Commuting Equivalence Relations and Scales on

Differentiable Functions

Thesis by

Janet Pavelich

In Partial Fulfillment of the Requirements
for the Degree of
Doctor of Philosophy

California Institute of Technology

Pasadena, California

2001
(Submitted the 5 of December 2001)



i

(© 2001
Janet Pavelich
All Rights Reserved



1ii

For mk,

The best cheering squad a person could wish for.



v

Acknowledgements

I would like to thank my thesis advisor, Alekos Kechris, for his patience, advice,
support, and enthusiasm while helping me with this work. Also for showing me, by
his example, that virtually all problems are somehow interesting, and that any task

worth doing is worth doing well.

I would like to express my gratitude and appreciation for the support, mathematical
and otherwise, of the other students who entered the Caltech graduate program in
math in 1996; particularly Rowan Killip, Clint White, Brian McKeever, and Greg
Labedzki. Miss you, Greg.

Thanks also to the administrative stafl of the Caltech Math Department, past and
present, for helping me to sort out all sorts of minor crises, from software headaches
to jury duty to late registration, and for always doing so without even hinting that my
ignorance of so many things computer-oriented, administrative, and/or time sensitive

could be fixed with a good thrashing.

Very, very special thanks to Mark Keel, for keeping the faith and not hesitating to
preach it. That’s exactly what I needed.

Finally, I want to thank my parents, Mike and Pat Pavelich, who always provided
me with blank paper for drawing and writing, rather than coloring books for staying

o)

within the lines.

This work was partially funded by NSF grants DMS-9619880 and DMS-9987437.



Abstract

This work counsists of two independent chapters:

The first is a study of commuting countable Borel equivalence relations, where two
equivalence relations R and S are said to commute if, as binary relations, they com-
mute with respect to the composition operator, i.e., RoS = S o R. The primary
problem considered is, to what extent does the complexity of ¥ = R V S depend on
the complexity of R and S, if R and S commute? This is considered both in the
case where the underlying space supports no F-invariant probability measure, and
the case where it supports at least one such measure. In the first case, the answer is
‘not very much’: any such aperiodic equivalence relation F can be written as RV S|
where R and S are smooth aperiodic. In the second case, we frame our study within
the context of costs, a system of invariants for countable Borel equivalence relations
with invariant probability measures, developed by G. Levitt [12] and D. Gaboriau [5].
One aspect of costs which is not well understood is the extent to which ‘commutativ-
ity’” within an equivalence relation (in a more general sense than the definition given
above) trivializes its cost. We have shown that, under certain conditions, this is in
fact the case. One of the consequences of these investigations is a new, elementary

proof of the fact the group SLQ(Z[%]) is anti-treeable.

The second chapter is motivated by the well known theorem of descriptive set theory
that every IT} subset of a Polish (separable, completely metrizable) space admits a
Hi scale. We construct a IT} scale on the set of differentiable functions with domain
[0,1], which is a II! subset of the Polish space C([0,1]). This construction is based
on the IT} rank of differentiable functions given by Kechris and Woodin in [4], and,
like this rank, is meant to reflect the intrinsic nature of DIFF, and so give a ‘natural’
criterion for determining whether the uniform limit of differentiable functions is itself

differentiable. We then attempt to further analyze this ‘scale criterion’ for a sequence



Vi
of differentiable functions (f,) by comparing it to the criterion that the sequence (f,)

converges.
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Chapter 1 Summary

Chapter 2 is a study of certain types of countable Borel equivalence relations on
standard Borel spaces. Here a space X is standard Borel if it has associated to it a o-
algebra of subsets S which is generated by a Polish (seperable, completely metrizable)
topology on X. An equivalence relation F on X is Borel if, when viewed as a subset of

X x X, it is an element of the o-algebra generated by SxS = {Ax B € P(X?)|A,B €

S}. E is countable if every equivalence class is countable.

Definition 2.1.1. Let R and S be equivalence relations on a set X. R and S are
satd to commute, written RIS, if RoS = S o R, where

RoS ={(z,y) € X?|3z€ X ((z,2) € RA(2,y) € 5)}

t.e., Ro S is the standard composition of relations.

Definition 1.0.1. Let R and S be equivalence relations on a set X. The join of R
and S, written RV S, is the equivalence relation on X generated by R and S. That
is, RV S is the C-least equivalence relation K C X? such that R C K and S C K.

The general motivating question for this chapter is: for a countable Borel equivalence
relations R and S on a standard Borel space X, how does RV S relate to R and S,

if R and S commute?

In Section 2 we introduce some standard terminology and review some known re-
sults in the study of countable Borel equivalence relations, and examine the case of
commuting equivalence relations R and S, where at least one of them is finite, i.e.,
each class is finite. It follows directly from the definition that if R is finite and R
and S commute, then each RV S class contains only finitely many S classes (see
Proposition 2.1.2(iii)). RV S is then said to have finite index over S. From this we

get Proposition 2.2.8:
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Proposition 2.2.8. Suppose R and S are commuting Borel equivalence relations on
the standard Borel space X .
i) If R and S are finite, then RV S is finite.
i) If R is finite and S is smooth, then RV S is smooth.
i) If R is finite and S is hyperfinite, then RV S is hyperfinite.

[t turns out that the converse of this finite index property is also true:

Theorem 2.2.9. Suppose Y and F are aperiodic countable Borel equivalence rela-
tions, F' C FE, and E has finite index over F. Then there is a finite equivalence

relation R C E such that ROF and RV F — .

(Here aperiodic means that each class is infinite. This isn’t a restriction, as the
theorem is trivial when one of E or F'is finite, since then both I and F' must be

finite, and we can just take R = F.)
Theorem 2.2.9 was proved jointly with A. Kechris.

Lastly in Section 2, we consider RV S, where R[S and each of R and S are smooth,;
in a sense which is made precise in the discussion preceding Theorem 2.2.7, smooth
aperiodic equivalence relations are the simplest among the aperiodic equivalence re-
lations. Proposition 2.2.11 essentially shows that any countable Borel equivalence
relation £ which contains a smooth aperiodic equivalence relation can be written as
the join of two commuting smooth aperiodic equivalence relations. Since the converse
is clearly true, this gives a complete characterization of countable Borel equivalence
relations which contain a smooth aperiodic equivalence relation, in terms of commu-

tativity.

Starting in Section 3 and continuing through Section 5, we consider countable Borel
equivalence relations which do not contain a smooth aperiodic sub-equivalence rela-
tion, and continue the investigaton of possible decompositions into the join of com-
muting sub-equivalence relations. Section 3 reviews various known characterizations

of countable Borel equivalence relations which do (resp., do not) contain an aperiodic
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smooth equivalence relation. One characterization of those that do not is that they

admit an invariant probability measure (defined in Section 3) on the underlying space.

In Section 4 (and Section 6) we review a new system of invariants for countable
Borel equivalence relations with invariant measures (and countable groups) developed
by Levitt [12] and Gaboriau [5]. We frame our question of commutativity within
the context of costs. This is relevant because the extent to which ‘commutativity’,
in a more general sense than the definition given above, trivializes cost is not well
understood. (For an aperiodic countable Borel equivalence relation F on X with
invariant measure p, its cost C,,(E) is an extended positive real value, 1 < C,(F) <

oo. By ‘trivial’ we mean C,(£) = 1.) As results we obtain:

Theorem 2.5.7. Suppose that F is an aperiodic countable Borel equivalence relation
on a Borel probability space (X, p), and that p is an invariant measure for E. If

E =RV S, where ROIS and R and S are aperiodic, then

1B <€ CAR + 30,08 — 2

Therefore if one of C,(R) or C,(S) equals 1, then

Cu(E) < max (Cu(R),CL(S)).

As a corollary, we have

Theorem 2.4.12. Suppose that E is an aperiodic countable Borel equivalence rela-
tion on a standard Borel probability space (X, ) and that p is an invariant measure
for E. If E = RV S, where R and S are hyperfinite and ROS, then C,(F) = 1. In

particular, if E 1s p-treeable, it is actually p-hyperfinite.

Remark: S. Solecki has since shown that a modification of the proof of Theorem 2.5.7

yields the stronger result

CE) < CR) + C.(8) ~ 1.



4
In the final section, we apply Theorem 2.5.7, along with previously known results of
Gaboriau to obtain concrete examples of groups with trivial cost. As consequences

of Theorem 2.5.7 we have:

Theorem 2.6.12. If R is a countably infinite commutative ring and n > 3, then
C{SLy(R)) = 1.

Hence if SL,(R) is non-amenable (e.g., in the case where R has characteristic 0), it

18 anti-treeable.

Proposition 2.6.15. If K is any countable infinite field, then G'L,(K), the group of

all invertible n X n matrices with entries in K, has cost 1.
And as a consequence of previously known facts on costs we also obtain

Proposition 2.6.13. If R is a countable commutative ring with unity which has

infinitely many units, then C(FEy(R)) = 1.

Here Fy(R) is the subgroup of SLy(R) generated by the elementary transvections.
In the cases where R not only satisfies the hypotheses of Proposition 2.6.13, but is
additionally a Euclidean domain, a commutative semi-local ring, or a ring of integers
of a real quadratic field extension Q(v/d), d € Z*, we have SLy(R) = Fy(R) (see
[6], 4.3.9), so SLy(R) = 1. In particular, from 2.6.13 we obtain a new proof that

SLZ(Z[%]) is anti-treeable, which, aside from cost machinery, is entirely elementary.

In Chapter 3, the general objects of study are Polish (separable, completely metriz-
able) spaces, and H} subsets of Polish spaces, where a subset A of a Polish space
X is IT} if its complement X\A is 31 ie., the continuous image of a Borel set. In
particular, we will be interested in the Polish space C([0,1]), the space of all real-
valued continuous functions on [0, 1], topologized by the supnorm metric || f—g |[coc=
maxzeoq] | f(z)—g(x)|, and its [T} subset DIFF = {f € C([0,1]) | f'(z) eaists for all z €
[0,1]}.
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Definition 3.1.1. A rank on a set A is any map from A into Ord, the class of

ordinals.

Definition 3.1.3. Let X be a Polish space, and A C X. A scale on A is any count-
able set of ranks {¢, : A — Ord | n € N} with the following property: for any
sequence of points (xy) in A converging to a point x € X, if Vn € N, 3o, € Ord, with

limg oo @n(Tk) = an, then x € A and Vn € N, ¢, () < .

Definition 1.0.2. Let X be a Polish space and A C X. A IT}-rank on the set A is a

rank ¢ : A — Ord whose initial segments are uniformly in II} N 31, in the following

1
sense: there exist relations <[, <5 with <[e IIj, <j€ X (as subsets of X x X)

_QSJ
such that Yy € A,

p(z) < ply) @z <[y <y
Definition 1.0.3. A4 H} -scale is one in which all the ranks are I—_[}—mnks.

Definition 3.1.6. Let X be a Polish space, A C X, and {¢, | n € N} a scale on A.
We say that a sequence of points (z,) of points in A converges in the scale {¢,|n € N}

if limy 00 () exists for all n € N.

It is a well known theorem of descriptive set theory that every II] set admits a I1]
scale (see [3], §36.D). Since a scaled set is closed under sequences which converge
both in the topology and in the scale, it is desirable to find a scale which is explicitly
related to the Polish topology, in the hopes that convergence in the scale can be used

to solve problems of an analytical or topological nature.

With this motivation, in Section 3 of Chapter 3 we define a countable set of ‘natural’
IT] ranks {¢.y} on DIFF (¢, U are each elements of a countable parameter set) and
show that it is in fact a scale. The ranks 1), ;; which are used are based on a H} rank

| - [prer developed by Kechris and Woodin in [4].

Although {%y} is intended to be a natural scale for DIFF, convergence in the scale
{#ev} is a complicated property to check for an arbitrary sequence (f,). Hence

in Section 4 we attempt to quantify convergence in the scale by asking whether it
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implies that the sequence of derivatives (f),) converges (under suitable hypotheses). If
a sequence (f,) converges in the scale {1}, then the sequence (| fn|prrr) of Kechris-
Woodin ranks is eventually constant. Thus it’s reasonable to assume that (|f,|pirr)
is actually constant, and to split the problem into cases according to this constant

value. This is how we proceed.

The minimal case, |f,|pirr = 1, is also the simplest. In Proposition 3.4.2, we show
that if f,, converges pointwise to f, (f,) converges in the scale {¢, ¢}, and | fo|prr = 1
for all n, then f] converges uniformly to f’. Proposition 3.4.3 is a partial converse

'/

: /4
! converges uniformly to f’, and

to this: if f,, converges uniformly to f € DIFF,
| fnlppr = 1 for all n, then lim,, % v(fn) exists for ‘most’ n, in a sense to be made
precise. An exact biconditional statement relating the two types of convergence is

then given in Corollary 3.4.6.

In the case where |f,|prr > 1, the relation between the two types of convergence is
no longer so direct. Using the characterization given in [4], that |f|prr = 1 if and
only if f € C'(]0,1]), it is easy to find an example which illustrates this. Let f €
DIFF be any function whose derivative isn’t continuous, say at the point zg € [0, 1).
We can then find a sequence (€,) such that ¢, — 0 and lim,, . f'(zo + €,) does not
exist. If we then define f, by f.(z) = f(z + €,) (modifying this appropriately for
z € (1 — €, 1]), then f, — f, and (f,) converges in the scale, but clearly f, / f',
since the real sequence (f) (zo)) has no limit. Since a set S C [0, 1] can be the set of
discontinuity points of a derivative f’ if and only if it is a nowhere dense, countable
union of closed sets (see [1], p. 34), this suggests that we weaken the question, and
instead ask whether, for a given sequence (f,), fn — f, convergence in the scale
{%n} implies that f](x) — f'(z) for all z in some G5 (countable intersection of open
subsets of [0, 1]) which is dense in [0, 1].

Without additional hypotheses, the answer is negative:

Proposition 3.4.7. There ezists a sequence (f,) in DIFF with the following proper-
ties:

i) (fn) converges in the scale {¢p.u | € € Q,U € U},



i) f, — 0 uniformly,
iii) Vn € N, |fulpirr = 2,

iv) V*z € [0,1],lim,,_,« f.(z) does not exist.

(Here we write ‘V*z € [0, 1] for ‘for all z in a dense G subset of [0, 1]’.)

The key property of this example seems to be that |f|pwrr < |fn|pmwr. When we
add the additional hypothesis that, roughly speaking, |f|pwrr = |fn|pipr on every
neighborhood of [0, 1], we get an affirmative answer, at least in the case that | f,|prr <

Q!

Theorem 3.4.12. Let (f,) be a sequence in DIFF which converges in the scale and
converges uniformly to the function f € C([0,1]). Then, as {t.y} is a scale, f €
DIFF. If there exists k < w such that f and each f, are everywhere rank k, then

vz fo(z) — f'(z).
In the case where | f,|pirr = 2, this can be given a more analytical characterization:

Corollary 3.4.17. Let (f,) be a sequence in DIFF which converges in the scale and
converges uniformly to the function f € C(|0,1]), and suppose that |fn|pirr = 2
for all n. Then, as {Yeu} is a scale, f € DIFF. If, additionally, the set {x €
[0,1] | f" is discontinuous at x} is dense in |0,1], then V*z € [0,1],lim, o fi(z) =

f'(z).

Question: Can Theorem 3.4.12 be generalized to the case in which each f, and f
are everywhere rank «, for any given @ < w;? That is, if (f,,) is a sequence which
converges in the scale and uniformly to f € C([0, 1]), and f and each f, are everywhere

rank a, is it true that V*z f) (z) — f'(z)?

Question: Is there an analogue to Corollary 3.4.17 for a sequence (f,) in DIFF whose
elements have | - |ppp-rank greater than 2? That is, if (f,) is a sequence which
converges in the scale and uniformly to f € C([0,1]), and |fn|pirr = @, is there an

analytical condition C, which would guarantee that V*z,lim,, . f,(z) exists?



Chapter 2 Costs and Commuting

Equivalence Relations

2.1 Commuting Equivalence Relations

Definition 2.1.1. Let R and S be equivalence relations on a set X. R and S are

satd to commute, written RIS, if RoS = S o R, where
RoS ={(z,y) € X*|32€ X ((z,2) € RA(2,y) € S)},

t.e., Ro S is the standard composition of relations.
The following characterizations of commutativity were shown in [1]:

Proposition 2.1.2. Let R and S be equivalence relations on a set X. Then the
following are equivalent:
i) ROS.
ii) RoS = RV S, where RV S, the join of R and S, is the C-least equivalence
relation K C X? such that R C K and S C K.

i) Within each R\ S-class, every R-class meets every S-class.

Proof. (1)=>(i1): We have
RVS ={(z,y) € X?|3k € N3zy,... , 20041 € X such that xRz, A 2,5 - - - A 214159},

so clearly Ro S C ROS. Conversely, suppose (z,y) € RV .S, ROS, and k is minimal

for which there exist z1,... , 2o111 with

TRz A 1S+ A 201415Y. (%)



Then k = 0. For suppose k& > 1, so that
2’1522 A\ ZQRZ3 N 235 g

is a subformula of (x). Since RS, there is w € X such that z; Rw and wSz3. But
then the subformula

TRz1 A 21829 N\ 29Rz3 N\ 235U

(where u = z4 or u = y, as appropriate) can be replaced by
zRw A wSu

which would contradict the minimality of k.

(ii)=-(iii): Fix z € X, and let [z|gys denote the RV S-class of z, i.e., [z]pvs = {y €
X |z(RV S)y}. Let C C [z]gys be any R-class, and let D C [z]gys any S-class; fix
y1 € C,y2 € D. Since y;1 (R V S)ys, by (ii) there exists w € X such that y; Rw and
wSYs. But this just means that w € C N D # 0.

(iii)=-(i): By the symmetry of the argument it will suffice to show that RoS C SoR.
Let (z,y) € RoS be given; then (z,y) € RV S, so by (iii) there exists w € [z|sN [y]r.
Any such w witnesses that (z,y) € So R. U

Remark: For the subject of this chapter, criterion (iii) appears to be the most useful

characterization of commuting equivalence relations.

2.2 Countable Borel Equivalence Relations

We now restrict our attention to the case in which X is a standard Borel space; that
is, X which has associated to it a o-algebra of sets S which is generated by a Polish
(seperable, completely metrizable) topology. In the following definitions we assume
that £ is an equivalence relation on a standard Borel space (X,S). By abuse of

notation, we will usually write X instead of (X, .S5).
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Definition 2.2.1. F is Borel if, when viewed as a subset of X x X, it is an element

of the o-algebra generated by S x S = {A x B € P(X?)|A,B € S}.

Definition 2.2.2. FE is finite (resp. countable) if each equivalence class of E s finite

(resp. countable). It is aperiodic if each class is infinite.
For example, if G is a countable group acting on X, then the resulting orbit equiva-
lence relation Fg, defined by

zEqy & g€ G(g-z =1y),

is countable. It is also Borel provided the action is a Borel function, where the Borel
structure of G is given by the discrete topology. A result by Feldman and Moore [4]

shows that the converse is also true.

Theorem 2.2.3. (Feldman-Moore). If E is a countable Borel equivalence relation on
the standard Borel space X, then there is a countable group G of Borel autormorphisms
of X for which E — E¢. Moreover, G can be chosen so that the involutions in G

generate Eg, i.e., Vz,y € X (zEy < 3g € G(9* =1 and g - z = y)).

There are two other classes of Borel equivalence relations which are important to our
work here. As above, in the next two definitions F is a Borel equivalence relation on

a standard Borel space X.

Definition 2.2.4. F is smooth if there exists a Borel map f: X — R such that
Vz,y € X, By < f(z) = f(y).
Definition 2.2.5. F is hyperfinite if there exist finite Borel equivalence relations
BRCRCBC.

on X such that E = |, F,. Equivalently (see, e.g., Dougherty-Jackson-Kechris [2],
5.2), E is hyperfinite if E — Eyz for some Borel action of the group (Z,+) on X.
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Clearly every hyperfinite equivalence relation is countable, but the converse is not

true.

If £ is smooth and also countable, then in fact it has a Borel transversal, i.e., a set
T C X which meets each E-class in exactly one point. (This follows from the fact
that any countable-to-one Borel function has a one-sided Borel inverse; see [3], §18.C.)

Using this fact it is easy to see the following standard fact:
Proposition 2.2.6. Fvery countable smooth equivalence relation is hyperfinite.

Proof. Let E be a countable smooth equivalence relation on the Borel space X, and
let X' = {z € X ||[z|g is infinite}. If E]y, is hyperfinite, then clearly E is too, so
without loss of generality we assume that F is aperiodic. By Theorem 2.2.3, F = Eg
for some countable group . Since F is aperiodic, G must be infinite; let {g,| n € N}
be an enumeration of its elements. Let 7" C X be a Borel transversal for F, and

define the Borel function s : X — X by
s(x) = the unique y € T" such that xEy.

We begin by defining a Borel map » : X — N which uniformly enumerates the

elements of each E-class, i.e., for all x € X, r[,), will be a bijection. Set

z| g

riz)j=0& s{g)=a
r(x) =n+ 1< g;-s(x) = x, where i is minimal

such that g; - s(x) & v~ *({0,--- ,n}).
Now for each n € N let F}, be the finite Borel equivalence relation given by
zFy < By and r(z),r(y) < n.

The F,’s form an increasing sequence of finite Borel equivalence relations and £ =

U, Fa. O
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Remark: The converse of Proposition 2.2.6 is not true. One example of a non-smooth
hyperfinite equivalence relation is Fp, the equivalence relation on the space of all

binary sequences 2V, given by

zEgy < ANVn > N(z(n) = y(n)).

Note that this is essentially the Vitali equivalence relation Ey on R, given by zEyy <

z —1y € Q. Just as Fy cannot have a Lebesgue measurable transversal, F, cannot

1, &

have a transversal which is measurable with respect to the (3, 5) product measure on

2N Thus we have

countable smooth C hyperfinite C countable.

A more general way of comparing Borel equivalence relations is via Borel reducibility.
Let E/ and F' be two equivalence relations on the Borel spaces X and Y, respectively.
E is Borel reducible to F', written & <g F, if there exists a Borel function f : X — Y
such that

Vz,y € X, zEy < f(z)F f(y).

If X and Y are uncountable spaces (so that any countable equivalence relation has
uncountably many classes), it follows that if £ is smooth and F'is hyperfinite, then
FE <p F and if F is non-smooth then F' Ly F. Also, if each of F and F' are non-
smooth and hyperfinite, then they are bireducible, i.e., E <g F and F <p E (see [2],
7.1). A result by Harrington-Kechris-Louveau [7], known as the General Glimm-Effros
Dichotomy, states that, in the sense of <p, the non-smooth hyperfinite equivalence

relations are the immediate successors to the smooth ones.

Theorem 2.2.7. (Harrington-Kechris-Louveau) If E is a Borel equivalence relation
on a standard Borel space X, then exactly one of the following holds:

i) F is smooth.

ii) Fo <p E.

Moreover, if case (ii) holds, the function which witnesses the reduction can be taken
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to be one-to-one.

We now return to the subject of commuting equivalence relations, and note a basic

consequence of Proposition 2.1.2:

Proposition 2.2.8. Suppose R and S are commuting Borel equivalence relations on
the standard Borel space X .
1) If R and S are finite, then R\ S is finite.
il) If R is finite and S is smooth, then RV S is smooth.
i) If R is finite and S is hyperfinite, then RV S is hyperfinite.

Proof. If ROS and R is finite, then it follows from Proposition 2.1.2(iii) that RV S
has finite index over S, i.e., there are only finitely many S-classes contained in each
RV S-class. Thus (i) is immediate. Also, it is a general fact that a finite-by-smooth
Borel equivalence relation is smooth, and a finite-by-hyperfinite Borel equivalence
relation is hyperfinite. (Here, by ‘finite-by-(*)’, we mean an equivalence relation £

which has finite index over some equivalence relation F' with property (x).)

For a proof that a finite-by-smooth equivalence relation is smooth, let £ and F' be
countable Borel equivalence relations on X, with #' smooth and E of finite index over

F. If f: X — R witnesses the smoothness of F', then g : X — R defined by

g(z) = min(f(y) : zLy)

witnesses the smoothness of E.

For a proof that a finite-by-hyperfinite Borel equivalence relation is hyperfinite, see (8],

1.3. d
In the proof of Proposition 2.2.8, we noted that if R(1S and S is finite, then £ = RV.S

has finite index over R. It turns out that the converse is also true. This is a joint

result with A. Kechris.

Theorem 2.2.9. Suppose E and F are aperiodic countable Borel equivalence rela-
tions, F' C E, and E has finite index over F'. Then there is a finile equivalence

relation R C E such that ROF and RV F = E.
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In the proof of Theorem 2.2.9 we will use the following result, which can be found

in [8].

Proposition 2.2.10. (Marker Lemma) If I is an aperiodic countable Borel equiva-
lence relation on a standard Borel space X, then there exists a sequence Ag, Ay, ---
of Borel subsets of X such that

1) Ag D Ay D -+ and each Ay is a complete section for E.
ll) ﬂk Ak = 0

Proof of Theorem 2.2.9. Without loss of generality, by treating each subset
Ui = {z € X | there are exactly i F-classes in [z]g }

separately, we may assume that F has fixed index 7 over F', for some ¢ > 1; following
the notation of group theory, we will usually write [E : F] = i. Let G be a countable
group and G'x X — X a Borel action such that ¥ = Fg, and such that F is generated
by the involutions in G (see Theorem 2.2.3). Let {g, |n > 1} be an enumeration of

the involutions.

We begin with the case ¢ = 2; the analogous assertion for larger values of ¢ will follow
by an inductive argument. This base case argument is analogous to the proof of

Theorem 3.12 in [8].
%= 2,
Claim 1: We can assume that F' has the following form: for some complete sections

A, B for F with ANB =0 and AUB = X, F'is the equivalence relation determined

by A and B. That is, zFy if and only if x Ky and either z,y € A or x,y € B.

Proof of Claim 1: Define

X1={z€X|g1 -z Fr}

Xnri={zreX|ze (X\UXk) and gp.1 - T € (X\UXk) and gn1 ¢ Fx}.

k=1 k=1
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Notice that z € X,, & g, -z € X,,, because g,, is an involution. Also, if z and y are
both in X\ |J;7, Xn, then zEy = zFy: because F is generated by {g, | n > 1}, if
zEy then there exists n for which g, - © = y. So suppose z,y € X\ U, —, Xn, zEy,
and z F'y, and let ng be minimal for which g,, - * = y. Then, as z,y & Uk<n0 Xk, we

have z,y € X,,, a contradiction.

Now let

C={zeX|ls\|JXn#0}

=l

D={zeX|[zlpC|]Xn}

=

On D Theorem 2.2.9 is true, since we can just define R by
Ry < In(z,y € X, and g, - = = y).

Hence, for the purpose of proving the theorem, we may assume that X = C. So let

A= {z e X|zlp\ [ Xn # 0}
B={zxeX|zlrC|JXa}

O (Claim 1)

Thus without loss of generality, we may assume that X = AU B, where AN B = 0,
A and B are complete sections for F, and where F'is determined by A and B. By
assumption E[,, E[g are aperiodic, so by the Marker Lemma fix complete sections
A=A DA DA D for Ef4and B = By 2 B; 2 By O --- for Elg such that
MNe Ax = i Bx = 0. Also, for each (z,y) € F let

l(z,y) = the least n € N such that g, - T = y.

(Notice that I(z,y) = l(y,z).) Call I(z,y) the label of the pair (z,y).
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Claim 2: There is a decreasing sequence of complete sections A = A 2 A} D A, D

-+« for B, with (), A, = 0 and the following additional property:

For each n and each x € A\ A/, there is a sequence z = xg,Z1, - ,Tam € A, such
that m < n?, and for each j, 1 < j < 2m,

1) Upspa,25) <05

i) z; € Aif j is even,

iii) z; € B if j is odd.
Similarly for ETj.

Proof of Claim 2: Let Ay = A and for n > 1 let

A =AU U {z € Ap\Aki1| there is no sequence x = xo, 1, - Tom € Ars1
k<n

for which m < n, and which satisfies (i), (i),

and (iii) above.}

Clearly A = A) D A} D A, D --- is a sequence of markers for E],. To see that
N A, =0, fix z € A and k with z € Ay\Ag,1. Then find n > k sufficiently large
that there is a sequence z = g, z1,zs with z; € B, x5 € Agy1, and I(z;_1,7;) < n?
for j = 1,2. Clearly x ¢ A!,. Finally, to verify the main property of Claim 2, let
x € A\A], and let k be such that x € A\ A,,. Then k < n so, as x € A}, there must
be some sequence & = T, T1,To, " , Ty = & € Apyq with I < n, I(z;-1,7;) < n®
for 1 <j <2 z; € Afor jeven, and z; € B for j odd. If ' € A, we are done.
Otherwise we repeat the process with z’. After at most n many steps we obtain a
sequence T = To,T1,Z2, " ,Lom With m < n? o, € A/, z; € A for j even, z € B
for j odd, and I(z;_1,z;) < n? for 1 < j < 2m.

O (Claim 2)

For each n € N and each z € A\A, fix a sequence z = zg, Ty, Tom € A, as
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guaranteed by Claim 2, and define the Borel function p2 : A — A/, by

p Tom, if z € A\A]

By itz e A,

In a similar manner, define p? : B — B! for each n € N. Finally, define a bipartite

graph GG on A and B as follows: for each x € A,y € B, let

(z,y) € G & zEy and In e N,z € A,y € B
such that p(z') = =, p2(y') = y, and

n? < l(z',y) < (n+1)%

Claim 8: G is locally finite, and the connected components of G are exactly the

equivalence classes of F.

Proof of Claim 8: To check that G is locally finite, fix z € A (the argument for
y € B being analogous), and let n be such that z € A\A,.,. If (z,y) € G (so
y € B), there is m < n and 2’ € A, y' € B, such that p2(z') = z, p5(y’) = vy, and
m? < I(z',y') < (m+ 1)2. So there is a sequence z = g, T1," -+ ,Topr1 = y of length
at most 4n® + 1 where I(z;,7;,1) < (n + 1)? for each j < 2k. Since there are only

finitely many such sequences, there are only finitely many such y.

For connectedness, it is enough to find a G-path between each z € A and y € B
with  E'y. We proceed by induction on I(x,y). If I(z,y) = 1, then (z,y) € G (in the
notation used in the definition of G, this is witnessed by n = 0, 2’ = z, and 3’ = y).
Now suppose I(z,y) > 2, and let n € N* be such that n? < I(z,y) < (n + 1)
If p2(z) = 2', p2(y) = ¥/, then there are sequences © = zg, 1, - ,Ty = ' and
Y= Yo, Y1, "+ ,Yom = ¢y’ with 0 < I, m < n? as guaranteed by Claim 2. By definition,
(z',y") € G, and by construction I(z; 1,7;) < n? < l(x,y) for each j < 2I; likewise
Hyk—1,yx) < n? < Il(z,y) for each k < 2m. So by induction hypothesis there is a

G-path between each z; ;,z; and each y; 1,9y, and we are done.

O (Claim 3)
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The existence of the graph G allows us to define R as needed; for each z € A, there
is at least one, but only finitely many, y € B for which (z,y) € G. Hence there is
a finite-to-1 Borel function f : A — B such that for all z € A, (z, f(z)) € G. Let
B’ = B\ran(f), and similarly fix a Borel function g : B’ — A such that (9(y),y) € G
for all y € B’. Now define R by:

TRy < x and y are in the same connected component

of the graph G" which is generated by [ and g.

It is easily checked that R is finite. Because G’ is bipartite over A and B, and each

connected component contains at least 2 elements, ROF, and RV F = E.

=2
Define the sequence Xi, Xy, -+ exactly as in the previous case. As before, if z,y €

X\ U2, X, then zEy = xFy, so if

A={zeX|[z]z\|JXn #0},

then C = {z € A|[z]r € U,-, Xn} is a set which contains exactly one F-class from

each F-class in A.
Claim 1’: On the E-invariant set A, the theorem is true of .

Proof of Claim 1’: Because C contains exactly one F-class from each F-class in A,
[ETac : Flac| = i—1. By induction hypothesis there is a finite equivalence relation
S" on A\C such that S'TF[ ¢ and SV Fl ¢ = El g ¢ Let S = 8" @ Ac be the
equivalence relation on A obtained by extending S’ in the trivial way to C, and let Q°
be the standard Borel space whose elements are the equivalence classes of S. Define

equivalence relations E* and £* on Q° by:

[zlsE*[yls & [ [z]s] , = [ Wls] &

[z|sF*lyls < | [2]s] . = [ Wls] »
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(so |z]sE*|y)s if and only if zFy, and |z|sF*[y]s if and only if [z|s and [y]s meet
the same F-classes). [E* : F*] = 2, so by induction hypothesis there exists a finite
equivalence relation R* on Q° such that R*JF* and R* V F* = E*. Now define the

Borel equivalence relation R on E by
TRy < |z|s R*[yls

Then R is as needed: it’s finite because each of S and R are; also RV F' C E. To see
that both ROF and RV F = E, let (z,y) € E be given; we’ll show that there exists
u € X for which x RuF'y.

Since E* is generated by the commuting equivalence relations R* and F™*, there exists
z € X such that
[#]s " [2]s F ™ [yls-

Hence xRz’ for all 2’ € [z]s. Since [z]sF™*|yls, either both z and y are in C, in which
case Rz Fy, or both z and y are in A\C'. In this second case, because S| 4\ cUF| g\
there exists 2’ € X such that 2S52'F'y. But then zRz'Fy.

O (Claim 1')

By Claim 1’, without loss of generality we may assume that | J, X,, = X. Let R' be

the finite Borel equivalence relation defined on X by
TRy < In(z,y € X, and g, - =y).

Let P! be the standard Borel space whose elements are the equivalence classes of R,

and define the Borel equivalence relations ' and F! by
[x]RlEl[y]Rl e [ [I]Rl]E = [ [y]Rl]E

[z|p Fllylp < [[Z‘JRI]F = [ [?/]Rl]p'

Just as we were able to obtain a ‘pairing’ between FE-equivalent, non-F-equivalent



20
elements of X (given by R'), we now construct such a pairing of the elements of P!
with respect to E' and F': let G! be a countable group and G'' x P! — P! a Borel
action such that the involutions {g!|n > 1} of G'! generate E'. Iixactly as we defined

the sequence X, Xy, - -, define

Pl ={peP'|g -p¥'p}

Pry={peP |pe(P\|JPF) and g, -pe (P\|JP) and gy, -p¥'p}.

k=1 k=1,

Now suppose that (>, P} # P'. Then Vp,q € P!, pE'q = pF'q, so on the Borel
set

Al ={pe P'|[plm\|J P # 0},

the Borel set C!' = {p € P' | [p|p1\U,", P! # 0} contains exactly one F'-class from

each F'-class. Now let

A ={z € X | [z]m € A1)
C, ={r e X |[z]am € C*}

Then C) is an F-invariant set which contains exactly two F-classes from each F-class
in A;. Just as in the proof of Claim 1/, we can use the induction hypothesis to find

a finite equivalence relation R on A, such that ROF[, , and RV F[, = E[4;:

Since [Eanc, : Flane,] < i and [Elg, : Flg,] < i, there exist finite equivalence

1

relations S; on A;\C; and S; on C; such that S; commutes with Flane: and S; V
Flane: = Elane,> and similarly for Sy, F[o , El¢,. Let § =5, @ 55, and let Q" be
the standard Borel space whose elements are the equivalence classes of S. As before,

define the ‘quotient’ equivalence relations E*, F'* by

[z]s E*[yls < “m]S]E - “y]S]E

[z]s F*[y]s < HI]S]F = “y]S]F
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|[E*: F*] =2 < i, so there is a finite equivalence relation R* on Q' such that R* and

F* commute, and their join is £*. Now define the equivalence relation R on A; by
rRy < [Z‘]SI{* [y]s

Then R commutes with F'[, , and their join is K[, ; the proof of this is entirely
analogous to the argument given in Claim 1’. Hence, without loss of generality, we

may assume that J7° , P} = PL.

Now define R? on X by

rR* < By and In (z,y € Py and g, - [z]r = [y]r1) -

n

Each R? class contains four elements and meets at least three distinct F-classes. If
R? [F, then iterate the above process, obtaining an equivalence relation R* such
that each R3-class contains eight elements and meets at least four distinct F-classes.

After at most ¢ — 1 many steps, a finite equivalence relation R is produced such that

ROF and RV F = E. O

From Proposition 2.2.8 it appears that, at least under certain circumstances, if RC1S
then RV S is no more complicated than R or S. This should be contrasted with
the general case, where no commutativity is assumed. For example, it is known that
any hyperfinite equivalence relation can be described as RV .S, where R and S are
finite Borel equivalence relations and each R-class and each S-class have size at most
2 (see [8], 1.21). We next investigate the case in which RIS, and each of R and S are
countable, Borel, and aperiodic. As noted in Theorem 2.2.7, the ‘simplest’ subcase is

when R and S are smooth.

Notation: Given a Borel space Y, let I(Y') denote the trivial Borel equivalence relation

which has only one equivalence class, namely Y x Y.

Proposition 2.2.11. If E is any countable Borel equivalence relation on a standard

Borel space X, then there exist smooth aperiodic equivalence relations R and S on
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X X N such that ROS and RV S = E x I(N).

Proof. Using Theorem 2.2.3, fix a countable group G and an action G x X — X
which generates E. Without loss of generality we may assume that G is infinite; let

{gn : n € N} be an enumeration of its elements. Define equivalence relations R and

S on X x N by

(m,m)R(y, TL) S dm T =Ggn"Y

(z,m)8g.n) Se=1y

Clearly each of R and S are smooth, and each is contained in /7 x [(N). To see that
ExI(N)C RV S, let (z,m) and (y,n) be such that (z,m)E x I(N)(y,n), and let k
be such that g -z = y. Then

(z,m)R(gx - z,1)S(gx - z,n) = (y,n)

where [ is chosen so that g, = gy, - gk"l. This also shows that R[CLS, by Proposition
2. 1.2(5) . O

We will provide a context for Proposition 2.2.11 in the next section.

2.3 Compressible Equivalence Relations. Nadkarni’s
Theorem
We begin with some terminology.

Notation: If E is a countable Borel equivalence relation on a Borel space X, let [[F]]
denote the collection of all Borel bijections f : A — B, where A and B are Borel
subsets of X and Vx € A, f(z)Fz.

Definition 2.3.1. A complete section of a Borel equivalence relation I on X is a

Borel subset A C X which meets every E-class.
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Definition 2.3.2. A countable Borel equivalence relation F on a standard Borel
space X is compressible if there exists f € [[F]] such that [ : X — A (ie., the
domain of f is all of X ) and X\A is a complete section for F.

So F is compressible if there is an injective Borel map f : X — X which maps every
E-class into a proper subset of itself. Clearly E can be compressible only if it is

aperiodic.

Definition 2.3.3. Let E be a countable Borel equivalence relation on a standard

Borel space X, and let 1 be a o-finite Borel measure on X. p ts an invariant measure

for E if for all f € [[E]], f: A — B, we have u(A) = u(B).

That is, p is invariant for E' if every Borel bijection which preserves £ also preserves

4.

Definition 2.3.4. Let E and F' be countable Borel equivalence relations on the stan-
dard Borel spaces X and Y, respectively. F and F are Borel isomorphic, written

E =g F, if there exists a Borel bijection f : X — 'Y such that for all v,y € X,

zBy < [(z)F[(y).

Proposition 2.3.5. The following are equivalent, for F a countable Borel equiva-
lence relation on a standard Borel space X .

1) F is compressible.

il) ¥ =5 E x I(N).

1) There is a smooth aperiodic equivalence relation F C F.

For a proof, see [2], 2.5.

There 1s also the following characterization of compressible equivalence relations, due

to M.G. Nadkarni [14], which we state here without proof.

Theorem 2.3.6. (Nadkarni): A countable Borel equivalence relation F 1s compress-

wble if and only if it has no invariant Borel probability measure.
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Via the characteristics given in Proposition 2.3.5, the following is an immediate corol-

lary of Propostion 2.2.11:

Corollary 2.3.7. A countable Borel equivalence relation I on a standard Borel space
X is compressible if and only if it is aperiodic and there exist countable smooth equiv-

alence relations R and S on X such that RC1S and E = RV S.

Proof. By Proposition 2.3.5, if F is compressible then FF ~g5 I x [(N), and the
assertion holds for E x [(N) by Proposition 2.2.11. Now suppose F is aperiodic and
E = RV S, where RIS and each of R and S are countable and smooth. Let

X' ={z € X | [z|g contains infinitely many R-classes}.

S|y, must be aperiodic, by Proposition 2.1.2(iii), and I\ x: is smooth, since on
X\X', E has finite index over R. Thus £’ = E[y\ x & S[y/ is a smooth aperiodic

equivalence relation contained in F, so by Proposition 2.1.2(iii) /' is compressible. [

Compressible equivalence relations are cofinal in the partial order of countable Borel
equivalence relations by <p, since for any countable Borel equivalence relation E,
E <p E x I(N) and E x I(N) is compressible. Hence Corollary 2.3.7 shows that,
in some sense, the join of commuting countable smooth equivalence relations can
be arbitrarily complex. Another way to view this is that compressible equivalence
relations have a complete characterization in terms of commuting smooth equivalence

relations.

We now investigate the case in which F is countable and nof compressible, i.e.,
has an invariant probability measure. Such F cannot contain an aperiodic smooth
subrelation. We instead ask when E can be written as the join of two commuting

non-smooth hyperfinite equivalence relations.
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2.4 Costs

The notion of the cost of an equivalence relation was introduced by G. Levitt in [12],
and developed by D.Gaboriau in [5]. In this section X represents a standard Borel

space and p a Borel probability measure on X which has no point-masses.

Notation: Let PAut(X, ) denote the collection of all partial Borel bijections f : A —
B, where A and B are Borel subsets of X, which preserve p in the sense that for all

U € A Borel, u(U) = p(f[U]).

Definition 2.4.1. A graphing on the measure space (X, p) is any countable subset
of PAut(X,p). If ® = {¢; : Ay — B;|i € I C N} is any graphing, its cost (with
respect to p) is defined to be

Remark: Each graphing ® generates a countable Borel equivalence relation Eg for

which g is invariant, namely

p
T =1y or

rFEey &
ﬁ Ine N3k, - ,k, € NIey, - ,e, € {—1,1} such that

| x € dom( Z:o---oqﬁii) a”dqbzzo---Ogbzll(x):y.

Conversely, by Theorem 2.2.3, any countable Borel equivalence relation £ for which
p is invariant is generated by some graphing ®. Thus the following definition makes

sense:

Definition 2.4.2. If E is a countable Borel equivalence relation on X for which p s

an invariant measure, then the cost of E (with respect to p) is

Cu(E) = inf(C,(®) : ® is a graphing which generales ).
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Definition 2.4.3. A graphing ® on X is a p-treeing if for every reduced word w =
et with ¢ € © and e; € {—1,1}, the set

{reX|zedom(¢ o---0¢f') and ¢g*o---0¢i'(z) =}

18 p-null.

Definition 2.4.4. A countable Borel equivalence relation E2 on X is p-treeable if it
is generated by a p-treeing. It is p-hyperfinite if there exists a p-conull set X' C X
such that ETy, is hyperfinite.

One of the most important theorems in the subject of costs is the following:

Theorem 2.4.5. (Gaboriau [5], 111, IV.1) If ® is a graphing of E and C,(P) =
C,(F) < oo, then ® is a u-treeing. Conversely, if E is p-treeable and ® is any
u-treeing of E, then C,(®) = C,(F).

Thus, to determine the cost of a p-treeable equivalence relation it suffices to find a

single p-treeing.

FEzxamples:
1) If £ is aperiodic and hyperfinite, then C,(E) = 1. It is generated by a p-treeing

consisting of a single Borel automorphism f : X — X.

2) If E is finite, with each class of cardinality n, then C,(F) = 1— . Again, F is

generated by a p-treeing consisting of a single mapping ¢ € PAut(X, ). The

domain of ¢ is X\7T', where T is a Borel tranversal for £.

3) Let F,, = <ay,--- ,a,> denote the free group on n generators. If £,, : X — X is
a free Borel action of F,, on X then the corresponding equivalence relation Fp,
has cost n. By abuse of notation, letting a; € F}, also denote the automorphism
on (X, u) corresponding to it via the above action, we see that & = {a; : X —
X |i=1---n}is a treeing for E. This shows that if n # m, then the groups

F, and F}, cannot generate the same equivalence relation via free actions.
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Definition 2.4.6. Let E and F be countable Borel equivalence relations on the stan-
dard Borel probability spaces (X,pu) and (Y,v), respectively. F and F' are orbit
equivalent if there are Borel conull sets X' C X and Y' C Y and a Borel bi-

jection f : X' — Y’ such that fu and v are equivalent and for all x,y € X',
zBy < f(z)F[f(y)-

We now list, without proof, a few more facts about cost due to Levitt and Gaboriau.
For these we assume F is a countable Borel equivalence relation on a standard Borel

probability space (X, p), and that p is invariant for F.

Theorem 2.4.7. (Levitt [12], 2) If E is aperiodic, then C,(E) > 1 and I is p-
hyperfinite if and only if it is p-treeable and C,,(F) = 1.

Theorem 2.4.8. (Gaboriau [5], 11.6) If U C X is a p-a.e. complete section for E
(i.e., u([U]g) = 1), then the cost of the equivalence relation I, on U with respect to

uly

the measure p' = 0y s

C

()

Theorem 2.4.9. (Gaboriau [5], II1.5) Suppose F' is a hyperfinite equivalence relation
on X and F C E (and hence p is F-invariant). Let ® be a p-treeing for F'. Then for
all € > 0 there exists a graphing V. for E such that ® C W, and C,(V,) < O, (F) + €.

Corollary 2.4.10. (Gaboriau [5], IV.15, IV.36) Suppose that F, and IV are count-
able Borel equivalence relations on X and p is E;-invariant, 1 = 1,2. If F' C F; N Ey

1s hyperfinite, then

Cu(ELV Ey) < Cu(Er) + Cu(E2) — Cu(F).

In particular, if E1 N Ey is aperiodic, then

Cu(BLV Es) < Cu(By) + Cu(Bs) — 1.
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Proof. By Theorem 2.4.9, given € > 0 and a pu-treeing ® of F', there exists a graphing
V; of Ei, ¢ = 1,2, which contains ® and such that C,(¥;) < Cu(L;) + 5. Then
W, V (W,\®) is a graphing for F, V F,, so

Cu(ELV Ey) < C, (W, V (U5\®))
< Cu(W) + Cu(W2) — Cu(@)
< Cu(Br) + Cu(Es) — Cu(F) +e.

The second assertion follows from the first, and the fact that every aperiodic count-
able Borel equivalence relation contains an aperiodic hyperfinite one over the same

underlying space (see [8], 3.25). a

Corollary 2.4.11. If Ey, Ey,--- ,E;,--- are countable Borel equivalence relations

on X, p is E; invariant for each i, and (), E; is aperiodic, then
Cu(\/ B) =1+ Z (Cu(Ei) — 1)

Proof. Let F' C ), E; be an aperiodic hyperfinite equivalence relation on X and ® a
treeing for F'. Given € > 0, for each i let ¥; be a graphing of F; with & C W¥; and
Cu(V;) < Cu(E) + 5. @V (V,;(¥;\P)) is a graphing of F, so

a

We now return to the question of which aperiodic countable Borel equivalence rela-
tions with an invariant probability measure can be written as the join of two com-
muting hyperfinite ones. By Theorem 2.4.7 the cost of such an equivalence relation
is between 1 and 2. In fact, commutativity implies that the cost is exactly 1. (Of

course the join of two non-commuting hyperfinite equivalence relations can have cost
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exactly 2.)

Theorem 2.4.12. Suppose that E is an aperiodic countable Borel equivalence rela-
tion on a standard Borel probability space (X, ) and that p s an invariant measure
for E. If E =RV S, where R and S are hyperfinite and RIS, then C,(I) = 1. In
particular, iof E is p-treeable, it is actually p-hyperfinite.

We would like to thank D. Gaboriau for a useful suggestion which helped to complete
the proof of Theorem 2.4.12.

2.5 Proof of Theorem 2.4.12

Definition 2.5.1. Let E be a Borel equivalence relation on a standard Borel space
X. A set AC X is E-invariant if Vo,y € X(x € A and 2Ey) = (y € F)). Given any
B C X, let [Blp ={y € X |3z € B(xEy)}. Thus |B|g is the smallest F-invariant

set containing B.

Definition 2.5.2. Let E be a Borel equivalence relation on a standard Borel proba-
bility space (X, p). p is E-ergodic if each E-invariant subset of X is either p-null or

p-conull.

We will first show that it suffices to prove the theorem in the case where p is FE-
ergodic. For this we will use the Uniform Ergodic Decomposition Theorem, due
independently to Farrell [3] and Varadarajan [16], which relates F-invariant Borel
probability measures on X to those which are additionally E-ergodic.

Notation: Given a countable Borel equivalence relation F on a standard Borel space
X, let Ip be the set of all E-invariant Borel probability measures on X, and let Elg

be the set of all measures in Iz which are additionally E-ergodic.

Theorem 2.5.3. (Farrell, Varadarajan) Let E be a countable Borel equivalence re-
lation on a standard Borel space X, and suppose that 1 # (. Then Elp / 0, and

there is a Borel surjection e : X — Elg such that
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1) Vo,y € X, zEy = e(z) = ()
i) Vo € Elp, v(c- ({u}))
i) Vi € I, p= [y e(x)du(z). That is, for each bounded Borel function f: X —
R, [x Jdu = [y (Jx fde(r)> ulz).

Notation: For e and v as in the above theorem, let X, = ¢ *({v}).

Theorem 2.5.4. Let E be a countable Borel equivalence relation on a standard Borel
space X, and p € Ig. Let p = [, e(z)du(z) be the ergodic decomposition of j with
respect to /. Then

C,(E) = /X Cory (B)du(z).

Proof. First note that the analogous assertion is true for graphings, i.e., C,(®) =
Jx Ce@)(®)du(z) for any graphing ® of £. This follows from the fact that, for any
v € lIg, C)(®) = 3 [, va(x)dr, where vg(z) is the valence of z in the combinatorial
graph given by ®. From this it follows easily that C,(E) > [, Cew)(E)du(z): given
e > 0, if ® is a graphing of F such that C,(£) > C,(®) — ¢, then

Cu(E) 2 Cu(®) — = |

X

Cg(r)(fb)d,u(x) — &= / Ce(z)(E)dM('r) -

X

For the reverse inequality: let € > 0 be given. For each v € Elg, there is a graphing
¢ = {¢7 : AY — B?|i € N} defined on X, which generates E[y, and such that
C,(F) > C,(®¥) — e. We seek to choose the ®*’s in such a way that each ¢;, defined
by

o= P o Jar— s

veElg veElg veEI g

is p-measurable. We begin with a few observations on graphings and cost calculations:

First note that if & = {¢ : A; — B;|i € N} is any graphing for £ and @’ is a graphing
of the form ¢ = {¢' : A} — B}|i € N}, where, for all i € N, v(A;AA]) = 0 and
Pil ainar = o; [ 4,04, then there exists an [-invariant v-conull set X' such that for all
(z,y) € X'x X'and alli € N, y = ¢(z) & y = ¢i(z). (Hence C,(P) = C,(P').) Call
such a pair ®, ®’ v-equivalent. Then when making cost calculations with respect to a

measure v, we can always replace a graphing ® by one to which it is v-equivalent.
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Secondly, fix any countable group G = {g;|7 € N} and a Borel group action GG x X —
X which generates F, and view the elements of G as Borel bijections on X via this
action. If & = {¢; : A, — B;|i € N} is any graphing for F, then for each i and
each z € A; there is j such that ¢;(z) = g; - z; thus A; may be partitioned into
countably many Borel sets A?, - - ,Ag,--- so that ¢[A{ = g TA{ for each 5 € N.

Doing this for each 4, and then letting A7 = J; A}, it’s clear that ®* = {g,] 4 |j € N}
and ® have the same edgeset (i.e., for each pair (z,y), 3¢ ¢;(z) = y if and only if
Jjz € Ajand g; - ¢ = y) and for any v € Ip C,(®*) < C,(P). When calculating
the cost of F/, we may take the infimum simply over the costs of all such graphings

® = {g;l4, | 7 € N} which generate . Note that any such graph is parametrized by

the sequence of Borel sets (A;)en.

Finally, fix a Polish topology 7 on X whose Borel o-algebra is S; let ® = {g;[ 4 [J € N}
be a graphing which generates E. For each v € Igp we can replace ® by the v-
equivalent graphing ®' = {g;[¢, |J € N}, where C? =, C7 is the increasing union
of compact sets, C7 C A/, and v(A9\C’) = 0. Thus when determining C,(E), we
only need to consider the graphings of I/ which are parametrized by elements of the

Borel space
K(X)NN = {(C), ken | ¥4,k CI is a compact subset of X }.

For ease of notation, we will denote a general element of K (X)¥*¥ by C| rather than

(C})jken. We will continue to use the notation C7 = | J, Cy.

Now consider the function f : EIz — R given by

Lemma 2.5.5. For each r € R, the set {v € Elg | f(v) > r} is I1}.

Proof. Using the above remarks, we have, for each r € R,
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f(v) > r & For all graphings ® of E,C,(®) > r
< For all graphings ®* of I/ which have the form
" ={g;la |J €N, A; € 5}, C, () =7
e VC e K(X)VN(If {9105 | 7 € NYis v-equivalent to a graphing
of E, then Z v(C?) > 1‘).
g

The parenthetical part of the last condition can be written as

Viz € XVj € N3ji, - ,jn € NJer, -+ ,en € {—1,1}
(z€C(e)Ngj, -z €CP(ea) N+ Ngj,_, - gjy - T € C(n)

/\gjn"'g_h'l':gj'x)’

where V2’ means ‘for v a.e. 2, and C%(¢;) is C% if ¢, = 1 and is g;, - C% if ¢; = —1.
This is a Borel condition on (C, v), so the full condition is II} on v.

U
By Lemma 2.5.5, f is ey-measurable, where ey is the image measure of punder e, i.e.,
for each Borel set V' C Elg, (V) = p(e *(V)). Hence we can find a Borel function
f : EIr — R such that

eu({v € Blg | f(v) # f(1)}) = 0.
Now define Q C EIp x K(X)¥*N by
(1,C) € Q & P = {g;l0s | § € N} is v-equivalent to a

graphing of K[y, and Z v(C) < fv) + e

2

Q is Borel (which follows from the proof of Lemma 2.5.5 above), and the projection
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of () onto Elg,
{v e EIg|3C(v,C) € Q}

is all of EIg. Hence, by the Jankov - Von Neumann Theorem (see [3], §18.A) there is
a 0(X1)-measurable function s : EIx — K(X)™" which uniformizes Q, i.e., for all

v € Elg, (v,s(v)) € Q.

Thus, denoting s(v) by the sequence (C’g(y))jeN, if for each j we define the set A; € X
by

1€ A; 4 W eEly (vee ({)NCY,)

& x € the jth element of the sequence s(e(z)),

then A; is in o(X]), and hence is y-measurable. Let A} C X be a Borel set such that
w(A;AA%) = 0. If we then let & = {g,] 4 | j € N}, we have
J

Cu(E) < C,(®) = Tyu(A)) = Ty(A;)
— [ el () dutz) - / () (K (e(@)))dp(z)
X X

< /X Ce(x)(E) 53 ed,u(x) = /Xce(z)(E)dP“(l') +€,

which establishes the reverse inequality. O

Definition 2.5.6. Let pu be a Borel probability measure on a standard Borel space X,
and E a Borel equivalence relation on X. p is E-quasi-ergodic, or quasi-ergodic for
E, if there exists a finite partition X, U Xy U --- X, of X such that for each i, X; is

Borel and E-invariant, u(X;) > 0, and ﬁ plx, 18 BTy, -ergodic.
Notation: For Y a standard Borel space, let. Ay denote the Borel equivalence relation

which is simply equality on Y.

Notation: When there is no room for confusion, given A C X and F' any equivalence
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relation on X, we will denote the equivalence relation F'[, & Afx\ 4 on X, which is

defined by z(F[, & A[X\A)y <z =y orz,y €A and zFy, simply by F'[ 4.

Proof of Theorem 2.4.12. This theorem is a consequence of the following, more general
formula for the cost of the join of commuting countable aperiodic Borel equivalence

relations.

Theorem 2.5.7. Suppose that F is an aperiodic countable Borel equivalence relation
on a Borel probability space (X, ), and that p is an invariant measure for E. If

E =RV S, where ROS and R and S are aperiodic, then
Cu(E) £ Cu(R) +2C,(8) — 2.

Therefore if one of C,(R) or C,(S) equals 1, then
Cu(E) < max (Cu(R), Cu(S)) -

Proof. If one of C,(R) or C,(S) is infinite, then the assertion is trivial, so suppose

otherwise. By Lemma 2.5.5, we may assume that p is F-ergodic.

We split the proof into two cases; this is in fact redundant, because the first case is

covered by the second, but we include it because it permits a much stronger result.

Case 1: p is not quasi-ergodic for either of R and S (and, as stated above, C,(R),
C,(S) are each finite). Then C,(RV S) = 1.

Proof of Case 1: When we restrict our attention to invariant sets, cost is ‘additive’,

in the sense that if A and B are any two disjoint, R-invariant sets, then
C#(RrAUB) - Cu(RrA) + Cu(RrB)-

Since C,(R) < oo and p isn’t quasi-ergodic for R, one can therefore find a sequence
{Un |n € N} of R-invariant sets of positive measure with C,,(R[,, ) — 0. Let ¢ > 0 be

given, and fix an R-invariant set U for which C,(R[;) < §. By adding an E-invariant
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null set to U (which will have no effect on cost calculations), we may assume that
[U]lg = X. Similarly, fix an S-invariant set V' such that C,(S) < §, and such that

5

[Vle = X.

We claim that E[, ,, = R[,VS[y. Clearly FT,,, 2 R[,; VS|, . For the other direc-
tion, let z,y € U UV be given, with zFEy. If z € U and y € V, then, because RS,
[z]rN[yls # @, and so there exists z such that z(R[,)2(ST)y. Thus z (R[, V STy)y.
If z,y € U, then, because V meets each F-class, there exists z such that 2z, yFz,
and [z]s € V. By commutativity, [z|gr N [2]s #£ 0, [y]lr N [2]s # 0, so there exist 21, 22
such that

z(RIy)z1(STv)ze(Rly)y-

Thus, again, z (R[; V S[y)y. The case in which z,y € V is entirely analogous, so
the claim is proven, and by Theorem 2.4.8,

CM(E) = Cu(Elyuv) — U U V) + p(X)
< Cu(RIy) + Cul(STy) = n(U U V) + u(X)

<1+e.

General Case: If RN S is p-a.e. aperiodic, then we are done by Corollary 2.4.10, so
suppose that

A ={z | |z|rns is finite }

has positive p-measure. Because pu(A) > 0 and p is R-invariant, R[4 must be u-a.e.
aperiodic. Hence by Proposition 2.2.10, we can fix a countable sequence B, By, - - -
of Borel sets such that A D By D By D ---, each B, is complete section for R, and
M, Bn = 0 (in particular, u(B,) — 0).

For eachn =1,2---,let R, = RV S[p . We claim that for each n, R, NS is p-a.e.

aperiodic. Let

Cn = {z | []|r.ns 15 finite }.

Clearly C, € A. Also, if x € C,, then [z]g,~s contains only finitely many RN S
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classes. We’'ll show that for p-a.e. © € A, [z]g,ns contains infinitely many R NS

classes, implying that u(C,) = 0.

Because p is S-invariant, STz must be p-a.e. aperiodic (on B,); hence for p-a.e.
x € A, we have

Vy € By, zRy = [yls;, 1is infinite .

Fix any such z € A for which the above statement is true, and fix y € B, N [z]g.
Because [y]s;, € B C A, [y|s;, must contain infinitely many 2 NS classes. Let
21,23+ be a sequence of elements in [y|s;, such that j # k = z; MRz By
commutativity, [z;]gr N [z]s # 0, so fix u; € [z;]r N [z]s. Clearly j # k = u; # ug.
But for each j, u; € [z]|g, N [z]s = [2]r,ns, showing that & C),. Thus u(C,) = 0,

and so by Corollary 2.4.10, for each n we have

Cu(E) =Cu(RiVS) <CL.(R)+Cu(S)—1

IN

Cu
Cu(R) + Cu(ST5,) + Cu(S) — 1
C.(R) + 2C,(8) — 2 + pu(By),

I

from which we achieve the desired result.
O
Remark: S. Solecki has shown that a modification of the above argument yields the

stronger result

Cu(E) < Cu(R) + Cu(S) =1
given the same hypotheses as in Theorem 2.5.7.

An application of Theorem 2.5.7 is the following.

Theorem 2.5.8. Let E be a countable Borel equivalence relation on the Borel proba-
bility space (X, ), and suppose i is E-invariant. Suppose also that & = \/, F;, where
each E; is an aperiodic countable Borel equivalence relation, C,(I;) = 1, and for each

i, Ez’DEH,l. Then C#(E) = T.

Proof. By Theorem 2.5.7, C,(E;V E;+1) = 1 for each ¢. By induction, using Corollary
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2.4.10, we can therefore show that F,, = \/;;1 E; has cost 1 for all n. The assertion
is clearly true for the base cases n = 1 and n = 2; for the inductive step, note that
Foy1 = FuoV(EpV Epy1), where Cy(F,) = Cy(E,VEp 1) =1, and F,N(E,V Epyq) =

FE, is aperiodic.

Thus E = J,, F, is the union of an increasing sequence of cost 1 equivalence relations.
It follows that F must also have cost 1 (see [5], IV.25). Indeed, since (), F,, = F; is
aperiodic, it must contain an aperiodic hyperfinite equivalence relation E'; let ® be a
p-treeing for E'. By Theorem 2.4.9, for each € > 0 and each n there exists a graphing
Wy,e of Fy, such that & C W, . and C)(¥,) < 1+ 5. But then &V (V,, (W, \P)) is
a graphing for £ and

C (@ v (\/(\Ifn,e\cm)) < Cu(®) + > Cu(Wn,\O)

n

<1+e.

]

Corollary 2.5.9. Suppose that E and F are countable Borel equivalence relations on
(X, p), with p invariant for each. Further suppose that there are aperiodic hyperfinite
equivalence relations ' C E and F' C F, and decompositions £/ = \/, [J; and F =
V, Fi, where each E; and F; are finite and such that E'CIF;, F'OFE; for alli. Then
CuEVF)=1.

Proof ' By Proposition 3.2.8, BV B snd F'V B, are hyperfnite for each i. Then, asin
the proof of Theorem 2.5.8, we can use an inductive argument and Corollary 2.4.10 to
show that C,(E'V (/! F)) = C.(F'V (V™ E;)) = 1 for all n. Consequently, as was
also shown in Theorem 2.5.8, C,(E'V (V= F;)) = Cu.(F' Vv (2, E;)) = 1. Finally,
since B = (B'V (V2 F))V (/v (V22 Eo) and (v (VE=, F) 1 (v (V2 F)

1s aperiodic,
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O

Corollary 2.5.10. (Gaboriau [5/, V.1) Let E and F be aperiodic countable Borel
equivalence relations on the Borel probability spaces (X, p) and (Y,v), respectively,
such that p is E-invariant and v is F'-invariant. Then the product equivalence relation

E x F on (X XY,uxv) has cost 1.

Proof. Let G and H be countable groups of Borel automorphisms for X and Y
respectively, such that ¥ = FE; and F' = Ey. By Theorem 2.2.3, we may assume
that £ and F are, respectively, generated by the involutions of G and H. Thus, if
we let {g; | ¢« € N} be an enumeration of the involutions of G, and for all i € N,
let F; = E.,~, then E; is a finite equivalence relation where each equivalence class
contains at most 2 elements, and £ = \/, E;. Analogously define F; = E_;, - for each
1 € N, and let £/ C E and F’ C F be any aperiodic hyperfinite equivalence relations.
ExF =(ExAy)V(Ax x F), and the decompositions E x Ay = \/,(#; x Ay) and
Ax x F =\/,(Ax x F;) are such that (E; x Ay)O(Ax x F'), (E' x Ay)O(Ax x F;)
for all <. Thus by Corollary 2.5.9, C,(E x F) = 1. U

As a final remark in this section, we point out that the known examples of a countable
Borel equivalence relation £ with invariant measure p, such that C,(F) > 1 and
which can be non-trivially decomposed into the join of two commuting aperiodic Borel
equivalence relations, are rather limited. More precisely, suppose that £/ = RV 5,
where R and S commute, and each of R and S have infinite index in £. It is possible
that C,(E) > 1 if at least one of R and S have infinite cost. (One such example
is the following: let F be any equivalence relation generated by a free p-invariant
Borel action « of the free group Fs; as noted in example (3) of §4, C\,(£) — 2. Now
let f : Fy — Z be any surjective homomorphism, let N = ker f, and H =<1z >,
where z is any element of Fy with f(z) = 1. Then N = F,, H = Z = Fi, and
NH = HN = F,. Thus if R is the equivalence relation generated by the restriction
of the action a to N, and S is the equivalence relation generated by the restriction of

a to H, then C,(R) = o0, C,(S) =1, ROS, and F = RV S.) However, there is no
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known example in which each of C,(R) and C,(S) are finite and C,(£) > 1. Does

such an example exist, or can Theorem 2.5.7 be further strengthened?

2.6 Costs of Groups

Gaboriau has also extended the notion of cost to countable groups. We present here

an introduction to the subject, followed by an application of Theorem 2.4.12.

Definition 2.6.1. An action of a countable group G on a o-finite measure space
(X, p) is invariant if for every g € G and every Borel set A C X, p(A) = u(g -
A). Equivalently, the action is invariant if p is an invariant measure for the orbit

equivalence relation Fg.

Definition 2.6.2. If G is a countable group, then its cost is defined to be
C(G) =inf (C.(Fe))
where the infimum is taken over all free invariant actions of G on Borel probability

spaces (X, p).

Definition 2.6.3. A countable group G has fixed price if all orbit equivalence rela-
tions Eqg which result from a free invariant action of G on a Borel probabilily space

have the same cost.

Definition 2.6.4. A countable group G is treeable if every orbit equivalence relation
E¢ resulting from a free invariant action of G' on a Borel probability space (X, p) is

p-treeable. G is anti-treeable if no such Eg is p-treeable.

Currently all known examples are fixed priced groups which are either treeable or

anti-treeable.

The following theorems simplify certain cost calculations:

Proposition 2.6.5. (Gaboriau [5], VI.21) If  is a treeing for any orbil equivalence

relation Fg induced by a free invariant action, then C(G) = C,(P). Hence any
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treeable group s fized price. Moreover for any group G there is a free invariant

action such that the corresponding orbit equivalence relation E¢ realizes the cost of

G, i.e., C(G) = C,(Eq).

Proposition 2.6.6. (Gaboriau [5], VI.2/) If G is a countable group and H is any
fized price infinite normal subgroup of G, then C(G) < C(H).

Definition 2.6.7. A group G is amenable if it supports a finitely additive probability
measure defined on all of its subsets which is invariant under the action of G' on itself

by left multiplication.

The class of amenable groups includes all solvable groups, and excludes all groups

which have a subgroup isomorphic to £y (see [17]).

Theorem 2.6.8. Let G be a group, and suppose G acts freely and invariantly on a
Borel probabability space (X, p); if the action generates a p-hyperfinite equivalence

relation, then G is amenable. Any amenable group is treeable and has fized price 1.

The first assertion above is essentially folklore; for a reference, see [11]. In [15] Orstein
and Weiss showed that amenable groups are treeable, and Levitt established the cost

of such groups (see [12]).

By Proposition 2.6.5 and Theorem 2.6.8, costs yield a method of determining whether
a group is anti-treeable; specifically, any cost 1 non-amenable group must be anti-
treeable. In turn this provides a method of determining whether an equivalence

relation can be treeable.

From Corollary 2.4.10 and Theorem 2.5.7, we have the following consequences regard-

ing the costs of groups.

Corollary 2.6.9. If H and K are any countable fized price subgroups of a given
group G and H N K is infinite, then

C(<H,K>)<C(H)+C(K)—-1.
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Proof. Denote the group < H, K > by G’, and let G’ x X — X be any free action of G’
on a Borel probability space (X, u). Let Eg be the corresponding orbit equivalence
relation, and let Fy (resp. Ex) be the equivalence relation obtained by restricting
the action to H < G’ (resp. K < (’). Since G' =< H,K >, Eg' = Ey V Fg; since
H N K is infinite, Eyng = EFy N Eg is aperiodic. Thus by Theorem 2.5.7,

C(<H,K>) < Cu(Eg) < Cu(Bn) + Cu(bk) — 1

— C(H)+ C(K) -1

since H and K are fixed price. U

Corollary 2.6.10. If H and K are countably infinite fixed price subgroups of a given
group G such that HK = KH, then

C(<H,K>) < C(H)+2C(K) — 2.

Therefore, if one of H and K has cost 1, then

C(<H,K>)<max(C(H),C(K)).

In particular, if G = HK with H, K countably infinite subgroups of fixed price 1, then
G also has fixed price 1.

Proof. Using the same notation as in the proof of Corollary 2.6.9, we have Fg =

Ey V Ex and, because HK — KH, Eg0Fg. Thus by Corollary 77,

C(< H,K>) < C“(Eg/) < CM(EH) -+ QC‘U‘(EK) —2
— C(H) +20(K) — 2

since H and K are fixed price. The second assertion follows similarly. O

Definition 2.6.11. If R is any commutative ring with unity, then SL,(R), the spe-

cial linear group over R of rank n, is the group of all n x n matrices with entries
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in R which have determinant 1. (Here both the determinant function and matriz

multiplication are defined in terms of the operations on R.)

The next result generalizes example VI.26(b) of [5]; a proof can also be given using

criterion VI.24(3) of the same work.

Theorem 2.6.12. If R is a countably infinite commutative ring and n > 3, then

C(SLa(R)) = 1.

Hence if SL,(R) is non-amenable (e.g., in the case where R has characteristic 0), it

18 anti-treeable.

Proof. Let E,(R) be the subgroup of SL,(R) generated by the elementary transvec-
tions, i.e.,

En(R) == <6ij(r)| Zvj S TL,i %jar G R >7

where e;;(r) denotes the element of SL,(R) with 1’s along the diagonal, 7 in the
1jth entry, and 0’s elsewhere. For n > 3, E,(R) < SL,(R) (see [6], 1.2.13), so by
Proposition 2.6.6 it will suffice to show that C(E,(R)) = 1. For each pair ¢, j < n,i #
7, let

Tyy=<eylr]|r e B>,

T;; is infinite abelian, so it has cost 1. Now put the 7;;’s into a sequence so that
for each (4,7) and (¢, '), if T;; and T;; are adjacent in the sequence, then either
t =1 or j = j'. If Ti; and Tjj are an adjacent pair, then the commutator group
[Tij, Tirj)] = {1r}, so in particular T;;T}; = Ty ;T;;. For notational simplicity, denote
these groups by their position in the sequence, rather than the matrix entry where

their elements differ from 7,,. Then we have a sequence of subgroups

T13T27 e aTnQAn

such that E,(R) = <T;|i < n?—-n>, C(T;) = 1, and T;T;,1 = T;1T; for all i <
n?—n—1. By Theorem 2.5.8, C(<T;,Ti;1>) = 1 for alli < n?—n—1. It then follows
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by induction that C(<T;|i < k>) =1forallk <n?—n: k= 11is trivial and k = 2 is
above. For the inductive step, note that <T;|i < k+1>=<T;|it < k> V <T}, Tk >.
By induction hypothesis and Theorem 2.5.8, C(<T;|i < k>) = C(< Ty, Tk1>) = 1,
and <T;|i < k> N <Ty, T, 1 >= T} is infinite, so by Corollary 2.6.9, <T;|i < k+1>
has cost 1 also. Hence C(E,(R)) = C(SL,(R)) = 1. O

For n = 2 the above argument fails; in fact the analogous assertion for n = 2 is false:
Gaboriau has shown that C'(SLy(Z)) > 1. Nevertheless, Corollary 2.6.9 can be used

to give a partial result in the same direction.

Proposition 2.6.13. If R is a countable commutative ring with unity which has

infinitely many units, then C(E2(R)) = 1.

Proof. Fy(R) is generated by the subgroups U and L, where

u T
U—< |u€R*,r€R>
0 ut!
u 0
F = \uER*,rER>.
< rout

Clearly Fy(R) << U, L >; that each of U and L are subgroups of Fy(R) can be seen
by the calculations

u T
0 wt
1 0 1 —u 11 1 0 11 1 wl(r—1)

uwl 1 0 1 0 1 -1 1 0 1 0 1
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u 0
r u!

1 0 1 0 1 -1 1 0 1 0 1 —u!
wir—1) 1 11 01 11 —u 1 01

Each of U and L have cost 1 (they are solvable); since UN L is infinite, C'(F2(R)) = 1,
by Corollary 2.6.9. O

In the case n = 2, it’s possible that [,(R) may not be normal in SL,(R) (see [6],
p. 27). Also in [6] (4.3.9), several criteria are given which guarantee that SLy(R) =
E3(R). These include the cases in which R is a Euclidean domain, R is a commutative
semi-local ring, and all rings of integers of real quadratic field extensions Q(V4d),

d € Z". So the following generalizes example VI.29 from [5].

Corollary 2.6.14. Let R be a commutative ring with unity which has infinitely many
units. If, additionally, R satisfies one of the conditions listed above, then C'(SLy(R)) =
1. Hence if SLy(R) is non-amenable (e.g., if the characteristic of R is 0), it is anti-

treeable.

This includes the case in which R = Z[%] = {%| k,1 € Z}, the ring of dyadic integers

(it is a Buclidean domain), and so gives a new proof that SLy(Z[3]) is anti-treeable,

which, aside from the cost machinery, uses entirely elementary methods. For another

proof, see [10], §3.

We conclude this section with a proof that the general linear group G'L,, (K ) has cost
1, for any » > 1 and any countably infinite field K. Although this result follows
from Theorem 2.6.12 and Corollary 2.6.14 (and also by a result of Gaboriau), the
proof to follow illustrates a different technique. It also, in the case n = 2, yields an
example of an equivalence relation which can be written as the join of two commuting
hyperfinite equivalence relations, but is not itself hyperfinite. We would like to thank
M. Aschbacher for the conversations which led to Proposition 2.6.15.
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Question: Suppose E is a countable Borel equivalence relation on the Borel proba-
bility space (X, 1), g is E-invariant, and C,(F) = 1. Can E be written as the join of

two commuting p-hyperfinite equivalence relations?

Proposition 2.6.15. If K is any countable infinite field, then G'L,(K), the group of

all invertible n x n matrices with entries in K, has cost 1.

Proof. Let L be any nth degree field extension over K; since the multiplicative group
of units L* acts on the n-dimensional K-vector space (L, +) by left multiplication, we
can view L* as a subgroup of GL,(K). Fix a basis (e1,--- ,e,) for (L,+). Because
L* acts transitively on (L\{0},+), we have GL,(K) = L*H, where

H = the stabilizer of e;

(T . \
1 a, ... Qp-1

0
An—l

| Ay, ,0p-1 € K;Anfl € GLn_l(K)

= (K™, 4+) % GL,_(K).

Since each of L* and (K™ !, +) are infinite abelian groups, they are fixed price with
cost 1; thus by using Corollary 2.6.10 twice, we get C(GL,(K)) < C(GL,_1(K)). By
induction, C(GL,(K)) = C(GL(K)) = C(K*) =1 for all n. d

As mentioned above, in the case n = 2 we have GLy(K) = L* ((K,+) x K*). Each
of L* and (K, +) x K* are amenable, but if K has characteristic 0, then G'Ly(K) is
not amenable. Thus if GLy(K) acts freely and invariantly on the Borel probability
space (X, ), then the resulting orbit equivalence relation F is not u-hyperfinite (by
Theorem 2.6.8), but £ = Er. V Ek _yxk+, where Ep.OFk )k and each of these

sub-equivalence relations is p-hyperfinite (again by Theorem 2.6.8).
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Chapter 3 A Natural H% Scale on DIFF

3.1 Preliminaries

Definition 3.1.1. A rank on a set S is any map from S into Ord, the class of

ordinals.

Definition 3.1.2. Let I" be a class of subsets of Polish spaces (e.g., the closed sets,
the Borel sets, etc.), and let I' denote the complement class, i.e., the class of sets
whose complements are in I'. If X is a Polish space and A C X, a I'rank on the
set A is a rank ¢ : A — Ord whose initial segments are uniformly in I' N I, in
the following sense: there exist relations <., Sg with g};e I, SEE IF (as subsets of
X x X ) such that Vy € A,

p(z) < ply) sz <Lyer<ly

I' is called a ranked class if each A € I' admits a I'-rank.

Definition 3.1.3. Let X be a Polish space, and A C X. A scale on A is any count-
able set of ranks {¢, : A — Ord | n € N} with the following property: for any
sequence of points (ry) in A converging to a point x € X, if Vn € N, 3o, € Ord, with

limg o0 Pn(Tk) = an, then x € A and Vn € N, ¢, (z) < limg o0 Pn (k).

Remark: When defining convergence in Ord, we use the discrete topology, so limg e ¢n(Tk) =

ay, means that the sequence (¢,(xy)), is eventually constant, with value a,.

Definition 3.1.4. A D'-scale is one in which all the ranks are U'-ranks. 1" is a scaled

class if each A € ' has a I'-scale.

Theorem 3.1.5. The class Hi is scaled; moreover, for each A € I17 there is a IT}-
scale {¢n |n € N} on A with the property that ran(¢,) < wy for all n, with equality if
and only if A is not Borel.
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For a proof, see [3] § 36.D.

Definition 3.1.6. Let X be a Polish space, A C X, and {¢, | n € N} a scale on A.
We say that a sequence of points () of points in A converges in the scale {¢,|n € N}

of limy o @dn (k) exists for alln € N.

If there is no risk of ambiguity, we will simply use the term ‘converges in the scale’,

without explicitly mentioning the particular scale {¢, | n € N}.

The proof of Theorem 3.1.5 gives a general method for constructing a scale for each
IT] subset of N¥| the space of all infinite sequences of natural numbers, with the
usual product topology. The general case can be reduced to this, because any two
uncountable Polish spaces are indistinguishable up to Borel isomorphism (the theorem
is trivial for countable spaces). In most cases, however, even if a concrete scale for a
given IT} set A can be obtained in this way, it will reflect very little of the intrinsic
nature of A. Since a scaled set is closed under sequences which converge both in the
topology and in the scale, it is desirable to find a scale which is explicitly related to
the Polish topology, in the hopes that convergence in the scale can be used to solve

problems of an analytical or topological nature.

One general approach to finding a ‘natural’ IT] scale for a given II] set is to find a
single ‘natural’ Hi rank, and then find a way to localize it with respect to a fixed
countable basis of the underlying Polish space. That is the approach taken here: we
show that a natural IT] rank on the set of differentiable functions with domain [0, 1],
developed by Kechris and Woodin in [4], can be successfully ‘localized’ to produce
a scale. We then attempt to quantify the analytical strength of convergence in this
scale, by comparing, for a sequence of differentiable functions (f,,) which converges
in the supnorm to a differentiable function f, convergence in the scale to pointwise

convergence of the derivatives (f)).

3.2 A Natural II} Rank on DIFF

This section is a summary of results from [4], by Kechris and Woodin.
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Let

C([0,1]) = {f | f a real-valued continuous function with domain [0,1]},

DIFF = {f € C([0,1]) | f'(z) ezists for all x € [0, 1]},

where f’(0) and f’(1) are understood to be one-sided derivatives. C'(|0,1]) is a Polish
space with the usual supnorm metric || f — ¢ ||oo= maxzepq) | f () — g(x)]. We'll see

that DIFF is a II] subset of C([0, 1]).

Definition 3.2.1. Let X be a set and D a collection of subsets of X which is closed
under non-empty intersections. A derivative on D is a map D : D — D with the
following properties:

i) VAe D,D(A) C A.

ii) VA,Be D,AC B= D(A) C D(B).

If D:D — D is aderivative and A € D, then we can define, by transfinite recursion,

the iterated derivatives D*(A) of A by

D°(A)=A
DPYY = D (DP(A))
D*(A) = () D°(A), if Ais a limit ordinal.

B<A

There will be a least ordinal a < card(A)" with the property that D*"1(A) = D*(A);
this is called the D-rank of A, and is denoted by |A|p. The set D/4P(A) will be
denoted by D*(A).

Theorem 3.2.2. Let X be a Polish space and let D = K(X), the hyperspace of
compact subsets of X (which is also Polish). LetY be any standard Borel space, and
letD:Y XD — D be a Borel map with the property that for each y € Y, the section

map D, : D — D is a derivative. Then

Op = {(y, K) | D7 (K) = 0}
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is a I} set and the map (y, K) — |K|p, is a II} rank on Qp.

(See [3], § 34.E.)

Toward defining a IT] rank on DIFF, let

Q:(Ovl)ﬂ(@)

U ={U|U a|0,1]-relatively open interval with rational endpoints }
={0,7) [r € QYU {(r,s) |r,s € QYU {(r,1]|r € Q} U{[0,1]},

and define a map D : Q x C([0,1]) x K([0,1]) — K([0,1]) by

D(e, f,K)={z € K|VU eld withz € U, Ip,q,7,s €UNQ, p<q,

r < s,such that [p,q| N [r,s|N K # 0 and

|Af(p,q) — Ays(r,s)| > €},

where A¢(p, q) = W.

It’s not difficult to check that I is a Borel map, and that for each pair (e, f) €
Q x C([0,1]), D s : D — D is a derivative. Hence by Theorem 3.2.2, the set {dp =
{(6, f, K) | D% (K) = 0} is I}, and the map (¢, f, K) — [K]p, , is a I1} rank on it.

1

Theorem 3.2.3. (Kechris-Woodin) ¥ f € C([0,1]),
f € DIFF & Ve € Q, ([0, 1]) = 0.
Because QU is I}, for each pair (¢, K), the section
Qexe = {f € C(0,1)) | (¢, f, K) € Qp} = {f € C([0,1]) | DT} (K) = 0}

is also H}. The corresponding rank f +— |K\D5,, 18 Hi as well: if <%, <* are relations
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in (Q x C([0,1]) x K([0,1]))* which are, respectively, £! and II! and witness the
definability of the rank of (lp, then the section relations Sf:K, Sf}( will be, respec-
tively, 31 and IT! in (C([0,1]))? and will witness the definability of the section rank
on Qe ky. (Here f S(SC’K) g if and only if (¢, f, K) <% (¢, f,K). S{:’K) is defined

analogously.)

By Theorem 3.2.3, DIFF= (., Q0. But for each f € c(lo,1]), K € K([0,1)),

€ < €= D, (K) D D, s(K), so in fact we can write
DIFF = (91,04

i.e., we can take the intersection over any sequence (¢;) in ) which has 0 as a limit
point. Since the class H} is closed under countable intersections and unions, this

shows that DIFF is IT] in C([0, 1]). Moreover, the map

W

f = sup ([0, 1]

3=

is a II] rank on DIFF (see [4]).

Notation: In the sequel, we will write |f|pipr for sup, |[0, 1]|p, ;-

To summarize, we have

Theorem 3.2.4. (Kechris-Woodin)
i) Ve € Q, the map f — |[0,1]|p, , is a II} rank on the II} set Qo)
ii) The map f — |f|pirr is a II} rank on the II] set DIFF.

Definition 3.2.5. Let X be a topological space, Y a metric space with metric d,
ACX, and f: A—Y any function from A into Y. The oscillation of f at a point
x €A is

oscg(z) = inf {diam(f[A NU]) | U an open neighborhood of .L}

= inif { sup {d(f(u), f(v)) |u,v € ANU} | U an open neighborhood of:z:}.
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So f is continuous at z if and only if oscf(z) = 0.
Proposition 3.2.6. If f € DIFF, then for any € € Q,

z € D(e, f,[0,1]) = oscp(z) > e,

z & D(e, f,[0,1]) = oscp(z) < 2e.

Proof. The first assertion follows directly from the definition of D(e, f, [0, 1]) and the
Mean Value Theorem. For the second, suppose that oscs (z) > 2¢, and for a given
neighborhood U € U of z, let u,v € U be such that | f'(u)— f'(v)| > 2¢. Fix p,q,r,s €
UNQ,p<gq,r<s,suchthat p<u<gq r<v<sand |As(p,q) —Ap(r,s)| > 2e.

If [p,q] N [r,s] # 0, then we’re done, so suppose otherwise, say p < g < r < s. Since
1As(p, @) — Ap(q,m)| +1Af(g, ) — Ay(r, 5)| > 2,

there is a triple (a,b,¢) € {(p,q,7),(q,r,s)} such that |As(a,b) — Af(b,c)| > €, and
trivially [a,b]N[b,c| # @. Since U was arbitrary, this shows that z € D(e, f,[0,1]). O

With Proposition 3.2.6 and Theorem 3.2.4, we recover another property of the sets
D(e, £, [0, 1]), given in [4]

Theorem 3.2.7. (Kechris-Woodin) Vf € DIFF,
fec0,1]) & Ve € Q D(e, f,[0,1]) = 0,

where C1([0,1)) = {f € DIFF| f' € C([0,1])}.

Example: Let
if z € [0, ],

(x — 3)*sin (I—l%—> if z € (3,1].

fz) =

) = 2, so for each

f € DIFF, and f’ has a single discontinuity, at z = . oscy (5

2
e € Q, D(e f,[0,1]) = {%} For any ¢, for any differentiable function g, and any

set K € K([0,1]) with Cantor-Bendixson rank 1 (i.e., any set with no limit points),
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D(e,g,K) = @. Hence D?*(¢, f,[0,1]) = 0, ie., |[0,1]|p,, = 2 for each € € Q, so

lf,DIFF = 2 as well.

A method of inductively constructing functions of any rank a < w; is outlined in [4]

(pp. 262-264).

3.3 A Natural H% Scale on DIFF

In this section we will construct a countable collection of I—Ii ranks on DIFF, based

largely on the ranks defined in the previous section, namely the ranks

S = 10,1]

De, s

on €1 0,1], for each € € Q, and the rank

[~ |flpwr = sup |0, 1]|D%,f

on DIFF. However we will also require that these new ranks contain additional infor-

mation, which will guarantee them to form a scale.

Definition 3.3.1. Let K € K([0,1]), f € C([0,1]), and € € Q. A closed interval
I C0,1] is € — K good for f if Vp,q,r,s € int(I)NQ, p<q, r <s,

[, gl N [rs]N K # 0 = [Ar(p,g) = As(r,s)| < ¢

where int(I) is the interior of I in the [0, 1]-topology.

Remark: 1f I is e — K good for f, then D(¢, f, K)Nint(I) = @. It’s possible, however,
that D(e, f, K) NI # (). For an example, let f be the function from the example in
the previous section, let K = [0,1], I = [0, 3], and € € (0, )N Q.

Definition 3.3.2. Let f € C([0,1]), K € K([0,1]), e € Q, and m € NT. Ane—m
covering of K for f is a finite sequence Iy, -+ , I, 1 of closed intervals such that:

i) Vi <n-—1, I; ise — K good for f.
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i) Vj <n—1, I; has length at least %
iii) Vo € K,3j <n—1 such that B(z, ) ={y € [0,1] | |z —y| < £} C ;.

Lemma 3.3.3. For each f € C([0,1]), K € K([0,1]), ¢ € Q, D(¢, f, K) = 0 if and

only if for some m € N there is an ¢ — m cover of K for f.

Proof:
«: If Iy, -+ , 1,1 is an € — m cover of K for f, then each [; is ¢ — K good for f and
K c i Lint(I;). As was noted in the above remark, D(e, f, K) C K\ Uize S ant(I;),

so D(¢, f, K) = 0.

=-: By definition of the map I, if z € K\ID(e, f, K) then there exists an open interval
U, containing x whose closure is ¢ — K good for f. By compactness, K is covered

_,; without loss of generality, omitting certain

by finitely many of these, U, -+ ,U,,
of these Uy, if necessary, we may assume that no Uy, is contained in any other. We

claim that their closures form an € — m cover of K for f, for some m € N*.

Toward determining a value m for which Uy, - , U, is an € —m cover of K for f,

Tn-1

let

m = min{b; — a; | j,k <n—1 and Uy, NU,, # 0}

me = min{d(p, K) | j Sn—1, p € {a;,b;} and p ¢ Uy, N K},

where d(p, K) is defined to be min{|p—q| lq € K}. Letn = min{%,7n,}. Then we claim
that for each € K there exists j such that B(z,n) C U,,. Toward a contradiction,
suppose otherwise, and fix a value x for which the assertion is false. We first note
that it cannot be the case that z € U,, N Uy,, for any pair j, k: otherwise, switching

the roles of j and k if necessary, a; < a; < x < b; < by. But then if z € (ax, a";bj],

B(xz,m) C Uy, and similarly, if z € [a’“;bj ,b;), then B(z,n:) C U,,, a contradiction.

Hence there must be a unique j for which z € U,,. If a; € U,; N K, then x — a; >
d(a;,Uz;; N K) > n1. On the other hand, if a; € Uy, N K, then there must be a

k < m — 1 such that a; € U,,. Since z ¢ U,,, we must have x — a; > by — b; > 75.
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Thus in either case, x — a; > 7, and we can similarly show that b; — 2 > 7, so

B(z,5) C Uy,

Thus if m is any integer greater than

max l, max{b_3 } 5
" j<n—1 L% 7%

then Uy, -+ ,U, _1 is an € — m cover of K for f.

O

Before giving the next definition we note that, by compactness of the interval [0, 1],
for any f € Q¢ 01), K € K([0,1]) and € € Q, the ordinal |K|p,_, must be a successor,
since it is the least B for which D?(e, f, K) = 0.

Definition 3.3.4. Fiz a bijection B : w? — w with the property that for all l;,ls,m €
w, I <l = B(ly,m) < B(ly,m). For each € € Q, let peo1) : Qo) — Ord be the

rank given by

peor1(f) = 110,1]|p,, — 1
= the least a such that D*** (e, f,[0,1]) = 0,

and let rejo1) : Qe o] — w be the rank given by

re,[O,l](f) = B(lam)

where B(l,m) is least such that D*(e, f,[0,1]) has an € — m cover for f consisting of

[ intervals, where oo = pejo1)(f)-

Definition 3.3.5. For each ¢ € Q, let ¢ 0,1) : Qe o,1) — Ord be the rank defined by

Be,0,11(f) = Pejo,11(f) - w + e 0,1 (f)
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Let 1 jo,1) : DIFF — Ord be the rank defined by

Ye01)(f) = | flpirr - w1 + e o,1)(f)

80 ¢ejo11(f) < ¢efoai(9) if and only if pejo)(f) < pefo(9) or pejor(f) = pejoni(g)
and rcjo1)(f) < re0,1)(9). Likewise 1) has the lexicographical ordering of the pair

(l ’ \DIFFa ¢e,[0,1])-

Notation: We will denote ¢ 0,1) by < pe0,1)(f), Te,0,1(f) >, rather than p,1)(f) -w+
7e0,1](f), to emphasize the lexicographical ordering. Similarly, we will denote 1) (o 1)

by < |flpirF, ¢e,0,1(f) >.

Lemma 8.8.6. For each ¢ € Q, ¢ 01 is a II} rank on Q. j01), and 1.0 is a II}
rank on DIFF.

Proof: Let € € Q be given. Following the proof of Theorem (34.10) in [3], we can fix
an effective ’coding’ of the countable ordinals: as given in (3], p. 273, let WO* C 2N<N
be the set of characteristic functions of countable well-orderings, and let = + |z|* be
the map on WO* which takes a point to the order type that it represents. WO* is
I}, and |- |*: WO* — w is a I} rank.

Again following the principles of the proof of (34.10), in [3], we can find a 37 relation
R(z, f) € X x C([0, 1]) such that for each f € Q)

R(z,f) & z€ WO and |z|* < pejo1)(f)-



58
Then the relations <% and < on C([0,1]) given by

f<lge
Jz (R(:c,g) and D" (e, g,10,1]) = 0 and (either D= (e, £,[0,1]) = 0 or
(D" (e, f,10,1]) = @ and VI, m € N,
if there exists an € — m cover of DI¥" (¢, g,[0,1]) for
g consisting of | intervals, then there exist I',m' € N
such that B(I'm') < B(l,m) and such that there exists
an € —m' cover of DI (¢, f,[0,1]) for f consisting

of I intervals) )) .

f<ge
Vm((R(m,g) and D" (e ¢,[0,1]) = Q) = (either D' (e, £,[0,1]) = 0 or
(D= (e, £,10,1]) = 0@ and VI, m € N,
if there exists an € —m cover of D" (¢, g,[0,1]) for
g consisting of 1 intervals, then there exists I',m' € N
such that B(I'm'") < B(l,m) and such that there exists
an € —m’' cover of D" (¢, f,[0,1]) for f consisting

of I intervals))).
are X7 and IT}, respectively, and for g € Q. .1,
Do) (f) < bepu(g) < f<fg «— <y

Hence ¢, o) is a I1} rank, for each € € Q. To see that each 1 o) is as well, let <Fpp

and <[ be 27 and II] be relations on C([0,1]) (respectively) which witness the
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fact that | - |prrr is a Hi rank, and let <% <P be as above. Then the relations
s P s
f2lg < (f <Bwrr 9 N (9 <pwr f = f < 9))

fﬁfg <~ (ngIFFg A (QSgIFFfifSePQ)),
are X1 and IT}, respectively, and demonstrate the fact that 9, o is a IT] rank. O
We now proceed to construct ‘local’ versions of each ¢ (o1

Definition 3.3.7. For each V € U, let

Uy ={W | W a V -relatively open interval with rational endpoints }

={W |W =UnNYV, for someU € U},
and define Dy : Q x C([0,1]) x K(V) — K(V) by

Dy(e, f, K) = {zx € K |YW € Uy withx € W, Ip,q,r,s e WNQ, p<gq,
r < s, such that [p,q) N [r,s]|N K # 0 and

|As(p,q) — Ay(r, )| > €}
Also, for eache € Q, V €U, let
Qv ={f € C([0,1]) | 3a € Ord, Dy (e, f, V) = 0}

As in the case V = [0,1], Qv is a IT} subset of C([0,1]) and f + |V|p,, is a II}

rank on €2, y. Analogously, we have

Definition 3.3.8. For eache € Q, V € U, let p.y : Qv — Ord be the rank given
by
pe,V(f) == |V|Dv(e,f) =L

As before, this makes sense because |V|DV(EJ) will always be a successor.
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Definition 3.3.9. Let V e U, K € K(V), f € C(|0,1]), and ¢ € Q. A closed
interval I CV is € — K good for fin V if Vp,q,r,s € inty (1) NQ, p < q, T < s,

@,q]ﬂ[T,S]ﬂK#@i IAf(p,q)—Af(r,s)| <€,

where inty (1) is the interior of I in the relative V -topology.

Definition 3.3.10. Let V e U, K € K(V), f € C([0,1]), e € Q, and m € N". An
e — m covering of K for f in V is a finite sequence Io,--- , I, 1 of closed intervals
such that
1) Vi<n—1, I; ise— K good for f in V.
ii) Vj <n—1, I; has length at least .
iii) Vo € K,3j <n—1 such that B(z, =) NV C I;.

Lemma 3.3.11. ForeachV eU, K € K(V), f € C([0,1]), ande € Q, Dy (¢, f, K) =

0 if and only if for some m € Nt there is an ¢ — m cover of K for f in V.

Definition 3.3.12. For each e € Q, V € U, define the rank r.y : Qv — w by

rew(f) = B(l,m)

where B : w? — w is the bijection fized in Definition 3.3.4, and B(l,m) is least

such that D&(e, f, K) has an € — m cover for f in V consisting of 1 intervals, for
a = pev(f)

Define ¢e v : Qcv — wyi and ey : DIFF — wq by
¢6,V =< Pe, v, Tev Zy

W =< | 3 |DIFFa Boyr = 5
As in the case V = [0,1], ¢ v is a II} rank on 2.y, and Y.y is a H} rank on DIFF.

Theorem 3.3.13. The set {¢p.v | € € Q,V € U} is a scale on DIFF. {{v | € €
Q,V €U} is a II] scale on DIFF.



61

Before beginning the proof of Theorem 3.3.13, we introduce two lemmas which will
be useful both in the proof and the sequel, along with a fact about the derived sets

for which we currently have no application, but which appears potentially useful:

Lemma 3.3.14. For each U,V € U with U NV # 0, for each ¢ € Q, K € K(V),
fec([o,1]), B € Ord,

UNDy(e, f,K) CDY (e, f, KNU) CUNDY(e, f, K).

Proof. The proof is by induction on §. Fix U, V,¢, K, f as above.

For # = 0, the assertion becomes
UNKCUNKCUNK,

and so is clearly true.

Suppose now that [ is a successor, say § = v + 1. For each W € U, say that an
interval I C [0,1] (open, half-open, or closed) satisfies condition C(v, W) if there
exist p,q,r,s € INQ, p < q, r < s, such that

[p,q] N [r,s] N DY, (e, f, KNW) £0 and |As(p,q) — As(r,s)] > €.

For the leftmost relation, if z € U N ]I])e(e,f, K) then, since each [ € Uy with z € [
satisfies condition C'(v,V), each I' € Uyry with z € [' does as well. So given
I' € Uyny withz € I, fix p,q,7,s € I'NQ such that [p, g|N[r,s|ND}, (¢, f, K) # 0 and
|Af(p,q) — Af(r,8)| > €. By induction hypothesis, U N D7, (¢, f, K) C D}, (¢, f, KN
U), so [p,q] N [r,s] N DY~ (e, f, K NU) # 0 as well, showing that I’ in fact satisfies
condition C(v,U N V). By definition, since I’ was an arbitrary Uy~ -neighborhood
of z, z € DF_ (¢, f, KNT).

For the rightmost relation, if z € ID)ﬁUm, (¢, f, KNU) then certainly z € U, and for each
I € Uyny, if x € I then [ satisfies condition C(y,UNV). Thus if I € Uy contains z,
it will satisfy condition C(~,U N V) because I = U N I' € Uyry does. By induction
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hypothesis D}, (¢, f, K NU) C DY, (¢, f, K), so in fact I’ satisfies condition C(v, V).

Since the same argument works for any neighborhood of z in Uy, z € UN ID)?,(E, f, K).

Finally, if # is a limit ordinal, then we have, from the definition of IH)‘B, and the

induction hypothesis,

UNDy(e, f,K) = (| UNDY(e, f, K)

<B

g m In)?}ﬂv(evaKﬂU)

Y<pB

:Dgﬁv(eafa K N U)v
and

ngv(ﬁ,f,KﬂU) = m D?}ﬁV(eafaKm U)

v<B

C()UNDY(e, f, K)

¥<p

=U N D (e, f, K).
O

Lemma 3.3.15. Let f, € DIFF and € € Q. If limp_,00 ¢ u(fn) exists for allU € U,
then limp,_o0 DE (€, fn, U) ezists in K([0,1]) for each U € U and each a € Ord.

Proof. Let U € U and o € Ord be given. It suffices to show that the topological limit

of the sequence (Dg(e,fn, U))n exists, i.e., that

Tlim sup D (¢, f,,U) = {x € [0,1]| for each neighborhood W of x,

n—oo

W NDE (e, fn,U) # 0 for infinitely many n}
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is equal to

Tlim inf D (¢, fn,U) = {z € [0,1] | for each neighborhood W of z,

W N D (e, fr,U) #0 for all but finitely many n}.
(See [3], § 4.F, pp.24-28.) Toward a contradiction, suppose

x € Tlim sup DE (¢, f,,, U)\Tliminf D (¢, fn, U).

n—o0

Then there exists W € U and subsequences (f,, ), (fn,) such that
vk W N Dg(e,fnk,U) # 0,

while

VI W N DE(e, fn, U) = 0.

By Lemma 3.3.14, this implies

Dfy o (€ fae WNU) # 0

for each k, while

D%VOU(Q fmaW N U) = @

for each I. But from this it follows that for each k, p.wnu(fn,) = @, while for each

L, pewnu(fr) < @, i.e., limy_ 00 pewnu (fn) does not exist. Hence limy, 00 e, wnu (fn)

does not exist either, a contradiction. O

Proposition 3.3.16. Let (f,) be a sequence in DIFF which converges in the scale
{pev e € QU eU}; let e € Q and U € U be given. If X < lim, p.y(fn) is a limit

ordinal, then

lim D} (e, fn, U ﬂ lim D (€, fn, U),

n—oo

1.e., we may switch the order of the limit and the intersection.
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Proof. By Lemma 3.3.15, lim,, oo D&(n, fn, V) exists for eachn € Q, V € U, a € Ord.
C: For all @ < X and each n, DY (e, fn,U) C D&(¢, fu,U). Hence, for all a < A,

limy, o D (€, fr, U) C lim, o D& (¢, fr,U), ie.,

lim D)) (e, fn, U ﬂ lim D (€, fn, U).

e a</\
D: Suppose z & lim, o D (€, fn,U). By Lemma 3.3.14, there exists V' € U, such
that z € V and lim, . DY (¢, fn, V) = 0; hence lim, o pev(fn) < A, denote it
by av. Since lim, o D& e, fr, V) = 0, & lim,_.00o DXV (e, fn, U), again by
Lemma 3.3.14. So = & () ,<» limn—co D (€, fr, U). U

Proof of Theorem 3.3.13. To see that {¢.v | € € Q,V € U} is a scale on DIFF, let
(fn) be a sequence in DIFF; suppose that lim, . f, = f and that lim, . ¢cv (fn)
exists for each € € @ and V € U. Since limp o0 e v (fn) exists if and only if
each of limp o0 pev(fn) and limy oo e v (frn) exist, we can write limp e v (fn) =<

ey, B(le,Va meyv) = where

Qeyv — nh—r:go Pev (fn)

B(le,Va me,V) = T}l_’ngo Teyr (fn)

By induction on «y, we’ll show that DF(e, f,V) = @ for all € € @ and for all
V' € U; hence, by Theorem 3.2.3, f € DIFF. Also in the induction, we’ll show that
foralle € Q and V €U, ¢ v(f) < < aev,B(lev, mey) >, completing the proof that
{¢ev | €€ Q,V €U} is a scale.

tey = 0.

Let Ny € N be such that n > N,y implies ¢.v(f.) =< 0, B(l.v,m.v) >; that
is, for each n > Ny, Dy(c, fn,V) = @ and V has an € — me,v covering for f, in
V which consists of lcv many intervals. Fix such a cover for each f,, and denote it

by [ag,b3],- -, [a] 1, b ] (for ease of notation, in subscripts we will write [ for I,y ).
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Nk
i

Then fix a subsequence (ny) with the property that limy . a;* and limy_,o b; * exist

for each i = 0,1,---1,v — 1. Denote these limits by a; and b;, respectively, for each .

Claim: [ag,bo],- -+ ,[a;_1,b,_1] is an e—=m,y cover of V for fin V. Hence Dy (e, f, V=

@ and ¢6,v(f) << 0, < lc’v,mevv >

Proof of Claim: Firstly, it’s clear that for each j, b;—a; > % and that for each z € V,
there is 7 < [,y such that B(x, ﬁ) C |aj, b;], because the analogous facts are true
for each of the coverings [ag*, by*], - - , [a*,,b*,] . So we need only show that each

laj, bj] is € — V good for f in V.
Toward this end, fix j < I,y — 1 and suppose that p,q,r,s € inty(|a;, b;]) N Q are
such that p < ¢, r < s, and [p,q| N [r, s] # O.

As a preliminary case, suppose additionally that a; < p,q,7,s < b; (which may

fail if either of a; or b; is an endpoint of V). Then, because limj_,. aj* = a; and

limg b3* = bj, for k sufficiently large we have p,q,7,s € [a;*,b}*]; since [aj*, b}*] is

€ — V good for fn, in V, we then have, for infinitely many k,

A, (P, q) — Ag,, (r,8)] < e

Since f,, — f, it follows that [Af(p,q) — As(r,s)| < € as well. By the continuity of
f, this must also be true when a; < p,q,7,s < b; (i.e., we can omit the preliminary

constraint). So [a;,b;] is € — V good for f in V. O(Claim)

acy > 0: As in the previous case, let N.v € N be such that n > N,y im-
plies ¢ v (fn) = < acv, B(lcv,m.y) >; for each n > N,y fix an € — my cover
lag, b3, - -+, [a} 1, b} 1] of DY (e, fn, V) for f, in V. (Again, for ease of notation,
in subscripts we will write [ for I.y.) Also fix a subsequence (n;) with the prop-
erty that for each ¢ < I,y — 1 there exist a; and b; such that limy . a;* = a; and

limg o0 0% = b;. By Lemma 3.3.15, lim,_,o, DY (€, fr, V) exists.

Notation: Let D = lim, o, Dy"" (€, fn, V).
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By definition of convergence in K ([0, 1]), for each § > 0 and all n sufficiently large,
D C B(DyY (¢, fn, V),6) and DY (e, fn, V) € B(D,$),

where B(S,n) = {z € [0,1] | minges |z — y| < n}. So for each x € D, there exists
Jj <lev — 1 such that B(z, ) C [a,, bj], because the analogous fact is true for each
z € DYV (€, fn,,V), with respect to the covering [ag*, by*],- - - , [a;'*,, b]"%,]. Also, for
each j, the interval [a;, b;] has length at least ;, because the corresponding fact is

true for each [a}*, b7*].

We complete the inductive step by verifying the following two facts:
i) For each j, [a;,b;] is € — D good for f. Hence [ag, bol,- - ,[a;-1,b,1] is an e —m
cover of D for f ;
i) Dy (e, f,V) C
Proof of (ii): Toward a contradiction, suppose = € DV (¢, f,V)\D, and let W € U
be such that z € W, WND = @. Then for n sufficiently large, we have W N
DyY (€, fn, V) = 0 as well, so by Lemma 3.3.14,

lim Pe, VW (fn) < Qe,v-
n—oo

By induction hypothesis we should then have p. vow (f) < a. v, but again by Lemma 3.3.14,
wn ]D)?;’V(e, f,V) # 0 implies pevow (f) > acv, a contradiction.

Proof of (i): We split the argument into two cases. Denote the closed interval V by

[u, v].
Case 1: D C (u,v).

Fix 7 <l.v — 1, and suppose p,q,r,s € inty([a;,b;]) N Q are such that p < ¢, r < s,
and [p,q] N [r,s]ND # 0.

As a preliminary case, assume additionally that

a; <p,q,r,s <b; and (p,q)N(r,s)ND #0.
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Then for k sufficiently large we’ll also have
a?k <p,qrs< b?k and (p,q) N (r,s) N Dié’v(eafnm V) #0.
Because [a}*,b7*] is € — DY (€, fn,, V) good for f,, in V, we have

1A, (P, @) = A, (1:8)] < e

Since f,, — f, it follows that

|Af(p,q) — Ag(r,s)| < e

For the general Case 1, because [p,q] N [r,s] N D C (aj,b;), we can find sequences

(Pn)s (@n), (rn); (8) in inty(la;,bi]) N Q such that pp — P, g — @, Th — T, 8p — 8,

and for each n,
@i < PrnsGnyTn, Sn < bj and (Pn,qn) N (rn,sn) ND # 0.

By the preliminary case, |Af(pn, ¢n) — Af(rn, sn)| < € for each n, so by the continuity
of f, |As(p,q) — Ag(r,s)| < € as well.

Case 2: {u,v} N D # (.

We begin by making a slight modification to the covering |ag, bol, - [a-1,bi-1]. If
u € D, consider each [a;, b;] for which a; = u (there must be at least one). If a['* = u
for infinitely many k, then we leave a; unchanged (it remains the left endpoint of the
tth interval). However, if a;* > u for all but finitely many k, then we replace a;, as

the left endpoint of the ith interval, by

1 3
E o sl by —
a; = min{a; + e— i me,V}
unless a; = b; — miv (i.e., [ai, bi] = [u,u+ E3_v])’ in which case we omit [a;, b;| from

L7 —

the covering. Because for each k there exists ¢ < n — 1 such that a]* = wu, there
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must be at least one ¢ such that a; = u and a!* = u for infinitely many k. Hence
this modified cover still has the property that for each z € D, there is a j such that
1
B(z, 7)) < laj, b5l

Similarly, if v € D, after modifying the a;’s as needed, we consider each [a;,b;] for
which b; = v. If b; = v but b;-“‘ < v for all but finitely many k, then we replace b;, as

the right endpoint of the jth interval, by

k - 3 }
a .
2me,V alle me,V

b; = max{b; —
unless [a;j,b;] = [v — miv,v], in which case we omit it from the covering.
Now fix j < l.v — 1 and let p,q,7,s € inty([a;,b;]) N Q with p < ¢, 7 < s and
p,gl N [r,s]ND # 0. If [p,q] N [r,s] "D C (a;,b;), then the argument from Case 1
applies, and we may conclude that |Af(p, q) — Af(r,s)| < e. Otherwise {u,v}N[p,q]N
[r, s] N D # B, since the only way that [p,q] N [r,s] "D & (a;,b;) isifa; =p=r=u
or b; = ¢ = s = v. For concreteness, suppose that u € [p,q] N [r,s] N D, so that a; =
p =7 =u. Then a}* = u for infinitely many k. If b; # v, then p,q,7,s < b;, so for

g 273

u € limg 00 DV (€, fr,, V) = D, we must have [p,q] N [r,s] N DY (¢, fr,, V) # 0, if

all sufficiently large k with a}* = u, we have p,q,r,s € inty([a}*,b}*]). Also, because

k is sufficiently large.

Thus for infinitely many k we have [Ay, (p,q) — Ay, (r,8)] < €, so

|Af(p,q) — Ag(r,s)| < e

If b; = v, then possibly ¢ = v or s = v, in which case there may not be infinitely

many k for which p,q,7,s € inty([a}*,b;*]) (there would be infinitely many k for

which 7% = v, but they may not be the same k for which a;* = u). But we can

find sequences (¢m), (Sm), ¢gm — ¢, Sm — s, such that for each m there exist infinitely

many k for which p, gm,r, sm € inty([aj*,b}*]). Using the above argument we get

|Af (D, gm) — Af(r,8m)| < € for all m,



69
so |A¢(p,q) — As(r,s)| < € as well. The case in which v € [p,¢]N[r, s]ND is handled

analogously.

Thus each interval [a;, b;] must be € — D good for f in V. This completes both the
inductive step and the proof that {¢.v | € € Q,V € U} is a scale.

As in Lemma 3.3.6, each .y is a Hi rank. Suppose (f,) is a sequence in DIFF,
lim, . frn = f, and lim, .o Y v (fn) exists for each € € Q and each V' € . Then
limy, oo ¢ v (fn) exists for all € € Q, V € U; since {pev | € € Q,V € U} is a scale,
f € DIFF and ¢ v(f) < lim, o ¢ev(fn) for all e € @, V € U. This implies that
Pev(f) <lim, .o pev(fn) for all e € Q, V € U; in particular,

| floier = sup(p1 0.4y(f) +1)
< SUP(,,}i_{lgo P#‘[o,l](fn) +1)

< lim (sup ,0%1[011](fn) 41

n—0o0

= lim |fn|DIFF
n—oo

(which exists, by hypothesis). Thus for all e € Q, V € U, e v (f) < lim, ey (fn), sO
{Yev |e€Q,V €U} is also a scale. O

3.4 Analytical Strength of Scale Convergence

Here we attempt to quantify the analytical strength of convergence in the scale
{vev | € € Q,U € U}, by investigating the conditions under which convergence
in the scale implies pointwise convergence of the derivatives. As was shown at the
end of the proof of Theorem 3.3.13, a sequence (f,) in DIFF converges in the scale
{pev | € € Q,U € U} if it converges in the scale {t.r | € € Q,U € U}, so, out of

convenience, we will generally work with {¢.v | € € Q,U € U} instead.

To begin, we note that the proof of Theorem 3.3.13 shows that the full strength of the

hypotheses was not used. This gives some indication of the strength of convergence
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in the scale.

Corollary 3.4.1. Suppose f € C([0,1]) and there exists a sequence (f,) in DIFF
which converges in the scale {¢v | € € Q,U € U} and which converges pointwise to
f. Then f € DIFF and ¢cu(f) < lim,—.co @ev(fn) for each e € Q, U € U. Similarly
for the scale {¢v|e€ Q,U € U}.

The subsequent results of this investigation of (f,) in DIFF depend on (| f,|pirr). We

begin with the simplest case, where | f,|pwrr = 1, i.e., each f, is in C''([0, 1]).

Proposition 3.4.2. Suppose (f,) is a sequence of C'([0,1]) functions which con-

verges in the scale

{¢)6’U|6€Q,UEU}

and which converges pointwise to a function f € C([0,1]). Then f € DIFF and
fl— f" uniformly.

Proof. By Corollary 3.4.1 and Theorem 3.2.7, f € DIFF and

Pejo,1)(fn) < nlg{.lo Pejo,1)(fn) = 0.

Again by Theorem 3.2.7, it follows that f € C'([0,1]).

Towards a contradiction, suppose that (f},) fails to converge to f’ uniformly, so that
there exist 0 > 0, a subsequence (f,,), and a sequence of points (x;) in [0, 1] such that
| fn; (x5) — f(z;)| > & for each j. Fix such 6, (fn,), (z;); without loss of generality, we
may assume that z; — x for some z € [0, 1]. Also fix € > g-. Because limy,—oo T 0,1 (fn)
exists, there is an interval [a, b] containing z in its [0, 1]-interior which is € — [0, 1] good
for all but finitely many f,,. Indeed, say limp—.cc 7 [0,1)(fn) = B(l,m). For each f, with
Tej01](fn) = B(l,m), f, has an € — m cover of [0, 1]. Hence there is an interval [an, by)
which is € — [0, 1] good for f, and with B(z, =) C [an, by). Take [a,b] = [, [an, bn]-
Let M € N be such that for all j > M,

i) z; € int([a,b]),

ii) [a,b] is € — [0,1] good for fy.
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Now fix p, ¢ € int(]a, b]) such that

p<q and |f'(2) = A(p.0)| < 3,

and for each j > M fix p;, q; € intj[a, b] such that

€

p; < q; and |fy (25) = Ay, (05, 45)] < 5

Then, for j sufficiently large, we have

oy (@) = (@) < |y (25) = B, (05, 65)] + 1B g, (055 45) — Dy, (@) +
1As, (@) = Ds(p, @)l + |As(p,q) — f/(@)| + | (&) — f'(25)]

<A, (P, a) = As(p, ) + |f (@) — F'(z5)] + 2e,

by our choice of p, ¢, pj, ¢;, and because [a,b] is € — [0, 1] good for f; (noting that if
J > M is sufficiently large, then [p,q] N [p;, ¢;] # 0). Because f,, — f and because
f' is continuous, the remaining two terms on the left-hand side tend to zero, hence
limsup;_ [f,,(z;) — f'(z;)| < 2e < 4, a contradiction.

O

Proposition 3.4.3. Suppose (f,) is a sequence in C'([0,1]), f € DIFF, f, — f
uniformly and f, — f uniformly. Then, for each U € U, there is a nowhere dense

set &y C Q such that limy, .o ¢eu(fn) exists for each € & Ey.

Lemma 3.4.4. Suppose (f,) is a sequence in C'([0,1]), f € DIFF, f, — [ uni-
formly and f! — f uniformly. Lete € Q, U € U be given. If [a,b] is e — U good
for f in U, then for each n > 0 there exists N, such that for all n > N, [a,b] is
(1+n)e —U good for f, in U.

Proof. The proof is given for U = [0, 1]; the same argument works for any choice of

U €U. Let € and [a, b] be as in the hypothesis of the lemma, and let 1 > 0 be given.
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Because f’ is continuous, the function F : [0, 1] x [0,1] — R given by

f'(p) if p=gq,
Af(p,q) ifp#q

F(p,q) =

is continuous (and hence uniformly continuous). Fix § such that for any (p,q). (7. s) €

[0,1] x [0, 1],

VIr=p?+(-q?<2v2 = |F(p,g)—F(rs)| <%

Let NV, € N be such that n > NV, implies both

D) | fo = o< %,
ii) Vu,v € [0,1], if |u — v| > 4, then |Af, (u,v) — Af(u,v)| < T.

Now let p,q,r, s € int([a,b]) N Q, [p,q] N [r,s] # 0. We’ll show by cases that for all
n > Ny, |Ag, (P, q) — Ay (1, s)] < (1 +n)e.

Case 1: ¢q—p >0 and s —r > 9. Then for all n > N,),

1A, (p,q) — Ag, (r,5)| <|Af.(p,0) — Ap(p, @) + |Af(p, @) — Af(r, 5)|
+ |Ag(r, 8) = Ay, (r,5)]
i d-54 %

<(1+n)e.

Case 2: q—p<dand s —r < 6.

Using the Mean Value Theorem, for each n > N,), fix p, € (p,¢q), rn» € (r,s) such that
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Ja(pn) = Ag, (@), fi(rn) = Af,(r,s). Then for all n > Ny,

1Asu(0, @) = Ag, (1, 8) = |fu(pn) = fr(rn)]
< fa®n) = £ o)l 11/ (0n) = ')l 1S/ (ra) = S (ra)]
< b E

< (14 n)e.

The bound for the term |f'(p,) — f'(rn)| comes from the fact that |r, — p,| < 20:
then \/(Tn —-pn)2 + <T” _pn)Q < 2\/55) SO IF(TTMTTL) - F(pmpn)| < %

Case 3: q—p>dand s —r < 0.
For each n > N,, fix r,, € (r, s) such that f/(r,) = Ay, (r,s). Then for all n > N,,

1A, (P ) — Ap, (1, 8)] <|Af (2, @) — Af(p, )| + |Af(p, ) — Ap(r,5)]
+ |Ag(r, 8) = f'(ra)| + |f'(rn) — fr(rn)]
L E gl I

=(1+n)e.

The bound for the second term comes from the fact that [a,b] is € — [0, 1] good for

f. The bound for the third term follows from the fact that /(7 — r,)? + (s — rp)? <
V25, since then |F(r,s) — F(rn, )| < T
OJ

Definition 3.4.5. Lete € Q, U € U, and let g € C1([0,1]). We say that € is U-sharp

for g if, for each € < €, o y(g) > rev(g).

Proof of Proposition 3.4.3. Let U € U be given. Because each f, is in C'([0,1]),
Geu(fn) =< 0,7cv(fn) >= rev(fn); that is, we need to determine the values € € Q
for which lim,, .o 7cv(f,) exists. We first note that lim, . 7cv(f,) exists if € is not
U-sharp for f. For suppose that € € @ isn’t U-sharp for f, and fix ¢ € @) such that
€ <eand roy(f) =rcv(f) =B(l,m). If Iy,--- ,I;_1 is an € — m cover of U for f in

U, then by Lemma 3.4.4, it will be an € — m cover of U for all but finitely many f, in
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U. Hence limsup, . 7ev(f) and liminf, oo reu(f) both exist and are bounded by
reu(f). Moreover, it’s impossible to have liminf, .o re v (f) < reu(f). If (fn,) were
a subsequence with r y(f.;) = B(I',m’) < B(l,m) for all j, then, as in the proof
of Theorem 3.3.13 (i.e., the proof of the base case a.y = 0), we could produce an
e —m’ cover of U for f in U consisting of I’ many intervals, a contradiction. Hence
liminf, . repy(f) = limsup, o rev(f) = rev(f). Secondly, we note that for each
fixed €g € @, there are only finitely many points € € @ such that € > ¢y and € is
U-sharp for f. This is because the function € — ry(f) is a decreasing map into N.
Thus if &y is the set of U-sharp points for f, it is as needed.

O

Corollary 3.4.6. Suppose (f,) is a sequence in C1([0,1]), f € DIFF, and f, — f
uniformly. Then f — f' uniformly if and only if for each U there is a dense set

Qu C Q such that lim, .o ¢ev(frn) ezists for each € € Qu.

Proof.
<: This follows from the proof of Proposition 3.4.2, which shows that the proposi-
tion’s hypothesis that (f,,) converges in the scale {¢.v|€ € Q,U € U} can be replaced
by the weaker hypothesis that lim, .o 7¢[0,1](fn) exists for all € in some dense subset
Qpo,1) of Q.
= Proposition 3.4.3

a
Thus, where sequences of C'*([0, 1]) functions are concerned (in other words, functions
with | - |prpp-rank 1), uniform convergence of the derivatives is roughly equivalent to
convergence in the scale. However, once we allow lim,, ... | f.|pirr = 2, the relation-
ship between convergence in the scale and convergence of the sequence (f}) is not
as strong. As the following proposition shows, even if the functions f, are required
to have | - |ppp-rank 2, convergence in the scale no longer guarantees convergence of

(f:b), even pointwise.

Notation: We write “V*z € U” for “for all  in a comeager subset of U” (see [3],

§8.G).
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Proposition 3.4.7. There exists a sequence (f,) in DIFF with the following proper-
ties:
i) (fn) converges in the scale {¢pev | e € Q,U € U},
ii) f. — 0 uniformly,
iii) Vn € N, | fulprrr = 2,
)

iv) V*z € [0, 1], lim, o f.(z) does not exist.

Proof. Define the auxiliary function ¢ : [0,1] — R in the following manner: let
g(0) = 0, for each k € N* let g(1) = —1, g(l(l + ﬁ)) = 1, and on each of the

intervals (27, 5(% + =7)], [3(+ + =1), #), define g to be linear.

graph of g

Thus g is a piecewise linear function which is discontinuous exactly at 0. Also, g is
a derivative, i.e., the function f(x fo t)dt is differentiable, and f'(z) = g(x)
for each z € [0,1] (see, e.g., [1], p. 27). Now, for each n € N, define the function

: [0,1] — R as follows: for each k € {0,---,3" — 1}, let m,, be the midpoint of

the interval [4%, %E1] and set
—1 if z € {0, 5, -+, 55,1},
gn(z) = k& ’

g(lz —mpx|) ifz e (%

tl),

3n
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1

graph of go

5 (L
6
="

graph of g1

ST

gn is discontinuous exactly on the set {mnx |k = 0,---,3" — 1}, and the function

is differentiable, and f’(z) = gn(z) for all z € [0, 1]. This sequence (f») is the example

which proves Proposition 3.4.7:
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It is straightforward to check that f, — 0 uniformly. To check that properties
(i) and (iii) hold, we first note that for any n € N and any k& € {0,---,3" — 1},

oscsr (my ) = 2, so by Proposition 3.2.6,
Dy (€, fn, U) = {mpx | k=0,---,3" =1} NU

for each € € Q and each U € U. In particular, for n sufficiently large, Dy (e, fn, U)
will be finite and nonempty. Because the D-derivative of a finite set is empty,
D% (€, fn, U) = 0, so lim, o0 pev(fn) = 1 for each € € Q and each U € U; also
| falpirr = 2 for each n € N. Thus (iii) holds, and to verify (i), we need only check

that lim, .. 7 (fn) exists for each € € @ and each U € U.

Lemma 3.4.8. Let (f,) be the sequence of functions defined above, and let ng € N,
€€ Q, U €U be given. Suppose that [a,b] is € — Dy (€, fny, U) good for fr, in U, and
that intg([a,b]) contains a discontinuity x of f; . If n > no is sufficiently large that
B(z,55:) N U C [a,b], then [a,b] is also € — Dy (e, fn, U) good for f, in U.

Proof. Toward a contradiction, suppose that n; > ng is such that B(x )NU C

T, g

[a, b], but [a, b] fails to be € — Dy (€, fn,,U) good for f,, in U. Witnessing this, let
p,q,7,8 € QNintg([a,b]), p < ¢, r < s, be such that

[p.dl N [r,s]NDu(e, fn,, U) # 0 and |Ap, (p,q) = Ay, (r8)] > €

Essentially, we’ll show that if p, ¢, 7, s exist as above, then there also exist p’, ¢’, 7', " €

B(a )N U which witness the failure of [a, b] to be e — Dy (¢, fn,, U) good for f,, in

) 3.3n1 3"1
U. Since Dy (€, fa,, U)ﬂB(x, 23%1) Dy (€, fros )ﬂB(as, 23n1) and fo, [ (s, )0 =
L B(2,52ber )00 this leads to a contradiction.

Because [p, q) N [r,s] N Dyle, fn,,U) # 0, there exists k < 3™ for which m,, x €

[p,q) N [r,s]. In particular, r,p < m,, and q,s > m,,. Because

Tan(fnl (4 [5hT /My, k]) o Tan(fm f[mnl,%o =ran (fn,),
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we can find points p/, 1’ € [3,11 , M, k] and ¢', 8" € [my,, lf,;fll] such that
ii) if p [3—,’§T,mnl,k], then p’' = p

and similarly for ¢/, ', s'. Thus |¢' — p/| <|¢—p| and |s' — 7'| < |s — 7], so

1Az, (0 0N 2 |Ag, (02 @)] and Ay, (7, 8] = [Ag,, (1, 5)]-

If sgnAsn, (p,q) = —sgnl sy, (1, s), then we have

1A gy (P2@) = Bgy (1 8)| =[5, (0, )+ A, (1, 5)]
S|Afnl (pl7 ql)| + IAfnl (Tl? S,)’

:IAfnl (pl7 q/) - Afnl (T/’ Sl)l?

since then sgnA,, (p', ¢') = —sgnl g, (r', s") as well. If sgnA s, (p, q) = sgnyn, (1, 5),
then max(|Ay, (p,q)|, Ay, (7, s)|) > €; without loss of generality, suppose that [Af, (p,q)| >
€. Because f, (mn, k) = 0, we can find v, s” € @ such that 7" < m,,, < s" and
Ay, (P, q') — Ay, (77, 8")| > €. In either case, if [a,b] isn’t U good for f,, in U, we
are able to find points px, gx, 7, sx in Q N B(mp, k, 23%1) N U such that

[p%, g¥] O [rx, 5] N Dy (€, fn,, U) # 0 and |Ay, (px, qx) — Ay, (1%, s%)| > €.
By the periodicity of f,,, we would therefore also be able to find points in 5(z, 3n1 5= )N

U which witness the failure of [a, b] to be € — Dy(e, fn,, U) good for f,, in U. But,

as noted above, fu, [ 100 = faol B, 2o and Dule, fo,, U) N Bz %, 5aer) =

Dy (€, fno, U) N Bz, 52:7) = {x}, so this would imply that [a,b] fails to be € —
Dy (€, fny, U) good for f,, in U, a contradiction.

O

From Lemma 3.4.8 it follows that for each € € @, and each U € U, lim,, oo 7c v( fr) €X-

ists. Clearly the lemma shows that the sequence (r.y(fn)), must be bounded. More-

over, we cannot have subsequences (7 ( fn, ), and (rev(fn,)); with limg oo 7e v (fn,) <
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limy_,oo 7e 7 ( fn,), because this would also contradict Lemma 3.4.8: in the notation of
the lemma, set ng to be any ny, such that re,U(fnkO) == Wg s Pt (Frs)e THE {Fe)
converges in the scale, i.e., property (i) holds.

ti(z)
31

Finally, we verify property (iv). For each = € [0, 1], let >~ denote the ternary

expansion of z (so for each i, t;(z) € {0,1,2}), and for each n € N*, let z, =
¥ %(2) Then

i=n 3¢

f(@) = gn(z) = g(lz — mng]) = g(|zn — 5521),

where k € {0,---,3" — 1} is such that © € [4, £t]. Denote |z, — 34| by 2}, and
define, for each N € N,

Ay = {z € (0,1] | 3n1,n2 > N such that g(z},) € [-1,—3) and g(z},) € (3, 1]}.

Let A= NyAn. A C {z € [0,1] | lim,—. f,(x) does not exist }, and each Ay is
open; if we can additionally show that each Ay is dense, then A, and hence {z €
[0,1] | limy oo f}(z) does not exist }, must be comeager. Toward this end, fix IV and
let y € [0,1], § > 0 be given; we’ll show that Ay N B(y,d) # 0. Let M; > N be such
that 3—,§,—1 < §, so that if ¢;(x) = t;(y) for all i < M, then |z —y| < J. Let k; € Nt be
sufficiently large that ti(%) = 0 for all 7« < M, and define

1 1
IMI_E+W'

Then g(|znm, — ﬁplme = g(ﬁ) = —1. Now let My > M; be such that for any n € R,

1 1
In| < 3L 9(|za — W! +0) £ —5

(which is possible, because g is continuous at u = |z, — T[\ﬁﬁﬂ), and let ky € N*

be sufficiently large that tl(%(é + k21+1)) =0 for all © < M,. Let

_1(1, 1y,
™M= o\t Tkt 1) T 230
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Then g(|zm, — 535+1]) = g(%(é + =) = 1. If we let = € [0,1] be the point

ko+1
My Mo
tz tl T

=300 Y M ia,

=1 i=Mi+1

My Mo 0o
_ t1<y) ti(le) ti(xMz)
- 3i + Z 3i Z 3t )

i=1 i=Myp+1 i=Mo+1

then clearly = € B(y,d), and if ny = My + 1, ny = M, + 1, then g(z}, ) € [—1, —%),
and g(z} ) =1 € (3,1]. So z € Ay, as needed.
O

Remark: Motivated by an interest to strengthen property (iv) of Proposition 3.4.7 to
iv’) For co-countably many x € [0,1], lim f; (z) does not exist,
n—oo

we posed the following question to Z. Buczolich:
Let S* C [0,1] be the set of all points = which satisfy the following property: for

infinitely many integers n, there is some positive integer & such that

{35} 1 1
— 1k < ——,
3" 23" 6 - k?

where {u} denotes the fractional part of u. Is S* co-countable?
Buczolich has answered this question in the negative, showing that the Cantor set
contains uncountably many points not in S* (see [2]). Although this neither proves

nor refutes the truth of (iv’), it seems to suggest that (iv’) may be false.

Nevertheless, for any sequence (f,,) in DIFF, there is a general connection between
convergence in the scale and pointwise convergence of the derivatives. The main fact

which demonstrates this is the following:

Proposition 3.4.9. Suppose that (f.) is a sequence in DIFF, f € C([0,1]), fo — f
pointwise, and (f,) converges in the scale {pev|e € Q,U € U}. Then f € DIFF and
iMoo fr,(x) = f'(x) for all v € N g ([0, 1]\ limy—.oo D(e, fr, [0, 1])).
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Proof. By Corollary 3.4.1, f € DIFF. We show now that, for each ¢ € Q, if z &
limy, o0 D(e, fn, [0, 1]), then lim sup,,_,.. | fi(z) — f(x)| < 2e.

Fix € € @ and suppose = & lim,_.o. D(e, f, [0, 1]); let V' € U be such that z € V' and
VND(e, fn, [0,1]) = 0 for n sufficiently large. Then by Lemma 3.3.14, Dy (¢, fn, V) = 0
for all such n, so lim, e ¢ v (fn) =< 0, B(l,m) > for some I, m € N. In particular,
for each n sufficiently large, there exist a closed interval [a,, b,] C V such that [an, bn]
is € —V good for f, in V and B(z, 2)NV C [an, ba). If we let [a, ] = (), [an, bn], then
[a,b] contains z in its V-interior and it is uniformly € — V' good for each f, in V, n

sufficiently large (say n > Nj).

Fix p,q € inty([a,b]) such that p < z < ¢q and |Af(p,q) — f'(z)| < 5, and for each
n > Ny, fix p,, ¢, € inty([a,b]), such that p, < z < g, and |Ay, (p,q) — fr(2)] < 5.

Then for n > Ni, we have

[fo(@) = f1(2)] <|Af(Pn; gn) — Ap(p, Q)] + €

<|Aj, (Pny @n) — A5, (0, Q)| + D1, (0, 0) — Ap(p,0)| + €

Because [a, b] is € — V good for f, in V and [p,,q.] N [p,q) NV # 0, |Ay, (Pn, qn) —
Ay, (p,q)| < € because f,(p) — f(p) and fu(q) — f(q), [As.(p, @) — As(p, @)l — 0.
Hence it follows that

limsup [}, (z) — f'(2)] < 2e

for each z € [0, 1]\ lim,,—.cc D(€, fn, [0,1]), and so lim, . f,(xz) = f'(x) for each z €
Neeg ([0, T\ limp oo D(e, £, [0, 1])).
U

Remark. If (f,) is the sequence discussed in Proposition 3.4.7, then we have, for each

€E€Q,

lim D(e, fn,[0,1]) = lim {# |k =0,---3" — 1}

e, 2.3n

=[0, 1].
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Thus this example shows that, at least in the sense of category, Proposition 3.4.9 is

best possible.

We next show that, under certain conditions on functions f,, and f as in the hypothesis
of Proposition 3.4.9, for each € € @ the set lim, .o D(e, f,, [0, 1]) is nowhere dense,
and hence f) (z) — f'(z) V*z € [0,1]. We begin by stating a useful fact whose proof

was given in the proof of Theorem 3.3.13:

Proposition 3.4.10. Suppose that (f,) is a sequence in DIFF which converges in
the scale and converges pointwise to a function f € C([0,1]). Lete € Q, U € U
be given, let oy = limy o0 pev(fn), and let B(l,m) = lim, oo 7ev(fn). Then there
exists a subsequence (f,,) and a corresponding sequence (Cy) such that
{) Vk, C = {[ab, B8], -+ , ek, 1]} s an e — m cover of DEF (e, fuy, D) for fo
in U consisting of | intervals.

ii) 3ao, bo, -+, ai—1,bi—1 € [0,1] such that for each i <1 —1,

lim a¥ = a; and lim b¥ = b;.
k—oo k—oo

ili) By possibly shrinking or omitting certain of the intervals [a;, b;], we obtain an
e —m cover [ab,bh], -+, [ay_1, b)) of limy oo DEY (€, fr, U) for f in U.
In particular,
Dy (e, i, Tlli_{glo]])?,e‘”(e,fn, U)) = (.
Definition 3.4.11. f € DIFF is everywhere p-rank « if:
) VeeQ,Uel pu(f) <a

ii) YU € U Je € Q such that p.y(f) = a (and hence, by monotonicity, pe v (f) = «
Ve <e).

Theorem 3.4.12. Let (f,) be a sequence in DIFF which converges in the scale and
converges pointwise to the function f € C([0,1]). If there exists k < w such that f

and each f, are everywhere rank k, then V*z f! (z) — f'(x).

Lemma 3.4.13. Let (f,) be a sequence in DIFF which converges in the scale and
converges pointwise to the function f € C([0,1]), and suppose that f and each f, are
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everywhere rank k, for some k < w. Then for each U € U, and each € € Q) for which
peu(f) =k,
g (e, f, lim Dy(e, fn, U)) = 0

Hence lim,, oo Dy (€, fn, U) # U.

Proof. Let U € U be given, and fix € € @ for which p.y(f) = k, as in the hypothesis

of the lemma. If £ = 1, then lim, . pcv(fn) = 1 also, and so
Dy (e, f, lim Dy (e, fn, U)) = 0

by Proposition 3.4.10.

For the case k > 1, we use the following fact:

Lemma 3.4.14. Let (f,) be a sequence in DIFF which converges in the scale and
converges pointwise to the function f € C([0,1]). For each e € @, U € U, let
aer = limy, oo pev(fn); then for any f < acy, we have

Dy(e, f, lim D(e, £,0)) € lim D5 (e, £, D).

n—oo

Proof: If B = «.y, then by Proposition 3.4.10, Dy (e, f, lim, . Dg(e,fmﬁ)) =
0, so the assertion holds. Now suppose that 3 < a.y; we first note that each
of the sets Dy (e, f,limy oo D?(e, f,TU)) and lim,_.oo DP (¢, f, U) are contained in
lim,, o0 Dg(e, fn,U). So let z € lim, oo Dg(e, fn,U) be given, and suppose that
r & lim, o Dgﬂ(e,f, U); we’'ll show that = & Dy(e, f,lim, ... D?(e, f,U)). Since
x & lim,,_,o ]Dg“(e, fn,U), there exists V € U, V C U, such that for all n sufficiently
large, V NIy (€, fo, U) = 0. By Lemma 3.3.14, this implies that lim, ..o pev (fn) =
3; but then by Proposition 3.4.10,

Dy (e, f, lim Dy (e, fo, V) =0,
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and this in turn implies that
V NDy(e, f, im DY (e, fn, U)) = 0,
because, for all W € U, W C V, we have, by Lemma 3.3.14

W N Dyle, f, lim Di(e, fo, U)) € Dw(e, f, W N lim Dy(e, fa, U))
[ DV(€a fa W N lim Dg(€7 .fn7 U))

C Dy(e, f, lim Dy (e, fn, V)) = 0
(This last inequality follows because, for any W/ e U4, W C W', W’ C V, we have

W N lim DY (e, fo, U)) € W' N lim DY (e, fo, U))
C lim (W' N DY (e, fn, U))

g lim DW/(G, anI)

n—oo

C lim Dy(e, f,V).)

n—o0

O
Returning to the proof of Lemma 3.4.13, let ¢ € @ be such that p.u(f) = k. By

Proposition 3.4.10 we have
Du(e, f, lim Dh(e, fu, 0)) = 0,
and by Lemma 3.4.14 we have
D (e, £, lim DYy (e, f», U)) € DE (e, £, lim D' (e, fn, 0))
for each of [ = 1,--- | k. Hence repeated substitution yields

D (e, £, lim Dy (e, fo, U) = 0,
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while, because ¢ was chosen such that p. 7 (f) = k, D5 (e, f,U) # 0. Thus

lim Dy (e, fn,U) £ U.

n—oo

O

Lemma 3.4.15. Let (f,) be a sequence in DIFF which converges in the scale {¢u| € €

Q.U eclU},andlete e Q, U elU, K € KU), a € Ord be given. If V € U is such
that V C lim,, o D% (¢, fr, K), then lim, o D&(c, fn, V) = V.

Proof. Using the fact that lim, . D% (e, fn, K) = Tlimsup,,_,., D% (¢, fa, K) (see [3],
§ 4.F) we have

V C lim D (e, fn, K) &

n—oo

Vx € V3(z,) such that =, — = and Vn z,, € DF (e, fn, K) =
Vz € VI(z,) such that z, — z and V*°n z, € Df(e, fr, K) NV =
Vz € V3(x,) such that z, — z and V*n z, € D (¢, fn, KNV) =

V C lim D¢(e, fr, KNV) C lim DE(e, fn, V).

O

Proof of Theorem 3.4.12. We claim that for each € € Q, the set lim,, .o, D(€, fx, [0, 1])
is nowhere dense. Toward a contradiction, suppose otherwise: let ¢y € () and Uy € U
be such that Uy C lim,,_,« D(€o, fn, [0, 1]); by monotonicity, Uy C lim, e D(€, fn, [0,1])
for each € < €y as well, so in particular, Uy C lim, o D(, fn, [0, 1]) for each € such
that p.y(f) = k. But then by Lemma 3.4.15, lim, Dy, (€, fn,Us) = Uy, which
contradicts Lemma 3.4.13.

O
We conclude this section with a couple of related results which are specfic to the case

|fn] < 2 for each n:

Theorem 3.4.16. Suppose that (f,) is a sequence in DIFF, f € C([0,1]), fn — f
pointwise, and (f,) converges in the scale {p.uy | € € Q,U € U}. Suppose also that
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| fnlpirr < 2 for all n. Then there exists an open set O such that
i) V*z € int([0,1\O), limy . fr(z) = f'(2),

i) f'lo is continuous.

Proof. Define

= U int (hm D(e, fa, [0, 1]))

€eeQ al
O mt(hm D(L, f,, [0, 1])) .
m=1

By hypothesis, for each n, |fu|prrr < 2, so for every € € Q, U € U, peu(fn) <
L. If limp oo pejo1)(fn) = O for each €, then O = @ and the assertion holds by
Proposition 3.4.2 (in fact, f’ is continuous on [0, 1] and f/ — f’ uniformly on [0, 1]).
Hence we consider the case in which lim,_, pejo,1)(fn) = 1 for all e sufficiently
small. Because (> lim, o D(%, fn, [0,1]) is dense in nt([0,1]\O), (i) holds by
Lemma 3.4.9. It remains to verify (ii). By Proposition 3.4.10 and Lemma 3.3.14,

D(e, f,[0,1]) Nint (nm D(e, f,, [0, 1])) ~ 9.

n—,o0

Hence by Proposition 3.2.6 and the fact that [, lim, (%, fn,[0,1]) is an in-

creasing union,

= [jz (hmlﬁ) , fus [0, 1])) = Vm>1,z¢ DL, f0,1))

m=1

= oscp(x) =0,

ie., f'lo is continuous.

O

Corollary 3.4.17. Let (f,) and f be as described in the hypotheses of Theorem 3.4.16.
If, additionally, the set {x € [0,1] | f’ is discontinuous at x} is dense in [0, 1], then
V' € [0, 1], limg oo f(z) = ['(z).
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Question: Is there an analogue to Corollary 3.4.17 for a sequence (f,,) in DIFF whose
elements have | - |ppp-rank greater than 2? That is, if (f,) is a sequence which
converges in the scale and lim, o |fu|prrr = @ > 2, is there an analytical condition

C which would guarantee that (J,., lim, o D(¢, fr, [0, 1]) were nowhere dense, and

hence that V*z,lim,, o, f}(z) exists?

Question: Can Theorem 3.4.12 be generalized to the case in which each f, and f are

everywhere rank «, for any given a < w;?
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