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Abstract

In this thesis, we study the weak unique continuation property for higher
order elliptic differential operators with real coefficients via Carleman in-
equalities. We get several Carleman inequalities with sharp gaps for operators
in a reasonable class, which lead eventually to the weak unique continuation
property for differential inequalities with optimal conditions on potentials.
We also get some Carleman inequalities for general operators with simple or
double characteristics. The gaps here are not as good as in the first case. But
we may prove the gaps in these inequalities are sharp in general. Actually
we will provide counterexamples to prove such gaps are sharp in Carleman
inequalities for operators in some subclasses of simple or double characteris-
tics class. In particular, we prove that there is no Carleman inequality with
positive gap for the highest order term for any operator whose symbol has

double characteristics.
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0.1 Introduction

It is well known that if P(z, D) is an elliptic differential operator with real
analytic coefficients, then any solution u of P(z,D)u = 0 in an open con-
nected set V C R? is real analytic. So P(z,D) has the so-called unique
continuation property (u.c.p.), i.e., if a solution u of P(z,D)u =01in V van-
ishes in an open subset V' of V, then v = 0 in V. In many situations, the
analyticity assumption can be dropped. In 1958 A.P. Calderon proved the
following u.c.p. result [3, 10]:

Theorem([Ni]): Let P(z,D) be a linear partial differential operator of order
m with smooth coefficients defined in a neighborhood V of the origin in R®.
Suppose for each fized x € V the corresponding polynomial P(z,-) satisfies
the double characteristic condition (see below). Assume that the plane z¢ = 0
is non-characteristic at the origin (i.e., P(0,eq) # 0). Then if a C* function

u in V satisfies

(%) |Pu(z)] < > |VallD%u(z)|, z€V and u=0inVn{zs <0}

o <m—1
thenu=0inV ifal V, € L.
One will see the definitions of the simple/double characteristics conditions
later (or see [10] or [13]). The essential point in the proof of this theorem is
a so-called Carleman inequality, the first version of which was introduced by

T. Carleman in 1939. A version given in [10] states that:
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Yu € C§°, Vit > 0, where ¢(z) = ¢(zq) = (T — z4)* and T > 0.

Later when people continue to study the u.c.p. for differential inequali-
ties under different conditions, the Carleman type inequalities still play an
important role. We will be concerned with questions where V, € L], with
r < oo, and then one needs inequalities ||e"’D*ul|, < C||e**Pul|,, where
what is important is the size of the gap 71; — % > 0. For example, with
certain convex smooth functions ¢, the following Carleman inequalities (see
[1, 9, 12])

lleull gy < ClleAul|

Lr(R%
e ull s, < Clle®Aull,,, o

Lr'(

Yu € Cg°, Vt > 0, hold with positive gaps :—)— 5 = % and % =
3d—2

and give u.c.p. for (%) with P = A and W} € Lic and V; € L;,2 . The
proofs of these inequalities depend on estimates for oscillatory integrals in
harmonic analysis. One such approach is to study the restriction of the
Fourier transform to hypersurfaces Sp = {¢ € R? : Re(T %, (¢; + ik;)?) = 0}
which contains the real variety Ny = {£ € R* : 7.9, (&; + ik;)? = 0}, where
k € S§4-1, In this case, S is the unit sphere which has nonzero Gaussian
curvature so that the Fourier transform of the surface measure decays fast at
oo and this leads eventually to weighted Sobolev inequalities with good gap
conditions as mentioned above.

In this paper, we are interested in the unique continuation property for

higher order elliptic differential operators with real coeflicients whose symbols



are homogeneous polynomials via Carleman type inequalities. Except when
p = ¢ = 2, such inequalities were known previously only for the operators
A% and in that case only for the zero-order term in the left-hand side [7].
As usually, it is natural to study oscillatory integrals which are related to
the set Sy = {¢£ € R? : reP(¢ + ik) = 0} for k € S9!, When the set Sy
satisfies suitable conditions, we will have an appropriate decay of the Fourier
transform of the surface measure at co. For example, if a surface satisfies
Stein’s finite type of order m, then the decay of the Fourier transform is of
order - (see [11]). If a surface is convex and satisfies Bruna-Nagel-Wainger’s
finite type of order m, then there is a sharp rate d;—l of decay of the Fourier
transform (see [2]). In order to apply these results, the problems are that in
one hand we don’t know how to get a sharp Carleman inequality from the
first weaker estimate of the decay of the Fourier transform and on the other
hand our surface will satisfy Bruna-Nagel-Wainger’s finite type whenever it
is a submanifold but in general will not be convex. So just like in studying
of oscillatory integrals, it suggests to narrow the operator P into some class
so that the set Sj satisfies some curvature conditions. The natural one is to
hope Si having nonzero Gaussian curvature. But the class of P with this
kind condition is too small to contain our model operator %”1;_4.. . -+d‘i—mg, when
m > 4. What is new here is that instead of studying the hypersurface S, we
study the real variety Nf = {¢ € R* : P(¢ + ik) = 0} such that locally N7
may be contained into some hypersurface with nonzero Gaussian curvature,
if P satisfies some conditions which is easy to check. We always use P to

denote a polynomial and use P to denote the corresponding operator. Here



is one of our crucial results:

Proposition 0.1 If P € G (see definition in Section 1), then there is an
open set K of S such that for each k € K and any ¢ € 7 (NT), i.e.,
P(£+1k) = 0, there is a hypersurface in R? with nonzero Gaussian curvature
containing P(-+ik)™(0) locally near €. Moreover, mi(NT) is a submanifold
of codimension 2 for each such k € K.

Remark. Actually the conclusion in the above Proposition is what is needed
in the proofs of the following theorems 0.2, 0.3 and 0.4. The condition G is
a sufficient condition which is easy to state and to verify in examples.

Our main results are weak u.c.p. with what are expected to be sharp

conditions on the potentials for operators in class G. Here are two of them:

Theorem 0.2 Suppose P € G is of order m. Lel 2 < pp < m be an integer.
Suppose u € W™P has compact support and satisfies that |Pu| < V|g™ “u|
with V € L'™». Then u=0 in R* if

(1) o :%andpissuch that%< %+(—)é—+— where s = 3;’:‘“311, if
#_2;

(Q)rﬂzﬁandpzl,if%<p<d;
(3)ry>1andp=1,if p>d.

Theorem 0.3 Suppose P € G is of order m < £ ¢ with s = _(?'%l If a func-

m—p l

tion u € W™* has compact support and satzsﬁes | Pu| < Ficucm VulV
with V, € Li foralll <pu<m, thenu=0 in R



Here in Theorem 0.3, we have a restriction on the degree m of P. In
section 3, we will see that we may take m a slightly larger and p = s slightly

smaller.

As we mentioned before, the proof of these theorems are based on several
Carleman inequalities with sharp gaps. For P is in the class G which will be

defined in Section 1, we have the following sharp Carleman inequality.

Theorem 0.4 Suppose P € G is of degree m and k € S%1 is as in Propo-
sition 0.1. For any integer 2 < pu < m, let (p,q) be such that ;1;, %) €EANA,
(see definitions of the sets A and A, at the beginning of Section 2). Then

there is a constant C such that
¥ =™ ully < C|le= Pull,
for all u € W™P with compact support.

On the other hand, we are interested in Carleman inequalities for opera-
tors in some more general classes S and D of simple/double characteristics

which will be also defined in Section 1. Here is our main result:

Theorem 0.5 (1) Suppose that P € D is of degree m. Then there are an
open subset K of S** and a small constant 8 and a big constant C such that
for each k € K, with ¢(z) = ¢x(z) = k- = + B|z|? we have for each integer
I=sp=m,

€™ ul| La(rey < Clle* Pul|2(re

for all w € W™? with compact support, where q € [2,00] is such that 0 <

|
?12' - % - mzn(ﬁ,%).



(2) If P € S, the same inequalities hold with beiter gaps 0 < 1 — % <

_1
min(5=%, ). If ¢ = oo, assume p > g.

The methods used there are only real analysis and general properties of
the Fourier transform and so the gaps obtained are not sharp as in Theorem
2.2. But we will prove that our gap conditions are sharp for general P. In
fact, we will prove in section 5, for general p, that the gaps ‘;—:—% and %i are
sharp in the Carleman inequalities for operators in some subclasses of S and
D respectively. One may see Proposition 5.3 and 5.2. Furthermore, for p = 1
we will show in section 5 that there is no Carleman inequality with positive
gap for any operator in the double characteristics class (see Proposition 5.1).

We will discuss some basic geometric properties and provide some exam-
ples of operators in class G and then prove Proposition 0.1 in Section 1. Then
we may prove some Carleman type inequalities with sharp gaps, including
Theorem 0.4, in Section 2. As application, in Section 3, we will prove Theo-
rem 0.2 and Theorem 0.3. In Section 4, we study Carleman inequalities for
the operators in wider classes S and D (see definitions in Section 1) and prove
Theorem 0.5. In Section 5, we give several counterexamples above Carleman
inequalities for general operators. Finally we would like to give some general
discussions about the simple characteristics and state some further questions

in Section 6.



1 Several classes of higher order elliptic dif-

ferential operators

Let P be a homogeneous polynomial of degree m in d variables. We call
NP = {2 = £ + ik € C*\ {0} : P(z) = 0} the characteristic variety. For
any fixed k, we denote by mx(NT) = {£ € R® : £ + ik € NT} the zero set
of P(-4ik) in R% In this paper, we are always interested in the case when
P has real coefficients and the related differential operator P is elliptic, i.e.,
NP N (R%+i0) = 0. We call such P an elliptic homogeneous polynomial.
Let’s first define two classes of such polynomials (operators) which we will

study later.

Definition 1.1 (1) Let S be the set of all elliptic homogeneous polynomials
P satisfying % = (gg, el 572) £ 0 on NP. § is called the simple charac-
teristic class and if P € S, we say P has simple characteristics.

(2) Let D be the set of all elliptic homogeneous polynomials P such that there
is a nonempty open subset K of R*\ 0 and a constant C such that the fol-
lowing hold:

(D1) |P(€ + k)| > Cdist (€, 7(NF))? for all ¢ and all k € K.

(D2) NE = {(&,k) € R* x K : P(¢ +ik) = 0} is a submanifold of codi-
mension 2 in R® x R* and N and Iy = {(£,1) € R* x R* : | = k} are
transverse in R x R? for all k € K. D is called the double characteristic

class and if P € D, we say P has double characteristics.



Our class S is also called Hormander’s nonsingular characteristics class,
which contains the elliptic homogeneous polynomials which have the Calderon’s
simple characteristics (see Definition 1.8). In the last section, we will prove
the fact that generic elliptic homogeneous polynomials are in class S (see
Proposition 6.2). When P € S, we have a property that 7.reP({ + ik)
and \7,.imP (¢ + k) are linearly independent on 74 (N P) for generic k, which
implies that mx(/NT) is a submanifold of codimension 2. This is a direct
conclusion of Cauchy-Riemann equation and the transversality theorem (see
page 68 in [4]) because P({ + k) is harmonic in (¢, k) variables. We also will
give a short proof for this in the last section (see Proposition 6.4). In fact it
is also very easy to check that the set of k£ which satisfies the above property
is open. An example in the class S is % + -+ %'

We now discuss the conditions in the definition of D, In the last section,
we will show that if P € § then the submanifolds N¥ and TI, are transverse
in B¢ x R? for generic k € R* (see Proposition 6.3). So if P € S with order
2, then P? € D with order m. And in this case, both (D1) and (D2) hold
for generic k. A typical example is the bi-Laplacian operator A? € D with

order 4.

As we mentioned in the introduction, in order to get a sharp Carleman
type inequality for a higher order elliptic differential operator P, one needs
some curvature conditions on the intersection 74 (NT') of the characteristic va-
riety. We know that for generic &, 74(NT') is a d—2 dimensional submanifold.

There are two natural d — 1 dimensional hypersurfaces reP(- + ik)~*(0) and



imP(- + 1k)~1(0) which contain m;(N¥). In general these two hypersurfaces
don’t satisfy good curvature conditions, say nonzero Gaussian curvature. But
on the other hand, the singular points of oscillatory integral related P which
we are interested in only occur on mx(IN¥) so that we may look for a third
hypersurface other than those special two, which may have a nice curvature
condition and contains m;(N). This is the role of Proposition 0.1.

Now let’s start with some basic facts from geometry and algebra which
we will use to find a class of operators for which we will be able to prove

sharp Carleman inequalities in the next section.

Lemma 1.2 Suppose f is a real smooth function on R® with f(a) =0 and
v f(a) # 0 for a point a € R%. Let S = f~1(0). Then the following are
equivalent:

(1) S has nonzero Gaussian curvature at a.

(2) PH¢(a)|p has rank d — 1,

where T' is the linear subspace (7 f(a))t, P is the orthogonal projection onto
T and Hy is the Hessian matriz of f at a.

Proof: First we need to show that (2) is independent of f, i.e., if we have
another function g with s7g(a) # 0 such that f = 0 if and only if ¢ = 0,
then we need to prove (2) is true for g if it is true for f. In fact, by the
following Lemma , which is independent of this lemma, there is a function
h with A(a) # 0 such that ¢ = h - f. It is easy to see that the linear
subspace T, = (7g(a))* is same as T'. And the Hessian matrix of g at a is

Hy(a) = h(a)Hs(a)+ vV f(a) ® Vh(a)+Vh(a) ® 7 f(a). Where ® is as usual
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defined as following. If =, y and are three real vectors in R?, then z®y is a
matrix such that (z ® y)z =< 2,y > z. So Pr,Hy(a)|r, = PHy(a)ly-

Now let’s show our lemma. After a rotation and translation, we may
assume that a = 0 and with ¢ = (£,8), f(€) = & — £&1(€) where £,(0) =
56-51(0) = 0. Hence locally S is the graph of function & (£). We know S
having nonzero Gaussian curvature at a = 0 is equivalent to Hessian matrix

of £ () having maximum rank at £ = 0. So (2) is true if and only (1) is true.

i

Tening 1.3 Buwnss Hiat & wnd B are e smoeth funeions on & neighe
borhood U of some point a € R* with fi(a) = 0 and fa(a) = 0 such that
v fi(a) and 57 fa(a) are linearly independent. If a function f with f(a) =0
is such that f~*(0) contains f{*(0) N f7(0) locally near a, then there are

two smooth functions g1 and g, on another neighborhood U’ of a such that

f=ag1fi + g2f2 near a.

Remark: This lemma is true in general for any number of functions instead
of two functions.
Proof: Let’s first prove the lemmain the simple case where a = 0, f1({) =&

and f3(€) = &. Actually one may write

f(é.) = /:%f(té-l;t{%é?n e 7€d)dt

= ;gg—l(tfhffsz,&, ey Eg)dt + & /:%(téla €2, &3, -, €a)dt

on a small ball centered at 0.
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In the general case, there are smooth functions fs, - - -, fz such that v f1 (a),
-, Vfa(a) are linearly independent and fs(a) = --- = fa(a) = 0. So
F = (f1, -+, fa) is a diffeomorphism from a neighborhood of a to a neigh-
borhood of 0 by the inverse function theorem. Let G = F~! and let ¢ =
foG. Note that f; 0 G(€) = &. Then if & = & = 0 then fi(G(¢)) =
f2(G(£)) = 0 so that f(G(¢)) = 0, ie., ¢(£) = 0. So by the simple
case, ¢(&) = &191(€) + Eatpa(€) with smooth functions ¢; and therefore
FE) = SFE) = HEFE) + HE(F(E). We finish the proof by
taking g:(£) = ¥:(F(¢))- i

Lemma 1.4 Let V is a real linear space of dimension r. Suppose K is an
r X r symmetric matriz of rank r —1 on V. Let e be a vector of V. For
zeV,define Ay=K+2xQe+e®x. Then

(1) If e ¢ ImK, then there is an = such that rankA; = r.

(2) If e € ImK and e = Kf for some f € V, then

rankA; <r—1 foranyz €V, when < f,Kf >=0.

rankA, =r for somex € V, when < f,Kf ># 0.

Note: We notice that the element f in (2) is not unique. But it is easy
to see the inner product < f,K f > is independent of the choice of f. In
fact, suppose ¢ is another element such that e = Kg. Then < f, K f >=<
9. Kg>+< f—g,Kg>=<g,Kg > since f — g € KerK.

Proof: (1) Without loss of generality, we may assume that under an orthog-
onal bases {e1,---,e,}, {Kei,---,Ke,} = {0,coea,--,cre.} with ¢z,---, ¢,

nonzeros since K is assumed to be of rank r — 1. The assumption e & ImK
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means < e,e; ># 0. Let 2 = e, Then A, {e1,e2, -+, €,_1,€,} is
{< e,e; > €r, e+ < €,€2 > €y v, Cr-ler—1+ <eer_1 > €r,
r—1

(er+2<ee >)e,+ Y <e,e;>eit+ <eer>e)}
=2

which forms another basis and hence A, has rank r.

(2) Now let’s assume e = K f.

Case I: < f,Kf >=0. Let a € (ImK)".

Claim: a and f are linearly independent.

Proof. Suppose for some constants s and ¢, sa+tf = 0. Then sKa+tK f = 0.
Since K is symmetric, Ka = 0. Hence ¢t = 0 and so s = 0.

Now let’s compute A,a and A.f for any fixed z € V.

Aza =Kat+<ea>z+<z,a>e
=0+< Kf,a>z+<z,a>Kf

=< e, a>Kf

A.f =Kfi+<efrer<afre

=(l+<z,f>)Kf
since < e, f >=< Kf, f >=0. So for any given = there are nonzero numbers
s and t such that A;(sa + tf) = 0. Since sa + tf # 0 by claim, this means
rankA; <r—1.
Case 2: < [, Kf ># 0. Let a € (ImK)' and choose z = a. Let’s denote
A ="A,. Suppose that {us,---,u,} together with {a, Kf} is a basis of V
and ug, -, u, € (Span{a, K f})*.
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Clatm: {a, f, us,---,u,} is a basis of V.

Proof: Suppose there are constants s, ¢, s3,---,s, such that sa + tf +
> =3 sju; = 0. By the samereason asincase 1, Ka = 0. SotK f+3_ s;Ku; =
0. Consider the inner product of tK f+3_ s;Kuj and f. Since < f, Ku; >=0
by the choice of u;, t < f, Kf >= 0 which impliest = 0. As a, ug,---,u,
are linearly independent by the choice of u;’s, s = s3 = --- = s, = 0. This
proves claim.

Now let’s compute the image of another basis {a, f — %%?a, Uzt Ur}

under A. Remembere = Kf, < uj,a >=< u;, Kf >=0and < ¢, Kf >=0.

Aa =Kat <e,a>at <a,a>e =< ;8> Kf

Au;3 = I(Ug—i‘ < Uus,a > I{f“" < U3,I(f >a = I{’U.g,

Au, =Kuzt+<ur,a>Kf+<u,,Kf>a = Ku,

On the other hand, we have A(f — %za) =Kf+<e,f>at+<a,f>
e— (14 < a,f >)Kf =< Kf,f > a. By the assumption, Span{Kf, 0 =
Ka, Kus,---,Ku,} = ImK has dimension r — 1. Since ¢ € (ImK)*, we

have

Span{ImK,a} =V

So because < a,a ># 0 and < K f, f ># 0, we have

1+ <a,f>

AT —
<a’a> a), A’lt3, ’ ’UJ} V

Span{Aa, A(f —

This means rankA = r. #
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Let’s now come back to discuss some geometric properties of zero sets of
elliptic homogeneous polynomials. In the rest of this section, we will assume
that P is an elliptic homogeneous polynomial. We use 57 to denote the gra-
dient operator for functions on R? with respect to the real part variable ¢
of z = £ + ik € C while k is fixed. Let 2° = £° 4 ik° be a zero point of P.
Let’s further assume that E:f:l %(zo) -Imz? # 0, which says that P satisfies
Calderon’s simple characteristic condition at 2°, and the complex Hessian

matrix H g p = (5 F) of P is nonsingular at 2°. The Calderon’s condi-

2
tion above immedi;tely implies that yyreP(2°) and 7imP(2°) are linearly
independent because P is homogeneous polynomial.

We will usually omit z° in what follows and always keep in mind that
every function will be evaluated at 2°. Finally we introduce some nota-
tions. For ¢ € C, we denote H = H(t) = Hpep(yipoypimp(yine)(€) =
Hiep(4ir0)(€°) + tHim_P(.-HkU)(EO)’ the Hessian matrix of reP + timP with
respect to the ¢ variable at 2°. By the Cauchy-Riemann equations, we know
H(i) = Hpp(2%)- Let T = (vreP)' N (VimP)* be the (real) linear sub-
space of codimension 2 in R? and Ty = (\yreP +¢7imP)* a linear subspace

of codimension 1 in R® when ¢ is fixed in R. Pr, is the orthogonal projection

onto 7.
Lemma 1.5 For all t in R except finitely many points, H(t) is nonsingular.

Proof: detH(t)is a polynomial in the ¢ variable and detH (i) = detH ¢ p(2°) #
0. So by the fundamental theorem of algebra, det H(¢) has only finitely many

ZEeros. il
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Lemma 1.6 Let a(t) and b(t) be any two rational functions on R with

nonzero real coefficients. Then for any t in some dense subset of R,
a(t) 7 reP + b(t) v imP ¢ ImH,|r
where Hy = Hy(t) = Pr, H(t)|r, -

Proof: Let P' = %Ig which is \yreP +¢7imP, and let P’ = syreP —i 7 imP.
We use < , > to denote the inner product in C¢. Since P and P’ are

homogeneous functions, we have 3 97 -‘ﬂi - 2§ = mP(2°) which is zero, and

H(i)2° = (T £(£)- 2,---, Tk ldz,(:::) 2) = (m—1)(&,.-., &

= (m — 1)P’. So we have the following two formulas:
g

d 4P
(+) =0
Jz__;dzJ i
1
H@G)™'P = P,
(*%) (¢) —

Now let’s assume our conclusion is false. That means for each ¢ in some
nonempty open subset of R, there is a u € T such that a(t) 7 reP + b(t) 7
imP = Hiu, le.,

a(t) 7 reP + b(t) 7 imP =

< Hu,yreP 4+t 7 imP >

= = < yyreP +t sy imP, yreP + t 7 imP >

(vreP + ¢ 7 imP).

This shows that u is a solution of a linear system which depends on ¢ in
polynomial sense. In other word, we may write the above equations into
a usual form, A(t)u = f{t), where A(t) and f{t) are corresponding matrix
and vector, respectively from the above system, which elements are rational

functions of the t. So the basic linear algebra theory tells us there is another u



16

which elements are rational functions of ¢ such that the above system satisfies

also, 1.e.,

a(t) sy reP + b(t) 7 imP = Hu + a(t)(vreP +t 7 imP)

<Hu,greP+timpP>

Qe e el L rational function of ¢. Let

where a(t) =
R(t) be the covariant matrix of H(t), which depends on ¢ in polynomial
sense. (Notice that when we substitute ¢ by i, R(z) = detH(z) - H(i)™!). So

the above formula becomes
R(t)[(a(t) — a(t)) v reP + (b(t) — ta(t)) v imP| = detH (1) - u.

If a(t) — a(t) and b(t) — ta(t) are the zero functions, then we have a(t) 7

reP+b(t)7imP = o(t)(vreP+t7imP) € T which leads to the conclusion

of Lemma 1.6 trivially. So we assume one of such two functions is not the

zero function. Let’s say a(t) — a(t) is not zero function. So we have
detH(t)

a—a()

where ¢(t) = b—a(%-_t—:g)l is a rational function of ¢. Since u € T, we have the

following two formulas by the above:

R(t)(yreP + ¢(t) 7 imP) =

(xx%)y < R(t)(VreP + ¢(t) VimP), yreP £ 1 7 imP >=0.

These two formulas are true for all ¢ in a smaller nonempty open subset of
R so that they will be extended to be true for all ¢ in C except for poles of
c(t). Let’s discuss the following possible cases.

Case I: ¢(i) # oo, # i. Then let t — 7 in (* * *x)_. We get

< R(3)(7reP + ¢(i) v imP), yreP — i 7 imP >= 0.
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Substitute 7reP = (P’ + P'), vimP = (P’ — P') into the above formula
and notice that R(¢) = detH(¢) - H(z)™" with detH (i) # 0. We have

(5 cé )) < H()'P,P' > + (% - %) < H(z) P, P >=0.

Since < H(1) 1P, P >=< L0 P/ > = ﬁ}:%-z? = 0 by (%) and (*x*),

the above formula becomes
< HHPLP >=0

as # 0. H(z)is symmetrlc so using (**) we have < H (i)' P!, P! >=
< P’,H—( )P >=< P',-1-7 >, Then

Combine this formula with (*), we get

dP
Z E Imz = 0.

i=1
This is a contradiction with the assumption.

Case 2: ¢(i) =i. Let ¢t — ¢ in (* # *)4. By the same process as in case 1, we

may get
1, <d) “ipr pr 1_dd) _—y .
(2+ 2Z)<H() & >+(2 5 < H{i] P, P s=1,
i.e., < H(z)"'*P', P’ >= 0. This is, by using (),
dP -
— . O:
T z; =0

which will lead to a contradiction as in case 1.

Case 3: ¢(i) = co. As cis arational function, we may write c(t) = (t—:)~*d(t)
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with some integer & > 1 and another rational function d(t) which is finite at
i. So multiply (¢ — 2)* in the both sides of (* * *)_ and let £ — i. The result
is

< R(i) 7imP, P’ >=0
or
1 = 1 R
5= R()P', P > —5 < Rz P2, P =1,
This will lead to a contradiction as in case 1.

So we prove our lemma. i

Lemma 1.7 Let’s keep the assumptions as before. Let e(t) = t 7 reP —

. _ <igreP—giMP,yreP+igimpP> . <
vimP e ey (7reP + t 57 imP) be the projection of

vector t \yreP — 7imP onto the subspace (Span{syreP +t 7 imP})t. Then
for any t in R except finitely many points, there is an x € Ty such that

rank(Pr, Ht) +e(t) @z +z® e(t))|y, =d — 1.

Proof: First notice that for any ¢t € R, e(t) € T;. Moreover, e(t) ¢ T because
vreP and s7imP are linearly independent. So we have Ty = Span(T', e(?)).
As e(t) is a linear combination of s7reP and \7imP with rational func-
tions, which are not identity zero, as coeflicients, Lemma 1.6 applies to e(t).
So let ¢ € R be such that Lemma 1.6 and Lemma 1.5 hold. We have
e(t) ¢ ImH,|r and rankH = d, where H; = Pr, H(t)|r, and H = H(t). By
the definition of Hy, rankH; > d—2 since rankH = d. If rankH; = d—1, then
we are done by taking z = 0. Now let’s assume rankH; = d—2 = (d—1)—1.
We will apply Lemma 1.4 to V =Ty, K = Hy,r=d—1 and e = e(t) € T}.
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Case 1: e(t) & ImH,;. Then part (1) of Lemma 1.4 implies our conclusion is

true, i.e., there is an # € T7 such that
rank(Pr, H(t) + e(t) @z + z Q@ e(t))|r, =d — 1.

Case 2: e(t) € ImH,. So we may assume there are a u € T' and a constant
¢ € R such that
e(t) = Hi(u + ce(t))

since 73 = Span(T,e(t)). Asu € T, u L e(t). So < e(t),u + ce(t) >=
¢ < e(t),e(t) > which is zero if and only if ¢ = 0. If ¢ # 0, then part (2) of
Lemma 1.4 implies our conclusion is true. If ¢ = 0, then e(t) = Hyu € ImH, |1

which is a contradiction with e(¢) € ImH;|r. This proves the lemma. i

Now let’s define our class of operators which we will study in the next
section. Notice that the assumption 37_, jTI:(zo) -imz? # 0 is nothing but the
Calderon’s simple characteristic condition ( [3, 5]). So we have the following

natural definition.

Definition 1.8 Let G be the set of all such elliptic homogeneous polynomials
P that there is a k € S*' such that for any ¢ € m(NF) the following
conditions are satisfied:

(G1) (Calderon’s simple characteristic condition) 33, k;3=(€ +ik) # 0
(G2) (Curvature condition) D(P)(¢ + ik) # 0.

where D(P) is the determinant of the compler Hessian matriz of P, which

is also a homogeneous polynomial.
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Remark 1.1 We notice that the conditions (G1) and (G2) have open prop-
erty, i.e., there is an open neighborhood K of k in S%! such that for any
other k' € K, (G1) and (G2) hold too. This is because P is elliptic. On the
other hand, the condition (G1) implies that for such k in (G1), \yreP(£ + tk)
and 7imP(¢ + ik) are linearly independent for all ¢ € mx(N”) since P is
homogeneous. This property is also open. So we conclude that if P € G
with some k € S9!, then there is a neighborhood K of k in S9! such that
for each ¥ € K, ((1) and (G2) hold and 7w (N7 is a smooth submanifold

of dimension d — 2.

Remark 1.2 The condition (G2) is not trivial. When d > 3 we know, by a
basic fact of algebraic geometry (Lemma 1.3 on p29 in [8]), that N*NN? £ ()
for any two homogeneous polynomials P and ). So it is impossible for (G2)

to hold for all k£ € §%%, (G2) holds.

We have a lot of homogeneous polynomials in the class G. In particular,
if a P satisfies the Calderon’s simple characteristic condition and the Hessian
matrix (‘pr—?;%fil) of the real part of P has full rank for all £ € 7x(NT) and
for some k, then P € (. on the other hand, there are also a lot of operators,

for which we don’t know if the above condition works, which are in G.

Examples 1.3 (1) % R ‘é—mm € G. Its symbol is P = z[* 4+ -+ + 2.
When k=e; = (1,0,---,0), 20, & . k; = m(& + i)™ # 0 for all ¢ € RY.

J=1 dz;

So (G1) holds for this k. When k = (ky,-++,kq) with &; #0, j =1,---,4d,
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D(P)(¢ + ik) # 0 for any £ € R?. Then by Remark 1.1 it is easy to show
that there is' a small open subset K of S?~! close to e; (e; € K) such that
(G1) and (G2) hold and mx(N¥) is smooth submanifold of dimension d — 2
forall k € K.

{2y P(D) = fa% + Q(gi—;," ‘ E‘::) € G for any homogeneous polynomial
@ of degree m in d — 1 variables such that the determinant of the Hessian
matrix detHg(€) of Q in & = (&,--+,&,) variable is an elliptic polynomial,
i.e., @ is a strictly convex homogeneous polynomial. In fact, let & = e;.
VP-k=m(&+i)™ ! # 0 for any £ € R%. On the other hand, if £ € mi(NT),
then im(¢; + ¢)™ = imP(£ + ik) = 0. So re(£y + i)™ # 0. Hence Q(£) # 0
and so £ # 0 because @ is elliptic. So by the assumption, D(P)(¢ + ik) =
m(m — 1)(& + 4)™ 2detHg(€) # 0. Hence, P € G.

Finally before we end this section, let’s prove Proposition 0.1 stated in

Introduction.

Proof of Proposition 0.1: Let P € G. Remark 1.1 tells us that there is an
open subset K of S9! such that for each k° € K and any £° € mpo (NF), the
conditions (G1) and (G2) hold and s7reP(£° + 1£°) and s7imP(€° + ik°) are
linearly independent. These conditions are all requested in Lemma 1.7. Let
z and ¢ be as in Lemma 1.7, and let f(£) = reP (¢ + k%) + timP (£ +¢k°)+ <

z,6 —£° > [treP (& + k%) —imP(€ + 1k°) — c(reP(€ + 1k°) + timP (€ + 1k°))],

<tgTeP(z°)—gimP(z°),greP(z°)+twimP(z°)>

VIEP(20)+ty1MP(20),7TeP(z0)+t71MP(20)> is a constant. Then the

where ¢ =
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Hessian matrix of f at £° is
Hy = Hiep imp tT®c(t) +e(t) @z

where e(?) is as in Lemma 1.7. Lemma 1.7 says P, Hy|r, has rank d — 1. So

by Lemma 1.2, f~(0) has nonzero Gaussian curvature at £°. 1

Remark 1.4 Notice that if we define a function f(£, k) by substituting kg
by k in the function f in the above proof with ¢ and z fixed, then f(¢,k) is
continuous in both ¢ and k and f(¢, ko) = f(€). This shows that there is a
small open ball U containing & in R? such that for any k sufficiently close to
ko, 7e(N¥) N U may be contained in a hypersurface with nonzero Gaussian

curvature which is bigger than or equal to half of the Gaussian curvature of

f71(0) at &o.
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2 Carleman inequalities with linear weights

for the operators in class G

We will prove a sharp Carleman inequality for higher order elliptic differential
operators of class (¢ in this section. First let’s introduce some notations. Let
a=(%,0),b=(1,0), c=(1,1) and d = (3, L) where s is always the number
2—9%1 with s’ its conjugate number. Let A be a subset of R? consisting of
the quadrilateral abed and two sides ad and be. Let p be a positive integer.
Let Ay = {(z,y) e ®2: 0<y <z <1,z—y < 4}. Then we know when
p =2, AN A, is nonempty. Now let’s state a technical lemma which will be

useful in proving our theorem.

Lemma 2.1 Let H be a piece of smooth hypersurface in R* with nonzero

Gaussian curvature and N C H be a d — 2 dimensional submanifold. Sup-
. ; d . 3 c

pose that m(£) is a smooth function on R® satisfying |m(£)| < T for

all ¢ € R? with some positive constant C. Then for any (p, q) with (}%, i—) €A

and each & € N there are a small neighborhood U of & in R® and a constant

C such that

1T flla < ClIF V f €8 with suppf CU
where Tpf = (mf)v.

Proof: Let n be a normal vector of H at £. By the Tubular neighborhood
theorem (see page 76 in [4]), there is a neighborhood U of £ which may be
written as U = (—6,6) X H = Us;e(_s,5H: for some small 6 > 0, where I; is
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the translation of H NU by distance ¢ along the direction n. Moreover, since
m(§) satisfies |m(¢)| < m and NNU is a d — 2 dimensional submani-

fold, we have the following estimates by choosing U small enough:

§
[ Imlle gyt < oo v r € (0,0)

||| zr@) < o0 Vre(0,2).

In fact, after making U small enough, there is a diffeomorphism F : U —
B(0,1) ¢ R* = {(z,s,t) : ¢ € R** s € R,t € R} such that F(&) = 0,
FH c {(z,s,0) € B(0,1)}, FN C {(«,0,0) : € R*?} and FH; =
FH+(0,0,t), FN; = FN + (0,0,t). This is because H N U is a graph when
U is small enough and N C H is a submanifold of codimension 2. We notice
that when & € Hy, i.e., F(€) € FHy, dist(§, N) = dist(F(£), FN) = |t| + |s]
by the triangle formula. So [*g||lm|lr@ydt = [Zsllm o F7Y||trraydt <
C I (f1,(|t] + |s|)~"ds) *dt which is finite number for any r € (0,00). Sim-
ilarly, [Imellzrw) = llm 0 P |lorrmy < O [La(It] + lsl)"dsdt)* < oo for
all r € (0,2).

Since U is small, H; is also a piece of hypersurface with nonzero Gaussian
curvature which is same as H’s. Applying the dual version of the restriction
theorem and interpolation, we have ||(9dUH¢)V||Lq(Rd) < Cllgllz2=r(ae) for all
g € Cg° and all t € (—6, §) with some positive constant C, where s’ < ¢ < oo
and p is a (small) positive number depending only on ¢. Then we have for

any f € § with suppr U,
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I Tnflly = NS 5(mfdon,)v i,

< f‘ig]] (mdeHt)thHq (Minkowski’s ineq.)
< Cfi,s”mf”L?—p(H,)dt (duality restr. thm)
< C’f5_5||f||Lz(H,)||m||L2(z_p2 (H,)dt (Holder ineq.)
= C||prf5—5||m”L2 2-p (H,)dt (restr. thm)
< Cllfllp (estimate for m)

where p is arbitrary in [1, s] with s = 3%%11.

Furthermore, by the Hausdorff-Young theorem and the second estimate
of m, for any g > 2, [|Tnfll; < Imflly < ||flleollmlly < C|lf|l1. Combining
the previous inequality and this one and using interpolation, we prove our

lemma. i

Now let’s prove our Theorem 0.4 stated in Introduction.

Proof of Theorem 0.4: It is sufficient to prove the inequality in Theo-
rem 0.4 for all u € C§°. After substituting u by e¥u(z), it is easy to see that
it is equivalent to [|(m#)|l; < C|lv|l, for all v € C§°, where m(¢) = EHETE,

By the assumption of P and Proposition 0.1, for each ¢ € mx(NF) there
are a small ball D(£) C R? with center at £ and a hypersurface H, with
nonzero Gaussian curvature such that D(¢) Nwx(NT) C D(€) N He. Since P
has simple characteristics which implies that |P(£ + ik)| > Cdist(£, 7x(NF))
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with some constant C for all ¢, we have |m(¢)| < m with another
constant C for all £. So Lemma 2.1 says by making D(£) smaller, one has
1T flle < ClIfllp for all f € S with suppf C D(¢) and for (p,q) as in
Lemma 2.1. By the compactness of mx(N*), there is a finite cover {D;}]_,
of 7x(INF) such that for each 7, || Tin fll, < C||f||, for all f € S with suppf C
2D;. Let {;}—o be a partition of unity for {2D;}/_; U(R* \ U/_, D;), i.e.,
Y ¢; = 1 and ¢; € C&(2D;) for j > 1 and o = 0 on Uj_; D;. Now let’s
decompose #(¢) into 9(¢) = ¥ 1;(£)5(€) = vo(€) + Lj=19;(¢). Then for each
§&1,
[(m5;)" [l < Cllville < Cllvll,

for all (p, q) with (11—), %) € A.
For vy, since on suppdy, |P(€ + k)| > C(1 + |£]*)%, we have |m(£)| <
C(1+ |£>)"% on suppd,. Hence, the Bessel Potential theory implies that

[[(mt0)”lls < Cllvoll, < Clivfl,

for all (p, ¢) with (3, %) € A,. So combining the above two inequalities, for

all all (p, q) with (%, %) € AN A, we have

I(md)"lly < Cllvll,

for all v € C§°. This proves Theorem 0.4. 8

An immediate corollary is the following.
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Corollary 2.2 Suppose P € G is of order m. If m < % = Hd3) " yhen for

2(d+1)’
any integer 2 < u < m, with p = s = 39%11 and:—)—ﬁ = L, there is a

constant C such that
le**7™ “ullg, < Clle™* Pull,
for all u € W™P with compact support.

Proof: When m < % = %%g—ﬁ%, for each 2 < p < m, the points -1;,% — ]

are in the set AN A,. That means the inequalities in Theorem 0.4 hold for a

common p = s with the corresponding ¢,’s. This is the proof of Corollary 2.2.

A

Remark Let py = g‘ﬂd‘;—t%ilil which is less than s = 2%{%12. Ifm < ]—D‘%

(which is, of course, bigger than ¢ = %3%‘3), then the above inequality holds

with p = po and ¢, = (% — £)71. The proof of this is the same as the proof
of Corollary 2.2.
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3 Application to weak unique continuation

In this section we will use the Carleman inequalities in the last section to
prove weak unique continuation theorems. A direct corollary is Theorem 0.2
stated in Introduction. In Theorem 0.2, we don’t have any restriction on
degree m of P. We think that if m is large, one doesn’t need P having such
strong curvature condition in GG to get a Carleman inequality. For example,
we may relax the assumption that the complex Hessian matrix H Cr has rank
d when m > d. So we will mainly consider the case where the dimension d
is greater than the degree m of P. Let’s first state and prove another weak
unique continuation theorem as a corollary of Theorem 0.4 as follows and

then prove Theorem 0.2 because both proofs are same.

Theorem 3.1 Suppose P € G is of degree m < f. Suppose a function

u € W™* has compact support and satisfies |Pu| < Y ,V,|v™  ul| with
V, € L¥. Thenu=0 in R%.

Proof: Let k be a direction which is as in the assumption of G for P.
Since suppu is compact, there is a point & on the boundary of suppu and
a hyperplane such that u = 0 on the one side of the hyperplane and the
normal vector of this hyperplane is k. So after a rotation and translation, we
may assume that 0 € d(suppu) and suppu C RS and egq is that k. Consider
S,={z € R*:0 < z; < p}. Let p > 0 be chosen small enough so that

maxa<u<m || Vil| 2 < 51 where C is the constant in Corollary 2.2.

L (S,nsuppu) — 2mC
Let’s denote S} = S, N suppu. Then with p and g, as in Corollary 2.2, by
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applying Corollary 2.2 and the Holder inequality, we have for ¢ < 0,

2 NI ™ ulll s,y < mC|le*Pull , pa

2<p<m

=me (Het” > Vul v ulllas,) + ||e””P“HL"(Sﬁ’)

2<psm

5 mc( 2 Vel g eI ™  ulllzons,) + ||e‘“Pu||Lp(sg))

28usm s

1 B i
25 > 1™ ul|| pans,) + mCe|| Pul|Lass)-

28pusm
So,
> 1™ | pan(s,) < 2mC|| Pul|Ls(sg)-
2<pusm
Let ¢ — —o0, we get contradiction if suppu # 0. i

Remark 3.1 Let po be as in Remark in Section 2. Then the same conclusion
as in Theorem 3.1 is still true if replacing s by po and m < 5:— by m < ;—0.

The proof is exactly same as the previous one.
Now let’s give a sketch proof of Theorem 3.1.

Sketch of Proof of Theorem 0.2: In the first case, ¢ < 2. The Carleman
inequality holds, by Theorem 0.4 in particular, for (i, %) in the set AN A, N
{(%, %) : 5 — 5 = 4} Let p be as small as possible in that region and then

the remainder of the proof is same as the proof of Theorem 3.1. Similarly,

when%<,u<d, Withp=lonemayﬁnda.qsuchthat%—%=%a.nd
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+»7) € AN A,. This leads to (2) of Theorem 0.2. When g > d, with p = 1,
for any 7, > 1 thereis a ¢ < oo such that 1—% = % and (1, %) € ANA, = A
So the Carleman inequality implies (3) of Theorem 0.2. i

We already noticed that we didn’t involve the highest order term, 7™ ',
neither on the right-hand side of a differential inequality as in Theorem 3.1
nor on the left hand side of a Carleman inequality as in Theorem 0.2. In fact
one cannot expect such Carleman inequality for the highest order term with
the gap % — % = %, just as in the case of the Laplacian operator. But by
using the technique in [12], we may also prove a weak unique continuation
theorem for a differential inequality having the highest order term with a
nice L4 condition on the coefficient. Let’s first state a Carleman-Wolff type

inequality.

Lemma 3.2 Suppose P € G is of order m and the open set K of S is

as in Proposition 0.1. Assume m < % and p = s. Then there is a constant

0 = 0(p) < % such that for any t € R'\ {0} and any set E C R? with

|E| > |t|~¢, we have
e =™ M ullagmy < Collt1*|E])’|le* = Pull,

for all w € W™P with compact support and k in any fized compact subset of

Proof: Let’s only prove the above inequality for all v € C§°. Fix any k € K
and let t = 1. The proof of Theorem 0.4 shows that one may decompose the
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multiplier m(§) = % into two parts m(¢) = mq(€) + m2(€) where m;
has compact support and m; is bounded by (1 + [¢ |2)‘%. Moreover, one has
forallve S

[Tmsvlles < Clloll

for all (p, ¢1) with (2,.-) € A and

p?
[Zmzvlle < Cllvlls

for all (p,q) with (1,;) € Ay, where A and A, are defined in the beginning
of Section 2.
Let p = s, ¢ be such that ;15 o % = 7 and ¢ be very close to s’. Combine

those two inequalities and use the Holder inequality. For any set F, we have

1

1
<ol

Tl ey < C|E|

=1, L i 1

Let 8 = § Computing out, we have 0 < 3.
Notice that Remark 1.4 implies the above process is actually true uni-
formly in k' € S9! near that fixed k. So by a compactness argument and

scaling in &, we prove this lemma. 1

Remark 3.2 (1) Again as before, with p = pg and m < 5‘% as in Remark 3.1,
the same conclusion as in Lemma 3.2 is still true with some other ¢ < Z.

(2) From the above Carleman-Wolff type inequality, one may get the Carle-
man inequality with some convex weight instead of linear weight k - z there.

See Remark in the next section.



32

Now we are ready to prove Theorem 0.3 stated in Introduction.

Proof of Theorem 0.3: The proof is very similar to the one in Theorem
1 of [12]. Because of homogeneity of P, after a change of scale and rotation
and translation, we may reduce to the following case: (1) suppu C R%; (2)
there is a cone I', = {k € R*\ {0} : k¥ + .-+ + k2_, < ak?} for some a > 0
such that the inequality in Lemma 3.2 is true for all k € ', and |E| > |k|™¢
(with ¢ = 1 there). Since suppu is compact, with C being its convex hull, we
may choose a C$° function ¢ : R — R such that ¢ = 1 on a neighborhood of
AC and Y1<u<m ”Vu”f,ﬁ(suppqS) < f, where f is a sufficiently small positive
number depending only on d and m to be chosen later. Let v = ¢u. Then
by a simple calculation
(1) |[Po| < 3 Vulv™ vl +x

1<u<m
where x € L? and suppx C C Nsupp ¥ ¢. After making « small enough
depending on the diameter of C and ¢, i.e., on v and d and m, the same
proof as Lemma 7.1 in [12] shows that if £ € I', and |k| is sufficiently large,
we have an estimate

(1) le"xllp < €2 37 Vilw™ ™ vlllp-

1<pusm

Now we may apply Wolff’s measure lemma in [12] to the measure

( 22 Vulv™*v|)da.

1<usm
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Let M be large enough so that B(pMey, -1%];%) C I'y. Then the Wolff’s lemma
says that there are {k;} and disjoint convex sets {E;} such that

-

Y < |kl <2M, k; € B(pMes, #£) C T,

- . P
(1) 9 115 Ticpem Vil V™ vlllze@;) = 277 [1€5°% Tigpam Vil V™ 0l|l,

Y |E;)|Tt > C'M? and |E;|> M~? for each j
with an absolute constant C' which is independent of M and {E;}.
Now let’s denote Ei = E; Nsupp¢. By the Holder inequality, we have

¥ 3= Vo™ ||| o;)

1<usm

<C( X |IVuHLg(E+)IIEkj'”Ivm'“vlllqu+||V1||Ld(E;r)llek""”lvm“lvlllm(E))-
2

2<u<m

For the first terms above, we apply Corollary 2.2. For the second term above,

we apply Lemma 3.2. Then the above is bounded by

CC 20 Wall g gry + LA IVillaayy) - 1€ Pollzs.
28usm s
Because of () and (1), we have
le=Pol|zs < Clle®™ 37 Vulw™olll,.

1<psm

Finally using the second fact in (1), we get

e’ 3> Vo™ " vlllee;)

1<pugm

<c ( > Vel s, + (dejnenvnudm;)) x

2<usm
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x5 3 Valv™ ol

1<pusm

Lr(Ej)

Hence,

5 WVall s, + LB Vil gy > €

2<usm

for some positive constant C'. By the assumptions on the functions V,, and
choosing f small enough which depends only on d and m, we have by the
third fact of ({1), for a new constant C,

= = = -1
IVallpassy = CH(M?E;)™ > C7H (M| Es])™ @

since 8 < % by Lemma 3.2. So raise to the dth power and sum over j
obtaining

82 [Villdssuppey = O~ (M Bsl)™ 2 0
J

because of the third fact of (1) in for the last step above. This is contradic-

tion if B is small enough. 1

Remark 3.3 The same conclusion as in Theorem 0.3 is true after replacing
s by po and m < £ by m < fo-, because of the proof of Theorem 0.3 and (1)
of Remark 3.2.
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4 Carleman inequalities for operators in classes

S and D

In this section, we continue to study Carleman inequalities for a wider class
S or D which doesn’t have any curvature assumption for operators. In fact,
most results here are improvements of results in [12]. The proof of the Car-
leman inequalities for an operator P in class S is very similar to the one for
P in class D. So we will give a detail proof of the result when P in class D
and only mention the result for P in class S. Let’s start with several simple

lemmas.
Lemma 4.1 Suppose ¢ € C§°([0,1)) with ¢(0) = ¢'(0) =0. Then

/0 ' %?—Zdt <C ( /0 ' o(t)’tdt + /0 ) ¢”’(t)2tdt)

with some universal constant C.

Proof: If ¢”(0) = 0, then we have

$(t) = 3 Jo(t—s)?¢"(s)ds
= %fc’f(ﬁ + s(s — 2t))¢"(s)ds
= g Js " (s)ds + fg(%s —1)¢"(s)sds,

le.,

8(t) = 584°0) + [ (50— 19" (s)sds.
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If ¢”(0) # 0, let’s apply the above formula to ¢(t) — 3¢”(0)t>. We get
1 2 1 2 1 1 /! ¢ 1 Ui
B(t) — 58" (0)1 = S2(¢"(0) = 39"(0)-2) + [ (55— )¢"(s)sds.

This is the same as above. So for any ¢ € C§° with ¢(0) = ¢'(0) = 0 we have

the following inequality
¢
¢(t)2 S t4¢”(t)2 + t4j (;25”’(3)23(13
0

by the Holder inequality. Divide by ¢ and integrate the above inequality.
We have

fo ' (’b(?zdt < fo L)t + /0 K fo | §(s)2sds.

t
The second integral on the right-hand side is bounded by f; ¢"(s)%sds. So

let’s compute the first one. Notice that t¢”(1)? = [(1¢'(¢)) — ¢'(¢)] - ¢"(¢). So
by integration by parts, the first integral in the right-hand side is
Jotd"@dt = Jo((t¢') — ¢) - ¢"dt
= 1= g — [l gt
= 0 [ gt — L ()l
= —Joté' - ¢t

< Jo td(t)dt + f5 ¢ (1) tdt
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here we used ¢(0) = ¢'(0) = 0 and ¢(1) = 0, and the triangle inequality in
the last step. Once again using t¢' = (t¢) —
Rt dt = [o(tg) - ¢'dt— [y ¢~ d'dt
= t¢-¢l5— fote- ¢"dt — 5 [5(¢7)dt
= —Jotp-g"dt

L I3 9 (02t + 10 f3 4(t)*td

IA

by the triangule inequality. So we have proved
1
/ 1 (8)2dt < — f £4"()2dt + 10 j B(t)tdt+ [ 4"(t) 4.
0
Absorb the 1st term on the right-hand side into the left-hand side,
] te"(t)*dt < 20 / )?tdt + 2 f ¢"'(t)*tdt.

On account of the above calculation, we have

¢(

0

—dt <20 / (t)*tdt + 2 f ¢"(t)tdt. |

Lemma 4.2 Suppose ¢ € C°(D(0,1)) where D(0,1) is the unit ball of R?.
Then for 2 < ¢ < oo and R > 1, we have

1]l < 100R™ 2 ([[3h]|z + R™3[I7°%]|2)
where (z) = |z|?¢(z) = r24(z).

Proof: Let’s first prove the inequality with R = 1. Since ¢’ < 2, the Holder
inequality implies ||¢||2 < ||#||2 whichis [ f3 1—21&—7")-&alv'"dor(:z:"). Let’s apply
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Lemma 4.1 to the function r?¢(rz’) = ¥ (rz’) in the r variable. So the inner

integral is bounded by

7 - 1 £ A7
20/0 z{;(ra:)rdr+2'/0 (dr3 (ro )) rdr.

As |%¢(m’)| < | 72 ¢(rz’)], the above estimates give ||@||2 < 20|[v]3 +
2|| 73 ¢||3 for all 2 < ¢ < c0. So we prove the inequality with R = 1.

Now let R > 1 and define ¢r(y) = ¢(R™'y) and ¢r(y) = ly|°¢r(y) =
R*)(%). Then

1

(fmo.l) WI)'Q"”) E (fD(O,R_l) '@5(;)""@) £ ( | I lé(w)lq'd:c) “

- (‘/;)(Osl) [q{)R(y)Iq’R_Zdy) q’ * (—/Dl\DR—l (l"/’(-’r)l : I$I—2)q,d$) q '

The second is bounded by (/ [12(z)[2)}(Jp\p,., le| ™7 dz) & by the Holder
inequality, which is less than 10R'3 l¢||2. Apply our inequality with R =1
to the function ¢r(y), then (Jpou)|¢r()I* R 2dy)7 < R™7(20|[¢rl: +
||7°¥r|l2) which is less than or equal to R_%(20R3||¢||2 + I7%%]l2)- So

|-

combine these estimates, we get

A,
T

(o 60ea2) " < 10074101+ A5 01),

This proves the lemma. 1

Lemma 4.3 Let N be a submanifold of codimension 2. Suppose that G :
U — B%? x D(0,1) is a diffeomorphism for some open set U in R*, where
B2 is the unit ball of dimension d—2 and D(0,1) is the unit disk, such that
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G(N) C B%2, Then for any 2 < ¢ < co and any function ¢ € C°(U) there
is a constant C depending on q, @, upper bound of finitely many derivatives of
G and lower bound of the gradient of G such that for all R > 1, the following

inequality
2 x
v 2Vl < CEHHIL+ Elygy,
holds for all Schwartz functions ¢ and ¢, such that suppq;ﬁl u Suppqzz C B

and |$1(€)] < (dist(¢, N))~? - |$a(&)] for all €.

Proof: Let’s denote by 2, = the points in B4~2, D(0,1) respectively. As G
is a diffeomorphism, |z| < Cdist(G(z,z), N). Now let ¢ = 95—21%5’2—"‘11 Then
by using Lemma 4.2,

[/ e fB » jD o [Pz 2))7 dads
<or@d [ ([ (oG] + B2 oieruGin o) &) ds

g
_— q’(1+%) 7 9 _6 3 3 " 2
=CR - (L(o,g |62(G(z,2))|* + R™%| Vi ¢2(G(z, z))| d:z) s

< CRYOHD (|Idal | + BN v° dalla)’
where we used Holder inequality, the change of variables, and the interpola-

tion in the last step.

Now by the Hausdorff-Young inequality,

2 o=
Vv . ’ < —_— . i

< Cl[ll ey < CRMD (l1d2llz + B 7° dall2) -
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This is the proof of the lemma. i

Now let’s start our main lemma in this section.

Lemma 4.4 (1) Suppose P € D is of order m. Then there is an open cone
I' with verter at 0 such that for any g € [2,00) and any integer 0 < u < m

with % = % = -;— —£&, or forg=o00 and u > %, the following inequality
o i1-Ly- 2 -z z
5= ully < Cpglk|*ED74(|k|R)*7||e*=(1 + !‘R"I)3PU[I2

holds for all w € W™? with compact support, VR > |k|™ and all k € T. If
P is of form Q* for some ) € S of degree 2, then the above inequality holds
for almost all k € R2.

(2) If P € S, then with the same notations as above, we have

& m— O B |z
525 ully < CrgliE=D4(k R b1 + Dy pu,

for almost all k € R, VR > |k|™" and u € W™? with compact support.

Proof: The proof of part (2) is very similar to the one of part (1). The
similar proof may be also found in [12]. So we will only prove part (1) for
u € C§°. In the following proof, we use C to denote a constant depending
only P, p, d.

Let’s fix a ko € S% 1 N K where K is the open subset of R*\ 0 as in the
definition of D for P. We first prove the following.
Claim: For any & € mx,(NT) there are a neighborhood U of & and a con-
stant s > 0 such that for any function ¢ € CP(U) and k € S91 with
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|k — ko| < s, the following inequality

||

le(e"= T w))V|| < CRMalleb=(1 + R

=)’ Pull,

holds for the same u, R as in the lemma.

By the assumption, N% is a submanifold of codiemsion 2 in R?** and
NE and Il are transverse for k € K. By Proposition 6.5 in the appendix,
there are a neighborhood U of & in R® and a number s > 0 such that for
any k € §%' N K with |k — ko| < s there is a diffeomorphism Gy : U —
B%? x D(0,1) satisfying that Gy (mx(N)) C B42 x {0} and | 7 Gk| = C1
for all ¢ € U. Now let ¢y = (¥® y™ # u)”* and ¢ = € Pu. Then we have
|$1(6)] < Cdist(€, mx(N))"2|$2(€)] by the assumption P € D in definition
1.1. So by applying Lemma 4.3 to ¢; and ¢, we prove the claim.

Now since m, (V) is a compact submanifold, there are a number s and
finitely many open sets {U;}{_, and a partition of unity {¢;}/_, with ¢; €
C§°(U;) for 3 > 1 such that the inequality in the claim is true for each ;
and suppwo N (Upesd—1 k—ko|<sTk(INT)) = 0. Let’s write

J
% g™k u = Y (s 7 )Y (poleh® T u))Y,

1=1
For the last term, since |@o(¢ )%&’%‘S;I < C(1 + |€])~*, by using the Bessel

potential and Plancherel theorems we have
1(o(e*® 7™ w))V|ly < Clle"* Pul|,
fora]lqwithéziz %—%ifﬂﬂ%&ndq:mifﬁ.) %. For the other

terms, by using the claim, we finally get
J

lle®*D%ully < 37 [1(ps(e"= 7™~ w)")Vllg + ll(po(e™* v u)")]q

=t
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< O+ DR (1 + Dy pyy,

for all £ € K with |k — ko| < s. Finally by scaling, we prove our inequality.
i

By using this lemma, we may prove our Carleman inequalities with weaker

gaps for P € D or S5 which is stated in Theorem 0.5 in Introduction.

Proof of Theorem 0.5: We only prove (1) because the proof of (2) is
very similar. Since P € D, there is a cone I' such that for each k € 2T,
the inequalities in Lemma 4.4 (1) hold. Let K = I' N S%, ky € K and
$(z) = ko -z + B|z|% Divide the unit ball into about t3%%s disjoint little cubes
B; of radius t%d, which are paralleled to the coordinate system and centered
at a;. Let v(z) = u(z — a;) € C§°(By). Now apply Lemma 4.4 to v, we have

by taking a change of variable z — z — a;, with (p, ¢) as in Lemma 4.4,

=™ *vll, < CIRHA=D (kR 31+ Ely oy,

for all £ € 2T". Hence for all such k,

1_31y 2 T "8
Hek.xvm—pu”Lq(Bj) < Clkld(z = #(lklR)1+qllek (1+ ]_72—LI)3PUH2

Now choose 8 to be small enough such that for each j, t 57 ¢(a;) € 2I'. Let’s
substitute k£ by t 7 ¢(a;) and R by t% in the above inequality. Notice that
when z € Bj, |t - O(|]z — a;|*)| is bounded by a universal constant. So the

above inequality implies that

[l oy = [[HHeD e et Olbemes Pt
3 7
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< OV g g(a;) [T (1 §lag) - 17E) - €4V A, Pula,

where A; = e~ H#(=)=¢(a;)-(tvd(a;))z—ail(] 4 t3|z — a;j|)3. Since | v ¢(z)| ~ 1

and ¢(a;)—é(a;)-a; < 0 because ¢ is convex, the above inequality becomes
™ *ul| Lo

< CtE NG|t 4. . Py,

< C|le- A4; - Pul,

o B2 Toke qth power to both sides and sum over 7,

it e

B -
Q=

I ulls = 3 9™ ulltua,

7

<CD e A - Pullg
J

< Ol 31450 (e Pu)da?

by Minkowski inequality since ¢ > 2. Now we need to estimate }>; A;(z)?
pointwisely. We can assume z = 0. Let C; = {B; : |a;| = lt~2}. Then

#Cr ~ g—%—L:i—%:; =1, Bo

3 Af = Z E [e—tEqS(O)—4>(aj)—v¢(aj)(0—w)](1 + 2|0 — q;])%]
g I Jeq

<T A=Y 3 emuP (14 £32)a,%)
J

i jeC

<CY e (14 P) < C < o0
1

This proves that ||e*7™ “ul|, < C||e Pul|; for all u € C§°(B(0,1)). i
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Remark (1) The Carleman-Wolff type inequalities in Lemma 4.4 may imply
some weak u.c.p. theorem as we did in Theorem 0.3 with potentials in L™,

where 7}

is very close to the gaps in the above. And here we may use the
Carleman inequality in Theorem 0.5 to prove some weak u.c.p. theorems by
a simple proof as we did in Theorem 0.2.

(2) If P € G is of order m < %, then by the Carleman-Wolff inequality in

Lemma 3.2, with the same function ¢ as in Theorem 0.5 we have

e ull,, ge) < Clle P

Ly(R% La(RY

for all v € W™# with compact support, where ¢ € [s,00) is such that 0 <

@ [

- % < —(—ﬁ—;—l%)— which is better than the gap in (2) of Theorem 0.5.
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5 Some counterexamples and application to

UCP for operators in D

In Section 4, we only used real analysis and general properties of Fourier
analysis to obtain some Carleman inequalities in Theorem 0.5. One may
already see that we didn’t get Carleman inequality for the highest order
term in the left-hand side (g = 1) with positive gap when P € D. In fact,
the following proposition will tell us that there is no such inequality with
positive gap. Moreover, for the other terms with p > 2, we will point out
such gap conditions in the Carleman inequalities in Theorem 0.5 are also

sharp in some sense.

Proposition 5.1 Suppose that P is a homogeneous polynomial of order m
with real coefficients. Assume that P(z) = 0 and \7P(z) = 0 for some
nonzero zo € C%. Then with any smooth function ¢ of one variable which
has nonzero derivative at 0 the following inequality with k = rezo and some

constant C

DG ull, < Ol Pull,

for all w € C§°(B(0,1)), Vt > 0 will imply that ¢ < p.

Proof: We may assume that ¢(0) = 0 and ¢'(0) = 1. Let 2 = k + :l.
By assumption, P(k + il) = 7 P(k + il) = 0, ie., Pe"*+)¢) = 0 and
(VP)(D)(e~*+i=) = 0. Let R = B(0,(max(|k|,|I|))"%). Define 3 € C
such that ¢ = 1 on 1R, = 0 on R° and |7'%| < C|k+il|37 for some absolute
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constant C. Then
IP(e—(k+il)-m¢)| < Oe_k'mlk + illm_IXR

and

7o) 2 ek + il x g e

Apply the inequality in the statement to e=(*+i)-3) We have I%RI% < C]R[%.

Letting |k| or |I| — oo (this is possible because P is homogeneous), we obtain

g < p. f

The idea of the proof above proposition comes from [6] and [1]. A typical
example of such a polynomial operator is the bi-Laplacian A?.
When p < 2, we provide the following result to say the gap ﬁ in Theo-

rem 0.5 is sharp in some sense.

Proposition 5.2 Fiz u to be a positive integer with p < d. Then for any
smooth function ¢ with s7¢(0) # 0, the following inequalities with gap 0 <

kS

-1
= d—1

R
Q=

7™ ully < |le* Pull,, Vu € C3°(B(0,1)), Vi >0

are sharp in the class of P € D with P(\7¢(0) +¢l) = (VP)(v¢(0)+12) =0
for some | € R°.

Proof: After a rotation, we may assume that ¢(z) = =z + O(|z|?). So

consider P = Py(&1,&2) + Q(&s,- -+ ,€a) € D be of degree m such that F is

a two variables elliptic homogeneous operator having double characteristics
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and () is another d—2 variables operator. Choose P, such that P(et(®1%i%2)) =
v P(e!®1+i#2)) = 0, We should mention such operators exist. For example, we
may construct such P from (51%+§?)2+' .- by arotation. LetI' = T'(zq, z2) =
e~ ®11i72) and (21, 1) = (pg(t%ilil,t%ﬂ?g) where o € C§(D(0,1)) and ¢o =

1 on D(0,%). Let o = ¢p(z3,-+,za) = tho(t r;lma,---,tmT_lmd) for some
P € C§°(B(0,1)). Then

|P(Te - )| = |Po(Te) - ¢ + T - Q(3)]
S Ce—t.’sltm—lxR

and
Y/ s

m—p
dz7

V™ Ty - 9)| 2 |

F(p . "n[)l 2 C—le—ta:l t'm.—,u.X%R

where R = (-—t_%,t_%)z ® (—t“mT—l,t_mT_l)d*2. So applying the Carleman
inequality for I'y - ¢, we get t""“lRI% < Ctm‘1|R|zl7. As t may be large,

II—J - 3- < d_—’l‘:%-ﬁ. That means the gap 21; - % < d’“—:} is sharp in the sense of

It is interesting to point out that for the class S of simple characteristics,

we may also prove the gap in Theorem 0.5 is sharp.

Proposition 5.3 Let u and ¢ be as in Proposition 5.2. Then with the gap

_1
0< :-J - % = %_—11, the following inequalities
e ully < |l Pull,, Vu € Cg°(B(0,1)), Vi >0

are sharp in the class of P € S with P(7¢(0) + il) = 0 for some I € R,
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Remark: We may replace the class S by the class of polynomials which
have Calderon’s simple characteristics (see Definition 1.8). This is because
the class of Calderon’s simple characteristics is invariant under rotation. So
we may always assume Y7¢(0) = e; and test the polynomial function £* +
7 + - -+ + &7 which satisfies the condition (1 + #l41)™ + (ij2)™ = 0 for some
I={l,1,0,+,0).

Proof: As in the proof of Proposition 5.2 and the discussion in the above
Remark, we may assume ¢(z) = z; + O(|z|?) and choose a P = Py(é1,&2) +
Q(&s,- -, &a) of degree m such that P(e!(®1%i#2)) = 0. Let T,  and % be as

in the proof of Proposition 5.2. Then we have
|[P(Tp - )| = |Po(T) - ¥ + T - Q)]

< C’e'mtm_%XR

since the main contribution comes from 7™ T - 7 because Py(I') = 0. On

the other hand,

m—p

d
V™ #(Te - ¥)| 2 |

dz™ " F(P : ¢| > C_le—wltm_”x
1

1
AL

where R is as in before. Then by the same argument as in the proof of

i
Proposition 5.2, we obtain  — % <tz i

This proposition says in particular that there is no Carleman inequality
with gap 4 for all P € S if we don’t add any curvature condition.
Before we end this section, we would like to give an application to weak

UCP by using Wolff’s version Carleman inequality in Lemma 4.4 for P € D.
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Theorem 5.4 Let d > 2 and p > 0 an inleger. Let v, = dF__—il fp<itl
r,=2 i u> % B %. Suppose P € D 1is of order m. If a function u € W™?
with compact support and satisfies that |Pu| < Yocpcm AulV™  ul, then u
vanishes identically if A, € L}Sc forall2 < p < m.

The proof of Theorem 5.4 is exactly same as the proof of Theorem 4 in
[Wo] by using Lemma 4.4. Or one may look at the proof of Theorem 0.3. So

we omit 1t.

Remark Theorem 0.5 may also give a u.c.p. theorem directly. But our

index r, here is smaller than the one got directly from Theorem 0.5.
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6 Appendix and some further questions

First we would like make a little remark about our class G in Section 1. We
have already given a lot of examples of elliptic homogeneous polynomials in
G. A natural question is to ask how large this class G is in the universal class
of elliptic homogeneous polynomials. Professor Wolff tells me the following

result:

Proposition 6.1 For generic homogeneous polynomials Py, - - -, Py, their com-

mon zero set is only {0}.

Remark If we assume the degree of P; is m; and write Pj = 3|4/=m, @j,02%,
then the "generic” means almost all of {a; . }|aj=m,,j=1,d-

Proof: We believe that one may find a proof of this proposition in any
regular text book of algebraic geometry such as in [8]. But we would like
to give a short proof here instead of finding the exact reference. First let’s
make a claim.

Claim: Suppose Py,---, P; are homogeneous polynomials of degrees mq, -- -
,mq respectively. If the map ¥ : z € C*\ {0} > (P,--+,P;) € C% is
transverse to 0, then there is no common zero with Py,---, Py except {0}.
Proof: The assumption says that DV is surjective for all z of ¥(z) = 0.
Now assume that there is at least a nonzero z such that ¥(z) = 0. Since
P;’s are homogeneous, vP;-z=mjPj(z) =0, here a - b = Y a;b;. Hence
DU(z) -2z = (0,---,0) which means detD¥(z) = 0. This is a contradiction
with DU being surjective. Now let’s prove our proposition.

Proof of Proposition 6.1: let A = {a;,a}jaj=m;.j=1,.¢ be in R" for some
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large number N. Consider ¥ : C*\ {0} x RN — C? by (2, A) — (Py,---, P).
We claim that DW(z, A) is surjective. In fact, D¥(z, A) is nothing but
(D.¥, Dy ¥, D(;3¥) which has a 2*I4¢ submatrix from the last part. So
DV is surjective. Now applying the transversality theorem (see [4]) to ¥, we

prove the conclusion. #

By the same proof, we have the following result.

Proposition 6.2 For generic homogeneous polynomials P of degree m, 7 P
# 0.

Proof: We use almost the same notations as before. Write P = }_, =/, @0 2”.
Then VP = (-++, Cjaj=m a®;z*"%,---) , where a = (cu,--, ) and ¢; =
(0,---,0,1,0,-+-,0) hence & = 3" aje;. Let A = {aa}|aj=m be in some R".

By the claim in proof of proposition 6.1, we need to only show that
v: !\ {0} x RN - C*

by
(Z,A) 5 (. viy E aaajza—ej,.. .)

al=m
is transverse to 0. When z # 0, Ivaje may assume 2; 7 0. Consider the
terms 27, z* 1z, ++v, 20" 'z4. We know that U(z,A4) = (ammzP! +
cy a2 e e Jagez] T 4 --1), where @' = me; = (m,0,---,0),
al =(m—1)es+¢; = (m—1,0,---,0,1,0,-+-,0). Soin DU(z, A), thereis a

d x d diagonal submatrix where elements are m2"1, 271, ..., 27*~1 respec-

tively. Of course it is invertible and hence D¥(z, A) is surjective. Therefore,

W(z, A) is transverse to zero. i
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This fact tells us that the generic elliptic homogeneous polynomials are
in our class S.
Our other remark is about the class D. In order to see the class P is a

subset of D, the following proposition will be helpful.

Proposition 6.3 If P € S, then for generic k € R the sets N = {(z,y) €
R?* x R*\ (0,0) : P(z +iy) =0} and Il = {(z,y) € R* x R* : y = k} are

transversal,

Proof: 7,P # 0 on {z € C*\ 0: P(z) = 0} says that N is a submanifold
of codimension 2 in R? x R? and for generic k£ € R?, VoreP(z + k) and
VimP(z + tk) are linearly independent on the intersection N N Il by the
transversality theorem in [4] (or one may see Proposition 6.4 and the proof
of Proposition 6.5 below). Let (z,k) be a point on N N IIx. At (z,k), the
tangent space of N in R* x R%is .

T = (VsreP, — Vo imP)* () (VeimP, v,reP)*

by the Cauchy-Riemann equations. The tangent space of IIx at (z,k) in
R* x R is

S = Span ((e1,0), -, (eq,0))
where {e;}’s are the standard bases of R?. We want to show T+S = R?x R?.
We only need show both vectors (7;reP, — ¥/ imP) and (/zimP, 7 reP)
are in T+ S because T is of dimension 2d — 2. Since 7 reP and $/,imP are
linearly independent, there are two vectors a and b in R such that (a, — .

imP) € T and (b, yzreP) € T. So we have ( reP, — . imP) — (a, — Vs
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imP) € S and (V,imP, /,reP) — (b,7;teP) € S and hence (7zreP, — V,
imP) and ( imP,\/;reP) arein T' + S. i

Now let’s prove a proposition which we mentioned in section 1.

Proposition 6.4 If P € S, then v/reP (¢ + ik) and 7 imP(€ + ik) are
linearly independent on T(NT) for almost all k € R?

Proof: Let P € S. Then £P # 0 on N¥ which says for any z € N¥ there

at least is a j such that one of the following is not zero at z: —reP, Ek—reP
-d—E—IIIlP, 3 —4imP. On the other hand, we know that —reP = 1mP and
ik 4 reP = ~re < imP by the Cauchy-Riemann equation since P is analytlc So

this says the matrix
vereP  s7¢mP
VireP 7iimP
has rank 2 for all é+ik € NP, If we consider the map (reP,imP) : R*x R* —

R x R, the above fact tells us that this map is transverse to 0 € R x R.
Hence by the transversilty theorem (see page 68 in [4]), for almost all k € R*
the map (reP(- 4 ik),imP(- 4 ik)) : R* — R is transverse to 0 € R. By
the definition of transversilty, \7ereP(- + k) and 7¢imP(- + tk) are linearly

independent on 7x(NT) for generic k. This proves the proposition. #
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Now we would like to prove a geometric proposition which we used in the

proof of Lemma 4.4 in section 4.

Proposition 6.5 Suppose N is a submanifold of codimension 2 in R*.
Suppose N and 11, = {(z,1) € R*® : I = k} are transverse for some k € S,
Then for any & € m(N) = N N1, there are a neighborhood U of & in R®
and a small number s > 0 such that for any | € S91 with || — k| < s there is
a diffeomorphism Gy : U — B*2x D(0,1) satisfying the following properties.
Gi(mi(N)) C B2 x {0} and | v Gi(&)| =2 C7! for all ¢ € U. Where B2 is
the unit ball of dimension d — 2 and D(0,1) is the unit disk.

Proof: Since N is submanifold of codimension 2, for (&, k) € N, there are
a neighborhood M of (&, k) in R?** and two smooth functions f and ¢ such
that f~1(0)Ng ' (0)NM = NN M and

Vel Vif

Ved Vig

has rank 2 on M. Now we claim that

Vef
Veg

has rank 2 on M.
Suppose not. Then for some point (£{,{) € M there are two numbers

a and b with a? 4+ b2 # 0 such that a V¢ f + b Ve g = 0. We know that
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(Vef, Vif) and (Veg, Vkg) are two normal vectors to N. So a(Zef, Vi f)+
b(Veg, Virg) = (0,a 7k f+ 0k g) L Tn. On the other hand, it is obvious
that (0,a 7% f + bk ¢) L Tny,. Since N and II; are also transverse when [
is too close to k, this shows that a(ef, Vif) + 8(Veg, Vkg) = 0 which is a
contradiction.

So now we may assume without loss of generality that £&;_; = fi(£,1) and
£ = g1(€,1) define the submanifold 7;(N) N U for some neighbohood U of
o in RY, where £ € R2. Let Fi(¢) = (£,€4-1 — f1(€),€a — f2(€),1). Then
we may see that Fj(m) C R*? x {0} and | 7 Fi(¢)| > 2. Finally since  is
compact, we may construct (; as a composition of F; with a certain dilation

in the variables of R*~2, i

Finally let’s state some further questions in which we are interested to

end this paper.

(1) Are generic elliptic homogeneous polynomials in the class G? Since we are
interested in Carleman inequality, we may also ask another question like the
following. Does Carleman inequality hold with a sharp gap as in Theorem 0.4
for generic elliptic homogeneous polynomials?

(2) In Theorem 0.2 and Theorem 0.3 we have a weak u.c.p. theorem with
the reasonable condition that V,, € L% fm < %. Do we have the same result
with the condition on V, for m is close to d7

(3) Can we have a Carleman type inequality for an operator in G' such that

which may be directly used to prove a u.c.p. theorem, instead of a weak
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u.c.p. theorem as in Section 3? If it is not possible, what is a reasonable

condition for the operator? In [12], T. Wolff gets a u.c.p. theorem for P € S.
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