
/ 

WAVE PROPAGATION IN AN ELASTIC PLATE 

RESTING ON AN ELASTIC FOUNDATION 

Thesis by 

James Reily Lloyd 

In Partial Fulfillment of the Requirements 

For the Degree of 

Doctor of Philosophy 

California Institute of Technology 

Pasadena, California 

19 62 



ACKNOWLEDGEMENTS 

The author wishes to express his appreciation to Dr. Julius 

Miklowitz for his many helpful suggestions and encouragement during 

the course of this work . 

Thanks are due the National Science Foundation and the Union 

Carbide Corporation for granting fellowships under which part of this 

work was completed, and the Western Data Processing Center, 

University of California at Los Angeles, for the use of their computing 

facility. 

The author is also grateful for the assistance given by Barbara 

Rickert in typing the manuscript and Beverly McAllister for the 

p re pa ration of the figures. 



ABSTRACT 

Pres ented is an analysi s of wave propagation in an infinite elastic 

p late or beam on an elastic foundation. The results are p resented in 

two parts: 

1. The frequency spectra {frequency as a function of wave number} 

for the problem based on existing approximate bending theories are 

compared with the spectra based on the exact equations of motion from 

linear elasticity theory. The existence of complex wave numbers is 

established in each case. A distinct similarity is found between the 

spectrum representing the more exact theory of bending (Timoshenko 

bending mechanism) and the exact Rayleigh-Lamb spectrum for 

symmetric waves in a free elastic plate. Good agreement between 

approximate theories and the exact equations is found for soft foundations 

under the usual restrictions of low frequency-long waves. 

2 . The transient response is considered for the exact theory and 

the more exact theory of bending. In both cases suddenly applied line 

loads are considered. In the latter case the related point loa d p r oblem 

is also studied. Two distinct integral transform methods of solution are 

presented and used in these problems. For one of these metho:is the 

contributions from the vario'.ls modes, including the complex arms, are 

identified with certain integrals that are components of the solution. 

Results from numerical computation of these integrals are presented and 

analyzed for the more exact theory of bending using two different foundation 

stiffnesses. 



TABLE OF CONTENTS 

ACKNOWLEDGEMENTS 

ABSTRACT 

NOTATION 

INTRODUC TION 

1. GOVERNING EQUATIONS AND STEADY WAVE PROPAGATION 
CHARACTERISTICS OF AN ELASTIC PLATE ON AN ELASTIC 

Page 

1 

FOUNDA TION 9 

A. Exact Theory 

Frequency SpectrutTl 

B. ApproxiTIlate Theories 

1. EleTIlentary Theory 

Frequency Spect ruTIl 

2. More Exact Theory of Bending 

Frequ '~ncy SpectruTIl 

II. TRANSIENT RESPONSE OF AN ELASTIC PLATE ON AN 
ELASTIC FOUNDATION 

A. A pproxi TIlate Theo ry 

1. StateTIlent of ProbleTIls and ForTIlal Solutions 

a. Line Load 

b. Point Load 

2. Evaluation of Formal Solutions 

a. Line Load 

b . Point Load 

3. Correspondence Between Line L03.d and Point Load 

9 

13 

31 

31 

32 

34 

39 

50 

50 

50 

50 

54 

57 

58 

64 

Solutions 68 



B. Exact Theory 

1. Statement of Problem and Formal Solution 

2. Evaluation of Formal Solution 

C. Discussion of Methods and Their Relation to Certain 
Wave Features 

1. Comparisons of Methods 1 and 2 

2. Extensions of Methois 1 and Approximations 

a. Wave Front Expansions 

b. Stationary Phase Approximations 

c. Alternate Path of Integration 

D. Discussion of Results from Numerical Computation 

Page 

70 

71 

74 

80 

80 

84 

84 

87 

88 

92 

CONCLUSIONS 139 

REFERENCES 141 

APPENDIX A - The Geometric B ehavior of Complex Frequency 
Spectra 145 

APPENDIX B - Branch Point Analysis and Contour Integration of 
Equation 51b 149 

APPENDIX C - A Criterion for Estimating the Range o f Validity 
of the Stationary Phase Approximation 15 7 



a 

A, A. 
1 

c 

c 
p 

c 
s 

e 

E 

h 

H 

I 

NOTATION 

constants 

b ,eam cross sectional area 

Bromwich integration paths 

limiting wave s peed, [k)i /;0 J 1/2 

dilatation speed, [( A + 2;; )/;OJ 1/2 

plate speed, [E0'(1-v
2

) J 1/2 

shear speed, [p /f J 1/2 

Rayleigh surface speed 

integ ration paths 

3 2 
pla te modulus, Eh /12(1-v ) 

constant,Jl2 (for a plate) 

modulus of elasticity 

point load (force) 

line load (force per unit length) 

frequency function defined on page 54 

di mensionle s s point load 

dimensionless line load 

cutoff frequency 

frequency function defined on page 73 

plate thickne s s 

function defined on page 73 

ITIoment of inertia of beaITI cross section 



1. 
J 

k' 

K,K 
e 

L. 
J 

N 

p 

p . 
J 

q 

Q 

Q. 
I 

r 

R 

s 

s . 
J 

S. 
J 

t 

T 
a 

T 
P 

u. 
1 

u 

v 

integrals representing transient response for wb and w s' 
respectively, defined on page 59 

integrals representing transient response for W of e x act 
theory, defined on page 77 

shear correction factor 

foundation constants for e x act and approx imate theories, 
respectively {force per unit deflection per unit area} 

integration path 

N N 
order of lowest nonzero derivative d .n. /d r at spectrum 
branch points 

Fourier transform variable 

1 · 1 f . th d po es In p-p ane or J mo e 

transverse shear load per unit area 

dimensionless shear load 

b d f . 1 .. th d· . o y orce per unIt vo ume In I Irectlon 

radial coordinate 

dimens ionless radial coordinate, er/h 

{maximum kinetic energy of rotation}/(maximum kinetic 
energy of translation} 

Laplace transform variable 

f 
.th 

pole s in s -plane or J mode 

branch points in s -plane 

time 

dimensionless time of occurrence, tc / x 
p 

dimensionless predominant period, 21rc /wh 
p 

d · 1 . . th d· . 
ISP acement In I Irectlon 

vector displacement with components u. 
I 

di s placement veloci ty 



w 

w 

x 

x. 
1 

x 

X 
a 

y 

y 

z 

z 

a 

a' 

13' 

r' 

transverse plate deflection 

transverse plate deflection due to bending and shear, 
respectively 

total transverse plate deflection, wb +W s 

total transverse plate deflection under point of loading 

di mensionle s s plate deflection, w /h 

dimensionless plate deflections due to bending, wb/h, and 
shear, w /'n, respectively 

s 

Cartesian coordinate 

Cartesian coordinate in ith direction 

real part of r 
dimensionless station of occurrence, x /tc 

p 

Cartesian coordinate 

imaginary part of r 

Car tesian coordinate 

inner root of p. 
J 

[r 2 _(1Tn/a)2] 1/2 

[p2+(s/a)2] 1/2 

[r 2 _( 1T.n.)2] 1/2 

[p2+S2] 1/2 

wave n°.lmber 

dimensio~"lless wave number, h)( 

dimensionless wave number, h '( /e 

ratio of speeds, c/c 
p 

Dirac delta function 

strain 



v 

Sl 

w 

.n... 

Re 

ItTl 

stTlall quantity, c « 1 

ditTlensionless Cartesian coordinate, z /h 

dutTltTly variables 

angular coordinate 

LatTle cons tant 

di tTlensionles s predotninant wave length 

La tTl~ cons tan t 

Pois son I s ratio 

ditTlensionless Cartesian coordinate, x /h 

ditTlensio:lless Cartesian coordinate, ex/h 

tTlass density 

. th f . . th d " " stress onJ ace Inl lrechon 

ditTlensionless titTle, tc /h 
s 

ditTlensionless titTle, et /h 
c 

ditTlensionless titTle, tc /h 
p 

scalar potential 

ditTlensionless scalar potential 

ve c tor potential cotTlponent 

vector potential 

di tTlensionle s s vector potential cotTlponent 

angular fre quency 

ditTlensionless frequency, wh/11"c (ex act theory) and wh/ ec 
s (approx itTlate theories) 

real part 

itTlaginary part 

gradient operator 



\7 2 
Laplacian operator 

Laplace transform 

Fourier transfor.m 

Hankel transform of order zero 

pertaining to real - complex arm intersection 



-1-

INTRODUCTION 

It is well known that in an unbounded. homogeneous, isotropic, 

linear elastic solid two basically different types of waves (dilatational 

and equivoluminal) can propagate independently, each with a different 

speed. Superposition of these waves in various ways determine the 

dynamic deformation of the elastic solid. 

The introduction of a traction free boundary requires the coupling 

of the two basic waves in order to satisfy the boundary conditions. For 

example, in the plane strain case of an elastic half space with a traction 

free boundary, an obliquely incident harmonic plane dilatational (or a 

vertically polarized shear) wave will, in general, give rise to two 

reflected waves : a vertically polarized shear wave and a dilatational 

wave . This pro cess is commonly referred to as mode conversion. The 

characteristic angles of reflection and amplitudes of the reflected waves 

are dependent only on the angle of incidence of the incident wave and the 

two basic wave speeds which are defined by the material properties . If 

a second stress free boundary parallel to the first is introduced, the same 

laws of reflection exist for an incident plane wave on this boundary. For 

instance, in the case of symmetric deformation with respect to the mid­

p l ane of the two boun::laries the two plane waves combine to form a single 

wave that propagates parallel to the boundaries. For this wave to satisfy 

the traction free boundaries of such a wave guide it is necessary that its 

phase velocity be dependent on its wavelength. This dependence is called 

dispersion and is described by the frequency equation. A mathematical 

treatment of this physical argument describing dispersion has been 
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accomplished by Harrisan (1) for the example cited above. The present 

work is concerned primarily with related transient problems . In par­

ticular, interest is focused on such problems involving a restraining 

elastic boundary. 

The effect of a restraining elastic boundary has been the subject of 

several recent investigations on the dynamic excitation of beams and 

plates. Of note are the works of Kenney (2) and Mathews (3) on the steady 

vibration of a beam on an elastic foundation based on the elementary 

bending theory (Bernoulli-Euler). Mathews and Kenney also studied the 

related problem of the traveling load. Crandall (4) treated sirrrilar 

problems later on the basis of the more exact theory of bending due to 

Timoshenko. Das Gupta (5) considered the influence of an elastic boundary 

on one face of an infinite plate using the equations of motion from linear 

elasticity theory. Das Gupta's interest was focused on the Rayleigh surface 

waves in a plate. He described this surface motion in terms of an equi­

valent system compo3ed of a rigid base with a thin plate resting on the 

foundation. Boley (6) in an investigation concerned with a dynamic Saint 

Venant's Principle, used as an example a mechanical system of two Timo­

shenko beams connected by springs . This problem relates to the present 

general interest. Mindlin (7) has made use of a restraining elastic 

boundary to study, in accord with the exact theory, the development of 

coupling between uncoupled dilatation and equivoluminal wave s. This 

development occurs in a plate under mixed boundary conditions on its 

face s (normal di s placement, shear stre s s zero) as thes e conditions are 

relaxed to the traction free case. In all of these studies concerned with 

the influence of the elastically restrained boundary no consideration has 
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been given the behavior of the various propagation modes under transient 

loading. Such cons ide ration is the main theme he re. 

The response of a mechanical system to transient loading requires 

the superposition of waves with different frequencies and wave lengths to 

match the loading function and the remaining boundary conditions. In the 

absence of dispersion the frequency and wave length superpositions may 

be carried out independently provided the spacial and time variations of 

the loading function are separable. This is due to the independence of the 

wave length and frequency. The resulting waves remain unchanged in 

shape as they propagate. However, in the case of dispersion the afore­

mentioned superpositions may not be carried out independently, because 

of the relations existing between the frequency, wave speed, and wave 

length. To illustrate this consider a transient normal point load on a 

free plate. At the point of application of this load the stress in the plate 

must have a Fourier spectrum to match the load's functional dependence 

on time. An infinite number of stress waves having different frequencies 

are involved and propagate away from their source. Each travels at a 

different speed depending on its particular frequency, and at a station 

remote from the source the stress will not have the same Fourier spectrum 

in time as the original stress at the point of loading. In terms of oper­

ational calculus the response is described by a double transform (in space 

and time). 

Efforts to solve transient problems in elasticity which involve dis­

persion have been impeded by the complex forms of the frequency equations 

for even the simplest boundary conditions. Closed form solutions are not 
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po s si ble with the mathematical tools available. Two di s tinct methods of 

approximation have been used in the literature: 

1. Approximation of formal exact solutions 

The double inverse transform which represents the formal solution 

of a transient problem can be approximated by restricting intere st to 

pa rticular regions of time and space . For the far field (large time and 

station) the integrals can be estimated by summing the normal mode 

solutions making use of methods such as stationary phase and saddle point 

integration. For the near field and short time information ray theory 

and wave front expansions are possible. 

For moderate values of the spacial and time variables these 

integrals have eluded approximation. 

2. Approximation of the governing equations 

Returning to the formulation of the governing equations, it is possible 

with certain restr i ctions to incorporate boundary conditions into the 

governing equations. For example, the deflection of a ve ry thin plate 

(thickness small compared to wave length) in steady-state, low frequency, 

transverse vibration will be negligibly influenced by the shear distortion 

and rotatory inertia of the plate elements. The ma.ximum energy in this 

system is exchanged between the potential energy due to the stretching and 

compression of the longitudinal plate fibers and the kinetic energy due to 

the transverse motion of a beam section. The boundary conditions on the 

plate faces are incorporated by making suitable approximations. In this 

case all stresses and strains a re assumed ze ro except those parallel to the 

mid-plane; and they are assumed proportional to the distance from the 
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mid-plane. Writing the equations of motion results in the classical 

Lagrange equation. This elementary theory has the dispersive nature of 

the linear elasticity theory for low frequency-long waves. More refined 

approximations are possible such as those found in the T imoshenko bending 

mechanism (8) which includes, in addition to elementary bending, the 

effects of shear force and rotatory ine rtia of the plate element on the 

transverse deflection. Generally, however, these higher order approxi­

mations are accompanied by an increased order in the governing differ­

ential equations. Provided the orde r of these equations is not too large, 

the transient loading problem can be solved exactly. The interpretation 

of these results must then be restricted in accordance with the limitations 

of the theory. This method of approximation was pioneered by Davies (9) 

when he solved the Love equation (10) for the elastic rod which includes 

the effects of radial inertia on the longitudinal displacement. In this case 

the frequency spectrum is dispersive and is in agreement with the linear 

elasticity theory for the rod only for low frequency-long waves. The 

transient response is therefore accurate only where these waves govern. 

The two methods of approach are supplementary but as yet have not 

been used cooperatively to bring out further understanding of the complex 

problem of dispersive transient wave propagation. The subject under study 

he re, of an infinite plate bounded on one side by an elastic foundation who se 

local deformation is proportional to the local interface stress, has 

afforded a good opportunity to do so. This particular boundary con-

dition generates an unusual frequency spectrum which includes complex 

and imaginary wave numbers for real frequencies. As will be shown in 
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the present work, it is possible using approximate theories to develop 

methods of handling the transient response in problems based on the exact 

theory of linear elasticity which have similar spectra. It will also be 

shown that by considering the approximate theories one i s able to quali-

tatively discuss the influence of the variou s parts of the spectrum on the 

transient response. 

The direct methods of solving transient loading problems for approxi-

mate beam and plate theories of the Timoshenko type (Timoshenko (8), 

Uflyand (11), and Mindlin (12) ) have been clearly demonstrated by 

Miklowitz (13,14) using only a Laplace transform i n time. Miklowitz (15) 

has established a systematic procedure for handling the multiple branch 

points existing in the Laplace transform plane that occur in this method 

of solution . Later Jones (1 6) used a method of handling these problems 

which made use of a Fourier transform in the spacial variable and did 

not re quire the cons ide ration of the existing branch points. 

The former method followed by Miklowitz, though requiring some 

branch point analysis, is shown here to have distinct advantages for in-

te rpreting the various modal contributions . 
~ 

" 
It i s also shown here that 

the integrals gene rated in this method are easily transformed to different 

integrals that retain this interpretation but lend themselves to rapid 

numerical computation for long time solutions. A direct application of 

this method can be adapted to the solution of the exact pro blem where the 

frequency spectrum is known. 

* An inversion path is used which is similar to that used by Miklowitz (15) 
in a related problem for compressional waves in a rod. 
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The relation of these two methods of solution is discussed in detail 

later in terms of the spectrum and associated wave dispersion . In 

pa rticular the behavior of the complex and imaginary wave numbers and 

their role in the transient response is considered in both methods. The 

discovery of such general wave numbers has only recently been made. 

The existence of large complex wave numbers for real frequency was first 

established by Adem (17) in 1954 in his study of the Pochhamrner frequency 

equation for axially symmetric waves in an elastic rod. Mindlin and 

Onoe (18) described in more general detail the nature of similar roots 

found in the Rayleigh-Lamb frequency equation and higher order approxi­

mate theories of the free elastic plate. The influence of these complex 

modes on the steady state vibration of a free elastic plate in symmetric 

excitation have been discussed by Gazi s and Mindlin (19) and related to 

the experimental results of Shaw (20). Both experimentally and theoreti­

cally a characteristic edge frequency wa s observed, which arises as a 

re sult of coupling between the real extensional mode and the mode s 

corresponding to two complex wave numbers at that frequency. In 

reference 19 a straight-crested extensional wave is considered to impinge 

normally on a free edge of a plate. The resulting amplitude of the 

reflected extensional wave and the "complex waves" necessary to satisfy 

the boundary condition are shown. At the edge frequency this incident 

wave gives rise to a max imum "complex wave" amplitude (approx imately 

eight times the incident wave amplitude for Poisson's ratio v = .31). The 

amplitude of the displacements from this mode decays exponentially from 

the edge in agreement with the complex wave number associated with this 
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frequency . The transient influence of these edge modes, however, has 

not been investigated. 

The higher order approximate theory developed for the lowest three 

modes of the sy.mmetric e x citation of a plate by Mindlin and Medick (21) 

do not lend themselves to easy transient analysis even though they do 

contain the desired complex wave numbers. The present work has an 

advantage in this respect, since the problem of an elastic plate on an 

elastic foundation gives rise to these complex wave numbers in a lower 

order theory. These general wave numbers are studied here in detail 

for the cases of steady and transient wave propagation. Due to the 

simplicity of the approx imate theory, however, there is no coupling 

between real and "complex waves". Therefore, a characteristic edge 

mode frequency does not exist for steady waves impinging on a free 

boundary . 
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I. GOVERNING EQUATIONS AND STEADY WAVE PROPAGATION 

CHARACTERISTICS OF AN ELASTIC PLATE ON AN ELASTIC 

FOUNDATION 

A. Exact Theory 

The equations of motion for the solid continuum can be written by 

considering equilibriutn of a volume element (figure 1) and making use of 

Newton's second law, with the result 

acs' . . 
-a 1J + Q1' = 

Xj 

2 
d u. 

1 

-dT (1) 

where 6' .. is the stress tensor, Q. the body forces per unit volume, u. 
1J 1 1 

the displacements at a point defined by the Cartesian coordinates xi' ;"J 

the material mass density, and t the time . For a displacement component, 

say u = ul' 

d u au a au 
2 () ( ) d;Z =:!.. • 'V at + at at (2 ) 

where:!.. is the position velocity vector and 'V the gradient operator. 

Imposing small strain rates and position velocity (first term on the right 

hand side of equation 2 small compared to second term) and neglecting the 

body forces reduces equation 1 to 

(3 ) 

Now assuming an isotropic, homogeneous, linear elastic solid, 

Hooke 's law given by 

($' . . = A6 ~ .. + 2/.1f .. 
1J 1J / 1J 

(4) 
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Figure 1. Volume eleme nt of solid continuum. 
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Here if .. are the strains 
1J 

€. = ___ 1 + __ J 1 (au. au.) 
ij 2 aX

j 
aX

i 

and £::, the dilatation 

The quantity 6 .. is the Kronecker delta, and ).. and u are the Lame 
1J .r 

constants 

vE 
).. = (l+v) (l-2v) • 

E 
I" = 2(1+v) 

in which E is the Illodulus of elasticity, and v is Poisson's ratio. 

Substituting equation 4 into equation 3 yields, after SOIlle algebra, the 

displaceIllent equations of IllOtiO_"l 

where V 2 
is the Laplacian a2 /ax.ax .• Equation 5a can be written in 

J J 

vector forIll 

(5a) 

where U is the vector displaceIllent with components u.. By introducing 
1 

the relation 

equation 5b is sOIlletiIlles written as 

(5c) 



-12-

, 
Using Latne's general solution to equation Sb (or equation Sc), 

(6) 

gives the wave equations 

(7a) 

\]21¥ = _1_ _ 2 (7b) 
c 

s 

where If is a scalar potential and 1/1 a vector potential, both being 

functions of position and ti tne. Th ,~ quantitie s cd and c s are the infinite 

tnediutn, dilatation and equi volutninal wave veloci tie s, re spe cti vely, given 

by 
= A + 2)-1 

P 

Equations 7a and 7b, together with the appropriate boundary and 

initial conditions, can be used to derive a unique solution to a probletn 

involving a bounded, isotropic, elastic solid. Probletns of this nature 

are of inte r e st here. In particul ar, for the plate and beatn, equations 

7a and 7b for plane strain becotne 

2 1 
'V ! = ~ aTr (8a) 

(8b) 

where 
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The Cartesian coordinate s for the plate are shown in figure Z. The 

related displacements and stresses are given by 

a ~ a 1[1 
= -- +--

a ~ as 

.-/ _ 6'zz 
us~-7 

6xz 
aZp aZl} 

- - Z ----~'<; )A a ~ as a5 z 

where 

1 c.P 
- h Z 

tc 
7=-1;-. 

Z 
2 cd 

a = --Z 
c 

s 

, 

_ 2{1-v) 
- ll-Zv} 

and h is the plate thickness. 

Frequency Spectrum 

-if = ~ 
h

2 

aZ ij 
+ 

a5 z 

(9a) 

(9b) 

(lOa) 

(lOb) 

The frequency equation for an infinite plate re sting on a foundation 

has been derived by Das Gupta (5) using the equations from linear 

elasticity theory. The boundary conditions for this problem require that 

one face of the plate be traction free and the other face be free of shear 
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Fig ure 2 . Cartesian coordinates for a p late . 

~ = z / h 

~ = x/h 
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stress but subject to a nortnal stress proportional to the displacetnent of 

that face: 

~s= ° at >= 0,1 

~~= ° at 5= 1 (11) 

-K W 
0"' e 

at '5= 0 S'S = 
~h 

where K is the spring foundation constant with ditnensions of force per 
e 

unit area per unit deflection. As sutning solutions of equations 8a and 8b 

in the fortn of straight-crested (plane strain) traveling wave trains, 

propagating in the positive 5 direction, the potential functions are of the 

fo rtn 

where 

~ = [AI cosh u"S + A2 sinh u '5 ] e
i
( r:5 

if' = [A3 coshf35 + A4 sinh f3 S] ei(rS 

-IT.a. 7) 

-IT.n./) 

13 2 = r 2 _(IT.!l.)2 

r = '(h = X + iY, Jl = w/w , s 

(12a) 

(12b) 

and '{ is the wave nutnber and w the angular frequency. Substitution into 

the boundary conditions 11, tnaking use of equations 12a, 12b and 9a, results 

in a set of four equations in the four unknowns AI' A
2

, A3 and A
4

• A non­

trivial solution results by setting the detertninant of the coefficients equal 

to zero. The re sulting characte ristic equation give s an itnplicit functional 

relationship between the wave nutnber and the frequency, which describes 

the dispersive nature of the systetn. A convenient fortn of this equation 

is given by 



-16-

_ (l+c·osh a.)(l+cosh (3) 
- cosh a. cosh r-- f, Z a. f3]f, Z f3 a.J L(ll tanh 2" - (lZ tanh 2" L(ll tanh 2" - (lZ tanh 2" 

(13 ) 
where 

r z Z 
(ll = Z - ( 1T n) , (lZ = 4a.f3 r Z 

The most interesting feature of this equation is the symmetry it 

e x hibits of the displacements about the base of the foundation. Consider, 

for example, a sandwich of two flat plates separated by an elastic layer, 

figure 3. All displacements can be assumed symmetric about the center 

plane. For an infinite spring constant equation 13 reduces to the Rayleigh-

Lamb frequency equation for symmetric straight-crested waves in a free 

plate of thickne s s Zh. At the other extreme for K = 0 equation 13 reduces 
e 

to the Rayleigh-Lamb frequency equation for both symmetric and anti-

symmetric waves for a free plate of thickness h. The behavior of the 

frequency equation for intermediate ranges of K must e x hibit this 
e 

transition of modes. 

It is interesting to note that for very high frequencies, the term 

containing the K becomes negligible compared with the remaining term. 
e 

This means that for any finite foundation stiffness the spectrum represent-

ing equation 13 must approach the spectrum of a free plate in the limit for 

very high frequencies. This characteristic can be observed for small 

foundation stiffnesses at fairly low frequencies. 

The frequency spectrum of equation 13 for steady state analysis is 

described physically only for Il. real. Imposing this condition the cutoff 
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Figure 3. Sand .vich of two p l ates in s ymmetric 
wave excitation. 
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frequencies, which are characteristic of infinitely long waves, can be 

found by setting r = ° and are given by 

1).. = n, 
n 

n=1,2,3, . . . (l4a) 

and the roots of 

1TD 
m 

a 
t 

_1T_.!l_.:::m.:.. 
an 

a 

K h 
e 

=-2-
af' 

m=O, 1, 2, ••• (l4b) 

The frequencies given by equation l4a are independent of the founda-
~ 

tion stiffness and indicate a thickness-shear motion
T 

at the cutoff which is 

independent of an applied normal force. Only the cutoff frequencies from 

equation l4b depend on the foundation stiffness. These cutoff frequencies 

vary from 11. = am to Il= a(m + j) as the foundation stiffness increases 

from ze ro to infinity. No cutoff frequencie s depending on the foundation 

stiffness are found in the range a(m + j) <n..< a(m+l) since this would 

require a negative spring constant which is not permissible physically. 

These cutoff frequencies which depend on the foundation hardness 

are the limiting long wave, symmetric thickness- stretch mode frequencies 

for the system indicated in figure 3 . For very small foundation hardness 

these cutoff frequencies are given by 

or 

and (15 ) 

* 

.n.. = 
In 

m=l, 2, 3, ••• 

The classification of the va rious plate motions at the cutoff frequencies 
have been presented by Mindlin ( 7). Thickness-shear denotes elemental 
motio::ts that give rise to transverse shear and are p a rallel to the mid­
plane. Thickness -s tretch describes motions normal to the mid-plane. 
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The first of equation 15 corresponds to the one degree of freedom spring-

mass oscillator where the enti re plate v~brates as a rigid mass. The 

second of equation 15 shows a small perturbation due to the spring foun ­

dation which slightly increases the mth symmetric thickness-stretch 

mode cutoff frequency for a plate of thickness h. As the foundation stiff­

ness increases to infinity this cutoff frequency becomes the (mtl)th 

symmetric thickness-stretch mode frequency for a plate of thickness 2h. 

The frequency spectrum transition is sketched in figures 4 through 

* 7 showing real and imaginary arms for four foundation stiffnesses and 

** Poisson's ratio v = .31. (-Real arms which have negative slope are 

actually associated with negative wave numbers and are shown with positive 

wave numbe rs for convenience.) Figure 4 shows the symmetric wave 

branches (solid lines) and anti symmetric wave branches (dotted lines) of the 

Rayleigh-Lamb frequency equation for a free plate of thickness h. Figure 

7 shows the symmetric wave branches of the Rayleigh-Lamb frequency 

equation for a free plate of thickness 2h. The dotted portions of the curves 

in figure 7 indicate their antisymmetric wave origin. The transition 

mechanism is indicated in figures 5 and 6. 

Note the exchange of arms of the different branches in figure 5. This 

phenomenon has been observed for the symmetric Rayleigh-Lamb 

* 

** 

The terminology used to identify the parts of the spectrum follows that 
given by Mindlin and Onoe (18) : a group of intersecting curves of wave 
number against real frequency is called a branch, and the real, imagin­
ary, and complex portions of such a branch are its arms. Each real 
arm is associated with a particular mode of wave transmission. 

This value of Poisson's ratio has been used in order to facilitate com­
pa rison to the complete spectrum for a free plate sketched in reference 
18. Figures 4 and 7 are reproduced from that reference . 
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spectrum by Mindlin and Onoe (18) for varying Poisson's ratio, where 

the effect of increasing Poisson's ratio is similar to that found for in-

creasing spring stiffness. This is in agreement with the qualitative nature 

of Poisson's ratio. Further comparison between the influence of a 

foundation and Poisson's ratio is r eflected by the cutoff frequency de-

pendence on Poisson's ratio. For e xample, consider a foundation stiff-

ness K = 00. The cutoff frequencies given by equations 14a and 14b are 
e 

then the cutoff frequencies for the symmetric spectrum for a plate of 

thickness 2h. Equation 14a remains unchanged and the associated 

frequency is independent of Poisson's ratio as it was for the case of a 

spring foundation . Equation 14b becomes 

-m.=1,2, ••• 

and shows the frequency dependence on a and consequently on Poisson's 

ratio. Differentiation shows that 

dO 
m > 0 dv 

This shows that the cutoff frequency.lL increases with increasing 
m 

Poisson's ratio; a dependence on foundation stiffness already established. 

The lowest three branches of the spectrum for equation 13 were 

calculated using an IBM 709 computer and are shown in detail in 

figures 8 through 12 for five foundation hardnesses and Poisson's ratio 

* v = .35 . The spectrum is composed of real, imaginary, and complex 

arms. The real arm emanating from the lowest cutoff frequency 

and its associated complex arm have been shown reflected in the 

plane X = 0 and superimposed on a s econd complex arITl. For 

* This Poisson's ratio permits the study of a typical interchanging of two 
real arms of the same branch without resorting to the investigation of 
higher modes . The exchange is anticipated for v > 1/3, since at v = 1/3, 
the critical Poisson's ratio, the first two cutoff f requencies of the 
sYITlITletric Rayleigh-Lamb spectrum are equal. 
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simplification in comparing these spectra with the approximate theories, 

to be discussed later, only the lowest cutoff frequency .n. = g is listed in 

each figure . The foundation stiffness cor r esponding to a given cutoff 

frequency is found from equation 14b. Figure 8, which is for g = 0 

(K = O), shows the lowest symmetric and the fi rst two antisymmetric 
e 

modes of a free plate of thickness h. Figure 12 is for an infinite foundation 

hardness and reflects the lowest three symmetric modes of a plate of 

thickness 2h . Figures 9, 10 and 11 show in detail how the transition pre-

viously mentioned takes place. For very small foundation stiffness the 

lowest mode which has its origin at n = r = 0 behaves like a symmetric 

dilatation mode until a frequency slightly less than the cutoff frequency 

11. = g . At thi s point it bends sharply and now associates itself with what 

used to be a purely anti symmetric mode (but now a symmetric mode with 

respect to the base of the foundation). The real a r m emanating from the 

lowest cutoff frequency now has a minimum an::l an associated compl ex 

arm. For increasing wave number the real arm then bends to associate 

itself with what used to be a purely symmetric mode. 

The characteristics of the arms are discussed with generality in 

Ap pe ndix A for frequency equations like 13. The only information required 

to describe the arm intersections is the order N of the first nonzero 

derivative at these intersections. Expansion in the neighborhood of the 

lowest cutoff frequencies shows that N = 2 e x cept for the third branch when 

2 
g = 1. In this special case the first derivative is nonzero and no 

itTlaginary arm e x ists. The value of N at the intersection of the complex 
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ar .m with the second real arm can be deduced to be N = 2 from the 

corresponding intersection in the symmetric spectrum for a free plate 

(see reference 18 and figures 8 to 12). Further details may be found in 

Appendix A. 

B. Approximate Theories 

1. Elementary Theory 

The deflection equation of motion from the classical theory for the 

bending of a thin plate (Lagrange's equation) is given by 

2 
DV 2 

'i]
2

w + h ~ 
;0 at2 = q (1 6 ) 

where w is the mid;llane deflection of the plate, D is the plate modulus 

given by Eh3
/12(1_v

2
), and q is the transverse loading per unit area. The 

first term of equation 16 accounts for the shear force due to bending and 

the second term is due to the transverse inertia of a plate element. 

For a plate resting on a foundation of stiffness K, q is given by 

q = -Kw 

Substituting equation 17 into equation 16, and writing the result in 

dimensionless form,gives 

where 

W = w/h, 
ect 

/1= ""h 

2 2 2 
g = hK/(e jOc ), 

2 
e = 12 

(17) 

(18) 

T 2 2 0 d dO 0 1 0 0 bl 10 k ~, ex he V V' operator IS rna e ImenSlon ess uSIng varla es 1 e .) = 11 

The quantity c is an arbitrary velocity at this point , but is introduced to 
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facilitate cotnparison of frequenc y spectra . 

Equation 18 is the satne for a Bernoulli-Euler beatn (classical 

2 2 
theory) on an elastic foundation if the 'il \7 operator is replaced by 

8
4

/85'4 and the following paratneters are redefined: 

h~ 
K=-X-' 

b 

A h
2 

2 b 
e = -"1-- ( 19) 

where Kb is the spring constant of the beatn foundation with ditnensions 

force per unit length per unit deflection, Ab the beatn cross section, I the 

tnotnent of inertia of this section about the neutral axis of bending, and 

hie the radius of gyration of the beatn cross section. 

Frequency Spectrutn 

In the usual tnanner the frequency spectrutn for equation 18 is found 

by assutning a solution in the fortn of a straight-crested traveling wave 

train 
I I I 

W = A ei(rg -il'l) (20) 

where r ' , the ditnensionless wave nutnber, and n , the ditnensionless 

frequency, are given by 

11. = hw 
ec ' 

and A is a constant. 

I '6h 1 . r = - = - (X + 1 Y) 
e e 

(21) 

Substituting equation 20 into equation 18 gives the frequency equation 

(22) 

Since interest is confined to only real value s of n, the four roots of 

equation 22 tnay be real or itnaginary for n 2> g2 and are cotnplex for 



-33-

n 2 < g2. Only two distinct roots exist since the remaining two are the 

negative of the first two. The two roots considered will be those which 

are positive real and positive imaginary for .Il 2 > g2, corresponding to 

waves traveling in the positive S I-direction and standing waves decaying 

exponentially in the positive 5 ' -direction, respectively. These branches 

may be traced without ambiguity to frequencies below g by examining 

equation 22 in the neighborhood of its branch point, ..0.. = g. Here, d
4n / 

d r '4 is the first nonzero d erivative, i. e., N = 4. Reference to Appendix 

A shows that the complex arm associated with the real arm falls in the 

first r ' -quadrant and makes an angle of rr/4 with the r ' -axe s. The 

complex arm related to the imaginary arm is in the second 
I r -quadrant, 

and when reflected in the plane X = 0 falls on the other complex arm. 

The frequency spectra for equation 22 may be compared with those from 

the exact theory by noting, for a plate of thickness h, the dimensionless 

frequencies are equivalent and r 2 = 12 r,2 if c
2 = ~~ C

s 
2 

Using this 

equivalence equation 22 is plotted in figures 8 through 12 for v = .35 as 

indicated. The cutoff frequencies are the same as those given by equation 

l4b provided the foundation stiffness in the classical theory has been 

adjusted by using the relation 

~ 
K a 

K- =---
e tan~ 

(23 ) 

a 

It is well known that the classical theory is a good approximation only for 

low frequencies and long waves . Therefore, comparison of the elementary 

theory with the exact spectrum must necessarily be confined to this region. 

The introduction of a finite cutoff frequency and a complex arm, with the 



-34-

addition of an elastic foundation, is the important feature here. This 

cutoff frequency is again due to the uniform oscillation of the plate on the 

foundation and is given by 

1/2 

w = [¥j (24) 

If small f r equency, wave number, and foundation hardness are 

imposed on equation 13, the lowest mode of equation 13 which possesses a 

cutoff frequency approaches equation 22 fo r a plate. This limit is indicated 

in figure 9. Furthermore, the correction factor for the foundation hardness, 

equation 23, approaches one. For cutoff frequencies higher than a/Z the 

classical theory has no exact theory counterpart, because K would have 
e 

to be negative according to equation l4b. 

Z. More Exact Theory of Bending 

A more accurate deflection equation of m9tion than equation 16 was 

contributed by Uflyand (11), whose plate theory is the analog of the Timo-

shenko beam theory, and which includes in a similar manner the effects of 

shear force and rotatory inertia of the plate element on the deflection. A 

more complete analysis of this theory, including a statement of admissible 

end conditions, was pr e sented later by Mindlin (lZ). The governing 

equations for the case of zero in-plane rotation, as given in a recent paper 

by Miklowitz (ZZ) are 

= 0 (Z5a) 

(Z5b) 
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where wb and Ws are the coupled deflections (wT = Ws +w
b

) r esulting frOln 

bending and shear, respectively, figure 13. The quantity k' is a shear 

correction fac tor. \1 2 
is the two-dimensional operator for cylindrical 

symmetry,..!. -00 (r 00 ) or the one-dimensional operator 02 /ox 2
• 

r r r 

Equation 25a is the equation of rotational equilibrium for the plate 

element where the first term is the moment due to bending, the second 

term is the moment due to the transver se shear, and the last term is 

th e moment due to the rotatory inertia. Equation 25b is the equation of 

transverse equilibrium where the first term is tIE force due to transverse 

shear on a plate element, and the last t e rm is the force due to the 

transverse inertia. The plate shear force (per unit length) and moments 

(per unit length) are given by 

and 

h 

S = r () dz 

h 
-2 

M = r 

M -Q -

h 

r h 
-2 

h 

r 
h 

-2 

rz 

d zdz 
r 

for cylindrical symmetry 
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(0 ) ben d ing def l ec t i on 

(b) shear def l e c t l on 

--

'i..---. "I j' 
(c) to tal def l ect i on 

F igur e 13. Coup led deflections resulting f rom bending a nd s hea r for the 
mo r e exact theo ry of bending . 



-37-

for plane strain 

where z is the plate thickness coordinate. The shear force- and 

moment-displacement relations are given by 

and 

8w 
S -_ k If' h s - -ar-

M = -D I.!. 8wb 
r lr 8 r 

aw 
S=_k'Llh __ s_ 

r ax 

M = -D 
x 

for cylindrical symmet ry 

for plane strain 

The primary limiting assumptions made in the derivation of equations 

25a and 25b are: 

1. Straight line elements normal to the mid-plane of the unstressed 

plate remain straight when the plate is deflected. 
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2 . Variations of the transverse shear and inertia over the cross 

section are neglected. 

This aSSUITles that only the lowest antisymITletric thickness-shear ITlode 

of the p late ITlotion is considered . In this assuITlption shear distortion 

over the plate thickness is taken into account only through an average. 

This results in a theory applicable to cases involving only ITloderately 

high freq·.lencies and moderately short waves. 

Again the transverse loadi ng is assumed to be of the forITl 

q = -K{w + w ) 
s b 

where K is defined the saITle as in equation 17. The diITlensionless forITls 

of equations 25a and 25b are 

(26a) 

(26b) 

where 
W = w /h. Wb = wb/ h 

s s 

2 J2 
2 

k' 
kl fo' c (1- v) c = = -2 = 2 

c 
p 

The reITlaining terms are the same as defined for equation 18. Also if the 

\7 2 ope rator is replaced by 82 /85' 2 and the constants are defined by 

equation 19, equations 26a and 26b describe the ITlotion of a TiITloshenko 

beaITl on an elastic foundation. 

The beaITl shear force and ITlOITlent are given by 

S = fj()xzdAb 

Ab 
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M= 

and the shear force- and moment-displacement relations are 

ow 
S -= -k').J. A __ s 

/ b ox 

M= 

Frequency Spectrum 

Assuming a solution in the form of straight-crested waves, 

(Z 7a) 

" , 
W = A i(rs-ill1 

b Ze (Z 7b) 

and substituting into equations Z6a and Z6b results in two algebraic equations 

in Al and A Z. The nontrivial solution (AI if. 0 if. A Z) give s the frequency 

equation 

Z Z 'Z .n. -g - r 

~Z n Z _ rlZ 

1'"\ Z Z 
.J..L. -g 

= 0 (Z8) 

This can be regarded as a biquadratic in r" as a function of ..0.. 

h'(g' -d H1-dJ 1/' j 0 1.' 
(Z9) 

Again the dimensionless frequency and wave number are defined by 
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equation 21. 

In general there must be four roots of equation 29, but as in the 

case of equation 22 only two distinct roots exist corresponding to j=l and 

j=2. The rO:Jts r '
l and r'2 can be eithe r real, imaginary, or complex 

depending on the pa rticular parameters J; 2 and g2 and on the value of ..0... • 

The frequencies at which real and imaginary arms of the r->'. I become 
J 

complex correspond to the zeros of the radical in equation 29 and are 

given by 

fl.* = --- (g -2 --) _(_l)J -- l-g (1- b ) 2 1 [2 2 . 2~2 V 2 2 ,] 

J (1_~2) 1_~2 1_~2 
(30) 

Since only real positive frequencies are being considered there may be 

zero, one, or two su:h transitions . Figure 14 shows this dependence as a 

(' 2 2 
function of c> and g . Regions I and II have no transitions, region III 

has one ...Q~, and region IV has two different n ~fS. General interest will 
~ ~ 

be confined to III and to values of g2.( 1 + f> 2 where the one transition 

I 
occurs on a real r arm. This choice is dictated by the limits of Poisson's 

ratio of engineering interest, and the greater accuracy of the approximate 

theory for a softer foundation. 

The branches of equation 29 which will be studied are chosen to be 

those, which for large ...n.., have positive wave n·.lmbers. These modes can 

be traced for decreasing n by studying equation 29 in the neighborho:Jd of 

the branch points as in Appendix A. It is found that the lower branch (j=l) 

has a complex arITl that extends into the first r'-quadrant. The appe r 

branch has two zeros on the 11 -axi s at n = 1 and n = g. A positive 

imaginary arm connects these two cutoff frequencies. The arm emanating 

from the lower of these cutoff frequencies extends into the negative 

, 
r' -plane. This branch has a complex arm which is the reflection in the 
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plane X= 0 of the complex arm from the lower branch. 

Figures 8 through 12 show this spectrum as indicated, again with 

arms having negative wave numbers b.eing shown reflected in the plane 

X= O. The cutoff frequency which is independent of the foundation stiffnes s 
2 

has been made to correspond to the other two theories by setting k 1 = ~2 • 

The other cutoff frequency has been adjusted by correcting the spring 

constant of the foundation in accordance with equation 23. In figure 12 the 

complex arm intersection in the imaginary r'-plane results from the 

values of g2 and ~ 2 
that fall in the region IV of figure 14. 

Again the cutoff frequency due to the foundation hardness is related 

to the uniform oscillation of the plate and is given by equation 24. For very 

small foundation hardness the lowest mode of equation 29 approaches 

equation 22 for small wave numbers. As in the case of Lagrange 1 s equation 

no additional cutoff frequencies are found which depend on the foundation 

stiffness since no symmetric thickness-stretch motion was assumed in the 

derivation of equations 16 and 25a and 25b. The existence of a second 

cutoff frequency is due to the inclusion of the transverse shear effect on the 

deflection in the more exact theory. The elemental motion which results 

from transverse shear is the same as that due to the lowest symmetric 

thicknes s - shear mode for the configuration of figure 3. It is not surprising, 

therefore, to find this frequency to be independent of the foundation hard-

ness. 

Though the highest mode of this theory always associates itself with 

the third mode cjf equation 13, the lower mode splits its affiliation between 

the two remaining exact mode s. This is expected since nowhere in the 
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approximate theo ry is symmetrlc thicknes s - stretch motion conside red. 

Consequently this arm is closest to the exact mode which has the most 

bending character. The influence of bending is quite large for small 

foundation hardness and consequently the approximate bending mode agrees 

well with the two exact modes where they have bending behavior. It is 

interesting to note that for very stiff foundations the lowest symmetric 

mode of the exact theory s till tends to approach the bending mode of the 

more exact theory for a plate on a foundation. For very short waves the 

severe bending of the outer fibers of an exact beam may account for this 

behavior. 

Note that whereas the complex modes of the spectrum from equation 

29 have a real mode with which to couple for frequencies below .n~, no 
~ 

such mode exists for either approximate theory. Therefore, when a wave 

in this frequency range reaches an edge, mode conversion is unnecessary 

to satisfy boundary conditions in the approximate case. It will be possible 

using these simpler equations to study the influence of these complex 

modes under transient loading. 

It is not surprising to find that the biquadratic form of equation 29 

describes a spectrum which has these characteristics. This behavior has 

been shown to be very much like the second and third symmetric modes of 

the Rayleigh-Lamb frequency equation. These lowest three symmetric 

modes are approximated by a bicubic equation very closely up to wave 

numbers slightly greater than r' ~ by Mindlin and Medick (21). In this 
~ 

range the lowest mode is almost linear and in principle can be factored 

out of the bicubic to leave a biquadratic to describe the upper two modes. 



-44-

This siITlilari ty suggests that the influence of Pois son's ratio on the 

variable cutoff frequency is equivalent to the effect on this frequency of a 

spring coupling between the inner fibers of a plate with the outer fibers 

as suggested previously. Since an infini te K give s the se sYITlITletric 
e 

modes for a plate thickness 2h an equivalent spring constant, K , which 
P 

will correlate the cutoff frequencies of the two spectra is given through 

(see equation 14) 
a

2 
(I -v) 

= 4 = 2(1-2v} 

where g is related to K and h by 
p p p 

= 
h K 

p p 
2 2 

e;oc 

The quantity K is the equivalent spring constant, and h is the equivalent 
p p 

thickness of the 'outer plate (or fibers) figure l5a. This cOITlparison has 

been ITlade by Boley (6) using a siITlilar ITlodel. 

The value of h ITlay be chosen to ITlake the approxiITlate spectruITl 
p 

ITlatch ITlore closely that of the exact plate which is being ITlodeled . For 

exaITlple, if the slopes of the anns for the two theories are ITlade the saITle 

at r = 0 for the critical Poisson's ratio, v = j , then 

l6c 2 
2 s 

c = --';-2-
16 

or k' = 2 = 1. 62, 
7T 7T 

since dw/wd't' = h /2e .•••• for the approx iITlate theory (froITl equation 29) 
p 

2 
and dw/ wd Y = 2h/7T ••••. for the e x act theory (18). The resulting spectruITl 

is sho wn in figure 16. 

The siITlilarity of the frequency spectruITl described by the sYITlITletri.c 
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Figure 16 . Frequenc y s pectrum for s y mmetric e xcitati on of a flat plate 
at t he critical Pois son's r atio . 
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Pochhamer frequency equation to the symmetric Rayleigh-Lamb 

spectrum suggests a simple model to describe the behavior of a circular 

rod in symmetric e x citation. Consider a thi n cylindrical shell connected 

to a rigid center rod by an elastic sublayer. Taking into account the built 

in spring character of the thin shell, this system can be further modeled, 

approx imately, by a plate on an elastic foundation, figure 15b. In order to 

establish the equivalent plate parameters and spring constants, reference 

is again made to the frequency spectra of the two systems. The symmet-

ric Pochhammer frequency equation is given by (23) 

2 2 JO«(3c) 
+ 4r a (3 

c c c J 1 ((3 c ) = 

where 

(Vlan~) 2 2 2 2 2 r 2 
a = r c ' (3 =(vD)-

c c 1 c c 

n = w/w w = vIc / r , r = 'i,r 
c s s s 0 c 0 

c c 

and ro is the rod radius, and vI = 3.8317 is the first zero of JO(v 1) = O. 

The two cutoff frequencies for the second branch are (23) 

where v
2 

is the first root of 

J1.. = 1 . c 

For a plate made of the same material as the rod being modeled, the 

adjustment of the cutoff frequencies gives 
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2 
h 

2 2 
h 

2 
2 vI 

-p- k' 
vI 

-~ c = 12 2 or -12 
r r 

0 0 

The critical Poisson's ratio, v = .2833, is found by setting 

Again matching the slopes at this Poisson's ratio gives 

16a
2 

k' = --2- = 1. 35, = 1.05 
v3 

I dw 2aro 
where - - =-­

w d'( vI v3 

2 2 2 2 
for the exact theor y (23) and v3 = a vI -4a + 4. 

A comparison of these frequency spectra i s shown in figure 17. 
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--E xoc t theory 

1/: . 2833 

g2: 1.0 

3.0 X 

- - - More exact bend ing theor y 
mode l 

-rr-,. Pro j ectl on 

Figure 17 , Frequency s pect rum for axially s ymmet r i c e x citation of a 
circular rod at the c ritical Poisson's ratio . 
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II. TRANSIENT RESPONSE OF AN ELASTIC PLATE ON AN ELASTIC 

FOUNDATION 

A. Approximate Theory (more exact bending theory) 

In this section two types of transient problems are considered for 

which equations 25a and 25b are applicable. In the first use is made of 

the plane strain form of these equations in treating the problem of a plate 

re sting on an elastic foundation subjected to a line loading, figure l8a. In 

the second the related problem of point load excitation is treated using the 

cylindrically symmetric forms of equations 25a and 25b, figure l8b. In 

each case the loading is a step function in time. The linearity of the 

governing equations permits other forcing functions to be considered 

through the Duhamel integral. 

1. Statement of Problems and Formal Solutions 

a. Line Load 

For this case the dimensionless transverse loading is given by 

(3 l) 

where 

(32) 

Ft (,') being the step function 

o '1" < 0 

cS"D(S') is the Dirac delta function defined by 
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f ~ 

./ 

(0) l ine l oad 

(b) po int l oad 

Figure 18 . Tran sien t loadings con sidered . 
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00 

f JDtg')d€'=l 

-00 

5' i- 0 

The dimensionless line loading magnitude is given by 

where fj. is the line loading with dimensions of force per unit length. 

* The remaining constants have been defined p r eviously. The plate is 

assumed to be initially at rest and undisturbed at infinity for all time : 

aw aW
b W s 

0 '/' 0 = Wb = a '/' = a'Y-' = at = s 

aw aW
b lim tws'Wb , 

s etc. ) 0 --as' ' ag' , = 
S' -- ±oo 

(-33 ) 

(34) 

Substitution of equation 31 into equation 2.5b and rewriting equatio n 2.6a 

gives two coupled, n o nhomogeneous lin,ear differential equations, which 

in dimensionless form, are 

-- 0 (35a) 

(35b) 

* The line load solution is directly applicable to the solution for a beam sub -
jected to a point load if the constants are redefined in accordance with 
equation 19 and 

Q = hq 

Abe~c2. 
where fb has dimensions of force. 
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Taking the Laplace transforITl of equations 35a and 35b using the initial 

conditions, equation 33, give s 

(36a) 

d
2W s 2 2 - -

-----,;2 - (s + g )(W + Wb ) = -00 (5"' s) 
dlS" s !-

(36b) 

where the bar over the variable denotes the Laplace transforITl, i. e •• 

00 

J e-sT" Wb{ r:-, "Y1)d '" I Wb(S",s)= :::. I I 

o 

Taking now the Fourier transforITl of equations 36a and 36b subject to the 

boundary conditionsl equation 34, gives 

2:::­
-p W 

s 

where the tilde over a variable denote s the Fourie r transforITl, i. e. , 

00 J e
ip S I W

b
( '§", s)d 5 I 

-00 

(3 7~) 

(37b) 

Solution of the two algebraic equations 37a and 37b for the double trans-

forITled variables gives 

IV 

Vi = 
b 

rv 

01. (p, s) 

2 2 
F{s , P ) 

(38a) 

(38b) 
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where 

2 2 4 2 [ 2 1 2] 2 F{s • P ) = s + s P (l + p) + 1 + g + g (39) 

This characteristic equation is the same as frequency equation 28 pro-

vided s = -i Il and p = r'. The inversions (formal solutions) of 

equations 38a and 38b are 

1 
Wb ( 5', ,),,') - -4 2. 

7T 1 J s/' 
e ds 

Br
l 

00 

J 
-00 

Q {p,s)dp is 'p 
e --"2-"'-2-

F{s , P ) 

00 2 2 2~ 
1 J S/' J i~'p {s +p IJ )Q (p, s)dp 

Ws {S"Y')-4-z.- e ds e 2 Z 
7T 1 Br -00 F(s .p ) 

1 

(40a) 

(40b) 

where Br
l 

is the well-known Bromwich contO'..lr taken to the right of all 

singulari tie s of W band W s in the s - plane. 

Transformation of the particular loading condition 32 gives 

~ F.l..O 
~ (p, s) = -s-

b. Point Load 

where 

In this case the transverse loading is assumed to be of the form 

= Q (R,,),,') -lew +Wb ) 
p s 

$n{R) 
Q (R, ')"') = F t ,["') ---,.,=----

p p R 

F (,') being the step function 
p 

(41 ) 

(42) 
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p 
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o I}" < 0 

F pO 'I' > 0 

Here the Dirac delta function is given by 

RiO 

and R = er/h is the ditnensionless radial coordinate in the plane of the 

p late. The dimensionless point load is 

f 

F =--n 
pO 1TfC2h 

where f has ditnensions of force. 
p 

The initial and boundary conditions are 

= 
'Ow 

s 
= 0 

I 
at 1= 0 

Substituting equation 41 into the cylindrically syrntnetric fortns of 

equations 25a and 25b results in two equations analogous to equations 

36a and 36b 

~ 'O~ (R 'O'O~:) + &2Ws -

2 
2 a Wb 

~ -- = 0 
'07'2 

- Q (R, I') 
p 

(43 ) 

(44) 

(45a) 

(45b) 
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Again taking the Laplace transform and using equation 43 gives 

1 d 
R dR 

(46a) 

1 d 
R dR 

(46b) 

Taking the Hankel transform and using equation 44 gives 

2-0 &2 -0 (2 2 -0 0 
- P Wb + W - c:) s W = s b 

(47a) 

(47b) 

where the superscript "0" denotes the Hankel transform of order zero, i. e., 

- o{ Wp, s) = 
b 

00 J RJ O(Rp) Wb(R, s)dR 

o 

Equations 47a and 47b may be seen to have the same form as equations 

37a and 37b. Hence the formal solutions are 

W (R, I') = ~- J b 2m 
Br

l 

00 -0 
S/' J Q (p, s)dp 

e ds pJ O(pR) ~P'---,2' 2-
o F( s , p ) 

(48a) 

W (R, 7') = _1_. 
s 2m 

00 -0 

J 
2 2 2 Q (p, s)dp 

pJO(pR)(s +p /~ ) P 2 2 
o F(s ,p ) 

(48b) 

Transformation of the loading function Q (,', R) gives 
. p 

-0 F 0 
Q (s,p) = ~ 

p s 
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2. Evaluation of Formal Solutions 

Evaluations of the double transforms given by equations 40a, 40b, 

48a, and 48b may be carried out by performing the indicated integrations 

* in either order. Future reference to the order of inversion will be de-

noted by "Method 1" for Fourier or Hankel transform inversion carried out 

first and " Method 2" for Laplace transform inversion first. It is con­

venient to e x press the function F('s2, p2) in the following two equivalent 

forms: 
2 2 2 2 2 2 

F{s , P ) = (6 +sl ) (-s +s2 ) 

and 
1 2 2 2 2 

= - {p -p )(p -p ) 
S2 1 2 

where 

_ [1 2 j. ] 1/2 
P Oj - "2 g (1 + (-l) lZO) 

and 

* 

Z = o 

(49) 

Justification of this inversion in the order of integration results from the 
fact that the integrand is continuous in sand p and the individual infinite 
integrations converge uniformly for all parameters ,'and S I (24). 
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a. Line Load 

The particularly simple forms of the integrands of equations 40a 

and 40b for the loading assumed yields a closed form result for the first 

integration performed. 

Method 1 

Consider first the inversion of the Fourier transform. Integration 

of the transform along the real p-ax is can be accomplished using the 

Cauchy integral theorem and residue theory. Integration along an infinite 

arc in the upper (lower) half of the p-plane vanishes for S I greater than 

(less than) zero. This can be shown by applying Jordan's lemma, noting 

that for large p the integrand behaves like l/pk where k "> 0 (Z4). The 

formal solution reduces to 

iPl S' 
e 

Z Z 
Pi (Pi -PZ ) 

s,' ds 
e 

s 
(50a) 

s"(t ds 
e 

s 

(SOb) 

where the branches p. in equation 49 are selected according to 1m p. > 0 
J J 

for agreement with Re s > 0 on Br
l

. It is thus assured that Pi and Pz in 

equations 50a and 50b are in the upper half of the p-plane. Similarly for 

5' .( 0, 1m Pj <. 0 dictates the selection of the branches of Pj on Br
l
, and 

the solution is seen to be symmetric in "5" The remaining inve rsion must 

be carried out by means of a contour integration in the complex s-plane 

due to the multivalued character of Pi and PZ' The details of this inversion 
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are given in A ppendix B for the integral of equation 50b. The results 

may be applied to equation 50a by simply neglecting the factor due to 

(s2+p .2 / ~ 2) in each term. The inversion contour employed is shown in 
J 

figure 19. The results of the integration for 0 ..c: g2<: 1 are as follows: 

For ,,<~S' 

W b ( 5 '. I') = W s ( '5 '. I') = 0 

For ~5'< ,'< :s' 

2rr 

For 6 'S< I 

Zrr 

Zrr 

5 

,/') = L 
i= 0 

5 

Ws{ S'· ,') = LIs. 
i= 0 1 

where the I are given by 
s. 

1 

[_ ? 2 + P;Z / ~ 2] 
{-2Zl )P12 

(5la) 

(5lb) 

(52a) 

(52b) 
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Fi g ure 19 , Inve r sion con tour fo r seco nd i n tegratio n of Meth od L 
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[_72_p~2/£ 2] e-P12~' 
(-2Z1)P12 sin 7" .iZ­

f 

cos(h7' +P ~')~ ( 12;:' ( 

_ JS1[_~2+p 2/(2]e-iP2~' 
1 _ 2 1m ( 2 c) 
s4 ~--r(~~2TiZ71')~P~-----

o 2 
sin pT' Y­

(ReP2 > 0) 

[ 
2 2 2] -i{P25'+h'Y') 

-P+P2 /i:, e ( 
(ReP2 > 0) 

+[p2_p//~2J /'/'-P3S' 

(2Z2)P3 
(ReP

3
>0) 
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p = 
Z 

p = 
3 

[ 

Z ] l/Z 
~ -1 

Z 
g 

-6Z -

Z 1 ?z(1+~h - ~ - iZ l 

l/Z 

Z \ l/Z 11 ? Z (1+ sh + ~ + i Z Z 

(
z _~_Z_ -l) + _z_~-.,.z_""\ / l-l(l- .~h· 
l_~Z l_~Z V 

The Ib . 's are equal to the Is . 's when the square bracketed tenTIS are set 
1 1 

equal to one. 

If a case is treated for 1':::: gZ <:. 1+ bZ 
the limits of I and I must 

sl Sz 
be changed such that 1 becomes g and g becomes 1. 

The integrals I and I may be written in an equivalent form by 
s6 s7 

considering the integral 
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s 1" 
e ds 

s 

over Br Z' figure 19, for ~ 5' « 'Y'.( "5 '. Noting that the integral along 

Br
l 

has already been shown to be zero, the integrals along Br
Z 

may be 

combined directly with I and I to give the same solution as found for 
s6 s7 

'Y' > s '. It follows then that the solution for '/' > g , is also valid 

for .& S t < / '. Inspection of these integrals shows that each corresponds 

to the contribution of a particular portion of the frequency spectrum, 

including the complex and imaginary arms. This will be discus sed in 

more detail later. 

Method Z 

Now consider the inversion of the Laplace transform first. In the 

s-plane simple poles occur at ± iS
l

, ± iS
Z 

and zero. Residue theory, as 

in Method 1, gives the first inversion as 

(53a) 

_ 1 P + oo[Z 
- ~z -1 ,6Z 

(53b) 
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The first term in each of these integrals can be evaluated directly 

yielding the static solution. Again re stri cting intere st to the po siti ve 

s'-axis, so that the integration around the large arc in the upper half of 

the p-plane vanishes, these terms can be evaluated by adding the residues 

at iPOI and iPOZ ' Here the P
Oj 

are defined by Re P
Oj

> O. 

form of the solution is 

Z 
+­
~Z 

00 

J 
o 

The final 

(54a) 

PS'dp 

(54b) 

where g' > 0 and Y' > o. The leading term in each e x pression is the 

static solution in agreement with those in equations 5Za and 5Zb. 

b. Point Load 

Method I 

Again a first integration in equations 48a and 48b can be obtained in 

closed form. Consider first the Hankel inversion. Writing the Bessel 

function in terms of Hankel functions 
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ZJ O(pR) = H~l) (pR) + H~Z) (pRj 

equation 48a can be written in the form 

J
oo pH~l) (pR)dp [00 

-~2'--~Z + ° F(s, P ) 

PH~Z){pR)dp 

( 2 2) F s ,p 
(55) 

Consider the integration of the first term by completing the contour in 

the upper half of the p-plane as indicated in figure Z 0. A branch cut has 

been made on the negative real a x is due to the logarithmic s i ngularity of 

the Hankel function at the origin . Making use of the asymptotic form 

H(l) (pR) r- (_Z_) l/Z e i (pR-lT/4) ° lTpR 

and noting that the order of the integrand is l/pk, k >0, for large p, 

the integral along the infinite arc can be shown to vanish by applying 

Jordan lsi emma. Again as in the analogous method for the line load 

problem, the branches of Pj are selected according to 1m Pj > ° .:In Brl . 

The c ontour integration therefore gives 

00 
=[ 

ilT?:,Z [H(l)f.p R) _H(l)(p ~)] (5 6 ) 
2 Z 0\1 · 0 Z 

Pz -PI 

where the last two terms are the residues at PI and PZ. Substituting 

equation 56 into equation 55 and using the identity 
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p - p la ne 

Fig ure 20 . Inve r sion contour for first inte g ratio n o f Met h od 1 a p?lied 
to th e ? oi n t load p ro b l em. 
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yields the solution 

SiITlilarly it can be shown froITl equation 48b that 

Method 2 

si' ds e 
s 

(57) 

Consider now the inversion of equations 48a and 48b by integrating 

out the Laplace variable first. Using the saITle arguITlents that led to 

equations 53a and 53b it can be shown that 

(59a) 

2 2 2 
{p If, -s2 )cos s2'"1' 

{59b) 

The first terITl in each of these integrals can be evaluated in closed forITl 

by following the saITle integration procedure applied in equation 56. Here 
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the residues to be evaluated are at POl and P
02

. The final forms of the 

solution become 

I 2 2 2 OO[ 
+ &2! (p /6 -s2 ) 

(60b) 

where Re P 02> 0, and KO is the zero order modified Bessel function of 

the second kind. 

This solution is valid for ,/1 > O. The first term in each expression 

is the static solution, which could have been found directly from equations 

57 and 58 by evaluating the residue at the origin, s = O. 

3. Correspondence Between Line Load and Point Load Solutions 
,.., 

Noting that the particular 0,e (p, s) chosen is even in p as is the 

function F (s2, p2), the Fourier transform inversion path for the line load 

problem may be considered to be the positive real p-axis . This gives, 

from equation 40a, the cosine transform solution for this symmetric 

loading problem. 
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Flo J 
s?" 00 

Wb ( 5' , ,') = lim e ds J COS s 'p d (61 ) 22. s --2~ p 
£.- 0 rr 1 F(s , P ) 

Br
l 

E. 

Here the limiting process is introduced ~th no loss of generality . 

Differentiating equation 61 with respect to '5 ', substituting R cosh? for 

.s ', and integrating ~th respect to I from zero to infinity yields 

lim 
£ ... 0 

x [~ J 'in(pReo'h ()dl ] 

00 

J 
E 

pdp 
2 -Z 

F ( s , p ) 

(62) 

where the limit process and the orders of integration have been exchanged 

in light of the integ r ands continuity and the integrals ' uniformity of con-

vergence (24). Making use of the Mehler-So nine fo r m of the Bessel 

function (25 ) 

2rr JOO sin (pRcos h !)d ( 

o 
= J O(pR) 

where Re pR > 0, equation 62 become s 

J (63 ) 

o 
5' = R c o sh ~ 

The limit can no~ be taken, and compari s on of equation 63 with equat ion 

48a shows the correspondence between the two solutions: 
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Wb(R,'T1
) -2 J70 aW

b
( Sl, "(I) 

d? = 0 '5 I 
Point load 0 .f'=Rcoshp 

line load 

(64a) 

sitnilarly 

70 aW
S

(SI,'1' I) 
W (R, ')") -2 J dp = s a S I 

Point load 0 s' = Rcosh ~ 
line load 

(64b) 

where F f. 0 = F pO and 

~O ')', 
e = ~ R + 

The upper limit of integration, ? 0' re sults from the condition 

WbCS',')'I) = WS{Sl,'Y') = 0 for ")-'.( ~ S' found in Appendix B. The 

choice of the positive sign in the quadratic solution for e 70 
is required 

by 70> o. 

This correspondence is indicated by Ewing, Jardetsky, and Press 

(2 6) for the half space, surface point and line load problems. 

B. Exact Theory 

In this section the line load problem is solved for the case of an 

infinite foundation stiffness. This simplification permits a clearer 

parallel to be drawn between approximate and exact problems. The 

method can be applied to the more difficult boundary value problems, 

which include a finite foundation stiffness or point loading, with only the 

addition of algebraic obfuscation. 
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1. Statem.ent of Problem. and Form.al Solution 

A transverse line loading is assumed to be of the form 

)' = 1 (65 ) 

where 

Fe ('I) being the step function 

o 

and ~Dt 5) is as defined previously in equation 32 . The dimensionless 

line loading is now 

where f.L is again the line loading per unit length. 

The plate is assumed to be initially at rest and undisturbed at 

infinity for all time: 

_ 8P _81"_ 
1: = ;Ii 0 ~ -~ -ay-- at 1= 0 (6 6 ) 

li m (<t ,~ , etc.) = 0 (67) 
S--±oo 

SUbject to these conditions the Laplace and Fourier transformations of 

the governing equations 7a and 7b lead to the following equations : 
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where 
Z ,Z s Z 

a. =2 +p 
a 

R'Z __ Z Z 
t-' S + P 

The solutions of these equations are given by 

<P = Al cosh a.')' + A Z sinh o. ' ~ 

and 

-f = A3 cosh [3'), + A4 sinh [3') 

The transformed boundary stresses 10 are 

~ ~ ,..., 
aZ ~ . aj Z Z -

OSr = p (1- 2 ) ~ + Z 
a :s r + lP--- = Flo/s 

a a) 

"-' ~ 

"-' 

Z. a ~ aZ ~ "-

ass Z -
= lP---

a-s Z - p i = 0 at 1) = 0,1 as 

and the transformed deflection from equation 9a is 
~ 

~ a~ . '==" 
W = -- + lp i' as 

at ") = 1 

Substituting these e x pressions into the transformed boundary conditions 

ll ·with K = 00 (or W = 0 at ") = 0) and using equations lZa and lZb results 
e 

in a set of algebraic equations for the A.. Solving for the A. gives the 
1 1 

following re sults: 



and 
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FLo(2ipa.') 

2 2 
sG(s ,p ) 

tanh /3' 
cosh a.' 

tanh a. ' 
cosh /3' 

where 
2 

I Z 2 2 2 2 
G\s ,p ) = (/31 +p) sinh /3' cosh a.' -4p a.'/3' sinh a.1 cosh /3' (68) 

As pointed out by Miklowitz (27) in his study on the related sYlmnetric 

loading problem, G(s2, p2) is the Rayleigh-Lamb frequency equation for 

symmetric waves in a plate of thickness 2h, if the Laplace transform 

variable s2 is replaced by - J:L2./. (Refer to equation 13 with K = 00.) 
. e 

This makes the present plate foundation problem equivalent to that of the 

symmetric excitation of a plate of thickness 2h, as noted in reference 27. 

A generalization of thLs equivalence is an underlying theme in the present 

work, particularly in Part 1. The formal solution for the vertical dis-

placement, W, is 

W( 5' I' '5 ) 

where 

F..e 0 
--42 . 

TT 1 

00 

J (69) 

-00 
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Z. Evaluation of Formal Solution 

The evaluations of the integrals indicated in equation 69 are 

accomplished using the sa!Tle !Tlethods applied previously to the approxi-

!Tlate proble!Tls with, however, greater algebraic cO!Tlplexity. The 

integrations can again be perfor!Tled in either order with the first through 

si!Tlple residue theory. 

The integrand is even in a' and 13' and consequently does not have 

branch point character due to these functions even though a' and 13' the!Tl-

selves are !Tlultivalued. Physically this can be interpreted as reflecting 

the finiteness of the dO!Tlain in ') as argued in reference Z 7. 

Method 1 

For sufficiently large p the integrand behaves like lip. Maki ng use 

of Method 1, by inverting the Fourier transfor!Tl first, integ ration along 

an infinite arc in the upper half p-plane vanishes for S > o. It re!Tlains 

only to evaluate the residues that arise fro!Tl the zeros of G(sZ, pZ). * For 

a given s an infinite set of p exists for which G(s 
2

, P Z) = 0, n = 0, 1, Z, •.• 
n n 

These zeros correspond to the modes of sY!Tlmetric wave transmission of 

the Rayleigh-La!Tlb frequency equation p rovided s = -irr.ll... Again 

I!Tl Pn > 0 on Br
l 

is required for 5 > 0, and this assures that no zeros 

fall on the real p-axis. The re!Tlaining integration is given by 

J sl"' co 

= ~ds L 
iPnS Z Z 

e H(s ,p ,~) 
n 

[
11 2 2] a G(s ,p ) 
p p=p 

n 

(70) 

n=O 

* 2 Z The zero at 13'= 0 does not give rise to a si!Tlple pole, since H(s ,p ) also 
has a zero there. 
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where the p are fun~tions of s given by G(s2,p 2) = O. 
n n 

To invert the relTlaining transforlTl consideration lTlust be given to 

the singularitie s of the integ rand in equation 7 O. Consider an inver sion 

path which cOlTlpletes Br
l 

to the left and follows the ilTlaginary s-ax is 

e x cept for indentations to the right at possible branch points and poles of 

the integrand. E x istence of poles and branch points in the right half s-

plane is not perlTlitted, since the solution is e x pected to be bounded in 

ti lTle. (The branch point s = S2 in th.e right half of the s -plane found in the 

approx ilTlate case exists only for ti=es less than the arrival tilTle of the 

second wave. For large tilTle and far stations such a branch point can be 

shown, thro ugh Watson's lelTllTla, to contribute at lTlost a terlTl of order 

1/ .jt ; hence stability is as sured the re (15).) 

The determination of possible branch points for the exact problelTl 

unfortunately is not as easy as in the case of the approxilTlate problelTl 

where lTlerely an inspection of the algebraic expressions reveals the 

lTlultivalued character. Any branch points lTlust be a result of the par-

ticular function p , since the integrand is still even in a. t and [3'. Using 
n 

the fact that s = -irrlL and referring to Appendix A, the only points on the 

ilTlaginary s-axis at which branch points occur are where ds/dp = O. In 
n 

the neighborhood of such a point (denoted by the pair s*, p • .l the pare n¥ n 

given by 
p -p . r-- II S-Sw i 

n n'~ ~ 

Note that this is in agreelTlent with the results frolTl the approx ilTlate theory. 

The denolTlinator of the integrand in equation 70 lTlay be w ritten as 
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[
8 G 
8p 

2 2 J [8G 2 ~ 
(s ,p) p=p = 2Pn ay(s ,p )JIJ=p 2 

n { n 

(71 ) 

When p ," is zero the branch character is conven~ently retnoved frotn the 
n~ 

derivative and is contained onl y in the leading Pn0 When Pn* is not zero 

the apparent cOtnplication can be handled by considering the two conjugate 

cotnplex artns together as demonstrated in the e x atnple that follows ° 

Inversion for Modes n = 1 and n = 2 

The inversion path in figure 19 is used with the ex ception that the 

path aro u nd the branch cut on the real a x is is replaced by a stnall in-

dentation at the origin. The cutoff frequencies correspond to s = ± irr 

and s = ± irrg, and the tninitnutn in the first tnode is assutned to be at 

s = ± irrS
l 

(Sl not defined the satne as for equations 52a and 52b)o SUbject 

to the condition that Itn Pn> 0 on Brl and referring again to Appendix A 

and the cotnputed spectra of figure 12, for e x atnple, the PI and P2 are 

easily traced along the paths o Their argutnents are indicated in Table 1. 

Path Arg P2 

Ll 0 0 

L2 0 
rr 
Z 

L3 0 rr 

L4 O<argpl<i i<arg P2<rr 

Table I 

The argutnent of the tertn [~~ (52, p2)] P=Pl' P2 follows directly frotn 

equation 71 for 151> rrSlo For lsi <rrSl 
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~ 

([ :~ (,2. p') ]~p,)' 
where 

Analytic continuation to the upper half s-plane gives the result that 

integrations, along paths corresponding to those in the lower half plane, 

contribute the cotnplex conjugates of the integrations frotn the lower half 

plane. It is therefore only necessary to consider integral contributions 

in the lower half plane taking twice the real part of each integral. The 

following set of integrals result for the vertical displacetnent W: 

rr 

12 = - J 
rrg 

* The wavy line denote s the cotnplex conjugate. 

(72) 

(1tn Pi > 0) 

(P2 imaginary) 

1rnP2 > 0 
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t 
o 

sin "~~ 7 ?' (1m PI > 0) 

H( - 7,2, P12, '5) 
BC( ,2)1 

PI B? -? ,? 2 

I =Pl 

(PI real and> 0) 

00 

where ?' is a dummy variable. This solution is valid for r / y~ 2+('S-1/)a 

which corre sponds to t/ \/x
2

+(z_h)2' >l/c
d

. 

The results indicated in equation 72 may be compared integral by 

integral with the results of the approximate theory presented in equations 

52a and 52b. These integrals in turn establish a direct relationship of the 

various portions of the exact frequency spectrum to their contribution to 

the transient response. The term 10 is only the partial static deflection. 

The total static deflection as well as the entire transient response must 

include the contributions from the remaining modes. 

The example considered here has demonstrated the similarity in the 

exact and approximate theories, and a related method of solving trans ient 

wave propagation problems. A similar approach can be applied to othe r 

mode s provided complex arms are taken in conjugate complex pairs. 
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Method 2 

Sinc~ the integrand of equation 69 is of order l/sk, k > 0, inte-

gration along an infinite arc to the left of Br
l 

in the s-plane will vanish. 

The integral along Br
l 

is simply equal to the sum of the residues of the 

integrand at simple poles corresponding to the zeros of G(s2, p2) and a 

zero at the origin. Since p is real (imposed by the Fourier transform path 

of integration), these zeros of G(s2, p2) are the roots of the Rayleigh-Lamb 

frequency equation where s = ± irr11. ' , and they fall on the imaginary 
n n 

s-ax is . Evaluation of the residues gives 

00 

-[ 
n=O 

= 2 J cos S pdp 

o 

a 2 2 
-~2'- H(? ' p , ~ ) 
a( 2 ) 

a 2 2 
--'-""""2 G( 7 ,p ) 
a (? ) 

cos (rrfi ,) 
n 

Here it has been noted that in the neighborhood of s = 0 the quantities 

(73 ) 

2 2 2 2 . 2 
H(s ,p , ') ) and G{s ,p ) are proporhonal to s • Again the denominator 

is studied for possible branch points in the .Cl. . Using arguments similar 
n 

to those of Skalak (28), that there are no points of infinite slope d.Cl. /dp= 00, 
n 

it can be shown that no branch points fall on the real p-ax is. This is 

discussed in greater detail later drawing on the results of Appendix A. 

The first term in the integral of equation 73 is the static solution,and 

the terms of the series represent traveling wave contributions from the 

various modes of wave trans .mission described by the Rayleigh-Lamb 
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frequency equation. In his work on the symmetric loading problem related 

to equation 73, Miklowitz (27) evaluated the lowest mode waves for the far 

field with the method of stationary phase. 

C. Discussion of Methods and Their Relation to Certain Wave Features 

The relatively simple algebraic properties of the approximate 

theories permits a significant degree of fle x ibility for computation and 

approx imation. The interpretation of the results may be applied to the 

ex act problem. It is seen by e x amining the forms of the transient 

solutions that the similarity in the frequency spectra is reflected in the 

transient response. The important feature here is not necessarily the 

nu.merical values but . rather the behavior of the response resulting from 

the various arms that make up the frequency spectrum. For this purpose 

the results from the approx imate theory demonstrate clearly the influence 

and behavior of the complex and imaginary arms, as well as the real arms. 

A direct correlation exists between the integral solutions pre sented in the 

p revious sections in Part II and the frequency spectra presented in Part 1. 

Each of the integrals of equations 52a, 52b, 54a, 54b, 57, 58, 60a, 60b, 

72, and 73 can be seen to correspond directly to the contributions from 

one of the arms of the frequency spectrum. In each case the p (s), where 
n 

s is proportional to -in, is the functional dependence of wave number on 

frequency which described such an arm. For example, compare equation 

49 with equation 28. 

1. Comparison of Methods 1 and 2 

Two distinct forms of solution result depending on the order of 

inversion of the double transform . Method 1, which inverts the Fourier 
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transfortn in the spacial variable first, has been used by Folk, Fox , 

Shook, and Curtis (29) and Jones (30), for exatnple, in probletns in-

volving solutions based on the exact linear elasticity theory. In the se 

references the second inversion was approxitnated by the tnethods of 

stationary phase and saddle point integration. Detailed branch point 

study was not etnployed, since the lowest sytntnetric tnode does not have 

a branch point and the higher tnodes were not investigated in the vicinity 

of their branch points. The relativ e sitnplicity of the lower order approx i-

tnate theories of the Titnoshenko beatn type has pertnitted tnore detailed 

study of this tnethod by other authors . For e x atnples, see Miklowitz 

(14,22) and Boley and Chao (31). In the approx itnate theories the principle 

advantage arising frotn this order of inversion has been the analytic 

separation of the solution into titne regions delineated by the arrival of 

two distinct waves. Method 2, which inve rts the Laplace transfortn in 

the titne variable first, has been used by Skalak (28) and Miklowit z (27), 

for e x atnple, in probletns using the e x act linear elasticity theory. Again 

the details of the second inversion were not considered, and the use of 

the approx itnations was tnade as in the fortner case. This tnethod has 

been applied by Jones (16) and Boley (32,6) for the Titnoshenko beatn 

theory. The tnain benefit in applying this order of inversion lies in the 

si mplification of the details required to reduce the solution to real integrals . 

For the sake of discussion cotnpare the fortns of equations 52a with 

54a. In the fortner case where Method 1 has been used the correspondence 

between the integrals and the frequency spectrutn is through the condition 

that the frequency is real. This results in integrals which have cotnplex , 

itnaginary , or real wave nutnbers, p ., which tnay be identified with the 
J 
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corresponding branches of the spectra shown, for example, in figure 9. 

Where Method 2 has been used, equation 54a, the resulting integrals 

contain only real wave numbers (as a function of real frequency) in 

agreement with the undeformed Fourier inversion path. All branch points 

of the integrals in equation 54a fall above or below the integration path 

but not on it. This result may be interpreted in terms of the conformal 

mapping properties between the wave number and frequency planes 

discussed in Appendix A. SUbject to the condition that along real arms 

of the frequency spectrum there are no points where d r /dil= 0, following 

the procedures of Appendix A sh:>ws that no branching points can be found 

which result in complex frequencies. Points where dD/d r = OJ (~~ = 0) 

correspond to waves which travel at an infinite group velocity and are 

physically unacceptable in a hyperbolic system of governing equations. 

Such points do not occur in either the a pprox imate or the exact frequency 

spectra, where the steepest slope, dll/d r, corresponds to waves 

traveling at the plate speed, c
p

' and the dilatation speed, cd' r espectively. 

Though the solutions of both methods necessarily result in the same 

ulti mate re sponse, the interpretation of the individual integrals in each 

must be considered independently. To illustrate this, the integrals of 

Method 1 which are related to the real arms of the frequency spectrum, II' 

13 and 1
5

, have stationary phase points corresponding to waves traveling 

away from the source in agreement with the infinity condition. Only the 

integral 13 has negative phase velocities in agreement with the computed 

spectrum for real frequencies. In terms of the frequency spectrum the 
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infinity condition is contained in Im p > 0 which is the same as 
n 

Im Pn> 0 on Brl and BrZ' figure 19. 

The integrals resulting from the use of Method Z can be each re-

written using the trigonometric identity 

1 1 
cos Pn ~'cos s,' =Zcos(Pn5 ' + s,') +Zcos(PnS '-s'/') 

Thus the integrals from Method Z can be separated into two types of 

integrals : the first with positive traveling wave groups (away from the 

source) and the second with negative traveling groups (toward the source). 

This may be interpreted to mean that two groups of waves traveling in 

opposite directions and infinite in extent are superimposed to give the 

transient response. These waves necessarily cancel for stations which 

the front of the transient wave has not yet reached. Only the outward 

traveling waves have points of stationary phase and offer the principle 

contribution to the result for the far field. The negative traveling waves 

give rise to integrals governed by the Riemann-Lebesgue lemma (33) 

which decay as .(I/'Y'), whereas the stationary phase integrals (33) are 

of the order (1/.j'F7). 

It can be shown by a change of integration parameters, without 

resorting to algebraic computation, that the integrals of the outward 

traveling waves for both Methods 1 and Z are equivalent. This means that 

integrals of negative traveling waves from Method Z are equivalent to the 

contributions from the integrals of Method 1 which correspond to the 

complex and imaginary arms of the frequency spectrum. Integrals 

governed by the Riemann-Lebesgue lemma, which do not have points of 

stationary phase but arise in wave propagation problems, have been 
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discussed by Havelock (34) and termed''nonwave': Their function in the 

solution is to satisfy boundary and initial conditions . Consider as an 

e x ample the integrand of one of the negative traveling wave integrals 

from Method 2 for fix ed time, ,/', and positive station, "5 '. A point of 

stationary phase does not e x ist. However, if the integrand is plotted for 

negative values of the variable of integration, the wave number p, then 

such a critical point does e x ist as sketched in figure 21. This means that 

the integration which involves only the positive p-axis is an integration 

over the canceling portion of a stationary phase integral. The more 

negative this stationary phase point is, the less is the contribution from 

the oscillatory integrand in the positive region. The position of this 

stationary phase point corresponds directly to the stationary phase point 

for its positive traveling wave counterpart, but it is negative. Therefore 

in the case of the approx imate theory, where the head of the wave is at 

large wave numbers, the contribution from such a negative traveling wave 

will be small in the vicinity of the wave front. For a fixed time this con-

tribution is larger for stations closer to the origin. This result agrees 

with the integral forms of I 
s2 

real exponents proportional to 

and I of equation 
s4 

S '. 

2. E x tensions of Method I and Approx imations 

a. Wave Front Approximations 

52a, which have negative 

Working directly with equations 50a and 50b after the inversion of the 

Fourier transfor.m, it is possible to make a wave front ex pansion which 

will serve as a check on the results from numerical integration. This is 

made possible using Method I since the wave front is clearly defined 
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through the fact that the Bromwich contour, Br
l
, lies to the right of all 

singularities. Since Brl lies at an arbitrary positive distance from the 

imaginary axis, this distance may be made large and the integrand 

approximated for large lsI accordingly. Termwise integration of the 

resulting Gatntna function integrals gives the wave front expansion good 

for stnall titnes after the wave front arrival. Expansions for equations 

50a and 50b, where the first three terms in the expansion have been in-

eluded, are at the first wave front, 'Y' > & 'S " 

[ .!. + l- 2 $:,2 ] 
2 1- ~2 

and at the second wave front, ,I> Sl , 

1- -(g - -,)(, - 5 )- - -(g - --) +-" S' 2 ~2 , I 1 [1 2 $:,
2 

1 
8 I-b G 20 2 1- ~2 1- bG 

(g2_ 2b
2

)] ('l"'-S,)2 
1- ~2 

1- s..:... (g - --)(,'- 5')- -(g - --)--=-----,--,; , 2 ~ 2 
[1 2 ~ 2 b 

2 ~ 
4 1- ?,2 2 1- ~2 (1- ~h2 
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Here the expansions at the second wave front are due to the second tenus 

in the integrands of equations 50a and 50b. The results of this expansion 

show the continuity of the displacement at the wave front arrivals. At the 

arrival of the second wave the shear displacement has a discontinuous 

slope which indicates a jump in shear stress. This result is in agreement 

with and due to the shear nature of the source loading function. Notice 

that the derivative of this term at the shear wave front does indeed result 

in a jump in dimensionless load of Q = -Ft 0/2 in agreement with the 

input function. 

b. Sta tionary P hase Approximations 

Integrals I , I and I , equation 52b, are of the stationary phase 
. sl s2 s5 

type. Thro'J.gh the use of the stationary phase method, but subject to its 

li mitations, evaluation of the se integrals is simplified conside rabl y. 

Unfortunately in the present work the limitations are rather severe . A 

criterion for estimating the range of parameters over which the stationary 

phase approximation of an integral is valid is developed in Appendix C. 

It is based on the higher order derivatives involved with the approximation 

of the integ rand and the truncation of integration due to its limits. Specific 

numerical examples related to the problems studied numerically later 

a re considered in Appendix C. The results indicate that the applicability 

of this form of approximation is limited to extremely far fields. Several 

detrimental features of the integrals i n the present work influence this 

difficulty~ 

1. The close proximity of the stationary phase point to the integral 

limit d;)es not permit the highly oscillatory nature of the integrand to take 



-88-

place before the limit is reached. As a result the stationary phase 

approximation includes contributions that should not be incorporated. 

This close proximity may be seen easily in terms of the frequency 

spectrum when 5' / " is small. The points of stationary phase are 

defined by the points on the real arms where the slope is equal to S '/ /', 

i. e •• dn/ dr' = ~' / T' (the group velocity) . Since the real branches 

have zero slope at the cutoff frequencies and the minimum at .i1. w • the 
~ 

points of stationary phase approach these three frequencies for small 

s II,' (the tail of the wave) . These frequencies are in turn the limits 

of the integrals. 

2. The integrals I • I • and I are improper at their finite 
sl s2 s5 

limits. Consequently when the stationary phase points are near these 

limits the coefficient of the exponential term is no longer slowly varying. 

3. The third derivative of the phase and the first derivative of the 

amplitude function are not negligible compared to the lower derivatives. 

In each case if the field of interest is chosen far enough from the 

source, the error in the stationary phase method of approximation can be 

made negligible. 

c. Alternate Path of Integration 

The path of integration along the imaginary axis of the Laplace 

transform plane has been taken to illustrate the influence of the various 

portions of the frequency spectrum. These integrals are not easily 

integrated numerically as a result of the oscillatory nature of their 

integrands. This difficulty becomes worse for long time evaluation due 

to the increased frequency of this oscillation. 
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The original path of integration can be defonned as indicated in 

figure 22, The resulting infinite real integrals ITlay still be related to 

the various integrals of equations 52a and 52b by using the Cauchy integral 

theoreITl, This correspondence is indicated in figure 22 where the inte-

gration paths are labeled as in figure 19. A quarter residue is included 

in path Ll' 

This path deformation is prompted by the advantage of ex ponentially 

decaying integrands, For long time this decay causes the greatest con-

tributions to occur in the neighborhood of the branch points, in agreement 

with the discus sion of the stationary phase ITlethod of approx iITlation, One 

would e x pect this also on the basis of Watson's lemma (24), which may 

be applied to integrals arising from paths such as those in figure 22. 

Again only the lower half plane is considered, and along a given 

path the net contribution is twice the real part . The multivalued character 

of p . and its inner root require the branch cuts shown in figure 22. If the 
J 

two terITlS of equations 50a and 50b are taken together, the zeros of the 

inner root that fall on the real axis are not branch points of the cOITlposite 

integrand . Using the results of Appendix B, where analytic continuation 

was used to establish the branches of p . and its inner root, Z, on the 
J 

imaginary s-axis, the arguments of these functions have been established 

on the new paths. These results are indicated in figure 22. (Note that the 

points s = -i and s = -ig are not branch points of PI') The corre sponding 

integrals ITlay be evaluated numerically with the aid of complex arithmetic, 

The ITlerlts of this direct ITlethod of integration are somewhat offset by the 

greater nUITlerical effort required to evaluate each integrand, Though 
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integration along the imaginary axis may require a finer mesh to maintain 

accuracy, the integrand involves considerably less computation time. For 

long time, however, the d irect method becomes superior because of the 

aforementioned difficulty of an oscillatory integrand along the imaginary 

axis. 

As pointed out earlier for very long time the integrals along the 

paths of figure 22 are of the type amenable to approximation using Watson's 

lemma. This method is applied by expanding the integrand in the neighbor-

hood of the branch point retaining the exponential term. Term by term 

integration leads to an asymptotic expansion valid for long time. 

Unfortunately the limitations of this method, as in the case of 

stationary phase. relegate its possible use in the present work to times 

greater than the range of interest. The cause of this difficulty is the 

close proximity of the branch points, which gives rise to severe restrictions 

on the necessary e x pansions, For example, a crude estimate of the range 

of validity can be made by expanding the p. in the neighborhood of a branch 
J 

point of their inner root, s = -iS
l

, The result is 

{ [ ] 

2 -V I }1/2 1 2 2 2 j 1- b 2 2 ,-0 
Pj:::::' "2 Sl (l+~ )-g -(-l) -2- 2S1(Sl +S2 )-V? + 0(7) 

2 * 2 * where s = -iSl - ?' For the case of ~ =,28375 and g =.9079 this 

expansion is numerically 

Pj '" [.071 - J 
1/2 

(-l)j . 55 vi? + 0(7) 

In order to expand further, 1 must satisfy the inequaltiy 

7 L. .0166 

* These values of b 2 and g2 relate to one of the numerical examples 
studied in detail late r , 
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This rather small value of ? is what causes difficulty and results from 

the close proximity of the zero of the inne r root to the zero of the p .• 
J 

Consider now an exponential integral of the Watson's lemma form 

1= J 
o 

where f(? ) is slowly varying. If f( ? ) is assumed constant, say unity, 

the error introduced by truncating this integral at p = ? 0 is given by 

Error ~ e -70" 
Since the necessary expansion cannot be carried out beyond P = .0166, 

the truncation error will be approximately given by 

Error 
-.0166 Y I 

~ e 

For an error of 10% this would require '/' ~ 140 (t """ 260 ~ ). 
c 

P 
This estimate is very crude but shows how the nearness of the zeros 

of the p. to the zeros of its inner root causes a si .mple expansion to be 
J 

impossible for an adequate range of integration for exponential decay to 

take place. For times sufficiently large, however, this method may be 

applied. 

D. Discussior, of Results from Numerical Computation 

The transient response of a plate on an elastic foundation has been 

computed using the integrals Is. and lb. of equations 52a and 52b for the 
1 1 
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The value ~ 2 = .28375 has been assumed. This corresponds to 

k' = rr2/12 and v = .31 and in turn causes the cutoff frequency, which is 

independent of the foundation stiffness, t o be e qual to the cutoff frequency 

of the third symmetric mode of an e x act plate of thickness 2h with 

Poi sson's ratio v = .31. 
2 2 

Two values of g have been used; g =.9079 and 

2 . 
g =.04, represenhng a stiff and soft foundation, respectively. The 

former value makes the cutoff frequency at.Il = g equal to the correspond-

ing cutoff frequency of the symmetric mode for the e x act plate of thickness 

2h and Poisson's ratio v = .31 ; the latter value has been arbitrarily 

selected to study the influence of the foundation stiffness. 

For reference the frequency spectra for these two fO'..lndation stiff-

nesses are shown in figures 23a and 23b. The corresponding frequency 

spectra from th·e e x act theory (equation 13) are also shown in these figures 

for spring constants adjusted by equation 23. In figure 23a the e x act 

spectrum is for an infinite foundation stiffness in agreement with the 

2 
choice of g 

* All numerical evaluation of integrals was carried out on an IBM 70'1 
electronic computer using a nine point Gaussian quadrature (35). Each 
interval step was compared with the results from an eight point integration 
over the same interval. This p ermitted an estimate of the error, which 
was maintained between 10-4 and 10- 6 by adjusting the interval. Infinite 
integrals were truncated when the contri bution over a specified interval 
(at least one wavelength for oscillating integrands) was 10- 4 that of the 
previous integrations of that same integral. 

In order to facilitate numerical evaluation, improper integrals were 
mad e regular in the neighborhood of their imprope r limit by a change of 
variables (32). 

The n'..lmerical results were checked in the neighborhood of the wave 
fronts and found to agree with the wave front e x pansions within the 

specified error of 10- 4 • 
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The transient solution is p resented in two d ifferent ways : 

1. The response is computed for a fix ed station with time as the 

variable, as would be recorded from a s t rain gage, for e x ample. It is 

possible, making use of stationary phase arguments, to predict the 

predominant period character of such a time record from th~ frequency 

spectrum. The greatest contribution at any station x and time t will be 

from wave groups having a group velocity c = x/to These waves are 
. g 

characterized by their frequency (or predominant period), which on a 

time recording may be determined .f rom the observed period of oscillation 

where such a recording has harmonic character . Noting that the group 

velocity is given by dw/d '( for real arms of the s p ectrum, the pre-

dominant period can be related to the time of occurrence. These relations 

are shown in figures 24a and 24b and are derived from the s pectra of 

figures 23a and 23b, respectively. 

2'lTC 
Predominant period T = __ P 2'lT 

P wh -eb 
1 

n. 

tc 
Time of occurrence T =-.E. a x = 

1 
(cilL 
eo dX 

The correspondence between the pairs of curves for the e x act theory 

is indicated by the encircled numbers . To illustrate this relation consider 

the points 0, 0 and @. In figure 23a the slopes of the associated 

modes are the high frequency limiting group velocities at these p oints. 

Figure 24a shows these speeds to be the Rayleigh surface wave speed c R 

for 0 and the shear s peed C
s 

for 0 and @. The cutoff frequencies, 

G and @ . and the minimum of the second mode, G. are points of 
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zero slope for their modes, figure 23a, and correspond to a vanishing 

group velocity. Their influence is felt at infinite time as i.ndicated in 

figure 24a. The point CD in figure 23a is not a cutoff frequency but is 

the low frequency limit of the lowest mode, which has its max imum slop e 

there. Though this limit cannot be shown in figure 24a, the limiting 

speed is the plate speed, c • 
p 

The remaining p:>ints shown indicate in-

flection points in figure 23a and reflect points of higher order stationary 

phase. These points appear as e x trema in figure 24a. 

2. The response is computed at a fi x ed time with the station as the 

variable. Such a record of displacements would be observed in a photo-

grap h. Again using the arguments of stationary phase, it is possible to 

relate the observed predominant wave length to the station at which it 

occurs . These relations are depicted in figures 25a and 25b and corre-

spond to figures 23a and 23b, respectively. 

Predominant wave length 

Station of occurrence 

The related points of the ex act theory are again indicated. Further 

reference to these two sets of curves will be made in later discussion. 

The response records from numerical computation are shown in 

* figures 26a, b through 46a, b. The times have been normalized such that 

* 

= tc /h = tl/e~, and the stations are given by SO = x /h = S'/e . 
p 

The origin of time in these records corresponds to the time of arrival of 
the fastest waves represented in the more e x act theory of bending (speed 
c ). 

p 
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All deflections are no rm.alized by the total sta ti c deflection, w 0 = w s + w
b

' 

at the s ou r ce, SO = O. F or the two values of foundation hardness con-

sidered, this deflection is given by 

Fro:n eq'1at ions 52a and 52b 

2 
g =.90 79. 

2 
g =. 04, 

fe. 
Wo = .5169 r 

f1-
wO= 3.348 r 

fo r a p late 

The p r e s entation and dis cus sion proce ed s fi rs t with the individual 

integral contributions to t he total deflecti on, w
T 

= W s + w
b

' and in som.e 

cases W s eparately . Then the sum. of these integrals is cons idered fo r 
s 

H igher Real Arm (Integ r als Ib ;:.nd Is ) 
1 1 

Figure 26a shows a tim.e re co rd response for the total deflection, 

W T ' computed f r om integrals Ib and I fo r g2 = . 9079. The d i s pe rsive 
1 sl 

nature of the r e spons e is reflect ed in the variation in the predom.inant 

period with tim.e. Nea r the wave f ront the p r edom.inant period is sm.all 

and increases with tim.e until a definite lim.it is r eached . By m.easuring 

* the predom.inant period at its time of occurrence on this re co rd, the 

,~---------------

Near the wave front of thi s r eco rd (a nd others) the p redom.inant period 
has been e stim.ated --:JY conside ri ng quarter waves (peak to zero) and 
calling the m.id-point of s uch a quarter wave the tim.e of the related full 
wave occu r rence. F or late r tim.es , when .he frequency approaches its 
cutoff value and the p r edom i n ant period is relatively cons t ant, it h as been 
m.easured over several wavelengths. Except in the neighborhood of wave 
f ro nts the points for all cur ve s we re com.puted at an interval L:;. ;o = .5, 
which in the case of figure 2 6a co rre spond s to appr oximately eight points 

pe r wave length. This accounts fo r some inaccur acy in m.easurem.ents f r om. 
these cu r ves and r e s ults in point scattering. 
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behavior can be compared with that predicted by the stationary phase 

analysis shown in figure 24a. 

Figure 26a shows that the total deflection, after reaching a fairly 

early occurring maximum, decays quite rapidly. It may also be noted that 

the entire curve is severely influenced by the long time predornin3.nt 

period corresponding to the cutoff frequency n = 1 as figure 24a also 

shows. Miklowitz (36,37) noted the same behavior in his study of waves in 

an elastic rod in which an approx imate theory similar to the present 

governed. It is of interest to analyze this behavior further. Considering 

the results from integral I alone, figure 27a, it is seen that the shear 
sl 

deflection, w , does not decay as rapidly. Further, it can be deduced 
s 

that wb is approx imately equal to -w s for long time. This result is 

obvious from the inspection of the bracketed term 

[ s 2 + P2 2 / ~ 2] 

of equation SOb, which distinguishes the integral solutions for wb 

(74) 

an:! w • 
s 

The For long times the wave number P2 approaches zero and s2 = -1. 

elemental motion of the plate for this mode for long time appears to be 

independent of the normal forces and results in an internal energy transfer 

between the potential energy of distortion and the kinetic energy of rotation. 

This can be shown more easily by considering the comparison of the 

translational and rotational kinetic energy maxima in the vicinity of the 

cutoff frequency. For a plate element of length .6.x and unit depth these 

energies are 

K. E. 
_ 1 ,.oh3 [:,.x a Wb 

[ 

2 J 2 
- "2 (, 12 ) atBx­

rotational 
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K. E. = i (fh.6x ) [:t (wb +W) 2 

translational J 
Assuming w s ~ nWb = Ae

i
( '( x -wt) for the long time response, the ratio of 

these energies is 

K.E·I 
R = rotational 
E K. E., 

translational 

= (75 ) 

where n = _..0..2 + r ,2 / ~ 2 and r ,2 = ,,2h 2/ l2 at the points (2), CV, and 

@ of figures 23a, b through 25a, b. Near the cutoff frequency n = 1, 

n approaches -1 and r! approaches zero. Noting that the derivative 

dD./d r' = 0 for this mode at .fl. = 1, the l'Hospitallimit of equation 75 

gives this ratio to be infinity. This i.mplies that for this upper mode the 

governing equations 25a and 25b are uncoupled for long time and all the 

energy is in the form of rotation and distortion. As time approaches 

infinity this energy approaches zero, and the deflections w sand wb 

approach zero as 1/ -JYO in accordance with the stationary phase 

approx i mation. 

Figure 26b shows the total deflection for the softer foundation 

2 
g =.04 . As before the p redominant period, time of occurrence analysis 

is shown, figure 24b. Again the total deflection decays rapidly near the 

cutoff frequency, and figure 27b indicates the same rotation-distortion 

coupling and its p redominanc e. One impor tant di stinction is the relative 

amplitude of the deflections. For the softer foundation the normalized 

deflections for this mode are considerably less. This reflects a smaller 

plate di stortional ene rg y relative to othe r energy forms as s ociated with 
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mode s such as found in the total deflection, spring foundation coupling 

(translational energy). 

F igures 28a and 28b show the plate deflection for two different time s 

as a function of position for g2 = .9079 and g2 = .04, respectively. In a 

manner similar to that applied to the predominant - period, time-of-

occurrence curves, the wave lengths have been measured and their 

stations noted. The results are shown in figures 25a and 25b. The 

response is characterized by infinitely short waves at the wave front and 

infinitely long waves at the loading station, 
o S = o. 

Lowe r Real Arm, I X I > I X*I, (Integrals L and I ) 
- b

5 
__ s5 

The total deflection as a function of time for g2 = . 9079 is shown in 

figure 29a and is computed from the integrals Ib and I Reference to 
5 s5 

figure 24a shows that no stationary phase points e x ist for this mode of 

transmission for ~o / ",>-0./ -c0/(, 
::. L- I '-::. a which describes the time range 

x /c <'t < x /c . * The r ecord of figure 29a shows that in t his time range 
p 

the response is a low amplitude, long period wave. At the time of the 

shear speed arrival the integrals have a point of stationary phase . . The 

abrupt change in slope in the deflection reflects a jump in shear force, 

conforming with the results froTI} the wave front e x pansion. The remaining 

time response indicates that an infinitely short wave at ,0 = SO / £ 

becomes progressively a long wave at long time corresponding to the cutoff 

frequency at n = D*. This d emonstrates the dispersive nature of this 

* For the softer foundation, figure 24b, a point of higher order stationary 
phase is seen to e xist prior to the arrival of the shear wave front for 
this mode. 
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mode. In the time range where the integrals have points of stationary 

phase the predominant periods and wave lengths have been measured and 

are indicated in figures 24a and 25a. Similar results are indicated in 

figures 24b and 25b for the softer foundation response shown in figure 29b. 

For long times the wave number and frequency of this mode approach 

X* and n *' respectively. The energy ratio given by equation 75 becomes 

For g 
2 

.9079 = 

X •. 
2 

. 0694 = 
~ 

.tl* 
2 

= .816 

RE = .162 and ws/wb = -.570 

2 
For g =.04 

X 2 = .00560 
* 

2 
.Il.* =.0398 

The value of RE shows the relative importance of the two governing 

equations for this mode at long time. For the softer foundation the 

{76} 

(77) 

greatest energy carried by the plate in the lowest mode is translational. 

Fur~her, for the softer foundation the shear deflection is s .mall and the 

relatively long waves at long time cause the shear force to be negligible, 

even though the loading force was shear in nature. The governing 
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equations for the plate on a soft foundation become uncoupled at long 

ti me for this mode, the primary ene rgy transfer being between the 

kinetic ene rgy of the bending deflection and the potential ene rgy contained 

in the deflected foundation. 

Comparison of figures 29a to 30a and 29b to 30b implicitly indicates 

the relative magnitudes of the bending deflection and shear deflection for 

the two foundation stiffnesses. These figures also show that just after the 

shear wave front these deflections, w sand w
b

' are of comparable magni­

tude. This indicates the significant coupling of the governing equations at 

the shear wave front and the shear nature of the forcing function. 

Figures 31a and 31b for the two foundations show the total plate de-

flection as a function of position for two times. The jump in the shear 

stres s at the wave front is indicated by the discontinuous slopes there . 

For the softer foundation the discontinuous slope is almost obscured by 

the steep slope of the deflection before the wave front. This is also true 

for the time record in figure 29b, indicating that shear stresses result 

from coupling with the bending deflection before the arrival of the shear 

wave. (The effect will be demonstrated more clearly in figure 44b where 

the shear deflection from all of the spectrum arInS is shown .) 

Lower Real ArIn, I X I < 'X*' , (Integrals Ib and I s ) 
3-- 3 

Figure 32a shows the total deflection time response for the foundation 

stiffness g2 = .9079 cOInputed from Ib and I These integrals do not 
3 s3 

have points of stationary phase until TO / SO = 6, figure 24a. Then there 

is a second order stationary phase point which results in an Airy phase 

and accounts for the slight steady increase in the deflection amplitude 
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before this critical point. The Airy phase behavior would be more 

clearly defined for the far field, since for values of ,0/ SO < 6 the 

integral is of the Fourier type governed by the Riem;;nn- Lebesgue lemma 

for impro;>er integrals and therefore decays as 1/ f o. For ,0/ SO > 6 

the integral has two points of stationary phase, figure 24a, and therefore 

decays as l/..J7O'. For the softer foundation the higher order stationary 

phase point occurs at such long time that this mode is not shown in scale 

in figure 24b, and its influence is not apparent in figure 32b. 

The amplitude of the response from this arm at long time is 

comparable to that from the o~her lower real arm as can be seen by 

comparing figures 29a to 32a and 29b to 32b. Long time analysis for 

these two arms leads to a similar partition of ene rgy between the governing 

equations at the frequency il= 11.. At the cutoff frequency n = g, how-
" 

ever, the rotational energy is zero, since the wave number X is zero 

there. This result is independent of the foundation stiffness. The relative 

magnitudes of the bending and shear deflections at this cutoff frequency are 

2 
given by ws/wb = -g from the expression 74. The prominant role of 

bending for the softer foundations is thereby demonstrated for long time 

at this frequency as well as at n*. 
Figures 33a and 33b reflect the long wave nature of this mode. 

Figure 33a in particular shows the aforementioned behavior at the higher 

order stationary phase point, namely that the amplitude response is largest 
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Imaginary Arm {Integrals Ib and I } 
2-- s 2 

The response computed for the imaginary arm is ~scillatory in 

time and involves infinitely long waves that decay spacially. The integrals 

Ib and I do not have points of stationary phase. The results from their 
2 s2 

evaluation, therefore, cannot be compared with figures 24a, b or 25a, b. 

Figures 34a and 34b show the time record of the total deflection 

for the two fO'.lndation stiffnesses considered. In each case the average 

pe riod corre s ponds to the lowe r cutoff frequency ..n.. = g. Thi s follows 

from the fact that the contributions from regions out side the neighborhood 

of the cutoff frequencies have spacially decayed {wave number being 

imaginary}, and the fact that the bending and shear deflections cancel at 

the higher cutoff frequency. This latter fact is clearly demonstrated in 

figure 35, where just the shear deflection is shown for the soft foundation. 

Here two sinusoidal waves are superimposed which have periods corres-

ponding to the two cutoff frequencies, n = g and .n.. = 1. {Note that in 

'figure 34b the latter higher frequency is not present.} The reason the 

shear deflection demonstrates this clearly is because its amplitude is 

small near the lower cutoff frequency and is therefore comparable In 

magnitude to the contribution near the higher cutoff frequency. 

Figures 36a and 36b show the spacial decay and the absence of the 

oscillatory behavior indicative of real wave numbers greater than zero. 

For long times these integrals, Ib 
2 

o 
and I ,decay as 1/ I accord-

s2 

ing to the Riemann-Lebesgue lemma for improper Fourier integrals. By 

considering the amp litude of the response corresponding to the imaginary 

and complex arms, it is possible to estimate the error introduced by 
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approximating the net response, including all the arms, with only the 

stationary phase method applied to the positive traveling waves. For 

example, the max imum total deflection amplitude at 1 0 = 40 is .20 for 

the positive traveling wave corresponding to the lowest mode for the soft 

foundation, figure 29b. The corresponding contribution from the imaginary 

arm is approximately. 06, figure 34b. By neglecting this contribution 

(considering only positive traveling groups) an error of approx imately 

300/0 could be introduced. On the basis of the amplitudes at yO = 40 and 

the decay rates of integrals having points stationary phase (1/.;-;:;:0) and 

integrals governed by the Riemann-Leb '~ sgue lemma (1/7'0) the relative 

importance will be 10% when 1 0 = 360. The result indicated here 

demonstrates a further shortcoming of the stationary phase method when 

applied to the type of transient problems considered in this study without 

regard to negative traveling wave s . 

Complex Arm (Integrals Ib and I ) 
4-- s4 

Integ rals Ib 
4 

and I do not have stationary phase point s, and like 
s4 

the imaginary arm the i r contributions cannot be indicated in figures 24a, 

24b. 25a and 25b. The time response of the total deflection i s shown in 

figures 37a and 3 7b for the two foundation stiffnesses. The pe riod of 

oscillation in both cases corresponds to the frequency .lL w • This is again .,-

due to the spacial decay at frequencies outside the neighborhood of .i"l *. 
~ 

and can be seen more vividly in figures 38a and 38b. These figures show 

the plate deflection for fixed times. Here the long time limit of a half 

static deflection is demonstrated . This is evidenced by comparing the 

equivalent paths of integration that compose L4 in figures 19 and 22. The 
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spacial variation indicated in figures 38a and 38b also reflect a moderate-

ly damped (spacially) oscillatory motion about the static solution with a 

wave length corresponding to the wave number X*. The imp ortant feature 

here is the absence of a propagation speed and the appearance of nodal 

planes. (In figure 38b the first nodal plane is not as well defined as in 

figure 38a.) 

The amplitude computed for this arm is considerably less than that 

from the lower real arms at .!L * (for example, compare figures 37a and 

37b with 29a and 29b) though it doe s not appear to be bounded by a steep 

exponential envelope as is evidenced in figures 38a and 38b. When the 

integral is written along its equivalent path in figure 22 the time dependent 

integral is governed by Watson's lemma and decays as 1/,0 for large time. 

For comparison the integral for the e x act theory, 14 of equation 72, 

* was computed for this arm at the surface of the plate ~ = 1. As in the 

approximate theo ry case, the predominant period indicates the primary 

influence in the neighborhood of ..n. ~ ~. 88. The previously observed 
" 

edge mode resonant frequency observed by Shaw (20) and computed by 

Gazis and Mindlin (19) (.fL~. 65 for v = .31) is not evident here for long 

time. In the case of the e x act theory this may be explained in terms of 

the coupling between the lowest symmetric mode a::1d the complex arm. 

Recall that the edge mode frequency was determined by Gazis and Mindlin 

from the consideration of the relative magnitudes of the complex and real 

* Here the complex wave numbers were computed at 200 evenly spaced 
values of frequency, and intermediate values were interpolated from the 
resulting table. A 50 point trapazoidal integration scheme was employed . 
The integral was made regular at its improper limit by a change of var­
iables. Comparison with the re sults computed from a 200 point integrati on 
mesh indicated an error of less than 1% for the several values of ,/0 and 
SO tested. The initial wave arrival in the ex act case occurs as a time 
corresponding to the dilatation speed Cd' The partial static deflection 
under the load and at the surface was computed to be Wo = .756 fR IF: . 
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waves resulting through mode conversion of a steady real wave impinging 

upon a free edge. The results presented here, figures 39 and 40, do not 

contradict the existence of the edge mode for steady wave propagation 

but merely imply that the lowest symmetric mode in the transient case 

does not contribute significantly in the vicinity of the edge mode frequency 

for long time. The amplitude spectrum for the integral representing the 

real wave, equation 69, has a minimum near the edge mode frequency due 

to the smallness a.' there. 

Total Response (wb ' w sand w T ) 

The bending and shear deflection time records are shown in figures 

2 
4la and 43a for g =.9079. Both wb and Ws are seen to be zero at the 

arrival of the first wave and steadily inc rease into an oscillatory deflection 

without discontinuities in the slopes before the second wave arrival. The 

shear wave is marked by a discontinuous slope in the shear deflection w , 
s 

reflecting a jump in s'J.ear load. The bending deflection, however, remains 

relatively unaffected in agreement with the wave front expansion there. 

For long time these deflections are out of phase, approx imately of equal 

amplitude, and are roughly bound in a long period sinusoidal envelope, 

which decays as l/.;TO'. The opposite phase and similarity in amplitude 

are characteristic of the long time frequencies,...n... = l,..n. = g, and n = .0. •. , 
~ 

for this foundation stiffness. This effect has been discussed previously 

for the individual mode contributions. The b ,=havior of the long period 

envelope i s a result of the superposition of the various modal contri-

b:.ltions near their long time frequencies. For example, the trigonometric 

identity 
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may be used t9 estimate the magnitude of this period. It re presents the 

simple group with the amplitude and group velocity determined by the 

cosine term, and the phase wave and velocity by the sine term. The 

three possible combinations of frequencies that describe the envelope 

of the group and their associated predominant period are 

I-g = .0472 - T c:: 144 
P 

g-flw = .0498 
~ 

__ T ~137 
P 

l-IL = .0969 
~ 

-- T <:= 70 
P 

The predominant period measured from figures 41a and 43a gives T == 120, 
P 

reflecting the combination of the limiting frequencies g-.!1* and I-g. 

The total deflection shown in figure 45a does not indicate the 

presence of an envelope, partly because the total deflection contribution 

from the upper cutoff frequency is negligible compared to the re sponse at 

...n. ~~ and g. Recall the cancellation of w sand wb at the higher cutoff 

frequency. The period corresponding to the remaining combination 

between ...(l. * and g is not evident because of the large transients at the 

shear wave arrival. Such a period measurement is not possible con-

side ring the limited time record . 

The large deflection at the shear wave front, figure 45a, indicates 

that the bending and shear deflections are in phase and the governing 

equations are highly coupled in the sense that the rotational and transla-

tional energies are exchanged through the foundation. For increasing 

ti me the equations become relatively uncoupled, i. e., the rotational 
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energy is e x changed with shear and bending distortion energy at the 

higher cutoff frequency and the translational energy with the foundation 

and shear deflection ene r gy at the lower long time frequencies. In this 

case the total response may be considered to be the superposition of two 

independent solutions at two different frequencies, each corresponding to 

a different t y pe of motion. This behavior is more pronounced for the 

softer foundation, figures 4lb and 43b, where the rotation-distortion 

energy is small at the higher frequency and the shear deflection is small 

at the lower long time frequencies. In this cas e almost all deflection is 

due to bending as may be seen by comparing the magnitudes in figures 41b 

and 43b for long time. The equation governing the rotation, equation 25a, 

becomes unimportant for long time as does the shear term in equation 25b. 

The only significant energy exchange is between -the translational kinetic 

energy and the potential energy due to the foundation deflection and plate 

bending. Even the plate bending become s insignificant for long enough 

time leaving only the classical one degree of freedom spring-mass mode 

of vibration with a slow amplitude decay of 0(1/ ffO). For sufficiently 

soft foundations the elerne ntary bending theory could give accurate long 

time information because of its applicability to situations where low 

frequencies and long waves prevail. 

Though the influence of the higher cutoff frequency is evident in the 

bending and shear deflections this character is not observed in the total 

deflection, figures 41b, 43b. and 45b. Again this is due to the cancellation, 

w s = -w
b 

at the highe r fre quency. 

The deflections along the plate for fixed times are shown in figures 

42a, 42b, 44a, 44b, 46a, and 46b. The rather complicated responses 
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demonstrate the necessity of considering the individual contributions 

separately for the various modes, where the particular characteristics 

of these curves can be conveniently analyzed. Note should be made, how-

ever, of the shear deflections, figures 44a, and 44b, where the slope of 

these curves is proportional to the shear force. For the softer foundation 

the significant shear force preceding the shear wave arrival reflects the 

coupling between the bending and shear deflections as mentioned 

previously. 

For the pu;rposes of comparing the numerical results presented with 

those expected from the related exact problem, some qualifications must 

be made as to the regions of time and space where the approximate theory 

adequately describes the exact theory. Reference to figure 24a, for 

example, shows that in the time region preceding the time corresponding 

to point CD the influence of the lowest mode and the complicated behavior 

of the other modes considered for the exact theory are not adequately 

duplicated in the approximate theory. For times beyond CD the behavior 

of the approximate theory is qualitatively similar to the exact theory. 

Times corresponding to CD are indicated in figures 41a, 43a, and 45a for 

reference. Using this criteria in figure 25a shows a s ignificant discrepancy 

in the wave lengths of the two theories even to the left of CD, which is 

equivalent to the region of times greater than CD in figure 24a. The 

behavior is, however, qualitatively correct and the point CD is marked 

in figures 42a, 44a. and 46a for reference . 

A similar criteria based on the point CD would lead to the conclusion 

that the results are entirely in error for any region of dispersive response 

for the softer foundation. However, if the longitudinal response is small 
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cOITIpared to the bending response this statetTlent is not necessarily true. 

The type of loading considered here (transverse line load) gives rise to a 

greater transverse deflection for the soft foundation, since the longitudinal 

displacetTlents and stresses would be excited only through a Poisson's 

ratio effect. For long waves and low frequencies the influence of Pois son's 

ratio coupling can be neglected. The longitudinal tTlotion for long waves 

is governed by the two tTlode segtTlents CD -0 anc8 - 0, figure 23b. 

With the exception of the se. segITIents, the predotTlinant-pe riod, titTle -of-

occurrence curves for the e x act and approxitTlate theory are seen to agree 

well for periods and wave lengths greater than @ in figures 24b and 

25b, respectively. Because of the ex tretTla at 0 the validity of the 

approx itTlate theory in describing the e x act response for the upper two 

tTlodes ITIust be restricted accordingly, i. e., waves arriving before 0 
tTlUS~ be discounted. The point 0 is indicated in figures 41b, 42b, 43b, 

45b and 46b for reference. 
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CONCL USIONS 

The transient response of an elastic plate resting on an elastic 

foundation has been computed in section II and correlated with the 

frequency spectrum discussed in section 1. The general conclusions 

that can be drawn from this response fall into two distinct areas: 

1. The mechanism of the transient response 

The influence of restraining elastic boundary affects a redistri­

bution of the energy between the various modes of plate deformation . For 

a soft foundation the transverse excitation of a thin plate is characterized 

by the usual bending mechanism described by the elementary bending 

theory. The principle energy is in the form of translational motion and 

foundation and bending deformation. For the stiffer foundations the in­

fluence of rotational energy becomes significant, and the higher modes of 

deformation are prominant. This latter result leads to greater transverse 

shear as has been demonstrated in this study using the Timoshenko bending 

theory. 

2. The methods of analysis 

Two types of integrals that describe a transient solution are found 

which may be classified as "wave" and "nonwave". The"wave"integrals 

are of the stationary phase type and have an associated group velocity 

which is bounded. The "nonwave" integrals are governed by the Riemann­

Lebesgue lemma and do not have a group velocity. These waves, however, 

serve mathematically to cancel contributions beyond the head of the wave. 

The "nonwave" respons e is associated with integrals which have points of 

stationary- phase outside the limits of integration and appear to be waves 
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traveling toward the source of the forcing function . The "nonwaves" 

reflect the influence of the complex and imaginary arms in the related 

frequency s pectrum. 

Though the method of stationary phase appears to describe 

adequately the predominant periods and their related time of occurrence, 

the amplitudes predicted by this method of approximation suffer from 

rather seve re limitations. Besides the deficiencies of this method in 

describing a particular integral (Appendix C), the usual predominance 

of this type of integral over the integrals governed by the Riemann­

Lebesgue lemma, which describe the "nonwaves", occurs only in the 

very far field. For the intermediat e field, not governed by either wave 

front expansions or the far field analysis, the only apparent means of 

evaluation is through direct numerical analysis . In this regard it has 

been p ossible to exploit the relatively simple forrns of the approximate 

bending theories of Uflyand and Timoshenko for the intermediate field 

in terms of the frequency s pe ctrum. Direct application of the methods 

presented here with similar numerical analysis can be accomplished with 

problems involving the exact t heory of linear elasticity provided the 

frequency s pectra are known. 
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APPENDIX A 

The Geometric Behavior of COInplex Frequency Spectra 

Assutne a functional relation of two cOInplex variables Sl and r 

of the forIn 
F(r,.ru = 0 (A-I) 

where F is analytic in each variable such that the derivatives dnF/d rn 

a n d dnF /d.f2.. n tnay be fortned for all rand.fL. Then n is iInplicitly an 

analytic function of r , since dnn/d f' n is defined at every point. A 

confortnal tnapp ing, therefore, e x ists between the SL - and r -planes. 

Consider the functional relationship (A-l) to be a frequency equation 

which is even in n. Assutne further that branches are known which tnap 

parts of the real r -ax is onto the real Sl-ax is . Because of the confortnal 

tnapping between the se plane s each such branch tnust tnap the entire real 

r -axis onto the entire Jl-axis unless dll/d r is zero at sotne point, say 

r*, on the real r -axis. At such a critical point the tnapping is no longer 

confortnal and the first nonzero derivative d~/d rNlr = r~ tnust be 
~ 

detertnined . E x panding in the neighborhood of r~, £l. is given by 
~ 

(A-2) 

or 

(A-3) 

where 

A= 
N! 
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Consider a branch and its mapping in the r- and Sl-planes which has 

one critical point, r ... , as depicted in figure A-I. 
~ 

The real positive 

..fl.-axis is shown mapped onto the positive real r -axis and a complex 

* curve which emanates from the real a x is at an angle <t> given by 

Since the function F( r , n.) was assumed even in..o.., the negative real 

il-axis must also map onto the same path as did the real positive n -axis. 

This is possible only if the mapping at CD is not conformal, i.e., 

(A-4) 

since 

drl dr'1 
dD.. n= +0 = dn .il= -0 

Several conclusions can be drawn regarding the spectra indicated by 

imposing real n on the frequency equation F( r 2, iL2
) = O. Consider, for 

example, a three-dimensional plot of real n against complex r , i. e., 

r = X + iY, as in figure 12. Real arms are assumed to exist. A complex 

d.Q. dQ dO 
arm emanates only from a branch where dZ = 0, (dX = dY = 0). In the 

neighborhood of this critical point the complex arm lies in the plane 

.Q. = il*, whe re n is real, making an angle 4>, 0 L ~ L i, with the X­

plane. The derivative dN.il/d r N 
at the critical point is the same in the 

plane of the complex arm as d~/dXN in the real arm due to the analytic 

behavior of this quantity. Furthermore, if the complex arm intersects 

* This result has been established by Sherwood (38) using a slightly 
different approach. 
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Figure A-I . Mapping of frequency and wave number planes . 
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the ..I2. == 0 plane, it intersects normally according to equation A-4 . 

Similar arguments hold for complex arms emanating from imaginary 

arms as shown for the more exact bending theory in figure 12. Imaginary 

arms connected to real arms is a special case of the complex arms 

where r w = 0 and N == 2 . 
'0 
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APPENDIX B 

Branch Point Analysis and Contour Integration of Equation 51b 

Evaluati on of the integral 

ip S' 
e Z + (B-1 ) 

for 1m Pj > 0 un Brl is accomplished by completing Brl in a closed path 

to the left. 

Possible branch points in the s-plane correspond to the zeros of 

Pl' PZ' and Z whe re 

p/ = - i[sZ(l+~h+l] + (-l)j Z 

(B-Z) 

In the former case there are zeros of Pj only for PZ' which are seen to 

be at ± i and ± ig. The zeros of Z are located at ± S" where 
J 

Sj = --Z (-1)) Z --Z -g + --Z I-g (1- b ) Z 1 [ "t " &Z z) Z&Z -J Z z,] 
1- b 1- & 1- b 

Comparison of equation B-3 with equation 33 shows that 

(B-3 ) 

The regions shown in figure 14 describe the nature of the branch points 

given by equation B-3. Since interest is no longer restricted to real 

frequencies (imaginary s) as required to describe the frequency spectrum, 
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all roots given by equation B-3 rrlUst be considered. The four regions 

2 
give the following values for S. : 

Region I 

Region II 

Region III 

Region IV 

J 

S .2 cotnplex 
J 

S2<::0<S 2 
1 2 

0<. S.2 
J 

S 2Z0ZS2 
2 1 

2 
Study will be confined to region III as before and with values of g 

less than l+~2. These branch points are sketched in figure 19 for g2.( 1. 

The integration of B-1 is carried out along the path shown in 

figure 19. (Later the results will be ex tended to include the range 

1 L g2 <1 + f!,2.) This path is suggested by the stationary phase integrals 

resulting frOtn a sitnilar contour used by Miklo 'mtz (15). In the present 

work the individual integrals cOtnprising the final solution are related 

directly to specific branches of the frequency spectrutn. Before COtn-

pleting Br
l 

to the left, the wave character of the governing equations 

can be studied in detail by cotnpleting Br
l 

to the right. 

Cotnpletion of Br
l 

to the Right 

The path of integration Br
l 

was necessarily chosen to the right of 

all singularities. Integration around the closed path cotnposed of Br
l 

and a large arc to the right of Br
l 

(C
l 

in figure 19) tnust be zero according 

to the Cauchy integral theoretn. As the radius of this arc be..cotnes very 

large the integrand of integral B-1 can be expanded for large s, and gives 

for equation B-1 

I -= s (B-4) 
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Since both terms In the i ntegrand are of order 1/ sk, k > D, (24), the 

integration along Cl contribu tes nothing provided the coefficient of s In 

the e x ponential is negative. This means that the value of I is zero for 
s 

(I <.. £. Sl. Only the first term contributes for times in the range 

of, :s I':::: /,1 ~ s I. Both terms contribute for 'I I > S I. 

In terms of dimensional parameters (since S = c/c ) these time 
p 

ranges correspond to 

t<~ 
c 

P 

~<t 
c 

indicating the arrival of two different wave fronts. Integrations are 

carried out for the time ranges after first wave arrivals over a contour 

obtained by completing the Bromwich contour to the left . 

Completion of Br
l 

to the Left 

When the coefficient of s in the exponentials become posi.tive it can 

be shown that integration along the small arcs C
2 

and C
3 

vanish (39). In 

this case 

since no singularities are enclosed by the path of integration. It remains 

only to write down the integrals along each of the paths using analytic 

continuation of the selected branches of Pj on Br
l

• The branch points of 

Z can be dealt with by writing it as 
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where the /.) . and <P . are, respectively , the m.oduli and argum.ents of 1- 1 1 

the com.plex vectors em.anating from. the four branch points of Z, figure 19 . 

This type of representation has been used b y Miklowitz (36) for a sim.ilar 

function. Since on Br
l 

the variation of the argum.ent, ~ , of s m.ust be 

restricted to -rr/Z L¢,L: rr/Z, the <P i also have the sam.e restriction, 

i.e.,-rr/Z Z <Pi':::::: rr/Z. 

The contour integration is carried out by continuing analytically the 

integrand functions in integral B-1 from. Br
1 

to and on Br
Z

. The com.plex 

vectors defined in equation B-5 aid in this process. 

Imposing I s I »1 at the beginning of path L
l
, figure 19, the argu­

m.ents of the Pj and Z (co:lsistent with 1m Pj /" 0 0n Br
l
) are 0 and -rr, 

respectively. Using equation B-5 it follows that on paths Ll' L
Z 

and L3 

the argum.ent of Z remains -rr, since on these paths the 2:~ i rem.ains 

fi x ed and Z does not go through any of its zeros in going from Ll to L
3

• 

About the branch point -iS
l 

just the argum.ent 4> 3 changes from. -rr/Z to 

rr/Z; hence the argum.ent of Z changes to -rr/Z, the value it also has on 

path L
5

• On path Ll it follows that 

where 

Z 
s 

1 [Z Z Z 
Pj = "2 7 (1+ & ) - ~- -

-i{rr/Z) 
= ? e 

l/Z 
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E x panding the p . in the neighborhood of s = -1 and retaining only the 
J 

leading terms giv es 

i <p 
h + 00e 0 h . f· B 1 S · Z / 1 h b were s = -1 r, as s own ln 19ure -. lnce g <-. as een 

assumed, it is seen that s = -i is a zero of Pz only as pointed out 

earlier (and consequently not a branch point of PI). The term Pz can then 

be written as 

Pz 

where the branch of the square root has been chosen in agreeITIent with 

Pz real and greater than zero on L l , i.e., when ~o = -rr/Z. The Pz is 

seen to behave in the usual ITIann.e r in the neighborhood of a square root 

branch point, and its argument increases by rr/Z as ~ 0 goes from -rr/Z 

to rr/Z. This analytic continuation to path L Z gives PI and Z unc hanged 

and Pz as . rr l/Z 
12 [ 1 Z (Z 1 Z ] 

Pz = e - 2 7 (1+ Cl ) + 2 g + Zl 

Along L Z the a rguments 0f Pj and Z reITIain unchanged . 

be expanded in a manner similar to that applied at -i. 

At -ig the p. can 
J 

This point is 

also found to be a zero of PZ' and analytic continuation to path L3 gives 

PI and Z unchanged again and 

The point -iS
l 

is a branch point of both Pj as well as Z and analytic con­

tinuation to path L4 gives 
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s - plane 

Figure B-1 0 Detail of complex a-plane in neighborhood of branch p oint 
s :: -L 
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1/2 
-+1 [1 2 2 2 - ] Pj = {_l)J "27 (1+ & )- ~ _(_l)J iZ

l 

where PI has been carried along unchanged from path LI to the branch 

2 2 (2 
point -iSl , Note that for ? >g /1+ 0 the lIn Pj > 0, Continuing 

analytically to values of 7 2 L g2 /1+ ~2, Im Pj must remain greater than 

zero, and the p_ may be written in the equivalent form 
J 

Continuing from path L4 to L5 results only in a change of form, since s 

is real on path L5 

where 

1/2 

+ (-l)j iZJ 

1/2 

As a check on the procedure, the values of p _ and Z can be continued 
J 

analytically from L5 around S2 and along the real axis to Brl , It is 

readily seen that on the real axis, for I s I > S2' Pj is positive imaginary 

a s required. 

Further si ITlplification of the integration can be mad e by noting that 

anal ytic continuation onto the uppe r half s -plane will give the p _ to be the 
J 

negative complex conjugate of the p_ on the corresponding path in the 
J 

lower half s-plane. The integrands of B-1 must behave similarly. Since 

the directions of integration along these equivalent paths are opposite 

in sense, the contribution from such an integral pair is twice the real 

part from either one of the paths. 
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Expansions in the neighborhood of the branch points shows that the 

contribution to the integral froITl the small arcs vanish in the limit. A 

half residue results froITl the small arcs at the origin. 

After some algebra the integral B-1 is given by the integrals 

presented on page 59 in the text. 
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APPENDIX C 

A Criterion for Estirrlating the Range of Validity of the 

Stationary Phase Approx irrlation. 

Consider an integral of the forrrl 

(C-l) 

where " is a large positive real pararrleter, 'X ( ?) a real continuous 

function of the real variable ?, and f( ~ ) a real or complex continuous 

. * L function. It is assurrled that 'X (10) = 0 in a l L.. 70- a z; i.e., integral 

C-l has one or more points of stationary phase (critical points) in the 

range of integ ration. 

It is well known that an integral of this type can be approxirrlated 

for sufficiently large values of the pararrleter 'f' by using the method of 

stationary phase (33). Pekeris (40) has estirrlated the range of ")-' over 

which this approx imation is valid by including the next terrrl which is of 

order (II I '), the leading term being of order (l/.y?="i). In his work 

Pekeris extended the integral lirrlits to infinity, and only the higher deri-

vatives in 'X ( ?) were considered. In the present study the integrals 

under consideration have finite lirrlits close to the stationary phase point 

and rrlay not be conveniently e x tended to infinity. Further, the function 

f{ 7 ) is not as sUrrled to be slowly varying. The following study attempts to 

include these sources of error in the estirrlate" of ,'. 

There e x ists an u pper and a lower lirrlit of integration around the 

i,c 
The dots ( r will denote differentiation with respect to ? . 
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critical point, 7 c' beyond which further contribution to the integral C-l 

may be disregarded as being less than some acceptable error E . If this 

bound is within the limits of the integral, does not contain other stationary 

phase points, and specifies a range over which the higher order terms 

of the Taylor's series expansions of f( ? ) and A ( ?) satisfy the conditions 

I fIn) ( 
?o)ll?c- 70 In 

'" O( E ) n = 1,2, •• . 
n~ rf( po)1 

n 
(C-2) 

I (nl ( ) I 
i?c- 70 I 'X 70 

"" OCt.) n=3,4, ••• nt 

then the error introduced by approximating the integral C-l by the methods 

of stationary phase will be of order E.. and hence acceptable. The following 

establishes the value of 

Assume there is one point of stationary phase, ? 0' in a l ~ 7 L a 2 

and that 'X .• ( po» O. Expanding ')(7) and f(7) in a Taylor's series 

about po and retaining only the terms f{ Po)' 'X (- ? 0)' and "X-.. ( po) 

gives, upon rew riting integral C-l 

(C-3 ) 

where 
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The integrals in equation C-3 are Fresnel's integrals and may b e 

approx i mated by an asymptotic e x pansion (33) 

i ,,2
d 

iTr/4 R 
e{ ?~e -2-

i(H 2+rr/2) 
c 

e 
--2H----

c 
+ •••• 

where 1 «Hc L ?lL.72 is assumed. The following inequality in the limit 

for large H prevails 
c 

-i rr /4 
e 

H 

J
c 

o 
(C-4) 

The term on the right of equation C-4 is an estimate 0: the upper bound in 

the error caused by using the ordinary stationary phase approximation on 

integrals like those in equation C-3, where the integral limit is finite. A 

similar expression to equation C-4 can be derived for 1.. .. ( ? 0) .;(0 and 

is given by 

2 

R 

H 
c 

e
irr

/
4 J 

o 
(C -5) 

Assu me that it is desired to maintain an upper bound in the error 

less than E. such that 

1 
H = ---

c -rrr t 
This dictates an integral limit H beyond which further integration is con­

c 

sidered negligible. In terms of the integral C-l this limi t is given by 
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± 1 

~o -171 c 
where ? c must satisfy a l L 7 c L aZo This last condition imposes a 

lower limit on 'f I which i s described by the inequalities 

Writing the order terms 0(£ ) = c in equation C-Z, this pair of 

equations also dictates a lower limit on ?": 

fen) ( Po) 

E.n~f(?o) 

Z/n 

Z/n 

» 

n=l,2, •.. 

n = 3 J 4, ... 

(C-6) 

(C-7) 

(C-8) 

For a value of 1" that satisfies both equations C-7 a'1.d C-8, the 

approximation of integral C-I by u sing the method of stationary phase will 

produce an estimated error of order £, ° The accuracy of this estimate 

may p ossibly reflect a rather severe handicap on the method of stationary 

phase, when in reality the error could be considerably lesso The rough 

error estimate made in equation C-Z is in general probably too harsh, 

since the maximum error in f( ?) and 'X (P) due to the neglect of the 

higher order terms of their expansion occurs in the region of highest 

oscillation of the integrand of integral C-l. 
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Numerical Example 

Examples are carried out for the two integrals I and I of 
sl s5 

equation 52b. These integrals are of the stationary phase type and are 

impro?er at their lower limit. The function f( 7 ) defined in this appendix 

can be c rudel y approxi mated by letting the coefficient of the exponential 

be some function of the form 

f 
f( 7) = -,==o==;--V? -al 

The integrals under consideration are therefore of the form 

where the X ( ? ) defined in this appendix is 

and 
1 

[Pijl ? r ~ i [? '11+ 1.'>-.']-I-1)j { [7 'Il~ .')-g']' -~'I.' - 7')(1- ?')}' 
a

l 
= 1 for I 

sl 

( 

2 ~ 2 
g -2 --2 

1- ~ 

Numerical evaluation of the pertinent information has been carried out 

for f. 2 = .28375 and g2 = .9079 . The results are indicated in Table 



-162-

C-l and establish the value of I' (and thereby define the far field) at 

which the order of the error, C. ,is 0.1. Only the derivatives "X ... ( 70) 
and f' ( ? 0) have been considered. The values of '7 ,/ g , studied are 

tc 
7' / .5 ' = 1. 3317 ----.E. = 2.5 

) x 
tc 

'/'/5'= .62590 -~ = 1.18 
x 

The former case corresponds to a point of stationary phase for both 

integrals and represents a time at which significant dispersion is present. 

In the latter case only integral I has a stationary phase point, this time 
sl 

being before the arrival of the second wave. 

In each case considered the improper nature of the integrands at 

their lower limit has necessitated severe requirements on ". Recall 

that for a plate 

1'" 
c t 

= jl2~ ~ = 
c t 

1. 84 ;: 

s' = Fz ~ = 3.464 ~ 

For i' = 10
4 

and 1'" / s ' = 1. 3317, for example, 

and 

t = 5 . 40 x 10
3 

h/c 
p 

3 
x= 2.l5 xl O h 
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Table C-l 

I I 
s5 sl 

f-. 

'r' / S' 1. 33 17 1. 3317 .62590 

po 1. 2313 1. 0632 2.11983 

P . . ( ~ ) 1J 0 
.97160 . 12488 .94695 

a
l 

.90307 1. 000 1. 000 

a 2 00 00 00 

1-x.··(Po)1 .774 4.00 .1 60 

I X··· ( ~ 0) I 4 . 17 75.5 .2 70 

I£"( 70)/f( ?o) I 1. 52 7.9 . 446 

T he minimum " for E =.1 
~ 

from first of equation C-7 0 0 0 

from second of equation C-7 7. 6 x 10 
2 

4 . 0 x 10 
3 

3.2 x 10 
2 

from first of equation C-8 1. 9 x 10 
4 

1.0 x 10 
5 

8.1 x 10 
3 

f rom seco:ld of equation C-8 3. 0 x 10 
2 

4 . 0 x 10 
2 

2.3 x 10 
2 

greatest minimum of '{" 1.9 x 10 
4 

1. 0 x 10 
5 

8.1 x 10 
3 


