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Abstract

This thesis consists of three projects in general relativity on topics related to binary black holes
and the gravitational waves they emit. The first project involves calculating a four-metric that
is an approximate solution to Einstein’s equations representing two widely separated nonrotating
black holes in a circular orbit. This metric is constructed by matching a post-Newtonian metric to
two tidally distorted Schwarzschild metrics using the framework of matched asymptotic expansions.
The four-metric presented here provides physically realistic initial data that are tied to the binary’s
inspiral phase and can be evolved numerically to determine the gravitational wave output during
the late stages of inspiral as well as the merger.

The second project is on the tidal interaction of binary black holes during the inspiral phase. The
holes’ tidal distortion results in the flow of energy and angular momentum into or out of the holes
in a process analogous to Newtonian tidal friction in a planet-moon system. The changes in the
black holes’ masses, spins, and horizon areas during inspiral are calculated for a circular binary with
holes of possibly comparable masses. The absorption or emission of energy and angular momentum
by the holes is shown to have a negligible influence on the binary’s orbital evolution when the holes
have comparable masses. The tidal-interaction analysis presented in this thesis is applicable to a
black hole in a binary with any companion body (e.g., a neutron star) that is well separated from
the hole.

The final project is on first-order hyperbolic formulations of Einstein’s equations, which are
promising as a basis for numerical simulation of binary black holes. This thesis presents two first-
order symmetrizable hyperbolic systems that include the lapse and shift as dynamical fields and have
only physical characteristic speeds. The first system may be useful in numerical work; the second
system allows one to show that any solution to Einstein’s equations in any gauge can be obtained

using hyperbolic evolution of the entire metric, including the gauge fields.
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Chapter 1

Introduction

The central theme in this thesis is binary black holes. The exact evolution of these binaries is still
an unsolved problem in general relativity. Solution of this two-body problem is important not only
as a matter of principle, but also as a practical concern. A full solution of the problem will not
only give insights into Einstein’s theory of gravitation, but also provide gravitational waveforms
that will be used in several stages of data analysis for gravitational wave detectors such as the Laser
Interferometer Gravitational-Wave Observatory (LIGO) and the Laser Interferometer Space Antenna
(LISA). Since binary black holes are expected to be among the primary sources of gravitational waves
for these interferometric detectors, it is important to try to solve this problem using all available
techniques, including approximate analytical methods and numerical simulations.

One regime in which the evolution of binary black holes is well understood is the early inspiral
phase. In this phase, the holes’ separation is still much larger than the binary’s total mass, and
post-Newtonian expansions can be used to analyze the system. Eventually radiation reaction drives
the holes together and the post-Newtonian approximation fails. The binary’s subsequent evolution
must be studied numerically. As the holes merge and begin to settle down into a stationary final
state, black hole perturbation theory becomes increasingly effective in describing the dynamics.
The approximate analytical techniques of post-Newtonian expansions and black hole perturbation
theory, which are applicable before and after the merger, will have to be combined with numerical
simulations of the merger to yield complete waveforms for binary black hole coalescences.

The research work done for this thesis is motivated by the need to calculate the gravitational
wave output from binary black holes. The main chapters of this thesis deal with various aspects
of these binaries. Chapter 2 is concerned with the interface between the post-Newtonian inspiral
and the fully nonlinear merger. It has been argued [1] that post-Newtonian expansions begin to
fail during the late stages of inspiral, before the black holes begin to merge. The gap between the
failure of post-Newtonian expansions and merger has been called the intermediate binary black hole
region. This gap consists of approximately 10-20 orbits and 100-250 radians of gravitational-wave

phase [1]. For binaries with total mass approximately 20 Mg, the intermediate binary black hole
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region lies in the frequency band of optimal LIGO sensitivity [1]. Since binaries with total mass in
the range 10-40 M, are most likely to be the first detected by LIGO [1], it is important to come up
with techniques to fill in the intermediate binary black hole gap.

Numerical solution of this problem will require initial data that accurately represent binary black
holes that have spiraled in from large separation. Furthermore, these initial data will have to be
linked to the early inspiral phase of the binary and to the binary’s initial parameters (e.g., masses
and spins) during this phase. Post-Newtonian expansions alone are not capable of providing such
initial data because they treat the two bodies as point particles. These expansions do not take into
account the spacetime structure near the black holes’ horizons. Furthermore, the initial data being
used currently in numerical simulations (see [2] for a recent review; see also [3]) are not astrophysically
realistic: these data typically depend on unphysical assumptions on the metric such as conformal
flatness for the spatial metric. As a result, these data contain spurious gravitational wave energy
of the order of the total energy radiated to infinity during coalescence [3]. These data also contain
spurious deformations of the black holes, which will lead to black hole pulsations. A different method
is therefore required to provide initial data at the interface between the post-Newtonian inspiral and
the fully nonlinear merger.

In Chapter 2, I present such a method. I derive a 4-metric that is an approximate solution to
Finstein’s equations representing two widely separated nonrotating black holes in a circular orbit.
This metric is constructed by matching a post-Newtonian metric to two perturbed Schwarzschild
metrics using the framework of matched asymptotic expansions. The spacetime metric is presented
in a single corotating coordinate system that covers the radiation and near zones as well as the regions
near the black holes, up to their apparent horizons. In Chapter 3, I define an ingoing coordinate
transformation that extends this corotating coordinate system through the holes’ horizons and into
their interiors. The motivation for using ingoing coordinates is that numerical simulations of black
holes require the computational grid to extend inside the horizons. Thus, the coordinate system
used near the black holes in Chapter 2 is not suitable for numerical relativity.

Initial data extracted from the binary black hole 4-metric presented in Chapters 2 and 3 have the
advantages of being linked to the early inspiral phase of the binary system, and of not containing
spurious gravitational waves or spurious deformation of the black holes. Besides providing initial
data, this 4-metric serves as a check on the early stages of numerical evolution of these data. Plans
are underway to implement and evolve these initial data in collaboration with L. Kidder, H. Pfeiffer,
and M. Scheel. These three individuals are developing a numerical platform, based on pseudospectral
collocation methods, that includes a nonlinear elliptic solver [4] to handle the constraint equations
(which are a subset of the Einstein equations that only involve the intrinsic and extrinsic geometry
of a hypersurface of constant time) and a first-order hyperbolic evolution code [5] for the dynam-

ical Einstein equations (which specify the time evolution of this intrinsic and extrinsic geometry).
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Hyperbolic systems will be discussed in further detail below.

It should be kept in mind that the 4-metric presented in Chapters 2 and 3 is an approximate
solution to Einstein’s equation, and the approximation gets worse as the ratio of the binary’s total
mass to the holes’ separation gets larger. A complete error analysis on the metric is given in Chapter
2. The accuracy of the metric can be improved by restricting to large separations relative to total
mass (note that the code being developed by Kidder, Pfeiffer, and Scheel can handle these large
separations because pseudospectral collocation techniques require far fewer spatial grid points than
straightforward finite difference techniques), or by taking the calculation in Chapters 2 and 3 to
higher order.

Chapter 4 examines the tidal interaction of binary black holes during the inspiral phase. As the
holes spiral in, they distort each other with their tidal fields. This distortion causes the holes’ horizon
areas to increase slowly during inspiral, and results in the flow of energy and angular momentum
into or out of the holes. This process is analogous to Newtonian tidal friction in a planet-moon
system [6-9]. The tidal-interaction analysis of Chapter 4 is applicable to a black hole in a binary
with any companion body (e.g., a neutron star) that is well separated from the hole. The changes
in the black hole’s mass, spin, and horizon area during inspiral are calculated for a hole in a circular
binary with a companion body of possibly comparable mass.

The orbital evolution of binary black holes is affected by the absorption/emission of energy
and angular momentum by the holes. In particular, the number of orbits—and hence the number
of gravitational-wave cycles emitted to infinity—changes when black hole absorption/emission is
accounted for. In Chapter 4, this effect is estimated for a circular, nearly Newtonian binary with
spins aligned or anti-aligned with the orbital angular momentum. The binary is assumed to lose
orbital energy and angular momentum to infinity via Newtonian quadrupole radiation, and to the
black holes via tidal interaction. The conclusion in Chapter 4 is that black hole absorption/emission
of energy and angular momentum during inspiral may not be an important effect for the detection
(by LIGO) and analysis of gravitational waves from comparable-mass black holes. However, in the
extreme-mass-ratio limit, black hole absorption/emission can strongly influence the binary’s orbital
evolution and thus is an important effect for LISA [10].

The results in Chapter 4 also provide some information on the interface between the inspiral
and merger phases of binary evolution. As mentioned above, current numerical simulations of
binary black holes use initial data that are not tied to the inspiral phase and to the post-Newtonian
expansions used to describe it. Therefore, one needs to relate the masses, spins, and horizon areas of
the black holes present in currently used initial data to the corresponding quantities when the holes
were infinitely separated. For this purpose, it is necessary to know how these quantities change
during inspiral. The changes in the holes’ masses, spins, and horizon areas during inspiral are

calculated for a circular binary in Chapter 4.
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The final chapter of this thesis is concerned with first-order hyperbolic formulations of Einstein’s
equations, which are promising as a basis for numerical simulation of binary black holes. The
basic framework for the theory of first-order hyperbolic systems is as follows. Consider a system of
equations of the form

Oru+ A'(t, 27 u)u = F(t, 2, u),

where u is a column vector composed of the unknown fields (which could include metric components
and extrinsic curvature components, for example), and the matrices A* and column vector F can
depend on space and time and on the fields but not their derivatives. Pick a unit spatial covector &;
and compute the eigenvalues A of the matrix A%¢;; A are the characteristic speeds in the direction
&. If all the eigenvalues are real for each &;, then the system is called weakly hypberbolic. If in
addition, A*¢; has a complete set of eigenvectors for each &;, the system is called strongly hyperbolic.
If the matrices A* are symmetric, the system is called symmetric hyperbolic. If there is a positive
definite symmetric matrix H such that HA® are symmetric, the system is called symmetrizable
hyperbolic. The initial value problem is well posed for strongly, symmetric, and symmetrizable
hyperbolic systems—that is, for these systems the problem has a unique solution that depends
continuously on the initial data [11]. The initial value problem is not well posed for weakly hyperbolic
systems [11].

First-order hyperbolic systems have been used in the past to prove that general relativity has a
well-posed initial value formulation [12, 13]. There has been considerable interest recently in these
systems because of the advantages they offer to numerical simulations [14, 15]. The main advantage
is that imposing physical boundary conditions is much easier in the framework of a hyperbolic
system than a non-hyperbolic one. This is especially true for boundary conditions inside a black
hole horizon [14, 15]. Indeed, if the hyperbolic system has only physical characteristic speeds—
that is, if the characteristic fields propagate only on the light cones of spacetime or normal to the
hypersurfaces of constant time—then the boundary condition inside the horizon on fields propagating
into the numerical grid has no effect on the dynamics outside the horizon. Therefore, in this case, any
convenient boundary condition can be imposed inside the horizon. This is a significant advantage
when simulating black holes.

Numerical solution of Einstein’s equations is typically done in the framework of a 3+1 split of
spacetime (see, e.g., [16, 17]). In this framework, spacetime is foliated by spacelike hypersurfaces
that represent constant time slices. The spacetime metric is expressed as

—a? + frB* By

gMV = 9

Bi Vij

where « is the lapse, 8% is the shift, 7;; is the spatial 3-metric on the constant time hypersurfaces,
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and f; = v;;8%. The lapse and shift can be freely chosen when evolving initial data, and are there-
fore called gauge fields. Freedom in choosing these gauge fields, i.e., gauge freedom, corresponds to
freedom in choosing coordinates for spacetime. This freedom can be used in numerical evolutions
for a variety of purposes, e.g., to prevent the occurrence of coordinate singularities [18], to reduce
coordinate shear [18], and to adapt the coordinate system to the particular problem under consider-
ation. When simulating black holes, it is helpful to choose the shift so that numerical grid points do
not fall into the holes. When simulating binary black holes, it may be advantageous to implement
gauge conditions which generate corotating coordinates [1, 19].

In previous work, the gauge fields have typically not been considered part of the hyperbolic system
and have been prescribed independently. Some of the favored gauge p‘rescriptions in numerical
relativity [18, 19] require solution of elliptic equations for the lapse and shift, which is expensive
computationally. It would be more efficient to evolve the gauge fields as part of the hyperbolic
system. However, it is important to keep some freedom in choosing the gauge in order to allow the
coordinates to be adapted to fit specific needs. In Chapter 5, I present two first-order symmetrizable
hyperbolic systems for Einstein’s equations which include the lapse and shift as dynamical fields and
allow four functions of spacetime to be specified freely in the gauge prescription. The first hyperbolic
system is a modification and generalization of the work of Fischer and Marsden [12]; this system
uses generalized harmonic coordinates and evolves 50 fields. It is promising as a basis for numerical
work. The second system is based on the work of Kidder, Scheel, and Teukolsky [5] and Lindblom
and Scheel [20]; it evolves 70 fields. This system is not practical for numerical implementation. Its
main use is theoretical: it allows one to show that any solution to Einstein’s equations in any gauge
can be obtained using hyperbolic evolution of the entire metric, including the gauge fields. Both
systems have only physical characteristic speeds.

An important future research direction is to study and understand the stability of numerical
implementations of the first hyperbolic system presented in Chapter 5. It has been shown in previous
work [5] that some hyperbolic systems are more stable than others when used to simulate black holes
in three spatial dimensions. The reasons for this behavior are not yet understood. Another future
research direction is to explore how to use the freedom in gauge choice in the first hyperbolic system

of Chapter 5 to control the coordinate system.
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Chapter 2

An approximate binary black hole metric

Published as K. Alvi, Phys. Rev. D 61, 124013 (2000).

Abstract

An approximate solution to Einstein’s equations representing two widely separated nonrotating
black holes in a circular orbit is constructed by matching a post-Newtonian metric to two perturbed
Schwarzschild metrics. The spacetime metric is presented in a single coordinate system valid up to
the apparent horizons of the black holes. This metric could be useful in numerical simulations of
binary black holes. Initial data extracted from this metric have the advantages of being linked to

the early inspiral phase of the binary system, and of not containing spurious gravitational waves.

2.1 Introduction

One of the outstanding issues in gravitational wave research is calculating the wave output from
the last stages of inspiral of binary black holes. This intermediate binary black hole problem has
been discussed by Brady, Creighton, and Thorne [1]. The purpose of this paper is to provide an
approximate four-dimensional binary black hole metric from which initial data can be extracted and
evolved numerically into and through the intermediate binary black hole region.

The approach I take is based on the work of Manasse [2] and D’Eath [3, 4]. I consider two widely
separated nonrotating black holes in a circular orbit. The black holes’ mass ratio is not restricted—
they can have comparable masses. However, the masses are assumed to be much smaller than the
distance between them!. As a result spacetime can be divided into four regions, each with its own
approximation scheme to solve Einstein’s equations. There is a strong-gravity region near each of
the black holes which is described by the Schwarzschild solution plus a perturbation due to the

companion’s tidal field. This perturbation is constrained to satisfy the linearized Einstein equations

IThroughout this paper I use geometrized units in which G =¢ = 1.
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about the Schwarzschild metric. The companion black hole’s electric-type and magnetic-type tidal
fields are both taken into account in calculating the perturbation.

Outside the strong-gravity regions but within the near zone, the metric can be approximated by a
post-Newtonian expansion. Further out is the radiation zone which contains outgoing gravitational
waves and can be described by a post-Minkowski expansion of the metric.

There are overlap zones in this spacetime where the regions described above intersect in pairs.
In the overlap zones, two different approximation schemes—one from each of the two intersecting
regions—are both valid. The perturbative expansions produced by the two approximation schemes
are matched in the overlap zones using the framework of matched asymptotic expansions. The
post-Newtonian near-zone metric—taken from [5]—and the radiation-zone metric—taken from [6]—
already match in their overlap region. In this paper, the post-Newtonian near-zone metric is matched
to a perturbed Schwarzschild metric in the matching or buffer zone surrounding each black hole. This
vields information on the asymptotic behavior of the Schwarzschild perturbation at large distances
from the horizon, and on the coordinate transformation between the two buffer-zone coordinate
systems.

The Schwarzschild perturbation and coordinate transformation are not uniquely determined.
However, a different choice of transformation, and hence a different form of Schwarzschild pertur-
bation, should still represent the same physical situation. In other words, different perturbations
that match to the post-Newtonian near-zone metric are expected to be related via gauge transforma-
tions. For the purposes of this paper, it is sufficient to find one transformation and one Schwarzschild
perturbation associated with each black hole that result in a match between the post-Newtonian
near-zone metric and the distorted-black-hole metrics.

An approximate spacetime metric is put together by joining the regional metrics at some specific
3-surfaces in the matching zones. The final 4-metric is written in a single coordinate system valid
up to (but not inside) the apparent horizons of the black holes. This metric is useful not only as
a source of initial data for numerical evolution, but also as a check on the early stages of such an
evolution.

It has been suggested that numerical simulation of binary black holes should be performed in
corotating coordinates [1]. For this reason the metric in final form is given in corotating coordinates.
The binary black hole spacetime can be sliced and spatial coordinates chosen in any convenient way
when extracting initial data from the metric. (Asymptotically inertial coordinates can be used, for
example.)

Initial data generated by the method presented in this paper have the advantage of being con-
nected to the early inspiral phase of the binary black holes. Detailed gravitational waveforms from
this early inspiral phase have already been calculated using post-Newtonian expansions. These

waveforms will be easily linked to the waveforms obtained by evolving initial data extracted from



the metric presented here.

Initial data from this metric have the additional advantages of not containing spurious gravita-
tional waves and of reliably describing the physical situation of coalescing binary black holes. The
accuracy of this description can be improved by taking the calculation in this paper to higher orders.

In Sec. 2.2, the near-zone and radiation-zone metrics are written down. In Sec. 2.3, the first
black hole’s tidal deformation is calculated. In Sec. 2.4, the buffer-zone coordinate transforma-
tions are determined, and the distorted-black-hole metrics are written in corotating post-Newtonian

coordinates. The full spacetime metric is summarized in Sec. 2.5.

2.2 Near zone and radiation zone metrics

Blanchet and collaborators ( [7] and references therein) and Will and Wiseman [6] have calculated
in detail the near-zone and radiation-zone gravitational fields of compact binary systems. The
approach taken by Will and Wiseman is particularly useful here because they use a single coordinate
system—harmonic coordinates—to cover both the near zone and the radiation zone. As a result,
expressions for the radiation-zone metric components taken from [6] automatically match (to some
finite order) the harmonic-coordinate, post-Newtonian, near-zone metric components calculated in
[5]. For this reason I work initially in harmonic coordinates (t',z',y’,2') with the origin of the
spatial coordinates placed at the binary system’s center of mass. I use only the first post-Newtonian
(1PN) metric, not the full 2.5PN metric given in [5]2. Consistently with this, I put the black holes
on Newtonian trajectories: they are taken to be in circular orbits with Keplerian orbital angular
velocities. Moreover, I use the post-Newtonian metric for point-like particles; in the near zone, 1
ignore the black holes’ internal structure. The near-zone gravitational effects of the black holes’
multipole moments can in principle be computed by matching out to the near zone the tidally-
distorted Schwarzschild metrics obtained in this paper. However, these effects are too small to be

included in this paper; this is discussed further in Sec. 2.4.2.

2.2.1 Binary system parameters

Label the black holes BH1 and BH2, and let m; and ms be their respective masses. Define

m1Mms

m = my + ma, dm = my — ma, n= (2.1)

m

Denote the harmonic-coordinate trajectories of the black holes by :ci',. (#Yfor A=1,2and j =1,2,3.
In other words, xf'a‘ (¢') are the spatial coordinates at time t' of the center of attraction of the

gravitational field of black hole A.

2Higher order versions of this calculation will presumably use higher order post-Newtonian metrics.
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In this section, boldface letters are used to denote spatial coordinates. For example x4 =
(zY,2%,2%) = (w4,94,24). The notation a - b is used for the quantity 8iralb®, and |a| is by
definition (a - a)'/2.

Denote the black holes’ separation [x; — x| by b. The circular, Newtonian trajectories of the

black holes are

n_ Mz, n_ _Mi, oy,
x1(t') = — b(t'),  xa(t') = = b(t'), (2.2)
where
b(t') = x1(t') — x2(¢') = b(coswt’, sinwt', 0) (2.3)
and
m
W= 5 (2.4)

is the Keplerian orbital angular velocity. Define

m
& = 45 r=(z? +y? +27)/2,

!
ra = |x'—%al, g = B
TA
Va4 = fekd v4 = [v4
dt’, 7
v = vi—vy=¢(—sinwt, coswt,0),

(2.5)

for A = 1,2. By assumption, ¢ < 1.

2.2.2 Demarcation of four regions in spacetime

Let us first fix precisely four regions in this biﬁary black hole spacetime; each of these regions will
receive a metric calculated as an approximate solution to the Finstein equations. With such a
partition of spacetime in mind, define the inner limits ri® = v/m;b and ri® = /mgb. These are just
convenient choices for the inner limits. The important property ri™ has is that both r¢" /b — 0 and
my /ri® — 0 as mq /b — 0. Similarly 7§*/b — 0 and ma/ri® — 0 as ma/b — 0. Also define the
outer limit 7°% = \./27 = b/2¢, where A\, = 7/w is the characteristic wavelength of gravitational
radiation emitted by the binary system.

Divide spacetime into four regions that are bounded by the black holes’ apparent horizons and
the surfaces r; = ri", ro = ri®, and r = r°%: (i) the region r; < ri® (but outside the apparent
horizon of BH1), labeled region I; (ii) the region r5 < 7™ (but outside the apparent horizon of BH2),
labeled region IT; (iii) the subset of the near zone specified by 1 > ri", r5 > ri* and r < ro%,

labeled region IIT; and (iv) the region r > r°¥*, labeled region IV. The near zone contains region
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Region IV

Region III

Buffer

Figure 2.1: Schematic illustration of the various regions in the binary black hole spacetime. Regions
I, II, ITI, and IV are demarcated by solid lines; the buffer zones are bounded by dashed lines.

1T and overlaps with regions I and II; the radiation zone corresponds to region IV. The buffer zone
around black hole A contains r4 = 7'2” and satisfies my4 < r4 < b. These regions of spacetime are

illustrated in Fig. 2.1.

2.2.3 Near zone metric in harmonic coordinates

In the near zone, the 1PN harmonic-coordinate metric with two point-like particles representing the

black holes is [5]

2my1  2mo my Mo . my 2 2 ma 2 2
o = e M N Y 46 — iy - i B o
go'o 1+ = + — - + = + . [4v? — (0 - v1)?] + 1'2 [4v3 — (ny - v2)?]
mi1Mmsa 1 1 myms
-2 — | = b-(n; —ny),
b (T‘]_ 7'2) bS ( . 2)
R (”ﬂv;+ﬁ’zvé),
T1
21’]’11 2m2
it = 045 — e ] 2.6
Jitj dij (1 + = + s ) (2.6)

This metric presumably differs in the near zone by a small amount from an exact solution to the
Einstein equations representing binary black holes. I take the neglected terms in the 2.5PN metric [5]
to be an estimate of the errors in the 1PN metric (2.6).

The largest neglected terms in gy are of the form m?/b?ra, m®/br%, m3/r, m®/b?, and

em®r? /b%, (The last term represents a radiation reaction potential.) Let us compute the orders of
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magnitude of these terms at various places in region IIL. If r4 2 7' ~ be (here and henceforth “~”
means “is of the order of” and a 2 b means @ > b and a ~ b) for A =1 or 2, then the error in ggor
(denoted dgoror) is of O(€®) and comes from neglecting a term of the form m? /r3. If both r; ~ b
and ry ~ b, then dgyor ~ €. Finally, if r S r°% ~ b/e (so that r4 ~ b/e for A =1 and 2), then the
error dgo ~ €° arises from neglecting the radiation reaction potential. Note that it is reasonable
to consider the “absolute” errors §g,s,s in the metric components since the coordinate system being
used is asymptotically inertial and the errors are only calculated in regions of weak gravity where
deviations from a flat metric are small.

A similar analysis for go+ yields dgoo ~ €® if rg 2 7 for A =1 or 2, 8goryr ~ €® if both r; ~ b
and ry ~ b, and §goryr ~ €° if r S ro%. Lastly, 6gsj» ~ €2 if r4 2 ri for A =1 or 2 (this comes from
neglecting a term of the form m? /7% in gy ), dgirj» ~ €* if both ry ~ b and 75 ~ b, and &gij1 ~ €

if 7 S pout,

2.2.4 Near zone metric in corotating coordinates

The metric (2.6) is transformed to corotating coordinates (¢, x,y, z) defined by

¥ = 4, z' = zcoswt — ysinwt,

!

y = wxsinwt+ ycoswt, 2 =i (2.7)

In terms of the new coordinates,

r= (2% + ¢ + 2%)'/2. (2.8)

Putting the expressions (2.2)—(2.5) in Eq. (2.6) and transforming to corotating coordinates gives

2
2 2 3
a8 dtg[_u m m2_2(m+@> +T“(_@+@)_%(m_;+ﬁ;_)yz

T T2 T1 i r1 T2 Ty T2
i 1 0 1N 2my  2me
= 2 — Bt _ 7 2 = = 2 1 atite 2 2
A (1"1 +T2) pe (7"1 7'2) b i ¥ T1 + Ta (:L' +y )

2 2 1 1
+ 2w (l . 0, 4 m2> dt(zdy — ydxz) — 8ue (— - ——) dtdy
r T2 ™ )

2 2
+ (1 + 22+ :nz) (do® + dy® + d2°), (2.9)
2
where, in terms of the new coordinates, the quantities 4 are

r = [(m—mgb/m)2+y2+z2]1/2,

1/2

ro = [(z+mib/m)® +y? + 27 (2.10)

This is the final form of the metric in region III. (Note, however, that this metric is valid
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throughout the near zone, which includes the buffer zones around the black holes.) It remains to
specify the metric in regions I, IT, and IV. I postpone until Sec. 2.2.6 discussion of the errors dg,.,

in the metric components in the new, rotating coordinate system (¢, z,y, 2).

2.2.5 Radiation zone metric in harmonic coordinates
The radiation-zone metric can be extracted from [6]. In that paper, a potential h#"* is defined by

£

REE —glt® — (g™ (2.11)

where n#'* =diag(-1,1,1,1), g,r, is the spacetime metric, and g’ = det(g,s,+). Equation (5.5) of [6]
gives R*'¥" in the radiation zone in harmonic coordinates (#',2',4', 2') for a system of several bodies.
After correcting a typo in that equation,® I specialize to a system of two bodies of masses m; and

me in a circular orbit specified by Egs. (2.2)—(2.5). This yields*

RY 2y, 7)) = - e T2

dm Tm?
r

1 if (ot 21 igky, ! '
o] -3[rene]

W o'l ) = —2{% [ij(u') —eiﬂjl(u')]} +§{% [ijk(u')—zef’ﬂlJlj(u')}} ;

WJ Ik
2
A LY S L B (L IS - 7o 2R 2 ) X T AN ¢11 T AT )
Y2y d) = Sentnd 4 209 S{T{Q (') — delilkt (u)}}’k, (2.12)
where
m=m(1— p/20), w =t -7 n =x'/r (2.13)
and
2 2 . ;o
QY = Z mazyzl = pb't?, Qi — Z mazyzl it = —p(dm/m)b'bb*,
A=1 A=1
2 . 2 . L2 I .
F o= Z maet™ v} = pem oo™, J9 = Z maet™zh vl = —p(6m/m)el™ ™y
A=1 A=1
(2.14)
Putting the expressions (2.14) in Eq. (2.12) and using Eqgs. (2.2)—(2.5) gives
o = A T 2 [ ey P by s S b))+ B b)? - b2]}
r 72 T b8 T r

2p 6 m j 1, ., 6m m

+ :)_2(11' ) [B = 50’ b)) + g (af - b) [38° — 5 b)z]}’

8The term 4m/r' in the expression for h% should instead be 47h/r'.
4Note that I have replaced r’ in Eq. (5.5) of [6] by r.
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Y = %{[(n'-v)+%(n'-b)]v ——(n b)bl}

—Q—f%m{ T’ ) [3(n’ - b)o’ + 4w’ V)BT + 2’ - v)e’

1 i 3m i m " 1 i
+o [G(n’ ‘b)(n' - v)v' — (0’ - b)*b + Fb} + 5 B’ - b)? — 8] w }

2
07— M i Wi My _zﬂd_mﬁ_mr. (i)
h = Fnn -%—T[’U’U b3bb]+ b3( b)v'*4
4 [(n'-v)+;(n'-b)] (b%b’bJ—Zv’vj)}, (2.15)

where v and b are evaluated at the retarded time w' =¢' —r.

The metric g, can be gotten from Eq. (2.15) as follows: from Eq. (2.11) we have
g = (=g) T ), (2.16)

Take the determinant of both sides of Eq. (2.16); this yields ¢’ = det(7*'* — h#'*"). So g’ can be
calculated once h#*' is known, and then g#'*' can be gotten from Eq. (2.16). Inverting the matrix
g*'?" gives the spacetime metric g,

When performing these calculations, I keep all terms of the form m3~?/2p=3(1=P/2) =P for integer
p > 0. I also keep—at each order in r—all terms that are of lower order in m/b than this, and throw
away terms of higher order in m/b. This means in particular that no terms of O(r~—%) are kept. This
scheme of organizing terms is consistent with the ordering of terms in Eq. (5.5) of [6].

The result of these calculations is the following radiation-zone metric in harmonic coordinates:
7 2 2m 6
ey v e R = i, il o 2 k2 !
goryr = 1+ = ) . : {2(11 v) 5 (n'-b)* + r(n b)(n'-v)
b [3(n' - b)? — 2] } + 5-5-1”- ol ) | Tt - B — -t —
72 m b3 b

+ = (n b)[ (n' - b)? — 6(n’-v)2—%]
+ —3-2-(11' -v) [0* = 5(n" - b)?] + T%(n' -b) [36” — 5(n’ - b)2]},

o = 2w v+ e n)] v - e n]

o A ({w V) — %?(n’ -b)? + g@l' Yo v) + o 30 B - 62]}“'

r m

+{—f‘§(n'»b)(n'-v>+i—"5 - Sonr] o )

gijyr = 6,J(T {2(11 v)? — ( ' b)? + (n b)(n' - v)+_[( '.b)? - ]}
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3 1
+ ;z—(n’ -v) [B* - 5(n' - b)?] + ,"E(I" -b) [3b* — 5(n’ - b)?] })
2m  m? W e B e 2 Whose
) RN b s TR S5 T
+J”(1+r+r2)+r2nn +T('uu b3bbJ)
+g'l—"’éE @(n’-b)v”bﬂ + (n’-v)+1(n'-b) (T—nbibj—2vivj) (2.17)
r om | b® r b : '

where v and b are evaluated at the retarded time v’ = ¢’ — 7.

The errors dg,,» in these metric components in region IV can be estimated by computing the
orders of magnitude of neglected terms, which are of the form m®=?/2p=3(1=p/2)5—P(;n [p)"/2 for
integers p > 0 and n > 0. These terms include m?/b?r, em?/r?, m?b/r?, etc. This gives dg,, ~ €’

for r Z r°% ~ b/, gy ~ €8 for 7 ~ b/€? > r°%, and §g,r K €8 for r > b/e2.

2.2.6 Radiation zone metric in corotating coordinates

Substituting the expressions (2.2)—(2.5) into the metric (2.17) and transforming this metric to coro-

tating coordinates (¢, z,y, 2) [defined in Eq. (2.7)] gives

2m o 2m? 2¢2
2 Zf_ o TR iy G i —_— —
ds® = dt [ 14 - ( Zb) 2 + A+ b LB —2eMD
4 5
€ o 9 12ue® ém .,
+w2(m2+y2)E+—b2£ N 4+ eM32S — = ) —L*M

+ 2dt (e[sin(wr)da: + cos(wr)dy| B + blcos(wr)dz — sin(wr)dy|D + w(zdy — yds)E

3
+ %C[sin(wr)dm + cos(wr)dy]|N — ebM|cos(wr)dx — sin(wr)dy]S

pue g
r2b m

L [(z cos 2wr — ysin 2wr)dz — (z sin 2wr + y cos 2wr)dy])

2
+ E(dz? + dy® + d2%) + % (zdz + ydy + zdz)? + €*[sin(wr)dz + cos(wr)dy]>N
+ b?[cos(wr)dz — sin(wr)dy]?S

3
+ 12:;6 %nﬁ[cos(wr)dm — sin(wr)dy][sin(wr)dz + cos(wr)dy], (2.18)
where
1 6be b? wom [ b°
A = 1-‘—3{262 [M2 - Cz] + TM[. + ﬁ [3/:2 - 7"2] + 1‘_4? T—SL: [3’!‘2 = 5,52]
2
+ 3f2€M [r? — 5L%] + 2—:"‘-5 [3£% — 6M2 — 2] + EM [TL2 — 2M? — 7] }
; b?.
B = - sl 28 2 a0+ B Mo+ Lser - 21,
r? T 3 m r r2
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2ue? (2
B ow WS, 180 35£M+1[3£2—r2] ,
b rm | b

r2 r
_ 2m 7 m? 2ue® ém [b
B = 1+'T—(1—%)+T—2+A+ 2 H[;E—‘_GM],
N = 4—“{1~5—mFM+%£]},
T m |r r
_ 2p€ét 2 16m [e 1
= {’5*?%[5”‘*;5]}’ L)
and
L = zcoswr — ysinwr, M = zsinwr + ycoswr.

This is the final form of the metric in region IV.

It is now necessary to evaluate the errors dg,, in the metric components in the corotating
coordinate system (t,z,y,z). Since this coordinate system is not asymptotically inertial, it no
longer makes sense to compute absolute errors. The rotation of the coordinates introduces terms of
O(wr) and O[(wr)?] in goo and terms of O(wr) in go;. For this reason, I define the “normalized”
errors 8ggg = 6900/ (wr)?, 8go; = 8gos/wr, and 8g;; = 8gi; in region IV. Tt follows that 3y, ~ €’ for
r 2 r°% ~ bfe, &g, ~ € for r ~ b/e? 3> r*, and dg,,, < €® for r > b/e.

In region IIT, wr is less than 1 (and in the buffer zones, wr <« 1). So rotation of the coordinates
is not important in analyzing errors in the metric (2.9) in region IIIL. T continue to use absolute errors
in that region. The errors dg,, in the metric components (2.9) in corotating coordinates in region
III are the same as the errors in harmonic coordinates (see Sec. 2.2.3): (i) dgoo ~ €, 8goi ~ €, and
8gij ~ €2 ifra 2 rif for A =1 or 2; (ii) dgoo ~ €®, dgo; ~ €, and 8g;; ~ €* if both 1 ~ b and 7y ~ b;
and (iii) 0guy ~ €8 if r S 7o,

Since the analysis by Will and Wiseman [6] of compact binary systems uses a single coordinate
chart to cover both the near and radiation zones, the near-zone metric (2.9) automatically matches
(to some finite order; see below) the radiation-zone metric (2.18) at r = 7°%*. The match is not
perfect because I have truncated the relevant perturbative expansions at finite order. As a result,
there are discontinuities in the metric components at » = r°“*. The orders of magnitude of these
discontinuities can be estimated as follows: first expand 'I‘Zl in powers of b/r for r > b and substitute
this expansion in Eq. (2.9); then expand Eq. (2.18) in powers of wr for r < r°%; finally, compare

the two. The result is that the discontinuities in g,.,,, denoted [g,.], are [g,.] ~ € at r = rout.

2.3 Tidal deformation of the first black hole

The metric (2.9) is valid not only in region III but also in the buffer zones around the black holes.

The next step is to match this metric to a tidally distorted black-hole metric in the buffer zone
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around BH1. There are two coordinate systems which overlap in the buffer zone. The first is
the corotating post-Newtonian coordinate system (¢, z,y, z) defined in Eq. (2.7). The second—to
be called the internal coordinate system—covers the strong-gravity region near the first black hole
and is valid from the black hole’s apparent horizon up into (and through) the buffer zone. The
internal coordinates are chosen to be isotropic coordinates (7', X, Y, Z) in which the unperturbed

Schwarzschild metric is

1-my/2R\? —
% o | e 2 4L Y 2 2 2
i = (1+m1/2R> e +(1+2R) (dX* +dY* +dZ%), (2.20)
where
B=(X2+Y%+ 22)1/2. (2.21)

The region these coordinates cover will be called the internal region; it contains region I in particular.

The first step in matching the near-zone metric (2.9) to the internal metric [which is the Schwarz-
schild metric (2.20) plus tidal perturbations] is to write the metric (2.9) in internal coordinates. Then
the near-zone metric and the internal metric are both expanded in positive powers of m/R and
R/bin the buffer zone. Finally, corresponding terms in the two asymptotic expansions are equated.
The near-zone metric determines in this way the asymptotic form of the tidal perturbations on BH1.
These perturbations are further constrained to solve the linearized Einstein equations about the
Schwarzschild metric (2.20) and to be finite at the horizon R = m, /2.

The asymptotic form of the Schwarzschild perturbations in internal coordinates can be deter-
mined independently of the matching procedutre described above by calculating the electric- and
magnetic-type tidal fields of BH2 in the buffer zone surrounding BH1. Once this asymptotic form is
known, the matching procedure can be used to constrain the coordinate transformation taking coro-
tating coordinates (¢, ,y, z) to internal coordinates (T, X, ¥, Z). This is the approach to matching
taken in this paper. In the next two sections, I calculate the second black hole’s tidal fields and the

perturbations they induce on the first black hole.

2.3.1 Tidal fields of the companion black hole

Thorne and Hartle [8] have analyzed the motion of an isolated black hole in an arbitrary surrounding
spacetime. They define and discuss the black hole’s local asymptotic rest frame. In the first black
hole’s local asymptotic rest frame, the metric can be expanded in powers of the black hole’s mass
m, as follows®:

g= g(O) o mlg(l) i m%g(z) E— (2.22)

5This expansion is written in Eq. (2.5) of [8]; I have substituted m; for M in that equation.
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Here the metric g(%) represents the external universe without BH1; the rest of the terms represent the
black hole’s internal gravitational field and the nonlinear interaction between internal and external
fields. In this section, I will focus on the external metric ¢! and use it to constrain internal per-
turbations. Throughout this section and in the rest of this paper, boldface letters denote spacetime
tensors of all ranks (including 4-vectors).

In the case of binary black holes, the external metric is simply that of a single black hole; it is
the metric of the companion black hole BH2 of mass mo. This metric must be expressed in local
asymptotic rest frame coordinates. With this goal in mind, consider first a freely falling observer
in a circular, equatorial orbit around a Kerr black hole of mass mq. (I will later specialize to a
nonrotating black hole.) The Kerr black hole represents BH2 while the observer’s local Lorentz
frame (same as proper reference frame) represents the local asymptotic rest frame of BH1.

The metric near the observer’s world line is determined by the Kerr black hole’s electric-type
and magnetic-type tidal fields as seen in the observer’s local Lorentz frame. These tidal fields can
be evaluated by taking components of the Kerr spacetime’s Weyl tensor C in a parallel-propagated
orthonormal tetrad along the observer’s world line. The vectors in this tetrad form the coordinate
basis of the local Lorentz frame at the location of the geodesic orbit.

The electric-type tidal field as seen by such an observer has been calculated by Fishbone [9] and
Marck [10]. Marck has computed a parallel-propagated orthonormal tetrad (Ao, A1, A2, A3) along
arbitrary geodesics of the Kerr spacetime, with Ag equal to the 4-velocity of the geodesic. He obtains

the electric-type tidal field by evaluating
Roio; = C(Ao, Ai; Ao, Aj). (2.23)

1 specialize his tetrad to circular, equatorial geodesics; I also label the tetrad vectors (and hence
coordinate axes) differently. Initially (that is, at proper time 7 = 0), I choose A; to be radially
outward (in Boyer-Lindquist coordinates); Az is chosen so that the projections of A¢p and Az on
a constant-Boyer-Lindquist-time-¢ surface are parallel; and Ag is then chosen to give (A1, A2, Asz)
positive (i.e., right-handed) orientation. With this choice of tetrad, I obtain the magnetic-type tidal

field using Marck’s work by evaluating
Roijr = C(Ao, Ai, Ay Ak). (2.24)

The results of the calculations (2.23) and (2.24) with the above choice of tetrad are

WZ . W2 . _
Rotor = %"31 [1 -3 (1 4 ?) cos? QT] . Roas= % {1 w3 (1 + F) sin? QT} :

3aw? 3m w? o m
Rozos = % (1 + _dé_) ) Ro102 = Ro201 = —d—sg (1 + -dT) cos 7 sin 7,



RYY a\1/2
Royj12 = —Roio1 = Rosag = —Rosss = W;—i (1 + d—2) cos QT
3maW wa\ 2
Rogm = —R0221 = R0331 = ——R0313 = ——;127—- (1 + d_2) sin QT, (2.25)

and the rest of the Weyl-tensor components are zero. Here 7 is proper time along the geodesic,

mmy is the mass of the Kerr black hole, d is the Boyer-Lindquist radial coordinate of the circular,

- \/% (2.26)

is the (exact) rotation rate of the black hole’s tidal field as seen in the local Lorentz frame. The

equatorial orbit, and

quantity W is given by

d (1—3m2/d:|:2a\/m2/d3)1/2,

where msa is the black hole’s angular momentum. The upper sign in Eq. (2.27) is for a retrograde

w_ /ma/dta/d (2.27)

orbit while the lower one is for a direct or prograde orbit.
Notice that for d > ms, the electric- and magnetic-type tidal field components at 7 = 0 are

simply related via a Lorentz boost with low velocity (ma/d)'/2. For example,

R0112|7—=0= —(mz/d)*?[Ro1o1 + Riz12] g = —(ma/d)*/*[2Ro101 + Roz202] 1_, (2.28)

to lowest order in mq/d. This fact will be used later in this section.

In the local Lorentz frame, the spacetime metric can be written as an expansion in powers of
distance R from the observer’s geodesic world line [11]. The two types of tidal field (2.23) and (2.24)
determine the metric up to and including terms of O(R?). After exploiting some gauge freedom (see
Sec. V.A.2 of [12] and Eq. (2.7) of [8]), the metric can be written in local coordinates (7,&,Y, Z)

as

goo = —1— Row;(T)X*X7 + O(R?),
2 —
go: = —gRojik(T)XJXk o O(RB):
gi; = 6ij [L = Rorom (T)X*X™] + O(R?), (2.29)

where R = (X2 4+ Y2 + 2?)1/2, Substituting the expressions (2.25) in Eq. (2.29) gives

2 3w2 22

w = e
goo = —1+%[3(1+?>(XcosQT—l—ystT)Q—R?# 7 ,

9y 1/2
pox = W (1 3 %) [(2? — V%) sin T — XY cos 7] ,
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2ma W 2\ 1/2 _ ~
goy = njii (1 -+ 3}—2) [(XZ = Zz) cos QT + Xy sin QT] y
2ma W w2\ /2 . .
goz = n:;; (1 _j‘?) (Y cosQT — XsinT) 2
2
g = O {1 s 0 - [3 (1 + we ) (X cos QT + Ysin7)? — %22] } (2.30)

up to and including terms of O(R?).

The rotation rate ) is only correct for test-particle orbits and is exact in that case. The correct
rotation rate  of the second black hole’s tidal field—measured in a local inertial frame in the first
black hole’s local asymptotic rest frame—is actually determined by the post-Newtonian metric (2.9)
and by the requirements that (i) this metric match the local asymptotic rest frame metric [given
in Eq. (2.43) in Sec. 2.3.2 below]; and (ii) the local asymptotic rest frame coordinate system be
nonrotating relative to local inertial frames. The rotation rate £} is calculated in Sec. 2.4.1 by
transforming the metric (2.9) to internal coordinates and requiring a match to the local asymptotic

rest frame metric (2.43). There it will be seen that the rotation rate is®
Q=w [1—%+0(63)]. (2.31)

Note that post-Newtonian corrections to the orbital angular velocity w of O(e?w) have not been
included in this paper.

The metric (2.30) is valid for all radii d which allow a circular, equatorial, geodesic orbit. To
apply Eq. (2.30) to the situation of widely separated nonrotating binary black holes, I specialize to a
Schwarzschild black hole by setting a = 0 and take the limit of small my /d, keeping only lowest-order
terms in ma/d. [In particular, I replace W/d with (m2/d)'/2.] I then replace d with b, @ with Q,
and local coordinates (7, X, Y, Z£) with internal coordinates (T', X,Y, Z) [which are described above
Eq. (2.20)]. The result is

goo = —1+ —= [3(X cos QT + YV sin QT)? — R*]
— 2;’;”2, /-b—2 [(Z2 - Y?)sinQT — XY cos QT ,
o o= 2%, |72 [(X? - 2%) cos T + XY sin 7]
2m m .
Wl 6_32 —Z(Ycos QT — X sinQT)Z,
gij = Oij {1 e [3(X cos QT + Y sin QT)? — RQ]} ; (2.32)

where R = (X2 + V2 4 Z2)'/2 as defined in Eq. (2.21).

8This rotation rate can also be calculated by looking at geodetic precession of parallel-propagated vectors in the
local asymptotic rest frame [13].
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The metric (2.32) is still not applicable to binary black holes since the observer was taken to be
massless [there are no factors of m, in Eq. (2.32)]. This can be fixed easily. As mentioned above,
the factors of (ma/b)'/2 in go; in Eq. (2.32) arise from a Lorentz boost with low velocity (ms JHP=,
But the correct (Newtonian) relative velocity between the black holes is € = [(my +m2)/b]*/2. So I
replace the factors of (m2/b)!/2 in Eq. (2.32) by (m/b)'/2. The resulting metric includes the second
black hole’s tidal fields but does not include the first black hole’s gravitational field:

goo = -1 + - [3(X cos QT + Y sinQT)* — R?],
2
o = ;’; [(ZZ Yz) sin U — XY cos QT
2
e = %, /% [(X? - 2%) cos QT + XY sin QT]
Gz = 2%T;'EH%(YCOSQT—XsinﬂT)Z,
gi; = 0 {1 A [3(X cos QT + Y sin QT)? — ]} . (2.33)

In the buffer zone around BHI, this metric provides the asymptotic form of the perturbation on
BHI1.

2.3.2 Schwarzschild perturbation

The next stage is to solve the linearized Einstein equations about the Schwarzschild metric for
a perturbation which is finite at the horizon R = m;/2 and asymptotes to the form (2.33) as
R/m,; — oo. For ease in dealing with the linearized Einstein equations, I transform to spherical,

isotropic, internal coordinates (T, R, 0, ¢) by letting
X = Rsinf cos ¢, Y = Rsinfsin ¢, Z = Rcos¥. (2.34)
The unperturbed Schwarzschild metric in these coordinates is

1—my/2R\’ -
B o LIS 2 my 2 3 il 0 )
e (1+m1/2R) & +(1+2R) [dR? + R*(d6® + sin® 0 dg?)] . (2.35)

The metric (2.33) in these coordinates is

ds? = —dT?+ dR? + R*(df? + sin® 0 d¢*)
ngS m = .
- 4T -ng [cos 8 sin(¢p — QT")df + sin 6 cos(260) cos(¢p — OT")ddp)]
mz

[3 sin® @ cos?(¢ — QT) — 1] [dT? + dR? + R*(d8® + sin® 6 dg?)] . (2.36)
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The linearity of the linearized Einstein equations allows me to look separately for solutions
corresponding to the electric-type and magnetic-type tidal fields. First I look for a perturbation
h; = g — g, (where g, is the unperturbed Schwarzschild metric and g is the full metric including

the perturbation) of BH1 which corresponds to the electric-type tidal field of BH2 and is of the form

2
hy = 72 3602 6 cos? (¢ — OT) — 1] [f1(R)AT® + fo(R)AR? + f5(R)R2(d6? + sin? 6.dg?)]

B3
(2.37)
as suggested by Eq. (2.36). In this notation, dT', dR, df, and d¢ are coordinate one-forms and d1'

denotes the tensor product d7'®dTI'. The functions f;, fo, and f3 are to be determined by solving the
linearized Einstein equations with the following boundary conditions: (i) fi(R), f2(R), and f3(R)
are required to approach 1 as R/mj — oo so that the perturbation (2.37) matches the electric-type
tidal field in Eq. (2.36); and (ii) h; is required to be finite at R = m4 /2.

Consider solving the linearized Einstein equations order by order in € = (m/b)'/2. Time deriva-
tives of the components of h; produce factors of m 1§} ~ € in the linearized Einstein equations and
can thus be neglected. A solution for h; can then be found using the Regge-Wheeler formalism [14]
for analysis of stationary Schwarzschild perturbations. Regge and Wheeler decompose perturba-
tions into even- and odd-parity modes and analyze them in a particular gauge chosen to simplify
computations. In their classification h; is a superposition of static” even-parity modes with angular
numbers [ = 2 and m = —2,0,2. The general solution of the linearized Einstein equations for static
even-parity modes with [ > 2 is well known in Schwarzschild coordinates and is given in Sec. IV
of [15], for example. A particular solution with ! = 2 that is finite at the black hole’s horizon and
contains an arbitrary multiplicative constant is easily obtained from the general solution, and is
given in Eqgs. (6.5) and (6.7) of [3], for example®. After transforming this solution to isotropic coor-
dinates, the multiplicative constant is determined by imposing the boundary condition (i) (given at
the end of the previous paragraph). This yields the following solution for the radial factors fi(R),
f2(R), and f3(R) in isotropic coordinates:

aw = (1-3,
A = (1-g) (1+53)
ar = (12 [+ m)" -2l (2.38)

Next I look for a perturbation hy = g — g, of BH1 corresponding to the magnetic-type tidal field

"Time dependence in Eq. (2.37) is to be ignored, as explained above.

8The notation in Sec. VI of [3] may be confusing: R there denotes a dimensionless quantity obtained from the
Schwarzschild radial coordinate rs by R = rs/M where M—in my notation mi—is the mass of the black hole being
perturbed.
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of BH2 and of the form

h, = dmy 1/ mR3F(R)dT [cos @ sin(¢ — QT)d# + sin 6 cos 26 cos(¢p — QT)d¢], (2.39)

B Vo

as suggested by Eq. (2.36). The function F' is to be determined by solving the linearized Einstein
equations with the following boundary conditions: (i) F/(R) — 1 as R/m; — oo so that the pertur-
bation (2.39) matches the magnetic-type tidal field in Eq. (2.36); and (ii) hs finite at R = m1 /2. As
was done for h;, time dependence is ignored in h; since time derivatives produce higher-order terms.
In the Regge-Wheeler classification, hy is a superposition of stationary odd-parity modes with an-
gular numbers | = 2 and m = —1,1. The general solution of the linearized Einstein equations for
stationary odd-parity modes that are finite at the horizon and have [ > 2 is given in Schwarzschild
coordinates in Eq. (38) of [14]. This solution is only determined up to a multiplicative constant.
The particular case [ = 2 is easily obtained from the general solution, and is given in Eq. (6.10)
of [3], for example®. After transforming this solution to isotropic coordinates, the multiplicative
constant is determined by imposing the boundary condition (i) [given below Eq. (2.39)]. This yields

the following solution for the radial factor F(R) in isotropic coordinates:

= {1 - T2y (1+72 !
F(R) = (1 2R) 1+ 23) . (2.40)

The metric in the internal region near BH1 is now complete. It is given by the Schwarzschild
metric (2.35) plus the perturbations (2.37) and (2.39) with radial factors given in Egs. (2.38) and
(2.40); in other words, g = g5 + hy +hy. In spherical isotropic coordinates (T, R, 8, ¢), this internal

metric is
1—-my/2R . my 4 .
2 1 2 2 2 (102 2 2
= | e 1+—1] [d deo 0d
ds (1+m1/2R) T +( +2R) [dR? + R2(d6” + sin? 0 dg?)]
4m2 m my 2 ma 4 3 %
s /F (1 » ﬁ) (1 £ E) R3dT[cos fsin(¢ — QT)df
+ sin @ cos(20) cos(¢ — QT)dg)
maR? a2 LA O AL SR A R
+ [3sin® 6 cos®(¢ — OT) — 1] (1- 2R) dT? + (1 2R) (1—1— ZR) dR
m1 4 my 4 Qm% 2 2 i D 2
In isotropic coordinates (T, X,Y, Z), this metric is
_ 1-—my/2R ? ma (. My 4 ; 2 p2
goo = _(1+m1/2R> + 5 (1 2R) [3(X cos QT + Y sin QT)* — R?],

_ 2my [m mq 2 my\*4 2 o2y _
gox = -bT —b-(l—ﬁ) (1+§:§) [(Z Y)SIIIQT XYCOSQT],
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wr = T 0-5)
goz = %\/:( ) ( )(YcosQT X sinQ7T)Z,
o

2
( ) [(X? = 2%) cos OT + XV sin QT ,

9i; = (1 s %) (5,J + -5 [3(X cos QT + Y sin QT)% — R?)
4 2m? 2my mi '\ X'XJ
{[(”ﬁ) "F] ‘Si"“T(Hﬁf) —Rz‘} - (2.42)

Expanding the components (2.42) in positive powers of m; /R and R/b in the buffer zone m; <

R < b and keeping only lowest-order terms yields the local asymptotic rest frame metric:

goo = -1+ % + % [3(X cos QT + Y sin OT)* — R?],
gox = 35";‘—2\/% [(Z* = Y?)sin QT — XY cos Q7]
goy = %\/?[(XZ—Zz)cosﬂT+XYsinﬂT],
goz = ?%\/E (Y cos QT — X sin QT) Z,
gz = by {1 + 2’;1 + % _[S(X cos QT + Y sin QT')* — R?] } ! (2.43)

This metric includes the first black hole’s (weak) gravitational field as well as the second black hole’s
tidal fields.

2.4 Distorted black hole metrics in corotating coordinates

The post-Newtonian metric (2.9), when expressed in internal coordinates (7, X,Y, Z) in the buffer
zone around BHI1, must take the form (2.43). The next step is to find explicitly the coordinate
transformation in the buffer zone taking corotating post-Newtonian coordinates to these internal
coordinates. Applying the inverse of this transformation to the internal metric (2.42) will put that
metric in corotating coordinates (¢, z,y, z). An identical procedure will then be followed to obtain

the metric near BH2 in corotating coordinates.

2.4.1 Buffer zone coordinate transformation

In this section, a series of coordinate transformations are performed on the metric (2.9) in the
buffer zone of BH1 to bring it to the form (2.43). Composing these transformations gives the final
transformation from corotating to internal coordinates. Throughout this process terms of O(m?)

are dropped; justification for this will be given at the end of the section.
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Begin with the near-zone metric (2.9) with terms of O(m?) removed. Restrict attention to the
buffer zone m; € 1 < bsince this is where the corotating coordinate system and internal coordinate
system overlap. Center the coordinate grid on BH1 by shifting the origin to (z,y,z) = (mab/m,0,0).

This is done by defining a new coordinate

f=a— ﬂ:;b. (2.44)
Next expand the metric in powers of the distance
r1 = (€ +y? +2%)/? (2.45)
to the new origin. The expansion for ry " is
%:[(b+§)2+y2+z2]‘1/2:%—%+W+m. (2.46)

Positive powers of r; in the metric components come in the form (r; /)P with integer p > 0. Since

r < b in the buffer zone, discard terms of O[(ry /b)?] or higher. This results in the following metric:

ds? = dt? [-1+2my/r1 + (2ma2/b)(1 + ma/2m) + (m2/b*)(26? — y? — 22) + (m/b%) (€% + )]
— 2wydtdt [1+ 2ma/b+ 2my /ry — 2maé/0°] + detdy{(mg/m) (b + 4my + 2mp)
—2ub/r1 + (1 + 2ma/r1 — 2u/D) + (M2 /b?) [2m1€2 /m — (L + my/m)(y* + 25} }

+ (d€® + dy® + d2%) [1 + 2ma /11 + 2ma /b — 2ma€ /b + (ma/b%) (267 — y® — 2%)] . (2.47)
Now renormalize the time-coordinate by defining
t =1 [1 4 (mg/b)(1 + mg/2m)], (2.48)
and then perform a partial Lorentz transformation by setting

i = T+ (maw/m)(b+4my + 3ma +m2Z/2m)j,

£ = &, y =1, z=Z. (2.49)
In the new coordinates (, &, 7, %), the metric (2.47) is

ds? = db [—1+42my /7 + (m2/b%) (382 — 72) + (m/0%)(3® + §%)]
— 2wdidz {§[1 + (m2/2mb)(6m1 + Tmz) + 2ma /7] — 2ma (/6% }

+ 2wdidg {F (1 + (ma/2mb)(—2my + 3ma) + 2my /7] + (ma /b)) (35 — §° — 257)}
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+ (& + d® + d2%) [1+ 2my /7 + 2ma /b — 2ma 3 /b% + (ma /6°) (35 — 72)]

+ (ma D) (o fm. + 25 /5)d — (25/b)d] (2.50)
where 7 = (&% + 7% + 72)}/? and terms of O(m?) have been dropped, as is done throughout this

section.

Next clean up the spatial part of the metric by putting

t = &, Z=2(—mafb)+ (ma/26%)(2* + §* — £?),

i g1 — (ma/2mb)(2m1 + 3my)],  # = 2(1 — ma/b) + (ma/b?)33. {(2.51)

Transforming the metric (2.50) using Eq. (2.51) results in

ds* = di’ [-142m1/7 + (ma V%) (387 — ) + (m/b%) (82 + §7))
— 2wdtds [§(1 4+ ma/b+ 2my JF) — maifi/b?]
+ 2wditdj {2 [1 — (ma/mb)(3my + m2) + 2m1 /7] + (ma/26%)(73% — 35° — 52%)}

+ 2(maw/[b%)j2did2 + (d2® + d§® + d2%) [1 + 2my /7 + (ma/0°)(38% — #7)]  (2.52)

where 7 = (42 + § + £2)1/2,

Consider the terms 2wdi {#dg [1 — (m2/mb)(3m1 + m2) + 2my /7] — §d&(1 + ma/b+ 2m, /F)} in
Eq. (2.52). These terms contain information about the rotation of the coordinate axes. However,
they are not yet in the form of the rotation terms 2Q(1 + 2m, /#)di(#dj — §dz) that result from
rotating—at a constant rate €2 and in an active sense, ie., using a pull-back map—the metric
ds? = df’ (=1 + 2mq /7) + (d&® + dji? + d32)(1 + 2my/#), which is a fragment of Eq. (2.52). An
additional coordinate transformation is required to bring the former terms into the latter form.

With this goal in mind, look first for a gauge transformation taking the perturbation
v = 2wdt {#dfj [1 — (ma/mb)(3my + m2) + 2ma /] — §dE(1 + ma /b + 2my /#)} (2.53)
on a flat background metric ds? = —di? + di? + dij®> + d3? to the perturbation
& = 2Q(1 + 2m, /7)dE(2dj — §dz). (2.54)
In other words, look for a vector field 7 such that
Yar = Yas — 20(a75)- (2.55)

In order to solve Eq. (2.55), it suffices to consider n with only one nonzero component nf =
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n*(&,7,2). The perturbations (2.53) and (2.54) when put in Eq. (2.55) yield

QA +2ma/7) = Vi =V + 8175/855 = —wi(l +ma/b+ 2m, /F) + an/af, (2.56)
OE(1+2mi/F) = Hgy =y + 00t /09
= wi[l — (maz/mb)(3mi + ms) + 2my /7] + On' /04. (2.57)

These two equations determine the rotation rate 2 as follows: the function n’g(:f:,:g, £) must satisfy
8%t /820§ = 82t /8§8%. Taking 8/8j of Eq. (2.56) and 8/8% of Eq. (2.57), equating the mixed

partials of 5f, and ignoring terms of O(m?) yields the following equation for Q:
Q—w[l—(ma/b)(1+ 2my/m)] = w(l +my/b) — Q, (2.58)

which has solution @ = w [1— u/b+ O(e®)]. This is the rotation rate of the second black hole’s
tidal field as seen in the first black hole’s local asymptotic rest frame; this value confirms the claim

in Sec. 2.3.1 [see Eq. (2.31)]. With 2 in hand, Eqgs. (2.56) and (2.57) now yield
7t = (maw/b)(1 + my fm) 2. (2.59)

Gauge transformations can also be thought of as resulting from infinitesimal coordinate trans-
formations. The coordinate transformation corresponding to the gauge transformation given in

Eqgs. (2.55) and (2.59) is

oy
Il

t — (maw/b)(1 +ma /m)iy,

&g = &, ¥=1, G (2.60)
The metric (2.52) expressed in the new coordinates (£, &, 7, Z) is

ds? = di’ [1+2my /7 + (ma/b%) (352 — #2) + (m/b®)(&% + §7)]
+2Q(1 + 2my /7)dE(Ed — ydE) + (mow/b?)dE [28gdE + (72° — 35° — 52%)dy + 2y2dZ)

+ (d&® + dg® + dz%) [1 + 2my /7 + (m2 /b) (32 — #%)], (2.61)

where 7 = (2% + ¢ + 22)'/2.
The next step is to undo the rotation of the coordinate system. But first some fine adjustment
of coordinates is needed in order to obtain the local asymptotic rest frame metric (2.43). To find

out what is required, the metric (2.43) can be put in coordinates rotating with angular velocity Q.
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It turns out that the fine adjustment needed is

i t+ (maw/2b%)(32% — §° — 7%)7,

<

& = T, J =7, Z=32 (2.62)
In the new coordinates (¢, z, 7, Z), the metric (2.61) is

ds* = df’ [-1+2ma /7 + (ma/6) (35" —7) + (m/6)(2* + 7))
+ 2Q(1 + 2my [7)dE(Zd — §dE) + 4(maw/[b%)dE [—ZGdT + (2* — 2%)dy + §7dZ)

+ (dz* + di* + dz*) [1 + 2my /7 + (ma/6)(33% —7%)] , (2.63)
where 7 = (2% + §% + 22)'/2. Now eliminate the rotation of coordinates by defining

t = T, Zz=XcosQT + Y sin QT

7 —Xsin QT + Y cos QT Z= Z. (2.64)

Il

Transforming the metric (2.63) using Eq. (2.64) results in the local asymptotic rest frame metric
(2.43).

The transformation from corotating post-Newtonian coordinates (¢, z,y, z) to isotropic internal
coordinates (7, X, Y, Z) can now be gotten by composing the transformations (2.44), (2.48), (2.49),
(2.51), (2.60), (2.62), and (2.64). Inverting this composite map gives the following transformation

from internal to corotating coordinates:

- (5] o [+ G (4 v )

T =

o M b PuNe_ Lygs .5 4

T b[(1+m)5 a5 (36— z)]’
X = TecosQT — AsinQT,
= TI'sinQT + AcosQT,
o e BB _EEY (2.65)
b b2
where
_ mab s Ma) _ T2 2 2 _ 2
¢ = 2-22, T=((1+32)-Z@+v* -2,

A = y[1+%(1+@)], a=w(1-%), (2.66)
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and terms of O(m?) have been dropped. In terms of the coordinates (z,y, z),
R=[T%1+A%4 2743 (2.67)

[ef. Eq. (2.21)].

There are two reasons why terms of O(m?) were dropped from the metric (2.9) at the beginning
of this section. First, suppose that such terms were kept and were used to calculate higher-order
deformation of the black hole. Since internal metric components are coupled to each other via the
Einstein equations (in particular, the components of a black hole perturbation are coupled via the
linearized Einstein equations), to be fully consistent, terms of O(m?) would have to be included in
the spatial part g;; of the metric (2.9). But these terms are of higher order than first post-Newtonian,
and so have not been included in this paper.

Second, black-hole perturbations with asymptotic form m?2r? /bP*2 (p > 2) in the buffer zone,
which come from terms of O(m?) in ggp in Eq. (2.9), are actually smaller in the internal region than
the perturbation with asymptotic form mor$ /b* in the buffer zone; the latter perturbation has been
ignored in this paper. Once terms of O(m?) were dropped in Eq. (2.9), all terms of O(m?) were

consistently discarded in this section.

2.4.2 Internal metric in corotating coordinates

In this section, the transformation (2.65) is applied to the internal metric (2.42) throughout region I
(not just in the buffer zone). This puts the internal metric in corotating post-Newtonian coordinates
(t,z,y,z). In order to preserve finiteness of the perturbations (2.37)—(2.38) and (2.39)-(2.40) at
the horizon of BH1, all terms must be kept when performing the transformation. The rotation in
Eq. (2.65) can easily be performed on the metric (2.41) by first defining ¢ = ¢ — QT and then setting
I' = Rsinfcosy, A = Rsinfsing, and Z = Rcosf. To complete the transformation (2.65), define
the functions Pag(z,y,z) for a,8 = 0,..,3 to be components of the internal metric in coordinates
(T,T, A, Z); write the components as functions of (z,y,z) using Eqs. (2.65) and (2.66). Explicitly,

the functions F,g are

_ 46;;”291‘ (1 = %)2 (1 5 %)4 (27° — B?)
+ Q? (1 + %)4 (I? + A?) {1 s %(31‘2 w ) [(1 + %)4 _ QR_"”;%} } ,
Pon = Po= —QZTZ (1 - ;1_1:16 : (1 - ;%)41"1\

- QA (1+%)4{1+%(3P2 ~RY) [(1+ %)4*2}2_77?”’
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Py = Po= gegg (1- %)2 (1+ %)4 (0% 2%
+ar (1+ %)4 {1 + 2232 - B [(1 + %)4 - 2;;%] }
neo= (i) (e om0 3 - - (10 5]}
Pp = (14 %)4 {1+%(3F2—R2) (1 %)4— 2;1 - % ( Zz%z) A?]})
By = (1+g”—};)4{1+%(3r2—1z2) :(1+%) - (1+%) 22”,
Py, = Pn= —% (1+ %)4 (1 + %) (3T — R*)TA,
Py = Py = —27;;:;2 (1+ %)4 (1 n %) (3T2 — R)T'Z,
Py = Pp= —% (1 + %)4 (1 + %) (3r% — R*)AZ, (2.68)

where € = (m/b)'/2, Q@ = w(1 — p/b), R = (I% + A2 4 Z%)'/2, and T, A, and Z are given in terms of
(z,y,z) in Egs. (2.65) and (2.66).

Next define the functions K7 (=,y,2) for p,o0 = 0,..,3 by KJ = 8T/8z°, K} = 6T /8z*, K2 =
OA/Oxf, and Kg = 9Z/0xz”, where (I,[',A,Z) are to be expressed in terms of (¢,z,y,2) using
Egs. (2.65) and (2.66). Explicitly, the functions K are

0 3 ma g €may my 3£
= 1--2 = KO = 1 TRL _ 96
K0 -5 (1+2m), =% (+m b),
2
0 _ _ M2 M2 oy . W ema MY, 1 ogo g2 o
K = e[m 45 (3+m+2m2)}+ = [(1+ m) - (3¢ —3y z)},
€9
K3 = —uz
1 1 ma  maf 1 May 1_ M2z
Ko =0 K=l+57-= M=-5 K=
2 _ 2 _ 2 _ ma Tt 2 _
K} =0, K!=0, Kj=1+2 (1+2m), K2 =0,
Moz ma  maf
E: = 0 1(13=—-b—2—, KI=0, K§=1+T_b_z, (2.69)

where € = (m/b)1/? and &€ = z — mab/m.
The metric in region I can now be written in terms of the functions F,g and K. It is given in

corotating coordinates (t,z,y, z) by
3
g,u.u(w’ Y,2) = Z Pos(z,y, Z)KS(:I:, Yy, 2) K7 (2,9, 2) (2.70)

a,o0=0

with Pog and K as defined in Eqs. (2.68) and (2.69). Note that the metric components are explicitly



31
independent of time t. This metric is valid throughout region I (up to the first black hole’s apparent
horizon) and matches (to some finite order; see below) the post-Newtonian metric (2.9) at ry = ri".

Errors in the internal metric (2.70) will only be analyzed in the weak-gravity buffer zone m; <
r1 < b. The largest errors come from inaccuracies in the coordinate transformation (2.65). Terms
of the form (m?/b%)(r1/b)P for integer p > 1 have been ignored in Eq. (2.65). This leads to errors
8guy ~ €* for r1 S rim.

The match between the internal and post-Newtonian metrics at 71 = ri" is not perfect; there are
discontinuities [g,,] in the metric components on that 3-surface. A term of the form m$/r{ in the
internal metric component gop [as given in Eq. (2.70)] is not matched in the post-Newtonian metric
component goo in Eq. (2.9); as a result, [goo] ~ €* at r1 = ri”. Similarly, a term of the form m?/r?

is not matched in g, so [gi;] ~ €.

Lastly, a term of the form m?/R? in the internal-coordinate
metric component gog in Eq. (2.42) gives via a (partial) Lorentz boost an unmatched term of the
form em?/r? in the internal-metric component go; in corotating coordinates [given in Eq. (2.70)]; so
[90i] ~ €°.

The internal metric (2.70) contains terms of the form (my /71)?P(mar?/6%), p > 1, in the buffer
zone. These terms represent the first black hole’s multipole moments and the nonlinear interaction
of internal and external gravitational fields. They are of O(e?**), p > 1, in the buffer zone and have
not been matched to the post-Newtonian near-zone metric (2.9). At the level of accuracy achieved
in this paper, the metric (2.9) need not be modified to include the near-zone gravitational effects of

the black holes’ deformation.

2.4.3 Metric near the second black hole

An identical procedure can now be followed to obtain the metric in corotating post-Newtonian
coordinates in region II. However, it is not necessary to repeat all the steps. This metric can simply be
gotten as follows: exchange my <> mg in the internal metric (2.42) and in the transformation (2.65);
take x — —z and y — —y in Eq. (2.65); then transform. In other words, the metric components in
region II [denoted g (t,2,y,2)] are related to those in region I [gf,(t,z,y,2)] by ¢ZL(t,z,y,2) =
(—1)pgi,,(t, —x,—y, z)(with m; > ms), where p is the number of the indices ;1 and v that are equal
to 1lor 2.

Define P,s to be P,z with my and me exchanged, and similarly I_(‘; to be K7 with my < ma.

Then the metric in region II is given in corotating coordinates (¢,x,y, 2) by

3
gun(2,4,2) = (1)° > Poo(—z,—4, ) K3 (—2,—y, ) KZ(—2,~1,2) (2.71)

a,0=0

where p is, as above, the number of the indices p and v that are equal to 1 or 2. Again, the metric

components are explicitly independent of time ¢. This metric is valid up to the second black hole’s
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apparent horizon and matches (to a finite order) the post-Newtonian metric (2.9) at 72 = ri*. Error

analysis for this metric is identical to the analysis above for the metric in region I.

2.5 Results and discussion

The result of this calculation is an approximate solution to Einstein’s equations representing two
widely separated nonrotating black holes in a circular orbit. The metric has been expressed in a
single set of coordinates valid up to the black holes’ apparent horizons; the coordinate system chosen
is corotating coordinates (¢,2,y,z). In these coordinates, the metric components are explicitly
independent of time ¢. The metric is specified in region I by Eq. (2.70), in region II by Eq. (2.71), in
region I1I by Eq. (2.9), and in region IV by Eq. (2.18). At the boundaries r; = ri*, r» = 7" andr =
ro% of these regions, there are discontinuities in the metric components that result from truncation
of perturbative expansions and finite-order matching. The magnitudes of these discontinuities can
be reduced by taking this calculation to higher orders.

The full 4-metric is summarized below:

( Ei,u:{) Poola, u, 2} K5 (w4, 2) K (2, 9, 2), in region I;
Ei,y:o Py (—z,—y,2)K{(—x, ¥ 2)K¥(—z, —y, 2), in region IT;
—1+27”j1+%”;~1—2(%11+%) +%fi(%f+%k)
goo = ¢ —& (%@ + ";12%) y? — Tue (ﬁ - %) £ (2.72)

— Ppe? (% - %) + w? (1 +2m g ZT'Z'Z) (z®> +4?), in region III;
o B (] e ) — B g Nt B R DD
+w(z? + Y1) E + & LN + M8 — 12 Im 2 Af in region IV.

-

( Ez,uzo Pylf (:Ea ya Z)K(’)J (CE, y: Z)I{f(:c’ y’ Z)’ in regioﬂ I’
- Ei,uzo Puu(”m'a -y, z)R’é‘(—m, —Ys z)f({’(—z, —¥,2), in region IT;
Jor = { —wy (1 + 27”:1 + 2_21) 5 in region I (2.73)

eBsinwr + bD coswr —wEy + %EN sin wr
L — ebMS coswr + %%Eb: 8m £(2 cos 2wr — y sin 2wr), in region 1V.

{ Ez,v:o P#V (.’1’), Y, Z)KSL (I) Y, Z)Kg(l', Y, Z), in region I,
. Zi,uzg B,.(~z,—y,2)K{(—=,—y,2)K¥(—z,—y,z), in region II;
goy = {ws(1+2m42m) _gue(l-1), in region I, (2.74)

eBcoswr — bDsinwr + wEz + E—:—EN coswr

|+ ebMSsinwr — %%ﬂ"lﬁ(m sin 2wr + y cos 2wr), in region IV.

(523 o P (&, 5, 2) K (2,9, 2)KE (2,9, 2), in region I;
3 D P v D & :
Gie = Ep,,y:() P,‘”,(—CE, =Y, Z)Kg(_za —Y, z)KB (—.’I:, -Y, z)s Tn regfon 1T; (2-75)
0, in region III;

0, in region IV.
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( Zi,v:ﬂ P.F“/ ("E’ yi Z)K]I_j,(a:) y) Z)I({’(.’E, ya Z)) il.’l regioﬂ I,
3 B - = _—
g = Z#:V:O Fu(—=, -y, Z)Kf(_w: -y, 2)KY (—z, -y, 2), in region II; (2.76)
rTr = &
1 ZTTL e 2772?_’ in region III;
| E + ﬂ:am—z + 2N sin® wr + 25 cos? wr + gféi%“ﬁ sin 2wr, in region IV.
( Zi,uzo PH'V ('Ir Y, Z)I(g (m’ Y, z)[{g(m’ Y, Z), in region I;
g S Zi,v:o Puu(_w: =Y Z)K;(—I, —-Y, z)f{g(—m, —Y, Z), in region 15 (2 77)
vy = ;
g+ QT”:L + 27”12, in region ITT;
| B+ m—;ﬁ + €2N cos? wr + 28 sin® wr — Q‘fzés%n"iﬂ sin 2wr, in region IV.
( Zi,u:O PMV (.T, Y, Z)K:‘; (.."C, Y, z)Ké’(a:, Y, Z): in region I;
_ EZ,V:O 15“,,(—.7:, —y,2)K§(—z, -y, 2) K¥(—=z,—y,z), in region II;
Gzz = 9 _ T ] ) (2.78)
L =20 ok, in region IIT;
L&+ %ﬁf—z, in region IV.
( Zz,yzo Puu(x,y,Z)Kf(w,y,z)Ké’(m,y,z), in region I;
_ 2‘31,,1/20 P (—z,—y, 2) K (~2, ~y, 2)KY (~=, —y, z), in region II;
Jzy = A ) _ (2.79)
0, in region III;
A —%wy + 3(e2N — b%5) sin 2wr + %ﬁi%ﬁ cos 2wr, in region IV.
( Zi,yzo P#V("L') Y, Z)Kf(ﬂ?, Y, Z)Kg(ﬂ?, y, 2.’), iIl region L
I B Y o Pun(~2,—y, 2) R (~2, —y, 2) K¥(~2,—y,2), in region II;
gzz = ‘ _ (2.80)
0, in region III;
2
\ Zrzz, in region IV.
( Z;si.,u:O PI-W (z, v, Z)I(;(ma Y, Z)Ké'(m, Y,2), in region I;
g _ _Zi,v=0 'P#V(_:c: -y, Z)K-éj(_ma —y,z)R’é’(—z, _y,z), in region II; (2 81)
z — i
Y 0, in region III;
m2 . .
l Zryz, in region IV.

In the expressions above, i = my +mg, p = mama/m, dm = m1 —ma, € = (m/b)Y/2, w = (m/b?)1/2,
1 = [(x — mab/m)? +y? + 2212, ry = [(z + mib/m)? + y* + 2%]/2, £ = zcoswr — ysinwr, and
M = zsinwr + y coswr. Region I is specified by r; < (m15)}/2 and region II by r3 < (m2b)'/2 (but
these regions do not extend inside the black holes’ apparent horizons). Region III is specified by
r1 > (mab)/2, 72 > (mab)'/2, and r < b/2¢; and region IV by r > b/2e. The functions A, B, D, E,
N, and S are defined in Eq. (2.19). The functions Pas and K are defined in Eqgs. (2.68) and (2.69).
The functions P,s and f{g are obtained from Pug and K] respectively by exchanging m; and ms.

The errors and discontinuities in the metric components are summarized in Table 2.1. The
discontinuities should be smoothed out before initial data are extracted from the metric. In addition,
initial data taken should be relaxed numerically to approach more closely an exact solution of the
constraint equations. It is expected that higher-order versions of this calculation will differ by smaller

amounts from an exact solution of the Einstein equations.
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Region I or IT | disc. at Region III Region IV
r S rin =7 |2t | r~b disc. at
or or or and [rSr0 | pertE | o e | poao Bl
ro S it ro=ri" | ra 27" [ ra~b
goo 4 3 3 6 5 5 7 8
9oi 4 3 3 S 5 5 7 8
9 4 2 2 4 5 5 7 8

Table 2.1: Errors and discontinuities in the metric components in corotating coordinates. Numbers

denote orders in € = (m/b)'/?; e.g., 4 denotes O(e?). The last two columns contain normalized
errors.
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Chapter 3

Ingoing coordinates for binary black holes

Abstract

In Chapter 2, a binary black hole 4-metric was presented in a post-Newtonian corotating coordinate
system valid only up to the holes’ apparent horizons. In this chapter, I define an ingoing coordinate
transformation that extends this corotating coordinate system through the holes’ horizons and into
their interiors. The motivation for using ingoing coordinates is that numerical simulations of black
holes require the computational grid to extend inside the horizons. The coordinate transformation
presented here makes the binary black hole 4-metric suitable as a source of initial data for numerical

simulations.

3.1 Introduction

In this chapter, I write the binary black hole 4-metric from Chapter 2 in coordinates that are
corotating and post-Newtonian in the radiation and near zones and smoothly become ingoing near
the black holes. This coordinate system is valid through the holes’ horizons and covers the holes’
interiors as well as the near and radiation zones. The metric components in this coordinate system
are explicitly nonsingular on the black hole horizons. The metric presented here is promising as a
source of initial data for numerical simulations of binary black holes. Since these simulations require
the computational grid to extend inside the holes’ horizons, the coordinate system used near the
black holes in Chapter 2 is not suitable for numerical relativity.

Let us begin with the metric near the first black hole, that is, in region I in the terminology of
Chapter 2 (see Fig. 1 in Chapter 2). This metric is the Schwarzschild metric plus electric-type and
magnetic-type tidal perturbations due to the second black hole, and is given in isotropic coordinates
in Eq. (3.22) of Chapter 2. The second black hole’s tidal field rotates with angular velocity {2 as
seen by inertial observers in the first black hole’s local asymptotic rest frame. However, the tidal

perturbation’s angular dependence ¢ — 1 as given in Eq. (3.22) of Chapter 2 (I have replaced
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T in that equation with #) is singular at the first black hole’s horizon. The reason is that the
Schwarzschild time coordinate #, though suitable for matched asymptotic expansions in the buffer
zone around the black hole, is badly behaved at the horizon. Since our goal in this chapter is to
come up with coordinates valid through the horizon and inside the black hole, we must use a time
coordinate T' with the property that the hypersurfaces of constant time coincide with Schwarzschild
time slices in the buffer zone but smoothly transition into ingoing Eddington-Finkelstein time slices
which penetrate the horizon. The singular angular dependence ¢ — §)# can be simply replaced by
the nonsingular ¢ — QT", with T' as described above; this is discussed in further detail below.

It turns out that isotropic coordinates are not a good starting point for an ingoing transformation.
The analog of the ingoing Eddington-Finkelstein transformation, which is based on ingoing null
geodesics of the Schwarzschild spacetime, is unsuccessful when applied to isotropic coordinates: the
coordinate system remains singular at the horizon®. Indeed, the isotropic radial coordinate is only
defined outside the black hole. However, isotropic coordinates were used in Chapter 2 to match
a tidally perturbed Schwarzschild metric to the post-Newtonian near zone metric. It is therefore
necessary to define a new radial coordinate that is equal to the (tidally distorted) isotropic radial
coordinate in the buffer zone but transitions smoothly into the (tidally distorted) Schwarzschild

radial coordinate near the black hole.

3.2 Ingoing coordinates

Following the notation in Chapter 2, I denote the black holes’ masses by m; and ms, and their
coordinate separation in post-Newtonian harmonic coordinates by b. Let m = m;+ma, € = (m/b)*/2,
and O = (1 — myma/mb)(m/b*)'/2. By assumption, e < 1.

Let us begin with the region I metric given in isotropic coordinates in Eq. (3.22) of Chapter 2.
Note that, in this chapter, T' and R denote the nonsingular time and radial coordinates described
in Sec. 3.1, while in the previous chapter, they denoted the isotropic time and radial coordinates.
Set = 0in Eq. (3.22) of Chapter 2 and transform to Schwarzschild coordinates (Z,7,0,¢). This
yields the metric § = gg + h; the Schwarzschild metric gg and the stationary tidal perturbation h

are given in Schwarzschild coordinates by

5 2 =3
- - (1 - %ﬂ) di® + (1 - %) di? + 72 (dB? + sin® 0dg?), (3.1)

h —%1 / _Tbﬂ (1 - 21@) 7 dt[cos 6 sin ¢d@ + sin 6 cos(26) cos ¢de]

~9 ¥ 2
+ m;: [3sin?§cos® ¢ — 1] [(1 - iﬂ) dt* + dr®

11 thank M. Vallisneri for pointing this out.
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4+ (% — 2m?)(d6? + sin® 0d¢?) | . (3.2)

In this notation, df, dF, df, and d¢ are coordinate one-forms and di® denotes the tensor product
di ® di.

Let ¢, and ¢ be two numbers satisfying 2 < ¢ < (2 < (b/m;)Y/2. Define the new ingoing
coordinates (T, R, 8, &) by

o
I

T—2miIn (i - 1) W(R), (3.3)

R+m (1 i ﬁ) n(R). (3.4)

i1l
Il

The functions ?(R) and n(R) must satisfy the following properties: (i) for R > {am,, ¥(R) = 0
and n(R) = 1 so the coordinates are isotropic; (ii) for R < ¢(1mq, ¥(R) = 1 and n(R) = 0 so
the time coordinate is Eddington-Finkelstein and the radial coordinate is Schwarzschild; and (iii)
for (sm1 < R < (amy, ¥(R) and n(R) smoothly and monotonically vary between their constant
values outside this interval. The transition points B = {;m; and R = (3m; and the functions
%(R) and n(R) can be chosen freely as long as the above properties are satisfied. Since d7/dR =
1+ (my +m}/4R)n'(R) — m3n(R)/4R% > 1 — m?/4R?, we have di/dR > 0 for R > 2m, and so
Eqgs. (3.3) and (3.4) define a valid coordinate transformation.
Transforming (3.1) and (3.2) using (3.3) and (3.4), we obtain

2

gs = —f(dT? —2¥dTdR + ¥?dR?) + HTdRZ + 72 (d6? + sin® 0d¢?), (3.5)
h = -—42?2 #3(dT — WdR)[cos § sin ¢df + sin O cos(28) cos ¢d¢]
+ —7"2 (3sin® @ cos? ¢ — 1)[f2(dT* — 2WdTdR + ¥2dR?) + H%dR?
+ (r — 2m?)(d6? + sin® 8d¢?)], (3.6)
where
s 2my R

U(R) = 2m [ A (1 - ?) Y(R) +¢'(R)In (— - 1)] , (3.7)

2
HR) = L+m(1+ 7)) 0 (R) - 7m5n(R), (3.8)

2m1

_ q_2tm 3.9
f(R) 1 7R (3.9)

and 7 is given in terms of R in (3.4). Since the linearized Einstein Eq. is a tensor Eq. (see, e.g., Eq.
(7.5.15) in [1]) and we have only performed a coordinate transformation, h remains a solution to this

Eq. on the background gs. However, the ¢-dependence of the perturbation h does not correspond to
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the second black hole’s rotating tidal field—we set (2 = 0 above. To remedy this, we simply change
¢ to ¢ — QT in the components of h, which yields a new perturbation h. Note that this replacement
is not a coordinate transformation; a new tensor h is defined. Also note that T° becomes an ingoing
coordinate near the horizon, so the time dependence ¢ — QT causes no problems on the horizon.
This simple remedy works for the following reason: if we solve the linearized Einstein Eq. order by

3

order in €, then time derivatives of the components of h produce factors of m1Q ~ € and can thus

be neglected. The perturbation h is given by

h = 46m2 f73(dT — ®dR)[cosfsin(¢p — QT)df + sin 0 cos(28) cos(¢ — QT)d¢)

+ ?é—r 2[3sin? @ cos?(¢ — OT) — 1][f3(dT? — 2VdTdR + V2dR?) + H2dR?
+ (72 — 2m?)(dO? + sin® 0dg?)]. (3.10)

We have now arrived at a metric g = gg + h, where gg is given in (3.5) and h in (3.10), which
is valid from the black hole’s interior up into and through the buffer zone around the hole, and is

written in coordinates that are well behaved throughout this region.

3.3 Transformation to corotating coordinates

The next step is to transform the metric g to corotating post-Newtonian coordinates (¢, z, y, z) using
the transformation given in Egs. (4.22) and (4.23) of Chapter 2. This transformation contains a
rotation that can be performed by first defining ¢ = ¢ — QT and then setting I' = Rsinf cosp,
A = Rsinfsingp, and Z = Rcosd. To complete the transformation, define the functions P,s(z,y, z)
for a, 8 = 0, .., 3 to be components of the metric g in coordinates (7', T', A, Z); write these components

as functions of (z,y, z) using Eqs. (4.22) and (4.23) in Chapter 2. The functions P,z are given by

Py = =f+ ﬁm (T2 + A2) — 4;211;;" (222 — R®) fOr
7;;21; (31 — R?) [ ( —2m2)(I2 + AZ)]
Pn = Po=15% Lro— %QA 2;"; § [FA = Ex1r1*2(222 RZ)]
+ ’;—21,_;;(3.1‘2 — R?) [—Eﬁw - S}%—’;(r - 2m§)]
Pos = Ppo= % FO+ %nr - 2;"};5 f [Zz =¥ %\H‘A(zz? = Rz)]
+ ”;;fj(sr“‘—RZ) -+ T —2md)
Pos = Pio= f‘I' 2;?;53 f [‘AZ - %\I'I‘Z(zzz = Rz)]
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r?)

A2\
_ﬁ)_,

R2

=2 FOUT(—T2 + A? + 22)

A2+ 2%

e 'I'
+ 633{2 (372 — )(——f2 )
1"2 H2 'F2 72 4em2'r
-
:;2;2 (3r* — R?) [ﬁ(fwz + H?) + R72( — 2m3) (1 B F_) ’
A2 H? 2 7 dema®
m 7'
+ oy (17 = ) [Rz(f2w2+H2)+R (7 — 2m]) (1
72 H2 7 72 demgd
Pz = ﬁ( f‘I’2+_f"_ﬁ)+’ﬁ_ b3 Re g fYZ°A
z2 z
e - ) [T ) + @ - (1- 2]
TA H? 72 2emo i
P, = P = _R—Q( o+ ¥ ﬁ) + Z=a b RA
+ ’;;2};4 (372 — R?) [292 4 H? — R™%(7% — 2m2)] TA
B Iz g o HY P
P = P31—ﬁ( i3 +T_ﬁ)
2321; (30% — B?) [f*¥* + H? - R™*(7 — 2m})| I'Z,
AZ H? 2emaf?
Py = Pu=3g ( f9% 4 - ﬁ) + 23}; FeZ(-I* -
+ 2 are gy [£202 + H? - R~ — 2m3)] AZ
PR '

where € = (m/b)Y/2, Q = (1 — mima/mb)(m/b*)'/2,

(3.11)

R=(2+A%2+ 22, and T, A, and Z are

to be expressed in terms of (z,y,z) via Egs. (4.22) and (4.23) in Chapter 2. The functions 7(R),

U(R), H(R), and f(R) are given in Egs. (3.4), (3.7), (3.8), and (3.9).

The remainder of the coordinate transformation from black hole coordinates (7', R, 8, ¢) to coro-

tating post-Newtonian coordinates (t,z,y, z) can be done exactly as in Chapter 2. The final metric

in region I (see Fig. 1 in Chapter 2) is given by Eq. (4.27) of Chapter 2, but with P,z taken from

Eq. (3.11) above. Define P,s5 to be P,s (as given in (3.11)) with m; and my exchanged. Then

the metric in region II (that is, near the second black hole; see Fig. 1 in Chapter 2) is given by

Eq. (4.28) in Chapter 2, but with P, taken from here. Note that the final metric components are

everywhere explicitly independent of time ¢.

To summarize, the expressions for the metric components given in Sec. V of Chapter 2 are valid
in ingoing coordinates if Pap (and P,p) are taken from Eq. (8.11) and the functions #(R), ¥(R),
H(R), and f(R) are taken from Egs. (3.4), (3.7), (3.8), and (3.9) with ¥(R) and n(R) having
properties (i)—(ii) given below Fg. (3.4). In order to show explicitly that these components are



nonsingular at the black holes’ horizons, I write out P,s for R < {Gmg.

T¥(R) = 2miR~1(1 — 2my /R)"

R < Clmll

Pyo

P

Pas

where ¢ = (m/b)'/?, Q =

g are given by
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(1 — myms/mb)(m/b*)/?, R =

3A°
B

In this region, ¢ = 1,
,nm=0,H=1,7=R, and f(R) = 1—-2m,/R.

Therefore, for

RZ)}

)]

= 142 gz 4””" ( ) (222 — R®)QOT
™ (372 — R?) [(1 - 3@> + Q2 (1 - 3@) (T2 + A?%)

TE R R
= Pyo= zg;r — QA - 22?’2 (1 = 2%) TA - 2}’%’;1 ar? (222 - Rz)]
= By QRﬂ;A + HE— 22’?2 (1 - 2’;”1) (P T 21?21 OTA(22% —

T2 (312 - R?) 21%1 (1 - 2—;”) A-Qr (1 — 2;’;:12)1 ,
= By = 21’;21 B+ 22’;”2 [(1 = 2%) AZ + 31%”5191"2(222 = R2)}

- 2;2’22 (372 — R?) (1 _ 2%) z,

= 14 2”};152 86;’*11{:‘2 T2A + %(3#’ — R [ - 2R—""f (1 - %2” ,
S Q”ESAQ ST A2 - T2) + T2 (32 - BY) [1 = 21’:1 (1 -
= B, e 27r;3r = 46;?];’;‘21*(32 —or?y 4 6:;‘;”12 (372 — R2)TA,
= By = zm]g = 6’;?;‘2 (3T% — RA)T'Z
W - 27'”1;"2 46;?11%’;” Z(2Z% — R?) + 6:;’;";‘2 (3U2 — R%)AZ,

(3.12)

(T2 + A%+ Z22)V/2, and T, A, and Z are to

be expressed in terms of (z,y, z) via Egs. (4.22) and (4.23) in Chapter 2. Note that the quantities

P,s in Eq. (3.12) are all finite at the horizon R = 2m;.
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Chapter 4

Energy and angular momentum flow into
a black hole in a binary

Published as K. Alvi, Phys. Rev. D 64, 104020 (2001).

Abstract

As a black hole in a binary spirals in gradually from large separation, energy and angular momentum
flow not only to infinity but also into or out of the hole. In addition, the hole’s horizon area
increases slowly during this process. In this paper, the changes in the black hole’s mass, spin, and
horizon area during inspiral are calculated for a hole in a circular binary with a companion body
of possibly comparable mass. When the binary is composed of equal-mass black holes that have
spins aligned with the orbital angular momentum and are rapidly rotating (with spins 99.8 percent
of their maximal values), it is found that the fractional increase in the surface area of each hole’s
horizon is one percent by the time the binary spirals down to a separation b of 6 (where M is the
binary’s total mass), and seven percent down to b = 2M. The flow of energy and angular momentum
into the black holes’ horizons changes the number of gravitational-wave cycles in the LIGO band
by no more than a tenth of a cycle by the time the binary reaches 6 = 2M. The results obtained
in this paper are relevant for the detection and analysis of gravitational waves from binary systems

containing a black hole.

4.1 Introduction

Binary black holes are expected to be among the primary sources of gravitational waves for inter-
ferometric detectors [1]. Since we do not have exact solutions of Einstein’s equations that represent
binary black holes in sufficient generality, we must study these systems perturbatively and/or nu-
merically. One regime in which the evolution of binary black holes is well understood is the early

inspiral phase. In this phase, the holes’ separation is still much larger than the binary’s total mass,
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and post-Newtonian expansions can be used to analyze the system. Eventually radiation reaction
drives the holes together and the post-Newtonian approximation fails. The binary’s subsequent
evolution must be studied numerically.

While the flow of energy and angular momentum to infinity during inspiral has been calculated
to high post-Newtonian order, to date the flow into or out of the black holes’ horizons has not been
computed except in the extreme-mass-ratio limit; and in that limit, it has been done to very high
post-Newtonian order [2] (for numerical work, see, e.g., [3]). Absorption (or emission) of energy
and angular momentum by the holes’ horizons, while much smaller than emission to infinity, might
still be important because extraction of weak gravitational signals from noisy detector output using
matched filtering requires knowledge of the orbital evolution to very high accuracy, and black hole
absorption/emission might affect the evolution at that level. Two purposes of this paper are to
calculate black hole absorption/emission of energy and angular momentum to leading order in a
circular binary with holes of possibly comparable mass, and to investigate whether it is relevant for
detection and analysis of gravitational waves.

A third purpose of this paper is to provide some information on the interface between the inspiral
and merger phases of binary evolution. Numerical simulations of binary black holes typically begin
computing at this interface and need initial data representing holes that have spiraled in from infinity,
i.e., initial data tied to the inspiral phase and to the post-Newtonian expansions used to describe
it. One approach to obtaining such initial data is given in [4]. Since initial data of this sort are not
yet being used, one needs to relate the masses, spins, and horizon areas of the black holes present in
currently used initial data to the corresponding quantities when the holes were infinitely separated.
For this purpose, it is necessary to know how these quantities change during inspiral. In this paper,
I calculate the leading-order changes in the holes’ masses, spins, and horizon areas during inspiral
for a circular binary.

Recently, Price and Whelan [5] have emphasized the role of angular momentum absorption or
emission by rapidly rotating black holes at the end of inspiral, when the holes are beginning to merge.
Here I focus on the earlier stages of inspiral, when the holes are widely (or moderately) separated
and their gravitational effects on each other can be described using black hole perturbation theory.

The results obtained in this paper are actually valid for a black hole in a binary with any
companion body (e.g., a neutron star) that is well separated from the hole. The formulas for the
changes in black hole quantities presented here depend only on the companion body’s mass and not
on its internal structure. These formulas therefore remain valid when the companion is not a black

hole.
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4.2 TFramework

I follow the field-theory-in-flat-spacetime notation used in the literature on post-Newtonian expan-
sions (e.g., [6, 7]) and denote 3-vectors by bold-face letters. A centered dot between 3-vectors denotes
the usual inner product in flat 3-space; a hatted 3-vector represents the unit vector in that direction.

Consider a black hole binary undergoing circular motion with the separation b between the holes
much larger than their total mass M = M; + My, where Mp denotes the mass of the Bth hole.
Define y = M; M2/M and n = p/M. Label the holes BH1 and BH2, and denote their spins by Sg
and horizon areas by Ap for B = 1,2. Let Sp = (Sp-Sp)/? be the spin magnitudes, and define the
parameters xg by Sp = xgM} (B = 1,2). Throughout this paper I assume xp < 0.998 (B = 1,2);
this restriction is based on the analysis in [8].

Define each black hole’s horizon radius rgg = Mg[l + (1 — x%)*/?], angular velocity Qpp =
xB(2rgp)~t, and surface gravity kg = (1 — x3)/2(2rgp) ! (B = 1,2). Introduce the following
Newtonian quantities for the binary: the orbital angular momentum Ly, the orbital angular velocity
Qn = (M/5%)1/2, and the relative velocity v = (M/b)'/2. By assumption, v < 1.

Since the black holes are widely separated, each hole has a surrounding region that satisfies the
following properties: (i) it is far enough from the hole that gravity is weak there; (ii) it does not
extend so far that the companion hole’s tidal field varies appreciably in the region [9]. We can place
in this region an inertial coordinate system in which the hole is (momentarily) at rest. This region
and its local coordinates are referred to as the black hole’s local asymptotic rest frame (LARF) [9].
Label the two regions around the holes LARF1 and LARF2.

Usually mass and angular momentum are only defined globally in general relativity, using fields
at inﬁqity, since precise local definitions are not available. However, for a black hole well separated
from its companion, one can define the hole’s mass and angular momentum using fields measured
in the hole’s LARF; these definitions are inherently ambiguous [9-12]. (For further discussion of
the ambiguities, see Sec. 4.6.) I refer to these definitions when discussing a black hole’s mass and
angular momentum in this paper. I calculate the rates of change of these quantities as measured
in the LARF—that is, with respect to time ¢ measured by an inertial observer in the LARF. When
integrated over the duration of inspiral, these rates of change should give results exceeding the
ambiguities in the definitions of mass and angular momentum, in order to be relevant to the analysis
of initial data at the interface between inspiral and merger. This issue will be discussed further in
Sec. 4.6.

I also consider slices of constant time ¢ that begin in the LARF and extend into the black hole,
intersecting the horizon in 2-surfaces that correspond to constant ingoing-time slices of a Kerr black
hole’s horizon. (Alternatively, one can consider slices that intersect a “stretched horizon” as discussed

in [13] and references therein.) The rate of area increase of these 2-surfaces can be calculated using
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the results of Hawking and Hartle [14] combined with black hole perturbation theory [15, 16]. The
quantities dMp /dt and dSg/dt can then be obtained from dAg/dt using the first law of black hole
mechanics dM = (k/8m)dA+QdJ and the relation wdJ = mdM for black hole perturbation modes
of angular frequency w and azimuthal angular number m [13, 16, 17]. (Here J refers to the black
hole’s angular momentum.)

Throughout this paper, I focus on BHI1 and the changes in its parameters. The corresponding
formulas for BH2 are simply obtained by exchanging the subscripts 1 <+ 2 in the final results [e.g.,
Eqgs. (4.11)]. In Sec. 4.3, I consider the special situation in which BH2 is held stationary with respect
to BH1. The results from this artificial scenario are used in Sec. 4.4 to analyze a circular binary with
black hole spins aligned or anti-aligned with Ly. The more general case of spins not fully aligned

or anti-aligned with Ljy is treated in Sec. 4.5.

4.3 Stationary companion

In this section, I calculate the tidal distortion BH1 suffers when BH2 is held stationary. This
involves solving for the Weyl tensor component 1)y, which contains complete information about the
gravitational perturbation on BHI, using the Teukolsky formalism [15]. With /g in hand, the rates
of change of BH1 parameters can be calculated using the results of Hawking and Hartle [14] and
Teukolsky and Press [16].

The first step in this process is to calculate BH2’s tidal field as seen in LARF1. I will consider
only the lowest-order Newtonian tidal field, which is approximately constant throughout LARF1.
To calculate this field and its effect on BHI, consider first a fictitious Euclidean 3-space containing
a single stationary body of mass M, at coordinate location (b, 6, ¢o) in a spherical polar coordinate
system. The Newtonian gravitational potential at the field point (r, 8, ¢) is given in these coordinates

by

(o] !

0(r,6,¢) = 42 3 3 (2 +1)7 (L) Vit (o, ) Yin (0,9) (41)

(=0 m=—1
for r < b.
We are interested in the gravitational field only in a small neighborhood of the origin satisfying
r & b. In particular, we would like to evaluate the body’s tidal field at the origin, so only the
I = 2 part @ of ® is relevant. The (electric-type) tidal field is given by &;; = @Efj) in Cartesian
coordinates. Taking these derivatives in spherical coordinates and evaluating in the usual spherical
orthonormal basis yields the tidal field components €55, &5 & £ 5 ear the origin 7 = 0. The particular

combination of relevance to us (see below) is in this way determined to be

2

> 2Yom(8, $)Ysr (6o, o). (4.2)

m=—2

871'\/6M2

5&& — Eéé — 2i5§$ = 553
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Here the functions 2 Y3, (0, @) are spin-weighted spherical harmonics [18].

Return now to the black hole binary. The region near BH1, including LARF1, can be described
as a perfurbed Kerr black hole, and so can be covered by Boyer-Lindquist coordinates (t,r,6, ¢).
We would like to solve the Teukolsky equation [15] in this region for the Weyl tensor component
o(r, 8, ¢). If we were considering a single perturbed Kerr black hole as the entire spacetime, the
asymptotic form of vg as r/M; — oo would be the combination &£ g = Eag — 21&5 3 of the external
tidal field [13], since 4 vanishes for an unperturbed black hole. In our binary system, ¢ acquires
this asymptotic form for M; < r € b, i.e., in LARF1, with the tidal field &; being that of BH2.
To lowest order, this tidal field is exactly the Newtonian field of a body of mass M, at separation
b, which was calculated above; in particular, the angular dependence of ¢y in LARF1 is given by
Eq. (4.2), but with ¢ and ¢ now representing Boyer-Lindquist coordinates, and €y and ¢¢ now
representing BH2’s angular coordinates as seen in LARF1. Therefore, to solve for the perturbation
1pg on BH1, we impose the LARF1 boundary condition

8TVBM: <
% Z 2Yam (60, ¢) Y57, (6o, d0) (4.3)

m=—2

Yo =

for My < r b
It now remains to solve the Teukolsky equation for ¢y with the boundary condition (4.3) and an
appropriate no-outgoing-wave boundary condition at the black hole horizon [15]. We express ¢ as

a sum of modes 5

Yo=Y 2Yom(0,$)Runl(r) (4.4)

m=—2
and solve the radial Teukolsky equation for R,,(r) subject to the no-outgoing-wave boundary con-

dition at the horizon. This yields the radial functions (Eq. (5.7) in Ch. VI of [19])

Ra(r) = Cpz™ (1 + )" ™2 (4,1, -1 4 294, —2) (4.5)
for m # 0. Here
_ 1mX1 _ T —TH1
T 2(1 — x3)1/2’ = 2M; (1 — x3)1/2’ (4.6)

and F is a hypergeometric function. The m = 0 mode can be treated separately; since a full
treatment reveals that this mode does not contribute to the rates of change of black hole parameters,
Lignore it here. The constants C), are determined by imposing the LARF1 boundary condition (4.3);
we obtain

_ 8nMy

Cm = 2/ 1 (m + D87, = DY B0, o). (4.7)

The leading-order tidal distortion of BH1 due to the presence of a stationary companion of mass
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M> has now been determined. This information allows us to calculate the rates of change of BH1
quantities using the results of Hawking and Hartle [14]. In fact, given the modal decomposition (4.4),
we can easily obtain the relevant rates using explicit formulas provided by Teukolsky and Press [16].

The results are dM; /dt = 0 and

dA; 64w MS M3 sin? 8y ( 3 5 15 5 .3 )

— = — —xi+ —xisin“ 6y},

dt 565(1 — x2)1/2 g g Ak

ds 1—x3)Y2 dA 8MPMZ 3 18 5 .

d_tl = _%d—tl = —#Xl sin? 6 (1 == Zx% + Zx% sin? 90) :

(4.8)

Here 6, is BH2’s #-coordinate—that is, its polar angle with respect to S;—as measured in LARF1.

Since the effects of only the leading-order tidal field were taken into account above, the ex-
pressions (4.8) are actually valid for any companion body of mass M,, not just a black hole. The
rates (4.8) of area increase and spin-down have already been derived by Teukolsky [19] in the
extreme-mass-ratio limit, i.e., for My <« M;. The derivation I have presented above establishes
the validity of the expressions (4.8) for comparable-mass black holes as well. Hartle and collabo-
rators [13, 14, 20, 21] have shown that the spin-down of a black hole by an external tidal field is
analogous to the Newtonian tidal friction process in a planet-moon system.

The results (4.8) will be used in the next sections to obtain the corresponding formulas for a

binary undergoing circular motion.

4.4 Equatorial orbits

In this section I study special configurations of the binary in which the black holes are in a circular
orbit and have their spins aligned or anti-aligned with the orbital angular momentum L. In these
scenarios there is no precession of the angular momenta: the spins remain aligned or anti-aligned
with L. As a result, the companion to each of the holes orbits in the hole’s equatorial plane; more
precisely, the external tidal field seen by each of the holes rigidly rotates about an axis parallel or
antiparallel to the hole’s spin axis.

In Boyer-Lindquist coordinates (¢,r,8,¢) centered on BHI, with S; along # = 0, the t- and
¢-dependence of the companion’s tidal field enter in the combination ¢ — Qt. The rotation rate Q2
of the tidal field as seen in LARF1 is to leading order 2 = (f;N . Sl)ﬂN, where Ly - §; = +1 (-1)
for a prograde (retrograde) orbit. The first correction to this expression for Q is O(v?) higher (see

Eq. (3.12) in [4]), and will be ignored in this paper.
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4.4.1 Instantaneous rates
In the rigid ¢-rotation case, simple formulas given in Egs. (7.21) of [13] (and reproduced below)

specify the rates of change of black hole quantities in terms of a horizon integral I that depends on

the particular perturbing gravitational fields present:

s, M, dS,

ZLoo (-am),  SR=0%loo@-om),
k1 dA; dSy _ 2
Br @ - (L Sm)Tg = (- 0m)L

(4.9)

In terms of ingoing Kerr coordinates (V,r, 8, ¢) (see, e.g., [22] for a definition), I is an integral of a
function of @ and (¢ — V) over a constant-V slice of the horizon. Since ¢-rotations are isometries
of the horizon metric, I is independent of V.

Consider an expansion of I in powers of M1}, which is O(v?) and hence much smaller than
1. The zeroth-order part Iy = I|g_, is independent of £ and, in our situation of binary black
holes, can be easily obtained from the results for a stationary companion. From Egs. (4.9), we

have $; ‘Q = —Q 1o, where an overdot indicates a time derivative. But @ = 0 corresponds to a

stationary companion, and in this case we have an explicit expression for S; in Eqgs. (4.8). Equating
S; in Egs. (4.8) to — Qg1 Iy yields

Io(80) = %MfMS sin® 8, (1 - %x? + %x% sin? 30> , (4.10)
where 6y = 7/2 for the equatorial orbits considered in this section. The general expression (4.10)
with a wider range of values for 0y will be used for non-equatorial orbits in the next section. Since the
first correction to I in the expansion of I in powers of M;§) is O(M1Q) = O(v?), I will approximate
I by Iy throughout this paper.

Note that Eqs. (4.9) are, strictly speaking, valid only for constant rotation rates £2. In our
situation, radiation reaction drives the binary together and so €2 changes during inspiral. However,
the timescale for these changes is the inspiral timescale Ti,s ~ bv~®, where “~” means “is of the
order of”; this is to be compared to the timescale ;! on which the divergence and shear of the null
generators of the horizon probe the future [13, 14, 17]. By assumption, x; is less than or equal to
0.998; this implies k71 < 34M;, so k7' is much smaller than 7ins. Therefore Egs. (4.9) are valid in
our binary system to a very good approximation. The various timescales of interest to us will be
discussed in more detail below.

Note also that Eqgs. (4.9) [and, in addition, Eqgs. (4.11), (4.21), and (4.22) below] are valid only
when integrated over time intervals much longer than 7! (see the discussion in Sec. VI.C.11 of [13]).

In this paper, I am interested in integrating these equations over the entire inspiral—that is, over
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time intervals of order Tins—so this condition is certainly satisfied.
After putting Io(n/2) and Q@ = (Ly - $1)Qx into Eqs. (4.9), we obtain the following rates of

change of BH1 quantities for a circular orbit with spins aligned or anti-aligned with Ly:

B = @-m)h(r/2)

- (&) % (%)3 (14 33) { - + 2B 80) [1+ (1= 2] o
dgfl = Q0 — Qu)o(m/2)
dd—A: = 8rr7M(Q — Qg )2o(/2)

_ 647 MP M3 (1 + 3x7) & A aviyz] M s ?

(4.11)

In these formulas, the Newtonian quadrupole expressions for energy and angular momentum flow to

infinity are [23, 24]
(dt)N—5nv ; g N—5nMv, (4.12)

where v = (M/b)Y/? and n = MiMs/M?. Note that energy and angular momentum absorp-
tion/emission by a rotating (nonrotating) black hole is 2.5 (4) post-Newtonian orders below the
quadrupole emission (4.12) to infinity, as first derived in the extreme-mass-ratio limit by Poisson
and Sasaki [25] and Tagoshi, Mano, and Takasugi [2]. The rates of change for BH2 are obtained by
exchanging the subscripts 1 ++ 2 in the formulas (4.11).

The energy absorption/emission rate M, given above agrees in the limit M, /M — 0 with the
lowest-order expression obtained by Tagoshi, Mano, and Takasugi [2]. Those authors have calculated
this rate in the extreme-mass-ratio limit, for a circular equatorial orbit, to much higher order in v
than I have done here. However, their results are not applicable to comparable-mass binaries, while
the formulas (4.11) are.

The expressions (4.11) are valid even if BH1’s companion is not a black hole, provided the

companion’s mass is substituted for M.

4.4.2 Total changes during inspiral

In this subsection, I integrate Eqgs. (4.11) to calculate the total changes in My, S;, and A; during

inspiral. I take into account only the leading-order Newtonian effects of radiation reaction when
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computing orbital decay; given this approximation, the orbital separation b evolves as [22, 24]
b(t) = bo(1 —t/m0)"/*, (4.13)

where 7o = (5/256)b3(uM?)~t. I also ignore all post-Newtonian corrections to the orbital angular
velocity Q.

It is convenient to parametrize the orbit by separation b instead of time ¢. The total change in
a parameter, say Si, from infinite separation to separation b is denoted AS;(b) and is calculated
by integrating Eqs. (4.11). As a first approximation, the quantities Mp and Sg (B = 1,2) on the
right-hand sides of Eqgs. (4.11) can be considered constants during inspiral. The reason is that the
timescales for evolution of Mp and Sp are much longer than the inspiral timescale Ty ~ bv ™8
Indeed, the timescale for evolution of the masses is 73y ~ Mp /M B ~ bu™? and for the spins is
7s ~ Sg/Sp ~ w10 So Tar > Ts > Tins and we can safely treat Mp and Sp (B = 1,2) as
constants on the right-hand sides of Egs. (4.11) when integrating over inspiral.

With these approximations, the normalized changes in BH1 parameters from infinite separation

to separation b are

ASl(b) = WM1(1+3 1){ u (%)2+(iw'é1)[1+(1—X%)1/2]%—%(%)/}’
A.M'l(b) - z(%)z(l_HgX%){—(f.N,gl))% (%)7/24_[14_( 2)1/2]%(%)5}’
20 = gty {X? (X) - -8Bz ()

e ]

(4.14)

where rg; = Mi[l + (1 — x})'/2]. To evaluate these changes, one can put into the formulas (4.14)
the values of Mj, S, and A; at infinite separation or, for that matter, at any separation much larger
than M, because the changes in these quantities during inspiral are small. Once again, the changes
for BH2 are obtained by exchanging the subscripts 1 ++ 2 in the expressions (4.14).

The normalized parameter changes (4.14), evaluated at different stages during inspiral, are dis-
played in Tables 4.1-4.3 for an equal-mass binary (M; = Ms) with Ly -8; = 1. Since a binary
composed of slowly rotating black holes is expected to be undergoing a transition from inspiral to
merger by the time it reaches b = 6M, the endpoint of integration is chosen to be b = 6 when
x1 = 0 and 0.5. For rapidly rotating holes (x1 = x2 = 0.998), the endpoint is chosen to be b = 2M.

The assumption M <« b is not valid at and near these endpoints. The results presented here are



52

Y1 b/M =100 b/M = 20 b/M =6 b/M =2
0 9. x 10~10 2.%x 107 2. x 1075
0.5 —-7.x 1077 —2.x 107° —3. 3% 104
0.998 —3. % 10~ —8, e 1 —8. x 104 —6.x 1073

Table 4.1: Normalized change AS; /M? in spin evaluated at /M =100, 20, and 6 for an equal-mass
binary with Ly -8, = 1. For rapidly rotating holes (x1 = x2 = 0.998), this change is also evaluated
at b/M = 2.

X1 b/M = 100 b/M =20 b/M = 6 b/M =2
0 3.x 10713 1.x107° 4.%x 107
0.5 —2.x 1010 —5. x 10~8 ~3.x 10°°
0.998 ~9. x 10-10 —2. x 10~7 —2.% 105 —6. x 10~

Table 4.2: Normalized change AM; /M, in mass evaluated at b/M =100, 20, and 6 for an equal-mass

binary with Lx -S; = 1. For rapidly rotating holes (x1 = x2 = 0.998), this change is also evaluated
at b/M = 2.

most accurate in the early stages of inspiral, when the black holes are widely separated, and are a

rough estimate of the true parameter changes in the late stages of inspiral.

4.4.3 FEffect on orbital evolution

The orbital evolution of binary black holes is affected by the absorption/emission of energy and
angular momentum by the holes. In particular, the number of orbits—and hence the number of
gravitational-wave cycles emitted to infinity—changes when black hole absorption/emission is ac-
counted for. To estimate this effect, let us consider a circular, nearly Newtonian binary, with spins
aligned or anti-aligned with Ly, that is losing orbital energy and angular momentum to infinity

via Newtonian quadrupole radiation (4.12), and to the black holes via tidal interaction as specified

X1 b/M = 100 b/M =20 b/M =6 b/M =2
0 6. x 10713 2. x 107° 8.x 107"
0.5 2% 1T 5. % 106 4. x 107°
0.998 5.x 1075 1. 3 109 1.x 102 7.x 1072

Table 4.3: Normalized change AA;/A; in horizon area evaluated at b/M=100, 20, and 6 for an
equal-mass binary with Ly - S; = 1. For rapidly rotating holes (x1 = x2 = 0.998), this change is
also evaluated at b/M = 2.
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M(Mg) My /M =1 My /My =2 My/My =4
5 0.07 (0.07) 0.11 (0.11) 0.23 (0.24)
20 0.05 (0.07) 0.07 (0.10) 0.16 (0.22)
50 0.03 (0.06) 0.05 (0.08) 0.11 (0.18)

Table 4.4: Change AN in the number of gravitational-wave cycles due to black hole absorp-
tion/emission, for various values of total mass M and mass ratio My /M. The initial separation is
such that the wave frequency is 10 Hz and the spins satisfy x1 = x2 = 0.998 and Ly-S;=Ly-Sy=1.
The numbers without parentheses are for a final separation by of 6M; those with parentheses are
for by equal to the larger of 2M or the separation at which the wave frequency is 1000 Hz.

by Egs. (4.11). Since Mg = QS = (f.,N . §B)QN5’B (B = 1,2), circular, nearly Newtonian orbits
remain circular. Therefore the evolution of the separation b(t) is determined by setting the rate
of change of Newtonian orbital energy (given by Eor, = —M1M5/2b) to the rate of energy loss to
infinity and to the holes:

dt 202 dt

E, M M. B
dEqr 1Madb (d ) _dM;,  dM; (4.15)
N

dt dt dt’
where (dF/dt)y is given in Egs. (4.12) and M; in Egs. (4.11) [with M, obtained by exchanging the
subscripts 1 ++ 2 in Eqs. (4.11)].

The number of gravitational-wave cycles N7 emitted to infinity from initial time ¢; to final time

ts (corresponding to separations b; and by) is given by

tr oy 1 [Y _dt (MM

where dt/db is determined from Eq. (4.15). This number is to be compared with the number of
cycles Ny obtained by ignoring black hole absorption/emission of energy and angular momentum,
i.e., by setting Eowp equal to —(dE/dt)x. The difference AN = Ny — N, measures the effect of black
hole absorption/emission on the binary’s orbital evolution.

The values of AN obtained by setting b; to be the separation at which the gravitational-wave
frequency is 10 Hz (the low-frequency end of the LIGO band), x1 and x2 to be 0.998, and the spins
to be aligned with Ly (i.e., ﬁN -Sl = f;N . Sz = 1) are displayed in Table 4.4 for various choices
of total mass M (in units of a solar mass Mg) and mass ratio M1 /M>. In the table, the numbers
without parentheses are obtained by setting by = 6, and those with parentheses by setting by to
be the larger of 2M or the separation at which the wave frequency is 1000 Hz (the high-frequency
end of the LIGO band). For nonrotating black holes (x1 = x2 = 0), the corresponding values of
AN (with by = 6M) are all less than 1072
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The values of AN in Table 4.4 indicate that black hole absorption/emission of energy and angular
momentum during inspiral may not be an important effect for the detection (by LIGO and VIRGO)
and analysis of gravitational waves from comparable-mass black holes. Indeed, post-Newtonian cor-
rections to the equations of motion and energy loss have far greater influence on the number of wave
cycles emitted by the binary [6, 7]. It should be noted, however, that black hole absorption/emission
could have a much larger impact on the orbital evolution of rapidly rotating holes when they are
beginning to merge, as suggested by Price and Whelan [5]. They have presented models in which the
tidal torque that results from black hole absorption/emission of angular momentum plays a crucial
role in the late stages of binary evolution (see Fig. 1 in [5]). The perturbative methods used in this
paper (based on wide separation of the binary) are not valid in the close limit analyzed in [5].

It has been pointed out by Hughes [3] that in the extreme-mass-ratio limit, black hole absorp-
tion/emission can strongly influence the binary’s orbital evolution and is an important effect for

LISA.

4.5 Non-equatorial orbits

In general, binary black holes are not expected to have spins aligned with the orbital angular
momentum Ly. This misalignment causes the spins and orbit to precess in a complicated way due
to spin-orbit and spin-spin coupling [7, 26]. Each black hole’s companion is not in general confined to
the hole’s equatorial plane, and so the formulas in the previous section are not applicable. However,
for orbits suitably close to the equatorial plane (see below for details), one can imagine using an
approximation scheme in which at each instant the companion’s f-velocity is ignored; that is, the
companion is taken to be rigidly rotating in the ¢-direction at each point on the orbit. The changes
in black hole parameters can then be calculated by putting the instantaneous ¢-velocity into the
rigid ¢-rotation formulas (4.9) at each point on the orbit. In this section, I construct such an

approximation scheme.

4.5.1 Description of orbit

The evolutions of the spins and orbit are described by the equations [7, 26]

) ; 32 -
85 =0 xS, Ly = Qo x Ly — Tn* MLy, (4.17)
for B = 1,2. The orders of magnitude of the precession frequencies are Qgpin ~ v3671 and Qo ~
v*b~1. Since the Newtonian angular velocity is Qx ~ vb™!, both Qgpin and Qo are much smaller
than Q. This means that, over a few orbital periods, Ly (¢) and Sg(t) do not change much due to

precession. Thus, the companion’s orbit as seen in LARF1 is to a good approximation confined to a
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single plane with normal vector n = Ly (t) along the instantaneous direction of the orbital angular
momentum, on timescales of a few orbital periods.

In this subsection, I analyze the trajectory of a particle in a planar, circular orbit of arbitrary
orientation in a fictitious Euclidean 3-space in terms of spherical coordinates. This information will
be used to specify the rotation rate and orientation of the companion’s tidal field as seen in LARF1.
Denote the particle’s radial coordinate by b, its constant (non-negative) angular velocity by w, and
the normal to its orbital plane by n. The angle of inclination of the normal with respect to the z-axis
is denoted #,; so cosf, = n- ez = n,. Assume the orbit is centered on the origin, so the particle’s
position X(¢) at time ¢ is given by a rotation R(n,wt) about n, by an angle wt, of the initial position
Xo.

In Cartesian coordinates, the particle’s trajectory is given by X (¢) = X coswt+ (n x Xg) sin wt.
In terms of the particle’s angular coordinates 6(t) and ¢(t), X(¢) is equal to b[sin&(t) cos ¢(t),
sin 6(%) sin ¢(t), cos 8(t)]. I choose the initial position to be in the equatorial plane, i.e., Zg = Xg-e: =
0. This choice does not affect the orbit-averaged quantities I calculate later in this section.

The angular functions #(t) and $(t) can now be expressed in terms of n and w using the relations

above. The quantities of interest are sin” 8(t) and &(t), which are determined to be

def ) =1 — st Gasindnt, B = 2%

a M. (4-18)

4.5.2 Approximation scheme

Return now to our black hole binary, and go to Boyer-Lindquist coordinates (¢,7,6, ¢) in LARF1.
The companion’s trajectory as seen in LARF1 will be described (to lowest order in v) by angular
functions 6(t) and ¢(t) given by the expressions (4.18) with w replaced by x5 and 6, now referring
to the angle of inclination of Ly (¢) with respect to S; (), that is, cos6,, = Ly(£) - S1(t). After these

substitutions, we have

OnLn(t) - S1(8)

sin” 6(t) ol

sin®4(t) =1 — (1 - [I‘,N(t) . Sl(t)]z) sin? Qut,  ¢(t) =
Since @, is now time dependent, these expressions are meaningful only when used to calculate orbit-
averaged quantities.

Consider the regime in which sin”® 6(¢) and ¢(t) are slowly varying; more precisely, require them
to be approximately constant on the timescale &7 ! associated with the horizon. As noted before,
this is the timescale on which the null generators of the horizon probe the future [13, 14, 17]. The
teleological behavior of the horizon is, however, exponentially limited; that is, the influence of future

events on the horizon decays exponentially in time, with decay rate xi1 (see, e.g., the discussion of

teleological Green functions in [13]). We thus require |¢ / z;bl and |(1/ sin® 8)d(sin” 6)/ dt]ql [which
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are the same to leading order by Eqs. (4.19)] to be only several times larger than x; ', rather than
orders of magnitude larger.
By assumption, x1 < 0.998, so fi;l is less than 34M;. Our requirement can then be expressed

as
sin? 0(¢)

3aM Oy <
PR sin® 0,,| sin 20 nt|

(4.20)

for all ¢, where « is a number roughly in the range 2-4. A sufficient condition for this constraint to
be satisfied is cot? 8, > 34aM;Qy. This requires oo (t} to be near one of the polar axes :l:él(t),
which correspond to § = 0, 7; or, equivalently, the orbital plane must be near the equatorial plane.

We are interested in separations as small as b = 6, so 0 can be as large as (6%/2M)~!. For

this reason, I impose the constraint cot? 8,, > 34a6—3/2

and set & to be approximately 3, obtaining
the approximate constraints 0 < 6, < 7/9 or 87/9 5 6, < 7. In other words, f‘N(t) is within 20-
degree cones around the polar axes, or, equivalently, the inclination angle of the orbit with respect
to the equatorial plane is less than or (approx.) equal to 20 degrees.

For the approximation scheme in this section to be valid, we require further that in the horizon’s
reference frame, the external tidal field should rotate primarily in the ¢-direction and not significantly
in the #-direction. More precisely, we require |0| < ‘q& - Qm ‘ The rates of change presented in
Egs. (4.21) and (4.22) below are subject to this condition. For most values of yi, this condition is
automatically satisfied throughout inspiral (down to b = 6M). Even if it is not satisfied at some
point during inspiral, the restriction on 8, discussed above ensures that the effect of the -motion,
when integrated over inspiral, is negligible compared to that of the ¢-motion, for almost all values
of x1.

With the above restriction on 8,, we can at each instant take sin’@(f) and ¢(¢) to be con-
stant relative to the horizon timescale &7 1 and apply the rigid ¢-rotation formulas (4.9) with the

instantaneous values 8(t) and ¢(t) put in. This yields

% = [¢(t) = QHI] Ip[o(t)], di/;ﬂ = é(t) [gﬁ(t) - QH1] L[o(t)],
Sdl = [$6) - 0m] Bl

(4.21)
where 6(t) and ¢(t) are given by Egs. (4.19) and Iy by Eq. (4.10).

4.5.3 Orbit-averaged quantities

Next I would like to average these rates of change over an orbit assuming the binary’s masses, spins,
separation, and orbital angular momentum are approximately constant over an orbital period. This

assumption is justified by the following ordering of the relevant timescales: Qy' <« Q1 , Q74 <«
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Tins € Tg € Ta. We can therefore take all the quantities on the right-hand sides of Eqgs. (4.21)
except A(t) and ¢(t) to be constant, to a good approximation, when averaging over an orbit. Denote
orbit averages by angular brackets (); so, for example, (S1) = (Qn/27) foh/ 9N G dt. Plugging the
expressions (4.19) into Eqs. (4.21) and performing the orbit averages (as defined above) yields

<%> = I—(%MfM;’ (16(1 - 3X$){29NN1 (t) — Q [NE(2) + 1]}
+153¢ [A2(2) — 1] {40NNL (1) — Qe BAZ () + 1] }),
<d§/f > = MMM (2%(4 — 3x3)sign[N: (1) — 82 (1 + 3x3)

+ 15xf{29NN1 (&) + Q. [1 - M (2)] }) ’

dAy 8mrd;, M) M2
tt 566 (1 — x3)"/*

+20% WL (01} + 1533 {0 [BAA®) + 202 (2) + 3]

((16 = lzxf){ﬂin VE() + 1] — 4Qm QN (2)

— 80 AN M (E) [N () +1] + sn%va(t)}) ;
(4.22)

where Np(t) = Ly(t) - Sp(t) for B = 1,2. The corresponding expressions for BH2 can be obtained
by exchanging the subscripts 1 <+ 2 in Eqgs. (4.22). Note that these equations are valid only for
Np(t) suitably close to +1, as discussed above. The formulas (4.22) can be applied to a black hole
in a binary with any companion body (e.g., a neutron star) that has mass M> and is well separated
from the hole.

Numerical integration of Eqgs. (4.22) using the 2.5 post-Newtonian equations of motion for spin-

ning bodies ( [7] and references therein) yields results comparable to those in Tables 4.1-4.3.

4.6 Discussion

Having obtained the leading-order changes in a black hole’s mass and spin during inspiral [see
Eqgs. (4.14)], we must check whether these changes exceed the ambiguities inherent in the definitions
of mass and spin [9]. Denote by M and §S the magnitudes of the mass and spin ambiguities. From
Eqgs. (1.8) in [9], :
ML? M3L

M ~ —— i

Rg ? G RZ ? (4.28)

where M and L are the mass and size of the (isolated) body in question, and R is the external

universe’s radius of curvature. For a black hole in a binary, say BH1, L ~ M; and R? ~ b®/Mo,.
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This implies

SM; &S M, (MN\°®
— - —l( ) (4.24)

m T2 T "M\

From Egs. (4.14), the changes AM; and AS) from infinite separation to separation b are

AM, M\? (MN\T? AS My MN? s
My T\ M ) M2 "M \%v ) e

So, at separation b, we have

A %(M)l/z ASi b
b ?

oM, M 05 M’ (4.26)

We conclude that |AS;| exceeds the ambiguity 651 in the definition of spin, but |A}M; | does not rise
above §M;. Note that the concept of tidal work is unambiguous [10-12].

When analyzing initial data that contain a black hole and represent the interface between inspiral
and merger, one can define and calculate the hole’s mass and spin in different ways, giving different
answers corresponding to the ambiguities 6M and 4S5 discussed above. Since dM is larger than
|AM|, the hole’s mass can be considered constant during inspiral to the same level of accuracy as
used in defining mass. On the other hand, |AS| exceeds d.5, so the hole’s spin cannot be considered
constant; however, as Table 4.1 indicates, the changes in spin are small during inspiral.

The results of this work—in particular, Eqs. (4.14) and (4.22)—can be used to relate the spin
and horizon area of a black hole in a particular initial data set to the spin and horizon area the hole

had when infinitely separated from its companion.
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Chapter 5

First-order symmetrizable hyperbolic
formulations of Einstein’s equations

including lapse and shift as dynamical
fields

Submitted for publication to Classicel and Quantum Gravity.

Abstract

First-order hyperbolic systems are promising as a basis for numerical integration of Einstein’s equa-
tions. In previous work, the lapse and shift have typically not been considered part of the hyperbolic
system and have been prescribed independently. This can be expensive computationally, especially
if the prescription involves solving elliptic equations. Therefore, including the lapse and shift in
the hyperbolic system could be advantageous for numerical work. In this paper, two first-order
symmetrizable hyperbolic systems are presented that include the lapse and shift as dynamical fields

and have only physical characteristic speeds.

5.1 Introduction

There has been considerable interest recently in first-order hyperbolic systems for Einstein’s equa-
tions ( [1-3] and references therein). These systems have been used in the past to prove that general
relativity has a well-posed initial value formulation [4, 5]. Much of the recent interest is based on
the advantages that hyperbolic formulations offer to numerical simulations [6, 7]. The main advan-
tage is that imposing physical boundary conditions is much easier in the framework of a hyperbolic
system than a non-hyperbolic one. This is especially true for boundary conditions inside a black
hole horizon [6, 7]. Indeed, if the hyperbolic system has only physical characteristic speeds—that

is, if the characteristic fields propagate only on the light cones of spacetime or normal to the time
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slices—then the boundary condition inside the horizon on fields propagating into the numerical grid
has no effect on the dynamics outside the horizon. Therefore, in this case, any convenient boundary
condition can be imposed inside the horizon. This is a significant advantage when simulating black
holes.

It is particularly important to come up with stable numerical schemes to evolve black holes since
simulations of black hole collisions have an important role to play in the detection and analysis of
gravitational waves. These simulations will be used in several stages of data analysis for gravita-
tional wave detectors such as the Laser Interferometer Gravitational-Wave Observatory. First, the
simulations are expected to yield a bank of gravitational waveforms that will be used to detect the
presence of a gravitational signal in the detector output. Once a signal has been detected, numerical
simulations will be used to extract binary parameters such as masses from the signal, to test general
relativity, and to do other interesting physics.

Previous numerical work has generally been restricted to systems that do not treat the lapse
and shift as dynamical fields, but rather take them to be external to the system and prescribe
them independently. Freedom in choosing these gauge fields corresponds to freedom in choosing
coordinates for spacetime. This freedom can be used for a variety of purposes, e.g., to prevent the
occurrence of coordinate singularities and reduce coordinate shear [8], and to adapt the coordinate
system to the particular problem under consideration. When simulating black holes, it is helpful
to choose the shift so that numerical grid points do not fall into the holes. When simulating
binary black holes, it may be advantageous to implement gauge conditions which generate corotating
coordinates [9, 10].

Some of the favored gauge choices in numerical relativity [8, 10] require solution of elliptic
equations for the lapse and shift, which is expensive computationally. It would be more efficient
to evolve the gauge fields as part of the hyperbolic system. However, it is important to keep some
freedom in choosing the gauge in order to allow the coordinates to be adapted to fit specific needs.
The purpose of this paper is to present two first-order symmetrizable hyperbolic systems which
include the lapse and shift as dynamical fields and allow four functions of spacetime to be specified
freely in the gauge prescription.

Previous work in this direction includes [11], in which the authors present a weakly hyperbolic
system! that incorporates the gauge fields in the system, and [12], in which the authors present a
new class of dynamical gauge conditions which are not, however, part of a first-order hyberbolic
system.

The first hyperbolic system presented in this paper is based on the work of Fischer and Marsden

[4]; it uses generalized harmonic coordinates and evolves 50 fields. It is promising as a basis for

17 refer to the full system including lapse and shift as dynamical fields; if the shift is considered a fixed spacetime
function and not a dynamical field, then the system becomes strongly hyperbolic.
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numerical work. The second system is based on the work of Kidder, Scheel, and Teukolsky [3]
and Lindblom and Scheel [13]; it evolves 70 fields. This system is not practical for numerical
implementation. Its main use is theoretical: it allows one to show that any solution to Einstein’s
equations in any gauge can be obtained using hyperbolic evolution of the entire metric, including
the gauge fields. Both systems have only physical characteristic speeds.

In this paper, Greek indices range over 0, 1, 2, 3 and Latin indices over 1, 2, 3. The sign
conventions are those of [14] with G = ¢ = 1. The analysis of this paper is done within the
framework of a 3+1 split of spacetime (see, e.g., [14, 15]). In this framework, the spacetime metric
is expressed as

—a? + BrB*  B;
Guv = 3 (5.1)

Bi Yij

and the inverse 4-metric as
1| 1 B
¢ = T ’ (5.2)
8 oy — pip

where « is the lapse, 8* is the shift, ~;; is the spatial 3-metric with inverse %, and 8; = 7;;67. The

unit normal to the time slices is denoted by n*.

I restrict attention in this paper to the vacuum Einstein equations.

5.2 System 1

5.2.1 Fischer-Marsden system

Let us first briefly review the Fischer-Marsden system [4] for Einstein’s equations. They employ the

50 fields guv, kuw = OtGuv, and dipuw = 8iguy. Using harmonic coordinates, they reduce the vacuum

Einstein equations R,, = 0 to the following first-order symmetric hyperbolic system:

8tg;w = ic,uw
_gooatié;.w . 290"8,5]},_“1 by gijaidjpv == _Qﬁ,u.v:

990:d;, — 9985k, = 0, (5.3)

where H uv 15 a function of the fields g#,,,fc“,,, diy, only and not their derivatives. This system is
obtained by setting to zero a reduced form of the Ricci tensor that is equal to the full Ricci tensor in
harmonic coordinates. Using earlier work of Choquet-Bruhat ( [16] and references therein), Fischer

and Marsden show that if the initial data for (5.3) satisfy the harmonic coordinate condition and
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the constraint equations, then the solution of (5.3) corresponding to these initial data continues to
satisfy the harmonic coordinate condition off the initial hypersurface. Therefore, a solution of (5.3)
is also a solution of the vacuum Einstein equations.

The Fischer-Marsden system (5.3) has two drawbacks when considered as a basis for numerical in-
tegration of Einstein’s equations. The first is the restriction to harmonic coordinates: this eliminates
the freedom to choose coordinates best suited for the physical problem at hand. While harmonic
coordinates have been used successfully in some previous work ( [17] and references therein) and
are being strongly advocated for a wide variety of applications [17], it has not yet been established
whether they are useful for simulating black hole collisions, for example.

The second drawback is that the Fischer-Marsden system has nonphysical characteristic speeds.
As discussed above, systems with only physical characteristic speeds are better suited for numerical
relativity, especially for black hole simulations [6, 7]. The characteristic speeds of the Fischer-

Marsden system can be calculated as follows: first write (5.3) in the form
Opu + Al(t, 2!, u)du = F(t,27,u), (5.4)

where u is a column vector composed of the fields (v = (gu, I::“,,,di,w)T for the Fischer-Marsden
system), and the matrices A* and column vector F' can depend on space and time and on the
fields but not their derivatives. Pick a unit spatial covector & (i.e., v7&&; = 1) and compute the
eigenvalues A of the matrix A%;; X are the characteristic speeds in the direction &;. For physical
characteristic speeds, we require A = —°¢;, —B'¢ t a (see, e.g., [3]). However, the Fischer-Marsden
system has A =0, — 3% £ a.

5.2.2 Generalized harmonic coordinates

In this paper, I modify the Fischer-Marsden system to eliminate nonphysical characteristic speeds
and generalize it to include a broader range of coordinate systems. Let us begin by defining I'* =
g“FT* .5 and T}, = g, I'”, where I'? 45 are the Christoffel symbols associated with the metric g,

and the coordinates z#. The Ricci tensor can be written as [18]
R,ur/ — Ruu =+ V(,uru): (5-5)

where

5 1
RLW = —59“5’80859”” < H,u.v(gy ag)z (56)

and
Hp.v = Qaﬁgpa (aagup)(aﬁgucr) = gpagaﬁruparvaﬁ- (5'7)
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I generalize harmonic coordinates using Friedrich’s gauge source functions [5, 6] by setting
" = -V V%" = fA(¢,27), (5.8)

where the coordinates z* are treated as scalar fields in the expression V,V®z#, and f* are arbitrary
but predetermined functions of space and time. These functions can be used to tailor the coordinates
to fit specific needs.

Consider the reduced equations obtained by setting
R}LV + v(p,fy) = 01 (59)

where f, = g, f¥. Equation (5.9) will be used to write down a first-order symmetrizable hyperbolic
system in section 5.2.3. Hence we must show that a solution to (5.9) yields a solution to the vacuum
Einstein equations R, = 0 under appropriate conditions. I follow an argument due to Friedrich [5, 6]
which is based on earlier work by Choquet-Bruhat ( [16] and references therein).

Let guw be a solution to (5.9). Compute I'* and Ry, from g,,, and let h* = T# — f#. Then
Ryuw = Ruy + V(,T'y) = V(,hyy where hy, =T, — f.. The Einstein tensor is

R 1
Guu — R,u.u = ‘é‘guu = V(_L.Lhz/) = Egp.uvah'ay (510)
and the contracted Bianchi identities V#G,” = 0 imply
VEV R + RV B* =0, (5.11)

which is the subsidiary equation derived by Friedrich [5, 6]. Since this is a linear homogeneous wave
equation for h*, we conclude that if A* = 0 and V,h* = 0 on the initial hypersurface, then h* =0
in a neighborhood of the initial hypersurface. This implies R, = V(,h,) = 0 in this neighborhood.
So guv is a solution to the vacuum Einstein equations in a neighborhood of the initial hypersurface.
This solution is obtained in coordinates satisfying T'* = f#.

‘We therefore need to ensure

[T# = f*)i=0 =0, (5.12)
[V (T* = f#)le=0 =0, (5.13)

where the time slice t = 0 represents the initial hypersurface. Given a spatial 3-metric v;; and an
extrinsic curvature K;; that satisfy the constraint equations, we will construct initial data for our

system such that (5.12) is satisfied. Equation (5.13) will then follow from the constraint equations.
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This will be discussed in detail in section 5.2.4.

5.2.3 System I

Define the fields

k[_“.l = atg,uu - 5jaj9uu) (5'14)
di;w = aig;.w- (515)

Here and throughout this section, 8° will be considered convenient shorthand for —g% /g%, and
similarly « for (—g®)~'/2. The new field k,, is a replacement for k,, and has been introduced to
eliminate nonphysical characteristic speeds.

The first-order symmetrizable hyperbolic system presented in this section is based on the 50
fields guv, kuv, and diy,,. The definition (5.14) yields an expression for d;g,, in terms of the 50 fields
and their first spatial derivatives. An expression for d;d;,, is obtained through equality of mixed
partials: 8yd;, = 0;0igur = Oi(kpy + B7d;,,). Finally, an expression for O¢kyy is obtained from the

reduced equation (5.9). To summarize, we have the first-order system

01

atg,uv b5 gﬁaiguu = k,u.z/; (5.16)
gﬁi ,.),ij ,YZJ o 2 a

Oy + Fgaz‘kw + g_o(')'az'dj,u.y = "gﬁg diykaj + EO—D-[H,,W Y+ fiy =T upfals (5.17)
ng fyjk O

6td1'uu + Wajdmu . az'k,u.u = Eﬁ djuudiak, (518)

where 7% = (g%°)72(g%g" — g%g%) is the inverse of the 3-metric v;;. In (5.17), Hy, is to be
expressed via (5.7) in terms of the fields only and not their derivatives [using (5.14) and (5.15)].
In addition, in (5.16)—(5.18), the inverse 4-metric is considered to be a function of g,, and not a

fundamental field. In deriving these expressions, I have used the relation
Bag"” = —g"*g"*Bagon. (5.19)
The system (5.16)—(5.18) will be called system L.

5.2.4 Initial data

It remains to specify how to set initial data for system I to ensure (5.12) and (5.13) are satisfied. Begin
with a solution (v;;, K;;) of the constraint equations, where Kj; represents the extrinsic curvature
of the initial hypersurface. First set g;; = -;;. We are free to choose gg, on the initial hypersurface

as long as goo < goigo;y. This requirement is equivalent to o > 0 and implies g°° < 0. Freedom
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in choosing go,, corresponds to freedom in choosing the lapse and shift at ¢ = 0.
We now have g,y |i=0. Next set diyy = 0;guu|t=0. The final step is to fill in k,, from K;; and

the requirement (5.12). The extrinsic curvature can be expressed as
1 :
Kij = =5y — B0 — 2605 8")- (5.20)
From this we deduce
kij = —20Ki; + 2950, 8%, (5.21)

which can be used to fill in k;; at £ = 0.
The quantities ko, are obtained from the requirement (5.12). Writing out I'* in terms of the

metric and its first derivatives, we obtain

° = —a3(0a — Bi8;a + &*K), (5.22)

= —a72(8,8° — B19;8°) + a3(8x — f18ja + &2 K)B* — o™ 148,00 + O 9%, (5.23)

where K = v¥ K;;, and )T}, are the Christoffel symbols associated with the 3-metric v;; and the
spatial coordinates 27. Setting T* = f# gives us expressions for 8, and 8;8* which we use to fill in

kO,u att=0:

koo = 2a8(af’ + K) +24°B; + ﬂiﬁjkij, (5.25)
where
B; = —a®(ginf* + o "0 — OTyny*). (5.26)

The initial data for system I is now complete and satisfies the constraint equations

Gpon®|imo =0 (5.27)

and the requirement (5.12). This in fact implies that the requirement (5.13) is satisfied. The argu-
ment follows earlier work [16] on the reduction of Einstein’s equations using harmonic coordinates.

From (5.10) and (5.27), we deduce

2’!’&”V(“hu) —n,Vah* =0. (5.28)

Here and in the remainder of the paragraph, all quantities are evaluated at ¢ = 0. We know

h#* = T — f* = 0 on the initial hypersurface, so v’V h* = 0 for any spatial vector v# (i.e., for
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v* satisfying v#n, = 0). It remains to show n*V, h* = 0. By contracting (5.28) with v*, we
obtain v#n*V,h, = 0. Furthermore, V,h® = —n#n*V h,. Contracting (5.28) with n*, we obtain
n#*n’V,hy = 0. It follows that n”V,h* = 0 and so (5.13) is satisfied.
Therefore, a solution (guw, kuw,diuy) to system I with initial data as constructed above yields a

solution g,, to the vacuum Einstein equations.

5.2.5 Hyperbolicity of system I

System I is symmetrizable hyperbolic. To see this, let v = (guu, kuv, dipw, doyw, dsp) T and write

equations (5.16)-(5.18) in the form (5.4). This determines the 50 x 50 matrices A¢ to be

—BiI 0 0 0 0
0 —BiI —a*y T —a2y2] —a24BT
A= o _§ir —piI 0 0 - (5.29)
0 =& 0 -BiI 0
0 —d&5iT 0 0 —BtI }

Here and in equation (5.30), 0 is the 10 x 10 zero matrix and I is the 10 x 10 identity matrix. It can

be checked easily that the positive definite symmetric 50 x 50 matrix

H=1 9 o 447 Y27 481 | (5.30)

0 0 ,),12_[ 722] ,7,231'

0 0 ,),131 723[ ,.Y33I

is a symmetrizer for the system, i.e., HA? are symmetric matrices.

Moreover, system I has only physical characteristic speeds; that is, the eigenvalues of A*¢; are
A = =B +a, Ao = =B, and A\ = — B —a. Let £ = v¥¢;. A complete set of eigenvectors for
A?¢; is: (i) the 10 eigenvectors —ak,., +Z?:1 &id;y. , each with eigenvalue A ; (ii) the 10 eigenvectors
Guv, the 10 eigenvectors £2dy u, — &' dapy, and the 10 eigenvectors £2dy ,, — &' dayy, each with eigenvalue

Ao; and (iii) the 10 eigenvectors ak,, + Z?:l &idip, , each with eigenvalue A_.
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5.3 System II

In this section, all indices are lowered and raised by the spatial 3-metric ;; and its inverse y. The
second system presented in this paper is based on a hyperbolic system in [3], which is in turn based

on the ADM equations [19]. The system in [3], called system 1, employs the 30 fields +;;, K;;, and
dpij = ak%j. (5.31)

It is obtained by densitizing the lapse and adding multiples of the constraint equations to the

evolution equations. The relevant constraints are the Hamiltonian constraint

i) -
C=3(PR-KyK¥ + K*) =0, (5.32)
the momentum constraints
Ci=D;K; — D;K =0, (5.33)
and the constraint
Cijir = Odjm = 0, (5.34)

where (® R and D; are the Ricci scalar and covariant derivative associated with 7;;, and K = ¥ K;;.
System 1 has five free parameters that govern how to densitize the lapse and how much of the
constraints to add; these parameters determine the system’s hyperbolicity. In fact, it has been
shown [13] that for a certain range of these parameters, system 1 is symmetrizable hyperbolic and
has only physical characteristic speeds.
Here I construct a first-order symmetrizable hyperbolic system based on system 1 that includes

the lapse and shift in the system. Let us begin by defining the densitized lapse
Q =In(ay™'/?), (5.35)
where v = det(;;). Next define the new fields

Qi = 9;Q, Qq; = 0;0;Q,
bl = 8,85,  by* = 8:9;8". (5.36)

Note that Qi = Q(s;) and by = b(ij)". The hyperbolic system presented in this section is based on
the 70 fields vi;, Kij, diij, @, Qi, Qij» 57, b7, bis*.

Expressions for time derivatives of these fields are obtained as follows. First, d¢y;; is obtained
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from (5.20):
Bvij — B Okviz = —2aKi; + 2ypabp®. (5.37)
This is one of the ADM evolution equations with the new fields (5.36) substituted in. Here and
henceforth, it is understood that « is to be rewritten in terms of @ using (5.35). Following [3], I add
Gy C and Gay™*Cryij)n to the second ADM evolution equation (which is equation (2.9) in [3]),

where (1 and (» are free parameters. Rewriting this equation in terms of the new fields (5.36), we

obtain

i 1
BtKij- = 6"BkKij = ia’ymn[amdmj + 23(idj)mn = (1 —t Cg)a(id]mn!j) o (1 + Cg)amd(.ij)n
— Q77" (Omdrin — Okdimn)] + 2K (ibj)* — a2Kim K™; — KKij + Qyj

1 = i = 3
+ {(diszjim — Edmi:‘)(dm —d™ = Q™) +d™" iy — Zd'émndjmn + Q:Q;

1 1 . g g L 1
+Qudy) + 7did;] + 5Ga%j(dmd™ — dmd™ — Zdpnd™ — adklmdmkl
3 :
+ de,md“m — Kpnn K™ + K?), (5.38)

where di = "/jkdijk and d} = ’ijdjki-
Using equality of mixed partials, we have 8;dr;; = Or0Oy;; which, together with a spatial deriva-
tive of (5.37), yields an evolution equation for di;;. Following [3], T add (3ayx:Cjy and (sary; Cy to

this equation and use (5.36) to obtain

Oidri; = BT O0mdrij + " [G (VO mEnlj) — Y05 Kmn) + €4Vij (OmKnk — 0k Kmn)]
1] = 1
— (IK,;J‘ (2Qk + d;,-,) + anyij[Kkm(idm — dm) + §Kmndkmn]

1 = 1
+ o[ K ym(5d™ —d™) + §Km”"rk(idj)mn], (5.39)

where (3 and (4 are free parameters. The parameters (1, (2, (3, (1) in the above equations correspond
to the parameters (v,(,m,x) in [3]. The parameter ¢ in [3] has been set to 1/2 by the definition
(5.35).

The next step is to specify evolution equations for the lapse density and shift. Spatial derivatives
of these equations will then yield evolution equations for the fields (5.36). I consider a particular
form for the lapse density and shift evolution equations, a form that results in a symmetrizable
hyperbolic system but yet allows four functions of spacetime to be freely specified. The equations

are

8Q — B8;Q = ¥O(t,27;Q), (5.40)
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atﬁi _ﬁ]ajﬁl = 1/"2(t7 wk;Qv ﬁm): (5'41)

where 9" are arbitrary but predetermined functions of space, time, and lapse density (and of shift
in the case of 1?).

Evolution equations for the fields (5.36) are obtained by taking spatial derivatives of (5.40) and
(5.41), and using equality of mixed partials. For example, 8;Q; = 8;,8:Q = 8;(878;Q + ¢°). We

obtain

8Q; — F18;Q: = Q;bi7 + 0°, (5.42)
8Qij — B*HQi; = 2Quubj* + Qubis* + 8:0;9°, (5.43)
BBt — B*OB = bifbi + B, (5.44)
Bpbii® — BOmbi® = 2b™bjym” + bi ™o + 8;0;9F, (5.45)

where it is understood that the spatial derivatives of ¢# are to be written, using (5.36), in terms of
fields only and not derivatives of fields.

When the system (5.37)-(5.45), called system II, is put in the form (5.4) with u = (v, Kij, diij,
Q, Qi, Qij, B, b7, bi;*)T, the 70 x 70 matrices A have the block diagonal form

. Abgzo  Osoxao
A= . (5.46)

040x30 —B"Taoxa0

The nontrivial parts A* of A* come from the evolution equations (5.37)-(5.39) for the 30 fields
vij» Kij, drij. Since the principal parts of these equations are identical (after relabeling the free
parameters as indicated above) to the principal parts of the system 1 evolution equations for
Yij» Kij, drij given in [3], the matrices A are identical to the corresponding matrices in [3]. This

implies that if system 1 is symmetrizable, so is system II. Indeed, the matrix

Hzoxzo 0O30x40

H= : (5.47)

Os0x30  Ta0x40

where Hsgxso symmetrizes system 1, is a symmetrizer for system II. In other words, if the 30 x 30
matrices HA® are symmetric, then so are the 70 x 70 matrices HA?. In addition, it is clear from
(5.46) that Q,Q;, Qij, 5%, bi?, bi;* are eigenvectors of A%¢;, all with eigenvalue A = —B&;, i.e., they
all propagate normal to the time slices.

It has been shown [13] that system 1 in [3] is symmetrizable and has only physical characteristic
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speeds when the free parameters are chosen as follows:

(= -8 ¢ __4410¢ +46 + 606
PTEA10G + 76+ 606G T B+ 106+ 76 + 660G
—5/3< (<0, 5+104G+ 7 +66¢ #0. (5.48)

We conclude that for the same choice of parameters, system II is symmetrizable and has only physical
characteristic speeds.

System II is not practical for numerical implementation. Since the lapse density and shift evolu-
tion equations (5.40) and (5.41) decouple from the rest of the system, they can be evolved separately
to obtain the lapse density and shift as spacetime functions. These functions can then be substi-
tuted into system 1 in [3]. Therefore, the full seventy-field system II does not need to be evolved;
the thirty-field system 1 suffices.

However, system II is useful from a theoretical point of view. Consider a solution of Einstein’s
equations in an arbitrary gauge. Using the densitized lapse and shift from this solution, compute
the left-hand sides of equations (5.40) and (5.41). Set the spacetime functions ¥* equal to these
computed quantities. Take initial values for the fields in system II from the spacetime metric under
consideration. System II can now be used, with these initial values and with ¥* as defined above, to
obtain the entire metric by evolving hyperbolic equations that are part of a symmetrizable system
with only physical characteristic speeds. So system II can be used to obtain any solution of Einstein’s
equations in any gauge using hyperbolic evolution for the entire metric, including the densitized lapse
and shift. Note, however, that the lapse is not evolved directly in this system; it is obtained from

the densitized lapse via equation (5.35).

5.4 Future directions

An important future research direction is to study and understand the stability of numerical imple-
mentations of system I. It has been shown in previous work [3] that some hyperbolic systems are
more stable than others when used to simulate black holes in three spatial dimensions. The reasons
for this behavior are not yet understood. Another future research direction is to explore how to use

the free functions f* in system I to control the coordinate system.
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