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ABSTRACT

A lahoratory study was made of the local properties of suspen-
sions of granular particles generated by an upward flow of water. Four
granular materials covering a range of particle gizes having particle
Reynolde numbers between 10 and 70 were studied by making detailed
meagurements within ten suspensions. Measurements were made of the
mean properties of over one hundred suspensions. Concentrations in
the suspensions generated by upward flow were generally greater than
those of typical hindered settling experiments, but less than those of
typical fluidization experiments by chemical engineers.

Mieasurements of the mean concentration for an entire suspension
and the ratio ¢ superficial velocity to particle free-fall velocity yielded
a separate relationehip for each material studied. These relationships
are strongly dependent on the standard deviation of particle sizes for
the parent materials.

FRecognizing that granular materials are never perfectly uniform,
measurements of concentration and particle size were made on a local
basis. The suspensions were found to sort themselves with the fine par-
ticles near the top and the coarse particles at the bottom, and the local
concentration was obsarved to decrease from the bottom to the top of
the suspension.

Granular particles with mase densities approximately two and
one-half times the density of water and having particle Reynolds numbers
in the range from 10 to 70 produce highly turbulent systems when fluidiz-
ed with water. It was observed that there is local generation of
twbulence thrmughout the suspension with the highest intensity of turbu-
lence being in the region where the local concentration is the largest.

Measurements of the hindered settling velocity of a suspension
and the superficial velocity necessary to maintain the suspension show
the two quantities to be identical for all practical purposes. The turbu-
lence was observed visually to be less for the settling suspension than

for the fluidized suspension.
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CHAPTER 1
INTRODUCTION

1«1 Definition of Fluidization

A fluid flowing vertically upward through a bed of discrete non-
cohesive particles exerts a drag force on each particle. Also acting on
each particle is a net downward gravity force equal to the submerged
weight of a particle and an intergranular contact force necessary for
equilibrium. As the fluid velocity is increased, a point will be reached
where the fluid drag force equals the submerged weight of each particle,
particle-to-particle contact ceases, and a state of fluidization is pro-
duced in which particles are no longer held in position by neighboring
particles. This is a state analogous to the so-called ''quicksand'' found
in nature. The particles, which were formerly held together by gravity
in a fixed matrix, are now free to move. The movement of each parti-
cle depends on the motion of the fluid and the motion and position of
neighboring particles.

| A group of particles suspended in an upward flow is commonly
referred to as a fluidized bed, a term which is a carryover from the
study of flow through beds of particles undisturbed from the static posi-
tion, hereafter called simply fixed beds of particles. Since the term
"'fluidized bed of particles'' can be misleading, the particles in the state
of fluidization will subsequently be refefred to by the more appropriate
descriptive terms, suspension or fluidized suspension.

A phenomenon analogous to fluidization is the hindered settling

of a suspension or the settling of a group of particles in a still fluid.
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In a more general way, one might think of the hindered settling of a
suspension as merely the Galilean transformation of the fluidized sus-
pension.

Morphologically, the suspension consists of two distinct phases:
the particles and the fluid. The fluid has the property of being contin-
uous, while the particles are discrete. The fluid may be gaseous or
liquid, while the ''particles'' may be gaseous, liquid, or solid. Table

1-1 is a tabulation of six possible systems of fluid and particles.

Table 1-1
Possible Fluidized Suspensions

The arrows indicate the relative motion between the fluid and the particles.

Example Fluid Particles
1 Gas ¢ Solid ¥
2 Liquid ¢ Solid ]
3 Liquid ¥ Gas t
4 Gas & Liquid | |
5 Liquid 4 Liquid
6% Liquid ¢ Liquid ¢

#*The two liquids must be immiscible in these two cases.

The gas-solid system is frequently employed by chemical engineers in
chemical reactions. A system of the liquid-solid type is encountered,
for example, by sanitary engineers during the backwashing of sand fil-
ters. The literature as surveyed by Leva (16) and Zenz and Othmer

(17) contains a great many examples of systems of the liquid-solid and
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gas-solid types. Of the six examples, only the first two, the gas-solid
and liquid-solid systems, are generally recognized as fluidization phe-

nomena.

1-2 Previous Analyses Based on Modification of the Darcy Equation

Many investigators have attempted to analyze fluidization phe-
nomena by methods analogous to those employed in the study of flow
in porous media. In fact, the expression ''flow in expanded porous
media'' is commonly used to describe fluidized suspensions. However,
unlike a porous medium, such as a bed of sand in a gravity field, the
particles in a suspension produced by fluidization are not fixed but are
characterized by a state of highly turbulent rnotion.

Leva (16) presents a comprehensive analysis of the technique
by which the upward flow through a suspension is treated as if the par-
ticles were fixed. In general, the Darcy equation, which is well estab-
lished for flow in porous media, is applied by modifying the permeability

coefficient. The Darcy equation is:

i kyg
U= - grad h (1-1)
where u = superficial velocity = discharge per unit of total
cross-sectional area = [LT-I]*
k = permeability coefficient = [Lz]
¢ = specific weight of fluid = [FL"3]
= dynamic viscosity of fluid = [FTL'Z]
h = piezometric head of fluid = [L]

* I otters in brackets indicate dimensions: L = length, T = time, F =
force, M = mass, F = MLT-2.
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The Darcy equation as written in equation 1-1 has a permeability co-
efficient, k, which depends on the properties of the medium only. In
some fields, such as groundwater hydrology, investigators combine
k, p, and Y¢ in the form K = —]f-:—f where K is called the hydraulic con-
ductivity or permeability. The form of equation l-1 is more common
to the petroleum industry, where one is interested in the flow of fluids
of many different viscosities and specific weights in nearly identical
media. The permeability coefficient, k, is actually a second rank ten-
sor for an anisotropic medium, such as rock or soil with distinct strata
of varying grain size, but it reduces to a scalar for an isotropic medium.
Furthermore, several investigators, such as Carman, Kozeny, Fair
and Hatch, whose ideas are extensively discussed in Scheidegger (28),
Leva (16), and Zenz and Othmer (17), developed semi-empirical rela-
tionships between the permeability coefficient, k, and the geometry of

the porous medium. The form of this relationship, derived on the

basis of a fixed bed of particles is:

pe® _ pPu-c)’

i~ (1-2)
1-¢)® c*

where D = diameter of the particles forming the porous medium [L]

C = volume concentration of solids, and

porosity of the medium = 1-C

€

To apply Darcy's equation to the fluidized suspension, one also
makes use of the condition that the gradient of the piezometric head must
equal the submerged weight of the suspended particles per unit cross-

sectional area after the bed is fluidized, that is



Feg grad h = - C(p-pPglg (1-3)

where C = volume concentration of the particles = [L3L'3]

mass density of particles = {ML'B]

°
L]

masse density of fluid = [ML"S]

Pg
g

gravitational acceleration = [LT'zl

Combining the relationships from equations 1-1, 1-2, and 1-3, the fol-
lowing expression is obtained for upward flow through a suspension:

_ Dilp -pp) (1-C)%
-~ o (1-4)

. -—p
where u = lul

A great deal of data has been amassed in the form of equation 1-4 for
liquid-solid systerns (see Leva (16), Chapter 3). However, the factor
of proportionality necessary to complete equation 1-4 has by no means
been universally established. For spherical particles, with particle
Reynolds nurmbers (based on particle diameter and free fall velocity)
less than 10, Leva (16, p. 90) presents the equation:

0.005g(p-p¢) D (1-C)°

u = we (1-5)

The range of concentrations, C, over which equation 1-5 applies is not
clearly stated. Also, at this time, it should be stated that so far it has
been tacitly assumed that the suspensions in question are composed of
uniform particles and that the concentration of particles is uniform

throughout the suspension; these assumptions are based on the
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conception of a suspension as a dilated porous medium in which the
particles are fixed in space in uniform arrangements.
Dividing equation 1-5 by the Stokes' free-settling velocity of a
sphere, w, where
(Py-Pglg D®
Wi (1-6)

Leva Obtams:
W :

Equation 1-7 is restricted by Leva to concentrations by volume greater
than 20 per cent. For lower concentrations, one sees that the functional
behavior of equation 1-7 is incorrect in that as C == 0, u/w —~ . In
figure 1-1, equation 1-7 is graphically presented along with other func-
tional relations between u/w and C which will be discussed in detail in

the following sections.

1-3 Dimensional Analysis

Let us consider the important variables in a fluidized suspen-

sion as tabulated below:

Fluid Properties

u = superficial velocity - [LT'I]
pg = fluid mass density - [ML'3]
p = dynamic viscosity - [FTL'Z]

Particle Properties

w = free-fall velocity - [LT'I]



T
p, = particle mass density - [ML'B]

D = particle diameter - [L]

o geometric standard deviation of free-fall velocities

Suspension Properties

C - concentration of particles by volume [LBL'3]
The eight variables listed above are functionally related by some func-
tion:

91 (\;s pf! By W, pB' D, GW' C) = 0 (1‘8)

In this case, the eight variables have three fundamental dimensional
units, and therefore, by dimensional analysis the functional relation-
ship may be expressed as follows:

g VD¢

= C, o -Ef—)so (1-9)
¢W. m ’ » wspf -

The ratio u/w can be interpreted as the relative settling velocity of the
suspension. The second term in equation 1-9 is a form of Reynolds
number, a parameter which is indicative of the condition of the flow
about a particle. Both the concentration and geometric standard devi-
ation of the free-fall velocities are dimensionless by themselves.
ps/pf is the ratio of the densities of the particles and the fluid and is

a measure of the relative momentum of the particles and the fluid.

1-4 Functional Relationship of Richardson and Zaki

A form of dimensional analysis with results similar to equa-
tion 1-9 was carried out by Richardson and Zaki (4) considering a uni-

form material and thus neglecting o_; also, they did not include p_ as



=B~

one of the variables. This is one of the most troublesome pitfalls
of the method of dimensional analysis in that it requires judgment
in choosing the significant variables. The particle density, Pg» mMay
not be neglected since experimental evidence (see Leva (16), Zenz
and Othmer (17) indicates that gas-solid systems and liquid-solid
systems show very different fluidization. properties. Furthermore
it would have been preferable if Richardson and Zaki had used con-
centration rather than porosity in presentation of their results,
especially for low concentrations. The point should be made that
the choice between porosity and concentration is not merely one of
semantics or algebra. If one considers the full range of porosities
from a fixed bed to that of a single suspended particle, the range
is approximately 0.5 < ¢ < 1.0. However, the concentration, C,
(C = 1-€) changes by orders of magnitude over this same range,
0.5 2 C 2 0. If one had certain physically determined data for a
range of porosities up to 0.8, one might not feel adverse to extrapo-
lating the data for ¢ = 1.0. However, one is probably more hesitant
to extrapolate the same data over orders of magnitude, as would be
the case when thinking in terms of the concentration.

In order tc make the point more clear, let us look at the
results of Richardson and Zaki (4). From a series of experiments,
using various liquids and particles, Richardson and Zaki found that

their data could be fitted with the functional relationship:

rf' = (1-C)" = ()" | (1-10)

-

prf . For

where n is a function of the particle Reynolds number,
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the range of their experiments, they found

D prf -0.03 prf
n=(4.35+ 17.5 ﬁ") ( ) for 0.2< <1 (1-10a)
t B
D prf -0.1 ""Dpf
n=(4.45+ 18 ﬁ:’ ( = ) for 1 < < 200 (1-10b)
w]:)pf -0.1 wl)pf
n = 4.45 ( ) for 200 < < 500 (1-10c)
prf
n=2.39 for > 500 (1-104)

where D is the particle diameter and Dt is the fluidization column diame-
ter. The relationship expressed in equation 1-10 resulted from the
plotting of a great deal of experimental data whege C is the mean con-
centration based on the total weight of granular material in suspension
and the overall dimensions of the suspension. Richardson and Zaki found
that their data for uniform materials could be easily fitted with a straight
line if they plotted the logarithm of the superficial velocity vs. the logar-
ithm of the mean porosity. The slope of this line yielded the value of

the exponent, n, and the intercept of the straight line for log e — 0 gave
the value of Uy, the representative free-fall velocity for the suspended
particles. However, Richardson and Zaki found that the value of the
superficial velocity obtained from the extrapolation log € —~0 did not
agree with the free-fall velocity, w, for their materials as calculated

by other means. Disagreements between u, and w of magnitude of 2 to

25 per cent were found for the range of particle Reynolds number be-
tween 0.5 and 7000. These differences were attributed to container wall

effects on the particles. Richardson and Zaki choose to present equation
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1-10 with u, being called identical to w, the free-fall velocity for the
particles. Further comments on the disagreement between u, and w
will be made in chapter 5, but the writer believes that the discrepancy
is not primarily due to wall effects but is attributable to the fact that
equation 1-10 cannot be extrapolated to very low concentrations without
further knowledge of the physical laws governing the behavior of low
concentrations of suspended particles.

Because of the uncertainty of the physical laws governing low
concentrations of suspended particles, it was decided to present the
various theoretical and experimental relationships in a graphical form
which does not compress the relationships at low concentrations, that
is, the logarithm of the concentration is plotted against the ratio u/w
on an arithmetic scale (see figure 1-1). The log C scale allows infor-
mation which would occupy only a small portion of the logarithm (1-C)
scale to be plotted over several cycles, thus amplifying the trend of
the data at the low values of C. For example, the experimentally
determined results of Richardson and Zaki, equation 1-10, are pre-
sented in this form, but the curves are plotted only over the range
covered by Richardson and Zaki's experimental data, that is, 0.05 <
C < 0.60. Also equation 1-10 is plotted in figures 1-1 and 1-2 neglect-
ing the D/Dt dependence, i.e. l‘.Z)/Dt is taken as zero.

Additional functional relationghips , presented in figures 1-1

and 1-2, will be discussed in the rest of this chapter.
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1-5 Some Relationships Between u/w and C for Low Reynolds Numbers

Figure 1-1 contains the graphical form of several theoretical re-
lationships derived for particle Reynolds numbers below 1. This is in
the so-called viscous range of flow where one neglects the inertia terms
in the Navier-Stokes equations.

McNown and Lin (5) studied the hindered settling of dilute sus-
pensions of sand grains and glass spheres with Reynolds numbers near
1 in water and volume concentrations less than 3 per cent. The analytic
expression derived by McNown and Lin which closely fits their data is
shown graphically in figure 1-1.

For studies of settling suspensions, the hindered settling ve-
locity is considered analogous to the superficial velocity associated
with the fluidized suspension. The hindex:ed settling velocity is defined
as the rate of fall of a suspension relative to an observer in a fixed
horizontal plane, after the mechanism making the suspension, such
as the upward flow of fluid has been stopped.

Additional theoretical relationships between u/w and C have been
derived by Burgers and Smoluchoweki for the same range of Reynolds
numbers as the McNown and Lin curves. These relations are also
plotted in figure 1-1(after McNown and Lin (5}).

Zenz and Othmer (17) present a functional relationship based
on curves quite similar to the drag coefficient vs. Reynolds number
curve for a single sphere. From the results of tabulating and evalua-
ting a large amount of experimental data obtained from several inves-

tigators, Zenz and Othmer plotted a series of curves paralleling the
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Reynolds number vs. drag coefficient curve for a single sphere. The
off set of each curve depends on the volum.e concentration of the sus-
pended particles. These curves of Zenz and Othmer are presented in
the form of u/w vs. C in figure 1-1 for Reynolds numbers 1 and 5.
(For other Reynolds numbers, see figure 1-2). Although the trends
are similar, there is a noticeable difference between values on the
curves of Richardson and Zaki and Zenz and Othmer, for example, see

the curves for Reynolds number equal to 5.

1-6 Comparison of Fixed Assemblages of Particles with Free Suspensions

Hashimoto (2) investigated the viscous flow past a cubic array of
fixed, uniform-diameter particles. His work is purely theoretical with
no associated experimental data. Hashimoto's results are presented

in the form of the ratio —F  vs. C where F is the drag force on

each sphere, u is the sui'e’;lf)i:ial velocity of the fluid through the array,
and C is the volume concentration of the spheres. The term 3apDu is

the Stokes' drag force on a sphere for a given superficial velocity, u.

An isoclated sphere in free-fall settles with a terminal velocity such that
the drag force on the sphere equals the submerged weight of the particle.
By analogy, consider the fixed matrix of spheres settling in a fluid. In
this state of free-fall, the drag force on each sphere must equal its sub-
merged weight, that is, F on each particle is equal to -'-‘2- (pg-Pglg. By
Stokes' law, the drag force is equal to the submerged weight, 1612— (ps-pf)g,

when F = 3wpDw where w is the free-fall, or terminal, velocity of an

jsolated sphere. Therefore for the settling matrix of spheres, the ratio

— can be interpreted as the ratio of z— . In figure 1-1 are presented
3rpDu u
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the results of Hashimoto interpreted as % ve. C for the range of con-
centrations over which he presented numerical values of the ratio —
vs. C. These curves are for three cubic arrangements of uniformS“l:Du
spheres — the simple-cubic lattice (S.C.1.), the face-centered lattice
{(F.C.L.), and the body-centered lattice (B.C.L.). Each of these regular
arrays of particles is a repetition of a particular unit cell. For example,
the simple cubic lattice has a unit cell in which there is a particle placed
at each of the eight corners of a cube. The unit cell for the face-centered
lattice has a particle in each of the eight corners of a cube and a particle
in the center of each of the six faces of the cube, and similarly, the
unit cell of the body centered lattice is composed of particles at each
corner of a cube plus a particle at the center of the body of the cube.
One observes in figure 1-1 that the various lattice arrangements have
little effect on the relationship between -E;- and C.

A very interesting approach to the study of fluidization was em-
ployed by Happel and Epstein (18) . They studied the upward vertical
flow of aqueous glycerol through a pipe of 10 cm inside diameter which
was fitted with a series of rods (1.10 mm diameter) extending longitudi-
nally on which 4.9 mm diameter beads could be aligned at desired inter-
vals. They measured the pressure drop for a given flow with an empty
tube, then for the tube with rods only, and finally with the entire assem-
blage in place. They assumed that these pressure drops could be alge-
braically subtracted in order to determine the effect of the beads alone

on the flow. The basis for this assumption was that the flow regime

was laminar for their experiments (as determined by dye injection test).
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However, their reasoning is open to criticism because laminar flow
is not necessarily described by equations which are linear. From the
pressure drop measurements, Happel and Epstein computed drag co-
efficients for the various assemblages which led them to the ratio of
the superficial velocity for a given assemblage to the free-fall velocity
for an isolated sphere of the same diameter in the same fluid medium
under the same frictional drag. The experimental points of Lappel
and Epstein are presented in figure 1-3. Curves drawn through these
points, for the various particle Reynolds numbers, show a trend simi-
lar to the experimental results of Richardson and Zaki and Zenz and
Othmer for 0.15 < C < 0.40; but for a given value of C, the Happel
and Epstein data show a smaller value of u/w. This difference appears
to get larger as the concentration gets smaller, which indicates for
a given value of u/w the fixed assemblage of particles shows a larger
expansion (i.e., smaller concentration) than the suspension in which
the particles are not fixed but are free to move about randomly. In
terms of hindered settling, for a given concentration, the suspension
in which the particles are free to move will settle faster than a suspen-
sion in which the particles are fixed in a specific cubic arrangement.
A similar difference is found between the theoretical relationship of
Hashimoto for a fixed assemblage of spheres and the experimentally
verified relationship of McNown and Lin for spheres that are free to
move in the fluid medium.

Let us compare in Table 1-2 the value of u/w obtained from the
experimental results of Happel and Epstein (figure 1-3) for fixed as--

semblages and the experimental results of Richardson and Zaki for
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various concentrations of particles that are free to move.

Table 1-2
Comparison of u/w for Fixed Assemblages of Particles
wDp
and Free Suspensions for - 10
Fixed Assemblage Free Suspension
u/w u/w
Volume Happel and Epstein Richardson and Zaki
Concentration (figure 1-3) (equation 1-10)
C

0.06 0.68 0.80

0.10 0.59 0.69

0.20 0.42 0.45

0.30 0.25 0.28

The difference between the two values of u/w increases as the concen-
tration decreases, being less than 11 per cent of u/w value by the Rich-
ardson and Zaki equation for C = 0,30 and increasing to 15 per cent for
C = 0.06.

1-7 Some Relationships Between %— and C for Higher Reynolds Numbers

In figure 1-2 are plotted the experimental results of Richardson
and Zaki (4) and Zenz and Othmer (17) for particle Reynolds numbers 10
to 100. Also included are curves based on the investigations of Fair
(29), Rouse (7), and Chanishvili (22).

For calculating the expansion of a rapid sand filter during back-
washing, Gordon Fair (29) suggests the experimentally determined

relationship:

u 9/2
< = (1-0) (1-11)
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Equation l-\ll is of the same form as equation 1-10 proposed by Rich-
ardson and Zaki, except that in the Richardson and Zaki equation the
exponent, n, is dependent on the particle Reynolds number, whereas
in equation 1-11, the exponent is a constant. Although it is not directly
stated, Fair restricts equation 1-11 to systems in which the relative
density, ;;3 » is about 2.5 and Reynolds numbers are between 10 and
100.

An early, but less well-known, investigation of a liquid-solid
suspension was carried out by Rouse (7). By analysis, Rouse pre-

dicted that the equation describing the suspension should be of the form:

- 3/2
c= 2 g% (1-12)

(== ~1)
Pg

where A = a coefficient depending on the shape and relative deasity

of the materials and the local flow conditions

B = a coefficient depending on rate of settling for a group of

particles relative to the upward flow velocity
Using an artificially graded quartz sand having a geometric mean size,
Dg’ of 0.235 mm and a geometric standard deviation, Ug' of 1.64, Rouse
determined that equation 1-12 best fitted the experimental data for
A=0.83and B =1.0. Rouse is to be complimented for his efforts;
for although his techniques were somewhat crude, he seems to be the
first investigator to attempt to investigate a suspension in detail.
Rouse determined the local concentration by measuring the slope of
the piezometric head curve for a suspension. The piezometric head

for the various points within the suspension was measured relative to
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the clear water above the suspension. From samples withdrawn at
various levels within the suspensions, Rouse determined by timing the
fall in still water of a hundred or more representative particles the
average value of w for each sample. Rouse commented on the '""appre-
ciable amount of scatter'' of his data but felt that the trend of equation
1-12 was followed. A good part of the scatter is probably due to the
difficulty of measuring the slope of the piezometric head curves in
order to determine concentration.

There was some question to Rouse as to whether or not the
factors A and B are really constants. The factor 2 is in the most
doubt since Rouse exp;acted it to depend upon the state of turbulence
in the system. In a previous experimental study, Rouse (6) had shown
that using a mechanical shaker to generate turbulence in a still column
of water it was possible to create a state of suspension with no upward
flow at all. This type of suspension had a very ordered structure
with the concentration of the suspended material decreasing from the
bottom to the top of the suspension. Further, Rouse (7) commented
on the turbulent nature of the fluidized suspension as follows: ''....a
definite pattern of eddies was noticeable through the transparent walls
of the cylinders, apparently due neither to imperfect stilling of the ap-
proaching flow, nor to the wake behind each individual grain, but rather
to characteristic momentary fluctuations in the density of the water
sediment mixture."'

It should be noted that Rouse includes the effect of relative
density, 2—:—. directly in equation 1-12. In figure 1-2, equation 1-12

P
is plotted for Fi = 2.65and A = 0.83 and B = 1.0. These values of the
{
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coefficients, as previously stated, were determined experimentally
for a sand with a mean particle Reynolds number of about 10. How-
ever, because the sand used by Rouse was composed of a distribution
of sand sizes, the range of particle Reynolds numbers covered by
the experiments was between 1 and 25.

Chanishvili (22) measured the concentration of air bubbles
in a downward flow of water in a pipe. He produced air entrainment
at the top of his pipe, the quantity of which depended on the magnitude
of the water diacharge and the height of the fall of the water jet. The
concentration of the air bubbles was obtained from measurements of
the piezometric head along the column. Chanishvili assumed that
the air bubbles in his experiments were of nearly uniform size and
that w, the free-fall (rise) velocity of a single bubble, was constant.
Using a value of w = 27 cm per sec for water discharges from 1 to
2.85 liters per sec, and an air discharge from zero to 640 cm3 per
sec, Chanishvili found the following equation to {it his .data best:

8 =6.17C% - 3.72C¢+1 (1-13)
where 8 = —‘:—? = relative settling velocity

w = free-fall (rise) velocity of a bubble [LT™]

S i RE-IY

Qg = water discharge = [LST'I]

Q,= air discharge = 3t

A = cross-sectional area of pipe = [Lz]

C = volume concentration of air [LBL'S]

If one lets the air discharge, Qs' be zero, then w, becomes merely the
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superficial fluid velocity, Qf/ A, and the ratio w*/ w becomes the familiar
ratio of superficial velocity divided by the particle free-fall (rise) velocity.
Equation 1-13 is plotted in figure 1-2 with ® interpreted as u/w.
The numerical coefficients in equation 1-13 were determined from a
system in which the relative density, ps/pf. was about 1/850 and the

particle Reynolds number about 1400.

1-8 Behavior of Two or More Spheres in a Viscous Flow

Kynch (1) analytically considered the slow motion of two or more
spheres in a viscous fluid. This is the condition of flow in which the
inertia terms of the Navier-Stokes equations are neglected. Perhaps
some understanding of the type of local conditions within a suspension
which generates disturbances can be drawn from a qualitative discussion
of Kynch's results. If one considers two equal spheres in a state of free
fall, where the center-to-center distance is less than about 10 diameters,
the results predicted are different from those for higher concentrations
of spheres. Namely, the fall velocity of two equal spheres, five diame-
ters apart, is predicted by Kynch to be about 10 per cent greater than
the free-fall velocity of a single sphere. If the two spheres are one
diameter apart from center to center and arranged so that one sphere
is directly above the other, then Kynch predicts the velocity of the éronp
to be about one and one-half times the free-fall velocity of a single sphere.
Two equal spheres for which the line joining their centers is not vertical
or horizontal will not fall vertically in an infinite medium but will possess
a horizontal component of velocity so that the spheres will tend to settle

downward along the line passing through the centers of the two particles.
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If one considers two spheres of unequal diameter, similar effects are
predicted as for equal spheres with the additional effect that the
smaller of two spheres with the same Stokes wvelocity (i.e., free-
settling velocity) will move faster than the larger. Kynch (1) makes
some comments on sedimentation phenomena, that is, the settling of
dense suspensions of particles. He Vbelieves that ''a finite assembly
of identical particles falling freely under gravity cannot do so in the
form of a regular lattice array. Differences between the motion of par-
ticles near the edge and those near the center of the assembly produce
perturbations which spread inwards from the boundary and spoil the
regularity."

The theoretical expression of McNown and Lin (5) shows a be -
havior similar to that predicted by Kynch. As the concentration ap-
proaches zero (i.e. C< 0. 0001) McNown and Lin predict th;t the set-
tling velocity of a group of particles will be greater than the free-
settling velocity of a single particle.

This type of unusual behavior at low concentrations (predicted
by Kynch and by McNown and Lin) seems to be a strong reason for con-
sidering the concentration of a suspension rather than the porosity of

a suspension.

1-9 Purpose of this Study

The purpose of this study was to examine in detail the proper-
ties of a suspension of granular particles generated by an upward flow.
The results of previous investigators discussed in this chapter are based

upon the measurement of such average properties as mean concentration
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and average particle diameter. Recognizing that granular materials

are not composed of uniformly sized particles, it was decided to em-
ploy procedures whereby the distribution of concentration and particle
sizes could be observed on a local basis within a suspension. Whether
or not the experimental relationships determined from the measurement
of the mean concentration for a whole suspension hold true locally within
a suspension has not been previously examined.

There were three main objectives of the experiments: (1) To
determine experimentally what are some of the relationships among
the basic variables, such as local and mean concentration, relative
depth, distribution of particle sizes, particle Reynolds number, and
superficial velocity for a suspension generated by upward flow of water.
(2) To compare the relationships for the entire suspension derived by
other investigators with similar ones for local values observed at var-
jous levels within a suspension. (3) To attempt to describe the physi-
cal mechanism responsible for the nature of the suspension produced
by an upward flow.

With these objectives in mind, four granular materials, the
physical properties of which are described in chapter 3, were fluidized
and studied in detail. Equipment was developed and experiments car-
ried out to measure the concentration-depth profile, the distribution
of particle sizes at various levels, and the relation between the local
properties of the suspended particles and the properties of the parent
material which composed the entire population of suspended particles.

The apparatus used, the methods employed in the collection and
analysis of data, and the results of the study are presented in the fol-

lowing chapters.
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CHAPTER 2
APPARATUS AND EXPERIMENTAL PROCEDURE

2-1 The Fluidization Column

The experiments were performed in a vertical tank with lucite
walls about 174 cm high with a nearly square cross-section 30.6 x
30.8 cm average dimensions. The column and the related flow system
are shown schematically in figure 2-1 and by photographs in figures
2-2 and 2-3. Filtered Pasadena tap water flowed upward through the
column, to a pair of overflow weirs at the top, and returned to a res-
ervoir tank from which it was recirculated by a pump. The quantity
of discharge was regulated by valves and measured by means of a
Fischer-Porter Flowrator (KHWR Lab. No. ©27) for low flows, or a
3 in. venturi meter (KHWR Lab. No. Q3) for higher flows. The ex-~
periments were generally carried out with mean velocities of 2to 5
cm per sec in the vertical lucite column. Both the Flowrator and the
venturi meter were calibrated in place using a weighing tank. The
errors in the discharge measurements are considered to be less than

1 per cent.

2-2 The Stilling Chamber at the Base of the Column

As shown in figure 2-1, the water enters the lower section of
the column through a vertical 2-in. pipe which is about 25 cm long,
perforated, and capped at its upper end. Sixty-four 1/4 in. (6.33 mm)
diameter holes were symmetrically drilled in the pipe wall, making a
total hole area approximately equal to the cross-sectional area of the

pipe. From the lower chamber, which is approximately 30 cm square,
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the water pasaes upward through a perforated metal plate which again
has a total hole area equal to that of the perforated pipe. Making the
discharge pass through the small holes tends to reduce the scale of
the turbulence in the flow to the size of the holes and distributes the
flow uniformly over the cross-section of the column. The section above
the perforated plate is about 5 cmn deep. From this section, the dis-
charge passes upward through a stainless steel 100 mesh (0. 149 mm)
screen and a stainless steel plate which is perforated with 1/32 in.
(0.795 mm) diameter holes on 5/64 in. (1.98 mm) centers, having
thus about 15 per cent open area. The stainless steel screen and
plate further reduce the scale of the turbulence in the water and make
the flow distribution uniform, and, in addition, serve as a support

for the settled bed of granular matcrial in the lucite section.

2-3 The Lucite Section

The lucite section is made of four walls of 1/2 in. (12.7 mm)
thick lucite sheets. On one wall are located eleven static pressure
taps at elevations of 4.4, 7.9, 20.1, 31.4, 42.8, 58.6, 73.0, 88.8,
103.6, 118.0, and 131.5 centimeters above the top of the stainless
steel perforated plate. In the early stages of the experiments, static
pressure measurements were taken at these taps by means of an air-
water differential manometer. Granular material entering the manome-
ter lines through the static pressure openings, at first caused trouble,
but later, this problem was alleviated by placing small automobile fuel-
line filters in the manometer lines close to the lucite wall. In order

to measure static pressure at closer intervals within the column, it
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was necessary to fabricate a static pressure probe which is described

in the next section.

2-4 Static Pressure Probe

The static pressure probe shown in figure 2-4 was made from a
3/8 in. (9.525 mm) diameter stainless-steel heavy-wall tube with a
solid stainless-steel hemispherically shaped tip. A 0.3 mm circum-
ferential slot is located 5 diameters or 1-7/8 in. (37.6 mm) from the
tip of the hemispherical end. Through this slot the static pressure with-
in the suspension was measured. All static pressure measurements
were made relative to a static pressure wall tap located 131.5 c¢cm above
the bottom of the lucite section. For all the experimental runs, this
tap remained in clear water. Static pressures were measured with an

air-water differential manometer which was read to 0, 0005 ft of water.

2-5 Electrical Resistance Probe

The local concentration, that is, the volume of solids per unit
volume of suspension, was measured by means of an electrical re-
sistance probe (see figure 2-4). The probe consists of two stainless
steel balls of 0. 25 in. (6.35 mm) diameter, plated with platinum metal
and located 20.2 mm apart. For support, the balls are connected to the
ends of two iron drill rods 15.5 cm long, which are insulated with coats
of General Electric Glyptal and clear Tenaco. The whole probe assembly
was attached to a movable carriage at the top of the column, and elec-
trically connected as a leg of an AC Wheatstone Bridge. In addition,
the electrodes were coated with platinum black to minimize polariza-

tion effects.
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2-6 The AC Wheatstone Bridge Circuit

The bridge circuit is shown schematically in figure \2—5. A
Hewlett Packard Low Frequency Function Generator, Model 202A,
sending out a 1000 cps sine wave was used to operate the bridge.
The two fixed resistances, General Radio Decade Resistance Boxes,
were set in the ratio 10:1, that is, 10,000 chms and 1000 ochms, so
that the variable leg of the bridge would require 10 times the resis-
tance across the probe in order to balance the bridge. An Eico
Decade Resistance Box having readings from i to 99,999 ohms by
1 ohm increments was used as the variable leg of the bridge. The
variable capacitance is a Heathkit Decade Condenser. As an indi-
cator of bridge balance, a Dumont Cathode-Ray Oscillograph,

Model 304A, was used. When the bridge is unbalanced, an ellip-
tical shaped pattern appears on the oscilloscope screen. The angle
of the major axis of the ellipse with the horizontal indicates the
resistive unbalance, and the amount of the opening of the ellipse,
that is, the ratio of the minor and major axes, indicates the capaci-
tive unbalance.

The resistance of the tap water varied with the ion content
of the water and water temperature. No control of the conductivity
was attempted. At intervals in each experiment, the probe was
withdrawn from the suspension, and the resistance of the clear water
above the suspension was measured. This procedure enabled cne to
prepare a graph of resistance of the clear water vs. time for each
experiment. The resistance of the clear water, as measured with

the resistance probe, might change from 650 chms to 700 ohms in
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one hour. This was due, most likely, to the wearing away of the
platinum black from the electrodes. Before each run, the electrodes
were given a fresh coat of platinum black by means of a 6 volt dry
cell battery and a solution of platinum potassium chloride and lead
acetate in distilled water. The resistance of the clear water was
very easy to measure and could always be determined, for example
to +0. 05 ohmsa over the range of the clear water values. Very large
changes in the resistance of the tap water often occurred if the

whole reservoir was emptied and replaced with new tap water. The
tap water resistance might be 350 ohms one week and as high as

650 ohms a week later. Resistance measurements within the sus-
pension were more difficult to determine, because one had to balance
an elliptical oscilloscope pattern which was continually flip-flopping.
At high concentrations of suspended particles, the resistance seemed
to vary the greatest amount. Variations of + 5 ohms in a reading of

950 ohms were not uncommon.

2-7 Concentration Measurements with a Resistance Probe

The use of an electrical device for measuring local concen-
tration within suspensions of particles has been successfully employed
by Lamb and Killen (13), Velock and Gorin (14), and Morse and
Ballou (12).

Maxwell (30) solved a potential problem for the resistivity
of a conducting medium filled with conducting spheres. Maxwell's

expression for the resistivity of such a medium is:
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.- 2p, + pp + Clpy-p,) .,
zpl + Py - ZC(PI"PZ) 2

(2-1)

resistivity of the compound medium

where P =
P = resistivity of the spheres
Py = resistivity of the medium
C = volume concentration of spheres

Equation 2-1 is derived for low concentrations, that is, the distance
between spheres must be large compared to the sphere diameter. Lamb
and Killen (13) found equation 2-1 to be reliable for measuring air con-
centrations as high as 90 per cent by vr;lume in high velocity water
flows.

Since a suspension of sand grains or glass beads in water does
not represent the ideal suspension of uniform spheres, it becomes
necessary to check the reliability of the application of Maxwell's for-
mula for the measurement of the concentration of non-conducting par-
ticles suspended in tap water. Fora suspension of non-conducting
spheres in a conducting medium, equation 2-1 reduces to:

R-R; R/R ¢

C, = = (2-2)
R+4R R/Rg %

where Rf = resistivity of the medium (fluid)

R = resistivity of the suspension

Cr = volume concentration of the spheres
Since only the value of R/Rf is needed in equation 2-2, one may sub-
stitute resistance measured with a probe for resistivity. The probe

geometry of two spherical electrodes was chosen because the spherical
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shape offers the same drag resistance to fluid flow from any direction.
Since the probe was designed to be placed in a flow in which the fluid
and the suspended particles would be moving locally in many directions,
the spherical electrode seemed preferable to the flat plate which is
more commonly chosen for resistance measurements due to its excel-

lent collimation of the electrical field.

2-8 Method of Calibration of Resistance Probe

A fluidized suspension of solid particles, that is, sand grains
or glass beads, was made in the fluidization column. Electrical re-
sistance measurements were then taken at various levels along the
vertical axis of the column. Periodic measurements in the clear water
above the suspension were made in order to record any changes in the
resistance of the clear water. The time was recorded for each reading
of resistance. From equation 2-2, the value of C was computed
using the value of the resistance within the suspension and the calcu-
lated value of the resistance of the clear water from a graph of the
clear water resistance vs. time.

Various longitudinal static pressure profiles within several
suspensions were made in order to determine whether or not the static
pressure for a given level within a suspension was uniform over the
cross-section of the column. Within the relative error for making the
measurements with an air-water differential manometer, the static
pressure was constant for a given level within a suspension. Simi-
larly, electrical resistance profiles were made over the depth at

various positions within a suspension over the cross-section of the
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column. Again, the profiles seemed to be the same everywhere with
the exception that when the probe came within about two electrode
spacings (4 cm) of the side of the column, wall effects appeared to
change the resistance. Similarly, the effect of the wall with the probe
in clear water was noticed also by bringing the probe close to the wall.
The experimental measurements for the study herein reported
were subsequently confined to profiles taken along the central axis of
the fluidization column. It was assumed that any wall effects could
be neglected and that all the results would be interpreted as if the
suspension had properties which varied only in the vertical direction.
A plot of Cr vs. elevation in the suspenéion. Y, was made

and the area under this curve, that is,
b

§ € tylay (2-3)
a

was evaluated either by use of a planimeter o# by Simpson's rule.
With the assumption of uniform static pressure and uniform concen-
tration for any level within a suspension, equation 2-3 may be inter-
preted as a measure of the total amount of material between levels
of integration.

From a static force balance for the suspension, one can show
quite easily that the difference in static pressure between any two ele-
vations depends on the total weight of solid material in suspension
between these two levels. Thus it is possible to compare the results
of a static pressure profile and the integral of the electrical resis-

tance formula for measurements along the central axis of the column
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in order to determine the calibration for the resistance probe.
The algebraic procedure will now be explained. From a static

force balance, one obtains:

P8 %h;; = -C(p -Pgle (2-4)
where h = piezometric or static head of fluid [L]

C = volume concentration of solids in suspension [L3-L-3]

p, = mass density of solid particles [ML-3]

Pg = mass density of fluid [ML'B]

g = acceleration of gravity [LT'Z]

Assuming C = KC:_ where K is a constant, and C_ is given by equation
2-2,

h -h
K = a b

b (2-5)
Py -
(;i—-l) ( C_(y)ay

a

K can be evaluated from equation 2-5. Various levels at which the
static pressure was measured were chosen as the limits a and b. In
this manner, for any given suspension, it was possible to evaluate K
over a range of concentrations. For each suspension, a graph of K
vs. Cr was prepared, using the mean value of Cr for the interval of
integration used to evaluate K. Measurements of resistance (i.e.,
Cr) were usually taken about 1.5 cm apart and measurements of the
static head were made about 2.5 ¢cm apart. The usual interval of in-
tegration for Cr was 5 cm. For integration by Simpson's rule steps

of 1.25 cm, and five values of C_ read from the C_ vs. depth profile,
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were used. To obtain the values of concentration, C, the values of
Cr were multiplied by appropriate values of K read from the graph of
Kvs. C, for the suspension.

In Appendix II are found the calibration curves, Kvs. C_, for
the experimental runs herein reported. Generally, one notes that K
has a large value, about 1.3 to 1.4, for small values of Cr. about
0.02 to 0.04. At higher values of Cr’ that is, about 0.12 to 0. 28,
K has a value of 1.05 to 0.98. The scatter of the K vs. Cr measure-
ments is explainable when one considers the accuracy of making the
pressure measurements. At low values of the concentration, one
must take the difference of two static head measurements in which
the relative error can be quite large. For example, in Run G18
(figure 4-6), near the top of the suspension, one might observe a
difference in the static head over the interval of integration of
(0.0100 0.0005 ft) minus (0.0020 x 0.0005 £t) H,O, which equals
0.0080 + 0.0010 ft or a relative error of 12.5 per cent. Near the
bottom of the suspension, one might observe for the same interval
of integration a difference of static head equal to 0.0550 % 0.0010
ft (i.e., (0.3101 £ 0.0005 ft) minus (0. 2460 + 0.0005 ft)HZO) or a
relative error of only 1.8 per cent in static head. However, although
the scatter of the K vs. Cr is explainable, no reason for the trend

of the K values can be given.

2-9 Relative Error in Cp Values

Let us now consider the relative error in equation 2-2 arising

from the error in local values of the resistance, R, within the
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suspension. In terms of relative error, equation 2-2 becomes:

ac, &R/Ri AR/Rf

= - - (2'7)
< %-1 %\«%
£

Using data from Run G 18 as illustrative of relative error in Cr' let
us consider values of the resistance from the same two intervals
discussed in section 2-8 for relative error in the static head. Table
2-1 contains a summary of these data. The value of ACr/Cr given
for both positions is the sum of the values of both terms on

the right hand side of equation 2-7.

Table 2-1
Relative Error in Electrical Resistance Equation

for Data Taken from Run G18

: 4C
Position  R# AR R¢ C, 4C. (==) K KC_=C
(ohms) {(ohms) ¥ . r (from o
fig. IH)
1 666 £ 1 648 .0182 .0010 . 0551 1.41 . 0257
P 930 + 5 685 .1925 0034 .0179 1.00 . 192

One sees that the relative error in Cr for the low concentration is about
6 per cent and for the higher concentration is only about 2 per cent for
the data in Table 2-1. The trend for the relative error in Cr to be
higher at low concentrations than at high concentrations is the same
trend as for re_lative error of the static head.

To summarize, one observes that the static head measurements

and the electrical concentration measurements show large relative
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errors for low values of the concentration. To reduce these errors
one should develop instrumentation to determine more accurately the
mean value of the static pressure and also the magnitude and period
of any fluctuation of the static pressure from its mean value. Further
work should be done on the electrical resistance probe in order to
enable one to measure the magnitude of the fluctuations in the resis-
tance (i.e., concentration) from its mean value. The method used to
determine the mean value for the electrical resistance measurements
reported herein wag manually balancing the bridge circuit using a
flip-flopping oscilloscope pattern as an indicator of balance. This
method gives no direct measurement of the deviation of the instantan-
eous resistance values from the mean. As for the static head meas-
urements, the inertia of the air-water manometer system was so
large that no fluctuation of the water level in the manometers was

noticed.

2-10 Siphon Sampler

A siphon sampler shown in figure 2-4 was made to allow small
samples of the suspended particles to be taken from various levels
within a suspension. Because of the lack of information, such as local
velocity in the suspension, the siphon sampler was relied upon only
to determine the characteristice of the suspended particles from a
given sampling location and not as a means of determining the local
concentration of particles. These samples, which were later analyzed

to determine the local distributions of particle free-fall velocity, were
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of the order of 2 to 10 gme from a typical total suspension of some 14
to 18 kg of solid particles. The siphon sampler consists mainly of an
automobile fuel-line filter jar connected with two vertical copper tubes
with inside diameters of about 4 mm. The total volume capacity of
the filter bowl and tubes is about 50 em>. A rubber stopper was placed
in the open end of the upper tube. If the whole sampler was placed
under water and the stopper removed, the difference in pressure across
the open copper tubes would cause the water to flow into the sampler
and displace the air. If the sampler was filled completely with air,
that is, an air volume of about 50 cm>, it would take approximately
3.5 seconds for the water to displace the air. Thus the discharge was
about 14 cm3/sec. The bottom of the lower copper tube is belled to
about 7 mm diameter, so that the inlet velocity at the bellmouth is
about 38 cm/sec. The total volume of sample removed from the sus-
pension at any level could be varied by partially filling the siphon
sampler with water,. thus changing the effective volume, i.e., the
amount of air to be displaced, of the sampler. The upper opening
through which the air escaped from the sampler was screened to pre-
vent material from entering the sampler through this opening. This
was a precaution introduced because for certain samples taken from
the bottom of a suspension, the entire siphon sampler was submerged

in the suspension.

2-11 Analysis of Granular Materials by Sieving and Measurements

of Free-Fall Velocities for Individual Particles

A granular material such as glass beads or sand was selected



il

for study, and a sieve analysis was made using an appropriate set of
(2.)1/4 Tyler sieves by the standard sieve analysis procedure in a Tyler
Rotap Shaker for 10 minutes shaking time. From such an analysis one
can determine the distribution of sizes of the granular material by
weight as retained on the various sieves. Using a Jones sample split-
ter, the granular material was divided until a sample of about 50 to
100 particles was obtained. Each of these particles was dropped in a
glass-walled column, 4 in. (10.2 cm) diameter, filled with distilled
water and the fall time for a measured distance of 124 cm was meas~-
ured using a hand-held stopwatch read to the nearest 1/20 second.
This procedure enabled one to calculate the distributicn of free fall
velocities by number for the parent material. The parent material
refers to all of the material placed in the fluidization column for each
particular experiment. The total weight of the parent material placed

in the column was determined to the nearest 0.01 pound (4.54 gm).

2-12 Measurement of Mean Concentration

The granular material in the fluidization v.ns put into suspen-
sion by the upward flowing water, and the amount of expansion was
changed by changing the water discharge. For each suspension, a
series of still photographs were taken; the discharge was recorded,
and the depth of the suspension was determined by the height of the
upper interface above the support plate, measured by a fixed scale on
one wall of the column. These measurements enabled one to calculate

the mean concentrations of the suspensions for various water discharges
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by the relationship:

W
-C = -;f-sTa (2-8)
where C = mean concentration [L3L'3]

W = total weight of granular material in the fluidization column [F]

unit weight of the granular material [FL'3]

4
@
]

cross-sectional area of fluidization column [L 2]

5
n

=R
n

depth of suspension [L]

2-13 Local Siphoned Samples

For certain selected suspensions, a static pressure profile and
an electrical resistance profile were made along the vertical central
axis of the fluidization column. From these profiles one is able to de-
termine the concentration vs. depth relationship for each suspension.
From various levels in the suspensions, samples of the suspended par-
ticles were siphoned off, using the siphon sampler. These siphoned
samples were dried and weighed and split down to a sample of about
50 particles, using a Jones sample splitter. Each of these particles
was dropped in a column of distilled water and its free-fall velocity
determined. Thus, one was able to determine the particle free-fall
velocity distributions for the various sampling levels in each suspen-
sion, and then associate the individual particle velocity distributions
with local concentration as determined from the static pressure and

electrical resistance profiles.

2-14 Hindered Settling Velocity Measurements

Measurements were made of the hindered settling velocity of

a suspension by quickly stopping the upward flow of water by shutting
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‘the quick-closing valve and measuring the rate of fall of the upper
surface of the suspension. Using a 35-mm single-frame still camera,
a series of photographs of the falling surface of the suspension were
taken. An electric timer was included in each photograph so that the
time that the suspension surface passed \;arioua levels on the fixed
scale on the wall of the column could be recorded. A plot of elevation
of the upper surface vs. time was made in order to determine the
rate of fall of the suspension, i.e., the hindered settling velocity.
Measurements of the hindered settling velocity were also made by
visually watching the upper surface and determining the fall time for
a measured distance with a hand-held stopwatch. Further discussion

of the hindered settling experiments will be made in chapters 4 and 8.

2-15 Temperature Measurements

Since there was no temperature control of the water, the
temperature of the water flowing in the column was checked frequently
during the experiments. However, it varied little, and for all runs

stayed within the range 20 to 24° C.
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CHAPTER 3
CHARACTERISTICS OF THE SOLID MATERIALS
The fluidization properties of four granular materials were
studied in detail. The characteristics of these materials are sum-
mavrized in Table 3-1.

3-1 Sieve Analyses

Figures 3-1 and 3-2 show graphically the distribution of the
" pieve sizes by weight plotted on logarithmic probability paper, on
which logarithmic-normal distributions are represented by straight
lines. Probability graph paper was introduced by Hazen (21) and
extensively used by Otto (23) for the analysis of granular materials.
A distribution which is log-normal or nearly log-normal may be
identified with a certain geometric mean size, Dg' and a geometric
standard deviation, o'g. For a distribution which is log-normal or
nearly log-normal, let Dg be the value of the sieve diameter which

represents the mean of the sample population. It follows from the

properties of a log-normal distribution that Dg sv Dgg.1 P55, 9 where
D84 p is the size for which 84. 1 per cent of the material is finer and
Dig 9 is the size for which 15.9 per cent of the material by weight is
finer. Similarly, the geometric standard deviation, crg, is given by

o5 = ¥Dg4.1/P15.9 -

3-2 Specific Gravity

The specific gravity of the granular materials was determined
by the standard method of weighing a representative sample (about 0.5
gm) dry in air and then submerged in distilled water in a 25 ml pyc-

nometer. The experimentally determined values of the specific gravity
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are given in Table 3-1.

3-3 Free-Fall Velocity Distributions

Figures 3-3 to 3-6 are graphs of the distributions of the free-
fall velocities for the four granular materials by number of particles,
uncorrected for particle weight. These data were obtained by dropping
a representative sample of the solid particles individually in a2 column
filled with distilled water and measuring the fall time over a fixed dis-
tance. Each plotted point represents the observed free-fall velocity
of a single particle. All points were plotted except in the central por-
tion of the curves where, when necessary to avoid overcrowding,
every other point was plotted. In the figures 3-3 to 3-6, the plotting

position on the probability scale is that suggested by Thomas (24),

m
PeagsT

where m = rank of a particular free-fall velocity, w__
m=1,2,3,.....,.N

Went] & ¥

m m

P = per cent of particles with free-fall velocities greater than,
or equal to, the corresponding velocity on the ordinate

In order to compare the various materials, it is better to know

the distribution of the free-fall velocities by weight than by number of
particles. With certain restrictions placed on the magnitude of the
spread of the free-fall velocities, one can show (see Appendix I-1)

that if the free-fall velocities of spheres are log-normally distributed

by number, they will also be log-normally distributed by weight.
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The geometric standard deviations of both distributions are the same,

but the difference of the geometric means is given in Appendix I-1 by:
3b 2
1 1 + log o 3-1
ogp = log W + = (log o) (3-1)

where p = geometric mean of free-fall velocities by weight

" geometric mean of free-fall velocities by number

LA geometric standard deviation of both distributions

b = 2.303
l+m

P =g

d(log CD)
m = - —3Tog Re) = the negative slope of the curve for drag

coefficient, CD' vs. Reynolds number, Re

Computed values of p by equation 3-1 for the granular materials used
in this study are given in Table 3-2.

A more accurate (but more time-consuming) method of convert-
ing the distributions by number to distributions by weight was tried.
In this procedure, the Reynolds number-drag coefficient curve was
used to compute the sedimentation diameter, Ds. that is, the diameter
of the equivalent density sphere having the observed free-fall velocity,
w, in the same fluid. Each particle was assigned the relative weight
Ds3/2 Daa where EDa3 is the sum of the cubes of the computed diame-
ters for the entire sample. If the particles are spherical or nearly

3

spherical in shape and have the same density, the ratio Das/ZDB is

the relative weight of each particle in the sample. Graphs of free-fall

3

velocity vs. cumulative relative weight based on Das/ ZD_° were plotted



B E e
on logarithmic probability paper and each graph was evaluated for a
mean free-fall velocity and a geometric standard deviation. Table 3-2

3and

contains a comparison of the two methods, that is, by D.S/EDs
by equation 3-1, for converting the free-fall velocity distributions by

number of particles to distributions by weight.

Table 3-2

Comparison of Methods for Converting Number Distributions to
Weight Distributions

By Weight

By Number By Da3/ zp 3 By Equation 3-1

wg ('sger%) w " "53?) “w H2 (:::) T
Material
A - Glass Beads 6.67 1.06 6.70 1.06 6.73 1.06
Z - Sand T 10 1.19 7.70 1.21 1.12 1.19
G - Sand 8.49 1.16 8.95 1.16 9.06 1.16
S - Sand 5.95 1.41 7.59 1.32 8.16 1.41

The comparison of the two methods shows results consistent with
the assumptions necessary to derive equation 3-1. When the geometric
standard deviation of the distribution is less than 1.2, the means by
weight, Bp» and p,, for both methods compare very favorably, i.e., the
difference in the two weighted means is 1 per cent or less. For material
S, the widely distributed material, the comparison is not as favorable,
that is, a difference in the weighted means of about 7.5 per cent is ob~
served. Similarly, a comparison of the geometric standard deviations

shows that the assumption of no change in this quantity is good to less
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than 1 per cent for the materials A, Z, and G, but good only to within
8 per cent for material S. On the basis of this evaluation, it was de-
cided to use equation 3-1 to convert the measured distributions of free-
fall velocities by number to distributions by weight for those samples
for which o, the geometric standard deviation of the free-fall veloci-
ties, is less than 1.2. For all samples in which T, Was measured to

3

be greater than 1.2, the method of Da3/ED8 was used to convert to

a weight distribution.

3-4 Relationship between Sedimentation Diameter and Sieve Diameter

The sedimentation diameter, D ot for a particle is defined as
"'the diameter of a sphere of the same specific gravity and the same
terminal uniform settling velocity as the given particle in the same
sedimentation fluid'' by the Inter-Agency Committee on Water Resources
(26). To determine the distribution of sedimentation diameters for each
of the four materials studied, graphs of the sedimentation diameter
were plotted on log probability paper where the position on the proba-
bility scale was based on the relative weight Dsa/ Z D33 for each parti-
cle. For each material, the distributions could be closely approximated
by a log-normal distribution. Table 3-3 gives a summary of the data
for comparison of sedimentation diameters and sieve diameters.

The data in Table 3-3 are in close agreement with the relation
between sieve diameter and sedimentation diameter given in the Inter-
Agency Report (26). This report (26) defines a parameter called a

shape factor, S.F., which is used to describe particle shape. The
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shape factor is defined as S.F. = ¢ /y/ab where a, b, and c are, respec-
tively, the longest, intermediate, and shortest of three mutually per-
pendicular axes of the particle. From visual observations only, with
no direct measurements taken, the shape factors in Table 3-3 were es-
timated. Material S, a sand, is composed of the widest variety of shapes
and sizes of particles, and it is the most poorly described by a log-
normal distribution of sizes of the four materials studied. For this
reason, the apparent agreement between the sieve diameter and sedi-
mentation diameter for material S seems to be fortuitous.

One also notices in Table 3-3 that the geometric standard de-
viation of the sedimentation diameters appears to be less than the geo-
metric standard deviation of the sieve diameters by an amount which
increases as the geometric standard deviation increases. No explana-
tion is available for this trend.

Microphotographs of samples of the granular materials studied

are found in chapter 4.
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CHAPTER 4
RESULTS OF EXPERIMENTS

The results of the fluidization experiments on four granular
materiales will now be presented. These experiments were done in
order to make a detailed study of the properties of a suspension. As
discussed in chapter 1, several investigators have examined the re-
lationships between fluid discharge and mean concentration for sus-
pensions of so-called '"uniform'' particles. The results reported
herein attempt to take into account the nonuniformity of the granular
materials studied in an effort to determine, by the measurement of
such properties as local concentration and the local distributions of
particle free-fall velocity, whether or not the relationships presented
in chapter 1 hold true locally within a suspension. A better under-
standing of the physics of the suspension will permit future investi-
gators, who put forth a theoretical analysis of a suspension, to decide
more realistically which properties of a suspension are of primary

importance for the basis of their analysis.

4-1 Mean Concentration and Superficial Velocity

Following the custom of previous investigators, the results of
the measurement of mean concentration and superficial velocity are
presented in graphical form in figure 4-1. Omn the logarithmic scale
in figure 4-1 is plotted the mean concentration of particles, T, which
is the fraction of the total suspension volume occupied by the particles
based on the measurement of the total dry weight of granular material
in the fluidization column, the unit weight of the material, and the

overall dimensions of the suspension. C is defined by equation 2-8
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in chapter 2. The arithmetic scale for the superficial velocity, u,
is normalized using the mean free-fall velocity of the particles by
weight, p. The value of p used in figure 4-1 was determined by the
method of relative weight, Ds/ ZDs, described in chapter 3. The
data in figure 4-1 cover the interval of mean concentration, 0.05 <
T € 0.60; and a curve has been fitted by eye for each of the four
materials over this range showing that u/p increases as C decreases.
It {s important to understand that all the values of u for each material
were normalized with the same value of |, that is, only four values
of i were used to normalize the data shown in figure 4-1. In Appen-
dix II is a summary of the data covering a.il the suspensions measured
in this study.

Table 4-1 is a summary of particle Reynolds numbers for the
granular materials. The particle Reynolds numbers are based on
the mean sedimentation diameter, D, and the particle moun free-
fall velocity by weight, p. Each of the four granular materials has
a mean Reynolds number which is definitely outside the range of Stokes'
law, and yet each is still in the region where the drag coefficient

changes with Reynolds number.

4-2 Local Concentration and Superficial Velocity

For selected experimental runs, the local concentration-depth
relationship for the suspension was determined by the method described
in chapter 2. From various levels in each of these suspensions local
samples of the suspended particles were siphoned off and analyzed.

Figure 4-2 is a summary of data obtained from local measurements.
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The local concentration, C, as determined from electrical resistance
and static head measuremeuts, is plotted on the logarithmic acale. On
the arithmetic scale, the superficial velocity, u, necessary to produce
the suspension is normalized using the particle mean free-fall velocity
by weight, p, for each sample determined by a suitable method described
in chapter 3. Each point in figure 4-2 represents a local sample from
within a suspension, and ten different suspensions are represented.

One ootices that the local concentration data in figure 4-2 show the

same trend as the mean concentration data in figure 4-1, but the local

concentration data show more scatter.

4-3 Variations of Concentration and Static Pressure with Depth

One of the best indicators of the nonuniform behavior of the
suspended particles is the concentration-depth profile for a suspension.
Figures 4-4 - 4-7 are normalized graphs of the local concentration
and piezometric head vs. depth for profiles taken along the vertical
axis of the fluidization column. The elevation, y, measured from the
bottom of the suspension, is normalized by d, the total depth of the
suspension, so that the ratio y/d represents relative depth in the sus-
pension. The local concentration, C, measured by means of the elec-
trical resistance probe as explained in chapter 2, is normalized by C,
the mean concentration defined by equation 2-8. h is the piezometric
head of water within the suspension measured relative to the clear water
above the suspension at the wall static pressure tap at y = 131.5 cm (see
chapter 2, sec. 2-3), and is normalized by h,, the theoretical piezo-

metric head at the bottom of the suspension. The normalized concentration,
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C/T, and the normalized piezometric head, h/h,, are derived from

equation 2-4 as follows:

Pl T = - Clp,-Pyls (2-4)
using T = Y—‘Vi-a (2-8)
8
e Y
and h. = KY-;- (-{'-f—- 1
Therefore,
d(b/h,)
€ _ - -
IR (70 e
or
b
C g(yri-(bh, (b
e - - 4-2

Using the facts that (-l_%) =1 at (é—) = 0 and (-hb:) =0 at (%) = 1, equation
4-2 shows that the area under the normalized concentration, C/C, curve
equals unity, the area contained in the rectangle bounded by the straight
lines, C/C=0, C/C=1,y/d=0, y/d=1.

An inspection of figures 4-4, 4-5, and 4-6 shows that the area
under the normalized concentration curves for several of the runs (A3,
z22, Gl18, G19, G20) is a few per cent less than unity. This discrepancy
is due primarily to the sensitivity of normalizing the local concentration,
C, with the mean concentration, C. A small change in T, shifting the
C/T curve to the right or left, can change the area under this curve by

a large amount. DBecause the upper surfaces of the suspensions were
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wavy, and the total depths of the suspensions were rather small, a
few per cent relative error in the mean concentration is not unlikely.
In general, some comments can be made about the normalized
concentration and piezometric head profiles. The concentration is
found to be smallest at the top of the suspension and to increase as
the depth down in the suspension increases. Although the concentra-
tion-depth profiles appear to be monotonic, they do not seem to follow
any common distribution. There appears to be a tendency with each
material for the concentration-depth profiles to be more uniform for
the higher values of C, the mean concentration. Also the profiles
are more uniform if the parent material is more uniform. For all
the experimental runs, less than 50 per cent of the solid material is
suspended above the mid-depth of the suspension; and it appears
that as the mean concentration, C, decreases, the per cent of the
total solid material by weight, h/h_, suspended above mid-depth,

y/d = 0.5, also decreases.

4-4 Distribution of Particle Free-Fall Velocities in a Suspension

In order to understand the structure of a suspension, it is
helpful to understand how the particles distribute themselves locally.
In figures 4-10 to 4-20 are noted the elevations from which local
samples of the suspended particles were taken and the local concen-
tration of the suspension at each sampling elevation. Iach sample
was obtained using the siphon sampler (see figure 2-4) and processed
in a manner described in chapter 3. Figures 4-10 to 4-20 are graphs

of the particle free-fall velocity distributions by number for each of
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the local samples. The distributions appear to be nearly log-normal
and are described in Table 4-2 by a mean free-fall velocity and geo-
metric standard deviation of free-fall velocities.

The local free-fall velocity distributions show some particular
trends. In general, the mean velocity for those samples taken near
the top of a suspension, that is, where the local concentration is
smallest, is less than the mean fall velocity for those samples taken
near the bottom of a suspension where the local concentration is the
highest (see figure 4-8). In addition to this stratification of the sus-
pension, a very striking characteristic of the distributions of particle
free-fall velocity is the decrease in the geometric standard deviation
of the free-fall velocities, o, from bottom to top of the suspensions
(see figure 4-9). This change is manifested in the change in slope
of the various free-fall velocity distributions. One notes that A de-
creases with decreasing concentration, C. This trend is clearly
shown in figure 4-3 which is a graph of o, V8- local concentration,

C, for all the experimental runs.

Figures 4-12 and 4-13 show the reproducibility of the results
for the fall velocity distributions of the local samples. Two samples
were split from each of the local samples taken at elevations y/d = .44
and y/d = .26 for experimental run A3. These samples are designated
as A3-2 and A3-2S and A3-3 and A3-35. Table 4-2 contains the tabu-
lated results of the fall velocity distributions plotted in figures 4-12
and 4-13 which show that the local sample mean free-fall velocity and

geometric standard deviation are reproducible to within one per cent.
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4-5 Microphotographs of Local Samples from the Suspensions

Each of the local samples taken from a suspension was pro-
cessed through a Jones sample splitter until a representative sample
of about 50 particles was obtained. The microphotographs, figures
4-21 to 4-30, each show a total representative sample split from the
local sample taken from the suspension.

Material A, the glass beads, shown in figures 4-21 to 4-23,
appears to be very uniform in shape and can readily be described as
glass spheres. hLowever, in most of the photographs, one notices
an occasional oddly shaped particle. This type of particle dramatically
illustrates that the mechanism of sorting within the suspension is by
free-fall velocity and not by particle size or particle shape alone.
Although such a particle may be oddly shaped, undoubtedly it has a
free-fall velocity that is nearly equal to that of the other particles in
the sample. In general, there appears to be no outstanding visual
differences in the particles from the experimental run series A, but
with a close inspection one observes a tendency for the average par-
ticle size to be smaller for the samples taken from upper levels of
the suspension.

The visual uniformity of the glass beads (see figures 4-21 to
4-23) might cause one to predict that such a material would fluidize
in a uniform manner, however, as one no?ices in figure 4-4, the local
concentration near the bottom of suspension Al is about twice the
local concentration near the top of the suspension. Also, although
distribution of free-fall velocities is quite narrow (see figure 3-3), it

can by no means be classified as one of those imaginary ''uniform'’
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materials referred to by so many theoreticians. Material A is, how-
ever, the most uniform material used in this study and for practical
purposes, it is certainly a more uniform material than one normally
encounters. Emphasis on even its lack of uniformity is merely made
to establish the need for the more detailed description of granular
materials. Investigators who study fluidization phenomena have been
content to report only the mean particle size of a granular material
as determined by a sieve analysis. This information, in itself, is
inadequate.

Materials Z and G are quartz sands. The individual particles
appear to be sub-angular. Figure 4-24‘, samples from run 220, vis-
ually shows a definite change in size for the five local samples. The
particles, sample Z20-1, are smaller and more uniform in size than
the particles in sample Z20-5 which comes from a lower level of the
suspension. The difference in size in the local samples from runs
Z21 and 222, figures 4-25 - 4-26, is not so striking but still it is
quite easily discernible.

The samples from run Gl8, figure 4-27, again show the def-
inite change in size for the five local samples. Figures 4-28 and 4-29
are also samples of material G but for a higher mean concentration
than run G18. The size difference for the samples, runs G19 and G20,
appears to be even less discernible than the photographe of the glass
beads, material A.

Figure 4-30 is for material S, a sand, which is the most non-

uniform or widely distributed granular material studied. The change
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in the average particle size is readily apparent from the photographs.

Relative to the other materials studied, material S is the most angular.

4-6 Hindered Settling Velocity

Measurements of the hindered settling velocity of several sus-
pensions were made using the photographic method described in chapter
2. The results of these measurements are presented in Table 4-3

where V is the hindered settling velocity by the photograph method

H1
and VH 2 is the hindered settling velocity obtained from measurements
with a hand-held stopwatch. Comparing the values of the superficial
velocity, u, necessary to make a given suspension and VH’ the hindered
settling velocity of the suspension, one observes that the hindered set-
tling velocity is generally a few per cent less than the superficial
velocity. This per cent difference is so small that it would be ignored
if it were not so consistently in one direction. Attempts to find er-

rore of sufficient magnitude in the measurements which would bias

the data were unsuccessful. The superficial velocity is obtained by
dividing the discharge of water through the column by the column cross-
sectional area. The discharge measurement is considered gocd to %1
per cent. The cross-sectional area of the column was checked by add-
ing a known weight of water to the column and measuring the change in
elevation of the water surface in the column. These measurements
indicated that the column cross-sectional area was constant to within

*1 .per cent of the value 1.01 £t2. The camera, while taking the hin-
dered settling photographs, was not held at the level of the falling upper

surface of the suspension, but remained fixed at about the elevation of
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the settled bed. Because of refraction of light through the 1/2 in.
thick lucite wall and the fact that the elevation scale is on the outside
of the column wall, the camera would not see the true elevation of
the suspension surface. This refraction would cause the observed
hindered settling velocity to be less than the true value. A compu-
tation based on the index of refraction of lucite and the relative posi-
tion of the camera and the falling suspension showed this error to be
quite small. Some measurements were made simultanecusly with
a hand-held stopwatch and with the photographic method. These re-
sults are given for material F, a quartz sand, Dg = 0.456 and
org = 1.14 in Table 4-3. The stopwatch measurements show that VH
appears to be less than u by an amount which is greater than the
photographic method. Although the observer using the stopwatch
can directly look at the falling suspension surface without refraction
effects, he finds some difficulty in observing the surface because it
is wavy. Subsequently, it is believed that this type of measurement
is sﬂbject to more error than the determination of the hindered set-
tling velocity from a plot of surface elevation ve. time as obtained
from the photographs. In conclusion, the hindered settling velocity
of a suspension appears to be nearly identical to the superficial ve-
locity necessary to produce the sulpensioh. However, because of
the consistency of the small difference in the two quantities, the hin-
dered settling velocity may be, if not identical, slightly less than the

superficial velocity.

Some other information was obtained from the photographs of
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the settling suspensions. Observations of the rate of rise of the settled
bed showed that this quantity was not a constant. The rate of rise was
consistently faster initially and then slowed down. By continuity, if
the rate of fall of the entire suspension is taken as constant, and this
was observed to be true, the non-uniform rate of rise of the settled
bed would indicate that the concentration-depth profile for the suspen-
sion is not uniformn. This information on the non-uniformity of the
concentration-depth profile is consistent with the other measurements
reported herein. The initial fast rate of rise indicates that initially
more material is settling out of suspension than at later times. A slow-
ing down of the rate of rise with time indicates that the concentration
at higher levels in the suspensions is less than near the bottom, as

observed by other more direct means.
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Table 4-3
Comparison of Hindered Settling Velocity

and Superficial Velocity Measurements

Mean Superficial Hindered Settling Velocity
Concentration Velocity
Material Run No. T u(%na) Vl—ll(i—en%: ) Vi 2(—;-?5 )
A HS8I-1 . 092 4.63 4.60
A HSI-2 .114 4.39 4.28
A HS1-3 . 138 4.06 3.84
A HS1-4 . 149 3.93 3.70
A HSI-5 . 076 4.82 4.65
A HS2-1 . 088 4.67 4.63
A HS2-2 . 106 4,45 4,38
A H52-3 .120 4.30 4.20
A HE2~4 . 120 4.30 4.20
Z Z20 .112 4.70 4.62
Z z21 . 150 4,30 4.25
z z22 . 216 3.60 3.42
G Gl1 . 283 3.66 3.44
G Gl2 . 236 4.24 3.85
G Gl13 . 197 4.88 4.57
G Gl4 177 5.12 5.04
G Gl15 . 169 5.37 5.05
G Glé6 . 156 5.49 5.20
G Gl7 . 136 5.73 5.70
G Gls8 . 154 5.40 5.15
G Gl19 . 243 4.138 4.15
G G20 . 243 4.21 3.95
S 8810 . 187 3.19 2.82
S ssll . 165 3.29 3.34
S ssl2 - 125 3.60 3.60
S SS14 .130 3.57 3.42
F Fl 5.41 5.29 5.41
F F2 5.32 5. 26 5.37
F F3 .4.53 4.50 4,38
F F4 4.43 4.18
¥ F5 4,55 4.42 4.44
F Fb6 4.41 4,38 4.18
F F7 3.61 3.59 3.40

Vip = bindered settling velocity from photographs

VI_, 2= hindered settling velocity from hand-held stopwatch measurements
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CHAPTER 5
DISCUSSION OF RESULTS

5-1 General Description of the Suspensions

Granular solids such as sand and glass beads which have mass
densities that are about two and one-half times the density of water
fluidize in water in a manner known as particulate fluidization. The

term !

particulately fluidized'' means that the particles visually ap-
pear to be uniformly dispersed within the suspension. The upper sur-
face of such a suspension is sharply defined (see figure 5-1) and stable.
The interface is called stable because a particle getting into the region
of clear fluid above the suspension encounters a local upward fluid
velocity in that region which is less than the particle settling velocity,
and therefore it settles back to the suspension interface. On the other
hand, the lower suspension interface must be unstable. A particle
getting into clear fluid below a suspension may fall away from the sus-
pension. For this reason, in order to maintain a suspension, it is
necessary that the lower interface be supported in some way by a
screen or porous plate, even though the submerged weight of the par-
ticles is balanced by the fluid shear on the particles.

The particles in a suspension are in a continuous turbulent state
of movement. If one were to fix his attention at a horizontal plane
which is stationary in space (i.e., fixed to the column walls), clusters
of particles would be observed to rise and fall across this plane.

Swirls of fluid and particles are observed to move rapidly up, down,

and across within the suspension. At times, a whirling packet of the
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suspension spins fast enough to become clear fluid — the particles hav-
ing been centrifuged out. In addition, wavelike disturbances constantly
move to and fro across the upper interface between the clear fluid and
the suspension. Explosion-like bursts, which have dimensions of the
order of 100 times a particle diameter, cover the upper interface cre-
ating a three-dimensional wave pattern. Sometimes the whole suspen-
sion oscillates back and forth as if in resonance with the fluidization
column geometry.

At the onset of fluidization of a fixed bed of particles, an inter-
esting local instability is observed. The fixed bed does not become
fluidized everywhere at once, but is characterized by local jets of
particles and fluid which may be observed at the sand-fluid interface
as shown in figure 5-2. Because of their physical appearance, these
disturbances on the interface have been called ''boils.'' Herein the
boil will be defined as the entire region of the bed which is locally dis-
turbed. The boils are circular in plan view with a diameter which is
generally of the same order of magnitude as the depth of the settled
bed, and often three or four occur simultaneously on the sand surface
in the 30 cm square fluidization column. The central axis of the boil
is apparently a channel or region of reduced resistance to the upward
fluid flow where the concentration of particlesisless than in the fixed
bed. Up through the core, there is a rush of fluid and suspended
particles which move radially outward on the upper sand surface. It
is common for the boils themselves to move horizontally across the

sand surface. Often, a single boil will split into two boils which move
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away from each other. Generally, one of these ''second-generation
boils'' will subside and cease to exist, and another portion of the fixed
bed will become fluidized in the form of another boil.

The pattern of boils is quite stable with the exception that boils
generated near the wall of the fluidization column tend to move to the
wall and remain there rather than move about like the boils generated
near the center of the column cross-section. There is also a noticeably
frequent occurrence of boils in the corners of the column.

No quantitative study was made of this phenomenon, but the
boils brought a great deal of amusement by their peculiar behavior.

A qualitative experiment was performed using a two layer sand bed.
The lower layer was a quartz sand dyed blue, Dg = 0.535 mm and

"g = 1.11, and the upper layer was a quartz sand, light tan in its nat-
ural color, l)8 = 0.240 mm and o = 1.08. The relative settled depths
of the two sands was 4 cm for the blue sand and 3 cm for the tan. At
the onset of fluidization, local boils, about three or four in number
with a plan view diameter of about 4 cm, appeared on the upper inter-
face (i.e., the sand-water interface). These sand boils had the
characteristic symmetric profile and behaved quite normally by moving
about horizontally. However, the sand rushing up through the core of
the boil and spreading itself out radially was always from the tan upper
layer of smaller particles, thus indicating that the boil itself was con-
fined to the upper sand layer. While it is possible that the triggering
disturbance may have been in the lower (blue) sand bed, this experiment

shows that the boils are not strictly limited to the peculiar entrance
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conditions produced by flow through a porous plate or screen. In the
laboratory, sand boils were produced in sand beds with several dif-
ferent entrance conditions — a porous ceramic plate, a perforated
metal plate, and a coarse gravel bed on top of the ceramic plate. The
boils always were similar. Further discussion of sand boils may be
found in the papers of Baylis (31) who comments on their occurrence
during the backwashing of rapid sand filters in water treatment plants.

Another interesting reference to the subject of sand boils is
a paper by Housner (8) where a transient boiling of some unconsoli-
dated sand beds was observed after an earthquake in India. Housner
describes the mechanism responsible for this transient sand boiling
in terms of the well-known equations for flow through a saturated
soil. 1f an overpressure is created at some depth in the soil due to
the readjustment of the packing of the particles following a disturbance
like a seismic wave, the soil body will be compressed and a certain
quantity of the water squeezed out. Making use of a linear stress-
strain relationship, the continuity equation, Darcy's law, and a static
force balance equation saying that the total pressure at a point is due
to the total weight of soil plus water above that point, Housner is able
to show that the soil-water system readjusts itseli to the overpressure
by a diffusion process. The overpressure diffuses upward through the
soil and if the gradient of the overpressure at the upper surface equals
the buoyant weight of the soil, a quicksand condition will occur. Due
to local inhomogeneities in the’ soil permeability, local increases in

pressure produce isolated disturbances. For assumed values of



-110-
permeability and modulus of elasticity that are typical of a sandy soil,
Housner is able to show that the production of jets of sand and water
does not require overpressures larger than are typical of seismic dis-

turbances.

5-2 Mean Concentration and Superficial Velocity

In chapter 1 the method used by Richardson and Zaki (4) for
data analysis was discussed. They found that their data could be
reasonably approximated by a straight line if they plotted the logar-
ithm of the superficial velocity, u, vs. the logarithm of the suspen-
sion porosity, (1-C), indicating a power relationship between u and
(1-C) of the form u ~ (1-C)® where n is the slope of the fitted line.
However, upon extrapolating their data for C -~ 0, Richardson and
Zaki found that the extrapolated value of the superficial velocity, Ei'
equalled the representative free-fall velocity for the particles for
particle Reynolds numbers less than 0.2, but did not equal the particle
free-fall velocity for particles with Reynclds numbers outside the
Stokes' range. Physically, as the concentration, C, of the suspended
particles approaches zero, the flow condition becomes that of an iso-
lated particle in an upward flow. One would expect that the superficial
velocity must equal the free-fall velocity of the isolated particle in
order to keep such a particle suspended. Differences between Gi and
the representative free-fall velocity for Reynolds numbers > 0, 2,
which were of the order of 1 to 25 per cent, were explained by the fact
that the diameter of their fluidization column was not always very

large compared to particle diameters. Also, Richardson and Zaki
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calculated the representative free-fall velocity for the particles of
various shapes but did not measure it directly.

Table 5-1 was prepared from data repo‘;'ted herein. Values
of '\Ii were calculated by plotting the s.uperﬁcial velocity, u, and the
mean concentration, &, in a manner similar to that of Richardson
and Zaki; that is, Ei was obtained by determining the value of u for
which T — 0 by extrapolation of a logarithmic graph of u vs (1-T).
Four values of Ei were calculated by the extrapolation, one for each
of the four granular materials. The values of W, the representative
free-fall velocity, were obtained by dropping a sample of the particles
and measuring the fall velocity as is explained in chapter 3. With the
exception of material G, the differences between Ei and p are signifi-
cant. One can most easily explain this difference, not in terms of
column and particle dtameter‘, but by considering the problem of
extrapolating the superficial velocity data for T — 0. The fact that
this extrapolation is uncertain is easily seen from figures 4-1 and
4-2, chapter 4. As the concentration of suspended particles changes
by orders of magnitude, the character of the problem must also change.
One might expect that a relationship that holds true for data of one
order of magnitude, for example, 0.10< C < 0.50, does not describe
the problem when the concentration, C, b.ecome several orders of
magnitude smaller, i.e., C — 0.

In figure 4-1, the graph of mean concentration, T, vs the ratio

of the superficial velocity, u, to the particle mean free-fall velocity,

¥ The width of the fluidization column is several hundred times larger
than the diameter of a single particle for this study.
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¥, one observes that the data for each material can be fitted with a
smooth curve. This type of data is similar to that of previous inves-
tigators discussed in chapter 1; and similarly 'ia limited to the same
range of mean concentrations, i.e., 0.05 € T € 0.50. Comparing the
trend of the experimental data in figure 4-1, chapter 4, with the re-
ported results in figure 1-2, chapter 1, one sees that the trend is quite
similar. One would have some difficulty in choosing between the sev-
eral experimentally derived relationships plotted in figure 1-2 to fit
best the data in figure 4-1. However, the assignment of mathematical
curves to the experimental data of figure 4-1 does little to aid in the
understanding of the physics of the suspension.

In figure 4-1, the curves fitted to the experimental data show
different trends toward the lower values of mean concentration. This
difference in the trend is dependent on the range of particle sizes
composing the suspended material. For example, material S, the
most widely distributed material, was found to have a mean concen-
tration of about 10 per cent by volume when suspended with a super-
ficial velocity that was about 50 per cent of the representative mean
free-fall velocity, p, for that material. For the material Z having
practically the same mean particle Reynolds number, but ¢ = 1.21
compared to ¢ = 1. 32 for material S, a value g— = 0.5 produced sus-
pension with mean concentrations of about 20 pe: cent by volume. In
' other words, for the same weight of granular material and for -_‘_f‘_—.= 0.5,
a suspension of particles of material S would be about twice as c';cep

as a suspension of the material Z. This lower mean conceantration for
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material S is caused by the wide range of free-fall velocities for its
particles. The superficial velocity which is 50 per cent of the mean
free-fall velocity is about 65 per cent of the wg , free-fall velocity,
and only 35 per cent of the w, free-fall velocity for material S. This
means that the coarse fractions of material £, that is, those particles
with large free-fall velocities, tend to assume a higher local concen-
tration while the particles with smaller free-fall velocities tend to-
ward lower local concentrations. This sorting of particles according
to fall velocity (larger particles near the bottom, and smaller near
the top) creates a concentration gradient, and a lower overall average

concentration.

5.3 The Experimental Approach to the Fluidization Law

There are two experimental approaches that may be attempted in
order to discover the relationship between fluid discharge, particle
size, and concentration of the suspended particles. The first approach
iz to measure the mean properties of suspensions of uniform particles,
and the second, to measure the local properties of suspensions of non-
uniform particles,

Richardson and Zaki (4), being taken as representative of a
whole group of investigators, attempted to obtain the ''fluidization law’
by carrying out a large series of experiments using uniform particles.
From their experiments resulted some empirical formulae (chapter 1,
sec. 1-4) which describe the fluidization behavior of uniform materials.

It was tacitly assumed in their investigation that uniform particles

when suspended in an upward flow produce a suspension in which the
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local concentration is everywhere the same as the mean. Their
formulae resulted from measurements of the mean concentration and
mean particle size.

Another common assumption made by fluldization researchers is
that suspensions of non-uniform particles can be treated as a succession
of layers of uniform particles. The particles in each layer are assumed
to be uniform in size, and as has been shown by experience, it is assum-
ed that the coarsest particles accumulate at the bottom of a suspension
and that the finest particles accumulate at the top. Further, they
assume that the concentration in each of these successive layers is
uniform also. A common procedure to predict the fluldization behavior
of 2 non-uniform matsrial is to first use the formulae of Richardson and
Zaki, or something similar, to predict the concentration for each
particle size and then to "stack' the various layers of different concen-
tration on top of each other to obtain the concentration distribution for
the entire suspension.

Because of the great difficulty in obtaining uniform material,
Rouse (7) and the author, as reported herein, attempied a different
approach for studying suspensions. Instead of measuring the mean
properties of suspensions of uniform particles, they measured the local
properties of suspensions of non-uniform particles. If the assumption
that a suspension of non-uniform particles is the sum of uniform layers
of uniform particles is correct, the results of both types of experiments,

namely thoee of Richardson and Zaki and those of Rouse and the author,
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should be identical. However, this does not appear to be completely
true as will be explained btelow.

Figure 5-2a shows the local concentration data reported herein
compared to a plotted curve based on the semi-empirical formula of
Rouse (chapter 1, sec. 1-7). The comparison between the author's data
and Rouse's formula is fairly good. By changing one of Rouse's co-
efficients by 3 per cent, the formula can be made to fit the experimental
data favorably over the entire range of the data. Rouse (7) himself
reported that his formula would fit his data better if he aliowed the co-
efficient, B, to vary with particle Reynolds number. However, because
of lack of data and for convenience he let the coefficient be unity. The
fact that this coefficient is not a constant indicates & weakness in the
analysis used by Rouse to derive his formula. Nevertheless, the plotted
curve shown by Rouse to fit his experimental data also fits the experi-
mental data of the author. It should be remembered that Rouse and the
author performed experiments that were identical in nature. Rouse's
experiments were restricted to a single granular material and his
experimental methods were somewhat less refined than those of the
author but the idea of both experiments was the same.

Figure 5-2b shows the comparison between the local concentra-
tion data reported herein and the plotted curves based on the empirical
formulae of Richardson and Zaki (chapter 1, sec. 1-4), While the data
£a1]1 within the range of the plotted curves of figure 5-2b, the comparison
i{s not as favorable as the previous one with the work of Rouse. It should

be remembered that the experimental data shown in figure 5-2b are
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from local measurements within euspensions, while the plotted curves
are based on measurements of the mean properties of suspensions.

Since the experimental data obtained from measurements of
mean properties of suspensions do not exactly coincide with the data
obtained from local measurements, one must examine carefully the
premises on which the experiments were based. It was already pointed
out that there is great difficulty inpreparing uniform materials.
Mezsurements reported in chapter 4, figure 4-1, show that a eeparate
relationship between mean concentration, particle sise, and superficial
velocity was obtained for cach material studied. While the relationship
between the variables for each material is unique, the relationships are
shown to be strongly dependent on the standard deviation of particle
sizes for the parent material. One might conclude, therefore, that the
formulae of Richardson and Zaki are based on the mean properties of
well sorted, but nevertheless non-uniform, materials and cannot be
expected a priori to describe accurately the local properties of a suspen-~
sion. However, due to the extensive nature of the study by Richardson
and Zaki, it may be safe to assume that the granular materials used by
them can be considered uniform for all practical purposes, even though
the only information given about their granular materials was limited to
the mean size.

From this comparison between the author's experimental data
and the formulae of Richardson and Zaki (figure 5-2b), it is reasonable
to conclude that as a first approximation for the local properties of a

suspension of non-uniform particles one may use the formulae of
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Richardson and Zaki. However, while these formulae allow one to make
certain predictions about the nature of a suspension of non-uniform
particles, it is clearly recognized from the differences in the local and
mean data (figures 5-2a and 5-2b) that a suspension of non-uniform
particles is not merely the sum of sorted layers of uniform particles.
Fuarther, it will be shown in the following sections that each level of a
suspension is not independent of the rest of the suspension but is subject
to the diffusion of particles and turbulent energy from above and below,

The lack of precise sorting in suspensions is illustrated in
figures 5-3 to 5-5 which show the depth-concentration distribution for
particles with free-~fall velocities lying within chosen intervals. These
figures were prepared from the welighted free~fall velocity distributions
for the local samples and the local concentration of suspended particles
irom the level at which the samples were taken. Each of the figures is
for a suspension that was sampled at five elevations, namely, runs
G18, Z20, and 5S14. The data are presented with the local sampling
elevation, y, normalised by dividing by d, the total depth of the suspen=-
sion. The limits of the chosen velocity intervals were arbitrarily
chosen to differ by the fourth root of two. The curves fitted to the data
clesarly show some sorting. The upper limit of particle position is well

defined for each interval, that is, there is a maximum elevation above
which a particle does not go. ¥For the particles with the smallest free~

fall velocities, this maximum elevation is the upper surface of the
suspension., The lower limit of particle poeition is not well defined.

Thus, figures 5-3 to 5-5 indicate that the suspensions are not composed
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of distinct layers of particles of a single size, but there is mixing. This
mixing between levele in 2 suspension strongly suggests that the local
concentration cannot be uniquely related to the local fall velocity with-
out regard for what is above and below the level in question.

A fundamental question is what keeps the particles suspended in
the upward flow. In order to suspend a particle, the forces acting on
the particle must equal its submerged weight. Forces are exertedon a
suspended particle by the moving fluid as drag and possibly by collisions
with neighboring particles. Measurements indicate that once a suspen-
sion is generated by an upward flow, the pressure drop across the height
of the suspension remains constant, that is to say that increases in the
upward fluid velocity reduce the concentration but do not change the
total pressure drop. This change in pressure (piesometric head) across

the suspension can be related by means of a static force balance to the

submerged weight/per unit area !of the suspended particles,| If collisions

between particles took place with sufficient magnitude to aid in the
suspension of the particles, these collisions should be manifested in
terms of a smaller pressure drop across the suspension than can be
accounted for by the submerged welght of the particles. This means
simply that by the particle collisions some of the load of the suspended
particles is transferred down to the support plate at the bottom of the
fluidization column, and therefore this portion of the submerged weight
of the particles is not supported by the fluid drag. Perhaps colliding

particles, and even the possibility of some particles sitting on the support

plate explains the behavior of the normalized piezometric head curves,
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h/h, , shown in figures ¢-4 to 4-7, chapter 4. These curves, which
should show a value of h/h, = 1 aty = 0 if all the particles are supported
by fluid drag, cannot be extrapolated toy =0 and h/h, = 1 without
assuming unreasonably large concentrations of particles near the bottom
of the suspension. However, generally speaking, it is believed that
particle collisions are at most a secondary effect in keeping particles
suepended in a ligquid-solid fluidized suspension,

An unresolved question about a fluidized suspension iz whether
or not a suspension of worfectly uniform particles would have the same
coneentration from top to bottom. The premise that uniform particles
produce uniform suspensions has been assumed by investigators per-
forming experiments of the Richardson and Zaki type, although this
premise has not been verified experimentally. As reported in chapter 4,
the experiments using very well sorted glass beads indicate that such
material when fluidized shows a variation in concentration from top to
bottoimn of a suspension which is observed to be as much as five-fold
(sea figure 4-4). It ia the author's opinion that due to the turbulent
aature of a suspension generated by an upward flow even perfectly
uniform particles when fluidized will produce suspensions in which the
concentration will vary from top to bottom. The following section will
deal with a model for a fluidized suspension based on the mixing and
turbulent diffusion of suspended particles which introduces a mechanism

for producing non-uniform suspensions of uniform particles.

5.4 A Model for the Fluidized Suspension

It is observed that fluidised suspensions are turbulent systems, and
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measurements show clearly that in suspensions of non-uniform materials
there is a tendency toward the sorting of sises into various layers with
mixing between the layers. Let us consider a model for a fluidized
suspension based on the concept of turbulent diffusion of the suspended
particles. The use of the diffusion equation implies a transport relation-
ship for the particles similar to Fick's law for molecular diffusion, and
similarly the equation is restricted to very dilute suspensions of particles.
One cannot expect the diffusion model to hold true when the concentration
of the particles approaches the value of concentration for a fixed (or
settled) bed of particles.

The general one-dimensional diffusion equation for the suspended

particles may be written

8C 8 8C [ 9
w - W(em WH- By (w,C) - ¢ (uC) (5-1)

where C is the concentration of the suspended particles, o is the local
turbulent diffusion coefficient, u is a velocity which expresses the
tendency of the flow to 1ift the particles upward, w is a velocity which
expresses the tendency of the particles to settle under the action of
gravity, and y is the vertical position coordinate defined as being positive
upwards, These quantities will be subsequently defined in more detall,
However, for convenience, u will be called the local upward transport
velocity, and w_ will be called the group settling velocity. For the

steady state, and sero net flux squation 5-1 reduces to

o %g. #(w_-0)C =0 . (5-2)
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For purposes of discussion the velocity, W is now defined as
the group settling velocity (in a still fluid under the action of gravity) for
a suspension of uniform particles held firmly in an imaginary matrix in
which there is no concentration gradient. In this systemn there can be no
relative movement of the particles within the matrix and no turbulent in-
stabilities larger than the individual particle wakes. Under these con-~
ditions, it is evident that w must also be equal to the upward transport
velocity necessary to generate this 'fixed" matrix,

In a real, or free, suspension, the particles are not fixed but
move about with a turbulent motion. With this turbulence and with a
concentration gradient, whatever the causes, there must be vertical
turbulent transport in a free suspensaion. Thersfore, in a free suspen~
sion W must be slightly greater than u, in order that the net downward

transport by advection

WCC -~ uC

be balanced by the net upward turbulent transport

e dC
m dy °

While the general nature of the velocities w _and u s cvident, the
exact identity of each is somewhat hazy. The effect of concentration of
particles on the free-fall velocity of a single particle is not known.
Experience based on the settling of an individual particle in a cylinder of
still fluid, or near a wall, only indicates that concentration must reduce

the particle fall velocity. Experiments (5) show that the decrease in fall
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velocity is strongly dependent on the concentration and particle Reynolds
number.

The velocity, u, which represents the tendency of the upward
flow to transport the particles is also unknown. Let us consider the
behavior of particles which have a unit weight identical to that of the
fluid. If such particles are placed in an upward flow, it is apparent
that they will move upward with the fluid flow. Thus, in this case, the
local upward transport velocity is simply equal to the superficial veloc-
ity for very dilute suspensions but must be greater than the superficial
velocity for suspensions which are not dilute. Particles which have a
unit weight greater than that of the fluid will not simply be carried along
with the flow but through the action of gravity will resist being trans-
ported by the fluid. For this case the local upward transport velocity
is not clearly defined. It is the author's opinion, however, that the
local upward traneport velocity may be represented by a local fluid
velocity within the suspension. One can estimate the local fluid velocity
within a suspension on the basis that the particles reduce the cross-
sectional area open to the flow, and therefore the local velocity through
the particles is greater than the mean or superficial velocity. Thus,
the local fluid velocity is strongly dependent on the local packing of the
particles, but it is undoubtedly further influenced by the nature of the
wakes associated with individual particles and clusters of particles.
From thie it is concluded that the local fluid velocity is also an unknown
function of the local concentration and the local particle Reynolds number,

The preceding discussions indicate that the nature of w . and u is
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unknown even on a theoretical basis, Since the difference between these
quantities s expected to be small, the estimation of it is subject to
large errore. So far it may be concluded only that w. is less than W
the free-fall velocity of an isoclated particle, and it also appears that u
is greater than u, the superficial velocity.

It is quite evident that the turbulent diffusion coefficient e is
also an unknown. Experience in many different flow systems indicates
a dependence of ¢, on Reynolds number. It has also been demonstrated
that o varies with the scale of a turbulent system such that ‘n increases
as the sige of the turbulent system increases. From the experimental
observations reported herein it may be concluded that o increases with
increased concentration and increased particle size because the turbu-
lence wae observed visually to be the biggest at the bottom of the sus-
pensions where the concentration is the largest and the particles are
the coarsest.

While one is unable to solve analytically equation 5-2, because
of the difficulty in stating the functional dependence of W w, and ¢
on the local concentration, some information on the validity of the pro-
posed model may be obtained from the experimental data evaluated in
light of the diffusion equation. First, let us rewrite equation 5-2 in the

form

(w -u)
ﬂal.”_cl o — (5-3)
v <

m
which shows that locally the ratio of the unknown parameters may be

evaluated from the local slope of a semi-logarithmic graph of the
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- suspension concentration~depth profile. Two possibilities are then open
to the investigator. If the magnitude of the difference between the
quantities, W and u, somehow can be estimated, one may use the local
slope value to evaluate the turbulent diffusion coefficient, € Or if
measurements of € OF its value can be obtained by an independent
means, then the measured slope may be used to evaluate the difference,
w_ = u. From such concentration profile data, the validity of the
assumptions about the general nature of the parameters, W W and
€, Can be further evaluated.

In the next section, the local concentration data reported here-
in will be evaluzted in light of the diffusion equation 5-3,

5-% Ewvaluation of the Local Concentration Profiles in Terms of the
Diffusion Model

The data on local concentration vs. elevation in a suspension
reported herein and plotted on arithmetic scales in figures 4-4 to 4.7,
chapter 4, are presented again in figures 5«6 to 5«10 where the local
concentration is plotted on a logarithmic scale and the elevation on an
arithmetic scale.

Figures 5-6 and 5-7 show that the concentration decreases
exponentially with increased slevation above the bottom of the suspen-
sion for runs Al, A2, A3, and A6. In each of these runs, the material
fluidized was the glass beads, the most narrowly sorted material used
in this study and one that may be considered as uniform for all practical
purposes. The fact that the concentration-depth profiles are simple

exponential functions of elevation means that the term on the right hand
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side of equation 5-3 is constant for the full depth of each suspension.
This is certainly not a result that could be expected a priori on the basis
of the assumptions made in the previous section.

The concentration-depth profiles for the other materials studied
herein are not described by a simple exponential relationship. However,
as shown in figures 5-8 to 5-10, these concentration-depth profiles can
be fitted by two straight lines on a semi-logarithmic graph. The two
regions of exponential concentration-depth profile may indicate two types
of turbulence production. The lower region near the bottom may be
most strongly influenced by turbulence generated by jetting of fluid
through the entrance plate, while the upper region is predominantly
influenced by the turbulence generated by the suspended particles. The
height of this lower region i{s not constant {rom suspension to suspension
and so the entrance influence may not be a valid explanation., Anocther
possible explanation for the abrupt change in concentration gradient may
be the different behavior of various particle sizes in these non-uniform
suspensions. As an aid in seeing the sorting of sizes relative to the
concentration profiles, the particle Reynolds numbers (see Table 4-2,
chapter 4) are noted on the profiles at the elevation of each local sample.
Along each straight line portion the change in Reynolds number is gradual,
but associated with the abrupt change in slope is a large change in
particle Reynolds number.

The experimental runs G18, G19, and G20, all representing the

fluidization of the same quartz sand, indicate the peculiar change in the
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nature of the concentration profiles, Runs G19 and G20 are for dense
suspeneions in which the expanded depth for each suspension is about
2.5 times the depth of the settled bed. The particles appear to be well
mixed as indicated by the small change in the mean particle size over
the depth (see also figures 4-18 and 4-19, chapter 4}, and the concentra-
tion profile for each run is a simple exponential for the full suspension
‘depth. Run Gl8 represents an expanded depth which is about 4.5 times
the settled depth, Here again, the lower section appears well mixed,
with a mean concentration slightly less than in runs G19 and G20, but
the upper portion shows a steeper concentration gradient and more
pronounced particle sorting. Similarly, the profiles for the other quarts
sands, runs Z and S814, also show the relative sorting and the abrupt
profile change.

Looking again at the profiles for the uniform glass beads, let us
examine on an order of magnitude basis the parameters of equation 5-3,
For example, the slope of the concentration profile run Al, figure 5-6,
indicates that the ratio (wc - u)/cm is equal to 0,0124 cm'l. A rough
estimate of ¢ CB0 be made on the hbali- of the Prandtl mixing length

3
hypothesis which says that ¢ = !4' :2 where { is a characteristic mix-

ing length and ;;2’ {s the root mean square of the local velocity fluctua-
tions for the particles. It may be estimated that £ is of the order of

1 to 100 particle diameters, thatis, £ ~ 0,05 to 5 cm for particles with
a mean sise of 0.5 mm which is representative of the glass beads and
the quartz sands used herein. Let us estimate thnt«v'; : is of the same

order as the superficial velocity, namely Z to 5 cm per sec for the
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suspensions studied. For these values, - is then calculated to be of
the order of 0.1 to 25 n::mZ per sec. This range covers two orders of
magnitude, but it is the author's opinion that a value of ¢ of the order
of 10 cm2 per sec is the best guess for the systems studied herein.
Using these estimated values of ¢« _, the difference (w_ - u) for run Al
is calculated to be 0.0012 to U. 25 cm per sec, or about 0.025tc 5.4
per cent of the superficial velocity (G = 4. 67 cm per sec) necessary to
generate this suspension. Such a difference is very small, and as
indicated in the previous section would be very difficult to predict.
Similar calculations for the other suspensions also indicate such small
differences for the quantities w. and u for the non-uniform quartz sands.

For the suspensione studied, the alternative approach of estima-
ting w_ and u was tried on the basis that W could be approximated by
the representative local particle free-fall velocity, W and u could be
taken equal to the reduced cross-section fluid velocity. Ifuis calculated
on the assumption that the particles are arranged in a simple cubic

matrix of side length s, u has the value given by

2 3
us =u(t2- fzq—) and C = 39—3
bs
or, _ 1
B o= 2/3
w ,6C
- g i)

Such a calculation for run Al is summarized in the table below,



«] 39

Local cm cm cm cm cmz
Sample Conc.,C "o (gec) " l(gee) (Fec) Yo (58! ‘mfSec !
Al-l 0,051 6.22 4,67 5, 60 0.62 50,0
Al-2 0,082 6.70 4.67 6. 05 0,65 52.4
Al-3 0.094 6.99 4. 67 6. 20 3.79 68.6

The above values of i based on the crude estimate of w. and u are
larger than the maximum estimate of ¢  based on the mixing length
hypothesis, Nevcrtheless, the agreament is fairly good considering the
speculative nature of both approaches to the problem. Similar calcula-
tions based on estimating W and u for the other suspension profiles
shown in figures 5-6 to 5-10 indicate a variation in L from 1 to 1C0 cmz
per sec with the smallest values of € occurring at the top of the suspen-
sions and the larger values near the bottom. Attempts to correlate

these estimates of R with the other measured parameters, such as local
concentration and relative depth were not successful,

It is believed that the introduction of the diffusion model for the
fluidized suspension may indicate a new directiion for the understanding
of the seemingly elementary but complicated problem of suspensions
generated by an upward flow. Previous investigators have empirically
coneidered the problem of the fluidized euspension as flow through ex-
panded porous media. However, as a consequence of the importance of
the turbulence associated with the free movement of the particles, a
better understanding of the physics of the problem can be developed by

considering the phenomencn as a suspension of particles moving
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relative to a fluid medium rather than a fluid moving relative to a fixed

porous medium.
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CHAPTER 6
SUMMARY AND CONCLUSIONS

The following conclusions are based on the results of an experi-
mental investigation of the properties of suspensionse of granular
particleg in an upward flow of water. Four materials covering a range
of sizes having particle Reynolds numbers between 10 and 70 were
studied by making detailed measurements locally within ten suspensions,
Measurements of the mean properties of over one hundred suspensions
are alsc reported herein. Concentrations in the suspensions generated
by an upward flow were generally greater than those of typical hindered
settling experiments but less than those of typical fluidization experi-
ments by chemical engineers.

Granular particles with mass densities approximately two and
one~half times the density of water and having particle Reynolds num-
bers in the range from 10 to 70 produce highly turbulent systems when
fluidized with water. It was observed that there is the local generation
of turbulence throughout the suspension with the highest intensity of
turbulence being in the region where the local concentration is the

largest,

6-1. Experimental Observations of Fluidized Suspensions

1. A comparison of the experimental measurements of the mean

properties of suspensions of uniform particles and the local properties
of suspensions of non-uniform particles show slightly different results

relating particle size, superficial velocity, and concentration. These
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differences indicate that a suspension of non-uniform partfcloo is not a
simple "stacking' of sorted layers of uniform particles but that each level
in the suspension is influenced by the rest of the suspension and is sub-
ject to the diffusion of particles and turbulent energy from above and
below. However, as a first approximation to the local relationship be-
tween particle size, concentration, and superficial velocity in non-
uniform suspensions one may use the experimentally derived formulae of
Richardson and Zaki (sec, 1-4, chapter 1) based on the mean values of
particle sise and concentration for suspensions of uniform particles.

2, Measurements of the mean concentration for an entire suspen-
sion and the ratio of the superficial velocity to the mean particle free-
fall velocity ylelded a separate relationship for each of the non-uniform
materials studied (see figure 4-1), These relationships depend on the
particle Reynolds number and the standard deviation of particle sizes
for the parent materials and, therefore, are not given by the Richardson
and Zaki formulae.

3. The local concentration in suspensions of uniform glass beads
decreased exponentially with increased elevation above the bottom. For
suspensions of non-uniform particles, the concentration gradient was
even steeper, but the concentration-depth relationship was not a simple
exponential function.

4. In a free suspension, turbulence and a vertical concentration
gradient, whatever the causes, will produce an upward turbulent trans-
port of particles which aids the upward fluid flow in balancing the

tendency of the particles to settle under the action of gravity. This
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turbulent diffusion can lead to noticeable non-uniformities in the con~
centration-depth profile for suspensions of even the most uniform
particles.

5. Suspensions of non-uniform particles invariably show sorting
with the particles with the smallest free~f{all velocities near the top and
the particles with the largest free-fall velocities at the bottom of a sus~
pension (figures 5-3 to 5-5). The distributions of free~fall velocities
obtained from point samples of these suspensions were nearly log-
normally distributed (figures 4-10 to 4-20). The geomaetric standard
deviations of the distributions of local particle free-fall velocity increas-
ed from top to bottom of a suspension (figure 4-9). This is another
indication that the mixing, or turbulence, in a suspension is the largest
where the concentration is also the largest,

6. Measurements of the hindered settling of suspensions and the
fluidization of suspensione indicate that the hindered settling velocity is
identical, for all practical purposes, to the superficial velocity necessary
to maintain such a suspension. The data in Table 4-3, chapter 4, show
that the superficial velocity was a few per cent greater than the hindered
sottling velocity. It was observed, however, that the intensity of the
turbulence was less for the settling suspension than for the fluidized
suspension. lLocally, the generation of turbulence is largest where the
concentration is largest. In a settling suspension, this region of highest
concentration is the first to settle down and become quiescent. While
there is still the local generation of turbulence, there is no longer the

observed transport and decay of disturbances {rom bottom to top of the
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suspension. Because the magnitude and nature of the turbulence is
different in the settling suspension from the fluldized suspension, the

two systems are not completely identical.

6-2. Properties of Granular Materials

The following conclusions apply to the properties of the granular
materizale used in this study.

1, If the distribution of sieve diameters for a granular material
is log-normal, the distributions of sedimentation diameters and particle
free-fall velocities are also log-normal.

2. The geometric standard deviation of the eedimentation
diameters is less than the geometric standard deviation of the sieve
diametere by an amount which increases as the geometric standard
deviation increases. (see Table 3-3, chapter 3.)

3, Formulae have been derived relating the means of log-normal
distributions by number and by weight for particle free-fall velocities

and particle diameters. (see Appendices II-1 and 11-2.)



-145-
APPENDIX I-1
Relationship between a Log-Normal Distribution

of Free-Fall Velocities by Number and by Weight

Let us assume that a granular material is composed of parti-
cles which have free-fall velocities that are logarithmically normally
distributed by weight. For such a material what is the distribution of
free-fall velocities by number?

Let ¢(log wo)d(log w) represent the fractional amount by weight
relative to the whole population of the granular material with free-fall
velocities lying in the interval wo - é} <w<w, + é; where &Aw =

woﬂ(log w) and

1 1 log w - log p -
¢(log w) =——T expq - [ = J (1-1)

The function ¢(log w), given by equation I1-1, is normally distributed

about the mean value, logy, with standard deviation, . It is convenient
to introduce also the geometric standard deviation, T which is re-
lated to the standard deviation, o, by ¢ = log A

To change from a distribution by weight to a distribution by
number, divide the distribution by weight, ¢(log wo)d(log w), by the
weight of a particle having rthe free-fall velocity, w . At this point,
let's restrict ourselves to particles which are spheres or which can
be closely approximated as spheres. Then, the distribution by num-
ber, f(log wo)d(log w), may be written, except for a normalizing factor,

¢(log w _)d(log w)
f(log w_)d(log W) = 5 (1-2)

¥D” |
6 YB
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D3
where -’-'5-— " Y is the weight of a sphere with free-fall velocity, W
In order to evaluate equation I-2, one needs a relationship be-
tween w and D. This relationship may be obtained from the drag
coefficient, GD’ vs. Reynolds number, EE, curve (see Kennedy and

¥
Koh (25) ) where

dw _ l+m _ dD

T ie ot (1-3)

L d(log CD) - wD
“d{log Re} * v
Equation 1-3 requires that v, the kinematic viscosity of the fluid, and
Y, and yg, the specific weights of the solid particles and the fluid re-
spectively, be constant. If the ratio -lz?x%- can be taken as a constant,

equation I-3 may be integrated as follows:

I+m 2-1m
w = alDz-m or D= azwnm (1-4)

where @, and @, are dimensional integration constants. Substituting
the relationship between w and D from equation I-4 in equation I-2 and

changing variables leads to:
¢x)dx (¢ )dx
f(x)dx = = 2—1773- (1-5)
7D Bw
(3 Yg
where x = log w, =21-+:r2;-’—. and B = a dimensional constant. Introducing

the relationship between natural and common logarithms:

W6 - 103/ B _ J3bx/B (1-6)

where b = 2.303.
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Equation I-5 may now be written:

- 2
i(x)dx=%- 12 °exp{--12-[x;x] }exp.{-é%x—}dx (I-7)
ovor

Completing the square of the exponent of equation 1-7,
1o 3. bZe? _ 3bx

1 x- 3xb
[S‘TX] _ OXD _ 12 [x-(i- 3bo

"2 e 5

Substituting the completed square into equation I-7,

S S Ll xE- 9 _ 3bx N
f(x)dx-am Y exp.{ —2—2- [x-Gc —B—-)] kz-—éz- T}dx (1-8)

Equation 1-8 represents the distribution of free-fall velocities by num-
ber for a granular material which has its free-fall velocities log-
normally distributed by weight.

To find the normalizing factor for equation I-8, one must inte-
grate equation I-8 over all possible values of x. The normalized

distribution of free-fall velocities by number, F(x)dx, is defined by:

b
2 (fxpax
e

o | flx)dx
+oo -
where S‘F(x)dx! 1.
-

As a result of this normalization, one obtains for the normalized
distribution of free-fall velocities by number, F(x)dx:
b b

¢ 1 3bo’

\ F(log w)d(log w) = g exp. {- | [Log w -(log p- T”} d(log w)
* 2w 20

a a {1-9)
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Equation 1-9 shows that F(log w) is log-normally distributed with the
same geometric standard deviation as the distribution of free-fall
velocities by weight, ¢ (log w). The mean of the distribution F (log w),
designated log W is relatedto g 4, the mean of fie distribution ¢(log w)
by the following equation:

log = log w, + %‘3 (log o) (1-10)

where o = geometric standard deviation of both distributions
and ¢ =log '

GTquation I-10 is the relationship employed to calculate the
mean free-fall velocity by weight, §, from the measured distributions
of free-fall velocity by number presented in chapters 3 and 4.

In order to use equation I-10, one is restricted to the assurmp-
tion that P is a constant. Table I-1, which was taken from Kennedy

and Kok (25), shows the magnitude of the parameter B.

Table I-1
Relationship vetween 3, m, and Reynolds Number, ‘—"—VP-
. d(log C.)

Reynolds No., Re m= - _d'u'c';g-rle)f p= é%
0.4 and less 1.000 2.000
1 0.890 1.703

2 0.835 1.575

4 0.770 1.439

10 0.685 1.281

20 0.635 1.197

40 0.570 1.098

100 0.475 0.967
200 0.417 0.895
400 0.365 0.835
800 0.300 0.765
1000 0.275 0.739
2000 0. 145 0.617

5000 0 0.500
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From Table I-1 one sees that § is not a constant but changes with Rey-
nolds number. However, if the range of Reynolds numbers for any
particle population is small, like 20 € Re < 30 or 40 € Re < 60, the
assumption that  is a constant is good within about 5 per cent. For-
tunately, the granular materials studied, with one exception that is dis-
cussed in chapter 3, were sufficiently narrowly distributed to allow

the application of equation I-10.
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Appendix 1-2
Relationship between a Log-Normal Distribution
of Particle Diameters by Number and by Weight
Let us assume that a granular material is composed of parti-
cles which have diameters which are log-normally distributed by
weight. For such a material what is the distribution of particle di-
ameters by number? The previous section has been concerned with
the same problem for free-fall velocities. Again let us restrict
ourselves to particles which are spheres or can be closely approxi-
mated as spheres.
Let Y/(log I)Q)d(log D) represent the fractional amount by weight
relative to the whole population of the granular material withl particle
diameters lying in the interval Do - -%2 <D< Do ) 2 -%2- where

LD = Dod(log D) and

¥({log D) =

log D-log D_ 2
'exp.{-é[ £ } (1-11)

cvir ¢

The function i (log D) is normally distributed about the mean value, log Dg’
with standard deviation, o. It is also convenient to introduce the geo-
metric standard deviation, o’g, which is related to the standard devia-
tion, o, by o = log erg.

To change from a distribution by weight to a distribution by
number, divide the distribution by weight, y(log Do)d(l.og D), by the
weight of a particle having the particle diameter, Do' The distribu-

tion by number, g(log Do)d(log D), may be written, except for a nor-

malizing factor:
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w{log Do }d(log D)
3 (1-12)

gllog Do)d(log D)=

!‘Do

——r . Ys
D =
where —62- * Yg is the weight of a sphere having diameter, Do’ Let

us change the variable in equation I-12 and rewrite it in the following

form:
dy = ixldx I-13
g(x) ™, - ( )
g~ > 10

where x = log D.

Using the relationship between natural and common logarithms,

D3 = 103% = 3bx (1-14)

where b = 2. 303.

Equation I-13 may now be written:

- 2
st o [ o oo
iz

Equation I-15 represents the distribution of particle diameters by num-
ber for a granular material which has its particle diameters log-nor-
mally distributed by weight. Let us complete the square of the exponent
of equation I-15:
2
2 x-(x-3bc”) 2 3 2

S IEE] sk = - 3 [———] -3+ 30

Substituting the completed square into equation I-15:

glxian & —b s B s exp.{- ;.17 [x-@-3b0%)} 2 - 3% + 3 b% 0%} dx (1-16)
(g
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Equation I-16 may be normalized by integrating over all possible values
of D and defining the normalized distribution of particle diameters by

number, G(x)dx, by:

b cg glx)dx

‘1 Gx)dx = - =

“ ‘, glx)dx
-0
+ao
where (\'» Gix)dx = 1.
-
As a result of this normalization, one obtains for the normalized

distribution of free-fall velocities by number, Gix)dx:
b b

(I "‘\
‘; G(log D)d(log D) = J
N ‘

. exp. {- —217- [log D-(log Dg-Bbo'Z')] i}d(logD)
o
(1-17)

2

Equation I-17 shows that G(log D) is log-normally distributed with the
same geometric standard deviation as the distribution of particle diame-
ters by number, ¢ (log D). The mean of the distribution, G(log D),
designated bg I (, is related to the mean of the distribution y(log D) by

the following equation:

. &
log D, = log Lg - 3b(log o*g) (I-18)
where oy = geometric standard deviation of both distributions
=1
o og cg
and b = 2.303

The derivation of equation 1-18 is not as restricted as the rela-

tionship for the mean free-fall velocities derived in the previous section.
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Equation I-18 requires only that the particles be spheres or closely
approximated as spheres, but there is no limit on the standard devia-
tion of the distributions. It is quite convenient to analyze a granular
material in terms of its weight fraction for various particle sizes.
Fortunately, most natural sands appear to have their sizes (sieve
diameters) log~normally distributed by weight. If one is interested
in the total surface area of a population of particles, for example in
the design of a fixed bed filter, one may conveniently use equation
1-18 to convert the results of the sieve analysis (i.e., the weight
distribution) to the particle distribution by number. The number of
particles rather than their weight determines their total surface

area.
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APPENDIX 11

1I-1 Calibration Curves for Electrical Resistance Probe

I1-2 Summary of Fluidization Data

1I-3 Summary of Local Concentration and Piezometric Head Data
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Appendix II-2

Summary of Fluidization Data

The data for the fluidization of the four granular materials
studied is presented in Table II-2. Each of the runs corresponding
to a particular granular material may be identified with the letter
identifying that material, for example, runs A and AA are for ma-

terial A, the glass beads.

Column 1., %~ is the total dry weight of granular material in the flu-
idization column for the particular run. The number of significant
figures given for each value of % varies because two different scales

were used in the course of the experiments.

Column 2. d is the depth of the suspension measured with a fixed

scale attached to one wall of the fluidization column.

Column 3. u is the superficial velocity or the discharge per unit
cross-sectional area of the fluidization column. The cross-sectional

area of the column is 1.01 ftz(940 sz).

Column 4. T is the temperature of the water in the fluidization col-

umn during the run.

Column 5. u/f is the ratio of the superficial velocity, u, in the col-

umn to the particle mean free-fall velocity by weight, §.

Column 6. T is the mean concentration by volume.
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For certain runs (Z20, z21, z22, Gl18, Gl19, G20, S514)

several values of d, u, T, and T are given. This is the range of

values over which the quantities varied during the course of the

Trun.



No.

Al
A2
A3
A4
A5
Ab
ATa
ATb
A7b

AAl

30.
29.
29.
29.
29.
29.
29.
29.
29.

30.
30.
30.
30.
30.
30.
30.
30.
30.
12.
30.
30.

35.
35.
35.
35.
35.

- (1b. )

00
96
90
83
83
83
83
83
83

O O O O O O e C

©C O w
w

Pt et e et e

2

d(cm)

70 + 4
60 + 3
48 + 1
54 +
54
53
52 £ 1
71+ 4
46

40
38
38
49
82
80
49.5
92
58
23
49.5
48.5

17.0
28
39
47
60.5
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Table II-2

3

A e
w
o

.00
.90
.94
.34
.88
.75
.34
.10
.52
.64
+ 15
. 18

O I S L O L

4.00
4.35
4.72

Summary of Fluidization Data

4
T(°C)

21.6
22.1
22.5
22.0
22.6
22.7
21.8
22.4
23.2

23.
23.
23.
22.
22.
22.8
22.7
22.4
21.5
2l.2
21.7
21.3

@ o o0 O

23
22
22
22
22

5 6
e -
u/p. C'—Y-:xa-
. 697 . 084
. 669 . 096
. 637 . 119
. 655 . 106
. 655 . 106
. 655 112
. 642 . 112
. 704 .083
.634 .127
. 597 . 146
.582 .153
. 588 « 153
. 648 .120
. 728 .0712
. 709 . 0730
. 648 .120
. 761 . 0636
.675 . 101
.693 . 0806
.619 121
.624 .123
. 190 . 376
. 425 . 229
.520 . 164
. 565 . 136
.613 . 106



Z6

Z7

Z8

Z9

210
Z11
Z12
z13
Z1l4
Z15
216
Z17
Z18
Z19
z20

221

z22

Gl
G2
G3
G4
G5
Gé6
G7
G8
G9
Gl0

35.
35.
35
35.
35,
35,
5.
35.
35.
35.
35.
35.
35.
35.
35.
35,
35.
35.
35.
35.
35.
35.

38.
38.
38.
38.
38.
38.9
38.9
38.9
38.9
38.9

W L O 0 9

© © e bt bt et et Bt et et e B fed e e bt e B e e e

2

61.5
71.5
83

11.0
11.5
12.2
14.5
16.0
18.0
18.0
19.5
21.0
23.5
26.0
60.0
58.8
57.0
44.5
43.0
42.5
30.0
29.5

Not
Fluidized
1"

15
16
17
18.8
19.5
21
22.3
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w

73
.92
.08
. 329
. 680
.982
e
.62
.93
.93
.25
.40
.88
.19
73
.70
.70
.30

W N N N e o o = O QG O WU o

b B

3.60
3.60

0.329
0.680
0.982
.31
.62
.93
« 25

B e bt b

2.88
3,19

22
22
22
22
22
22
22
22
22
22
22
22
22
22
22.5

23.2
22.8
23.0
23.2
23.2
23.3

21.5
21.5
21.5
21.5
21.5
21.5
21.5
21.5
21.5
21.6

.614
.639
.660
. 043
. 088
. 128
. 170
.210
. 251
. 251
. 292
.312
. 374
.414
.614
.611
.611
.559
« 359
.559
. 468
. 468

. 146
.181
. 216
.251
. 268
.322
. 356

. 104
. 089
. 077
.582
. 557
.525

41
. 400
353
. 355
. 328
. 305
. 254
. 246
. 107
. 109
.112
. 144
. 149
.151
.214
. 216

. 472

. 417
37
.363
.336
.318



Gl1
Gl2
Gl13
Gl4
Gl5
Glé
G17
Gls8

G20

38.9
38.9
38.9
38.9
38.9
38.9
38.9
38.9
38.9
38.9
38.9
38.8
38.8
38.8
38.8
38.7
38.7
38.7
38.7

28.28
28. 28
28. 28
28.28
28. 28
28.28
28.28
28.28
28. 28
28.28
28.28
28. 28
28.28

25
30
36
40
45
49
56
49
47
46
46
29
29
29
29
29.5
29
29

10.4
10.8
11.5+%
13+4
14+1
15.5+%
17.5+3
19.5+1
22.5%1
27.5%1
31+
41+4
51
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3.66
4.24
4.88
5.12
5:..37
5.49
5. 73
5.52
5.46
5.43
5.40
4.21
4.18
4.18
4.18
4.21
4.21
4.21
4.21

0.329
0.680
0.982
1.31
1.62
1.93
2.25
2.40
2.88
3.19
3.29
3.60
3. 18

21.6
21.6
21.6
21.6
21.6
21.6
21.7
21.8
21.8
21.8
22.2
22.2
22.2
22.3
22.3
22.4
22.4
22.5
22.5

22.4
22.4
22.4
22.4
22.4
22.4
22.4
22.4
22.4
22.4
22.5
22.5
22.5

. 409
.474
. 545
.572
.600
.613
. 640
.617
.610
. 607
.603
. 470
. 467
. 467

. 470
. 470
. 470
. 470

. 043
. 090
. 129
. 173
.213
. 254
. 296
.316
. 379
. 420
.433
. 474
. 498

.283
. 236
. 197
o 1T%
. 169
. 156
. 136
. 144
. 151
. 154
. 154
. 243
. 243
. 243
. 243
. 239
. 243
. 243
. 243

. 494
.480
. 442
.391
. 365
.329
.295
. 262
. 227
. 187
. 165
. 125
. 101
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1 2 3 4 5 6
sSl4 28.28 40+1 3.60 22. 4 .474 .128
28.28 40+1 3.57 22.5 .470 .128
28.28 39,521 3.57 22.5 . 470 129
28.28 3921 3.57 22.5 . 470 . 130
sla 28.62 39 3. 48 22.2 . 458 .133
Slb 28.62 750 3,78 22.4 .498 .104
sle 28.62 25 2.89 22.5 .381 . 207
s2 28.62 30 3,17 22.5 .418 .173
S3a 28.62 29 3.17 22.6 .418 .179
S3b 28. 62 39 3.54 22.6 . 466 . 133
S3c 28.62 41 3.60 22.6 . 474 127
$3d 28.62 25 2.95 22.6 . 389 . 207
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Appendix II-3

Summary of Local Concentration and Piezometric Head Data

Run Al
d=70 cm
T=,084
h,=.2848

#

Run Al

d=60 ecm

tgn 096

hy=.2844
ﬁ.HZO

Elevation

b 4§
{(cm.)

59.5
53.4
47.2
41.2
35.1
29.0
22.9

8

{cm.)
59.
53.
47.
41,
35.
29.
22
16.8
10.7

4.9

1.5
44.2

w

OO e NN D

Local

Conc.
C

.0573
L0617
. 0651
. 0736
. 0804
. 0864
. 0924
. 0992
. 106

.119

.138

C

. 0336
.0611
. 0676
. 0805
. 0850
. 0960
. 105
«143
«: 117
. 127
. 142
. 0720

c/c

.682
~ 135
.775
.876
. 957
1.03
1.10
1.18
1.26
1.42
1.64

c/c

.350
.636
. 704
.838
. 885
1.00
1.09
1.16
1.22
1.32
1.48
0,750

Tables II-3

y/d

. 850
. 763
.674
. 589
.501
.414
. 327
. 240
« 153
. 070
.0214

y/d

. 392
.890
. 787
. 687
. 585
. 483
.382
. 280
. 153
.0817
. 0250
. 737

Elevation
(cm.)

4.4

7.9
20.1
31.4
42.8
58.6
73.0

{em.})
4.4
7.9

20.1

31.4

42.8

58.6

73.0

h
(R.HZO)
. 2455
. 2260
. 1640
.1140
.0730
. 0270
. 0010

h
(R.HZO)

. 2390
.2200
.1510
. 0950
. 0525
. 0060
. 0005

h/h, y/d
.862 .0628
.794 .113
.576 .287
.400 448
.256 .611
.0948 .751
.003511.04
h/h, y/d
.840 .073
.774 .132
.531 .336
.334 .524
.185 .715
.021  .979
.002 1.219



Run A3
d=48 cm
h,=.2839
ﬁ.HZO
T=119

Run Aé
3= 5301’1’]
T=.112
hg=.2832
ft H..O

C
(cm.)
45,7 . 0809
44.2 . 0847
41.2 . 0885

35.1 . 0986
29.0 . 104
22.9 . 109
16.8 .118
10.7 . 123
4.9 . 132
1.5 . 162
b4 C
{cm.)
50.3 . 0685
48.8 . 0762
47.2 0775
45.8 . 0781
44,2 . 0800
42.7 .0814

41.2 .0815
39.6 .0817
38.2 . 0826
36.6 . 0844

| 0872

35.1  (ogs7!
- 0920

33.6  ('ggga)

32.0 .0911
30.5 . 0977
29.90 . 0994
27. 4 .101
25.9 . 104
24.4 . 108
22.9 . 109

-1
c/T

. 680
.711
.743
.828
.874
.916
.991
1.033
1.109
1.361

66~
y/d

.952
.921
.858
. 731
. 604
. 447
. 350
. 223
. 102
.031

c/T y/d

.612
. 680
.692
. 697
714
. 727
. 728
. 730
. 738

. 754
779
. 765

. 949
.921
.891
.864
. 834
. 806
777
. 747
.721
.691
) .662

(769 -634

.814
.872
.888
. 902
.929
. 964
.973

. 604
.576
. 547
. 517
. 489
. 460
. 432

{em.)

4.4
7.9
20.1
31.4
42.8
58.6

{em.)

4.8

9.8
14.8
19.8
24.8
29.8
34.8
39.8
44.8
49.8

h

(ﬁ.HZO)

.2375
.2235
. 1365
. 0740
. 0230
. 000

h

(ﬁ.Hzo)

8305
. 2075
. 1750
. 1460
. 1200
. 0955
. 0720
. 0520
.0315
.0140

h/h,

.836
. 787
.481
.261
.081

.835
. 732
.618
« 315
. 424
. 337
. 254
. 184
« 313
. 049

. 092
. 165
. 419
. 654
.8%92
1,221

y/d

. 091
. 185
. 279
.374
. 468
.562
.657
.751
. 845
. 940



Run A6
ont

-167-

Cc | c/C y/d

{cm.)
18.3 .116 1.036 .345
16.8 .118 1.054 .317
15.2 117 1.045 .287
13.7 .119 1.063 .259
12.2 .119 1.063 .230
10,7 .120 1.072 .202
9.2 .121 1.081 .174
7.6 .124 1.107 .143
6.1 . 125 1.116 .115
4.6 .125 1.116 .087
3.0 .126 1.125 .057
1.5 . 129 1.152 .028
0.2 .119 1.063 .004



Run Z20

d=58.5 em

T=.109

h‘=.3467
ﬁ.HZO

b4
{em.)

56.1
54.6
53.1
51.5
50.0
48.5
47.0
45.4
43.9
42.4
40.9
39.3
37.8
36.3
34.8
33.2
31.7
30.2
28.7
27.1
25.6
24.1
22.6
21.0
19.5
18.0
16.5
14.9
13.4
11.9

7.3

.0144
. 0280
. 0327
. 0352
.0374
. 0396
. 0416
. 0440
. 0480
. 0500
. 0536
. 0584
. 0602
. 0655
.0701
. 0754
. 0844
. 0930
. 0978
. 109
. 122
- 133
. 144
.152
. 155
. 160
. 185
.168
.168
. 169
. 170

-168-
c/C

.132
. 257
.300
. 323
. 343
. 363
. 382
. 404
. 440
. 459
.492
.536
.552
.601
. 643
.692
L1774
.853
. 897
1.000
1.119
1.220
1.321
1.394
1.422
1.468
1.514
1.541
1.541
1.550
1.560

y/d

<959
. 934
. 908
. 881
.855
.829
.804
776
. 751
.725
. 699
.672
. 646
.621
.595
. 568
. 542
.516
-491
. 463
. 438
.412
. 386
. 359
.333
. 308
. 282
. 255
.229
.203
. 125

¥
(em.) (ft. HZO)

4.8

7.3

9.8
12.3
14.8
17.3
19.8
22.3
24.8
27.3
29.8
32.3
34.8
7.3
39.8
42.3
44.8
47.3
49.8
52.3
54.8
57.3
59.8

h

. 2840
. 2590
.2355
.2130
.1910
. 1700
. 1485
. 1275
. 1100
. 0925
.0795
. 0660
. 0560
. 0480
. 0405
.0301
. 0255
.0195
.0150
. 0090
. 0060
. 0025
. 0005

h/h,

.819
. 747
. 679
.514
.551
.490
.428
. 368
. 317
. 267
. 229
.190
. 162
. 138
. 117
. 087
.074
. 056
. 043
. 026
.017
. 007
. 001

y/d

. 082
. 125
. 168
.210
.253
. 296
<339
.381
. 424
. 467
.510
.552
.595
. 638
. 681
« 723
. 766
.809
.852
.894
. 937
.980
1.023



Run Z20

nt

C
{cm.)
5.8 173
4.3 174
2.7 . 186
1.2 . 186

-169-

1.587
1.596
1.706
1.706

y/d

. 099
.074
. 046
.021



Run Z21l y c
d=43.0 cm (cm.)

E:;.I:Zb., al.s  .0356
ft.HZO 40.3 . 0535
38.7 . 0589
37.2 . 0633
35.7 . 0693
34.2 . 0744
32.6 . 0786
31.1 . 0855
29.6 . 0950

28.1 . 108

26.5 «1158

25.0 . 128

23.5 . 144

22.0 . 153

20.4 . 163

18.9 171

17. 4 . 171

15.9 . 176

14.3 . 181

12.8 .182

11.3 . 185

9.8 . 186

8.2 . 188

6.7 . 187

5.2 . 185

3.7 .193

2.1 .202

Pt Bt Gt B et et Bt Bt G et bt Bt e

-170-

. 239
. 359
<395
. 425
. 465
. 499
. 527
.574
. 637
. 725
772
. 859
. 966
. 027
. 094
. 147
. 147
. 181
.215
.221
. 241
. 248
. 261
. 254
.241
. 295
- 385

y/d

972
. 937
. 900
.865
.830
. 795
. 758
. 723
. 688
. 654
.616
.582
. 547
.512
. 475
. 440
. 405
.370
« 333
.298
. 263
. 228
« 191
. 156
.121
. 086
. 049

Yy h
(cm.) (ftHZO)
4.8 .2685
7.3 .2485
9.8 .2280
12.3  .2065
14.8 .1775
17.3 .1520
19.8 .1280
22.3 .1065
24.8 .0865
27.3 .0690
29.8 .0540
32.3 .0420
34.8 .0315
37.3  .0230
39.8 .0150
42.3 .0085
44,8 .0020

h/h,

774
. 717
.658
.596
.512
. 438
. 369
. 307
. 249
. 199
. 156
.121
.091
. 066
. 043
.025
. 006

y/d

112
. 170
.228
. 286
. 344
.402
.461
.519
. 577
.635
.693
. 751
.809°
.868
.926
. 984
1.042
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%m R “ €/e v/ (o ) (ft.1;120) B/ee /8
Ef:fgfgs 28.7  .0625 .289  .973 4.8 .2605 .753 .163
f£.H,0 27.1 .125  .579  .919 7.3 .2370 .685 .247
25.6  .145  .671  .868 9.8 .2025 .585 .332
24.1  .157  .727  .817 12.3 .1740 .503 .417
22.6  .174  .806  .766 14.8 .1450 .419 .502
21.0  .184  .852  .712 17.3 .1175 .340 .586
19.5  .202  .935  .661 19.8 .0895 .259 .671
18.0  .207  .958  .610 22.3 .0640 .185 .756
16.5 .210 .972  .559 24.8 .0405 .117 .84l
14.9  .214  .991  .505 27.3 .0225 .065 .925
13.4  .216 1.000 .454 29.8 .0050 .0l14 1.010
11.9  .216 1.000  .403
10.4  .216 1.000  .353
8.8  .221 1.023  .298
7.3 .219 1.014  .247
5.8 .222 1,028 .197
4.3  .223 1.032  .146
2.7 .224 1.037  .092

1.2 .242 1.120 . 041



Run G18
3-37 cm
T=. 151
h,=.3848
ft.H,0

y

(em.)

45.8
44.2
42.7
4l.2
39.6
38.1
36.6
35.1
33.6
32.0
30.5
29.0
27.5
25.9
24.4
22.9
21.4
19.8
18.3
16.8
15.2
3.7
12.2
10.7

9.2

7.6

6.1

4.6

3.0
35.1
2l.4

C

. 0257
. 0428
. 0496
0562
. 0656
. 0760
.0815
. 0940
. 103
.118
.129
.134
. 144
. 149
. 166
. 164
. 162
174
173
177
177
. 179
. 176
. 180
. 183
. 190
. 190
. 190
.182
. 0904
. 160

-172-

c/C

. 170
. 283
.328
372
.434
.503
. 540
.622
. 682
. 781
.854
. 887
. 953
. 986
1.099
1.086
1.072
. 152
. 145
172
. 172
. 185
. 165
. 192
.211
. 258
.258
. 258
.205
. 598
1.059

Raad

Pt et e et Gt o et B P Gt e

y/d

. 975
. 941
. 909
.877
.843
.811
779
. 747
+71%
.681
. 649
.617
- 535
.551
.519
. 487
. 455
. 421
. 389
. 358
.323
. 292
. 260
. 228
. 196
.162
.130
. 098
. 064
. 747
. 455

y h
knn)(ﬁ.HZO)
4.8 .3101
7.3 .2730
9.8 .2460
12.3 .2230
14.8 .1975
17.3  .1730
19.8 .1500
22.3 .,1270
24.8 .1085
27.3 .0875
39.8 .0700
32.3 .0530
34.8 .0385
37.3 .0280
39.8 .0170
42.3 .0100
44.8 .0040
47.3 .0020

h/h¢ y/d
.783 .102
.710 .155
.640 .209
.580 .262
.514 .315
.450 368
. 390 421
.330 .475
.282 .528
.228 .581
.182 .634
.138 .687
L1000 .741
.073  .794
.044 .847
. 026 . 900
.010 .953
.005 1.007



Run G19
3=2§ cm
T=.243
hy=. 3842
ﬁ.HzO

(cm.)

27.5
25.9
24.4
22.9
21.4
19.8
18.3

. 105
177
.203
.216
. 223
.226
g
. 227
«£31
.232
.234
» 231
.232
. 248
. 248
. 276
. 260
. 196

-173-

c/C

. 432
. 728
.835
. 889
.918
.930
. 934
.934
%51
. 955
.963
.951
« 955
1.021
1.021
1.136
1.070
.807

y/d

. 949
. 894
. 842
. 790
. 738
. 683
.631
.580
. 524
.473
.421
. 369
- 317
.262
.210
. 159
. 104
.842

y
(cnn)(ﬁ.HZO)

4.8

7.3

9.8
12.3
14.8
17.3
19.8
22:3
24.8
27.3

h

. 2790
. 2465
.2140
. 1830
. 1505
. 1200
. 0885
. 0585
. 0300
. 0050

h/h,

. 726
. 642
- 557
. 476
.392
. 312
.230
. 152
.078
.013

y/d

. 166
.252
.338
. 424
.511
. 597
. 683
. 769
.856
. 942
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Run G20 y C c/C y/d y h h/h y/d
CW em (cm.) (cm.) (ft.H,0) -
=.243

DTifen, 21.5 L107 440,948 4.8 .2945 .769 .166
1&.Hzo 25.9 .186  .765 .895 7.3  .2670 .697 .252

24.4 .201 .827 .841 9.8 .2395 .625 .338
22.9 221 .909 L790  12.3  .1965 .513 .424
21.4 .225 .926 .738 14.8 .1665 .435 510
19.8 .226 . 930 .683 17.3 .1360 .355 .597
18.3 .228 .938 .631 19.8 .1075 .281 .683
16.8 .227 .934 .579 22.3 .0805 .210 .769
15.2 227 .934 .524 24.8 .0530 .138 .855
13.7 .231 .951 .472 27.3 .0235 .061 .94l
12.2 .230 . 946 .421 29,8 .,0040 ,010 1.026
10.7 .230 . 946 .369 32.3 .0010 .003 1.114
9.2 .238 .979 - 317

7.6 .243 1.000 .262

6.1 .246 1.012 .210

4.6 .254 1,045 . 159

3.0 .252  1.037 . 103
24.4 . 207 .852 .841



Run SS514

d=39.5 cm (cm.)

T=.129
hy=. 2807
ﬁ.HZO

¥

36.6
35.1
33.6
32.0
30.5
29.0
27.4
25.9
24.4
22.9
2l. 4
19.8
18.3
16.8
15.2
13.7
12.2
10.7
9.2
7.6
6.1
4.6
3.0
1.5
24.4
29.0
38.1

C

. 0225
. 0278
. 0331
. 0378
. 0381
. 0443
. 0509
. 0556
. 0617
. 0698
. 0803
. 0920
. 0985
117
. 129
. 160
. 195
.222
.233
. 246
.250
. 253
.260
. 260
. 0603
. 0433
.0158

-175-
c/c

.174
.215
. 257
.293
.295
.343
. 394
.431
. 478
. 541
.622
=153
.763
. 907
1.000
1.240
1.511
1.721
1.806
1.907
1.938
1.968
2.015
2.015
. 467
.336
.122

y/d

. 927
. 889
.851
.810
772
. 734
.694
. 656
.618
.580
. 542
.501

. 425
. 387
. 347
. 309
. 271
.233
. 192
. 154
.116
. 076
. 038
.618
. 734
. 965

y
(cm.) (ft.H,0)

/b,

. 700
.581
. 467
.365
273
.205
. 166
. 126
. 098
.071
. 048
.036
. 025
.0l14
. 005

y/d

122
. 185
. 248
.311
. 375
.438
.501
. 565
.628
.691
. 755
.818
.881
<944

1.008



Q

U b o &

-176-
APPENDIX I1I1
SUMMARY OF NOTATION
The page numbers listed refer to the page on which the
symbol first appears.
= cross-sectional area of fluidization column
= local volume concentration of suspended particles

= mean volume concentration of suspended particles
= W/ y’Ad

= theoretical concentration of suspended particles by
Maxwell's formula = R-R./R+{R

= total depth of a suspension

= particle diameter

= geometric mean sieve diameter
= sedimentation diameter

= acceleration due to gravity

= piezometric head of fluid

= theoretical piezometric head of fluid equivalent to the
total weight of the granular material in the fluidization

r Y

column = ;?—:’1 (-% - 1)
= permeability coefficient
= hydraulic conductivity or permeability = kyf/ m
= electrical resistance probe calibration coefficient
= Reynolds number = wD/v
= resistivity
= water temperature

= vertical coordinate

= elevation above the bottom of a suspension

Page
43

43

34
43

45
56

67

37

34

36



|
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superficial velocity = discharge per total cross-
sectional area of fluidization column = Q/A

intercept velocity determined from extrapolation
of experimental data

total dry weight of granular material in the fluidization

column

free-fall velocity of an isolated particle
geometric mean free-fall velocity by number
dynamic viscosity of fluid

geometric mean free-fall velocity by weight for
local samples

geometric mean free-fall velocity by weight for
parent materials

unit weight of fluid = peg

unit weight of particles = p_g
mass density of fluid

mass density of particles
kinematic viscosity of fluid = p/p‘
standard deviation

geometric standard deviation of distribution of sieve
diameters

geometric standard deviation of distribution of sedi~
mentation diameters

geometric standard deviation of distribution of free-
fall velocities

porosity ® 1-C

Page

43

50

50

60

67

61

145

45

57
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