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Abstract

We consider the problem of constructing confidence intervals of fixed width d and
confidence level ~ for the success probability p in Bernoulli trials. Algorithms are
given for calculating numerical lower bounds on the average expected sample size
required and an asymptotic lower bound is obtained as d — 0. Sequential and two-
stage procedures are proposed that attain the asymptotic lower bounds and nearly
attain the numerical lower bounds. Asymptotically optimal sequential and two-stage
confidence intervals of fixed width and confidence level are proposed for the mean in

a general (non-Bernoulli) context.
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Chapter 1 Introduction

Let X, Xs,... be independent Bernoulli random variables with unknown parameter
0L£p=1,ie, foresph i = 1,2, PX; =1)=p =1 PX; = 0). Let [L,R]
be a confidence interval for the parameter p, where L and R are functions of the
observed X;’s. The confidence interval [L, R] has confidence level « if its coverage
probability is at least v, i.e., inf, P,(L <p < R) > . It has width d if P,(R— L <
d) = 1 for all p. We are interested in finding level v width d confidence intervals
that require a minimal amount of sampling. There are two ways to approach this
problem: by a fixed sample size method, or by a sequential method. A fixed sample
size method consists of (n, L, R), where n is the number of observations needed, and
[L, R] is the confidence interval based on the observations. In contrast, a sequential
method consists of (N, L, R) where N is a stopping time (also called a stopping rule)
denoting the number of observations taken, which is a random variable based on the
observations. Our results concern sequential methods, which require less sampling
than fixed sample size methods. Throughout this work + and d are given numbers,
0 <~ <1,d>0 and we denote by h = d/2 the length of the half interval.

There are two classical fixed sample size methods to obtain confidence intervals

for p.
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SAM (Standard Approximate Method) By the Central Limit Theorem and Slut-

sky’s ([10]) theorem the confidence interval

[L,R] = [)‘(n - C\/————X”(lg Xn) X, & C\/——M]

has coverage probability approximately equal to -y, where c is the (1+)/2 quantile of
the standard normal distribution, i.e., ¢ = ®~1((1+7)/2) > 0 where ® is the standard
normal distribution function. However, for p close to 0 and 1 this approximation
breaks down and the coverage probability approaches O.

SAM (Standard Exact Method) This method is based on constructing the two

uniformly most accurate (14-y)/2 one-sided confidence intervals, described in Chapter
3.5 of [11]. Given that S, = > | X; = k the confidence interval [L, R] is obtained

by solving these two equations for L and R :

Prr(Sn< k) =7

Neither of these methods yields fixed width confidence intervals. There are two

improvements of the classical methods up to now, both designed to give confidence

intervals of fixed width.
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Classical Sequential Method (Chow-Robbins [4]) The idea of this method is to

use the confidence interval based on the Central Limit Theorem approximation

LB = [, - q/——Xn(lg Xn) 2.+ erf —_—Xn(lg Xn)}

but to sample until the width of this interval becomes less than d. Hence the method
uses the following stopping rule: N is the smallest n for which 2C\/&%ﬁ < d.
This method also has only approximate coverage probability v and the approximation
breaks down when p is close to 0 and 1.

Pushed Confidence Intervals (Lorden [12]) Lorden has obtained the best fixed

sample size method for giving confidence intervals of exact coverage probability ~
and fixed width d. It is the best in the sense that it uses the smallest possible sample
size n. Chapter 4 includes a discussion of this method and our application of it in
the sequential case.

Let A(p) be a probability density function defined on [0, 1]. Define

1
B(vy,d,\) = inf/EpN A(p) dp,
0

where the infimum is taken over all confidence intervals (N, L, R) of level v and
width d. The quantity B(v,d, \) represents the minimal amount of sampling needed
to obtain a level v width d confidence interval, in the sense of minimizing the average
over p (using A as a weight function) of the expectation, when p is true, of the sample

size.
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With few exceptions, problems in sequential analysis about best possible perfor-
mance, such as the one defined by B(v,d, \), lead to theorems proved only in asymp-
totic form, as the sample size becomes large. In the present problem, asymptotic
theory is most naturally developed by letting d — 0 with ~ held fixed. In Chapter
2 we use a Bayes technique to obtain an asymptotic lower bound on B(v,d, ) as
d — 0. In Chapter 3 we modify an idea of Chow and Robbins [4] to construct level
« width d confidence intervals that achieve the asymptotic lower bound. Combining

these two results yields the following theorem.

Theorem 1. For any positive continuous function A defined on [0, 1]

1
lim B (7., \) =4 [ p(1— pIAD) dp
& 0

The method proposed in Chapter 3 is developed as a solution to the problem of
constructing a confidence interval for the unknown mean of a distribution belonging
to a general class of distributions. Under some mild moment conditions, we construct
fixed width d level v confidence intervals, that are asymptotically efficient in a certain
sense. We also consider an appealing special class of sequential methods called two-
stage procedures. These rely on a preliminary (first-stage) sample of a fixed size,
m, followed if necessary by a second stage of variable size. We construct two-stage
confidence interval procedures that are asymptotically efficient and in the Bernoulli
case attain B(v,d, \) in the limit as d — 0.

Another goal of this investigation is to determine algorithms for constructing

"nearly optimal” sequential confidence intervals, along with methods for calculating
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how close they come to attaining B(vy,d, A). Such constructions have two parts: the
stopping rule N and the so called terminal decision rule that calculates the interval
[L, R) based on N and Xy. It turns out that rather than center the interval at Xy
and use probability estimates to guarantee coverage probability v, which suffices for
the asymptotic theory of Chapter 3, it is much more effective for small sample sizes
to apply Lorden’s "push” algorithm [12] to optimize the construction of [L, R] for a
given stopping rule N. These considerations reduce the problem to one of finding the
best (or nearly best) stopping rules N. In Chapter 4 we give a method for computing
explicit lower bounds on B(7v,d,\) and describe two new methods for constructing
nearly optimal stopping rules. The first method is based on the auxiliary Bayes
problem of Chapter 2 and uses a Backward Induction scheme to compute the stopping
rule. The second method is based on selecting a member of the asymptotically optimal
family of solutions proposed in Chapter 3. For both methods we use as a terminal
decision the confidence intervals obtained by Lorden’s push algorithm. We also give
a method for obtaining nearly optimal two-stage confidence interval procedures. As
the numerical results in Table 1 of Chapter 4 illustrate, the algorithms for both the
sequential and two-stage rules come very close to solving the problem of attaining

B(~v,d, A) in practice.



Chapter 2 Lower Bound on Average

Expected Sample Size

2.1 Bayes Auxiliary Problem

Given a probability density function 7 (p) defined on the interval [0, 1] and ¢ > 0, we

consider the problem of minimizing

[{E95 N —pa-nAE<r< R0 & 21)

over all width d = 2h confidence intervals (N, L, R) for p, assuming without loss
of generality that R = L + d. There is no restriction on the confidence level of
the intervals. Our goal is to find a lower bound on the quantity (2.1), useful for
constructing lower bounds on B(vy,d, ). A standard way to solve this problem is to
use the following Bayes technique. Let p be a random variable, p € [0, 1] with density
function 7, also called the prior density of p. Define the loss function for (N, L, R)

as a function of p by

h2
L (Na L7 R) — @N —p(l _p) ]‘{LSPER}



T

Then (2.1) can be interpreted in the form

pew.rm)- {2 BN b (=D By (L <2< B} no) d
0

where the expectation on the left-hand side is taken with respect to the sequence of
Bernoulli random variables {X;} with probability of success p, where p is a random
variable having probability density function 7. In this form the problem is known as
a Bayes problem and E (L (N, L, R)) is called the integrated risk of the procedure
(N, L, R). We are interested in a lower bound on the integrated risk in terms of h, v
and 7. A standard way to study the integrated risk is to express it in terms of a

conditional expectation, i.e.,

and to obtain bounds on E (£ (N, L, R) |N, Sy), which is called the posterior expected
loss. Define s = Sy as the number of ”successes” at termination, i.e., the number
of observed 1’s, and f = N — s as the number of "failures” at termination, i.e., the

number of observed 0’s. We use the following notation for the conditional expectation

given N and Sy : E(:|s,f) = E(:|N = s+ f,Sy = s). Then the posterior expected
loss is
2¢( ) L+d
c
B (Lls, s+ - [ pA-p)mls 1) do (22)

L
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where 7 (pls, f) is the conditional density of p given N = s + f and Sy = s, which is

also known as the posterior density of p

p(l—p) ()

Oflpsu—p Y ()

7 (pls, f) =

The posterior expected loss will be minimal when L is chosen to maximize the integral
on the right-hand side of equation (2.2), and since the integrand depends only on s
and f, the optimal value for L will depend only on s and f. Such an optimal value
is called a Bayes terminal decision, which we denote by L (s, f). Without loss of
generality we assume that L = L (s, f), which reduces the problem to choosing N
optimally.

We depict the random walk generated by X1, X, ... in the following way: it starts
at the origin of the two-dimensional coordinate system, where the s axis is horizontal
and the f axis is vertical. For each success it moves to the right, i.e., it increases the s
coordinate by 1 and for each failure it increases the f coordinate by 1. Thus (s, f) is
the position of the random walk after observing s + f data points. A stopping rule N
determines a partition of the integer lattice points — each (s, f) is either a stopping
point or a continuation point.

First we will find a lower bound on the integrated risk in the case when the prior

distribution of p is Beta(a,b), a,b > 0, i.e., the prior density function of p is the



Beta(a, b) density function

pa,—l (1 _p)b—l

fa,b (p) = B (CL, b) )

1
where B (a,b) = [p** (1 — p)"! dp, is the Beta function.
0

2.2 Lower Bound on the Posterior Expected Loss

with Uniform Prior

In this section we assume that p has a uniform distribution on [0, 1], i.e., a Beta(1,1)

distribution.

Lemma 1. There exists a constant C such that
E(L|s,f) = (cg(c)—7)E(p(1—p)ls, f) — Ch. (2.3)

Proof. If p has uniform prior density, then the posterior density of p at (s, f)
is the Beta(s + 1, f + 1) density (see page 193 of [16]). If the confidence interval

associated with the stopping point (s, f) is [z, z + 2h], then the posterior expected

loss is
z+2h
h2¢(c> f p<1_p)ps(1_p)f dp
E(‘C’lsﬁf): c (S+f)— B(S+1,f+1)
Zj’?h s+1 (1_ )f+1 d
W90, 5y Bltns+2) s =

c T B(s+1,f+1) B(s+2,f+2)
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S 4+
cry@g+y 4 PTOmPTA

(s+f+2)(s+ f+3) B(s+2,f+2)

B0 (o4 )

(2.4)

where we used Euler’s formula for the Beta function, B (s, f) = %ﬁ@, to eval-

uate B(s+2,f+2)/B(s+1,f+1). Also, since the posterior distribution of p is

Beta(s + 1, f + 1), the posterior expectation of p (1 — p) is

_Bls+2,f+2) (s+1)(f+1)
E(p(l—p)ls,f)—3(8+1’f+1) T s+ f+2)(s+f+3) 2.5)

From now on, we will assume that s < f. By symmetry all the claims need only be
proved in the case s > f.

Case 1. Suppose that s # f and

(s+1)(f +1)
PO

Then (2.3) is satisfied.

Proof of Case 1. We have

z+2h

s+1 o a N
ey 4 PTO-pTTd

(s+f+2)(s+f+3)

Bt 1) =22 (s 4 g -

1
[t (1—p) dp
0

W), py_ D EHD)

c (5+f+2)(s+f+3)Z—E(p(l—p)ls,f)

>
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Therefore

(s+1)(f+1)

B (Lls, )= (8 () = 1) E@ (1 =p)ls, /) 2 (1= +8() 3 Ty a7

2 —(1—v+ecp(c))2h,

which proves (2.3)

Case 2. Suppose that

g+ 1)(f+1)
2(s+f+2)

>h(f —s) (2.6)

Then (2.3) is satisfied.
Proof of Case 2. Let a = s+ 1 and b = f + 1. Our goal is to find an upper bound

on
z+2h

sﬂ@=‘/pﬂl—mb@-

z

Define gy (p) = p* (1 — p)b. Suppose ¢ achieves its maximum at zg, then

0 =g (20) = g1 (20 + 2h) — g1 (20) -

However, g; (p) is an increasing function in the interval [0, a/ (a + b)] and decreasing

on [a/ (a+ b), 1], which implies zp < a/ (a + b) < 2y + 2h. For a change of variable in

g (z) set
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The above inequalities imply that for all p € [z, z0 + 2h],

|z < 2h.

The inequality

log (14 z)

IN

€xr —

| 8,
_|_
w| 8§,
o
|

is valid for all z > —1. Now
log(pa(l—p)b>=alog e e + blog —b——:c
a+b a+b

a b z(a+b) z(a+0b)
= —_— _ 1 o ey e O
alog (a—i—b) + blog (a+b> +alog< + - ) + blog (1 2

= log (ﬁ%) > (alog (1 + &aaﬂ) + blog (1 — x—m%b—>>>

By assumption b > a. We use |z| < 2h and (2.7) to get

z(a+b) z (a +b) 22 (a+b)° 2 (a+b)*(b—a)
alog (1 a ) T blog (1 b - 2ab 3a2b?

202

22 (a+b)° 222k (a+b)*(b—a) 22 (a + b)® 4h (b* — a?) 52
- + = o o B
2ab 3a2b? 2ab

3ab -

where o is defined by the last equation, i.e.,

ab

o \J (a+)° (1 - 2G0)
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Notice now that (2.6) can be restated as

Now we combine the above inequalities

z2+2h "
2] — d 20+2h
zfp( 2} dp (@+b+1)! [ ,
5 < = p*(1—p) dp
b a!d!
fpa(l—p) dp 20
0

- z0+2h—a/(a+b)
_ (a+b+ 1)] a®b ealog(1+£(‘2_’*‘bl)+blog(l—ﬂ%§l)

d
alb! (a+ b)“+b *

zo—a/(a+b)

(a 2 1 2 l)l aabb z0+2h—a/(a+b) _1?2
Al (a4 b)* el

zo—a/(a+b)
D! % —
S(a—}—b—f—) a®b /aro (20 h 1),
ald!  (a+b)** o

since the highest probability density interval for the normal distribution is the sym-
metric interval around zero. Using Stirling’s formula in the form found in [6] page
52,

L g1 L i 1
V2rn"T2e T I < nl < V2rn"Tie " e,
and we obtain

a®hb (a g T 1)! 2 acpb (a e 1) /_271' (a + b)a+b+% e—a—b+m
(a + b)‘”b a'd! ~ (a+ b)“+b \/%aaﬁ-%e“‘a-i-ﬁ mbb+%e—b+l—2bl+—1
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2 2
_ (a+b+1) (a+b)612(5+b)‘1zi+1‘12b1+1 - (a+b+1) (a+b).
2mab 2mab

Finally we obtain

z+2h b
J p*(1—p) dp

Sa—i—IH—l 1 0 E 1
a+b 1 — 4h(b?—a?) o

1
[pa(1—p) dp =
0

1
= (m (ﬁ) _ 1) - = <2d> (ﬁ) - 1) @28
1 _ 4h(b2—a?) o a-+b | _ 4t —a?) o

3ab 3ab

By the mean value theorem

®(x)—1/2 1
2@ < maxg (o) = =,
x \/ﬂ
so for all positive z,
2
20 () — 1< —g—
7

An upper bound for the last term in (2.8) can be obtained from the inequality

1 1 h 2 Ja+b 2h

20| — ) — 1) <4/— h < —.

a+b /| _ h*—a?) ( (a) ) - \/; ab T /m
3ab

By (2.6)
4h (b* — a?)
3ab

723
Wl



For any 0 < z < 2/3

1 L -/l —2% &

T

<1++/3z.

—
I
8
—
l
S
§I
|

Now we deal with the first term in (2.8)

o (2 (5) 1) =2 (G) T = (= (5) )

3ab

3 % .9
<20 | h (_Cﬂ)_ _1+\/§4_h_(b__a_).
ab 3ab
Finally

z+2h

f pa(l_p)bdp 3 2 9
: <20 (h\/——(a;rbb) ) —1+x/§————4h<gaga)+—2\/—%

1
[pa(1—p)® dp
0

Now we substitute this inequality in (2.4)

h¢ (c) ab (a +b)°

E(L|s; f) = C (a+b_2)—(a+b)(a+b+1) (2(1)(h pra 1)—
ab 4h (b* — a?) ab 2h
_(a+b)(a+b+1)\/§ 3ab  (a+b)(a+b+1) /7

h2¢ (c) ab (a +b)® 4v/3h  h
= c (a+b—2)_(a+b)(a+b+1) (2®<h ab _1>_ 3 27
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For all x > 0 define the function

K (@)= 29 _ (20 (v&) - 1).

Its derivative

(o) = 29 9

is an increasing function and has a unique root = ¢®. In fact, K’ (z) < 0 when

0 <z <c?and K'(z) > 0 for z > ¢® Therefore,

K(z) > K (*) = co(c) — .

Using this inequality we complete the proof.

E(L]s, f) > i(c) (a+b) — (a+b)(zb+b+1) (2@ (h (&gi _1> N

h¢(c) 4/3h  h - ab .
c 3 2T = (a+b)(a+b+1)

' (h2¢(c) (a+b)’(a+b+1) (% (h (a+b)2(a+b+1)) 1)) _Csh
c ab ab

ab h? (a+b)* (a+b+1)
Z(a—i—b)(a—HJ—Fl)K( ab )_C3h

=g

> E(@QA—p)ls, f)(ct(c) —7) — Csh,

where C5 depends only on +. This completes the proof of Lemma 1.
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The above argument suggests as a solution of the Bayes problem the stopping

boundary

(s+f+2°*(s+f+3) ¢

(s+1)(f+1) h?

This stopping boundary is a special case of the Chow-Robbins stopping rules.

2.3 Lower Bound on the Integrated Risk with Beta

Prior

In this section we assume that p is a Beta(a,b) random variable, where a and b are
positive numbers. Denote by F,; the expectation, when the prior distribution of p is

Beta(a, b) .

Lemma 2. There is a constant Cy depending only on a and b such that

Eop (Lls, f) 2 (cd(c) =) Eap (p(1 —p) |5, f) — C1h

Proof. By (2.2)

R (c)
2

Eop (Lls, f) = (s + f) — Eap(p (1 — p) Lrp<rls, f)
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where the second expectation depends only on the posterior distribution of p, which

is Beta(a + s,b + f). Therefore,

E.p(Lls, f)=E11(L|s+(a—1),f+(b—-1))— (a+b—2) h2¢ (0) (2.9)

(&

By Lemma 1
Ey(Lls+(a—1),f+(b-1)2E,(p(l-p)ls+(a—1),f+(b—1))—Ch

=Eop (p(1—p)ls, f) — Ch,

again because the conditional distribution of p is the same. Combine these two results
and the fact that h < 1 to complete the proof of the lemma.
The optimal boundary suggested by the above argument when the prior is

Beta(a, b) is given by

(s+f+a+b)?(s+f+a+b+1) &

(s+a}(f+0) h2’

Lemma 3. There is a constant Cy depending only on a and b such that

Eop (L) 2 (e (c) —7) Eap (p (1 —p)) — Cih.

Proof. Integrate the inequality in Lemma 2 with respect to the distribution of

(s, f).
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2.4 Asymptotic Lower Bound on the Sample Size

of a Fixed Width Confidence Interval

Now we apply the result from the previous section to obtain a lower bound on the
average expected sample size of any sequential confidence interval (IV, L, R) of width
2h and confidence level v. We can of course assume that the width is exactly 2h.

Recall that f,, (p) is the Beta(a, b) density function.

Lemma 4. For any positive numbers a and b and any confidence interval (N, L, R)
of width 2h and confidence level vy, a lower bound on the expected sample size averaged

with respect to fop (p) as h — 0 is given by

9 ab

(a+b) (a+b+1)+0(h)'

1 1
B [ By(N) fos0) do = & [ 5(19) fon (6) dp+0 (1) =
0 0
Proof. Fix p and integrate

L0
C

N —p(1—p) liz<p<ry

with respect to X1, X, ... to get

(el =2298N pa-npe<r<n<OpN pa-p)y
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Now we integrate with respect to p and get

Ea,b

1
/Ep ) fap (@) dp — vEpp (1 —p).
0

By Lemma 3, therefore,

cp(c)Eap(p(1 —p)) + O(h

1.
/Ep fab p)dp
0

and the conclusion of the lemma follows, using the fact that

ab
(a+b)(a+b+1)

E.p(p(1—p)) =

by (2.5).

Now we extend this result to a general class of priors.

Theorem 2. Let f (p) be a positive continuous function defined on the interval [0, 1].
If{(N (h),L(h),R(h))} is a family of confidence intervals of width 2h and confidence

level vy, then

1 i
1ig1jglfh2/Ep(N)f(p) dp > 02/;0(1 —p) f (p) dp.
0 0

Proof. Choose § > 0 such that f(p) > § for all p € [0,1]. It is well known that
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the Bernstein polynomials

@@ =31 (5) (1) a -

converge uniformly to any continuous function. Therefore, for a fixed £ there exist n

and some positive numbers [; such that

@) = hefome (B) | <.

Now

o

On the other hand

timint 12 [ B, (N) (f (5) + ) dp
€ lirhILigﬁ (h / » (N) f p)dp+5h2/E (N) Ldp)

1
< (14 5) tpines? [ 5,8 £ @) o
0
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Therefore,

3 1

2
(1+§) hi“iélth/Ep(N)f(p)dpzcZ/p(l_p)f(p)dp_%g_
. 0

Letting € go to zero, we obtain the desired result.

Remark. If we consider only stopping rules N (h) for which £ (N) = O (h™?) in
the above theorem, we can drop the assumption f (p) > 0. Note that all reasonable
stopping rules are of this type. In fact the optimal fixed size stopping rule needs no

more than O (h™2) observations.
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Chapter 3 Asymptotically Efficient Fixed
Width Confidence Intervals of Exact

Coverage for the Mean of a Population

A method for constructing width 2h confidence intervals (N, L, R) for the mean p of
independent identically distributed random variables X1, X5, ... with finite variance

is described by Chow and Robbins in [4]. The stopping rule considered is

2
N(h)zmin{nZl:Vngh—Zn},
Cn

where lim,, o ¢, = ¢ = ®71((1 +v)/2), and 7 is the desired coverage level. Here

defining a sequence of estimators of the unknown variance. Upon stopping the confi-

dence interval is

[y B = [XN(h) — h,XN(h) + h].

Theorem 3 (Chow-Robbins). Let o2 be the variance of the X;’s. If 0 < o < o0,
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then

lim B*N(h) = 2o? a.s.
h—0

}Lin% R2E(N(h)) = c?c?

lim P(Xygy = h < p < Xy +h) = 7. (3.1)

The coverage probability of these confidence intervals is asymptotically =, i.e.,
the probability of their containing the true p will be arbitrarily close to v when A
is sufficiently small. However, in a parametric problem like the Bernoulli case, the
definition of a confidence interval requires more than just asymptotic coverage. At a
minimum what is needed is the so-called strong asymptotic coverage, which specifies
that the convergence of the coverage probability in (3.1) is uniform in p. Then for A
sufficiently small the coverage probability will be arbitrarily close to v simultaneously
for all p. This is critical since p is unknown. Theorem 4 below resolves these issues;
in fact, our procedures guarantee coverage probability ~, once h is suffuciently small.
Moreover, that theorem and its Corollary at the end of Section 3.2 are used along
with the lower bound proved in Theorem 2 in Chapter 2 to prove Theorem 1.

We consider the general problem of constructing width 2A level v confidence in-
tervals for the mean of a population in a parametric context. Let Xi, X5,... be
independent and identically distributed random variables with unknown distribution
F which belongs to a known class of distributions F. Let up and 0% be the mean

and the variance of F. A level v confidence interval (N, L, R) for the mean p = up
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is a procedure satisfying
Pr(L<urp<R)>~v forall FekF.

Fix 0 <y <1landc=®"1((1+7)/2).
In this chapter, but only in this chapter, we will be interested in width 2A confi-

dence intervals for u that are centered at the point estimate X N(h), i-e.,
[Xney — b, Xy + hl.

Therefore, we identify the confidence interval (N(h),L = Xy@) — b, R = Xnn) + h)
with the stopping time N(h), and will refer to this confidence interval by referring
only to the stopping time N (h).

The stopping time we propose is defined by
N(h) =min{n > K : %
(h) =min<qn > .n—sznﬁ

where K = K (h) and ¢, are parameters to be chosen. We will find conditions on K
and ¢, sufficient for coverage probability v, which also yield asymptotically efficient

N(h) in the sense of Theorem 4. Throughout this chapter we assume that:
1. K = olh™2).
2. 1imh_,0 Cp = C.

Also, without loss of generality assume that ¢, is bounded between fixed numbers ¢
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and ¢, ie,0< d <¢p <, for all h.
Theorem 4 describes a method for constructing width 2A level v confidence inter-

vals for the mean. Assume that all /' € F have finite fourth moment. Let
pr = Ep|X; — ppl> and wh = Ep(X; — pp)*.

We will omit the subscript F' when there is no ambiguity.

Theorem 4. Suppose that for all F € F, min{wg, wr/o%} < B for some positive
constant B. Then for K = h™'8% and c;, = ¢ + h%'3 the confidence intervals defined

by N(h) achieve confidence level v, i.e.,
nf Pr(Xnmy —h < pr < Xnmy+h) > 7. (3.2)
In addition N(h) is asymptotically efficient for all F € F, in the sense that
lim h?EpN(h) = c*c%. (3.3)

Moreover, N is asymptotically efficient with respect to any probability measure m

defined on F for which fol o dr < oo, i.e.,

lim h? / EpN dr = c? / o dr. (3.4)

The meaning of ”asymptotically efficient” in the above theorem, also sometimes

called Chow-Robbins asymptotic efficiency, is based on the following observation. If
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o were known, then by the Central Limit Theorem we would need to take approxi-
mately c?0?/h? observations to achieve coverage probability v using fixed sample size
symmetric confidence intervals. Thus, (3.3) shows that for unknown ¢ a sequential
stopping rule can use the sequence {V,,} estimating o2 to achieve on the average the
same sample size as would be required if o were known. Note that this definition of
asymptotic efficiency does not necessarily guarantee best possible performance among
sequential rules. However, Theorem 2 shows that in the case when F is the family
of Bernoulli distributions and 7 is a probability distribution with positive continuous
. density, asymptotic efficiency with respect to 7 in the sense of (3.4) does guaran-
tee best possible performance among sequential procedures. A discussion of related

papers in the literature is given at the end of this chapter.

Remark 1. The choice of K and ¢, is not the optimal choice we can make. To make
such a choice one needs to look at the eight terms that provide a lower bound on the
coverage probability in Lemma 9, for each term deduce a linear inequality that needs
to be satisfied by log, (K), log,(cn) and the other functions involved, and solve these

strict linear inequalities. The actual optimal choice is close to the one we made.

3.1 Asymptotic Efficiency

This is Lemma 2 from [15].

Lemma 5. For anya >0, and m > 1,

2
P (sup %o =] 2 0) < 7o

n>m ma?
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The following direct consequence of Lemma 5 is of use later.

Lemma 6.
Esup | X,| < |u| + 160% + 1.
Proof.
Esup|X,| < Esup | X, — u|+ |ul.
n n
By Lemma 5
_ oo [e.e]
Bsup |X, —p| <1+ 27 P(sup|X, — p| > 27) <1+802)
" i=0 " =0

and the result follows. Define

Next we derive a lemma similar to Lemma 5.

Lemma 7. For any a >0, and m > 1,

16 2 __ 4 2
p(sup153_02|2a> y (QW_U_J_),

n>m m

where w? = w? = Ep(X; — pr)t.

i+1

2%

1+ 1602
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Proof.
® LR — X
P (Sup Z’L:l( ) _0_2 ZCL>
n>m n
n X, — )2 _
:P<sup Zz:l( g “) —02—(Xn—,u)2 Za>
n>m n
n Y
< P (sup Lim K= p) _ g2l —) +P (sup (X — )] 2 9)
an n 'n,Zm 2

32(w? — ot) 1602
5 ‘s
ma ma

by the preceding lemma.

Lemma 8 (Asymptotically Efficient Sample Size). Suppose that

lim 2K (h) =0 and limc, = c.
h—0 h—0

Then
(i) for every F € F, (8.8) holds,

i) for any probability measure ™ on F satisfying [ 0% dmr < oo, (3.4) holds.
F

Proof. (i) We use N as a shorthand for N(h). First we establish a lower bound

on N. Since V,, > n~! and

N Z N - K Z VN(Ch/h)2 Z N~1(Ch/h)2,
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taking square roots shows that

N = Ch/h o C’/h. (35)

Thus N — oo as h — 0. Since also lim,, .o V,, = 02 a.s. ,

lim Viy = o2 a.s.
h—0

The stopping rule also satisfies
(K +1)h* + Vy_1c} > Nh? > Kh? + Vycl. (3.6)

As h — 0 therefore

lim Nh? = (0c)? as.
h—0

To prove (3.3), i.e., that
lim E(N)h? = (oc¢)?

h—0

it suffices to show that {Nh%},-o are bounded by an integrable function for A in a

neighborhood of 0. From inequality (3.6) we deduce that for A sufficiently small

Nh? < (")?supV,, +1
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It suffices to show that Esup,, V,, < oo, which follows from

V < Z?:l(XZ B Iu)2
- n

= &

by Lemma 6 and the fact that X; has a finite fourth moment.
(i) In order to establish (3.4), we need to show that {h?E(N)} are uniformly

integrable with respect to 7 for all & in a neighborhood of 0. From (3.6) we get

N(N = 1) < (& + (N — 1)(K + DR + ()2 3 (X — Xy_1)?

=1

N-1
< () + NE + DI+ () Y (X — )

< (P 4+ NE + DR+ (&P (X —w)?

=1

Therefore,
N

N2h2 o (c”)2+N(K+2)h2 + (C//)2 Z(Xl . M)Q-

=1

Using Wald’s equation ([7])

N
E (Z(Xi — mz) = o?E(N),
i=1
and hence

W?(EN)? < K’ E(N?) < E(N)(K +2)h* + (¢")*(c*E(N) +1).
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Therefore,

RZE(N) < (K +2)h? + (¢")?(c? + 1)

Since o? is integrable with respect to 7, we get the uniform integrability of h2E(N)

with respect to 7, which completes the proof of Lemma 8.

3.2 Exact Coverage Probability

Our choice for the parameters ¢, and K will be based on the following technical
lemma. Define 1, = max{K,c/h} —1. Since N(h) > K, (3.5) ensures that N(h) —

1 > Nypin. Use N as a shorthand for N(h).

Lemma 9. Suppose that € and £, are such that

1
= > & >

5 — (3.7)
ch—c 1 Kh?/c? B
z 5 NG T —ce—eg1=(>0 (3.8)

Then for h sufficiently small and for all FF € F, a lower bound on the coverage
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probability of the confidence intervals defined by N(h) is given by

_ _ 32 w2 - 04 02 c
P(XN(h)—hSPSXN(h)+h)Z”Y—n. 2 ==y —
min (60'2 + n2-n) ET = 1
6 Kh?/o?
- £ — Cie — 0261 + C3(Ch s C) + Cy /U ,
o3/ K + 02(c)2/h? V()2 + Kh2/o? +¢"

(3.9)

where the C;’s are positive and depend on v, but not on h.

Proof. Since N —1 > ngpn, N— K —1 < Vy_i(cy/h)? and 52 = V,, — %, we get

C%hsjv +K< VZQC% +K<N< C%S%“l + (N—il)hﬁ LE+1
< Cifg—l & nmcih K41
Let
No = W;QH(]

Now

P £—1‘>5>:P(!N—N0|>5N0)

No
gP( Cihsjv _ C%;;z >5N0—1> +P( Ci%‘;’fg—l _ sz?f >€N0_1_Kcilz—2>
< 2P (nsgfn %ﬁ— % >eNg—1— nmiim).
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Since Ny > c20?/h? and ¢, > ¢ we get

N 2s2 202 o2 c?
Pll——=1l>e]<€2P]| s e Gl W RO R
(l NO ' E) - (nZ:"LlBin h? h? © h? nminh2
h? 1
<2P{ su 5 — g2 > 807 — e — ——
< <3? s =] ©F o

Notice that for h sufficiently small n,, < (¢)?/h?, since limy_.o Kh?

= 0. So for A
sufficiently small 1/n,,:, > h%/(c/)? and we get that

N
P<——1‘>5) SQP( sup |82 — 0?| > e0? —
No

2
. 3.10
N>Nmin Nmin > ( )

By (3.7) we can apply Lemma 7 to the right-hand side of (3.10)

2 4 2
P(‘i\f——l'>5>§32 g W —o o
No

=+ . 3.11
P (502 B )2 co? — 2 ( )

Nmin
Nmin

Let S, = > 7 X;. Now estimate the probability that u is not covered.

P(p is not covered) = P ( §NE - u’ 5 h) = P(|Sy — Nu| > hN)

N
——1l§s and \SN—N,ul>hN>
No

N
<P (‘—N— - 1] = E) +P (\SNO — Nop| > hNg — ehNg — €10 No)
0

‘ <e and |Sy— Nu— Sy, + Nop| > elax/No) (3.12)
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At this point we need to estimate the last two terms in (3.12). We begin with the

last term. Let n’ = min{N, Ny}. By Kolmogorov’s ([6]) inequality we get

' <e and |Sy— Np— Sy, + Nop| > 510\/N0>

N
Pll——1
< No
Noeo €
< - e = ..
<P <0§I§1§%€ ;(Xz p)| > eio No) = 2ZNo? 2

The middle term in (3.12) will be estimated by normal approximation. Let F,,(z) be

the distribution function of
S, —nu

o\/n

From the Berry-Esseen ([6]) theorem we know that

Fal@) — 2(0)] < 5

for all z. Now
P (|SN0 — Nop| > hNy — ehNo — €10 No)

/)

=P (-———‘SNO — Nop| > h(l —¢) .

e
)] v

SQ[l—@(h(l—e) <

v El)} TP R +6§2(c')2 iz

§2[1—<I><h(1—5) >

(3.13)
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Finally we need a lower bound for this term

(1—¢€)r/c2 + Kh2/o% = (1 —€)(ch + /2 + Kh2?/a? — cp,)

Kh2 % 1=
L ) BIE o 35 e | 6 B ja
Ve + Kh?/o? + ¢, V()2 + Kh2/o? + ¢
Chp —C 1 h2/0'2
> (1—¢€)e+ + = =c—(+e1.
( ) 2 2\/(76//)2_*_[{]12/02_}_6// C 1
Therefore,

d (h(l—e) Vi\fo —51) > ®(c— ().

Notice that for A sufficiently small ¢ is less than 1. Also by (3.8) ¢ > 0. Denote the
minimum of ¢ on the interval (¢,c+ 1) by M. By the mean value theorem, for some

£ €(ee+6)

P(c+¢) = @(c) +(p(&) > @(c) + (M.
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Finally

&/ _ 2 /-2
@ (h(l —€) Ay 51> > ®(c)+| —ce + < N i i jo —e | M
g 2 2 \/(c//)z 1 Kh2/02 + ¢

We now combine this inequality with inequality (3.13) to get the desired estimate of

the middle term in (3.12), and the proof of the lemma is complete.

Lemma 10. Suppose that there are positive oy and b such that for all F € F, 0 < 7%
and wp/op < b. If ey, > c+h3 and K > 0, then for h sufficiently small the confidence

intervals defined by N(h) achieve confidence level .

Proof. Choose ¢ = h®%? and e; = h%!4. It is easy to see that for h sufficiently

small (3.7) and (3.8) are satisfied. We also see that

2
€1,8 5 = O(Ch - C)'
]

Also
6p 6hp  6hw?/? 6hw?
£ € = = = ofcp — ¢).
o3\/K +o2(c)2/h2 o' o*c oic oy
Finally for A sufficiently small
2 A4 2 32 2 4 1 1
32 g W0 e o _ < o W /o + i
Nomin (60'2 _ .2 ) EF° = =i Nomiin (E . 2 ) &' = m
Nmin Nmindg
1 h
= Timing? — BO®A olen —e).
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By Lemma 9 for i sufficiently small the dominating nonconstant term in (3.9) is ¢, —c
and therefore

P(p is not covered) < 1 — .

Lemma 11. Suppose that for some positive constant wo, ws < w3, for all F € F.
Then if K > h=1% and ¢, > ¢, for h sufficiently small the confidence intervals defined

by N(h) achieve confidence level 7.

Proof. From Lemma 5 we see that if the variance is small (depending on h),

the desired coverage is easy to establish:

= - 802
PQXN—M>h)§P($Eu;—M>JQ5;Km.

So if 02 < Kh?(1—+)/8 there is nothing to prove. Assume that 0? > Kh*(1—7)/8 >
(1 —~)h%15/8. Again in (3.9) choose € = h%*® and g, = h%16. It’s easy to see that for

h sufficiently small, (3.7) and (3.8) are satisfied. Also

£,€1, —55 = o(Kh?).
&1

Notice that n,,;, = K, for h sufficiently small. Since w is uniformly bounded, so are

o and p, i.e., 0 < gg and p < py. For h sufficiently small

32 " W — g % g~ _ 1 _ 1
(502 2 )2 go? — 2% Ke20% ~ hiK3e2?

< h9%® = o(Kh?).

Nomin

Nmin
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Also for h sufficiently small

6p 600 1

< 0.7 = K 2 .
SR T | K K = W07 = o( Kh?)

Finally, for A sufficiently small

Kh?/o? . Kh2/o2 _ KR
V(ENZ+ KR /o2 +¢" — /()2 + Kh2[ad +¢' — c'of’

From (3.9) we get that for h sufficiently small

P(p is not covered) < 1 — 7.

Remark 2. The minimal possible order of magnitude for K in the above proof is
actually h~1® in the following sense. There is a constant, say C, depending only on
the confidence level v, such that if K = Ch~'®, the symmetric confidence intervals
will achieve precise coverage for h sufficiently small. To see this we need to repeat

the above proof with e = h%%, ¢; = h%2. The magnitudes of the terms in (3.9) are as

follows:
1 2 € 0.2
onig BN ~ei~ g~k
1 0.6
Rz~ P

The role of the constant C' is to ensure that the coefficient in front of Kh? is larger
than all the coefficients in front of the terms of the same magnitude h%2, which will

make Kh? again the dominating term in (3.9).
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Proof of Theorem 4. If wrp < B then Lemma 11 applies. If wrp > B, then

B/o% < wp/o% < B, which implies that oz > 1 and Lemma 10 applies.

Remark 3. The condition that min{w,w/c?} is uniformly bounded can be restated
as

.w
lim — & 00
w—oo 0

and it is satisfied for most common family of distributions. Examples are the Normal,
Exponential, Chi-Square, Extreme Value, Poisson and Geometric families of distri-
butions. This condition will fail only for classes of distributions with very heavy
tails.

The next corollary says that if the random variables X; are bounded, we can make
a simple choice for ¢;, namely c. In particular this applies to the family of Bernoulli

distributions.

Corollary 1. Let X; be bounded #id random variables, i.e., | X;| < B for some con-

stant B independent of F'. Let N be the stopping rule
&
N:min{nZK ! n—sznﬁ}.

For K = h™ 8 this stopping rule is asymptotically efficient for any F in the sense of
(3.8) and for any probability measure ™ on F in the sense of (3.4), and the confidence

intervals defined by N achieve confidence level ~y.

Proof. By Lemma 11 confidence level + is achieved, and the asymptotic efficiency

follows from Lemma 8. Notice that since the X;’s are bounded, so is ¢ and therefore
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[ o?dr < oo, for any .
Application of this corollary together with Theorem 2 completes the proof of

Theorem 1.

3.3 Two Stage Confidence Intervals

Here we discuss the two stage procedures associated with our stopping rules. Theorem
5 shows that the advantage of taking the observations fully sequentially will not

appear in the first order term of E(N).

Theorem 5. If min{w,w/0?} is uniformly bounded for F' € F, then for K =
[h=185] and ¢, = ¢ + k%3 the two stage procedure

1. Take K observations.

2 IfK < [VK%W then take [VK%] — K more observations; otherwise stop.

3.[L, R] = [Xnm) — b Xny + hl.

achieves confidence level v and is asymptotically efficient for any F' € F in the sense
of (8.8). In addition if 7(F) is a probability measure on F such that [ 0 d n(F) < oo,

this two stage procedure is asymptotically efficient with respect to m in the sense of
(3-4).

Proof: The proof is based on the same ideas we used in the proof of Theorem 4.

Take
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It is easy to see that

2
C
UV—NMgiﬁwz—Wd+L

Define nmin = K — 1. Inequalities (3.10), (3.11) and (3.12) are obtained the same

way. The analogues of (3.13) and (3.14) are

P (|SN0 — Nou| > hNo — ehNy — 610 NO)

S2[1—(I>(h(1—s)\/z\78_51)} +03fiﬁ/%

and

o (h(l —6)\/5\7—0 —51) >®((1—¢€)ep —e1) .

As before we obtain

VN, —
CID(h(l—s) 00—61) 2<I>(c—c€+ch2 C—sl).

) (h(l —6)\/3\% —81> > ®(c) + (—cs—l— ch; - —51> P'(c+1),

and as in (3.9) we get

32 w? — ot 2
P(p is not covered) < 2

o € 6p
5+ — | +=+ +
MNomi 2
man (602 . )

eo? — = &7 o3V K
man

+Che + Caer — Cs(cp, — ¢) + 2(1 — ®(c)).

Now we take K = h~ 185 £ = h042 g = h% and ¢, = ¢+ h%!3. As in Lemma 11 we
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can deduce that o? > Cyh%' where Cj is independent of h. The only new term we

have in the non-coverage probability is

6p o Gw?/?

o3vVK ~ o3VK

Suppose that min{w,w/c?} < B. Then for all w > B, w/o? < B and

6p 6B3/2
VR S VE oo

IfTw<B
6p 6B3/2 6B°/2
.t < = o(cp, — ).
o3I ~ oK (Cyh15)3/24 /K

This establishes P(p is not covered) < 1 — ~y for h sufficiently small. The remaining

claims are proved as in Theorem 4.

Remark 4. When the random variables X; are bounded, then as in the sequential
case we can choose ¢, = c. However, to guarantee coverage probability - the second

stage has to be modified to "take [VK;—?-‘ more observations.”

3.4 Related Literature

A parametric problem was first considered by Anscombe in [1] in the case of the
normal distribution. This problem is quite different from the Bernoulli problem con-
sidered in this thesis, since the sample mean and the sample variance are independent

in the case of the normal distribution. Other notable results for normal populations
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include those of Simons [17], who showed that a modified Chow-Robbins procedure
achieves exact coverage, Starr [18], who investigates numerically the errors in the cov-
erage probability approximation for a Chow-Robbins type boundary, and Woodroofe
[20], who finds an asymptotic lower bound on expected sample size under the condi-
tion of uniform convergence of the coverage probability. Also in the normal population
case, second order results are obtained by Simons [17] and Woodroofe [20]. There
are, however, no results in the literature establishing for non-normal distributions
asymptotic optimality in the sense of Theorem 1, where confidence level ~ is guar-
anteed. While there is considerable research which studies specific sampling plans
and compares them to the hypothetical fixed sample size plan if the variance were
known, there is no research which seeks to find optimal sequential procedures and
lower bounds on their expected sample sizes, except [20] in the normal case. We con-
jecture that a lower bound on the average expected sample size, similar to Theorem
2 in the Bernoulli case, is true also for a general class of distributions, under suitable
conditions.

The first important theorem about a two-stage interval estimation procedure was
established by Stein [19] in the case of the normal distribution. There have been other
modifications and improvements of this procedure, for example [9] and [13]. However,
the literature contains no optimality results, like those in Theorem 5, for non-normal
distributions, except in [8], where the exponential distribution is considered.

For a comprehensive and up-to-date review in the area of fixed-width sequential

and multistage confidence intervals, one can refer to [7] and [14].
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Chapter 4 Exact Lower Bounds and

Nearly Optimal Procedures

4.1 Backward Induction

Here we describe a method for computing explicit lower bounds on B(v,d,\). We
define a Bayes problem similar to the problem defined in Chapter 2. Let p be a random
variable with density function A and let Xy, X5, ... be Bernoulli random variables with
parameter p. Define the loss function of a sequential procedure (N, L, R), R=L+d
to be

L =eN— (p(1—p)lir<p<ry

where e and [ are parameters to be specified later. We are interested in finding
procedures that minimize the integrated risk I = E(L).

There is a nice interpretation of this problem. An unknown p is selected from
a known distribution \. A statistician can sample from Bernoulli(p) and each ob-
servation costs e. The statistician decides how much to sample and after stopping
announces an interval of width d. The statistician receives (p(1 — p))! if p belongs
to that interval and otherwise receives 0. We are interested in the strategy that
maximizes the earnings. The solution of this problem is given by Optimal Stopping

Theory in the form of an algorithm called Backward Induction ([3], [5]). By Theorem
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3, Chapter 7, in [3] there exists a ¢ such that for the optimal strategy P,(IV <t) =1
for all p. Therefore, we can restrict the search for the optimal strategy to the class of

strategies with uniformly bounded sample size. The smallest possible posterior loss

for (N, L, R), after observing s successes and f failures and stopping is

L4-d

B(C|S,s) = BN = s+ f,Sn = s) = els+ £) ~max_[ (1= ) Aols, ) d

Let I(s, f) denote the smallest possible posterior loss of an optimal strategy, given

that the point (s, f) is reached. Then

I(S;f) = min{E(£|Saf)7P<Xs+f+l = ]_lS,f)I(S—I— 1af) + P<Xs+f+1 = 0'8, f)I(Saf+ 1)}

(4.1)

This equation expresses the fact that the smallest possible conditional expected loss,
given that the point (s, f) is reached, is the minimum of the smallest loss if one
stops and the smallest loss if one continues. The latter is evaluated by considering
the probabilities of the cases Xs1piy1 = 1 and X511 = 0 and multiplying by the
best possible conditional expected losses in those cases. Now we wish to compute

I =1(0,0). To begin, we compute I(s, f) for (s, f) = (0,¢),(1,t —1),...,(¢,0) using

I(s, f) = E(L]f,s).

Then for each k =t —1,¢— 2, ...,0 in succession, the "backward induction” proceeds

by computing I(s, f) for (s, f) = (0,k),(1,k — 1), ..., (k,0) using (4.1). The optimal
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stopping time is defined by: stop at the first n such that

I(Sp,n = Sp) = E(L]|Sp,n = Sy),

i.e., the stopping points are those (s, f) for which I(s, f) = E(L|s, f), and each point
which is not a stopping point is a continuation point.

Denote I by I.; and the optimal stopping time by N*(e,l) to indicate the de-
pendence on the parameters e and [. The stopping rule N*, with parameters chosen
properly, is the stopping rule which we want to calculate.

Also, the value of I.; leads to a lower bound on B(,d, ) in the following way. If

(N, L, R) is a width d level v confidence interval, then

L, < E(L(N,L,R)) = e / E,NA(p) dp — / P(L < p < B)Y(p(1 — p))'A(p) dp

£ e/EpN/\(p) dp — 7/(19(1 —p))'A(p) dp,

which implies the lower bound

Lit7 j‘<p<1 D)) A(p) dp

B(v,d,A) = .

(4.2)

Relation (4.2) is used to obtain a numerical lower bounds on B(v,d, \) by choosing
pairs of values of e and [, computing I, ; by backward induction, and using the largest

value of the right-hand side of (4.2) obtained in this way.
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Remark 5. For other families of distributions the factor (p(1—p))! should be replaced
by (op)%.

Remark 6. We can obtain analytically a value of ¢ that can be used in the algorithm
but such a t would be unnecessarily large. Instead we guess a value of ¢, start the
algorithm, and if there are continuation points on the line s + f = ¢, we increase ¢,
repeating the procedure until there are no continuation points on that line. As an

initial guess of ¢t we take c?/d?, which is the asymptotic result for p = 0.5.

4.2 Asymptotically Efficient Stopping Times

Here we describe explicitly the stopping rules suggested by the asymptotic theory.

Suppose that we are interested in finding a width 2A level 7 confidence interval
1

(N, L, R) for p that minimizes [ E,(N)fa.s(p) dp, where f,;(p) is the Beta(a, b) den-
0

sity function. The stopping rule N'(K) suggested by the asymptotic theory is

N'(K) = min {n n—KZCQ(SJra)(f‘*‘b)},

b
where ¢ = &1 ((1++)/2) and s = S,,f = n — S,. The stopping rule depends on
a parameter K which is restricted to integer values, for simplicity. The two stage
procedure, N”(cp, K), depending on the parameters ¢, and K, is defined by: the

sample size for the first stage is K and the sample size for the second stage is

{0 [AEAG D) _ )
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where s = Sk is the number of observed successes during the first stage and f =
K — Sk is the number of observed failures during the first stage. When the second
stage sample size is 0, the sampling terminates after the first stage. The parameters

cp, and K will be determined numerically as described in Section 4.4.

Remark 7. It was suggested by the asymptotic theory that for the fully sequential
procedures only the parameter K needs to be selected and ¢ can be taken to be c.
For the two-stage procedure both parameters ¢, and K need to be selected numeri-
cally. Our numerical investigation shows that if we restrict ¢, to c in the two-stage

procedure, the performance suffers. This was also suggested by the asymptotic theory.

4.3 Lorden’s Push Algorithm

In this section we will discuss Lorden’s method for constructing confidence intervals
that improve upon the performance of [X,, — h, X,, + h]. Lorden shows ([12]) that
in the fixed sample size case one can improve the minimum coverage probability
obtained by fixed width d confidence intervals by letting [L, R] increase as a function
of X,, as rapidly as possible, i.e., the intervals [L, R] are pushed to the right as much
as possible. This push algorithm can also be applied in the sequential setting for
any given stopping rule, N (see Theorem 7), and the algorithm constructs the so-
called pushed confidence intervals. The pushed confidence intervals applied to the
stopping rules N*(e, ), N'(K) and N"”(cp, K) described in the previous sections form
the confidence interval procedures that we propose for use.

Fix a stopping rule N. In order to apply the push algorithm we need to define
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an ordering of the stopping points (s, f) = (Sn, N — Sy). The push algorithm uses

this ordering to set confidence intervals covering smaller p values for smaller points,
ie., if (s, f) precedes (s, f') then L(s, f) < L(s', f') and R(s, f) < R(s', f'). In the
fixed sample size case the optimal (see [12]) ordering of the stopping points is defined
by their maximum likelihood estimate of p, i.e., by the number of successes. In the
sequential case such an optimality property is not known, i.e., there is no reasonable
conjecture that determines the optimal ordering of the stopping points. In the hope
of achieving near-optimality, we propose to use the maximum likelihood estimate of
p, Le., if (s, f) and (¢, f’) are two stopping points, we say that (s, f) precedes (&', )
ifs/(s+f)<s/(s+f). Is/(s+[f)=5/(s+f), we say that (s, f) precedes (s, f')
if s < s’. Index the stopping points as (s;, f;) fori = 1, ..., j. Let J be the index of the
actual stopping point (Sy, N — Sy). Now we have to define the confidence interval
[L, R] for all the possible values of J, 1, ..., , so that L and R increase as a function
of J as rapidly as possible.

There is another consideration that plays an important role. The sample space
of J is finite, and if the confidence intervals are based only on J, then the coverage
probability as a function of p will have relatively large jumps at the endpoints of the
confidence intervals. Greater efficiency, i.e., larger ~, is achievable by reducing the
size of the jumps through a technique called randomization. Let U be a uniformly
distributed random variable on the interval [—0.5,0.5], independent of the Xjs. Let
Y = Sy + U. The randomized pushed confidence intervals for p are based on the

value of Y, i.e., L = L(Y) and R = L 4 d increase in Y as rapidly as possible.
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The optimality property that determines the construction of Lorden’s pushed

intervals, even in the fixed sample size case, requires that the endpoints L and R

2

of the confidence intervals be restricted to a finite grid {0, L, ., 2=1 1} in order
to make a numerical algorithm possible. As explained in [12], the construction of
optimal [L, R] that are not limited to a grid requires taking monotonic majorants,
which are not computable. In our numerical investigations we use m = 10°, so that
little is lost by this restriction. Theorem 8 shows that % is an upper bound on
the difference between the unrestricted shortest-width intervals and shortest-width

intervals that are grid limited, i.e., that have end points in {0, =, ..., 1}. Let py = %

for B =0 cuus 78k

Definition 1. A confidence interval [L, R] has grid coverage level vy if for k =1,...,m

P(L<pi1 <pe <R)>7~ (4.3)

for p = pr—1 and p = py.
Choose m and r so that - = d.

Theorem 6 (Lorden). Grid-limited level vy confidence intervals have grid coverage

level v.

Proof. Let [L, R] be a grid-limited level v confidence interval. Let y =

inf{y|L(y) > pi} for k = 0,...,m and y = —0.5 for £ = —r,...,—1. Note that
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{yk}zn:_r is a nondecreasing sequence. Suppose py_; < p < Pr. Then

7 S B(LY) <p < R(Y)) = P(L(Y) < pr—1 < pr < R(Y)) (4.4)

Now L(y) < pi—1 if and only if y < yj, or y = y;, and L(yx) < pr—_1. Also R(y) > py if
and only if L(y) > px—, if and only if y > ys_, or y = yx_, and L(yx_,) = pe—r. Since

Y is a continuous random variable, for all p

P(L(Y) < pp—1 < S R(Y)) = Pp(yp—r <Y < 3).

Since P,(yr—r <Y < yy) is a continuous function of p, we obtain that
P,(L(Y) < pi—1 < pr < R(Y)) is a continuous function of p, and since inequality

(4.4) is valid for p € (pr—1,pr) we conclude that

¥ < Py(L(Y) < pr—1 < pr < R(Y))

for p = pr—1 and p = p;.

In the fixed sample size case, the converse of the above theorem is also true, as
shown in [12]. However, in the sequential case it is not true in general for all stopping
rules, but it is true for some classes of stopping rules. Discussion of this will appear in
[2]. When m is large the coverage level of a confidence interval is well approximated

by its grid-coverage level and the procedures that we propose achieve grid-coverage

level ~.
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Denote by Fj the distribution function of ¥ when p; is true, ie., Fy(y) =
Ppp, (Y < 9). Since Y is a continuous random variable, the inverse functions ¥}, *(c),

k =0,...,m, defining the o quantiles are well-defined and are strictly increasing for

0 < a < 1. It is convenient to define for all k&

;

—.5 ifa=0

FHa) = j+.5, ifa=1

+oo, if a>1,
\

which preserves the strictly increasing property. We are interested in finding the
smallest integer r such that there exist grid-limited width r/m level « confidence

intervals for p that are nondecreasing functions of Y.

Theorem 7 (Lorden). Suppose a stopping time N is given and also an ordering
{(ss, fi),i=1,...5} of the stopping points. Fiz m and require that

L,Re€{0,1/m,2/m,...,1}. Suppose that there ezists a width r/m confidence interval
[L, R] with grid coverage level v such that L(Y") and R(Y') are nondecreasing in Y.

Then there exists a nondecreasing sequence {yg}i_,. such that

—

if ye <y <yr then [L(y), R(Y)] = [Pk; Pr+r)- (4.5)

The sequence {yx}7-_, satisfies

==

Ve > Ypo1 V N (7 + Feo1(Ye—r)) V F N (v + Fi(y—r)). (4.6)
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As a consequence, yi > xy, for all k, where {xy}7__ is defined by xx = —0.5 if k < 0
and if k > 0
Tk = Th1 V FL (7 + Floa(@ier)) V Frl(y + Fil(a)). (47)
Then

[L*(v), R*(y)] = [Pk, Prar] of 2k <y < Tipa (4.8)

defines grid-limited width r/m confidence intervals with grid coverage level v, and

L*(y) > L(y) and R*(y) > R(y) for all y.

Proof. Let y, = inf{y|L(y) > pr} Then (4.5) is clearly satisfied. We have

Y < P (L(Y) S o1 < S R(Y)) = Poepy_, (b <Y < i) (4.9)
and
Y < Poepp (L(Y) < pr—1 <pp S R(Y)) = B (Yh—r <Y < ). (4.10)

The two inequalities yield

yr > F74 (v + Fre1(Y—r))
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and

Yk > F (v + Fr(ye—r)),

which proves (4.6), since {y;} is nondecreasing. Now it is straightforward to prove
by induction on k that y, > xx. The induction step uses the fact that Yker = Thep
implies F}(yx—r) > Fj(zg—r) for j = k — 1,k and the fact that Fj_1 is nondecreasing.
The confidence interval [L*, R*] has grid confidence level « since (4.7) implies that
(4.9) and (4.10) hold with zj in place of y.

Note that the sequence {xy} is well-defined whether or not width r/m confidence
intervals of grid coverage level « exist. The terms zj are all finite if and ony if
Fr_1(xg—r) < 1 — for all k. This is how we numerically check whether grid level
~ width d confidence intervals exist: we compute the sequence {z;} using equation
(4.7), and if x,, is finite the algorithm succeeds and equation (4.8) defines the pushed
confidence intervals. Otherwise, Theorem 7 says that width r/m intervals with grid
coverage level v do not exist. Thus, given /N and m, we can use the push algorithm
to find the smallest r (by trial and error) for which width r/m confidence intervals of
grid coverage level v exist as a nondecreasing function of Y.

The following theorem shows that grid-limited confidence intervals are not much

longer than non-grid-limited ones.

Theorem 8 (Lorden). Suppose that r is the smallest integer such that grid limited
width r/m level vy confidence intervals nondecreasing in'Y exist. If there exists a level

~ width d confidence interval procedure that is nondecreasing in'Y , then d > (r—2)/m.

Proof. Suppose that d < (r — 2)/m. If p; < L(y) < pj41 then R(y) < pjtr1.
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Define [L*(y), R*(y)] = [pj, pj+r—1] for such y. Then clearly [L*(y), R*(y)] defines a

nondecreasing grid-limited width (r—1)/m confidence interval with coverage probabil-
ity v, contrary to the assumption that r/m is the smallest possible level v monotonic

grid limited confidence interval.

Remark 8. The pushed confidence intervals are not symmetric with respect to the
symmetry on the interval [0,1] : p — 1 — p. However, Lorden has shown in [12] that
the pushed confidence intervals, once they are constructed, can be easily modified to

be symmetric and all the optimalities continue to hold.

4.4 Numerical Examples

In this section we report numerical results obtained for specific sets of parameters. We
use inequality (4.2) to produce explicit lower bounds on B(7y,d, A). The maximization
with respect to the parameters [ and e is done on a grid. Given v, d, and A we wish to
determine the set of parameters defining N*, N’ and N” for which the push algorithm
succeeds, i.e., such that the push algorithm constructs width d level v confidence

intervals for p and
1
/ Ep(N)A(p) dp (4.11)
0

is minimal.
For N* this is done in the following way. For a fixed [, E,(N*(e,[)) is a decreasing

function of e. Therefore, for [ on a grid we determine the largest e for which the push
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algorithm succeeds. Then we minimize (4.11) with respect to I. The values of [ we
used are all in the interval [0, 2].

The value of K that specifies N is selected to be the smallest K for which the push
confidence intervals succeed, the reason being again that E,(N'(K)) in increasing in
K. Since K is an integer this computation is very fast. In fact the biggest advantage
of N’ is that it requires much less computation when compared to N* and N”. The
search for K is initiated at K = 0.

The search for the optimal parameters ¢, and K for the two stage procedure
N"(cp, K) is done in the following way. Since E,(N"(cp, K)) is increasing in ¢y, for
a fixed K we determine the smallest ¢; for which the push algorithm succeeds and
then we minimize (4.11) with respect to K.

Tables 1 and 2 show that all three procedures that we propose come very close to
being optimal. Another conclusion that we can draw (something we already suspect
from the asymptotic theory) is that the advantage of a fully sequential procedure when
compared to a two-stage procedure is relatively small, and the two-stage procedures
are very effective in the Bernoulli problem. Table 2 also shows that occasionally the
two-stage procedure N” performs better than the sequential, but this is due to the
fact that the two stage procedure is optimized with respect to two parameters and
the sequential is optimized only with respect to one parameter, which we artificially
restricted to the integer values for simplicity. Also in Table 2 in one instance the
Bayesian procedure performed worse than the sequential and the two-stage procedure,

which we think is due to the discrete nature of E(N). Table 3 shows max, £,(N*)
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and max /NV*, which occurs for p = 0.5. The results show that our procedures always
perform better than the Classical Extreme Tails method. However, they perform
worse than Lorden’s best fixed sample size method for some values of p. Table 4 shows
the optimal choice for the parameters defining the stopping rules. Figures 4.1 and 4.2
show the stopping boundaries N* and N’, which are very close. Figures 4.3 and 4.4
show the stopping boundaries for the two-stage rule. The meaning of the graph is the
following: the straight line represents the first stage sample size and to get the second
stage sample size one needs to find the intersection point of the second boundary and
the line connecting the origin of the coordinate system and the position of the random
walk after the first stage. The sum of the two coordinates of that intersection point
represents the total number of observations. Figures 4.5 and 4.6 show E,(N*) as a
function of p when the prior function is Beta(1l,1) and Beta(3,3) compared to the
classical fixed sample method and Lorden’s best fixed sample method. Figures 4.7
and 4.8 show the curves defining the pushed confidence intervals and, for comparison,

the straight lines defining the centered confidence intervals.
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Table 1. Average Expected Sample Size with Uniform Prior, v=0.95

h 0.1 0.065 0.05 0.03
Classical Extreme Tails 104 240 402 1096
Lorden Fixed-Sample Size 78 199 347 1004
Two-Stage Procedure(N”) 65.1 154.3 261.4 T722.2
Sequential Procedure(/N') 63.1 152.5 256.9 714.2
Bayesian Procedure(/N*) 62.6 151.3 256.0 712.3
Lower Bound 61.1 149.0 253.7 709.3

Table 2. Average Expected Sample Size with Beta(3,3) Prior, v=0.95

h 0.1 0.065 0.05 0.03
Classical Extreme Tails 104 240 402 1096
Lorden Fixed-Sample Size 78 199 347 1004
Two-Stage Procedure(N") 6.3 188.9 323.3 909.4
Sequential Procedure(/V’) 76.7 189.2 323.3 908.5
Bayesian Procedure(/N*) 76.1 188.2 323.1 909.7
Lower Bound 74.6 187.0 321.3 906.6

Table 3. max, E,(N*) and max N* with Uniform Prior, v=0.95

I 0.1 0.065 0.05 0.03
max, E,(N*) | 90.9 2221 376.8 1065.8
max N* 92 225 378 1068

Table 4. Parameter Specification with Uniform Prior, v=0.95

h 8.1 0.065 0.05 0.03
(enK) for N7 | (1.8,36) | (1.87,52) | (1.008,95) | (1.938,190)
(K) for N’ -7 -5 -5 -3

(e1073,1) for N* | (1.69,0.81) | (0.7283,0.87) | (0.4368,0.87) | (0.1594,1)
Lower Bound (1.8,1.2) (0.76,1.17) (0.45,1.1) (0.16,1.05)




60

Figure 4.1: N* and N’(dotted line) , Uniform Prior, h = 0.1, v = 0.95
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Figure 4.2: N* and N’(dotted line), Uniform Prior, h = 0.03, v = 0.95

600:
500i
400i
300:
200>

100

100 200 300 400 500 600



62

Figure 4.3: N”, Uniform Prior, h = 0.1, v = 0.95
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Figure 4.4: N, Uniform Prior, h = 0.03, v = 0.95
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Figure 4.5: E,(N*), Uniform Prior (the more peaked graph) and Beta(3,3) Prior,
Classical Fixed Sample and Best Fixed Sample, h = 0.1, v = 0.95
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Figure 4.6: E,(N*), Uniform Prior (the more peaked graph) and Beta(3,3) Prior,
Classical Fixed Sample and Best Fixed Sample, A = 0.03, v = 0.95
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Figure 4.7: Pushed Confidence Intervals for N* and centered intervals, Uniform Prior,

h=0.1,~v=0095
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Figure 4.8: Pushed Confidence Intervals for N* and centered intervals, Uniform Prior,

h=0.03, v = 0.95
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