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ABSTRACT

The wave propagation characteristics in a stationary unbounded
plasma in a static arbitrary magnetic field are reviewed. If the
plasma is drifting, a Lorentz transformation can be made to obtain
the w-k relations in the reference frame where the plasma is moving.
The transformation is a simple one for the slow waves with non-
relativistic drift velocities. The modified waves for the drifting
plasma have an important bearing on the instability of the transverse

modes in a system of a drifting plasma in a plasma.

The dispersion for bounded (cylindrical geometry) plasmas is
studied, where the propagation vector is along the z-axis. The
salient features of these waves are obtained by studying the circu-
larly symmetric mode. The general features predicted by the quasi-
static approximation are verified and the exact and quasi-static
solutions are compared. The range of validity of the quasi-static
Vapproximation is determined and the h-values are plotted. As the
radius becomes larger these modes evolve into the plane wave cases

of the unbounded plasma.

When a fast beam of charged particles, electrons, ions or a
plasma, traverses a stationary plasma in a magnetic field, there is
a possibility of unstable transverse modes of propagation. If the
drifting particles are either electrons or ions, the circularly
polarized waves exhibit an instability over a very narrow frequency
range near the ion and electron cyclotron frequencies respectively.
When a plasma drifts through a plasma, in addition to the instabili-
ties noted above, there can be an instability near zero frequency,
and the growth condition is determined. For typical parameter values
these transverse modes have greater growth constants than the longi-
tudinal mode. These unstable transverse modes have possible
applications in the generation of high frequencies, and are possible

explanations for various instabilities in the ionosphere.
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I  WAVES IN AN UNBOUNDED PLASMA

1.0 Introduction

The first important study of plasma'oscillations was done in
1929 by Langmuir and Tonks (1). Noting the similarity of certain
newly discovered oscillations in ionized gases to the oscillations of
a jelly plasma, they christened the new oscillations, "plasma-electron
oscillations" and also gave the name "plasma" to the nearly neutral
part of an ionized gas. Since this initial impetus, much research has

been done in the field. A history of plasma oscillations is found in

(2).

This paper will deal with one aspect of plasmas, that is, the
study of wave propagation in a plasma medium with emphasis on the case
where an external static magnetic field is present, and also taking
into account the effects of drifting charged particles for the unbounded
case. Before these topics are discussed, the simple cases of wave propa-

gation in a plasma will be reviewed.

1.1 Basic Relations

The different types of waves to be discussed are based on Max-
well's equations, a definition of current density, and the macroscopic
equations of motion. In the analysis to follow,the equations will be

(ot - k-r)

linearized and waves of the form e will be assumed. The

subscripts o and 1 denote the zero order and first order a.c. terms,

respectively. Maxwell's equations are

¥ 3B
VXE =-% (1.1a)

- = b
VxH = J+%x (1.1b)



VD = p (1.1c)

v.B =0 (1.14)

and the current density is defined for single velocity charged particles

J. =pu +p.1u » (1.2)

The plasma effects are determined by an equation of motion. It should
be mentioned at the outset that for most of the problems considered in
this paper, a cold, collisionless plasma will be assumed. However,
if thefinite temperature of the plasma is to be taken into account,

the Boltzmann equation (3)will be considered to be valid. This is

114

5 &(E + axB) _(of
+u - VP + m(E + uxB) V£ = F&)qou. (1.3)

where f 1is the distribution function and E and B are the total
fields. Pressure and gravitational effects will be considered negli-
gible. The collision term on the right hand side bears some comment.
It is difficult to formulate the collision term since a collision
implies an interaction between at least two particles and a proper
treatment requires the introduction of at least the two-body function.
For the type of phenomena which will be studied, the collision term is
negligible. If the effects of the collision have to be included, it
will be sufficient to account for them in an approximate way. This
can be done by assuming a mean collision frequency, and that each
collision redistributes the velocities in a random way. This introduces

a slight damping of the waves. For the plasma electrons, with no drift



velocity
Iy = - nej{f £ du (1.4)

where fl is the first order distribution function obtained by
linearizing equation 1.3. It is seen that the plasma effects enter

into the second of the listed Maxwell equations.

1.2 Dispersion Relations

Since there is primary concern with waves, the propagation
constant will be obtained by solving the wave equation. The procedure
to be used is to express the plasma as an anisotropic dielectric medium

and then to solve the wave equation. This is done by defining

= Jwe - E . (1.5)

o)
+
¥|&

With this definition the dielectric tensor can be written from the
preceding equations. With no loss of generality ky can be set equal
to zero. Then, for the dielectric tensor of a thermal plasma with no

magnetic field, assuming a Maxwellian distribution of velocities,

= &, % m,n = 1,2,3 (1.6)

where

m
]
H
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ﬁ ; the plasma frequency; Vﬁ - X

EE' , the mean thermal speed
of the electrons. In the calculation of the current densities, an
asymptotic expansion (4) for the integrand in equation 1.4 was made,
and assuming waves whose phase velocities are much greater than the
mean thermal velocity, the first two terms of the expansion were used.
The dispersion is then correct to order (u- k/w)2 . There is no
Landau damping for this formulation. If a finite magnetic field is.
included, a differential equation for f, appears. The calculation
for this case will not be done here, but is available in the litera-
ture (5).

The dispersion equation can now be formulated. The curl of

equation 1.2a is taken, and using 1.2b and 1.5
- 2 - -
VxVxE-wpe -E = L*E = 0 (1.7)

No drift velocities have been assumed and including any would have put
additional terms into the dielectric tensor. The effects of ions can
be added quite easily, proceeding in the identical manner as above.

Later a beam and magnetic field will be added. Various cases will be

studied in the following sections.



1.2 Waves in a Plasma

1.3.1 No magnetic field. For zero magnetic field the dispersion

Tor the transverse wave is

2
®
2
K=t (1 - =) (1.8)
w” Vv,
L , e T @
2 I
k 3w
o]
2 2, 2 e o . . .
where ko =W /c . This is a plane wave propagating in a dispersive

medium. The characteristics can be seen in an w-k diagram, see Fig. 1l.1.
For the longitudinal mode for low electron temperatures

= S (o) (1.9)

d
This w-k diagram is shown in Fig. 1.2. It is seen that in the limit
of very low temperatures, the electrons can have only one oscillation
frequency regardless of the wavelength.
There are different types of electrostatic waves and a more com-

plete discussion is found in (6).

1.3.2 Finite magnetic field. The inclusion of a magnetic field

in the z-direction into the analysis introduces transverse modes which
are of the most interest. The dielectric tensor, including ion effects

but not temperature effects, is

€ = € € m,n = 1,2,3 (1.10)

where
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Equation 1.10 was obtained from equations 1.3 and 1.5, setting the
temperature equal to zero. The dispersion for a wave propagating in

an arbitrary direction is

c2k2 mE (D2 50 5 5
z o, = e _ i ) e k we wi
s {1e - X
m2 a)e— m2 cn2- W (1 e 2 2 2 )
ce ci w N
22 2
k w cu2 4 2K2 cn2 =
e { L __:1.) _c k2 k2 c o L e _ 1 )
2 2 2 T “x 2 2 2 2
w ® ® ® w-w W= ®
e B K
- -y il - g =ileguogl] =0 (1.12)
w(w - mce) oo - w4 w ® w

The dispersion features four waves. The geometry is shown in Fig. 1.3.
Waves are considered to propagate at an arbitrary angle to the mag-
netic field with the k-vector in the xz-plane. The waves in equation

1.11 have been studied extensively in the literature, see (7,8,9).
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Figure 1.3.

1.3.21 Propagation in the z-direction (6 = 0). For this

case the dispersion becomes

c2k2 wz u)_2
=~ =1- - - (1.12)
® owto ) oo Fo )
ce ci

The top sign applies if the ions gyrate in the same sense as the field,
and the bottom sign applies if the electrons gyrate in the same sense

as the field. In the very low frequency limit equation 1.12 reduces to

2

2 w2 wi
kK = ? (1 + ;2—) low frequency limit (1.13)

ci

This gives the Alfvén waves when a)i >> mii . In the high frequency

limit the ions can be assumed to be stationary, and their effects can

be neglected. This will be valid for w >> \/ ®o Dy e Then,
2
2 @° ®e 3
k™ == (1 - — _m_) high frequency limit . (1.14)
c w g _ce

@



An -k plot is shown in Fig. 1.4 for a hydrogen plasma for different

values of the ratio m.ﬁm a
17 el

It is instructive to see the amount of Faraday rotation a

linearly polarized wave can undergo in traversing a plasma. Below are

tabulated a few values. The rotation is

20 = (k+ - k_)z (1.15)

TABLE 1
FARADAY ROTATION IN A HYDROGEN PLASMA

20 1in radians per meter per gauss

jf; (Di/wci = L miﬁbci = 50 wi/wci = 100
2 5.1 x 10°° 6.6 x 1072 1.3 = 10'h
.8 1.49 x 10’LL 1.86 x 1073 3.72 x 1075
26 ~5.42 x 1o'LL *
1500 _1.14 x 1073 * *
1900 1.14 x 10‘LL * *
4000 5.8 x 10’8 2.69 x 1073 *
10000 negligible 2.53 x 1073 1,24 x 102
15000 negligible 1.43 x 1073 5.25 x 1075

¥ There i1s no propagation for one of the waves at these
frequencies, see Fig. 1.k4.

1.3.22 Propagation perpendicular to the magnetic field (0=x/2).

The dispersion is

2
cgkg wg mi
7 = Leog® = (1.16a)

€
g
€
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2 2
2
me ®ce _ ®1 Pei
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22 w o, ow-o ) oo-o,)
c k™ 1 e i ce ci (l 16b)
o - g 2 T2 2 2 D ‘ "
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s TR 2 2 2
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The first equation is Jjust the dispersion for the ordinary electromagnetic
wave in a plasma and has been discussed previously. ©See Fig. 1.5 for the

w-k diagram for © = n/2.

1.3.23 Propagation at an arbitrary angle. For this general case

the dispersion is

2.9
ek . 4 '{26 g . = (€. e 2 2) 5
5 = 5 2 11533 11633~ €11l€10] Jsine
® 2(633005 6 + e ,sin Q)
2 2 2 2 2 4 1.2 11
> [he33 |€12| cos @ + (611633- €q t lelgl )sin 9] / }' ( )

Equation 1.17 describes a pair of oppositely elliptically polarized
waves. An -k plot is shown in Fig. 1.6.

In isotropic media an elliptically polarized wave can always be
separated into two linearly polarized waves, but cannot be so separated
in anisotropic media, since the E and H vectors are constantly
changing directions. At a boundary the conditions are that the tangential
fields must be continuous. To do this in an anisotropic medium, one must
take into account two components of tangential E at right angles fo
each other, and two components of tangential H . Thus for the general

case, four waves are needed. These are available since the plasma can
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support two pairs of waves. It is seen then that for the general case
an incident wave produces two reflected waves in its own medium and two
transmitted waves in the boundary medium.

Examining the limiting cases in Figs. 1.4 and 1.5 one can visua-
lize the transition of the w-k diagram as © varies from 0 to =/2 .
As the angle © increases, the cutoff at w = W decreases until at
e = n/2 it becomes zero. The cutoff at = ® L decreases with
increasing angle until its limiting value for the case when € = x/2 S
The upper cutoff emerges when © # O and remains even in the limiting

case when © = x/2 .

1.3.24 Polarization of the fields. It has been mentioned that

the waves propagating in the z-direction are right and left circularly
polarized, and the waves at an arbitrary angle are right and left ellip-
tically polarized. The relations will be derived below.

Solving for the electric fields, one obtains (see Appendix I)

Eodkasin @ cos @

E, = J = (1.18a)

=
Il

2
- E_b k'sin © cos © (1.18b)

Ecg k2c0529
B, B e (1.18¢)

where the terms a,b,g are defined in Appendix I, E_ is an arbitrary

jlwt - jke
amplitude, the factor eJ(w . )

is understood, and k is the
propagation constant defined in equation 1.17. In the coordinate system

where k 1is along the z axis (see Fig. 1.3), using the transformation



. TR

E'= E cos @ - E sin 8
X -4 Z

B' = E

5 4 ¥

B! =

pA

- E sin @ + E cos ©
X A

the fields in x'y'z' system become,

2 2
E k cos © sin o(d - g)
E'= J=2
x

= (1.19a)
' 2 .
Ey = - Eob k'sin © cos © (1.19b)
2 2
Eok cos @ (d sin29 - g cos 9)
E; == = (1.19¢)

The nature of the polarization can be determined by examining the ratio
E'/E' . This is
/%y

e [(M . M3)tan29 + 35 Vupgcoszm(M- M3)Esin)+9]
¥ cos @

(1.20)
The quantities M, M

3 and P are defined

PO £
B €2-€
11" 12
1
M. =
€
> %33
o _ .52
z 2
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where the €'s are obtained from equation 1.10. The amplitudes of
E'x and E& are not, in general, equal. However, they are + ﬂ/2
radians out of phase and this means the wave is elliptically polarized.

Note that if © =0

and the waves are circularly polarized.

Note that the polarization in equation 1.20 changes polarity
for the + and - signs, so the waves are indeed oppositely elliptically
polarized. Notice also that these waves have a field component in the
direction of propagation, arising from the tensor properties of the
medium.

Now consider the wave which propagates normal to the magnetic
field. For equation l.16a the wave is the ordinary electromagnetic
wave of the plasma where the magnetic field has no effect and is
linearly polarized. For the other case (equation 1.16b), the wave
has a transverse and a longitudinal component of field, and these have
a phase difference of =x/2 . From equation 1.18
% = j% g (1.22)

¥
The E vector rotates in an ellipse, but does so in the xy-plane where

k is along the x-axis.

1.4 Drifting Plasma in a Magnetic Field

If the plasma has a drift velocity the phase characteristics be-

come modified and it will be seen that under certain conditions a



o iy

drifting plasma in a plasma will support a growing wave for both the
right and left circularly polarized waves. These unstable waves will
be discussed in Chapter III. Consider the w-k relation of a stationary
plasma in a magnetic field where the direction of propagation is along
the magnetic field. The w-k relation in the system in which the plasma
drifts at a velocity u,O in the direction of propagation can be ob-
tained by a Lorentz transformation. If the primed system is the one in
which the plasma is stationary, and the unprimed system is the one in

which the plasma is drifting,

kA (1.232)
k = k' = 0 (1.23b)
X X
k = k' = 0 (1.23¢)
Y ¥
o (1.23d)

The term ub/c will be assumed to be small. In the previous deriva-
tions relativistic effects were not taken into account. Then the term

1/V1 - (ug ¢”) is approximately unity.

For the slow waves under discussion the second term on the right
; u V!
hand side of equation 1.23a can be neglected, since —CE —E——h Ze i .

Then the w~k relations for the drifting plasma are approximately



=18

® = o +uk' (1.24a)

k =& k' (1.24p)

The longitudinal wave has been taken up elsewhere (10) and only the
transverse waves will be discussed here. The right and left circu-
larly polarized waves exhibit slightly different properties and will
be discussed separately. The dispersion (see Appendix IT) for a drift-
ing plasma is

AP ) wi(m - ubk) wi(w - ubk)

S 4 = = (1.25)

2 2 =
@ o (w-uk+o ) o(w-ukFo.)
(o] ce (e} el

The top sign applies if the ions gyrate in the same direction as the
E-vector and the bottom sign applies if the plasma electrons gyrate in
the same direction as the field. These two cases will now be examined

in some detail.

Tons Gyrate in the Same Sense as the Field.

Consider_the w-k relation of the wave whose field gyrates in the
same sense as the ions for positive frequencies. The case for the sta-
tionary plasma is showm in Fig. 1l.7a. If a drift velocity is introduced
using the relations in equations 1.37 and 1.38 one can visualize the new
w-k curve by adding uok to @ for the stationary plasma for a given
® . This new curve is approximately a rotation of Fig. 1l.7a through an
angle © , where © 1is the angle whose arc tangent is the drift velo-
city. It should be remembered that this construction by rotation is
not precise, except for the cutoff frequencies, and is just a qualita-

tive way of visualizing the w-k relation for the drifting plasma. This
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Figure 1.7 (continued)
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is shown in Fig. 1.7b. Now, as the drift velocity is increased, there
is a value at which the drift velocity becomes equal to the maximum
phase velocity of the positive frequency branch of the plasma wave. If
the drift velocity is increased further, the w-k curves become those
shown in Fig. 1l.7c. It is seen that there is a new slow wave for low
frequencies. The important characteristic of this slow wave is that it
is a negative energy carrying wave and later on it will be found that
it is this wave which interacts with the slow wave of a stationary
plasma to give instability. The curves at the right in Figs. 1.7b and
l.7c are associated with the slow cyclotron waves of the drifting elec-
trons and these are not affected very much as the drift velocity is

varied. This branch of the w-k curve is approximately given by

@O+ w
Ci

TP -
k 2 y (1.26)

This wave will henceforth be neglected in the ensuing analysis, as will

the wave which propagates at higher frequencies.

w,
A plot of the slow waves for a given value of the ratio i o

® .,
for several values of drift velocity are shown in Fig. 1.8. It E: seen
that at a certain drift velocity the slow wave described above appears
in the first quadrant of the w-k diagram. Where this transition takes
place will be calculated. It is sufficient to examine the dispersion

for zero frequency. For o = 0 there are two roots for which k is

Zero, kOl and k.o2 . There are also two others, given by the equa-

tion
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Figure 1.3. w-k Diagram for a drifting plasma in the vicinity of the
origin, where the ions gyrate in the same sense as the

field.
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vhere V_ is the Alfvén velocity (Va = ) « The plus sign will

i

give the value of k corresponding to the wave of equation 1.26. The
wave corresponding to the minus sign is the one which can have the
branches in the first or second quadrant. On examining equation 1.27

the determining condition can be readily calculated. This is

u > v branch in first quadrant (1.28)

u < v branch in second quadrant (1.29)

The condition of equation 1.28 is an important one for instability
of a drifting plasma in a plasma. For an interaction one would want
two waves near synchronism. The curves in Figure 1.8 could be qualita-
tively thought of as varying P instead of the drift velocity. As
P goes from a small value to a large value, the wave starts with a
branch in the first quadrant. Incidentally, if the drift velocity
becomes high enough the roots in equation 1.27 become complex. This
means that if the drift velocity is greater than the maximum Vphl

of the branch in the fourth quadrant, with the transformation, this

branch asppears entirely in the first quadrant of the w-k plane.

Electrons Gyrate in the Same Sense as the Field

The case in which the electrons gyrate in the same sense as the

field for positive frequencies can be visualized in the same way as

the previous case. There is a modification to be made, however. For
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the stationary plasma the cutoff for positive frequency now occurs

at o= & e and at w = oy for negative frequency. The evolution
of the w-k curves as the drift velocity varies for this polarization
can be seen in Figure 1.7 if one makes the conversion o — - P

k - -k . Thus one just has to rotate the curves in Figure 1.7
through =t degrees to see the behavior for this polarization.

For small drift velocities the w-k curves look like the solid
ones in Figure 1.9. As the drift velocity increases, one visualizes
the rotation in the w~k plane and the w-k diagram finally becomes
like the dashed curves in Figure 1.9. It is seen that for this
polarization there is no slow wave branch in the first gquadrant as
exhibited by the wave in the previous section, unless of course, a
plasma could be generated in which the negatively charged particle
has a charge to mass ratio less than that of the positively charged
particle.

In Figure 1.9 it is seen that there are two possible ways in
which the curves approach the k-axis. If u, or p is large enough
the dashed curves apply, otherwise the solid curves apply. The curve
at the right corresponds to the slow cyclotron wave related to the
drifting ions of the plasma. This is a negative energy-carrying wave.
It is quite important whether this wave originates at the origin or at
finite k . It will be shown that if it starts at the origin it is
possible for this wave to interact with a stationary plasma wave and
introduce an instability. This is a necessary but not sufficient

condition for growing waves of a drifting plasma in a plasma.
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w=k disgram for driftins plasma in the vicinity of the
ori;in, where the electrons zyrute in the same sense as
the field, for drift velocities yreater and less than

tie Alfvén velocity.
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The condition as to whether the slow wave described above starts
at the origin or finite k can readily be determined. This is done

by again examining the dispersion for @ = O . As before, there are

two roots for which k =0 . Call these kol’ k02 « There are two
finite roots given by the equation
~
Bso Pl o 1| Pea el 2 Poe Pei S -
Kozfou =~ —z ¥ ( 2 reo-g) (1.30)
o a

It is seen that there is always a negative root in the vicinity of
k = 4D06/u0 for reasonsble values of u_ and P . This is the wvave
corresponding to the fast cyclotron wave of the drifting electrons in
a plasma. Now look at the value of koh . This can be seen to be
positive or negative as ub is smaller or larger than Va . The con-

dition can now be written

u >V, k) negative for w =0 (1.31)
u <V, k) Ppositive for w =0 (1.32)

For the second case the negative energy carrying wave starts at finite
k and will not produce a growing wave if a stationary plasma is
present. For the first case the negative energy carrying wave starts
at the origin and a growing wave condition is possible if a stationary

plasma is present.
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IT. SIOW WAVES IN BOUNDED PLASMAS, HIGH FREQUENCY CASE

2.0 Introduction

In the previous chapter waves in an unbounded plasma medium
were studied. It will be instructive to see the nature of the waves
in bounded cylindrical plasmas and note the evolution to the plane
wave cases of Chapter I as the radius becomes larger. A distinguish-
ing feature of the bounded plasma is the emergence of a slow, low
frequency wave and, when a finite magnetic field is present, a back-
ward wave. These waves have been studied by Gould and Trivelpiece
(10,11) using a quasi-static approximation for several of the cases.
Here the dispersion will be solved for.exactly, and the results com-
pared with the quasi-static solution (11). The emphasis will be on

a plasma-filled waveguide in a magnetic field.

2.1 General Formulation

The derivation to be used is the same as before (Section 1.2).
The plasma will be expressed as a dielectric tensor and this is
inserted into the wave equation. This paper is primarily interested
in high frequency waves and ion effects will be ignored. The frequency
condition is the same as that specified previously, o >> VCB;;TE;; .
However, if one is interested in low frequencies, the dielectric tensor
can be modified quite easily to include the ion effects. In cylindri-
cal geometry with the conversion 1 -r , 2 -6 , 3 - z , the dielectric

tensor is, for propagation in the z-direction, which is also the

direction of the B-field,
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where the elements of the tensor have been defined in equation 1.10,
except that now the ion effects will be ignored. The reciprocal

dielectric tensor is defined

M P 0
E'1=—t— 2 M 0 (2.2)
- o
0 o M
i 3 |
where
€
M = L
2 2
€ - €
1" %
b = f12
"t Z 2
11" €12
1
M, = ams
€
3 33

Using the first two of Maxwell's equations, the wave equation is

vx (el vxH = kgﬁ (2.3)

The required mathematics for this problem has been treated by Suhl
and Walker (12), Gamo (13), Van Trier (14) and Epstein (15). In the

analysis to follow the wave equation will be solved in an analogous
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manner to that done by Epstein for a gyromagnetic medium. This is
worked out in Appendix I. It is seen that there are six equations
for the field quantities and, in general, all of them are non-zero
so there are no pure E and H modes except for special cases.

Before the general case is investigated, the two simple cases will

be studied; that of the infinite and the zero magnetic field.

2.2 Infinite Magnetic Field

2
w
. " A P
For this case ell = €55 = d 5 €15 = 0, and 633 = 1 me .
The plasma becomes a uniaxial dielectric with principal capacitivities
2
w
€5 € eo(l - —g) . The properties of such a medium are well known
w

and the basic equations in them have two solutions. For a derivation

see Appendix I for the case where 612 =0 .

For the system of H-modes the wave equation becomes

2 2 2
W, + (kX -K)H = 0 (2.4)
and for the E-modes
2
g W2 @ ~
vﬁ E, + (ko -k)l-—x)E, =0 . (2.5)
[0y
2 ] .
V& is the transverse Laplacian in cylindrical coordinates
2
2
Vp = % gi (x é}d N EE - 7
E o r~ 3
m2
2 2 2 2 2 2 e
Letting hl =k -k ,h; = (ko - kz)(l - u?) , the solutions to

equations 2.4 and 2.5 are
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H = HC

z o} n(hlr)

E = Eocn(hzr) (2.8)

where Cn(hr) is finite at the origin. From Maxwell's equations

the other field vectors are obtained.

2
1
~ k OE OH 1
E =L _'_E__E-g-ja)p_——
e~ 2 | 4T % >
h s
1
1 [ we aEz BHZ
Hf =2 |JF 3% sz _S;}
hl L
1 aEZ BHZ
HQ = - -h?[j(DEO E + ij TQ-} (2'7)
1

A few observations can be made. In general both E and H modes
are needed to satisfy the boundary conditions. However, there is a
special case when free space surrounds a plasma column. Pure E or
H mode formulation is possible since the transverse dielectric
constant is the same as that of free space. This can be seen by
examining equation 2.7. Consider the E-mode of a dielectric rod.
The dispersion is obtained by setting EZl = EZ2 and HGl = ng at

the boundary. The subscripts 1 and 2 refer to the outer and inner

regions. However, if one tries to set Egl = Eg2 at the boundary,

one finds that this is impossible for a pure E-wave, except for the
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circularly symmetric mode. This is so because h2 is different
inside and outside the rod. For a plasma rod in an infinite magnetic
field, the term multiplying the bracketed terms in equation 2.7 is
l/hi , 80 it is possible to match Ey, = EOE for any order angular
mode. Therefore for this case, E or H mode formulation is
possible for modes other than the circularly symmetric mode. The

dispersion for a slow E-wave propagating along the plasma column of

radius a , located in free space in an infinite magnetic field, is

Jn(hea) -h J n+l(h a) +— J (h a) -
K, (n,a) K (By8) + 3 K (hya) .

If a dielectric other than free space surrounded the plasma except
for the zero order angular mode, both E and H waves would be
needed to match boundary conditions. The dispersion is obtained by
equating tangential fields at dielectric boundaries and setting tan-
gential E-fields to zero at conducting boundaries. For the latter
case pure E or H mode formulation is again possible. The disper-
sion for the H-modes is the same as that of free space, and a
discussion of these free space modes can be found elsewhere (16,17).
If the plasma completely fills a cylindrical waveguide, the

dispersion is

2 2 2 w2
e
J (ha) =0 h™ = (k= k)1 - =)
w
2 5
k2 = k - -—nv—g— (2-9)
= @ 2 ®g
a (1-—5)
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where Pay is the vth root of Jn . The w-k characteristic is
shown in Fig. 2.1. If a approaches infinity it is seen that there
is a solution for equation 2.11, if h approaches zero. This
reduces to the TEM and longitudinal waves of a plasma in a magnetic

field.

2.3 Zero Magnetic Field

When the magnetic field is zero, the plasma becomes isotropic
and the problem can be treated exactly as a dielectric rod (18,19)
although it is one which is dispersive and can even be negative. The

wave equations inside the plasma are

2

(vT -h)E, =0 (2.10)
2 2

(Vp - By) B, =0 (2.11)

2
2 2 2 e ; i ; -
where h, = kz - ko(l - _é) . The dispersion is obtained from the

oy

boundary condition. For instance, consider a plasma column surrounded

by free space for w < w_ . Inside the plasma, excluding the common
J(wt -n6 -k, 2)
factor e 3
E,=4 In(hzr) : ) i wg (2.12)
hy =k -k (1-—5)
2 Z o 02
H, =81/ (hyr) (2.13)

and outside the plasma

E

i In(hlr) + D Kn(hlr) (2.14)

s
|

1
s = EL(b7T) +FK (br) (2.15)
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Fizure 2.1. -k dlagram of a plasma-filled waveguide
in an infinite magnetic fleld.
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The other field components can be obtained from the z fields. It is
seen that there can be no slow wave for a plasma completely filling a
waveguide. If free space extended to infinity, requiring the con-
tinuity of the tangential fields at the boundary, one would obtain for

the dispersion

1 II'l(hEa) 1 Kl'l(hla) e, Kr'l(hla) e, II‘I(hEa)]
[EE In(hQa) ) EI Kn(hla)} [ h1 Kﬁ(hla) h2 In(hEa)

2 ue ue
n, 1l 1
f 2S5 -) (- = o (2.18)
P O
2 "1 T2 M1

The dispersion for a second problem will be obtained, namely, that of
a plasma column of radius a concentric to a cylindrical conductor of
radius b . From the boundary conditions one can eliminate the con-

stants and obtain

1 T
[ hl In(hea) \ o w ] [peehl In(h2a) _ peiﬂz}
(o_a) L h, 1 h
hs I hea 3 5 In(hEa) 1

2 ue ue

n 3 3 2 1

+ = (5-=5)(—5 - =) bRE, = O (2.17)
a h2 hl h2 hl

where R

1 In(hla) Kn(hlb) In(hlp) Kﬁ(hla)

R, = Il'l(hla) Kn(hlb) - In(hlb) K];(hla)

R, = In(hla) KI'l(hlb)

3 Illl(hlb) Kn(hla)

R) = Ir'l(hla) K!(hyb) - I'(h,b) K!(h,a) x
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Incidentally, if the permeabilities were different in the two media
each p accompanying each € should be changed accordingly. If
there are layers of dielectric, one proceeds in a similar manner,
matching boundary conditions at each interface. The dispersions are
quite unwieldy and it is sufficient to examine the zero order angular

modes to obtain the cutoff characteristics.

2.3.1 Zero order angular modes. Setting n =0 , the E

and H modes become uncoupled. The first bracketed term in equation
2.16 is the dispersion for the H-modes; this will be ignored. The
second bracketed term gives the dispersion for the E-modes, and using

recursion properties of the Bessel functions, it becomes

2
e (D_Z) - - IO(hEa) Kl(hla)

2.18
® Il(hea) Ks(hla) {e-15

5

And for the case of the plasma column concentric to a waveguide of

radius b ,

El (1-f§) I (by8) [T (h8) K (Bb) - I (nb) K (n8)]
n >

o w2 I,(hya) [Il(hla) K,(hb) + I (h,b) K;(ha)]

(2.19)

The cutoff frequency can be obtained by letting kz approach infinity
and using asymptotic values of the modified Bessel functions for large

argument. Both of the cases above have the same cutoff frequency.

w = for free space. (2.20)

me
co _\/-—E-
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If the dielectric surrounding the plasma had been other than free

space the cutoff fregquency would be

w Gl
W T —— where K = — (2.21)
= €,

1+K
e

The w-k curve for the slow wave for equation 2.18 is shown in Fig. 2.2.
Notice that there is a slow wave only in the region where the effective

dielectric constant is negative. This can be shown if the expressions

for hi and h: are examined. Eliminating the possibility of outwardly

traveling waves (there is no line source of energy), it is seen that

2 2

hl must be greater than zero. This means that kz > ko « EF h2 is
examined, it is seen that it too is positive. The right hand side of

equation 2.18 is always negative, and since h1 and h, are always

2
2
W
positive, the expression (1 = —%) must be negative for a solution.

w
If the plasma completely fills the waveguide, one can treat this

problem exactly as a dielectric filled waveguide.

2.4 Comparison with the Quasi-Static Approximation

To obtain an idea of the range of validity of the quasi-static
approximation, a comparison will be made for two of the cases. In the
quasi-static approximation for very slow waves, (kZ >> ko), the curl
of E is set equal to zero and then the electric field can be derived
from a scalar potential. For the first case consider a plasma in an
infinite magnetic field completely filling a cylindrical waveguide.

The exact and quasi-static solutions are given below for o < g
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2
2 2 P
kz = kO - ———-—D}-’—-E—' exact (2.22)
ex 2 o
a (1l - —
N
p2
2 ny 3 .
kzqs = —;————7;2 quasi-static
a™(1 - =)
w

One obtains by dividing the first equation by the second

k2 22
zex . wea m2
= L & 1 N o <o (2.23)
2 2 2 e
kZ ny o we
gs

The second term of the right hand side is the error. It is seen that
the exact solution is larger than the quasi-static solution and the
deviation from the true solution is less for large Phy and m/we
and small mea/c . If the normalized radius mea/c is of the order

of one or less, equation 2.23 can be written approximately

k 22
Zex 1 wea w2

= ::1+22 —2—(1-—2-),cn<me (2.24)
qu pnv - we

Now consider the solutions for a plasma column in free space

with no magnetic field for the angularly independent mode.

h o Io(hza) Kl(hla)

o 5 = exact (2.25)
) -, Il(hza) Ko(hla)
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® I (ka)K(ka)
_ 0 Z 1"z
(1 = _§) = - gquasi-static (2.28)

® I,(k 8) K (k a)

In this case the error cannot be solved for, exactly, but a few obser-
vations can be made. For low frequencies and large radii the
quasi-static approximation becomes less valid. ILooking at the expres-

sions for hl and h2 s, one can say that equation 2.26 applies if

. (2.27)

To obtain quantitative values the propagation constant should be cal-
culated from both dispersions and compared. This has been done
previously (10). Figure 2.2 shows the comparison between the true and
guasi-static solutions for different values of a normalized radius

R(R = mea/c) . It is seen that the discrepancy is less for smaller R
in fact the quasi-static and the true solutions for R = .1 and .01
cannot be resolved in Fig. 2.2. For larger R the waves travel at

essentially the speed of light for << w_ , see (10).

2.5 Finite Magnetic Field

2.5.1 Slow waves in a cylindrical waveguide. For this more

general case the plasma becomes anisotropic and it is necessary to
return to the formulation in Appendix I. As before the dispersion is
obtained by matching the boundary conditions. In this section a
specific problem will be solved; that of a plasma completely filling

a waveguide in the presence of a longitudinal magnetic field, and a
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comparison will be made with the quasi-static solution.

The boundary condition to be satisfied is that at the conductor
wall all tangential E-fields must be zero. Examining equation AT-27
it is seen that for a given h, this condition cannot be satisfied.
However, there are two values of h; hl and h2 ; and with a linear
combination of the solutions using these values, a solution is pos-
sible. In general hl # hg since these parameters are different
functions of kz . In the subsequent analysis, the following notation
will be used. Subscripts 1 and 2 will be used to denote whether the

parameters belong to the system where h1 or h. is used. If Al

2
and A2 are the amplitudes of systems 1 and 2, the boundary condition

at r =a (at the conductor) is

A1E1¢ + A E = 0 (2.28)
AE, * Afy, = O
These equations are compatible if
El¢ B, = E2¢ B = 0 (2.29)
This is the needed dispersion. Written out, this is
2 -
-h, T, [bjh Cl(ha) - —=¢ (ha)] C (ha) +
2 nd,
! - = .
hy 7y [Bhy, Cn(hea) —-= Cn(haa)] Cn(hla) 0 (2.30)

As before Cﬁ(hr) is the derivative with respect to the total argu-

ment. Due to the requirement of finiteness at the origin, C,(hr)
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can have only one form, Jn(hr), vhere h can be pure real, pure

imaginary, or even complex. Examining the expression for h one
finds that if h is complex, hl and h2 are complex conjugates.
And from Appendix I the corresponding parameters of systems 1 and

2 become complex conjugates. Then for h complex, the dispersion

of equation 2.29 becomes

nd
Im {h*l* Ti [b,B, Cl'l(hla.) - ?l Cn(hla)] cn(h*l*a)} = 0 (2.31)
Although the dispersion is complex, there is only one condition which
must be fulfilled, namely, that the imaginary part must be zero, since
the real part of the dispersion is already zero.

A few observations can be made about the waves. From Appendix T
it is seen that the two transverse components of the electric field are
n/2 out of phase, while their absolute values are different. There-
fore, the waves are elliptically polarized and the degree of ellipticity
is a function of the radius. Iook at the n = + 1 mode. The dispersion
is different for n = + 1 so there are two kz's which are possible,
resulting in a Faraday rotation for these modes. The salient features
of the dispersion can be demonstrated by considering the circularly
symmetric mode (n = 0) . For this case the dispersion reduces to

. (2.32)

~h, T, Co(hla) Co(h2a) +h 7 Co(hza) Co(hla) =0

If h is complex, from equation 2.34, letting
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* %
By =4 g T 9y
=T = T 4+ jT
TS T2 Tt Ty
*
Jo(hlr) Jc( 2 ) or J oi
* g
= = +
J, () Jl(h2r) I+ 3y (2.33)

where the asterisk denotes the complex conjugate and the subscripts
r and 1 denote the real and imaginary parts respectively, the

dispersion takes the form

h =
rTrJoiJlr A hiTrJorJlr . hrTiJorJlr hrTrJorJli *

hond T, + BT o ¢ RES & +BAS &, = 0O -
(2.34)

2.5.11 Properties of the dispersion. The cutoff frequencies

can be obtained by letting kz approach infinity and solving for the
frequencies. In the limit of large kz the dispersion in equation

2.35 reduces to

2 1f2

2
M
Ty(m2) = 0, b=k (-2t (2.35)
3

where M, M, and P are the elements of the reciprocal tensor.

3
Since the factor hga mist be a root of JO , and kz is very
large, the term within the parenthesis in the above expression for
h2 must approach zero, but yet be positive. The expression above is
the dispersion for the quasi-static approximation. From equations

2.1 and 2.2,
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2 2 2
M2 2 (0™ - o) (0 - m2 )
- + P _ e ce (2 36)
MM 2, 2 2 2 5
3 o (- o - o)
ce e

Notice that kz approaches infinity from below mce and above o if
®w is greater than and vice versa if w is greater than o_ .
e ce ce e
This verifies the existence of the backward wave. The frequencies for
which kz = 0 can be obtained from the equation

2(M k a

M—-l)J( (=) = o ; (2.37)

3 ﬁt J_

M
The term (FF'" 1) never goes to zero so the critical frequencies are

3

= 0 and those obtained from the roots of the Bessel functions. There

w

are two ranges of frequencies for which Jl(—g— has roots. These are
' VM
2 2 2
w < ® +o (2.38a)
e ce
2 2 1 2 1 L g2 2
e = + .
e " mce * 2 mce hme Pee 2. 300)

The first range is the backward wave region and the second is the usual
fast wave, waveguide mode region. The zerc order Bessel function has
roots for w > o and these correspond to waveguide waves also. In
the quasi-static derivation all the zeros of the backward waves occur

at the same frequency, w = wi + mce . For the exact solution the

zeros are all less than w = 1/&5 + mie , and do not have the same

value for the different modes.
It was noted previously that the arguments of the Bessel function
can become complex. This depends on whether the term f2 becomes

negative or not.
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£ = (MrM3)2(m2u —Mk§)2+ 2(M+M3)(w2h -ng)ngi + ngi(P2+ MMM3) . (2.39)

This can be put into the form

2.2 2
€ € €
2 1 2 /33 2 © 2.2 P
= = -k (="- 1)+ kT(€ ~ €.+ — — . s
= L [ Z (E 1% o( 33 lf-e )} = 4kz ko 633 2 (a0
i | 1 €
n
2
It is seen that f can become negative only if 633 is negative, if at
2
®
all. Since 633= 1 - —% , this means that h can become complex for
iy

w <L me if kz is of the proper magnitude. See Fig. 2.3 for some h-

values.

The w-k curves for the first three modes are shown in Figs. 2.k,
2.5, 2.6 and 2.7 for different values of me/wce for a given value of
a normalized radius. A comparison between the exact and quasi-static
solutions is seen in Fig. 2.8. The deviation is dependent mostly on the
value R = wea/c for relatively large values of Q = we/mce . At small
values of Q the deviation is frequency dependent and in the limit of
infinite magnetic field, approaches the error given by equation 2. 94,

The field configurations can be plotted. Although all field
vectors are present, the plot cannot be distinguished from a TMOl plot

(18).

The transition to the plane wave case is obtained by letting a
approach infinity. If one examines equation 2.34, it is seen that for

this condition there is a solution if hl or h2 is zero. From Appen-

dix I this means that

2

5 1% - PP (2.41)

[ - Mki)(M+M3) + P

3 2
Solving for kz and using the definitions of M, M3 and P , one

obtains
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the expected dispersion, see Fig. 2.9.

The average power flow is given by

P = %Ref (E x E¥)as . (2.43)

Using known integrals of Bessel functions, this becomes

h232

= Re ﬁ k {!Ll(d T.+ bo) lT [Ji(hla) ¥ Jo(hla)e] +
h2a2

Ag(d2T2+ bo) 22 [Jg(h a) + Jg(hga)] -

hl h2a Tl
AlA2( ) Tt d271+ 2bg) —E_—'é (hza)(l - ;;).} " (2.44)
l 2

The equation above is valid for hi and hg real, negative, or complex.

2.5.2 Fast waveguide modes. In addition to the slow waves der-

scribed previously, there also exist fast waves corresponding to the usual
wavegulde modes. These waves are not predicted by the quasi-static
approximation, since an assumption of the quasi-static solution is that
kz > ko . These waves, due to the anisotropy of the plasma, are hybrid
modes. The low frequency cutoffs for these modes are given by equation
2.37. In Fig. 2.10 are plotted the first two modes for different values
of the ratio we/wce for mcea =1 . The lower curvesfor a given

me/w = evolve to the E-modes of the limiting cases of wce = 0,00 ;
(=]

and the upper curvesto the H-modes.



Figure 2.10 Fast wave modes in a plasma-filled
wavezuide in a magnetic field
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ITT. INTERACTION OF DRIFTING CHARGED PARTICLES AND A STATIONARY
PLASMA

3.0 Introduction

Traveling waves in a region where both an electron beam and a
plasma are present, where the propagation and beam direction are the
same, have been studied by a few authors in recent years (20,21,22,23).
The presence of the electron beam introduces an instability, and it is
this instability that merits the most interest. Haeff (20) and Pierce
and Hebenstreit (21) have described the principles of double stream
amplification. In the double stream amplifier two parallel electron
beams of different velocities travel in the same region of space, and
the same electric fields act on the electrons of both beams. When the
currents in the two beams are sufficiently large, or when the frequency
is sufficiently low, applying space charge wave theory, an exponentially
increasing wave is possible. The dispersion for this type of amplifier

is, for all velocities parallel to e, ,

@ w?
1 = el + 32 (3'1)
(0= 8)° (0 -vppk)?
Yo1 Yo2
j(wt-k z)
where waves of the form e have been assumed, and the sub-

scripts 1 and 2 refer to beams 1l and 2 respectively. Solving equation
3.1 for k for various ranges of w, Unyr Ugpr ©gq2 and ®_ o 5 One
finds a growing wave. This theory can be easily extended to multiple

streams,
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2
w

N .
1 = SN W (3.2)
iz-:—-l L
0oi

and to streams with a continuous distribution of velocities

= me[f(u)———d“ (3.3)

e @n—uk)g

or to a combination of the above. The beam-plasma problem can be con-
sidered a two-stream system in which one of the streams, electrically
neutral, containing electrons and ions, is stationary except for
thermal fluctuations.

Bohm and Gross (23) have proposed a theory of electron oscilla-
tions with a different approach, and their dispersion which determines
the frequency of oscillation is identical with equation 3.2. There are
no organized oscillations for wavelengths less than the Debye length.
Whenever the plasma contains a beam of particles of well defined
velocity which is greater than the mean thermal speed of the plasma
electrons, the system can become unstable and it is possible for an
oscillation to grow until limited by nonlinear effects. There have
been various experiments (24,25,26,27) to verify the spatially growing

wave.

The waves described above are longitudinal in character where the
restoring force is electrostatic. In addition to these longitudinal
modes, there can be transverse modes which are unstable, and these will

also be studied.
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3.1 General Dispersion Relation

The dispersion will be obtained in the same way as has been done
previously. The plasma-beam medium will be expressed as a dielectric
tensor and this will be incorporated into the wave equation. The
inclusion of the beam complicates the formulation somewhat and this
will be worked out in Appendix II. The dispersion is written for an

electron beam in a plasma
L-E = 0 (3.4)

where L = ¢ ; myn=1,2,3 . The components of the operator L are

2 2 2 2
a) w, w (@ - uk)
B & E_.(kE_ k2)— 1._¢8 _ i _ ed 0z
11° 72 x 22 T T TR e uk ) - o2
- B ce @ el 0 Z ce
czkk w wce wi L
- o -
bp = by 2 +J[( T2 ael o)
Phi ce e ci
2
+med ce (0 uokz) J
2 pod
m (w—uokz) - ®ce
ek oo u E (w-uk) + jo
4. = % = - Xz, d { x 0z ce y
13 3L 5 ™ (w=-u k )2 - @
o ce
2
2 A m? o (w - uk)
,ﬂ - C_(kE_ kg) _ l— e - i _ ed z
22 2 2 2 2 2 2 2
w ® - W w - o° (o=-uk )™= o



5T

. gk 32 2 uO k(m—ukz)_']wc X
by = Bgp = =5 BE + 84 & =
o Y (w-uk )2 o &°
o z ce
> 2 2 2 ,2 2 >
2 5 5 o @ Ul oy (kx + ky) ®_q
fy3=—3 (k- k)-|1-5-5-— B, 27 >
w T [@-uk)-w%] (w=-u k)

There is no loss of generality if ky is set equal to zero. In the

above formulation B and 1.1.O are along the z-axis.

3.2 Amplifying and Evanescent Waves

Before an investigation is made of growing waves, one should be
able to distinguish between an amplifying and an evanescent wave. If
one solves the dispersion relation for a system and a complex propaga-
tion constant is obtained, it is not obvious that an amplifying wave
exists. Various criteria to test for the type of instability have been
discussed elsewhere (28,29). The one generally used in this paper fol-
lows the ideas of Sturrock (28). The rule is this:

"If for a given set of modes, w 1is real for all real k ,

then any complex k for real o denotes an evanescent

wave; conversely if k is real for all real o , then

any complex ® for real k denotes nonconvective insta-

bility."
The terms "amplifying wave" and "convective instability" mean the same
type of instability. The advantage of this criterion is that one can
determine the character of the wave by examining the "free wave", that

is, by examining the dispersion alone, which is written in the form
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D(k,w) = O : (3.5)

0f course, if the system in question is quite similar to others which
are known to have a convective instability, such as double stream and
traveling wave amplifiers, one need not go through the often cumber-
some procedure of satisfying the rule stated above. With the advent
of high speed computers, however, the test can be made with relatively
little difficulty. The dispersion of equation 3.5 in general is a
complicated function of w and k . In practice, to test for the
amplifying or evanescent character of the wave in question, one plots
k as a function.of w , or w as a function of k . If the plot for
real w and k looks like Figure 3.1, the wave is amplifying. If,

on the other hand, the plot looks like Figure 3.2, the wave in question
is evanescent. This means that if one is looking for amplifying waves,
one looks for regions in the w-k plane in which k is complex for
real w, and @ is complex for real k . This region is the rec-
tangle in Figure 3.1. Another hint as to the possible existence of an
amplifying wave is an interaction between a negative energy carrying
wave and a positive energy carrying wave which have the same sign
phase velocities. It may be that the growing wave may not have a real

W,k branch and the rule stated previously must be applied.

3.3 ILongitudinal Modes

In the following analysis only high frequency cases will be taken

up and the ion effects will be neglected.

3.3.1 Infinite magnetic field. If there is an infinite mag-

netic field, there can be no transverse currents. For propagation
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parallel to the field the dispersion is readily obtained by setting

kx’ky =0 and wce = ® in equation 3.4. The result is

2 2
2 w
2
(%k-l)[l--—-—e-—-—-——-————ueci ] = 0. (3.6)
4 2 2
® ® (w=-uk )
0oz
Two types of waves emerge from the dispersion. The first is
k = w/c g (3.7)

Z

This is Jjust a transverse electromagnetic wave which travels at the
velocity of light. Because of the infinite magnetic field, the elec-
trons have no effect on the wave. The second and more interesting
wave, which can be exponentially increasing, is longitudinal in
character and is simple enough that temperature effects can be taken
into account quite readily. Integrating Boltzmann's equation using

the approximations of Section 1.2, the dispersion becomes

2 2
wé wed
T e igaall (3.8)
2 T g (0 - u k%)
(D(l-——z—) o z
w
2 3kT : . 4 2
where VT = . This wave is the one discussed in Section 3.0

and its important features are shown in Figures 3.3, 3.4 and 3.5.
Taking into account the temperature of the plasma electrons introduces
two more waves which are related to the longitudinal waves discussed
in Chapter I. A few effects of the finite temperature should be
noticed. TUnless the beam energy is very low, or alternatively, if the

electron temperature is very high, the zero temperature dispersion is
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Figure 3.3 (Crowth Constant as a function of electron tempera-
ture or, alternatively, as a function of beam
energy
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Figure 3.4 Growth Constant near the Maximum
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Figure 3.5 Growth Constant as a Function of Beam Density
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an excellent approximation except in the vieinity of @, The
finite temperature extends the region of growth past the plasma fre-
quency and the maximum growth occurs at a frequency slightly higher
than the plasma frequency. There is always growth for frequencies
below the plasma frequency. As expected, the effects mentioned above

are more pronounced for higher electron temperatures.

3.3.2 Zero magnetic field. Taking equation 3.4 and setting

ky’mce = Q0 , the dispersion has, for propagation at an arbitrary angle

to the direction of the electron beam, a pure transverse wave

2 2
22 w w
ek = ed
2-(1"—'5"“'5) 2 (3-9)
w w w

and a wave which has both transverse and longitudinal electric fields
and whose propagation characteristics are determined by a pair of

coupled equations

BqE + BE =0 (3.10)
2B + LB = 0 (3.11)

where the £'s are defined in equation 3.k4. Equation 3.9 has been dis-
cussed previously in Chapter I. The geometry for the second wave is

shown in Figure 3.6.

Fig. 3.6 -
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Although equations 3.12 and 3.13 exhibit waves which have both trans-
verse and longitudinal field vectors, it will be shown that the
transverse and longitudinal modes are weakly coupled. The propagation
constant can be obtained by setting the determinant of the operator L
or L' equal to zero, and if the components of the determinant are
multiplied out, a dispersion polynomial results

by 3 2

C, I + 03r + 0 +CT+C = 0 (3.14)

where

2 2
C, = cos Q(Qe - 1)

03 = - 2 cos 6 (Qi - 1)

C, = ni(gi - A? - 1) -7?(92 - 1) [cosge(gi - i 1)- Agsinegj
Cy = 2y cos 9(92 - l)(ni - 4% 1)

c, = g Qi(ﬂi - A5 1)2

and normalized quantities are used, which are defined

Using equation 3.1k, equation 3.13 can be manipulated into the form
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2
IT terms of the order y are ignored compared to unity, two of the

roots can be written

ubk cos @ wed
el - > . (3.16)
@ . l)1/2
Pe'\3
w
e

This is the familiar longitudinal wave which is unstable for frequencies
less than the plasma frequency, and its characteristics have been dis-
cussed in Section 3.3. The only modification to be made is to let
k = k(6=0)/cos © , where k(& = 0) is the propagation constant for
zero angle. In effect, all that has been done is to take the component
of beam velocity in the direction of propagation and solve for k .
Temperature effects can be taken into account as in Section 1.2.

Again ignoring terms of the order 72 , the transverse propaga-

tion constant can be determined approximately

2
w w_ . 1/2
ck e ed
= ~ + (l - = - __2) . (3.17)
w W

This wave is the same as that in equation 3.9. The first order correc-

tion to the propagation constants can be readily calculated. If

m2 m2
kl,2 = i(—j-; (l - —g - -ig') (3.18)
@ w

(o)} Ped J
k P - . 1 4+ (3.19)
b [ t73 5.1/?
3 u_cos = (0o== wé)

and letting k =k +4 (i = 1,2,3,4), one obtains for the transverse

i
mode



B

= w >-w2 + wE (3.20)
Alye c = ¥ e ed :

(o]
P ey B P (kl,E_ k3)(k1,2' ku)

and for the longitudinal wave in the unstable region,

_ 3
A = - ; w<aw  (3.21)
3} J'!' 3D2u§ - e
22 (2. oB) Upo08 © (g )= ) (g - 1)
O.Je ed @ =- (De o]

Notice that w = o, is not a singularity and the A's are indeed small.
In the waves discussed above, there are both transverse and longi-
tudinal fields and the relative magnitudes can be determined approximately.

2 ;2
For the transverse wave for small values of the ratio med/me s

2 2
1
Bl _ o' % i = e m_e‘i) o >0 + o (3.22)
Bl |2 Z2¥% 2 2 > e ed ’
Z, (Ded G)e @ @

and for the longitudinal wave in the unstable region

Eé m2 i
O 55 o< (3.23)

- w2 sin © cos @ =
% T (0= o)
There is some interest in the transverse field component of the unstable
wave. By examining the relations above, it is seen that for its
largest relative amplitude, w should be small, vy large, and © = % .
It should be mentioned that there is another mechanism for

instability for this zero field case for a transverse wave. This has
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been discussed by Weibel (31) and Fried (32). They have shown that
for an anisotropic velocity distribution of electrons there is a .
process for which there is an instability. This mechanism can be
described briefly as follows. The curvature of the electrons in the
fluctuating magnetic field causes a momentum flux which in turn
affects the average velocity in such a way as to reinforce the fluc-

tuation field.

3.4 Transverse Modes

In the next two subsections transverse modes which have an
instability will be studied. In these cases the propagation is in
the z-direction, and there must be a magnetic field and at least one

beam of charged particles for instability.

3.4.1 Electron or ion beam in a plasma. The dispersion for

an electron beam in a plasma where Kk, L% and Bo have the same

direction can be written as

2p m2 m? m2 (@ - u k)
1.°8 E e _ A __ed o) 6
2 2
@ o(w +mce) w(w-mci) o (o- uok +a)ce)
r 22 - w2 o= (w=-u k)

c k e i ed o) =
FTE ) ooro,) o@-uk-o)
L I m&u—mce o®+o o (0-u -

_ w2 m2

T o e ed = 0 (3.24)
2 2

L o (w-uok)

This is conveniently written in the form

D, (kw) D_(k,w) D (k@) = 0O . (3-25)



i

The third factor is the longitudinal mode and will be ignored. The
first term contains the interaction of the plasma wave in which the
ions gyrate in the same sense as the field and the slow cyclotron wave
of the beam, and the second term contains the interaction of the plasma
wave in which the electrons gyrate in the same sense as the field and
the fast cyclotron wave. The first dispersion displays an instability
near ® =, while the second is stable. The second dispersion can
exhibit an instability near w = . if a fast beam of ions is
present. This case will be examined later. The instability of

D (k,w) = 0 can be examined graphically. This can be done in two

y

ways. First one can proceed as Dawson and Bernstein (33) by writing

the dispersion in the form

® m2 ® w2 m2 (w - u k)
m2 = c2k2 # . T - = (3.26)
w - . w+w wW=-1k +o
ci ce [o) ce

The curves in Fig. 3.7 are cbtained by fixing k and then plotting
the left and right hand sides of Eg. 3.26 separately as a function of
® o The left hand side is m2 and yields simply the parabola shown
in the figure. The other curve is the right hand side and has singu-
larities at -w_, o ., and u k- . It crosses the curve w2 at
ce’ "ci o] ce

five places. Each of these is a possible w for a given k .

Now consider what happens when either the velocity of the beam

or k is increased such that ubk - o approaches . A situation

cl
like that shown in Fig. 3.8 will ultimately occur. It is seen that the
diagram is very similar to Fig. 3.7. However, the region of the curve

representing the right hand side of the dispersion relation and lying
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3.7 Stable case for D (k,w)
five real roots

Figure
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Figure 3.8 Unstable case for D (k,w)
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between ubk - wce and mci has been compressed and its maximum

has become lower. There will be a value of u, for a given k , or

a k for a given u, for which it no longer intersects the parabola.
When this happens one loses two real roots and in their places obtains
two complex conjugate roots. One of these represents a growing wave,
the other a damped wave. It is seen that if uok - W is larger than
®.5 there can still be an instability so that there is a small fre-
gquency band near ®.4 for which there is an instability. One merely

interchanges u k - o and ® . in the diagrams.
(o] ce CL

The D (k,») = 0 wave can be examined in the same manner. For
this case there are poles at RO mce and uok + @, The corres=-
ponding plot is shown in Fig. 3.9. Examining the figure one sees that
for any positive uok there are always five real roots. If ubk is
negative (either uo or k negative) there is a possibility of the
w-roots becoming complex. This happens if @ > Iubki but of com-
parable magnitude such that the lost term on the right hand side is
for w = 0 negative but absolutely greater than CEkE, the plot may
become that shown in Fig. 3.10. However, following the discussion of
Section 3.2, this is a nonconvective instability.

Another way to examine the instability is to look at the undis-
turbed waves and.look for regions where the waves are near synchronism
so that there is a possibility of an interaction and a resulting grow-
ing wave. Particularly one should look for a negative energy carrying
wave interacting with a positive energy carrying wave. See Figs. 3.11
and 3.12 for the plot of the undisturbed waves of D+(k,m) =0 and

D (k,m) = O . The interacting regions are encircled. For the growing
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Figure 3.9 Case where D (k,w) has five real roots

-
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Figure 3.10

has three real and two complex

D_ (k,w)

(wave evanescent) roots
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Figure 3.11 Undisturbed waves of + wave

Figure 3.12 Undisturbed waves of - wave
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wave it is seen that the undisturbed waves are close to synchronism
near . and there should be strong interaction in that frequency

vicinity. This will now be examined in some detail.

Instability near Weg

To examine the instability the dispersion is written in the

form:
2 2
C:Ek2 Lo wi ; ::ce ed w
) = 1- - (k — 0 ) + ——E(k— -]-I- = (0]
2 m(uﬁa)ce) m(w-ﬂ)ci) o w )

, k is approximately

Since interaction is expected near w= mci

equal to mce/uO and the dispersion can be written approximately

2
®
2 2 ed _
(- k) (k- B, - B) + — k = 0 (3.28)
2
2 @ P Cee o Lot
where klz-—g———— 3 ﬁcz—u.—- 3 ﬁez-u—’:z—u.— .
c (w-wci) o o )

The dispersion can be analyzed in the same manner as was done by

Pierce (34). Now a few parameters are defined.

N
ed _ 2 2 _ 3
?_ ZK_LA k = BC(1+JA8)
k, = 3c(l + Ab - jAd)
v = ufe
2 = A
22 _ Tabed Pe o/
- 2
2w
ce A o= o Jo .
ce’ Tei
2 : :
Q x 1/2A Ab = differential phase velocity between k

and k
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A 1is the interaction parameter and corresponds to the C in
Pierce's notation. A depends on the beam velocity and density
and the strength of the magnetic field. From equations 3.28 and

3.29 the dispersion becomes

52+6(jQ,A+jb+d) +QA(ja -b) -1 = 0 ¢ (3.30)

The roots for & are

5. 5= - 5(30A + b+0) £ 3 |/(Jaa + b +0)°- kaa(ja- D)
sl ; (3.31)

If 4 = 0, which means that the plasma is lossless, the equation for

® becomes

6, 5 = - Haa + ) " V-(m+b)2+ h(1+Qab) = x + Jy (3.32)

The gain condition can be determined from equation 3.32, and is

2> \Q,A - D] gain condition (3.33)

Maximum growth occurs at b = QA . Plots of & in the growth region
are shown in Figs. 3.15, 3.16, 3.17 and 3.18. The bandwidth for
growth can be determined approximately. If p = wiﬁwci and

7 = a/mci , and using the fact z=x 1,

rep ,1/2
ko= % (l_z)l/E

(3.34)

dkl 5 Bcp 1

&z~ T 21/2(1_ z)3/2 - el
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And since at synchronism TP/X = (2~ 2)1/2 one obtains
Z172
dk
1 1
— = B . (3.36)

The range over which there is growth is, using equations 3.29 and 3.33
Ak = LA (3.37)

The bandwidth over which there is gain is then

Az = L4A(1- z)
or
u3 ® d,m . @,
Aw = 2\/5%_.____._63 T (3.38)
c e

A sample calculation can be made to see the quantities involved. Sup-

pose that
ub mi we
Te=== 02, p=m—=1oo(a—)-—=_2.32)
cl ce
2 , B
A = 1837 (hydrogen) g= wedﬂne = .001

Then (1 - z) = (%)2 = 1,18 z 107°
1/2
A 2232797 _ 1 0oux 1073

B

and the bandwidth over which there is gain is

Az ?

bA(L - 2z) = 4.93 x 10°

or Aw

k.03 x 10_9 ®

1
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It is seen that there is gain over a very limited frequency range.

Instability near ® 2 Fast Ion Beam

If there were a fast beam of ions instead of electrons, one
would find that it is the D_(k,w) = 0 dispersion which is unstable.
The slow cyclotron wave of the ion beam interacts with the plasma wave
in which the electrons gyrate in the same sense as the field. The
dispersion can be solved for in the same manner as before, substituting
the ion beam plasma frequency in place of the electron beam plasma fre-
guency. It is noticed that although the interaction takes place at

different frequencies the B's are approximately the same.

3.4.2 Drifting plasma in a plasma. If there is a drifting

plasma in a plasma it will be shown that under certain conditions it
is possible for an unstable wave to exist. This instability was first
recognized by Dokuchaev (35). Here the analysis will be carried out
more fully and the nature of the instability will be investigated as
an interaction of the slow drifting plasma wave and the plasma wave.
As 7. usual there are two transverse normal modes, a right and a left

circularly polarized wave. The dispersion can be written

D, (k) D_(ko) = 0 (3.39)
Wwhere
c2k2 m2 m?
D (k,w) = = 1- = - L
® cMmm%) (M&ﬂ%ﬁ
2 2
wgq(® - u k) i w;q(@ - u k)
- 2
o (w- uk +o ) o (w- uk wcid)

(3.40a)
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C2k2 w2 mf
D (ko) = v R e “
» ® (m-a)ce ) m(aﬂmci )
2 2
- - k
) med(m ubk) ) w s (@ u ) b
mg(m—uk-m ) me(w-uk+m ) .
o ce o cid

The plus sign applies when the ions gyrate in the same sense as the
field, and the minus sign applies when the electrons gyrate in the
same sense as the field. Both of these dispersions can exhibit a grow-

ing wave. The cases will be studied individually.

D+(k,w) = 0:

It was mentioned in Chapter I that in order to have growing
waves in a system of a drifting plasma in a plasma, the undisturbed
drifting plasma must have a slow negative energy wave for real w,k .
This is in accordance with the idea in Section 3.2 that a negative
energy wave and a positive energy wave be near synchronism for insta-

bility. It was stated that a necessary condition was

u D> vad (3.41)

o]

where V_, Was the Alfvén velocity if the plasma were stationary. The
other condition, of course, is on the density of the stationary plasma.
An analysis will now be carried out which is valid near the origin. The

dispersion is written

2 2
2 co2 Pe @3
k = — 1l - -
& olow_ ) olo-w )
ce cl
2
Pea i ) 1
= 2 (w- u k) > = + (3'h2)
o ) u k
cw a)-_Llok»--l N T
e Ghar, Wopt " ®.s
ce. “ce cid ®eid
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For the case wcid/k > u > w/k and using the relations

i i = i
®, / ©,5 ceﬁbcid >> 1, equation 3.42 can be put in the form by

an expansion

2
5 meme wid (w - uok)
k™ = 2 + o (3-“3)
5 ce ci = mce wc1d

Defining, as before

2 2
e 2 ®g <
Pg = 8 2 ’ Pa= 77 =3
ci ‘as ®eia Vad
one obtains for the dispersion
2
2 P
2 w 2 d 2
K- = —p, +—5 (o -ubk) . (3.14)

The propagation constant can now be solved for, and the result is

k=_2_°>_§[u +_\/(v +v )-u } , (3.45)

e} ad

The condition for growth is

2 2 2
iy B M, # W o (3.46)

Compare this with the condition given by equation 3.41. This derivation
was carried out under the assﬁmption that o << Wogr Poig To deter-
mine the propagation constant over all ranges of frequency, the full
dispersion in equation 3.42 must be solved. Figures 3.19 and 3.20

show the real and imaginary parts in the unstable region as a function
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of two dimensionless variables, ¥ and o . Incidentally, for this
case there is still the interaction of the slow electron wave and
the plasma wave near w = Wy which was worked out in the previous

section.

D (k,w) = O:

In the same way, the condition for a growing wave can be deter-
mined by examining the dispersion near zero frequency. If the expansion
is carried out under the same assumptions as previously, the dispersion
is the same as equation 3.44. Therefore the gain condition is the same

as before, that is

2 2
u, b

2
- i (3.47)

In the D+(k,m) = 0 dispersion there is no amplification for o > ,

but the D_(k,m) 0 dispersion can be unstable for frequencies above

]

@4 Plots of k 1in the gain region are shown in Fig. 3.21 and 3.22
as a function of P and o . In addition there is still the interac-
tion near ®oe between the slow wave of the drifting ions and the

plasma wave.

3.5 Comparison of the Growth Rates of Transverse and Longitudinal
Modes

Suppose that there is a region where both the transverse and
longitudinal waves can exhibit instability. These modes have different
rates of growth, and growth occurs over different frequency ranges.

For example, the longitudinal mode is unstable from zero frequency to
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the plasma frequency, with maximum growth at the plasma frequency.
For typical parameter values the + wave of the drifting plasma in a
plasma system can be unstable over a frequency band between zero
frequency and several tenths of the lon cyclotron frequency with maxi-
mum growth occurring near mid-frequency, and the - wave can be unstable
from zero frequency to several times the ion cyclotron frequency, with
maximum growth occurring at a frequency somewhat below mid-frequency.
In the system of a drifting electron or ion beam through a plasma,
there is an instability only in the immediate vicinity of the ion and
electron frequency, respectively.

The propagation constant for the longitudinal mode is

med/me

w
s = v |t . (3.48)
(o} (—D--]_

2
D
For the + and - waves of the drifting plasma in a plasma system valid

near zero frequency

2
B B e |i 4 Jad (vis * Vaa) -1 (3.%9)
= V2 ~ Vas u
o :2—
o)

and at maximum growth for the drifting electron beam

wce [ J uo wed]
K, & r=5 |Lisime wi (3.50)
= % V[E ¢ Doe

and for the drifting ion beam



wC
k. =

1_11_[\/%—8_

[0}

(3.51)

Now the growth rates can be compared. Near zero frequency

2

Vas ed (l vad

0 V - 2

— - 2 2 = (3.52)

(. Ve 4+ Ve 2
1._8 _a&ad [ _®
22 2
u w
[e) e

Upon examining equation 3.52 it is seen that depending on parameter
values, the transverse growth can be greater than the longitudinal
growth. For example, suppose that the electron beam densities of the
two systems and the ion masses of the drifting and stationary plasmas

were the same. Then for ®, >S> W o,

VE
24
a (wed) (J—"—a“g
£ - We ub
- (3.53)
a 2 2 .
A V.. +V
1 - as ad
2
u
o)
Py
. . as ad . _
For med/me = 1.0, .1, and .01; and ———— = .8 ; ag/a+,_ = 1.34,

of

.0134, and .000134, respectively.

Now compare the two other cases. First, for the drifting electron

beam

~\/ 2 ﬂ% = ¢ . h

To take a numerical example, consider an electron beam with a velocity
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uo = .02 ¢ traveling through a hydrogen plasma in which the electron

plasmsa and cyclotron frequency are approximately the same. Then at

the maximum growth of the transverse wave

s 3.8 207 (3.55)

o |R
4

For the case of the drifting ion beam in a plasma

fo, x /o

w
- ce e
~ 2 W (3.56)

Ql Q
IS8

e

For an ion and electron beam with equal number density traveling
through a hydrogen plasma at u.o = .02 ¢ with the electron plasma

and cyclotron frequency equal

303 . (3.57)

Rl R
z

It is seen that here the longitudinal growth rate is much larger than

the transverse rate.

3.6 Propagation at an Arbitrary Angle

For the case of propagation at an arbitrary angle in a plasma,
with a z-directed electron beam and a magnetic field, the dispersion

can be written as an eight degree polynomial

3 2
T =
'+ A2P + Al_ + Ab 0

8 7 6 5 4
A8F - A7P + ABP + ASF, + AhF + A3
(3.58)
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where the coefficients and the normalization are given in Appendix
ITI. For this more general case, the transverse and longitudinal
modes cannot be separated and all field vectors are present. It is
seen that the dispersion is quite complicated and the computation =
tedious process. From previous results the solution for two limiting
cases are known: (a) propagation at an arbitrary angle for zero
magnetic field, and (b) propagation at zero angle for a finite mag-
netic field. §So a perturbation technique can be used for cases in
which there is a small deviation from the two cases above. For
example, if one is interested in the growing waves, one would find
for small magnetic fields, the wave described in Section 3.32 4. the
zero order result. Likewise, for small angles, there would be an
interaction near the ion-cyclotron frequency. For the general case,

however, the full dispersion must be solved.

3.7 Traveling-Wave Amplification in the Ionosphere

Bell and Helliwell (36) have proposed a theory of a traveling
wave type of amplification of electromagnetic waves in the ionosphere.
From the analysis of the previous sections for propagation along the
magnetic field, the only TEM modes of instability for typical condi-
tions in the ionosphere occur over a narrow band of frequencies near
mci if a fast beam of elecﬁrons is present, and near B if a fast
beam of ions is present. If a plasma drifts through a plasma in addi-
tion to the instabilities above, there is an instability from zero

frequency to a fraction of wci for the + wave and from zero frequency

to several times ®ay for the - wave. For propagation at an angle to
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the direction of the beam and magnetic field the waves are not purely
longitudinal or transverse. However, for small angles one should
expect the longitudinal and transverse modes to be very weakly coupled
and the dispersions analyzed previously should be approximately correct.
In view of the previous analyses, the only wave that is unstable for the
assumptions made by (36) for the frequency under consideration is the
one that is mainly longitudinal in character. Although there is a
transverse component of electric field for propagation at an angle to

the magnetic field, it is small compared to the longitudinal component.

3.8 Plasma-Beam Devices

Tubes have been built employing the electron beam - plasma
interaction and large gains have been produced over a narrow band of
frequencies centered about the electron plasma frequency of the sta-
tionary plasma (26,37). These devices utilize the longitudinal
instability described in Section 3.3. Presumably a device could be
built using the transverse instability with amplification possible over
a narrow band of frequencies centered about the electron plasma cyclo-
tron frequency in case the beam consisted of ions, or centered about
the ion cyclotron frequency in case the beam consisted of electrons.
The disadvantage here is that high magnetic fields are needed for high
frequency generation. If the beam is a neutral plasma, a low frequency
instability exists, but this is not of interest for microwave genera-

tion.
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IV. SUMMARY AND SUGGESTIONS FOR FURTHER WORK

The types of waves in a plasma are quite varied, and further
investigation into these will certainly be fruitful. The first
chapter is mainly a review of waves in a plasma with emphasis on the
transverse plasma waves in a magnetic field. For waves along the
magnetic field the normal modes are a right and a left circularly
polarized wave, with frequency cutoffs at the ion and electron cyclo-
tron frequencies. If the direction of propagation is at an angle to
the magnetic field, the normal modes are a right and a left ellipti-
cally polarized wave.

The problem of propagation in a drifting plasma can be solved
by applying a Lorentz transformation to the solution of the system
in which the charged particles are at rest. For the slow waves under
investigation for non-relativistic drift velocities, the transforma-
tion is a simple one, w= w' + ubk' , k= k' ; where the primed
system is the one in which the plasma is stationary, and the unprimed
system is the one in which the plasma is drifting. If the drift velo-
city or the plasma density is large enough, a slow wave emerges for
positive w,k . This has important consequences in the problem of
instability in a system in which there is a drifting plasma in a
plasma.

In the second chapter the problem of finite plasmas in cylind-
rical geometry is studied. The general features of the dispersion
predicted by the quasi-static approximation are verified, and the

exact and quasi-static solutions are compared. A guide is given as to



i

the range of validity of the quasi-static approximation.

In the analyses above a cold uniform plasma was assumed. In
practical problems, however, the variation in density and the finite
temperature may be important factors. Therefore in a few of the
problems considered, it would be worthwhile to take into account the
finite temperature and the variation in density.

Whenever there is a fast beam of charged particles in a plasma,
there exists the possibility of a growing wave. These waves can be
either transverse or longitudinal, or both. The longitudinal growing
wave has been studied extensively in the literature, whereas the
transverse modes have been scarcely studied at all. These transverse
modes are investigated in some detail in Chapter IITI. For these trans-
verse modes, if the fast beam contains only one kind of charged
particle, there is an instability over a narrow band near the electron
or ion cyclotron frequency depending on whether the drifting particles
are positive ions or electrons. When there is a drifting plasma in a
plasma, there can be growth at lower frequencies. These transverse
instabilities are possible in the earth's ionosphere, and the results
in this chapter give a guide to the types of instabilities possible
and their expected frequency ranges. A possible application of these
unstable modes is their utilization in a plasma-ion beam interaction
tube for the generation of high frequencies. The principal disadvan-
tages of this type of device are its narrow frequency range of operation
and the high magnetic fields required;

Bogdanov, Kislov and Tchernov (37) have analyzed the dispersion

of a finite electron beam in an unbounded plasma in an infinite
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magnetic field. Perhaps it would be possible to carry on further and
solve the dispersion for a finite beam in a bounded plasma with zero
and finite magnetic fields.

In all of these problems dealing with the unstable modes it
would be a worthwhile contribution to solve for the dispersion where
the plasma density is a function of position. Sumi (38) has consi-
dered the problem of an electron beam in a plasma, assuming zero
temperature and using a WKB approximation. However, the more general

variations have not been solved as yet.
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Partial List of Symbols

a imaginary part of propagation constant

B real part of propagation constant

Y ub/c , ratio of drift velocity to velocity of light
k propagation constant

k m\}peo , wave number of free space
T temperature
u drift velocity

\/ \/ 3kT/m , mean thermal speed of electrons

Va o wciﬂwi , Alfvén velocity

Vph. w/k , Phase velocity

w angular frequency

CR electron plasma frequency

®ogq electron plasma frequency of drifting electrons
w; ion plasma frequency

o9 ion plasma frequency of drifting ioms

L, electron cyclotron frequency

® 4 ion cyclotron frequency

w ion cyclotron frequency of drifting ioms

cid
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APPENDIX I

WAVE PROPAGATION IN A GYROELECTRIC MEDIUM

The problem of waves in a gyromagnetic medium has been treated
by several authors and the problem of waves in a gyroelectric medium
will be solved by the method used by Epstein (15). The wave equation
is

- 2
Vx[gl-VxH] = wuH (AT-1)

-1
where ¢ is the reciprocal dielectric tensor and has been defined

-1
in Chapter II. The components of € are

M JPB 0]

€= |- M 0 (AT-2)

The wave equation will be first solved in Cartesian coordinates and
the conversion to cylindrical coordinates can be made quite readily.

AT-1 1is a set of three equations involving the three magnetic field

guantities, Hx’ H& and HZ . The equations have the form
2 5 32 agHy 3 aHZ aﬂz
[w u+M3V - (M3- M)g?] H + JP——a? - E—Z-[(M3- M)‘a_x - jPTy] = 0 (AI-3a)
" 32 BEHX 3 3 OH,_
= Tl Whs = M g - j =0 -3b
[w p-+M§V (M3 M)Bz2} Hy JP . + Bz[(M3 M)—sg + JP_S;] (AT-3b)
o) OH
2 2 .. 0 Hy p'e
(0 p + MV )Hz - JP az( B = —s;) 0 . (AT-3c)

In addition to the wave equation, one more relation is needed. This

is
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VB =0 (AT-3d)

= H +H (AT-4)

where the subscripts 1,2 refer to the upper and lower signs, respec-
tively. Now the equations go through a series of manipulations.

AT-3b is multiplied by +Jj and is added to AI-3a . To AI-3c is
added

P g; V*H = 0

The z-direction is chosen as the direction of the B-field, and writing

2 2 2 2
T - 0 T 9 = & o 5 = *qf - §—§ (AT-5)
ox Jy oz oz

2
2 2 9 0,90 o)
w u+M3\7T + (M + P); Ql,2 = (M-M3 < P)g o ijg) B (AI-6a)
& NE: 62]H- +Pa(a ) ( AT-6D)
My + WMFE) 5l 8 = 2P i K ;

where the upper sign refers to Ql and the lower to Q2 . Now HZ
and Ql 5 are eliminated from the above equations. Operating on

J
AT-6b with

(M- M, +p)§-

ail;v

one finds
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Le; 5 = © (AT-7)

where I is the operator

L 2 & 2 a2 4
L= {a)p +(D[J.[(M+M3) VT+2Mg;§] +MM3VT+
[M(M+M,) - P°] V° ¥, M - 27 ——Eah } (AI-8)
3 T 822 oz

Operating with ?Pvaa—z (% F %) on AI-6a leads to an expression of

exactly the same form for HZ .

LE = O (AT-9)

It should be noticed that while AI-6 is different for both Ql and
Q2 , the operator L is the same for both, and they satisfy the same
equation of the fourth order. Since HX and Hy are linear combina-

tions of Ql and QQ, summarized in the vector equations

LH = 0 (AI-10a)

V-H= 0 (AT-10b)

This new system contains the same number of equations as AI-3, but
AT-10a is of fourth order and AT-3 is of second order. Therefore

AT-10 contains spurious solutions, in addition to the correct ones, and
only solutions satisfying AT-3 and AI-6 can be used. One can use as a

test, a subsidiary condition

2 2
) 2 2 oy O ) - 2 2
& [((l) V) +MV ) Hx+ JP 5;2- HZ] + % [-JP _a? HX+ ((D ) +M ¥V )Hy] =0

(AT-11)
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This equation was obtained by differentiating AT-6b with respect to
z and using AI-10Db.
The operator VTE

be applied as the transverse operator in cylindrical coordinates as

is independent of the coordinate =z and can

well. If wave propagation is along the z-axis (g; = —jkz), the

operator L can be written as

L = {MM3vl* +[(M+M3)(m2u -Mkf) +P2}s§] V§+[(m2u -Mki)z- PEK);]}

T
(AT-12)
and this can be split into two factors
2 2 2 2
L = MM3 [vT + nl] [vT + h2] (AT-13)
Where
2 2
> [(ou - N[E(f)(M+M3) & P%gz + £]
T o MM (AT-1k)
3

and f 1is defined

2 1/2

£ = [(M-M) (w3 —Mkz)2+ (M +M3)(u>2p -Mki)Paki +P2kl;(P2+ lam ) 112,

3

Since hl and h,_, are, in general, not equal, the general solution

2
P o= #+9 (AT-15)

where the two terms satisfy two ordinary wave equations

(VS + h.f)gﬁl = 0 (vﬂ_? s hg)jﬁe = 0 (AT-16)
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In view of AT-15, H is divided into two vector parts E= ﬁl+ ﬁg .
For a given frequency  , the two-part vectors have different wave

numbers (h1 and h2) and so AT-10b must become
V+-H = 0, Ve+«H. = O (AT-17)

The same is true with respect to the subsidiary condition. The two
partial vectors El and EZ are independent as long as they propa-
gate in open space, but the independence ceases as soon as they are
incident on a boundary, and the boundary conditions, in general,
establish a linkage between Hl and H2 5

The general field expressions can be obtained from AI-10 and

AT-11. AI-11 can be written as

g; {THx +J cHy] - g§ [—j(IHX - 1-Hy] = 0 (AT-18)

with the abbreviations

2 2 2
v =Mh" + k)-op , o

]

Pk

AT-18 points to the existence of a Hertzian function from which the
two bracket expressions may be derived by differentiation. Since
this function is indeterminate to an arbitrary constant, it may be

2 2
denoted by (7 - o0 )Z ,

. 2 2, 0Z
TH, + Jo B = (r7 - o) 5 (AT-19a)
-JoH_ + T Hy = -(72 - 02)‘25 (AT-19b)
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Then
., 0% oZ
H = Jo T oy (AT-20a)
92 . .. 0%
Hy ==X ¥ 5 (AT-20Db)

By substituting into AT-10b one obtains

— == 3 vi z (AT-21)

Since 7 must satisfy the same equation as its derivatives, it follows

that
2
(VT2 +h7)Z = 0 (AT-22)
2
where h~ is either hi or hg . Then
2
oh
Hz -_— - -—k'— Z . (AI_23)

The results of AT-20 and AI-23 can be summarized in the tensor equa-

tion
B o= 8 92 (AT-24)
Jo ;i 0
EE = -T Jjo 0
L kz d

The electric field is obtained with the aid of Maxwell's equations

and this leads to another tensor equation
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E = k S *VZ (AT-25)

S = =
E Jo d 0
0 0 g
where
2
-M_h™T
g = [(MT - P2(h2 + kg)] 3 b=-Pop, g-= 3
w Z 2
wkz

From AI-22, AI-24 and AI-25 , it follows in cylindrical coordinates

-j(n8 + k_z) (AT-26)
z = c,(ur) e z

where Cn(hr) is the general cylindric function of order n , and h

can have two values h. and h2 , and

1
H = Jlo g; ¢ (nr) +-%; c, (ur)] (AT-27a)
By =-[r %; c_(br) + %g ¢, (nr)] (AT-27D)

59 o () (AT-27c)
B, = _E; Cn s

3 nb
E,= k [d = Cn(hr) = o= Cn(hr)] (AT-274d)
E, =- jk_ [b 0 c_(hr) - 1 (hr)] (AT-27e)
o) z or "n r “n

(AT-27¢)

e
N
I
.
NWI\)
(1)e]
Q
B
—~
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Case for €10 = 0

Consider the case when the plasma becomes uni-axial. For this
case it is easier to obtain the wave equations directly than to use
the general formulation described previously. Maxwell's equations

become, inserting plasms effects into the dielectric tensor and assum-

j(wt -k, z
ing a variation eJ( = ),
VxE = - joulH (AT-28)
VxH = joe *E (AT-29)
V+(e*E)= 0 , V:B=0 (AT-30)
and
_e 0 0 W
13
é— = 0 €1 0
0 0 €
L 33 |

Since all other field components can be obtained from EZ and HZ »
it will be sufficient to derive the wave equation in terms of these

field vectors. Taking the curl of equation AI-28, one gets

VXVXE=-jou(VxH) (AT-31)
Noting that
vaXE=-v2E+v(v-ﬁ) (AT-32)
€ OE
=k Ve(eF) = =33 - Z "
v E—Euv (.§ E) [eu 1] = (AT-33)

Substituting equations AT-32 and AT-33 into equation AT-31 and taking
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a dot product with the unit vector Ez in the z-direction, one

obtains for the system of E modes

€
2 B2 _ 2 _
Vp B, - (—ell k - o e33)}3Z = 0

where V? is the transverse Laplacian.

Noting that
_ L aEZ _
v x (g « E) = €1 VXE+ ax(€33- ell)—g;-—ay(e33- €

(AT-3L)

OE

—
117 ox

(AT-35)

One takes the curl of equation AI-29, and taking the dot product with

a, , one gets

2 2 2
Vo B, - (kz-muell)HZ = 0 ]

(AT-36)
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APPENDIX IT

EQUIVALENT DIELECTRIC CONSTANT
OF AN ELECTRON BEAM IN A MAGNETIC FIELD

To calculate the beam contribution to the dielectric tensor
several relations are needed. The waves are assumed to vary as

ej(mt"k' r)' The current density is defined

Je = Uy + P, . (ATTI-1)

Also needed are the continuity, force, and Maxwell's equations.

v.J !
V™ -5 S
% +u -V 'ﬁl = - ngx(ﬁl+ on§l+ Tllx B,) (ATI-3)
_ Bﬁl
VE B = (ATI-k)
_ _ Bﬁl
3K Hl = Je + -'5'%- (AII'5)

First the velocity is expressed in terms of the electric field. This
can be obtained by combining equations AII-2, AII-3, and AIT-5. The
result is

— - e e p—
w [§(w -uokz)+XEBo] = E

7 2 -
l+3—w [v(uo- E)- u_* VE]

(ATI-6)

The velocity can be expressed in terms of the current density from
ATT-1 and ATII-2 3
u
p— — o —
do ™ Py =W +d ‘ (ATI-7)
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The dielectric tensor is defined

]

el

.
2

jwe * E (AII-8)

If one includes the stationary plasma effects in the current density,
using equations AII-6, ATI-7 and AITI-8, and the known effects of the

stationary plasma, one obtains for the total dielectric tensor

; = [ei,j] i)j = 1)2}3 (AII"9)
where
e w2 (0w -uk )2
[ = l - Te_ = .-i% °
e w-a)2 (w-uk)-m2
ce z ce
oo (@ -uk) =
” =« 3 ce ed 0 % s 3 ce e
12 0‘)2 ( _uk)2_w2 (2-&2)
O=Y% ce et ce
2 »

— ®_g U [kx(m-uokz) + Jo_ k }
. - (w-uk)? -

0z ce

_ %
21 = ‘12
22T 11
N E (w-uk) - Jjo k

& —_— ed o {y [} ce x:l
23 w ((D"‘ uk )2 - (D2

0 z ce
€ = 6*

31 13



= ex
€3 €35
2
w2 m2 I ue(k2 + k2)
& = % _% _ ed . ed o' x . Yy 5
33 . - s
W (@ ubkz) ol (w-uk ) w_ ]

If one has to take
one proceeds in the same

drifting electron effect

ce

into account the effect of drifting ioms,
manner as before, adding a term for every

with the conversion



-112-

APPENDIX IIT

PROPAGATION AT AN ARBITRARY ANGLE IN A SYSTEM
WITH AN ELECTRON BEAM IN A PLASMA IN A MAGNETIC FIELD

The dispersion for the case of propagation at an arbitrary angle
in a plasma with a z-directed electron beam and magnetic field is
obtained by incorporating the beam and plasma effects into an equiva-
lent dielectric constant, and substitutingthis into the wave equation

which has the form

(ATI-1)

e
|
[
O

The dispersion is obtained by setting the determinant of the operator

L equal to zero. This results in a polynomial

A8P8 + A7P7 + ABPG + A5P5 - 15\.“_1"1L + A3F3 + A2F2 + Alr + FO = 0

(ATI-2)

and the parameters below are defined

ubk u.o
== r =7
2 2
2 ‘“ w,
M = e " i
2 2
2 2 ,m
mce( 2 1) mci( 2 1)
ce ci
mE m2
2 e =
Q.= @ +-3



and the

w2 m2 2 cn2

NE _ ce e _ wci u
- 2

w(m2 - w2 ) olw il

coefficients are defined

Ag = - cosl*e [sin29(l-M2) + cosgg(l-ﬂi)]
A, = 4 cosSe [sin2@(l—M2) + cos29(l- 92)]
A = {ﬂisinzg c0s°6 - (1- Qg)cosgg[sineg(l-meh cosee(l- 522)]
[S) c e
2
- L cos%[singe(l-M )+ cosge(l-ns)]— COSQQ[Sineg(l-—ME) -
+ 00529(1-92- Q,i)]} + yg {-Q,isinag coseg(l+ cosEO)(l-ME) -

A5

QﬁcoshG(l + cosge) (1~ Q§)+ cosuG(l-Mg) [sinee(l—M2)+coseg ” Qi) ]

+

coshQ(l-ME)(l - Qi) - Nucosug sin°0 }

2 2 2 . 2 2 2
= {- EQb sin 6 cos € +2 cos G(I-Qc [sin"@(1-M )+ cos e(1- Qe)]

2 2 2
+ 2 cos @ [sinEQ(l-M )+ cos G(l-ni-ﬂb)]} *

+ 72 {mﬁsineg cos3O(l—M2)+ 2912)Sin29 cos Q(l+c0629)(l-M2) +
+ hg§c0539(1+ cosEQ)(l- Qi) - L cos39(l-M2)[sin2G(l-M2) +

N

+ cosEQ(l - Qi)] -k cos3G(l-M2) (1- 92) + Ly "sin"0cos 36 }
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2. 2 2 . 2 2 2 2 9
A = {ﬂ.bsln e - (l-Qc) [sm 9(1-M") + cos (1 - = n.b)]}
+ 72 {-79%55.:129 cosEG(l-ME) - n,gsineg(l-Mz) - 50_5(20829(1- gi)
+ Qg 8100 c0529 - Q.i cosEG(l +c0529)(l - Qi- Q.i)
+ (1- Q,z) (l—M2) cou' B [sinzg(l—M2)+ cosEQ(l- Qi)]
+ L cosge(l-Mz) [SinEG(l-ME) + cos29(1 -nz)]
2

2
+ cosEQ(l-M )[singg(l-M2+ cosge(l—ns- szﬁ)] +(l-n§)(l-M2)(l-Q§)cos )

2 2 2 2 2 2 2 2 2 2 2
+ k4 cos 0(1-M )(l—-ne)+ cos ©(1-M )(l-Qe- Slb)- an Q% sine cos™e

2 L 2 L 2 2
(l-Qc) N sin © c0520 - 5N sin © cos Q}
2

+

TI‘L {-n,: sin%0 coseg(l-Me) - Q};coshO(l- Q.isinzg cos29(l—M2)
2 L 2 2 L 2,2 2
+ 2q, cos o(1-M )(1-96) - cos ©(1-M7) (1-ne)

- g,i NhsinEQ cos°0 + thoshg(l— 02)}

2 2 .2 2 2 2 2 Yy 2
A =¥ {6 sin"© cos 6(1-M )+2$'Lb cos ©(1+ cos 9)(1-9e)- 20, sin"® cos &

aqi cos 8(1+ coseg)(l- ni- nf))- 2 cos e(l-gf)(l-ma) [sinEG(l-ME)

+

cos29(l - ni)] -2 cos 9(1-M2) [ sinee(l-M2)+ cos29(1- Qi- 9.12))1

+

2 cos 9(1-- Qi)(l-Mz)(l -nz) -2 cos o(1-M°) (1- 92 -012))

+ 2N'sin20 cos © + oN(1- gi) slnte cou 9+1+N29Ca§' SEn S wop 9}

=

: 2
“(4 {20.2 sin © cos G(1~M2)+ lI{L): cos39(l-9§)- 2{15 sin0 cos Q(l—ME)

89.5 0836 (1-M2) (1 - n§)+ 4 cos39(l-M2)2(l— )

b

$ 295 N°ein°® cos @ - 2N29c9.§ cos8(1 - ni) - by cos39(l-9§)}



=31 5=
A2 . 72 {Q'g 8in20 - 2:15 sinEQ(l-Mg) - Q§(1+ 00829)(1- Qi- ﬂi)
+ (1 -Qi) (l-ME) [sinEG(l-Mz) + cosEO(l - Ri-— ﬂﬁ)]
+ (1- ni) (l-M2) (1- 92 - S‘Li)- N’*singg(l - ni) - amanco.ﬁ sinEQ%
2
+ *rl" {-Q,l; sinEO(l-Me) - sni; cosEG(l- Qz) - nﬁ sinEG(l-Me)
+ 109,5 cosag(l-ME)(l- 92) - Qt 00329(1- ﬂi'ﬂﬁ)

+ agi cos0(1-M7) (1 - uz— Qﬁ) - cos’0(1 -gi) (1-7) (1 - nz)

2 2 2
- L4 cose(1-M)

(1= szz)- coseg(l-Me)E(l- ni- ni) - Nug_i sin o
+ ewgacni(l —92) 0850+ thos29(l-§z§- nﬁ) + 4N)+c0829(l- QE)
¥ Nh'cosz(l - ni)(l— Qs)}

By = 3 {egt cos o(1- 92) -lmi cos (140) (1~ 92) + 29:3‘ cos 0 (1- Qi- o)
" lmg cos 0(1-M°) (1- 02) (1 -ni— a§)+ 2 cos 6(1- Qi)(l-Mg)(l- ni)
+2cos 9(1-M2)2(1-n§—9.§) - ENEQCQIE)) - 2N29ca§ cos 9(1- 92- nﬁ)

" 1+N2an,§(l-ﬂ§)cos e - ENucos 0(1-92- S),i)- 2thos e(1 —Qi)(l— Qi)}

Ay = vu {- n:(1-9§-n§)+ 295(1—142)(1-92

2- aﬁ) [mencgi + (1- ni)Nl‘”

-0?)- (1-D) @) (1- 02- 0d)

+ (1L=0



-116-
References

(1) L. Tonks, I. Langmuir, Phys. Rev. 33, 195-210 (1929).

(2) J. E. Drummond, Plasma Physics, McGraw Hill, New York, 1-32 (1961).

(3) S. Chapman, T. G. Cowling, The Mathematical Theory of Non-Uniform
Gases, Cambridge University Press, Cambridge (1921).

(4) M. Sumi, Jour. Phys. Soc. Japan 13, 1476-1485 (1958).
(5) I.B. Bernstein, Phys. Rev. 109, No.l, 10-21, (1959).

(6) L. Spitzer, Physics of Fully Ionized Gases, Interscience Pub-
lishers Inc., New York (1956).

(7) J. A. Ratcliffe, The Magneto-Ionic Theory and Its Applications,
Cambridge University Press, London (1959).

(8) A. G. Sitenko, K.N. Stepanov, Sov. Phys. JETP 4, 512-520 (1957).
(9) W. P. Allis, IRE Transactions MTT, 79-82 (January 1961).
(10) A. W. Trivelpiece, R. W. Gould, JAP 30, No. 11, 1784-1793 (1959).

(11) A. W. Trivelpiece, PhD Thesis, Slow Wave Propagation in Plasma
Waveguides, California Institute of Technology (1958).

(12) H. Sunl, L. R. Walker, BSTJ 33, Part I 579-659, Part IT 939-986,
Part ITT 1133-1194 (1954).

(13) H. Gamo, Jour. Phys. Soc. Japan 8, 176-182 (1953).
(14) A. A. Van Trier, Appl. Sci. Res. B3, 305 (1954).
(15) P. S. Epstein, Rev. Mod. Phys. 28, 3-17 (1956).

(16) S. Ramo, J. Whinnery, Fields and Waves in Modern Radio, John
Wiley and Sons, New York (1953).

(17} & Stratton, Electromagnetic Theory, McGraw-Hill, New York and
London (1941).

(18) S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York
(1943) .

(19) W. M. Elsasser, JAP 20, 1193-1196 (1949).

(20) A. V. Haeff, Proc. IRE 37, 4-10 (1949).

(21) J. R. Pierce, W. B. Hebenstreit, BSTJ 28, 33-51 (1949).



(22)
(23)
(24)
(25)
(26)

(27)

(28)
(29)

(30)
(31)
(32)
(33)
(34)
(35)
(38)

(37)

(38)

=117=-

J. R. Pierce, JAP 19, 231-236 (1948).

D. Bohm, E. P. Gross, Phys. Rev. 75, 1851, 1864 (1949).

G. Wehner, JAP 21, 62-63 (1950).

D. H. Looney, S. C. Brown, Phys. Rev. 93, 968-969 (1954).

G. D. Boyd, L. M. Field, R. W. Gould, Phys. Rev. 109, 1393 (1958).
G. D. Boyd, PhD Thesis, Experiments on the Interaction of a

Modulated Electron Beam with a Plasma, California Institute of
Technology (1959).

P. A. Sturrock, Phys. Rev. 112, 1488-1503 (1958).

J. E. Drummond, Plasma Physics, 143-164, McGraw Hill, New York
(1961).

J. Neufeld, P. H. Doyle, Phys. Rev. 121, No. 3, 654-658 (1961).
E. S. Weibel, Phys. Rev. Letters 2, 83-84 (1959).

B. Fried, Phys. Fluids 2, 337 (1959).

J. Dawson, J. B. Bernstein, Report No. FM-336, U.S5.AEC.

J. R. Pierce, Traveling Wave Tubes, Van Nostrand (1950).

V. P. Dokuchaev, Soviet Phys. JETP 12, No. 2, 292-293 (1961).

T. F. Bell, R. A. Helliwell, Tech. Report No. 2, AFOSR-TN-59-1099
(1959) .

E. V. Bogdanov, V. J. Kislov, Z. S. Tchernov, Proc. Millimeter
Waves, Vol.X, 57-67, Polytechnic Press (1960).

M. Sumi, Jour. Phys. Soc. Japan 15, No. 1, 120-127 (1960) .



