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ABSTRACT

This thesis shows a method for setting up a numerical com-=-
putation to find resonances in the pion-nucleon system. It takes into
account inelastic reactions through a generalized N/D method, and
problems introduced by unstable particles are analyzed. General
formulae are calculated for the kinematics of reactions involving
the w¥N, pN, «wN and I'N. channels, relating sets of Lorentsz invariant
amplitudes (free of kinematical singularities) to helicity amplitudes
in a form that exhibits the reflection symmetry when the total eneryy
W is replaced by - W, and a simple form is found for the partial wave
expansions. A detailed discussion of the iscepin part of the equations

ie included.
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I. INTRODUCTION

In the last few years several resonances have been discovered in
the pion-nucleon system, and attempts have been made to predict their
proportioo.' The general purpose of this thesis is to provide the frame-
work for a calculation to determine such resonances. The use of a
generalized N/D method, for a problem with several channels, is pro-
posed to take into account the effect of inelastic scattering, related to
the main process of pion-nucleon scattering through unitarity.

The channels with several pions are approximated by combining
several particles in a resonant state or unstable particle. Specifically,
the p and «w vector mesons are included in our formulae together with
a nucleon. Another resonance with a relatively low mass is the J = 3/2,
1=3/2 p-wave pion nucleon resonance, denoted by N‘. This should be
obtained in a calculation where it is included in a crossed channel, in a
self consistent way. The N* can also be put into the calculation as an
external unstable particle in a 1rN' channel, There is no theoretical
reason to exclude this channel, but uncertainties in a theory with spin 3/2
particles and the corresponding experimental data do not permit an un-
ambiguous approach to its interactions, so it might be convenient to try
a first calculation at least without it. The exact problem obviously has
an infinite number of channels, and the usual procedure is to keep only
those with the lowest masses.

In part II the general kinematics for the reactions under consider-

ation is developed. The main results are the partial wave expansions of

?Sco. for instance, references 16, 18, 19 and 2]1; further references are

given in these.
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certain amplitudes, related to the helicity amplitudes but coming from
states with definite parity, and their connection to Lorentz invariant
amplitudes. Their form is such that they can be advantageously used
in calculations with Regge poles.

In part IIl a "kinematics” is developed for the isospin part of the
matrix elements, that was not included in part II. It is patterned in
a form similar to that of ordinary kinematics.

In part IV, the problems related to the dynamics of the reactions
are discussed. Both the use of the generalized N/D method, with a
possible set of approximations, and the evaluation of simple diagrams
that would be used as input data, are examined.

The appendices form aleo an important part of this thesis, and
many general results and formulae used in the main body are derived
there. They are more or less self-contained unite, and a moderate
familiarity with the matters discussed there might facilitate the reading
of the thesis itself.

In appendix A we examine the effects of invariance of the strong
interactions under several symmetry operations. Special attention is
devoted to the reflection symmetry that relates amplitudes at positive
and negative energies.

In appendix B, the determination of state vectors with definite
helicities is shown.

In appendix C, tables for the rotation matrices 4‘:“(9) for small
values of A\ and p are given, and proofs of two general expansions,
using either Legendre polynomials or their derivatives, are shown.

In appendix D, two methods to get projection operators for partial
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wave amplitudes are diecussed in detail, and a general expreassion for
amplitudes like those used in part II is obtained.

In appendix E, a pseudo-vector algebra for four-vectors, similar
to the one for ordinary three-vectors, is developed. It is used then to
find a way of choosing Lorentz {nvariant amplitudes for the p + N — p+N
reaction without introducing kinematical singularities.

In appendix F, a field theory for spin 3/2 particles is partially
developed in order to find state vectors, propagator, etc.

In appendix G, the N/D method for several channels is explained,
together with a discussion of the difficulties arising when time reversal
invariance (expressed by the symmetry of the scattering matrix) is to be
built into an approximate solution besides unitarity.

In appendix H, a diecussion of the problems presented by unstable
external particles and the related complex singularities is given. One
way to take them into account is shown in detail.

Finally, in appendix I, some of the notations used in this thesis
are stated, epecially when books and papers on modern physics show a

great variety in their choice of conventions and definitions.
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II. KINEMATICS

In this part, all particles will be assumed to have zero isotopic
spin. The isotopic epin part of the amplitudes will be left for part IIL

a) v+t N~ w +N

Four-momentum conservation gives the relation
ptaq=p'+q’ (1)

that reduces the number of independent momenta to three. We will use

the combinations

P=3(p+p) Q=3@+q) a=lta-a=36p'-n @

/
7~ A

S "

N N

P P’
Fig. 1. General diagram for the reaction w + N~ ¢ + N

From the three vectors we can form six scalars. Four of them are fixed,

corresponding to the external masses

pz = p'z = Mm? q?=q'?= “z (3)
These relations give

P.A=zQ:A=0 (4)

P2 + a2 =« M2 o +a2.4,2 (5)
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One possible choice of independent scalar variables is

s=(p+ q)z = (P + Q)z (6a)

2 2

t=(p'-p)° =44 {(6b)

We can also define

a=(p'-q?=(r-q? (6¢)
that is related to 8 and t by

e +t+ue2(M+yd (6d)

Any matrix element for thie reaction can be written in the form
a =P o ts, IMu(P) = W) Tu(p) ™

where the a, are Lorentz invariant scalar amplitudes, the M‘ are in-
variants characteristic of the reaction and u(p) is a spinor for a nucleon
of momentum 5 The invariants are scalars in space-time and 4 x 4
matrices in spin space, and it is convenient to build into them the
symmetries of the problem.

Lorentz scalars can be formed with the momenta and yp. The

spinors u(P ), u(p') obey

(¥ - M)u(p) =0 (8a)

(¥ - Mju(p") =0 (8b)
and from 8b

WURP'MF - M) =0 (8¢)

Hence the possible factors P, £ in invariants can be eliminated by moving

§ to the right and §' to the left. Factors like P- Q and A% are in-
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cluded in the a;-

Parity conservation under strong interactions eliminates invari-
ants like y; and ysﬂ. which change sign under the parity operation,
since the interactions are such that the matrix element is a true scalar
and not a pseudo-scalar.

In appendix £ it is shown how invariants containing the antisym-
metric tenaor ‘lpr can be expressed in terms of others that do not
use it,

It is now easy to convince ourselves that all terms in a matrix
amplitude can be written using the two invariants 1 and @, and T ie

of the general form
T=A+ Bﬂ (9)

It might be desirable to write G in terms of invariants constructed
from Pauli spin matrices and 3-vectors. In order to do this we choose

the center-of-mass system, where

p+qe=p +q =0 L (10)

Fig. 2. Incoming and ocutgoing 3-momenta



We call

Py p; = nucleon energy (11)

P, t 9, = W = total energy (12)

x=cos O=pp =q.q (13)
Then 3

i (52) 0 B )e, ae

) Y

i+ (Ed) e S5E ), e

where
[i> [£>
ug = ( . ) ul= ( . ) (15a,b)

[t>, |£> being the initial and final 2-component spinors, and

- 0 [
as (: o) (16)

From equations 15 and 16 it is obvious that relations like

.'u-.n.. - wn s b

uy @-a e-bu°-<t|¢r-u e-b|i> (17)

bold, and that any term with an odd number of a'e is smero.

Hence
TE ) Tu) = BN w0 ¢y Yo(a +Bpta,- 5 &) 1 + z%f)“o
= < f] (Ez%s A+ gw-ﬁfxnm B)
+ (- S 4+ LONUE-M) B)e-d e 1> (18)



where equations 10 to 12 and

Q, =3l tal) =g, G= 3(a+q" (19)
- oal

pie p'leagi=q 2apl-M? (20)
- ‘|

§= - q =3 (21)

lal

have been used.

The relation between the matrix element and the cross section

is as tonovu‘

e 1/2
Ty (ZI) & (p+q -p' Q)(mr——q:) u(P)Tu(P) (22)

' then the transition probability is

2
wos (20 %% e +a-p'-q") —55 [a|? (23)
4E 9
and the differential cross section
3= -2,
de = d a0 = 1 — 'ﬂ (24)
(2w) (2w) | Vo vql
We have to use the formula
6(x - ’i)
Slt] = ) —— ., flx) =0 (25)
ral LA E A
Since p, and q_, are fixed, and
pil e M?+q'2 qf = w2+ 3" (26a,b)

$c0e Ref. | section 14d or Ref. 2 chapter 15.



we get

8(p,* q - Py- ) = oy =

L "(1;?,"'*1::1)"1'92%

Also _ ~

(T Tl = 12 - 3 |« gl
and

- "l"'z‘l‘éiz a|®

(2w)" 4w

We can define new amplitudes 31 by

d.. b -
$ = l<eF+ad 7§3,i>)?

and combining equations 18, 29, and 30 we obtain

E+M A+ (W-M)B
3= 3w 3w

E-M -A+(W+MB
§y u Sgg= 4w

as in Ref. 3.

(27)

(28)

(29)

(30)

(31a)

{31b)

Formulae 31 exhibit the symmetry pointed out in Ref. 4, that is

31(-W) LA 'z(w)

(32)

(see appendix A). If a sum over final spin and average over initial spin

is performed, we get



Z |<£]3|i >]2

spins

g
g

-% Z <f|3|i><i|37|f>
spine

’ .‘i'rr (38)
where we have written
- .y @
Is= 314'-q' '.a ’2

and the completeness relation

Z In><A| =1

| spin

has been used.
Since

Trl=s 2

Tr (e+5 ¢:b) = 22+ b
(;aa +28.4'(3,3 +az‘5+zsza')
= 1312+ 13,17 + 2x Re (3,3}
and the total cross section is
"S‘ %dﬁ

= 2v § ax (13,12 + 13,12 + 2x Re (3,7)))

(33)

(34)

(38)

(36a)

(36b)

(37)

(38)
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1f we define a "scalar product” of 2-component vectors

L 4
e=(! ) (39)
’2
- 1
¢o¢-f1dx¢'c¢ (40)
whcre:
1 =x
G= (41
(x 1) ,
we have
o =2y300% (42)

Here we have written & for
b}
P ( 1) (43)
%

It is essentially equivalent to the & defined in equation 34, and it should
be evident from the context which one is used.
Comparing the two expressions for the cross section, equations

30 and A-6, we obtain for the helicity amplitudes

‘%O;M(W""} - <*|3l§> (44a)

:'hiéo(w.a.,’) = <-8 I" 2> (44b)

where the first spinor refers to the outgoing nucleon of momentum ;'
in the direction fa '(O.ﬂ. and the second to the incoming nucleon of momen-

tum ; in the direction p(0, 0).

‘ This G differs from the one in equation D7 by a factor of 2.



el e

Following the phase conventions of Ref. 5, we determine in

appendix B
(-] ]
2‘
[6,9:%> = ad w) (45a)
-ip
- sinx e
[0, 053> = ( 2 5 ) (45b)
cos

Either by using

- el - L}
g:.q o.q = (46)
( sin Oci' cos @ )
or noticing that, since E B - 5 and ﬁ' B - ﬁ ’
.lz;.alt:»--xalu (47a)
<t|§ed = <t (47b)
we get-from equations 44
S0,40 = €98 3 (%, + 7)) (48a)
£ = - gin o .i'(a -3) (48b)
-#0;%0 z 17 2

The elements of the submatrix TJ(W) defined in Ref, 5 and

appendix A can be written in the form

final =
—:!"-— TJ = initial to %o

Ip, |

1

-]
Ny ety
2

i oNY



whe re the partial wave helicity amplitudes are
J J
“io:io % f0i-% 9 (49b)

af*o"o = ngo‘_*o = cg (49¢)

The firet equalities in equations 49b and 49¢c come from parity conserva-
tion, expressed for these partial wave helicity amplitudes by R5-43:

3
<A - 4'5"'"‘.""'»"“.“\:"4[5 Iy >
n.n s _t8 . -8_-8
" cd‘_nc d a b

g NN, X

where the N and s, are the intrinsic parities and spins of the four
particles a, b, cand d. For the reaction in thia section

“g =1 (50a)

Using equations A-5, C-9, C-11 and C-6 we get the following partial wave

expansions
fhosbo =), & con §(Py, - P)) (51a)
Jal+ &
faodo =), S3e®aind (-, ,- P (S1b)
Jl"’&
Hence
%+, Z af (P; a- P;) (522)

Jute
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- J 1 { ]
3-3,= z ay(Py 4 +P,)
J=t +%

WP T ]} .3 3.
31 = Z [-f (cl-b ‘Z)Plﬂ' 3 (cl - az)Pl ]

J=i +%

N 1,3 3. W IO
D) [I“l"'z’pzﬂ"i“x*“z’Pz]

Ial +3

¢ I
e Z (£ 4P = Gy, P!

Jui+d

o ' ]
3= Z (€, -Pra = 14Fy)

J=t 48

(52b)

(52¢)

(524)

(52¢)

(521)

where the I“: are defined as usual in terms of phase shifts for states

of parity (<), Jat &}

ié
f .= -1-:--0 “'olnG‘*

Ipl

and we can write the formulae in the form

L ]
e Z (£ 4Py = 5 Py y)
1

]
i Z £y - 4 )Py
1

Obviocusly,

(53)

(54a)

(54b)

(35a, b)
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Proceeding as indicated in appendix D, we obtain from formulae 54
P, P,
141 i £
'l+.( ' ) '1.-( |1) (56a, b)
Py Py
Then we have from D-15

f1a = 'ﬂ'rm'u“ (57)

Actually we will use a slightly different notation, and the proce-
dure to get the partial wave expansion and projection operators, as well as
the equations connecting A and B to Tl and T, will be shown in detail
for this simple case; the more complicated ones to follow being straight-
forward generalizations of this.

Following the procedure in appendix D, according to equation

D-23 we define

| (W, x, ¢) . (wn x, ¢)
T (W, x) = #0; %0 + ~hoyko okl (58a)
cos 5 - gin 3e
f3..3-(W,x,9) £ (W, x, ¢)
T,(W,x) = #o;#0 5 - “Lk’r - (38b)
cos 3 - sin 3 e
X = cos 6

The minus sign in the denominator is there because diJ- ;(9) has one.
In general it will be a factor of (-1)“"". where A and p refer to the

first term, i.e., # and % in this case. The partial wave expansion

ie then
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T(W.x) = ) [ (o] (W) +a3(W))P, , (0
Jug 4+

2 (ui’(m % .i(wy) p; (x) ] (59a)

Ty(Wex) = ) [(o{(w) - 0 (W) Py )
Jet +%

3 (c‘l’(w) g c‘;(W)) P;(x)J (59b)
Following D-25 we define

BI(W) = o) (W) + a3(W)  B3(W) = af (W) - a3(W) (60a, b)

We notice that pi' and p‘; correspond to transitions between states of
definite parity. In fact, from equation R5-41:

J-ll-l

P|IMiNN,> = myn,(-1) A s Mk, =N, > (61)

where 0., 8, are the intrinsic parity and spin of the particles, and the

definitions:

|3, M1% > = 3o (| 30530 > * |Ina;-R0 >) (62)

we get

PlIMia > « & (-1} | I e > (63)

since J‘I+bo'l'i|'z-°. “1'1. ﬂz."lc
Recalling 492, we {ind that
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< IM; +I-:;T',IJM:+>=Q'; (64a)
<.m;-l-:;r"l.nm-:--piI (64b)
<JM;+|-:;TJ|JM;->-0 (64c)
< IM; - I%T'!lJM: +>=0 (644)

Equations 64c and 6é4d are of course expected from parity conservation,
Also from A-14 we have

ai'(-m . 'i""” u‘;(-W) . u';(W) (65a, b)

and hence
Bl(-W) = - P3(W)  Ty(-W,x) = - To(W,) (65¢, )

this last form of reflection symmetry being obvieus from rewriting 59 as

T = ) (Blnpy e - slwP) ) (66a)
Jeil +4

Twx e ) (BP0 - NE ) (sen)
Jut +4

To obtain the projection operators, we continue as in appendix D,

Rewriting equations 51 as

G(Woxg) = ) (3 +halw) afy (0 (678)
J=t+b
\
LWoxe) e ) b adwelad 40 (67b)

J=l +%
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we get from D-5

1
o (W) = gl (W, x,0)d] 3 () dx (65a)

s
a(W) = .-wS' | Gt widf 3 (x) dx (68b)

From equations 58,

GW,x9) = §cos 5 [T(W, 0 + To(W,x ] (69a)

(W, x,0) = - L oin 3P T (W, 0 - T,(W, )] (69b)

Using this time equations Cl10, C12 and Cé, from 68 and 69 we get

1
o) (W) = %S‘.l[ Ty (W, %) + T,(W, )] [P ,,(x) + P, (x)] dx (7ca)
Jiw) =3 g.l[ T (W, %) + T,(W,0][P P
oa ) = 1 ) - 1( l‘) Tz( nx)][ ‘*l(x, = “t)] dx (7°b)
and from 60
4 : S‘l T (W, )P, (x) + T,(W,x)P
J(w : YI [ T AW, x)P + T (W, x)P

which are the required projection formulae. From equations 48 and 58

we derive
Tl(wc ‘) - Z’I(W.!) T?(wlx’ - zaz(wox) (7?‘3 b)

and combining these with 31,

E+M

Ty (W, x) = WA(W"’.‘::) + (Eﬂ‘?‘(”w-M) B(W ,x) (73a)




T, (W,x) = - g AGw?,x) + EBCTM gw? oy (731)

In general, equations 72 will not be trivial as in this case.
A final remark about time reversal: for =N scattering, parity
conservation already demands the symmetry of the scattering matrix,

and no new relations are imposed by time reversal.

b) p+tN—==w+N
Momentum conservation gives in this case
ptks= p' +q (74)
We take as independent momenta
k, q and P = l3(1; +p) (75)
Here we have
2 2 2 2 2 2 2

p-p' = M k =m q = p (76)

We can choose as independent scalar variables

-lik-'-

-liq)

K,e

2

s = (P + t= -lz(k- q)z (77a,b)

—

Fig. 3. General diagram for the reaction p+ N— w + N
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Equations 8 are still valid:
(F-Mu(p)=0  Wp"NF-M) =0 (78a, b)

Lorents scalars that can be formed are ¢, ¥, «, P, k¢, P. ¢, q-¢,
s, t. The last two can be included in the invariant amplitudes (see 7),

Equation 74 gives

(=F-F+¥ (79)
and equatione 78 allow it to reduce to a combination of ¥ and1l. They
also allow the elimination of PP from a matrix element.

For vector flelds, it {s necessary to impose a subsidiary condi-

tion, corresponding to the continuity equation for the 4-current, R9-4. 3,

BA
=0 (80)
w

For plane waves

A sg o lkx (81)

and 80 becomes
ke =0 (82)
which eliminates another scalar., The relation

ﬂz = m? (83)

shows that the matrix element can contain only K to the powers 0 and]l,
A final condition is that it has to be linear and homogeneous in e.

To find the number of independent invariants, we apply the
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appropriate symmetry conditions to the T matrix (in this case, parity

conservation only):

final
I_! I ™ = {initial %o - %o
Py P J
*1 al ﬂ?
3 J J
*0 03 o‘
J J o
L ey % |x t(lal/lkhY? (s4)
|
3 J
B0 | -ad e
44 -u'; ol

The additional factor {( |;|/i;|)l/7 serves to simplify some equations.

Notice that in this case, for equation 50,
qa-qcsl qb-qdu-l -.-.cni 'b'l .dso
and hence

g = -l (85)

There are, then, six independent amplitudes, and the correspond-

ing invariants can be chosen

M =y M, = YK P-e
Mz " Ys"“ Ms =Yg € (86)
M, = y P € Mbcysjtq-c

The y; are included due to the pseudoscalar nature of the v meson; the

matrix element should be a true scalar as in section a).
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In analogy to equations 30 and 34, we expect to write the cross

section in the form

(87a)
k|

Y an (67%)
i=1

N, =o€ Ny=tdcod

- - -

Nz-lc-ﬁv-; -k NSSiE-::-ﬁ

N,=1§¢ ok Ny=ike o

(88)
q
The polarisation vectors

€= (e, ;)

(83a)
have to be normalized so that

e*. ¢ = - (89b)
From equation 82 we derive

€, " .lf.k_‘. (89¢)

o

and introducing this in 90b we get

>~ T 2
€21+ |55 |

and if we define the direction of € relative to k by

= (894)
| |el



we obtain
=2_ %
le|© = ;z-:—g'qu- (8%)
and in particular for the different helicity states,
kZ
lem?=1 e [?==2 |e-n|®=1 (890
m

Equation 24 becomes

ot
do = S’e_r.; sdlg!dﬂ N 0

(207 (20° v - v |
wp = (2m)*6%p i p'- ) — P [g)2 (90b)
4EE q°k°
Now Po and ko are fixed, and
P;z = M2+ ;z (91a)
qi = ul gl (91b)
8p .tk ~p .~q) ot
o "o~ Po~ 9 - j_?_[g (92)
8|q] Eq,
- = k| w
va- Vkl = lgil—o- (93)
z e
2 ol 0 leljaE (94)
Ly (2w)° 4w*® |k|

We have to calculate next the equations connecting the 'E(; ')M{u(;} with

the Nl'



With the conventions used here, y; turns out to be

o i
Yg = ( " o) (95)
and hence
0
ysu; = l( It )) (96)

We also use 8%c.
S5 B s 33 B
, ' - - _.“ _ - o s
o EBER o, <)1) (BE-29)0- 85 (1)

It is obvious that only odd powers of e will give non-zero terms. Other

invariants are reduced similarly

Using
X epler?.m? (97a)
ac=p =g’ .M’ (97b)

we get

W M) = <] ‘E*“%:}E"mi N, + ‘E’M’fff % N,

*

i i i '
{E-M) N5 4+ (&'Ml,l;‘;u’ (E+M) N‘“ >

+ (E+M) (E'+M)
?Mk

(98a)
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., ~ (E+M)*(E'+M)*(E-M+k°) (E-M)l'w'-m*u-nuﬁo)
u(p )M,ulp) = <f| M i n M Hy
(E+M)"(z'+M)§(E-M)(E+M+ko) (E-M)*m'-M)itmu)m-uﬂo)

- "INk, i 471 Ngl1>
{98b)
=t - (E-M)ilE '-M)i(E'ﬂvl) (E'I-MliLENM)i(E'-M)
ulp )Mjulp) = <f|- VY, Nyt Py v, Ng
(E+M)§(E'+M)‘(E-M}(Ei»!:'-bko) {E.M)*(E'-w*(s-mnmm'u,)
= aVE, Ng+ Mk, Ngli>
{98¢)
g . (E-M)i(E'-M)i(E'-O-M)(E Mk )
e M gap) = <t - N,
(E‘*N)*(E*M)Q(E"M)(E'M*k )
+ LT
I 4
(E+M)i(E'+M)§E-M)(E+M+k°)(E+E'+k°)
" ryvin Ng
(]
(E-M)*(E'-M)Q(E-FMHE-M+k°)(E+E'+k°)
+ Tk N6!1 > (984d)
} b,k b
WE M u(p) = < ¢f (E=M)(E-M) (EI4M) | (ESM) (E12M) (E-M)
(E+M)§(E'+M)i(E-M)q° (E-M)‘(E'-m*{mmq’
. ?,Mko Ng+ Tmn:o Nbl {> (98e)
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| A
-, _ (E-M)(E'-M) (E'+M)E+M+k )
alp IMgulp) = <f|- ¥ N,
*(E'*M)i(E'-M)(E'-M"’kO) (E+M)%(E'+M)i(E-M)(E+M+k°M°

M —N,* MK, Ny
(E-M)’(E'-M)Q(E+M)(E-M+k‘)q°
+ S N6|t > (981)

(E+M)

and hence

3. ‘JlE*sL:#E'*W[al + (W-M)a,) (99a)

3. V(E-M)(E"-M) [G- (w+mg,] (99b)

8sW

E«M)(E'- E'+M
3. L&l;w._“ﬂ.l___l [-0,+ (WeM)IA,+ 28~ 2(WHMIB] (99)

' -
7, E+M ri-rM (E'«M (G, HW-M)G - 20, AW-M)G] (994)

3= J[!E%’*gl(ﬁ;*m@:'“’ [2Q- 2AW+M)Q,= (WHE)G, + (W+ENW+MIC,
o

- ?qoﬂs + Zqo(w+M)ﬂ‘] (99e)

3 o WE-M)(E'=M) (E+M)
6 16w Wk

{ 7al+ Z(W-M)n?i- (W+E')Gs

+(WHE'UW-M)TQ,+ 2q Gy + 7q (W-M)T] (991)

Here the reflection symmetry is evident:

T U=W) = 4B (W) 5 T (W) =+ B (W); F(-W) = + I (W) (100a,b,c)
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The unpolarised cross section is equal to:

de - lall l<t]2]i>|?
(8) e B4
polarisation

- dal % Z Tr (3'm (101)

el el

i

L}

In addition to the relations in 36a and 36b, we have

-t b mA w8 e o s - - -y -

Tr(e-a o-b o-c o-d) = 2(a-b ¢c.4 - a-¢ b-d+a-d boc) (102)
and these allow us to calculate
L Tea"®) = 2131248219, 124 (& 0213, |2+ (@ %3, |24 (R0 |3, |2
+ (R 2|3, |2+ 226§ § € - £ §e%) Re(3]3,)
+2§4.¢ K€ Re(3)3)) + 2§ :)zn.w’; 3,) + 2(R. €)2Re(3]3,)
-, - L 3 P -z & -, e %
+2kie g € Re(,3,) + 2(q- €) n.(zz=3)+z£. € q-€Re(3,3))
+26.¢ § € Re(®,3,) + 2(k ©)2Re(333,) + 2(3- ©)2F- 3 n.(a;a‘)
+2 R 2§ € Re(3}7,) + 2R § € £ Re(3}3)

- a & - 5 - L ]
+2Fe€ g€ k-QRe(IF) +2Kk.€ G €Re (37,)

+ 2(f ©)2 £ § Re(333,) (103)

where we have assumed : to be real and also

£2cq=1 (104a)
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We write in what follows
K-q =x=cos @ (104b)

The sum over polarizations is done by using

- -2
z (z-s‘.‘—k-r
pol. -
=3+ K (105a)
}: -G -t PR R (105b)
pel.

and gives

(.%) - .15.[(34*)]31]24» (3+x)|32|3+ u+nz)|33|z+ Q+ex?) |2, |2

&
unpo 4

+ a4 |32 + a4 3|22 20-00x Re (3)'F,)

+ 204K)x Re (3)7,) + 20+kx’)Re(3]7,) + 201+k) Re (3,3,)

+ 2(14K)x Re (3; 3) + 2(1+Kx%) Re (8;83\ + 2(14K)x Re (3;3 )
+ 2(1+K)x Re (3375) + 2(14K) Re (333 ,) + 2(1+kx’)x Re (3;9)
+ 2(1+k)x Re (3;3,) + 20+0)x” Re (337,) + 20+k)x” Re (33 )

+ 2(14K)x Re (3:36) + 2(14K)x Re “’;35’ | (106a)

which can be expressed, according to D-7, by
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2

3+K (-1+u)x (1+a)= 1+Kkx 14K (14+4)x
(-1+K)x  3+K 1+Kx? Q+)x  (4K)x 14K
Q+K)x  1+xx® V+axl (+xx®)x  (+)x  (1+K)x>
Gs2 " 5 5 5 (106b)
1+Kx (1+x)x (1+kx“)x 1l+xx (1+x)x (1+K)x
14K (1+K)x (14+K)x +x)x® 14k (14K)x
+k)x 14k Q+)x?  Q4ox QHx 14
where K is defined in equation 105a
Ko
K= ——
= : (106¢)
ko
1+ =
e

We next have to determine the quantities ()‘ckd IN‘ |k‘\,b >,
and we use equations B-7, Be-l3 (with @ = ¢ = 0) and the ones corresponding

to 47

e R[> = -2 _]1> (107a)
dlf>=-n_|1> (107b)

We can write then

£ - lL‘LL <A A [FIA N >
NrgitgMy | <te alFIn Dy

|k

= llkl i TGN NN > (108)

fa0,m° 1\ l-{-%}- sin -g e i?(v2 3+ V2 82+vfz cos? g 3+ V2 cos? -g 3y
(108a)
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£.30,1" | \Jl%ll cos § (V2 ¥~ V2 3,- V2 ein® § 7,4 V2 sin? § 3, (108b)

f30, 40" | \JI% cos § (3,+ 3+ cos 6 3,+ cos 03+ T+ 3,) :‘: (108¢)

£.30;30% - \-{% oin § ¢'?(3,- 7,4+ cos 67,- cos 63,4 7,-3,) ]:: (1084)

30,31 \Jl-:z:-}- 2siny § cos? % 2= <5 =% ¥,- 7; 3 (108e)

£.30,3.1" ¢ \H—l:-}-z stn® § cos § .“’c-}z-zs - 7‘-2- 3, (1081)

Using A5 and 84,

o = }_ nl(p“lﬂ:)u/zsw/za +wfz-T= +-J’z—2- . (109a)
s+

a,= Z )(Py 4-Py) = V2 3= V2 9,- V225X 3.+ 2 13X 3, (109b)
J=1

“3-3.;1 -’kl qs(p, +1-1=') =3-3,+x3 4 x3 +B+3, (109¢)

u‘-J 2:“ _';.. o) ‘Pz a* p;) =3- 3,4 x3, x3 48,3 (109d)

o .JZ&.J _Z_i.l._*;;i. - ..}Z.:J- .}_204 (109¢)

o .J;ﬁ oy %_::_%Si 732- 3,- 7; 3, (1099)
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By inverting these linear equations we obtain the partial wave expansions

of the sl:

X ?:f;[n1+ a,+ (14x)ag+ (1-x)a ] (110a)
3,= 271/5[01- et (I+x)ag- (l-x)n6] (110b)
7= - 71.2.[%- ol (110¢)
Y= - 7_‘.2. [agtag] (1104)
3. z-:_f;[ -ay- 6, + V20,4 V2a,- (1-x)ag- (14x)a] (110e)
3= .;‘72[ -ay+ 8,4 V2 a3 V2 o - (1-x)ag+ (14x)a ] (1109

From these equations we derive the cf (equation D-12)

1 1
’ ' 1 1 1 =1
o tatPrlo ot o
: 2z |8 . 2v2 g
<1 1
0 0
' ' (] ' ¢ 0
J_Piar P om|o 3 _ Fan*Pr om0 i}
3T K |0 A T S e
1 1
1 -1
1+x 1-x
" " 1+x L -14x
3 _Piat®y [ a2 ol - can' 2
*wamurn |\ I YT
-1+x 14x

J

and using 106b we get the X (equation D-16)
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2 2
2 .2
ng‘PHl”)t 14x ng”tﬂ”’! 14x
1 22 ’g" 2 2 ‘1;"
0 0
£\ .
, -1
3. PPy Xl x| 3_FratPr X |«
X3 m| x | X‘ ) m | -x
1) 1
1 "
0 (112)
0
3 YHE+2) ("uz' e Fay” PM) -1
Xs " T a+3 T+ -1
0
0
0\\
0
P, P, P, -P
J_ Ji(t+2) 1+2° “2 241° g1 1|
6" (= -—are1) |2
)
0

From appendix C section b we have used the relations obtained by equating
both expressions for the d{p to eliminate the derivatives of the Legendre
polynomials in xf.

Also in xg and xi we have used the definition of & that gives

RS (1+l“-;)i-":-
m

m
r
[+

Blo™ B,Jorm

We also define



£30;41

wils

+ f'-iﬂ;fl

'rls[

uln-g-e

" fho;1

" fhosdo |

- i,

Llinto'

cos -z

01 ]

coe -!'

- GGI}-

{3040 _

L %0;%0 ]

=gin v .F

»co:-z

‘i'oa@-l

f-30;0 ]

- lin-g»e"'

+

14
by

T

\

3

o |

]

Y

g

Y

(113)

3

T\

é’

5
e [

J J

"ir"‘l*‘z

-ln cou 3e

lin}- cos we

{e

{3041

lln

v leo

Zsln -EcOI-ia

By = dy+ o)

J

Ps = ‘g' "

J
4

Y

1

lql
1 [l

lql

ICGI-IO
-boivl

B3 = a3 o
(114)

e o

From these we find,by using A-5 and 84, the partial wave expansion of

the Tl'

J o T oot
Tl.4‘z (51.4P1+1+9¢,1”1)

Jel +d

Z (’z.s ¢ 1" B3, 2P t)

Jal +4

or Y (8, et

J=4 +*

Vi (1 +2)

(115)

P‘ s

63 i
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Combining with equations 108, we obtain

T,= szal +v2 xJ + V2 3,
T,= 2v2 y,+ V2 7, ¢+ Y2x ¥
ko
T,= == (25 + 2x3,+ 23,)
(116)

T

kO

'rs--wfzs&

T6- - V2 33

and using equations 99:

v (E+M)(E"'+M)
T,= P [CQl*F 4(W—M)ﬂz+ (E'-M){Gs‘F{W-M)G‘-ZG’-Z(W-M)ﬂs}]

V(E-M}{E'-M) (£'+M)
+x o =g ( ~a3+(W+M)a‘+zas-z(w+mcs]

TZ" {(ng‘!g’fﬂhd) [ z(w-M)G[*ZmZaz“(E-MH -(W+E')(23+(W +EW(W +M)G4

-2q,0, + 2q (W+M)G }]+ x (S -%‘-u)@'m)ko[ ~G; HW M)A,

+ zas- z(w+M)¢36] (117)

YE+MME'+M) (E'-M
W

Y(E-MIE'-M) \
T = - [401- (W M)A, HE " +M) {-63 HW+M)C, +26,-2(W +M)G,}]

Y(E+M)(E'+M) E'-M)
+ G +(wW-M)G,- 2G_- 2(W-M)C
* 8V2 ww [ 3 4 s 6]
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Ty « BEMUELMY [ 5(yrim)g - 2m20,+ (E+M){(WHEDE, + (WHE')(W-M)G,

+ 2q Cg+ 2q (W-M)C}] +x ‘“E”‘%UE"LM”E Mn“"’[ﬁ +(W-M)G,

- 26~ 2(W-M)Q]

(117)
L VIE-MNE'-M) (£'+)09)
T ToW [63- (W+M)G,- 20+ Z(W+M)66]
The reflection symmetry is now expressed by
J J

Ti(-w) = "(i)THj(w’ i=123 {118b)
where

n = 1 i=1,3 "= -1 =2 (118¢c)

This is in agreement with equation A-14,
The projection operators that express the p’i, in terms of the T,

1
I U1
PLa® 3 S‘_l (Ty, 41" Ty, 1Pra) &x

1
3 1
P2,5° ZS. 1( 2,551t Tg, Ppy)dx (119)
1
I 1 [T VI(1+2) Py 42- Py)
P, 6= 2 ), Tae TR
VIU+2) (P, 4~ P, )
1~ Pioy
i ¥ I RS ]d"

Calculations similar to those in this section are shown in detail in

section [la, and a general case is studied in appendix D,
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Time reversal invariance relates the matrix elements of the re-
action p *+ N v + N with those of w *+ N— p + N. It is expressed by
R5-55

<arglsTIA N > = <an |87 A, > (120)

Note: For a photon (mass smero), the invariants Ml appear only in
certain combinations due to gauge invariance (see Ref. 10, for instance).
We also have €K = 0 and the amplitudes 85 and 86 are absent; so

are 'I‘z and ‘TI‘5 (ﬂ‘; and p';. or n'; and ni).

c) p+rN—=p+N

Momentum conservation
ptk=p'+k (121a)
allows us to choose as independent variables
Pey(+p) Kasjlk+k) As=j(k-k)=3(p'-p (2ab
satisfying relations

2

P-A=KA=0 PZ+adeo K%+ A%am (121c, 4, o)

that leave two independent scalar variables, which can be chosen, for

inatance

8 = (P + !Oz t= 4Az (121f, 8)
We also have in this case two equations like 82:
ket = k'. €' =0 (122)

that are equivalent to
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A€ = -K- € Are' = K- ¢' (123a, b)
Also

(f - M)u(p) = 0 TP NF'- M) =0 (124a, b)

permit us to eliminate P and 4§ from invariants. The matrix element

also has to be linear and homogeneous in both ¢ and €'.

K.€

- P p’

Fig. 4. General diagram for the reaction p + N—~ p + N

In this case, both time reversal invariance and parity conser-
vation reduce the number of invariants, according to the rules derived
in appendix A. To find the number of independent invariants, we look

at the matrix

. final $¢1 %0 2.1 %1 .¥0 2.
T:—ITJ- initial
P
o #1 ai’ u‘; u'g ni J‘g az
%0 a'; c!" ag o'; o{o c';
J J J J J J
£ <1 a3 ag o q}z 03 c; ol
S J J
-#1 8, % %, 9 ¢ 9
4o\ o g
J J J J J J
& o T ag oy ay a5 d



where relations A-35 and A-47 have been used. There are 12 independent
elements.

If we then try to write down the 12 invariants, we come up rather

with 14 that obey all the imposed conditions.

M= f{f Mg= (P-€¢ K-¢' + P-¢' K-k
My=g Ky Mg=K-ef +Kee'¢
My=Pey' +P-e'y Mo=Kegd'K-Ke'¢K
M= 3 Poelf' K- Ko") My = K- € K- ¢

- -lz Pee'(f K- Ky) M= K-¢ Kre' K .
Mg = P-¢ P-¢' M, ,= ¢ '
Mg= P € P.e' K My =ec K

M.,: Pee Keg' +Peg' Ko

These invariants are apparently all independent. However it is possible
to find two linear relations that they satisfy and this is relatad to the

fact that no more than four vectors can be linearly independent in a four-
dimensional vector space.
In appendix E one way of getting these relations is shown. They

are the following equalities between spinors:

MK- P M, + pzuz+ MM, - Mg+ (K: P- Pz)Mq- MK. P M, + pzuu- 0

(127a)

2,2 2 2 2
[K°A®+ (K- P) ]Ml-i- MK:PM,+ K- PM_+ K"M,+ M(K"- K-P)M9

- a%M, - 2MM, ,- [A%KZ+ (K- PP My + MK P M= 0 (127B)

These allow us to eliminate MG and MlZ (or M4 and Mlz) without

introducing kinematical singularities. This is discussed further in the
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appendix. (See also Ref. 12.)

We can write, as in equations 30 and 34

S = I<tl3]1> |2 (128)
L]
3= i I:N‘ (129)
i=]

Time reversal invariance again imposes limitations on the form of the

Ni; the rule is analegous to that for the Mi: if initial and final momenta
and polarization vectors are interchanged, and the order of the matrices
reversed, the N, should remain invariant. Again there are two linear

relations among the 14 invariants, derived also in appendix E.

Ny =ee'

Nyso€oe'

N;-:-:';-E. ;-i

Ngkak'e'
Nyskeke +&" k"¢
Nyskgf e

Ny=heoe ok +£.8 nkes
T TP R Y e
Ny=£.60.8 e R+ 0k 5.8
i-i-t:: oR'+ke sko o€
N;lno--ﬁ ;--. ?;-ﬁ

; sfef.c Rk ok

nni-c e R ok
Ny, = Rekc'+&-cR'.e)o-k' oK
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L 1
le-xNz-N

3

] ] ’ 1
+3N + Ng= Np- No+ Ny =0 (131a)

2 ] 2...0 ' ' ' ' 1 1
(1-x )Nl - (l-x )Nz - 3:N4+ Z.Ns - xN6+ xN.,- Na+ xN9

' [
- N..+ N

]
10* Njg- Nyy=0 (131b)

where

x=cos =&K'
In a manner similar to equations 18 and 98, we derive:
-t -
Wlp M, u(p) = < ¢| a.uN; It > Ld 08500004 (132)

The coefficients a i are given in Table 1.

From these equations we get
z; "z%z“i‘u Lj=1,2,...,14 (133)
corresponding to equations 31 and 99, We have used the summation con-
vention (not for the i in |{ >, of course); the table for the coefficients
in equation 132 is the transpose of Table 1. There is not much evidence of
the reflection symmetry, nor is any expected.

It is now convenient to eliminate the two superfluous invariants
and amplitudes. We choose to eliminate Nn and N13 (for no real good
reason; according to the problem it might be better to take any other two
that can be determined from equations 131, or a linear combination. Equa-
tions D-18 ff. might be useful if a change is made.)

It should be remembered that the sets of Gi and 3; are not unique
for a given transition amplitude, due to the superfluous invariants, but if

they are only an intermediate step, it might be convenient to use all 14.
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+
<4

JAW-MNE+M

-‘l-

TABLE 1
N, N, . N,
. ) RK2(E+M-4k )
-2 2
A EE ) ik [k°(3k°+p;-su)+m |
%!1 2Mk’
-2
K2 (WHENE M 42K )
- - f
2Mk’
B2 w+E)N Wtk )
. TN
i i i:'z(w+E)zzga:+M)
MLk
i ) E‘(wm)‘(\;-u)wm;
Mk’
:z(w+§:£ﬁ:+u)
- - ‘ ° )
[+ ]
i’z(r:nunko)
- - = Mk
[+]
-2
K2 (W +k )
- - T
) ) RAE +M
R2(W = M)(E +M)
. E-M ;2 E+M
2Mlk

. - (E=Mlw M) K2(W - M){E +3)

2
2Mk°



e +M+2k )
- 2MEk

]

R(E +M+2k )
4Nk

R2(wl+nMekd

o
4m°

;2! W +EEE+M!

gl
TABLE 1 (Continued)

N6 N N

7 8
- i? K2
™K, Mk,

K2 (k - M) K2(k_+M)
" TZMk — 2Mk

o o
) ) f’;wu:p :ZEW*FE}
0 [+ ]
(<] [+]
i‘ziz +M) . .

=2 =2
kK (WH+ENW-MHE+M) k" (W-M}{(E+M = -
2 sz

i i"r:ém-m)

-]
i ix'zi:!w -M)(E +M)
[+ ]
K2(E+M+2k,)
mo
KX (E-M+2k,)
™

_RYE+M)
_ RA(W-M)(E +M)

-

-
k(E +M) . "
_ RA(W-M)(E +M) = .

i i ;z ;Z
-2 ;z ;2
k{E+M w W

- =™ "I
RE(E +M |

fzgw-upz +M) ) )



Ng Nyo
k2 k2
Y| ™
&2 k2
Py M
Ry Pw
“IM "I
2 =2
Y ™

TABLE 1 (Continued)

Nn le
E-M _EAE-
o 'J—z'gzmo
2
p':-u;!w ) kéE-MUE+M-x )
M2

i i"gm-ui:gwm;

X . E‘gwmfgz-uz

BMk.

X R2(W+E) 2 (W M) (E-M)
8 Mk

. - EwimpE-M)

. k |W+E!lW+MuE~M)

o

o
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i"gwm;gn:-nq

i‘l

i i"gw+u5§n:-ul

E-M

R2(W+M)(E - M)

-“-
TABLE 1 (Continued)

i‘zsss-m

i i’mgw+u?gn-uz
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We define

N = N!

i i=1,2,...,10 Nu- le len Nl‘! (134)

These equations, together with 131, give us the relations

]
Ni.biij i=),2,...,14 J=12,...,12 (138)

and from

:!,N’ = S;Ni
= 31|:“‘Nj

x> (136)

Ju ,lb

i

A lengthy calculation, similar to the one that gives equation 106,
permits us to find the metric G for this caze. In the non-relativistic limit,

f.e. when & €< 1, we have



~N
3
+
~
'
a

xZ+2

x¢

x¢

<30



We calculate next

N Mgt "b ‘2 <)\ :.dlu |x‘xb>s (138)

using the state vectors from B-7, B.l3 (complex conjugated for the final
state). We get:

e o0 § 1 8 Oy B 2 9% 0 200 i)

fa0,1° sin 3 o lj.‘- 3+ Vaxd,+ X 1t o 7‘! 3, + !I?!l 3,-V2 3,
+v23 +§%'-' 89+7l8m+3% 312] ..n.l..

= 2cos gein® $e7 3 L 349,40 3o e BEa 0008 )

139)
AW PIY Sooht D EL TR AT LRSS AL EL Y

. - - - -
‘-h;h- cos ![ - % 014' V2 sﬂz-l' !715 3, !T: 3’- %;9 ’6 -V2 8.,
k
-VaagelpEa Lx e Ry, ) 2
2
{3up" oind 0 a4 ez, e B2 3 N 5 20003« 200008,
"hah' cos -; [!31* lk-l)'z* xF,+ F 4 2B+ 1236'!' 2'70 234+ Zxﬂq

3
hz
+ 2x3 *'n"'z"zl—'h ‘
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| 9 8 ,-toy
‘i—ll‘o- -2 sin-z co.z ze - 71.- 81- V2 32- ?12'3- }2'5‘ i '6
ls ....k°
R ACE A RN

£.a1,30" 2 €00 7 sin’ 3 37 J‘.zsp V23,- 3 3,4 ?‘z %+ 3 9- Jl'z 3,

k
¥ .7"‘3’10" Jl'z %2l -
(139)

£ 30s00" = *10 % ¢ L x3+ (22413, 35:4- 3.+ 2uBg+ 2234 20, 28, 228,
K
+ 2xBge ¥y~ 223, fh

31801 2 co0 ‘I[ % Q3 I 3° 1‘!

ot - 20§20 (h e o iz

We follow the same steps leading to equations 111 and 112 to get
the partial wave expansion of the I* and the projection operators (these
again in a non-relativistic approximation). If we write

3, (W, x) -:Z‘ , I} (e () (140)
=4 +
i

we find that the Hf and 8,y are given by equations 140a and Table 2.
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J i 1 1
O = 3Py~ Py)

1 ' 1
I3 = > Feat Py)

J 1 "
P *P
0 = e et )

J 1 ] ® #
= - P +
n‘i y‘“ +2) ( 14 Py )

J L]
g ;‘]E“’ux' Py)

-
(140a)
J 1, '
3= 3Py~ Py
J 1 " "
O = s7stvees Fent P!
J 1 n "
o P +P
9" aiurn Ctat Py
T ¥l '

H(2AMP], - 30 (2 3P+ 30 202t AP - (42N 2 43)P) |
4 (£ +2)(21 91)(24 +3)

;-

o3 e )P+ L2 43)PL, + J(L+2)(2AMP] + (1 42)(2A)P] |
12 4L (L +2)(28 H1)(21 +3)
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(a0%1)

2 z- - 2- z- - - - 1- 1- - .
(x+€)- (=-¢)- = (O (x-Dz- 1 - z (=-D- L% S L |
2 z - - - - - - 1 - - -
(=+1)- x-1 - - - - 1- - x- x - -
X-¢ x4 € - === M - 1 - T I- 1 1-
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From D-12 we have then
ol =08 | (142)
where the parenthesis indicates that there is no sum over i. The a .,

are of course the columns in 140b.

Using D=16 we determine

Xy = Kb, (142)

where the lq’ and b, @re given by equations 142a and Table 3.
KxJ = 'l{(pul’ Pyl

J l

—"#——'( -xid) +ﬁ!)
x’ﬂ?(m st - orty - o)

Kg = lz“’vn”’:’

6§ g2

K72 5Pyt Py)

x:_ﬂ_‘;_?g(l’uz +Pzﬂ_ﬂ‘%_;11-!l_)
"i’o' *I“ Prn* Py

oo %[%? 3Py +su+z)p"u+z)p!4]
Ki’z'!;[-;ﬁ-hup‘ﬂ 1;:;3:‘ (!+2)Pb}



- - n.l .ﬂl
- - ﬁ' -
- - =
- - uN- ﬂl
- - NI -
- - N -
) {aze1)
« %l = x =
1
- - om 1
- - ~ -
i 1 x- -
Z z xZ+1 2
I 4 x I
21 114 0ly 6
X rx ol

ﬂl

ﬂl

xz - x-1
T s .

xz (= (X1~

X =Dy x6-1
: - z-

z - 2-

X LE-D- (x-px-

xz -
1 -
x x-1
(xz-1}- (=+0)2
x  (x-D-
Lx 2x

£ ITAVL

N'

4

x4t

x-1

xXe+1

(x-0)v
(x-1)%-

x4 1
(x-1)z-
x4 1



Now, according to D=23 and D-25 (see also 113 and 114), we define:

Quh | Ly
Ty, ~—p * 'JTL

cosws siny e-lo

‘é’l'%-l i 1 \
T .-—-—8" 4+ - -
2,8 anns-z -2 gin 3e ¢

f f
'1'3.9- _“ﬁg. & _;%Lq’_ (143)

COl-z -lin-ze'

fa3-134 fa
T4, 10" T * ;

2 sin Fcosye

{ {
v, o o, Lo

sin 3e cos 3

‘%—la%ﬂ f 31,30
T = - &
6,12 _, 4in ycos“ 3 o ? ninzi-giosw

2 sin-g-eoc -zoi'

J J. .3
7% tag Pe,10 =23 %9,
’g.a * ‘fx “ °i’z ’g.u 5 "';, - ‘: (144)

J J. .3
0 Pe, 12" % * 9%

It should be remembered that the pf correspond to transitions

between states of a definite parity (see equations 61 through 64).

present case we have

In the

PIMIAN, > = () |IMzr -0, > (145a)

laIMsAN, & > = 7‘2- (JIMIAA, > & [IMiN =N, >)  (145b)
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Using A-5 and 125 we find the partial wave expansion for the T
' J ot
% b Z [’i, 14 P7,1%s ]
J=f +%
L]
= Z ( Py 3P, )
2,8" * Ty
J-I
P -y
2+
- 25, 2 (et * o) |

J '
LR Z [’3.9"“1“’3.3?1]
J=t 4+

i

(146)

L}
F T ol J Pra
T4,10° Z Pa,10 7T *Pxo.qﬁﬁsr]

Jal+d

. s
Ts,n® Z #5,uPta * AL, 57 ]

J=t +}

Te,12" Z [’6.12 m "fz,s?ﬁ'ﬁﬁ’]

J=t +%

Using equations 139 we get:

Tl- 131'0' Z:lz + l - (l-x )’ 439 4:310

T,= - 23, + 833 + 4:39+ 4310

Tz- 3"+ 2324- 336

(147)
Tg= ¥3- 3 5
k
2 o
TJI (hal+ 4332'!' Z?‘+ 4:’54' 2x 36'0' 437+ 4!310) -':2
2
k

) S
Tq. ('232"' 2x7¥, + 438-# 4839"’ 2311‘0' 4:312) -;;2

3



T‘- 33+ 36+ 239

Tyo= %t 2%+ xF- 28,

Tg= (V2x3)+ 2V2 x3,+ V23,472 x3,+V2 xzas- 223,+V23,

(147)
-v2 X%+ V2 3

o
Py
V2 3+ V2xB V23,V 2xT 4 225+ W2 B+ V2B, +V2xR )
Tn- (v2 31*- 2x33+ 235v 2:36+ 2384'3 2:39+ Zﬂm+ 2:#12)-‘;‘-
0
Tg = («V2%,0 V23, ¥23),) =
(-]
Typ = (V2 e 22 3,0 V2 3,- V2 x3- V23 ) =
From equations 133 and 136 we have
M
3 W Oiayby (480}
and using equations 147, we calculate

T, = G‘cu {148b)

) |
It is found that we can write the €i¢ in the form
€ = c&o) L 4 cg) x + cg" :z (148¢)

0)

The coefficients cl(‘ . cS’. c&z, are shown in Tables 4, 5 and é

respectively. The reflection symmetry is now clearly exhibited, and

it is expressed by
By (-W) = ngy B, (W) i21,2,...,6 (149a)
T“'W) = ﬂ(l)Ti+6(W) i = l. z. CRCIE 6 ‘149b)

n= 1 i=5,6 "= -1 t1=1,23,4 (149¢)
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The projection operators for the pf are (see D-28):

1

J 1
hL7" Ig_ll Ry ahg ¥ 4y, 1P1+1]""

o o] S‘l 1Pyt U42P, , 55 IPy 4pt 3U42)P, 1

2,8 Z,),[ 28 L | 8,2 TR ]

J . ]

f3,9" 3 S:_, [ 3,9%1* Tg, 3Py ld"

(150)

d .l S‘l VAL+2)(Py 4 Py) . “‘”mpzﬂ'Pz-l)'dx
4,10 aL 410 2143 10, 4 2r 1 J
gy =l ('1 T, WP,= T, P,., |dx

s, 0 Z., s, 1178 “1,5 841

. ' S-l . Vi{£+2) (P, 2P VEL32) (P, 1 -P, ) &
6,12 7 6,12 2r+3 12,6 2

For a mass zero vector particle we are led to the case of Compton
scattering. GCauge invariance demands then that only certain combinations
of the invariants Mi appear; and the matrix elements of 'I"'l for which

Lb or Ld are sero are absent.



TABLE 4
6, e,
LY (5 M) (W -0
(£-M)[ (£ +M)2-2k (£ +M)-k]] m*(E-M)(E+M-k )
41W;2 41Wmf
z- (E-M)k,
o2 RE +M-k )
T 2V2 ¥Wm T T &2 aWm
ko (E-M) (E-M)[ mz+k.(W+M)]
2V2 aWm 42 yWm
o (E+M)(E-M-k )
ey v W
E-M gs-nmwnq
(£ +M)[ (E-M)Z- 2k S (E=M)-kZ ] m(E+MNE-M-K )
¥ Z'Wmt 4:Wm’
ey (E+M)k,
Fz i'z(r-u-kc)
2Vv2 wWm 4Y2 vyWm
k (E+M) (E+m) mzﬂto(W-M)l

2v2 sWm 4Y2 aWm



TABLE 4 (Continued)

G, Oy
. o2 :2(3!:-M+4k°)
1 " TEw ISwW
-2
k(E-M
TZ = o
- =2
. l,‘zsw SENW +M) k k(WHENE-M+2k )
3 4xWm BeWm
;z kZ(E-u«rzk )
T (-]
< Eww 16wW
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5 8Y2 eWm 8Y2 wWm
-2 2
T, - EZ[W-M] k[ Wo-E(k, +M)]
8Y2 sWm 8Y2yWm
2 K2(3E+M+ek,)
Ty LW * TTTIGW
-2
E+M
Tg * N
- o2
. kz(WﬂB)(W-M) ) k k(W +ENE +M+2k )
9 4aWm Bthf
T2 fz(E+M+2ko)
To W I5aW
. K2(5E +M+3k ) k[ WZ+E(ZE-M+3k°)]
n 8Y2 eWm . 8{2 aWm
. ) T2 0w +M ) kL Wo-BE(k ~M)]
12 872 *Wm 8Y2 wWm

Cg
=3
.k !E' +M)
=2
ksgni-uq

R2(W+E) 2(E +M)
16w Wm

k ’!E""u!

_ R(WHE)E-M)

162 aWm

Al

kz!W'PE“E-Nt

162 wWm
R2(E - M)
v
i Ez‘mu)
w

o KXWE)A(E - M)

16wWm
X f2§s: - M)
v

R2(W +E)(E +M) -

16V2 aWm

| EX(WENE+M)
16V2 yWm
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TABLE 4 (Continued)

a, e,
i"'gmuésw-uz R2(E +M
- w w
R2(E - M)(W +M B E-M
- "‘"1'2"%' a ) x
- =2
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" v
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_ECE(E-M)
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T
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32w
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w
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w
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E2(E +M)(W-M
w

v
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w
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2
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w
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8V2 eWm

E2E(E - M)(W +M)
8V2 xWm

Eng-M”wuq
”

2
k (E+MHW-M)
low

-z -
P2wn)2E-weny Kok (VW ENE-M) k_KAW +E)(E - M)(W+M)
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TABLE 4 (Continued)

Gy %o
=2 i‘z(m-u+4k°)
TnW - 16ueW
) _RYE-M
w
k K2 (W +M) k:ifz(z-unk,,)
4|'Wm= .me1
g2 i‘ztm-u+zx°)
" BwwW 18xwW
iz(z-u-xo) h°f2(2E+M+3k°)
T 8Y2 aWm 8Y2 wWm
Ro(W - M) kg (ky +M)
8Y2xWm 8Y2 wWm
o2 i'z(sn:+u+4k°)
an W 16wW
) i”'sm +M)
w
koi"'(w-u) xfi‘z(m+u+2k°)
4:sz 8eWm
g2 R2(E +M+2K )
" BwW s 16«Ww
'iz(mu-ko) koi.z(ZE-Mﬂko)
8V2 wWm 8Y2 wWm
- 2
hzgwua) “of “‘o"m
8Y2 xWm 8Y2 yWm

v
kok (E-M)
16V2 aWm
2
X kok (E=M)
16¥V2 ¢Wm

i'zg‘n:-up
w

X fzfi: +M)
w
Kk (E-M)
16:sz

=2

_kYE-M

4
k_kZ(E+M
= )
16V2 wWm
x .i'z(x: +M)

16;2 TWm



%

_RAEsM)(WeM)

-
K (E-MM{W+M
T, -2

k:FZ(E M)W -M)

l6thz

R2(E+M) (W -M
, o e

T o

uoi?(n.uuwm)

koi'z(n:-u)(w+m

16V2 vWm

lm TWm

_ R2(E -M)(W +M)

A

T k lE"‘M!ﬁW-M!
8 -
w

2R Z(E - M) (W +M)

«Ble

TABLE 4 (Continued)
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TABLE 5
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TABLZ 5 (Continued)
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TABLE 5 (Continued)
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TABLE 5 (Continued)
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TABLE $ (Continued)
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G Qg
E2(E+M R2(E+M
v v
kﬁiz (E+M) h:i‘z(m +M)
lmez 16wWm :
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TABLE 6 (Continued)
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TABLE 6 (Continued)
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k EZEM) K ol?’u; +M) k K2 (E +M)(W - M)
Ts 8Y2 wWm 16V2 wWm 16V2 yWm
A " . .
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d) pt N~ w+N
The kinematics of this reaction is very similar to that of pN
scattering, the difference arising from the fact that time reversal no
longer reduces the number of independent amplitudes, since the p and
@ mesons are different particles. The masses are also slightly differ-

ent, #0 that some of the equations 121 change.

ptk=p'+k' (149a)
pl = p'? o M? k% = m? x'? = m' (149b)
Pedp+p) Kel+r) acdkx):-F6p'-p 4%
P-A=0 (1494)
K- A = f(m? m'?) (149¢)
S (1499
k% a% oL (m? +m'? (149g)
s = (P +K)? (149h)
t = 442 (1491)

Fig. 5. General diagram for the reaction p *+ N~ w + N
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Equations 122, 123 and 124 are still valid:

kee =k'.¢'=0 (150a)
Aie u = Kra (150b)
Are' = K€ (150¢)
(F-M)u(p) = 0 (151a)
(e )F'- M) = 0 (151b)

We now get 20 invariants:

M, = ce M, = P ey’

M, = e 't M, ;= P ef 'K

M,= /' M,,= K-¢ K- ¢'

M = R¢' M= Ke KK

Mg= K- 'y M,z = P.¢ Poe’ _—
M= K- e'gjt M, = P-¢ P-c'K

M= Koeo' M, .= P.¢ K- ¢

Mg= K- e f'K Myg= P.€¢ K-¢'K

Mgs= P.e'd M= K- € P.c

My = P. €'yt M, = K-€ P e'R

Two equations similar to 127 can be found; the procedure is the same, as
indicated in appendix E. The important difference is that K-4A is no
longer zero, and this will probably introduce additional terms.

Again we can write

dg  [E'| |<t|3]i> |2 (153)
0
3.? 3;N; (154)
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N =€ Nh-ﬁ.? v-¢' oK

N'z-i-i'i'-?' N;za f.¢ ook'o. ¢
W67 6T N BT 58 R
Ny =R ER T Nj=fte ok 7e’

U - ey ] oy = - -
Nscﬁ-c ke Npg= e oK' o« 155)
Nba:: o L Nj =K' €' 7€ ok
N R BT R Nk R eE
Nacﬁ-c £.¢ ok ok Nis- £ ek
N;-i'-(‘ L ok ot Niga;:c Py
NeE'T LT RERE  MendnfoTof

The two linear relations that can be used to eliminate two invariants

are!
le N+ Ns N6+ Nj,- Nl B NM le9+ Njo= 0 (156a)
2...0 ] ] [} [ ' ' [ ]
(l1-x )N + xNz- xN§+ N - NIO' Nn- le + xNu+ N14
- Nl& xN16+ an+ N 8" (l-x )N ' {(156b)

and they are obtained the same way equations 131 were, as shown in
appendix E,

The relation between the two sets of invariants is
TE M) = <flagN 1> f)=1,2,...,20 as7

The coefficients .ij are given in Table 7 where we have set

* = Y(E2M)(E '=M) (157a)
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Since we have, as in equation 93,
2 |
de M k 2
- (mw) ‘:'frllﬂl (158)
we derive, corresponding to equation 133:

3 - X ) =1,2...,20 (159)

These l; show the reflection symmetry, as is easy to see from Table 7.
This ¢omes from the fact that the factor o*k is always on the right, and
o- k' on the left.

We will eliminate the invariants N19 and NZO’ and we set

Ni = N; is= l. Z. s .la (160"

which together with equations 156 give

N{-bumj 121,2,...,20 j=1,2,...,18 (160b)
and hence
aj = ';bu (160¢)

We next calculate the matrix G that gives the unpolarized cross
section, and we got Table 8 of & Gy (with K<<1).



TABLE 8

18

17

16

15

14

12

~ ~ ~N |

v MW o M OOM M M M N o om HOH o~ ’ ”

~ ~N L]

oM M M ot ot W oot MM M e = W
~ ~

M o= M M M e M OMH s M M e - M

~ ~N
e WM e M Mo MM M = MR o m

~
- W M O~ M M
~
M H M N =

~N
B o= H K N~

B2

o~
L

~
H M o=~ N

~N
H - K N

~

~ ~
e M o= W M W o= H W Hmn

N e NN

"
'

~
]
[

N

~N

] ]
[ T

ix

~N

K M M
(I

W
™ M s MWW -

B o = M

3x

M ot = M

H K M
T A 1 e M W o=

NNN“NNNNN—HN”-NNM-—-

L) N ~ ~ ~
M W MW N W~ M N o~ HOH N = H N - WM

] MmN ~ 5 ~N
Mo M H N~ B~ M N H~ NN KN~ AW

~ N N ™ ~ ~N ~
oM W N W N = NN =~ H NN~ N NN

L)

~N
M MM M K m Mot o ea MM e e HON e e M

~
L

N NN
—nnnnunu—unu—n

o~ N ~N N ~N
= M Mo~ WK MM KW N MK =~ =~ H MM

~
- K e M MM

NN
M o= W M NN

LR

™ W e ea W™

~N m N
B M MM

NN m
M oM ON K

~N
M M KM

L]

11

N ~N
I B B
~N ~
- B N B = MW
M M ot o M M e

~aXxasS 2

(161)



-82-2

The matrix % TJ now has the form

. 5 final 1 0 el - .30 -yl
e T"= initial .
Bl w ERC O A A
3 3 3 J 3 3
to “ % % %0 ‘un %2 |
N y 3 3 3 3 J|r—=
LR SR T U i . IR T-TR
- P R S S T
- L 18 17 %6 15 Y14 %13
{3 J J J 3 J |
-¥ \‘12 ““ %% % s °7 |
-%-1 e'z o'; ei a'; c‘; uf /

In the same way equations 139 were obtained, we get

2 2
;" o 313y 1 e X L g 0wy 0003y,

- (1-x)3 ;= (1-x)3, 4]

0 -ig 14x o L 14x o . x(1 14x o , l4x o , x(1
f30,1= *in 3 © [753l+-73-34+-‘7§ﬂ35+72-36+7539+ 2 8,

ki
+ ‘T';‘ Byt 17*;:-3“+ V2 %t V2 %6t \fzxz"+ fz:sml F?'

(163)
280 0 «2ip; 1 14x 1 1+x
fﬁ-l:h = 2 sin scosxe [ 3 31+ - 35+ 3 36+ -,_—:504' z"+ z“]

6 260 1 1= 1 1
PR RS e e R L A R oL TR TRl TS

= > - - 1- "
o o $1- 0 0 S M iy i

+‘7‘§ L 35.‘-2! Mg - V2 F gt V23 - V234 V2 x3 ] ;?.
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-1¢[_3_-2:_:31 lx",'3 lex l-x

6
Lpaumcoinze 5t <7 ¥t ST Yoo (142)Y

+ )3 - (14x) 3+ (14x) 3]

t,hﬁo---in-z.i‘?[ 1x al+“"s +"l 3+ Ts +17*."_3’+“*‘-‘- 3,

+V2 3+ V2 3,4 V2x3  + V2 x3) + 72- 3.+ 17"5'5 %g 1 =2

‘hl“- cos -g- | x'l'l' Ezi- 3334* 1341' 12351' 336* ’ + 33.'0' 33 + 123 ﬂl
k k'

+ 3‘24' xﬂuir xz“+ su+ + x’ + gﬂm

fa-1;30" ° 2 -ln-gco- se t’[+11+73 75 71536*':}5 ’8+% L

1 1
e T T ?‘-f
(163)
28 g 2 1
Cpugen 2 412" g oo 3o I 0 3 9yt 5 95 35 % 5 %= 75 %o
k
1 1
"Fh el

6 i 2 2
i._*o,“- -singe [:’li- 7+ x33+ xF + x"Fg- xF - 3,- x%,- 839- x 310

i Tl Tk TR Tl Tl T T
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V22 R, Ve xgy Ve g e 1K e P g ) 2
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fh'*.l- 2 .m, cos’ § £ 5.2-' a‘. = 3, 55 s;- 71.2. 36.7*2.99. ;:' %,
. "" s s 7 %) l:—n%

Geyjporm 2 co0’ 3L 3 3- Lo 50, 1oy ) (63)

AR D TR R LA W

Laorpar” 20in° Feoe G200 L3 s B La- Lo 3 a

1 : ko
BN T
L) m-:'z'*ﬂz“' 2e-YalEaala Lxg e 3

As in equation 140, we write

aWam e ) ey wel (W) ase)
Jet 43
i
where : R ' '
1. FPa Py =F Piy- Py
n‘l H-x) 5 V2
{ ] { ]
- Pt P nls PontP
2 zfz [ ﬂIGJ
' ' (164a)
P" +P" Pl 4P
Bi- 1a* P n‘;- tat Py
WE(1+2) 22
e P4+ p" P _.p
oo Fant Py n: PPy

47 Ty
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E n
139 ;Z‘(li'Z)
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10 * VT
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uu S eSS G
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P -
nJ i+

1257573

n + L
3 _Fant

033 m +2) iibanl
E L]
5 "PiatPy

My zv/zm+z

LERIADP, o= 3L(2A43)P) 4 SUAAA P, - (L+2)(2A43)P;

- 14
s
41(242)(2¢ 41)(24 +3)(1-x)
o LEAP), + 3L(2L+3)P) 1+ 3U+2)(2A 4P+ (422 43)P,
16" 41(2+2)(2841)(22+3)(1 +x)
3 P‘ +1+ Pl
iyy *
z\/zz_"'u *2)
+ P
nd Py

18° L Tii+2)

and the a,, are given in Table 9 for X <<,
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From D12, we have then

o = Miya g (165)
and by D-16
J J
Xi = Kb, ¢ (166)

where the K’l are

J 1
Kl = 1(P‘+l+ Pl)

J 1
KJ_\/ziuzg(puz Pea Py Pra
3 RS 'ZTIS ‘Zﬁl‘)

P P, P

1 Ji{i+z t+2 . Fin ' -1
Ky = —ﬁ—J(m*m'm}"w
oI i

Ks = 375 Fant By)

71

K] = $(-P,, +P))

71

K.’s-g-z(- P‘+1+P1)

F 9

. h Puz JEn o P Pra
k]« VLY (tE2, dd - o
ol aw/l 142 (22 Pevz Prnn Pr Py
Ko ";T_l T st
Kirx‘ Y-p, at Py

1

J
Kz ™ 575 Waa® Byl



P P P
1 _Ji@+2) (Fr1+2 Fin B
k), = 22 (% - o -

&) o YI+2 (P1+2+P1+1_ =1 Pig
14 22 ¥ AN U T TA
=1 P P 3(2 +2)P (2 +2)Pl -1

J 1T 142 !ﬂ +
Kis*® I[_’ZFFT— £ i) £ % ST J b
3 1 r !P +2 311?‘ A 3(¢ +Z)P (I+Z)PI a°
ST 1 -t e - —ZFF}"' 3T |
Kmefzuz (w2 Prez Pra Py -1
17 A " ITFY 'E!T
P P P
J _Vi(1+2) 142 £+ t P
Kis == (=% *orm ~ors - o
and the hkl are given in Table 10 for k <<1.
We define now the following amplitudes:
f3 f
2 V3 W T 17 )
(¢} 4 . -1¢
cos v sin-z e
o o 3nda L fanda
2,1 2 cos 3 -2 sin 3e ¢
(167)
T = f‘!_’O;%O % f- 0;
3,12 cos -sinxe?
e 2
5 ) 31 ;31 " 0 o
4,13 2 stnz-g- cos g em 2 sin g cos_z g_eiw
f3-1;31 f3;31
Ts,14 * A ey T 7 71
' 2 8in 3 cos 5 e g Zuin-z-c0| -ze’
31,3 f 3.1
;%0 -3-1
4 B = —-—LB——{— - % L
6,15 --in-ze¢ cos %
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T &

7,16

o ook Lioh
8,17 =i
ain-z &

‘%o 3-1

cos -z

f3-1;30 {31340
- 2 sin & coaz g e"i? 2 gin cos = e
b 2 = 2

f.30;3-1

@

(167)

T =

9,18 *

28 To 2 sin

Zlinzcrn 5 e ze

J

3,3 3
P10 = 9 * % Ps,14= @

J J J

J J J
2 Pe, 15> %7 * %y

P21 " %15 * %6

J

J J 1
P3,12=% * % P7,.16 = %9 * %9

J J

7 3 J J
Pg,13 = %3 * Pg, 17 = %2 % 95

3 3.3
Py, 18 = %4 * %7

The partial wave expansion of the Ti" is then

J H % | '
Ti10° Z [“1, 107241 ~ Pro, 172 ]

J=t +§

Pﬂ
Ton ® Z ["z n(n-rz'n%'m*

J=1 +%

3pt

4
mrm)
-%z(a—nﬁﬂw

. | 1 J '
D) | 3,128 4" Piz, 37 ]
J=2 +3

6 Zle

-zcosze

(168)

(169)

+reidr ) ]
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P" Pll
- L J 14
Tt ) s W e s
h - p" Pn
- J [ J 14
"5 IZ(* [#5e Trar * s T |
[ 3 ' J v
T = B P\, +B . (P |
6,15 215 ¢ ’
J;ﬁ[ 6,15 t+1 " F15,6°1 | (169)

P P"
T - [' J ""——L: - J -.ﬁ!.__]

1 J ]
Tg,17 'Z Lﬂg.npux * Bz, 871 ]

J=1 -hb
L]
x, = Z [ p‘r _i_,_ - pJ .f_lﬂ_ ]
9,18 9,18 Vi(1+2) 18,9 Vi(t+2)
J=t +3
Using equations 163 we get:

2
Tlt x% - {(1-x )35'9' 36- 2313+ 2x314- 2817+ Zx!!ls

2
TIO- 31+ 236- (1-x )310+ szu- 2314+ zxa"- 2318

TZ = 31+ 135- 3

10 (170)
Ty= - 35t 3t x3,
2 k k.
Ty= (2x¥+ 23+ 2x3, + 2x3,+ 2x"Fg+ 23| ,+ 2xF .+ 2%+ Zx:;m)-u:;
2 kc'k'o
Ty, (2x36+ 23+ 2::38 + 2x39+ 2x 310+ 23u+ 2x313 + zal5+ Zxa‘n) e

T4= 35+ 36+ x3m+ 2313
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Tog= Mt ulyt Rt 20,
Ty U5t Tt aly* ¢0q
Tie® R¥ x¥t {,t 25,
(Jz:al+fzx33+fzxzzs+afz 3, +V2 By +V2x3) + 2V23 +2V2xB,

k
[+ ]
+vV2 3, V2 xBg) =

Tyg= (V2 B+ V2 3, + V2 xB 42 x3,+V2 xFg +V2 xzzw+ 22 &,
k
+ 22 x3 4+ v2 x3, .+ V2 %) i

k
T,a (V23+V23 +V22x3 +V23 ) —
7 1 3 5 18" m (170)

Tye* 2 3+ V2 Byt v2 x% o+ V2 %) ;3

2
Tg® 2 x3, + V2 x3,+ Y2 x 3+ V2 3+ V2 3+ V2 x3,,+ V2 3,

k.
+v2 x3,  + 23, +2V2 x¥q) —

Type (V2 3+ V2 34 V2 x84 V2 x3,+ V2 x3+ V2 xzam+ V2 x3,,
kS
o
Tg= (-v2 3, - V2 3, - V2 x%, - V2 3, _m%
kl

Tyg® (-¥2 3- V2 3, - V2 x3, - v2 3, ;‘!'

+v2 %, 2v2 3 ¢ 2v2 x3,

From equations 159, 160¢c and 170 we can find

T, = Qicu (17n)
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where we can write
ey = ey + eliles c{2? (171a)

The coefficients c‘l?’. cg, and chz) are given in tables 11, 12 and 13

respectively where we have again set

R® = V(E=M)(E '2M) (171b)

The reflection symmetry in this case is expressed by

BIU-W) = ) B, 5t W) {eL2..0.9 (172a)
Ty(-W) = ny T{ ol W) tel2,...,9 (172b)
ﬂ‘. 1 ‘ = 6. T| 8. 9 ni. ‘l ‘ = 1. Z. 3. 4. ’ ‘l?zc,

The projection operators for ﬂ{ are!
1 :
J 1
P10 2 S:l (71,1072 * Tyo,1Pr a1 )dx

1 ur +1 +2)P
1 4 +] f-1
’;. n® 'ES (Tz. 1 TH

IP, . + 3(1+2)P
142 )
n,2 373 ) o=

+T

1 . . (173)
83,12 ° %S_l (73,127 * Tiz, 3Pr ) @

1 VI{T+2) (P, ,,- P,)
J 1 1+2- Py
Pe13 * ‘ZS‘_!(’\.u T

VI{I+2) (P 4= P, )
1° Py
T3, 4 VIE>| )d"'
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Vi(i+2) (P P
21 ¥3

t+2” Fy)

VI (1 +2) (Py 1= Ppoy)
+1 1-1
- Tu. 5 2T 1 )d"

1 p
3 .1
Ps,14 * !S‘ " (75,14

1
J 1
Pe.1s = 73‘-1 (Te,15P2" Tis, ¢Pr 1) 4=

VI(t+2) (P‘ +2"

1, P
B7.16 " 'IZS‘_I (72,16 i g2

¢ (173)

VE(L42) (Py - Py y) )

+ Tye, 7 A

1
J 1
Pg,17 = !S_l (Tg,17P2 Ti7,6Prn ) &
i YI(1+2) (P, ,,- P,)
J 1 £+42 £
9,18 " 3 S_l (Ty, 18 T3
VI{I+3) (P, .- P, ,)
1" Fr1
*Tha, 9 g ) ax

Remarks similar to those at the end of section b apply in case
one of the particles has zero mass, It would correspond, for instance,

to photoproduction of Z or 3 pions in a resonant state.
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TABLE 13

G

5

%

gE+M){E'+MQR'
w

k k! (E+M)(E'+M)R

BwWmm'

ko(E+M)(E'+M)R'
BIZ aWm

k;(E +MME'+M)R"
872 TWm'

_(E-M)(E'-M)R”
16wW

+
kok",(E -M)}(E'-M)R

SaWmm'

k (E-M)(E'-M)R’
o
BJé TWm

k;(E-M)(E'-M)n*
8Y2 wWm'
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TABLE 13 (Continued)
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TABLE 13 (Continued)
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TALCLE 13 (Continued)
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TABLE 13 (Continued)
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TABLE 13 (Continued)

%9

_{E+MM(E'+M)R"”
oW

k °k;(n: +M)}(E'+M)R"

18w Wmm?'

ke(mm(s: "+M)R"™

1651\\7!!1

k;,(mu)(h:umn'
) 16¥2 ¥Wm'

(E -MHE'-MQR’
w

kok'otE-M)(E'-M)R

&

16xWmm'

uo(z-m(m'-um’

ISJ 2 wWm

u;(m-m(r'-wa’

1632 *»Wm'

%0

R gw-MuE+MFQE'+M!R‘
w

i kok;(w-mumm(mwwn'

16w Wmm'

uotw-u)(mu)(swu)a'
16‘{2 *sWm

k;(w-u)(nwmm%wn'
. 16¥2 aWm'

. L s)(e -M)(E'-M)R*
v

kok;(Wﬂl)(E-M)(E '-M)R

4

16w Wmm'

k°(w+u)(E-M)(E'oM)R+
16& *Wm

k' (W+MN(E-MI(E'-M)RT
[-)
lb‘fZ *Wm'




-127-

e) The rN‘ channel

As has already been indicated in the introduction, the inclusion
of the ‘IN‘ channel in a firet calculation is unlikely, so we will not
develop the general kinematics for processes involving it. Nevertheless,
in appendix F we have obtained all the necessary formulae for the calcu-
lation of matrix elements for this channel.

With the propagator given by F-19 and the vertices discussed
in part IV the amplitudes corresponding to graphs invelving internal N‘
can be determined, and if one or two external N*s are involved, the
state vectors given in F-15 together with formulae B-7 and B~13 permit
us to calculate the helicity amplitudes Ix ’*4"‘;%' Then equation D-23

c
defines the T, that have a definite parity, and the corresponding

"cldﬂu‘b
partial wave expansions and projection operators are given by D-26 and
D-28 respectively, and thus the matrix elements that are needed can be
calculated.
As an example, we will calculate the necessary formulae for the

* -
kinematics of the reaction v+ N - w + N,

& -
Fig. 6. General diagram for the reaction v + N = v+ N
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As usual, we have
ptq=p'+q'

Pa3p+p) Q=%@+a) A=d(e-ate}ip’-p)
PA=QA=0
LWL
Q2+ a2 . 2

where M' {s the mase of the N .

The matrix element G is now of the form

¢=%,(p)T, u (7)

Tl'u ® Q‘Mi' v

{(174a)
(174b)
(174¢)
(1744d)

(174e)

(175a)

{175b)

The number of independent invariants is 6, as can be seen from

de TV & i g S LS
e g
30 (e e e
30 | e e q
-30 \ @ 9 9 o

(176)

where parity conservation and time reversal invariance have been taken

into account.

We will contract the two vector indices u,v with two "polariza-

tion vectors® ¢ , t:, to have the equations in a more familiar form.
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Equations F-14a,c¢ indicate that ¥ and { can be eliminated
from the invariants, equations F-14b,d, that ¢ and (' » Operating to
the right and left respectively, give zero, and from F-2b we can derive

two further relations. All these can be written

7 =M ¥ =M (177a)
7 =0 Y =0 (177b)
A-¢ = P.¢ A.¢' = -P.¢' (177¢)

The invariants that we obtain, after taking inte account all obvious

constraints, are

Mllt-t' Ms-o-cn-c'
M,= € ' M= Q€ Q- g
(178)
M, = P.¢ P-c' M,= P.e Q.¢'+Q.¢ P.¢'
M, =P.¢ P ' Mg= (P.e Q- ¢'+ Q-¢ P- )

There are two superflucus invariants, and in the way indicated

in appendix E, with the help of equations 177 we find

g+ 2M, - M'M7 =0 (179a)

M'P- QM,- PiM
22 2 ) 2 2
[A®Q%+ (P. Q) ]M.l- M'P- QM,+ 2Q°M, - 24°M;- 2P- QOM,

4 M'MB =0 {(179b)

These show that M‘ and Ms. or M., and Mg, can be eliminated
without introducing kinematical singularities.
If we define



3.3 3.3
% .5 !0.-!0 . --20,'20
1,4 2 c:tui ¢ -2 oini-g-—o”'
i {
) [ | 1 1
5 ) -!'0!'2'0 . -y H 1’0 (180)
2,3 cos ¥ - lln‘zi i
f b §
U 1 RN 1
L1 N i—— 3 -m-g-.“' 2cosgsin“ye
J J J
PLa®%1*%
p‘;. 5= oy & ug (181)
£3.6 " o) # o

we find that the partial wave expansions are

) P,
e 'J Zﬁ[ ’{.4 (mﬁgﬂr*’ l'(!ﬂ‘!)')

"
3P, #

P
- #11 ( remtato * oty ) |
(182)

J ' J '
T2,8"° Z [’2. s¥en” Ps, 2P ]
Jal+h

- ‘Z[’J Py o P;ﬂ]
WOy L N e % Vi)

and the projection operators
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1

J 1 S‘ MP,  HL+2)P LP, +3(L+2)P, ~
= T Fin -1 142 [}

flLe™ 2 -1[ 1.4 —3H * TR J"‘

1
J 1
P25 ¥ S‘- [ Ty5F) * Ts, 2Fes ] dx (183)

1 vi(1+2) (P P,) VIt +2) (P ) -
J 1 2+2" i+] -1
Py, o™ 'ZS' [ 3,6 pIE2Y * 1%, 2 T4 J""

If we use the state vector from F-15 in equations 175, we can find

the f i xb that appear in equations 180, and from them we get the
d a
rellti‘nl
TJ- a cij (184)
< 4 = e{o) + cu)x + c{Z).Z (185)

The coefficients °g”‘ cg) and c{’,nn shown in tables 14, 15 and 16

respectively.
From these tables we see tnat the reflection symmetry in this

case is expressed by

T{(-W) = “(i)Ti‘le) i=1,2,3 (186a)
F J
Fl=W) = 0, By (W) i=1,2,3 (186b)

n = 1 i=3 = -1 i=1,2 (186¢)
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III. ISOSPIN "KINEMATICS"

In part Il we have developed the kinematics for the different
processes assuming that all particles have isospin zero. The effect of
isospin will be to increase the multiplicity of each state, but it does not

interfere with the kinematics and so it can be superimposed on it.

a) w+N—w+N

Pions have isospin 1 and nucleons -lz, so that the wlN system
can be either in a state with I = % or I = -12- . Since only strong inter-
actions are included, charge independence is assumed and it is sufficient
to specify the magnitude of the isospin.

The isoapin space for the wN system will be a direct product of
the spaces for the w and N, and the state vectors for states with a
definite total isospin are piven by the corresponding Clebsch-Cordan

coefficients, i.e.

11> = Z Clly Ly Gl =T, T, ) 1) -1y > (15,1, > 1
IZ:

(See ref. 6, section 10, for instance.) As an example we will give

1§.~‘z>=\l-§-_ll.0>l-‘,.§>+,]§- 1> [ %.-3> (1a)

0 -1
133> 3D+ B CH v

We have taken for epin 1 the usual representation described in ref. 1

or
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section Th, where

000 00 i 0 «i 0
rl-(o O-l) TZ-(OOO) 1'3-(1 oo) (2a)
0i 0 «i0 0 000
or
(T = = ey (2b)

-1 0 . -3
"-|1.1>-7‘-z-(-61) w°-|1.0>=(;)) w-|1.-1>=}—z(-3) (3)

For spin -12- we get the usual Pauli spin matrices, and we will
call them T We have then
-t - l -
I=T +37 (4)
where each term contains implicitly a unit operator that acts on the other
state vector of the direct product.

In general
LiL, >=1|LI, > (5a)

where l' on the left hand side is an operator, and on the right a num-
ber, and
PILI > = i) 1,1, > (Sb)
In «N scattering, we can always write the amplitudes in the

form

Ga(NcndlAlN‘Hb> (6)

where the state vectors correspond to the isospin of the particles, and
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A= GiM i=1,2 (7a)

i
M =1=1,1, M,s= Tors= T,7y¢ TPt Tor, (7b)

These two are the only "scalars” (ecalars under rotations in a three-
dimensional isospin space) that can be formed.
If we want the matrix elements for states with a definite total

{sospin, we calculate

au)-alc:lluilu (8)
To calculate < IIlel > we can write

e (T+372

HI4) = T(TH) + T-7 + f r(re))

Tr=1m) -4 (9)
and equation 8 gives

u3) = a+a, (10a)

a3 = Q- 20, (101)

If the cross section is needed for a particular reaction, we can find it
from equation 6, or by using the G(I) of equation 10 and the inverse of
equation 1 (see R6-3. 8):
“111! = “z' Il_lll ey Z C“llzl‘lln'lz"lh, “ ll ol )
1

and remembering that total isospin is conserved.
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b) Reactions involving vector mesons
The p-meson has {sospin 1 and the pN channel has the same
structure as the gN channel.
The wemeson has {sospin 0, and hence the wN channel has
always = -12 .

We have forthe w + N— w + N reaction

@ =<wN_|A|N, > (12a)

since the dependence on the w {s trivial,

It can also be written

G = <N_|A(m)|N, > (12b)
where

Alw) = ﬂlM(t) (13a)

M(x) s w7 (13b)

We have written here v for the isospin state vector of the pion.
Obviously we have

a(-‘,) = a (14)

For the reaction w + N—™w + N we find

G=<N_|A|N > (15a)
A= QIMI {15b)
Ml =] (15¢)

ay) =g (154)
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Equation 15c expresses the fact that the w meson is neutral and the charge

of the nucleon has to be conserved,

¢) Reactions invelving the I‘N. channel
We can construct the states for the N‘. that is, for a particle of
isospin % » out of those for isospin 1 and % » by using the corresponding
Clebsch-Gordan coefficients. We write this state N*(1), or NY(I) if
we want to make explicit the three-vector nature of N‘(I‘)i then each
N;(!.), k=1,2,3, is atwo-component spinor.

We have, then,

1 1,0
-zo) - = 4)
.. 3 i 1 * 1 i ,0
0 \EEHY
1 .1 1,0 e
s loto¢l L " 4,0
N{(-3% 76-‘0, N(-%) 75(1)
2 ,0 0
J;‘x’
It is easy to check that all four states obey the equation
T N, =0 17)

in analogy to equation F-1lb for the wave function of a spin % particle.

For =+ N. - vt N‘ we can write then
<N° v, ]A |IN* w > (18)
Q@=<Ngj "albix!Nox ™

Ajk = Gl“l. jk i=12,3 19)
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There are only three independent invariants because the total {sospin can
take the values %. % and 'lz and the invariants are second rank tensors
in the form we have written them.

We can choose

M e = 8yl (20a)
My s ® 8 jk-i". ¥ (20b)
My o= TTy (20¢)

Other invariants are reduced to combinations of these with the help of

the relations
“Uk = fj'rk- ij (21a)
“Uk =7 1”7 - ‘ij’k + 5ik'rj' 6 (21b)
T Ty = ;T = 1€, T, (21c)

or are sero between state vectors due to equation 17.
Next we can calculate the G(I) by using any of the states with

total isospin 1. We get

5
Uy)=0q+G, (22a)
a3rg-o,+30, 2z
Uy)=q-30,+50, (22a)

For "“N.-’I"'N we have

L ]
G =< Nwy IAk INk'b > (23a)
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Ay = OM, i=1,2 (23b)

In thie case the two invariants are vectors in isospin space.

Ml.k = lsz (24a)
MZ. x® T-7 T, (24b)

@
For v+ N = w+ N there is only one invariant:

G =< N|A(v)|N; > (26)
Aglw) = GIMI. k(™ (27a)
My (0 = 1w, (27b)
ay)=-v20 (27¢)

This is all the isospin "kinematics™ that is needed for the four different
channels. Matrix elements where total isospin and its z-component are
not both conserved are sero for strong interactions,

Finally we would like to point out that this section shows only one
way of writing down the different amplitudes; and other equivalent ways
are possible. In particular, if the analogy to part Il is carried one step
further, the isovectors corresponding to particles of isospin 1 can be
included in the invariants.

For instance, the invariants for w + N~ w + N can be chosen
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IV. DYNAMICS

a) Ceneral approach

The solutions to problems in relativistic quantum mechanics
proposed so far all demand that some approximation be used in order to
get a practical calculation. It is desirable to build into the approximate
solution as many properties that the exact solution is known to have as
is possible without getting into undue complications.

One such solution that incorporates unitarity into the scattering
matrix is the N/D method presented in appendix G. Essentially, the
submatrix of the scattering matrix corresponding to a (conserved) total
angular momentum J when a partial wave expansion is made is seen
to obey the equation

s’ 1 W
as in reference 5. There a matrix T° is defined by

iT! -« 871 (2)

and hence o obeys

£
2Im T =70 T (3)

T

is symmetric (as is demanded by time reversal invariance).
Scattering amplitudes, in a theory where the S-matrix is
unitary, obey dispersion relations that make explicit certain cuts in
the complex energy (or energy squared) plane. These are called
unitarity cuts.

J

Each T" is then written in the form



17 = N7 (p%)"} (4)

o that D’

has all the unitarity cuts and no others, and NJ the re-
maining singularities of TJ.
From equations 3 and 4 we can find relations for Im N‘J and

Im D’

like those in G-l4a,b, which can be written as integral equations.
Two of the possible approaches to a numerical computation will be briefly
discussed.

It is possible to assume a certain set of singularities given for T,
not including the unitarity cuts, such as cuts arising from the exchange
of a certain particle in a crossed channel. The integral equations for
N and D can then be solved as is done in references 16 and 23 for a very
simple choice of the singularities, or the solution can be calculated on a
computer.

It is also poseible to choose an approximate solution for N, from
the Born approximation for instance, and then calculate D by performing
the integrals in equation G-l4c.

The inelastic channels are related to pion nucleon scattering by
the unitarity equations, and their presence can produce resonances as
is discussed in references 16, 18 and 23. It is then desirable to include
these channels, at lecast in an approximate way. This is done by con-
sidering several particles represented by one unstable particle or isobar
when there is a resonance in the corresponding system.

If the information we want to use as input for the solution is fairly
extensive, it looks advisable to use the second suggested approximation

for the N/D method, since involves only the calculation of integrals
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and not the numerical solution of integral equations. This method has

the disadvantage of giving a T-matrix that {s not symmetric, as required
by time reversal invariance, and hence unitarity is aleo vioclated even

in the approximation of considering only a few channels (see the discussion
in appendix G).

The Feynman diagrams of the Born approximation, including the
nucleon pole in the main channel and other poles in the crossed channels
are shown in section IVb, and a few examples are worked out in section
Iva,

Isospin is conserved by strong interactions, and hence the states
with different total isospin can be treated separately. The way to project
out the corresponding amplitudes is shown in part IIL

Total angular momentum is also conserved; this leads to the use
of a partial wave expansion. Moreover, parity is also conserved by
strong interactions; this permits one to separate the sets of amplitudes
corresponding to a given J in two groups, one for transitions between
states of parity + and the other for parity -, matrix elements between
states of different parity are always sero. This separation is built
{nto the amplitudes called p‘: in part 1I, and the simple relation between
states of definite parity and those of definite helicity is shown for instance
in equation II-62.

The sets of amplitudes or matrix elements are related by an

equation of the form

™ = cric!? (5a)

For instance, for wN scattering alone,



3 1 1 33 1 1
ul + cz 0 ) TZ- 75 lll uz Tz- - 72
o LI N S W T I O B 1 N O 1 | 5P
“"% vz vz 2 4 |2 T
This does not change equation 3. (It should be noticed that -1! T and

-"z 'I"J are the matrices that obey equation G-12. This agrees with equa-~

tions I1-49, 1I-52 and I1-53 for wN scattering.)

Singularities like branch cuts coming from partial waves expan-
sions and density of states factors can be eliminated from the equations
by redefining the T-matrix as is shown for instance in reference 19.
One obvious change is the choice of the total energy W instead of
s =W 2 as the independent variable. Other changes like those indicated
in R19-28 to 32 have the purpose of giving the amplitudes the right
threshold behavior, when the substraction point for D is taken at
threshold, as in equation G-l4d.

The inclusion in the problem of unstable external particles and
the resulting complex singularities give rise to the need of modifying
the unitarity relations. This is shown in detail in appendix H for the
case discussed in reference 16 and a discussion of the application to
the problem in consideration is also included. References 18 and 19
also deal with these difficulties, in a different way.

The matrix elements can then be calculated for wN scattering
for small values of J and the two values of parity and {sospin; and
{rom the phase shifts (equations II-53) the possible resonances can be

found.
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b) Feynman diagrams
If we exclude external N* isobars, we have to consider the
pole terms indicated in figures 1 to 6. To write down the amplitudes
corresponding to the different graphs we follow Feynman's rules as

described in reference 1l section 14¢c, for instance. It should be noticed

that factors like 7‘— and —’-d:- are not included in Q@ but added
2wz E(p)

later when the cross section is computed. Neither are the powers of
2w, and momentum conservation at each vertex can be taken into
account by choosing adequately the momenta of internal particles.

The propagators for particles of spin 0, -lz and 1 are well
known, and for spin % it is given by equation F=19. The form of the
interactions is more uncertain, and some principle of minimal com-
plication is usually invoked to rule out certain terms and leave others.
The final justification comes of course from the check with experiment,
but detailed data and a good theory to make calculations are required
to reach sound conclusions.

The values of all the effective coupling constants must also be
determined from experiment, unless a theory like one of higher sym-
metries of strong interactions is used. The vertices inveolved in figures

1 to 6 will be taken as follows:

V(zNN) = Ee¢NN Y5 (see fig. 7a) | (6)
V(xNN") = EunnoP,ta)  (see fig. Tb) (7
V(pNN) *E,NNY) (see fig. 7c¢) (8)

Viprw) = g (q + q;) (see fig. 7d) (9)
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Fig. 1. Graphs for r+ N— «# + N

P N
i]r
N T T
(a) (b)
P . PSS S SN - PR,
|
PR 1.
N ™ N N N N
(c) (d) (e)

Fig. 2. Graphs for p+ N— v + N
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Np T N (c) N

Fig. 3. Graphs for w+ N— n+ N

PN P N PP
P Ps T
N N°H N
(a) (b)lo (C)p (d)N

Fig. 4. Graphs for p+ N— p + N
0w R N
o
N N N w
(a) (b)
Fig. 5. Graphs for w + N—=p + N
i w w N
>_T_< IN:
N N < r
(a) (b)

Fig. 6. Graphs for w + N— w + N

(c)
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T, lq‘p‘P N || P=P-q k=p-p
k )| a (—s.)
} ) S P N
N } N N " N N
— i — —
p p p q P p’
(Q) (b) (c)
a-a” N || p-p-k
P' G/J_ ‘% U/.,L(P)
Y/ (I
(d) (e)
W k=p-p
€
N N’
- g k. € kie: ke ke’
p (f) p 2 V ] ‘t ) x 3 ;J'

Fig. 7. Interaction vertices



~157-

V(pNN ) = 8,NN vv(pp+ kp"fs (see fig. 7e) (10)
V(eNN) = guNNYu (see fig. 71) (11)
V(wpw) = ‘Ipv‘\p\“rklk:l (see fig. 7g) (12)
Viepe) = 83, ()8, ,* k 6, k6, ) (see fig. 7h) (13)

The wNN vertex is the usual Ys couplihg. In the INN. vertex, the
choice is rather arbitrary. It corresponds to the interaction Lagrangian
given in reference 21, and {s the only term that is non-gero when the N.
is on the mass shell.

A general vertex could be written
o '
V(FNN') = (8, + Biyg)p, * q,) + (a,* byyglp + (ay+byv,)y,

|}
tlagt bavgle,, (Pt q,) Hagt bovgle, P, (14)

The terms with Yg are ruled out because the N"I is known to be a
p-wave resonance of a (pseudoscalar) pion and a nucleon, so that .
transforms like a pseudovector with respect to the index p; and so does
the combination of the pseudoscalar pion and the vectors in equation 14,

It is easy to see from equations F-1b and F-2b
v,u,(p) =0 (15a)
p,u, () =0 (15b)

that all terms but the first give sero when acting on an external N‘.
But it is quite possible that they give important contributions when the
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N* 1e an intermediate particle.

The pNN vertex is the one that is found in reference 20 and
corresponds to the coupling of the p meson to the nucleon current,
The same can be said about the pww vertex.

For the pNN‘ vertex there is also a more or less arbitrary
choice to be made. In egquation 10 we have taken a combination of 7 and
8, the Ys being added by parity considerations. As in equation 14,
there are many other tensors that can be formed with the momenta
and y matrices, most of which give sero contribution with the particles
on the mass shell. Equation 11 is similar to 8.

The wpw vertex does not appear in the Lagrangian discussed
in reference 20, but it does not violate the known conservation laws of
strong interactions. Parity conservation demands that a pseudoscalar
formed with the momenta and polarisation vectors of the mesons be
the form of the interaction; the only one that can be formed is
cm,'kxk;cvc; where €, ..

In the 3p vertex we have taken what results from the unitary

is the antisymmetric (Levi-Civita) tensor.

symmetry of reference 20; it should be remembered that the p meson
couples to the isospin current, of which it is also a source.

Other vertices are forbiddean by conservation laws of strong
interactions, like Ge-parity, isospin, parity.

if the wN' channel is also included in the problem, many other
graphs with either one or two external N*'s have to be considered. Also
new vertices, shown in fig. 8, introduce new coupling constants into the

problem.



Fig. 8. Vertices with two N*'s

There are many possible forms for the interactions; a simple

choice could be

V(wn‘u‘) . g"N,.N.ysspv (see fig. 8a) (16)
V(pN*N®) = 8oneNe Y28,y (see fig. 8b) (17)
V(wN*N® = 3mN‘N'Vk6pv (see fig. 8¢) (18)

Equations 17 and 18 agree with the proposition that the vector

mesons are coupled to the current of the N¥*, equation F-20c,

c) Isoapin dynamice
In section IVb we have not written down the isospin part in ver-
tices and propagators, and we propose to do so here. It should be
remembered that the w and p have I =1 (vectors in isospin space),
the @« has I =0 (scalar), the N has I = -lz- {two cornpononf spinor)
and the N* has I = % (direct product of a vector and a spinor). By
considering the possible expressions of adequate rank in isospin space,



we find

V(wNN) = e
V(wNN®) = § w2
V(pNN) = Ty
Vipwx) = 'l'ijk
V(pNN*) = 5;1:‘2
V(wNN) =1,
Viwpe) = 8,
Vippp) = - i€y
V(zN*N") = 5™k
V(pN*N®) = 84T
V(wN*N®) = 8t,

-160-

(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)

(29)

Equations [II-2la, b, and III-17 when applied to the N.. are used to

reduce the number of possible termas.

determined by summing over the isospin states of the particle

P= z x> <]
A

where |A> is the state vector for I =\. We get

Piln) = &

jksl

3
p(P)'ajk;ls

Plw) =}

The propagators for the isospin part of the wave functions are

(30)

(31)
(32)

(33)
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P(N) =1, (34)

(35)

+
-
o

<1

2 1 a2
PN = b TPl IT N T RV

d) Examples
We will show how the determination of the amplitudes corre-
sponding to the graphs in figures 1 to 6 is carried out, For instance,
we will take the graph from 1b (see fig. 9). The isospin part goes as
follows: with the notation of equation II-6, and using equations 19 and
34,

0=<Nc1r (36)

4 Ivklz‘rle.nbk >

Notice the importance of choosing the indices in a correct way.

N,
B
P q

Fig. 9. Nucleon exchange diagram

Equation 17 gives

Yk?, = sjk" “ijk'l

=+ T (37)

T)jk
Accordingly,
Q=1 0,=1 o= 2, G(F) = -1 (38a, b)
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For the rest of the amplitude, we have

- i‘ - s
Q= ———r'm'\i(p )y -L:-g*—l-‘z— Ygu(p) (39a)
(2w) . (p~q')“~-M He 5
Q= e (p u(p)
(2%) (p-q)~ M
2

(p-a")? = M%- 2peq’ +

=M% 2p ) +25-Q +u

ol g etmia? eeni? o sPamPil)e ¢ (M2 32
2vs 2Ve 4s
+ pz
Between spinors,
i - " - M = M - ﬂ - M
B = p
S0, in equation II-9
A=0 (39b)
o i‘QNN zwz
(Zt)r W‘-Zpi W= -(M= -u )=!+[W . -I(M!ﬂ;: );: ﬂM’ p ) ]x
(39¢)
We write B in the form
1

If we want to find resonances in the p3/z channel, i.e. J -% positive
parity (see equations II-6]1 and 63), we have to determine pi/z(W). To

this effect, we determine Tl and 'I'z from equation II-73
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L ke E‘;%d&(w e (40a)
T, « R s (40b)
and from equation II-7la
s B T

(E+M!‘W-M) al-§ (E+M“W-M) Q,(- &)
- - (ETMIH-M) [-;ong (22) - 1]

2
Sl [‘;(-’;‘Q—-mo.(-'—*};-)- ]

g (41)

We will also do the calculation for the graph in figure 2¢ (see

fig. 10).
P .
k, e q
w 4 ,
k=p-p
re He
P P

Fig. 10 «w meson exchange diagram

Isospin part:
Q= (Ncwkllz6jklﬂ.pj > (42)

Hence
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Gl. 1 Gz =0 (43a)
o) =1 Gy =1 (431)
Space part: 5! k;
5 v _I‘._!
G = f‘tpﬂ'wNN f

(21) ey h’ ulp) —r—-—-r— ‘ltpvklkv‘p (44)

Between spinors,
Kag-f =0
ypkk(qcok‘)tpch_” ay*kAgAe

= yg(Kody - q- €K - keqy)
We have used equations £-18 and k¢ = 0,

ve¥AY = v KF + K - ')
= mPygf - 2p K ygf + Mygd K + 2p-€ yg ¥ + Mygf¥
» (mz‘zp"k)'ls‘, + m‘s"“ + ZP'CYsﬂ tque st
Hence
ykAgAes=(m? 2p'k - ke Qygf + 2Mygf K + 2y ¥P- ¢ (45)
Qs (m?- 2p"k - k-@)G G, = 2G
G, = 2MG Gg = 0 (46)

03-0 06'0

where
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i"l [ wEuNN

G(w. ‘) = (46"
(2m [ (p-P')i-mTzl

H we are still interested in J = % » positive parity, we have to deter=-
mine p"'l/ 2 ’ 032/ . and ﬂ33/ 2 . This can be done if we use equations

11-117 and I1-119 after expressing the ai'. in terme of W and x.
J

It should also be remembered that the o.i'l in this case are the
elements of - { Jlsjl. -'-:l,--'- T’ andnot of T' itself.
k P
r

e) Discussion of the input data

To define the left hand cuts in our approximation of the N/D
method, the different masses and coupling constants have to be deter-
mined from experiment or by some theoretical calculation,

The masses of the stable particles (under strong interactions),
the pions and nucleons, have been known for a long time, as has the
wNN coupling constant, The unstable particles, p, w and N‘. have
been found as resonances in 2w, 3w and wN systems in scattering
experiments. The energy at which the resonance is observed gives
the mass of the corresponding particle, The width of the N‘ {s related
to the wNN' coupling constant, and that of the p to the pwr coupling
constant (eee reference 21).

If we consider that the p meson is coupled to the isospin cur=-
rent with a universal coupling constant, we have a relation between the
pww, pNN, 3p and pN‘N‘ coupling constants. The same is true for
the @ meson in relation to the hypercharge current, relating the

coupling constants for «NN and uN'N‘.
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If the mesone and nucleons obey approximately a higher sym-
metry, like unitary symmaetry (see reference 20), the coupling constants
involving the p or the w are essentially the same. Further informa-
tion about the pNN coupling constant can be extracted from wN scatter-
ing data, and about the wNN one, from the isoscalar nucleon form
factor or nucleon nucleon scattering data.

A discussion about the wwp interaction can be found in reference
22,

This would leave without even an approximate determination the
pNN . and 'l'll.i*ntl'l coupling constants, and they should be considered as
free parameters to be adjusted so as to give the best agreement of the
results of the calculation with experimental data about the N reso~
nances. Other data that are rather uncertain can also be varied around

the assumed valus.
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APPENDIX A
SYMMETRY OPERATIONS

a) Reflection symmetry
We will make a general analysis of the symmetry pointed out
by MacDowell in reference 4, where he finds the transformation
properties of the transition amplitudes inthe # + N~ ¢ + N reaction
when W == - W, that is, under a change of sign in the total energy.
OQOur definitions of positive and negative energy spinors for

particles will be the following:

a,Pn) =, I%ﬁ (g )(Br2) (1a)
oG- [ B (1 3 ) (1)
where the two-component spinors |p, A > satisfy

Sedlia>=nlga> (2)

so that A\ {s the helicity of the state.

Also
E =4 ;l + Mz (3)
For ; non-gzero, we have E > M and it should be realized that a

change of E into -E carries u, into u_ and uI iato -ut.

We next compute
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Yo\'g,“.,,(;.ﬂ ® YoVs: ’%ﬁ‘- (1 + |E'M :.p)( iP-\ >
= \I% (r- \ ‘%ﬁ% a. 5)v°v,( lﬁ};‘ ?)
- 1 |E5H (J:A»M _‘_P)( Ip.n)

cE+M
.\-E M (.14.\[7&-?)@?( |$k>)
-\J.E'PM (1_,_%)(2&!)3.\ >)

Hence
Y YguaPoh) = 2na_(PA) (4a)

T, (PN IygY, = 2AT_(P:A) (4v)

For scattering of mesons and nucleons, the following helicity ampli-

tudes are defined as in reference 5:

" i(A=ple J
f"'c"d”“."bm .0, @) Z(“ihk ,‘dn‘,‘b(wle dkpﬁ) (5)

Py oF

P Pc

Fig. 1. General diagram
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where
A= x‘- hb b= hc- ld (5a)

J 1 .7
a (W) = <A A, | == TT(W)|A N> (5b)
A Agih e*al 75 a™

o TpPa” MgPyp
m,* my,

(5¢)

; is the relative momentum of the incoming particles. The differential

cross section is
2
do(y) (W, 0) = ""e"d"‘."b(w""” a0 (6)

Comparing with the expressions of the cross section in terms of Lorentz-
invariant amplitudes (II-29, I1-94, etc.)

; M I, | .
AerairaMy I \ I;bl alc\d;k.\b
where
hehginghy, © ByPer M) TOWa Mo Mgl (R 1) (8)
From
2 2 2
W m '«m
Poa © TW.T 2 (9

etc., it can be seen that the transformation of W — -W changes the
sign of the energies of all the particles.
From equations B-13 we see that :(0) changes sign when

W == « W, but not :(t 1). In addition we have

Yg¥ol-8,Ye" &V = (agYe" > ;""s“o (10)
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-

eo(-w) = Sk ot (w) an

°
and, remembering that the amplitudes Oi are always functions of e = Wz,

it is easy to prove that for the reactions with nucleons and mesons

Mot
YgYo TU=W. Mo A v vg = - (-1) T(W, Ao ) (12)
where the T's are defined in part IL

Combining equations 4, 7, 8, 12 and remembering the remark

after equation 3 we get

£ M |Pal _ - "
Meraitadpl=W) = g [75T ULPer ATV A hghu (P 2y)

N eyl

= 4\ hc T‘W e E.,.(Pco XC)VSYOT(-W. kb Ld)YoY_r,“*(P‘o \‘)

MR M 'Pdl

RN I =

— (p AITIWL N A uy (P
Iy,
Mty
= 42\ (-1) { . (W) (13)

a Cc kcld.k.kb

and hence

J

Mg g
(W)
axcxd‘ kaxh

a
\c xd' xo,"h

(W) (14)

(-W) = -4\.\c‘-l)

Ao T
= « (1) a
AerhaidaM,

If parity is not conserved, then T has factors of the form a + by,, and

Yola + bygly, = a - byg (15)

and equation 12 is no longer true,
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Buat it is etill possible to relate amplitudes at negative eneryy
with those at positive enerygy. This is accomplished by using only Ys

instead of Yo V5 We have, for instance, that

Y5uy(piA) = Ys@ (1 *JT‘E?KN% . 5)( h;'u’t >)
\F*_M'(‘ \J—“P)( 8 >)
NETARNCEEC LT (RN

EAM () a- (-5))(zu2“" ['Pa‘”)

= A “EM
Hence
vgu (P M) = My (5, on) (16a)
TB Ny = e 2 T (-5, ) (16b)

where the relation
[PoA> = zxez“'l-ﬁ. -£> (17a)

can be derived from equations B-~7 by substituting @ <= w - 0, ¢ — ¢ + w.

From equation B-12 we get

&\ = (-1 e Mg, o) (17b)
and also

(R, 2) = ¥ Me(L, -0 (17¢)
Other needed relations are

"5# = -115 (18)

e(-k, =\) = e 2 Me(i,\) 19)
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If we write {pi) to denote the set of the four-momenta of the

particles, we can verify for the different reactions that
Zi(vao-ldP)
Y5T({-pg}s =y A glvg = = n e T({pdirgrg) (20)
where “g is the intrinsic parity factor (see equation II-50) and v, i8
arbitrary (the final result will be independent of ¢ o)’

Equations 7, 8, 16 and 20 give
o M = - -
I.xc-xa;-x.-xb(“”- v-8,0+%) spmmu_(-ps =M ) T({-p;}, =hy0 =X )u_(-p . =X ))

24\ o~ k‘vo)_

2i(ue-> o )
= - nge

(W,6,¢) (21)
dna,‘b ’

Actually the function on the left-hand side has a different initial
state also, corresponding to a relative momentum in the direction
(w, «roh). and equation A-5 can no longer be used. We have to calculate

the equivalent of R5-30, which becomes
< ""an 'ﬁ" xco - dls('v", "n '°+*3‘k‘- "‘xb >

2 - = - - 1 ' - -
= Z <t-0.9+~n-kc. -LdIJM.-Lc ldeM; L XdIS( w) | J'MY; ‘.\‘ \b>
JI', MM'
<I'M'-A =Ny | w, LR (D SR W (22)
From R5-24

<w-0,ptwi-\_, -deJM;-xc-xd >

2J+l  i(Mtpu)(e+w) J
\'T;" * Ganling 4, 79 VERS)
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ST P tEi=L =Ny U'M"'ka-hb -

(M ¥\ ) (@ _+u) '
CJEE S ey .
K-k.'kb p"c'xd

< IM-h_, -\dlsc.wy lJ'M'z-Xa-Lb >

J
= <IMje-A - dls (-W)lJM:-k‘-Lb>5 (23¢)

135!

and substituting in 22:

<w-0, ptwi-h_, =N, [S(-W) | w, Potwich s = >

Z 2J+ t(x+pn¢+v)d (=0 I -A .-kdls"(-W)lJM; Aohy 2

J
«2iNe_+w)
X e * (24)

and since

de 2

on - Ipl) |<a,x Mgl T(EY 00N A >| (25)
we obtain for the modified f(_”:
f (=W,nw -0, p+w)
-l d‘- .Lb

-2i\p
. Z(“l! R (TR odi“wh{"c"‘d- W) (28

where C-4 has been used.

Equation 21 then becomeas:
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=2Zikp
1 peh_t(A\+p)e o J J
Z (J+ 3 H=1)" "e e dw(O)n_lc_kd‘_x._Lb(-W)
2i(ue=re )
and hence
J kc“ J
e ; (+W) =2 on (-1)" "a (W) (27)
“he=hgi=A N, g Mgty
If parity is conserved, we have
afk o gieh oa (W) = g oy (W) (28)

xc‘l“‘n"\:
and we get back equation 14.

In this second form, the symmetry corresponds to a space-time
reflection, i.e., a change of direction of all four axes in space-time.
Energy and momentum change sign, since they are components of a four-
vector. Spin can be considered either as a pseudovector or components
of a second rank tensor, and does not change sign. Hence the helicity,
that is, the projection of the spin on the momentum of a particle, does
change sign.

We notice, finally, that the exponential in the state vector for
plane waves is not changed by this operation, since the coordinate four-
vector also changes sign:

.-‘P. x® - .-‘(np)- “'x) (z9,

In the first part of the discussion of the reflection symmetry we have
combined this operation with the parity operation (to be discussed
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briefly in section b of this appendix), the combination of both being
obviocualy equivalent to time reflection (not to be confused with time
reversal). 7

Sometimes in reactions like p + p = N + N we have matrix

amplitudes of the form

¢ =3p)Tvip) (30)

where v(;) is a spinor for the antiparticle; and the effect of the sym-=-

matry operators ean be saen from
vyl N = F—:ﬁ‘- (v 88 ) (15.%5)
Y5valPe N = !@ (1 \,% =5) (2>
- (B G- FE)Reh)
. \J—"'ET&" (- :'Lé%)(-zxrﬁ. )
-- 2\[—'—%@ (1+ %ﬁ’)(-zu?w" -5.0>)

(31)

Hence
Ysv B N = oMy (5, o0 (32a)

Ve Ny = ¥V (5, -0) (32b)

Notice the difference in sign of the phase factors when compared to those

in equations 16,
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b) Parity
This operation corresponds to a change of direction of all three
space axes; position vectors and momenta change sign, spin does not,
and, hence, helicity also changes sign.

The operator for spinors is vy,
YouslPih) = YOJ% ( *%&)( Ly )

- B G- FE) ()

. zu“""\[%?ﬁ“— (1 +%.§él)(l-ﬁ6-\>)
You,(Pd) = 2he XMy (5, o3) (33)

As to the effect on the matrix in epin space T, it can be seen from

Yolag¥o=a-¥) = (a v, (-a)- W, (34a)
"oho' a*b = u'bo « (=a)s (=b) (34b)
Yo¥s = = YsY, (34¢c)

It becomes obvious that if parity is to be conserved, the matrix T should
not contain terms like that in equation 15,

The effect on helicity amplitudes is studied in reference 5 and
is summarizsed by equation R5-43,

J J
<o =N |87 |- A > = <A N, ST N N > (35)
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c) Time reversal

This symmetry operation, more aptly called "reversal of the
direction of motion" by Wigner on p. 325 of reference 11, corresponds
to the operation of time inversion in classical mechanics. Here,
together with the direction of time, the signe of momenta, spins and
quantities whose classical expreesion containe the time to an odd
power, are changed., Consequently, helicity is unaffected.

In this case, care has to be taken with the exponential in the

plane wave, so we will write

WX, 1P, \) = uy(p, e P ¥ (36)

The operator for time reversal is antiunitary (see reference 11, page

326 f,), and we have for spinors

WX, ~ti=p, ) = Yo¥2V 5KM;. tip, A) (36a)

where K stands for the operation of complex conjugation,
Indeed we have

Yo¥ VKU, tip, ) = YOYZY!,K\JE-{!-?(I ’%‘#él)( Ii.ob )_-tp-z
= v,vzv,\l%(x ";E;é)( lian')‘ip.:
. woyz\’% (1+ gé)( '5.0’. ) JMEt-p-X)
" \F%(l . _é_é)( "zoﬁ-»‘) Al E(=t) () 5]
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o7 (B (0 P (1R )ont en-tph ]

= e HMY cti-p N

Hence the phase factor n is determined:

n = =210

We have used relations such as

to, [BA>% =« "2 30 >

which are easy to check.

If we call
La Vo"z"s
we have
UY e U.l ® Ys5Y2Yo
U.r = U

Uu+(;.l) = oz‘hu’_(-;.k)
T, AUt = o ML)

Then, remembering that 0 is a number, we have:
a=7%lp ', \)Tulp, \)

=5 ', AYulurutuacp, M)

(36b)

(37a)

(37b)

(37¢)

(38a)

(38b)
(38¢)
(39a)

{(39b)
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o 2HA=A"e T-p A YTU " (p )

= u'(ep, UTUH Ty u(-p "\

= T(=Ps AV, ¥ T Ty v ul-p W 1)

With our particular choice for y B we obviously have

Y * Vo m=20, 2, 5
Y:‘--\'m m=1, 3

and hence
T
YgVo¥e Ya¥s5 = Yo
T
YsVa¥pY2Ys * * Y m=1,2,3,5

T -
VeVaf Vo¥g = .Y, - (-8)-y

VeV (Kb oo ) T¥,v5 =l v gt o e e e (B oy, +5 Yo,y o V)

Also from B-12 we get
QEN) = o~ HME L)
€ (kA) = 022 (L 0)
and hence
pr (i, \) = p e (K \) = po &K, N)

« " MM p €2 (kN - (<P € "(-K, W)

(40)

(41a)

(41b)

(42a)

(42b)

{(42¢)

(424)

(43a)

(43b)

(43¢)

Equations 42d and 43¢ show what the operator does to T: it essentially

reverses the order of the factors and changes the signs of the three~
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momenta. The effect of the change of sign in t is to interchange the
initial and final states} this shows already for the spinors in equation 40
and the complex conjugate of the polarization vector in 43¢,

If a theory is invariant under time reversal, the matrix elemsent
@ should at most be multiplied by a phase factor when initial and final
states are interchanged and the sign of all momenta changed, leaving
the helicities unaffected. If we express the results of our calculations

by
Ya¥sl TRy By hg)]l T ¥gv, = ' TplFyu =By hg) 5

where the subscript R is a reminder of the reverse order of the
factors.

Invariance then demands that
T(=Pgs =Pyidge M) = Tpl=Pps -Pgidye Ayg) (45)

Then the invariants M, of equation II-7, where

i

T = 0 M, (46)

should be chosen so that an exchange of the initial and fingl momenta
and polarisation vector, together with a reversal in the order of the
matrices involved, leaves them unchanged.

Notice that the phase factors in equations 39 and 43 will produce
a factor -2“‘""" necessary to get the right ¢ dependence in equation
5 when A and p have been interchanged.

The effect on the partial wave helicity amplitudes is given in
R5-55

3 J
<xe».d|s lx.xb>-<x‘xb|s I Mg > (47
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APPENDIX B

DETERMINATION OF HELICITY STATES FOR PARTICLES OF
SPIN AND 1

a) Spin ¢

We follow the conventions in reference 5, and compute first the

3
rotation matrix R 2.6, 0

i} e-iaJ..-ipJY'-i\rJ'
afy

Jk = % " (2)

(1)

Remembering that

ol =1 (3)

we get by series expansion

-i %o
@ k. coe % - lck -ln?z (4)
Hence
-f
e % 0 coc-g- “ ling
R =
9 0,0 i
0 e % lln-g co--g
%
-‘ -
cos % e -gin % d
= (5)
i
sin -g e % cos -g- o‘%
The helicity states are
l6.on> =R, o _ W = ‘“",.e.o*x (6)
%]
1 cos 3
[6,9. %> = o} TP - (7a)
¢ 6,0 0 sin % el'

!Sce reference 6 section 13.
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.;‘v 0 - 8in 'g Q-i'

,eo'a'i>’° TR 6.0 - (7b)

Po T2 1 cou-g
b) Spinl
The vector mesons will be labeled as particles b and d, and
the
-inJ
1 8=A Y
X A = ( l) e .“k (8)

have to be used (se= R5-13).
Since we are dealing here with ordinary three-vectors, the
rotation matrices are well known; but they are also easy to determine

from equation 1:

0o 0 0

Jx = 0 0 i (9a)
o i 0
o 0 i

Jy = o 0 © (9b)
-4 0 0
0, =i 0

J. = i 0 0 (9¢)
o 0 0

from R6<«5,42; the corresponding *h are the usual polarizsation vectors
given in R6-5, 44,

ich 5 2
e -(I-Jk)i'.!kcoa n-iJklinu (10)
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cose -sine O ( cos 8 0 @ein @
R’.a.o = sin ¢ cose O 0 1 0
0 0 1 -gin 0 (4} cos 6
cos fcose -sing sin B cos ¢
= cos O sing cos ¢ sin 0 sine {11)
- sin 6 0 cos @
We then calculate
1
- -ip 1
‘("‘l’ = e RO.’.O 7_; “
0
i cos O cos ¢ +1ising
= -‘"—‘-r— cos Osing -icos o (12a)
2 - 8in 6
0
€(0) = Rao e, 0 d
8in € cos ¢
= ein 6 sin ¢ (12b)
cog 6
-1
- lﬂ 1
€(-1) = e Ra.’.oz -i
0
ip ~-¢cog Ocos g +tising
--‘-’T -cos Osing -icose (12¢)
2 sin 6

and hence, using II-89f to obtain the correct normalization for the four-
vector ¢,

+
olp cos fcos @ tising

) = 3\/—,—; cos Osing ~icos ¢ (13a)

- gin 8
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K sin €@ cos ¢
€0)= =2 |eindsing (13b)
cos 6
ip ~cos Ocos g +tisineg
€(~1) = -3_;- ~cos Osineg ~icos ¢ (13¢)
sin 6

It should be remembered that the helicities correspond to particles
moving in the direction of - ; » and that 6 and ¢ define the direction

of +;.
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APPENDIX C

d FUNCTIONS

J
Ap
a) Useful symmetries:

J = (AR
&,(0 = (-n}Hal (o)

= (-07"a) (w-6)

JNJ
= (07"l (w-6)

= (-07a) _e-6)

J
-, L('- e)

J
-k. -“

= (-1)7 "4

= (-1)*"*a (0

|
- d"’ln "'k(e)

b) Half integer indices (table)
1

X = cos 6§ J =1 +7
[
J COo8 -z ,
i i
o e enmmeges [ P‘ +l(:t:) + P! (x)]
2 cos 3
ling

&0 = r= [Py + Pi)

5 __1.._.9_ [-P, ,,(x) + P, (x)]
2 ain

2 cos -g-lin-g-

%’ %w) ) (¢ W2 (2 +2) ['P; L P: (x)]

(1)
(2)
(3)
(4)
(5)
(6)
(7

(Ba, b)
(9)

(10)

(11)

(12)

(13)

Vi(i+2 [’ Preag®) Prylbd Pylx) P, y(x)

4 cos —Zlini-

217 - 5 |09
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2 6 .28
a’ (6) = bl Rl [P} 4 (x) + P’} (x)] (15)
R %, % (2 AWI(L +2) 14 t
V(L +2) [ Prapx)  Pryx Pylx Py, x
4 2] 20 | 213 7 ST % ) =T
cos 3 sin 3 -
(16)
2 cos® 9 (P" (x) 3P™ (x) 3(t+2)P" (x)
& @ = 2 F T raate t
3 3 NI +2y | IEX I R — 21 +3
Z' 2 (L +2)P] () -
- ———— J a7
i 1 ’- IPI +2(x) 2 3z P‘ ﬂ(x) . 34 +2)P‘ (x)
% co? g 7 = ) | 2T+
(1+2)P, () -
R £ J (s)
386 m "m ]
dJ “ 2 sin 3 ,' lPl +2(x) N 3t P‘ +l(x) 3 3(2 +2)P! (%)
34 T T
(L+2)P; \(x) 7
M £ S J %
1 I. ‘Pl +z(x) . 3t P! ﬂ(x) 3(¢ +Z)P! (x)
=30 | T £
4 sin 'z
(1 +Z)P1 _l(x) 3
tmgpi=e | (20}
3 ,28
4 cos ein =
ad o - Z__%_ (P}, (x) - Py (x)] (21)
3% (£ +1)V(E 1)1 (2 +2)(2 +3)
0 ~1)¢g+zm +3) " Pryglx)  Ppdx 2P (%)
'a con® 2 8 | (21 *5)(2f+3)  (ZT:)(2r ) - (ZT+5)(2 1)
’ sin -2-
ZP! (x) P‘ _l(x) P‘_z(x) -
- TR * et * ermor | @)
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3 4 cosz -g— ain3 g - -
a’ g (0) = [Py () + P, (x)] (23)
-3y (L +1)V(2 -1 (1 +2)(2 +3)
_ YN +2)(1+3) " Py 43() Pyyalx)
8 cos2 0 ain> 2 9 HESHES M HEDIRE)
2
1(x) 2P, (x) PR .2
(ﬂ 55!!1 Hy " EIHer-N) " ZT+ 3“21 -t IHZI"'ITJ
(24)

5 4 contdgind P“’Z(x) 3 P{ (x)
d% %(9) T +2)5(! -1)(1 +3) [ N 71'*!—‘
3+2)P P ) (2 42)P) () -

s — | @8

(L-1)(73) " 3Pyryp 28R,y
8 cos” T‘inf l N ” (ZTF5302T )
2(1-3)P! 31 +2)Pl -1 (¢ +2)P‘_z 1

EREIE)] 6220 Vel ¢ £33 (62 5 I | e
3 4 cos 3 sin? i- epl 0 3Pl sees2pl®)

d 5 %“” = T (L +2V( 1) (2 +3) l'_ﬂTT_ At T

3 L]
(t +2)P“’ -

+—ra— | L

V(I <1)(Z +3) " tP, ;=) MP, ,(x) 2L +5)P ,(x)

- GIY) +W
8 coc-zlln 3 ¥ (21+3 % )zt

2(¢ - 5)P (x) 3(1+2)P l(x) (£ +2)P‘ 2 7

* GTENEY- - TN ¢ ey | 29
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4 cos® § [(z epl 0 sl ()

= CTIRITINT) | (TR ¢ TR
10¢ - +3)PE 100 -1t 43P ()
M 2291 ¢ 55V R 7 53} [ ¢ 15\
s+2)(t +3)PP) ) (tr2+3)PPL ) -
R 2 231 62 Vi ¢ 55V ¢ ) (29)

(E-DLP, ,,(x)  S5(L-1LP,  (x)

—n-rrmmms— M 2 ED) 250

8 cos 3

10(£-1)(1+3)P, (x)  10(£-1)(£ +3)P (x)
+ B
N 52 ¢26: Vi ¢ £33 ¢ 5
5(1 +2)(2 +3)P, 1(’" (2+2)(1 +3)P, (x) ]

ooy — ¢t m (30)

56

¢ sin® (€-nepP) ) su-nerld),
= a—rmm-rzym" (252162 £ IR ¢ £5) [ #1 £ 8

10¢ (e +3)P3 (x)  10(2 1) +3)P ) ()
+ +
B 252105 i ¢ )¢ 5 Ve
s+t +3)PPh ) (4200 43)P ) () -
TR AT J (31)

,- (LIP3 (x) | BUL-DLP, ,p(x)

Ty
10(2 -1)(¢ +3)P, +l(:t) 10(f -1)(4 +3)P, (x)

T TEreser Yy L -1y
5(2+2)(¢ +3)P‘ _I(x) (2 +2)(2 +3)P£ _z(x)

a7 31 ¢2 5 ) I ¢ £5 )] 7 25 | }

" 1
2 sin v

(32)
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¢c) Integer indices (table)
J = 1{

J :
dyo (6) = Py(x)

-2 cos ~g- lln-g-

J 1
6) = P
dlo( ) m lh‘)
. Vg [ Peat Fy -1(’""]
Zcos!-in-z- L T 2T
al1o(0) = - ay5(0)
3 2 con’ § rt p"; a® ()P (%) -
0 = —rap | =i - PIe —
1P, .(x) (L+1)P (x) 3
’—"T'El l'__ml_“l +1::()+.._ﬂ.;,!__"l
2 cos }-i- e }
20 n "
2 sin 1P, . (x) . (1t )P . (=) +
4o = ‘ITFDZ,-"?"I%I"‘*F:"" e |
1P t+)P =
" 1 [ 2 +1(x) i P‘ bk (£ +1) £ -1(8) J
2 sin 3"

4 c:cu2 -g- ltnz -g

V(2 -1)2 (2 1) (2 +2)

P, (x)

3
d30(0) =

2P ! (x)

'wf!-lll+1(l+zl- Prypla) N

4 cos -z sinz v

3 3
4 20(8) = d3,(0)

Pj.pin

(33)

(34)
(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

|

(43)

(44)
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36 2}
3 4 cos 5 sin >3 !P;'ﬂ(x) (2 +1)P;'.l(x)

as (0 = ’-- + P (x) - ] 45
o e L . 4%

VD +2) [' Pyt llx) 3P, (x)

P‘ _l(x) (£ +1)P‘ -z‘x) 7
) £ S mmJ

4 cos E sin 2-

(46)

4 cos £ sin? 1P, (x) (P (%)
. E 2 R b PN -1 ] pon

Vit -1)( +2) "_ IPyypfx)  Pyylx 3P,
P,y P, (x) -

- STt e | $43

46 (4) (4)
dJ ol = 4 cos = l‘(! -l)lP Z(x) 2(! -l)P l(x)
22 (r-nrEmE+zy| 1 IHHHS' B 7”1
, ele-nee 2P 200 +2)P{ () (e *Z’sz“’
-Tsn'yrzrry— —3rA ¥ (mmzrn—]
(49)
(L-DIP, (x) 200-1DP, ,(x) 6(L-1)(L+2)P,(x)
e+ S S
20442)P; 1(x) (L)L +2)P, _,(x) 7
i + (50)
2T+ Iz J
40 (4) (4)
4 sin @-0eP 7 (x)  2(4-1)P7 (x)
3
a’,,(0) = (=1 TITITIT(TTZT[- amnmn—z e

6(2 -1)(¢ +np“’(x) 2(¢ +z)p“’ 2P (x -

M 7 K%Y ﬂ!-“ ETﬂ M V6 Y J ()

4 cos -illn v

4 cos -z!
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(2-1)¢ P, +z"‘) 2(1 -DP‘ ﬂ(ﬂ 6(t -1)(2 +2)P, (x)
( Craery - 3T My 67 £33 .25 \ B

2At+2)P, J(x) (L)L +2)P, _,(x) -
S S Jhcidiart oy B

d) Recursion relations and yeneral formulae
One convenient way of calculating one of these functions is to
start with

A
dyo(8) = (-0* [t ein* 0 i\ P, (x) (53)

for an integer f. diu(ﬂ) can be determined by repeated use of

¢ 1 A 4\
d O) = ———— - + t o - d ‘e 54
Mttt * s ﬂ"*l)(l-u)( agtreoto-gg) 4,0 (54}

For a half integer J = { + 3, one can start from equation 53, then use

J
dné(‘” = e I’\/Jﬂ\ dk 3

o(6) cos 3+ VIX &y, (6) sin -g-] (55)

and equation 54.
Other recursion relations that might be useful, especially if only

small values of J are nseded, are

. ; 0
Vi% &) (0) = VIR &3} | 1(0) cos 3 +VIX il y@end (e
VIR & (6) =
+ 25227 otn 0 &)L _1(0) + VIT-RIG-RD) (- cos BTy 1(6)

(57)

V(T +A) (T +A-1) (1+ cos O)clx 1, p-lw)
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For proofs and further relations, see references 5 and 6.

We will prove next that the forms of the expansions in sections
b and ¢ are general. R6-4.14 expresses the djm.m in terms of hyper-
geometric functions, related by R7-10.8.16 to Jacobi polynomials:

2j+m-m' m'sm

(-sin g-)

+
a-

(m'=m)!

]g. (cos -g )

X Flm'=j, ~m-=j, m'-mﬂ;-tanz -g- ) (59)

m'Z2m=0 cos 6 = x

(m'=m =0 is a trivial limitation; relations 1 through 7 can be used.)

m~-m' m'em
- &

A B e 2

:
ot <[ it | Gl i

X Bttty ety et 5

3 m'+m m'-m
‘[“-m)lﬂi‘m';l] Atx) 2 (dtx) Z
m - Zm'(m'-m)l
: -m.). p(jr:’,:fx"mqm’(x)
m'-ni-m 3 m'+m m'-m
=z [ (+m) 1{jem")! | ° (1+x) (1-x)
con T fmpmgt ] e © i
x plm'=m,m'+m), (60a)
j-m
m'+m m'-m ) '
= c(l+x) z (1-x) : (m'-m,m +m)(!ﬁ) (60b)

Jem'
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where

m'-m 2

cz (] 2 ’-W] p-m' (60¢)

We will determine the coefficients in the following expansion in

Legendre polynomials:

m'+m m'
d . am ° (-x) 7 Z 3, P, (x) (61a)
k=0
From R8-6.3. 42
1 m'+m m'-m
-5’551-8'1 . 0 2 (e P dx (615)

and using equation 60b

oo Bt I g™ g TR P R ) ax (61e)

Rodrigues' formulae for Jacobi and Legendre polynomials,

R7-10.8,10 and R7-10.10.7, are

. )
2%n1 pf"" P)x) = (-1)2(1-x) "% (14x) P i-; ,'(l-x)“h’(l*x)pmj (62a)

2®nl P (z) = -l{(x «1) ] (62b)
dx
and hence
g Jemgeyitm ] & (a2
‘k- clkg‘ ’-(l-x) m(l"!) jdx [(l-x) J (638)

J“’“"n"!tx2 -§=k +m’) | 1
ey (=) . (m‘f’u-—mmn]n‘““ (h3n)
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Integrating by parts, we zet the following two expressionas:
1 dj-m"l*k

k+j-m'
a = (-1 m' mS (1-x) ")t im—-, [u-x ) J (64b)

But (1ex)"P1+x "™ {a a polynomial of degree 2j in x, and (1-xH)*
is of degree 2k; hence

nk-O for k> j+m' (65a)
a = 0 for k<j-m' (65b)
P L R — = f a P, (x) (66)

+) 2 Q1- x) T2 k=

This result agrees with those in sections b and c.
In reference 7, page 164, (i) it is stated that derivatives of

orthogonal polynomials also form a system of orthogonal polynomials.
We will use the Gegenbauer polynomials T: + defined in terms of

derivatives of Legendre polynomills'

_m'tm
d o am C (ex) ? kak-m . (67a)
where
a dq'
T! (x) = :;? ch (67b)

and, using a formula in reference 8 page 783,



-ImMme=m

o 2ktl ktm+m') | g‘ dJ
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m +m m'-m
(x)(1+x) (I-X)

xu_xz)m'*'m m'+m (x) dx

kem'em

Using equations 60, 62a and 62b, we get

oy

dk+m+rn'
><;;EE;¢E?

€2k

k+m+
sIMN=ImM

X

and, integrating by parts,

k+m+m'
by = (=1} €2k

L
x ( i g | () mf‘m—v(ﬂ‘t)j P )Ju- 2 ax

b # (-1)"m'c

k 2k

1 -

Hence

bkr-O

kaO

1 -m'
- CZJI 1-x)%" f]-; [u-x)"’“um”'m]

[(l-xz)k] dx

a (o)) teetm'tm)/2 53 "‘I-

+m') ]i

+m ~m) I{(j=m") !

1 (k)

k+m +m'

(1-x)2 m((l-x) )j

for k> j +m

for k<je-m

(67¢)

(68a)

(68b)

(69a)

(69b)

(70a)
(70b)
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m'"+m m'-m j+m !

m
q-_'n.mtx).um) 2 (1-x) ° i BT ) (71)
k=j-m

also in agreement with results in sections b and c.
The integrals in equations 64 and 69 can be reduced to beta
functions B(m, m) (see RB8-4.5.54) to determine a and bk: in

practice, though, it might be preferable to use recursion relations.
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APPENDIX D
DETERMINATION OF PROJECTION OPERATORS

One way to determine the projection operators for a partial
wave expansion is shown in the first part of this appendix. By sum-

ming over final helicities and averaging over initial ones, equation

A-b gives *
do 2
£ I )
(&5 ) m—m% A AR N
i
) A XAy
Using A-5
(%), " oAz ), L G+huned
S * () 33°
J
X 8y x4k, "b“" ’w".’*b’ &) (013 (o) (2)

Hence the total cross section is

1
U"ZI'S. dxd’x

x = cos 0
.t

' J J*
m (Z) ?J}J*’%NJ +}) G(k) (\) lin (7} dO dw(O) d w(e)
(4)

iz-ﬂ is to be replaced by 2 if the mass of the corresponding particle
is zero.
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Rb6+4,59 gives
rdo sin 6 a7 (6) a¥ (6) = wire 6 5
A (@ 45,(6) =5y 651 (3)

Carrying out the integration and summation over J' in 4,

" 2w J 2
o m’a " z z (J+%) ln“)l

(\) J
- ety ), Orhle] 17 (6
a b
J, 1
where 0‘: are the independent elements of -%.— TJ and n, the number

Ipl
of times a, appears in it.
On the other hand, if 'Ji is a set of amplitudes like those in

I1-30 for instance, we can write

do 1 “
(an)m“,l e e ), 71 %y

]
a u
1 t

where Gij = G;; is a "metric"” determined by summing over spins and
polarizations. This is how equation II-37 wae derived. (Notice that ¥
is used both for a column vector of !71‘- as in equation 7 and fora 2 x 2
matrix as in II-34; they are essentially the same entity.)

The ™. are next expanded in partial waves, giving

1.3
o T Z AL % (8a)
T4

or, using matrix notation

3= Z R (8b)
J
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Substituting 8b into 7,

d N\ t 1o
(aﬁ * (s Hlﬂh ) / °ﬁAJ ca’'o’ (9)
unpol a - -y
J,J
+ !l T '
T LT Y o€ ax a7 Ao (10)
a il |
JJ'
By comparing this equation with 6, we obtain
S
J-IA GA” dx = (J+¥)n. 5,01 (11)
If we define
J J
o A, (12)
and a generalization of the "scalar product” of II-40
LR
cpochﬁg‘ldxvcﬂl (13)
we get from 11:
J J!

Then, if a certain "vector" & {s given,

5 1]
,fosg/_; ,{oA" ad

Jl
5 oo toel
J 3

= L nl(J+§)6JJ.6un;'
I

J
= ni(.nh a’y
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or

J 1 J
Q = ¢, 0F
! n‘(Jﬁ) i

We can calculate the vectors

1 J
x| = Go
s ny(J+3) i

and 15 can be rewritten

1
u':-S. x‘vsdx
<1 ®

and we can call the xf projection vectors.

If a different set of amplitudes

P = BZ

is then chosen, we have from 7

de 1 1T
&) T e

unpol a

1 \ o §
™ m ¥ B G'BF
®a *b

and
G'=@ N ge!
From 8b,
¥ = z BAJGJ
J
and
A'J = BAJ

vJ J
¢ = BA_, = By,

(15)

(16)

7

(18)

(19)

(20)

(21)
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lJ 1

-1 3
X (B°Y Go
i ny(J+$) i

-1t
=(B fo (22)

L
i e

g‘ x Bﬂdx

Check:

S' xﬁ Fdx which is equation 17

Sometimes it is easy to compute the projection operators directly.

For instance, if we define the amplitudes TT

A)
o+ f"c"d""."b
A AGA N =
cratraMy ¥ oon g,up( ro g %-i T(k-ile
£
-\ -kd'xnkb

(23)
( ulﬂ‘zx }(co._g)k P" in _g,)kﬂ‘ i\ tp)e

N

A= pu=0
Then, using equations A-5, C-71 and C-4, we can express them in

terms of Gegenbauer polynomials (derivatives of Legendre polynomials)

2
r"’c Agihg Lbﬂfz Zum ;»b (J, x.u)[ Agiighy

n=0

n+i+ta J

L‘f
b ®an, - d;x‘xb] Jox-2p+nt® AES)
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or, if we define

a (-nMHed

(25)
-k Ldik‘kb

P, raitady  Neraitghy

p -
Ja A |
T Agih A V2 Z” ) [’xcxdn.xbi CPES WLk PP )

€ m=0

u
Py xdn.xbzo Crmnt MW T zp+zm+1("’)J Lol

ms=0

where p  and ""o are either p and p-l, or both p-%, whichever
are integers.

From equation A-5, using D-5, we get

J
X Agih o ‘-ux-u)wS'_ ’x » ."b(‘) dh(x) dx (27)

We will use next the other expression for the d{“ in terms of Legendre

polynomials, equation C-66.

1
3

ﬂ (x) d
RN S‘ .1

[- “i(\-ple, M(x)

kc de k.Lb

. ('“xm.“w)"-lc-*d'*.’s(” a -l

x)J
S

- l + -
= %S’"l { (chxdn.xb""*Txcxdn.a.b“’)‘“") a-x) “d) (=)

Ty

(x)-T; (x)) (1"':) (1-x)

+
. (Txcud;x‘xb Arging My p(’"J
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2 S‘-l _(T\ckd;h‘xh(x)'&’rk " lakb(x))sqoa (J, k.p)PJ )ﬂ-n( x)

T (x)-T; (x) i L )(-1) 2 ¥
( A )‘d k‘\.b A xdnakb ) H

n=0

P J-Mn(") :l dx

L
2\
-JZ g‘ o [T:(.ld]’t kb(‘) y 2 (J. A, p)pJ \"’Zm‘x)
m=?
l.
Z2h
F(=)
m=0

where A\ and A, are either A\ and A-l, or both \- #. Equation 28
exhibits the projection operators, showing that for these amplitudes
only 2\ +1 Legendre polynomials (and no derivatives or powers of x)
are involved.

From the properties of the helicity amplitudes and helicity
states under the parity transformation it is easy to see that the ampli-
tudes p:,: correspond to transitions between states of definite parity.
Consequently, their coefficients in the partial wave expansion (equation
26) are either even or odd functions of x.

The properties of the p::) under the reflection discussed in

section a) of appendix A can be derived using equation A-14:



~204-

J+

p :
xc:’\o:l')‘a.\b

(-v) = af (-w)  (-nM¥ad (-w)

kd;hakb L -\ ‘A.\b

= o [ (1M “Hy J J
[( 1) L Ld‘kaxb( W) *a‘k \ IA kb‘w)]

Atp) Ay ;
= (-1) w) F (-1 W
[nh Xd;kakb( ) a-lc'xd‘xakb‘ )]
J
Atp 1
DBy () (292)
and from equation 26
(W, x) (29b)

Txx xxb‘w"’"'” dxaxb
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APPENDIX E

LINEAR RELATIONS BETWEEN INVARIANTS

As was pointed out for equations II-126 and II-130, in the more
complicated cases there are rclations among invariants that are not
obvious and that are related to the fact that no more than n vectors
can be linearly independent in an n-dimensional vector space. The
straightforward algebraic statement of this fact involves the antisym-
metric tensor of the corresponding rank, and is not immediately useful
to find these relations. In this appendix a way of finding them will be
shown, and the problem of the introduction of kinematical singularities
for the invariant amplitudes will be discussed

First we will show how eq@ati.ono II-131 are obtained for the
three~dimensional case, since the other case is a direct generalization
of this one. Incidentally, we will also derive some useful relations
for reducing terms containing the antisymmetric tensors to a combina=-
tion of the invariants used here. The vector product will be indicated
by A.

By expanding (:A ;) A (:'\ 3) in two different ways, or other-

wise, we get
[abcld=[dablc+[dcajb+[dbec]a )
where [: Y :] is the "box product” of the three vectors, that is

(

]n:/\ n: (Zl)

L4 |
L |
)

or

[abe] = €45 1P5Ck Ljok=l,23 (2b)
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By making the substitutions
a~aAlAb b~bAc c~cAa

in equation 1, we find after some algebraic reductions

s e L

[3Bc]dsdabAc+dbecAa+dcalrd (3)
From the property of the Pauli spin matrices

oy u'j = 6”4’ “ljk"k (4a)

(see R1-1,101). we get

nacbeabtigeaAb (4b)
and
tea b tobennach (4¢c)

By repeated use of these equations, we have

o [(R'AENA(RAES)] s ov(R'AE)on (RAE) - R'A e EA g

ze(rR ooe -R.e)NooRoee - o) -bek'coe + 5 Kkee
--xN;+ZN'3-3N;+N'6+N!, (5a)

where

x=kk'=coso
On the other hand, and using equation 3, we have
(BASHIARAS = [R'k )T - [k el &
2R AR O R AR LR TAE R e AR (5b)

and hence, using equation 4b again
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o [R'AE)ARAG] =R ice AR +a-e to-B' AR

kAR G e A - K€ o AR
= -xN; + Nj + 2N} - Ng (5¢)
Combining 5a and 5¢, we get
XNj - xNy - N{#INQNL SN NG ANj =0 (6)

which {8 equation II-131la. (The N; are defined in 11-130.)

If the same procedure is applied to a slightly different expres-
sion like (kA :) A (kA :') +(R'AD A (R'A €'), we get the same equation
6. (The combination of terms has to be chosen s0 that time invariance
is satisfied.)

We try a more complicated expression next. By expanding

(a A B) A [(: A Q) A (d A ?)] in two different ways, we get:

(2]
Y
>
-y
+
g
»
o\
g
ot
[ ]
-
]
4
LA
[» 9
>

If we setnow a=k, B=£' ¢ = ¢, d= :‘. = R T=£, multiply by

ic and use 4b, after some algebraic reductions we obtain:

(l-x )N' - (l-x )N' - 38N' + ZN' xN6 + xN' - NB +xN:)

- N!

]
- N 13"

10+N

12 (7h)

which is equation II-131b,

A useful relation obtained from equations 4a, 4c and 4b is
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{3DC] 20-ac Dorc=8.D0eC+CodoebobCoen (8)
We will adapt now these calculations to four-vectors. It should
be remembered that we have to use the Minkowski metric when a sum-
mation over an index whose range is 0,1,2,3 is performed. For
instance

. pv
a'b = np‘bp =g ‘pbv ¥,v=0,1,2,3 (9a)

where the metric tensor is given by

800 .. g).1 - _szz - _g33 i

g“v . . (9b)
We also use

8,y =8 (9¢)
We define a "triple vector product®

vaaAbAc (10a)
by the equation

vp = ‘vap.kbpcv (10b)
where ‘Xpr is the antisymmetric tensor and

1 (10¢)

€o123 *
Obviously, the triple vector product is zero when any two factors are
equal, and changes sign when two of the vectors are interchanged,
while a cyclic permutation does not change it.

We define the "box product” for four four-vectors by

b c.d (11a)

[abed] = €puvp®aPuSvdp
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Hence
[abcd] =(aAbAc)d=d-(aAbAcg) (11b)

(The parentheses around the vector product are actually superfluous.)

[abed] = - (11¢)

o = “©3 S5
dg ¢ 4, 4,

We would like to emphasize the different behavior of box products

of three-vectors and four-vectors under a cyclic permutation; the latter

change sign, and hence
[abed] = -a-bAcAd (114)

80 that the position of the dot is not irrelevant after a certain definition
has been chosen.

The box product of four-vectors is zero when any two vectors
are equal, or, more generally, when the four vectors are linearly
dependent.

An equation analogous to 1 can be obtained. Since any five four-
vectors are linearly dependent, we can write

clalvk oz;z + usgs + u4g4 + 05.5 =0

4 &

Multiplications by al Aata 13. al AaZa a“. al Aa3 Aat and a?raAa

give
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2.3

a,l alaZa 14] + ns[ ‘1.2‘3.51 =0

2a4a3] - °5[ ‘1‘2‘4

a 3[ ala .,5] =0
az[ ala3a4az] + 05[ 31‘334‘5] = 0
°1[ aza334al] + 05[ 52133435] =0
and hence
[‘1‘2‘3.4] ‘5 + [35‘1.2.3] .4 +1 ll'9;.'5..1‘21 .3 +[ a3.4‘5‘11 ‘2
+ [azasa4a5] al =0 (12)
We get the equation equivalent to 3 by the analogous substitutions;
these give
[nltzasa‘] ad s atiad alnaasd - 3. 4% afaalng?
+ ‘2_ .5 33/\ a‘A al - alo 15 nzA ns/\ 54 (13)
We have substituted alf\nz/ms"‘ (‘2M3,\.4)M‘3,\‘4,\‘1),\(‘4,\‘1,\‘3)' ete,
By direct computation we can show that
-8 &

6,6

3 - - 6
e 2upbvy” Sapluybra pe’vp

, 8

Y

naSuyOva* Sxpbuaduyt SaySusdva 14)

“Auvplapyp ©

and by its use

1, 25 3 A ¥ o5 1.23 45
[(a*A a“Aa”)A a ‘]y"w\'p‘x‘u‘ptpam'n'p
1 23 45
aivpfapyp®atu®pa®p
1 4 2 5 3 1.5 23 4 2 4 3 5

= a<a a-a ly"'l.-l uYa'a +~la ca a -a

- ll' l‘ l:ls' .5 - ll' 35 lz‘ l‘ l.: - I.l,vl.z' .5 13' 54

= « g



or

(al/\ azl\ ‘3) A a“\ a’ = (al- a‘ az- a® s al- .5 az- 54)a3

Lot 3.5 . L a5 o304

- {aa a -a+a a-a)az

+ (az- a‘ ‘3. .5 - az- 1.5 13- 14)11 {15)

Equation 15 can also be proven by noticing that the vector product is

" perpendicular to all three vectors, and hence (al'\ az/\ .3, A a‘f\ .5

3 1 2 3

is perpendicular to alA a%A a3 and lies in the "plane” of a",a",a".

We can then write
(alf\ aZA a3) A -4’\ a® a cl;l + uznz + u3a3

4 5

and multiplying by a” and a

0= nlal- 34 + azaz- 34 5 c313°n4

0= c‘al- ‘5 + czaz- n"' + a353'a5

and hence

‘l oc az- l4 13' .5 - az- .5 a’-a‘

ﬂ.z ot ll' I.s 33‘I4 - ll' l‘ I3' .5

ns ocll’ ‘4 Iz' ls - ll' .5 lz' l4

The constant of proportionality can be found from a particular case (with
unit vectors, for instance).
Another useful relation is obtained in the following way:
._lA aZA ‘3. .‘A ‘SA .6 - [.4A ._SA .6 ‘1‘2.3]

= - (a4h a5 26 A Q1A o202

and using 15 we get
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._ll\ ;ZA ‘3_.4,\ ‘5»\ ‘6 - . .l_ ‘4 ‘Z_‘5 ‘3_‘6 . ‘1_ ‘5 ‘2. .6 ‘3. .4

- ul- ‘6 lz- l‘ a3° 15 + al- n‘ lz' 16 13- ‘5

+ al- 55 uz- n" ;3- u6 + .1. u" az' .5 33-a4 (16)

Or it can be derived directly from equation 14.

By direct computation we can show that
Guvp¥aY, Yy Ys = 6, (7)
We use it and 14to derive the exact relation:
yaAbAcs= 'lpr"lhpchp
1
*% ‘lpvp‘lbpcv‘up?pvcyﬂy‘ryft
1
% vs(slaapﬂav'l'+ 6156“76""* 6).'rau o,6vp' aluspfavﬁ
- slﬂapcsv'r' aﬁ.fbppsvnh%bpcvvnyﬂvf
y-ahb/\c-ys(ﬂﬂ{—boc#+c-a¥-;-b£) (12)
- Using 18 we prove the following:
[abed] =aAbAced
=1 AbAcd+ ! o AbA
Ty a c sdya c
“Svs(WFg-bchrcak-abhd
~A(dpf-chtca¥-abdy]
and after some reductions and permutations

[abed] =y (A ¥fd-ccdfftbddf-Dchddendfftackhd

~arbgfdd+abecrd-arcbd+adbc) (19)
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It is easy to prove equations R2-A38:

YoV, * 4 (20a)
Y Ky, = -2 (200)
AR ¥ Y, = 4a.b (20¢)
vpi ¥ dv,, = -2 ¥ & (204)

Using the first three and 14 and 16, we find

vl Yy ¥ = V¥ K = A W) (21)
Using 17 we have:
‘lpvp‘lvpyvyp =Yg tpvphyp*vypvs.l
== bvyvam,
Euvp®AY Yy Y, = <6 Y5 (22)

Equations 18, 19, 21 and 22 show that any terms containing the
antisymmetric tensor can be eliminated from matrix elements.

Our next task is to find the linear relations among the M; of
11-126, following the methods that produced equations 6 and 7Tb. Use of
rather simple expressions lilke (e AKAP)A¢'AK+ (" AKAP)AeAK
produce only identities.

Non-trivial results are obtained as follows. By repeated use of

18, 16, I1-121, I1-123, II-124 and rearranging of factors, we get
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Vv(EAAAP)A(C'AAAK A(KAAAP)
=Ygy €AAAP V. ' AAAKY.KALAAP

+te NAAPKAAAP ye'AAAK

«e' AAAK KAAAP yee AAAP)

sel(f fP-LeP+P e A K - A 'K+ K ") KYF +K-P )
2 2p.e'+ Are Ar €' K P)KYF + K- P 4)

c(-Ke APP24 Poe AT PHAY I - A 'K + K- €'4)
2

+(~c- €' AKP + Kot &

+ (K 'A%K-P + P ' A’K)N g A P - Ao P + Pec £)

2 K- P &% {MK- PMy+ PIM_+ MM, - Mg+ (K- P~ PZ)M9

2 4

- MK:PM,,+ PZM.M} (23a)

On the other hand, using 15 and II-124 we get
Y (EAAAP)A(e'"AAAKIA(KAAAP)
= [e'aKP][ KaP] ¥
=0 (23b)

and hence

2

MK: PM, + PEM,+ MM - Mg+ (K'P-leug- MK PM, ,

2 4

+ pzu.“ .0 (23¢)

In a similar way



v (€EAKAA)A('AKAP)A(AAKAP)
.ys(y'thl’CAA\r('AKAPYOAAKAP

ceAKAA ' AKAP Yy AAKAP
+eAKAAAAKAP Yy e' AKAP
~€e' AKAP-AAKAPYy-eAKAQ)

2,2 Rl 2

= a? (- B?-K?PP) 11, MiPatM - a%KIM - MK K- PM,

2

+ {a%k. P+alki 4k P)?) Mg+ (x2p%k. P+r2K2a2.0%3(k- )2

2

- (K- p)’}m,- Ma?K. PM, + 2M(K- p,zun

2x2. 242k p - P2a2. 2p2

+ (@ K-P- (KP)}My,  (24a)

Yy (EAKAAA(C'"AKAP)A(AAKAP)
= [eaKP][ ae'KP] K

= [€'KPA]y (K2P A ¢AA - KPeAAAK+K € AAKAP)

2

=y {K?PAeA (-0 ' KAPAA +A%' AKAP)

“PKeA(-8 ' KAPAA +A%¢C' AKAP)AK

2

+Keel-A €' KALOAP +A ' AKAP)AKAP)

2,2

= -xZam, + a%k- PM, + {k%p2. (k- P)%- aZp?) M,

+ a¥{(K?P2. (- PPy, (24b)

where 13 and 15 have been used to get 24b. From these two:

a(k?p2.(x. P)}) M, + Mx2a2Mm, + MK?

" Ke PM, - (a%k%+ (k. P)}) Mg

K- lez

+ AY{kZ2P2. (k- P)?) My, =0 (24¢)

+ (A%4K- P){(K- P)2- xzpz)u9+ MaZi. PM ¢ 20
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Also
v(EAKAP)A(e' A\AAP)A(KALAP)

= - MAZ{K?P2. (k- P)Z}Ml+ MaZk. PM+ MaZkZm

4

5
+ M(k?P2.a%K- P)M,- M’K. PMg- M2 {K?P2. (K-P)Z)Mq

- MpZa?u, + M(a%P2HK: P Z-KPPE) My 4 2MPPPM, (25a)
V(EAKAP)A('AAAP)A(KAAAP)
= - [¢KAP][ Ke'AP] P
= Mk%a?Mge MaZkePM, + M{PZAZ. kZP24 (K- PY) My

- Mad{k?pZ (k- p)z}m13 (25b)

$riad.? 2 2 2,2
A“{K“P®-(K' P) )M.l-A K PM - K'P Mg+ MK PM
2.2 2 e R R 2
+ M{K“P*“=(K. P) }M9 PA Mm 2MP M,

- a3 {x?pl. (k. P)z}u.u =0 (25¢)

One more relation that can be derived from llc and the rules for

multiplication of determinants is

o cm oy oeny % 8 a3 e
2 2 _.2 _.2 6 6 _6 _6
[adaZadat)[2%ab7a®] = - B "% 32 %3] | %0 % %2 8
aas 303 a3 a3 W ST AT ST
%0 ™™ 2 "% o 1 %2 %3
S IR
Bl' Is Il' l6 Il' ‘7 Il' .8
a2..5 a2.2% aZ.a? a2, o8
= I adoab 35,7 a3, 48 (26)
a5 ahab At at. o8
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This gives an alternative, and maybe easier, way of finding equations
24b and 25b. The three equations 23c, 24 and 25c are not independent,
as should be expected. This then serves as a check, since they were
obtained independently. A little further manipulation gives equations
m-127.

It must be remembered that equations Il1-124 were used repeatedly
and hence these equalities are only true when multiplied on both sides
by the corresponding spinors u(p') and u(p). This is a basic differ-
ence between them and equations II-131,

These calculations, unfortunately, do not show a systematic way
of obtaining relations between invariants that can be shown to work in
all cases. The general idea is to obtain non-trivial results by two
different expansions of a sufficiently complicated expression. The
method outlined by Hearn in reference 12 does not seem to lead to the
right number of invariants {n an obvious way, and further relations like
equations II-127 are necessary.

We will now briefly discuss the problem of kinematical singu-
larities. In short, they can be defined as those singularities not
present in the reactions with spinless particles.

In the same reference 12 it is pointed out that, in perturbation
theory, the only difference between matrix elements for spinless re-
actions and the corresponding ones for reactions inveolving particles
with spin lies in the additional factors that appear in the numerator,
These have to be reduced to the chosen set of invariants without intro-

ducing singularities.
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It is obvious that no denominatore are involved in the reduction
of the matrix element to a linear combination of invariants like those
14 in II-126. Any terms involving the antisymmetric tensor can be
reduced by ueing equations 18, 19, 21 and 22.

In the particular case of pN elastic scattering, equations
11-127 show that MB and Mlz’ for instance, can be eliminated without
introducing new singularities. This proves, to all orders in perturba-
tion theory, that the remalining 12 invariants are associated with
amplitudes free of kinematical singularities.

This gives no way of telling if a set of amplitudes free of
kinernatical singularities can be found until the actual relations are

calculated; but it is presumed that this is always possible.
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APPENDIX F

SPIN % FORMALISM

This problem has been treated in several different ways; we will
follow more or less reference 13. See also reference 14 and other
references quoted there,

The wave functions for spin % particles will be written as a
set of four four-component epinors 4‘”. p=0,1 2, 3; the index p 1is
a tensor index in space-time. From the general theory of particles

with epin we can derive R13-4, 56a:
(#-MN'F =0 (1a)
= 0 i
. (1b)

where B is the usual differential operator when actin, on a function
of x ,
M
= -i8 = -f o (2)
Py y B

The subsidiary condition 1b serves to eliminate the spin li part in
th .

e "'p

Multiplying la on the left by g + M, we get

(pz- Mz)-hu =0 (2a)

Multiplying it on the left by ¥ and using 1b and the cormmutation
rules for y matrices,

P,¥, =0 (2b)
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Both equations la and lb can be included in one of the form

Auv(PNv =0 (3a)
where Apv is given by R13-4,56b:
A P) = (B-1008, - TUY P, *v,p )+ Y, (F+ M)y,  (3D)

This can be checked by rultiplying 3a on the left by yp or pp; we geat
respectively
‘%pv +% My, ¥, =0 (3¢)
(- Mp+ 3, + 3 Mgy )y, = 0 (34)
and by combining these with 3a we get back equations 1.

Equation 3a can be obtained from a Lagrangian density by the

usual equations (R9-2, 4)

a8l 8L
El 2 pk EI'P'—k'u"'i,' =0 (4)

From R13-7.124

—

Eay AW, (5a)

where the arrow indicates the direction in which Apv operates.

Or, to bring it into a form closer to R9-7. 27:
1 ]l = - g 1
£=3{ Wp'; Vo TP, YR N S vap-?vvw,}
-3 T Fy, - %Wp(vp?,,'f Y, P ¥, %-?vap'iv,-l:,}

1l =
LR SARNS (5b)
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From the Lagrangian density we can obtain the energy momen-
tum tensor and angular momentumn tensor.

If in R-2. 20

8l
Tep = WMo ap Poti ~ “ap i

we sum over the spinor index implicitly, we get
8s — - L
= + - £
Tap 8(p%,) Paty * VP 8Tp v,) 8ap el

We carry out theee operations on 5b and use equations 1; Tcp is re-

duced to
Tas = 3@ P ¥, T, v h) (6¢)

It should be noticed that the adjoint state vector E“ satisfies the

equations

'-F“(? +M)=0 (7a)
Ty, =0 (7b)

which are directly derived from la and 1b; and that for functions that
obey these field equa tions the Lagrangian density reduces to zero.

Equation R9=2. 27 for the spin tensor

-} 4
Sk, i i -51——”“ui g - (8a)
can be written

. 8L Ly ¥ at (8b)
SK. Ap ! ﬂpﬂui Auv. Ap ¥ * wvAuV.kp ﬂp,ﬁu)

T are defined in terms of infinitesimal rotations mkp by

il TR
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Gu‘- Z Aij.kpuj&“ap (9a)
Jik<p

t&p has actually two indices: p, which is a vector index, and
an implicit spinor index. We determine then, by using R9-2, 24 for a
vector field and the equations above R9-7. 30 for a epinor field, for

instance, that

¥
Apv, Ap apv vp~ p‘_ 6v\ kp v (9b)

=5 .6 -8 &

pA VP 6 (9¢)

A -Lv
BV, Ap BP YN 2 TAp pv

YaVa® ¥
o = _L_e{r_&‘_a_ (94)

Carrying out the calculations in 8b and using equations 1, we obtain

where

1
i
+ 'wa"k"p' :FKVP“‘\ + mpyk“"“ mk’fp*') (10)
Of special interest will be the z-component of spin

3

(l
53 = J SO.lZd x

¢ * t L ¥
= ) {=iligdy- dply) = 3 4,050,
+ & @ovyvp- Tovahyt Tinbom Hivghoh & )

We will study next the plane wave solutions of tne syin%

equation. We write
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$(x) = nup(f;.k T (12)

where 7 is a2 normalisation factor such that if the up are normalized to

wu, = -1 (13a)

g‘ Wy &x = 1 (13b)

the integration being carried out over a volume of normalization V.

Hence

lnlz-%-% (13c)

where E = p_ is the energy of the particle. We notice that u_ and
° K

Tip obey the equations

(6 - M)u (p) = 0 (14a)
y“u“(p) =0 (14b)
-Ep(i « M)=0 (14c)
up.yp =0 (144)

where P, is the momentum four-vector and no longer an operator.

We will prove next that the following state vectors correspond

to different helicity states for the spin % particle:

a(3) = € () (15a)
1 2 1 1 1

al3)= J; €, (0)aty) + J; « Wa(-3) (15b)

a(-5) = \Ft nud + Feou- (15¢)

p'o 2 T% 2z T b |

3 1
a(-3) =€ (-Dal-F) GELY
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The momentum ; has been omitted, and the labels correspond to
helicities of the corresponding spin %. spinl and spin % states,
The aspin % states have been considered a direct product of spin 1 and
spin % states, and the corresponding Clebsch-Gordan coefficients
have been used. The np(k) satisfy trivially equation la, since the Dirac
spinors u(\') do.

In what follows we will choose the ze-axis in the direction of

;. to avoid unnecessary algebra. Then

: &l

0
W= (3| e@= | T | en=g|]
0 K 0
M
(16a)
= o ]*l:»
ale 3) = 5 v gihpey OI (16b)
where
PEH RSN

Equation 1b for u”(%) gives

. o |l >
3 1 [E+M Z
v =k B iv0 + Bl k

"y 1
¥ 45%3"1* ie,) ntie, 3>

= oyt tey) :%&""1“’2’ 0

since }
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1
For up( 'E) we have

1 2 |+ | lp E > ls
ok 5 (ot (v B |10 e [13
\/Tl /E+M( ( !g"! l'%’
+ o I ol ¢ M1 + a,)
I (I T, 3 "
. _ 1
oL [Etm ) ELE& ’3 k i
B\ T . 17
°s  EW &
- g‘h (oyHe)) o tie, 3>
+ .
N (_’lﬂ'z’ E+Mm (1Hor) 0
_\/—;/Eﬂd 2 %Jol * 'T-!‘%Z‘o]
T \|TZM 1 2
5] (4]

=0
and in a similar way we can prove that the other two states also satisfy

equation 1b.
We can check the helicities of the states by substituting 12 into

11, and after performing a trivial integration we get
53030 = 2 {-1(5 e @ud + LaaThathy)- LT he S mep e, mahi}
X a+ng
B
2z

since



zoued) = da(ed

t

Also the u(\) are normalized so that uu =1, and hence u'u = %f

q
sy = Lo huen rpal e nu-n) -4 (3 Byl Bhey puth

2
- %‘17"!’)’12\1("&) - % “Y("‘J)d’lz\l('ﬂ- %ﬁ-zut(i)clzu(i))
* %(- 'tg (dhygul-d)+ %- S(E)y, ul-3) + -'3- u(=3)y,u(d)

"‘!3'-\;(-’!!)\'21.:@))}
1 =) 2
CE 5y (3R 32 B)

= 3
Z

The third term in S3 again gives no contribution, as can be seen from

the computation:

Wdypul- 8 = (<3 [, 00 +é§& 03)a1(l + {g‘&)( |'°i>)
= =2
= ((il.o){l‘ﬁ' é&ﬁ(ula3+ujnl) +(§:ﬁ_).za301°3} ( I.O* >)

. 2M |=%>
m(‘il.mﬂl( 0 )

= 0

and similarly for the other products.
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The helicities of the other two state vectors can be checked
in the same way. All the results obtained so far are of course un-
changed when the fields are quantised.

QOur next task is to determine the propagator for a spin %

particle. To this effect, we have to find an operator dx“(p) such that

A (P = (p2-MP)5 an
H pv Av

It {s straightforward to check that
dy,(P) = (FHMI[ 6y - ‘g L ﬁlupp-vppg- -3—:-1-; PP, ]
+ 2 (p?eMA [lyyp, -y, py) + MYy, ] (18a)
M APLTY Py AYy

(This operator is incorrectly given by Rl3-4.56e) It can alsc be written

in a slightly more symmetric form

P P P
d (P} = (FHM(8, - '—";;5 4 ry t I-M + )

2 .2 .2
+-;;-l-2(p “MI) [ vyp,t ¥ Py Va(F-MIy, ] (18b)

The first term is, of course, the direct product of the corresponding
operator for spin -lz and spinl particles.
The propagator is then, with the conventions used in reference 1
page 478 and h=c =1
»(P)

pv'“‘L4—!Li— 19)

d
P
p -M He

where p is the four-momentum. The minus sign is related to the

normalization of the ue equation 13a.
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Another quantity of interest is the current vector, given by

R9-2.31
[} 7 * [}
J = em——q - u, (20a)
P e | TS0

Written in terms of spinors, it becomes

= LS

8l
J - 17 {(20b)
TR A e, 8,0 v

If we take the Lagrangian density given by 5b, and use equations

1 and 7 in the reduction of termsa, we get

3, = =Ty, (20¢)

for the current of spin % particles.
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APPENDIX G
N/D METHOD

In section IVa we point out that the T matrix can be written

T= & m
in order to separate it in two parts such that D has only the right-'
hand cuts, arising through unitarity, and N the rest of the cuts; the
equations they obey will insure that unitarity be satiefied. In this
appendix we will not be concerned with the complications arising from
anomalous thresholds and complex singularities; these are left to

appendix H.

The T matrix is defined from the scattering matrix by

- 4.4 0 o
S=1+(2%) 16 (Pp PP,T (2)

where PP and P;‘ are the initial and final total four-momenta.

It can be shown that the S matrix is unitary for physical values
of the variables (see reference 1, section lld, for potential scattering,
reference 9, section 17.4, for a general case), i.e.

\

S'S=1] (3a)

sst =1 (3b)

(For infinite and continuous matrices both equations have to be proven
separately; one is not a consequence of the other.)

Relation 3a can be written

Z<b|s'|c><c|s|;> = <bla> (3¢)

c
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where the sum over intermediate states becomes an integration for
continuous apectra.

Substituting 2 into 3c we et

<b|T-TT [a> = (2:)412 54(P:-P:)<b|1" |e><c|T|a> (4)
[
valid when
b
Piezp
B m ()

For the case of scattering of two spinless particles in the
center of mass system, equation 4 becomes
3=

3= - -,
<b|T-T" |a> = <b](z.)‘1§'(‘-:—;g ("2—‘)13 623 +3 ")6(q_*al-W)T T|a> (4b)
5 w m

where ;. :l.' are the three-momenta of the intermediate particles;

9, q"’. their energies, and W, the total energy.

—2 -
g d|qla,s o -
T-T' = (z:)‘tf —Tz—)—é—" slagtlah +atiah-wl Tt T
' w

and using [I-25

TaT = z:t_S‘ dn&p(wn’T (5)
where Zleq
p(W) = -(-;:;;0;2 (6)
Q2= q +m? Qi =q’+m'? g tql=W  (6ab,c)

We write now a partial wave expansion for T

T(W, %) = goorry Z (20 +1)T, (WP, () (7)
|

and substitutin; intoc equation 5
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1

355 ), (U HNT, - THP, ()

h[‘\(/,

2

1 N t ”
= ZIlS dnap (m) -,_:J(ZJ +1’TE Pl (x')z (21 '+I)T‘ .P‘ o(x")

{ L)
where the angles 6, 6' and 6" are shown in figure 1, and obey the

equation

cos O™ = cos € cos 6' + sin O sin 8 cos ¢'
2
A N
F OO

Fig. 1. Direction of momenta

Reference 8 on page 1327 gives the addition theorem for
Legendre polynomials
4
P,(x") = P, (x)P, (x') + zZ 2 PR@PP ") cos me'
m=]1

and using this and the orthogonality of Legendre polynomials we get

finally
T T
T! - Tl = ZiT‘ T (8a)
or
2
Im T, = IT![ (8b)
15!

T, =e sin §, (8¢)
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We will drop the subacript in what follows, We can use equation 1

and get

D" ImN-N"Im D= |N|?
and along the right-hand cut where Im N = 0 we have

ImD=-N (9a2)
and along the left-hand cut where Im D = 0, we have

InNeDIm T (9b)

Now we can use equations 9 to write dispersion relations. For

inestance, from %9a we get

D=1- (9¢)

8-, gw N(s') ds'
w 5 8'-s~i€
where 8 = W2; 8y corresponds to the threshold for the reaction, and
s, is usually taken equal to 8 gince this would give the right threshold
behavior.

Equation 8a is easily generalized to the case of several channels

of two particles with spin:

3 .1

T
™ .17 ar?' 1Y (10)

where the 'I"]r are now matrices with elements corresponding to the
helicity amplitudes in the different channels for instance. The super
index J will be dropped in what follows.

Time reversal invariance requires that

T

T =T (11)
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#0 that equation 10 becomes

Im Ts T*T (12)
We can write equation 1 now in the form

T = ND! (13)
and we get the equations corresponding to 9a and 9b:

Im D = =N (14a)

Im N = (Im T)D (14b)

where the elements involved are now matrices.

From l4a we get again

—_— 8-s S\ ®(-'--1)N(-') ds'
(n'-l‘)(s'-l-tt)

(14c)

where 0(-'--1) is a dhgonﬂhmtﬂx whose ith element is 0(-'-3‘).
the step function with 8 equal to the threshold of the corresponding
reaction. This gives the actual lower limits of integration; and we
observe that ® does not commute with N.

We can also define the substractions at different points for

different channels:

88, (s')ds'
DU N S (s '-s hn'-s-f ) (144)

(no sum over i)

With the definition of D in l4c with s = 0 we can easily find a con-

nection with the form factor for the simplified case we are assuming

(see reference 15).
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Fig. 2. Diagram for form factors

Unitarity applied to graphs like that of figure 2 gives the follow-
ing equation for the column vector F of form factors for the different

channels:
Im F(s) = T'(s) F(s) 15)
We also know that
F(O) =Q (16)
where Q is the "charge vector."
We will prove that
r=(mNHla (a7)
satisfies both equations. From l4c we get D{0) =1, so that 16 is obtained
trivially. Also from 17
Im F = Im (D))o
= - (0")Yam pTy0 ")l
= (D?)-INTF (using 14a)
and since N is real in the region under consideration, we get back

equation 15,
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Also in reference 15 it is proved that equations 14a and b are

solved as integral equations with a symmetric Im T at the left-hand

cut, then T is symmetric, The only cut 'I‘-TT
unitarity cut. But in this region

Im (T-T%) = 7' - v77*
If we take the complex conjugate of this equation,

T, .*

I (T-TY) = TXT* - T7T = - Im (T-TT)

could have is the

and hence T-TT has no cuts (nor other singularities), and since it goes

to zero at infinity, it is zero everywhere and T is symmetric.

Unfortunately, if the determinantal approximation is used, taking

N equal to the Born approximation for instance,

T turns out not to be

symmetric and, although equation 12 is satisfied, unitarity as expressed

by equation 10 is not.

Several ways to insure the symmetry of the T matrix have been

tried. The more obvious possibility of writing

T =4 [npt+ (0T)INT)

does not lead to a tractable expression for Im T.

Next it has been suggested to use
T = 2 N1+ (nT) D T) !
Im T= 4 1%m [onl (8T) 1D T)
Along the right-hand cut we have
ImN=0
Im D= -N

(18)

(19)

{20a)
(20b)
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Hence

Im T = - 5 T'[ (Im DN+ (NT)1m DY) T

= -5 T NN N INT) 7

=TT

and equation 12 is satisfled by this symmetric T. Nevertheless, there
is a serious difficulty that shows up when a limiting process is carried
out to reduce a two channel problem to one channel by letting a coupling
constant go to zero.

Assume for instance that we start with a symmetric N of the

form

al(-) eb(s)

eb(s) c?‘nz(l)

N(s) = (21)

ae in a cage like that in figure 3.
oy e =
~ ﬁx S ﬁe’/ \\ﬁe_ ) f/
I

l I
| I I

I I

A

// ¥ T~ /‘\ /;—I‘\

Fig. 3. Two channel problem
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We will simplify the notation by writing equation 14c as

D=1- ( ®N (22)
Equation 19 can be written
TaN§D+ 3 npTN)"?
- N[l-%_—S‘@N -3 N _Ym )N -2
L) €\ 6,b
S®N - S. 121 V 1

2
cg sz € S‘ Gzaz
2

€a, -€b

N-l - 1
(z(alaz-bz) -eb a;

If T is calculated we get
2 + Oz(ﬂ €(b- %S‘ 51‘1" -‘21-5 Blb) +03(¢)
Te X .
e(b - % S' 91.14» ;‘-‘) elb) + 03(¢) czhz-az( 91;l+hS. Blb) + o‘(«)
where

b 2
o= ot g oy o + o

and when € = 0 we get additional terms in the denominator for the

scattering in the first channel.

A slight variation where N = NT.

T = 2(ND~}+ DNy}
n-:—‘,f@n-‘,S‘m

presents the same problem.
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This problem is not present when we write

T« NTDIN? (23)

D=1- YN*@N* (24)

s0 that if N is symmetric, s0o are D and T, but there are problems
of a different kind. In the first place, along the unitarity cut where
N is real, it is not clear if all {ts eigenvalues, and hence Né. are
real. DBesides the signs of the elements of the diagonal matrix similar
to N* are not determined, and in general a different choice will pro-
duce a different T matrix.

One way of obtaining a symmetric T matrix without solving
integral equations is the following procedure by iteration. We set, for

{instance, with Ng equal to the Born approximation,

LinenT) =Ny (25a)

T = ND"! (25b)

D=} - S‘GN (25¢)
If we define X by

N=Ng+X (26a)
from 25a we get, remembering that N, is symmetric

xT s - X (26a)
We want to impose the condition that T is symmetric, i.e.,

np! = (D7) INT (27a)

and using equations 26a and b, we get
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xp! 4p”'x « (0T) N, - Ny D! (27b)
The {teration procedure would be to use

Nlt NB (28a)

D=a]e. SQNi (28b)
Then X‘ is determined from 27b and we take

Nlﬂ' NB*I- Re x‘ (28¢)

Equation 27b insures that X is antisymmetric but in general it will not
be real. If the final X has an appreciable imaginary part, then T
will not be symmetric and the procedure is not of much use.

Since the whole method is generally only an approximation, it
might be best go give up the exact fulfillment of time reversal invari-
ance and unitarity and use equation 14d; or to solve aquations l4a and
14b with some appropriate input for Im T at the left-hand cut as integral

equationes.
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APPENDIX H
COMPLEX SINCULARITIES

It is well known that certain graphs involving unstable particles
or anomalous thresholds have complex singularities, and that these
demand great care in the use of concepts like unitarity and a straight-
forward application of the N/D method of appendix G is impossible.

We will follow closely the procedure developed by Ball, Fraszer
and Nauenberg in reference 16, although we will change some definitions
of branch cuts, though presumably their choice is arbitrary. Their
approach is to consider the inelastic reaction v + N~ w + v + N and
approximate the two pion system by a resonance or unstable particle,
We will work with the amplitudes T for w + N —p+N, Ty for

s+ N—=w+w+N and T for vwtw+t N—wvt+tw+N,

22

T,, is a function of the usual variables s and t, TZI will be

1
a function of 8, t and w, the square of the energy of the two pions in
their own center of mase system; the other two variables necessary to
define the relative motion of the two pions are eliminated by the assump-~
tion that the pions are in a resonant state or unstable particle. In T‘.!z
we will have two additional variables, w; and Wy Time reversal
invariance demands that le be equal to TZI' and that T,, be sym-
metric in “ and w5 The particles will be considered to be spinless,
and the two pion system, in an S-wave resonance.

We will also use the conventions of reference 16, where the T

matrix obeys the unitarity relations as formulated by Blankenbecler: in

reference 15.
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In the 8 channel, for all variables havin; physical values
(t<0, w, W, Wy > 4pz. e> (M + p)z) we have
i

Im Tyept) = ) {Ty(e, t) Ty (e _,t")

+ Ty (e t'hel)T, (s ,t" ')} (1a)
Im T, (s,,tw,) = ;\: (Ty(e,th e )T (s_,t")

+Tyolet!, w o )T, (s ,t" ')} (1b)
Im T,yo(8,,tie,,0,.) = Z {Tylepthiw )T, (st 0, )

5 TZZ“"' t.o"l+o “"‘I’)TZZ“-' t.a"’z.o "’1’} (lc)

where the primes indicate intermediate variables, and the Z corre-

sponds to an integral over the four momenta 9 of the intermediate

particles,
d‘qi
Z -4 m—; 2w _(a/-m{)] (2m) 6% Z q;- P) (2)
i w
i

where P is the total four-momentum of the system,

The integration indicated in equation 2 differs from that in C-4b
by factors of 2q,, res ulting from the GP(qiz « mi2 ); this ie due to a
different definition of the T matrix that is Lorents invariant. Alac

8, stande for s # i€, etc., and the transition amplitudes satisfy

%

T:i(x.y,...)=Tu(x‘.y..... ) (3)
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Zquations 1, in dispersion graph language, correspond to the

relations in figurs 1.

- E e i

/
~

sy, TH ~ /@Lﬁm

% -~ ~
. W ™ —2 | Z
dISC8 @ Ny @-—% @
,u.l', w?_

Fig. 1. Dispersion graphs

From equation 3 we derive obviously
2i Im Tll(l+. t) = Tu(l+. t) - Tn(l’. t) (4a)
2i Im TZI("*' tew ) = TZ!"'I" t,w,) - TZI(-_.t,w-) (4b)
20 Im T (s 0 tiwy awy,) = Tyolsutiw 0w, )

- Tzz(n_. thw sw, ) (4c)

For our calculations we would like to know the discontinuities in

8 for constant w, Wy Wo, for instance,

TZI‘""' t. “‘+, - Tzl(._n t, “+)

= 2{ Im Tn(.+. t, U+) L [ TZI(." t, “’+,'Tzl(-_a t, w_)] (5)
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The discontinuity in w of TZ), for constant s, t can be derived

from the equation corresponding to figure 2

\

Fig. 2. Dispersion graphs for the w=-reaction

Tn(a. t,u+) - ‘I‘ZI(G, t,w )= ZIZ T(u+. t')Tn(o.t".w_) {6)

where T {is the scattering amplitude for w-w scattering., Unitarity
applied to pion-pion scattering gives for the S-wave scattering ampli-
tude

i6(w)

i) = Flm . stn Blo) (N

2
plw) =y | [ 2R (8)

W
The derivation of equation 7 goes as follows
Im T(w,x) = Z T, x") T(w, x") (9)
Using equation 2 we can write, for the C, M. system:

1 12 2 4 _3,= =
Im T(w, x) = -—3-42 5 (q -p )21!6 (q ~p"(2%) &8 (gt q )
g‘ (2w) " (2w)

x Blq + q;- Vo) T*w, x") T(w, x")

Proceeding in a similar form to the derivation of equation G-5, we get
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=
v, = el (4o %0 x) Tl 2"
Then we write the partial wave expansion

T(w, x) = Z (24 +1)£! ("")pl (x)
£

and like equation G-§ we get
Im £, () = plw) £y (wf, (w) (10)

and equation 7 follows immediately, for £ = 0,
If we take the two pions in equation 6 to be in an S-wave state,

we project out, like above,

TZI(I. 3 w+) - Ta(l. tw)

16(9:_,_)
= 2ie sin 6(w+)Tn(|. t,w_) (11)

We define sz as the contribution to Tzz due to the discone

nected process of figure 3, we have then
D, = (2m°8%( - 5 "M(w) az2)

where ; and ; ' are the initial and final nucleon three-momenta.

Fig. 3. Disconnected graph



-245-
Eiquation 6 can then also be written
Tzl('. t, fﬂ+, st TZI(.' t U-)
=21) TP (0, t', wpy ) Torls, t™ o ) (13)
Ly 23 8, ow.p + 21'9 .0-

where now the nucleon {s also included in the intermediate state.
Substituting this expression and equation 1b in equation 5 we

obtain

Tu(',',n t,w - Tzl(._l t, w)

= ZIZ {T21(-+. ., u)Tn(a_. t")

+ Tz(-':z(l+. t'.u.w:)TZI(s_.t".w_)} (14)
whe re
C D
Ta2= T2~ Tpa (14a)
A similar reasoning applied to T,y gives
Tzz('o t, 014,0 wz) - Tzz“l t, ul_l ‘l’z’
18(wy )
= 2{e sin 8(u1+) Tzz(" , w e wz) {(15a)
TZZ(" t, ulo Uz+, L Tzz(.n t, “lo Uz.,
ib(wz_)
= 2{e sin Muz_)Tzz(l. ty W wz_) {15b)

and the equivalent to equation 14
‘I‘C( t )-Tc(l t u)-ZiZ{T (s ,,t' )T, (s ,t", w,)
2204 O 92 22" 92 - Ll e i Al

+ sz(s*. t' W, w"*)T(Z:Z(‘-' t" w,, w"_) (16)
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1f we introduce the functions

Mll(.' t) = Tll(.' t) (178)
sz(l. t, w)
le(t. t, w) = —— (17b)
C
Too(s,t,w,w )
22 ¥
MZZ(" t, W, w,) = I(ul)ﬂw? (17¢)

we can prove that MZI and Mzz have no discontinuities in Wy Wy
for these variables greater than 0. For instance,

T,ls,tiw,) =T, (s, t, 0 )
My (s, t,w,) - M, (8, t,w) = 21 +1(u721

flw,) - flw )"
S (" F{ R Tylsnt,w )

and using equation 11, 10 and 7

24f(w +) P(u+) Tn(.l t, w_ )

My (s, t,w)-M, (st ) = (W)
21p(w Mlw_)M(w,)
- W Tn(.. & W_,
=0

In our approximation we will not have to consider the branch

cuts in t. It will be shown that, to satisfy the equations
dhcm le(-. t,w) = 0 (18a)
dilcu‘ Mzz(l, . 7 “ uz) =0 (18b)

Diagrams like those in figure 4 have to be included, giving contributions

ETII(.. t)
Tu(.n t,w = (19a)
c=-M
8T (e, tw,)  gT, (s, t )
T,,(s,t w, ) = ¥ (19b)
2218 B9 92 o - M vz-Mz
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where the ¢'s correspond to the four-momentum squared of the nucleon

propagator,
—~— — — — =
\ \ /\ e e L ~ e
N N
/ e /
Fig. 4. Additional diagrams
If we now make a partial wave expansion
M, = E (2¢ )M P (x) (20)

£ =0
From equations la, 14 and 16 we get, after integrating over some of the

variables in Z

o {Myy(s,) = M (s )} = M (s )py(s Iy (s )
]
+z My, (s, 0") [£(a") | 203 (s ') (21a)
ﬁ-{m‘u(.*,. w) - Mfu(s_.w)] = M;l(-+. w)pl(-.,.)M;l(s_)
]
¢ ) M0 e ) [ PMy (e 0) (@)
'Ilr {M'zz(.,p “10 Wz, - M‘zz('.o “‘o uz,} = MIZI(.+I "i)Pl(' "JM‘ZI(.-' uz,

]
+Z M‘zz(-+. s @) | f(w') IZM‘R(._. Wy @) (21¢)
]
all valid for s = (M + p)z; where Z now stands for
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vfa -M)
? s - (M"’ZP)?] S‘ dw'p,(s, w')

q,(s)
pyls) 'g- —7:- 6 s -(M+P)]

1 qzh.u)
pyls,w) = ;:z -7 plw)

2 2
o Vs-(M+p) ][ s-(M-vw)"]
qy(s) - 2

sl & \[[l-(M*’fu}z“ s-‘M-fulzl
2 2ve

p{w) being defined in equation 8,

P

(22)

(23a)

(23b)

(23c)

(234)

We will indicate some steps in the integration over a three-

particle intermediate state,

z Tylo b, u')rgl(-. t", w')

4 4 .

TS - , S_ﬂ'z .‘L‘lzzrs (q -M )215 (q -u ) 2w (q'z z,
w

(2w}~ (2w)

x (21)454(11*(1'*9“'1’)1'21(.. U')T;I('o " N',

= gd q'd q"bp[ (p=q'-q") -MZIG (q
Z(Zt)

® Ta(l. [ c»')T;I(-. t", w')

We define

k‘q""q“ ‘-ql_qﬂ

ozz

-u")
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Ty Ty ==t C ah a8 (P-102- 142 8 (cti) 2-412] o (k1) 2-4p 2]

<
s "7 2 2(2w)

x O(Po-ko) 8(k°+xo)8‘ko'xo)T21(.| t.n @')Tz‘l('! t"l w')

= 4---——5-‘z ’ Td kd 9 5[ (P- k) -M lé(k +K -4p ,G(Zk K,e(p <X )
w

x Bk +K_)O(k =K )T (84 t's ') T3 (s, t" ')

We will take momentarily a system where k=0, Then k - K =0

implies K= 0 and from k2+f{z-4pz= 0 we jet ’-‘-2 = kz-4p2

& - (‘
T..T dkdxxdlxdna(Pk)-M [ k2-(kZ-4u?)
2 TaTy " :(—z:;'g | [ 18[ u%)

x a(zkoxo)etpo-ko)&(komo)B(ko-xo)'f‘n(-. t', w')'l‘;l(s. t", w')

2 2
=“ : Vd k.&— E-Z:L 41:6[(P-k)z-Mz]G(Po-ko)G(ko)
2w

x TZI(" 4 u')TZl(l. t", w')

and writing it again in invariant form

E »
d'k s[ (P- k) ]G(P -k _)6(k )
fa® s(zw) S \l

xTZl(l. .u)T (s, t", ')

We notice that t' is a function of & and x'= ii- q, t" of

¢ and x" = if- &. ; = 13. - f:. and w'= kz. 8o T21 does not depend
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on K.

We choose now the C. M. system, where F =0

Z'r 'I‘ﬂ (z S‘dk fzdlkldﬂﬁﬁ[(\rn-k oh MZ] 6(P -k )

8

lkz_ 2 . .

x O(k ) -—kzh'- Z (2t P, (x") M, (s, w")
1

*
x Z (21'+1)P‘,(x")M‘z'l(l.u')|I(u')]z
!i

g _LQ.LLL_ ‘ 4 Z(u +1)P (x)M (8, w")
8(Zv) .

x Ma(l.m') If(u')lz

g =4 -
From 920, q 220, g =0 we get: Ve =q +qltqll=M+2,

hence the ﬂ’".-(MiPZp)]z factor. We have seen that ltzS 0, and

2 2 2 2 -

from k2+x = 41~ we conclude k™ = 4u”. Also k" = 0 implies,

from

2 _ L--(M+Ju221[--(m-fu')zl _ s2-28(M% 40 2o 2
8

4s

Y8 > M + Yo' or w' < (Ve - M)z

Also
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3 V (,N- -m)? . 3
(2¢ H)P, () do’ —1 1}1 ’2-'-:1&‘—. f(w') |2
Thl 21 e e —— [ft")]

N m(-.w'm‘n (s, ')

and equation 23b is obtained. Since |f(w)| is large only in the neighbor-
hood of the resonance at w = m‘z,. we can use the values of MZI and

MZZ at this point in the integrals. We get then

gy [ My (0 )= (s )] = 2] (8 ), (8 )My, (s )

+ Mo 4 2ip (8 )M (0, x02) (24a)

[Plln(-+.w)-M1u(l_.u)] = M:n('v w)p,(u)»‘ﬁ(t_)

+ My ple 00, m2p,(0,) My (s, mZ)  (24b)

M‘ 2‘..'.0 z)‘M'zz(._n ‘ﬂli ‘02)] L Mtz)(‘ +* ﬂl)Pl(l +) ‘MIZI"_- uz)

+ M!zz('+l Wlu m:)Pz(’+)M‘zz('-l mzn m:) (240)
where (\fl _M)Z
py(8) = Ao - (M+24)%) o2 du'p y(s, ") [fa") |2 (25)
Y 4p

Equations 25 have the same form as the partial wave unitarity relations
for channels with two stable particles; the difference is all contained
in the generalized density of states of equation 26.

We follow reference 16 in the analysis of the behavior of the



«252~

singularities when w {8 varied. The one pion exchange of figure 5
will give a pole in the t variable, with residue gf(w) where g is

the pion nucleon coupling constant and f(w) the w-w scattering ampli-

|
/l\

Fig. 5. One pion sxchange graph

tude.

We will study the S-wave projection of this pole:

T?u"' w) = f(w)B(s, w) (26)
2 . (28a)

a(s, w) =
J[L!-(Mﬂﬂ}][ o-(M-p)z][ s-(M+w)?][ l-(M-\/—u)z]

B(s,w) = L. (28b)
Cn il T T T T

From equation 27 we see that B(s,w) has singularities where the

logarithm is either zero or infinite, that is, where
[Blx,w)] % = [a(s, )] 2 (29)

The solutions are
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e=0, 8=o00 (302)

2 2
s*(u) = Mz+§ & }%;T:L ,|w(4pz-u) (30b)

The branch points in & are (Mﬂ.)z. (Mou)z. M + fu)z and (M-\ﬁa)z.

The branch cuts will be chosen as in figure 6; this implies
a’(s”,w) = - a(s, w) (32)

We also choose a > 0 above the right-hand cut, We next give w a
emall positive imaginary part, and take the branch points s = 0 and

8 = @ below and above the left-hand cut, Hence for s = 0 the numer~
ator of the logarithm is sero, and for & = o, the denominator, and we
can join both branch points by a branch cut.

It should be remembered that the Riemann surface for the
logarithmic function has an infinite number of sheets, and not only two
as the square root, and care has to be exercised to compute the dis-
continuities across two branch cuts running together.

For emall § > 0, and s, (w) real

ds*(w)
Im 8y (w+l§)'6T—

2 2 2 .
. [17 *Ji_;i‘_u'_}‘_' 2p @ J 5 (33)
wi4p ~w)



-254-

0 > L l+ St B
| e
' (M-va) (HL-/»)'—"(& (Mp)? (M7

(o)
0] = s &5 L s, -
— %} — A
" Tt (Moa) (M) (M+iw)?

(b)
0 ™ Fe S = . 0
— D e ;’/ :
- (-G (MY ’:‘T_‘_J_,/ (M+fw)®

Sa (M_‘;u)z
(e)
=
o I« —A{ - o
! D e ,.___J%\ ’ pee
A M-V ) (M) i ()—7 i (Mg
A I

Fig, 6. Singularities of B(s, w)
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We notice that Im s{w) changes sign at the same time %‘Q does,
It is easy to check that for increasing w we find the situation

in figures 6a,b, ¢. The turning points are reached

for w= 2.|.-z(1 - ﬁ) Ims_=0 (34a)
o_ = (M-p)? (34b)
o) = e 4 (34¢)
and forw=2p"(1 + $) Ims, =0 (358)
o, = (M + ) (35b)
s = (M-u)?"r%;; (35¢)

It can be seen that both @ and P change sign when Im s, changes

sign, so that we always have

a(s 0 w) als_, w)
Mos <0 Fiow O (36)

and these inequalities show that this branch cut in B(s,w) can be
limited to the segment between s, and s_.

In the physical region, w> 4p Z. s, becomes complex. I the
branch cuts of Im(4pz-w) are chosen to run from 4pz to oo and from
0to ~o0, and its value in the region from 0 to 4;;2 is chosen

positive, then
2 2
8 (w) = M2+ $ *i _ﬁ%‘_ﬂt_ Iw(.,,.4pz) (37)

and the branch cuts of B(s,w) appear as shown in figure 6d.
Also from equation 27 we see that the discontinuity of B(s, w)

across the cuts of a(s,w) {s gzero.
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A convenient representation for B(s,w) is

Bls, wtit) = & S‘ ﬂ'—-ﬂﬁﬁ—&)—d- (38)

gince

disc B(s, w) = 2ia(s, w) (38a)

across the branch cuts of the logarithm that form the path I', and
are indicated in figure 6.

For real w we have

=
B‘(l-“’) - .I;S‘r L!L'.l:“'_ﬂgl. " P

+ 8 -8
1 Y a(s', wtb
R ds' (equation 32 i{s used)
' - r‘ . - . q

+

= -l-g -—t—-'——-)-o 8!, wtib ds'
w 1 *
I"+ 8'- s

= B(a.. w)

and for real s, B(s,w) is real even for w> 4pz.

If the only interaction we consider is the one pion exchange (sece
figure 5) and if there are no anomalous thresholds, or complex singu-~
larities, equations 24 and 26 give for the S-wave amplitudes M:j
(written without the superscript in what follows):

My (o) = _ ® s Mu(l;)f:l(lL)Mn(-'_)

(M‘hl) ¢ =8

2 2
M,y (8%, m2)p (s )M,, (s’ , m%)
+ L e TpPay a7 (39a)

1
w .Y(M_‘_zp,z s' = »
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1 O , May(a, wlpy (sl )My, (s’)
Mu(l.w) =B(s,w) + = } (Mﬂ;)zd' o g
2 2
@ M, (s, wo,m lp (s )M, ,(s', m
+!.S ,ds' =22 0P P2 T ) (s9m)
¥ oJ(M+2p) s'~ 8
1 w0 sz(';_o WI)PI(.;)MZI("_n 02’
Myols, 4wy = T S ds’ e
2 2
@ M, (s, Yo (8 )M, (8,0, ,m )
+;_S‘ , ds’ 22'8 40 Wp, 1P B 102\ 0 e ey (39¢)
Tl (M+2p) s'~ 8

Since for w, W wy > ZFZ(I +25) anomalous thresholds appear,
we should write down equations 39 for w, W @y less than this value
and then continue the equations analytically to the value of interest, m:.

But, as is pointed out in reference 16, this procedure leads to
the wrong discontinuity equations in «, and the contributions of the
graphs in figure 4 indicated in equations 19 have te be included. We
have to project out the contribution to S-wave scattering.

According to R16-5,2 this gives

Myte) % patate’,w)

'"W,Pl“‘, .+(w) ds s'- 8 /
q =
) e
~F L e
e Ul //C{
Ty
. gy
7P :

Fig. 7. Additional contribution to T 2
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From equation 19

L
Ty= v

(p'fp'-q')f- M
eTy

s-2q' (Pw')w{-h?

We choose the pion C, M, system, and we define k= q' + q", We have

then

k=0 qa:q;--ls\fu kzskgaw

2

13 = la | = B Jome (p+p")2 = (ktq)? = o

z - - - z- z z- 2
o 8-w-M qz «(p+p ')Z - 8 ZlLM‘;-wLﬂM w)
2vw
2

g-M +w

2V

qo
Pt Py *

We choose ;+;' a8 the polar axis, then
To L
-] el - ?
s-2q(p tp )t =M +2|q |[p +p |x

2g Tu

| [o-au2
l-Mz—uﬁ'sz* \[32-2().&2+w)a+(Mz-w)z \]2":?2_ x

Taking the S-wave projection of the two pion system,

ng

T“ = — reme—
21
. l-z-z(MzmMMz-u)z\ I el

2
B-Mz-w+2pz+ {sz-Z(MzM)rt(Mz-w)z w-dp

W

X log
seMEawtp®e I.z-z(Mzm)n(Mz-u)z:I wrdpl
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We next notice that the branch points from the logaritm are precisely

s,(w) as given in equation 30b, and hence

i TR s P 1
ot .o

(82-2(0M2+0) + (M2-0) (s'-0)

Tpiet) s (@) 'pI(O')a(-'.u)
-~ il ds’ v

s, (w)
and next we can take the S-wave projection in the C, M, system and use
17b to arrive at the desired result., The branch cut in pl(l) was chosen
between (M-p)z and (M+p)z.

Since the physical cuts are already included in the integrals in
equation 39b, we want only the contribution of the left-hand singularities
in &, which is done by including Mu under the integral, Similar
terms are added to equation 39c.

Equations 39 become

Mn(‘+"’1(" )My, (s’)
Mﬂ:) 8 -8

My, (s) = “S“

2 2
M, (s}, m )p,(s)M, . (s' , m)
..S' ,ds’ 2l o ek M0, mp (40a)
w (M+Z“, 8 -8
8_(w) pyls')a(s’, w)M,,(s')
le(.ou)ﬂl;.s‘ dl"gé'-:.';ﬂ *mg ( )dl. 1 PaT 5
(w) 8, (w
AT o Ml
(Mﬁl)
2 ' i 2
. .l.. g‘m , ' MZZ(."P' Wy m‘e)Pz(.+)le“_i mp) (40b)
(M+2y) £-e
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8 (ul) pl(-')atl'.ml)le(-'. w,)
(wl) B -8

o(0p) , Pylatlele’, u)My(e"s )
8'-8

1
Maal® oy o) = et Y

by ),

+(“’z’

¥ * d' 8 -8

(M)

' 2 2
X lg-(oo , e’ M, (sl @am ) (81)M,, (s, m 7, w,) .

M+2 ) ""'

Equations 40 have to be modified when the singularity e (w) of B(s,w)
in MZ] reaches the point @ = (Mﬂ;)z and turne around, The integrals
beginning at s = (M+2p)z are unaffected by this singularity, and hence
equation 40a is unchanged, and there are nc anomalous thresholds or
complex singularities in the w + N v + N reaction, at least in this
approximation,

We will continue equation 40b both for w with a small positive

and negative imaginary part, and we will show that MZ] bas no dis-

continuity in w.
First for @ = w + 16, we define the continuation of MZI to the

non-physical sheet reached going downwards through the unitarity cut

for (M+p)2< s< (M+2p)%, by
MU (s-1€) = M, (s +i€) € =0 (41)
21 21
Unitarity gives for Mjl‘ j=l2

Mjl(:ﬂc)-Mn(a-lc) = 2lp1(s+i()Mn(s-i¢)Mn(l+ ie) (42a)
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and, remembering that the cut in py stops at (Mﬂ;)z.

(s-ie)

Ma
My (eHe) = Yoo e T (425)
M, (s)
Mjj (0) = o) ()

and hence

we can write

(“ an u"+l “-‘)Px(....)Mn“ ,
a2 e
o . ' '
) S‘w s’ Mn('-':"”l"-”“u('-) (s
(Mﬂl) 8 ~8

We continue next to Re w > 4p2. noting that we get into an unphysical
sheet for Mu. corresponding to Mg :

(M) ? [dtsc MY (s, w,)] py(s")My (s")
8 -8

My (0, 0,) = Bls,w,) +3
8 (w)

. 1 S‘ (M'ﬂ") l(‘.)c(' ’ “+)Mn.(..)
lrﬂqu!w |) +(u+) M)

w,) pyls')a(e’, @ )Mn(l') @ oo
e 2 «
mg( )2 8'-8 S|(M+|x)2 S.(M-i—z;n)z

(45)

where disc M!zll (l'.w+) is the discontinuity of this function across the
cut of B(s,w,) with the direction shown in figure 6. From equation 45

we get, remembering that disc M.u = 0,
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dise Myy(s,w,) = 21a(s, ,) - 2i[ dise Myy(s, w,)] p (s)My(s)

I
pl(.)u('o W+)Mn(.)
R { T Y (| veon)
and from equation 43
disc M_,(8, w,)
il 21 +
disc MZI“'"+) - e E{Plﬁ)” 0) (46b)

and combining theses egquations
(()MI(e) -

p
dise Myy(s,w,) = 219(s, w,) [1 - Tﬂﬁﬁ’j | (46¢)

and subetituting this into equation 45, and simplifying with the aid of

equation 43,

MZI(.. w+) = B(‘l ”+)

.1 ( (M+p)2d.' a(s', w )p (s ")My, (") 1+21£(w,)p(w,)]
m ’+(m+, 8 -8
e (w) - ) o
? V 2 *S‘ 2 *f 2 {47)
(M) (M+p) (M+2y)
Unitarity applied to w-w scattering gives
flutie)-f(w-i€) = 2{p(wHe)f(w-ie)f(wHe) (48a)
and, since £*(w®) = f(w)
'ﬂ'—_pml - -m—ml % = 2{p(wtie) (48b)

1‘% * ﬁ:r + 2p(w) (48c)
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and we get

1 S‘(M'h") a(s’, W.‘,)Pl(..)ull"')
Mu(.t ld+) = B(‘l U-'J *W' @)p w';’ '+(u+) 8 =8

s ‘Wq.) 'l(.')u‘l(")‘(' o“+’

4 !. S‘m Pl(.+)M21(‘+tu )Mu(. )
(M+y)2 i

2 2
stu o M,yo(ef wim )p,(s )M, (s, m))
(M+2p)

8 -8 (49)

Equation 7 can be written

18(w) in 6(w)

flwp(w) = e
For w= m: there {s a resonance, i.e. G(m:) = -E , and hence

f(m:)p(m:) ={ (50a)
and from equation 48¢,

» 2 2 _—
f (m’)p(mp) i (50b)

and introducing equations 50 in 49,
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M+)2 ~s (0,)  ols',mi)p(s")M, (s")
le(l. m:) = B(-.m:) + -;:'( \ d-'—S‘( U p_1 Mu

o (w,)  (Mip)? e
2
L]
& -I-S‘ @ da’ PI(“*)M'ZI(';" mp)Mn(‘_,
w (M+p,z 8'-8
1 2 _2 . i 2
" l a0 4o MZZ(“*' mpo TD’PZ‘.""MZI(.-’ mp) (51)
We will repeat this continuation, but now with w —w - 18,
From equation 33 we see that
8 () = ag(w,) (52)

which is true also for Re w > 4.;2

according to the choice of branch
cuts mentioned above equation 37, This implies that the contour is
deformed now into the upper half-plane, and we have to define the
analytic continuations of M 51 going upward through the cut

M l(-)

111
M.ﬂ is) = !:ﬂpliliﬁ;;ld (53)

By taking the complex conjugate of equation 48c and replacing

w by w® we get, using equation 48b

el R (540
[5)
and hence

p*(w®) = - p(w) (54b)

80 that the cuts for p(w) have to be taken from -o to 0 and from 4pz to

@, which agrees with the choice of cuts for -i(w).
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Continuing equation 40b to Re w > 4p 2. we get
(Mﬂa) pl(l')ﬂ(l'.u_)uﬁl(.')

Male.w) = Bla.e) *m;-rr-rV

o, (o ) e -8
S-- (w_ ) "l""“(' v w_)M,,(s')
W (M+p)2 8'-8
1 S»(M'*p): ' [ diec M, (s’ w_)] pl(l')Mllln (s')
- - 2 T
w .+(w-) 8 -8
M, (8L, w_)p,(s})M, (s')
+ ‘;S zd.' 21" + .-' -l.+Mu
(M)
1 S‘co AR w_.m;)Pz(s!,.)Mm(lj_. mi)
+ = ,ds Y 535
—— —~r== (55)

Taking the discontinuities of equation 55 acroes the path from = +(m_)

to (M'I'p)?':
I
Pl(')a('t “_)Mu (s)
disc Mm(l. w)=- 2ia(s, 0 ) - 21 (BT OW]
+ 21[ disc M, (s, w )] p, ()M 6
21\% @ N Py 8) 1 (s) (56a)
and hence Pl(l)Mgl(')
1+ w_)plw_
disc Mu(c,u ) = - 2ia(s, w ) (56b)

I-ZSpl(l) M}lu (s)
For Re w > 492. p(w) is real and equations 48b and 54b give

1 1
e Vplw) ~ ~ e Jpla,) (57a)
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1 1
" RERGT " R YRS (57b)
We also have
a(s,w,) = a(s, w_) B(s,w,) = B(s,w_) (57¢)

and using equations 52, 56, 57, we get from equation 55

z]('t“‘ ) = B(s, ‘*’.'.) +m—+‘r'm 7

T
8 -8

S‘ (M+P) o a(s’, ‘“+)Pl(.')M11(.')
8 (wy)

8 (W+) ' ﬂ(.'. u.,..)’l(")Mll‘.')

ol "
P Lg‘m d Pl" )le('_',im ,Mll(- )
(Mp)? K=
] z ] ' z
z l_g\m d" MZZ“";'“-' m!)Pz('JMZI"_I mp, (58)
(M+2p) ‘1-‘

This equation shows that the discontinuity in w of le is zero, as
raquired by equation 18a.
The equation for Mzz is handled in much the same way. We

will continue first in <o giving it a emall positive imaginary part, and
keeping w, fixed at a value less than 2171 + )
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(Mﬁt)zd.' pl(t'h(-'.ul.,,)Mg(-'.wZ)

W) = :
Mppas iy mg"#“’ﬁ’

-
8 -8

"'S’. (u“) "1“')°".""1+’sz""“‘2’
(M#y)? S

8 (Wz) pl(‘.)a("l NZ)MZI(.'. w’.',)
8 =8

1 S‘
+
tﬂuz,plwzi (“2)

2 I 1
N !; ((M"P) al [ disc MZI("""H)]PX"')MZI“ .wzl

Tyl ) el
L T® 0 Malthaele M, (s, o))
" (Mm)z 8 -8
2 2
" !—Vm da! MZZ‘.;"“l""mp)pz(’:")MZZ‘.:-' mp'mz) (59)
*J(Mmr2p)? . e

and using aquations 43, 46c and 48¢c, we get

(M"P, de" ““.l “’l+’91(")Mu('.- mz)

1
Maale r e ) mra;;ry

(w“) '8
8 ‘“’H) L ale'sw ey (8')M, (8", w,)
'““’n,"""x*r) (M) e
. 1 gl (wz) pl(l')ﬂ(- .wz)Mu(ﬁ vy
;“wziplw ¥ +(w 8 -8
+‘! S‘w de? u(-;.ul't)pl(l;)uu(s'_.wz)
(M+)? i

L} 2 1 2
-\Y s Mzz(.+a Ul+- mP)Pz(.uMzz('_s mpv @z)
w (M+2p)z 8 =8

(60)



~268~

We continue now in Wy keeping wy = e o The third integral
in equation 60 is afiected, and the path from '+("'z’ to (Mm)z lies
in the region II defined by the cut in Mn: and another dent is made in

the third integral in equation 40c (see figure 8). Equation 60 then

becomes!
S (Mh“) ﬂ(l'.u»“)pl(l')Mn(cL. w5y
Mol o) * TG ), )¢
l 8 (“l"") n“'- (“l+)Pl(")le(.;o“2+)
(M)2 My (el ) Jpy(a')disc My(s!, w,))
* ; ds' 8 =8
8 (u2+
M2 p(s')els'sw, IME(s', w )
4 1 L ot 5. okt e .
Eomr o R e
S" (Wz+) PI(")G(.'lW2+)le(':l“‘l+)
w!lw +ipluz+i (Mﬂ;) 8 =8
1 [ +] <o
+ L + (61)
X EMM"‘ .Y‘sz,z '

Using 46b and ¢ we can find disc MZI' and then 48c allows some
simplifications; we get

a(s’, w,,) a(".uz+)[ 1-21pl(s')Mu(l')]

dise My (8,930 * Moy o,y © Toa, Jplay ) e

and using 43 and 62 we can write 61 in the form
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Maalor e o2y = oG Doty

Yo le ) 'u"’1+”‘“1+’ (M+p)
2
5 : ) ds’ Mygte_s uy )y (s'els’, 6yy)
2 h"z+”“"z:’ U8 lw, ) i
~e ("'2+) o (s ]
+ + 63
'“‘"z+"""‘z+’ J (M4p)? S‘(Mmz g(Mﬂp)’ .

S_(wph) S_ CL“’N-)

Fig. 8. Continuation of MZZ

If we want to exprese all integrals in terms of MZI("'-’ ul+)'
we have to find the disc of this function both across CJl and C2 in
figure 8. The firat can be found from 46b and ¢, and the second
directly from equation 49, We get

; Py (8)M;,(s) ]

ey o (64a)

t'lllt:1 Mu( -+.w+) = 2ia(s, U+)[’
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Pl(')Mll(.) :I

dhcz le(l+. u+) = Zin(l.0+)[l ok ~

(64b)

and equation 63 becomes

M, (800 400,,) = oo S’ "‘“‘” oo 202 Jey (e Iy 01, 0 )
22(% 02 = BT, (o 0
t ' (o) g. ‘u“) L elehhw, dpy(s'IM, (8], 0, )
@ L0l ) Ity ? et
1 (M+y)2
+ngpﬁz") S. (wz+;" —'_—

o_( ) :

" l S‘m de' 21(.1" ﬁ‘+)91('+)uu(' ’ Wz+)
(M) ? o-e
2 ' 2
N l Ym d . Mzz(.'_‘,n Ul+| mp)Pz(-;)Mzz(‘-a meo WZ.’,, (65)
‘M+2P) - "'.

where

= '“2"”1.) MZI“*’“I"J- 2ia(s .UHJ I-W ) (65a)

and A' is obtained from A by replacing f¥ by f.

If we take now @ = w, = m: + {6 and use equations 50,
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Mzz(l, m:. mﬁ)
u mm:. (e (s’ mP)p (8 M, (s}, m7)-1a(s’, m2) {2-1p, (s )My, (")} ]
v 2 8'~8
s, (m7)

2 (0.m2) ale',m2)g(e') My (s}, mo)-tals’, m?) {1+p (s')M;) ()]

o P ds -y

v (M,‘_NZ 8 =8

o M., (s' mz)p (s' )M, (o mz)

vl Pl i adoels Ao

v (Mm)z [ Ae g |

1 ™ . “zz"'# m:. m:)pz(l;)uzz(l'_. m;_.m:)
Y yhe e (66)

{(M+2p)

In equations 61 and 66 we notice the additional terms due to the complex
singularities, that {s, the integrals from s +(m:) to (Mﬂn)z and from
(Mﬂ;)z to l_(m:).

Still following reference 16, we write

M = ND°} (67a)
N= (n‘j) (67b)
D= (5, +d,) (67¢)

Then, from 67a, we can write
N = MD (674d)

and {f we restrict ourselves to w = W =w, = m: and we drop them as

variables, this is written out

nu(-) = Mu(l)[l + du(l)] + Mlz(l)du(sl (68a)



~272-

n),(8) = M (s)d, ,(s) + M,,[1 +d,,(s)] {68b)
nn(s) = MZl(u)[l + du(s)] + Mzzh)dzl(l) (68¢c)
n,,(8) = M, (s)d, (s) + M,,(s)[1 + d,,(s)] (684d)

In reference 16 they next eliminate the M, and find the relations

ij
between the nu and du by using equations 68 and the integral equations

40a, 51 and 66 for the MU' We will merely quote the results:

tum) S- (m) ey plh')e(-')du(-')
(Mm)’ .=

dye =- (S

+‘m

1 (® , Paledny (e
" do’ v

(69a)
T J (M)

2 2
(M+u) e (m?) P (s')a(s')[1 + d (s')
i -p 1 22
‘.) =2 e - - d T

1 @ Pyisiin, ,(s")
5 - d.' | (69b)
'S‘(Mm)z 8' -8

, Pa(eiin,,(s')

o (69¢)

a0 -1
a Y(M+Z)

, P2layiny,(eh)

(8) = = = ds ¥ (694)
22 Y(Mﬂ! ) 8' -8

1 a(s’)a,,(s")
nn(l) ok S;_‘ da' m——— (70a)

1 a(s' )dzz(l
nu(l) = B(s) + = r ds' S~ {70b)
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") ")
S\ o n(l dn(l

1(') - E’(') + =

2 2
(M+y) s (m") py(s')a(s")n  (s")
{ - , A1 ™1
*:( S f ¢

ds - (70¢)
sm?) v a7
e (e
Byais) = "’S. BT
(M"'p) 8 (m ) [ (l')ﬂ(i') (s')
,_(S‘ S‘ P ae 1 — f12 (704)
s lml) (M)

We observe that du and cl.lz have cuts along (Cl) + (Cz) and from

(Mﬂl)z to oo} dZI and dzz only from (M+Z|.n)z to oo; and the nU
have only cuts along I'. It {s then straightforward to prove that the
right equations for the discontinuities are obtained.

For instance, from 68c and d
nu(u)[l + dn(o)] - nzz(.)da(a)

M,_.(8) = (71a)
21 [ 22'8)] - &;,(s)d,,(e
we will take the discontinuity across Cz
o M disc [nu(l +4,,) - nzzdu]
21 ATs,)
[nn(l +4d,,) - n,,d,, - disc {n21(1+dzz)- n,, 22}]di-c A

als,)als )

where A = (1 + d.u)(l + dzz) - dlldll'

From equations 69 and 70 we get

disc {nn(l *d,,) - "zz"zl} = (2ie +2icd,, - 2p,0n,,)(1 + 4,,)

- (210d,; - 2p)dn,,)d,,



~274-

and hence
2ia] (1+4,,)(1+d,,)-d) ,d,)] = 2pjomy,(1+d,,) +2p)m) 5,
disc MZI = x
disc Mn = 2{a - lelMu (71b)

This agrees with what {s obtained from equation 51, We observe that
the singularities of the By and dlj are no longer separate, that is,
there no longer is a unitarity right-hand cut, and left-hand cuts.

There are now two possibilities: to solve the integral equations,
as it is done in reference 16, or to make an approximation in the per-
turbation theory spirit.

B(s) is of first order in g, and so ie a(s), hence, if we keep

only g to the first order, we are left with

L (L, eyl (eh)
- s

dy,(s) = - = (Mm)zd T (72a)
L

|3 S‘(:*u)z o AR e

dyy(e) = - };S.(:np)" de' ’—z-‘;’-;;-’lﬁ’ (72¢)

® palsyiny,leh) (724)

1 '
R ";S\(Mﬂ”z" ak
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ny,(s) = 0 (73a)
ny,(8) = B(a) (73b)
n, (s) = B(s) (73¢)
n,,(8) =0 (73d)

The only difference with the equations for the case without anomalous
thresholds is the additional term in equation 72b.

The analysis of the problem of complex singularities has been
restricted so far to a simple example, although it probably has all, or
at least most of the features, of the real problem. Of course we could
try to repeat the analyesis in the general case of particles with spin, but
the amount of algebra involved i{s rather forbidding. We will take then
the alternative of assuming that no fundamental changes are introduced
by the different complications.

One generalization will have to be the inclusion of other than the
S-wave components of the Mu. The analytic properties of the inter-
action term can be deduced from the properties of the Legendre functions
of the second kind, since R8-6. 3,44 gives

Sl P,(x) dx

, e T 20, (a) (74)

and the same reference, on p. 1328 gives

Q) = P, 10g 2 Fh Py 0= B Py .. (79)

80 that the branch points coming from the log are the same for all

partial waves.
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On the other hand,

Q,(-x) = (-1} "o, (x) (76)

and the discontinuities of the B’ (s, w) across the branch cuts of a(s,w)

is not zero for odd L. This can be taken care of by defining
(M} (o, wl)= ols, ){ (s, w) (77)

for odd ! (see equation 57c).

The inclusion of particles with spin has the effect of increasing
the number of partial wave transition amplitudes for a given process,
but all projection operators have the form of equation 74 as can be seen
in part II and appendix D. Moreover, for the amplitudes that correspond
to states of definite parity only every other Pl appears, and equation
77 can still be used where necessary.

Thus, the analytic properties of the partial wave amplitudes for
the same reaction are the same for each submatrix characterized by
its total J and parity, and presumably obey the same equations.

We also observe that equations 69 and 70 are linear in the dtj
and nu. so that contribution to N coming from other graphs can be
included without disturbing the equations. It should be remembered
that @ is the discontinuity of B across its branch cuts, so, unless
the branch cuts coincide, the new graph will not contribute to the
integral involving @(s,w). Other extraneous cuts coming from the
kinematics can be eliminated by changing the definitions of the Mu.

as is pointed out in part IV,
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A more delicate matter is the inclusion of several unstable
particles. For instance, the N‘ is a p-wave resonance in the wN
system, 80 that the w + v + N state studied so far can also be approxi-
mated by v + N.. ae ie done in reference 18. In this article also a
different treatment of unstable external particles is used, which might
be useful. One reasonable assumption is that the phase spaces for the
v+ N' and the p + N do not overlap to any significant extent, so that
we are not counting states twice when we consider both,

The analysis made in this appendix can then be repeated by con-
sidering the *N® channel instead of or in addition to the pN channel.
This is however not exempt of new problems. If n is the energy of
the wN system in its center of mass squared, the discontinuity equa-~
tions for n are associated with diagrams like that in figure 9, which
involves the wN scattering amplitude, itself a part of the problem,
and the justification for introducing experimental data or results of an
independent calculation, as could be done with the ww scattering ampli-
tude f(w), is dubious. One possibility is making a calculation to deter-
mine the wiN scattering in some approximation, and feeding this back
into the appropriate integrals.

= il '

Fig. 9. Diagram for the N‘
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The graph corresponding to the interaction singularities is shown
in figure 10, it will give a pole in the t variable with residue g7(n)

where 7(n) is in the wN scattering amplitude.

Fig. 10. Nucleon exchange graph

Taking the S-wave projection of this pole, we have

T3,(8.n) = 7(n)B(s, n) (78)
a(s,n) = LT s (80a)

VI oM+ [ 8=(M=1)2) [ 0=tV +) 2] [ 8= =1)]

B(s.m) = i " (80b)
S :‘[_.(n_szszf_ (M%-p )(n-uzT

and we can determine

2 2 2
s (n) = 5-(1 +fp) +(Q1 -;i?)n

2 2
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As expected, these branch points of B(s,n) become complex
when the Nml becomes unstable, i.e., when n > (M + p)z. If both
unstable particles are considered simultaneously, one has to worry
about two variable masses, and diagrams with two unstable vertices

occur, like that in Fig. 1l.

N* N

Fig. 1l. Diagram with two unstable vertices

The other unstable meson considered, the w, has only one mode
of decay, into three pions. But these diagrams have been neglected,
and the wpw vertex is certainly not unstable since the masses of the
two vector mesons are almost equal. Moreover, the width corre-
sponding to the w meson is small, and hence it can be treated as a

stable particle without making any obvious big errors.
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APPENDIX 1

NOTATIONS AND CONVENTIONS

a) Summation convention
When an index is repeated in a monomial expression, a sum-

mation over the full range of the index is implied. For instance

A-‘ibt A wl, Zyissl (l1a)
means
A= 3: 'lbi (1b)
i=1

This 18 not 80 when the index is a number, and also when

parentheses are put around one of the indices. That is, we would write
Ai = n“)b‘ {2)

and no summation over i is implied.
There is also an important variation of the convention; when
we use a greek index whose range is 0,1, 2, 3, indicating the components

of a vector or tensor in Lorentz space, we write

prks ppkp. ’oko' prhe l’oko"p'lk'l'1’21‘2"1’31"3 (3a)
2 2 _=2
P "PP, "0, P (3b)

Correspondingly, bpv is not the ordinary Kronecker delta, but the

metric tensor in a space with a Minkowski metric, that is

Bgo ® = 8y =0y32°8y,=1
(4)

GF'.O p o v
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It is straightforward to check that the ordinary rules for sums
carry through without change. For instance

Pybuvky = P XK, =Pk

This is the scalar product of four ~-vectors as defined in equation 3a,
and in other references use is made of the metric tensor g"w that is
the same as our 5’“. and upper and lower indices are used as in
tensor calculus.

The antisymmetric or Levi-Civita tensor ¢ is defined in

Auvp
equation E10, and this modified summation convention applies to it too.

A vector product {s indicated by the symbol A,

b) y matrices

In our convention, the y matrices obey the anticommutation

relations

VoY Yy =28, (Sa)
Notice that

Visoylaoyia-yia (sb)

They are related to the matrices :. f by
Yo" P (6a)

?[ = ﬁ“ i = l. Z, 3 (65)
The matrices p.: are Hermitean, and hence Yo {s Hermitean and ;

antihe rmitean. This can be expressed by

v,f "= Yo¥Vo (M
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-
If A is a matrix, A is ite complex conjugate, AT its

t

transpose and A its Hermitean conjugate, that is

Al = (a%7T (8)

When an explicit representation is needed for the y matrices, we use

1 0 _ o v
Yo * Y* | - (9a)
0 -1 ¢ O
where the o, are the Pauli spin matrices
0 1 0 -i 1 ©
O, B 0oy = c, = (9b)
111 o . i o P lo 4

We aleo define

Yg = YQVleY3 (10a)
and in the representation of 9a
0 i
Yg = (10b)
i o
Also
: ¢
Y5 = =Yg (10¢)

80 we can give to p the value 5 in equation 7, since y 5 anticommutes with

Yo+ In fact, it is easy to see that

stp - Ypys p=0,12,3 {104)

Y%y * %Yy i=12,3 (10e)

The unit matrix is more often than not omitted, but its presence

and rank {s easily deduced from the context. For instance, when we
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write ppypw‘ M, the M is multiplying a unit matrix of fourth rank (1 ‘).
and in the expression for in equation 9a the 1 etands for a second
rank unit matrix (lz).

A slash will be used in connection with a four vector to mean

F=p,v, (an

¢) General conventions

Equations and figures are numbered consecutively in each part
or appendix. When a reference is made, the part or appendix is
indicated unless it is an equation in the same part. When an equation
from an outside reference is used, its number is indicated also. So
R9+22.13 means equation 22.13 in reference 9.

Conventions that have not been mentioned in this appendix are
either the usual ones or they are explained in the text.
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