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ABSTRACT

In this thesis finite groups whose maximal subgroups are of
prime or prime square index are studied. The main problem considered
is to find out to what extent this property is inherited by subgroups. The
principal results are: this property is inherited by all subgroups if the
group considered has odd order. This is not necessarily true if the
group has even order. Let n be a positive integer. A group G of
even order is constructed which contains a subgroup H, and H contains

a maximal subgroup W with |H:W/| larger than n.
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I. INTRODUCTION

The object of this thesis is to investigate finite groups all of
whose maximal subgroups are of prime or prime square index.

A short but ingenious arithmetic argument was given by P. Hall
which showed that groups with the above property are solvable,

B. Huppert proved that a finite group all of whose maximal sub-
groups are of prime index is supersolvable, We recall that a super-
solvable group is a group in which all of the chief factors are of prime
order. The essence of Huppert's theorem is that if all maximal sub-
groups of a group G are of prime index, then this property is inherited
by all subgroups of G.

Let G be a group all of whose maximal subgroups are of prime
or prime square index, We shall prove that all subgroups of G inherit
this property, if G has odd order. In case the order of G is even,
this need not be true. In fact, given a positive integer n, we shall
construct a G of order Zapb, where p is any odd prime, such that
G contains a subgroup and this subgroup in turn contains a maximal

subgroup of index greater than n. This is done in section V.
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II. NOTATIONS, DEFINITIONS AND RESULTS

FROM THE LITERATURE

The following is a list of notations which will be used:

|G| =the order of G; H < G means H is a subgroup of G,
here H = G is permitted; H< G means H is a subgroup of G, -but
H+#+ G; H< G means H is a normal subgroup of G, possibly H = G;
H<4 G means H is a normal subgroup of G, but H# G; Z(G) = the
center of G; @(G) = Frattini subgroup of G; A(G) = the intersection
of the non-normal maximal subgroups of G; rp(G) = the p-rank of the
solvable group G; GL(Z2, p) = the group of all non-singular 2 x 2 mat-
rices with entries in the field of p elements; <A, B> = the group
generated by A and B where A and B are subsets of a group G;
Jp = the field with p elements.

A detailed discussion of the Frattini subgroup ¢(G) can be found
in Ref. 1. The remaining terms with the exception of p-rank are clear.
The definition of p-rank is given below.

The following is a list of definitions which will be used:

Let p be a prime which divides the order of the solvable group
G. Suppose that among the chief factors of G, which have order a
power of p, the exponent s is the largest one which occurs. Then s
is the p-rank of G and is denoted by rP(G). It is possible that G has
several chief factors of order ps.

A group G 1is said to have an ordered Sylow tower if it possesses

a series
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G=Gl[>G D...DGSDGS =1

2 +1

: o B4 s
with Gi/Gi+1 of order p,°, where p; <p,<... <p_ and pi1 is the
highest power of p, which divides [Gl.
Let G be a group of all whose maximal subgroups are of prime

or prime square index. We shall say that G has property M.

The results from the literature not found in the standard texts

are:
j

2.a. Let G be solvable. Let p P be the highest power of
p which occurs as an index in some maximal chain of subgroups of
G. Then jp = rp(G) ((3) pg. 411).

2.b. If N is a normal subgroup of G and A a subgroup of
G such that N < ¢(A), then N < ¢(G) ((4) pg. 162).

2.c. Inagroup G the subgroup A(G) is nilpotent ((4) pg 167).
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III. THE MAIN THEOREMS

Let G be a group with property M. By Theorem 10.5.7 of
Ref. 1 G is solvable. The proof of this theorem yields more informa-

tion than just the solvability of G. This we state as

Theorem 3.1. (P. Hall) Let G be a group with property M. Then
there exists a series G & K2 1 with |K| primeto 6, [G/KI| = 253"

and K has an ordered Sylow tower.
Proof; See the proof of Theorem 10.5. 7 of Ref. 1.

If 2 does not divide |G| in the above theorem, then G has

an ordered Sylowtower. The same is true if 3 does not divide the order

of G.

Lemma 3.1. Let K be a subgroup of GL(Z2, p) which has odd order

and order prime to p, with p > 3. Then K is abelian.

Proof: The group GL(2, p) has a normal subgroup G of index 2 con-
sisting of those matrices whose determinant is a square. We observe
that G 2 K and G = Z, the center of GL(2, p) consisting of all scalar
multiples of the identity.

A list of subgroups of G/Z can be found in Ref. 2 on pages
447-450. The subgroups of odd order and order prime to p are cyclic
and have order a divisor of p+1 or p- 1. Thus KZ/Z is cyclic,

and hence KZ is abelian. This implies that K is abelian.
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Lemma 3. 2. Let G be a finite subgroup of the multipliative group

of a field F. Then G is cyclic.

Proof: Clearly G is abelian. Suppose G is of exponent n. Then
every element of G is a root of x'- 1 = 0. But the roots of this equa-
tion form a cyclic group. Since G 1is a subgroup of this group it follows

that G is cyclic.

Lemma 3. 3. Let G be an abelian group, and let p be an irreducible

representation of G over the field F. Then p(G) is cyclic.

Proof: I.et A be an F - G module which yields the representation p.
Then A 1is irreducible. By Schur's Lemma (Theorem 16. 6. 2 on p. 269
of Ref. 1) the ring of operator endomorphisms of A forms a division
ring. This division ring is isomorphic to the ring of n x n matrices

whose elements a satisfy

p(x)a = ap(x)

for every x in G (Corollary 16. 6.1 on p. 268 of Ref. 1). But the mat-
rices p(x) for x in G are among the choices for a and are therefore
in the center of this ring of endomorphisms. The center of a division
ring is a field so that p(G) is a subgroup of the multiplicative group of

a field. Thus, by lemma 3. 2, p(G) is cyclic.

Lemma 3.4. Let G be an irreducible subgroup of GL(2, p), which has
odd crder and order prime to p, with p > 3. Then G is cyclic, and

its order is a divisor of p2 - L
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Proof: By lemma 3.1 G is abelian, and by lemma 3.3 G is cyclic.
Suppose <g> = @G. If the characteristic equation of g were reducible
over JP, then g would be similar to a diagonal matrix. This con-
flicts with our hypothesis.

Suppose Uy(x) is the characteristic polynomial of g and is ir-
reducible over Jp. Then ((x) has degree 2. By Theorem 1l on p. 128
6f Ref. B, it follows that (x) is a divisor of

2
g(x)zxp -x.

2
Hence ((x) is also a divisor of 1:)_1—1. By the Cayley-Hamilton theorem

we must have

Thus

proving the lemma.

Lemma 3.5. Let G be a cyclic group whose order is a divisor of pz- L.
Then every irreducible representation of G over J_ has degree one

or two.

Proof: Since |G| is prime to p the representations we are concerned
with are ordinary. Let p(G) be an irreducible representation of G
over Jp. Consider the matrix A = p(g) where G =<g>.

We have

2, _

AP 1,



.

where A has entries in Jp a,nd2 p(G) =<A>. The minimum poly-
nomial of A is a divisor of xP o 1 and hence also a divisor of xF - x.
Le; p(x) denote an irreducible polynomial over Jp which divides

=P - x. By Theorem 1l on p. 128 of Ref. 5, it follows that p(x) has
degree one or two. Thus the characteristic equation of A is a product
of irreducible polynomials of degree one or two oveér Jp, since every
irreducible polynomial which divides the characteristic polynomial

also divides the minimum polynomial.

We may therefore write

IxI - Al =py(x) ... pAx)qx) ... q(x),

where the pi(x) are monic irreducible polynomials of degree two over
Jp and the qj(x) are of degree one over Jp'

Since the representations we are dealing with are ordinary, it
follows that A is similar to a diagonal matrix over a suitable finite

extension of Jp. We may write
5 ..
A = diag (61, 61,6 2 62, . "Et’ 61:’ N LR ys)

where €., 6, are the roots of pi(x) and Y is the root of qj(x). The
elements Ypr e -0 Yg BTE in Jp but the Ei and 61 are not in Jp'

The matrix

where pi(x) = xz + bix + ¢ is similar to the matrix



because they have the same invariant factors.
This implies A is similar to the matrix A;®... @A ®[y] @ -
o[ Yt} . We note that p can be irreducible over Jp only if t =1 and

s =0 orif t=0 and s =1. This proves the lemma.

Lemma 3. 6. Let G be an abelian group of exponent dividing p2 -1
over the field Jp. Then every irreducible representation of G ove”

Jp has degree one or two.

Proof: lL.et p be an irreducible representation of G over Jp. By
lemma 3. 3 the group p(G) is cyclic and by our hypothesis p(G) haéd
order dividing pz- 1. This means p(G) is an irreducible representation

of a cyclic group whose order divides pz— 1. By lemma 3.5 we are done.

Theorem 3.2. Let G be a group of odd order which has property M-

Then rp(G) < 2 for all primes p which divide the order of G.

Proof: Assume the theorem is false. Choose G to satisfy the hy—poth‘
esis but not the conclusion and to be of minimal order subject to the#®€
conditions. Note that if N is any normal subgroup of G larger tha ©
the identity, then G/N satisfies the hypothesis and hence the conclu 5ion
because of the minimal nature of G.

If G contained two distinct minimal normal subgroups, say N
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and N,, then N, would be isomorphic to a chief factor of G/N, so
that G would satisfy our conclusion, contrary to assumption. We may
therefore assume that G contains only one minimal normal subgroup
which we denote by N.

By Theorem 3.1 G has an ordered Sylow tower. Let P be a
Sylow p-subgroup of G where p is the largest prime which divides
|G|. The group P is normal in G and therefore contains N. Note
that p > 3 since, if p =3, G is a 3-group and would satisfy our con-
clusion.

Since ¢(P) is a characteristic subgroup of P and P is normal

in G, it follows that ¢(P) is normal in G. Thus either ¢(P) =1, or

¢(P) = N.
Let 1= Po € N, < Pl <... <G be the upper p-series for G.
Then P1 =P x N0 since both No and P are normal in G. We must

have No =1, since otherwise G would contain more than one minimal
normal subgroup, i.e. Pl = P. By Theorem 18.4.5 (p. 333 of Ref. 1)
G/P is faithfully represented by transformation on P/¢(P), and further-
more G/P has order prime to p.

Consider the case ¢(P) =1. Then P may be regarded as a space
on which G/P operates. Also N is a subspace of P.

Assume N is a proj:er subgroup of P. Then by the theorem of
complete reducibility we can find a complement to N, i.e. P=M=x N
where M is not the identity and M <1 G. This is a conflict, since M

does not contain N.

Assume P = N. Then P is a minimal normal subgroup of G.
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Since G is solvable it contains a p-complement M. Then |G:M]| =
{P|. Suppose M is not a maximal subgroup of G. Let T be a maxi-
mal subgroup of G between M and G. Then T has order divisible
by p, and therefore has a non-trivial intersection with P. If T N\ P
were equal to P, then T would be all of G sothat 1< TN\ P< P,
Since P is abelian, TN\ PAP. Also T/\ P T and finally
T N\ P <G which contradicts the fact that P is a minimal normal
subgroup of G. Thus M is a maximal subgroup of G. By property
M it follows that |[G:M| =p or pz. Hence |P| =p or pz. This
completes the proof for the case @(P) = L

Consider the case ¢(P) = N. Using the theorem of complete

reducibility we may write
P/$(P) = 5,/$(P)x ... x5./¢(P)

where each Si/gb(P) is a space on which G/P operates irreducibly.
Ncte also that each Si/(b(P) is a chief factor of G/¢(P). Since ¢(P)= N
it follows that each of the groups Si/(b(P) has order p or pz.

From lemma 3.4 G/P is isomorphic to a subdirect product of
cyclic groups each with order dividing pz— 1 i.e. G/P is an abelian
group with exponent dividing pz— 18

Now consider the representation p of G on the group N. Since
N is a minimal normal subgroup of G, p is irreducible over J_. The
group Z(P) is a characteristic subgroup of P not the identity and
hence is normal in G. This implies Z(P) = N. Hence the representa-

tion of G on N contains P in its kernel. Thus the group p(G) is a
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homomorphic image of G/P, and therefore p(G) is an irreducible
representation over Jp of an abelian group with exponent dividing pz- L.
By lemma 3. 6 p(G) has degree one or two. This completes the proof

of the theorem.

Theorem 3. 3. Let G be a group of odd order which has property M.

Then all subgroups of G also have property M.

Proof: This is an immediate consequence of Theorem 3. 2 together with

2. 4.
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IV. FURTHER THEOREMS ABOUT GROUPS WITH PROPERTY M

Theorem 4.1. Let G be a group with property M. Then G/A(G) is
a subdirect product of primitive solvable groups on a prime or prime

square number of letters and A(G) is nilpotent.

Proof: Decompose the maximal subgroups of G into conjugate classes
and represent G by conjugation on these classes of subgroups. This
gives a permutation representation m of G where the sets of transi-
tivity are just the sets of conjugate maximal subgroups. Consider the
restriction of m to one of these sets. Let M be an element of this set.
This restricted representation w* is equivalent to that arising from

the cosets of NM, the normalizer of M in G (p. 242 of Ref. 1).

The group NM is either M or G. If NM is G then the per-
mutation representation w* is just the identity. If NM = M then .
is primitive since M is maximal and has degree |G:M| whichis a
prime or the square of a prime, Since G is solvable the permutation
representation n* is solvable. This proves that G molulo the kernel
of w is a subdirect product of primitive solvable groups on a prime
or prime square number of letters.,

We determine the kernel of m. An element x of G will be in
the kernel of w if and only if it normalizes every maximal subgroup
of G. A normal maximal subgroup of G has G for its normalizer
and a non-normal maximal subgroup is its own normalizer. Hence x
will normalize every maximal subgroup of G if and only if it is con-

tained in the intersection A(G) of the non-normal maximal subgroups
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of G. This completes the proof of the theorem except for the nilpotency

of A(G), which follows at once from 2.c.

A number of theorems dealing with primitive solvable permu-
tation groups will be proved. These the‘orems are well known but will
be convenient to have in the form given below.

In what follows {2 will denote a set of objects permuted by a
group G. We shall also assume that the identity of G is the only
element of G which fixes every element in §2. The elements of
will be denoted by small Greek letters.

By the orbit under G of the element a in §} we mean the set
a® = {afge G}

We denote the subgroup of G fixing a by Gu'

We shall use SQ to denote the group of all permutations on .

Lemma 4.1. Let. G be primitive on € and N ® G. Then N is

transitive on £.

Proof: Let uN, BN, ... be the orbits of N. We first show that an
element g of G permutes these orbits among themselves. Select aN

an orbit. Then

()8

H i
B )
R

H
™
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is an orbit of N. This shows that these orbits form sets of imprimitivity
for G and hence there can be only one of them. Thus N is transitive

on Q.

Lemma 4. 2. Let A be transitive on §2, C the centralizer of A in
SQ and N the normalizer of A in Sg' Then an element of C which
fixes an object in  must be the identity. Hence for a in  the
group Na. is faithfully represented by the automorphisms it induces

on A.

Proof: Let a€§ suchthat c€ C fixes a. Now c =c° for all a in
A. We also have c? fixing a? for every a in A. Since A is

transitive c fixes .

Theorem 4. 2. Let G be primitive on § where  has n >1 objects.
If G is solvable then

i) there is exactly one minimal normal subgroup A of G.

ii) A is elementary abelian, transitive and regular.

iii) n = pk = |A|l where p is a prime.

iv) G/A = G, = to some group of automorphisms of A.

v) G £ N the normalizer of A in SQ'

vi) G = G A and Gaf\ A =1
Proof: Let A beée a minimal normal subgroup of G. Since G is
solvable A is elementary abelian. A is transitive by lemma 4.1
Select a€ ). Since A .is contained in its centralizer C in SQ

it follows that Ao. < Co.' But lemma 4. 2 implies Ca = 1 and hence

A =1 This proves that A is regular. Hence |A] equals
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the number of elements in §. But A 1is elementary abelian and thus
: k
of prime power order, say p .

Now

c llal  lg,]lAl
GAl = - =lc,llal = o, |n.
anc| Al

The degree of a transitive permutation group is equal to the index of

the largest subgroup which fixes a letter. Thus n = IG:GQI so that

|G, [n= |G ||G:G_ | = [G].

Hence GaA = G and since Ao. =1 it follows that Guf\ A=1.

Now Ga/Ga(\ A= GGA/A = G/A and since A is regular
Ga(‘\ A =1, Hence G/A = GQSNQ where N is the normalizer of A
in SQ' By lemma 4. 2 N(_1 is isomorphic to some group of automor-
phisms of A.

Assume there exists B a minimal normal subgroup of G
different from A. Then AN\ B =1. Consider (A, B). It is contained
in both A and B so that (A,B) =1, Thus A and B centralize each
other. The group D = <A, B> also centralizes A and D is transitive
on £ since it contains A. Let a be an element of © and consider
Da' By lemma 4. 2 Da =.1 and hence |D|=n. But |A|=n and
hence D = A, a conflict, Siﬁce D = B. This proves that A is the only
minimal normal subgroup of G.

Let G be a primitive solvable group on 9 letters. Let A be

the unique minimal normal subgroup of G which we know exists by
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part i) of Theorem 4. 2. By part ii) of Theorem 4. 2 we may, after
suitably labeling the objects permuted, assume that A is generated

by a and b where
a = (037)(142)(568)
b = (051)(364)(782) .

Let N be the normalizer of A in the symmetric group on
Q={0,1,...,8}. Note that N is the normalizer of the regular repre-
sentation of A and hence the holomorph of A. Thus by Theorem 6. 3. 2
of Ref. 1 the subgroup fixing 0 is isomorphic to the group of all auto-
morphisms of A. This group is just the group of all non-singular
2 x 2 matrices with entries in GF(3) and hence of order 48, Thus
IN| = 432.

Ey part v) of Theorem 4.2 G is a subgroup of N. Note that
N is itself a solvable group and that A 1is a chief factor of N. The
remaining chief factors of N are also chief factors of N/A which is
isomorphic with the group of all non-singular matrices over GF(3).
This latter group modulo its center is of order 24 and is isomorphic
to the symmetric group on 4 letters. Hence the chief factors of N are
58,35 B,5%

Let G be a primitive solvable group on 4 letters. Then G is
a subgroup of the symmetric group S on 4 letters which is itself

2

golvable. The chief factors of S are 2,3,2".

A primitive group G on 3 letters is a subgroup of the symmaetric
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group on 3 letters and a primitive group on 2 letters is just cyclic

of order 2.

Lemma 4.3. Let G be a primitive solvable group on a prime or prime
square number of letters. Then for all primes p which divide |G|

we have rp(G) £ 2.

Proof: Let A denote the unique minimal normal subgroup of G. If
]A| = p, a prime, then G/A is cyclic with order dividing p-1. Hence
rq(G) = 1 for all primes q which divide |G]|.

Assume IA} = p2 with p > 3. Then G/A is isomorphic to a
solvable group of 2 x 2 matrices over GF(p). Let T be any solvable
group of 2 x 2 matrices with entries in GF(p) where p > 3. Form the
group TZ = R where Z consists of all non-zero scalar multiples
of the identity. The group R 1is solvable and the chief factors of T

are among those of R. The group R has a normal series

R>R1>Z>1

where R1 consists of those elements R with determinant one. The
group Rl/Z is a solvable subgroup of the group H defined on page 436
of Ref. 2. All of the possible subgroups of H are given in articles
325 and 326 of Ref. 2. The solvable groups S among these are:

1) S has a normal subgroup of order p which is its own cen-
tralizer.

2) S is cyclic.

3) S is dihedral of order 2d where S contains a normal cyclic
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subgroup of order d.
4) S is isomorphic to the alternating group on 4 letters.

5) S is isomorphic to the symmetric group on 4 letters.

Inl) S has a normal series S > P>1 where |P| =pand S/P
is isomorphic to a group of automorphisms of P. Hence S/P is cyclic
with order dividing p-l. Hence rq(S) =1 for all primes g which
divide |S|. For S cyclic we also have rq(S) =1 for all primes q
which divide [S|. In 3) S has a normal series S> D> 1 where S/D
has order 2 and D is cyclic. The group D has a series of charac-
teristic subgroups each of prime index in the one above it. Hence
rq(S) =1 for all primes which divide |S|. In 4) and 5) we have rq(S) el
for q# 2 and rq(S) =2 for q=2. Thus rq(Rl/Z) < 2 in all cases.
The groups R/R1 and Z are cyclic so that rq(R) < 2 for all primes
q which divide |R|. The same also holds for T.

For p =3 we have a primitive group on 9 letters i.e. a sub-
group of N the group of order 432. The chief factors of N are
2. 3L 22, 2, 32‘ so0 that any primitive solvable group on 9 letters has chief
factors which are divisors of 2, 3,4 and 9. Thus rq(G) < 2 for all
primes which divide [G]. |

For p = 2 we have a primitive group on 4 letters. Such a
group is a subgroup of the symmetric group on 4 letters and therefore
has chief factors which are divisors of 2, 3 and 22. This proves the

lemma in all cases.
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Lemma 4. 4. A subdirect product G of any finite number of primitive
solvable groups on a prime or prime square number of letters has

rp(G) < 2 for all primes which divide [G]I.

Proof: First we show this for direct products and observe that subdirect
products, whenever the number of factors is finite, are subgroups of

the direct product. The chief factors of a direct product are just those
of the individual groups used to form the direct product. By lemma 4. 3

we are done.

Theorem 4. 3. Let G/A(G) be a subdirect product of groups each of which
is isomorphic to a primitive solvable group on a prime or prime square

number of letters. Then G has property M.

Proof: By lemma 4. 4 r'p(G/A(G)) < 2 for all primes which divide its
order. Now consider r'p(A(G)/d)(G) ) for any prime p which divides the
order of A(G)/¢(G).

We may write

$(G) = ﬂ i (M AG)
<

T G
max

T 4« G

=m [T N aG)]
<

T G
max

T QG
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A maximal subgroup which is also normal must be of prime in-
dex. By repeated use of the second isomorphism theorem we obtain a
series of subgroups from A(G) to ¢(G) each of prime index in the

one above it and normal in the entire group G.

A(G) MT;/N\T,
#G) -
All indices marked with a p in the diagram are primes and therefore
rp(A(G)/qs(G) ) =1 for all primes p which divide |A(G)/¢(G)I. By 2.a
all maximal indices between G and ¢(G) are either prime or the square
of a prime. Hence G/¢(G) has property M.

There isal -1 correspondence between the maximal subgroups
of G and those of G/¢(G). Therefore the maximal indices of G are
the same as those of G/¢(G). This shows that G has property M.

It now follows that whenever G/¢(G) is a subdirect product of
primitive solvable groups on a prime or prime square number of letters

or if G/¢(G) is any homomorphic image of such a group then G has

property M.

Lemma 4.5. Let G be a group with an ordered Sylow tower. Then

every subgroup of G has an ordered Sylow tower.
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Proof; By hypothesis G has a series

G=G11>G2{>...DGSK>GS+181

with Gi/Gi+1 of order pisi, where p; <p,<... <p,. G, isa
characteristic subgroup of G since it is a normal p,-complement of
G. Similarly, Ggj is a characteristic subgroup of G,. A characteris-
tic subgroup of a characteristic su_.bgroup is characteristic in the en-
tire group. Thus, Gg is a characteristic subgroup of G. Continuing

this procedure shows that each Gi is a characteristic subgroup of G.

Consider the series

IZHZZ...ZH 2 H =]

s s+l

where H.l xHAN Gi' Since C‘ri 4G it follows that Hi 4 H. The order
of H; is divisible only by primes in the set {p,, Pipre s ps} and
|H:Hi| is divisible only by primes in the set {pl, Pos -+ - Pi-l}' This

means H has an ordered Sylow tower.

Theorem 4. 4. Let G be a group whose order is not divisible by 6.

If every maximal subgroup of G has property M then G is solvable.

Proof: Use induction on |G|. The hypothesis is satisfied by all factor
groups of G. Let M be any maximal subgroup of G. By Theorem 3.1
M has an ordered Sylow tower. Let p be the smallest prime which
divides |G| and let P be a Sylow p-subgroup of G. Let N be the
normalizer in G of P.

Every proper subgroup of G is contained in a maximal subgroup.
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By lemma 4.5 every proper subgroup of G has an ordered Sylow tower.

Assume G is p-normal. If N =G then Z(P) is a solvable
normal subgroup of G and we are done by induction. If N is.a proper
subgroup of G then it has an ordered Sylow tower. Since p is the
smallest prime which divides |[N| it follows that N contains a normal
p-complement. By Theorem 14. 4. 6 of Ref. 1 G contains a normal
subgroup with a p-factor group. Since the normal subgroup is proper
it has an ordered Sylow tower. Thus, G is an extension of a solvable
group by a p-group and hence is itself solvable.

Assume G 1is not p-normal. By lemma 19. 3. 2 of Ref. 1 G
satisfies the hypothesis of a theorem of Burnside. By Theorem 4. 2.5
of Ref. 1 G contains a p-subgroup H = hlhzf £ ¥ 'hr_” where each hid H.
The groups hl’ hZ’ o 1 hr form a complete set of conjugates in N(H),
the normalizer of H in G. The number r is prime to p. If H is
normal in G then we are done by induction. If H is not normalin G
then N(H) is a proper subgroup of G and has, therefore, an ordered
Sylow tower. Thus, N(H) has a normal p-complement K. This implies
(K, H) =1 sothat N(H) = K x H Hence N(H) cannot induce an auto-
morphism of order prime to p on H. But hl' hZ' ++vph form a com-
plete set of conjugates of h; in N(H). This means that N(H) must
induce én automorphism of order prime to p on H. This contradiction
proves that H <1 G.

This theorem is not true if we allow 6 to divide |G|. The linear
fractional groups LF(2, p) are simple for p > 3. From the discussion

given in chapter XX of Ref. 2 it follows that the maximal subgroups of
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LF(2, p) all have property M, if p is not congruent to + 1 modulo 5.
This raises the following question. Are there any other simple groups

whose maximal subgroups have property M ?
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V. CONSTRUCTION OF EXAMPLES

5.1. In this section examples of groups of order Zapb, with
p = 3, will be constructed which have property M but also contain sub-
groups which do not have this property. In fact given any positive in-
teger m such a group will be constructed which has a subgroup con-
taining a maximal subgroup of index at least m.

In order to construct the examples it will be necessary to use
facts about Kronecker products and commutators. These results are
given in 5. 2. They are followed in 5. 3 by a brief discussion of the
construction procedure. This is followed by 5.4 which gives the details
of the construction. The final étep, 5.5, will be to show that the groups

constructed have the properties mentioned in the first paragraph.

5.2. Let A and B be groups. Suppose p is an absolutely
irreducible representation of A of degree m and 7 is an absolutely
irreducible representation of B of degree n both over the same field
F. Form the direct product A xB of A and B and consider the

representation
(a, b) — p(a) ® 7(b) .

This also yields a representation of the group ring of A x B over F.

Since p 1is absolutely irreducible there exists an element Xt

the group ring of A, such that p(xik) = e the matrix witha 1 in

in RA’

position (i, k) and zeros elsewhere. For the same reason there exists

a vy. ) =e

i Here the indices i,k run inde-

in RB such that 7(y.

Je e



"

pendently from 1 through m and the indices j, £ run independently
from 1 through n.

Forming the rnzn2 Kronecker products
p(x,, ) @ T(VM)

we obtain the mznz one spot matrices which span the full mn x mn

matrix ring over the field F. Hence the representation
(a, b) — p(a) & 7(b)
is an absolutely irreducible representation of A x B.

Lemma 5.1. Let G be a group and let Gt+1 be the (‘c+l)St term in

the descending central series of G. Then
(s Bgp -« -5 8} = (B gy - e n B MW B e+ epily)
modulo Gt+1'
Proof: We use induction on t. For t =2 we have the relation
(%3, 3,) = (% a,)(% a5 y)ys a)

(see relation 10. 2. 1. 2 on p. 150 of Ref. 1). Reading this relation modulo
G3 gives the desired result since (x, ay y) is in G3.

The induction hypothesis asserts

(xy, Aos e at-l) = (x, Aoy s at-l)(y’ as .- ”at-l)

mod Gt' Then



G

{xy, Bos-cesy at) = ((xy, Byyenes at-l)’ at)
The right side is then equal to
( (x, Boyeeos at_l)(y, Aoy at_l)o., at)

where a is an element of Gt'

Using the rules on page 150 of Ref. 1 we expand (abc, d) as follows
(abe, d) = (ab, d){ab, d, c)(c, d)
= (a, d)(a, d, b)(b, d)(ab, d, c)(c, d)

Set

a = (x, CPTERR 'at-l)

b =(y,a2,...,at_l)
c=a
d=a

and read the result mod Gt+1' Note that the elements (a, b, d), (ab, d, c)

and (c,d) are in Gt+1' Therefore (a,d) and (b,d) are the only terms

not reducing to the identity mod Gt+1' This gives the desired result.
Our next step will be an extension of the preceding lemma. Con-

sider

(a,...,xy,...,at)

where a., =xy. We may write this as



o Ly

((al,...,xy). ai+l""’at)

Note that

((a.l, S oG ai-l)JXY) = ((al, 5 B ai-—l)’ y)((al, g a'i-l)' x)(((al, &g ai—l)’ X), ¥)

Set

(al,. TR y) = X,

(a =8y g X) = %y

l’nc

(al,. cees@ 10X y) = X3
Using lemma 5.1 we may write
(%30 3y ygp v v 00 B
= (xpagpeeesadxpa e ixga0,.0003)

mod G, Corollary 10. 2. 1 on page 151 of Ref. 1 together with the fact

+1

that (x3, ai s at) is in Gt+1 yields

(al,...,xy,...,at)E(al,....,x,...,at)(al,....,y,...,at)

mod Gt-f-l' We state this result as Lemma 5. 2.

Lemma 5.2. Let G be a group and let Gt+1 be the (1:+1)St term in

the descending central series for G. Then

(al,...,xy,...,at)E(a.l,...,x,...,at)(al,...,y,...,at)

mod Gt-l-l'



-28-

5. 3. Before proceeding with the actual construction a brief
discussion of what is being done will be given.

We begin with K = Al*. ok *At,, the free product of elementary
abelian groups each of order pZ. Let Ai = <ai, bi>'

The automorphism group of K has a subgroup H =
H xH,x... xH, where H, induces the identity automorphism on
Aj for j# i and a dihedral group of order 8 on Ai'

Let G denote the semi-direct product of K by H. The details
of the construction and the properties of the semi-direct product are
given in section 6.5 of Ref. 1. One of these properties is that K< G.

Since K< G and Kt+1 is characteristic in K it follows that
Kt+1 Q4 G. We consider the finite group G/Kt+l'

A commutator (al, Qgyevns at) is said to be of type A if each
Q. is either a, or bi for i=1,2,...,t. Thus there are Zt commuta-
tors of type A. We make no assumptions regarding any commutators

not of type A. The subgroup of K/Kt we are interested in is the

+l
group W generated by all elements of the form

(a.l, Qosvves O.t)Kt+1

where (0‘1’ Aoy v e vy o‘t) is of type A. From our choice of H and the
properties of commutators it will follow that this subgroup W 1is nor-

mal in G/Kt Moreover it is elementary abelian and can therefore

+1

be regarded as a vector space on which G/K

41 operates.

We shall prove that the structure of this group W as a vector

space is isomorphic to the Kronecker product of t two dimensional
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vector spaces and that the representation which arises is just the
Kronecker product of the representations pl(Hl), po(H) ety pt(Ht)
which are induced by H, on A Each of the representations p,
will be faithful representations of H, and absolutely irreducible.

In order to do this we must identify this group with the Kronecker
product of two dimensional spaces. The linear transformations induced

on the commutators

(al, Qorvevs a’t)Kt-H

by the elements of G/Kt+1 will have the right properties. The problem
will be to prove the independence of these commutators in order to insure
that we do indeed have the Kronecker product space and not some quotient
space of it.

The proof of the independence will be divided into two stages.
The Nfirst stage will be to show that a dependence relation among the
commutators of type A mod Kt+l leads to another relation in the free
product of cyclic groups of order p modulo the (t+l)St term in its
descending central series, We shall then show, by constructing an
example, that such a relation cannot hold. This conflict will prove the
independence of the commutators of type A mod Kt+1'
5.4. Let p be an odd prime. Let D be the subgroup of

GI(2, p) which is generated by
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Then D has defining relations

xZ =1, y4 =1 and x—lyx = y-l

and |D| = 8.

This group is absolutely irreducible. If D were reducible
over some extension E, of Jp’ then it would be completely reducible
because |D| and p are relatively prime. This would mean that D
would be similar to a group of diagonal matrices and thus abelian.

But D is not abelian. Hence D is absolutely irreducible.

Let K= A1 L - *At be the free product of the groups

Al’ e ’At where each Ai is elementary abelian and of order pz.
Any automorphism o, of Ai can be extended to an automor-
phism of K by having oy induce the identity automorphism on Aj

for j # i.

Suppose Ai = < a, bi>' Now define

x ¥i &
a,' = a, a, = b.1
i i i i
X - V:
b, = bt b,l=a
i i i i
for i=12,...,t. Then < X ¥y > = Hi is a group of automorphisms

of Ai which is isomorphic to D. We extend Hi to a group of auto-
morphisms of K by assuming that each element of Hi induces the
identity on Aj for j # i.

The group < Hl’ HZ' 5 & Ht >= H is also a group of automor-
phisms of K and in fact this group is the direct product i.e.

H= Hle x...th.

2
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Now let K and H be the K and H of Theorem 6.5.1 on
page 88 of Ref. 1. Form G the semi-direct product of K by H,.

By Theorem 6.5. 3 on page 89 of Ref. 1 K is a normal sub-
group of G and H is a subgroup of G. Also K/\ H=1 and G = HK.

Let K, ; be the (‘:+1)st term of the descending central series
of K. This group is a characteristic subgroup of K and since K is
normal in G it follows that Kt+1 is normal in G.

A commutator of the form (0.1, % By at) where a; =a, or
a, = bi is said to be of type A. Consider the subgroup of K generated
by all commutators of type A and Kt+l' By Corollary 10. 2.1 on page
151 of Ref. 1 the commutators of type A commute with one another
mod Kt+l'

Our next assertion is that any one of the commutators
(0,1, “ w o.t) of type A has order p mod Kt+1 or else is congruent

to the identity mod Kt+ Note that

1"

= [P
l= (0’1’0’2""’0’1:) mod Kt+1

because af = a{) or a'i) = b? both of which are the identity of K. But

'3

P = P
(al,az,. LT o.t) = (al, Qopvves at) mod Kt+l

by lemma 5. 2 which proves the assertion.

The group c:-/Kt+1

A Sylow 2-subgroup of G/Kt

has a normal Sylow p-subgroup, namely

K/K

t31° is HK +1/Kt+l' which is iso-

41 t
morphic to H. We shall use H to denote this subgroup of G/Kt+1'

Any element of G has a representation in the form kh where k
o Kt P
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K]kh.

is in K/K t) ¢

and h is in H, Consider [(al, o w5 0L This

t+l

equals,

by Corrolary 10. 2.1 on page 151 of Ref. 1. Now h can be written
h = hth' ..h, where h, isin H. for 1i=1,2,...,t. Since h. and
t 1 i 1
hj commute for 1 # j and hi centralizes Aj for i# j it follows that

( a)PK = (o] Bty
u'l""’t t+1—0'l""’ut t+1

h.
But ail is either aiE or b.f where €=i1 and 6=i1. From lemma

5. 2 it follows that a commutator of type A mod Kt under an element

+1

of G/K is replaced by another commutator of type A or the inverse

t+l

of such a commutator. This proves that the group generated by the

elements
(ay, - 0K
where (01’ . , at) ranges over all commutators of type A is a normal,
elementary abelian p-subgroup of G/Kt+1' Hence W can be regarded as
a vector space on which G/Kf+1 operates.
t

Assume the 2~ elements (01' ey at)th+1 where (a,, Qe ves at)
is of type A are independent i. e. |W| = p2 ;

If h= hth' . ht is an element of H and (u_l, YRR at) is of

type A then



B g &y By ht)
(ay, 0z - ha) =lay 0,5 0050
. S T S r S
I L B t, 5t
={a;" byhay by .. b

ELBys Bowwvus Byl
R B o m i) rre Y mod By

Here the product extends over all commutators of type A. From lemma
52 6([31, [32, iy ﬁt) is the product of the exponents which occur on
[-}1, ﬁz, T ﬁt. For example, if (Bl, Bz, e pt) = (al, bZ’ Ags-- s at)
then E(al,bz, PR at) *IrS,ra.. . I

Let V. = {ui, vi} i=],2,...,t be t two dimensional vector
spaces over Jp and suppose the representation of Hi on Vi is the
group of matrices D relative to the basis {ui, vi}. Suppose also that
the representation of Hi on Vj for j # i is the identity.

Form the Kronecker product Vl ® V2 ®... @ Vt of the vector

spaces Vi i=1l,2,...,t. A basis for this space is given by the vectors

al®a2®... ®o,t

where -ai is either u, or v..

For h = hth' ..h, an element of H we have

t ;
(@,8d,8... 83" =Elh1 8322 ®... @_art :
Expanding this gives
(rqu;i(syvq) ® (rou,)(s,v,) ®... @ (rtut)(stvt)

. Z 6B By -- - B)B, ©F, ©... BF,
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where 5(_51, EZ’ v ’Et) is the product of the coefficients of Bl’ BZ’ s ’Et'

Hence, assuming the independence of the elements (u.l, 5 5 g at)Kt 41

where (al, e at) is of type A, the representations which arise on W
and V are equivalent. But the one arising on V is the Kronecker
product of groups each isomorphic with D and thus absolutely irreducible.

Hence the representation induced on W by G/K

¢ 41 is absolutely irre-

d ucible. Thus W is a chief factor of G/Kt+1'

We now prove the independence of the elements (as---» ut)Kt+1

where (a;,..., a,) is of type A.

Consider the group K. Among its elements are those which
become the identity if we set each bi =] for i=1,2,...,t. The set
of all such elements forms a normal subgroup X of K.

Let K = <a;>* <a,>* ... *<a > be the free product of the
groups <a1>, - HBE <at>. Then KK and K N\ X =1, Every coset
of X in K contains an element which belongs to K. Consider the
coset kX where k is any element of K. Set all of the b's which
occur in k equal to the identity. Suppose the resulting element is kl‘

-1 -1

Then kX =tk1k1 kX and kl

K. By Theorem 6.5. 3 on page 89 of Ref. 1 K is the semi-direct

k is in X. Thus kX Rle and kl is in

product of X by K. Thus the correspondence

kX ~—— &k

is an isomorphism between K/X and K.
Suppose there is a dependency relation among the commutators

of type A i.e.



E(al,...,at) _
H(al, S Ters a,t) = 1 mod Kt-{-].

where the product extends over the commutators of type A and at least
one E(u.l, TR at) is not congruent to zero mod p.

The terms in this product may be ordered in any way we wish
since fhey commute mod Kt+1' They will be ordered as follows. Let
(-yl, +vesY,) and (Bpp - e B,) be two commutators of type A. Then
(yl, ---sY,) shall precede (;31, - Bt) i oy = Bpeceny; | = B;_1 but
Y; ® 2y while B, = b..

Suppose this ordering to have been carried out and that

€(5 3

)
t
(61,. gy 6t)

P
is the first element in the product with an exponent not congruent to zero
mod p. If this term is not (al, T a.t) relabel a's and b's and make
it this element. This may alter the order of the other terms. However,
this will be of no consequence. We shall take the groups X and K
after this relabeling has been done.

Then

E(al,...,at) 6(0.1,...,at)

(1) (al,...,at) H(o.l,...,at) = 1 mod Kt+1

where the product extends over all the commutators of tyﬁe A  with the

exception of (al, i w508 Each of the terms in the product

t)'

El by v 5 @)
‘s 2%
H(al,...,at)

has a bi in some position. Also (:'(al, LT, at) is not congruent to zero
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mod p.
Relation 1 becomes
E(al, ahir i at)_
(al,...,at) =1moxﬂ.XKt+1
Since (:‘(a,l, . 8 at) is not congruent to zero mod p we also have the

relation
(a.l,...,at)E 1 mod XKt+1 .
Thus for some x in X

(al,. 5 Wy at) = x [ commutators of wt(t + 1).

If this relation is read mod X then the left side can be the identity
only if (a;,...,a,) is the identity of K because KN X =1 Also
reading mod X replaces a commutator of wt(t + 1) by another com-

mutatotr of wt(t + 1). Thus the element
(al, — at)X

of K/X is a product of commutators of wt(t + 1). This implies

(al,, S BB at) is a product of commutators of wt(t + 1) in K because

of the isomorphism between K/X and K. From this we conclude that
whenever we have a free product K = <a.l> ® oawm W <at> of cyclic

groups of order p it is also true that

By Theorem 12.1.1 on page 312 of Ref. 1 any group T which

is generated by t elements of order p, say T = <c1, ceesC> with
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cf x 1, is a homomorphic image of K = <a;>* ... *<a > under the

correspondence

If Tt-l- is the identity then the kernel of this homomorphism

1

contains -Kt-l-l' Hence the mapping

K9

is also a homomorphism from K/Kt onto T.

+1

Suppose it is possible to construct a group T = <c1, cresCy >

P

with c; = 1 for i=12,...,t and Tt+1 x ], Suppose further that

(cl, T Ct) is not the identity. This will be in conflict with the relation

(app++v52) =1 mod .Kt{rl’

because this relation implies (Cl’ w5 ct) =],

In this event the assumption which led to the relation

(al,...,at)Z-lmod Kt+l

cannot hold.

We now proceed to the construction of the group T. It will be
a group of matrices with (t+l) rows and (t+l) columns under matrix
multiplication. The entries of these matrices will be from J_.

Let I denote the identity matrix and let Eij be the matrix with
a 1 in position (i,j) and zeros elsewhere. The group T = < Cppee-nC >

t

where
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c1=I+E21

cy® 1+ E32

=1+ By ¢

.. ‘Consider the commutator

The inverse of c., is I - E.
i i41,1

(Cl’ CZ) = (I - EZl)(I - E32)(I + EZI)(I + E32)

=1- E31,

and then

(cppCpcg) (14 Eg NI - Ey NI - Eg)I+ Eyy)

=]+ E41

Continuing we have

(Cl’CZ""’Ct) ’I+6Et+l,l

where € =+ 1 depending on whether t is even or odd. In either case
(cl, Corenes ct) # 1.

Now T is a subgroup of P consisting of all matrices of the form
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where the starred portion can be filled in arbitrarily and the zero means
all entries above the main diagonal are zero.
Every element of P can be uniquely expressed in the form I+A
where A 1is a strictly triangular matrix. Let I+ A and I+ B be
two elements of P. The inverse of I + A has the form I- A + AZ- ves s
This series terminates since A is a nilpotent matrix. The same applies’
to the element I+ B.
If C and D are any two strictly triangular matrices then their
product has zeros on the main and second from main diagonals i.e.
CD has the form
0
"o, O

Consider the commutator of I+ A and I+ B i.e.

(I-A+A% .. NI-B+B%-...)(1+A)I- B).

Our remarks about the product CD show that this commutator has the
form I + E where E has zeros on the main and second from main

diagonals. Thus the group (P, P) consists of elements of the form

o -
—
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We shall assume the group Pi’ the ith term of the descending
central series of P, consists of elements of the form I + E where E
is a triangular matrix with zeros on the main, second from main and so
on up to and including the ith from main diagonals. Let I + A be any
element of P and let I + E be any element of Pi' We verify by
direct calculation that a strictly triangular matrix multiplied on the left
or right by a matrix, which is strictly triangular and has zeros on the
ith from main as well as on all preceding diagonals, yields a matrix
which is again strictly triangular and has zeros on the (i+l)St from

main as well as on all preceding diagonals. Using this to compute the

commutator (I + E, I+ A) we see that (P;, P) = P,

i+l consists of

elements of the form

i+l

From this it follows that Pt+ =2 ], Since T < P it follows that Tt+ 1.

1

Hence T = <cl,c2,...,c

12
> with cle for i=1,2,...,t and

(Cl’ SPYRER Ct) # 1. Also Tt+1 = ], Therefore the relation

(al,...,at)E 1 mod _Kt+1

is not valid. Hence our assumption about a dependency relation among

the commutators of type A mod K, +1 is invalid.
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5.5. We now show that G/Kt has property M and that it con-

+1

tains subgroups which do not possess property M.
Using the collection formula of P. Hall we may write the elements

of K/Kt+1 in the form

a a B B
L e Thilhueh Pl K

a) ...y bl"' " : Ko

where ¢, ranges over some set of commutators of weight at least two.

Reading this modulo the derived group R of K/Kt we obtain an ele-

+1

mentary abelian group generated by the cosets

aR,...atR, b

% R,...bR .

1 t

This group is elementary abelian so that R > ¢(K/Kt But the Frattini

+1)'
subgroup contains the derived group and therefore R = ¢(K/Kt+1). The

representation of G/Kt+l

degree 2. This proves that the p-rank of G/Kt+l/¢~(K/Kt+l) is 2.

on R is a sum of t representations of

We shall apply 2.b with A = K/Kt+1 and N = ¢(K/Kt Note

s

that N is normal in G/Kt since it is a characteristic subgroup of A

+1
which is normal in G/Kt“. Now 2.b says that ¢(K/Kt+1) < ¢(G/Kt+1).

Hence the p-rank of G/Kt+1/¢(G/Kt+1) is at most 2.
The maximal indices of G/KHl/é(G/KHl) are the same as the

maximal indices of G/K

t4l' But by 2.a the maximal indices of

G/Kt+1/¢(G/Kt+1) which are powers of p are p or pz. Hence a maxi-
mal subgroup of G/Kt+l
2

0r P

which has index a power of p is of index p

The only other prime which divides the order of G/Kt 4 18 2

Since the Sylow p-subgroup of G/Kt is normal we have rZ(G/K.Hl)zl.

+1
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By 2.2 any maximal subgroup of G/Kt which has index a power of 2 has

+1

index 2.

Since G/Kt is solvable all maximal subgroups have prime

skl

power index and therefore we have accounted for all possible maximal

indices. They are 2, p or p2 so that G/Kt has property M.

+1

Consider the subgroup HW of G/Kt Then W will be operated

+1°
on absolutely irreducibly by H and therefore H is a maximal subgroup

t
of HW. But |HW: H| = |W| ==p2.
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