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ABSTRACT

The differential cross section for the elastic scattering of
deuterons by beryllium-9 has been measured for bombarding energies
from O.4 Mev to 1.8 Mev at the center-of-mass angles of 900, 125016',
and 163050‘. The cross sections were found to be slowly-increasing
functions of the bombarding encrgy and are compatible with the
assumption that the scatiering nuclei may be represented by nearly-
impenetrable charged spheres. No resonance structure was observed.

-~ These results are in disagreement with earlier observations of
Be9 (d,d)Be9 scattering from which the existence of two levels in
Bll, havinz excitation energies of 16.766 Mev and 16.912 Mev,
respectively, was inferred. The"results of this experiment indicate

that the previously-observed elastic scattering anomalies were due

to some shortcoming in the procedure of the earlier experiment.
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I. INTRODUCTION

The major task in low-energy gxperimenta.l nuclear-structure
Physics is the determination of characteristic properties of the energy
levels of various nuclei. These properties include the excitation
energy, spin, isotopic spin, parity, lifetime, and branching ratios
for various decay modes. One of the most fruitful techniques for
studying these level parameters is the observation of various radia-
tions fz;om the nuclear system which follow charged-particle bombardment
of an appropriate ta.rget.' In particular, determining the number and
angular distribution of elastically scattered projectiles often yields
unambiguous values for many of the level parameters of interest.

Many compound-nucleus states resulting from the bombardment of
‘light nuclei with protons or alpha particles have been studied by
observing the elastically-scattered particles. Much less elastic
scattering work has been done with deuterons as projectiles. There
are perhaps three reasons: First, in contrast to the proton and alpha
particle, the deuteron is a relatively weakly bound system with large
spatial extent. What may be pictured classically as the noncoincidence
of the deuteron's center-of-mass and center-of-charge produces a dif-
fuse distribution of thejL deuteron's charge. Such a distribution, as
well as any spatial polarization of it by the electric field of the
scatterer, conceivably can have an observable effect on the scattering
cross section. Second, because of the small binding energy of the
deuteron, the compound sygtems formed by the target and projectile
nuclei have relatively high excitation energies. Since the obvious

course of action was to investigate low-lying states first, very little
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incentive to use deuterons as scattering projectiles existed. Now as
theoretical techniques agtain more sophistication, it becomes desira-
ble to investigate level parameters for states with high excitation
energies. Third, the fact that the deuteron has unit spin somewhat
complicates the analysis of experimental data. This is a practical
difficulty and not a conceptual one. However, this difficulty places
stringent limits on the permissible error in the experimental data and
often requires that information about the associated reactions be
available. A recently-completed measurement by Fordcl) of the
Id7 (d,d)IdT scattering cross section showed several broad anamolies.
Unfortumately, éhe variation of the cross section with energy was
sufficiently camplicated to prevent the unambiguous determination of
any level parameters.

Both direct-type reactions and the formation of Bl:L as a compound

nucleus result from the bombardment of Be9

by deuterons. (See Fig. 1
for the Bll energy level diagram.) For deuterons having energies
between 0.400 Mev and 1.800 Mev, the excitation of the B nucleus will
be between 16.15 Mev and 17.29 Mev. In this region, two levels, lying
at 16.77 Mev cnd 16.93 Mev respectively, have been inferred primarily
from anomalies in the deuteron elastic-scattering cross section.(e)
In addition, the results of an investigation of the reaction Be”(d,n)B'°
(3)

indicated the presence of a level near 16.77 Mev. A later investi-
gation of this same reaction, however, indicated a smooth variation
with energy of the neutron-production cross section, and, therefore,
no resonant compound-nucleus states.(h)

Some information about other reactions induced by deuteron
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bombardment of beryllium also exists. Unfortunately, the quantity and
quality of these data make it impossible to say with certainty whether
or not there are well-defined excited states at 16.77 Mev and 16.93
Mev in BT,
An examination of the B'' level diagram will reveal that reactions

of the types

Be”(a,p)Be™"

Be9(d,t)Be®

Be?(d,a)Li!

Be9(d,n)Blo
are all energetically possible. Since the residual nuclei are left in
various states of excitation, there are several groups of emerging
_particles for each type of reaction. There are, in fact, five positive-Q
channels which'yield neutrons and eight positive-Q channels which result
in the emission of a charged particle other than a deuteron. The task
of separating these various particle groups in order to measure the
desired cross section is by no means trivial. As will be discussed
later, the combination of a magnetic spectrometer and high-resolution
solid-state detector provides a suitable means for distinguishing
various reaction products.

Clearly, the experimental information concerning the two previously-

mentioned excited states of B‘u' was unsatisfactory. This fact led to

the investigation described in this thesis.



II. EXPERIMENTAL EQUIPMENT

l. General Description

The layout of the experimental equipment is shown schematically
in Fig. 2. The beam of accelerated deuterons is provided by a 1.8
million-volt Van de Graaff gene.'(:a:t:.or.(5 ), (6) The beam of particles
which emerges from the generator 1ls a mixture of the ionic types II+,
D+, HD+, and DD+. The magnetic field created by a crossfield magnet
separates these beam components so that the unwanted ones may be
stopped by a slit system. The desired beam component theun enters a
one-meter radius, 80-degree, electrostatic analyzer, the energy reso-
lution of which is determined by the width of the entrance and exit
slits. For this experiment, the slits were set so that the spread in
energy of the transmitted particles, 8E, gave an energy resolution,
E/SE, of about 1200. Horizontal and vertical slits placed between the
electrostatic analyzer and the target chamber provide additional colli-
mation. Difference signals from these slits supply corrective informa-
tion to systems which control the accelerating voltage and the current
for the crossfield magnet.

After the incoming particles are scattered by the target, they
are analyzed by a double-focusing magnetic spectrome‘ber.(?) The
arrangement of the target chamber and magnetic spectrameter is such
that the particle beams entering and leaving the target chamber are
inclined, respectively, 10 degrees sbove and below the horizontal
plane. (See Fig. 3) This permits continuous rotation of the spectro-

meter about a vertical axis through nearly 180 degrees, thus providing

laboratory scattering angles from O to 160 degrees. The magnetic
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spectrometer analyzes particles according to their momenta, and the
spread in momentum, 8P, which the particles emerging from the spectro-
meter poséess is determined by the width of the exit slit. For this
experiment, an exit slit 0.125 inches wide produced a momentum resolu-
tion, P/8P, of 302.

A silicon p-n Junction solid-state detector was used to count
the analyzed particles.(s) The output of this detector was then pro-
cessed by a charge-collecting preamplifier, amplifier, and appropriate
counting circuits.

The amount of charge delivered to the target by the beam, and
hence, the number of incident particles, is determined by a current
integrator. This instrument collects a known amount of charge by
using the beam current to discharge a capacitor which previously was
charged to a known voltage. When this capacitor is completely dis-
charged, a series of relays is activated which gates off the counting
circuits, turns off a timer, and energizes a small magnet that deflects
the beam off the target to minimize unnecessary deterioration of the
target.

In order to insure that the current which discharges the capaci-
tor is a true measure of the number of incident particles, two precau-
tions are taken: First, the target is raised to a potential of 300
volts with respect to the walls of the target chamber. This minimizes
the effect of secondary electrons emitted when the beam strikes the
target. Second, a screen with a negative potential of 300 volts is
placed at the entrance to the target chamber. This prevents electrons

produced at the slits from reaching the target.
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2. The Electrostatic Analyzer Energy Calibration

The energy of the particles which pass through the electrostatic
analyzer is determined by the potential difference between its plates.
If a particle having rest energy Mc2 and charge Ze passes through the
analyzer, then the kinetic energy of the particle is given to sufficient

accuracy b&

E
e
E, =k 2 Ve(l + (1)

2Mc2

where ke is a constant and Ve is a certain fraction of the voltage across
the analyzer plates. In practice Vé is measured with a potentiometer,
and the particle energy is calculated using an appropriate value of ke
in Eq. (1).

The coastant ke is determined by observing the gamma rays from
the 873-Kev resonance in the reaction Fl9(p,a7)016. Assuming & rescnance

energy of 872.7 * 0.4 Kev for the incident proton, Brown(9)

measured ke
to be

k_ = 1.0047 % 0.0006 Mev/decivolt

3. The Magnetic Spectrometer Energy Calibration

The maomentum of a particle following a circular orbit in the
presence of a magnetic field is proportional to the product of the
magnetic induction and the orbital radius. The geametry of the spectro-
meter defines the radius; therefore the momentum of a particle passing
through the instrument is proportional to the spectrometer magnetic
field. The measurement of this magnetic field consists in balancing the
torque that it produces on & small, current-carrying coil against the

torsion produced in a quartz fiber to which the coil is attached. When
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the coil is in the equilibrium position umder the influence of opposing
torques, an 6ptica.l lev::r system provides error signals which regulate
the field-producing current in the magnet.

Suppose the current passing through the small coil is determined
by measuring the voltage drop Vm which it produces across a precision
resistor. Then, the kinetic energy of a particle which has rest energy
Mca, charge Ze, and passes through the spectrometer is given to

sufficient accuracy by

kmzem E_
E =———2 (1- (2)
B y2y M2

where MP is the proton rest mass and km is a constant of the spectrometer.
The value of km is determined as follows: Protons are scattered
from a thick copper target prepared by evaporating the metal in a vacuum
and allowing it to condense on a glass microscope slide. Fig. 4 shows
a typical target "profile." This illustrates how the observed number
of scattered particles varies as a function of Vm for a fixed incident-
proton energy. The energy of the scattered particles can be calculated
from the kinematics of the reaction. Then, by assuming that Vm at the
midpoint of the profile rise corresponds to the energy of particles
scattered from the surface layer of the target, Eq. (2) may be solved
for km. The value of km determined from meny measurements is

K = 381200 £ 922 Mev - v

In order to relate the observed number of scattered particles
and the differential scattering cross section, it is necessary to know

the acceptance solid angle of the spectrometer. The discussion of
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this solid angle will be postponed until the general procedure for
determining the differential scattering cross section from the observed

yield is considered.

4. The Semiconductor Detector

An important component of the apparatus used in this experiment
was the junction silicon-diode detector, which was purchased from the
Hughes Aircraft Company. Fig. 5 shows its essential features. The
Junction is formed by diffusing phosphorus into one side of a high
resistivity p-type silicon wafer. By applying a reverse bias to the
Junction, a depletion, or space-charge, region is formed. The thick-
nesses Xb and Xi of the depletion regions in the two types of silicon
depend on properties of the materials and the blas voltage; a typical
value for Xb/Xn is 1000. The maximum electric field present in the
depletion region is of the order of ].Ol‘L volts/cm.

A particle to be detected strikes the n-type layer and pene-
trates into the deyletioﬁ region. Here it creates hole-electron pairs
that are promptly swept apart by the strong electric field which is
present. This produces a current across the junction and results in a
negative voltage pulse whose height is propértional to the energy of
the incident particle. Optimum results in terms of linearity and reso-
lution are obtained when the incident particle loses all of its energy
in the depletion layer and the depth of this layer nearly equals the
thickness of the silicon wafer.

A mount was fashioned which held the detector in place and acted

as a spectrometer exit slit. Fig. 6 shows its general features.
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III. EXPERIMENTAL PROCEDURE

1. The Determination of Cross Sections from Experimental Yields

The cross section for a nuclear reaction is defined to be

— (3)

where Y is the reaction yield per incident particle, ny

of disintegrable target nuclei per umit volume, and t is the target

is the number

thickness. Similarly, the differential cross section per unit solid
angle in the laboratory system is defined to be

(%), =% = )
where dY is the portion of the reaction yield per incident particle
which is emitéed into an element of solid angle 40 at the laboratory
angle ©.

In the present experiment, deuterons were incident on a thick
target and the magnetic spectrometer selected the particles scattered
by a particular lamina within the target. The only symbol in Eg. (%)
which cannot be easily identified with some experimental quantity is
the effective target thickness t. In order to express this thickness
in terms of suitable quantities, consider the nuclear reaction shown
in Fig. 7. The energy of the incoming particle as it leaves the elec-
trcstatic analyzer is Ee' Because of.the electron-suppression volteage
on the target, the energy of this particle at the face of the target
is ElB = Ee - Zlev . The existence of a contaminant layer on the

surface can further degrade the particle energy, so the energy of the
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particle at the surface of the reacting material is Elo‘
At a certain normal depth s in the target, the incident particle

with energy El reacts. The emitted particle has energy E, and reaches

2
the surface of the target with energy E205 the contaminant layer further

degrades ﬁhe energy to EER‘ Finally, the energy of the particle which

traverses the magnetic spectrometer is Em = E2R + deVT'

In practice, the electron-suppression voltage and thickness of
the contaminant layer afe kept small enough so that their effects on
the particle energies are usually negligible. When these conditions

exist, E = E
e

10 = ElB and Em

= E2R = EEO' This is assumed in what
follows.

The directions of the incaming and outgoing particles relative
to the target normal are specified by el and @2, respectively; these

angles are related to the laboratory angle of cbservation by

- 0=0, +6, (5)

By considering’the kinematics of a reaction with particle 1 incident

on particle O and producing particles 2 and 3 and energy Q, it can be

shown that

E, = a(El, Q; G)El (6)
where
y pfese [(ma  omem  mmeefol
R | C e R C U Cx 5

We ascume that the energy degradation which the particles suffer

in moving through the target may be found from the expression
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ekl e(E) (8)

where n_ is the density of stopping atoms and e(E) is the atomic
stopping cross section. For the case of a target having uniform com-

position, the variables in Eq. (8) may be separated and the result

integrated to give

El
T (9)
n_ el(E) - cos @l
ElB
E
20
dE s
ja n, ,(E) - cos €, (ov)
Es

where € and €2 apply to the incident and emitted particles respectively.
Itvcan be seen from Fig. 7 that the thickness of the target

layer along the direction of the incident beam is given by t = 8s/cos @l.

We want to relate t to the spread in energy of the particles transmitted

by the magnetic spectraﬁeter; therefore in first approximation we have

8s = (3/3E,,) BE,

This gives

t =( O ) SEQO (10)
aan A cos @
for the reletion between the target-lamina thickness and the acceptance-
energy spread of the spectrometer.

We now differentiate Egs. (9) with respect to E20 while holding

© constant. This gives



. B - cos @ (BEl )
SE = i
(Eeo)a ng & (E)) \ 9By . b
and
(as ) - cos @, 1 2 aEe -
o0 " % | %lB0)  S{E)\ Ty

Because of Eq. (6) we can write

OE OE OE
2\ (& 1
(6E20>® (aEl )e (aan)@ (13)

By combining Egs. (11), (12), and (13) we obtain

-1
aEl ) _ e2(E20) (BEE) . €2(E20) cos ) (1)
5E20 . EE(E.?) dEl A el(El) cos ©,
Substituting this into Eq. (11) gives
o ) - cos @, | cos & El(El) 5E2> =l (
= 2 15)
Egg s €x(Eyp) | cos 8, © €5(Ey) |\ O, .

Using this in Eq. (10) yields

' -1
) SEEO cos @ . el(El) 3E2> -
n_ Ee(Eeo) cos 8, EQ(EET BEl g

t

where the sign in Eq. (15) is unimportant and has been dropped.

We can now relate all the quantities in Eq. (4) to experimental
observables. Iet the difference between the number of detected parti-
cles at a point on the top of a thick-target profile and the number at
the foot of the profile be called the resultant number of reaction

products NR. The total number of incident particles which produces
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KR is

cv

Ne = 5o

(17)

where C is the capaciltance of the current-integrator condenser that is

charged to voltage V and then discharged by the incident beam, and Ze

is the charge on each incildent particle. By definition
HR Ze Nh

gY & — = =—
Ni cvV

(18)

The energy spread of the particles passed by the magnetic spectrometer
is related to its resolution by

E

E ,
n 1 P 1 20

8. = 2 8 - 2%~ & (19)
m 20

According to theoretical predictions of the spectrometer performance,
the resolution is determined by the width of the exit slit. The

relation between these quantities is

r
R = 2(1 + m) 5—3 (20)

where m is the magnification, T, the equilibrium radius, and &r is the
width of the exit slip. Finally, if we identify the element of solid
angle appearing in Eq, (%) with the accepéance solid angle of the
spectrometer 0, , Eqs. (16), (18), and (19) may be combined to yield*

(Qg) i Ze NR fﬁ_ R T cos 8, . el(El) (BE;)
aa )~ 2V E,, n, Cop 24720 cos 8, 62(E2) OE

(21)

d 1 e

To use Eg. (21), it is necessary to know the energies E, and E,.

If suiteble stopping cross section data are available, in principle,

*This expression has been obtained by a ﬁrocedure similar to that used
by Bardin in reference 30 and agrees with what can be derived from his
results. :
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these energies may be found by using Egs. (6) and (9). For work in
which cross sections are determined from yields measured near the
target-profile rise (i.e. , the reactions producing the yield occur in
the lamina near the surface of the target) : a useful approximation for
E, may be derived from Eq. (14). For small s we assume

el(El) = el(El_B)’ ea(Ee) = 62(E20), and (BEE/BEJ_) remains constant.

Then Eq. (1%) may be integrated to give

222220; °°: 21 By ¥ 85 +(85§1> Eip = Eop
1\’ €08 Sp 2o (
E, = - _ 22)
b (OE2 " ea(r..eo) cos @)
5El . el(ElB) cos @,

where EZB is the energy of a particle produced by a reaction at the

surface of the target. This expression is identical with that obtained

by Brown _e_'t'._.gl_.(lo) Equation (7) shows that for elastic scattering
reactions
GE, :
5= | =< (e) (23)
1/

This simplifies the use of Egs. (21) and (22). Knowing E,, E, may be
found with Eq. (6).

In order to facilitate the examination of the scattering data,
the well-understood variations of the cross section with energy and
angle characte‘ristic of Rutherford scattering were eliminated by
dividing the measured cross sections by the appropriate Rutherford

cross section. This cross section in the center-of-mass system is

easily shown to be
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2
(22) - 1.206 2% et My 2 milliberns ()
4 /o : E, My 2 steradian

where El expressed in Mev, is the laboratory energy of the incoming
particle, Zl and Ml are the charge number and mass of the incoming

rarticle, and Z0 and MO are the same quantities for the target.

Before comparing Eqs. (21) and (24), however, both cross sec-
tions must refer to the same coordinate system. To convert a labora-
tory cross section to the equivalent center-of-mass value, the former

must be multiplied by

dﬂL 1l + X cos @C

an, 3/2 (252)

¢ (X2+2}Ccosec+l)

(1 - X° sin® © )%

5 (25b)
[(1 - sin® @ )"-T + X cos @L]

where GL and @c are the laboratory and center-of-mass angles, respec-

tively, and
-1
= i My +3) o
“ww, |ttt u E, (26)
o M3 0 1
The angles @L and @C are related by
cot @, = cot @, + X csc 8, (272)

or

siﬁ(@c - ©.) = X sin 8 (27p)
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2. The Magnetic Spectrometer Acceptance Solid Angle

By ﬁsing Eq. (21) it is possible to determine absolute cross
sections providing that all quantities on the right-hand side can be
measured. It would be possible to calculate a value of R using Eq. (20)
and C could be measured;qhowever the determination of QL from the
geometry of the spectrometer would be difficult.

Instead of attempting to determine Q. in this way, the following

L
method was used. Protons were scattered from a copper target, and the
scattering cross section was assumed to be Rutherford. Then the yield
at the top of the resulting thick-target profile was used in Eg. (21)

to calculate R/CQL. Using the nominal value of C and a value of R = 302
calculated with Eq. (20), the solid angle was found to be 1.47 X 1072
steradians. This value was obtainred from measurements performed at
several energieé and angles; Table I summarizes these measurements.

The uncertainties listed are standard deviations calculated from
repeated cbservations at each combination of energy and angle. This
uncertainty does not include the effect of the uncertainty in the

atomic stopping cross section of copper.

It may be argued that the cross sections calculated with QL
determined in the aforementioned fashion are not absolute. Strictly
speaking this is true because the calculated cross sections are really
expressed as 2 fraction of the Cu(p,p)Cu cross section. Obviously any
difference between the true absolute cross sections for Beg(&,d)Be9
and the values quoted will depend on how much the Cu(p,p)Cu scattering
deviates from the Rutherford law. The results in Table I lend

confidence to the assumption of Rutherford scattering by copper.
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3. The Scattering Target

The target used in this experiment was & small slab of beryllium
vwhose dimensions were 1 1/2" X 1/4" X 1/16". The holder used for this
target is illustrated in Fig. 8. The target is positioned in the
target chamber by attaching the holder to the end of a rod which is
coaxial with the center axis of the target chamber. By using O-ring
seals, this rod is extended through the top of the target chamber so
the vertical position and the angular orientation of the target may be
varied at any time.

In addition to provision for holding the beryllium target, the
target holder was built to hold a copper-on-glass target as well. By
a simple vertical movement of the target rod, either the beryllium or
copper target could be exposed to the beamn.

Mozer(ll) has shown that fine scratches on the surface of a
scattering target can reduce the observed yield. Although his work
indicates that fine scratches should not be important at the labora-
tory scattering angles used in this experiment, some effort was
expended in trying to obtain a target whose surface was as mirror-like
as possible.

Preliminary attempts to polish the target surface by rubbing
it with fine grades of polishing paper and then iron-oxide rouge
impregnated in a kerosene-soaked rag were umsatisfactory. This method
not only removed scratches very slowly, but new scratches were created
during the polishing process by single pieces of extraneous grit which
became embedded in the rag.

It was finally decided to have the target polished by a commer-

cial firm which specialized in polishing metallic surfaces. This
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firm's method involved using a high-speed buffing wheel; the results
were surprisingly good. A microscopic examination of the target sur-
face did reveal a series of tiny parallel scratches. However, as sug-
gested by Mozer's work, the effect of these scratches was minimized by
holding the target during polishing so that the scratches would be
approximately in the scattering plane“when the target was positioned
in the target chamber.

Once the target surface was prepared, the deposits of carbon
contaminant which built up on the surface of the target during bombard-
ment were periodically removed by lightly rubbing it with a rag contain-
ing iron-oxide rouge. After each such polishing, the target was succes-
sively washed with kerosene, acetone, and distilled water.

A target profile was taken to check the cleanliness of the
target surface and to see if any impurities were p.resent within the
target. This is shown in Fig. 9. By kinematics the two peaks in front
. of the beryllium elastic-scattering yield can be attributed to elastic
scattering by layez;e of carbon atoms and oxygen atoms, respectively,
on the surface of the target. The small, symmetrical peak at Y = 580
is due to a very thin surface layer of some scatterer having a mass
number of about 100. The constant background plateau which begins at
Vm = 592 is probably due to the presence of some impurity distributed
within the target. Judging from the value of Vm where this background
begins, it seems likely that this impurity is either iron, cobalt or
nickel. The background yield indicates that the ratio of the number of
beryllium atoms to the number of impurity atoms is 2200:1. Such an

impurity concentration results in an effective stopping cross section
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for the target which differs from that of pure beryllium by less than

one-third of one percent.

4. Data-Taking Procedure

(a) Separation of the Reaction Products

The mumber of possible breakup channels available to the Be® + d
system is large. Consequently the detection of elastically-scattered
deuterons was complicated by the presence of protons, tritons, and
8ingly- and doubly-charged alpha particles which were produced by the
competing reactions. The magnetic spectrometer alone could not
discriminate these different particle groups because the reaction pro-
ducts from the many layers in a thick target had a continuum of momenta.
Although the singly-charged particles transmitted by the magnetic

- spectrometer all had the same momentum, it is easy to show that their
energies were not equal. If the energy of the protons transmitted by
the spectrometer is taken as the unit, then the energies of the other

particles transmitted at the same spectrometer setting are given by

p‘t‘.l

=l/2Ep

. = 1/3 E,

1/4 E,

at

a+ = Ep

where the subscript meanings are obvious. Thus the use of a detector
possessing good energy-resolving propérties provided the necessary
means for distinguishing the various particles which passed through
the spectrometer. '

The p-n Junction detector used in this experiment has an energy
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resolution of about 10 percent in the energy range where it was used.
As can be seen from Fig. 10, this detector afforded the necessary
separation between different particle groups. During the experiment
the number of elastically-scattered deuterons was detemingd by setting
the window of a single-channel pulse-height analyzer so that the
deuteron pulses would be passed while the others would not.

As the energy of the incident deuterons was lowered, the height
of the detector pulses produced by the scattered particles also decreased.
Finally the output-pulse height became comparable to the level of the
electronics noise. When this condition existed, the entire detector-
output spectrum was recorded by using a multichannel analyzer. Typical
spectra obtained with th;s instrument are shown in Figs. 11 and 12.
With records such as these, any necessary noise subtractions could be
made and the yield of scattered deuterons obtained by summing the
number of counts in the appropriate analyzer channels.

It was necessary to be certain that the particle group being
observed really va-.s the elastically-scattered deuterons. This was
verified in two ways: First, the observed positions of the scattering-
profile rises agreed with the positions calculated from kinematics.
Second, the observed pulse height for deuterons from Cu(d,d)Cu (there
being no question here that the observed particles were deuterons
because of the intemsity of the scattered particles) was compared with
the pulse height of theipa.rhicles thought to be deuterons from
Be9(d,d)1ae9. The ratio of these observed pulse heights agreed with
the calculated ratio of deuteron energies for the two scattering

processes. Thus there can be little doubt that the observed particles



were really deuterons.

(b) The Determination of N

Values of NR corresponding to various incident energies and
scattering angles may be obtained from the appropriate scattering yield
profiles. Figs. 13 to 20 show some typical profiles obtained under the
noted conditions.

It is unnecessary to obtain a complete profile at each point
where the cross section is to be measured. Since NR is determined
from the difference in number of counts bgfore and after the profile
rise, it is sufficient to measure the number of counts at these two
positions without being concerned with the detailed shape of the profile.
| The data-taking procedure consisted of the following: The number
of scattered particles was determined for two values of Vm on the profile
rise. This verified the location of the rise. Then Vm was increased to
a value corresponding to the peak of the profile and the number of
scattered particles was noted. The scattering yield was again recorded
after making one or two additional small increases in Vm; the scattering
energy El was determined from the average of the values of Vm for which
yields at the profile peak were measured. This permitted verification
that the yield was being measured at the profile peak and provided
several yield measurements which couild. be averaged. Finally, vV, was set

at a value below the profile rise and the background yield was measured.

5. Corrections to the Experimental Yields

(a) Charge Neutralization

When a scattered particle emerges from a solid target, its

effective charge, which depends upon the number of electrons attached
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to it, may, in general, be one of several values. The magnetic spectro-
meter can pass only the particles of interest with a particular effec-
tive charge. To correct the yield for the particles of interest which
have other effective charges, the fraction of the emerging particles in
each charge state must be known. These fractions, or charge equilibrium

ratios, have been measured by Phil].ipauz)

and found to depend upon the
energy of the particle and the type of atoms in the last few atomic
layers at the surface of the solid. The results quoted by Phillips
are directly applicable to cases where the emerging particles are
protons. By making the assumption that the probability of electron
attachment to a moving ion is only a function of the ion's velocity
and the number of other electrons already attached to it, it is easy
to show that an emergent beam of deuterons with energy E will have the
same charge equilibrium ratios as a beam of protons with energy 1/2 E.
Phillips' experimental apparatus was such that he was able to
maintain the cleanliness of the surface from which the ions emerged.
This enabled him to detect small differences in the charge equilibrium
ratios for particles emerging from different surfaces. The charge-
equilibrium-ratio measurements which seem most consistent with the
conditions in this scattering experiment are those for a surface which
Phillips called "dirt."” For this measurement Phillips did nothing to
overcome the buildup of foreign matter on the surface from which the
ion beam emerged. Although it is uncertain that Phillips' "dirt" and
the surface contaminant present in this experiment had the same compo-
sition, such an assumption seems more reasonable than that the charge
equilibrium ratios were determined by a clean beryllium surface.

The fraction of the total number of deuterons which emerges
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from a "dirt" surface as singly-charged ions is shown in Fig. 21.
Several points at the high-energy end of this curve are from Mozer's

work. (11)

He obtained these data by assuming the measured cross sec-
tion for Cu(p,p)Cu deviated from the Rutherford value at low energies
because of a reduction in the observed yield due to the formation of
neutral and negatively-charged ions at the target surface. For compari-
son, Fig. 21 also shows the fraction of singly-charged deuterons

emerging from a clean beryllium surface. Since the magnetic spectrometer
was set to pass singly-charged deuterons, Fig. 21 provides correction

factors for eliminating the effect of electron attachment.

(b) Scaler Dead Time

Because of the finite amount o} time required for the detection
equipment to process the signal generated by each detected particle,
the equipment is "dead" during a certain fraction of the counting
period. This gives an observed yield which is less than the true yield.
A correction to the observed yield for the equipment dead time may be
derived in the following way: The fraction of the counting periocd for
which the counting equipment is dead is given by N'r/t where N is the
number of counts observed during a period t and T is the dead time per
count; the number of potential counts available during this dead period
is NTM/t where M is the true number of counts appropriate for the

period t. Thus M must be given by M = N + (NT/t)M or

o 1-+n-r/1’. ~ N(1 + Nt/t) (28)

A convenient form for expressing the magnitude of this correction is
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oM M-N NT
N - W T (29)

Using a value of T = 10" seconds as characteristic of the
scalers employed to count the number of detected particles, the
Be9(d,d)Be9 counting rates were such that AM/M was never greater than
0.3 percent. For these data the dead time vwas neglected. When it was
necessary to record the scattering data with a multichannel analyzer,
the percentage of dead time was calculated to be of the order of one
percent. The most important dead-time corrections were made to the
Cu(p,p)Cu yield data taken for the solid-angle calibration. Corrections

in this case were typically between one and three percent.

(¢c) Scattering by the Detector Dead Layer

It is conceivable that the number of particles observed by the
Pp-n Junction detector could be less than the number incident on its
face because of backscattering by the dead layer. Commmication with
the manufacturer of the detector revealed that the dead layer could
have a thickness as large as 0.5 microns. A layer of this thickness
is consistent with the observed difference between the pulse heights
produced by equally-energetic protons and alpha particles as shown in
Fig. 10. To check the effect of this écattering , & calculation was
made of the number of 200-Kev deuterons which would be lost by
Rutherford scattering from an 0.5 micron layer of silicon. For these
conditions it was found that the number of detected particles is
lowered only 0.07 percent by dead-layer scattering. This loss is

smaller at higher energies and thus is completely negligible.
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6. Some Effects Causing Deviation from Rutherford Scattering

As mentioned earlier, the interpretation of the observed
scattering cross sections was facilitated by first removing the vari-
ation attributable to the ordinary Coulomb interaction. The possi-
bility did remain that other well-understood, although more subtle,
effects might be influencing the experimental scattering. The

following describes two such effects.

(a) Screening by Atomic Electrons

A calculation by We:azel(l3 ) shows that the screening of the
target nucleus by its electron cloud will lbwer the scattering cross

section fram the Rutherford value according to

do
— = ]l =
daR

=D

(30)

where E is the center-of-mass energy of the incident particle and A is

the absolute value of the potential at the nucleus due to the electron
(1)

cloud. Foldy has shown that A is well-represented by

a =34z )% e

where Zo is the atomic number of the nucleus.

This screening effect was negligible for the Be9(d ,d)Be9
scattering. However, the cross sections measured for Cu(p,p)Cu to be
used in determining the solid angle were altered by a small amount.

The maximm correction to these data for screening was about 0.7 percent.
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(b) Effects Resulting from the Structure of the Deuteron

The effect on the elastic scattering caused by the finite
separation between the deuteron's instantaneous center-of-mass and
center-of-charge has been investigated theoretically by French and
(.‘vold't)ta-rger(l5 ) A computer progi'am to evaluate their expression for
the change in the cross section was written in this laboratory. A
calculation using this program indicated that the scattering due to
the Coulomb forée should slowly fall below Rutherford as the incident
energy is increased. However, at the highest energy used in this
experiment, the predicted deviation from Rutherford was slightly less
than two percent.

A second effect which can influence the Coulomb-interaction
scattering is the induction of an electric dipole moment in the deuteron
by the electric field of the scatterer. A Born-approximation estimate

of the magnitude of this effect has been made by Morinigo(16).

This

work indicate. that the fractional deviation of the cross section from
the Rutherford value should be rcughly proportional to the polarizability
and the momentum transferred from the incident particle to the scattering
potential during the collision. Using a reasonable estimate of the
deuteron polarizability, the predicted cross section for backward
scattering of one-Mev deuterons is about two percent less than the

Rutherford value.

7. The Atomic Stopping Cross Section

The variation of the atomic stopping cross section for protons

passing through beryllium is given by Mozer(ll). In general the

stopping cross section for a light particle in a given material is
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related to that of a protca in the same material by
Zi 2 .I...{.B
e (E) = Z e]p(M1 E (31)

Thus the necessary values of the stopping cross section for deuterons
in beryllium were obtained by using ed(E) = ep(l/.? E). This relation

is considered to be accurate to within two percent.(l'r)

8. Results of the Cross Section Measurements

The results for this measurement of the Be9(d ,d)Be9 elastic-
scattering cross section are shown in Fig. 22. These data are expressed
as the ratio of the observed cross section to the corresponding point-
charge Rutherford crosé section. For measurements made at the center-
~of-mass angles of 90° and 125°16¢ , the maximum particle energy which
the magnetic spectrometer could analyze fixed the upper limits for the

bombarding energies.

9. Analysis of the Experimental Error

(a) Relative Uncertainty in do/do.

The possible error in the quoted values of do/ch for Be9(d ,d)Be9

scattering can be determined from the uncertainties in the experimental
quantities from which this ratio is calculated. To determine the rela-
tive fractional standard deviation for da/d.cxR the quantities whose

wcertainties must be considered are

do_ 5 e(Ezo) cos @) . Q,E(El) 52
daR v ‘an cos 62 eE2 1

where the symbols have their previously-defined meanings.
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The reasons for the uncertainties in these terms are the following:

NR: The error in this term results from the background subtrac-
tion and the inevitable statistical counting error.

€(E): The stopping cross sections are assumed to have a relative
fractional standard deviation of two percent.

Cos @1/cos e, +a [e(El)/e(Ee)] : The errors in a and
cos Bl/cos 82 due to randoﬁ errors in the various angle set£ings are
very small compared with the error in the stopping cross section ratio.
Thus the main source of error in this term is the uncertainty in the
stopping cross sections.

E and E.: The errors in these terms are due to the uncertain-

20 1
ties in the appropriate calibration constants.

V: The uncertainty in this temm results from fluctuations in
the charging voltage for the condenser which is discharged by the beam
current.

The relative fractional standard deviations for these sources
of error are shown in Table II. Assuming these errors to be independent
and normally distributed, their combined effect gives a relative
fractional standard deviation for da/daR of about 2.9 percent.

At the lowest values of E20’ an;additional source of uncertainty
in NR is the noise subtraction procedure. It is assumed that the
greatest uncertainty due to this procedure is eight percent. It is
further assumed that the chafqe equilibrium ratio makes no contribution

to the relative uncertainty in do/daR.
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(b) Absolute Uncertainty in dcx/@R

The values of du/dok measured in this experiment were normalized
on the absolute scale by using the observed yield from Cu(p,p)Cu
scattering. Thus the absolute uncertainty in dc/dch is due to the

uncertainties in the quantities

cos 82 b eb(El) b N
N e ES eb(E ) |cos > ne eb(E ) (Eb)2 sin ?Q
do R ¥¢ F20 207 L 2 2 1 2
d c b e [E c c 2 . c
%R NR Vb an € (EEO) | cos 81 . o € (El) (Ei) sin ?Q
( (] 2
| cos 6, € (Eal

where the superscripts b and c signify that the particular quantity is
determined for Be9(d,d)Be9 or Cu(p,p)Cu scattering respectively.

The error analysis based on the quantities shown above is
complicated by the possibility of a systematic error in the angular
settings of the magnetic spectrometer. As discussed by Ford(l), the
protractor used to orient the spectrometer seems to be misaligned by
about two-thirds of a degree. Although the angular settings used in
this experiment were corrected by this amount, the possibility that a
systematic error in the angle still exists cannot be overlooked. A
systematic error of one-half of a degree would dominate any random
error in the angle settings. For such a situation the errors in the
square-bracket and sin %ec terms are not independent, and the usual
technique for combining independent, normally-distributed errors in
order to determine the probable error in an experimental result is
not rigorously valid.

The effect on the experimental uncertainty due to a possible
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systematic error in angle was investigated by finding the greatest
possible error in & = cos Bl/cos @2 which could result from an error u
in the laboratory scattering angle. When the experimental procedure

is to set 81 as nearly equal to 82 as possiﬁie, it can be shown that a
fractional error Ba/a = u cot(%@L) can result. Using this fact, the
error arising from the two square brackets was calculated in two differ-
ent ways: First, }t was assumed that Ba/a could be treated as the
fractional standard deviation aa/a and the error in the ratio of the
square brackets was calculated as due to a term of the form

Vv = (a+f)/(b+g) where a, b, £, and g are independent quantities.
Second, as an attempt to assess the importance of the interdependence
of the errors in cos ezlcos 82 and cos @i/cos @Z, the error in the
ratio of the square brackets was calculated as due to a term of the
form ¥ = (a+f)/(a+g) where a, f, and g are independent guantities.
These two assumptions yielded approximately the same result for the
fractional error resulting from the ratio of the square brackets. This
suggested that the uncertainty in thislratio is only slightly dependent
on the errors in the angle settings.

The third angle-dependent term which contributes to the
uncertainty is X = (sin %ég /sin %Gg)h., If both center-of-mass angles
have a systematic error v, then the fractional error due to this term
is B8X/X = 2v (cot.%ég - cot %@g). Although there is no justification
for combining this systematic error with the random errors in the other
quentities, its relatively small size suggests that ®X/X can be treated
as random iithout invalidating the estimate of the fractional standard

deviation for dag/d L
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The uncertainties in the various terms which contribute to the
absolute fractional standard deviation in do/doh are shown in Table II.
The uncertainties in the angle-dependent terms were assumed to result
from a one-half degree systematic error in the angular settings. The
combined effect of these uncertainties gives an absolute fractional
standard deviation for do/doh of about 6.7 percent.

At the lowest values of E20’ two additional sources of
uncertainty are present. These are the uncertainty in the charge
equilibrium ratio and the uncertainty in N; resulting from the noise

subtraction procedure.



IV. CQiZ ARLSOT OF THE OBSERVED CRGSS SECTICNS WITH
THE SCATTERING.DUE TO A CHARGED SPHERE

The most striking feature of the excitation functions shown in
Fig. 22 is the lack of any prounounced variation of the ratio-to-
Rutherford with energy. This suggests that the mechanism primarily
responsible for the scattering is only slightly dependent upcen the
detailed intermal structure of the interacting nuclei. The a.d.ditionai
fact that 'th.*.;_ observed values of dO/dUR are approximately unity
indicates that the Coulomb in‘u';eraction is the dominant scattering
mechsnism. Since the values of c_lcr/dUR do deviate from unity, however,
some interaction in addition to the pure Coulomb field is present; a
logical choice for the source of this additional interaction is the

finite size of the nuclei.

1. Scattering by an Impenetrable Charged Sphere

The first attempt to calculate scattering cross sections which
agreed with the experimental values was made after assuming the
scattering nucleus was an impenetrable charged sphere. In this case,

(18)

results of Blatt and Biedenharn' can be used to find that the ratio-

to-Rutherford for the predicted cross section is given by

%—— % L= 2o sty (—) >_I(2£+l) sin ¢, cos [2n 4n s:m( )+2%-;¢2] P,(cos @)
£=0
sn.n "" 'CL‘ — L
— Z z Z (26+1)(26*+1) [(22'00123'10)]2 >
I=0 £=0 Z4'=|4-Ll
sin ¢, sin ®,, cos [(2¥,+2,) - (21?3."'%.)] Pr (cos @) (32)

*It is assumed here and in what follows that the amplitudes of the
various scattered partial waves depend only on the g-values of the
respective waves.
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where © is the center-of-mess scattering angle and (15'00|£2'I.0) is a
Clebsch-Gordan coefficient. Other symbols in this expression are defined
by the following:

2
Z.Z e
10
N = =5 (33)

where v is the relative velocity of the two particles;

ZZe2

z = 2 (34)
2Mv

where M is the reduced mass of the system;

=

(2 ME, )
e (35)

where Ecm is the kinetic energy of the two particles in the center-of-

mass system;
0y = - tan" (F/6,)_ o (36)

where 1'¢“e and G,B are the regular and irregular Coulomb wave fumctions,
respectively, and R is the radius of the charged sphere representing

the nucleus; and

where the Rutherford scattering phase shifts o, are given by

o (ate) = TR o
(37)
so that
L
¥, = z tant 3 amd ¥ =0 (38)
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Although the radius of the charged sphere is not precisely
determined by the theory, the idea inherent in the derivation is that
the charged sphere represents a region of space from which the
projectile is excluded by virtue of the finite sizes of the particles.
Therefore the radius of the sphere should be equal to the sum of the
radii of the two interacting particles. Call this radius the
interaction radius.

Equation (32) was evaluated for various deuteron energies and
scattering angles by using a Burroughs 220 computer. The hard-sphere
phase shifts given by Eq. (36) were obtained by using a computer
program written by Dr. T. Tombrello. A portion of the calculated
results is shownin Fig. 23. Despite the fact that the radius values
used in this calculation were about one-half the estimated interaction

radius for the Be9

+ d system, the calculation yielded larger cross
sections than the experiment. A value of zero for the total reaction
cross section is likewise an unsatisfactory result of the hard-sphere
model. This is particularly wnrealistic in the case of Be® + d
because studies of the possible reactions indicate that a substantial
total reaction cross section exists. -

2. Scattering by a Charged Sphere with Arbitrary
“oundary Conditions at the Surface

Since the results calculated with the hard-sphere model dis-
agreed with experiment, the effect of changing the boundary condition
at the nuclear surface was investigated. In order to get an expression
similar to Eq. (32) for arbitrary conditions at the spherical surface,
we follow the derivation ol Blatt and Wbisskopf(lg). In doing this,

we first derive expressions for the reaction and differential
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scattering cross sections as functions of the complex amplitudes of
the various scattered partial waves. Then we relate these amplitudes
to the logarithmic derivative of the wave function at the spherical
surface. This allows us to write the cross sections as functions of
the logarithmic derivative of the wave function at this surface.

The wave function representing the beam of incident particles
is a plane wave exp(;E-g) where r is a vector from the center of the
target to the incident particle and k is the wave vector whose magni-
tude is given by Eq. (35) and whose direction is that of the incoming
beam. For simplicity we assume the z-axis of the coordinate system
is parallel to k. It i5 possible to expand the incident wave in
terms of spherical harmonics; thus in the limit of large kr the plane

wave is given by
1 (o]
5 L
exp (1x2) = ) (2 + 1F * ferp (100 - £y
£=0

- exp [0 - 20y, o (@) (39)

Because of the presence of the scatterer, the actual wave function is
not a plane wave. However, the distortion caused by the scatterer only
affects the outgoing spherical waves which go asymptotically as exp(ikr).
Thus in the asymptotic region we write the actual wave function as
1 o
o) = ) (et + 17 4 e it - £50]
£=0

= g &XP [i(kr a g_“)]} Y.G,O (e) (%0)
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where ¥ p) is a complex number that determines the amplitude and phase of
the outgoing £-th partial wave. The difference between the true wave

function and a plane wave is the scattered wave ﬂfsc given by

¥

Sc

V(r) - exp(ikz)

(=]

Y (2t 0 ) emlite - Z0y, (0 ()
£2=0

=

x_
kr

The reaction cross section is given by Na/N where Na. is the number
of particles removed from the beam per second and N is the number of
particles per unit area per second in the incoming beam. The velue of
Na is given by the net flux into a large sphere of radius Ty centered
about the scatterer. This flux is found by integrating the probability
current density, as determined from the complete wave function, over

the surface of the large sphere. In this way Na. is found to be
-h N ., _o¥x) 2 .
N 5(5 v = \!t)ro sin €340 4o (42)
The flux of particles in a plane wave exp(ikz) is equal to the particle
velocity v. This fact combined with the result of Eq. (42) yields

%= (22+1) (- 17,1%) (43)

' for the contribution to the reaction cross section from the partial

wave having angular-momentum quantum number £. Since o 4 must not be
; 2

negative, this result can be used to show that |7z| £ 1. The contri-

butions from the waves having different £ values are incoherent, so

the total reaction cross section is given by
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(L)
£=0
The differential scattering cross section is determined by
finding the number of particles Nsc scattered per second into an element
of solid angle dQ about © and then dividing this by the incident flux v.
Using wéc in the expression for the probability current density, we can
equate the result for the flux turough an element of surface on the

large sphere to the number of scattered particles to get

q () =i —v—avscﬂr* -a‘ygc\if 2 aq (45)
se T 2iM or 'sc or ‘'se| Yo Z

From this we find the differential elastic scattering cross section to

be

= 2
£=0

=

We wish to relate the scattering and reaction cross section
values to the boundary condition on the wave function at the nuclear
surface. Since only the asymptotic behavior of the complete wave
function ¥(r) is given by Eq. (40), we now determine an expression for
W(;) which is valid everywhere outside the nucleus. We know that the

general solution of the Schradinger equation may be written in the form

©0

o) = ¥re) = ) ) v, (o) (1)
A=0 T

We must now determine the proper radial wave functions qz(r).

“
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Let us define linear coubinations of Fy(r) and G,(r) which
correspond to outgoing and ingoing spherical waves. By examining the

behavior of Fg(r) and Gz(r) for large r, we see that the combination
) (2) = expl= 10,)[6,(z) + iF,(x)] (48)
J) = exp 2/t5g )

has the desired outgoing spherical-wave character exp [i(kr - %b{)] in

the asymptotic region. Similarly the combination
0, (2) = explic,) [6,(x) - 17,(x)] (49)

behaves asymptotically as an ingoing spherical wave. Using the functions
u£(+) and uz(') we can now write the radial wave function as the linear

combination

uz(r) = Auz(—) (r) + Buﬂ(+) (r) (50)

To find A and B we compare the large-distance behavior of Eq. (50) with

Eq. (40). This shows that

Nj=

5 8
A=ag" (2 417 E

o and B=-74A (51)

The logarithmic derivative of ug(r) at the nuclear surface is

defined by
_ dug/d.r
£, R (52)
Y/ u,
r=R
In eddition we define quantities A, and s, by
'du‘e(*')/dr
R —;—-(;T— = AE + 1 S, (53)
=i/}
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Using Eq. (48) we can express A, and s, in terms of F,, G,, and their

derivatives by

—Gz(dG_z/d.r) - F_,;(dFﬁ/dr)—

&, =R (54)
G, + B~

o £ ) |

r=R

_GE(dFE/dr) - FE(dGE/dr)—

s, =R (55)
£ Gg2 + Fge
- —r=R
Finally, we define a phase factor Ez by the expression
( ) G,(R) - i F,(R) ) -
exp(2i = - 2io

It should be noted that all of the quantities defined by Egs. (53) to
(56) are specified completely by the conditions outside the nucleus.

We can now express the cross seétions in terms of fﬁ by relating
£, to y,. When Egs. (50) and (51) are substituted into Eg. (52) the

desired result is

2
7£=f1—AE-isl

exp(2it,) (57)

In ordeg to examine the effect on the scattering due to inter-
actions within the nﬁcleus end to the Coulomb field and finite size, it
is helpful to define amplitudes for scattering processes which occur
inside and outside the nucleus. We introduce

) =21 8,
An=TRe T, - 5,) * (I T, - 5,) (58)
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& = exp(-218,) - 1 - (59)

where, to within a phase, Aﬁn and Aﬁ are the amplitudes for internal

and extermal scattering processes, respectively. We note that when
. 2

the wave function venishes at the nuclear surface, i.e., f) ==, Ain

vanishes as would be expected. Using Egs. (58) and (59) the quantity

(1 - 7,) may be written as exp(ziéz) (Aﬁ + Aﬁn)' Thus the differential

scattering cross section becomes

Bl&
1
Loy |‘A
o
[>1s
n

(28 +1)% explaie,) (&L + £5) ¥, (o) (60)

£=0

Equation (60) is not suitable for computational purposes because
the long range of the Coulomb interaction causes the sum to converge
very slowly. .In order to overcome this difficulty, we can replace the
partial-vave form of the amplitude for Rutherford scattering by an

equivalent expression. Manipulaetion of Eq. (60) yields

1 e
z 1
%" =|-15 Z (2¢ + 1) [exp(2ig,) - 1]Y,,,0
£=0

2 i
+1i (22 + 1)* exp(2igy) X
£2=0

2

{1 - exp(2i§, - 2ig,) [1 -‘Ain]}Yz’o (60=a.)

1
Now Y, o (e) = [(22 + 1)/14-::]-5 P, (cos ©), so the slowly-converging term
2 j

in the sum beconmes
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T’e—lﬂ? Z (22 + 1) [exp(2igy) - 1] P, (cos @)
£=0

This may be replaced by the equivalent expression for the Rutherford

scattering amplitude
-z cse” (30) exp [-2in £n sin (20) + 2100]

After factoring out the constant factor exp(2i co), the expression for

the cross section becomes*

z cse® (20) exp [-2in £n sin (30)]

Bla

N

(-]
1
a1 ¥ 2 : -
iz Z (22 + 1)2 exp (210, 2100) b4
£=0

2

{1 - exp(2i§z - 2103)[1 - Aﬁn]}Yﬂ’o (61)

Before squaring Eq. (61) we note that oy - o, =¥, and the
quantities z, k, 1, and © are again defined by the expressions following
Eq. (32). In addition, Eq. (56) shows that

Gg(R) - iFﬁ(R)
G,(R) + iF,(R)

Now using ¢, = - tan-l(Fz/Gz)r:R, we cen f£ind that

G,(R) - 1F,(R)
exp(210,) = G,(R) + iF,(R)

* The equivalent expression on p. 336 pf Blatt and Welsskopf contains

£
an error in the sign of Ares'
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0 - % =%
In Eq. (61) the expression to be squared has the form

2 _ 2
® = |m +

; this can be expanded to yield |'I'|2 = lTlI2 + |T2|2 o
2Re(TlTZ) where Re means the real part of the bracket. Using this and
the expansion for writing the product of two spherical harmonics as a
linear combination of spherical harmonics, the final result, after

dividing by the Rutherford cross section, becomes

) 2,1 o
.g_g =1 ~ Re [1 sin“(20) exp[2in £n sin(30)] Z (22 + 1) exp(ng) X
R
£=0
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[ (.ﬂ./z'oolfuz-m)]-‘2 {l-exp(El‘Dz)[ Afn:l}*{l-exp(ai¢g,)[l—Af;]}PL (cos ©)
(62)
Equation (62) has been derived without considering the spins of
the interacting particles. It can be shown that when no resonances in
the scattering are present, the effect of the particle spins does not
alter the expression for the scattering cross section which this model
predicts. Although more sophisticated models can be used to describe
the scattering interaction, the simplicity of the charged-srhere model
is a virtue which cannot be overlcoked. In view of the satisfactory
results obtained with this simple model, little additional physical

insight can be gained by analyzing these data with & more complicated
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3. Determining the Parameters Reguired to Fit the Experimental Data
The expression which has been derived for the scattering cross
section depends upon the parameters Af.n and the interaction radius,
Aside from the value of zero for the A'gn when the wave function
vanishes at the nuclear surface, it is difficult to decide what
constitutes "reasonable" values of A’ under more general conditions.

in

The scattered-wave amplitudes 7,6, however, do have a more apparent

z’
physical interpretation. A program to evaluate Eq. (62) was written
for a Burroughs 220 computer. By using several reasonable values of

v , the values that gave the best agreement between theory and experiment

2’
were found by trialrand error.

The relatively low incident energies used in this experiment
suggest that only modification of the s- and p-waves by the internal
region of the nucleus should be considered. Thus the 73 for the
d-waves and higher were assumed to be the hard charged sphere result
7, =exp(21ig)).

We see from Eq. (43) that the reaction cross section is deter-
mined by the magnitudes of the 71. In order to find these magnitudes,
the variation of the total reaction cross section with energy was
estimated from data available in the literature and is shown in Fig. 2k.
The data used in constructing this figure were taken from references
20 through 23. Because of the large number of possible reactions,
these data are incomplete, Therefore, this composite total reaction

cross section curve is probably only a lower estimate.
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The first attempt to fit the experimental results was made for
the incident energy of 0.500 Mev. Here it was assumed that only the
s-wave would contribute to the reaction cross section; this determined
|7ol uniquely. The veriation in the cross section due to changes in
the phase of ¢ and the interaction radius was examined and the best

fit to the experimental resulis was determined by minimizing

E =

[oe(e) = ac((«))]2
) sy (63)

where the subscripts refer to experimental and calculated values. The
interaction radius which gave the best fit was 3.7 fermis, although the

minimm in Eq. (63) was rather broad. For comparison, the expression

r = 1.20 (Acl)/3 + %/3) fermis

gives a rough estimate of 4.0 fermis for the sum of the radii of the
two particles. 3

Using an interaction radius of 3.7 fermis, the values of 70 and
71 required to fit the experimental numbers were determined for higher
incident energies. At 0.700 Mev a slight amount of p-wave contribution
to the reaction cfoss section was introduced. This required that the
relative magnitudes of 7o and 7 also be determined by trial and error.
Figures 25 through 28 show the effect on the calculated cross sections
due to the variations in the various gquantities.

The values for the coefficients %0 and 71 which produce the best
fit to the experimental data are listed in Teble IIT and plotted in

Fig. 29. It must be remembered that for bombarding energies of 0.700 Mev
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and higher, thg avgilability of four parameters, the magnitude and
argument of both 7o and 7y should permit an exact fit of four cross
sections having almost any velues. Thus the significant fact learned
from the charged sphere celculations is not that a fit is possible,

but rather that the parameters which give a fit vary in a reasonable
way as the bombarding energy is changed. Undoubtedly the unevenness

in the varlation of the parameters shown in Table III can be attributed
to uncertainties in the scattering and reaction cross sections and the
relative crudeness of.the trial-and-error fitting procedure. Although
it may be possible to interpret the elastic scattering of deuterons in
terms of a more sophisticated mouel than that used here, it appears that
the cross sections measured in this experiment are compatible with the

assumption of scattering by a slightly-absorbing charged sphere.
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V. DISCUSSICN OF RESULTS

A comparison of the present results with those given by Jurid

(2)

and Clirilov reveals that the two measurements are in disagreement
concerning the existence of two states in Bll formed at incident-
deuteron energies of 1.16 Mev and 1.34 Mev and having widths of 70 Kev
and 120 Kev, respectively. To aid in evaluating the relative trust-
worthiness of these two experiments, a few comments concerning the
earlier experiment seem pertinent.

Juric and éirilov used photographic plates to detect the
scattered deuterons. The tracks due to these deuterons were distin-
guished from those due to the reaction products by examining the
lengths of the tracks. However, at certain angles of observation, one
or more of the reaction ‘products hed the same range in the emulsion as
the scattered deuterons. This difficulty was supposedly overcome by
determining the number of each type of particle in an angular region
where no range overlap occurred and then extrapolating to the region
where the different types of particles had the same range. An error
of four percent which they attributed to this extrapolation procedure
seems rather optimistic.

Another factor which tends to cast doubt upon Jurié and Cirilov's
results is the target they claim to-.mvé used. They quote a value of
0.9 mg/cm2 for the approximate thickness of their beryllium target. It
is possible that this thickness was misprinted. However, if the stated
thickness is correct, such a target would have a thickness of over

300 Kev for a one-Mev deuteron. The reaction products created at
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various depths in the target would have a wide range of energies; this
would complicate their identification according to the length of the
emulsion tracks which they produced. In addition, a target of the
stated thickness would meke it very difficult to determine accurate
values for the energies of the deuterons when they actually underwent
scattering. In view of such difficulties, it is hard to understand
how these authors could have obtained yield curves which vary with
energy as rapidly as théir results indicate.

A possible explenation for the 1.34-Mev anomaly which Juric
and Cirilov observed is the elastic scattering of deuterons by a carbon
contaminant lsyer on the face of their target. No mention of this
possibility was made by the authors. Recent data for (’.fl‘c"}(ci,d)cl‘2

(24)

scattering indicate that a peak in the cross sectiom occurs at

about Ed = 1.30 Mev. Although the deuterons scattered by carbon would
have more energy when detected than those scattered by beryllium, the
energies of these two groups of deuterons could differ, depending upcn
the scattering angle, at most by 20 percent. Whether the resulting
differences in track length for the ylelds from Be9(d,d)3e9 and

ct 2(d. ,d)012 could be reliably resolved is open to question.

Judging from the variaticn of the Cl 2(6‘. ,d.)Cl2 cross section with
energy, it seems unlikely that the anomaly at 1.16 Mev can also be
attributed to scattering by a carbon contaminant layer. However, the
presence of some other conteminant, such as oxygen, is very possible.
Unfortunately, the 016(c1,c1)016 cross section at low energies has not
been measured, so no comparison can be made with the results of

Jurid and 6irilov.
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Since these earlier data were available at the time of the
present experiment, the procedures used in making the present measure-
ments wcre-examined closely for any possible sources of error. None
vas found. In view of the results obtained in this experiment, it
must be concluded that the anomélies in the Beg(d,d)Be9 elastic
scattering cross section reported by'Jurié and Cirilov are spurious.

An unusual feature of the excitation functions shown in Fig, 22
is the occurrence of cross sections which fall below the Rutherford
values at low bombarding energies. This sub-Rutherford effect is
interesting because'similar results were observed for a recent
measurement of the Li7(d,6.)Li7 scattering cross section.(l) One might
expact that as the bombarding energy is decreased the projectile
ppreoaches less and less cleosely to the nucleus and the point-charge
assumption of the Rutherford thecory is inereasingly well satisfied.
Thus the fact that the measured cross sections dip below Rutherford is
not triviel,

There are ‘two possible ways to account for the observed cross
section being less than the Rutherford velue. It is possible that the
scattering cross section really is less than Rutherford at low
energies because of absorption or some obscure effecf peculiar to the
structure of the deuteron. In fact the previocusly-described charged
sphere calculations shown in Fig. 25 indicate that a sub-Rutherford
cross section‘can result when the phase of the outgoing partial wave is
shifted scmewhat from the hard-sphere value. '

A second possible explenation for the observed sub-Rutherford

cross sections is that the cross section really has the Rutherford
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value, but the measured values are low because of some instrumental or
other experimental difficulty for which an adequate correction has not
been made. For example, it is possible that the charge equilibrium
ratios are not yet accurately known. In view of the great care teken
by Phiilips in his experiment, this is not considered likely. Another
possibility is that some contaminant, say oxygen, in the surface layers
of the target increased the effective atomic stopping cross section
from the pure-beryllium value. Then when the cross sections are calcu-
lated with Eq. (21), the use of beryllium stopping cross sections gives
scattering cross sections which are 1qwer than the true values. This
effect is possibly important at low energies because the thickness of
the target layer from which the magnetic spectrometer selects scattered
particles is smaller at low energies than at high energies. This means
that the thickness of the comtaminated region constitutes an appreciable
fraction of the entire thickness of the target layer. Although this
reasoning seems to account for the sub-Rutherford behavior of the
Ii7(d,d)1i7 scattering, the amount of conteminant present in this
experimert is not sufficient to explain the observed results. Ford(l)
has measured the scattering cross section for Cu(d,d)Cu with incident
energies such that the energies of the scattered deuterons were com-
parable to the lowest scattered-deuteron energies in this experiment.
This measurement was performed with the same equipment used in this
experiment, and the cross section was found to be within three percent
of the Rutherford value. This appears to rule out gross instrumental
effects and anomalous effects due to the deuteron's structure as

possible causes of the sub-Rutherford cross section.
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< After examining possible reasons for the observed below-Rutherford
values of the cross section at low enerzies, the most reasonsble expla-
nation seems to be that the true cross section is below Rutherford. How-
ever, small contributions to the observed lowering from the other causes
which ﬁere mentiored cannot be ruled out completely.

An important point to be considered is the possible failure to
observe a bona fide resonant-level anomaly in the cross section. The
data shown in Fig. 22 were measured at 20-Kev intervals, so it seems
reasonable to assume that any appreciable anomaly having a spread
greater than 30 Kev would certainly have been observed. In view of the
high excitation energy of the Be® + a3l compound nucleus, the
occurrence of an anomaly in this region with a spread less than 30 Kev,
although possible, is not likely. Thus there is little reason to sus-
pect that in this experiment an isolated resonance may have been over-
locked. It should be noted, however, that the gradual rise in the
scattering cross sections with increasing bombarding energy may be due
to the presence of many broad, overlapping levels. A rough estimate
of the expected level density can be made by assuming the nucleus is a
degenerate Fermi gas of eleven particles confined within the nuclear
volume. Under these conditions , it can be shown that for an excitation
energy of 17 Mev the level density in Bll shou];d be about 25 levels per
Mev.

The existence of one or two states in Bn having sbout 17 Mev
excitation is suggested by some of the B¢9 + d reaction data. It is of
interest to consider whether the absence of structure in the Be9(d ,d)Be9
cross section can be explained in terms of the relative magnitudes of

the probabilities for decay of the compound nucleus by various channels.
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From barrier penetration considerations the decay of a Bll compound-
nucleus state by emission of a particle other than a deuteron is
favored because of the large Q values for many of these reaction
channels. The decay by neutron emission is further enhanced by the
absence of any Coulomb barrier. For example, if a state in Bll with
spin and parity 3/2+ is 