duality relates monopole operators of the electric theory to (composite) chiral fields of
the magnetic theory. Using matching of quantum numbers it is easy to establish a dictionary

for this correspondance. For some of the low-dimension operators it is

Chiral operator and OPE

vy =T

vo =11
Tii,—1) ~vyv_
T(2,—2) ~ Uivz
Tio,—1) ~ viv_

T(l,l) ~ MQ'U?’_U,

To0) ~ V3




(ii)

(i)
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T(3,71) ~ ’Ui_?],
T(3.0) ~ V3

Ta0) ~ V3

Table 4.5: Mapping of chiral operators under duality. M?

is the SU(2) x SU(2) flavor singlet quadratic in meson
fields.

Electric theory is U(2)s, magnetic theory is U(1)s + M7 4 v, + v_.

In this case the conformal dimensions of all fields are irrational and A = A(Q) =
A(Q) ~ 0.3417.3 We introduce additional variable y = 2*2~! and expand the indices
of both theories in powers of x. The contribution from different topological and GNO
sectors are given in tables 4.9 and 4.10 in appendix A. We find a perfect agreement for

each value of the topological charge up to the third power in z.

Electric theory: U(2)4, magnetic theory: U (2)4—|—]\Jf~ +vy. The conformal dimension of
Q@ is A ~ 0.3852. Naively, the magnetic theory contains more degrees of freedom than
the electric theory by weak-coupling counting. Nevertheless, they flow to the same
infrared fixed point. The indices agree in each topological sectors of both theories up

to at least the third power in x (tables 4.11 and 4.12 in appendix A).

As our last check of the duality for unitary groups we chose the following pair. Electric
theory is U(3)4, and magnetic theory is U (1), + M + v, +v_ (A ~ 0.3058). We found
agreement of indices for each topological sector up to the fourth power in z (tables

4.13 and 4.14).

3We took the approximate values of conformal dimensions from [41].
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4.4 Chiral Ring

4.4.1 Examples

(i) There are two ways to look at the table 4.5. One way is to view it as a correspondence
between operators on different sides of duality. Another way is a relation in the chiral
ring of the electric theory if we regard vy as chiral monopole operators with GNO
charges (£1,0). In particular, we see that the chiral ring is generated by 6 generators:

chiral fields Mg and two chiral monopole operators v..

(ii) The situation is more involved for greater number of flavors and larger gauge groups.
As the next simplest case we consider the chiral rings of the dual pair of theories: the

electric theory U(2)s and the magnetic theory U(1)s + M7 + vy +v_.

First we look at the magnetic side. The generators of the chiral ring include eleven
operators: mesons Mf = Q;Q7 and vy. Other candidates for generators are monopole
operators. The monopole operators Vi having GNO charges (+1) are dismissed right away
because they are (-exact due to the presence of the superpotential v, V_ 4+ v_V,. There
remain monopole operators with higher values of GNO charge. However, they are also Q-
exact because they are just powers of V.. Namely, Vo = V" and V,,.o = V_". This can
be seen from the fact that all global charges agree and contribution of these operators to the
index cancels. This does not consitute a proof. Nevertheless, it appears to be very natural.
Thus we assume that the eleven chiral operators are all generators of the chiral ring. We
provide an additional argument in favor of this conclusion later.

On the electric side of duality there are chiral operators: Mf and vy where the last
two are now monopole operators. We should address the question of whether some of the
monopole operators are in fact not generated by Mlj and vy. For example, are there any
monopole operators whose quantum numbers are such that no monomial in the generators

M and vy can reproduce them? Naively, such a monopole operator does exist. In fact,
there are many of them and they all are generated in terms of quantum numbers by the
operator corresponding to the bare monopole state |1,1) which has GNO charge (1,1). To

understand the origin of this phenomenon one should recall the framework in which the
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monopole operators are treated. We will discuss the general case U(N,)y, and use the
duality conjecture to recover some information about monopole operators in the next few
paragraphs and then return to the special case U(2)3 to illustrtate the general conclusions

that we make.

4.4.2 General Discussion

The definition of monopole operators as a certain class of disordered operators is only con-
structive in weakly interacting theories. When the theory of interest is not weakly coupled
yet supersymmetric one can proceed in two steps to make use of these operators. First, the
theory is put on S? x R, that is, radially quantized. Second, a supersymmetic deformation
to a weak coupling is performed. In the first step monopole operators become states in the
radially quantized picture as all local operators do. In the second step the supersymmetry
guarantees that some information about the original theory is preserved in the deformed
theory which describes dynamics of free fields quanta in the classical monopole backgrounds
parametrized by GNO charges. The Fock vacua in every GNO sector of this theory are the
bare monopoles. The index formula (4.2) computes the index (4.1) of this free theory which
by the supersymmetry of the deformation is the index of the original radially quantized the-
ory. This is an example of the preserved information. Another example is the spectrum of
chiral scalars which are bottom components of different current multiplets [1, 2].
Unfortunately, the chiral ring as a vector space is not part of the structure of the original
theory preserved by the deformation. We show it in the next subsection. Two things can
happen. First, a state corresponding to a nontrivial element of the chiral ring of the original
theory may become @)-exact when the deformation is switched on if there are states with
appropriate quantum numbers to pair up with it. Then the energy of this long multiplet
may be changed in the deformed theory so that no traces of the original state are seen in
the deformed theory. Even if the energy is not changed, we do not pay attention to long
multiplets in the deformed theory because they will remain long when the deformation is
switched on and what happens to them is anyone’s guess. The U(2)y theory provides an
example: in the deformed electric theory there is no state corresponding to chiral operator

vyv_ M. There is a manifestation of this in the index: there is no contribution with the
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quantum numbers of v, v_ Mlj (see tables 4.3 and 4.4). In the magnetic theory this happens
because the contribution of UJFU_MZ-]~ is canceled by the contribution of the BPS spinor \DTg ,
the conjugate of the superpartner of MZ‘7 . Second, there may appear accidental ()-cohomology
classes in the deformed theory by essentially the opposite process. In fact, as explained below,
these two processes become more likely with the increase of the energy of states and rank of
the gauge group.

Yet, some low-energy states are, in fact, protected. These are states corresponding to
operators M j? and vy that are naturally expected to be the complete set of generators of the
chiral ring. Of course, the presence of meson operators in the chiral ring of the electric theory
is obvious, and, due to the duality, the presence of monopole operators vy is guaranteed.
From the point of view of the electric theory their presence is ensured as they are the lowest
energy states in the sector with topological charge one and they cannot pair up with fermions
of higher energy. More precisely, for a BPS scalar to become a part of a longer multiplet
there must be a fermion available with appropriate quantum numbers. In particular, by
unitarity, its energy must be less than that of the scalar.

There remains a possibility that some other monopole operators can complete the set of
generators of the chiral ring. Below we argue that the assumption that this does not happen

is consistent with the information preserved along the deformation.

4.4.3 Scalar BPS States in the Deformed Theory

The Hilbert space of the deformed theory is the direct sum of Fock spaces whose vacua are
bare monopole states with different GNO charges. All these vacua are BPS scalars. Other
BPS scalar states are obtained by acting on the bare monopoles with the creation operators
corresponding to the fields of the theory. It is not a problem to obtain scalar states in this
way but the BPS condition is quite restrictive. Consider a bare monopole state |nq,...,ny, )
with GNO charges (ny,...,ny,). A matter field creation operator ¢; with gauge index i

interacts with n; units of magnetic charge. As a result [7, 6], it obtaines “anomalous” spin

[ni|—1
2

with minimal value jj = ‘n—2| if ¢ was a scalar field and jg =

if it was a spinor. The
energy of this mode is also changed compared to the case when the mode does not interact

with magnetic flux. We list the different modes and their energies when they are coupled to
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n units of magnetix flux in table 4.6 below.

fields | U(1) g Spin Energy
QU e | o=l |i+Hr=rty
Qf | B | Go=8 |j+Hr=r+j
vo | B | do=E |5t =rt
Vo | B | do=TE |5 =r4
vh | -5 | =0 |
vh | -5 | de=EE |t
a® 0 |jo=2+1| j=r+j
a® 0 Jjo=2w1| jr1>r+j
A -1 jo = it j>r4j
Al 1 jo=1E | jrl=r4j

Table 4.6: Quantum numbers of fields and supercharges.

Here U(1)gr+* is the IR superconformal R-symmetry and r is its charge. The last four
modes come from the vector mutiplet. A scalar state is BPS iff its quantum numbers satisfy
the relation £ = r. This requirement can be met only if the modes that excite the bare
monopole are modes of scalar fields Q; or Q7 that do not interact with magnetic flux or
modes of gluino /\;rj that interact with one unit of the magnetic flux |n; — n;| = 1. Here ¢
and j are gauge indices. In the first case this means that among GNO charges (nq, ..., ny,)
at least one must be zero n; = 0. In the second case the difference of at least two GNO
charges must be one. Moreover, one must use at least two gaugino modes to guarantee gauge
invariance. For example, the gauge invariant state built on [2,1) is Al,AL[2,1).

So, a scalar BPS state in the deformed theory is either a bare monopole with arbitrary
GNO charges or a bare monopole excited with free squark modes and/or gluino modes
interacting with one unit of magnetic flux. All gauge indices of the squark and gluino modes
must be contracted in a gauge-invariant way. Here gauge invariance is with respect to the
unbroken by the fluxes subgroup U(N;) X --- x U(Ny) C U(N,). Note that the number of

squark modes Q must be equal the number of squark modes Q for the state to be gauge
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invariant.
Now we can look for counterparts of the chiral ring operators in the deformed the-
ory. For a monomial in the monopole operators vy, comparison of quantum numbers gives

vtu™ — |n, —m, 0, ...,0) where the ket-vector is the bare monopole state with GNO charges
Ne—2
(n,—m,0,...,0). Multiplying this operator by a meson field Mf naturally corresponds to
. Ne—2
QiQ7|n,—m,0,...,0) where the gauge indices of scalar modes of squarks run over N, — 2

N.—2
values corresponding to the unbroken gauge group U(N, — 2) C U(N,) and are contracted

properly to form a gauge singlet. There must be no gauge indices corresponding to the
commutant of the U(N.—2) in U(N,) because such modes interact with the monopole back-
ground and as a result their energy is increased [7], [6] which makes it impossible to build
BPS scalars with them. Multiplying by more powers of mesons corresponds to putting more
squarks modes on the bare monopole. If N. < 2, then there is no state in the deformed
theory corresponding to the operator vivTMij .

The next question is whether there is a scalar BPS monopole operator with such quantum
numbers that it cannot be generated by mesons M: JJ and monopole operators vy, which then
is a new generator of the chiral ring. As usual, the direct analysis of the original theory which
is strongly coupled is out of reach, so one can try looking at the deformed dual theories.

If in the deformed electric theory there is a BPS state with quantum numbers which
cannot be reproduced by a monomial in M. j’ and v, then, by the above argument, this state
must be a bare monopole excited with free squark modes and/or gluino modes. The free
squark modes correspond to (a product of) meson operators, so we can strip the state of
them. This new state corresponds to a BPS monopole operator which is still not generated
by the mesons and monopole operators v4. Now we make use of the conjectured duality.
In the dual magnetic theory this operator correspond to a (dressed) monopole state. If
it contains free squark modes, we repeat the procedure again to obtain a monopole state
which is either bare or excited with only gluino modes. Then we again look at the electric
side, and so on. This process reduces energy, so it must stop at some step. It stops only
if a monopole operator not generated from the mesons and vy corresponds to states in the

deformed theories which are both either bare monopoles or bare monopoles excited with
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gluino modes. However, bare monopoles or bare monopoles excited with only gluino modes
on the different sides of the duality can never have the same U(1)4 charge. Indeed, the

U(1) 4 charges of such monopoles on the electric side A = —Nj S |n,| are always negative

N—f—N.—
Jj=1

while the charges of monopoles on the magnetic side A = Ny > "|n;| are always
positive. Thus, they never match. So the assumption that mesons and minimal monopole
operators vy exhaust the generators of the chiral ring is consistent with the information
preserved by the deformation. Moreover, the chiral ring is freely generated by them as long
the IR superconformal R-current is not accidental. On the magnetic side this is obvious in
view of the absence of a superpotential monomial depending on vy and MZ simultaneously.
On the electric side this can be proved not using the duality conjecture: matching quantum
numbers of any relation between them lead to negative energies of either the mesons or vy.*

The conclusion is that in all Aharony-type theories with arbitrary N; and N.° the de-
formation does not preserve the chiral ring as a vector space. Indeed, if the chiral ring is
generated not by only mesons and minimal monopole operators v+ then by the above reason-
ing there cannot be one-to-one correspondance between BPS scalar states in the deformed
theories and chiral operators in the original one. If, on the other hand, the entire chiral ring
is generated by mesons and v, then it is not preserved by the deformations either, because
there are many BPS monopoles in the deformed theories (for N, > 2) whose quantum num-

bers forbid them to correspond to monomials in mesons and v.. Thus the spectra of scalar

BPS states in the original and deformed theories are not the same.

4.4.4 TIllustration of the General Conclusions

Returning to the state |1,1) in the U(2); theory, the most natural explanation of its ap-
pearence in view of the duality is that it is accidental in the deformed theory. When the
interactions are switched on it gets paired up with a fermion and is not present in the
original theory as a nontrivial element of the chiral ring. In other words, it is zero in the
chiral ring. Indeed, its contribution to the index is 23y~ while there are fermionic monopole

operators with GNO charge (2,0) which contribute —18z3y~ to the index. Among these

4See appendix B.
°As long as Ny is big enough compared to N, for an accidental R-charge not to appear.
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fermionic operators there are those with quantum numbers necessary for |1,1) to become
their superdescendant once the interactions are turned back on.

This example illustrates a general fact about monopole operators in the N' = 2 SQCD
theories. Assumption of the completeness of the chiral ring freely generated by meson oper-
ators M together with minimal monopole operators vy leads to the conclusion that all bare
monopole states in the deformed theory with GNO charges different from (n, —m,0,...,0)
are accidental BPS states. We provide evidence in favor of this statement in appendix C.

As an additional example we consider the bare monopole state |1,1,0) in U(3)4 theory
from example (iv). Its contribution to the index is 2%y~*27® where the power of z indi-
cates the U(1)4 charge. In the same topological sector monopole states with GNO charge
(2,0,0) contribute z*y=*278 — 3228y ~*27% + O(2'?). The 32 fermionic states have the form
¥'Q;]2,0,0) and @Z;Q5|2, 0,0) where (i, j) are indices of flavor group SU(4), (4, j) are indices

e~

of flavor group SU(4) and gauge indices corresponding to the unbroken U(2) are contracted
properly and not shown. In terms of the representation of the flavor group SU(4) x 5(7(2)
the 32 fermions are (4,1) x (4,1)+(1,4) x (1,4). There are two flavor singlets among them,
one of which can pair up with the bare monopole |1,1,0).

Another conclusion is that not all elements of the chiral ring are present in the deformed
theory. For instance, in the example (i) there is no state in the deformed theory corresponding
to operator U+U_M]~i. This is possible because this state does not make a distinguished

3/2

contribution to the index. Indeed, the term 20z°/* originates from states with U(1)4 charge

6 instead of —2 which would be if contribution of the operator v v_ M. ; was not canceled by
a potential fermionic superpartner.%

Finally, an important conclusion is that GNO charges do not parametrize sectors in the
Hilbert space as charges of global symmetries do. They are just labels of operators or states in
the radially quantized picture. This follows from the fact that the A" =2 U(N) SQCD with
N flavors of quarks and Ny flavors of antiquarks contain bare monopole operators that must

be superdescendants of fermions that have different GNO charges,” because these fermions

have lower conformal dimension and the bare monopoles are the lowest conformal dimension

6This is seen when the additional parameter z corresponding to the U(1) 4 symmetry introduced into the
index.
7 Assuming validity of Aharony duality which is now well tested.
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operators with given GNO charges. The same conclusion can be reached if one notes that
all monopole operators on the B-side are superdescendants, so the monopole operators of
the electric theory which are nontrivial elements of the chiral ring do not correspond to any
monopole operators of the magnetic theory. Rather, they correspond to operators which are

generated by elementary fields.

4.5 Aharony Duality for Symplectic Groups

The duality for symplectic groups is quite similar to the case of unitary groups. The electric
theory is a USp(2N,) N = 2 gauge theory with 2N, chiral multiplets in the fundamental
representation. The composite chiral gauge invariant fields include the meson M;; = Q;Q);

and the monopole field Y. Their quantum numbers are displayed in table 4.7.

Fields | U(1)g U(l)a4 | SU(2Ny)

Q 1/2 1 2N

M 1 2 N¢(2Ng — 1)
Y 2Ny —N,) | —2N; | 1

Table 4.7: Global charges of fields of the electric theory.

The dual theory is an USp(2(Ny—N.—1)) N' = 2 gauge theory with 2N chiral multiplets
¢; in the fundamental representation together with singlet chiral fields M;; and Y which
correspond to the composite chiral fields on the electric theory. There is a superpotential
W = M;;q:q; +YY where Y is the monopole field in the magnetic theory. The global charges
of all fields are written in table 4.8

Fields | U(1)g U(1)a | SU(2Ny)

q 1/2 1 2N

M 1 2 N¢(2N; — 1)
Y 2(N; — N,) —2N; |1

Y —2(N; —N.—1) | 2N; |1
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Table 4.8: Global charges of fields of the magnetic theory.

Unlike the previously discussed theories with unitary gauge groups, the gauge groups
in the present case are simple which means there is no topological current. The monopole
operator Y does not carry any quantum numbers in addition to the perturbative ones.®
The GNO charges are merely labels distinguishing different operators. When comparing
the indices of dual theories we must sum over GNO charges. The GNO charges of Y are

(1,0, ...,0) and those of Y are (1, 0,...,0 ). We compared the indices for the following three
~—— S~——

Ne—1 Ny—N.—2
dual pairs of theories and found complete agreement in the lower orders in x. Similarly to

the case of unitary gauge groups the subscript of the gauge group stands for Ny.

(i) Electric theory: USp(2)s, magnetic theory: USp(2)s + M + Y. The index is

T =1+ 152y — 362 + 1052%y? 4+ 22y~ + 212y ! — 3842y + 4902y 4+ 23y + - -+ |
(4.6)

2A—1

where y = x . The contributions from different GNO sectors are summarized in

tables 4.14 and 4.15 in appendix A.
(i) Electric theory is USp(4)s, magnetic theory is USp(4); + M + Y.

The index is

T =1+ 45zy — 1002% + 2y~° + 10352%y? + 4522y~ + 22y~ 10 + 5523y~ —

440023y + 160052y — 9923y~ + 82523y + 4523y~ + 2%y 0 ... (4.7)

The contribution from different GNO sectors are written down in Tables 4.15 and 4.16

in appendix A.

Arguments analogous to those for unitary gauge groups make plausible the assumption

that the chiral rings of symplectic theories of Aharony types are freely generated by meson

8By perturbative quantum numbers we mean Noether charges associated with symmetries of the UV
Lagrangian.
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operators M and operators Y which are monopole operators of minimal GNO charges for
electric theories and fundamental fields for magnetic theories. Analogously to the case of
unitary gauge groups all bare monopoles with GNO charges different from (n,0,...,0) are
accidental BPS states in the deformed theory. The states |n,0,...,0) correspond to the chiral
operator Y.

For instance, in the second example (ii) some bare monopole states on the electrical side
are not generated by only Y and the mesons. There is |1,1) among the states, whose energy
makes it impossible for it to correspond to any monomial in Y and Ms. Therefore, one
expects that it gets paired up with a fermion on the way from the weak coupling to the
original theory and is not present as a nontrivial element of the chiral ring in the original

theory. Indeed, there is an indication of that in the index. The contribution of |1,1) is

10 —10

x4y71% is canceled by the contribution —1002%y~1? of fermionic excited monopole with GNO
charge (2,0). In other words, the index suggests that it pairs up with a fermion with GNO
charge (2,0) and appropriate U(1)4 charge.

In the example (i) all bare monopole operators of the electric theory are nontrivial ele-
ments of the chiral ring and generated by the minimal bare monopole operator Y: if T}~ is

the bare monopole operator with GNO charge n > 0, then T}, = Y".°

4.6 Appendix A. Contribution to Indices from Differ-
ent GNO Sectors

GNO charges | Index contribution

(0,0) 1+ 92y — 1822 + 4522y? + 923y ~! — 14423y + 164233
(1,-1) zy

(2,-2) x?y ™"

(3,-3) xdy~?

(1,0) 22312 93/ =1/2 1 75/2y=3/2 4 365/2¢1/2
(2,-1) 232y =9/2

9The Weyl group of USp(2) = SU(2) identifies GNO charges n and —n, and we choose representatives
n > 0.
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(3,-2) 2512y ~15/2

(1,1 3y =3

(2,0) 2y =3 + 922y~2 — 1823y =3 + 3623y~ !
(3,-1) x?y O

(4,-2) 23y ~?

(3,0) 232912 4 0521/
(4, ~1) 2512y ~15/2

(4,0) 22y~0 + 923y °
(5,—1) z’y~?

(5,0) 5/2y 15/

(6,0) x’y~®

Table 4.9: Contribution to the index from different GNO

sectors in U(2)3 theory.

GNO charge

Top. charge | Index contribution

0

0

1+ 2y + 9zy + 22y~ — 2022 + 452%y* + 23y —
203y 3 + 2723y~ — 16223y~ + 16623y3

$1/2y*3/2 + x3/2y*9/2 + 9$3/2y*1/2 _ :E3/2y3/2+
$5/2y—15/2 _ 19335/234_3/2 + 451.5/2y1/2 _ 9x5/2y5/2

2y + 22y 0 4 922y 2 — 2% + 23y — 1923y 3+
4523y~ — 93y

@B/2q9/2 4 g5/2915/2 4 9/2=T/2 _ 15/2y-3/2

ny—ﬁ +—$3y_9'+'9$3y_5'—'$3y_3

5/2,,—15/2

Ty

xSy—Q

22 + 23y — 923y~ + 923y — 2P
25123/

$3y—3

O |IN = OO Ot W

22+ 23y — 923y~ + 923y — 298
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1 G322 g2y 32 g5/ 12 | 9g5/2,502
2 22+ 23y — 923y~ + 923y — 2P
3 2512y
A 2y
-2 2 x93

Table 4.10: Contribution to the index from different
GNO sectors in U(1)3+M +wv4 theory. GNO charge coin-
cides with the topological charge for the bare monopole,
but different for excited states due to the fact that fields

vy carry topological charge.

GNO charges | Index contribution

(0,0) 1+ 162y — 3222 + 1362%y* + 1623y~ — 48023y + 800233
(1,-1) T

(2,-2) T

(1,0) ry 2 + 1622y~ — 3123y—2 + 10023

(2,-1) x’y~°

(2,0) 2y~ + 1623y~

(3,0) x’y~

Table 4.11: Contribution to the index from different
GNO sectors in U(2)4 theory.

GNO charge | Top. charge | Index contribution

(0,0) 0 1+ 16xy + 22y~* — 342? + 1362%y> + 2ty 2+
1623y~ + —51223y + 816233 + 1623y°
1 2y~ ? — xy? + 1622y~ — 16223 + 23y 5—

33z3y~2 + 13623 + 3223y? — 13623y*

2 22y~ — 2% + 1623y=3 — 1623y
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3 2iy12 g3y
(1,-1) 0 22yt — 16233 + 1623y°
1 2% — 23y
(1,0) 0 2? — 2%yt + 1623y — 1623y°
1 Py — ahy?
(0,—1) 0 2?2 — 22yt + 1623y — 16239°
1 xy? + 162%y% — 3623 + 23y 2 — 332%y*+
13623y* + 23yS
2 2% — 2%yt + 1623y — 1623y°
3 2y — gy
(0,-2) 1 3y? — 3"
2 22yt + 1623y°
3 2% — 23y
(0,-3) 3 x3y°
(1,-2) 1 x3y°

Table 4.12: Contribution to the index from different

GNO sectors in U(2)4 + M + vy theory.

GNO charges

Index contribution

(0,0,0)
-1

1+ 162y + 1362%y? + 81623y> — 322* 4 3875x%y*

$4y_4

2%y~ + 1623y~ + 1362*

(1,
(100)
(2,0,0)

$4y_4

Table 4.13: Contribution to the index from different
GNO sectors in U(3)4 theory.

GNO charge | Top. charge | Index contribution
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0 1+ 162y + 1362%y* + 8162%y> — 34+
xhy= + 387724y

1 22y~ — 2%y? + 1623y~ — 16233+
1362* — 1362%y*

—gt 4 gty

2t — iyt

2t — iyl

22y? + 1623y° + 13621y*

N = OO N

xt — x4y4 + 16:173y — 16x3y5

2 $4y4

Table 4.14: Contribution to the index from different

GNO sectors in U(1)s + M + vy theory.

GNO charge

Index contribution

0

1 + 15zy — 3622 + 10522y? + 2123y~ — 384x3y + 490231°

1

xy 3

2

ny—G

x3y_9

Table 4.15: Contribution to the index from different
GNO sectors in USp(2)s theory.

GNO charge

Index contribution

0

1+ 2y=3 + 152y — xy® + 22y~ % — 3722 + 1202%y? — 152%y*+
23y~ — 23y ™3 + 3623y~ — 504y + 7152393 — 12023y°

xy® + 2?2 — 1522y + 152%y* — 22y + 23y =3 — 1523y~ 1+
12023y — 22623y + 13523y° — 1523y7

x2y6+—x3y3——15$3y54—15x3y7——$3y9
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x3y9

Table 4.16: Contribution to the index from different

GNO

sectors in USp(2)3 + 156M + Y theory.

GNO charge | Index contribution

(0,0) 1 + 452y — 10022 + 103522y? + 5523y~ 1—
4400z%y 4+ 1600523y>

(1,0) 2y =% + 4522y~ — 9923y ~° + 825x3y 3

(2,0) 22y10 + 4523y ~°

(3,0) 3y ~10

Table 4.17: Contribution to the index from different

GNO

sectors in USp(4)s theory.

GNO charge | Index contribution

(0,0) 1oy + 452y — xy® — 10122 + 2%y~ 19 + 4522y 4+
103522y? — 452%y5 + 23(y =10 + 45y~ — 100y 5+
825y 3 + 55y~ — 4445y + 16215y + 99y° — 1035y")

(1,0) zyd + 221 4 45y° — y'9) + 23 (y 5 + 45y — 2103 —
100y° + 1035y7 — 45y11)

(2,0) 22510 + 23 (4 + 45y — 1)

(3,0) 2315

Table 4.18: Contribution to the index from different

GNO sectors in USp(4); + 45M + Y theory.
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4.7 Appendix B. Relations Between Generators of the
Chiral Ring

The fact that chiral operators MZJ and vy are free generators of the chiral ring is obvious in
the magnetic theory since there is no superpotential including both mesons and operators
v+. In this appendix we prove this fact from the electric theory point of view not using
duality.

If there is a relation between generators MZJ and vy of the chiral ring, then there exist
a monomial in these fields with zero topological, U(1)4 charges and conformal dimension.
This monomial has the expression (v_vy)*M™ = 1 where n and m are integral numbers, not
necessarily positive. The condition of zero U(1) charge is —2Nn + 2m = 0. The equality to
zero of the conformal dimension is equivalent to the condition of zero R-charge, which due to
the condition on the U(1)4-charge is just equality to zero of the UV R-charge N, = Ny + 1.
This gives the conformal dimension of operators vy: A(vy) = —%A(M ). Thus either the
mesons or the minimal monopole operators vy have negative conformal dimension which

violates unitarity. We conclude that there is no realtion between these operators.

4.8 Appendix C. Consistency of the Chiral Ring

The purpose of this appendix is to show that for every bare monopole state in the deformed
theory with GNO charges different from (n, —m, 0, ...,0) there exists a possibility to become
a part of a long supermultiplet and, correspondingly, become a ()-exact operator in the
original theory.

It was motivated in the main text that the only nonaccidental BPS bare monopole states
in the deformed theory are those with GNO charges (n, —m, 0, ..., 0) with nonnegative integral
n and m. A bare monopole with any other GNO charges must correspond to a ()-exact
operator in the original theory. There are two scenarios how this can happen. The simplest
one is that in the deformed theory for each bare monopole with GNO charges different from
(n,—m,0,...,0) there is a fermionic spinor state with quantum numbers appropriate for a

Q-ascendant of the bare monopole. This cannot happen for bare monopoles |n, —m, 0, ...,0)



93

because this is the lowest energy state in the sector with topological U(1)r charge t = n—m
and U(1)4 charge A = —Ny(|n| + |m|). In the second scenario there is not an appropriate
fermionic superpartner for each bare monopole. But two conditions must be satisfied in
order for the bare monopole to become ()-exact in the original theory. First, it cannot give a
distinguished contribution to the index which unambiguously could be deciphered as that of
a scalar BPS state. Second, there must be a mechanism explaining pairings of bare monopole
states when the interactions are switched on. Below it is shown that the first scenario is not
realized, but both conditions for the realization of the second scenario are met at least for
several low values of IV, and Ny.

Consider some bare monopole state with GNO charges (ni,ng,...,ny,). The potential
superpatner must be a state of the form W¥|n, —m,0,...,0) where ¥ is some monomial in the
matter and gauge modes with spin one half. Moreover, ¥ is the SU(Ny) X Sg(\]—\zc) flavor
singlet because all bare monopoles are flavor singlets. To get an idea how to build such
a state in general, let us consider an example from the theory U(3), in addition to those
already discussed in the main text.

Bare monopole [2,1,0). Its topological charge is t = 3, U(1)4-charge is A = —12 and
the UV R-charge is h = 2. The potential superpartner must be of the form ¥|3,0,0), or
U'14,—1,0) or ¥”|5,—2,0), etc. The monomial ¥ in the matter modes must be a singlet
with respect to the flavor symmetry group SU(4) x 5% because all bare monopoles are, so
it is natural to look for an elementary monomial which is a singlet. These are w = ¢*Q); and
w= 1/1;@5. They have energy 3/2 and spin 1/2 as long as we take the lowest spin components
of the matter scalars and the fermions. Moreover, these modes must not interact with nonzero
magnetic charges. An obvious candidate for the fermionic state is wy1/2|3,0,0) where the
bare monopole [3,0,0) is chosen to have the same U(1)4-charge and the UV R-charge as
the state [1,1,1).

An important restriction on building a fermionic @-ascendant of a bare monopole is that
it must be a BPS state with J; = +1/2. Indeed, the energy of this state is lower by one half,
the R-charge is lower by one and J3 is higher by one-half. Thus £ —r — J3 = Fy —rg =0
where Fj and ry are the energy and the R-charge of the bare monopole. As follows from the

table with quantum numbers of the modes of all fields, all modes used to build a BPS spinor
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with J3 = +1/2 must be scalars with the exception only one which must have J3 = j = 1/2.
Moreover, ¥ must be a flavor singlet. This means that we can use either w./, or w4/, only
once while the other modes must factorize into “Havor baryons” and gauge-invariant scalar
gluinos. Using this it is easy to show that many bare monopoles do not have appropriate
fermionic states. Examples for the theory U(3), are bare monopoles |2,2, —1) and |3,2, —2).

The second scenario implies the two requirements whose satisfaction we show now.

(a) No distinguished contribution to the index.

It was mentioned above that this requirement is not met for bare monopoles |n, —m, 0, ...., 0)
which sets them aside and guarantees their existence as BPS scalars in the original the-

ory (put on 5% x R).

For all other monopoles their contribution to the index, in principle, can be canceled

by certain fermionic modes. For a bare monopole with topological U(1)r charge t and

t—A/N;

U(1)a charge A one available fermionic state is wyyz|n, —m,0,...,0) where n = —5~L,

m = —% and the mode wy/s is ¥'Q;(s) where the @Q-mode has spin s determined
from the requirement that the energy difference between the original bare monopole and
In,—m,0,...,0) is equal 2s + 2. Other fermionic states are obtained from different bare
monopoles containing zero GNO charges. We have been unable to show that for each bare
monopole not of the type |n,—m,0,...,0) the contribution to the index is canceled by a
fermionic state in general. With the increase in N, the numbers of unwanted bare monopoles
grow, but the number of compensating fermions grows as well, so it is not implausible that
all contributions can be cancelled. We verified this for a number of low-energy monopoles
for several low values of Ny and N..

One should note that all these modes w and w have even contributions to the value
of E + j3. So, for them to be useful, the energy difference between the bare monopoles
must be even. This is always the case because, having equal U(1)4 charges, their energy
difference is determined by the difference in contributions coming from the vector multiplet
O0E =3 . _,(In; —n;| = |m; —m;|) which is always even for >, n; = > . m; = t. Moreover, for
a given values of U(1)4- and topological U(1)r-charges the bare monopole |n, —m,0,...,0)

has the lowest energy, which makes such states distinct. Both statements are easy to prove
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by going from the initial bare monopole to the |n, —m,0,...,0) using a number of steps at
each of which one of the GNO charges n; is increased by one while another n; is decreased
by one without changing the U(1)4. There is a sequence of such steps when the value

of the expression ) ,_.|n; — n;| is increased by two at each step until the GNO charge

1<j

(n,—m,0,...,0) is reached.!”
(b) The pairing.

The second condition necessary for (Q-exactness of a scalar monopole operator is existence
of a long multiplet near some value t; of the deformation parameter ¢ whose energy changes
along the deformation so that at the point ¢, it breaks into short multiplets providing the
bare BPS monopole with a @)-superpartner. There can be such multiplets in principle. An
example of this is a long multiplet whose lower component is a spinor with energy satisfying
the unitary inequality Fs > rs + js + 1 = r + 3/2. On the first level there is a scalar with
energy F, > r, + 1 and a vector. On the second level there is a spinor. At some point ¢,
along the defrmation it may happen that Fy = ry+3/2. In this situation the scalar from the
first level with energy E, = 1, + 1 and spinor from the second level with energy F = r+1/2
become part of a separate short multiplet. This short multiplet has a zero-norm scalar state
on the second level with energy £ = r. Thus, the initial BPS scalar can take this place as
the parameter of the deformation is varied further.

The same mechanism can also govern the fate of the monopole operators defined in the
asymptotically free UV theory along the RG flow. First, the free UV theory is put on
S? x R. Perturbation by the relevant operator of the theory on R3 that switches on the
gauge interaction corresponds to turning on a time-dependent perturbation in the radially
quantized picture in the far past. The nonunitary evolution leads to the radially quantized
IR fixed point of the theory on R? in the far future. Although this perturbation breaks
time-translation invariance, the supersymmetry is preserved and states on the sphere S? are
combined into supermultiplets. Initially, in the far past, the monopole operators live in short

BPS multiplet, but when the interaction is switched on they can pair up with appropraite

10The energy of a bare monopole |ny, na, ..., ny, ) is given by the expression £ = — Dicy M —mj|+Np(1—
A) Zfi‘l |ni|. The U(1)4 charge is A = —Ny Zfi‘l [n;].
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fermions into long multiplets. This can explain why most of the monopole operators may be
absent in the chiral ring of the IR superconformal fixed point. Checking that the pairings
actually occur is out of reach, but these pairings are possible in principle. The analysis of
potential superpartners performed above for the deformed theory did not depend on any
assumptions about values of anomalous dimensions. Thus, it is applicable to the case of
canonical dimensions of all fields, and because the two analysises are identical, the picture

18 consistent.
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Chapter 5

Enhancement of (Global Symmetries

5.1 Introduction

In this chapter we continue the investigation of hidden symmetries in supersymmetric gauge
theories in three dimensions using the method developed in [19],[1],[16] and described in
the previous chapters. The emphasis is now placed upon global symmetries in the infrared
limit of N' = 4 theories whose currents do not lie in the same N = 4 supermultiplet as the
stress-tensor. The lowest components of the global symmetries multiplets are scalars with
conformal dimension 1 and in the adjoint representation of the corresponding group of global
symmetries.

The N = 4 theories have microscopic SO(4)r ~ SU(2)r x SU(2)x R-symmetry. Because
the R-symmetry group of a superconformal N' = 4 theory to which the microscopic theory
flows in the IR is SO(4), one is tempting to assume the equality between the microscopic
and the superconformal R-groups. This is known to be a wrong assumption in general, as
there may appear accidental symmetries in the infrared whose currents are not conserved
along the full RG flow from the ultraviolet. Luckily, in a large class of models the IR
superconformal R-symmetry group is the microscopic one. Although, given a UV theory, it
is not known how to prove this statement, there is a necessary condition for Ryy = Rir
to hold which is easy to check: if, with respect to any subgroup U(1) C SO(4)%" there
is a chiral operator with nonpositive R-charge, the IR R-symmetry is not the microscopic

one. This condition is a simple consequence of unitarity in the IR.! Moreover, in all known

1See [19] for discussion of this point and some examples.
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cases where the infrared R-symmetry is not the UV R-symmetry, this manifests itself by
appearence of chiral operators with R-charges violating unitarity. Thus it seems reasonable

to assume the condition to be suffucient as well.

5.2 Models

We consider three-dimensional N = 4 supersymmetric gauge theories with a compact group
G. The fields form two A = 4 multiplets: vector multiplet V consisting of a vector N' = 2
V and a chiral N/ = 2 ® multiplets in the adjoint representation of the gauge group G, and
a hypermultiplet H consisting of two chiral A" = 2 multiplets Q and Q in fundamental and
antifundamental representations of G, respectively. Each chiral multiplet contains a complex
scalar and a complex spinor (two Majorana spinors). The vector multiplet has a gauge field,

a real scalar (dimensional reduction from a gauge field in 4d) and a complex spinor.

5.3 A Brief Review of Monopole Operators

Here we recap the basic facts about monopole operators in three dimensional gauge theories
[7].

By definition, a hidden symmetry is generated by a conserved current whose existence
does not follow from any symmetry of an action. The simplest example of such a symmetry
corresponds to a topological conserved current which exists in any three-dimensional gauge

theory whose gauge group contains a U(1) factor:

1
Jt = —e"ATr Fy. (5.1)
2

There may be more complicated hidden symmetries whose conserved currents are monopole
operators, i.e., disorder operators defined by the condition that the gauge field has a Dirac

monopole singularity at the insertion point. More concretely, in a U(N) gauge theory the
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singularity corresponding to a monopole operator must have the form
N,S H
AP (T) = §(i1 — cos 6)do (5.2)

for the north and south charts, correspondingly. In this formula H = diag(ni,ns, ..., ny)
and integers ny > ng > ... > ny are called magnetic charges (or GNO charges [12]). If
we require the monopole operator to preserve some supersymmetry (such operators may be
called BPS operators), matter fields must also be singular, in such a way that BPS equations
are satisfied in the neighborhood of the insertion point.

In special curcimstances it is possible to determine the spectrum of chiral monopole
operators with low values of conformal dimension. Namely, if we have a superconformal
theory we can implement the radial quantization to obtain a supersymmetric theory on R x S?
whose states are in one-to-one correspondence with local operators of the original theory on
R3. The quantum numbers match on both sides of the correspondence with energies of the
states being equal to conformal dimensions of the corresponding operators. For N/ = 4 gauge
theories with vanishing anomalous dimensions of operators, it is possible to continuously
deform the theory on the sphere in a controlled supersymmetric way to a free theory of fields
in a fixed spherically symmetric background determined by the Dirac monopole singularity at
the insertion point [16]. It is then possible to find the spectrum of chiral monopole operators
with lowest values of conformal dimensions [1]. In the absence of Chern-Simons couplings
the lowest energy states in the radial quantization are bare monopoles, that is, “vacuum”

states in sectors determined by magnetic charges which are not excited with fields modes.

5.4 Review of the Method

In their paper [10] Intriligator and Seiberg suggested a dual description of the infrared limit
of a class of three-dimensional N = 4 quiver gauge theories. A particular prediction of
this correspondence was presence of hidden global symmetries in the quiver theories. It was
realized long ago that conserved currents that span the cartan subalgebra are simply the

topological currents of each of the U(1) factors of the compact gauge group (see [7]). The
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realization of the rest of the global currents was claimed to be by means of monopole operators
[7]. This claim was verified in paper [19] whose authors showed that all the neccesary currents
are monopole operators by finding all chiral scalars of conformal dimension 1 and making
sure that their topological charges are exactly the ones appropriate for the roots of the
global symmetry groups. This means that the conserved currents produced from them taken
together with the topological currents form the required Lie algebra.

Moreover, authors of [19] showed that any quiver whose nodes are (1) unitary groups,
(2) balanced nodes is necessary one of the ADFE quivers. A node corresponding to gauge
group U(n.) and n; fundamental hypermultiplets? is called balanced if n; = 2n.. They also
conjectured that a quiver, each node of which is good (ny > 2n.), is good in whole, that is,
all chiral monopole operators have £ > 1 and the corresponding theory flows to the standard
IR limit (the R-symmetry is the microscopic one) with monopole symmetries being products
of ADFE groups and U(1).

In this chapter we provide examples of such quiver theories and find their monopole
symmetries.

In order to establish notations and illustrate the procedure we review the cases of Dy
and Ds quivers that will also serve as starting points for deformed quivers with new global

symmeties considered later in the paper.

5.4.1 D, and D; Quivers

Let us start with the smallest quiver of D-type corresponding to the extended Dynkin dia-
gram Dy. This diagram represents the Lie algebra so(8). It translates to a quantum field
theory as follows.

The central node with index 2 denotes the gauge group U(2), the other four nodes are
U(1) gauge groups and the edges are bifundamental hypermultiplets. Because there are no
fundamental hypers there is a decoupled U(1) gauge subgroup which is manifested in the

invariance of the energy of bare chiral monopoles [19],[1],[16]

2Here U(n.) is treated in isolation from the other nodes in the sense that all bifundamentals and funda-
mentals themselves are included in ny. For example, a bifundamental hyper of U(n.) x U(N) is considered
as ny = IN fundamental hypers.
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Figure 5.1: D4 quiver. Letters stand for magnetic fluxes.

1
E = —’tl—t2|+5(‘t1—b|+|t2—b’+’t1—€’+’t2—0’+

[ty —d| + |t — d| + |t1 — a| + [tz — a]) (5.3)

under shifts by equal fluxes {t1,t2;b,¢,d,a} — {t; + m,to + m;b+m,c+m,d+m,a+m}.
To deal with this redundacy we fix “the gauge” by setting a = 0. It is important that no
nonzero flux distributions give nonpositive energy (after gauge fixing only the zero fluxes
give zero energy). This means that the microscopic R-symmetry can be the R-symmetry
that enters the superconformal algebra in the infrared. Note that energy positivity for bare
monopoles is nontrivial in this case because the vector multiplet gives negative contribution.

A calculation gives 24 bare monopole scalars with energy 1 corresponding to different
magnetic (and topological!) charges (see appendix A). In the basis (hy, he, hs, hy) where
{t1+t3 = hg—hy,b = hs+hy,c = hg3—hg,d = hy — hs} it is obvious that the scalars together
with 4 nontopological chiral scalars tr¢ (they are superpartners of four topological currents
and are lowest components from the chiral multiplets ¢r®) are in adjoint representation of
so(8). This leads to 28 conserved currents forming the Lie algebra so(8).

A similar analysis can be performed for the quiver diagram Ds. It is shown in appendix
A that this leads to a global symmetry group SO(10) with its currents being monopole
operators.

Note that we did not prove the absence of nonzero fluxes leading to nonpositive energies.
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The necessary condition ny > 2n, — 1 for each node is obviously satisfied. Moreover the
stronger condition n; = 2n. holds. The condition ny > 2n, — 1 is necessary because if it is
not satisfied one gets a bare monopole with nonpositive energy which is magnetically charged
under the corresponding gauge subgroup and magnetically neutral under all the rest factors
in the full gauge group. Authors of [19] showed that D, models have no bare monopoles

with nonpositive energy.

5.4.2 Fgrg-type Quivers

The gauge group and the field content can be read off from figures B1, B2, and B3 in
appendix B.

When we run the procedure from the previous subsection for Eg we find lowest energy
states being 72 bare monopole scalars of energy E = 1 with magnetic charges just right to
form an adjoint representation after completing them with 6 nonmagnetical chiral scalars:
traces tr¢ of the chiral scalars which are the lowest components of the A/ = 2 chiral multiplets
®. Acting twice with supercharges on the 72 scalars we get conserved currents which corre-
spond to roots of the global group Eg. The six independent topological charges correspond
to the cartan operators.

For the E; quiver theory we find 126 bare monopoles with energy £ = 1 and appropriate
topological charges® leading to the existence of E; group of symmetries realized by monopole
operators.

The situation for the Eg quiver theory is similar: 240 bare monopoles with energy £ = 1

give rise to the Eg symmetry of the theory.

5.5 Engineering Nonlinear Quivers

It turns out to be difficult if possible at all to construct quiver theories with hidden non-
ADE-type groups of global symmetries realized by monopole operators. More precisely, it is

possible to build Sp(N) with the symmetry currents lying in a free sector of the IR theory.

3For all theories considered in this section to each set of topological charges there corresponds a unique
set of magnetic charges.
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Examples of such theories of linear-quiver type were given in [19]. In the next section we
provide some examples of nonlinear-quiver theories with free symplectic symmetry group.
However, it is very easy to build a large class of theories whose symmetry groups contain
nonfree factors of A-D-E type.

Indeed, given an A-D-E-type theory consider connecting arbitrary theory to some nodes
of the original quiver. This means that we take two theories A and B that contain gauge
subgroups G 4 and G, correspondingly, as factors and add a hypermultiplet in a (nontrivial)
representation of G4 X Gg. If the two original theories had monopole symmetries S, and
Sp, then the engineered theory will have at least a subgroup of Sy, x Sp corresponding to
zero fluxes for G4 x Gp. Note that the engineered theory A x B is always good if A and B
are good theories separately. This is because the expression for the energy of bare monopoles
in the engineered theory is a sum of those in the original theories and a positive contribution
from the new hypermultiplet. Similarly, ugly theories produce an ugly or a good theory.
Ugly means that the minimal nonzero energy of chiral operators is 1/2, that is, they are free.

Let us consider several examples illustrating this construction taking the D,, quiver theory

as an original theory.

Ezxzample 1.

Consider the D4 quiver as an G4 theory and an U(1) theory with two fundamental
hypermultiplets as an G'p theory and modify them to the Dy x U(1) gauge theory as in figure
5.2. This new theory has SU(4) x SU(2) x U(1) as its symmetry group in the monopole
sector. The first factor is inhereted from the original D, theory (it was possible for the new
U(1) factor to have such magnetic flux so that not to excite? any new edge compared with the
fluxes distribution producing the SU(4) symmetry subgroup in D, theory) while the SU(2)
corresponds to putting one unit (and minus the unit) of flux for the U(1) gauge factor while
leaving all the rest fluxes zero. The last U(1) factor is just one of the five topological charges
under which none of the bare monopoles carries a charge. The whole symmetry group is

nonfree.?

4An excited edge corresponds to a hypermultiplet that gives a nontrivial contribution to the energy of a
bare monopole.
®Quivers of this type appeared in [49)].
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d a

c b

Figure 5.2: Example 1 quiver.

b

Figure 5.3: Erxample 2 quiver.

Ezxample 2.
We start with a D4 quiver again and add two more U(1) factor and bifundamental
hypermultiplets as in figure 5.3. This gives an SU(4) x SU(3) x U(1) nonfree monopole

symmetry.

Ezxample 3.
This time we take the D5 quiver and add one U(1) factor and bifundamental hypers as
figure 5.4. The resulting monopole symmetry group is nonfree SO(8) x SU(2) x U(1).

Ezxample 4.

Figure 5.4: Example 3 quiver.
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Figure 5.5: Example 4 quiver.

Take the Dj quiver and add two U(1) factors as in Fig.5.5. This time the whole SO(10)
group is preserved and there appears an additional factor SU(2)pree X SU(2)free in the
monopole symmetry group SO(10) x SU(2)free X SU(2)free. This happens because any
original distribution of fluxes can be embedded in the new quiver without changing the net
energy by simply putting fluxes on the new factors so that no new edge is excited, that
is, no new hypermultiplet contributes to the energy. Moreover, now we can put fluxes on
the two new U(1) gauge group factors and set the rest fluxes to zero. This produces the
SU(2) free X SU(2) free free factor. The subscript “free” is used to stress that the currents of
the corresponding group (or, equivalently, £ = 1 scalars) are built from free fields. A natural
guess then is that the infrared limit of this theory is that of X x X x Dj with X being the
theory of a free twisted hypermultiplet. The bare monopoles with £ = 1/2 correspond to
the lowest component scalars in the free twisted hypermultiplets. This also is in accord with

the argument in favor of a similar factorization on page 24 of [19].

5.6 Quiver Theories with Nonunitary Gauge Groups

So far we have considered only theories whose gauge groups are products of unitary groups.
Let us analize nonsimply laced gauge groups SO(5) and Gs.
The formula for energies of bare monopoles is trivially generalized to arbitrary gauge

groups G.
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B(H) =~ S () + 5 S ()] = = S e (i) + 5 S w(H) (5.4

In this formula H is the cartan generator containing magnetic charges, that is /¢ is the im-
age of e’ under an embedding U(1) < G that defines magnetic (GNO) charges; r stands for
roots, r* for positive roots and w for weights of representations of all hypermultiplets. Mag-
netic weights, or cartan generators H, can take any values satifying the Dirac quantization

condition

w(H) € Z for all weights w of all representations present. (5.5)

5.6.1 (G4 Case

(G5 is a rank two simple Lie algebra of dimension 14. The root space is a two dimensional

vector space R?, in which positive simple roots can be taken as

3 V3
a=(1,0), B=(—=,—). (5.6)
27 2
Other positive roots are
rs=a+p08, rs=2a+p8, rs=3a+p, 1re=3a+20. (5.7)

The cartan algebra is a two-dimensional vector space dual to R? which can be identified
with it by means of the standard metric. Let us chose a basis { Hy, Hy} in it dual to {a, 8}

and write an arbitrary cartan as H = ny Hy + noHy where (ny, ny) are a priori real numbers.
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’ (mamamgmy, ninanzng, pi1p2) ‘ ‘ ‘
(-1000,-1000,00) (-2000,0000,00) | (1 -100,0000,00)
(-1000,1000,00) (2000,0000,00)

( (

( (

1000,-1000,00) 0000,-2000,00) | (0000,1 -100,00)
1000,1000,00) 0000,2000,00)

Table 5.1: Fxample 5. Bare monopole states with energy £ = 1.

’ M 1MM3My, NN N3 Ny, P1P2) ‘
-1000,0000,00)

(
(
(1000,0000,00)
(
(

0000,-1000,00)
0000,1000,00)

Table 5.2: Ezample 5. Bare monopole states with energy F = 1/2.

Then the contribution of the vector multiplet to the energy evaluated on such a cartan is

Ey(H) = =(la(H)[ + [B(H)[ + [rs(H)| + [ra(H)| + |rs(H)| + |re(H)]|) =

Comparing this expression with (5.4) and (5.5) we conclude that n; and ny must be
integral. We consider three examples with a fundamental hypermultiplets. Gy has two
fundamental representations with highest weights 2a +  and 3a + 25. We focus on the

former. It has dimension 7 and weights

w; = «Q, w2:206+ﬁ, U)3:Oé+6,

wy = —wy, Ws=—wWy, ws=—ws w7;=>0. (5.9)

Ezample 5

This is a theory with gauge group G x U(4)? corresponding to the quiver with a bifunda-
mental hyper of Gy x U(4) for both U(4) factors.’ The symmetry group is Sp(2) ree X U(1)2.
The corresponding monopole scalars with energy E' = 1 are in the table 5.1.

In addition there are four monopole operators with energy £ = 1/2 (table 5.2).

®Note that ny = 2n, — 1 for both U(n.) factors.
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Figure 5.6: Ezample 5 quiver. All lines stand for representations 7 x 4 of Go x U(4).

On R3 they correspond to free chiral operators. The eight states in the first two columns
of table 5.1 and four states in table 5.2 are naturally reproduced in the theory X? which is
the product of two free twisted hypermultiplets. In fact, by the argument of [19] on page 24
the whole theory is equivalent to a product X x X x H where H is a good theory with gauge
group G x U(3)? and bifundamental hypermultiplets for the two pairs Gy X U(3). The two
topologically neutral states in the third column of table 5.1 correspond to two scalars tr® of
the two gauge U(3). They are the lowest components of the multiplets containing topological
currents for the two U(3) gauge factors. If we add a fundamental hypermultiplet for each
U(4) we obtain the nonfree symmetry group SU(2)non free X SU(2)non free. One can generalize
this example by considering the gauge group G x U(4)" with a bifundamental hypermutiplet
for each pair Go x U(4) for arbitrary natural number N. This gives the monopole symmetry

group Sp(N) free X U(1)N,

Ezample 6

As a gauge group we take Gy x U(4) with a bifundamental hypermultiplet and two
fundamentals of G5 needed to exclude chiral monopole operators with nonpositive energies.
We use gauge groups with U(1) factors to get nonabelian monopole symmetries. Each U(1)
factor provides a conserved topological current whose charge serves as a Cartan generator.

Because magnetic charges are not produced from any conserved currents simple gauge groups
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can only produce abelian monopole symmetries. The global symmetry group” is SU(2) fee X
U(1). The SU(2)yee factor is free in the sense that the currents are build from a doublet
of free fields which are bare monopole operators with energy £ = 1/2. By the conformal
algebra such chiral operators are free fields. These fields carry magnetic charges only with
respect to the U(4) factor. Alternatively, this theory can be described as the infrared limit
of X xH where X is the theory of a free twisted hypermultiplet and H is the original theory
with U(4) gauge group replaced by U(3). Adding a fundamental hyper of U(4) eliminates
the free doublet and reduces the symmetry group to SU(2) which is now nonfree. This
quiver describes a “good theory” in the terminology of [19].

We could also take one fundamental of GG5. This theory has the same symmetry group

as the above.

5.6.2 SO(5) Case

The rank of the group is two and the dimension is 10. The roots are

Q) = (170)7 Qg = (07 1)7 Q3 = (17 1)7 Qyq = (L _1)7

a5 = —Qq, Q= —0y, Qr=—03, Q4= —0y, (5.10)

where ay and a4 are positive simple roots. The basis of cartans {H;, Ho} are chosen to be
dual to {ay,as}. On a cartan H = nyH; + nyH, the contribution of the vector multiplet to

the energy of bare monopoles is
Ey, = —(ln] 4 |n2| + [n1 — na| + |n1 + na), (5.11)

so the magnetic charges n, and ny are at least integer.

"In all cases we mention a (global) symmetry group we refer to the part of the symmetry group generated
by monopole operators.
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The weights of a fundamental representation 5 are

w; = g, W9 = (g, Wy = —Qq, Wy = —Qg, Wy = 0. (512)

Ezample 7
The gauge group is SO(5) x U(3) with one hypermultiplet in the bifundamental rep-
resentation and two hypermultiplets in representation 5 x 1. The symmetry group is

SU(2) free X U(1)3. The two bare monopoles in the adjoint of SU(2) have magnetic charges
(0,0;-2,0,0), (0,0;2,0,0). (5.13)

The three bare monopoles corresponding to the three U(1)? currents are
(—-1,0;1,-1,0), (0,0;1,-1,0), (1,0;1,—1,0). (5.14)

We see that although the three U(1)? currents do not carry topological charge, they are
magnetically charged with respect to both gauge subgroups. This U(1)? symmetry is nonfree.

It is possible to give a discription of this theory in which the free part and the interacting
part of the IR theory are factorized already in the UV Lagrangian [19]. This theory is a
product X x H of the free twisted hypermultiplet X and theory H which is obtained from
the original one by replacing U(3) gauge factors with U(2) factors. In this description one
of the U(1) currents is the topological current of U(2) while the other two are magnetically
charged with respect to SO(5) currents.

Ezxample 8
The gauge group is SO(5) x U(3)" with a bifundamental of SO(5) x U(3) for each U(3).

N

nonfree.s There are bare monopoles with energy

The symmetry group is Sp(N) free X U(1)
E = 1/2 with nozero magnetic charges for only one of the U(3) factors and bare monopoles
with energy F = 1 with nonzero magnetic charges for any two of the U(3) factors. As in

previous examples we can give a description of this theory where the factorization of the free

8For N = 2 there is an additional U(1)? symmetry with currents magnetically charged under SO(5) but
topologically neutral.



Figure 5.8: Ezample 8 quiver. All lines stand for representations 5 x 3 of SU(2) x U(3).

sector is manifest already in the UV. This theory is XV x H where H is obtained from the
original theory by replacing all U(3) gauge factors by U(2) factors.

In this example we meet a certain universality. Because for all £ =1/2 and £ = 1 bare
monopoles SO(5) magnetic charges are zero we can reproduce all the scalars by putting any
other group in the center of the quiver instead of SO(5) as long as it has a five-dimensional
representation and the resulting theory does not have any bare monopoles with nonpositive
energy. For example, we can take SU(2) x U(3)" with hypers in representations 5 x 3 for
each U(3).

If we take all hypermultiplets in representation 6 x 3 of SU(2) x U(3) the monopole
symmetry becomes nonfree SU(2) x SU(2).

Ezxample 9
The gauge group is SO(5) x U(2) but the theory is not of a quiver type because we take a



Figure 5.9: Example 11 quiver.

hypermultiplet in the representation 10®4 and two hypers in the fundamental representation
of U(2). The symmetry group is SU(2)nonfree- Again, the magnetic charges of SO(5) are

zero.g

5.6.3 Unitary Quivers

Example 10

Guided by the principle to take ny > 2n. — 1 for unitary quivers we can build the
quiver theory depicted in figure B4 in appendix B. It turns out to have a nonfree SO(14) x
U(1) monopole symmetry. The U(1) factor is just one of the eight topological charges
(one topological charge corresponds to the decoupled U(1)g,, which gives eight topological

charges) under which no E = 1 bare monopoles are charged.
Example 11

Consider a quiver with gauge group U(2) x U(1)" with bifundamental hypermultiplets
for each subgroup U(2) x U(1) as in figure 5.9. This theory has a nonfree symmetry SU(2)™
except in the case N = 4 which corresponds to quiver D4 and enhanced symmetry SO(8).
The enhancement happens because for this particular value of N the central node can have

nonzero magnetic flux without spoiling condition £ = 1.

910 is the adjoint representation of SO(5) and 4 is the adjoint of U(2).
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’ tbed ‘ tbed ‘ tbed ‘ tbed ‘ tbed ‘ tbed ‘

0001 | 0010 | 1000 | 1001 | 1010 | 1011
0100 | 1100 | 1101 | 1110 | 1111 | 2111

Table 5.3: Positive topological charges of D, theory.

[ hahohshy | hihshsha | hihshshy | hihohsha | hihahsha | hihohshy |
1-100 [ 001-1 | 0L-10 | 0011 10-10 | 010-1
100-1 | 0101 1001 0110 1010 1100

Table 5.4: Positive topological charges of D, in new basis.

5.7 Appendix A

5.7.1 D-type Quivers

For Dj-quiver theory with bare monopole energy

1
E=—t; —t| + é(ytl — bl + [ta = b] + [t1 — |+

]t2—0|+]t1—d\—i—|t2—d|+\t1—a|+|t2—al)

(5.15)

fixing the shift symmetry by setting s = 0 we get 24 F = 1 scalars. They are devided in two

equal parts. One is obtained from the other by flipping signs of magnetic charges. This is

obvious because the expression for the energy is invariant under flipping the signs as well as

our “gauge fixing” condition. The topological charges for one of the parts are given in table

5.3.

For a new basis (hi, he, hs, hy) where

C:hg—h4, b:h3+h4, t:hg—h4, d:hl—hz

they are in table 5.4.
This is a set of positive roots of SO(8) [47].

For Ds-type quiver theory we have the following tables.

(5.16)



114

’ tthde ‘ tthde ‘ tltgde ‘ tthde ‘ tthde ‘

00001 | 01010 | 11001 | 00100 | 11110
00010 | 01011 | 11010 | 10100 | 11111
01000 | 10000 | 11011 | 11100 | 12111
01001 | 11000 | 12011 | 11101 | 22111

Table 5.5: Positive topological charges of Ds.

[ hahohshahs | hihshshahs | hihohghahs | hahohshahs | hihshshahs |

0001 -1 00101 0100 -1 1 -1000 10001
00011 00110 01001 10-100 10010
001 -10 01 -100 01010 100 -10 10100
0010 -1 010 -10 01100 1000 -1 11000

Table 5.6: Positive topological charges of Ds in the new basis.

In table 5.5 t; = x1 + 29, ts = 21 + 29.

Using relations

tl :hg—h37 t2:h3—h4, b:hl—hg, C:h4+h5, d:h4—h5 (517)

Table 5.5 becomes table 5.6 which is obviously the table of positive roots of SO(10).

5.7.2 FEg Quiver

After we set flux for the node X to zero the energy for bare monopoles is given by the

expression

1
E = —(‘81 — 52‘ + ul — l2| -+ ‘ll — l3’ + |l2 — l3’ + ]ml — m2| -+ |p1 —p2|) + §<‘Sl| + |52‘ + \ml —n
+|m2—n\—|—|p1—q|+\p2—ql+]l1—51\—|—\l1—52|+]l2—51\—|—\l2—52|
+ |lg — 81’ + “3 — 82‘ + |l1 —m1| + ‘ll —m2] + “2 —m1| + |12 —mg‘ + ‘lg —m1| + ‘13 —m2]

+ 1l = pi| + |l = pa| + |la = pr| + Iz — pa| + [I3 — p1| + I3 — pal) (5.18)

Denote the six topological charges by
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[Feakakskaksks |
000001 001100 | 011001 | 012111 | 111100 | 112211
000010 001101 | 011100 | 012211 | 111101 | 122101
000100 001110 | 011101 | 100000 | 111110 | 122111
000110 001111 | 011110 | 110000 | 111111 | 122211
001000 010000 | 011111 | 111000 | 112101 | 123211
001001 011000 | 012101 | 111001 | 112111 | 123212

Table 5.7: Positive topological charges of Fj.

]ﬁ:n,

ks = p1 + Do,

k5ZQ>

kz =my +m2,

kgzll‘i‘lg‘i‘lg,

k()‘ = S1 + So. (519)

The 36 topological scalars with positive values of topological charges reproduce 36 positive

roots of Eg (see [48]). The remaining 36 scalars have opposite topological charges appropriate

for 36 negative roots.

5.7.3 E; Quiver

For the E; quiver theory we get 126 bare monopoles with energy £ = 1. Expressing the

topological charges k; through magnetic charges

]Cl :dl +d2,

ky = fi+ f2+ fs,

]€5 = X1 + X9,

ks = g1+ g2 + g3 + g,

kﬁ = b, k7 =+ Co, (520)

we obtain exactly 126 roots of the Lie algebra FE; as can be checked by comparing the

spectrum of topological charges Table 5.8 with 63 positive roots of E; written down in [48].
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ki

L

ki

2

| K

2

0000001
0000010
0000100
0000110
0001000
0001100
0001110
0010000
0010001
0011000
0011001

0011100
0011101
0011110
0011111
0100000
0110000
0110001
0111000
0111001
0111100
0111101

0111110
0111111
0121001
0121101
0121111
0122101
0122111
0122211
1000000
1100000
1110000

1110001
1111000
1111001
1111100
1111101
1111110
1111111
1121001
1121101
1121111
1122101

1122111
1122211
1221001
1221101
1221111
1222101
1222111
1222211
1232101
1232102
1232111

1232112
1232211
1232212
1233211
1233212
1243212
1343212
2343212

Table 5.8: Positive topological charges of Fy.

ki

| K

2

| b

2

2

|

00000001
00000010
00000100
00000110
00001000
00001100
00001110
00010000
00011000
00011100
00011110
00100000
00100001
00110000
00110001
00111000
00111001
00111100
00111101
00111110

00111111
01000000
01100000
01100001
01110000
01111000
01111001
01111100
01111101
01111110
01111111
01210001
01211001
01211101
01211111
01221001
01221101
01221111
01222101
01222111

01222211
10000000
11000000
11100000
11100001
11110000
11110001
11111000
11111001
11111100
11111101
11111110
11111111
11210001
11211001
11211101
11211111
11221001
11221101
11221111

11222101
11222111
11222211
12210001
12211001
12211101
12211111
12221001
12221101
12221111
12222101
12222111
12222211
12321001
12321002
12321101
12321102
12321111
12321112
12322101

12322102
12322111
12322112
12322211
12322212
12332101
12332102
12332111
12332112
12332211
12332212
12333211
12333212
12432102
12432112
12432212
12433212
12443212
13432102
13432112

13432212
13433212
13433212
13443212
13543212
13543213
23432102
23432112
23432212
23433212
23443212
23543212
23543213
24543212
24543213
24643213
24653213
24654213
24654313
24654323

Table 5.9: Positive topological charges of Fj.
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5.7.4 FEg Quiver

Finally, for the Fg quiver theory the spectrum of topological charges

k1:$1+x2, ]€2201+C2+63+C4, k3:b1+62+b3+b4+b5+b6,
ki=a1+ay+aztas+as, ks=g1+ga+9g3+gs, ke=/f1+ fo+t [
ky =dy +ds, ks =hy+ ho+ hs (5.21)

on the energy level E = 1 (table 5.9) coincides with 240 roots of Eg the positive part of

which can be compared with [48].

5.8 Appendix B

©

m n 1 p q

(2 (3 (2

O—CO—E—E—O®
Figure B1. Fg quiver.

Figure B2. E7 quiver.
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Figure B4.
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Chapter 6

Structure of the Stress-Tensor
Supermultiplet in NV > 6 SCFT's

6.1 Introduction

Conformal quantum field theories are not only an interesting special case of general quan-
tum field theories. They are essential part of the definition of any quantum field theory
as a relevant perturbation of an ultraviolet fixed point, that is, a conformal field theory.
Superconformal field theories are needed to define supersymmetric quantum field theories.
Beside this, the infrared limit of a quantum field theory is controlled by another conformal
field theory which is called the infrared fixed point.

The simplest cases of (super)conformal field theories are free field theories without di-
mensionful parameters. These are always explicitly described in terms of Lagrangians. Only
a small part of interacting superconformal field theories are known to have a Lagrangian de-
scription, and sometimes even in these cases not the entire superconformal structure is seen
in the Lagrangian. The now classical example is the ABJM theory [11] in three dimenions
with Chern-Simons levels |k| = 1,2. In this particular case only the AV = 6 part of the entire
N = 8 superconformal structure is seen in the Lagrangian.

Another, more general way to define a superconformal field theory is as the infrared fixed
point of some supersymmetric QFT which is usually a perturbation of an UV free fixed

point by a relevant operators. In this case we know, for example, the symmetries' of the IR

!Except the so-called accidental symmetries whose currents are not conserved along the entire RG flow
but only in the infrared.
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superconformal field point but not its Lagrangian. In fact there is no reason to believe that
such a Lagrangian should exist in general.

This makes it clear that classification of superconformal quantum field theories is not
reduced to the classification of the superconformal Lagrangians. To find general properties of
superconformal theories more abstract approach not relying on the possibility of a Lagrangian
description should be employed. In this chapter we make use of only the most fundamental
characteristics of N’ > 6 superconformal field theories in three dimensions to find and prove
some of their properies. These characteristics are: existence of the superconformal algebra,
unitarity and the existence of the stress-tensor.

In the recent years many N = 6 and A = 8 superconformal quantum field theories were
found in three space-time dimenions [25, 14, 11, 28|. All these theories have an interesting
property: they contain a global U(1) symmetry. In the first part of this chapter we explain
this “empirical” fact as stemming only from the properties of NV = 6 superconformal algebra,
unitarity and the existence and uniquess of the stress-tensor. As a result, every “irreducible”
2N = 6 superconformal quantum field theory contains a single conserved global current. This
immediately implies that any A/ = 8 superconformal theory has no global symmetries. In the
second part of the chapter we make use of this result to explain another “empirical” fact —
the fact than no purely AN/ = 7 superconformal field theories have been found so far. We show

that every N/ = 7 superconformal field theory has actually a larger, N’ = 8, supersymmetry.

6.2 N =6 Superconformal Field Theories

We start by reviewing the structures of the stress-tensor and global conserved currents mul-
tiplets in A/ > 4 three-dimensional superconformal field theories. In three-dimensional N
superconformal field theory the stress-tensor is a primary field with conformal dimension
three which is spin-two tensor T{.g,s with respect to the rotation group SO(3)3 of R? and
a singlet of the SO(N)r R— symmetry and any global symmetry groups. This tensor be-

longs to a supermultiplet 7~ which can be decomposed with respect to the bosonic subgroup

2That is, possessing a unique stress-tensor.
3We work with the Euclidean version of the theory.
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SO(2) x SO(3) x SO(N)g of the superconformal group as T = @, ; g Tn.;,r Where n denotes
the so-called level and runs from zero to infinity. As n increases by one the conformal dimen-
sion of the representations living on the same level increases by one-half. The only operators
from the superconformal algebra that raise or lower the level are supercharges () and their
conjugates (in the radially quantized picture) superconformal charges S as they are the only
operators that do not commute with the dilatation operator. Indices 7 and R label the spins
and SO(N)g representations. The lowest level n = 0 contains a single representation of
SO(3) x SO(N)g with spin jo, with the highest weight (rq, ..., 7n/2) of SO(N)g* and the
conformal dimension ¢y subject to a certain inequality stemming from the requirements of
unitarity [38].

The lowest component of the stress-tensor multiplet is an SO(3) scalar and absolutely
antisymmetric rank-four SO(N')g tensor® with conformal dimension ¢ = r; = 1. On the
second level of the stress-tensor multiplet are the R-currents, on the third level are the
supercurrents and on the fourth level is the stress-tensor itself.

Similarly, a conserved global current, if it exists, belongs to a supermultiplet. The lowest
component of this supermultiplet is an SO(3) scalar which is the rank-two antisymmetric
tensor of SO(N)g with conformal dimension ¢y =r; =1 [19].

Unless V' = 6 the stress-tensor and a global current multiplets are two distinct multiplets.
When N = 6 a rank-two antisymmetric tensor is equivalent to a rank-four antisymmetric
tensor. This means that the stress-tensor multiplet may contain a conserved global U(1)-
current on the second level. Below we argue that this is indeed the case: every N' = 6
superconformal field theory has a global U(1) symmetry whose current lives on the second
level of the stress-tensor multiplet together with the R-currents.

First of all we note that all known N = 6 superconformal field theories possess a global
U(1) symmetry. In the case of ABJM theories with gauge groups SU(N) x SU(N) the U(1)
symmetry is the barion number symmetry, while in the case of the gauge group U(N)x U(N)
it is the symmetry generated by the topological current J = x4 (tr(F) — tr(F)).

Now consider a simple case of the ABJM theory [11] with gauge group U(1)x x U(1)_g

4We use the convention r; > 9 > ... > TIN /2]
°In the case of ' = 8 the antisymmetric rank-four tensor is decomposed into a self-dual and anti-selfdual
parts. Choosing either of them is a matter of convention.
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where the subscipts stand for the Chern-Simons levels. In addition to the two N' = 2 vector
multiplets there are matter fields: two hypermultiplets in the bifundamental representation
of the gauge group U(1) x U(1). In terms of the chiral multiplets these are (A;, B;) and
(As, B3). The theory contains a quartic superpotential and the Chern-Simons kinetic term
for the gauge fields with Chern-Simos level k for the first U(1) and —k for the second U(1).
This theory has N/ = 6 supersymmetry unless k = 1,2%. Moreover, as we mentioned, there
is a U(1) global symmetry. The rank-two antisymmetric tensor of SO(6)g is equivalent to a
rank-four antisymmetric tensor. This is the representation 15 of SO(6)g. Because there is a
U(1) global symmetry we must have another 15 with conformal dimension one in addition to
that corresponding to the stress-tensor. However, we only see one copy of 15 with conformal
dimension one:” the binomials in the matter scalars C’IC’} where C; = (Ay, Ay, Bl Bl) is in
the spinor representation 4 of SO(6)g. There are no candidates for another copy of 15.
Actually, it is easy to prove that there is no other 15. Let us consider only chiral scalars,
those scalars which are annihilated by a complex supercharge @) corresponding to an SO(2)
subgroup of SO(6). The representation 15 is decomposed as 15 = 6y + 4; +4_; + 1, under
SO(4) x SO(2) € SO(6)g. The representation 4; consists of four chiral scalars. Now we can
compute the superconformal index for these theories on S? x R [29], that is, in the radially

quantized picture
I(z) = Tr[(—1)F 23] (6.1)

using the localization technique [16]. In the above expression F' is the fermion number.

In the Taylor expansion of the index around x = 0 the coefficient in front of the first
power of x counts the number of chiral scalars with conformal dimension one. No other
states can contribute to this coefficient because of the unitarity constraints. If the coefficient
is four, there are only 4 chiral scalars and, correspondingly, only one representation 15 of
SO(6)g. If the coefficient is eight, there are two copies of 15. Of course, the coefficient does
not depend on the particlular choice of an ABJM theory. We computed the index for the

If k = 1 or k = 2 the supersymmetry is enhanced to A = 8.
"Due to a large amount of supersymmetry (N > 2) all fields have their UV conformal dimensions.
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U(N)g x U(N)_y theory for several low values of k > 2 and N and found
Z(z) = 1+ 4z + O(z?). (6.2)

The conclusion is that there is only one representation 15 of SO(6)r which is an SO(3)
singlet with conformal dimension ¢y = 1. This means that both the R-currents and the
U(1) symmetry current are obtained from the same fifteen scalars by acting on them with
a bilinear combination of supercharges Q[(ZQQ). Here latin indices are fundamental indices
of SO(6)r while the greek indices are spinor indices corresponding to space-time rotations.
The group theory indeed allows that because 15 x 15 =1 + 15 4 .... Note that the group
theory argument alone is insufficient because the norm of the SO(6)r singlet could turn out
to be zero, and this state then would be absent in the Hilbert space of the radially quantized
theory or as an operator on R3. Our example shows that this is not the case. The SO(6)g
singlet current does exist and is conserved by virtue of its quantum numbers.

The conclusion about the existence of a global U(1) symmetry is in fact true for any
N = 6 superconformal quantum field theory. Indeed, the norm of this SO(6)g singlet
current which is obtained from Q[(ZQQ)]15> where 15 are the scalars on the zero level of the
stress-tensor supermultiplet is determined by only the superconformal N = 6 algebra. So,
in any N = 6 superconformal theory the U(1) current has a nonzero norm. Furhermore, if
there is more than one global symmetry in the theory, then there is more than one set of
associated scalars in the representation 15 of SO(6)g. Each such set generates the whole
stress-tensor supermultiplet (to which the global current belongs). In particular, there is
more than one stress-tensor. Such a theory is reducible, i.e., decomposes into a direct sum
of several superconformal field theories. Thus the presence of more than one U(1) global
symmetry is an indicator of reducibility of ' = 6 SCFT. There are, in fact, examples of
reducible superconformal quantum field theories both in four dimensions [50] and in three
dimensions [1, 2] where reducibility is not obvious in the (UV) Lagrangian description.

We come to the main conclusion of this section: every irreducible N' = 6 superconformal
theory has a single global U(1) symmetry with its current appearing on the second level of

the stress-tensor supermultiplet together with the SO(6)g currents.
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6.3 N =7 Superconformal Field Theories

Now that the existence of a global U(1) symmetry for any /' = 6 superconformal field theory
is established there arises a natural question: how the global U(1) symmetry fits into the
cases of N =7 and N = 8 superconformal symmetries?® For the case of N' = 8 the answer
is obvious: just as in the case of ABJM theories [11] the global U(1) symmetry becomes the
commutant of SO(6)g in the full R-symmetry group SO(8)g. Because an irreducible N' = 8
superconformal theory is an irreducible N/ = 6 superconformal theory with a global (with
respect to the N' = 6 superconformal structure) U(1) symmetry which corresponds to the
commutant of SO(6)g in SO(8)g, there is no room for any global symmetries. Thus any N =
8 SCFT has no global symmetries. In this section we explore the way in which the structure
of N' = 7 theories is affected. We find that there are no purely N’ = 7 superconformal field
theory: every N’ = 7 superconformal theory is in fact A" = 8 supersymmetric.

Because an N’ = 7 superconformal field theory is a particular case of N' = 6 superconfor-
mal field theories there is a U(1) symmetry which is global as long as the N' = 6 subgroup of
the N' = 7 supergroup is considered. There are two options for the U(1) group to fit into the
SO(7)r R-symmetry group. First is that the U(1) does not commute with the SO(7)g. This
immediately implies that the full R-symmetry group is SO(8) and so the theory is N' = 8
supersymmetric.

The second option is that the U(1) commutes with the SO(7)g. Let us check if this option
is self-consistent. The lowest components (operators on R?) of the stress-tensor supermul-
tiplet are scalars with the conformal dimension one and form a fourth-rank antisymmetric
tensor with respect to SO(7). This tensor is equivalent to a third-rank antisymmetric ten-
sor. It is easy to see how this representation decomposes with respect to SO(6)r C SO(7)g:
35 = 15 + 10 + 10. This is exactly how the lowest component of the stress-tensor super-
multiplet of an A/ = 8 theory decomposes under SO(6)r C SO(8)g [1].

Here we remind the reader that the lowest component of the stress-tensor supermultiplet
of an N = 8 superconformal theory is a rank-four selfdual antisymmetric tensor 35.° Under

the reduction SO(8)r — SO(7)g it becomes a single irreducuble representation 35 of SO(7).

81 thank Anton Kapustin for asking me this natural question.
90r an antiselfdual tensor, this depends on the convention.
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If the global symmetry U(1) commutes with SO(7)g then all three irreps 15 + 10 + 10
of SO(6) have zero U(1) charges. In the case of N' = 8 it was 15 + 10; 4+ 10_; instead.
Forgetting for a moment about the U(1) charges consider the action of the supercharges
bilinears QEZQ;]) on the scalars in the representation 10 + 10 where 7, j are fundamental
indices of SO(6)g and greek indices are rotation spinor indices. In [1] it was shown that the
result of this operation is the set of conserved currents in the representation 6 of SO(6)g
needed to enhance SO(6)g x U(1) to SO(8)r. Namely, the currents are in the representation
15 + 6 + 6 of SO(6)r, where the representation 15 comes form QE;QQ)|15> For N =7
the conserved currents in the representation 6 of SO(6)r C SO(7)g are the currents which
enlarge SO(6)g to SO(7)g: 21 = 15+6. However there are twice as many of them as needed
for SO(7)g. Thus there are conserved currents (with nonzero norm) in addition to those
in SO(7)g which do not commute with the SO(7)r. This means that the supersymmetry
is enhanced to N/ = 8 which contradicts the assumption that the theory has only N' = 7
superconformal symmetry.

This proves the claim that every N' = 7 superconformal theory is, in fact, NV = 8

supersymmetric.
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Chapter 7

Summary

Chapter 2 of this thesis is based on the paper [1] written in collaboration with Anton Ka-
pustin. In this chapter we describe a method to study hidden symmetries in a large class
of strongly coupled supersymmetric gauge theories in three dimensions. We applied this
method to the ABJM theory and to the infrared limit of N' = 4 SQCD with adjoint and
fundamental matter. We showed that the U(N) ABJM model with Chern-Simons level k£ = 1
or k = 2 has hidden N' = 8 supersymmetry. Hidden supersymmetry is also shown to occur
in NV =4 d =3 SQCD with one fundamental and one adjoint hypermultiplet. The latter
theory, as well as the U(N) ABJM theory at k = 1, are shown to have a decoupled free
sector. This provides evidence that both models are dual to the infrared limit of N' = 8
U(N) super-Yang-Mills theory.

Chapter 3 is based on the paper [2] coauthored by Anton Kapustin. In this chapter we
show that an infinite family of N'= 6 d = 3 superconformal Chern-Simons-matter theories
has hidden N = 8 superconformal symmetry and hidden parity on the quantum level.
This family of theories is different from the one found by Aharony, Bergman, Jafferis, and
Maldacena, as well as from the theories constructed by Bagger and Lambert, and Gustavsson.
We also tested several conjectural dualities between BLG theories and ABJ theories by
comparing superconformal indices of these theories.

Chapter 4 is based on paper [4]. In this chapter we tested dualities between three di-
mensional N = 2 gauge theories proposed by Aharony in [39] by comparing superconformal
indices of dual theories. We also extended the discussion of chiral rings matching to include

monopole operators.
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Chapter 5 is based on paper [3]. In this chapter we considered examples of global symme-
try enhancement by monopole operators in three dimensional N” = 4 gauge theories. These
examples include unitary overbalanced quivers, quivers with non-simply laced gauge groups
and nonlinear quivers.

Chapter 6 is based on the paper [5]. In this chapter, based on the structure of the
three-dimensional superconformal algebra, we showed that every irreducible N’ = 6 three-
dimensional superconformal theory containes exactly one conserved U(1)-symmetry current
in the stress-tensor supermultiplet and that superconformal symmetry of every N' = 7 su-
perconformal theory is in fact enhanced to A" = 8. Moreover, an irreducible ' = 8 super-
conformal theory does not have any global symmetries. The first observation explains why

all known examples of N' = 6 superconformal theories have a global abelian symmetry.
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