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Abstract

In this thesis we show that if n > 2, and ¢ is a convex function on the
bounded convex domain , then there is a constant A = A(n, p, ¢, [2|) such
that

lle? fllzaa) < Alle* Afllze(a)

holds for all f € C§°(Q2), and for the following values of p and ¢: p = n/2
and ¢ < 2n/(n —3) whenn > 3, and p > 1 and ¢ < oo when n = 2.

For the one parameter family of weights {€"*};>1, where ¢ is essentially
uniformly convex on a bounded domain 2, we prove an LP(Q2) — L(Q)
inequality for 1/p—1/¢ <2/n and 2n/(n+3)<p<g¢<2n/(n—3),n > 3,
(l<p<g<ooforn=2).

For the family of radial weights el”1’, 1 < p < 0o, we obtain an L?(R") —»
L(R™) inequality for 1/p—1/¢ =2/n and 2n/(n+3) < p < ¢ < 2n/(n-—3),
n > 3. For 2 < p < oo, this can be improved to 1/p — 1/¢ < 2/n and
2n/(n —3) < p< ¢ < 2n/(n —3) when n > 3. If n = 2, the valid range is
l<p<Lg< o

Finally, if ¢ is any convex function on R, we obtain an L?(R") — LY(R")
Carleman inequality for the family of one-dimensional weights e?(®»), for

n >3, and when 1/p—1/¢=2/n and 2n/(n+3) <p< g < 2n/(n—3).
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0.1 Introduction

A fundamental problem in partial differential equations is to determine the
extent to which solutions are unique. For example, suppose p(D) is a differ-
ential operator and p(D)u = 0 in some domain  C R". If u vanishes on an
open subset of §2, does it follow that u is identically zero in 27 In other words,
does the differential operator p(D) have the unique continuation property?
The link between weighted Sobolev inequalities and unique continuation was
established in the 1930’s by Carleman [2], and thereafter this approach to
unique continuation became known as the Carleman method. There is a
large literature on the use of Carleman inequalities in proving unique con-
tinuation theorems. See [8], or [13] for more recent results. If n > 3, and
V(z) € L;:,/cz(R"), unique continuation for the Schrédinger operator —A+V
is a consequence of the following Carleman inequality, due to Kenig, Ruiz,

and Sogge [9].

Theorem 0.1 Letn > 3, and let p and p' satisfy1/p+1/p' =1, 1/p—1/p’ =
2/n. If k € R", there is a constant A = A, such that

€5 Fllpo ey < Anlle** A S| Laqmen)
holds for all f € C°(R™).

It is natural to ask whether the family of linear weights k- can be replaced
by a larger class of functions in this Carleman inequality. In seeking an
appropriate generalization, if the class is to be closed under multiplication by
positive constants, then a simple necessary condition is that the class satisfy
some type of maximum principle. For instance, suppose ¢ is a continuous

function on a domain 2 C R", and there is a point o € {1, and an open set
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U containing z¢, with compact closure in €2, such that
(1) 6(y) < () VyeU
()  ¢(y) < b(z0) VyedU
Then there does not exist a constant A, independent of ¢, such that
lle fllzag) < Alle**Afl|ze(a)

holds for all ¢ > 1, and all f € C§°(R2). Although this fact is elementary and
well known, we will prove it since we do not have an exact reference.

We may suppose 0 € Q, #(0) = 0. Then , for § > 0 sufficiently small,
Bs = {z € U : ¢(z) > —6} has compact closure in U. Thus there is an
feCPU) with f =1 on Bs. Then

e fllzaay = 1€ || LaeBssa)s

and

e A fllze (o)

IA

Cll€"|| e \Be)
C|U|e%

Cl C_St.

IA

Thus in order for such an inequality to hold, we must have
/ e79() dg < (CA)te %t
Bs/2 -
for all ¢ > 1. Equivalently,

/ £2H(2)+6) g, < (CA),
Bs;2 -



but since ¢(z) + 6 > §/2 for & € By, this implies
5512 Byya| < (CAY

for all ¢ > 1. This is impossible, since the nonempty open set Bj/; has

positive measure.

There is a positive result in dimension 2 for subharmonic weights due to

D. Jerison (private communication with T Wolff).

Theorem 0.2 Let D be the unit disc in R?. Then if w is subharmonic in
D, there is a constant C such that ‘

lle® fllzzpy < Clle” AfllLa(py
holds for all f € C$°(D).

Jerison has also pointed out that a similar inequality, (which he proved
in dimension 2), in higher dimensions would answer the following question,

originally posed by L. Bers. See [15] for a discussion, and related results.

Conjecture 0.1 Let n > 2, and suppose u is a harmonic function on the
upper half space R} C R”, which is C* up to the boundary, and whose

gradient vanishes on a boundary set of positive measure. Then u is constant.

The purpose of this thesis is to present results concerning the smaller
family of convex weights. In this situation, there are natural osculation
arguments using linear weights. Similar osculation arguments appear in 6]

and [13]. We now state the main result of this thesis.

Theorem 0.3 Let Q be a bounded convexr domain in R™, n > 3. Then

if ¢ is a convex function on Q, and ¢ < 2n/(n — 3), there is a constant
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C = C(n,q,|Q|) such that

ll€? fllza@) < Clle? Afllgnrza

holds for all f € C§*(Q).
Let Q) be a bounded convex domain in R?, and suppose 1 < p < ¢ < oo.
Then if ¢ is convex on 2, there is a constant C = C(p, q,||) such that

lle? fllzag@y < Clle* AfllLrey
holds for all f € C$(0).

The effect of osculation is to localize matters to the sets where a convex
function is close to its linear part. Specifically, we make local estimates on
the sets S2(C) = {z € Q: ¢(z) — é(a) — Vé(a) - (x — a) < C}. The ability
to add up these local estimates amounts to proving a covering lemma for the
sets S2(C). For an arbitrary convex function, the S¢(C) satisfy an L' type

covering lemma.

Theorem 0.4 (Covering Lemma) Let Q) be a bounded conver domain in
R". Suppose ¢ is a convexr function on Q. Then there is a constant D,, and
a covering 2 = U,ey S¢(C) such that
> 152(0)| < Dal0.
a€d
The gap condition in theorem 0.3 approaches the expected value of 2/n
only in low dimensions. To prove Carleman inequalities for the correct gap,
we restrict our attention to certain subsets of the convex functions, allowing
us to prove stronger L*° type covering lemmas.
One result in this direction concerns essentially uniformly convex weights

on bounded domains, (defined in section 3.2). Hormander [6] proved an
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L*(Q) — L%*(Q) Carleman inequality for these weights in connection to
unique continuation. We show that this can be extended to LP — L9

estimates for 1/p — 1/q < 2/n. Specifically, we have the following result.

Theorem 0.5 Suppose §) is a bounded domain in R™, n > 2. Let ¢ € C*(Q)
be essentially uniformly convex, with k linear directions. When n > 3, let
(p,q) satisfy 1/p —1/q < 2/n, and 2n/(n +3) < p < ¢ < 2n/(n — 3).
When n = 2, let (p,q) satisfy 1 < p < q < oo. Then there is a constant
A = A(n,p,q,$,Q) such that fort > 1

e fllagy < At=(=R/DCm+1/a=YD) BN f|| 11 q)
holds for all f € C§°(2).

By restricting the range of p and ¢ somewhat, we obtain inequalities for
other second order operators p(D) with the correct gap condition. This is
described in chapter 3.

If the weights are sufficiently convex, the restriction to bounded domains
is not necessary, and the osculation argument can be used to prove esti-
mates on R". We demonstrate this for the weights ¢(z) = |z|?, for p > 1.
Stromberg [12] proved a surprising L?(R") — L?(R") result for these
weights as part of a general study of L? Carleman inequalities. We present

an estimate for the natural 2/n gap.

Theorem 0.6 Letn > 3, and p > 1. Let (p,q) satisfy 1/p—1/q=2/n and
|1/p — 2n/(n + 2)| < 1/2n. Then there is a constant C = C(n,p, p), such
that

e/ fllLagrny < Clle™* Af||Lo@n
holds for all f € C&°(R™).



When p > 2, the extra convexity allows us to prove estimates for smaller
gaps as well. Specifically, if p > 2 the estimate in theorem 0.6 holds for the
following values of p and q. When n > 3, the valid rangeis 1/p—1/¢ < 2/n,
and 2n/(n+3) < p<g¢g<2n/(n—3). Forn =2itisl < p < g < oo.
In particular, for n = 2 or 3, we have L?(R") — LP(R"™) estimates for
l <€ p<€ .

Finally, for weights which are one dimensional, the relevant covering

lemma becomes much simpler and an adaptation of an argument in [13]

proves the following.

Theorem 0.7 Let ¢ be a convexr function on R, and for n > 3, suppose
1/p—1/qg=2/n and 2n/(n +3) < p < q < 2n/(n — 3). Then there is a
constant A = A, such that, for ¢ = ¢(z,) we have

€2 £l Lamny < Alle?CDAF||Lown)

holds for all f € CP(R™).



Chapter 1

Preliminaries

1.1 Some notation

For p € [1,00), and @ C R", we denote the usual Lebesque space norms on {2
by |lgllzr@) = (fa lg(z)|Pdz)"?. And for such p we let p’ denote the exponent
conjugate to p. Namely, p and p’ satisfy 1/p+ 1/p' = 1.

If F is a measurable subset of R", we let xg be the characteristic function
of E, and |E| be the n—dimensional Lebesque measure of E. In particular,
we have |E| = [gn xg(z)dz.

The space of smooth functions whose support is compactly contained in €2
is denoted C$°(Q). If k > 1, then C*(Q) consists of functions whose partial
derivatives of order < k exist and are continuous functions on Q. If the
partial derivatives of g of order < k extend to continous functions on Q, we
say that g € C*(Q0).

We denote the unit sphere in R* by $*~!. If a,b € R", we denote their
inner product by a-b. Also, if a € R", and f € S™*!, we let L(a, f) =
{a + sf : s € R} be the line through a in the direction of f.



1.2 Convex sets and functions

In this section we will set our notation and state some well known facts about
convex sets and functions. Througout this thesis, C' will denote a constant
whose value may change at each occurence.

If F C R"™ is compact and convex, then for f € S~ ! we let

vr(f) = sup{z - f :z € F}

be the support function of F', and let

wr(f) = v (f) + 17 (—f)

be the width in the f-direction. If F' also has nonempty interior, we let

1
B =—/
i 7] F:cdw

be the barycenter of F. For such F, and § > 0, we let § F denote the dilation
of F' by é about the barycenter. Sometimes a convex set will be dilated about
a point other than the barycenter. When this happens we will explicitly refer
to the base point for clarity.

The following five lemmas are standard facts about convex sets. They

can be found for instance in [14]. We state them here without proof.

Lemma 1.1 Suppose Fy, F, are compact convex subsets of R*, with Fy C
Fy. If wr(f) < ewr,(f) for some f € S™!, and € > 0, then there is a
constant C such that |Fy| < Ce|Fy|.

Lemma 1.2 Suppose F is a compact, convezx subset of R, and B = 0.
Then there is a constant C such that wp(f) < Cyr(f), for all f € S™1.



Lemma 1.3 Suppose Fy,F, are compact , convex subsets of R", and Fy N F, #
0. Suppose also that for some A > 1 and for all f € S™~! we have wr, (f) <
Awg,(f). Then Fy C AF, with A < CA.

Definition 1.1 A rectangle in R™ is the image under a rotation of a set

I7_,I;, where each I; is a closed interval in R with nonempty interior.

Lemma 1.4 If F is a compact convex set with interior, then there is a rect-

angle R with the same barycenter as F' such that R C F C CR.

Lemma 1.5 Suppose F is compact and convexr, a € F, and A > 1. Let
Fy ={x :2—a = A(y — a) for somey € F} be the dilation of F by A
around a. Then Fy C (CA)F.

Corollary 1.1 If F is a compact convex set with interior, then for p € F
and f € S we have

L, NN F| < C |L(Br, HNF]-

Proof: This is obvious if F is a rectangle, and in that case we may take
C = 1. For a general F, choose a rectangle R with R C F C CR, with
barycenter Br. Then if p € F C CR, and f € S*!, we have

L, HNF| < |, HHNCE|
|L(Br, N CH|
C|L(Br, )N B
< cluBeHNF|.

IA



Corollary 1.2 Suppose Fy, F, are compact, convezx subsets of R™ with Fy C
F,. Suppose also that |Fy| > %|F;| for some A> 1. Then

lL(paf)ﬂF2| < CAIL(BFI’f)ﬂFII
holds for all f € S, and all p € F,.
Proof: The hypotheses together with lemma 1.1 imply that if f € S™1!,
then
C
Wr, (f) > Zsz (f)

Then lemma 1.3 implies that F;, C AF; with A < CA. Then, using corollary
1.1, for any p € F; we have

L. NN E| < L, HNOFR)]
1 |L(BF,,f) NF|.

This proves the corollary since A < CA.

We require a few simple properties of convex functions. This material

can be found in [3] or [10].

Definition 1.2 IfQ is a convex domain in R™, we say a function ¢ : § —

R is convez if
¢tz + (1 —t)y) < tg(z) + (1 — t)d(y)
holds for all z,y € Q and for all0 <t < 1.

Then it follows that ¢ is differentiable almost everywhere in 2. Moreover,
the restriction of ¢ to any line is convex, and for f € §™!, A > 0, the

following monotonicity property of V¢ holds almost everywhere.

Vg(a) - f < HEXA) Z4D) (L1)

10



For points a € {2 where V¢(a) exists, we set T¢(z) = ¢(a) + Vé(a) - (z — a).
Our local Carleman inequalities will be made on sets where ¢ is close to its

linear part. For this we make the following:

Definition 1.3 For a € Q, ¢ convez on Q, and t > 0, we define S¢(t)=
{z € Q: ¢(z) — T{(z) < t}.

The following easy lemma will be used in the proof of the proposition below.
Lemma 1.6 For any p > 1, S¢(pt) C pSé(t), where pS®(t) denotes the
dilation by p of the set S¢(t) about the point a. In particular, |S? (pt)| <
pISED))

Proof: If f € S, we let L(a, f) = {a + sf : s € R} be the line through a
parallel to f. It then suffices to show

L(a, f)(1 52 (et) € p [L(a, )52,
where the right hand side refers to the dilation by p of the line segment
L(a, f)N S¢(t) about the point a.

Suppose that z satisfies ¢(z) — T¢(2) = t. Then (1.1) and the mean
value theorem imply that (Vé(z) — Vé(a)) - (z — a) > t. To prove lemma
1.6, we must show that if p > 1, and y is such that y — a = p(z — a), then
é(y) — T{(y) > pt. To establish this, we notice that

o) -Ti) = ¢)-Ti(y) +T5(y) - Ty)

>z Ti(y) - T (y)
¢(z) — T7(2) + (Vé(2) — Vé(a)) - (y — 2)
t+(p—1)(Vé(2) — V4(a)) - (2 — a)
t+(p—1)t

AV

pt.
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The following proposition will be used to make Carleman estimates on
the sets S%(t).

Proposition 1.1 Let Q@ C R" be a bounded conver domain with 0 € Q.
Suppose 1 : ! — R is convezr and satisfies 1(0) = 0, and ¥(z) > 0 for all

x € ). Then there is a dimensional constant C, such that
/Q e @dz < C,|S¥ (1)

Proof: Since for any f >0, [, f(z)dz = [;° |{z € Q: f(z) > t}|dt, we have

after a change of variable:

Le—d’(-‘b‘)dm - /Ooo |{y c Q- ,‘/)(y) & w}|e""’dw.

We break the integral up into two pieces and apply lemma 1.6

/01 Hy € :9¥(y) < w}e ™ dw < |S;f’(1)| (/01 e_"'dw) )

For the other term we have, using the lemma,
[T M €05 p(w) < whevdw < |sE)| ([ wredw).

This proves the proposition with C,, = ( Ie e"“’dw) + (f° w"e vdw).

12



Chapter 2

Convex Weights

This chapter is devoted to proving the following Carleman inequality for

convex weights.

Theorem 2.1 Let n > 3. Let Q be a bounded convexr domain in R™, and
¢ : Q2 — R a convez function on Q. Then if ¢ < 2n/(n — 3), there is a
constant A = A(n, q, |Q|) such that

lle? fllzaga) < A||6¢Af”Ln/2(n)

holds for all f € C§(Q).
Letn =2. Then if p > 1, and q < oo, there is a constant A = A(p, ¢, |])
such that

|l€? fllzagay < Alle? Af||ze(a)

holds for all f € C§°(R).

2.1 Osculation by linear weights

The local Carleman estimates we will make are based on the following.

13



Theorem 2.2 (Kenig-Ruiz—Sogge, [9]) Supposen >3, and 1 — L = 2.
Let the pair of exponents (p, q) satisfy

-2 (2.1)

=N
Q| -

1 1 1
Z e f & s 2
-y < 5 (22)

Then if k € R™, there is a constant A = A(n,p) such that

1€ fllLamny < All€¥® Af||o@ny

holds for all f € C*(R™).
Suppose n = 2, and % — 2 < 1. IfQ C R? is bounded, and k € R?, there
is a constant A = A(p,q,||) such that

lle" fllza@) < Alle** Afllze@)

holds for all f € C$(R2).

Also, whenn > 3 and p = r, we may replace Af by p(D)f, where p(D) is
any second order constant coefficient differential operator with principal part
Q) =—-— =&+, +---+E, for some 0 < j < n. This substitution
is also valid whenn =2, and 1/p—1/q < 1.

We remark that condition (2.1) is a necessary scaling condition, and that
(2.2) involves an interval around r because the adjoint of the operator under
consideration is another operator of the same type. Also notice that (2.1)
and (2.2) imply that ¢ < 2n/(n — 3), which is the condition on ¢ appearing
in theorem 2.1.

We begin with the local osculation estimate. This is done by replacing ¢
by its linear part on S#(¢) and applying theorem (2.2). The result is a local

14



inequality with a factor proportional to the measure of S¢(¢). We then cover
Q with the sets S?(t) and add up the estimates. This can be done in several
ways, each reducing the Carleman inequality to a certain covering lemma for
the sets S?(¢). For the case of general convex weights the relevant estimate

is given below.

Proposition 2.1 Letn >3, and t > 1. If Q = U,y S¢(t) is any covering
of Q by the sets S¢(t), and ¢ < 2n/(n — 3), there is a constant A = A(n,q)
such that

1/q
lle? fllq < Ae? (Z |5,‘f(t)|) e?Afllnsz

a€J
holds for all f € Cg° (Q2).
When n =2, and 1/p—1/q < 1, there is an A = A(p,q) such that

1/q
e 1]l, < Aet (E IS:f(t)I) N

a€J

holds for all f € C$().

Proof: We give the proof for n > 3. Notice first that ¢ < 2n/(n — 3), as
in theorem 2.2. For any such ¢, let p be the corresponding exponent in that
theorem. That is, 1/p — 1/q = 2/n. Then since e?(®) ~ e’7®) on S(t) we

have

19| £l ]y < oIt 9T7(2)| £|9
/s;f(t)e If|%dz < e /S,‘f(t)e @) flode.
Applying theorem 2.2 to the right hand side gives

Js o) I de < CTIOALE

Now applying Holder’s inequality (since 1/p — 1/q = 2/n) to the right hand

side gives

Josioy 411 < Ol ST NS AT

15



Since ¢(x) — T{(z) is a nonnegative convex function on €2, an application of

proposition 1.1 then implies

Jsoay <"1 1da < (CCuet) 152 (l1e* 21112 2)

Now since @ = Uges S#(t), the integral over 2 is majorized by the sum of

the integrals over the sets S¢(t). Thus,

1/q
le#£ll, < CCne’ (Z |s:(t)|) 1# 2 fllnga

a€J

This completes the proof of the proposition.

2.2 Covering estimates

We state and prove a covering lemma for the sets S#(¢), which combined

with proposition 2.1 proves theorem 2.1.

Theorem 2.3 (Covering Lemma) Let ) be a bounded domain in R™, n >
2. Suppose ¢ is a convez function on Q. Then there is a constant D,, and a
covering Q = U,c; S¢(t) such that

> IS2()| < Daj.

a€d
This covering property significantly restricts the manner in which these sets
may intersect. While it is impossible to bound the number of sets S%(t)
to which a given point may belong, (as can be seen by considering the one
parameter family ¢(z) = t|z| for t > 0), it does turn out that these sets
can always be made disjoint by performing dilations by a fixed factor. This
property reflects the specific structure of these sets, and is not merely a

consequence of the convexity of the S¢(t). Specifically, taking n = 2 it is
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easy to see theorem 2.3 is false for coverings by general convex sets. More
precisely, we mean that given any constant D,,, there is a bounded domain
) and a covering 2 = |J; F; of Q by convex sets Fj, such that if Q = U Fi;)
is any subcover then 3 ;) |Frj)| > Dn|Q|. It is also not difficult to show
it remains false if we only consider coverings by squares. This is somewhat
surprising given that squares have extremely nice covering properies. The
problem here of course is that we are requiring the sets to cover all of (2,
and not merely a certain fraction. However, even if we relax the statement
of theorem 2.3 in this manner, it can still be shown to be false for coverings
by arbitrary rectangles. This can be shown by a Kakeya set construction as
~in [5].

The proof of the Covering Lemma will be broken into several stages.
We begin by analyzing the intersection properties of the sets S?(¢) in one
dimension, and hence along lines in R™, and proceed to deduce some covering

properties of the S¢(t).

2.2.1 Intersection properties

Suppose 2 is a bounded convex domain in R", and ¥ : @ — R is convex.
Then inf{¥(y) : y € N} exists and is finite. We will denote this infimum by
i fyea(y). For such 9, set

Vo ={z € Q:¢(z) <infles¥(y) +1}.
The convexity of ¥ implies that V}, is a convex open subset of . Our first

result is an intersection estimate when n = 1 for the sets Vi (z)—ks-

Proposition 2.2 If is convez on an interval J = (J3,J2), then fork,l € R

we have

Va@)-kz [ Va@)-tal < 2/1k— 1.

17



Proof: Replacing ¢ by the (convex) function ¥ — [ shows we may assume
[ = 0. Now suppose b € V,,. We claim that if hk > 2 then b — h ¢ Viy(z)-ks)-
To prove this for such an h, we may assume b — h € J, for otherwise it is

obvious. If b— h € J, then since b € V;
P(b—h) — k(b— k) — infues(p(w) — kw) >

(b~ k) — k(b — h) — infues((w) — kw) + [H(b) — infyerb(y) — 1] =
[ (b — ) — infyesb(@)] + [b(6) — kb — in fues(b(w) — kw)] + kh — 1.

Since the first two terms are nonnegative, the preceding line is > kh —1, and
so if kh > 2 we obtain

(b= h) = k(b — h) — in fues((w) — kw) > 1

and so b — b ¢ V(y_r). The proposition now follows by taking b to be the
right endpoint of V;;, when k > 0, and the left endpoint when &k < 0.
Observe that if ¢ : J — R is convex, then

Si(t) = {z € J: ¢(z) — T{(2) < t} = Vir1(4(2)-'(a)a)- (2.3)

The intersection estimate in proposition 2.2 immediately implies an es-
timate for the intersection of the sets S?(t) along lines in R". As before, if
p€Q,and f € S*7, then L(p, f) denotes the line through p in the direction
£

Proposition 2.3 Suppose the convez set S$(t) ﬂSg’(t) is nonempty, and let
B denote its barycenter. Then

S¢NSPEN LB, f)| < NZOE

holds for all f € S™1.

2
Vé(a)) - f|

18



Proof: We reduce to the situation of proposition 2.2. Specifically, set h(z) =
t7(¢(z) — V¢(a) - z), and let hps(s) = h(B + sf). Then hp; is a convex
function on the bounded open interval J = {s € R : B+ sf € Q2}. Now

using (2.1) we have

S L(B, f) = Va1 L(B, f)

={B+sfe€Q:h(b+sf)<infyeah(y)+1}
C{B+sfeQ:h(B+sf)<infy—pysssesh(y)+1}
= Vigys
but as kps(s) =t (dBs(s) — (Vé(a) - f)s) —t7'Vé(a) - B, this implies
SEONLB,f) S Vi-1(4ps(s)-Vé(o)-fo)—t-1V(a)-B
= Vir1(454(s)-V4(a) 15)-

Of course we also have

S L(B, f) € Vi-1(¢85-Va(8)-5)-

The proposition now follows from proposition 2.2. An important consequence

of this is the following.

Corollary 2.1 Forany A> 1, if
an a = aA) such that

SEA)NSE(t)| > 41S2(2)] then there eaists

[(Vé(b) — V(a)) - (z — a)| < ta(A)

holds for all z € S¥(t).
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Proof: We may assume z # a. Taking f = (z — a)/|z — a| € S™!, we see
from proposition 2.3 that
2t|lz — a

Vé(b) — Vé(a)) - (z —a)| < [
(Vo) = Vo) = = o < e A SO N LB, (= — e — ]

The corollary now follows from corollary 1.2 by taking F; = S¢(t)N S¢(t),
F, = S%(t), and observing that for z € S¢(t) = F, we have

|z —a| <

r—a
L(a,m)ﬂFz

In the next proposition we consider the situation when two of the sets
S2(t) have “large”overlap. We’ll show that when this happens their union
is contained in a set of the form S¢(At), for some dimensional constant A.
Since a local Carleman estimate can be made (using theorem 2.2) on such a
set, this allows us to basically throw out one of the two sets in this situation.
We will see that this will reduce matters to consideration of the case when

two such sets have “small” overlap.

Proposition 2.4 Forany A > 1, if Sf(t)ﬂSf(t)l > %|S2(t)|, then there is
a C = C(A) such that S%(t) C S (tC(A)).

Proof: Suppose z € S¢(t) and y € S¢(t) N S{(t). Then
$(z) -~ T(2) =
[8(2) — TP (2)] + [(V4(b) — V(a)) - (y — a)] + [T7(y) — T3 ()]
—[(V¢(b) — Vé(a)) - (z — a)].
Taking absolute values and applying the triangle inequality, we see it suffices

to show that each of the four terms on the RHS has absolute value < C(A)t.

The first term is nonnegative and less than ¢, as = € S#(¢). The second and
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fourth terms have absolute value less than ta(A) by corollary 2.1. And the
third term has absolute value at most 2t, as y € S#(t)N S¢(t). Hence

#(z) — Ty (z) < tC(A)

and so x € S¢ (tC(A)). This proves the proposition.

2.2.2 Covering properties

Our first proposition in this section will tell us that we may select a cover-
ing © = U,es S¢(2) such that the sets S¢(¢) don’t overlap too much. This

preliminary statement will be refined to give the Covering Lemma (theorem
2.3).

First, there is a set J C Q, with |J| = ||, and such that if a € J, then
Vé(a) exists. Then since J has full measure in Q, we have @ = J,cs S(2).

We next pick a countable subcover

Q= S
k=1

with the property
1
158,(0] > 3 supes; %, (O] (24)

Proposition 2.5 Suppose A > 1, and let C = C(A) be as in proposition
2.4. Then given the cover Q = U2, S,‘fk(t) with property (2.4) above, we
can obtain a new cover Q) = US,‘Z,(tC) with {b; : j=1,2,..} C{ar: k=
1,2,...} and the property
2 .
s8N SE0)| < Smin (ISEOL 158 @) (2:5)

holds whenever b; # b;.
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Proof: We begin by selecting S, () and for j > 2, if |Sg (t)NSE, (1) =
(1/A)|S¢,(t)], we throw out S¢ (t) and notice that S¢ (t) € Sg,(Ct) by propo-
sition 2.4. We thus obtain a new covering of £} by taking all those sets we

did not throw out and replacing S? (t) with S (Ct). Namely

=5 Ct)U(U N )

with the property that

semNSe,, @ < 1/4)82,, @)
< (2/A)min [|S,1)1, 152, @]
holds for all j.

Next, we choose S¢ (;)(t)’ reca.llmg that |S¢ (1)(t)| > —supj>1|5'%(’)( )|

Then for j > 2, we throw out S¢ » S (@) if | aa(l)(t)ﬂ taiy (D 2 A|Saa(1)(t)|.

We then obtain a new cover

0=ss(CtUse,, Ct)U(U $ )

This cover has the property

5,(0N S| < Zmin (154 1)), 1S¢0)]

for b € {a(1), A(j)}, and

¢, NS < —mm (152, @)L 1S)]]

holds for d € {a;,(5)}. This construction can be iterated, obtaining a cover

with the desired property.
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2.2.3 Proof of the covering lemma

We have obtained a preliminary cover by the sets S#(Ct) in proposition 2.5.
When A is large, the sets in this cover have small relative intersection. This
covering property is not sufficient to prove our covering lemma, even when
we restrict our consideration to coverings by convex sets. This fact can be
demonstrated by a Kakeya set construction, as in [5].

At this point we have not fully exploited the special structure of the sets
S%(t), which is necessary to gain the full strength of the covering lemma.
The crucial fact is that when the sets S?(¢) have a small relative intersection
as in proposition 2.5, they can be shrunk around their barycenters by a fixed
factor and be made disjoint. Since dilations have a known effect on volume,
the estimate in the covering lemma follows easily. We begin with the main
proposition, and then deduce the covering lemma. In what follows, € > 0

should be considered small, but otherwise fixed.

Proposition 2.6 If0 < |S?(t)NS{(t)| < e*min{|S¢(t)|,|S¢(2)]} then
(est®) N (st ) =0,

where the dilations by € are taken with respect to the barycenters.

Proof: We consider two cases. Let C be the constant appearing in lemma
1.2
Case 1:

-1
5() C | ——=S2(t) ) . !
st < (55510 (26)
The proof in this case relies only on the convexity of the sets S?(¢). We show
that if (eS2(t)) N (eSP(t)) # 0 then (eS¢(£)) C Sf(2). Then

SH)NSE(R)| > [eSE(t)] = €S2 ()]
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which is a contradiction.

In proving this, we may assume the barycenter of S¢(t) is the origin.
For convenience we let B, denote the barycenter of S¢(¢). Now we suppose
p € €S2?(t). We need to show that p € S¢(t). By definition, there is a point
p’ € S¢(t) such that

p=¢p'+ (1 —€)B,.
Now (2.6) implies that p’ = -‘%lc—?l for some by € SP(t). So p = (b1/8C) + (1 —
€)B,. As €S?(t)NeS{(t) # 0, there are a; € S¥(t) and b, € S¢(t) such that

€az + (1 — €)B, = €b,.

Another application of (2.6) implies that

C-lbg

8C

ag =

holds for some b; € S¢(t). Combining the preceeding two lines shows that
(1 — €)B, = eb, — (b3/8C). Now lemma 1.2 implies that (—bs/C) € S¢(t),
and so we set by = (—b3/C). Thus

p = (b1/8C) + by + (ba/8). (2.7)

Since S{(t) is a convex set with its barycenter at the origin, (2.7) implies
that p € SP(t). This proves case 1.
Case 2: Here we have

e—l

SHt) € T=SHE). (28)

As before, we assume that eS#(t)(eSy(t) # 0 and reach a contradiction.
This case is more difficult, and it is here that the structure of the sets S%(t)
will be used.
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By lemma 1.4, we may choose a rectangle R, with R, C S%(t) C CR,,
with the same barycenter as S?(¢). We may assume this barycenter is the

origin. Now (2.8) and lemma 1.3 imply

ws;f(t)(f) 2 CC—l’ng:(t)(f) (2.9)

holds for some f € S®~!. We may assume that R, has a side parallel to f.
Let p € (eS}f(t)) N (eS,‘f(t)). Then (2.9) implies

Tspf) < (P F) +wpgy()

(p+ f) + Cewgge, (£)

(p- f)+ Cevgey (f)

< C€7sg(t)(f) + Ce’Ysg’(t)(f)-

IA

Q

We have used lemma 1.2 in stating ws;f(t)( f)= '75:1’(t)( f). Thus we have

Tst)(f) < Cevse (£), (2.10)

and similarly we have

7sf(t)('—f) < Cf’)’sg’(t)('—f)- (2°11)

We claim that there exists a point p; € L(p, f) N S¢(¢) with

pr-f> (1/2Cn)supzesg(t)($ -f) = Cﬁ_l’Ysg’(t)(f)-

The existence of such a point p; can be seen as follows. (2.10) implies Jz €
R, with zo- f > Ce‘l'ysg(t)(f). Set p; = p+ [(zo —p) - f]f- Then p; € R, C
S¢(t) as R, has a side parallel to f, and py - f = zo- f > Ce‘lfysg,(t)(f).
Since p,p1 € S¢(t), the convexity of S?(¢) implies the line segment con-
necting p and p; lies in S¢(t). Let p, € S¢(t) denote the midpoint of this
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line segment. So

lp — p2| = (1/2)|p — ;1| = |p1 — pal,
and
p2-f2 Cf_l7sf(t)(f)~
Set
9(z) = ¢(z) — Ty(x) and h(y) = ¢(y) — T7(y).

Claim: g(p;) > Ce71t.
To prove this claim, first observe that if y € S{(t), then

p2- f p2- f -1
Ce .
y-f = 7S§’(t)(f) < e

Let ¢ = Apa + (1 — A)b, for some A > 0. If X is sufficiently small, then

q € S¢(t). Choose A so that ¢ € S¢(t) with g(q) = (¢/2). We can now show
that A < Ce. In fact,

|p2 —bl — |P2"b| e /\_.1
lg—b]  Alp2 —b]

But then since ¢ € S7(t),
-1 p2-f
e < C(q-f)
C(p2 - f)
A(pz- f)+ (1= A)(b- f)

C
,\+(1—,\)(§f;'—_f}5
C

A+ (1= 2)(0(e))’
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Thus A < Ce. Then, since g is convex and g(b) = 0, we have

o) 2 2= (0) - 9(8) 2 €.

This proves the claim, and in particular implies that if € is small, then g(p2) >
(10)t. Also, since p € S¢(t), g(p) < t, and so g(p;) — g(p) > 9t. The mean

value theorem implies that

9(p2) — 9(p) = Vyg(c) - (p2 — p)

for some ¢ = ap + (1 — a)p; € S¢(t). Since (p; — p) = |p2 — p|f, we have
9t

Vo) £ 2 2 (2.12)
Now since h(y) = é(y) — T(y) is convex, then (using (1.1))
Vh(c) f < h(c+ |p2 —p‘f) —h(c)
lp2 — pl
t
o (2.13)

since both ¢ and ¢+ |p; — p|f lie in S¢(t). (Notice that the latter lies on the
line segment connecting p; and p; in S%(t).) Subtracting (2.13) from (2.12)

and using the definitions of g and h gives

8t
Vé(b) — Vé(a)]- f 2 —— > 0.
[Vé(d) = Vé(a)l- f 2 (—
Running the exact same argument, using (2.11) in place of (2.10) will show

we also have the same estimate for — f, namely

[Vé(b) — Vé(a)] - (=) > 0.

This is of course impossible, and we have reached the desired contradiction.

This proves case 2, and completes the proof of the proposition.
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We now have all the ingredients to prove the covering lemma.
Proof of Theorem 2.3 (Covering Lemma): We begin by fixing an
A>1, and let

8

Q=S5 (C)
1

J

be the covering in proposition 2.5. (We are taking ¢t = 1). We must show
there is a constant D, such that 32, IS,?’, (C)] < D,|9|. First notice that

lemma 1.6 implies

LISH (o) < Cm IS ()]

Then the covering property (2.3) shows that the sets Sfj(l) satisfy the hy-
pothesis of proposition 2.6 when A is large. Since the sets ({‘/2/ A) SZZ(I) are

disjoint,
(274) sp ] <

Thus, using the effect of dilations on volumes, we have

2

J

@/A) SISl <)
j
Putting these estimates together yields
SIS(C)] < (A /)l
¥

This completes the proof of the Covering Lemma.
In order to complete the proof of theorem 2.1, we need only combine the

Covering Lemma with proposition 2.1.
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Chapter 3

Uniform Convexity and
Related Results

The strength of theorem 2.2 is that it holds for the general class of convex
weights. Unfortunately, it is a low dimensional result in the sense that it
is only in low dimensions that the exponents have nearly the expected gap
of 2/n. The purpose of this chapter is to demonstrate how the method of
chapter 2 can be applied to various subclasses of the convex weights to yield

Carleman inequalities with the correct gap.

3.1 Osculation estimates

In chapter 2 we performed the osculation in a manner that would yield an
L' type covering estimate for the sets S%(¢). In order to obtain Carleman
inequalities with the gap 2/n, it is necessary to prove L* type covering
lemmas for the $¢(t). We do not have a covering property of this type for
general convex weights, so we must restrict our attention to certain subclasses

to obtain the sharp gap. The analogue of proposition 2.1 is the following.
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Proposition 3.1 Let n > 2, and let the pair of exponents (p,q) be as in
theorem 2.2. Let 8 C R™ be convez, and ¢ be conver on ). Let 2 =
Uaes S2(t) be any covering of Q by the sets S¢(t). Then there is a constant
A = A(n,p,q) such that

1/p
ll€? fllzaga) < A€’

T b TE))
a€J

e
L ()

L7(Q)
holds for all f € C$(Q).

Proof: This follows the same pattern as proposition 2.1. As before, we give

the proof for n > 3. We begin with the local estimate
o a/p
/. o 11 < (4e') ( [ o=t reaA fl”dx)

which follows from theorem 2.2. Then since the S%(t) cover (2, we have
o a/p
[ eiside < (43 ( [ e (”))ep¢(’”)|Af|”d:z) .

Now as (¢/p) > 1 we may bring the sum inside the integral and obtain

a/r
9d| £le t\q —p(¢(z)-T7 (2)) ,pé(z) p
/ne If|dz < (Ae’) (/ﬂZe £(2) erd(@)| A f] dx) :

aeJ
The proposition now follows by taking gth roots and applying Holder’s in-
equality to the right hand side.
In some situations it is desirable to have an L* type covering estimate
with a smaller gap between exponents. For this we record the following

generalization of proposition 3.1.

Proposition 3.2 Let (p,q) be as in proposition 3.1. For1/q <1/s<1[r <
1/p, there is a constant A = A(n,r,s) such that

lle? fllLe() <
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1/r
”ed’Af
()

Aetsup,ey|SE(t) [P/t et > ¢~ UF A (=-TM=))

a€J

LT (Q)

holds for all f € C§(R).

Proof: The proof of this proposition is really a composite of the proofs of
proposition 2.1 and proposition 3.1. First, Holder’s inequality and theorem
2.2 imply

s

sd| £|s t\s| Qo s(1/s=1/q) || JTH(x)
s < yistioper=io O],

We then write eIt (®) = o(=1/2)(¢(2)-T}(2)) ¢(-1/2)(¢(2)-T{()) ¢#(*) and then an-

other application of Holder’s inequality along with proposition 1.1 gives

3¢ sdy <
Joggo €11 <

e(—1/2)(¢(2)=T{(2)) ¢ A f

S

(CAet)s|Sg>(t)|8(1/8—1/q)+8(1/p—1/r) —_

Since 1/p — 1/q = 2/n, we may take the sup over a € J and obtain

s sdr <
g 18100 <

(CAE) supaes|SH(H)|P2/m+1/5=17) || (/2T b A F

(@)’
Now we proceed as before, dominating the integral over 2 by the sum of the
integrals over the S¢(¢). Since (s/r) > 1, we may bring the sum inside the
integral on the right hand side obtaining

lle? Fllzoe) <

s/r
(CAet)ssupae‘Ilsf(t)|s(2/n+1/s—1/'r) (/n Z e(—r/z)(ﬁb—Tl")erqblAflrdw) .
a€J

To complete the proof we simply take the 1/s power and apply Holder’s

inequality once more.
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3.2 Uniform convexity

Our first application of these osculation estimates is a result concerning es-
sentially uniformly convex weights. Hormander [6] proved an L? Carleman
inequality for this class of weights in connection to uniqueness for the Cauchy
problem. Our definition comes from that paper.

We suppose that ) is a bounded convex domain in R”, and that ¢ €
C*(Q). For z,y € Q, consider the linear hull of the vectors

Vé(z) — Vé(y)

This is a subspace of R™, and we may choose coordinates so that this subspace

is defined by
{85880 - yB0) 3 By == v uo =2y = 0}

Observe that k = 0 if and only if ¢ is linear. Now if a = (ay,...,a,) is a
multi-index, we define the multi-index a* = (y,...,04,0,...,0), and for

Y= (y1,...,yn) ER", weset |[y*2 =92 +... +yi.

Definition 3.1 The function ¢ € C*(Q) is essentially uniformly convez if
the quadratic form 3°7_, 3%, yiy*8%$/dz; 0z}, is positive definite in the plane
{y*H =...=y" = 0}.

In this situation, we will say ¢ is linear in the (zg41,-..,%,) directions. Our
aim is to use proposition 3.2 to deduce a Carleman inequality for the one
parameter family of weights e, where ¢ > 1, and ¢ is essentially uniformly

convex. The following lemmas estimate the relevant quantities in proposition
3.2
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Lemma 3.1 Suppose ¢ € C%(Q) is essentially uniformly convez, and t > 1.
Then there is a constant C = C(¢,) such that

1S2(1)] < 7+,

Proof Since ¢ is linear in the (2341, ...,%,) directions, it follows that there

is a constant C such that
C~ 'tz — a|*? < t(4(z) — T{(z)) < Ctlz — a|*. (3.1)

The constant C is uniform as ¢ € C%(Q). The lemma follows immediately
from the left inequality, since the set where the left hand side is < 1 is
essentially a cube in R of side (C/t)'/2, crossed with a rectangle in the

remaining n — k directions whose side lengths are bounded by the diameter
of Q.

Lemma 3.2 Let R be a rectangle in R™, centered at 0, and with sides parallel
to the azes. Let F be a bounded subset of R™, and for a € F, let R, be
the translate of R with center at a. Then for A > 1, there is a constant
C = C(n,A) and a covering F = Uf;l R,; such that each point in F' lies in
at most C of the sets AR,;.

Proof: We begin by selecting a covering F' = U,y R, with the property
that if z; is the center of R,;, then z; & R,, for j # I. Then it follows that

there is a constant C,, such that
C;lRa.‘ ﬂ Cn_lRa,‘ = 0. (3'2)

This follows from the fact that if AR, N AR, # 0 there is a constant C, such
that

AR, C AC,Ry. (3.3)
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Hence if (3.2) is false, then C;'R,, C R,,, which contradicts z; ¢ R,;.
Now suppose y € F, liesin M of the sets AR, ,say y € AR, - - ARum.
Then (3.3) implies that

M
U AR; C C.AR,. (3.4)

J=1
Now (3.2) implies that the sets (C,, A)~* AR; are disjoint and so

M M
U(CaA)AR;| = 3" |(CaA) ' AR;|
J=1 j=1
C,."M|R,|.
On the other hand, (3.4) implies that
M M
U(CA) 4R, < |U 4R;
i=1 7=1
S |CnAR1|
= (CoA)"|Ryl.

Combining these two observations yields M < (C2A)". This proves the

lemma.

Proposition 3.3 Suppose ¢ € C*(Q) is essentially uniformly convez, and
t > 1. Then, for any p > 0, there is a constant C = C(p, ¢,52) and a covering
Q= U,es S(1) such that

3 el-P06E)-Tre)
a€J

=

L>(Q)

Proof: First observe that (3.1) implies that for some C' we have

Jj=1 =1

{m 3 zk: lz; — a;]* < 1/(Ct)} C S*(1) c {:1: - i lz; —a;|* < C/t} .
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We then cover ) with the sets

k
B;= {:c 1Y |z —ai? < 1/(Ct)} :

=1
We then have
Q= R

a€J
Since the R, are rectangles of the same size with sides parallel to the axes,

lemma 3.2 is applicable, and so we may assume that each point in  is
contained in at most C, elements of U,ey C°R,.
Then, as R, C St(1), we also have
Q= s20),

a€J
and each point in Q lies in at most C, elements of U,y Si(1). This is
because
k
S¥(1) {:1: 0 ) |z —ai]? < C/t} c "R,
Jj=1
where we have used lemmas 1.5 and 1.6.
Now if z € (2, we have
I el-EE-TEE) < hl2 / o~ @) -TE(2) g4
a€J a
But then (3.1) implies that

T eE)-TEE) < Ofhi2 / e=Ctetle—al? 3o
a€J ®

We may integrate out the last n — k variables with a bound diam(Q2)"~).
We are left with

I -UE-T@) < 0, oth? / e-CT'0le=al? g0 g,
a€J Rk

35



After a linear change of variables, we obtain
an; e-PGE-T6) < ¢, op~* /R e gy,
Since the RHS is bounded by a constant independent of x, this proves the
proposition.
We remark that proposition 3.3 is false if ¢(z) is assumed only to be
convex. For example, if ¢(z) = |z|, then
S e(—pt)(fﬁ(x)—T{‘(z))||L°°(m > C~1=1/2)Q).
a€J
We may now put together lemma 3.1 together with propositions 3.2 and

3.3 to prove the following.

Theorem 3.1 Suppose Q is a bounded domain in R™, n > 2, and ¢ € C*(Q)
is essentially uniformly convez, and linear in the (zk41,...,%,) directions.
Also suppose t > 1, and (p,q) is as in theorem 2.2. Then for 1/¢ < 1/s <
1/r < 1/p there is a constant A = A(n,r,s,¢,Q) such that

||et¢f||L’ < At(—-k/z)(Z/n+1/s—1/r)”etquf”Lr

holds for all f € C$(Q). ,

Ifn >3 and2n/(n+2) <r <2,(orn=2andl < r < 2), we may replace
Af by p(D)f, where p(D) is any second order constant coefficient differential
operator with principal part given by Q(€) = —€2 — - —E + &, +---+ &,
for some 0 < j <n.

When r = s = 2, this is essentially in [6], with the inclusion of an additional
estimate on the gradient. In that paper, it is necessary that ¢ € C3(Q) since
¢ is approximated uniformly by quadratic polynomials rather than linear

ones.
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3.3 Estimates on R”

We show here that in some cases where ¢(z) is sufficiently convex, we may
obtain Carleman inequalities on all of R™. The particular example we have
in mind is the family ¢(z) = |z|?, for p > 1. There are Carleman inequalities
on L*(R") for these weights due to Stromberg [12]. We will prove LP — L?
inequalities for 1/p — 1/q = 2/n. When p > 2, the extra convexity can be

used to prove estimates with smaller gap conditions.

Theorem 3.2 Letn > 3, 1 < p < oo, and suppose (p,q) are as in theorem
2.2. Then there is a constant A = A(n,p,p) such that

el fll Larny < Al Af|| o)
holds for all f € C§°(R™).

Proof: First, observe that

IA

€%\ £l Larny
< A" Af||lLen)

< AelOOp”elzl"Af”Lp(Rn).

€ £l La({ustute <100y

Thus in order to prove the theorem it suffices to show ||e/!” f|| La(fy:yie>100}) <
C|le"” Af||Le(rny. In view of proposition 3.1, this latter estimate is a con-
sequence of lemma 3.3 below. (Notice that in proposition 3.1, Q is assumed
convex only to insure a direct definition for the convexity of ¢ on Q. In

particular, the proposition is valid on (nonconvex) subsets of (2.)

Lemma 3.3 Letn > 2, and p > 1. Set ¢(z) = |z|?. Then there is a constant
A = A(n, p), and a covering {y : |y|* > 100} = U,cs S¢(p — 1) such that

I Z,e—p(¢(w)-TF(r))||Lw(R") < A.
a€
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Proof: We begin by showing that the sets S#(p — 1) are essentially balls of
radius |a|(=#)/2 centered at a. We then obtain a covering {y : |y|? > 100} =
Uaes S¢(p — 1), with the property that at most C,, of the sets S¢(p — 1)
intersect. Finally, we demonstrate that this covering has the desired property.

Step 1: If |a|]” > 100, there is a C, such that
fo:laP e —af S C'} S SHp—1) C o : a2 —af < C,). (35)
To prove the assertion, first note that zo € S¢(p — 1) if and only if
|zol” + (p — 1)|al® — plal*~?a- 2o < p— 1.

Write (z0—a)-a = pla|, and A = |zo—a—4§5|. Then |zo|” = [(Ja| 4 )2+ A%]P/2
and a - o = |a|? + p|a|. Thus, we have zo € S¢(p — 1) iff

]p/2

[(lal + p)* + X2 — lal* = pla*~'u < p— 1.

Factoring |a|” from the left hand side, and setting z = u/|a|, and y = A\/|a|,

we see the above line is equivalent to
[(1 +z)% + y2]p/2 —pz—1<(p—1)la|™® < (p—1)/100. (3.6)

If we set f(z,y) = [(1 + z)? + y*]?/%, then f(x,y) is convex and the left
hand side of (3.6) is f(z,y) — TY(z,y) = H(c)(z,y) - (z,y), where H(c) is

the 2 x 2 matrix of second partial derivatives (%:—}), and ¢ is a point on

the line segment connecting (z,y) to (0,0). The eigenvalues of H(c) are

A= plp—D[(1+¢1)? +c2]P=2D/2 and X, = p[(1 +¢1)% + 2]*~2)/2, and since
min(Ay, A2)(2? + y?) < H(c)(z,y) - (z,y) < maz(A, A2)(=? + v?),
we can conclude that
Gl +97) < [A+ 2P +v7"" — pr —1 < Cu(a? +4?),
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as Ay and A, are &® C, on the set where (3.6) is valid. Recalling now the
definitions of z and y, we have shown that z € S¢(p — 1) implies

Cp_1|a|”‘2|z —-a’ < #(z) — T (2) < Cp|a|‘°_2|z — al’

This proves the assertion of Step 1.
Step 2: If |a|® > 100, and A > 1, there is a covering

{lal* > 100} = | B (a,C;/?|a|*=/2) = B(a,rs),

a€J a€J
with the following properties:

< C of the sets B(a, Ar,) intersect, (3.7)
if B(a,r.) N B(b,rs) # 0 then |a|/2 < |b] < 2|a|. (3.8)
We begin by showing (3.8) holds. If z € B(a,r,) N B(b,rs), then
82 [o— ] =] St
Then, as C, > 1, |a|® > 100,|b|” > 100, we have
la| < [b] + |a — ] < [8] + |a|/10 + |b]/10.

Hence, |a| < 11|b|/9, and similarly |b] < 11|a|/9. This proves (3.8). We ac-
quire a covering satisfying (3.7) along the lines of lemma 3.2. Begin by choos-
ing some B(ay,7,,). Suppose B(ak, s, ) have been chosen for k = 1,2,...,n.
If this collection does not cover the set, select B(any1,7a,y,) With anys 4
Ur=y B(ak,7,,). In this way, we obtain a covering of {|c|’ > 100} by the
sets B(a,r,). To show that this cover satisfies (3.7), first note that (3.8) im-
plies that if B(a;,r,,) N\ B(ax,7,,) # 0 then B(a;,r.;) € B(ax,c,rq,). This
implies that if k # j,then

L B(aj, 7)) = Blar,ra,) =0, (3.9)
(A €y
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since a € B(aj,r,,;) if k£ > j. The verification of (3.7) now follows exactly
as in lemma 3.2. We omit the details.

Step 3: Let {y : |y|* > 100} = U,cs B (a,r,) be the covering obtained in
Step 2. Then {y : |y|* > 100} = U,cs S¢(1) as B(a,r,) C S¢(1). Wefix an =
and show ¥,y e~ (#@-T7(@) < C, where C is independent of z. This estimate
is obtained by dividing the sum into 3 regions. Let J; = JN{a : |a| > %M}.
We begin by showing 3,¢j, e (*@)-T@) < O,

For a € J;, we have ¢(z) — T¢(z) > c,|a|?, and hence

T HO-TEE) < 3 el

a€Ji acJy

We next replace the sum by the appropriate integral. More precisely, we

claim
3 el < ¢ f ecelvlP |y (=22 gy
a€J1 Rn

This inequality is justified as follows. We have

1
—colulf gy = e—celal’|go(1)| / —collvlP-1al?) g
|152(1)] /s:r(l)e v o= e fgy © Y

> —cPlalp S¢1 -1

> e 1Sz (1)l /sf(l)n{|y|5|a|}

S¢)N{lyl < laf}
|S2(1)|

e=collolP=lal") gy

Vv

—cplal?
dpe P ]

> cd,,e_c"'“'p.
Thus we have
T el < 3 / e—cpwipXS«?f)(y)dy_
a€Jy a€dy 4 |S‘l (1)|
Bringing the sum inside the integral, and observing that (3.7) and (3.8) imply
that

Z XSf(l)(y) < Clyl(p_z)n/Z,
ach I1S2(V)]
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we see that

S el <0, [ eey(e-Iady,

a€J1
This proves the claim, and since the integral on the right is clearly bounded

by a constant depending only on p and n, we have the required estimate for
the sum over J;.

Let J, = JN{a : %;—Ol; < la| £ ;—E%l:cl} Recall also that a € J implies
that |a|” > 100. Recall from the proof of Step 1 that the estimate ¢(z) —
T{(z) > cpulal’~%|z — a|? holds for all z. In particular, for a € J; we have
é(z) — T{(x) = ¢pmlz|*~%|z — al®. Hence

T e G@-TE) < 3 ool lomal?

a€Jy a€Jz

IA

= 2
Con [ e7orb o=yl | |(o=2)n/2 gy

Cpn /Rn e"Cp|’uI2du
< CC,,.

Il

This provides the desired estimate for the sum over J;.
Lastly, let J3 = JN{a : |a| < Tloﬂolz} If a € J3, then ¢(z)—T¢(z) > |z|?/2.

Hence, we have

T e G@-TE) < lelz 3 g

a€Js a€J3
1
_  —lelP/2 /
= e 3 X1y (¥)dy
a€Js IS‘?(l)l R~ el

Xg¢1)(¥)
—  —l=l?/2 / 58(1) )d
= e y
Re (f::h |52(1)|
< Qe / ly|P=27/2dy

lyl<cl=]|
clel

< Cle—IzIP/2/ po=2)n/24n—1

0
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IA

c; |z|pn/2e—lf|”/2

< Cs.

Combining our estimates, we have obtained a cover {y : |y|? > 100} =
Uses S¢(1) with the property that ¥,c; e (#@)-T7(@) < C. This completes
the proof of lemma 3.3.

We finish by presenting a strengthening of theorem 3.2 which is valid
when p > 2.

Theorem 3.3 Let p > 2. Forn =2, let 1/p—1/q < 1. Forn > 3, let
1/p—1/¢g £ 2/n and 2n/(n +3) < p < ¢ < 2n/(n —3). Then there is a
constant A = A(n,p, p) such that

e’ fllzarny < Alle®” Afl|zoerny
holds for all f € C(R™).

Proof: When p = 2, the cover obtained in lemma 3.3 extends to a cover
of R", as the sets S¢(t) are all balls of constant radius. The theorem for
p = 2 then follows from proposition 3.2. If p > 2, lemma 3.3 and proposition
3.2 imply that

||ﬁlx|pf||L"({ly|P>1oo}) < A“elzlpAf”LP(R")-

On the other hand,

IA

e'®|| fllactyle<r00p)
&'l £l Lo
Clle" Afllr@n)
C1 | A fl| o)

e £l Lo ({11 <1003)

INIA

IA

S
N



Combining the two estimates proves the theorem.

We conclude by considering the situation of one-dimensional weights.
In this instance, the covering lemma is particularly simple to prove, and we
obtain LP(R™ — L%(R"™) estimates for the same range of exponents valid for
linear weights. A similar osculation argument using one-dimensional weights
appears in [13].

We wish to invoke proposition 3.1 so we first prove the following lemma.

Lemma 3.4 Suppose ¢ is a convex function on R, and Q) is a cube with
sides parallel to the coordinate azes in R™. For z € R™, we write ¢ = ¢(z,).
Then for p > 1, there is a covering @ C Uyey S?(1), and a constant A such
that

” Z e—P(¢(En)_Tf(z"))“Lm(Q) < A
acJ

Proof: We have Q = U,crn (S’f(l)ﬂQ). Using the Besicovitch covering
lemma, we may select a subcover Q = Uy (S:fk(l)ﬂQ) with the property
that each point in Q belongs to at most 2 elements of the cover, and that
each element of the cover intersects at most 2 other elements. Let e, =
(0,...,0,1). We may assume the sets are ordered so that k£ > j implies that
7S$k(1)ﬂQ(e") > 753,(1)ﬂ0(e”)' Then if (k—j) > 1, S¢.(1)N Sfj(l)ﬂQ =0,
and ai - e, > a; - e,.

Claim If z € S¢ (1) N Q, then

¢($n) - T1ak+2j($n) > |51,
and
$(zn) — Ty 4 (2) > man{ls], |5 + 11},

holds for all integers j. We prove the first assertion of the claim for 3 > 0.

The other cases are similar. If j = 1 the claim is just a restatement of the

43



fact that ka+2(1) NS¢ (1)NQ = 0. We proceed for j > 1 by induction on j.
Ifz € 52 (1)NQ, then
$an) =TT (2n) = ¢(zn) = Ty 7 (25) + TV (20) = T1 " (2n)
S (= 1)+ TP (g,) — TP (3,),

The linear function g(y) = Ty ***~*(y) — Ty *** (y) satisfies

9'(y) = ¢'(ars2i—2 - €n) — ¢'(ar42; - €a) <0,
and so ¢g(y) is decreasing. Hence, since z,, < ak42;-2 - €5, We have

9(zn) 2> g(akyaj-2 - €n)
T (agqzj—2 - €n) — T3 ¥ (Gkt2j—2 * €n)
= ¢(ars2j-2 €n) = T7¥ (akyj-2 - €n)

> 1,

since akt2i—2 ¢ S5, ., (1). Hence, we have

$(@n) — T (20) > j

which completes the induction, and proves the claim.
We may show that our covering has the required property by summing a

geometric series. If x € S¢ (1)NQ, then
3 e P(é(en) =Ty (@n)
]

Y e PHan) =T @) g § emplden)=T I (o)
] J

2

w .
4 Z e~ P
j=0

A.

IA

IA
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This proves the lemma.
For a given f € C§°(R™), we may choose a cube @, as in lemma 3.4, large

enough to contain the support of f. We may then apply lemma 3.4 together

with proposition 3.1 to conclude the following.

Theorem 3.4 Suppose ¢ is conver on R, and forn > 3, we have 1/p—1/q =

2/n and 2nf/(n+3) < p < ¢ < 2n/(n —3). Then there is a constant A = A,
such that

192 £l agroy < Alle?™ A f | porn)

holds for all f € Cg°(R™).

We remark that in theorems 3.2, 3.3 and 3.4, we may replace Af by
p(D)f under the conditions provided in theorem 2.2.
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