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ABSTRACT

Methods of minimizing the effects of internally generated noise in
transistor amplifiers are described. The study is both theoretical and
experimental in nature, the greater part of the theoretlcal portion being
based on van der Ziel's transistor noise model. From this model, analyt=-
ical expressions are formulated giving (in terms of easily measurable
transistor parameters) the operating point and source resistance that will
optimize the nolse performance of the amplifier. The derived equations
are substantiated by an experimental study. Both audic and radio frequency
amplifiers are considered. At audio frequencies, the work is primarily
experimental in nature. Here, attention is focused on developing a simpli-
fied optimization procedure. For the radio frequency amplifier, formulas
are also derived that describe the effect of source reactance on the ampli-
fier!s nolse performance,

Formulas giving the noise figures of the transformer-coupled transistor
amplifier are lncluded. From these equations, analytical expressions are
formulated that describe the emitter current and transformer turns ratio
which will minimize the effects of internally generated noise. An experi-
mental investigation verified the results,

A portion of the work is devoted to a theoretical and experimental study
of temperature and its effect on the nolse performance of transistor ampli-
fiers, This study, which considers temperatures from 77 to 520°K, differs
from those previously conducted in that a wide range of source resistances
are used.

Equations describing the degradation in noise performance produced by

resistive stabilizing components are given,

Also included is an analytical description of the methods used to obtain

noise-factor measurements.
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1.

INTRODUCTION

In the 14 years that have elapsed since the development of the
first experimental transistors, several investigations have been con-
ducted in an effort to formulate models that would describe the mean-
square magnitude of noise fluctuations observed at the output terminals
of a semiconductor dicde or transistor. Owing to the spectral character
of the observed noise, universal models have not yet been forthcoming.
However, van der Ziel (Ref. 1) and Guggenbuehl (Ref. 2), utilizing
results obtained by Johnson (Ref. 3) and Schottky (Ref. 4), independently
formulated equations that describe (for a limited portion of the fre-
quency spectrum) the mean-square magnitude of fluctuations produced by
current flow across a semiconductor diode junction. The diode equations
were later extended by van der Ziel to include the effect of random
diffusion and recombination-regeneration which occurs in the base region
of a semiconductor triode.

Van der Ziel's triode model, while subject to restrictions not often
met in design practice (and restricted to the frequency region where 1/f
noise can be neglected) forms a basis from which operating parameters can
be found that will minimize the effects of internally generated amplifier
noise.

The triocde model has been extensively used in other experimental
investigations. These studies, however, were conducted primarily to
corroborate the validity of the model. In this dissertation the model
is assumed valid. Here, analytical expressions are formulated that de-
Scribe parameters which will minimize the effects of transistor amplifier

noise. The problem involves:



Formulating equations that describe the source resistance and emitter
current that will minimize the effect of noise in the unconstrained ampli=-
flex,

Formulating equatlons that describe the optimum emitter current in an
amplifier constrained by a fixed-source resistance.

Formulating equations that describe the optimum turns ratio and
emitter current in a transformer-coupled amplifier.

Formulating equations that describe the effect of source reactance on
the high-frequency amplifier.

Formulating equations that describe the effect of temperature on the
noise performance of the amplifier.

Formulating equations that describe the degradation in noise perform-
ance produced by resistive stabllizing components.

At low audio frequencies, the spectral density of the noise observed
at the output terminals of a transistor amplifier follows a phenomenolo=-
gical inverse frequency dependence. This noise, called 1/f or excess
noise, 1s caused by a yet-undetermined surface phenomenon. Hence, an
analytical model that accounts for the mean-square magnitude of the ob=
served noise has not been formulated. However, Fonger (Ref. 5) in his
investigation of excess noise proposes an empirical noise model for the
transistor amplifier in which each of the noise generators contained in
the model has a mean=-square value, Kn/f. Each of the constants but one
is determined from direct current transistor measurements; the last con-
stant is obtained from a noise measurement. The measurement technique
required to fix values to the constants contained in Fongert!s model
renders 1t unwieldy as a tool for obtalning operating-point parameters

(e.g., emitter current, source resistance) that will minimize the effect



of 1/f noise in a transistor amplifier). It does become possible, however,
with the assumption that the noise sources contained in the amplifier have
a l/f frequency dependence, and with the further assumption that the noise
sources are not functions of the driving=-point impedance, to obtain opti-
mization parameters from a limited number of noise measurements.

Yajimi (Ref. 6), utilizing the results of both Fonger and van der
Ziel, has developed an empirical noise model for the predominant l/f noise
generator. From the results of an experimental investigation contained 1in
this dissertation, it was found that Yajimi's model can be used to obtain
an optimization procedure whereby the values of emitter current and source
resistance which will minimize the effect of 1/f noise can be cbtained
from a single small-signal transistor measurement.

CONCEPT OF NOISE PERFORMANCE

A linear amplifier is a device used to obtain a power-amplified linear
representation of a time-varying input signal. Owing to the spectral
properties of the input waveform and the noise processes inherent 1in the
device, it is impossible to cbtain perfect fidelity from a realizable
amplifier. This becomes apparent when these spectral and noise properties
are considered. Since information 1s contained in the input signal, a
transformation from the time to the frequency domain reveals that the sig-
nal 1s dispersed over a range of frequencies, and the amplifier must have
a bandwidfh including these frequencies in order to reproduce this waveform.
Inherent in the active and resistive components of the device are noise
voltages whose magnitudes are functions of the bandwidth of the amplifier.
Statistical distortion, resulting from this nolse, prevents a perfect
reproduction of the input waveform from appearing at the output. A

measure of this distortion is the signal-to-noise (S/N) ratio, which



determines the maximum sensitivity of the amplifier and also describes
its noise performance.
DEFINITIONS OF NOISE PERFORMANCE

The output signal-to-noise ratio is a function of (1) the noise
generated in the driving source impedance, and (2) the noise generated
in the amplifier. North (Ref. T), recognizing the need for a figure
which was a basic measure of the noise generated in the amplifier, intro=-
duced the concept of noise factor. Friis (Ref. §), in a later paper,
defines the noise factor F as the ratio of the available signal-to-noise
power that 1s measured at the source to the amplifier to the available
signal-to=-noise power that is measured at the output. Or, in symbolic

form,
(5/8);

F = (S7E)_ (1)

It is impliecit, from Friist!s definition, that conjugate matching
is required at both the input and output terminals of an amplifier when
noise factor measurements are made. Since stringent implementation of
conjugate matching is impossible when wide-band measurements are attempted
(due to reactive components existing at the input and output terminals of
the amplifier), it becomes necessary to introduce a second definition for
the noise factor. This definition removes the restriction of conjugate

matching and is written

(8/N)g
F =-(-S7-m; (2)

Although equations 1 and 2 differ in notation, implementation, and

can differ in the noise figures obtained by their use, they are often used



inter-changeably in the literature. The anomaly that exists between
Friists definition and equation 2 can be removed if the frequencies in-
fluencing a noise factor measurement are limited by bandpass circuits to
an incremental portion of the frequency spectrum. This concept results
in a third figure for F called the spot nolse factor. In equation form,

the spot noise factor is written

(s/n),¢

I Tgm (3a)*

AL

(s/m)g
T§7ﬁ7; (3b)*

Af
All the measurements contained in this dissertation are spot noise measure-
ments. Unless otherwise specified, the term "noise factor" whenever used
will imply spot noise factor.
With the concept of spot noise factor defined, i1t now becomes possible
to obtain, in equation form, a figure which describes the noise factor of

the wide-band amplifier. This becomes

[;(f)G(f)df

o
F = (4)

f:(f)df
Jo

where F(f) is the spot noise factor and G(f) is the power gain of the

amplifier, and F is a fourth figure called the average noise factor. In

practical applications, equation 4 is solved by numerical integration.

*A proof which shows the equivalence of equations 3a and 3b is contained
in the appendix.



Two other parameters frequently used to describe an amplifiert!s noise
performance are the nolse temperature Ta and the equivalent noise resist-
ance Req' Equations that define these parameters can be derived if all
the nolse sources contained in the amplifier are grouped into one voltage
generator € a7 placed in series with the driving source impedance. With

this configuration, the noise factor becomes

ns na (5)

where eis represents the mean-square value of noise from the driving source
impedance. If a resistive source in thermal equiliorium is assumed, this

quantity becomes

2 _
€. = 4kTSRSB (62)

Here, k is Boltzmannt!s constant; Ts 1s the absolute temperature of
the source in degrees Kelvin, and B is the noise bandwidth of the ampli-
fievy,

The nolse bandwidth is defined by

fTA(f)'edf

(0]
B = ]A 12 (6b)
o

where Ao is the mid-frequency voltage gain of the amplifier.

The amplifier noise temperature is defined by

2
e, = UXTRB (7)

and becomes, from equations 5, 6, and 7

T, = (F-1)T, (8)



The equivalent nolse resistance of the amplifier 1s defined by

;E; " ukTsRqu (9a)

and becomes, from equations 5, 6, and 9a

Req - (F-l)Rs

(90)
Although the noise temperature is often used to describe the noise
performance of the maser and parametric amplifier, it 1s seldom used as
a noise parameter for amplifiers in which the active device in the input
stage is a vacuum tube or a transistor. The equivalent noise resistance
is frequently used to specify the nolse performance of the vacuum tube
amplifier. However, it 1s found that the noise factor lends itself more
readily to the transistor amplifier optimization problem; for this reason,
it is on this noise parameter that attention is focused here.
OPTIMUM NOISE PERFORMANCE
The noise factor as defined by equation 2 can also be written in the

form

(8/N)g
(8/8), = —% (10)

It is apparent from equation 10 that the problem of optimizing the
noise performance of an amplifier, which entails maximizing the signal-
to-noise ratio at the output, is in fact twofold. It consists of maxi-
mizing the signal-to-noise ratio of the source, and it entails minimizing
the noise factor.

To determine when the signal-to-noise ratio of the source and the
noise factor can be optimized separately, equation 10 is differentiated.

This yilelds

3(s/N), 3(s/N),
d(s/N)o = 57— 9F + ST57W) d(s/N)s (11)
S




(@8]

It is found, from eguation 11, that optimum noise performance requires
that
dF = d(S/N). = © (12)
2

However, F and (S/N)S may each be functions of several controllable and

uncontrollable parameters,* e.g.,

Foo= @105 Dose-esbys Qyseves0 ) (132)

(S/}US = ﬁe(pn+l,---:Pr: ql""’c‘m) (13D)

Total differentiation of these two equations yields

oF dF JF AF

arF = ip. +...4 dp. d Fiaot dg.
3, 1 3, °1 7 3q 4 3q; 4
A - T —
Controllable Parameters
OF oF JF OF
+r§5——— Apy g *eeet 55——_dpn + So dqj+1 teeet 53; dq_ (14a)
i+l n J+E
N - -

Uncontrollable Parameters

2) B ef) ),

d(é) = S dp $5 vt dp, + 2l Bl dq .
il dp n+l Epk k 5q 1 Dg.

s n+l 1 .|
Controllable Parameters
s 5 8) (5)
a(N) B(N) B(N 3 N
+§-—-—-S¢dp +...+§—Sdp -}rsﬂq +...+—-a—sdqm (l“-b)
Ppyy kA2 Pp T 99y, T+l e
—”
-~

Uncontrollable Parameters

*A controllable parameter is one over which the designer can exert an
influence, e.g., operating point and configuration. Conversely, an un-
controllable parameter is one over which the designer can exert no
influence, e.g., frequency and temperature.



it follows from equations 12, 1l4a, and 1l4b, since dF must be zero

for independent parameter variations, that optimum noise performance

requires
- R R (152)
(). () e, o(3)
5._ = cew = a = a = se e = —5"’"— = O (150)
Pyl Py 9 qJ

Equations 15a and 15b show that if the signal-to-nolse ratio of the
source and the nolse factor are both functions of the same controllable
parameters, Qy - qj, the signal=to-noise ratio of the source and the
noise factor can be separately optimized only if the optimum values of
Q) e 4y will both minimize F and maximize (S/N)S. One frequently
encountered, mutually dependent, controllable parameter is the source
resistance, RS. In general, the same value of Rs will not simultaneously
minimize F and maximize (S/N)S. However, in this case, 1t becomes possilble
to interpose a transformer between the driving source and tne input to the
amplifler that will satisfy the constraint imposed by equations 15a and
15b.

THE OPTIMIZATION PROBLEM

In this dissertation, the large class of sources which permit a sub-
division of the optimization problem is considered. It is assumed that
the signal=-to-noise ratio of the source has been maximized; optimization
now entails minimizing the noise factor. Those controllable and uncon-

trollable parameters to be considered as influencing the noise performance
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are as follows:

1. Operating Voltage, V

2. Operating Current, I

3. Configuration, C

4. Source Resistance, R

5. Frequency, f

6. Temperature, T
As an impliecit function of these parameters, the noise factor F may be
written

P = g,(v, I, C, R, T, and iy (16a)

and the noise factor total differential dF is then

_ OF OF oF oF
drF _E'Vdv+§'f+$dc+ﬁsdﬂs

A 7
h d

Controllable Parameters

+\%§ ar + %‘ d'I‘J (16b)

Uncontrollaﬁie Parameters
The solution to the amplifier optimization problem entails finding

the circuit and operating point parameters that concurrently satisfy

%5 = O (172)
%% = 0 (17b)
g—g = 0 (17c)
g-g = @ (174)
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EXPLICIT PARAMETER DEPENDENCE

Each of the four differertials contained in equations 17a, 17b, 17c,
and 174 is an implicit function of the controllable and uncontrollable
parameters V, I, C, Rs, f, and T. An explicit dependence 1s required for
the general solution of the optimization problem. If it is assumed the
statistical properties of the noise sources contained in an amplifier are
not functions of the driving source impedance, Zs’ it is possible to formu=-
late the noise factor of the amplifier as an explicit function of this
parameter. This dependence is obtained in the following manner.

Effect of Source Impedance on Noise Performance

Part a of fig. 1 shows the amplifier to be analyzed. The equivalent
circuit shown in Part b of fig. 1 is obtained by utilizing the results of
Peterson's equivalence theorem.*

From Part b of fig. 1, the output open-circuited noise voltage becomes

z.. (e -e .)
21" ns nl
e = e . + (18)
no n2 ZS - z11

From equation 18, the mean square noise voltage can be written

2
-] N (—2 2 (————-—
®ho” ®n2 * 2P €hs t en1) " Welehie 25 /% + Z11) (19)
Izll ¥ s
where enl*en2 is a measure of that cross correlation that exists between

the two nolse sources.

*The equivalence theorem (Ref. 9) states that the statistical properties
of any linear noisy 4-pole can be represented by two noise generators
and a noiseless 4-pole with identical transmission parameters.
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O— Noisy 4 pole ——O

le ZIZ

Zo1 222
(a)

i

(b)

O
Z Z
+ 11 22
o QO ANV O
Crra + +
21242 2314y “no
o (C) 'Q)

Figure 1. (a) Noisy 4 Pole, (b) Two Generator Equivalent Represen-
tation of Noisy 4 Pole, (c) One Generator Equivalent.
If it is assumed the driving source is in thermal equilibrium, the

mearn square source noise voltage becomes

2 .
e = LKTR (2 )B
ns e( s) (20)
where R (Z signifies the real part of the driving source impedance.
avis g I P

From equations 2 and 20, the noise factor becomes

- 2 [ s
B A v I ’ ‘/
N enET(le + “s)/221| Rel ®h1%n2(211 *+ ZS)’ZQJ (21)

F o= 1 + -
TR (: 3
ukTRe(zS)B Qiiﬁe(zs)b
Letting
Ty Takyy = By
R + JX = &
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Toy * %y T %
e*_ e
(2.2)
nl " n2
Equation 21 then reads
S N ] s, i
2 2 (r,,+R )2 + (x,,4X )2! ( 2 2 1/2
e e 11 s 11 57 | e _e
nl n2. J nl n2
F o= 1+ * 3 5 - 5 D
ukTRSB ukTRSB(r21 + x21) 2kTRsB(y21+x21)

i i
o (r11*R)py (X11+Xs)x211 & ch(r11+Rs)x21 N (Xll*xs)r21w (22)

[ —

With the introduction of four noise factor parameters that are inde=-

pendent of the source impedance, equation 22 can be simplified to read

Rno kl Gnc 2
F = K+ — (1 + gy * Xs) +G R (23)

o] R
s no no

where, from equations 22 and 235, the newly defined noise factor

parameters are quantified by

92 r = e—z_- 1/2 3T + X _1
- n2 11 | nl r 21 x21
Y s ltmmz 2 Y\Z T | (232)
o1 %] - n2
/
1\ T (rii*xil) (eileié)l : r
Ro = EEBIm * %2 ) ol o B Cen(rgToy +X %5 )
21 %p] 21 -
+ e (r X . - X,,T )1 (23b)
x‘\T11%01 = *11%231/!
2
n2
G = 2
ne HKTB(ro. +x2. ) 122
21 %01
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1 [~ 2 2" 2
k. = g s . e es) loex, ~or )] (23d)
2RTB(r 2 2) L a2 kL nl "n2 P 21 X231

o1 %1

Equation 23 describes how the noise performance of any four-terminal
network (subject to the restrictions previously imposed) can be expected
to vary as a function of the resistive and reactive components of the
driving source impedance. A quantitative analysis that includes more
fully the effect of source reactance on the optimization problem is in-
cluded in the text of the dissertation. At the present time, only that
class of optimization problem in which XS is zero is considered.

With this restriction, equation 23 simplifies to

R

no
F = & + ﬁ;— + G R (k)

It is found, from equation 24, that under any given set of operating
conditions a source resistance exists which minimizes the noise factor of
an amplifier. This value of source resistance, obtained by differentiating
equaﬁion 24 with respect to R_, becomes

o wife
oy ™ (Eﬂg) (25a)

ne
Substitution into equation 24 gives for the minimunm noise factor

_ : 1/2
Bty = By ¥ 2(GncRno) (25b)

Equation 25b forms a partial solutlon to the optimization problem in
that it satisfies the constraint imposed by equation 17d. However, the
magnitude of the three noise factor parameters ko, Rno’ and Gnc and hence
the minimum noise factor are still implicit funetions of the operating

point, configuration, temperature, and frequency.
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Frequency Dependence of Noise-Factor Parameters

The statistical properties of a noisy 4 pole with unilateral or bi-
lateral transmission properties can also be described using the one gener-
ator noise model shown in part ¢ of figure 1. However, now the noise
voltage ena shown in this figure 1s a funetion of the source lmpedance.
Since the spectral properties of this generator have been determined ex-
perimentally (Ref. 11, 12, 13) and theoretically (Ref. 14, 15), it is from
the one generator noise model that the spectral character of the noise-
factor parameters is now obtained.

From an investigation of previous experimental and theoretical results,
conducted with vacuum tube and transistor amplifiers, it is found that the

—

mean-square nolse voltage eni, as a funetion of frequency can be written

—= e f
e2(s) = e2 [1 - (g_z)"’] (26)

Here, enio is the frequency independent source noise voltage and fl and
f2 are two corner frequencies defined by equation 26.
If a resistive source in thermal equilibrium is assumed, the noise

factor becomes, from equations 2, 20, and 26

2
e & b4
nao | 1 f 2

Experimental observations (contained in later context) reveal the

two corner frequencies, f; and f5, as well as the noise voltage engo are

functions of the source resistance. To remove the dependence contained

in eni(f) it is assumed that a frequency region exists at which

B, = 1 +*qmmp (28)
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It follows, from equation 24, that the neise factor can also be written

in the form

F = + R + G R 2
0 Koo noo neco s (29)
Rg
where X, R » and G are the freguency-independent noise-factor
00 noo nco

parameters,

. . 2 .. < 5 ;
From equations 28 and 29, erao as an explicit function of source resistance

pecomes
e = UKTB 1_1{' R +R # B RE—% (30)
nao L 00 s n00 neo SJ

1
where K = K - 1.
fole}

It follows, from equations 27 and 30, that the noise factor can be

written in the form

R__ - £ 2
F(f) -1 = (K: % §°°+G Rn)flvf—ldr(-g—) } (31)

However, an implicit source resistance dependence is still contained
in the two corner frequencies fl and fg. This can be removed in the
following manner. It is observed, in equation 31, that as the source

resistance approacnes zero, the noise factor becomes

R"100 Inl(Rs".'O) r by E
F(f) =1 = —— {1+ = + ! } (32a)
| b
Rs bi LféTRS 0)
and as the source resistance approaches an infinite value
f (R=e=oo) - 4D
- T “1vs L £ i s
F(f) -1 = G Ryl = 'i_fz(ﬁs"“’ﬂ 32b)

Finally, with the source resistance RS equal to its opftinmunm value Rso’

the noise factor becomes, from equations 25z, 25b, and 31
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5 f.(R.R_) " 2
r .3 1/2 ks - f
F(f) -1 = L‘{ +2(R_ G ) } X = + Lf2(Rs=RSO)]} (32¢c)

e]o] noo nco

It follows, from equations 31, 32a, 32b, and 32c¢, that six corner
frequencies are required to express the source resistance dependence con-
tained in fl and fg. ¥ith the introduction of these corner frequencies,

the noise factor as an explicit function of both frequency and source

resistance becomes

: 2 . f 2
Fle) ~1 = K. |12+ (LY +r_ 1+ 245
00 | B £y noo | 3 f6

=1
Hy
no

! 7 f ]
¥ B Ll gk % (?g) ] (33)

where the six new corner frequencies are given by the equations

2R G )1,'2 £z )1/2
£ =flR=R] 1 o [1 - 21 1 (33
3 1 s ¥ K;o LU TR | a)
~1/2
= 2(Rnco(}nco)l/2 r (f2(R8=Rsc) )2
£y = f(R,=R )41+ - !Ll - Tty (33b)
00
£ = £, (R 0) (33c)
fg = fz(RS->0) (33d)
t, = f(R wwe) (33e)
fg = (R =) (331)
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Equation 33 describes the noise performance of the transistor ampli-
fier as an explicit function of both frequency and source resistance.

However, the three noise-factor parameters (K R oo and Gnco) and the

00’ "no

six corner frequencies (f3dP f8) contained in this equation are implicit
functions of the operating point, configuration, and temperature. To
obtain an analytical solution to the optimizatlon problem, this dependence

must also be made explicit.

Brief Resume of the Remaining Controllable and Uncontrollable Parameters

The two parameters necessary to specify the operating point of the
transistor amplifier are the collector voltage and the emitter current.
However, experimental investigations reveal that, with normal biasing,*
the magnitude of the cocllector voltage does not significantly influence
the noise performance. Therefore, the only operating-point parameter that
needs to be considered in the optimization problem is the emitter current,
IE.

To obtain the noise factor as an explicit function of the emitter
current, the physical sources of noise that exist in the transistor struec-
ture are investigated. Theoretical studies reveal that, for frequencies
where 1/f noise can be neglected, the mean-square noise currents found at
the input and output of the transistor amplifier can be expressed as func-
tions of the transistor's d.c. and small-signal parameters. As a result,
expressions for the noise factor in which the emitter current is explicitly
contained can be derived.

It is found that the noise performance of the transistor amplifier,

when operated at 1/f frequencies, is a function of its surface rather than

*¥Forward biasing of the collector, as prescribed by Volkers and Pederson
(Ref. 10), will be discussed in later context.
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of its bulk properties. Because the bulk properties of the transistor
determine its small-signal behavior, it is impossible to obtain a theo-
retical measure of the 1/f noise mechanism contained in this device from
small-signal measurements. Hence, in this portion of the frequency
spectrum, it becomes impossible to cbtain the noise factor as an explicit
function of the emitter current.*

An explicit configuration dependernce is obtained by formulating the
noise factor of the amplifier in each of 1ts configurations.

To obtain an expression for the noise factor that is an explicit
function of temperature, it 1s necessary first to formulate the temperature
dependence SY the d.c. and small-signal parameters contained in the theo-
retical noise model. The results of an experimental study (discussed later)
reveal that, with the introduction of two empirical parameters, 1t is
possible to obtain the desired noise-factor dependence.

The intent has been to show that, with the existing theory, it is
possible to obtaln an analytical solution to a large class of optimization
problems. It was also intended to show that before an analytical solution
can be obtained, the noise factor must first be made an explicit function
of its controllable and uncontrollable parameters.

EXAMPLE OF AN OPTIMIZATICN PROBLEM

It is worth while, at this Jjuncture, to discuss one application of the
results contained in the preceding section. The optimization problem con-
sidered is one in which the two controllable parameters are the amplifier!s

emitter current and the source resistance. The solution to the optimization

*¥Ya jimits collector noise model that contains an explicit emitter current
dependence for one noise generator is discussed later.
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problem entails finding the value.of emitter current and the source re-

sistance for which the differentials

OF

= 0 (34a)
By
F .
L (340)
E
From equation 33, the noise factor can also be written in the form
RnO(f)
R(f) = K (f) + R + G (LR (35a)
Here,
1 -
K,(£) = 1+K, (£) (350)

Differentiating equation 35 with respect to the source resistance
and equating the resulting differential to zero gives, for the optimum

source resistance,

Rso(f)

- R_(f)q1/2
L no ] (36)

G_(f)

ne
Substituting the value of the optimum source resistance given by

equation 36 for the source resistance contained in equation 35 yields

- 1/2
Foolf) = K(£) + 2R (f) Gnc(f)] (37)

no

The minimum noise factor is a functlon of the emitter current. To
complete the solution to the optimization problem, Fmin(f) is differ=-
entiated with respect to the emitter current and the resulting differ-
ential is equated to zero. This yields the optimal source resistance,
(Rso)o’ and the optimum emitter current that satisfy the constraints
imposed by equations 34a and 34b. These two parameters are formulated

later.



A fallacious method of optimization, and one commonly used, entails
finding the optimum source resistance for one value of emltter current,
and thnen optimizing IE, assuming that Rso remains constant. Figure 2
shows the results obtained by both the fallacious and the prescribed
optimization procedures. The reason for the differences that exist be-
tween the two methods is that the optimum source resistance is an implicit

function of the emitter current. This dependence is 1llustrated in

figure 2.
10,000 T T B | T3 L T
»
uE Transistor, 2N207B-2
E ° 7.500 Operating point, Vop = -2v ﬁ
an‘s Frequency, f = 6,000 cps
§n 5,000 Temperature, 295°K
E § o -
&= 2500 =
: \
i 1 N TR N | (S O A
o
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a
g i
) |
wa [
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ig {
fu ‘
g
8 ‘
=

Emitter Current, pa

Figure 2. Noise Factor, Minimum Noise Factor and Optimum
Source Resistance as a function of emitter current.

Figure 3, which applles to the same optimization problem, illustrates
more graphically the emitter-current dependence contained in Rso’ This

figure shows that, with an emitter current of 10ua, Rso = 10,000 ohms;

while with an emitter current of 1,000ua, Rso==2,000 ohms .
The sclution to this optimization problem is again presented in

figure 4. Here, the noise factor has been mapped in the emitter-current
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Figure 3. Noise Factor as Joint Function of Source Resistance
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Figure k. F Plotted in the Source Resistance-Emitter Current Plane,
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source resistance plane. The contours depicted are each the locus of
points, F = constant. It is easily shown, by writing the total differ-
ential of F, that for points on the contours that have zero slope,

RS = Rso'

The trajectory contained in this figure is Fmin as a function of the
emitter current. This trajectory again shows the emitter-current dependence
contained in Rso'

From figures 2 and 4 it 1s found that there is a unique solution to
the optimization problem in which the emitter current and the source re-
sistance are controllable parameters.

THE THREE FREQUENCY REGIONS

It is apparent from equation 33 that there exist for both the transis-
tor and vacuum-tube amplifier three frequency regions of interest. Since
these regions are continually referred to in the context, they are defined
at this time,

The 1/f region is defined to consist of those frequencies for which
the noise factor, as given by equation 23, can be written in the form

o

Pl£) -1 = (F, - 1) F (38)

The mean-Ifrequency noise region 1is defined to consist of those frequencies
for which

F(f) = F (39)

o

The fg region is defined to consist of those frequencies for which

2
F(f) -1 = (F, - 1)(?—2) (¥0)

Here;

R
F = K 4 noo R
+ Gnoo s (‘4—1)
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The frequencies between these regions are defined as transition
frequencies. The frequency dependences of the noise factor in the lower

and upper transition regions are

F(f) -1 = (Fo - 1){1 + -i-l) (k2)

F(f) -1 = (F, - 1) [1 + (%—)2:] (43)
2

The bouncaries of each of these regions are functions of the source
resistance. This dependence is illusirated in figure 5, which contains
curves showing the spectral character of each of the frequency-dependent,
noise-factor parameters contained in equation 35. It is found, from
figure 5 and equation 35, that as the source resistance approaches an
infinite value, the mean-frequency region is limited tc the band f =
30 ke to £ = 200 kc, while for small values of source resistance (Réﬁ-o),

the mean-frequenc: region extends from f = 2,000 cps tc f = 1 me.

db

noo

Transistor 2N43-1
Common base amplifier

VCE--Zv lzso.lma

T = 295°K

o
noo

1
10.0
Frequency, k¢

100 10, 000

Figure 5. Normalized Noise Factor Parameters as a Function of Frequency.
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A BRIEF DESCRIPTION COF THE THESIS

The following is a list of the chapters contained in the main body of
the dissertation, alcng with a brief resume of the contents of each chapter.
MEAN-FREQUENCY REGION

With van der Ziells noise model and the associated theory, 1t becomes
possible to express the noise-factor parameters K;, Rno’ and Gnc as ex-
plicit functions of the small-signal and d.c. transistor characteristics.
As a result, analytical solutions to the optimization problems can be
obtained in which the source resistance 1is an uncontrollable and a con-
trollable parameter. In order to verify the theoretical results, noise
measurements were made on a numper of transistors, and the results are
given in graphical form along with the predicted theoretical results. In
general, the agreement is within a decibel.

1/r FREGUENCY REGION

This section begins with a discussion of Fonger's 1/f noise model.

With this model and the associated theory as a basis, it is found that the

noise-factor parameters have a frequency dependence given by

.

Kol(f) o Koé r'E (4k4z)
fs

Rno(f) = Rioo T (44o)
te

Gnc(f) - Gnco?—- (4he)

Utilizing equations 4d4a, UUb, and 4l4c and Petersonls equivalence
theorem, it 1is found that in the lower transition region the f{requency

dependence of the noise factor parameters becomes



f
KO!(f) = K1 (1 + ?2) (4ka)
.
>, "
Rno(f) - RNOO(:L N 'fﬂ) (lél-l»e)
f*?
Gnc(f) = Gnco(l + ?l) (44r1)

Equations W4d, Y4e, and 4Uf form the basis of a simplifled experimental
solution to the optimization problem in which the source resistance and the
emitter current are controllable parameters. Experimental corroboration is
given of the derived thecoretical results.

Also included in this study is an analytical solution to the optimiza-
tion problem in wnich the emitter current is the only controllable parame-
Ter.,

AIGH-FREQUENCY REGION

To obtain a sclution to the high-frequency optimization problem in

wnich the source resistance 1s the only controllable pararmeter, it is

assumecd that

(0

o
alf) = W (45a)
AL} = 3 01+ ] 2/L) (450)

Here, a(f), the common-base current gain, and ye(f), the enmitter-junctiorn
admittance, are two parameters contalned 1n van der Zlel's noise model.

Tne solutlion shows that, with the proper selection of the source
resistance, it is possible to obtain reasonably low noise factors up to
the a cutoff frequency, fc. Experimental measurements corroborate the
theoretical results. Alsoc contained in this section is a theoretical study

of the effect of source reactance on the high-frequency optimization

problem.



TRANSFORMER COUPLING

The theoretical results obtained in section 1 reveal that a restriction
is imposed on the value of the source resistance if the optimum noise per-
formance is to be obtained. If RS is not the correct value to satisfy the
constraint imposed by theory, 1t becomes necessary to interpose a trans-
former between the driving source and the amplifier that will reconcile
these differences. However, now there is a restriction on N, the turns
ratio of the transformer. In this section, using simplifying assumptions
as to the noise added by the transformer, the value for N is derived.
TEMPERATURE

This section contains an experimental and analytlcal study of the
effect of temperature on the noise performance of the transistor amplifier.
The temperatures considered range from 77 to 5200K.

EMITTER DEGENERATION, BIAS STABILIZATION

In this section the effects of these two stabilizing elements on the
noise factor parameters are determined. It is assumed in making the deri-
vatlions that only thermal noise 1s generated in these elements.

With simplifying assumptions as to the relative magnitude of these
resistive components, it is possible to formulate in a convenient form the
degradation produced by theilr presence in the circuit.

LOAD RESISTANCE AND MULTISTAGIKG

Tnis section contains an analytical study of the effect of the load
resistance of the first stage on the nolse performance of the multistage
amplifier. An expression for the noise factor of the nultistage system

is then derived.
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MEASURING METHCDS
An analytical description of the methods used in obtaining transistor
noise factor measurements 1s presented. Also included is a method of de-

termining whether noise in the measuring system is negligible.
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1. MEAN-FREQUENCY REGION
The mean-frequency region, as related to transistor-nolse generation,
has been defined as that portion of the frequency spectrum where the sta-
tistical processes responsible for the noise generated in the transistor
produce a power spectral density that is independent of frequency. There-
fore, in the reglion to be considered, 1/f noise can be neglected. The
noise processes remaining are
1. Equilibrium or Johnson noise generated by the random motion
of the thermally excited, charged carriers

2. Non-equilibrium noise generated by the random diffuslion and
generation-recombination of the charged minority carriers
in the active base region

Unlike 1/f noise which is a surface phenomenon, thermal, generation-
recombination, and diffusion noise are characteristic of the transistorls
bulk properties. Therefore, it is possible to formulate the statistical
properties of the noise generated by these processes in terms of the small
signal and D.C. transistor parameters.

Employing the theories of Guggenbuehl and van der Ziel that pertain
to the mean-frequency region, it 1s possible to formulate an analytical
solution to the problem that entaills optimizing the noise performance of
the transistor amplifier when both the source resistance and the emitter
current are controllable parameters, It is also possible to formulate,
in the mean-frequency region, an analytical sclution to the optimization

problem when the emitter current is the only controcllable parameter.
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MEAN-FREGQUENCY NOISE MODEL
The mean-frequency model proposed by van der Ziel and Guggenbueni

consists of two current generators that describe the shot-noise {luctu-
ations produced by a forward- and reverse-diased diode. DModifications
are placed on the magnitude of these two nolse sources to account for the
zero=current thermal noise. Correlation vetween the two generators exists
through the forward transconductance of the intrinsic transistor. A4 third
noise source is placed in tne bpase leg of the transistor to account for

the thermal noise generated in the extrinsic base resistance r Fart

btb”

a of figure 6 depicts the equivalent "T" representation of the mean-
frequency noise model. In this model, with the assumptions that

1. Thnere is one-dimensional current flow in the active base region
2. Drift currert is negligible in the active base region

3. Surface recombination is negligible

Van der Zlel found that the mear-square fluctuatlon contained in the input

and output current could be described by

2

m = mc':'fq;e)ﬂ - 2eIEB (1-12)

g

ie = ukTR‘(yc)B + 2eI.B (1-1b)
.* 2 - (-u l )
lnl*ne = EkTyeciB = EMayeB l=1c

e2 = UxTr .. B (1-1d)

nb btb

Part b of figure 6 depicts a simplified equivalent representation of

the mean-frequency noise model.

e e

i ixr
ne nl‘ve

In this figure,

(1-2)



e = g = ®lyy (1-3)

In the simplified model, if it is assumed that
HVC-C. = 0 (1-4)

el
E
Vo = T (1-5)
and

I, = oI+ Iog (1-6)

it follows, from equations l-la to 1-6, that the generators will have

mean-square values given by

2
e, = 2kIrB (1-7a)
12 = 2el o (1-x )B + 2eI_ B (1-70)
ne “ETo 0 co
€2 = 4xTr . B (1-Te)
no btb
where 2 is the small-signal, ermltter-junctlon resistance (re = l/ye).

The advantage of the simpllified model is that the correlation that

Tormerly exlisted between the two current noise sources (contained in the

*

i = 0.
ne ne

original model) is now zero, i.e., e
It is evident, from equations 1-7a to 1-7d, that the noise performance
of the transistor amplifier can be expressed in terms of measurable d.c.

and small-signal pararmefers. These parameters are

rblb = the extrinsic base resistance

ICo = the collector cutoff current

IE = the emitter current

o = the mean-frequency, common-base current galn

o]
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(b)

Figure 6. Representation of Transistor Mean-
Frequency Noise Model: (a) Current Source i

in Parallel with r_, (b) Voltage Source . e
in Series with r
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COIMMCI-BASE AYD COMMON-EMITTER AMPLIFIERS
It follows, from figure 1-2 ana eguations l-Ta to 1-7d, that the noise

factor of the common-base amplifier is

r r (12 |z |2+92XR +P 47 )2
e . bib L yne C nb s e blo

F o= 1+ (1-8)
2R R =2 i, 12
s s 4kTRSBIO |zC - rb'b/ao‘
For the common=-emitter amplifier, the nolse factor becomes
r B (12 |z ie v B )(R +r +0I )2
" =] bld ne (o ne s e blb
s s HeTH Bx “jz. = =]
g0
o}
1“ = ,f' %
wnere Z, 1,yc

At mean frequencles, under normal blasing coaditions, the collector
impedance, 2,1 is usually greater than 100,000 ohms. Therefore, it is safe

to assume that
2, 3> Py o (1-10)

Zc >>a'—(1—_(ﬂ' (l—ll)

e
Zo >>5t—(_l:_(1—7 (1-12)

From eguations 1-0 to 1-12, the noise factor of the common-base and
of the common-emitter transistor stage can now be written

¥ o
e/ plo 1
Ry 2pT_R_

(3 +I%) (RS ¥, 8§ )2

nlp (1-15)
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Here, B is the cormon=emitter current gain,
o'

B =y
1 a,

and r is the collector cutoff-current noise parameter,
I
B CO

2
aOIE

0.3 with IE =

It is seen from the foregecing equation that " is a function of the
the noise-optimization proovlem,

Typical values of this parameter (shown in Tables 1-1,
= lmas

enitter current.
vary from 6 with I, = 10ua to
emitter current are the con-

(1-15a)

1-2, and 1-3)
In order to facilitate the analysis of
in which both the source resistance and the
trollable parameters, it is again possible to express the noise factor in
terms of the three noise factor parameters (equation 24), i.e.,
Rno
F = K, + -ﬁ;-;- + G, Ro (1-14)
It follows, from equations 1-13 and 1-1lf, that for the common-base

»

L
K = +§?‘;(l fr)(I‘e +1‘le
= 51 +l")(re + r‘blb)2

re/2 + Prgp * 23re

and common-emitter amplifier

no
B 1
& a 2pr, (1 +T)

ne

Suvstituting the values for the noise factor parameters given by

equations l=-l5a, 1-15b, and 1-15c¢ into equations 25a and 25b, the optimum

source resistance and the minimum noise factor beconme

(1-15b)



. - 2 e 31/2
ise = L(re ! rb'b\ TTE (re ' rb't)j i
g = &% 5;; (1 TI‘)(re + rb,b)
; 1+ oif1+I" /2
+ {[r-e/a + Prpp ¥ 2r, o, # rb”}) J(%-r—e—ﬁ (1-17)

The minimum nolse factor, ¥_. , is an impliecit funection cf the

nin

enitter current.* Therefore, the sclutlon to the optimization problen
in which both the scurce resistance and the emitter current are contrclla-

ble parameters entalls differentiating F with respect to the emitzer

min

ren ing the resulting diff nti « A4 IE X ssune
current and equating the resulting differential to zero I S assuned

3 S i )

ﬁgﬂ;-_‘ 0 (1-1o
B B

<< = (1-19)
el
and _1/2
B e 3 (1-20)
By
L # e

o I

on

the result of this differentiation yields for the optimum emitter current

KIBI, 1/2
I’?O =R ge— (1-21)
= “plb

If the restriction imposed by equation 1-20 is removed, the optimum

emitter current lies between limits that differ by a factor of the N2.

J'p
*This dependence can be made explicit with the equation IE = g;—.
e
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These 1limits are

KBI,, 1/2 KIBI,, 1/2
('_2_1'— <Tgo < \er,, ka-58)
“Torp bl
From equations 1-16 and 1-21, the optimal source resistance (RSO)O
becomes /
i - E/2
_ Tbip | 2
(yg) = 222+ 1 + g (1-23)

If it is assumed that

Blcg\2
PN TR
0" E
equation 1-23% simplifies to

2r
) bfb B1/2

so’o (1-24)

(R

Equations 1-21 and 1-24 apply to the common-base and common-emitter
amplifier operated in the mean-frequency regiocn. These two equations show
that it is possible fto solve the nolse optimization problem in which both
the source resistance and the emitter current are contrcllable parameters

without making noise measurements on the amplifier.

COMMON-COLLECTOR AMPLIFIER
The noise factor of the common=-collector amplifler, derivable from

equations 1=-7a to 1-7d, becomes

- 2 12 (R 2
R R L rg/2|Rg + rgib i o, z * Tory)
R '.-m:- "
S Rslzc‘ kiwsn
i =2
LI’e + (1 - OSO)(RS -+ Pb’b)J
& R_ R (1-25)
s L
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With typical values for load reslstance (RL = 10,000 ohms), emitter
Jjunction resistance (re = 26 ohms), collector impedance (zC = 1000,000

onms), and small-signal current gain (B = 60), 1t can safely be assured

that
R, >>eor, (1-26)
1/2
z, DB TR, (1-27)
2, D>y (1-26)
2
2 EBre
[zc| o Y (1-29)
With these assumptions equation 1-25 can be simplified to read
2
r.. +7T /2 c
by e o 2 3
B L= ' B R, (3 +P)ry + v 4) (1-30)

An analysis similar to that carried out for the common-bzse ampli-

fier yields as the optimizing parameters for the common-collector stzge

P s ‘
- ptb  1/2
(o by = ——8 (1-31)
(o}
1
wsI. V'°
£, e ke O (1-32)
EC ao 2ex‘b,b

EXPERIMENTAL HMEASUREMENTS

In order to establish the validity of the assumptlons made in deriving
the equations contained in this section, and in order to establish tne
vallidity of the equations themselves, mean-frequency noise measurements
were made on a large group of alloy, mlero-allcy, and diffused base
transistors. For each transistor tested, with the cperating point fixed,

noise=factor measurements were made with several discrete values of source

reslstance. Tne resulting noise-factor versus source-resistance curve was
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drawn to octtain experimental valiues for the optimizing parameters Rso and
Fr’n‘ This procedure was repeated with the emitter current as the inde-

pendent variable. For each transistor tested, a curve was plotted to depict

rr

. and Rso as a function of the emltter current. A partial compllatlcn of
the experimental results is contalned in the three parts of figure 7.

In order to obtain thecretical curves showing Fmin and Rso as a
function of the emitter current, measurements were nade of ICO’ B, and
Torp® From these measurements and equations 1-i6 and 1-17, the theoretical
curves shown in figure 7 were drawn. Tne theoretical results are also given
in Tables 1-1, 1-2, and 1l=3.

A comparison of the theoretical and experimental results reveals that
for frequencies above a few kilocycles, the theoretical model forms a valid
basis for obtaining the optimization parameters of the amplifier.

For the 2N207-B transistor (characteristics shown in part a of figure 7)
the theoretical optimum emitter current was found to be 87 pa; experimen-
tally, the value 100 pa was obtained. For the 243 transistor (part o of
figure 7) the theoretical value ootained was 450 pa, and the experimental
value 200 pa. For the 2K544 transistor (part ¢ of figure 7), the theoreti-
cal value is 350 ua; the experimental value is 200 pja,

SOURCE RESISTANCE AS AN UNCONTROLLABLE FPARAMETER

Equations 1-21 and 1-24 quantify the emitter current and the source
resistance that give the optimum ncise performance for a given transistor.
Because the optimal source resistance can be modified by the use of a
transformer at the input of the amplifier, a wide latitude exists for the
source resistance that will satisfy the constraint imposed by equation 1-2i.

However, in many cases, it 1s found that other considerations prohibit

the use of transformer coupling. If the source resistance is fixed, the
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Table 1=-1. Theoretical ileasure ol the Loise Parameters as a
Punction of Emitter Current for the 2N207-3 Transistor.
r&rars*Ot i I Ol m
S1500Y .LE, mlereoamperes
282073
o4 10 50 100 200 500 1,000
K, 1.14 1.06 1.06 e 1.09 : 1 |
R o> obms 2,160 700 550 4ls 350 350
G, ,» prhos b 52 66 &8 130 150
I 6.0 2.8 1.6 1.3 0.6 0.34
Foipe 9P 2.3 1.6 1.6 1P 1.5 2.0
RSO, ohms 6,950 3,600 { 2,900 2,300 1,920 1,520J
Taole 1-2. Thecretical leasure of the Noise Parareters as a
Function of Emitter Current for the 2143 Transistor.
Transistor IE’ Microamperes
2143
No.l 10 50 100 200 500 1,000
K, 1:6 1.4 1.2 1.2 1.2 1.2
R, ohus 2,500 650 370 260 230 180
Gnc’ prhos 380 240 250 300 380 570
r 5.2 3.1 2.3 1.4 0.8 0.6
leq: db Bt D 2T Bed Bl 2+5
RSO, ohms 2,700 1,650 | 1,200 1,150 T80 400




Table 1-%, Thecretical Heasure of the lioise FParameters as a
Function of Emitter Current for the 2544 Transistor.

Transistor IE’ fiicroamperes
2154
1 10 50 100 200 500 1,000
X, 1.50 1.10 1.06 1.05 1.05 1.405
R, ohrms 2,600 600 410 260 130 90
no
G o> ~mhos 120 &2 75 96 150 2up
I 2.1 2.1 1.3 0.6 0.k 0.3
P, , db 1.8 1.6 ) 1.8 1.2 1.2
min
R, ohus 4,600 3,100 | 2,400 1,600 890 600

dictated source resistance will, in general, not satisfy equation 1-24,
Optimization, in this case, entails finding the emitter current that mini-
rizes the noise factor of the amplifier. It can be found by differentiating
the noise factor with respect to the emitter current and eguating the re-
sulting differential to zero. For the common-base and commeon-emitter
amplifier, if it is assumed that
B >2I+ 1 (1-33)

the optimum emitter current 1s given by

kT 51/2

'so = T TR TTS) (134
S SR

#or the common=-collector amplifier

L=

: 1/2
L. w A P

EO 3 R +r ..
ao('s T “bip

) (]'55)

In order to corroborate equation 1-34, noise reasurements were made

on several transistors. A partial compilation of the results is shown in



41

f1izure & as well as the theoretical results obtained with equation 1-34,
The correspondence snows that, for frequencies above a few kilocyeles,
equation 1-34 forms a valid basis for the solution of thne optimization
probliem in which the emitter current is the only controllable parameter.
EQUIVALENT NOISE RESISTALCE

The eguivalent noise resistance can be used to iliustrate the degra-
dation in the noise performance caused oy each of the nolse generators
contained in the mean-frequency model (part b of figure 6). This paraneter
defined by

R = (F - l)Rs

€q

becomes for the common-pase and common-emitter transistor amplifier

where
Te/Q = the degradation caused by e
Py the degradation caused by enb
12;Pr' (B * By + re)g = the degradation caused by i .

e

#4]

igure 9 iliustrates the relative magnitude of each term cf
equation 1-36 as a function of the source resistance and the experimentally
ootained curve snouwing the equivalent noise resistance as a function of the
source resistance.
COLLECTOR VOLTAGE AND ITS EFFECT ON MEAN-FREGQUENCY NOISE PERFORMANCE

An inspection of the equations that dlctate the noise performance
of the transistor amplifier in the mean-frequency region reveals that,

theoretically, the collector voltage 1s a noise parameter in a transistor

stage only because of its influence on 8 and Zc at low reverse biases,
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and itfs influence on ICO at high reverse biases. In order to obtain an
experimental verification of the theory, noise studies were riade on several
transistors with the collectcr voltage as the only independent parameter.
The results of these measurements revealed that although the noise level
observed at the output of the transistor stage decreased sharply as zero
biasing was approached, the decrease in the power gain off'set any advantage
produced by the lower noiée level. At the other extreme, as the collector
breakdown voltage was approached, a perceptible increase in the noise

level was observed. However, with collector voltages within tne range

0.25 v to 10 v reverse bilas, little change was observed in either the noise

level or the noise factor.
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COXCLUSIONS

This section has been concerned with the formulation of an analytical
solution to two distlnet optimization problems. The first problem con=-
sidered was one in which both the source resistance and the emitter current
were contrcllable parameters. The analytical sclution entailed finding

theoretical values for Rs and I_ wnich concurrently satisfied

E

(1-37)

5 0 (1-38)

With van der Ziel's mean-frequency noise model as a basis, it was
found that the optimizing parameters (Rso)o and IEO’ whicn satisfied
equations 1=37 and 1-36, could be expressed in terms of the d.c. and small-
signal transistor parameters. The parameters involved were p, the common-
the

emitter current gain, » the extrinsic base resistance, and I

Toryp co’

colliector cutoff current.

An interesting aspect of the theoretical study was the dominant role
played by the collector cutoflf current in determining the noise performance
of tne amplifier in the mean~-frequency region. This is in sharp contrast
with Yajinmils l/f collector noise model (see p.73), which proposes that the
collector cutoeff current could be neglected, as a noise source, at 1/f
frequencies. As a result of the validity of Yajimit's theory, 1t is found
that with large values of source resistance, l.e., RS >>-RSO, optimum noise
performance entails operating the transistor with a starved emitter. Re-
ferring to Tables 1-1, 1-2, and 1-3 (by comparing values of the noise factor

parameter Gnc) this is found to be nc longer true at mean frequencies.



For the 2N43 transistor of Table 1-2, the minimum value of Gnc is
cbtained with an emitter current of approximately 80 ua. For the 2N544
transistor, the minimum value of Gnc is obtained with an emitter current
of approximately 60 pa.

The second optimization problem considered was one in which the emitter
current was the only controllable parameter. Optimizing the noise perform-
ance of the amplifier now entailed finding that value of emitter current

which satisfied

& -0 (1-39)
E

With van der Ziells mean=frequency noise model as a basis, it is possible
to express the noise factor as an explicit function of the emitter current.
Therefore, the solution to this optimization problem could be obtained by
directly performing the mathematical process dictated by equation 1=-32.

The analytical sclution shows that the optimum emitter current is now a
function of the source resistance, the extrinsic base resistance, and the
common-emitter current gain.

An Interesting aspect of this theoretical study concerns the magnitude
of the optimum source resistance R_ . Hontgomery (Ref. 16), in an experi-
rnental study conducted in 1952, found that this parameter could be accu-
rately approximated by re + rblb' the input impedance of the common=base
and common-emitter transistor amplifier (output open-circuited).

It is easily shown that this is the value obtained for this parameter
if the two input noise sources, € o 2Nd e . (part b of figure 6) are assumed
to be zero.

Since the major portion of the noise that Montgomery observed was 1/5

noise generated in the collector=-base region of the transistor, this was
& 2



a valid assumption at that time. However, with the transistors now avall-
able, the two input nolse sources are both instrumental li determining the
nagnitude of the optimum source resistance. To illustrate, the following
exarmple 1s offered. ({The d.c. and small-signal parameters given are
typical of those found in transistors used in the present-day, low-noise,

transistor amplifier.
P

ICC' = 2 pa
s = 0.1 ¥
rblo = 200 ohms
B = kO

r = 260 ohms

Substituting these values into equation 1-17,

R = O ohms
B 1920
wnereas
r +r. ,. = 460 onms
e blb —

Iielsen (Ref. 17), in a study conducted in 1957, observed that in
the common-emitter transistor amplifier, the ratio of the optimum source
resistance, Rso’ to the power matching resistance, Rsp’ dia not exceed
the factor~Jé.* Altnough this ratio is closest to 1 for the transistor

in this configuraticn, there is no apparent limit to R « In the

/3
so' " sp
example cited,

R = w4 Jl o~
el

5D olo o]

= 10,900 chms
whereas

R, = 1950 ohns

*This observation was concluded from the results of nis experimental study.
Ko theoretical justification for this conclusion is given.
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R
so 1
R - 5.6
Sp

Equation 1-16 shows that three parameters must first bte measured
pefore the optimum source resistance can be deterrmined. They are
rb*b’ the extrinsic base resistance

o the common pase current gain

O)

ICG’ the collector cutolf current



The design of low-level, audio-frequency, transistorized amplifiers
is rmade critical by the existence of "excess" transistor noise which has
spectral properties similar to the flicker noise in vacuum tubes. Although
several theories have bDeen proposed to explain the mechanism responsibie
for excess (1/f) ncise in semiconductors (Ref. 16 = 23), no one theory has
vet gained universal acceptance., This 1s due, wmainly, to the failure of
ary single theory to account for the extreme range of frequericies (Ref. 24 -
26) over which this noise has been found to exist. However, experimental
investigations conducted with surface-treated crystal filaments substantiate
the theories of WcWhorter (Ref. 26) and Korth (Ref. 27) whieh propose tnat
excess noise is a surface phenomencn caused by fluctuations ia tne surface
potential of the semiconductor. These fluctuations are induced by the
trapping and untrapping of majority carriers in the slow surface states.

Because 1/f noise is a surface phenomenon, i1t is impossible to obtain
a measure of the 1/f mechanism existing in the transistor from the tran-
sistorfs d.c. and small-signal parameters. For this reason, experimental
noise reasurements must be made to find operating parameters that will
optimize the transistor's noise performance in the frequency region where
1/f noise predominates. Moreover, the complete optimization process, which
gives the unique set of controllable parameters that optimize the trar-
sistorts noise performance, requires a separate experimental study for each
change in any one cf the controllable cor uncontrollable parareters,

This section considers first the cptiimization probvlem in which the

two controllable parareters are the transistor!s operating point and the

source resistance. Zrief mention is then macde of experimental findings
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that indicate that the collector voltage, one of the two parameters
necessary to specify the operating point of the transistor amplifier, is
inconsequential in its effects on the noise performance of the amplifier,
If the insignificant effects prcduced by changes in the collector voltage
are neglected, obtaining the optirmur noise performance entails finding,
by experimental noise measurements, the unique value of source resistance

and emitter current which concurrently satisfy

3

a?’i' = g (2-12)

% . ' (2-1b)
E

The statistical processes rqspcnsible for the ncise benavior of the
transistor at 1/f frequencies are independent of the generation-
recombination, diffusion, and thermal noise that dictate the noise per-
formance of the device at mean freguencies. Thus, the optimal socurce
resistance [RSO)O and the optimum emitter current IEO’ which satisfy
equaticns 2-]a and 2-1b, are implicit functions of frequenecy. It is
therefore necessary, in order to obtain a sclution to the optimization
problem that is applicable to the 1/f and transition-frequency region, to
calculate the optimizing parameters at each of several selected freguencies.
Heowever, the existing theory can be used to obtain a simplified optiniza-
tion procedure.

The simplified method, which will be shown to be adeguate for
quantifying the spectral behavior of the optimizing parameters, is illus-
trated in figure 10. Rloeck I in figure 10 shows the optimization procedure

that must be employed if no assumptions are made regarding tne noise
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properties of the transistor, At each of several frequencies in the 1/f
ard transition-frequency region, a diverse set of source resistances must
be used to determine the spectral behavior of the optimizing parameters
Fmin{f) and Rso(f). However, by assuming that the noise sources contained
in the device are not funections of the input termination, the number of
source resistances necessary to quantify Rso(fl) and Fmin(fl)’ at an
arbitrary frequency fl’ is reduced to three. This is shown in Block II.
Moreover, by assuming the validity of Fongerts phenomenclogical spectral
funetion @(f), measurements at only two frequencies are necessary to
determine the spectral behavior of Rso(f) and Fmin(f)' This is shown in
Blocks IIT and IV.

Sirce Rso(f) and FW q(f) are implieit functions of the emitter cur-

i

rent, the procedure is repeated with emitter current as the independent

variable to obtain the curves shown 1n 3lock V. The optimizing parameters

contained in 3lock V are obtained from Block IV by taking, at each of

several frequencies, that value of emitter current and that value of

source resistance which gives the lowest nolse factor at each of the selec-
)

4 small portion of this section is devoted to the optimization prodlem

tec frequencies. Block V also contains the minimal noise factor (Fmin ?
in which the source resistance 1s an uncontrollabtle parameter. The proovlen
is further lirmited by discussing only that class of source resistance
£1..; R, >> Rso) that lends itself to a simplified empirical analysis
using Yajimifs ccllector noise model.
1/f AND TRANSITION-FREQUENCY NOISE MODELS

Fonger's 1/f noise model, which represents Horth's theory applied te

the junction transistor, is shown in part a of figure 11. Although the
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terminology used to describe the noise sources contained in this figure
differs from that used by Fonger, the implicit dependence of these sources
on his phenomenological spectral function g(f) is unchanged by the change
in notation. Part b of figure 11 shows an equivalent "T" representation
of Fonger's briginal model. A simplified equivalent "T" representation of
Fonger's original noise model is shown in part c¢ of figure 11. Here, the
word "simplified" pertains to the complexity of the noise model and not
to the statistical properties of the model. The value given for each of
the noise sources contained in this figure is the value required in order
to retain statistical equivalence at both the input and output terminals
of the amplifier.

The 1/f noise model is limited by its implicit spectral function
@#(f) to frequencies where the noise behavior of the transistor stage is
determined solely by 1/f noise. Therefore a new, or supplementary, noise
model must be used in the transition region where both 1/f and "white"
noise are instrumental in determining the transistor's noise performance.
If the validity of Peterson's equivalence theorem is assumed, the model
shown in part a of figure 12 will suffice to describe the noise behavior
observed in the transition region.

Combining the two voltage and the two current noise sources (part b
of figure 12), the transition noise model becomes outwardly identical to
the 1/f noise model (part ¢ of figure 11). The differences that exist
between these two models are implicit in the spectral dependence of the
noise sources contained in each model.

The noise factor F for the transistor stage in each of its three con-

figurations becomes (from equation 2 applied to part b of figure 12) for
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Figure 11. (a) Fongert!s Transistor 1/f Noise Model, (b) Equivalent "T"
Representation of 1/f Model, (c¢) Simplified 1/f Model.
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the common-base and the common-emitter stage

- ne ne . 2 2R{c(f)}
?r) = 1+ R -+ = (Rs ,re+rblb)__R__
s s s
r 11/2
l_gnc(f)ﬁne(f)i (B, + &, Tyl (2-2a)
and for the common-collector stage
R_(f) <2
ne 1 T |
F(f) = 1+ - e, # {I-0) B 8.
R, R_ R e s ¥ Totn |
_ (2-2b)
2, 1
a g (f)4
ne r 1/2
k 2 eoR{e(r ) | ]
¥ R_ (Rg + Tpyy) - R_ Lgnc(f)Rne(f)g (Rg + 1)

For typical values of RL’ a, Rs, and Tos equation 2-2b can be

simplified to read

F(f) = 1 + ”; + ;m (Rs+x}nﬁa_am§dfﬂ
S 3 5
r 1/2
. 1gnc(f)Rne(f)] (Ry + rb,b) {2-2¢)

—

Here, Rne(f) is the emitter thermal noise resistance, defined by

2

€ o (f) = 4kTRne(f)B (2-3a)

B is the collector thermal noise conductance, defined by

2

o = -az(ukTgncB) (2-3Db)



and R{c(f)f is the real part of the normalized correlation coefficient

c(f), where

e (£) 1 (f)
e(r) = - = e 173 (2-3c)
: ]

L ene (f) ince(f)

In the formulation of equations 2-2a, 2-2b, and 2-3, it has been assumed
that only thermal noise was generated in the source and in the load

resistances, 1i.e.,

(6]
Il

. 4kTRSB

- YKTR. B

enL L

If 1t is assumed that the noise generators contained in the transition
frequency noise model are not functions of the source resistance, the terms
Rne(f), gnc(f), and c(f) contained in equations 2-2a, 2-2b, and 2-2¢ will
also be independent of RS. With this assumption, the noise factor can be
written in terms of three noise-factor parameters, Ko(f), Rno(f), and Gnc(f)
which are not functions of the input termination.

Rno(f)
R
s

F(f) = K (f) + + G (TR (2-U4)

From equations 2-2a,and 2-4, the noise-factor parameters of the common-

base and common-emitter amplifier become
r 1/2
K (2) = 1+8g (£} (r, #2,,,) - 2R{c(f)}Lgnc(f)Rne(1)i] (2-5a)

P -31 "2
Rno(f) - Rne(f) % gnc(f)(re+rblb)2' 2R{c(f)}'gnc(f)ﬁne(f)! (re+rblb)

[ =
(2-5p)
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G (f) = gnc(f) (2-5¢)

In order to obtain the frequency dependence of the noise parameters
contained in equations 2-5a, 2-5b, and 2-5¢, it 1s assumed that the noise
sources shown in the low-frequency noise model (part ¢ of figure 11)

exhibit a 1/f spectral dependence, i.e.,

2 27
ege (£) = ®heo ?E (2-6a)
11 2(¢) = 1 2 i) (2-6b)
ne " “neo f -

Here, fi and fJ are two empirical noise parameters. Also, since the 1/f
and the mean-frequency noise processes are mutually independent, it can
safely be assumed that no correlation exists between the 1'f and the mean-

frequency noise sources, i.e., that all cross-correlation terms except

v Y(£)ir (f) and 1 ( ta of fi 12)

el o B ande 1 ., are zero (see parta o gure .
It follows, from figure 12b, equations 2-3a, 2-3b, 2-6a, and 2-6b

and the assumption pertaining to the correlation, that the noise parame-

ters Rne(f) and gnc(f) will have a frequency dependence given by

[+ #)
R (£) = R \1+F (2-72)
fj)
Boolf) = g (14 ¢ (2-70)
where Rneo is the mean-frequency emitter noise resistance
e 2 - R B (2=Tc)
neo neo

and gnco is the mean-frequency collector noise conductance

2
1 = olkTg B (2-7d)
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It is found, from equations 2-2a, 2-4, 2-7a, and 2-Tb, that the noise
factor of the transistor amplifier can now be written as an explicit
funetion of frequency. This dependence becomes

F(f) -1 = Koc')(l +?)+Rnoo(1 +?)+Gnco(l+-f-.z) (2-8)

= - -
Here, Koo = Koo 1, and Koo’ Rnoo’ and Gnco are the mean-frequency,
noise-factor parameters. For the common-base and the common-emitter

transistor amplifier:

K1 - 2g yi/2 (2-8a)

00 nco(rblb = re) = 2R(c0) (R

neognco

1 I [ e
fj 5 K__"{fjmgnco)(rblb s I‘e) - fchER(co)]LRneognco] } (2-8p)

2 T 1/2
Rnoo g Rneo o gnco(rb'b & re) - Leﬂ(co)}(Rneo nco) (re " rb'b)
(2-8c)
T 8 gl
f5 " Koo {}ﬁ‘Rneo) +’f,j(gnco)(rb'b ¥ re) - fktaR(co)1

neo-nco

(R g )1”2‘re+rbsb)} (2-8d)

G = g (2-8e)

F = (2-8f)

Here, c, is the normalized mean-frequency correlation coefficlent

— Eneo 1nco (2-8g)
(¢] r . 1/2

! 2 1 2

L®neo “neco!

1/2
'€ rle(1/1)}
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and ¢(1/f) is the normalized 1/f frequency correlation coefficient.
SIMPLIFIED OPTIMIZATION PROCEDURE

Equation 2-8 forms the basis of the simplified optimization pro-
cedure, showing that it 1is possible, with six measurements, to quantify
the behavior of the frequency-dependent, noise-factor parameters Ko(f),
Rno(f), and Gnc(f) from low audio frequencies to the upper 1imit of the
mean-frequency region.

It should be noted that once these six parameters have been deter-
mined, it becomes possible, using equation 2-8, to quantify the noise
performance of the transistor amplifier when any value of source re-
sistance is used. Therefore, assuming the validity of the simplified
optimization procedure, these six measurements provide all the informa-
tion that 1s obtained from the conventional optimization procedure shown
in figure 10.

The measurements made to quantify the three mean-frequency noise-

factor parameters Kos, R , and Gnco and the three corner frequenciles

noo

T f5’ and f7, contained in equation 2-8, are not arbitrary. Therefore,

3

it is worth while to discuss the method used to determine these six
parameters, Again, writing the nolse factor in terms of the frequency-
dependent, noise-factor parameters,

Rno(f)

Rs

F(f) = Ko(f) + + Gnc(f)Rs

Differentiating this equation with respect to Rs and equating the resulting
differential to zero, there is obtained for the optimum source resistance,

Rno(f)

Rso(f) = [ 6] ]1j2 (2-9)

ne
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Substituting Rso(f) for R  in equation 2-9, there is obtained for the

minimum noise factor

1’2
me(f) = Ko(f) +2[Rno(f)(}nc(f)] (2-10)

It is found, from equations 2-9 and 2-10, that the noise factor can also

be written in the form

(f
F(f) = Ko(f) + . rl + (—(—)-)2 (2-11)
S

the nolse factor can be approximated

Therefore, for values of Rs << Rso’
by
oty

Rs

F(f) = K (f) + (2-12a)

By a similar algebraic substitution, it 1s easily shown that for values

of Rs >>R the approximation for F becomes

so’
F(f) = K (f) +G (f)R (2-12b)
As the first step in quantifylng the six parameters contained in

equation 2-8, noise measurements are made at a frequency, f,, located in

1)
the 1/f region. At this frequency, three measurements, employing source

resistances R R ,, and st, yield Fl(fl), Fe(fl), and F5(f1). The

sl’

R and R__, were selected so that the approximations

s1? “s2’ s3
given by equations 2-12a and 2-12b could be used, i.e.,

values for R

no(Fl)
Fl(fl) = Ko(fl) e (2-13a)
sl
Rno(fl)
F2(f1) = Ko(fl) + --R-;-é-—- % Gm(fl)ﬁ52 (2-13b)

Fj(fl) = Ko(fl) + Gnc(fl)R35 (2-13¢)
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Assuming that Rsl<< RS2 <<'R53, it follows from equations 2-13%a, 2-13b,

and 2-13c, that

K (£.) = F.(£.) - P (f,) . P (f.) Ts2 (2-14a)
o'l o'ty VR, T K
R (2.} = B (e (e ) = F.(£,) + F (f.) §§3 (2-14b)
no't1’ = le 148} = Folfy ) + Fyulfy R s =
1 R
Gnc(fl) = 55 L 5(f ) - Fy (f ) +F (r ) 52} (2-1lc)

To obtain Ko(fe)’ Rno(fe)’ and Gnc(fe), the procedure is repeated
at a frequency f,, located in the transition-frequency region.
From equation 2-8 and the results of the six measurements,

fzKo(fe) = flKo(fl)

K = (2-15a)
(oTe} fe - fl
R (T.) - &8 IFf.)
no' 2 i I o {» sl |
Boon = - fl (2-15b)
L%y (f J = 5 nc(fl)
b & fe 3 (2-15¢)
flfz[Ko(fl) . Ko(fe)]
£ = - (2-154)
’ i fx (f )-1} - P 'K {e )-1]
2 "o 2 1Mol
r
flfaLRno(fl) - Rno(fQ)}
fs = (2-15¢)

fa[ﬂno(fa)] 1[ no(fl)}

f2£Gnc(f1) - Gnc(fE)}

£ - (2-15r)

I
f2LGnc(f2)] - fl[Gnc(fl)}

B
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EXPERIMENTAL CONFIRMATION OF SIMPLIFIED METHCD
In order to establish the validity of the simplified optimization
procedure, spot-noise measurements were made on a number of commercially

available transistors at two selected frequencies, f., and f2, employing,

i}
at each frequency, three source resistances The noise factors obtained
from these six measurements were used to quantify the six unknown parame-
ters contained in equation 2-8 Once these parameters had been determined,
it was possible, utilizing equation 2-8, to plot curves showing the theo-
retical spectral behavior of the two optimizing parameters Rso(f) and
Fmin(f)'

After the curves had been drawn, experimental noise measurements were
made at several frequencies in the range from 6 to 20,000 cps. At each of
the selected frequencies, a diverse group of source resistances was used

to determine the optimizing parameters Fm 5 and Rso' The optimizing parame=-

i
ters obtained from this group of measurements were then plotted as func=-
tions of frequency.

Figures 13 to 22 show the results obtained for Fmin(f) and Rso(f)
when both the simplified and the conventlional optimization procedures were
used. When the results of the two methods are compared, a convergence is
found, in most instances, to within a fraction of a decibel in the minimum
noise factor and a correspondence to within 20% in the optimum source re-
sistance. This corroboration substantiates not only the simplified method
but also the model on which the simplified procedure is based.

Once the validity of the simplified method has been established, it
is possible to use this method to solve the optimization problem in which

the source resistance and the emitter current are both controllable parame-

ters. A partial compilation of the experimental results, which shows the
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solution to this optimization problem for two of the transistors tested,
is given in figures 15 and 18.

It should be noted that the selection of emitter currents used to
quantify the optimization parameters (Rso)o and I, is arbitrary.
However, a discriminative set, based on van der Ziel's mean-frequency
theory, proves useful in reducing the total number of measurements

required to obtain (RSO)O and I Although it is not applicable in

EO°
the 1/f region, van der Ziel!s theory provides an analytical expression
for the optimum emitter current in the mean-frequency region. Since
the noise behavior of the transistor in the lower transition region is
determined partially by white noise sources existing in the unit, the
value for IEO obtained from van der Ziell!s theory provides a starting
point for determining the optimization parameters at 1/f and transition
frequencies.

For those units tested, it was found that I__ did not vary more than

EO
a factor of two as the operating frequency was shifted from 1/f to mean
frequencies,
SOURCE RESISTANCE AS AN UNCONTROLLABLE PARAMETER

The optimization problem is greatly simplified if the source re-

sistance i1s an uncontrollable parameter. Optimization now entails finding

that value of emitter current which satisfies the equation

ST < 0 (2-16)
E

To further simplify the problem, Yajimi's model for the collector

noise source is now employed. Yajiml proposes that, at 1/f frequencies,
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the collector noise generator (figure llc) can be described by

£

2 3

' = A .
102 7 a(l-a)2eI B (2-17)
In the foregoing equation fy is an experimentally determined
parameter that is independent of emitter current and source resistance,
a is the common-base current gain, and e signifies the electonic charge.

For values of source resistance much greater than the optimum

source resistance it follows, from equation 2-4, that the noise factor

can be approximated by
F(f) = Ko(f) - Gnc(f)Rs

With this assumption as to the relative magnitude of RS, the noise

factor of the common base and common emitter amplifier becomes

F(f) = 1+2g (f)r +1r, - ER{C(f{ Enc(f)ﬁne(f)]l/e
+ g (£)R, (2-18)

Retaining only the dominant term in equation 2-18, the noise
factor becomes

F(f) = g ()R, (2-19)

It 1s found, from Yajimi's collector noise model and equation
2-19, that for values of source resistance much greater than the

optimum source resistance, the noise factor can be writtepn

= 3 ¥
F(f) = b e oo B (2-20)
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From equation 2-20 it is found optimization entails operating

the transistor with an emitter current that minimizes

1-0
= IE (2-21)

In typical low-noise transistors this minimum occurs with an
emitter current of a few microamperes. Therefore, if noise performance
is the prime consideration, and if large values of source resistance
are used, it 1s necessary to operate the transistor with a starved
emitter.

To determine the validity of Yajimit!s model, noise measurements
were made on a number of transistors. In these measurements the
emitter current was the only independent variable. The source resistance
used (22,000 ohms) was large enough to insure the validity of the
assumptions that preceded equation 2-20.

Figure 23 shows the curve obtained from one set of measurements.
Also presented in figure 23 is the curve obtained when equation 2-20

is used.

24 T T T T T T T+ 7

2N1248-1 Transistor

22 - Common base amplifier i
3 Ve = *#2v £= 100 cps 4
20 T = 295°K T
2, X
:: R = 22,000 Ohms
H s
o 18 1
=
o S
. —— Equation 2-20
'E 16 i - x Experimental A
= .
14 - {1 |
1 7]
0 A 1 1 1 1 - I IS, (. (i
10 100 200

Emitter Current IE' (na)

Figure 23, Noise Factor of a Low-Noise, Silicon npn Transistor as a

Function of IE' fy calculated at IE = 200 microamperes.



76
THE COLLECTOR VOLTAGE AS AN OPTIMIZATION PARAMETER

The collector voltage was first considered as a transistor
optimization parameter by Volkers and Pedersen. They discovered that
the noise performance obtainable from early versions of the junction
transistor could be vastly improved if the collector was slightly biased
in the forward direction. Their success with the hushed amplifier was
due to the fact that a large portion of the 1/f noise generated in these
early units was caused by defect channeling across the normally back
biased collector-base junction. This noise is a function of the collector
base leakage current, which is in turn a function of the collector-base
voltage.

Defect noise was an important factor in determining the noise per-
formance of the transistor amplifier when Volkers and Pedersen made their
experimental investigations; however, present-day technology has reduced
this type of noise to a point where it can now be neglected. This was
corroborated by an experimental study conducted with a number of commercial-
ly available transistors. The results revealed that, for all units tested,
the minimum noise factor remained constant (to within a decibel) as the
collector voltage was varied from a few tenths of a volt to approximately
one half the breakdown voltage. Petritz (reference 28) attributes the
increase found to exist at higher collector voltages to temporary micro-
scopic breakdowns in the base depletion layer.

CONCLUSIONS

It is apparent, from the results shown in figures 15 and 18, that
a transition region exists for both the source resistance and the emitter
current which will minimize the effects of internally generated transistor
noise. This transition occurs as the operating region of the transistor 1s

shifted from 1/f to mean frequencies. Therefore unless cognizance is taken
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of the existing theory, finding parameters that will optimize the noise
performance of the audio-frequency transistor amplifier requires spot
noise measurements at several frequencies in the 1/f and transition-fre-
quency regions. The optimization procedure can be simplified if it 1is
assumed that the noise sources contained in the model are not functions
of the input termination. It can be further simplified if the noise sources
are assumed to have a 1/f spectral density. The experimental study described
here has corroborated both of these assumptions. Although the optimization
procedure has been directed toward finding the optimization parameters, the
results obtalned from this simplified procedure completely specify the
noise performance of the amplifier under any set of operating conditions.

An interesting aspect of the experimental study concerns the frequency
dependence of the optimization parameter, Rso' As the frequency was in-
creased from the 1/f region, it was found, without exception, the optimum
source resistance also increased. This can be explained by examining the
two noise sources contained in the transition-frequency noise model.If it
is assumed that the emitter noise source contained in this model can be

neglected, the optimum source resistance becomes re - On the other

Toip®

hand, if it is assumed that the collector noise source can be neglected,

the optimum source resistance becomes infinite. From this cursory analysis

and the results of the experimental study, it is apparent that the collector

noise plays a more dominant role in determining the noise performance of

the transistor amplifier at 1/f frequencies than it does at mean frequencies.
It is also found that if the emitter noise source can be neglected at

1/f frequencies (which is an apparently valid assumption in the light of

the results of the experimental study), and if the validity of Yajimit's
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model is assumed, then an analytical solution to the optimization problem
when both the source resistance and the emitter current are controllable
parameters can be obtained. This solution becomes, for the common-base

and common-emitter amplifier operated at 1/f frequencies

kT

I -
erb'b

(2-22)

(R,)

S0°0

erbtb (2-23)
For the 2N207B transistor, whose optimization curves are presented
in figure 15, there is obtained for the optimization parameters (at 20cps)

I 0.08 ma

EO

1,200 ohms

il

(Rso)o
From equations 2-22 and 2-23, the optimization parameters become

IEO

(R_)

S0°0

0 065 ma

800 ohms
The experimental and theoretical results for the 2N43 transistor

(figure 18) are

IEo = 0.18 ma
measured
(Rso)0 = 500 ohms
IEo = 0.14 ma
calculated
(R. ) = 380 ohms
so‘o
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HIGH FREQUENCY REGION

The problems involved in the design of low-level transistor ampli-
fiers, which operate in the audio-frequency portion of the spectrum, are
made critical by the existence of surface noise that exhibits a 1/f
frequency dependence. This design problem is again made critical at very
high frequencles by the existence, in both vacuum tubes and transistors,
of mean-square noise currents which now exhibit an f2 frequency dependence.

Although additional theory was required to explain the f2 (or induced
grid) noise exhibited by the vacuum tube amplifier, no additional theory
is required for the transistor circuit. Here, the f2 nolse 1s caused by
the implicit frequency dependence contained in @ and Vor two parameters
used by van der Ziel to quantify the noise generators contained in his
mean-frequency model.

In this section 1t is assumed that the frequency dependence of ¢, the

common-base current gain,can be expressed as

a
o
© = TeaE, -

where ao is the low frequency value of the common-base current gain,
] = -Jll, and fc is the alpha-cutoff frequency.

It is further assumed that the a.c. emitter Jjunction admittance

¥, = Tlila Jf/fc ) (3-2)

With these assumptions and van der Ziel's noise model, the frequency
dependence of the three noise factor parameters, Ko(f), Rno(f) and

Gnc(f) can be formulated.



80

From these results, the optimization problem in which the controcllable
parameters are the source resistance and the source reactance is solved.*
The solution obtained shows that operating the transistor amplifier with
a source reactance equal to its optimum value does little to improve the
noise performance of the amplifier. The solution further shows that by
optimizing the source resistance it becomes possible to obtain reason-
ably low noise factors up to the alpha cutoff frequency fc. An experimen-
tal investigation is made to verify the derived results.
VAN DER ZIEL!S NOISE MODEL

Part a of figure 24 depicts van der Ziel's noise model connected in

the common-base configuration. Here

Figure 24a. Transistor High-Frequency Noise Model,

*The emitter current is not considered as a controllable parameter because
it was found impossible to formulate the alpha cutoff frequency as an
explicit function of IE.
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1?1 = 4kTR(y,)B - 2eI.B (3-3a)
*;2;2 = 2eI B + UkTR(y,)B (3-3D)
Bis = -2kTyeciB = 2kTay B (3-3c)
&2, - (3-34)

A simplified representation of the noise model shown in figure 24a

is illustrated in figure 24b. Equivalence is retained in the two models if

BVapt = 0 (3-4)
ene in:l_/ye (3'5)
1. = 1p-ai, (3-6)

Figure 24b. Equivalent Representation of High-Frequency Noise Model
Connected as Common-Base Amplifier.
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Referring to figure 24b, if it is assumed that

T, = 5 = 37— (3-7)
and = =0
Ip = aIE + Ing (3-8)

it follows, from equations 3-1 through 3-8, that the generators contained

in this model will have mean-square values given by

—2— 2kTI‘eB )
& = —0 (3-9a
ad B falff
s 2eLa (1 -a_ + 2 /1% )B
1ﬁc = 2 °2 £ + 2eI, B (3-9b)
1+ r’?/fc
The cross-correlation term becomes
ekmaor/fc
ex 1 S g .. (3-9¢c)
ek 1 & fa/fi

where j = J_—l.

From figure 24b and equations 3-9a, 3-9b, and 3-9¢, it 1is now possible
to formulate the noise factor and the noise factor parameters for the
transistor amplifier in each of its three configurations.

COMMON BASE AND COMMON EMITTER AMPLIFIER

EE 1t is assumed*

2

2 2
e, < 1.z (3-10a)
-3 2 2
€he << inc|zc| (3-10b)
and
Toip <<z, /o (3-10c)

*These assumptions are valid (under normal biasing conditions) at low

frequencies. However, owing to the capacitive component of 2y they are
increasingly less valid at higher frequencies. They are retained as assump-
tions because of the simplicity they add to the nolse factor formulation.
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the noise factor obtained for the common-base transistor stage is identical
to that obtained when the stage is connected in the common-emitter configu-

ration. This becomes

z 2 2 —_
e e 1”12 4z 4 .. | ex i

P o=l el SR8 8 VR +2R{—-—“;*"° (zs+ze+rblb)} (3-11)
e 92 0282
ns ns ' l ns

If the source resistance (Rs) and the source reactance (XS) are the
only two controllable parameters, minimizing the noise factor of the tran-

sistor stage entails driving the stage from an impedance for which

%1-1:; = B (3-12a)
%i—- = 0 (3-12b)

s
Performing the differentiation prescribed by equation 3-12b on

equation 3-11, there 1s obtained for the optimum source reactance

2 e¥ i
x ne nc
Xgo = X+ UF Im{ — (3-13)
1
ne

From equations 3-1, 3-2, 3-9b, 3-9c¢, and 3-13, this becomes

2
. r t/t, X 2KTo f/f e
so -
14£%/£2 (24e2/42 )[2e1Eaa(1-ao+r2/f§) + 2e1, (140%/12 )]
or

I, = _r_e;ﬁ"_ 1+ o (3-15)

1+4f /fi 1 +F% fa/fiﬁ"+ ﬁo/ao-‘

L )
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where 50 is the low frequency, common-emitter current gain and I is the

collector cutoff current noise parameter,

aoICO
V' = =

ao IE

For typical values of I (see tables 2-1, 2-2, and 2-3), it can safely

be assumed that ﬁo >> " . With this assumption, equation 3-15 reduces to

X = 11 +
S0 2.2 2 /.2
1+5/e5 L 14T 4p fo (£5/17)

Py f/fc r 50 J (3-16)

Figure 25 illustrates the frequency dependence of the optimum source

reactance formulated in equation 3-16.

o)
0

=<

-

rePa® o oo

\fl - a, fc { —

Figure 25. Optimum Source Reactance as a Function of Frequency.

In order to determine whether any appreciable improvement in the noise
performance of a transistor amplifier can be made by optimizing the source
reactance, thils parameter is matched at that frequency at which Xso is a
maximum. This value for the optimum source reactance and the frequency at
which 1t occurs are then substituted for Xs and f in the noise factor

equation (3-11). By this procedure, the noise factor parameters with re-
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active matching can be determined.

This procedure is repeated, assuming the source is real, 1i.e., Xs = O
Any noticeable improvement in the noise performance of the amplifier can
then be ascertained by a comparison of the respective noise-factor parame-
ters

The frequency at which xso is a maximum can be found by differentiating
equation 3-16 with respect to frequency and equating the resulting differ-

entlal to zero. With the assumptions

B, >1

M «<1
this differentiation yields, for the frequency at which the source reactance
is a maximum,

= ] 1af, (3-17)

le]
max

From equations 3-16 and 3-17, the maximum optimum source reactance

becomes
r J1-a B r B 1/2
X - g . (1 3 - )«.« = (3-18)
Soma.x 1+ !l-aoj 1 -H"+czo 2
r, 501/2
Substituting ~/’1-c;0 £, for f and —— for X_ 1in equation 3-11
gives for the noise-factor parameters
(K, )y = 1450 (1 472)(r,, 7)) (3-19a)
'Ry, Bore b'b e
Te 1 2] Te
(Rno)xs=xso = T Tty +e) [(rb'b+re) ]‘* E:3 (5-19%)
1
Gy x = gz (1 +T/2) (3-19¢)

S So oe
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From equation 3-11, with Xs =0and f =-Ji4:o fc, the noise-factor

parameters become

2
(Ko)xs=o = ag + 5r. [(1 + P/a)(rb,b + re)] (3-194)
Te% 1+ I 2
(Rm)xs:0 = T 0+ %7, (i, &m0 (3-19¢)
1
ww¥£=%%u+%) (3-191)

A comparison of the two preceding sets of equations reveals that

optimizing the source reactance does not significantly alter the noise

performance of the amplifier,

that the driving source is real.

Since this is the case, it will be assumed

With Xs = 0, the frequency-dependent noise-factor parameters for the

common-base and common-emitter stage become

1
Ko(f) = 1 + 5T [(1 +I")(re + rblb) + ;E
c
B (1+17) 2 1
Rno(f) - re/2 * Tp1p +E'Bore ( e © I‘blb) +_f-§(ao
s BBty
Gnc(f) B Eore +r2( Bo )Er
c
Here, o
By = -a,
B BoICO
2 T
% E

(1 + SO + r‘)rb’b} (5-203')

2
re ) Toro

m—— o B-;) 2re (3-20b)

(3-20c)

(3-20d)

(3-20e)

Inspection of equations 3-20a, 3-20b, and 3-20c reveals that these

three equations can also be written in the form
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Ké(f) = Kéo(l + fe/fue) (3-21a)
Rpolf) = Ryo(1 + fa/fsa) (3-21b)
¢ (f) = Gnco(l + f2/f82) (3-21c)

1 = s | | -
Here, Ko(f) = Ko(f) 1. K! , R ., and G are the mean-frequency

noo
noise-factor parameters.

With the added assumptions
B, >>1 (3-22)

M «<1 (3-23)
the corner frequencies (fu, f6, and fB) become, for the common-base and

common-emitter amplifier

r .1/2
£, = & £ -2u
L (rblb) c (5-24a)
r 2r 1/2
fe = w— kz + rb'b ) £, (3-24b)
btb e
1/2
1
fa = (m;) fc (3-240)

Equations 3-24a, 3-2U4b, and 3-2l4c reveal that, for typical values of Tos
rb'b’ and Bo’ a great latitude exists in the magnitude of the corner
frequencies. The effects of this divergence on the noise performance of
the amplifier can be ascertalned by examining the optimizing parameters

R and Fm

so in®

It follows, from equations 1-11, 3-2la, 3-21b, and 3-2lc, that for

the common-base and common-emitter transistor amplifier
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2,.2 1/2
Fmin(f) = h = Kéo(l +f /fu 3 2(Rnooc'nco)
b 1/2
Ji o+ 2lyeBe 122 o« £ (3-25)
L 6 8 £ 21‘ 2
6 "8
Since, for typical values of re, rblb’ and Bo, it can safely be assumed
that
fg << 1) (3-26)
fg << fg (3-27)

the minimum noise factor, for frequencies less than the corner frequency

fu, can be written as

O noo nco

1/2
Fo(f) = K +2(R_G )1/2(3 + ;22) (3-28)
8

Expanding equation 3-28 in a Taylor series, it is found that for

frequencies where

fu >L 35 f8

the minimum noise factor can be approximated by

Fmin(f) = F (1 + f/fk) (3-29)

min o

Here, F is the mean-frequency value of the minimum noise factor and

min o
fk is a corner frequency given by

)1/2
noo nco
: T f (3-30)
k Koo 8

2(R

The interesting aspect of equation 3-30 is that, although each of the
noise-factor parameters has a double zero at its corner frequency, the

minimum noise factor has a single zero at the corner frequency f therefore

k;

the minimum nolse factor increases at a rate of 3 db/octave in the frequency



89

region analyzed. Thus, it should be possible to obtain reasonably low
noise factors up to the frequency fu. To determine the values of source
resistance that must be used to obtain this performance, the second opti-
mizing parameter, Rso, is now examined.

It follows, from equations 1-10, 3-21b, and 3-21c, that for the

common-base and common-emitter amplifier

2,.2,\1/2
Rsolf) = Rgoq (E—:—f—ffé_) (3-31)
2. 2
X /f8
For frequencies where
f6 I > f8
the optimum source resistance can be approximated by
Rso(f) - Rsoof8/f (3-52)

For frequencies greater than the corner frequency f6’ the optimum source
resistance approaches an asymptotic value given by

fg

s00 T (3-33)

In typical applications f8 << f6; therefore, extremely low values of
source resistance must be used to obtain reasonably low noise factors when
the transistor is operated in the f2 frequency region.

COMMON-COLLECTOR TRANSISTOR AMPLIFIER

If it is assumed (part b of figure 24) that

Borf < |z, & (3-34)
2 <R (3-35)
v, L

2z
Pptp << (3-36)

1 2z fz *
¢’ e
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2 2,. 2
a T ¥} +p. /T
B A = 1aa b'b( g Sy F‘) (3-37a)
= Bore 1+ I‘e/fc2
e oxi r, aoerb,bE(l + l3013‘2/i‘c2 r) —
= r + - + -
no LY fe/fc2) PBre \1 4 f“"e/f‘:2
2 2, 2
a 1 +p /¢
& 1) = = ( S — F') (3-37c)
e L f2/fc2

Inspection of equations 3-37a, 3-37b, and 3-37c reveals that they

can be written in the following form

) 1+ fa/fu2 )
KI(£) = K (————— (5-36a
o S )
; 1+ fa/fgz ) )
R {f) = R (—— (3-38b
no noo 1 falfce
, T % f2/f82)
G_(f) = @ e s (3-38c)
ne neco (1 & f2/fc2
Here, it is assumed
B, >1 (3-39)
N «<1 (3-40)

Also, in the foregoing equations,

2 + re/rb|b)1/2f

fq = =41
9 (2 + rb'b7re (3-41)

c

For the common-collector stage, the optimizing parameter Fmin has a

spectral form given by
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1 2 1/2
F 1n(f) -1 = 1—:;-2-;:—2- K' (1 + £ /fu_ ) + e(RnOO nco)
Cc
(1 + f2/f > f2/f i u 2p )1/2 (3-42)
’ 8 7 g Ty

It 1s observed, from equation 3-42, that for frequencies where f < fc
the high-frequency behavior of the common-collector stage is nearly
identical to that derived for the common-base amplifier. The small
difference that exists is due to a difference in the corner frequency
associated with the input short circult noise resistance, Rno(f).

For the common-base and common-emitter amplifier, the optimizing
parameter Fmin increases with a f2 frequency dependence for frequencies
above fc. However, for the common-collector amplifier,Fmin(f) approaches

an asymptotic value given by

n

2

(3-43)
5T

f

F 1n(f-be) = Koo(-—c—)+2(R )1/2

noo nco

-y
=

EXPERIMENTAL TECHNIQUE

To obtain an experimental verification of the formulation contained
in this section, noise-factor measurements were made on a variety of
commercially available transistors. The test equipment used for these
measurements is depicted in diagrammatic form in figure 26. The tank
circuit shown at the input of the test stage was used to neutralize the
input stray capacity. The capacitor C1 was tuned to minimize the output
noise power when the diode current ID1 was set to zero. A second tank
circuit was used to neutralize the effects of stray capacity at the output
of the test stage and the input of the cathode follower. The capacitor C

2
was tuned to maximize the noise power observed at the RMS indicator.
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Figure 26. Test Apparatus used for High Frequency Noise Measurements.

A cathode follower was used as an impedance transformer. Its input im-
pedance was sufficlently high that it did not load the collector circuit
of the test stage and its output impedance was adjusted to matech the input
impedance of the receiver. The linearity of the recelver was established
over several decades of input power by a plot of output noise power versus
noise dlode current, IDE'

A partial compilation of the experimental results 1s contained in
figures 27 to 29. These results clearly show the 6-db/octave increase in
the collector noise factor parameters, Gnc’ and the 3-db/octave increase
in the minimum noise factor, Fmin’ both of which are predicted by the
theory. The wide latitude that exists in the noise-factor parameter corner
frequencies is illustrated in part b of figures 27, 28, and 29. The tran-
sition in the magnitude of the optimum source resistance, which results

from this latitude, is shown in part ¢ of figures 27, 28, and 29.



Noise Factor F, db

93

28

T N S S o i T VT T T T T T IT | R T I
f=4mc
26f 2N43-1 Transistor B
Common base amplifier
24} VCBI-ZV lE=0.lma 4
T = 295°K
2z B
2 mc
20t 4
18 -
1 mc
161 =
141 -
12 0.46 mc
10F 0.2 mec |
8F .
6 4
4+ .
.’.T— -t
I)L L i 1 AL A A Al 1 'S i el ldzhd i i 1 N 5 i i il
10 100 1. 000 10, 000 30, 000

Source Resistance Ry, ohms

(a)

12 T T T -F T

2N43-1 Transistor
2 Common base amplifier
cB = - IE=0.lma

, db
<

(f)

K
K

(f)
, db

noo

[]

G
G

Frequency f, mc

(b)

Optimum Source Resistance,

, ohms

R

so0

ZP 500 T T T ¥ T T 31 1 T T T T T LI
2ZN43-1 Transistor

2,000+ Common base amplifier
VCB= -2v IE=0.1 ma

1,500 T = 295°K 7

“E -
19
2 |
g
E _
E

0 1 1 i == O O Il - L 1 I

0.1 1.0 10.0

Frequency f, mc
(e)

Figure 27. (a) Noise Factor As Function of Source
Resistance for Several Frequencies in Upper-Transi-
tion and f2 region, (b) Noise Factor Parameters as
a Function of Frequency, (c) Minimum Noise Factor
and Optimum Source Resistance as a Function of
Frequency. =




Noise Factor F, db

[ = S
. . U I

s
=T

T TV L T Lrrd T T—F T 5T T ) TR RN T T 3 3 T
Transistor No. 55 f=30 mc

Common base amplifier

VCB: -2v IE=D.I ma

T = 194°K o)

1 1 | HOSY i ol 1 L 1 L 11l | | I O T 1 | 1 1 I

100 1.000 10, 000 30, 000
Source Resistance R. ohms

(a)

6 T ] T T 1 TT1T T T T T | B L
L Transistor No. 55
% 4 Common base amplifier =
= - VCB= -2v IE:O,Ima
MD Kc 2 T=194 K J_/’O/o B
0 —) y
2
o
T -
gl ; & a i .
ci 8 0 -
gl &
" Jﬂi
16
.
14 |- s / —
/ ’
’
/
/
10 — ’ 7 )
4 /
’
0 / 4
~° 8} P V; —
Z % - Vi 6 db/octave
Q| v 20 i
& -
vl 6 g // =
-
zo( /
4 — 4 ra —
-7 7/
-
v
-
2 lfQ' / —
- td
B /
0}.——'"(?' 1 Eo b e E_F J° i 1 | I |
1.0 10 30

Frequency f, mc

(b)

Optimum Source Resistance

R-o' ohms

Minimum Noise Factor

1,250 T T T T T T T T T T T R L
Transistor No. 55
1,000 Common base amplifier T
VCB: -2v IE=D.] ma
750 [~ -
500¢
250 - =
o 1 A 1 | i A4 - 1 1 | 1 'l 1 >
B T L] T T T T LR T T T T ¥ T T
6 =
F-l
£l
B AL A
E
L] &)
2 -
® o O
(1] 1 1 1 1 L1 i 1 1 A1 1 1 1 A i
1.0 10 100

Frequency f, mc

(e)

gigure 28. (a) F vs. R, (b) Ko(f),Rno(f), Gnc(f) vs.
, (e) P, and R,, vs. f.



Noise Factor F, db

28 5

95

24}

o

4L

T rrrTrrY v

Transistor No. 68
Common Base Amplifier
VCB= -2v IE= 0. 1lma

T= 295°K

O O | I I 1

1 T S |

T mc

3.5 mc

2 mc

1 mc
0.5 mc

O N N S L

i\

=]

100

1,000
Source Resistance ll'. ohms

(a)

L
10, 000 30, 000

Transistor No. 68
Common base amplifier

o
-u- VCBs-Zv IEEO.lma o

(f)

(db)

(0

no
noo

R

, db

(1)

10

G
G

6 db/octave

PUSE S N R

Frequency f, mc

(b)

2,000 LB e s T T —— 7T

Transistor No. 68
1,500+ Common base amplifier E

\rcs.zv [EIO.lma.

1. 000k T = 295°K 4

Optimum Source
Resistance ohms

510

£

E 8 =
by

5

T b ]
]

oy

= 4 -
o

z

E -
£

_ED T 1 L 1 S| T S |

= 0.5 1.0 10 20

Frequency f, mc

(c)

Figure 29. F vs. R, (b) Ko(f), Rno(f), Gnc(f) ¥a. 1,
(e) F ;. and Ry, vs. f.



CONCLUSIONS

This section has been concerned with an analytical and experimental
study of the noise performance of the high-frequency transistor amplifier.
Its purpose has been to obtain an analytical solution to the noise opti=-
mization problem in which the source impedance is the only controllable
parameter. The solution acquired gives the optimization parameter Rso(f)
as an explicit function of small signal transistor parameters:

B, the common-emitter current gain
re, the small-signal, emitter-junction resistance
Torp? the extrinsic base resistance

Corroboration through the experimental study shows that the high-
frequency noise model (and the equations derived therefrom) form a valid
basis from which to determine the noise performance of the high-frequency
transistor amplifier.

The results of both the analytical and the experimental studies reveal
that the source resistance becomes a critical parameter at high frequencies.
With control of this parameter, it has been found possible to obtain
reasonably low noise factors up to the a cutoff frequency. This result

differs from other analytical studies (Ref. 29) which propose that the

critical noise frequency, i.e., the high-frequency cutoff frequency, is

Jao(lqzo)fc.*

*This frequency corresponds to the break frequency f, given in equation
3-16c; hence, for larger values of source resistance, the critical noise
frequency does become-Jao(IAJOSfc.
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4. TRANSFORMER COUPLING
This section concerns the mean-frequency optimization problem in which
the source resistance is an uncontrollable parameter, but in which trans-
former coupling is used at the input of the amplifier. The solution

entails finding values for the emitter current, I_, and the turns ratio,

E
N, which satisfy the equations

gI;_E -0 (4-1)
%g_ . 0 (4-2)

TRANSFORMER-COUPLED COMMON-BASE AND COMMON-EMITTER AMPLIFIER

If it 1s assumed that the leakage and magnetizing inductances of the
transformer are negligible and that only thermal noise is generated in
the transformer windings, the noise factor parameters of the common-base

and common-emitter amplifier become

K, = Qre(— +Ry 41, + re)( 1+ r') (4-3)
R 2
1
Rno = Ne[re/2+rb' + N—2- + R - (l +F)(N2 + R2+rb1b + re)} (4-4)
1+
£ g ral (4-5)
N\ RFe
Here, R, and R, are the resistances of the primary and secondary windings;

1 2

N is the primary to secondary turns ratio,

ﬁoICO

O E



and a

Equation 4-3 shows that, with typical values of Bo, Ty R, and Re,

i
transformer coupling does not significantly alter the value of the noise
factor parameter, Kc. From equations Y4-4 and 4-5 it is found that Rno is
multiplied by approximately the turns ratio squared while Gnc is divided

by N2. Thus the minimum noise factor, which in terms of the noise factor

parameters is written

Foin = B #20Rq Y

)1/2
is not affected to any degree by transformer coupling. However, the

optimum source resistance

/
Rno 1/2
Ro = \B
ne

is multipllied by approximately the turns ratio squared.
Comparing the mean frequency noise model without transformer coupling
(part b of figure 6) to the noise model with transformer coupling (figure

30), they become identical 1if

is replaced by r + Rl/N2 +-R2

Tpib b'b

enb is replaced by en + e

b nT

e s 1s replaced by ens/N

R, 1s replaced by RS/N2

As a result, the optimization problem given by equations k-1 and 4-2

can be solved by using equations 1-21 and 1-24 whieh were derived in
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Figure 30. Noise Model of Transformer-Coupled Transistor Amplifier
Connected in Common-Base Configuration.

Section 1. These are

(kmolco )1 e

I = (1-21)
EO 2131:'1),b
2r
(R_) - b r31/2 (1-24)
so’o e
If, in equation 1-21, Torp * Rl,/N2 + R, 1s substituted for r ,,,

the optimum emitter current of the transformer coupled amplifier becomes

: r kKI8T eo

-]1,/2 8.2}
- (4-
EO | |
L 2e(ry,, R, /szz)

If, in equation 1-2U4, -1—(Rso)o and r

¥

stituted for (Rso)o and rb'b’ the optimal source resistance of the

bip * Rl/N2 + R, are sub-

transformer coupled amplifier becomes

(R, )

S0°0

1/2
; &N?_r;,._kb,f B/ ) (4-7)
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However, in the optimization problem given by equation 4-2, the turns
ratio is the controllable parameter and the source resistance is the
uncontrollable parameter. Substituting Rs for (RSO)o and solving equa-
tion 4-7 for N, the optimum turns ratio of the transformer coupled ampli-

fier becomes

. |— Rs- 2R1/|" -!1/2

o T T Pl i)

(4-8)

In typical commercial transformers and transistors, the values of R

1}

Re, , and Ty1p 8T such that

R, > 2R1/P

rop > Ry
Therefore, the optimum turns ratio can be approximated as

R 1/2
K ™ —rfé—) (4-9)
%o’ Tpip

Equations 4-6 and 4-9 form the solution to the transformer-coupled tran-
sistor amplifier noise optimlzation problem in which the controllable
parameters are the emitter current and the transformer turns ratio.
Comparison of equation 4-6 with equation 1-21 shows that transformer
coupling does not significantly alter the value of the optimum emitter
current. Equation 4-9 shows that an optimum transformer turns ratio
exists for any arbitrary value of source resistance. No can be found

by making d.c. and small signal measurements on the transistor.
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TRANSFORMER COUPLED COMMON COLLECTOR AMPLIFIER
From an analysis similar to that carried out for the common base

and common emitter amplifier, it is found for the common collector ampli-

fier, that
1 [ KBIgo\L/2
Ls = g\ (4-10)
ao erblb
R 1/2
N, =(_1[2——) Ph-aL)
Bo' 2Tprp

EXPERIMENTAL VERIFICATION OF THE DERIVED RESULTS

‘To verify the results in equations 4-3 to 4-9, noise factor measure-
ments were made on the transformer coupled common base and common emitter
transistor amplifiers. The transformers used were commercial units with
turns ratios varying from 1.4 to 14. To minimize the effects of the mag-
netizing inductance of the transformer, a variable capacitor was placed
across the primary winding.The effect of the optimum value of capacity
on the noise performance of the amplifier is shown in figure 31.

To insure that noise generated in the preamplifier could be neglected
(figure 32), one set of noise factor versus source resistance measure-
ments was made with the transistor connected in both the common base and
common emitter configurations. If noise from the preamplifier 1is not
negligible, this would be indicated by higher noise factor readings for
the common base amplifier. The results of the test are shown in figure 33.

One solution to the optimization problem given by equations 4-1 and
4.2 is contained in figure 34%. The turns ratio,N, was dictated by transformer

availability; as a result, equation 4-7 rather than equation 4-9 was
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Common-Emitter Amplifier as a Function of Source Resistance.

used in the solution. For the OC 614 transistor, the theoretical optim-

ization parameters (when N = 14.1)are

IEO = 0.4ma

(R__)_ = 200,000 ohms
SO0°0

The experimental solution is

IEO = 0.8ma

(Rso)o= 100,000 ohms

Although it was assumed that 1/f noise was negligible in the derivation
of the equations in this section, this assumption was made only to ob-
tain an analytical solution to the optimization problem. The results
which show that the minimum noise factor is not affected, to any degree,
by transformer coupling and that the optimum source resistance is multi-
plied by the furns ratio squared are not predicated on this assumption.

This can be shown by carrying out an analysis similar to that shown here

in terms of two frequency dependent noise generators. Experimentally,

this is shown in figure 35.
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5. TEMPERATURE

This section discusses an experimental study of the effect of
temperature on the noise performance of a transistor amplifier.

It differs from previous investigations in that a diverse set of
source resistances is used. As a result, it is possible to determine
from the experimental observations how this uncontrollable parameter
affects the optimum source resistance and the minimum noise factor
of the amplifier.

Also included is a description of a theoretical study of temper-
ature and its effect on noise performance. However, owing to the
complexity of the problem, the theoretical investigation is limited
to the mean-frequency region.

EXPERIMENTAL STUDY

The apparatus used to obtain the experimental results is shown
in figure 36. For measurements at audio frequencies, extensive shield-
ing was necessary to avoid erroneous readings caused by the 60 cycle
field; at radio frequencies it was necessary to minimize the shunting
effect of stray capacities. Liquid nitrogen was the coolant used to
obtain readings at 77°k; a dry-ice alcohol mixture was utilized to
obtain temperatures from 194°k to room temperature; a thermostatically
controlled hot water bath was used in the range from 330 to 500°k. In
order to facilitate switching of the source resistance, this parameter
was maintained at room temperature throughout the experimental procedure.

A partial compilation of the experimental results can be seen in
figures 37 to 42, These results show that in most instances, 1/f

noise increases significantly as the transistor is cooled. This is
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Figure 36. (a) Apparatus for Low-Frequency Study of Temperature Effects
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especially true of the diffused base transistor (figure 42). Here, at
77°k, 1/ noise 1s visible in the megacycle region.

Although the majority of alloy Junction transistors tested also ex-
hibited an increase in 1/f noise as the transistor was cooled, the increase
was not nearly as pronounced. For the 2N43 transistor, 1/f noise was
negligible above a few kilocycles at liquid nitrogen temperature.

It is apparent from the marked decrease in the magnitude of the
optimization parameter, Rso’ that the 1/f noise observed at low tempera-
tures i1s generated in the collector-base region of the transistor. An
explanation of this phenomenon can perhaps be found in the adverse tempera-
ture dependence of the common-base current gain, .

MEAN-FREQUENCY THECRETICAL STUDY

If the validity of van der Zilel's mean-frequency theory is assumed,

and if it is assumed that the small-signal emitter junction resistance

retains a temperature dependence given by

KT
e = ETE
and if the source resistance is maintained at room témperature, To’ the

nolse factor parameters of the common-base and common-emitter amplifiers

become
By v, * Pag, T T
EAT) = 1406 ( z (5-1)
eo
R (T) = (1 +¢;) (T/T)) [rb,b + reo(T/To)} (5-2)
°
GnC(T) = or (5-3)

eo
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Here B I

e

=
™| QR

and

The common-emitter current gain, B, and the collector cutoff current,

U in the preceding equations are implicit functions of temperature. In

co’
order to formulate the noise-factor parameters as explicit functions of T,
it is necessary first to obtain equations that describe the temperature
dependence of B and ICO'
To obtain such a formulation for B, measurements of this parameter
were made on a number of diffused base and alloy junction transistors.

The results shown in figures 43 and 44 reveal that B(T) can be written with

reasonable accuracy as

s(1) - Bl )e 7(TT) (5-4)

Here, y is an empirical parameter that was found to vary from 7 to 11
X 10-5/°k. Its average value, in those units tested, was 8 x 10-3/°k.
An experimental study by Hurtig (Ref. 30) shows that the collector

cutoff current can be approximated by¥

Kk, (T-T))
1
Ioo(T) = IgolT )e (5-5)

*The theoretical temperature dependence is given by

i 1
ke("f" . T)
ICO(T) = ICO(To)e )
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'The parameter k, was found to vary from 6 to 9 x 10-2/°k; its
average value was 8 x 102/%k.

Substituting the values for B and I o Blven by equations 5-4 and 5-5

c
into equations 5-1, 5-2, and 5-3, the temperature-dependent noise-factor

parameters become

r +r_ (T/T.)
K (T) = 1 +0C,y(T) [ e } (5-6)
eo
Ro(T) = 1+C(T) (T/T) [rb,b + reo(T/To)] (5-7)
c,(T)
6 (T) = o (5-8)
Here,
(7+k1)(T"To)
BIT )Iy0(T,)e
1+ 5
a
c.(T) = 2
1 7(T-T )
B(T,)e

It has been assumed in the formulation of Cl(T) that temperature variations
in ao could be neglected. This is true for ae - >- 2 1
Differentiating equation 5-6 with respect to temperature and substi-
tuting typical values for B(TO), rb'b reo’ and Ico into the resulting
differential, it is found that for the temperature range considered
(77 to 330%)
3K (T)
g o 0 (5-9)
Owing to the difficulty in obtaining an experimental measure of
KO(T), no attempt was made to directly verify the result shown in equation

5-9. However, 1t was indirectly verified by observing the temperature
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dependence of the minimum noise factor.
It is found, by differentiating equation 5-7, that for temperatures

above 77°k
d3R_ (T)
——g%——— >0

This shows that Rno is a monotonically increasing function of tempera-
ture. 1Its rate of increase is a function of the emitter current IE'

At larger values of emitter current, the generation-recombination and
diffusion noise generated in the active base region of the transistor plays
a more prominent role in determining the value of Rno‘ The adverse tempera-
dependence of B causes this noise to increase as the temperature is lowered,
partially balancing the simultaneous decrease in the thermal noise gener-
ated in the base resistance, For small values of emitter current, Rno is

determined principally by the shot-noise fluctuations in I The influence

El
2
T2
It is concluded from these observations that the parameter Rno is more

of this noise on Rno is proportional to

sensitive to variations in temperature for small values of IE (figure U45).
This illustration shows both the experimental and theoretical values of Rno
as a function of temperature.

Differentiation of equation 5-8 reveals that Gnc(T) exhibits a minimum

at a temperature T1 for which

B(Ty) I50(T;)
2

ao IE

~ 0.15

For typical values of the transistor parameters, T, is located in the range

1
from 250 to 300°k.

With the transistor cooled to a temperature below T,, the parameter

1’
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Gnc increases at a rate of approximately 1% of its room temperature value

per ok. At temperatures above T,, it increases at an exponential rate

1}
given by

k. (T-T )
%T G (T) A~ 0.0% = T e R ™

Figure 46 shows both the experimental and theoretical variation in

G__ as a function of temperature.
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Figure 46. Noise Factor Parameter G . VS T,

A further analysis of the preceding equations shows that the minimum

noise factor which, in terms of the noise-factor parameters, 1s given by
1/2
Fmin(T) = KO(T) + Q[Rno(T) Gnc(T)]

exhibits a minimum at a temperature approximately equal to Tl' At higher

temperatures, there 1s an exponential rise caused by the increase in ICO'

At lower temperatures,

aFmin(T) o
T
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Conversely, the optimizing parameter RSO(T) remains fairly constant
from 320 to 194°k. At temperatures below 194°k, there is a sharp decline
in this parameter. 1In all the units tested, the optimum source resistance
was less than 100 ohms at a temperature of 77°k.

CONCLUSIONS

The results of the experimental and theoretical study indicate that
the transistor can be used successfully as a low-level device at tempera-
fures as low as T7Ok. However, this success 1s predicated on restrictions
concerning the magnitude of the driving-source resistance and the frequency

of operation.
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6. BIAS STABILIZATION AND EMITTER DEGENERATION

In the amplifier noise optimization problem, only the nolse generated
in the transistor itself has been considered. If this device is to be
used as the active component in a low-level amplifier, extrinsic, noise-
generating elements are usually added to stabilize the operating point of
the transistor and the power gain of the amplifier. Middlebrook (Ref. 31)
has shown these stabllizing elements affect both the minimum noise factor
and the optimum source resistance of the transistor amplifier. 1In this
section, utilizing van der Ziel'!s model, analytical expressions are derived
which give the degradation in the minimum noise factor and the change in
the optimum source resistance produced by bias stabilization and emitter
degeneration,

EFFECT OF BIAS STABILIZATION ON NOISE PERFORMANCE OF TRANSISTOR AMFLIFIER

Bias stabilization (shown in figure 47a) is used to reduce temperature-
induced variations in the collector current of the common-emitter ampli-
fier.* However, this method of biasing also increases the nolse factor.
The extent of increase can be determined from an analysis of the noise
model shown in figure 47b, From this model, if it is assumed that

1. Only thermal noise is generated in the blas stabilizing resistors

2. The correlation e¥*3i = O

ne ne
2 2
35, r, < ao(l - oz{,’)zc

*Without bias stabilization, i.e., with Rl = R2 =0 (figure 47a), the change
in collector current, dIC, induced by a change in temperature, 4T,

is given by

oI
dB COo

~ (B + 1)1y,

Here, B is the direct-current, common-emitter current gain, and ICO is the
collector cutoff current. With bias stabilization, dIC can be reduced to

dICO'
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Bias

(a) (b)

Figure 47. (a) Common-Emitter Transistor Amplifier With Bias Stabiliz-
ation, (b) Nolse Model of the Bias Stabilized Amplifier.

then the noise-factor parameters of the bias-stabilized amplifier become

2(R.__ +R_,) 2g

ne nb ne
Bg = +# Ry "Ry (Rp + Tpup + TPy + 1) (6-1)
R = R_+R. +g (r + )2 (6-2)
no ne nb ne' btb e
R + R g
1} ne nb ne 2
Gnc = ﬁg + 32 + R2 (RB o re) (6-3)
B B
Here
e 2 = ll»kTR B
ne ne
2
Sn = ukTRan
2 2
1nc = ukTgncB|a|

For values of RB greater than a few thousand ohms, it can safely be

assumed that



122

With these assumptions, equations 6-1, 6-2, and 6-3 become:

K, = agnc(rb|b + re) (6-4)

R = R_+R, +g (r. +1r)° (6-5)
no  ne nb gnc b'b e

G - ol (6-6)
ne R ne

B
To determine the increase in the noise-factor parameters produced by bias

stabilization, only the terms containing RB are retained in equations 6-4,

6-5, and 6-6. As a result:

MK, = 0 (6-7)
e = 0 (6-8)

1
AGnc = ﬁ; (6'9)

From equations 6-7, 6-8, and 6-9, as a first-order approximation for the
change in the minimum noise factor and the optimum source resistance pro-

duced by bias stabilization, there is obtained

S0
AFan = R, (6-10)
B
Rao
AR —.. 5. (6-11)
so 2GncRB

where Rso and Gnc are the values of these parameters for an amplifier with
no stabilization,

Equation 6-10 shows that the degradation produced by bias stabiliza-
tion is a function of the emitter current. This follows from the fact that
Rso is a funetion of IE. As the emitter current is lowered and the need

for blas stabilization 1lncreases, the degradation produced by a fixed amount

of biasing also increases.
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Equation 6-11 shows that the optimum source resistance is lowered
when bias stabilization is used. This effect is quite pronounced. For

example, with R, = 20,000 ohms and I_ = 0.1 ma, there is obtained for the

B E
2N207B transistor, whose characteristics are given in Table 2-1,
50

RSO

AR_ = 1,100 ohms and

so = 0.38.

EMITTER DEGENERATION

The common-emitter stage, while offering the advantage of providing
the largest power gain of the three configurations, is also found to give
the poorest power gain stability, One method of improving the stability
is to apply current feedback by means of an unbypassed emitter resistor
(figure 48a). Although degeneration of this type has the added advantage
of increasing the input impedance of the amplifier, it also degrades its
noise performance. The extent of this degradation can be determined from

an analysis of the noise model shown in figure U8b.

Bias

(2) (v)
Figure 48, (a) Common-Emitter Transistor Amplifier with Emitter De-
generation, (b) Noise Model of Amplifier with Emitter Degeneration,
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If it is assumed that
1. Only thermal noise is generated in the unbypassed emitter

resistance

e

2
- aoll-aof - |zc|

the noise-factor parameters of the stage with emitter degeneration become

K, = 1+ E'gm(rb,b i, * RE) (6-12)
2

Rno - Rne +'RE e Rnb E gnc(rb!b 4 re = RE) (6-13)

ne ~ %ne (6-1%)

To determine the degradation in the noise-factor parameters intro-

duced by bias stabilization, only those terms containing RE are retained

in equations 6-12, 6-13, and 6-14%., It follows, from this procedure, that

&K, = 28, .Rp (6-15)
AR = R+ gncRE [RE + 2(rb'b + re)J (6-16)
AG,, = O (6-17)

As a first-order approximation, the changes in the optimum source

resistance and emitter degeneration produced by bias stabilization become

RE
AFin = Rg, (6-18)
R RE
no
ARSO = R (6-19)
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Equation 6-18 shows that the degradation produced by RE is also a
function of the emitter current. Here, as the current is raised and the
need for emitter degeneration increases, the degradation in the nolse
performance produced by a fixed value of emitter resistance, RE, also
increases.

Unlike bias stabilization, emitter degeneration increases the opti-
mum source resistance of the transistor stage.

CONCLUSIONS

The preceding analysls shows that both emitter degeneration and bias
stabilization degrade the noise performance of the amplifier. The degra=-
dation produced by each is a function of the emitter current and the source
resistance. For high values of source resistance and low values of emitter
current, the effect of bias stabilization is more pronounced. With emitter

degeneration, the converse is true.
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T. LOAD RESISTANCE AND MULTISTAGING

In the preceding sections, only the single-stage transistor ampli-
fier has been considered. It was assumed during these studies that thermal
noise generated in the load resistance could be neglected. This section
considers the multistage amplifier. Particular attention is focused on
the degradation in noise performance produced by thermal noise generated
in the load resistance of the first stage. Also derived is a noise figure
for the multistage amplifier with resistive coupling between stages.
EFFECT OF LOAD RESISTANCE ON NOISE PERFORMANCE

In order to facilitate the analysis, each stage of the multistage
system is treated as a noiseless Z parameter Y-pole., The noise generated
in each stage 1s represented by two uncorrelated noise voltage genera-
tors.* Figure 49 shows the first two stages of the system to be analyzed.
From this figure and the noise f#ctor definition, the nolse factor of the

two stage amplifier becomes

2 2 2 2
120171223+ R ™ enzlZo* Bral712y5+ Ry
2

2
|

2
R ukTRSB]zalqenLl

11Rs %01 !
-3 2
. enulzo(RL1+ 235) & RL1233| |z11+ R,
2 3
WRTR B|2y5|° |25, |°RE,

|2
(7-1)

Here,F1 is the noise factor of the first stage

*The solution becomes no less general with this assumption since cor-
relation that may exist between the two noise generators is not a function
of the input or ocutput termination of the stage.
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201212

and Z = g
zll - Rs

o 22 T
In order to determine whether an optimum load resistance exists,

equation T-1 is differentiated with respect to R The result of this

11°
operation shows that for all values of RL1
JF
12
= < 0 (7-2)
RLl

Hence, the degradation in the nolse performance of the two-stage
system owing to the load resistance of the first stage is a monotonically
decreasing function of RLl‘

Equation 7-1 further shows that the locad resistance degrades the
noise performance of the system in two ways. It introduces thermal noise
(which is represented by the second term in equation 7-1) and it increases
(by loading) the effects of the noise sources present in the second stage.
This 1s evidenced by the presence of RLl in the third and fourth terms of
equation T-1. In order to determine the degradation caused by RLl’ each
of these effects are considered in turn.

With the first stage connected in the common-base configuration, the
thermal noise can be neglected if the value of the load resistor

2fr
R.. > =

_— (7-3)
B aﬁ (1+1)

Thermal nolse with the first stage connected in the common-emitter con=-
figuration can be neglected if
2r

T g —. (7-4)
— Bai (1 +1)
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If the first stage is connected in the common-collector configur-

ation, thermal noise can be neglected if

R4 > B, (7-5)

To determine the effect on the noise performance produced by load-
ing of the first stage, the common base-common base amplifier is con-
sidered first. Here, regardless of the value of RLl’ the noise generated
in the second stage can never be neglected unless a step-up transformer
is used between the first and second stage.

For the common emitter-common emitter amplifier, loading can be

neglected if

R, 5> oBr(r/2 + r,) (7-6)

The commén collector-common collector (or Darlington) circuit
will not be considered, since in this configuration a load resistance,
RLl’ is not necessary.

From this analysis, it is found that in the cb-cb and ce-ce two stage
amplifier, the degradation in noise performance produced by RLl is due
primarily to its loading effect on the second stage. For the cb-cb ampli-
fier RLl should be made as large as practicable; for the ce-ce amplifier
it need only exceed the value given by equation 7-6.

MULTISTAGING

Extending the analysis to the multistage system, it is found that

the noise factor of the mth stage of the amplifier (figure 50b) can be

written as
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e2(2m 1) e om) | %(2m-1), (2m-1) * RL(m-1)|2

Fm s F gty o n( = R (7-6)
2 2 2
®nL(m-1) enL(m-l)'z(zm),(Em-l)|

The power gain of the mth stage with conjugate matching at the input

and output, becomes, from figure 50b

_ Ii(2m)|2RL(m) (
= 2R 7-7)
|i(2m-1)| L(m-1)
or
5 = I%2(m), (2n-1) ‘2RL(m)RL(m-1) (7-8)

2 2
Z(2m), (20) * Brim)! 13(2n-1), (2n-1) * Rr(m-1)!

For the transistor amplifier operated at frequencies well below ¢

cutoff, it is safe to assume that

Zo(m) >> RL(m)
With this assumption, and the further assumptlion that only thermal
nolse is generated in each of the load resistances, the noise factor

of the n stage system becomes

2 n
W v = PL & o TR e
1°""n 1P P e..P
gl gl***"g(n-1)
v F
- "‘,J‘l (7-8)
LE N g
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Figure 50. Z Parameter gﬁise Model of the n Stage Amplifier,
(b) Noise Model of the m stage.
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8. MEASURING METHODS

This section contains an analytical description of the methods used
to obtain the noise-factor measurements found in the dissertation. As
part of the measuring technique, a method of calculating the error intro-
duced by noilse generated in the measuring equipment is included.
TRANSISTOR NOISE-FACTOR MEASUREMENTS

Two methods were used to obtain the information necessary to quantify
the noise factor of the transistor amplifier., Both involve increasing the
power observed at the output of the system by injecting a voltage (or
current) of known amplitude at the input. They differ, however, in the
spectral properties of the injected signal.

The first method uses a continuous-wave (CW) voltage and requires, in
addition to the amplitude of the injected signal, that B, the nolse band-
width of the system, be known.

The second method uses a noise current (or voltage) and requires a
knowledge of the spectral properties of the added noise source.
CONTINUOUS-WAVE METHOD

Figure 51 is a block diagram of the system used to obtain the CW
noise-factor measurements. When the CW voltage, es(t), is reduced to zero,

the mean-square output indication can be written as

——— D -
2 [ 2
e, = [ Lsns(r) + sna(f)] |a(£)|%ar (8-1)
where
Sns(f) = the unit-power spectral density of the

driving source resistance, Rs
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Sna(f) = the unit power spectral density of the
noise sources contained in the system when
these sources are referred to the input

A(f) = the voltage gain of the system when the input

is terminated with Rs

A (f) —

=T " %

Ba Test Low-noise Bandpass RMS
stage amplifier filters Con indicator

o (t) ‘

Figure 51. Block Diagram of Apparatus for CW Noise Measurement Method.

If B, the noise bandwidth of the system, is much less than fo, the

center frequency of the filters, equation 8-1 can be simplified to read

;E: B [Sns(fo) * Sna(fo)] IA(fo”2B B2

If the CW voltage, €gs is increased until the mean-square meter

indication becomes N eio, this increase, in terms of the spectral densi-
ties, can be written as
2

Net = e |alr,))? - [Sns(fo) + Sna(fo)] |ats,) %8 (8-3)

Here, es2 is the mean-square CW voltage.

In terms of the spectral densities, the noise factor is given by

(£,) +5,4(1,)

S
F(r ) - _na_o© s'T0 (8-4
© Snérfo) )




133
Therefore, from equations 8-2, 8-3, and 8-k,

2
®s

F(f ) = (8-5)
o Tﬁ-l)sns(fo)B

With N = 2, and a resistive source at room temperature, equation

6«5 becomes

(8-6)

2

e

s
X 1

F(r ) =
£ 1.6

02'r B

s

To determine the noise factor of the amplifier using the CW method,
the noise bandwidth B must also be calculated. However, this part of the
measurement procedure can be eliminated by utilizing a noise current (or
voltage). |
NOISE-INJECTION METHOD

The noise current source that was used to obtain the majority of the
mean and high frequency measurements was the temperature limited diode.
Its placement in the test stage is shown in figure 52. With this con-
figuration, the noise factor as a function of diode plate current be-
comes

EeIDRi (8-7)

(N-1]5 (£ ) &

Here, N again signifies the increase in the output mean-square indication;
ID signifies the diode plate current necessary to produce this increase.
With N = 2 and a resistive source at room temperature, equation 8-7 ap-

proximates to
F ~ 20LR_ (8-8)
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| e stage
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nD |
Noise I
diode

Figure 52. Placement of Diode for Measurements by Noise Current Method.

It is found from the preceding equation that large values of diode
current are required when small values of source resistance are used.
Under this conditlion it is desirable to use a noise source such as the
Polarcid N-1 or the General Radio 1390. To make the device a near-perfect

voltage generator,* its output can be modified as shown in figure 53.

z. -1
z, o
- i
Modified
e Normal output i ohan output
— s i

Figure 53. Method of Lowering Output Impedance of Nolse Source.

The spectral density of the noise source can be calibrated in the
following manner. If it is assumed that the spectral density of the noise
source, Sno’ is constant over some yet undetermined noise bandwidth, Bn’

then the mean-square voltage measured at the output of the noise source

* This is a requisite in measurements of the noise-factor parameter, Rno'
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becomes

2
®an ~ Snan (8-9)

The noise source is then used to drive a linear bandpass filter of
known noise bandwidth, Bf
parameters, the output mean-square indication can be written as

, and insertion loss, A.. In terms of these

&2
e}

= |agI%8, 8 (8-10)

Equations 8-9 and 8-10 yield B . With this value, S = can be
determined.

For noise-factor measurements, the noise voltage generator is placed
in series with the driving source., With this configuration, the noise

factor of the system is given by

no
(8-11)
1) 5,.(7,)

i
510

(N-1) Sns(fo)Bn

Here, N signifies the increase in the mean-square output indication;

eﬁ signifies the mean-square input noise voltage necessary to produce this

increase. Bn is the noise bandwidth of the noise source.

With N = 2, and a resistive source at room temperature, this equation

becomes

"ol

F = (8-12)
1.6 x 1022R B
S n

EFFECTS OF EQUIPMENT NOISE ON NOISE-FACTOR MEASUREMENTS
In many of the noise measurements made (especially those at ecryogenic

temperatures) the noise added by the measurement equipment became a sig-
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nificant part of the total noise observed. It therefore became necessary
to derive a method of accurately determining the effect of noise generated
in the measurement equation on a noise-factor measurement. The following
is an analytical description of the derived method.

Figure 54 shows the test stage in terms of its admittance parameters
and two uncorrelated noise current generators.* The transfer character-
isties of the remaining system are represented by the admittances, y33,
y5u, yu3, and Yy its noise properties are represented by the noise
current generator, in}' From figure 54, with SW, open, the mean-square

noise current observed at the output is given by

23
= Yz 1™ 15

(8-13)

Figure 54, y Parameter Noise Model of Test Stage and Measurement
Equipment.

With the switch closed, the mean-square noise current becomes

= 2 - R 2 2
—- [ (s + 15p) lypy 7+ (1, + 1n5) [¥11 + %] 1%5
2 - - (8-14)
2 2
[a]
Here,

2 2

* Although the analysis was carried out assuming uncorrelated noise sources

in the test stage, a similar analysis, made without this assumption, yields
identical results.
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With noise diode current, iﬁo is multiplied by a yet undetermined
2
constant K for which the noise factor of the test stage, Fl’ can be

written

(1) 1,

; ey (8-15)
D %
&

*
Here, (1§S) is the contribution to 1ﬁ0 from noise generated in the
2
driving source.

Since F_, the noise factor of the system (including the test stage),

T’

can be written as

2 (8-16)

it follows, from equations 8-15 and 8-16, that

F, = (K-1)F, (8-17)

Writing the nolse factor of the test stage in terms of the admittance

parameters,
2 2 2
i i |y + ¥ |
Flo= 1+ —b 2221 8 (8-18)
i2 i2 Iy |2
ns ns!“21

For the transistor amplifier, it can safely be assumed that
Y3z + ¥ >> VYon
and

(13 + Y)lupp + V35 + V) >V ,0,,
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With these assumptions, and equations 8-13, 8-14, and 8-18, the noise

factor of the test stage becomes

S N— (8-19)

iio - 1§o
K-l — 2 l
2
a
nol
Therefore,
2
nol
K = 2 « — (8-20)
-
2

A diode current and a mean-square current indicating device were
assumed in the preceding analysis for convenience only. The final results
are not predicated on these assumptions.

Figure 55 illustrates the error incurred in a noise-factor measurement
as a function of the logarithmic ratio of output noise currents. An
example will illustrate the use of the graph.

If it is assumed the mean-square output indication is -7 decibels
with SW-1 open and +12 decibels with SW-1 switch closed, the error incurred
in this noise-factor measurement is 0.5 db.

INDICATING DEVICE ERROR

Another source of error encountered in time-averaged noise measure=-

ments is the finife time constant of the indicating device., That is, in

order to obtain a true measure of the mean-square noise current (or voltage)



139

14 T T T T 13 T T T T
12 4
10 -

o

° 8r E

-

Iy

I

3]

b 6 -
4 -
2r 4
0 1 1 1 1 : T A 1

0 2 4 6 8 10 12 14 16 18 20

Figure 55. Error in Noise Factor Measurement as a Function of
Output Noise Power Ratios.

given by T a0
- 2
: /; [1,(t)]|"at

the device must have an infinite time constant. Therefore, an error will
be incurred since the actual integration is performed over a finite time
interval. The probable error in a reading owing to the finite integration
period is shown by van der Ziel (Ref, 32) to be
P. E. = ﬁﬁ%
2(BT )

Here, B is the noise bandwidth of 1§ and T is the time constant of the
indicator.

Applying the sampling theorem to van der Ziel's result, it 1s found

that the probable error of the mean of M readings is given by
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1
P. E. = %
o(MBT )2

A numerical example will illustrate the difficulties encountered in
obtaining accurate noise measurements when the nolse is limited to very
narrow bandwidths. If it is assumed that the noise bandwidth B = 4 cps
and that the time constant of the indicating device is T = 15 seconds,
the probable error in a reading is 11% or 0.4 db. To reduce the error to

0.1 db requires 25 readings or an integration time of 375 seconds.
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CONCLUSIONS

Van der Ziells transistor noise model formed the basis for the theo-
retical study conducted at mean and high frequencies. From this model,
expressions for the noise factor of the transistor amplifier in each of
its configurations were derived. An investigation of the nolse-factor
formulas reveals that in the unconstrained amplifier, i.e., one in which
the source resistance is not a fixed parameter, two quantities are of
importance in determining the noise performance of the amplifier. These
are the magnitudes of the source resistance and the emitter current.
Partial differentiation of the noise-factor equations with respect to
these two parameters reveals that a unique value of source resistance,
mso)o, and emitter current IEO exist, which will minimize the effects of
internally generated transistor noise. The formulas that describe these
two quantities were found to be functions of easily measurable transistor
parameters.

In applications where the value of source resistance is constrained,
the noise-factor formulas can be differentiated directly to obtain an
equation that describes the optimum emitter current.

At frequencies where 1/f noise predominates, it was found that a two
generator empirical noise model would suffice to describe the amplifierts
noise performance. Utilizing this model, an experimental procedure was

derived for obtaining the optimization parameters (Rso)o and I From

EO*
an experimental study made to substantlate the procedure, it was found
that the collector noise generator contained in the nolse model was the
predominant noise source at 1/f frequencies. Utilizing this faect, it

was found that analytical expressions could be derived for (Rso)o and IEO'
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These formulas are functions only of the extrinsic base resistance.

At frequencies approaching alpha cutoff, the noise-factor formulas
exhibit an f2 frequency dependence similar to that found to exist in
vacuum tube amplifiers. However, the high-frequency noise cutoff point
was observed to be a function of the source resistance. By decreasing
the value of Rs, it was found possible to obtain reasonably low noise
factors up to the alpha cutoff frequency.

In the constrained amplifier, it is sometimes possible to interpose
a transformer between the driving source and the input to the amplifier.
With this configuration, it was found possible to obtaln reasonable noise
figures from the transistor amplifier with values of source resistance
exceeding 1,000,000 ohms. An investigation of the equations that pertain
to the transformer-coupled amplifier revealed that a turns ratio existed
which, for any given value of Rs, minimized the effects of internally
generated transistor noise.

In a study conducted to determine the effect of temperature on the
noise performance of a transistor amplifier, it was found

1. that at temperatures above 500°K the principal source of transis-
tor noise is shot noise fluctuations in the collector cutoff current, ICO'
The mean-square magnitude of these fluctuations increases exponentially
with temperature and noise produced by these fluctuations masks, at temper-
atures only a few degrees above room temperature, noise caused by diffusion
and recombination-regeneration

2. that at liquid nitrogen temperature it becomes possible to obtain
extremely low noise resistances in a transistor amplifier. This phenome-
non, which is predicted by theory, introduces the possibility of utilizing

a transistor amplifier in conjunction with a low impedance detector in
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cryogenic infra-red applications. Also, the very low input impedance of
the cryogenically-cooled transistor amplifier in conjunction with 1its low
noise resistance makes it ideally suited as the R.F. stage of an ultra-
sensitive radio receiver.

Tt has been shown that bias stabilization and emitter degeneration
affect the optimum source resistance and the minimum noise factor of a
transistor amplifier. 1In a theoretical study, using van der Zielt's model,
analytical expressions were derived which give the degradation in nolse
performance and the change in source resistance caused by these stabilizing
elements.

Previous investigations have concluded that, in the two-stage r-c
coupled transistor amplifier, the value of the load resistance of the first
stage should optimize the noise factor of the second stage. For typical
applications, this value is a few thousand ohms. However, by differenti-
ating the noise factor, F12’ of the two-stage amplifier with respect to

the load resistance, it was found that F is a monotonically decreasing

12
function of this parameter., Hence, for noise optimization, the load re-
sistance should be as large as practicable. |

It was found, in obtaining analytical expressions for the measurements
required to attain noise factor readings, that the noise diode method
would be the most convenient to be used. Here, F is a linear function of

I, the d.c. diode current, and Rs, the source resistance. However, with

D)
low values of source resistance, this method becomes impractical owing to
the large values of diode current required. In this case, it was found
necessary to use either a continuous-wave or noise voltage.

Owing to the small power gains obtainable from cryogenically-cooled

transistors, it was found necessary to derive a procedure that would permit
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noise measurements when equipment noise was not negligible. The method

derived gives the error incurred as a function of two r.m.s. readings
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APPENDIX

Friis defines the noise factor in terms of available signal-to-noise
power ratios. By this definition, conjugate matching must be used at the
input and output of an amplifier whenever noise factor measurements are
made. However, this restriction does not apply to spot noise factor meas-
urements.

Any linear noisy Y4 pole can be represented as a noiseless 4 pole and
two noise voltage generators which describe its noise properties. Such a
representation is shown in figure 56a, Here, es signifies the input

signal, e signifies the nolse generated in the driving source impedance

ns

Zgs and €1 and en2 represent the nolse generated in the amplifier., If

the mutual impedance Z,, i1s not zero or infinite, then the two-generator

21
noise model can be replaced by the one-generator model shown in figure 56b.

The magnitude of ena is given by

e = e . + ena(zll . Zs) (A-1)
na nl 221

The amplifier is noiseless beyond the points 1-1' (figure 56b);
therefore the signal-to-noise ratio at the output is equal to that obtained

at 1-1'., This ratio is not a function of the output termination.

Figure 56. Z Parameter Nolse Model; (b) Equiyalénf One Generator
Noise Model.
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With conjugate matching at the input, the signal-to-noise ratio at

1-1t is given by
©

o [Ss(f)df
5%
(A-2)

(S/N)}1 14

°r
3 'S
L ns

{(£) % Sna(f)]df
s
Here, ss(f), Sns(r), and Sna(f) are the unit power spectral densities of
the signal voltage, s the source nolse voltage, % n? and the amplifier

noise voltage, e_ .
na

Without conjugate matching at the input,

- r
[Ss(f) ——ll—z—g ar
Yo 213 + 2]
O (a-3
I L
g {F) «8_1F)
Jo ns na lzll + 7 |2
S
where T, signifies the real part of Zyq*

In order to obtain the same noise-factor measurement with and without
conjugate matching, an equality must be established between equations A-2
and A-3. They become equal if B, the noise bandwidth of the measuring
system, is much less than fo’ the frequency at which the measurements are
made, This can be shown by writing ri1r 2972 and Zs in a Taylor series

about fo‘ This gives

2
" (f°fo)

rll(fo) * I'11”0)“"1‘0) +Egy (fo) 21

I

ry,(f)

2
n (f‘fo)

1
zll(f) = zll(fo) ¥ zll(fo)(f-fo) + 2y (fo) o v o0 (A=4)

2
n (f'fo)

Zs(fo) + z; (fo)(f-fo) + 2 (f‘o) e E

z (f)
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With spot noise-factor measurements, the frequency band is limited
to the incremental range f % df. When these limits are placed on the
integrals of equation A-3, the second and subsequent terms of the series

can be neglected.* As a result, this equation can be written

fo+df
f S (f)ar
' fo-df

e 5. (f) +8 (f)]df
ffo-df [“S " “na

If the same limits are placed on the integrals of equation A-2, it becomes

identical to equation A-5. From this, it is coneluded that the same noise-

factor measurement 1s obtained with and without conjugate matching.

*Assuming no poles of rll(f), zll(f)’ and Zs(f) exist in the incremental
frequency band i ar.
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