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Abstract

The ever-growing need for data transmission over networks calls for optimal design
of systems and efficient use of coding schemes over networks. However, despite the
attention given to the analysis of networks and their optimum performance, many
issues remain unsolved. An important subject of study in any network is its capac-
ity region, which is defined through the limits of the set of data rates at which the
sources can reliably communicate with their corresponding destinations. Although
the capacity of a single user communication channel is completely known, the ca-
pacity region of many multiuser information theory problems are still open. A main
hurdle in obtaining the capacity of multiuser networks is that the problem is usually
nonconvex and it involves limiting expressions in terms of the number of channel uses
(data transmissions). This thesis takes a step toward a general framework for solving
network information theory problems by studying the capacity region of networks
through the entropy region. An entropy vector of n random variables with a fixed
probability distribution is the vector of all their joint entropies. The entropy region
of n random variables accordingly is the space of all entropy vectors that can arise
from different probability distributions of those random variables.

In the first part, it is shown that the capacity of a large class of acyclic memoryless
multiuser information theory problems can be formulated as convex optimization over
the region of entropy vectors of the network random variables. The advantage of
this characterization over the previous approaches, beside its universality, is that the

capacity optimization need not be performed over the limit of an infinite number of
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channel uses. This formulation on the other hand reveals the fundamental role of the
entropy region in determining the capacity of network information theory problems.

With this viewpoint, the rest of the thesis is dedicated to the study of the entropy
region and its consequences for networks. A full characterization of the entropy
region has proven to be a very challenging problem and so we have mostly examined
the space of entropy vectors through inner bound constructions. For discrete random
variables our approaches include the characterization of entropy vectors with a lattice-
derived probability distribution, the entropy region of binary random variables, and
the linear representable region roughly defined as the entropy region of linearly related
random variables over a finite field. Our lattice-based construction can in principle be
generalized to any number of random variables and we have explicitly computed its
resulting entropy region for up to 5 random variables. The entropy region of binary
random variables and the linear representable vectors are mostly considered in the
context of the linear coding capacity of networks. In particular, we formulate the
binary scalar linear coding capacity of networks and give the necessary and sufficient
conditions for its set of solutions. Moreover, we also obtain similar necessary and
sufficient conditions in the case of linearly coded arbitrary alphabet-size scalar random
variables of a network with 2 sources and determine the optimality of linear codes
among all scalar codes for such a network.

For continuous random variables we have studied the entropy region of jointly
Gaussian random variables and have determined that the convex cone of the cor-
responding region of 3 Gaussian random variables obtains the entropy region of 3
continuous random variables in general. For more than 3 random variables we point
out the set of minimal necessary and sufficient conditions for a vector to be an entropy
vector of jointly Gaussian random variables.

Finally in the absence of a full analytical characterization of the entropy region,

it is desirable to be able to perform numerical optimization over this space. In this
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regard, a certain Monte Carlo method is proposed that enables one to numerically
optimize the achievable rates in an arbitrary wired network under linear or nonlinear
network coding schemes. This method can be adjusted for decentralized operation
of networks and can also be used for optimization of any function of entropies of
discrete random variables. The promise of this technique is shown through various

simulations of several interesting network problems.
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Chapter 1

Introduction

The growing interest in information transmission over networks in recent years has
encouraged optimal design of communication networks. Although since its birth in
the late 1940s, information theory has had a significant role in the development and
improvement of point-to-point communication systems, it is fair to say that it has
had far less impact on the design of most of the networks currently in use, and
especially on the Internet. The importance of an interaction between networking and
information theory has become more apparent as the current networking tools have
been recognized to be inadequate for addressing the challenges of, e.g., the mobile
ad hoc wireless networks, and as network coding has proven to be advantageous over
traditional routing [ACLY00].

One of the main difficulties of incorporating information theory in the design of
networks is that when it comes to multi-user information theory, the capacity re-
gion (the rate region for a reliable information transfer) of even some of the simplest
networks, such as the relay channel, remain unsolved. In fact characterizing the ca-
pacity region of most network information theory problems requires one to solve an
infinite-letter nonconvex optimization problem which is an almost impossible task to
do [vdM77, Sha61]. Hence most multi-user problems have been tackled individually
through some network-specific subtle techniques. This is in contrast to traditional

networking, where the multi-commodity flow viewpoint allows one to obtain the op-
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timal rates in an arbitrary setting by solving a linear program over the network. The
lack of such an optimization-based approach within the information theory framework
that can compute and realize the achievable rates can be considered a major reason
for the minimal interaction between networking and information theory. Developing
such methods, has been the main motivation for the current thesis.

An “entropy vector” of n random variables with a specific joint distribution is de-
fined as the vector of all their 2" —1 joint entropies. Accordingly, the “entropy region”
is identified as the space of all such entropy vectors and is denoted by I' [YLCZ06].
As a step toward solving network information theory problems via a general frame-
work, we have developed a new optimization formulation for obtaining the achievable
rates in an arbitrary network. We show that by using the notion of entropy region
the optimal rates can be computed through a conver optimization problem. This
formulation of the capacity region, not only does away with the infinite-letter and
nonconvexity of previous characterizations, but also reveals the fundamental role of
the entropy region in determining the capacity region of network information theory
problems. Notably, for wired networks due to the separation of channel and network
coding [KEMO09], to determine the rate region one only needs to characterize the
(unconstrained) entropy region. For wireless networks on the other hand, due to the
broadcast and interference nature of these channels, study of the network-constrained
entropy region is required. Study of the information inequalities which involve sums
of random variables such as the entropy-power inequality is particularly important.

The full characterization of the entropy region has proven to be a formidable task.
Therefore with an eye toward solving the obtained network optimization problem, this
thesis studies new inner bound constructions of the entropy region and the relevant
consequences for network coding. Numerical optimization over the entropy region as

an alternative is investigated as well.
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1.1 Capacity Region in Multiuser Information

Theory

Multi-user information theory involves the study of the limits of information trans-
fer among many users. However in contrast to the point-to-point communication
(single-user) case, where the problem is well understood, many multiuser problems
are still open. This is mainly due to the fact that a general approach to evaluate the
capacity region of multi-user problems requires one to optimize a linear combination
of mutual information terms over all possible joint distributions of source variables of
the network and all feasible network operations while letting the number of channel
uses go to infinity. In this formulation the objective function is usually nonconvex in
the joint probability distribution of sources and also the network operations. More-
over considering infinite number of channel uses means that one should consider a
sequence of random variables or equivalently vector-valued random variables whose
lengths are growing unboundedly. This is referred to as “infinite-letter”. Altogether,
one has to solve an infinite-letter nonconvex optimization problem.

This method is extremely difficult and although it can theoretically express the
capacity region it has rarely been used for the computation of the achievable rates
[CV93]. A few networks whose capacity regions are known are the cases for which an
equivalent single-letter characterization has been found. In particular the capacity of
the memoryless point-to-point communication channel can be expressed via a single-
letter convex optimization and is therefore completely solved.

In traditional networking, a.k.a, the multi-commodity viewpoint, on the other
hand, considering the information as flows allows one to obtain optimal rates via
solving a linear program, subject to the conservation of flows at each node and that
the total flow on each edge of the network not exceed the capacity of that edge.

Therefore one might wonder if there exists a similar framework for solving network
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Figure 1.1: Determining the rate region of a memoryless acyclic network involves an
infinite letter characterization.

information theory problems in general.

This issue is addressed in Chapter 2 where we have shown that the a large class of
acyclic memoryless networks can be formulated as convex optimization over the region
of entropy vectors. This formulation avoids the infinite-letter characterization and
reveals the fundamental region that needs to be characterized: The entropy region.
Moreover it suggests that similar to the traditional networking where distributively
solving the network problem made algorithms such as TCP-IP possible, distributive
solutions to our proposed convex optimization may also lead to effective protocols.

These issues are dealt with in subsequent chapters.
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1.2 Entropy Region Characterization

Characterizing the entropy region of any number of random variables has long been
an interesting open problem. In fact in addition to its central role in determining the
capacity of networks, it is closely related to many other issues in information theory
and statistics.

A linear combination of the joint entropies of n random variables which is positive
for all the entropy vectors in the I} is referred to as a linear information inequality
for the entropies. Linear information inequalities which follow from the positivity
of conditional mutual information are known as Shannon-type inequalities [ZY98].
Although for up to 3 random variables the entropy region is completely characterized
by a finite set of Shannon-type inequalities, the full characterization of the region for
4 or more number of random variables involves non-Shannon information inequalities
[ZY97, MMRVO02, Zha03, DFZ06a] and remains a challenging problem. In fact it
is proven that no finite set of linear inequalities can completely characterize I'} for
n > 4 [Mat07a]. In other words the region is not a polytope for n > 4, in spite of the
fact that the closure of the entropy region is known to be a convex cone for all n. In
summary for n > 4, only partial characterization of the entropy region through inner
or outer bounds, exist. From the network problem perspective, inner bounds of the
entropy region are interesting in that they yield achievable rates. Yet, an approach
that can be easily extended to any number of random variables for obtaining an
inner bound is missing. This thesis takes a step in this direction by constructing an

achievable entropy region through different methods.

Discrete Random Variables

While the discovery of new families of non-Shannon-type inequalities has lead to

new outer bounds, the most well-known inner bound for the entropy region is the
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Figure 1.2: Entropy region, cone of Shannon inequalities, and the linear representable
region

so-called linear representable region [YLCZO06] which is the entropy region of a set
of random variables defined over a finite field that are obtained via a linear matrix
transformation from another set of uniformly distributed random variables over that
finite field. Although proven to be a strict subset of the entropy region, the general
characterization of this inner bound also remains an open problem.

In summary, there exists no general method for creating inner bounds for the
entropy region. This problem is addressed in Chapters 3 and 4 where in Chapter
3 a systematic inner bound construction of the entropy region is proposed and in
Chapter 4 characterizing the linear representable region under simplifying constraints

is investigated.

Continuous Random Variables

Although most of the research regarding the characterization of the entropy region
has been focused toward discrete random variables, it turns out that there is a close
connection between the entropy region of discrete and that of continuous random
variables such that one can be computed from the other [Cha03]. Nevertheless the

entropy region of continuous random variables or in particular the entropy region of
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a family of continuous probability distributions has not been studied independently.
This issue is dealt with in Chapter 5 where the entropy region of jointly Gaussian
random variables is studied. Gaussian random variables demonstrate some interesting
properties which make them a potentially good candidate for consideration. As an
example they easily violate the best known inner bound for the entropy region of 4

random variables.

1.3 Linear Coding and Linear Representability

Linear network codes, although known to be suboptimal for achieving capacity in
an arbitrary network, are appealing due to their simple structure. They turn out
to be intimately related to the linear representable entropy region which is the most
acclaimed inner bound of I'}. Therefore from the linear network coding perspective
characterizing the region of linear representable entropy vectors is an important topic
of study. Moreover this problem has connections with the matroid representability
subject which makes it an interesting problem even on its own.

Despite some recent advances in this area [DFZ10, CGK10], the general charac-
terization of the linear representable region is very complex and remains an open
problem. As a result, full analysis of network problems even under the linear cod-
ing assumption seems to be far from reach. However it turns out that focusing on
networks with a fixed number of sources or assuming linear network codes over a
certain finite field makes the problem much more tractable [SJTH09]. This subject is
addressed in Chapter 4 where linear codes for networks with two sources are studied.
In particular, we determine that among all scalar codes for networks with two sources,
linear codes are optimal. Furthermore, binary linear codes are also investigated for
general networks, and the method to obtain the capacity of networks under such

coding schemes is presented.
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1.4 Numerical Optimization Over the Entropy

Region

The problem of characterizing the entropy region is very challenging and its analy-
sis will be a topic of research for years to come. In the absence of such an explicit
characterization, the next best thing is to present a method to numerically perform
optimization over this region. Nonetheless any deterministic numerical optimization
over this region would require some knowledge about the boundaries of the entropy
space. Therefore stochastic optimization techniques such as Markov Chain Monte
Carlo seem to be more suitable. For all that a Markov Chain Monte Carlo (MCMC)
method calls for sampling from I';. This issue is dealt with in Chapter 6 where an
MCMC approach is presented that allows numerical optimization of any desired accu-
racy over the entropy region by doing a random walk on quasi-uniform distributions.
These distributions, as defined by Chan in [Cha01], are a set of joint distributions of
n random variables which take on either zero or a constant value for all marginals

and they turn out to be sufficient for characterizing the entropy region.

1.5 Scope and Contributions of the Thesis

In this section we review the contents of each chapter and mention the main results.
Chapters may be read more or less independently.

In Chapter 2, we propose a convex formulation of the capacity region of a gen-
eral class of acyclic memoryless network information theory problems. This scheme is
advantageous over the previous characterizations in the sense that the infinite-letter
and nonconvexity dilemmas are no longer present. Our method is based on a slightly
different notion of entropy vectors, i.e., normalized entropy vectors—which we define

as the entropy vector normalized by the log of the alphabet size of the underlying dis-
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tribution. We denote the corresponding normalized entropy region by €2, as opposed
to the region of non-normalized entropy vectors, which is denoted by I'}. We show
that this definition is more natural as the cost function in capacity characterization
of a multiuser information theory problem is a linear combination of joint entropies
divided by the number of channel uses and therefore proportional to the linear com-
bination of normalized entropies. Hence we show that the network capacity prob-
lem reduces to an optimization of a linear function of normalized entropies over the
network-constrained entropy region, which is essentially 2* constrained by the network
conditions which either follow from the topology of the network or are imposed via
the channel constraints. By proving the convexity of the network-constrained entropy
region we prove the convexity of this optimization formulation. For wired networks
the formulation simplifies to a convex optimization over the unconstrained entropy
region, and as a result determining the capacity of wired networks only requires the
characterization 2. Moreover we show how using the optimization machinery in this
framework can bring forth interesting results. We obtain cutset outerbounds via a
duality argument as an example.

In Chapter 3, we study the entropy region of discrete random variables and
present an inner bound construction that is in principle generalizable to any number
of random variables. By using lattices as generator of points in the Euclidean space
R*"~! we construct an inner region for . Our method hinges on defining a uniform

! and offers a systematic

probability on lattice points inside a hypercube of R?"~
method for constructing inner bounds for any number of random variables. Moreover
the obtained innerbound is a polytope which is specially desired from the network
information theory viewpoint, as such innerbounds render the network problem as
a simple linear program. We have explicitly calculated this region for up to n = 5

random variables, have shown its tightness for n < 3 and have proved its equivalence

with the linear representable region for n = 4. In general we have established that due
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to the connection of our construction with Abelian groups, the lattice-derived inner
region will always satisfy the known Ingleton inequality; an inequality that is valid
for a strict subset of the entropy region points. We also study the entropy region
of binary quasi-uniform random variables and make comparisons with the lattice-
derived entropy region. Studying the entropy region of binary random variables is an
interesting problem which has been a subject of research in the community as well
[WWO09].

In Chapter 4, we focus on the linear representable entropy region. In particular
we study the scalar linear representable region (i.e., the linear representable vectors
whose underlying random variables are scalar valued) in a systematic fashion and
explicitly compute the region for 4 random variables. We then turn our attention
to networks with 2 sources and show the optimality of linear codes among all scalar
codes for the network. We explicitly compute the entropy region of linearly encoded
random variables of a network with 2 sources and maximum number of variables of
6. We also study linear network codes over binary operations, which essentially is the
case where network random variables are binary and the nodes of the network either
route the packets they receive, or combine them using XORs, or timeshare between
these two operations. We then give the necessary and sufficient conditions for an
entropy vector to correspond to a solution of such network and accordingly formulate
the capacity region of networks under a binary linear coding assumption.

In Chapter 5 we determine the entropy region of 3 jointly Gaussian random
variables by finding the structure of the covariance matrices of the boundary points.
We show that the closure of the convex cone of this region generates the whole entropy
region of 3 continuous random variables. This result is very encouraging and to our
knowledge is the first result about the entropy region of any class of continuous
distributions. For 4 or more number of Gaussian random variables, the problem is

closely related to Cayley’s hyperdeterminant relation which is a generalization of the
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determinant to higher dimensions [HS07b]. We determine 2" — 1 — @ nonlinear
constraints as the set of necessary and sufficient conditions for the entries of a given
2™ — 1 dimensional vector to correspond to the entropy vector of n jointly Gaussian
random variables. These necessary and sufficient conditions lay the foundation for
determining the whole entropy region of Gaussian random variables for n > 4 via
obtaining the convex cone of the realizable entropy vectors. Finally the entropy region
of continuous random variables in the context of the capacity of wireless networks is
considered in this chapter and the role of information inequalities such as the entropy
power are discussed.

In Chapter 6 we present a method for doing a random walk on quasi-uniform
distributions that allows one to numerically stake out the entropy region to any desired
accuracy. When coupled with Markov Chain Monte Carlo (MCMC) methods, one
may bias the random walk so as to maximize certain functions of the entropy vector
in a fashion similar to the Metropolis algorithm. Moreover this method can be used
in networks for optimizing a particular function of rates, where the random walk
will be over the input-output mappings at the network nodes. In cases where the
network is solvable, the obtained mappings yield a network code which could be
linear or nonlinear. Finally this approach can be performed in a decentralized fashion
in networks. We show the promise of this technique in finding solutions for arbitrary
networks and optimization of entropy functions by applying it to different examples.
As an instance we have employed this method to find entropy vectors that violate the
so-called Ingleton bound. This bound is identified by an inequality that does not hold
for all entropy vectors, yet only a handful of explicit examples of entropy vectors are
known to violate it. By using the MCMC method, we have interestingly discovered
entropy vectors that violate this bound meaningfully more than the previously known
examples. We have applied this technique to some networks as well. As an instance

we have considered a repair problem in a distributed storage system where there are
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source and storage nodes and the goal is to find network codes that in the case of
failure of a storage node will enable the rest of the network nodes to reliably recover
the lost data [CDH]. We have easily found a linear solution for storage problems with
2 and 3 sources and 4 and 5 storage nodes, correspondingly. Moreover we have found
nonlinear codes for some of the matroidal networks studied in the literature [DFZ07].
Finally in Chapter 7 we discuss some open problems in this field and possible

future directions.
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Chapter 2

Network Information Theory and
Convex Optimization

2.1 Introduction

Determining the capacity region of network information theory problems has long
been an interesting problem. Nonetheless, as opposed to the point-to-point com-
munication systems where the problem is well understood, the capacity region of
many multiuser problems remain open. A simple example is the 3-node relay channel
which one may consider to be the immediate extension of the point-to-point channel
in which the receiver not only receives information directly from the transmitter but
also through a relay. As simple as the setup may sound, the capacity region remains
unsolved. Thus far the approaches that have been taken toward solving multiuser
problems have been either in the regime of large number of users [GKO00] or through
development of network-specific techniques. The handful of cases for which the ca-
pacity region has been completely determined are the cases where the obtained inner
or outer bounds for the capacity region have matched the cutset bounds. All in all,
a general theory of multiuser information theory is still lacking.

While, “in principle”, it is possible to write down a characterization for the ca-
pacity region of most network information theory problems, the difficulty is that this

characterization is infinite-letter and nonconvez. In other words, evaluating the capac-
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" pxs(@|s)—

Figure 2.1: A point-to-point communication problem

ity region requires solving an infinite succession of nonconvex optimization problems
over certain distributions whose number of variables goes to infinity. This is in stark
contrast with point-to-point (single-user) memoryless channels where the characteri-
zation is both single-letter and conver.

To make this more explicit, consider the point-to-point memoryless channel of

Fig. 2.1. The capacity is clearly

C:maX](S;X):£%§{H(X)—H(X|S)}, (2.1)

ps(°)

where pg(+) is the input distribution and H(X) and H(X|S) = H(X,S) — H(S) are
the usual entropy and conditional entropies. Problem (2.1) is referred to as single
letter, since all entropies are over only a single channel use. The problem is one of
“convex optimization” since I(X;Y) is a concave function of the input distribution
and so we are maximizing a concave function.

Consider now the network problem of Figure 2.2. Assume that the network is
acyclic and memoryless (in the sense that all channels internal to the network are
memoryless) and that there is no feedback from the destinations to the sources.

Assume that each source S; needs to transmit to its corresponding destination X;

Sy X,
S. X

2 Network 2
S, X

Figure 2.2: A communication problem over an acyclic memoryless network
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at some rate R;, i = 1,...,m. Note that this assumption can allow for general setups;
if a source is desired by many destinations, then we may repeat that source as many
times as desired, and if a destination requires many sources, then we may repeat that
destination as many times as necessary.

Now in this case it is not too hard to show that the rate region, defined as the set of
rates { R;}7*, which can be reliably exchanged between the sources and destinations,
is given by (see, e.g., [Sha61, vdM77, Kra03]):

1
R:cl{Rl-,z':l,...,m|Ri<?(H(XiT)—H(XﬂSZ.T))} as T — oo (2.2)

where cl{-} refers to the closure of the set. Here S and X/ are random variables
obtained from concatenating the corresponding source and destination random vari-
ables over T' channel uses. Of course, the characterization of the rate region R as in
(2.2) is not surprising—in some sense it can be considered almost as the definition of
the rate region. Computing it, however, is another matter.

An equivalent way of representing the rate region is through its tangent hyper-

planes. These can be obtained via solving the following optimization problem

lim sup cot (H(XT) — H(XT|ST)) (2.3)

e psr(-) and o 1
network operations
where {«;}"; represents the normal vector to the tangent hyperplane, and where
“network operations” represents all permissible internal operations of the network.
The problem (2.3) is notoriously difficult since it is infinite-letter (i.e., it involves
optimization over joint distributions whose number of variables goes to infinity) and
nonconvex (the cost function > oy 7 (H(X]) — H(X]'|S])) is highly nonconvex in

the pgr(-) and “network operations”). For this reason, the characterization of (2.3)
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has very rarely been explicitly used.!

Our goal in this chapter is to suggest an alternative representation and study
of the aforementioned network information theory problem. The main idea is to
define the space of (suitably normalized) entropic vectors and to show that a very
wide range of network information theory problems reduce to the optimization of
a linear cost over the convex set of (constrained) entropic vectors. This viewpoint
has several advantages: first, it does away with the complications of infinite-letter
characterizations (in fact, the infinite limit simplifies the representation considerably),
second, it renders the problem convex and, third, it shows how through duality one
may obtain classical results such as cutset bounds. While by no means solving the
network information theory problem in itself, it does point to what the heart of the
problem is: characterizing the space of (channel constrained) entropic vectors.

The next section defines the notion of entropic vectors and shows that the resulting
space is convex. This is then used to formulate network information theory problems
as convex optimizations.

In Section 2.3.3 cutset bounds, as well as a separation between network coding

and channel coding, are studied as some special instances of this formulation.

2.2 Entropy Vectors and Network Information
Theory

The notion of entropy has been around for a long time. It is a measure of information
and hence it is what the theory of information is based on [Sha48]. Hence there has
been a lot of research about its properties and extensions [Fuj78, Han81, CT91]. In

particular, for a given set of random variables X7i,..., X, it has been interesting

!The only work that we are aware of that uses the infinite-letter characterization (2.2) is [CV93],
which shows that it can be reduced to a single-letter characterization for memoryless multiple-access
channels.
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to find out the relations between different joint entropies of those random variables

[Han75, Yeu91]. In 1997 Yeung [Yeu97| formalized the following definition:

Definition 2.2.1 (Entropy Vector) [Yeu97] Let Xi,..., X, be a collection of n
jointly distributed discrete random variables with alphabet size N each.! For any set
a C{l,...,n}, let h, = h(X;,i € a) denote the joint entropy of the random variables
indexed by the subset ao. There are 2™ — 1 such subsets and thus the collection of all
he forms a 2™ —1 dimensional vector which is called an “entropy vector”. Conversely
any 2" — 1 dimensional vector that can be regarded as the entropy vector of n discrete
random variables X1, ..., X, is called “entropic”. The region of all entropic vectors

of n random variables is denoted by I'; .

Now recall that the objective (2.3) is just a linear function of entropies:

> o (H(XT) + H(ST) ~ H(XT.ST)). (2.4

i=1
This motivates the following definition:

Definition 2.2.2 (Normalized Entropy) Let h be the entropy vector of n discrete
random variables X, ..., X, with alphabet size N. We define h = ﬁh as the
“normalized entropy vector”. Conversely any 2" — 1 dimensional vector that can be
considered as the entropy vector of n random wvariables for some value of alphabet
size N 1is called normalized entropic. We denote the space of all normalized entropic

vectors of n random variables by €2 .

We remark that the motivation for the definition of the normalized entropy is the

fact that what appears in (2.4), i.e., 1 H(X]), £H(S]), and +H (X[, ST) are essen-

(2

tially normalized entropies, since the alphabet-sizes of SI and X! are exponential

!There is no loss of generality in this assumption. If the random variables have different alphabet-
sizes, we can always take IV to be the largest alphabet-size and to make the probability mass functions
zero wherever appropriate.
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in T. Therefore our definition [HS07a] of entropic vectors is slightly different from
the non-normalized version that is conventionally used in the literature (see, e.g.,
[Yeu02]). We believe our definition to be more natural. One indication is the more
direct connection to (2.3) and (2.4). The other is the fact that the set I'} is known to
be quite complicated: it has an irregular boundary [Mat07a] and many “holes”. Its
closure, T, is therefore more often studied, which can be shown to be a convex cone

[Yeu02, ZY97]. The set € is, however, much simpler. It is clearly bounded, since,
h, <la|, VaC{l,...,n} (2.5)

where |a| is the cardinality of the set a. Furthermore, it is straightforward to show

that the closure of {2} is a convex set.

Theorem 2.2.3 (Convexity of Q;) The closure of the set of normalized entropic

vectors, (1) 1S convexz.

We will present two proofs, since both are instructive.
Proof 1: ( Time sharing) Suppose h, € Q¥ , corresponding to random variables X1, ..., X,
with alphabet-size N, and b, € Q corresponding to random variables Y7, ..., Y, with
alphabet-size N,. Make n, independent copies of the first set and n, independent
copies of the second so that together the new concatenated random variables have

alphabet-size N= N;*. The resulting entropy vector is clearly

n, log N, e ny log Ny,
n;log N, +nylog N, *  nglog N, +n,logN,

which, since n, and n, are arbitrary, implies that one can get arbitrarily close to any
point on the convex hull of i, and h,. This implies the convexity of the closure of

Q. O
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Now let us form the convex combination of the distribution of two sets of random
variables X; and Y;, i = 1,...,n, with fixed alphabet size N. For this matter define

the random variables,

X; when 6=0
Y, when =1

where 6 is a random variable that is 0 with probability ps and 1 with probability

1 — pg. Then the probability distribution of Z; is,

P2y zn (21, s 2n) = DoDxy.. X0 (21 -y 2n) + (L — Do)Dvryvi (215 - oy Z0)- (2.7)

If we denote the entropy vectors of the set of random variables X;,Y;, and Z; by hy,

hy, and hy, respectively, then clearly it is not true that,

hz = pehx + (1 — pg)hy. (2.8)

However, the next proof shows that this is true in the limit!
Proof 2: (Convex combination of distributions) Make T' independent copies of each

of the sets of random variables X,; and Y; and consider the distribution

T T
Do HpX1 ----- Xn (Zlv 7272) + (1 - p9) HpY1 ----- Yn(zl’ 72;:1) (2 9)
t=1 t=1
Now for any o C {1,...,n}, we have
H(Z,19) <H(Zy) < H(Z..0) . (2.10)
——_—— —_——r

poH(XT)+(1—pe)H(YT) =H(Z0)+H (po)
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Denote Z! by Z; whose alphabet size is N7 and its corresponding normalized entropy

vector by hs. Then normalizing (2.10) by log N7 yields,

—po log pe — (1 —py) log(1 —pg)

pohx+(1—po)hy < hy < pohx+(1—pg)hy + Tlog N

(2.11)

which shows the convexity of the closure as T' — oo. 0
We remark that, for any fixed IV, the set of entropic vectors is highly nonconvex.
It is the fact that N is arbitrary (and can grow unbounded) that yields convexity.
We end this section by emphasizing that our choice of normalized entropy vec-
tors, and letting N be arbitrary, retains all the information needed to solve network
information theory problems, yet “smooths out” all the irregularities in I';. In fact,

the relationship between the two sets is as follows:

Theorem 2.2.4 (Q* and I'!) Define the ray of a set S as
ray(S) = {aX|a > 0,X € S}. (2.12)

Then we have

ray(QV) =T (2.13)

i.e., the ray of Q¥ is the closure of T'%.

Proof: Let V € I'*. This means that for any ¢ > 0 and o C {1,...,n} there exists
random variables X7, ..., X,, of some alphabet size N such that |H(X,) — V.| < e.
Therefore @V € 0 and so V € ray(Q}).

Conversely suppose V € ray(€2*); then by definition there exists a 3 such that %V €

Q| from which it follows that for any € > 0 there exist random variables X, ..., X,

with alphabet size N for which |h(X,) — %Va| <'e. Thus, IO%N V is a non-normalized

entropic vector. Since I is a convex cone [Yeu02], this implies that V € 'z O
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2.3 Network Capacity as a Convex Optimization

2.3.1 Objective and Constraints

Let us now return to the network problem (2.3) and study the consequences of what
we have considered so far. Consider all the random variables in the network and
designate them by X;, i = 1,...,n (the X; will thus include both the sources, the
destinations, as well as any random variables internal to the network). Now due to the
normalization = in (2.3), we can simply write the objective as a linear combination of
entropic vectors constructed from the X;. Furthermore, since we consider the closure
of the set of entropic vectors, the limy_, ., does not pose any problems. Finally, since
the set of entropic vectors is dense in its closure, replacing optimization over {2; by
optimization over Q¥ does not cause a problem.

The upshot of all these arguments is that (2.3) can be rewritten as
sup o'h, (2.14)

where « is the vector of coefficients and -* refers to transpose. The optimization (2.14)
should be performed subject to h € Qf and subject to the constraints imposed by the

network. These are of two kinds.

2.3.1.1 Topological Constraints
Xi,

X, x

\
&/ X,

Figure 2.3: Topological constraints at any non-source node
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Topological constraints have to do with the information flow in the network. Thus,
consider a “non-source” node in the network with incoming messages {X;,}F_, and
outgoing messages {X; q}f;{:l (see Fig. 2.3). Then clearly, we have the following linear

constraints on the entropy

h(X;, X, Xi,) =0 (2.15)

or, equivalently:

h(X;

Ja?

Xy, X)) = h(Xyy,..., X3,) =0 (2.16)

forall ¢ = 1,...1. Alternatively, at source nodes we have h(S;, S;)—h(S;) —h(S;) = 0,
if source nodes ¢ and j are independent or h(S;, S;) = h(S;) = h(S;), if source nodes
¢t and j are identical.

The conclusion is that topological constraints simply introduce linear constraints

on the entries of the entropy vector.

2.3.1.2 Channel Constraints

Channel constraints do not translate directly to entropies. What they do is constrain
the joint distribution of all random variables in the network (which then determines
the admissible entropy vectors). Thus, referring to Fig. 2.4, let a certain discrete

memoryless channel relate the messages X; and X;. Therefore,

p(Xi, X;) = p( X5 Xo)p(Xa), (2.17)

X, X,
" p(X;1X) -

Figure 2.4: A channel internal to the network
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or, equivalently,

/ IT dxe p(X1... . X5) :p(Xj]XZ-)/Hka (X1, ..., X,) (2.18)

kti,j ki

which is simply a linear constraint on the joint distribution. Now the fact that the
underlying distribution satisfies linear constraints has no effect on the validity of the
two proofs we gave for Theorem 2.2.3: time-sharing two sets of random variables
will satisfy the linear channel constraints if the original ones do and similarly convex
combination of any two distributions also satisfies the same linear channel constraints
that the initial ones do.

Therefore the presence of channels inside the network does not affect the convexity
of the space of admissible entropy vectors. We formalize this result in the following

theorem.

Theorem 2.3.1 (Channel-constrained entropic vectors) Let () . denote the space
of entropic vectors that are constrained by the discrete memoryless channels in the
network. Then the closure of this set, i.e., V% . is convex.

n,c’

2.3.2 Capacity Formulation as Convex Optimization

From the above discussions we can conclude that the problem (2.3) is equivalent to,

max  a'h, (2.19)
hes;, ., Ah=0

n,cr

where wa denotes the convex space of channel-constrained entropic vectors, and A
is a matrix multiplying the entropy vector h such that the Ah = 0 represents the
topological constraints (which, as was stated earlier, enforce linear equalities on the
joint entropies). Note that, since the constraint set is closed, we can use max, rather

than sup.
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Remarks: The formulation (2.19) is significant for at least two reasons:

1. By going to the space of normalized entropy vectors, we have circumvented the

problem of “infinite-letter characterization”.

2. We have also circumvented the “nonconvexity”. (2.19) is a convex optimization
problem. In fact, the infinite-letter characterization is what yields convexity

(the space of entropic vectors is not convex for any finite 7).

2.3.3 Some Applications
2.3.3.1 Duality and Cutset Bounds

As a first attempt, a simple use of some basic machinery from convex optimization
yields some interesting results. In network flow problems, the duality between mazx-
flow and min-cut is well known [EFS56, FF56]. In information theory cutset outer-
bounds are also well known (see, e.g., [CT91]); however, to the best of our knowledge,
these have been obtained by relaxing the network problem to a point-to-point prob-
lem (assuming certain nodes can fully cooperate with the sources and others can fully
cooperate with the destinations), rather than through any duality argument.

Note that in (2.19) we can enforce the linear constraints through a Lagrange
multiplier A to obtain,

max a'h = max min (a'h+ A Ah). (2.20)
heQy, .,Ah=0 heQ . A

Using the duality of convex optimization we can interchange the max and min to

obtain

max a'h=min max (a'h+ A Ah). (2.21)
heQy, .,Ah=0 A el
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In particular, for any A, we have the upper bound

max o'h < max (a'h+ NAh). (2.22)
heQ, ., Ah=0 heqy, .

n,co

Consider now an arbitrary cut through the network, such that all the source nodes
reside on one side of the cut and all the destination nodes on the other side of the
cut. Set to zero all components of the Lagrange multiplier A that correspond to edges
that do not cross the cut. Now all nodes on either side of the cut can fully cooperate
and so the problem becomes a point-to-point problem whose value is simply the cut
capacity. Therefore the upper bound in (2.22), after minimizing over the remaining
components of A, is simply the cutset upper bound corresponding to this cut. We have
therefore obtained an interpretation of cutset bounds through duality and Lagrange
multipliers. More clever choices of the Lagrange multiplier can lead to improved

upper bounds over the cutset bound.

2.3.3.2 Wired Networks

In the current framework, solving network information theory problems requires char-
acterizing the set Q;jc. This seems formidable (to say the least). However, as we shall
presently see, for wired networks things simplify considerably. Wired networks are

defined through three main characteristics:

1. Each link represents a (discrete memoryless) channel.

2. The signals transmitted on outgoing edges of a node (X;, X; in Fig. 2.5) can be

distinct.

3. The signals impinging on a node (X, X; in Fig. 2.5) are received without in-

terference.



Figure 2.5: A wired network

Due to these properties the network capacity problem can be greatly simplified.
In fact for wired networks the separation of channel and network coding [SYCO06,
KEMO09, JE10], implies that any noisy link with information theoretic capacity C
can be replaced with a lossless bit pipe of the same capacity. In such scenario it is
shown that a set of rates are achievable in a noisy network if they are achievable
in an equivalent network whose links are replaced with noiseless links of the same
capacity. Therefore instead of studying the noisy network where for each link there is
a transmitted signal at the input and a received signal at its output, we may obtain the
rate region of the equivalent noiseless network by assigning a single random variable
X. to every noiseless bit pipe e with the constraint that hx, < C. where C. is
the capacity of the noiseless link e. Hence if we assume that the total number of
random variables (sources and all X, ) in the noiseless network is &, then the channel

constrained entropy region simplifies to

Qin{hlhy, <C.}. (2.23)

From the above argument we can easily conclude the following theorem.

Theorem 2.3.2 (Wired Networks Capacity) Consider a wired network that is
acyclic and memoryless and has a total of k edges and sources. Moreover assume that

there is no feedback from the destinations to sources. Then any network information
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theory problem reduces to a problem of the form,

~ max a’'h, (2.24)
heQ¥;, Ve,hx,<Ce, Ah=0

where Ah = 0 represents the topological constraints of the network and C. is the

capacity of edge e.

Therefore for wired networks determining the rate region solely requires the charac-

terization of the unconstrained entropy region )} of k variables.

2.4 Conclusions

In this chapter, we introduced the notion of normalized entropic vectors—slightly
different from the standard definition in the literature in that we normalize entropy
by the logarithm of the alphabet size. We argued that this definition is more natural
for determining the capacity region of networks and, in particular, that it smooths
out the irregularities of the space of non-normalized entropy vectors and renders the
closure of the resulting space convex (and compact). Furthermore, the closure of the
space remains convex even under constraints imposed by memoryless channels inter-
nal to the network. It therefore followed that, for a large class of acyclic memoryless
networks, the capacity region for an arbitrary set of sources and destinations can be
found by maximization of a linear function over the convez set of channel-constrained
normalized entropic vectors and some linear constraints. This formulation circum-
vents the “infinite-letter characterization” issue, as well as the nonconvexity of earlier
formulations, and exposes the core of the problem: characterization of the entropy
region. We showed that the approach allows one to obtain the classical cutset bounds
via a duality argument. Furthermore, for wired networks where the separation of
channel and network coding holds the channel constrained entropy region simplifies

considerably where one only needs to characterize the unconstrained entropy region



28

to determine the rate region of such networks.
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Chapter 3

Lattice-Based Entropy
Construction

3.1 Introduction

Let X1,..., X, bea collection of n jointly distributed finite-alphabet random variables
and consider the 2" — 1 dimensional vector whose entries are the joint entropies of
each non-empty subset of these n random variables. Any 2" — 1 dimensional vector
that can be constructed from the entropies of n such random variables is referred to
as entropic. The region of all entropic vectors for n random variables is referred to
as I'y.

Characterizing the region of entropic vectors has long been an interesting open
problem. Many issues in information theory and probabilistic reasoning, such as
optimizing information quantities or characterizing the compatibility of conditional
independence relations, involve or are closely related to this problem. Moreover, as it
has been proved that the closure of I'} is a convex cone for any n, characterizing this
region is fundamental in the sense that many network information theory problems
can be formulated as convex optimization problems over this region. Thus, deter-
mining this region can lead to the solution of a whole host of information-theoretic
problems. On the other hand many proofs of the converse of coding theorems in-

volve information inequalities, the complete set of which can be found as a result of
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characterizing this region.

The work of Han, Fujishige, Zhang, and Yeung, [Fuj78, Han81, ZY98, ZY97,
Yeu97| has resulted in the complete characterization of I'; for n = 2,3 and their
relation to polymatroids and submodular functions. In particular, if we let N =
{1,..,n}, a0, C N, X, ={X; i € a} and X5 = {X; : i € B}, it is clear that the

entropy H(X,) = H(a) (for simplicity) satisfies the properties
1. H(f) =0
2. For a C : H(a) < H(f)
3. For any o, 8: H(aUB)+ H(an ) < H(a) + H(B)

the last of which is referred to as the submodularity property. The above inequalities
are referred to as the basic inequalities of Shannon information measures (and are
derived from the positivity of conditional mutual information). Any inequalities that
are obtained as positive linear combinations of these are simply referred to as Shannon
inequalities [ZY98]. The space of all vectors of 2" — 1 dimensions whose components
satisfy all such Shannon inequalities is denoted by I',. It is known that all valid
information inequalities for up to 3 random variables are “Shannon type inequalities”.
Therefore I'y = I'y and ['; = '3, where T} is the closure of T} [Z2Y97].

For 4 or more number of random variables however, it was discovered [ZY97]
that there are information inequalities which do not follow from the positivity of
conditional mutual information and hence they are “non-Shannon type information
inequalities”. From the discovery of these inequalities it followed that I'} is strictly
smaller than I'y. The non-Shannon inequalities have also proven useful in deriving var-
ious outer bounds for different network information theory problems [DFZ07, YZ99].

Although various outer bounds have been found for the entropy region of 4 or
more number of random variables by discovering new non-Shannon type information

inequalities [ZY97, DFZ06a, MMRV02, Zha03, Mat07b], its complete characterization
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remains an open problem. Moreover there has been much less focus on determining
inner bounds on I [ZY98, MS95]. These would be of great interest since they would
yield achievable rate regions for many network information theory problems. The
most well known inner bound for the entropy region is the so-called “linear repre-

sentable entropy region” [YLCZ06].

Definition 3.1.1 (Linear representable entropy) An entropy vector h of n ran-
dom variables is called linear representable if there are subspaces vy, . . ., v, over GF(q)
such that for any o C{1,...,n}, we have hy, = rank (Dicqv;) where & denotes the
space spanned by {v;,;i € a}. Denote the linear representable entropy region of n

random variables by I'7.

Clearly, I, C Iy C I';,. In fact it is known that all representable entropy vectors,
satisfy an inequality called the “Ingleton bound” which does not hold for all entropies

in general.

Definition 3.1.2 (Ingleton inequality) For a subset of at least 4 random variables

i,7,k, 1, the Ingleton bound is as follows [Ing71],

hi + hj + hiji 4 hiji + by < hij + hig + hyg + by + by (3.1)

Although the linear representable entropy regions of 4 [HRSV00] and very recently
5 [DFZ10] random variables have been determined, the general characterization of
I'7 remains an open problem. In essence there exists no generalizable approach for
obtaining inner bounds of the entropy region for any number of random variables.
Creating such inner bounds is the main goal of this chapter. In fact we present a
method that obtains polytope inner bounds for the entropy region and that can be
generalized to any number of random variables. Polytope inner bounds are specially
useful since they allow one to solve network problems via a linear program.

We should mention that in this chapter, we shall focus on normalized entropy
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vectors. Recall from Chapter 2, Definition 2.2.2, that the normalized entropy vector
of n discrete random variables of alphabet size N is defined as the 2" — 1 dimensional

vector of all normalized joint entropies h,,,

h(X,), YaC{l,...,n} (3.2)

and the region of all such normalized entropy vectors by €. As it was discussed in
Chapter 2, there are several reasons for considering this normalized version: it is often
the normalized version that comes up in capacity calculations (where the normaliza-
tion represents the number of channel uses) and it makes the entropy region finite
[HS07a]. Moreover it can be shown that Qf is convex and the notion of normalized
entropy makes this proof trivial.

The difficulty in characterizing the entropy region is that one should consider
all possible distributions of n random variables over any alphabet size N. However
it turns out that there is a set of probability distributions that are sufficient for
characterizing I'" and therefore these are the distributions we will focus on in this
chapter.

The remainder of the chapter is organized as follows. The next section studies
quasi-uniform distributions, which will be the building blocks for our construction.
Section 3.3 contains the main results of our method, especially the construction of
entropic vectors using lattice-generated probability distributions. Section 3.4 makes
the construction explicit for 2,3,4, and 5 random variables and shows the tightness of
our construction for n = 2,3. Finally, in Section 3.5, quasi-uniform distributions of

alphabet size 2 are studied.
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3.2 Quasi-Uniform Distributions

One way of characterizing I} is through determining its kissing hyperplanes:

a'H=> a.H,>", (3.3)
aCN

for a € R?"~! and for all H € T'%. To determine the value of ~y, one needs to perform
the optimization,

7 = min anH,. (3.4)

One of the difficulties in performing this optimization is that the alphabet size of the
underlying distribution is arbitrary. Nonetheless, if we restrict the alphabet size of
each X; to N and attempt to optimize over the unknown joint distribution px, (zxr)
then we can use the Lagrange multipliers to write the following unconstrained opti-

mization problem,

min max 3 anH (wa) + 1 (Y palow) = 1) = D Mapxglon).  (35)

Px s A20,u

Enforcing the KKT conditions by taking the derivative with respect to px,,(xar) gives,

1
Z aglog ———— =c if px,(zn) #0, (3.6)
Otg./\f an<xC¥)

for some constant ¢. The KKT conditions imply that, rather than searching over
all possible distributions px,,(xxr), we need only search over those distributions that
satisfy (3.6).

Of course, there can be many solutions to (3.6). However, a rather obvious

solution—and one that does not depend on a, the normal vector of the hyperplane—is
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the following. For any a@ C N

an<xa) = Cq Or 0 (37)

for some constant c, independent of the point z, € {1,..., N}I*l. In other words,
these are distributions that take on zero or a constant value for all possible marginals,

px, (+). Such distributions are referred to as quasi-uniform [Cha01].

Definition 3.2.1 (Quasi-uniform distribution) A joint distribution of n discrete
random variables px,(zar) N = {1,...,n} is called “quasi-uniform” [Cha01] if the
distribution itself and all its marginals take on a zero or constant value, i.e., Vo, a C
N i px. (xa) = co or 0 where ¢, is a constant depending on «. The space of all quasi-

uniform distributions of n random variables is denoted by A,,.

Computing the entropy for quasi-uniform distributions is, of course, straightfor-
ward:
1
H(a) =log —. (3.8)

Ca
It also turns out that one can generate quasi-uniform distribution by appealing to

the concept of groups as stated in the following.

Theorem 3.2.2 (Quasi-uniforms and groups) [Cha01, CY02] If G is a finite
group whose subgroups are G1,...,G,, then for any element of g € G let X =
(X1,...,X,) be an n dimensional vector whose ith element is the index of coset of
G; to which g belongs. Assigning a constant probability to each X encountered in

this fashion yields a quasi-uniform probability for X, ..., X, where the joint entropy

G|

of a collection of random variables indezxed by a is obtained from h, = log FrcaCil”

The entropy vector such obtained is called “group-derived”. The region of all 2" — 1

dimensional group-derived entropy vectors is denoted by Y,,.

Then the remarkable result of [CY02, Cha0l] is that the set of all group-derived
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and hence quasi-uniform distributions is sufficient for characterizing the entropy re-

gion.

Theorem 3.2.3 (Quasi-Uniform Distribution) con(Y,) = con(A,) = [

the convex closure of A,, and Y,, is the closure of I} .

We provide the sketch of the proof, as it is instructive.
Proof: Note that we clearly have con(Y,) C con(A,) C I'X. Therefore all we need
is to prove that I'* C con(T,). The idea is to show that every 2" — 1 dimensional
entropy vector H is asymptotically characterizable with groups. To provide a sketch

of the proof we only show this for H;. First note that,

1 1 Di
H, = Zpi 10g; = logH (;) (3.9)

where p is the corresponding marginal distribution. Without loss of generality assume

that p; = Jg where M, and () are integers and ), M; = (). Then using Stirling’s

approximation we have,

1 Q\" 1. /Q\“ 1 1 Q!
H= @loglj (M) = alog (;) H (J\;IZ)ML ~ alog [T M (3.10)

This suggests to define a group G as a permutation group on () elements. Furthermore
partition the set of () elements into subsets of size M; and let the subgroup G be
the permutation group that permutes within My, --- | Mj. 0

Since considering quasi-uniform distributions is sufficient for characterizing I'*,
in this chapter we will focus on the generation of quasi-uniform distributions by

considering lattice structures.
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3.3 Distributions from Lattices

3.3.1 Principles and Preliminaries of Construction

Determining all quasi-uniform distributions appears to be a hopelessly complicated
combinatorial problem. Since we are looking for a construction that can be generalized
to any n, it seems reasonable to impose some structure. Some circumspection suggests

the use of a lattice structure.

Definition 3.3.1 (Lattice Structure) In general the points of a lattice in the n

dimensional Fuclidean space can be represented as follows:
x =Mz, (3.11)

where x € R™ are points in the lattice, M € R™ ™ is the so-called lattice-generating
matriz, and z € 70" is an integer vector. Since the points we are interested in belong to
{0,..., N — 1}", we require that x have integer entries. We will therefore henceforth
assume that M has non-negative integer entries, so that M € (Z1)"*"™. We will refer

to the lattice generated by the matriz M as L(M).
We can assign a probability distribution to a lattice structure.

Definition 3.3.2 (Lattice-Generated Distribution) A probability distribution
over n random variables with alphabet size N each, will be called lattice-generated, if

for some lattice L(M), we have,

c T 0,....,N—=1}"NnL(M
pxy(Ty) = vl } ) : (3.12)

0 otherwise

Example 3.3.3 (A two-dimensional lattice) Fig. 3.1 shows a two-dimensional

lattice generated by the matriz, [% 8}, when the alphabet-size is N = 4. Note that
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Figure 3.1: An example of a lattice

the probability distributions are as follows,

pX1(0> - pX1(2) = %, pX1<1) =pPx; (3) =0
p,(0) = P, (1) = P, (2) = Py (3) = |

(xlny) € {(Oa())a (27 1)7 (07 2)’ (2’ 3)}

=

Pxy.X, (21, 22) =
0 otherwise

Having this distribution, we can easily compute the corresponding entropies and hence
the entropy vector.

We now need a few lemmas.

Lemma 3.3.4 (Bezout Identity) The following equality holds for 2-by-2 lattices.

0

My M ged(Myy, Mo)
r 11 12 _r , (3.13)
My Mag—Mo M
M1 Mao Moz + Mooy W

where x,y are integers found from the Bezout identity Mz + Moy = ged(Miq, Mis).

Proof- Follows from post-multiplication by | * —Mz/ged(Muy, Mis) , which is a
Yy Mll/ng(Mlh Mlz)
unimodular matrix. O
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Lemma 3.3.5 (Lower Triangularization) Any lattice-generating matriz with non-
negative integer entries can be lower triangularized without changing the resulting

lattice.

Proof: Follows from repeated use of Lemma 3.3.4 in a fashion akin to QR factorization.
0
Hence, we will assume that the lattice-generating matrix M is lower triangular.

Consider a lattice generated by the matrix,

N 0
(3.14)

1 N

The resulting lattice is shown in Figure 3.2. Note that if we want to calculate the
entropies of X; and X, based on the possible values that X; and X, take in the
(0,1,...,N—1) range (which in turn defines their probability distribution), we end up
counting the values for X, that fall in this range which are outside of the (0,1,..., N—
1) x (0,1,..., N — 1) box and we will obtain the normalized entropy hs = 1. On the
other hand if we only focus on the (0,1,...,N —1) x (0,1,..., N — 1) box we get
hy = 0. To avoid this problem of counting the points that do not belong to the
(0,1,...,N —1) x(0,1,..., N — 1) square, we need the lattice to be periodic with a

period that divides N.

Lemma 3.3.6 (Lattice-Generated Quasi-Uniforms) A lattice-generated distri-
bution s quasi-uniform if the lattice has a period that divides N. The latter is true

if, and only if, the matriz M—*N has integer entries.

Proof: Assume the lattice M has a period that divides N. This is true if, and only
if, for every z € L(M) the point z + Ne; belongs to L(M) for all i = 1,...,n,
where e; is the i-th unit vector with one in the i-th position and zeros elsewhere.

In other words, if there exists an integer vector z such that Mz = =z, there should
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Figure 3.2: A lattice whose period does not divide N

also exist an integer vector 2" such that Mz® = z + Ne;. Therefore we obtain
M (2% — 2) = Ne,;. Letting i = 1 and assuming that M is lower triangular based
on Lemma 3.3.5, we immediately obtain Mj; # 0. Continuing this process for all
1 < n we deduce that Vi, M;; # 0 which for a lower triangular matrix implies that
det M # 0 and therefore M~! exists. As a result we can rewrite the above relation
as 20 = Mtz + M~'Ne; = z + M~'Ne;, which means that M ~'Ne; should have
integer entries for all 7 and establishes the second claim of the lemma.

We now need to show that the resulting distribution is quasi-uniform. To this

end, note that

Px.(Ta) = Z Pxp(Tn) = ¢ Z L,

IN -« Z‘N,a,pXN(Z‘a,:EN,a)#O

which implies that a distribution taking on only the values 0 and ¢ is quasi-uniform
if, and only if, for every value z, for which px_(z,) is nonzero, the number of xa_,
for which px, (%4, Tar—a) is nonzero should be constant. Now partitioning the lattice-

generating matrix according to o and a¢ = N — «a and lower-triangularizing using
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Lemma 3.3.5 yields
Q:a Ma 6% 0 Za

— ’ . (3.15)
T e Mac,a Mac,ac Zac

Any value of z, that yields a nonzero px, (z,) is one for which z, = M}z is an
integer vector. Therefore so is the vector Maec oM, !z, Thus, the number of x,e
for which px,(Za, Tac) is nonzero is given by the number of e in {0,..., N — 1}1°l
for which Mae aeniae = Tae — Mae oM Iz, has an integer solution in n,.. However,
since the lattice is periodic with period dividing N, this number is independent of
the integer shift Mac’aM;éxa. O

Lemma 3.3.6 tells us that we should focus on lattice-generating matrices such that
M~'N has integer entries. The next lemma of this section shows us how to extract

the entropies from the lattice-generating matrix M.

Lemma 3.3.7 (Entropy Extraction) Consider a lattice-generated distribution
with period dividing N. Then the normalized entropy of any collection of random

variables X, is given by,

log | det M, 4|

h(a) = |o] - “EE e

(3.16)

where M, o 1s found from the lower triangularization of the lattice-generating matriz

in (3.15).

Proof: The distribution is quasi-uniform and so the entropy h(«) is simply the log of
the number of nonzero points in the distribution px_(z,). The total number of points
is Nlol and the volume of the basic volume element in the lattice corresponding to the
variables z, is well known to be |det M, ,|. This gives the total number of nonzero
points in the distribution as N1* /| det M, |, which when normalized by log N yields

the desired result. O
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It turns out that we can further simplify the entropy extraction formula of (3.16).

Lemma 3.3.8 (Entropy simplification) The normalized entropy of a collection of
random variables X, of alphabet size N, with a lattice-generated distribution whose

period divides N can be obtained from

_ log|ged( all |af x |a| minors of M,

h(a) = fal o ,

(3.17)

where M 1s the lattice-generating matrix and M, is the submatriz obtained by selecting

those rows of M which are indexed by a.

Proof: In a more general setting, (3.15) can be written as follows:

T Ma Za
= (3.18)

T qe Mac Zac

where M, is |a| x n and low-rank. We can write the equivalent Smith normal forms

[Smi84] of M, and M,. as,

Ma = UIDI‘/I (319)

M,. = UsDyVs (3.20)

where U; and V; are unimodular matrices, and D; are of the form

& 0 ... 0
_ . . lal A
Di = g D =] (D) gaixdal Ogalx(n-lal) (3.21)
diy 0 ... 0
with the property that d} = A%—% where A;(j) is the ged of the j X j minors of the

corresponding matrix M, or M, and A;(0) = 1. Therefore (3.18) can be written as
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follows,
Ty U1D1 Ny
= Vi . (3.22)
Tge U2D2‘/2‘/171 Nace
However,
U,D U,D
c B I VA Ry o . (3.23)
Us DoVo Vi Us Do VoVt

Noting that Uy D, = (Ulﬁl)(|a|x|a\) O (o[ (n—lal)) and using Lemma 3.3.7 we ob-

tain,
log | det D;|
h(a) = |af - “logN (3.24)
or equivalently,
log | ged( all |a| x || minors of M,)|
h(a) = |o| — o , (3.25)
which is often easier to compute. O]

3.3.2 Actual Construction

In this section, we show how we can indeed simplify and calculate the lattice-derived
entropies. Note that from Lemmas 3.3.5 and 3.3.6, we are assuming that the lattice-
generating matrix is a lower triangular matrix whose diagonal entries are nonzero. As
a matter of fact we can further assume that all the off-diagonal entries are nonzero
as well. The reason is that if any of the off-diagonal entries are 0, since the whole
generator matrix is full rank, we can replace M with another full rank lower-triangular
generator matrix which does not have any zero entries and generates the same lattice.

To be more exact, if M;; = 0, then column j of M can be easily replaced by a linear
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combination of columns j and ¢ such that the 5 entry will no longer be zero. In
summary and recalling the conditions of Definition 3.3.1, we are making the following

assumptions about the entries of M,
[ VZ,j Mz‘j € Z and Mi]’ > 0.

Now we should remark that for any integers M;; it is always possible to find a
large enough integer N and positive rational numbers «;; such that M;; = N7,

Furthermore, for large enough N it follows that ged(N?d, Nkt) = N™n0is )
which considerably simplifies the ged calculation as it appears in entropy extraction
formula (3.17). Since we are studying normalized entropies, increasing N comes at
no cost and so we will assume all of the above.

Describing the entries of the matrix M in terms of the rational numbers 7;; will
eventually result in the description of the lattice region in terms of v;;’s. However
before attempting to derive the joint entropies, note that the quasi-uniformity re-

quirement of Lemma 3.3.6 also translates into a set of conditions for ;;’s.

Theorem 3.3.9 (v constraints) Enforcing quasi-uniformity on the lattice distri-

bution, results in the following constraints on ;;’s,

P33ty ey Tk) = Yiriy F oo Vinin — Viging — - — Vigiy < 1

V{il,...,ik}g{l,...,n}, i1<i2<...<ik. (326)

Proof: Note that by Lemma 3.3.6 a lattice-generated distribution is quasi-uniform

if NM~! has integer entries. Let the lower-triangular matrix M, = [ffi]1<i<j<, be

the inverse of the p x p lower-triangular matrix M, = [N7]. Let r denote the index

of the set {i1,...,ix_1} in the power set of {1,... iy — 1}. Then we equivalently

denote p(iy,..., i) by p; (r). We show that: I) the entries of the inverse matrix,
2i-1

my | < j are of the form mj = Y7, aV NP where i) € {=1,0,1}, and II) for

any 1 < j<pand 1l <r <271 3 such that agjl) # 0. Note that from I it follows



44

that to have integer entries for NAM ~! we need the terms N'~?i(") to be integers which
is possible for large enough N if the exponents are positive. This in turn gives the
inequalities p;(r) < 1 or equivalently (3.26). Moreover II states that we will need all
such inequalities, i.e., V1 < j <p,1 <r <271

We proceed by induction. For n = 1, M = N7, and therefore NM~! is simply
equal to N'™1 and T and IT are immediately true (note that v;; = pi(1)). The
corresponding inequality in this case is the somewhat trivial inequality v;; < 1 which
follows from the positivity of 1 —~v;;. Next we assume that I and II are true for n = p

and prove them for n = p + 1. Consider Mp—i-l which is essentially of the form,

§ M, - 0
My = . (3.27)

Mp+11 - Mpilp+l

Requiring Mp+1Mp+1 to be an identity, gives,

M, - 0 M, - 0
X = Ipt1 (328)

Yp+1,1 Yp+1,p+1 I~ i~
Nr+ ... N7ptip+ Mp+11 -« Mpt1p+1

where I,y is the p + 1 by p + 1 dimensional identity matrix. Since M,M, = I, we

only require,

p+1
D N =0 1=1,...,p (3.29)
=l
N%“W“mp_,_l,p_;_l:l. (330)
From (3.29) it follows that,
p
Mpprg = — »  N-Orsont =iy, [ =1, p. (3.31)

g=l
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Replacing for mj from the induction assumption gives,

p 2771
Mpi1] = — Z Z aﬁjl)N—(”/p+1,p+1—'yp+l,j+ﬂj(7’))7 l=1,...,p. (3.32)
j=l r=1

However,

Yp+1p+1 — Vp+1,j T Pj (7’) = Pp+1(8)

for some s as an index of the elements in the power set of {1,...,p}. Therefore,

op
Mpirg = 3 PHONTa =1 p. (3.33)

s=1

Note that pp+1(1) = Ypt+1p+1, which does not appear in the summation (3.32) and
therefore we should have bi”“’” = 0in (3.33). On the other hand, for any 2 < s < 27,
there exist unique jo < p and 1 < rg < 2771 such that pyi1(S) = Vpr1p+1 — Voo +
Pjo(ro). Denoting jo and ry as functions of s by j; and r,, respectively, we can write

(40

1l .
b in terms of al ,

a2l
pHLD — (3.34)

0 Jjs <l or s=1.

Now for any s # 1, let [ be any column index that is less than jg, i.e., let | € {1,...,7s}.

Therefore for any [ we have, pPH = ags’l). By induction assumption for any j, and

rs, 3 1* < js such that a&fj”*) # 0. Let [ = 1* and we obtain b¥") # 0. Finally for
s =1, from (3.30) we obtain that 1,1 = N %+t = N=Pr+1(1) which concludes
the proof. |

Remark: Note that (3.26) implies v; < 1. However, this need not be true for

Yij» ¢ # j. Although by periodicity of M with period that divides N, one could
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argue that the lattice may be generated with another matrix M’ whose entries are
all bounded by N (equivalently v;; < 1), however M’ will not necessarily be lower-
triangular anymore.
Recall that the normalized joint entropy h, of a lattice-based distribution can be
obtained via the ged of all the corresponding |a| X || minors as stated in (3.17). The
equivalent «y;; characterization of the entropies can be obtained via the replacement

of M;; = N7 and using a couple of lemmas.

Lemma 3.3.10 Letd ande;, i =1,...,m be fixzed positive (nonzero) rational num-
bers. Moreover let N be an integer that can be made arbitrarily large. Then N¢ and

(- N¢ £1) are coprime integers.

Proof: Without loss of generality, let d = 7 < 1 and e; = 2

2 <1 for some 7, s;,t € Z

and assume that e; = min{e;, 7 = 1,...,m}. N can be made large enough so that

$;—s1

Nt is an integer. It follows immediately that N, N%, and N~ 7 , i=2,...,m are

all integers and therefore we can write > . N4 +1 = N (14> " N “)+1 =
(14 w)N £ 1 where w = Y ", N%~“ is an integer. Therefore we want to show
that N4 and (1 +w)N® 4 1 are coprime. In the following we prove the lemma for
(1 + w)Ne — 1, the proof for (1 + w)N® + 1 case is similar. Two cases may be

considered,

s1—r
t

1. d < e;: In this case, N~ 7 is an integer and therefore N¢ divides N and
henceforth (1 + w)N°'. As a result, and since consecutive integers are coprime,

we obtain that N¢ and (1 + w)N® — 1 are coprime.

2. d > ey: As in the last case, by making Nt an integer we can make N¢, N¢,

and N% all integers as well,

N¢=c.N* 2 NI, (3.35)
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Now assume by contradiction that N¢ and (1 + w)N® — 1 are not coprime.

Therefore there exist integers £ > 1, a and b such that,

Ni=Fk-a (3.36)

(1+w)N —1=k-b, (3.37)
From equations (3.35)—(3.37) one can easily obtain that,
c=k-((1+w)a—cbh). (3.38)

In other words k also divides N%¢ and therefore N4~ and (1 +w)N® — 1
are not coprime either. Now the process can be repeated for N¥ = N4 ¢ and
(1+w)Ne — 1. If d — e; < ey, by reasoning of case 1 we conclude that N and
(1 +w)N*e — 1 are coprime, which is a contradiction. Otherwise by repeating
(3.35)—(3.37) we obtain that N42¢ and (1 + w)N® — 1 are not coprime. This
can be repeated [ steps to obtain N47! and (1 +w)N® — 1 are not coprime.
When d — le; becomes less than e; contradiction is reached based on case 1,

establishing the result of the lemma.
OJ

Corollary 3.3.11 If in Lemma 3.3.10 some of the e; are zero (without loss of gen-
erality, e.g., €ps1, ..., €y =0 form’ < m) such that " N +1= Zzl N¢ £+
where ¥ is a nonzero integer, then there is a class of unbounded N’s for which N¢

and Z:’il N¢ £ are coprime.

Proof: The proof hinges on the fact that we can choose N such that for any rational
number £ = %, N® and 1 are coprime. Since for an integer ¢, ¢ and cyp + 1 are

coprime, one trivial choice for N is (i) + 1)* where ¢ is an arbitrary integer that

r
t

allows N to be arbitrary large. Therefore, assuming d = % and ¢; = , we have
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N4 = (e + 1) and 7 N% +£4p = 37 (e + 1) = b, which can also be written
as, ZZ’L N¢ £+ 1) = (e + 1)b + 9, where b is the integer obtained by factoring out
(ctp+1). Let a be the integer equal to 7¢ letting us denote N¢ = (¢ + 1), Now it is
easy to show that (ci) + 1)* and (cip 4+ 1)b+ 1) are coprime. If by contradiction, there

is a common divisor A, we can write

(cp+1)"=Ar-0 (3.39)

(ch+1)bEth=\-0 (3.40)

for some integers ¢ and 6. Multiplying (3.40) by (c¢» + 1)*~!, and replacing from
(3.39) we obtain
(cp+ 1) =X (6(c + 1) — ¢b) . (3.41)

In other words, A(cy + 1) 1. However, based on (3.39), A divides (cyp + 1),
and hence, A\ and ¢ should be coprime.! From this it follows that A should divide
(cp+1)"1. Now, by replacing a with a—1 in (3.39), and repeating this argument, we
obtain that A should also divide (ci/+1)*"2. Continuing in this manner, we ultimately
obtain that A should be a common divisor of (cy) + 1) as well, i.e., cty + 1 = X - 7.
Replacing this in (3.40), immediately gives that, A divides ¢, which is a contradiction.
Therefore, (¢t + 1)* and (¢ 4+ 1)b £ ¢ are coprime, which means that there is an

infinite set of choices for N that makes N9, and Zzl N¢ + 1) coprime. O

Corollary 3.3.12 Assume NV|(>_, N° — >, N™) where o}, and 7, are positive ra-
tional numbers such that o # 7 Yk, (i.e., no cancelation occurs). Then NV|N*

and NY|N™, Vk,I.

Proof: We can equivalently write (>-, N°* — >, N™) = >~ (—1)* N/ where no two

terms cancel in the latter summation and «; are either 0 or 1. Assuming with-

ITo see this, assume the prime factorization cyp + 1 = [[p¥. Considering that A|(cy + 1)?, we

obtain A = [[p}*, where ¢/ < ag;. However, since ¢ and ci + 1 are coprime, prime factorization of
1) should be of the form []w;*, where {u;} N{p;} = 0. Therefore, clearly, A and ¢ are also coprime.
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out loss of generality that f; = min{f;}, we can further write this summation as
(Zi?ﬂ(—l)o‘iNfi*f1 + 1) N/t where £ account for (—1)®. Note that if some of
fi,i # 1 are equal to f; so that the corresponding exponent (f; — fi) becomes zero,
those terms ought to have same sign as N/! (since there are no canceling terms). In
other words if we denote £ = {i|f; = fi}, then Vi € £, o; = ay. Therefore we can
further write <Z#1(—1)ai]\ffi_fl + 1) N/t = <Zi¢§(—1)aiNfi_f1 + ]5\) N/, Similar
to Corollary 3.3.11, it can be shown that the terms (Zi¢£(—1)aiNfi_f1 + ]5\) and
NV are coprime. Thus if N| (Ei%(—l)“il\fﬁ_ﬁ + ]5\) N/t we can conclude that
NV should divide N/t. However since f; = min f; we obtain that NV|N/i Vi. 0J

Having Corollary 3.3.12, we can now go back to the formula of (3.17) for entropy

calculation. First we need a definition,

Definition 3.3.13 Let A and B be two subsets of {1,...,n} s.t. |A| = |B|. Define,

|Al=|B|
da/B = Z YA@)B(i)- (3.42)
i1

For example, for A ={2,3} and B = {1,2} we have, 633/12 = Y21 + V32-

Lemma 3.3.14 For o, C {1,...,n} and |a| = ||, let ma(B) denote the minor of
M, whose row and columns are indexed by o« and [, respectively. Then my () can be

expressed as,

Ma(B) = D Nows — Y~ N (3.43)

B'E€Be,a B"€Bo,a

where Bea = {me(B) | (me(B))i < i} and Boo = {me(B) | (76(B))i < i} in which
Te(B) and 7,(B) represent the even and odd permutations of 3, respectively, and (.);

denotes the i-th element of that set.
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Proof: Using the Leibniz formula for determinants, a minor can be expressed as a

polynomial of the form,

ma(B) = Y sgn(m) N5 oo (3.44)

mim(B)i <
where a; and 7(3); denote the ith element of the sets a and 7(/3), respectively, and 7
is any possible permutation on the set of column indices of the |«| x |«| minor. Note
that only those permutations 7 are included for which 7(8); < «;. This is due to the
fact that we have assumed that the matrix is lower triangular. Since sgn(r) is 41 for

even permutations and —1 for odd ones, we can further write (3.44) as,

ma<ﬂ) = Z sz Vaj,me(B); — Z sz Vaj,mo(B); (345)

Te:me(B)i <y ToiTo(B)i <t

where 7, and 7, correspond to odd and even permutations, respectively. Using Defi-
nition 3.3.13 in (3.45) concludes the proof. O
Ezample: Let n = 4, o = {2,3,4}, and = {123} and assume we want to compute

Ma34(123) that will be the following determinant,

N’YQI N’YQQ 0
moze(123) = | N1 Nwz Ns |, (3.46)

N’Y41 N’Y42 N’Y43

Note that S = {(1,2,3),(2,3,1)} and 5, = {(1,3,2),(2,1,3)}. Therefore we will

have

m234(123) — N5234/123 + N5234/231 _ N5234/132 _ N5234/213. (347)

This can be easily verified by direct calculation as well.
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Based on formula (3.17) to find the normalized joint entropy we have to calculate,

log ged( ma(B) : B C{1,...,n},[B] =|a])

hia) = — 4
h(a) = o ooy (3.45)
which by Lemma 3.3.14, will be equal to,
log ged , Noassr — " No/s” B8] = |
E(O() — |Of| _ (Zﬁ eﬁe,a Zﬁ Eﬁo,a | ‘ ’ | ) (349)

log N

We may compute this using Corollary 3.3.12, however, as was also mentioned in that
corollary, first we need to make sure that the terms will not cancel each other. In
other words if it happens that for some m,(83) and its respective B o, 500, We have
Oa/g = Oasgy for some [ € Peq, B € Po, then those terms will cancel out in that
me(f) and should not be included in the ged calculation. When the number of terms
gets large, deciding which terms will cancel and which will remain can become tricky.

Therefore we need a mechanism that will allow us to simplify m, (/) in those cases.

Lemma 3.3.15 Consider the minor mq(8) =, NP8 — > Néa/ﬁy, where we

have 3] € Beas B € Poe. Let 0ayg and da/sy be

1(0ay81) = {0aspy 1008 = dayar} (3.50)

V(0asgr) = {0ayp;l0assy = daspr} (3.51)

and define,

(

00 if [V(dasay)| #0 & [v(0aser)l = [1(v(0assy))]

oo if |v(0aypy)| < |n(v(daysr))] . (3.52)

Pﬂe 0750 o (505/,8/ )
J g s
a/é_;l /IL(V( Ct/ﬁ]/))l ‘l/(éa/ﬁ;’”

0 otherwise
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Also define P, , p,.(0ayp;) similarly by exchanging i and v in (3.52). Let t be an
exponent, i.e., t = 0q/5 OT 504/@/. Then the term N does not cancel with any other

terms in my(B) if Pﬁe,a,ﬁo,a(t) =0.

Proof: Let g5 = 1if 64/5 = 5a/5;/ and 0 otherwise. Consider the bipartite graph with
the left node set of {A;} assigned to d,/g and the right node set of {B;} assigned
to I, /8" (Fig 3.3) such that A; and B; are connected if and only if da/p = d, /8"
(i.e., €;; = 1). Therefore we can use (3.50) and (3.51) in a similar fashion, i.e.,
p(A;) = {Bj|A; = B;}, v(B;) = {Ai|Bj = A;} to denote the neighbors of A; and B,
respectively. Similarly if S'is a set, define (Ag) = Ujespt(4;) and v(Bg) = Ujesv(B;).
Since equality is a transitive property, we can readily see that, if ;(A;) N u(A;) # @
then p(A;) = pu(A;) (the same property holds for v(B;) as well). This tells us that
a valid set for ¢;; are the ones that partition the bipartite graph into bicliques. To
simplify m,(8), we can decide for each term N Sase; (or N %as 7) if it will cancel with
one of the N %assy (or N %o %). On the bipartite graph this is equivalent to finding a
matching where the matching nodes are the ones whose corresponding terms cancel
out in m, (/). Here is a simple method to find such matching.

Assume we want to find out if B; gets matched with any of the A;’s (the argument
for A; would be similar). Let C' be the biclique within the bipartite graph to which
B; belongs. By definition the number of left nodes of C'is |v(B;)| and the number of

right nodes of C'is |p(v(Bj))|. The following can be deduced,
1. |v(B;)| = @ : This means that B; does not match with any of the A;’s.

2. [v(Bj)| # @ and |v(Bj;)| > |u(v(B;))] : In this case, since the number of A;’s
that match with B; is more than the number of right nodes of S, we can be
sure that B; will get paired with one of the A;’s on the left of C' and as a result

we can discard B;.

3. [v(Bj)| < |u(v(B;))| : In this case not all the right nodes of C' will pair with its
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Figure 3.3: Example of a graph representing equality relations between d,/g and
O /8! Note that A;, and B represent 45, and 4, /8! respectively.

left nodes A; and therefore we choose to pair B; (discard) with a node on the
left of C, only if it is among the first |v(B;)| nodes on the right-hand side of C

(first [v(B;)] of u(v(B;)))-

Therefore we can define a parameter P as,

;

oo if [(By)|#0 & [v(B;)| = |uw(B)))l

[I>

Prays,y(Bj) = J oo if [v(B))] < |u(w(By))] & Bj € p(w(By)) s,y (3-93)

0 otherwise
\

which is 0 only when the node is not matched with another node or equivalently its
corresponding term does not cancel in m,(3). Note that for P(A;) the role of p and v
should be exchanged in the above. Replacing A;, B; with their equivalent 0,4/, 04 /8!
gives (3.52). O

FExample: An example of such a bipartite graph can be seen in Fig. 3.3. Note
that, e.g., /L(Al) = {Bl,BQ,Bg}, I/(Bg) = {Al,AQ} and [L(I/(Bg)) = {Bl,BQ,Bg}.
Based on (352) we obtain that P{Ai},{Bj}(Al) = P{Ai},{Bj}(AQ) = P{Ai},{Bj}(A?)) = 0
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and Pray, sy (A1) = Pransy(As) = 0. Also Pragsy(B1) = Prags(B2) =

Pray s,y (Ba) = 00 and Pa,y 5;3(Bs) = 0.

Theorem 3.3.16 (Entropy in terms of ~;;’s) Let o C {1,...,n}. The lattice-

derived normalized joint entropy h,, is expressed as,

h(a) = la] = min (8,5 + P, ota(Basa)s VB € (B U Boa), V5 < 18] = o] )(3.54)

where 6,5 is as defined in (3.42) and Pg, , 5,.(0,,3) as defined in (3.52).

Proof: Based on formula (3.17) the normalized joint entropy can be written as,

_ logged((ma(B), |8l = |04|).

h(a) = o] Ly

(3.55)

Using Lemma 3.3.14, this can further be written as,

S o Oy /5
B logged(D_; N /% — > . N 15, Bi € Beas B € Bow VB : |B] = lal)

h =
h =l log N
(3.56)
By using Corollary 3.3.12 and Lemma 3.3.15, this can be written as,
log ged(N/%, B € (Bea U o) Phenpon(005) =0
h= ] - g ged( (Be, )y Pseason(00/5) ). (3.57)

log N

Assuming gcd{Naa/ﬁ} = N™"Ca3) and noting from (3.52) that when P is not 0 it is
infinity we obtain the result of the theorem. O

Let A, denote the space obtained from equations (3.26) and (3.54), i.e., the
space of entropy vectors of n random variables obtained from lattice-generated quasi-
uniform distributions. Clearly A, is a nonconvex space obtained from the union of
some polytopic regions. In fact each fixed ordering of o4, and 7;’s (and therefore ~;;’s)
with respect to each other, defines a possibly new set of linear equations for h, in

terms of 7;; and therefore results in a polytope. We denote the closure of the convex
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hull of all these polytopic regions by con(A,,).

3.3.3 Characterizing the Lattice-Based Entropy Region

Theorem 3.3.17 (An Inner Region for Entropic Vectors) con(A,) C QF where

con(-) represents the convex closure.

Proof: Follows straightforwardly from the convexity of QF. OJ

This inner region is a polytope,
Theorem 3.3.18 The region con(A,) is a polytope for all n.

Proof: Each ordering of v;;’s (e.g. 711 < Y21 < Va2, Y21 + V32 < Y22 + 731, etc.) defines
a polytope region for the set of entropy vectors. A, is the convex hull of all these
polytopes and therefore a polytope itself. 0]

As the number of random variables grows, the number of polytopic regions of
A, can grow very large and therefore computing the innerbound for 2 based on
Theorem 3.3.17 becomes tricky. The following theorem gives a computable method

for obtaining an inner region of con(A,,) and therefore Q.

Theorem 3.3.19 Consider the hypercube of 0 < v;; < 1, V1 < j <14 < n whose faces
are chopped off by vi; constraints in (3.26). Each corner point of this chopped hy-
percube is a valid v point and its corresponding entropy vector can be easily calcu-
lated from (8.54). Let R, denote the convex hull of all these entropy vectors. Then

R, C con(A,) C Q.

Proof: While the statement may seem rather obvious, in the following we explain the
rationale for choosing the corner points for calculating the innerbound PR. Note that
each polytopic region of A, is obtained from the corresponding entropies of the
region defined by (3.26) and a specific order relation for 7;;’s. If we add the v;; <1

for i # j to the constraints in (3.26), then we obtain the mentioned chopped off
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unit hypercube. Each order relation for v;;’s, shown by O(v) defines a homogenous
inequality and therefore a cone in the v space which intersects the unit-chopped off
hypercube in a set of points say, B(O(y)) on its boundary. Since for the specific O(7),
the entropies are determined linearly from «;;’s, the corresponding polytopic entropy
region of A, will be obtained from the convex hull of the corresponding entropy
vectors of B(O(7v)). It follows that each polytopic region of A, is obtained from
the convex hull of a collection of boundary points on the chopped off unit hypercube
and therefore the convex hull of all the entropy vectors corresponding to all boundary
points of the chopped off hypercube in v region will give a fair innerbound for con(A,,).
Since it is impossible to compute the entropies for all the boundary points of the
chopped off v region, we will only consider the corner points of the chopped off cube
and compute the corresponding entropy vectors. The convex hull of these entropies
is R, and is an inner bound for con(A,,) and Q. O

Remark: Note that in obtaining 2R, in Theorem 3.3.19, a couple of compromises
have been made. First we have assumed that «;; < 1 which is not necessarily true for
1 # j. Moreover we have replaced the convex hull of the entropy vectors corresponding
to all the boundary points of  region by just the corner points. And last but not least,
one should be aware that in some cases O(y) may involve some strict inequalities in
terms of +’s and therefore its corresponding entropy region say h(O(v)) will not be
closed either. To obtain an accurate convex closure of the lattice entropy region, this
fact should also be considered, whereas in computing R, in Theorem 3.3.19 this is
ignored.

In Section 3.4 we perform the explicit constructions of the lattice region and obtain

R, (and con(A,) where possible) for n = 2, 3,4, and 5 random variables.
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3.3.4 Vectorized Lattices

The entropy region inner bound generated by lattice-derived distributions can be

expanded by considering generalized vector lattices,

Definition 3.3.20 Let M be a block matriz where each block is a g X q square matriz
and M is of size nqg X nq. Moreover assume that M satisfies the quasi-uniformity
condition in Lemma 3.3.6 that NM ™' has integer entries. We call M a vectorized
lattice-generating matriz whose corresponding entropies following (3.17) will be cal-

culated as,

e = |al log ged( all gla| x g|a| minors of M)
a — | —

3.58
qlog N ( )

where M, denotes the |a]g x ng submatrix of M whose block rows are indexed by
a.

When ¢ = 1, as in the previous sections, the lattice is scalar and each column
of generating matrix is a generating vector of the lattice in n dimensions. Although
we will not delve into the space of vector lattices here, we will show later in Section
3.4 that some entropy vectors which do not fall in the entropy region obtained from

scalar lattices can be obtained from vector lattices.

3.3.5 Connection to Groups and Linear Representable
Region

As discussed previously, the entropy region of n random variables can be obtained
from the region of group-derived entropies [CY02]. Here we show that our lattice
construction can in fact be viewed as a quasi-uniform construction corresponding to

an Abelian group.

Theorem 3.3.21 Lattice construction is the quasi-uniform distribution obtained from
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an Abelian group.

Proof: Consider a particular lattice distribution with a relative n X n matrix generator
M. It is straightforward to see that the lattice-generated points inside the n dimen-
sional hypercube of length N together with the addition mod N operation form an
Abelian group G. For i = 1,...,n consider the X; = 0 hyperplane (note that since
the origin is always a lattice point this hyperplane includes at least one lattice point
and is nonempty). It is easy to see that the set of lattice points on this hyperplane
forms a subgroup, say G; of G. The cosets of G; will be all nonempty hyperplanes
of the form X; = c¢;j, for some constant 1 < ¢;; < N. It is then easy to see that
the lattice-generated distribution coincides with the quasi-uniform distribution derived
from group G and its subgroups Gy, ...,G,. Hence for any o C {1,...,n} the joint
entropy of Xo = {X;, i € a} will simply be the log of the number of nonempty hyper-
planes X, = cq j. Fach hyperplane X, = c, j s an intersection of cosets of G;, © € o
and therefore a coset of Nica,- As a result the number of hyperplanes X, = cqj 15

G

the number of cosets of NicaG; in G. Therefore h, = log Gal” O

In [ChaO7al, it is shown that Abelian group-derived entropies all satisfy the Ingleton
inequality. We conclude that the region of lattice-derived entropies is an inner-region
of I’ bounded by the Ingleton inequality.

On the other hand it is also known that linearly representable entropy vectors
satisfy the Ingleton inequality. To make a comparison to the lattice construction,
note that any linear representable vector is an entropy vector constructed as stated

in the following theorem,

Theorem 3.3.22 (Linear representables and entropy vectors) [YLCZ06] Let
g be a 2" — 1 dimensional representable vector and let the set of p dimensional vec-

tors {vy,...,v,} over GF(q) form a representation for it such that g, = rank(®;cqavi),
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then log(q)g is an entropy vector of random variables Xy, ..., X, where,
X1 Ul aq
= C . (3.59)
Un
X, ap

Proof: For a particular X;, let S;ﬁ(_ denote the set of solutions (a’s) that yield X;. In
particular let S} denote the set of solutions that yield X; = 0. If @ is a particular
solution, then clearly S;{ = a+ Si. Now if we let G be the group of all points

in (GF(q))? together with the vector addition operation over GF'(q), then clearly

G;=Si, i=1,...,n form a set of n subgroups for G and S;( will be the respective
cosets. Moreover for any o C {1,...,n}, we can write the above equation as,
on Va a
= ! (3.60)
Xoe Ve dp

and likewise define S as the set of a’s that yield X, and in particular denote the

Xa
null space of V,, by S§. Note that since Sg is a coset of S§ we have [S¢ | = [S§|
which is independent of X,. It is then clear that X;,..., X, will be in a one-one

correspondence with quasi-uniform distribution derived from the group G along with
its subgroups Gy, ..., G, and hence X,..., X, will have a uniform distribution over

the range of [UIT| ool } Therefore the joint entropy of a set of random variables

G|

Imieas(i)l ’

= qrank(Va)) - Noting that |G| = ¢” we obtain that

indexed by a C {1,...,n} is obtained from log However NM;c,Sy = S¢ and

we have |S§| = ¢miv(Ve)
he = rank(V,) - log q. O
Due to the similarity of the lattice-generated distributions and the distribution

of representable vectors, one might suspect that the two regions are equal. However

comparison of the two regions becomes tricky for a number of reasons. First note



60

that while in the linear representable case the field size g can be either a prime or a
power of a prime, in the lattice constructions, there is no such constraint. Moreover
as opposed to the linear representable case where for any fixed field size the entropy
(rank) can be calculated, in the entropy-derivation of the lattice construction we
have assumed that the alphabet size N is arbitrarily large. In fact if we fix N to
some known value then the set of 7’s that will be consistent with the derivations
will be restricted. Therefore if a vector is linearly representable over some finite
field g there can be no guarantee that the vector may be constructed via the lattice
over alphabet size ¢. An example is the entropy vector of 4 random variables s.t.
hi = 1, hij = hijr = hiaza = 2, which is linearly representable over a field with
odd characteristic, however is not constructible with the scalar lattice. This vector
can however be constructed by a vector lattice (see Subsection 3.4.3). The other
difficulty is that in the lattice construction, the operation is always addition module
N, whereas in the linear representable case when the field size is a power of a prime,
e.g., ¢ = p", operations are not simply module ¢q. This however can be partly fixed
by replacing entries of the lattice generator matrix by r x r blocks with elements over
GF(p) representing the elements of the field and the elements of the coefficient vector
z (see (3.11)) by sub-vectors of size r and elements over GF(p) also representing
the elements of the field!. Nonetheless since we can not fix N to some prime p,
again we cannot simply argue that any linearly representable vector over ¢ = p” can
be achieved via the lattice construction. Therefore the comparison of the regions is
somewhat difficult. What can be said for sure however, is that both regions are inner-
regions of I'* and they satisfy the Ingleton inequality. For 4 random variables (as will

be discussed in Subsection 3.4.3) both regions turn out to be equal and defined by

In other words, defining a vector and a matrix representation for each element of the field and
operations over GF(p) among them such that they respect the addition and multiplication of the

. 0 0 0 1 1 0
field, e.g., for G f(4) such representation would be, 0 : < 0 ),( 0 0 ) 1: ( 0 ),( 0 1 ) w:

() e () (o)



61

the Shannon and the Ingleton inequalities.

3.4 Explicit Constructions
Now that we have described the general construction, we will study the explicit results

for n = 2,3,4, and 5 random variables.

3.4.1 Two Random Variables
As described in Subsections 3.3.1 and 3.3.2, we can assume that the 2-by-2 lattice-

generating matrix is lower triangular of the following form,

My 0 N 0
M = - : (3.61)
M21 M22 N2t N722

We first need to enforce the condition that the generated distribution be quasi-

uniform. From Lemma 3.3.6 this means that the matrix

Ni-m 0
NM™' = (3.62)

_ N1-71—722+721 1—22
N N

must have integer entries. Since N is large enough this implies the inequalities,

Y1 <1, 722 <1, 71 +72 < 1+7:. (3.63)
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Note that these are the inequalities obtained from 3.26. Using Lemma 3.3.7 or equiv-

alently Theorem 3.3.16, the corresponding entropies are readily seen to be,

hy = 1=
hy = 1—min(y21,722) (3.64)

hlz = 2—711 — Y2

Thus the space A, is described by (3.64) along with the constraints (3.63). The region
Ay may not be convex, due to the min(-) operator in h,. However, it is not hard to
show that the convex hull of (3.63-3.64) is,

hy=1—=71 , hy=1—9m , hypy=2—71— 7 (3.65)

0< 71,722 <1, 0<% <702, m1+7 <1+

Theorem 3.4.1 (Lattice entropy region for n = 2) con(A;) = Q5 where con is

the convex hull operation.

Proof: Any h;; obtained from (3.65) is a normalized entropy vector by construction.
Conversely, for any entropy vector satisfying 0 < hy, hy, < 1land by, hy < hyy < hy+hy,
a valid set of v;;s from (3.65) can be found and therefore any entropy satisfying these
conditions will belong to the region of normalized entropies. Therefore con(Ay) = 3
and this region will be given by (3.65). O
Remark: Theorem 3.4.1 also proves that for 2 random variables, any 3-dimensional
entropy vector (hi, ha, hi2) € I'* when normalized by max(hy, hs) will belong to €2;.

For comparison we can also find R, based on Theorem 3.3.19.
Theorem 3.4.2 R, = ﬁ;

Proof: For n = 2 there are three 7;; namely 11,721, and ~25. Therefore the hypercube

will be the 3-dimensional unit hypercube, 0 < ;3 <1, 0< 95 <1, 0< 7 <1
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(0,1,0) (0,1,1)

(1,1,0) (1,1,1)

(0,0,0) (00,2) ¥z

(1,0,0)

Figure 3.4: v corner points for n = 2

which will be chopped off by the constraints of (3.26) which are, y1;7 < 1, 790 <
1, 71+ 72 — 21 < 1. The resulting region is a 3-dimensional object whose
corner points can be easily computed (Fig. 3.4). These points, along with their
corresponding entropy vectors are shown in Table 3.1. It can be shown that the

convex hull of these entropy points gives the following region,

0<h; <1 1=1,2
hy <hy <h +hy i=1,2 (3.66)
which is known to be equal to €. It follows that %, = Q. O

Table 3.1: Entropy region corner points for 2 random variables obtained through the
lattice construction (y corner points and the corresponding h)

(711, Y21, V22) (hy, by, hyy)
(1,1, 1) (0, 0, 0)
(1, 0, 0)

(1,1, 0) 0,1, 1)
(0,1, 1) (1,0, 1)
(0, 0, 0)

(0, 1, 0) (1,1, 2)
(0, 0, 1) (1,1, 1)
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3.4.2 Three Random Variables

Again, without loss of generality we may assume

N1 0 0
M = NP2t N722 0 . (367)

N7 N2 783

Insisting on quasi-uniformity by forcing the elements of M ~'N to be integers (Lemma

3.3.6) yields the linear constraints given by (3.26),

0<v,; <1
Vi + Vi — v <1 1> (3.68)

Y11+ Yoo + Y33 — Vo1 — Y32 < 1.

Using Theorem 3.3.16 all the joint entropies for 3 variables can be easily computed.
However in order to show how Theorem 3.3.16 follows from Lemma 3.3.7 or equiva-

lently (3.17), we explain the extraction of h,; in the following. By (3.17), we have,

ﬁ23:2_

1 + + + 9
log ged(N721Hs2 - N2 a1 Nv2itass | 22 yss) 3.6
log N 088° ( ’ ’ ) (369)

Let 0 = a1 + 732, T = Y22 + V31, W1 = Y33 + Y21, and wy = 733 + 722. We can rewrite

hzg as,

foy =2 —

log ged(N7 — N7, N“1_ N&2),
1OgNoggC( , N« N“2)

In calculating ged(N? — N7, N¥1, N“2)_ two cases are possible,

1. If 0 = 7, then gcd(N? — N7, N1, N“2) = gcd(N«1, N¥2) = N™n@ie2) where

the latter equality is justified for large N as explained before.
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2. If o # 7, then there is a positive rational v such that ged(N? — N7, N¥1 N«2) =

NV. Therefore, NV divides N — N7 or if without loss of generality 7 < o, then
NVINT(N°~™ —1). However, based on Lemma 3.3.10, NV and N7 — 1 are
coprime and therefore we conclude that N divides N7. Moreover since 7 < o,
by making N large enough we can make N” divide N?. As aresult N” will divide
N? N7 and also N“* and N“2. In other words, NV = gcd(N?, N7, N¥1 N«2).

As before, for large enough N, we will have NV = Nmin(omwiwz)

Now we can write the expressions for all the normalized joint entropies:
hy=1-=n
hy =1 — min(721,722)
hy =1 — min(y31, 732, 733)
hip=2—711— 72 (3.70)
hyg =2 — y11 — min(ysg, 33)

Vo1 + Y2 F Yoo + Y31 0 2 — min(ya1 + Va2, Y22 + Va1, Y33 + min(vyar, Y22))

h23 =
Vo1 + Y2 = Yoo + Y31 : 2 — Y33 — min(Ya1, Y22)

h123 =3 =711 — Y22 — V33-

The space Aj is defined by (3.68) and (3.70) which is clearly nonconvex. On the
other hand, each ordering of 7;;’s (e.g., Y21 < V22,721 + V32 < Y22 + Y31, etc.) results
in a polytope that is at most six-dimensional (since there are six ;; parameters). For
n = 3, there are 30 regions, all of which are shown in Table 3.3 in the Appendix.
Obtaining the convex hull of all these regions seems rather hard. Therefore we
pursue the approach of Theorem 3.3.19 to find an inner bound. Using the software
package PORTA [POR], we obtain the corner points of the 6-dimensional hypercube
0 < ; < 1 intersected with the constraints of (3.68). Having these corner points

we can easily compute their corresponding entropy vectors from (3.70). There are 44
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such corner points all of which, along with their corresponding entropy vectors, are
shown in Table 3.4 in the Appendix. From the table, it can be seen that they result

in 16 different entropy vectors.
Theorem 3.4.3 R, = ﬁ;

Proof: The convex hull of the 16 vectors of Table 3.4 yields R, and is computed via

the package [POR]. The convex hull is obtained to be,

0<h <1i=1,23
hyi < hyys 4,7 € {1,2,3} (3.71)

ij — =2

hi +hygy < by + by 4,5,k € {1,2,3}

which in fact implies that every normalized entropy vector that satisfies (3.71) is
achievable by lattice-derived entropies. It follows that the convex hull is 7-dimensional
and R, = Q. O
Remark: Theorem 3.4.3 also proves that any entropy vector of 3 random variables

h € T when normalized by max(hy, ke, h3) will belong to 3.

Theorem 3.4.4 con(As) = Q where con refers to the convex hull.

Proof: Tt follows immediately from Theorems 3.3.19 and 3.4.3. Moreover note that
if we pick wisely among those +’s that lead to the same entropy vector in Table 3.4,
then all 16 entropy vectors can be attributed solely to 5 of the 30 regions of Table
3.3, namely, regions 1, 2, 3, 4, and 23 in Table 3.3 !. This shows that the convex hull

of all the 30 regions of Table 3.3 also give ﬁ; and again proves the statement. O
Corollary 3.4.5 Convex cone of Az gives ['s.

Proof: This readily follows from the fact that con(As) = Q% and that T'% = ray(Q3)

(see Theorem 2.2.4). However this result can also be proved independently as follows.

Instead of region 23 any of the regions 13, 14, or 18 could also work.
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We show that 8 of the 16 vectors of Table 3.4 are enough to show that the convex
cone of Az generates [';. First note that since, by construction, all vectors in con(As)
are entropic, clearly con(Az) C Q3 and therefore convex cone of Aj is a subset of T.

To prove the other direction consider the region defined by,

hy 1001011 1|]g

hy 01011071 1]]|k

hs 0010111 1]|]|H
e

hy |=11 101111 2 .y (3.72)
ks

P 01111112
ke

hay 10111112/

has | [T 111111 2| | ks |

where k; > 0. Each column vector in the matrix on the RHS can be seen to be
generated by a lattice-generated distribution as it belongs to Table 3.4. Therefore
the convex cone of these vectors must be a subset of con(Aj). If we write the above

matrix equation as

k
hZ[A a} = Ak + aks,
ks

then since the first seven columns of the matrix on the RHS is invertible, we can
further write, k = A~'h — A~taks > 0 where we are enforcing k > 0 as we would like

to form the convex cone of the columns of the matrix. Computing A~ and A~ 'aks,
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yields
(0 00 0 0 -1 0 1] m ] [ o]
0 0 0 0 0 —1 1 ho 0
0 0 0 -1 0 0 1 hs 0
-1 0 0 1 0 1 -1 his | = ks (3.73)
0 =1 0 1 1 0 =1/ ho ks
0 0 -1 0 1 1 —1]]| hy ks
11 1 =1 =1 =1 1| s || ks |

The point is to show that for any entropic vector h € T'%, one can find a non-negative
ks such that the inequality (3.73) will be satisfied. The inequality for the first 3 rows

is clearly satisfied. For the next three rows it is satisfied provided that,

2¥8

and for the last row if|
ks > =Y hi+ Y hij— hij. (3.75)
i irj

It is straightforward to show that the upper bound on kg exceeds the lower bound and
so the region for kg is non-empty. Furthermore, by the submodularity of the entropy
function, the upper bound is non-negative, which implies that a non-negative kg can
always be found. This concludes the proof. O
Remark: It is interesting to note that, had we not included the vector (1,1, 1,2, 2,2, 2)
among the 8 vectors, the resulting region would have the property that 1(X7; Xo; X3) =
> hi — > hij + hiaz > 0, which is not necessarily true for 3 variables. Likewise ex-
clusion of (1,1,1,1,1,1,1) results in 7(X7; Xs; X3) < 0 and therefore it is the combi-

nation of all 8 vectors that give the whole entropy region for 3 random variables.
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3.4.3 Four Random Variables

For four random variables, we assume

N7 0 0 0

N2t N722 0 0
M = : (3.76)
N7 N2 733 0

N’Y41 N’Y42 N’Y43 N’Y44

The conditions from Lemma 3.3.6 translate to:

0<v <1,
Vit — v <1, 1>
Vi + V5T — Vg — Ve <1, 1>75>k

Y11 + Yo2 + Y33 + Yag — Y21 — Y32 — Yaz < 1. (3.77)

Extraction of the entropies can be done via Theorem 3.3.16. Here we state it
for the normalized joint entropy hys,. The complete list of entropy expressions for 4
random variables obtained via using Theorem 3.3.16 are shown in Table 3.5.

Deriving hss, : Note that based on (3.17), we should obtain all 3 x 3 minors of

the following sub-matrix,

N2t N722 0 0
N7VL N2 [N783 0 . (378)
N’Y41 N Y42 N’Y43 N Y44

Recalling that m, (/) denotes a minor whose rows and columns are indexed by « and

B, respectively (see Lemma 3.3.14), then one can obtain the following either via using
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Lemma 3.3.14 or direct calculation,

m234(123) = N2rtys2tyas o ge2tasstyar o NY2iHyss a2 22314743

= Nozaazm 4 Nowseyzs _ NO2a1se — N2/ (3.79)
Mg3e(124) = NO2Fmtme _ Nyt — Nosiize  No2se/2a (3.80)
Mosa(134) = NPt —  No2a/13s (3.81)
Mg34(234) = N2Pssti — oz (3.82)

Based on (3.17), haess can be written as,

h234 _3_ lOg gcd(m234(123), m23415)1gQ;l\2, m234(134), m234(234)) . (383)

In order to simplify this expression, we need to examine the cases when some of the

terms in mog34(123) or mas3s(124) may cancel. When no cancelation occurs,

hogs = 3 — min(0234/123, 0234/231, 0234/132, 02347213, 0234/124, 0234/214, 0234/134, G234/234)-
(3.84)
However, some terms of mg34(123) or mas3s(124) may cancel out with each other in
which case they should not be considered in the above minimization. To address this

issue consider ma34(123). Four conditions are imaginable:
1. d934/123 = O234/132
2. 0234/123 = 0234/213
3. 02347231 = 0234/132

4. 0934231 = 0234/213-

Ma34(123) will be simplified if any of the above conditions hold. However some of these

conditions may happen concurrently and therefore we need a method to compute
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Ma34(123) in such cases. Considering this fact is the what lead to Lemma 3.3.15 and

then to Theorem 3.3.16. Following the same steps we can rewrite hyq, as,

ﬁ234 = 3 —min <5234/134> 5234/234, 5234/123 + P(123,231)(132,213)(234/123);
9347231 + Pl123,231)(132,213)(234/231), d234/132 + P123,231)(132,213)(234/132),
09347213 + P123,231)(132,213) (234 /213), 0234 /124 + Pa2a)(214)(234/124),

0234/214 + P(124)(214)(234/214)>. (3.85)

Note that blowing up of a P(J,, / 3) in the above is equivalent to discarding the corre-
sponding 9, /5 Table 3.5 along with relations (3.77) give the whole set of equations
for 4 variables. The space obtained from Table 3.5 is clearly nonconvex and so, as in
the case with three random variables, we must focus on its convex hull, which from
Table 3.5 seems rather hard to obtain analytically. Therefore we use Theorem 3.3.19

to calculate the innerbound fR,.

3.4.3.1 Calculating R,

Based on Theorem 3.3.19, we obtain the chopped-hypercube defined by

[(i17""ik) = Yivir T oo T Yigin = Vigig_y — -+~ Vioia <1

{il,...,ik}g{l,...,4}, 1 <ig <...<l1g. (386)

Using the software package PORTA [POR], we obtain 508 corner points of this 10-
dimensional object in the v;; space. Calculating the corresponding entropies of these
corner points based on Table 3.5 gives 67 distinct entropy vectors all of which are
corner points. Some of these corner points are obtained from each other through a

permutation of the underlying random variables. Excluding these permutations, 16
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Table 3.2: Linear representable rays missing from the scalar lattice region of 4 random
variables

(hb h27 h37 h4> h127 h137 h147 h237 h247 h34; h1237 h1247 h1347 h2347 h1234>
1 (1,1,1,1, 2,2,2,.2,2.2, 2.2,2.2, 2)
2 (1,1,1,2, 2,2,2.2,2.2, 2.2,2.2, 2)
3 (1,1,2,1, 2,2,2,2,2.2, 2.2,2.2, 2)
4 (1,2,1,1,2,2,2.2,2.2, 2.2,2.2, 2)
5 (2,1,1,1, 2,2,2.2,2.2, 2.2,2.2, 2)
6 (1,1,1,2, 2,2,3,2,3,3, 3,3,3,3, 3)
7 (1,1,2,1, 2,3,2,3,2,3, 3,3,3,3, 3)
8 (1,2,1,1, 3,2,2,3,3,2, 3,3,3,3, 3)
9 (2,1,1,1, 3,3,3,2,2,2, 3,3,3,3, 3)

entropy vectors remain, which are shown in Table 3.6 in the Appendix. Computing
the convex cone of the 67 points via a linear program, gives 26 of these vectors as the

rays of the region. These 26 vectors are listed in Table 3.7 in the Appendix.

3.4.3.2 Achieving Ingleton Inner Bound

In [HRSV00] it is shown that the linear representable region for 4 random variables is
completely determined by Shannon and the Ingleton inequalities and that the region
has 35 rays. Comparing those rays with the 26 rays of Table 3.7 we see that all 26
vectors are included in those 35 vectors. However the remaining 9 vectors (see Table
3.2) are missing in the rays of convex cone of lattice-derived entropies for 4 random
variables. However we show that the vector [1,1,1,1,2,2,2,2,2,2,2,2, 2 2 2] of Table
3.2 can be achieved asymptotically with a scalar lattice construction, and the other

ones in Table 3.2 can be obtained by a vector lattice.
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Lemma 3.4.6 Entropy vector [1,1,1,1,2,2,2,2,2,2.2 2,2 22| for 4 random vari-

ables can be asymptotically achieved with a scalar lattice construction.

Proof: Consider the following [v;;] vector,

[’Yll; Y21, Y22, Y31, 732, V33, V41, V42, V43, '744] = [07 07 07 €, 07 17 €+7 07 17 1] (387)

where € > 0 is an arbitrary small number and €' is any positive number greater
than e. It is easy to show that the above [v;;] vector yields the lattice-derived entropy
vector [1,1,1,1,2,2,2,2,2/2 —¢€,2,2,2 2, 2]. Taking ¢ — 0 we get the desired entropy
vector. 0

Next we show that the vector [1,1,1,1,2,2,2,2,2 2,222 2 2] of Table 3.2 can

be obtained via a vector lattice.

Lemma 3.4.7 The vector [1,1,1,1,2,2,2,2,2,2,2,2,2,2 2] can be obtained via a

vector lattice.

Proof: Tt can be easily shown that the following lattice-generating matrix yields the

entropy vector %[1, 1,1,1,2,2,2,2,2,2,2,2,2,2, 2],

_10|00100|00_
00 | NOoO | 00 | 00
01 | 00 | 00 | 00
00 | 0N | 00 | 00
_ o _ o o oo (3.88)
1 1 | 00 | NO | 00
00 | 00 | 0N | 00
1100 | 00 | N O
Oo0 | 00| 00 | 0N
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It can be easily checked (e.g., using Mathematica) that this matrix also satisfies
the quasi-uniformity condition and that N times its inverse has integer entries (see
Lemma 3.3.6). The desired entropy vector therefore falls in the convex cone of the
vectorized lattice-derived entropies. O
Next we show that the other vectors of Table 3.2 can also be obtained by a vector

lattice.

Lemma 3.4.8 The entropy vectors 2-9 of Table 3.2 can be obtained by a wvector

lattice.

Proof: Consider the vector [1,1,1,2,2,2,2,2,2,/2,2 2,2 2 2]. It is easy to show that
this vector divided by 2, can be obtained by the vector lattice generated by the

following matrix generator which satisfies the quasi-uniformity condition as well,

_10|00|00|00_
00 | NOo | 00 | 0 0
011 00 | NoO | 0o
00 | 00 | 00 | N 0
o _ o _ (3.89)
1 1 | 00 | 00 | 00
00 | 0N | 00 ] 0 0
10 ] 00 | 0N 00
o1 ] 00 | 00 | 0N

Vectors 3, 4, and 5 of Table 3.2, scaled by a factor of 2, can be obtained by permuting
the block rows of the above matrix correspondingly. Therefore again these entropy
vectors of Table 3.2, fall in the convex cone of the vectorized lattice-derived entropies.
Finally consider the vector [1,1,1,2,2,2,3,2,3,3,3,3,3,3,3]. This entropy vector

divided by 2 can be obtained from the following generator which satisfies the quasi-
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uniformity condition as well,

_1oyoo|00|00_
00 | ON | 00 | 00
01 100 ] 00 | 00
00 | 00 | NO | 00
_ - _ _ _ _ _ - _ _ (3.90)
00 | 1 0 | 00 | 00
00 | 00 | 0N | 00
1100 ] 00 | N O
1 0] 10 ] 00 ] 0N

Vectors 7, 8, and 9 of Table 3.2, scaled by a factor of 2, can likewise be obtained by
permuting the block rows of the above matrix, and therefore all the desired vectors

will lie in the convex cone of the vectorized lattice-derived entropy vectors. 0

3.4.4 Five Random Variables

We obtain the entropy expressions for 5 random variables by using Theorem 3.3.16.
Since the expressions for the first 4 random variables were already reported in Table
3.5 we only give the expressions for the joint entropies which involve the 5th random
variable. These can be found in Table 3.8. Together with Table 3.5 they give the
whole set of normalized joint entropies for 5 lattice-derived random variables. As in
the case of 4 random variables, obtaining the analytical convex hull is very difficult

and we only compute the inner bound ‘R;.
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3.4.4.1 Calculating R,

Similar to the case of 4 random variables, we consider the following 15-dimensional

polytope in the v;; space,

I(ih"wik) :7i1i1+"'+7ikik — Yigig_1 — -+ Vizia <1

{il,...,ik}g{l,...,5}, 1 <ig < ...<1g (391)

which using PORTA [POR], is found to have 10976 corner points. Computing the
corresponding entropies based on Tables 3.5 and 3.8, gives 380 distinct 31-dimensional
entropy vectors, all of which, are corner points of their convex hull. Their convex cone
has 133 rays (clearly, all-zero vector is not counted as a ray).

Due to the particular technique of the lattice construction, the set of lattice-
derived entropy vectors may not be closed under permutation of the random vari-
ables. In other words, if v is a 2" — 1 dimensional lattice-derived entropy vector of
random variables Xi,..., X, then every permutation of Xi,..., X,, results in a po-
tentially different entropy vector (in fact a specific permutation of v), which may not
be obtainable from the lattice construction. Therefore, in order to include these, we
add all the missing permutations of the entropy vectors to the set of the rays that we
found above. In this case, this addition results in 4 more entropy vectors, giving a
total of 137 rays which is now closed under permutations of the underlying random
variables. We find that these 137 rays are in fact, generated from the permutations
(of the underlying random variables) of only 14 of them. These 14 rays are given in
Table 3.9 in the Appendix.

On the other hand, the linear representable region of 5 random variables as ob-
tained by Dougherty et al. [DFZ10], excluding the permutations, has 162 rays, of

which only 18 have the property hx, < 1,72 =1,...,5. Noting that, we have consid-
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ered scalar lattice-derived entropies, for which hx, < 1,2 =1,...,5 as well, we make
a comparison between the lattice-derived rays and these 18 vectors, and determine
that all the 14 lattice-derived rays belong to the set of these 18 vectors. The 4 missing

rays are given in Table 3.10 in the Appendix.

3.5 Quasi-Uniforms of Alphabet Size 2

Among the quasi-uniform structures we have found that quasi-uniform distributions
of alphabet size 2 have some nice properties which we outline here. In particular
we have obtained the entropy region of these structures for 2, 3, and 4 variables.
Interestingly, this region is tight for 2 and 3 variables and gives an inner bound for 4

random variables.

Theorem 3.5.1 Let Q denote a quasi-uniform distribution of n random variables
X1,..., X, over binary alphabet (i.e., X; = 0,1 Vi). If Q is such that Q(z, =

0,...,2, =0) #0, then Q is representable over a scalar lattice.

Proof: We prove the statement by induction. First note that the theorem is trivially
true for n = 1 random variable. To show that this structure is constructible by a

lattice, we need to show that if two points (z1,...,x,) and (2], ...,2)) belong to Q,

so does (x; @ 24, ..., 2z, ® x),) where @ denotes addition mod 2. For n > 1 assume
the theorem is valid for all £ < n. If all points in Q are such that x; = 2 then the

distribution can essentially be considered as an n — 1 dimensional quasi-uniform over

alphabet size 2, otherwise for ¢ # 0 we can consider there are two points such that,

Q(0,as,...,a,) =c (3.92)

Q(1,ay,...,d,) =c. (3.93)
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Now if Vi > 1,a; = a}, we need to show that Q(1,as ® a),...,a, ® a,) = Oz =

l,zg = 0,...,2, = 0) = ¢. Since Vi > 1 a; = a}, that means the marginal Q(zy =
as, ..., T, = a,) = 2c¢ and by quasi-uniformity of the distribution all such nonzero
marginals of s, ..., z, are equal to 2¢ and therefore Q(zo =0,...,x, =0) = Q(x; =

0,20 =0,...,2, =0)+ Q(z1 = 1,29 = 0,...,2,) = 2¢. Since Q(x; =0,...,x, =
0) = ¢ by assumption, we conclude that Q(z; = 1,29 = 0,...,2, = 0) = ¢ which

is what we needed. Therefore assume that Ji, a; # a; so that the projections (x5 =

/

') are distinct and therefore for ¢ # 0 we

_ — A/ —
a9, ..., Ty = a,) and (z9 = d, ..., x, = a

can assume,

Qlag, ... a,) =¢ (3.94)
Qlay,...,a,) ="c. (3.95)
Since the projection of the distribution on the xs, ..., x, plane is an n —1 dimensional
quasi-uniform structure by induction assumption, we have that Q(as ® al, ..., a, @

al) = . On the other hand,

Qlas®al,...,a,®a,) = Q(l,as®ay,...,a,®a,)+ Q(0,as B ay,...,a,da,) =c.

(3.96)
Note that ¢ # 0 and each of the additive terms in (3.96) can be either 0 or ¢ and
therefore ¢ can assume values ¢ or 2c. If ¢ = 2¢ then both term are equal to ¢ and
therefore Q(1,ay ® d), ..., a, ®al) = c. Otherwise if ¢ = ¢ one of the above terms is
zero. Assume by contradiction that Q(1, as®ay, . .., a,Pal) = 0 which in turn means
that Q(0, a2 ® @), ...,a, @ al) = c. However by (3.92) we have, Q(0, as, ..., a,) = c.
Since the cross section x; = 0 is also an n — 1 dimensional quasi-uniform structure,

we conclude that,

Q0, (a2 ® ay) & s, ... (a0 B ) & ) = Q(0, ..., ) = c. (3.97)
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L J

Figure 3.5: An example of a quasi-uniform distribution of two random variables with
alphabet-size 2

However (3.93) and (3.97), give that, Q(d, ..., a!) = 2c and quasi-uniformity imposes
¢ = 2c which is a contradiction and therefore we should have Q(1,as ® aj, ..., a, ®
al) =c. O
Remark: Note that the assumption Q(x; =0,...,x, = 0) # 0 is critical in the above
theorem, since if a structure is a lattice over GF(2) then for any point (z1,...,z,),
the point Q(x1 @ x1,...,x, ® x,) # 0 should also belong to the lattice which means
that the lattice should include the origin.

Next we obtain the entropy region obtained from quasi-uniform structures on
alphabet size 2 for 2, 3, and 4 random variables. An example of a quasi-uniform
structure with alphabet size 2 is shown in Figure 3.5 where probability is uniformly

distributed among all dots.

Theorem 3.5.2 The entropy region of 2 random wvariables obtained from quasi-

uniform distribution of alphabet size 2 is equal to T.

Proof: The set of all possible quasi-uniform distributions of 2 random variables of
alphabet size 2 along with their corresponding entropy vector is shown in Figure
3.5. Obtaining the convex hull of these entropy vectors either independently or by
comparison to Table 3.1 proves the theorem. O

{0,0,0 {1,0,1} {0,1,1} f{1,1,1} {1,1,2}

Figure 3.6: Quasi-uniform distributions of two random variables and their correspond-
ing entropy vectors
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Figure 3.7: Quasi-uniform distributions of three random variables with alphabet-size
2

Theorem 3.5.3 The entropy region of 3 random wvariables obtained from quasi-

uniform distribution of alphabet size 2 is equal to T's.

Proof: The set of all possible quasi-uniform structures on 3 random variables of
alphabet size 2 is shown in Figure 3.7. Computing their corresponding entropy vectors
and comparing them with the 16 entropy vectors of Table 3.4 or obtaining their convex

hull independently proves the result. Il

Theorem 3.5.4 The entropy region of 4 quasi-uniform random variables over alpha-
bet size 2 gives a strict inner bound for I'; and the linear representable region of 4

random variables.

Proof: The investigation of 4 quasi-uniform random variables over alphabet size 2
gives 67 different entropy vectors corresponding to a 15-dimensional polytope with
94 facets. These 67 points match the entropy vectors obtained from the corner point
of the lattice inner bound R4 derived in Subsection 3.4.3, and listed in Table 3.6 in
the Appendix. As we saw, those 67 corner points provide a strict inner-region for the
scalar linear representable region, and hence for I} as well. O

We should mention that there has been some nice work on identifying whether an

entropy vector can be constructed from random variables of alphabet size 2 [WWO09].
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3.6 Conclusions

In this chapter we presented a new scheme for inner bound construction of entropy
region. This method was based on determining the entropy region of random variables
whose underlying joint probability distribution is uniformly spread over the points of a
lattice structure in the Euclidean space. These probability distributions were assured
to be quasi-uniform. We gave the principles of construction that can be generalized
for any number of random variables. As any other technique the complexity increases
rapidly with the number of random variables, nonetheless we obtained an explicit
inner bound characterization for up to 5 random variables, and determined that the
region is tight for up to 3 random variables and gives the linear representable region
of 4 random variables. However we also determined that the lattice-based entropy
region always satisfies the Ingleton inequality, which does not hold for all entropies
in general. At the end we made comparisons with the entropy region of binary quasi-

uniform random variables.
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Table 3.3: Lattice-derived regions for 3 random variables in terms of vy entries

Conditions h23 hlg h3 hg
L] vo1 <722, ¥31 < 32 < s,
2 — Y21 — V32
Vo1 + V32 < Vo2 + V31
2—ym—y2 | 1=y | 1—72
2 | vo1 < 22, Y31 < Y32 < )33,
2 — o2 — V31
Y21 + Y32 > Vo2 + V31
31 21 < Y22, Y31 < V32 < V33,
Yo1 + Y32 = Vo2 + V31
2 — Y21 — 733
4 | vo1 = Y22, V31 = V32 < 33,
Yo1 + Y32 = Vo2 + Y31
5 | Y21 < 2, Y31 < Y33 < Y32,
Y21 + Y32 = Y22 + V31
6 | 721 <722, Y31 <33 < Y32
Y21 + Y32 > Vo2 + V31
Va2 Vs 2 753+ 2=y =y 2=y —vss | 1=y | 1 =72
7| vo1 < o2, Y31 < V33 < Y32,
Yo1 + Y32 = Vo2 + V31
8 | 721 <722, Y31 = V33 < V32,
Yo1 + Y32 = Vo2 + V31
9 | va1 <722, Y31 < 33 < V32,
Y21 + V32 > Y22 + V31, 2 — Yoo — Va1
Y22 + Y31 < Y33 + You
10 | 721 < 722, Y31 < V33 = V32,
Yo1 + Y32 > Y22 + Y31
11 Vo1 = Y22, V31 < Y33 < Y32 2 — Y21 — V31
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Table 3.3: (Continued)

COHditiOIlS h23 h13 h3 hg
12 | 21 <722, 732 < ¥31 < 733
I3 | vo1 =722, 132 <731 < Y33 | 2 — Y21 — V32
2—vi1—Y32 | 1 —932 | 1 =72
14 | 21 < 722, 732 < 733 < 731
15 | 721 = 722, V32 = V31 < 733 2 — Y21 — V33
16 | vo1 < 722, V33 < v31 < Y32
2—vo1 =733 | 2—y1— Y33 | L =33 | 1 =21
17| 21 < 722, 733 < ¥32 < 731
I8 | 72 <21, 31 <X 732<733 [ 2—Y2—Y31 | 2— Vi1 —Y32 | 1 =31 | 1 — 722
19 72 <721, 31 <733 <732 |[2—Y2—Y31 | 2—Yi1—Y33 | L =31 | 1 — 722
20 | 22 < a1, Y32 < Y31 < 335
Yo1 + Y32 < Yoo + Y31
2 — Y21 — V32
21 | a2 < 21, Y32 < Y33 = V315
Vo1 + V32 < Vo2 + V31
22 | a2 < a1, Y32 < Y33 < V315
Y21 + Y32 < Vo2 + Y31 2 — v — Y32 | 1= 30 | 1 — o
Yo1 + V32 < Y22 + V33
23 | va2 < a1y 32 <31 <33, | 2 — Va2 — Y31
Yo1 + Y32 > Yo2 + V31
24 | va2 < a1, Y32 < Y31 < Y335
Y21 + V32 = Vo2 + V31
25 | 22 < 21, Y32 < Y33 < Y31
Yoo + V33 < Vo1 + V32
Vo1 + V32 < Vo2 + V31
26 | a2 < Vo1, Va2 < Y33 < Y31, | 2~ V22 — V33
Y21 + Y32 = Y2 + V31
27 | va2 < a1, Y32 < Y33 = V31,
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Table 3.3: (Continued)

Conditions h23 h13 h3 hg
Vo1 + Y32 = Y22 + V31
28 | y22 < Y21, Y32 = V33 < )31
29 | 722 < o1, Y33 <31 S Y32
2—Y2—Y33 | 2—711— Y33 | L =33 | 1 — 720
30 | o2 < o1, 733 < 32 < 31
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Table 3.4: Entropy corner points for 3 random variables obtained through lattice
construction (corner points of Rs, and the corresponding )

(7117 Y21, V22, Y31, V32, 733) (hh ha, hs, h1a, his, hos, h123)
1 (1, 1,1, 1,1, 1) (0, 0,0,0,0,0, 0)
2 (1, 1, 1,0, 0, O)
(1, 1,1,0, 1, O)
(0, 0,1,0,1, 1, 1)
(1, 1,1, 1,0, O)
(1, 1,1,1, 1, O)
3 (1, 0,0, 1,1, 1)
(0, 1,0,1,0, 1, 1)
(1, 1,0, 1,1, 1)
4 (1, 1,0,1,0, 1) (0, 1,1, 1,1, 1, 1)
5 (17 07 07 07 07 O)
(1, 0, 0,0, 1, O)
(1, 0,0, 1,0, O)
(1, 1,0,0,0, O)
(0, 1,1, 1,1, 2, 2)
(1, 0,0, 1,1, O)
(1, 1,0,0,1, O)
(1, 1,0, 1,0, O)
(1,1,0,1,1,0)
6 (O, 1,1,1, 1, 1) (1, 0,0, 1, 1,0, 1)
7 (O, 1,1,0, 1, 1) (1, 0,1,1,1,1, 1)
8 (O, 1,1,0,0, O)
(1, 0,1,1, 2,1, 2)
(O, 1,1,0, 1, O)
(O, 1,1, 1,0, O)
(O, 1,1,1, 1, O)
9 (O, 0,1,1,1, 1) (1, 1,0,1,1, 1, 1)
10 (O, 0,0, 1,1, 1) (1, 1,0,2,1, 1, 2)
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Table 3.4: (Continued)

(7117 V21, V225 V315 V325 733)

(h17 h27 h37 h127 h137 h’237 h123)

(0,1,0,1,1, 1)

(1,1,1,2,2,2,3)

11 (0,0,1,0,1, 1) (1,1,1,1,1, 1, 1)

12 (0,0, 1, 0,0, 0)

(07 07 17 07 17 O)
(1,1,1,1,2,2, 2)

(07 07 17 17 07 O)

(0,0, 1,1, 1, 0)

13 (0,0,0,0,1, 1)
(1,1,1,2,1,2,2)

(0,1,0,0,1,1)

14 (0, 0,0, 0,0, 1)
(1,1,1,2,2,1,2)

(07 17 07 17 07 1)

15 (0,0,0,1,0,1)
(1,1,1,2,2, 2,2

(0,1,0,0,0,1)

16 (0,0, 0, 0,0, 0)

( )

( )

( )

( )

( )

( )

( )
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Table 3.5: Entropy descriptions of 4 scalar lattice-derived random variables

Entropy | Description
hy L=y
ha 1 — min(9s1,v22)
hs 1 — min(931, 732, ¥33)
hy 1 — min(ya1, Yaz, V43, Yaa)
hi2 2 —y11 — 722
his 2 — y11 — min(y3z, V33)
hi4 2 — y11 — min(vaz, V43, Ya4)
has 2 — min(daz/12 + Pa2)(21)(23/12), 023721 + Pa2)(21)(23/21), d23/13, d23/23)
ha4 2 — min(da4/13, G24/23, G24/14, O24/24, 62412 + Paoy21)(24/12),
d94/21 + P(12)(21)<24/21))
2 — min(ds4/12 + Pra2y21)(34/12), 634721 + Puz)e1)(34/21),
a3y d3a/13 + Pasys1)(34/13), 034731 + Pasy1)(34/31),
034723 + Pla3)(32)(34/23), 034732 + Pl23)(32)(34/32), 034/14, 034/24, 034/34)
hi23 3 — Y11 — Vo2 — V33
hiza | 3 — 11 — Yoo — Min(yu3, Va4)
hi3a 3 — yi1 — min(63a/23 + Pasy(32)(34/23), 034/32 + Plos)(32)(34/32),
034/24, 034/34)
3 — min(5234/123 + P(123,231)(132,213)(234/123), 5234/134, 5234/2347
ha34 0234/231 + P(123,231)(132,213) (234/231), 0234132 + Pl123,231)(132,213) (234/132),
0934/213 + P(123,231)(132,213)(234/213), 0234 /124 + Pli2ay(214)(234/124),
09347214 + Pri2ay214)(234/214))
h1234 4=y — Y2 — Y33 — Yu
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Table 3.6: Corner points of the scalar lattice-derived region for 4 random variables,
excluding the permutations

(hl h2 h3 h47 h12 h13 h14 h23 h24 h347 h123 h124 h134 h234) h1234)
1 (0000,000000,0000,0)
2 (0001,001011,0111,1)
3 (0011,011111,1111,1)
4 (0011,011112,1122,2)
5 (0111,111111,1111,1)
6 (0111,111122,1222,2)
7 (0111,111222,2222,2)
8 (0111,111222,2223,3)
9 (1111,111111,1111,1)
10 (1111,112122,1222,2)
11 (1111,122221,2222,2)
12 (1111,122222,2222,2)
13 (1111,122222,2233,3)
14 (1111,222222,2333,3)
15 (1111,222222,3333,3)
16 (1111,222222,3333,4)

Including permutations of these 16 vectors (obtained from permutations of the un-

derlying random variables), yields a total of 67 vectors for the corner points.
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Table 3.7: Rays of the scalar lattice-derived region for 4 random variables

(hl h2 h3 h47 h12 h13 h14 h23 h24 h347 h123 h124 h134 h2347 h1234)

0001,001011,0111,1

010,010101,1011,1

0100,100110,1101,1

1000,111000,1110,1

0011,011111,1111,1

01o01,101111,1111,1

1001,111011,1111,1

0110,110111,1111,1

1010,111101,1111,1

10 1100,111110,1111,1

11 or1i1,111111,1111,1

12 1011,111111,1111,1

14 1110,111111,1111,1

15 0111,111222,2222 2

16 1011,122112,2222,2

17 1101,212121,2222,2

18 1110,221211,2222,2

19 1111,111111,1111,1

20 1111,122222,2222,2

21 1111,212222,2222,2

22 1111,221222,2222,2

23 1111,222122,2222,2

( )
(0 )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
13 (1101,111111,1111,1)
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )

24 1111,222212,2222,2




90

Table 3.7: (Continued)

(hl h2 h3 h47 h12 h13 h14 h23 h24 h347 h123 h124 h134 h2347 h1234)

25

(1111,222221,2222,2)

26

(1111,222222,3333,3)
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Table 3.8: Joint entropy descriptions of 5 scalar lattice-derived random variables
involving the 5th variable

Entropy | Description
hs 1 — min(vs1, 52, V53, V54, V55)
his 2 — y11 — min(7s2, 53, V545 V55)
L 2— min(525/12 + P(12)(21)(25/12)7 525/21 + P(12)(21)(25/21), 525/137 525/14,
v 025/15, 02523, 02524, 02525
2 — min(ds5/12 + Pa2y21)(35/12), 03521 + Pa2)21)(35/21),
hss d35/13 + P13)(31)(35/13), 635731 + P13)(31)(35/31),

035/23 + Pra3)(32)(35/23), 035/32 + Plas)(32)(35/32),

035/145 03515, 03524, 03525, 03534, 035/35)

h45

2— min((545/12 + P(12)(21)(45/12), 545/21 + P(12)(21) (45/21)>

da5/13 + Pa3)(31)(45/13), 0us /31 + Pasy31)(45/31), 0514 + Praayar) (45/14),

das/a1 + Pliay 41)(45/41), 45723 + P23)(32) (45/23), 04532 + P(23)(32)(45/32)7

O45/24 + Plaa)(a2)(45/24), 04542 + Ploay(a2)(45/42), 04534 + Pl3ayas)(45/34),
(45/43),

045/43 + P(34)(43)(45/43), 045/15, 04525, 04535, 045 /45)

h125

3 — Y11 — Y22 — min(7ss, Y54, V55)

h135

3 — y11 — min(ds5/23 + Plas)(32)(35/23), 635/32 + P2s)(32)(35/32),

035/245 03525, 03534, 035/35)

h145

3 — y11 — min(bas/23 + Plas)(32)(45/23), 64532 + Pl2s)(32)(45/32),
0a5/24 + Proay(a2)(45/24), 64542 + Ploay(a2)(45/42), 645/34 + Paay(a3)(45/34),

O45/43 + P3ay(a3)(45/43), 645 /25, 04535, 045 /45)

h235

3 — min(d35/123 + P123,231)(132,213) (235/123),

0935231 + P123,231)(132,213)(235/231), d235/132 + P123,231)(132,213)(235/132),
5235/213 + P(123,231)(132,213)(235/213)7 5235/124 + P(12)(21)(23/12)7

0235/214 + P2)(21)(23/21), 6235125 + P(12)(21)(23/12)7

0235/215 + P12)(21)(23/21), 0235134, 0235135, 0235234, 0235,/235)
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Table 3.8: (Continued)

Entropy

Description

h245

3 — m1n(5245/123 + P(123 231)(132,213) (245/123)

0945/231 + P(123,231)(132,213)(245/231), 0245132 + Pl123,231)(132,213)(245/132),
0945/213 + P(123,231)(132,213) (245/213), 6945124 + P124,241)(142,214)(245/124),
0245/241 + P(124,241)(142,214) (245 /241),, 0245 /142 + Pl124,241)(142,214) (245 /142),
O245/214 + Pl124,241)(142,214)(245/214), G245 /125 + Pa2)21)(24/12),

0245215 + P12)(21)(245/215), 0245/134 + P(3a)(43)(45/34),

0245/143 + P(34)(43)(45/43), 0245 /234 + P3a)(43)(45/34),

(
0245243 + P(34)(43) (45/43), 0245135, 0245145, 0245235, 5245/245)

h345

3 — min(ds45/123 + P123,231,312)(132,213,321) (345/123),

0345/231 + P(123,231,312) (132,213,321) (345/231),

0345/312 + P(123,231,312) (132,213,321) (345/312),

0345/132 + P(123,231,312) (132,213,321) (345/132),

0345/213 + P(123,231,312) (132,213,321 (345/213),

0345321 + P(123,231,312) (132,213,321 (345/321),

O345/124 + Pl124,241)(214,142) (345/124), 0345 /241 + Pl124,241)(214,142) (345/241),
O345/214 + Pl124,241)(214,142) (345/214), 0345 /142 + Pl124,241)(214,142) (345/142),
03457125 + Pl2)(21)(34/12), 6345 /215 + Pagy21)(34/21),

0345/134 + P134,311)(314,143) (345/134), 0345341 + Pl134,341)(314,143) (345/341),
0345/314 + P(134,311)(314,143) (345/314), 0345143 + P134,341)(314,143) (345/143),
5345/135 + P(13)(31)(34/13)a 5345/315 + P(13)(31)<34/31)7

0345234 + P(234,342)(324,243) (345/234),, 0345342 + P(234,342)(324,243) (345 /342),
0345324 + P(234,342)(324,243) (345/324), 0345243 + Pl234,342)(324,243) (345/243),
0345235 + Pl23)(32)(34/23), 0345325 + Plaz)(32)(34/32),

0345145, 0345,/245, 0345 /345)
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Table 3.8: (Continued)

Entropy

Description

h1235

4 — min(01235/1234, 01235/1235)

h1245

4 — y11 — Yoo — Min(0us5/34 + P3a)(43)(45/34), 0u5 /43 + P(3a)(43)(45/43),

045355 045/45)

h1345

4 — min(d1345/1234 + Pl1234,1342)(1243,1324) (1345 /1234), 613451342+
+ P1234,1342)(1243,1324) (1345 /1342) , 613451243+
+ P1234,1342)(1243,1324) (1345 /1243 ) , 613451324+

+ P1234,1342)(1243,1324) (1345 /1324, 81345 /1235 + Plos)(32)(34/23),

O1345/1325 + P23)(32)(34/32), 013451245, 01345/ 1345)

h2345

4 — min(0a345/1231 + P(1234,1342,2143,2314) (1243,1324,2134,2341) (2345 /1234),
09345,/1342 + P1234,1342,2143 2314)(1243,1324,2134,2341) (2345 /1342),
09345/2143 + P1234,1342,2143,2314)(1243,1324,2134,2341) (2345 /2143),
09345/2314 + P1234,1342,2143,2314)(1243,1324,2134,2341) (2345 /2314,
09345/1324 + P1234,1342,2143,2314)(1243,1324,2134,2341) (2345 /1324,

)
)
)
09345/1243 + 1(1234,1342,2143,2314) (1243,1324,2134,2341) (2345 /1243),
)
09345/2134 + 1(1234,1342,2143,2314)(1243,1324,2134,2341) (2345 /2134),

)

(

(

(

09345/2341 + 1(1234,1342,2143,2314)(1243,1324,2134,2341) (2345 /2341),
09345/1235 + P(1235,2315)(1325,2135) (2345/1235),
09345/2315 + P(1235,2315)(1325,2135) (2345/2315),
02345/1325 + P(1235,2315)(1325,2135) (2345/1325),
02345/2135 + P(1235,2315)(1325,2135) (2345/2135),

09345/1245 + Pr12)(21)(23/12), 093452145 + Pl12)(21)(23/21),

02345,/1345 52345/2345)

h12345

O — Y11 — Y22 — V33 — Va4 — V55
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Table 3.9: Rays of scalar lattice-derived region of 5 random variables (2R;), excluding
the permutations

h

00001,0001001011,0010110111,01111,1

)
00011,0011011111,0111111111,11111,1)
)

oo111,0111111111,1111111111,11111,1

00111,0111111222,1112222222,22222,2)

or11i,1111111111,1111111111,11111,1)

01111,1111222221,2222212222,22222,2)

r1111,1111111111,1111111111,11111,1)

11111,1222222222,2223333333,33333,3)

10 (11111,2222221122,2222222222,22222,2)

11)(11111,2222222111,2222222221,22222,2)

121 (11111,2222222222/3333323233,33333,3)

(
(
(
(
(
(
70(01111,1111222222,2222223333,33333,3)
(
(
(
(
(
(

13 (11111,22222222223333333332,33333,3)

14)1(11111,2222222222,3333333333,44444,4)

The entries of the entropy vector h are ordered as follows:

h = (hl h2 h3 h4 h57 h12 h13 h14 h15 h23 h24 h25 h34 h35 h457 h123 h124 h125

h134 h135 h145 h234 h235 h245 h345a h1234 h1235 h1245 h1345 h2345> h'12345)-
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Table 3.10: Rays of the linear representable region of 5 random variables (having
hx, < 1), missing from the lattice-derived region

h

01111,1111222222,2222222222,22222,2

11111,2222222222,2222222222,22222,2

( )
2 (11111,2222222221,2222222222,22222,2)
( )
( )

11111,2222222222,3333333333,33333,3

The entries of the entropy vector h are ordered as follows:

h = (hl h2 h3 h4 h57 h12 h13 h14 h15 h23 h24 h25 h34 h35 h457 h123 h124 h125

h134 h135 h145 h234 h235 h245 h3457 h1234 h1235 h1245 h1345 h23457 h12345)-
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Chapter 4

Linear Representable Entropy
Vectors

4.1 Introduction

There recently has been a great deal of effort to determine the information-theoretic
capacity of networks. However, for a long time, the basis of the main technique for
sending information over networks was to consider information as a fluid which could
only be routed (or replicated). Network coding, first introduced in [ACLY00], showed
that for networks with two destinations or more, routing is not optimal and coding at
the nodes of the network can in general increase the throughput and save bandwidth.
Nonetheless the optimal coding strategy remains as a topic of research.

In the multicast scenario, where all the destinations desire the same set of source
messages, linear network coding is proven to achieve the cut-set bound. For the
general multi-source multi-sink networks where sinks can have arbitrary demands, the
capacity region is expressed in terms of the space of entropy vectors I';, which for the
case of networks is the entropy region of random variables associated with the network
[YYZO07][HS07a]. This characterization yields the best rates possible, independent of
the coding used to achieve them (see Chapter 2). Since the characterization of I'
is an open problem for more than 3 variables, explicit computation of the capacity

region remains unsolved. However one might be interested in obtaining the capacity
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region of the network when using a specific group of codes.

Linear codes in particular are very interesting. In fact, although they are proven
to be suboptimal in general [DFZ05], they are appealing due to their simple structure.
However determining the linear coding capacity of an arbitrary network also remains
an open problem. As a matter of fact just as the coding capacity of networks is deeply
connected to the characterization of the entropy region, the linear coding capacity
can be shown to be related the characterization of a subset of the entropy region
known as the “linear representable region”. Lack of a full characterization for the
linear representable region indeed accounts for the absence of a complete solution to
the determination of the linear coding capacity of arbitrary networks.

In this chapter, we will focus on characterizing the scalar linear representable
region (a subset of the linear representable region) and give a complete solution
for the case of 4 random variables. Moreover we study linear network coding under
different assumptions, such as restricting the number of sources to 2 or linear network
coding over binary alphabet size.

The rest of this chapter is organized as follows. First we will state some known
results about how the scalar linear coding capacity is related to the region of scalar lin-
ear representable entropy vectors. Next we give an algorithm and explicitly compute
the scalar linear representable entropy region for 4 random variables. The method
is in principle extendable to greater number of random variables as well. We then
turn our attention to networks with 2 sources and show the optimality of linear codes
among all scalar codes for the network. Finally we study binary capacity of networks
by appealing to the linear representability results for small finite fields in the matroid

theory.
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4.2 Preliminaries

In this section we review some definitions and important theorems about linear codes

and linear representability of vectors.

Definition 4.2.1 (Linear Code) Let G = (V, E) denote a network graph with the
node set V and the edge set E. A subset of V' at which source messages are generated
1s called the source nodes and those nodes of V' which demand some of the sources are
called sinks. Moreover it is assumed that each edge of the network carries a message.
Denote the random wvariable associated with the j-th source generated at mode © by
Xs'(j) and the random variable on the edge e of the network by X,. Furthermore
assume that the source and edge variables are vector valued random variables of size

ms and m, over some finite field F. Let X} (j) and X'

out

(7) be the jth input and
output variables for node i, respectively. If there is a set of matrices Fjj and Fjj over

F such that,

1. every output of node i is obtained by a linear transformation from its inputs
and possible source messages generated at i, i.e., Xi,,(k) = >, F X' (5) +

out
> FiiXo ()

2. and moreover every sink node | whose j-th demand is denoted by X4(j) can
reconstruct its demands from a linear combination of its inputs, i.e., there exists
a set of matrices Gy; and G}; over F such that, X}(k) = 3. Gy X' () +

> Gy X ()

then we say that the set of Fj, Fr, Gy, and Gy, constitute a linear code for the

network.

Remark: In Definition 4.2.1 when m, = m, the network is called solvable. Further-
more if m, = m, = 1 then the linear code is called scalar linear and the network is

therefore scalar linear solvable [DFZ05].
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It is shown that every solvable multicast network has a scalar linear solution over a
sufficiently large alphabet size [LYC03, KMO03]. Although later it was proved that for
the case of non-multicast networks even vector linear coding is sub-optimal [DFZ05],
linear codes are of particular interest due to their simplicity.

Recall from Chapter 2 that determining the capacity of an acyclic memoryless

wired network can be reduced to a convex optimization problem as follows:

max a’ h (4.1)
st.heQ
hx, < C,  for any edge e
h(Xs,,.... Xs,) = h(Xs,)
i=1

7
Xout

h(X:

m?

() =h(X.) j=1,...,X.,(j) for each nonsource node i

out

h(X!

m)

X4(5)) = M(XL(5)) [is a sink node

where s is the total number of sources in the network, X, represent all the inputs of
node 7, and C, is the link capacity for edge e.

If one is interested in finding the linear coding capacity of a network then all
entropies of network random variables in the optimization formulation (4.1), can be
replaced by rank of the matrices that relate the relevant variables to the sources. In

such cases the following definition turns out to be useful [Cha07b, YLCZ06].

Definition 4.2.2 (Linear representable vectors) A 2" —1 dimensional vector g
whose entries are indexed by subsets of N = {1,...,n} is called a linear representable

vector (also a linear rank vector') if there ewist m matrices {vi,--- ,v,}, each of

IWe use the term “linear rank vector” as to avoid confusion with the matroid rank functions
which will be discussed later in this chapter. We may drop the word “linear” when the meaning is
clear from the context.



100

dimension o X T over a finite field GF(q) such that for any « C N,

Jo = Tank(Dieavi) (4.2)

where ®cqv; denotes the space spanned by rows of {v;, i € a}?. If in particular o = 1,
then g is called “scalar-representable” while if o > 1 it is called “vector-representable”
or “multilinear representable”. We denote the space of all linear representable vectors
of dimension 2" — 1 by '} and the region of all scalar-representable rank vectors by
I'°r. Moreover we call %g a normalized representable vector and denote the corre-

sponding space of all normalized representable vectors by €1 .

It turns out that every linear representable vector is a multiple of an entropy
vector. The following theorem whose proof we explained in Chapter 3 states this

fact.

Theorem 4.2.3 (Linear representables and entropy vectors) [YLCZ06] De-
fine g to be a 2™ — 1 dimensional rank vector and let the set of o X T matrices

{v1,...,v,} over GF(q) form a representation for it such that g, = rank(®icqavi),

then log(q)g is an entropy vector of random variables Xy, ..., X, where,
X1 v aq
= (4.3)
X, Un ap
The random variables Xi,..., X, constructed as such are called “GF(q) linearly-

related” random variables.

Noting that ¥ is a convex cone, it immediately follows from Theorem 4.2.3 that

I'" C con(I'") C I'* where con(.) denotes the convex hull.

2Sometimes a “linear representable vector” is defined as a vector g whose entries are
9o = log q - rank(P;c4v;) [Cha07b]. However here we will stick to (4.2).
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Remark: Note that a normalized representable vector is in fact an entropy vector
normalized by the log of the alphabet size since the alphabet size of each random
variable in (4.3) is ¢7. In the context of network coding capacity and parallel to the
arguments of Chapter 2, the entropy of a vector-valued network random variable X
that is linearly related to the s-dimensional vector of sources Xg through a o x s
matrix A, i.e., X = AXg over T channel uses, will be logq - T - rank(A), which when
normalized by log(¢°") gives Zrank(A) as the normalized entropy.

As stated in Section 4.1, the linear coding capacity of a network is connected to
the region of linear representable vectors. This connection can be seen collectively
from Definition 4.2.1, optimization formulations (4.1), Definition 4.2.2, and Theorem

4.2.3. The following theorem formalizes this fact:

Theorem 4.2.4 (Linear coding capacity) Let Xi,---,X, denote the variables of
a wired network. The mazimum weighted sum rate achieved by linear codes can be
obtained from the following optimization over the convex hull of normalized repre-

sentable region:

max o’ h (4.4)
s.t. h € con(€2])

hx, <C.  for any edge e

s

hXs,,. ... Xs,) = h(Xs,)

i=1

() =h(X;,) j=1,...,X]

out

Xi

out

h(X:

m)

(j) for each nonsource node i

h(X!

m?

XL(5) = h(X4(5)) [ is a sink node

where con(.) represents the convex hull, and as in formulation (4.1), s is the total
number of sources in the network, X} represent all the inputs of node i, and C, is
the link capacity for edge e. In particular if one is interested in the best scalar linear

codes, then con(§2") should be replaced with con(T5") in (4.4).
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It is known that the linear representable entropies satisfy an inequality called the
Ingleton inequality [Ing71] which does not hold for all entropy vectors and hence it
proves that the region of all linear representable entropies is a strict subset of I .
This justifies the sub-optimality of linear codes.

Recently there has been some progress in determining the convex cone of linear
representable vectors. It has been shown in [HRSV00] that not only the set of Shannon
and Ingleton inequalities are necessary conditions for a vector to be a rank vector of
4 random variables but they are also sufficient conditions. In other words the convex
cone of rank region (linear representable region) of 4 random variables is completely
characterized by the set of Ingleton and Shannon-type inequalities. The approach
of [HRSV00] is based on finding all the extreme rays of the set defined by Ingleton
and Shannon-type inequalities and finding a linear representation for all those points.
Although this approach finds the whole linear representable region for 4 variables
it is not extendable to more than 4. Moreover it does not find the region of scalar
representable entropies. In more recent works however [DFZ10, CGK10, Kin09], it has
been shown that for more than 4 random variables, rank vectors satisfy inequalities
other than Shannon and Ingleton. In particular [DFZ10] has determined the convex
cone of rank region for 5 random variables by discovering new inequalities for 31-
dimensional rank vectors and showing the representability of all the rays of such
region. For more than 5 random variables the full characterization of (scalar or
vector) linear representable entropies remains open.

In an attempt to find the capacity region of wired networks based on Theorem

4.2.4, we will study the scalar linear representable region under different assumptions.
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4.3 Scalar Linear Representable Region

In this section we will study the scalar linear representable region and characterize it
explicitly for 4 random variables. The method we present for determining this region
is in principle extendable to a larger number of random variables. In the next section
we will show that the same framework can be used to obtain the entropy region of

all feasible entropy vectors in networks with two sources.

4.3.1 General Technique

Based on Theorem 4.2.3 one can obtain the set of all linear representable vectors g for

U1
n random variables by finding all the possible rank vectors of the matrix M =

Un
Theorem 4.3.1 (Scalar linear representable entropies) ['*" can be obtained

from all the rank vectors of an n x n matrix M with entries over an arbitrary finite

field GF(q).

Proof: Follows trivially from Theorem 4.2.3. O
Therefore in order to compute I'y" for example, we need to find all rank vectors
obtained from a 4 x4 matrix M for which we need to consider all relative dependencies

between rows of M. In what follows this will be explained in detail.

4.3.2 Scalar Linear Representable Region of 4 Random

Variables

In this section we consider characterizing the scalar linear representable region for
4 random variables. Note that based on Theorem 4.3.1 we need to obtain all rank

vectors from a 4 x 4 matrix.



104
4.3.2.1 Deriving All Rank Vectors of a 4 x 4 Matrix

To obtain the rank vectors based on Theorem 4.3.1, we need to determine the possible
dependency relations among the rows of a 4 x 4 matrix. The general idea for such
approach is to first determine the possible pairwise dependencies of the rows of the
matrix and for each such obtained structure, further determine the triple dependen-

cies, etc. In what follows we will explain this method in detail,

Theorem 4.3.2 (Scalar linear representable vectors of 4 random variables)
There are a total of 68 different scalar linear representable vectors for 4 random vari-

ables.

Proof: [Obtaining rank vectors from a 4 x 4 matrix] Let the rows of the 4 x 4 matrix
be denoted by vy, vs9,v3, and vy. We examine the dependency relations in different
scenarios based on the number of zero rows and we assume that the underlying field
size is arbitrary. First assume that there are no zero rows.

Scenario 1: No zero rows

We begin by determining the pairwise dependencies. Note that for a 4 x 4 matrix
whose rows are v, v, v3, and vy, five cases are possible. By denoting the pairwise

dependent rows inside parenthesis, we obtain the following cases,

1. (v1)(v2)(v3)(v4): no two rows are pairwise dependent (i.e., no two rows are

aligned).

2. (vi,v;)(vg)(v): v; and v; are aligned and the other two rows v, and v, are

independent.

3. (vi,vj) (v, v): rows v;,v; are aligned and the other two rows vy, v, are also

aligned.

4. (v, v;,vg)(vy): TOWS v;, v;, vy are aligned to each other and independent from v;.
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5. (v1,vg,v3,v4): all four rows are aligned.

Note that these 5 cases correspond to different partitions of vy, v, v3,v4. Now we will

examine each case separately,

L. (v1)(v2)(vs)(vs): Since all pairs of rows are independent, we have r;; = 2, Vi, j,

and we can consider the following possibilities for the triple dependencies:

(a) there is no set of dependent triplets, i.e., r;;x = 3, Vi, j, k, then the whole

set of rows can be either dependent or independent,

i. the four rows are independent and therefore 71934 = 4. In this case the

corresponding rank vector will be (1111,222222/3333,4).

ii. the four rows are linearly dependent and therefore 1234 = 3. Hence,

the corresponding rank vector will be (1 111,222222,3333,3).

(b) there is one triple set that is linearly dependent and independent of the
4-th row. Without loss of generality assume that that linear dependent
triplet is vy, v, v3. Therefore we obtain that r193 = 2. However rank of the
other triplets will be still 3. Clearly we also have ry334 = 3. Therefore the
resulting rank vector in this case will be, (1111,222222,2333,3).
Note that considering the permutations of this vector, this case results in

4 vectors in total.

(c¢) more than one triple set is linearly dependent. This essentially means that
all triples are dependent and therefore r;;, = 2, Vi, j, k. Moreover this also
gives 11934 = 2. In other words the rank vector corresponding to this case

is obtained tobe (1111,222222,2222,2).

2. (v, v;)(vg)(vr): Without loss of generality assume that we have (v1,vs)(v3)(vs)
which immediately gives r2 = 1 and V(i,7) # (1,2),r;; = 2. Since vy and vy

are aligned, we can represent them by a unit vector v] in their direction. For
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the matter of determining triplet dependencies, therefore, we need to examine

the dependencies of v, vs, v4. Two cases are feasible,

(a) there is no set of dependent triplets in v}, v3,v4. Therefore we have ris3 =
r194 = 2 and ri34 = 1934 = 3. Clearly r1934 = 3 and we obtain the rank
vector (1111,122222,2233,3). Considering permutations of this

vector this case yields 6 vectors in total.

(b) the triplet v{,vs, vy is linearly dependent. In this case we have r;; =
2, Vi,j, k and rip34 = 2 giving the rank (1111,122222,2222,2).
Considering the permutations, we obtain a total of 6 vectors from this

case as well.

3. (vi,v)(vg, v): Without loss of generality assume we have (v, ve)(vs, v4). This
assumption alone determines all the rank vector entries. In particular ri5 =
r3a = 1, r13 = T4 = o3 = 124 = 2. Moreover 1y, = 2, Vi,j,k and r1 934 = 2,
yielding the rank vector (1111,122221,2222,2). Three permutations
for i, j, k are possible in total, i.e.—the structures (v, ve)(vs, vy4), (v1,v3)(ve, v4),

and (v, vy)(vg, v3)—and therefore this case gives 3 rank vectors in total.

4. (v;,vj,v)(v): Without loss of generality assume that we have (vq,v2,v3)(vy).
This implies that rio = ri3 = ro3 = 1 and r1y = roy = r3y = 2. Moreover
r193 = 1, 1194 = T134 = To34 = 2, and 71934 = 2. Therefore we get the rank vector
(1111,112122,1222,2). Considering the permutations, this case results

in a total of 4 rank vectors.

5. (v1,v2,v3,v4): In this case all the rows are aligned and the rank vector can be

easily obtained tobe (1111,111111,1111,1).

Scenario 2: One zero row
Assume without loss of generality that the first row is the all zero vector, i.e., v; = 0.

This immediately gives r; = 0. For vy, v3, and v, the following cases are possible:
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1. (v2)(v3)(vs): none of the other three rows are aligned. Therefore we have rjs =
r13 = r1a = 1 and r93 = 794 = 734 = 2. In this case these three rows can either

be linearly dependent or independent,

(a) wvy,vs, vy are linearly independent. Therefore we have 1193 = 1124 = 1134 = 2
and T9234 = 719234 = 3. The rank vector is (0 11 1,1 1122 2,2 22 3,3)

Taking into account the possible permutations we obtain 4 vectors in total.

(b) vq,v3, vy are linearly dependent. The difference with the case where vg, v3, v4
are independent will be that ro34 = 71934 = 2. Therefore the resulting rank

vectoris (0111,111222,222 2 2). Considering the possible permu-

tations again gives 4 vectors.

2. (vj,vg)(w), j,k,1 # 1: In this case two of the nonzero rows are aligned and
independent from the last nonzero row. Without loss of generality assume
(v2,v3)(v4). The rank vector is obtained tobe (0111,111122,1222,2).
Note that the zero row could be any of the four rows, and for any chosen zero
row, one can consider any two of the three remaining nonzero rows aligned.
Therefore there are a total of 12 vectors resulting from this case (counting the

permutations).

3. (v9,v3,v4): The rank vector in this case willbe (01 11,111111,1111,1).
Taking into account the feasible permutations we obtain a total of 4 vectors

from this case.

Scenario 8: Two zero rows
Assume without loss of generality that v; = v9 = 0. Therefore r; = 5 = 0. Now the

remaining two rows can be either aligned or independent,

1. (v3)(vy4): In this case the other two rows are independent. Therefore the result-

ing rank vector will be (001 1,01 1112,11 22,2). Note that the two zero
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rows can be chosen in six different ways and hence there are a total of 6 vectors

in this case.

2. (v3,v4): In this case the two nonzero rows are aligned. Therefore we can easily
obtain the rank vector for this case as (0011,011111,1111,1). Again

considering permutations we obtain a total of 6 vectors from this case.

Scenario 4: Three zero rows

Without loss of generality assume the nonzero row is vs. The obtained rank vector
in this case will be (0001,00101 1,01 11,1) and considering permutations we
get a total of 4 rank vectors from this case (the assumption of three zero rows).
Scenario 5: All rows are zero

This will be the trivial all-zero rank vector.

Putting together all the rank vectors obtained in Scenarios 1-5, we obtain 68 rank
vectors. 0
Remark: An alternative approach for determining the rank vectors resulting from a

4 x 4 matrix M is to first lower triangularize M, i.e.,!

(4.5)

LT T
E T

and then consider all the relations between rows. In particular we can define p;
to denote the largest column index for which row i has a nonzero entry, therefore
0 < p; <14 Then, eg., p; = 0 would imply that row ¢ is totally zero. Moreover if
pi # p; we can immediately conclude that rows ¢ and j are independent. However if
two or more p;’s are equal then the relations could be more complicated and all of

them should be considered. For example, consider p; = 0,py = p3 = py = 2. That

!The matrix M can be assumed to be lower triangular without loss of generality due to repeated
use of the Bezout identity.
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would be the following structure,

(4.6)

™

<

I
MoK X O

M

Now note that for the rank of singletons we have 7y = 0 and r; = 1, j # 1. For pairs
that include row 1, r; = 1, j # 1. However to determine the rest of the pairwise
ranks we should consider the different feasible dependencies among rows 2, 3, and
4. Denoting row ¢ by v; as previously stated, three different cases can be considered
for ve,vs, and vy, ie., (v2)(vs)(va),(vj,vi)(v) 7,k,1 # 1, and (ve,vs,v4). Each of
these cases results in a different rank vector. In particular note that we always have
r1934 = T934 < 2 because there are only two nonzero columns. There are a total
of 5! combinations for values that py,...,ps can take and for each combination all

dependencies should be taken into account.

4.3.2.2 Characterizing I']"

Based on the rank vectors that we obtained in the last part, we can now characterize

the region of scalar linear representable vectors for 4 random variables.

Theorem 4.3.3 (Scalar rank region of 4 random variables) The region of
scalar representable entropies of 4 random variables is obtained from the convexr hull

of 68 rank vectors. The convexr cone of this region has 27 rays which can be seen in

Table 4.1.

Proof: The scalar linear representable region is characterized from the convex hull of
all the 68 rank vectors found in Theorem 4.3.2. Using the software package PORTA
[POR] which uses a Fourier-Motzkin elimination, we compute the convex hull of these
68 vectors to obtain the region of 15-dimensional scalar representable entropy vectors.

All these 68 vectors correspond to corner points and their convex hull is represented
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Table 4.1: Rays of the scalar linearly representable region of 4 random variables

(h17 h27 h37 h47 h127 h137 h147 h237 h247 h347 h1237 h1247 h1347 h2347 h1234)

0, 0, 0, 1,

L,

L,

(1, 0, 0, 0,

L,

(1, 0, 0, 1,

(9)

(16)

(20)

by 86 inequalities or, equivalently, hyperplanes. Among the hyperplanes, 50 of them

pass through the origin and are used for computing the rays of the convex cone of

the rank vectors. Moreover computing their convex cone results in 27 rays which are

OJ

depicted in Table 4.1.

Comparisons:

e Recall that in Section 3.5, we obtained the corner points of 4 quasi-uniform

random variables of alphabet size 2 [FSHO8]. In that case there are 67 corner

points (listed in Table 3.6) and, interestingly, the only differing vector between
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those 67, and the corner points of the scalar representable region is the vector
(1111,222222,2222,2), which is not representable over binary alphabet
size. In matroid theory, this vector corresponds to the rank of U, 4 matroid.
Therefore all the other corner points of scalar ranks correspond to the entropies

of quasi-uniform random variables with binary alphabet size.

e Another comparison with the results of [HRSV00] that has obtained the rays
of the linear representable region (either scalar or vector), shows that the rays
of the scalar rank region are exactly the scalar representable rays of the vector
rank region (i.e., there are not any extra rays for the scalar linear representable
region). In fact [HRSVO0O0] finds 35 rays for the set defined by Shannon-type
and Ingleton inequalities and shows that they are all representable. However
only 27 of those are scalar representable, which exactly correspond to the rays

of the convex cone region that we have found.

4.4 Scalar Linear Codes for Networks with Two
Sources

As stated in Theorem 4.2.4, the region of linearly representable entropy vectors is
important in finding the capacity region of a given network. In the last section
we found the scalar region for 4 random variables. However most networks involve
more than 4 variables and finding the linear representable entropy region becomes
computationally hard when the number of random variables grows. Therefore in an
attempt to find linear solutions for a general network, one may simplify the problem
by limiting the number of sources to some number s. This in effect upperbounds the
values of the joint entropies of the random variables to s. In this section by letting
s = 2, we consider networks with 2 sources.

Now we can state the following theorem about the region of such scalar repre-
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sentable vectors,

Theorem 4.4.1 The region of scalar representable vectors whose entries are bounded

by 2, is obtained from all rank vectors of an n x 2 matrix.

Proof: In general from Theorem 4.2.3 any scalar linear representable vector can be
obtained from the rank vector of an n x n matrix. Since the entries of the vector in
this case are bounded by 2 by assumption, that means that the n x n matrix is rank
2 and therefore the scalar representable vector in this case can be considered to be
the rank vector of an n x 2 matrix. O

Denote the space of scalar rank vectors obtained from an n x 2 matrix by I .

Theorem 4.4.2 Given a network with two sources, a scalar linear solution for it can

be found by solving a convex optimization over the convex hull of T ,.

Proof: Follows from Theorems 4.4.1 and replacing con(2) by con(I'% ) in 4.2.4. O

Henceforth we will try to find the rank vectors of an n x 2 matrix.

4.4.1 Rank Vectors of an n x 2 Matrix

The underlying principle for finding all rank vectors of an n x 2 matrix is the same
as that of a 4 x 4 matrix which was discussed in the last section. In fact similar to
the case of 4 x 4 matrix, in considering different structures for the n x 2 matrix, we
first need to consider whether each row is zero or not zero and for the nonzero rows
consider the pairwise dependencies first. The following shows an example of such a

structure,
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However since the matrix is n x 2 versus the n xn general matrix of the last section, we
can obtain nice results and simplify things considerably in this case. As an instance
an immediate consequence of having a rank 2 matrix is that knowing the nonzero

rows and their pairwise ranks we can determine the whole rank vector.

Lemma 4.4.3 The entries of the rank vector of an n X 2 matriz that correspond to

ranks of a set of more than 2 rows, can be obtained from the pairwise ranks.

Proof: Follows trivially from the fact that M is rank 2. In fact if « is the set of indices
of a collection of rows, s.t. |a| > 2 then r, = max; je, rij. O
The following lemma lays the foundation for characterizing all rank vectors of an

n X 2 matrix.

Lemma 4.4.4 Let K = {iy, - ,ix} denote the set of indices of the nonzero rows of
an n X 2 matriz M. Then there is a bijection between all rank vectors of M and set

partitions of K.

Proof: Let P be the set of all partitions of K and R be the set of all rank vectors
obtained from M. We show that there is a bijective mapping Il : P — R.

First we show the existence of such mapping by showing that for any given partition
of K, e.g., p € P we can construct an n x 2 matrix with {i1, ..., i} as the set of its
nonzero rows as follows: Let p = 51/S5,/ ... /S; be a partition of K. Let {vy,..., v}
be t pairwise independent 1 x 2 vectors. This is always possible by assuming that
the underlying finite field is sufficiently large *. For [ = 1,...,n if [ € S; then set
M, = v; where M, represents the [-th row of M. Define II(p) to be the rank vector of
the matrix M so constructed.

To complete the proof, we show that this mapping is one-to-one and onto. Assume
[I(p) = II(p) and p # p. Therefore there exists ¢,j € K such that ¢ and j belong to

the same partition in p and to different partitions in p. If we let II(p)y; ;3 denote the

Tt can be easily shown that the total number of pairwise independent 1 x 2 vectors over GF(q)
for a prime q is at least ¢ + 1. Hence it is enough to choose ¢ > ¢ — 1.
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rank of rows i and j, it is easy to check that II(p)g; ;4 = 1, and II(p)(; ;3 = 2, which
contradicts the assumption. Therefore TI(.) is one-to-one. Next we show that II(.) is
onto by constructing a partition p € P for every r € R s.t. II(p) = r. From Lemma
4.4.3 it is enough to consider those entries of the rank vector r that correspond to the
pairwise ranks. In other words, r = II(p) if there exists a p € P s.t. II(p)u 0 = i
for all 7,j € K. Let ¢, be in the same set in partition p if and only if r;; = 1. The

partition p is well-defined if we can show the following relation:

rij:rjk:1:>rik217

which holds by the definition of the rank function. This concludes the proof. 0

Although Lemma 4.4.4 gives a nice algorithm for determining all the rank vectors
of an n x 2 matrix by determining all the set partitions of the nonzero rows of the
corresponding matrix, one cannot easily determine if, for a given vector, there exists
a valid partitioning. In what follows we will try to answer that question. However we

first need to define the following binary relation.

Definition 4.4.5 Assume that r is a 2" — 1 dimensional vector whose entries are in-
dexed by subsets of {1,--- ,n}. Let K be defined as, K ={i | r, =1, i€ {l,...,n}}.

Then fori,j € {1,...,n} we define the binary relation ~ as follows:

i~y & 3T C{l,2,..,n}:4,j€e TNK and rp = 1. (4.8)

Note that the binary relation of Definition 4.4.5 is both reflexive and symmetric.
Therefore it will be an equivalence relation if it is transitive as well. Note that we

have the following lemma,

Lemma 4.4.6 Let r be a 2" — 1 dimensional vector whose entries are indexed by
subsets of {1,...,n}. If entries of r satisfy the Shannon inequalities, then the binary

relation defined on r as in Definition 4.4.5 is an equivalence relation.



115

Proof: We only need to show that under the assumption of Shannon inequality satis-
faction, the binary relation is transitive. Therefore assume that for i, j, k € {1,...,n}
where r; = r; = r, = 1 we have ¢ ~ j and j ~ k and we need to show that j ~ k.
Since i ~ 7, based on definition, there is a set 77 C {1,...,n} such that 7,5 € 177 and
ry, = 1. Similarly for j and k there is a set T, C {1,...,n} such that j, k € T, and
rr, = 1. Note that T} NT5 at least includes j. Since the entries of r satisfy Shannon

inequalities we have,

1 == TT1 S rTlLJTQ S T.Tl + T.TQ - TTlﬂTQ = 2 - TTlﬂTQ' (49)

Moreover for rp,~, we obtain that,

1= T S Nty S rm = 1 (410)

meaning that rp,~r, = 1 and therefore from (4.9) we get rrup, = 1. Since T} U T

includes both ¢ and k, based on Definition 4.4.5, i ~ k. O

Corollary 4.4.7 Let r be a 2" — 1 dimensional vector and ~ be the binary relation
defined on r based on Definition 4.4.5. Assume for some 1 < i,5,k < n, where
ri =r; =1, =1, we have © ~ j, t.e., IT 4,5 € T,rp = 1 and j ~ k, which also

means 31", j, k € T',rw = 1. Then if the entries of r satisfy the Shannon inequalities,
1. For all subsets of T, i.e., T C T such thati € T orj e T, we also have ry = 1.

2. rrurt = 1.

Proof: Part 1 follows trivially from the Shannon inequalities and part 2 is a direct
consequence of Lemma 4.4.6. ]
Now we can state the main theorem that allows one to determine if a given vector

is the rank vector of an n X 2 matrix.
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Theorem 4.4.8 Letr € {0,1,2}>" 7! be a vector whose entries are indexed by subsets
of {1,...,n}. Moreover assume that fori =1,...,n, r; € {0,1}. Then r is a rank

vector of an n x2 matriz if and only if the entries of r satisfy the Shannon inequalities.

Proof: First note that if r is a rank vector of an n X2 matrix then it is an entropy vector
and its entries will satisfy the Shannon inequalities inevitably. Now assume that the
entries of r € {0,1,2}2"~1 satisfy Shannon inequalities. We want to show that r will
be a rank vector. If the entries of r satisfy Shannon inequalities, then based on Lemma
4.4.6 the binary relation defined on r will be an equivalence relation and therefore
induces equivalence classes. Note that if an element of the set {1,...,n}, e.g., i, does
not belong to any of the induced equivalence classes then it essentially means that
r; = 0. This is due to the fact that r; can only be zero or one and if it is one, at
least we have i ~ ¢ and therefore ¢ will belong to an equivalence class. Therefore the
equivalence classes induced by ~ form a partition p for K = {i|r; = 1,1 =1,...,n}.
Based on Lemma 4.4.4, there is a valid rank vector 7 = II(p) corresponding to this

partitioning. We prove that r = 7’ by showing that for all T C N, rp = r/.

1. T C N\ K: We show that for all T C N \ k we have rr = 7% = 0. Since
r satisfies the Shannon inequalities rp < ZET r;, however since if ¢ € T it is
not in the set K, then r; = 0 and therefore r = 0. Moreover by construction
of v = Il(p), 7" is also zero for such 7. Now note that for all other subsets
T CN,T ¢ N\K), rp # 0, and rf # 0. The former due to Shannon
inequality and the latter by construction. Therefore for such 7', rr and 7. are

either 1 or 2.

2. T C K: As stated in the last case, for T'C N, ry and 7/, can only take values
1 or 2. Therefore we prove the equality of rp and r/. for this class of subsets
by showing that for 7" C K, rr = 1 if and only if v/ = 1. First assume

that r = 1. Then from the definition of ~, TN K = T € C where C' is an
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equivalence class under the relation ~. From the construction of ' = II(p) in
Lemma 4.4.4, C' is also a partition of K and hence r7. = 1. Conversely assume
that rf, = 1. Therefore again we have TN K =T € C. Since r satisfies the
Shannon inequalities for all equivalence classes we have rc = 1 and V1" C (|

also ro = 1.

3. T=aUpB,aC K, C N\ K: Note that since r satisfies Shannon we have,
ro <17 < 14+15. However since § C N\ K based on case 1, rg = 0 and hence
rr = ro. Moreover since r’ is a rank vector based on construction, therefore it
satisfies Shannon and therefore by a similar argument 77, = r/,. However since

a C K based on case 2, r, = 17,.

OJ
Remark 1: We want to emphasize the need for Shannon conditions in the proof
of Theorem 4.4.8. In particular if r does not satisfy Shannon, entries of r could
be such that ~ still be an equivalence relation on r. In such case however, one
does not necessarily have rc = 1 and VI' C C,rpy = 1. The 7-dimensional vectors
(111,222,1)and (111,11 1,2) which do not satisfy the Shannon inequalities are
two such examples, both having a single equivalence class {1, 2,3} based on Definition
4.4.5.
Remark 2: Note that Theorem 4.4.8 suggests that, in order to compute the scalar
linear capacity of a network with 2 sources, we should include all the Shannon in-
equalities as constraints in the network optimization problem. However the number
of non-redundant Shannon inequalities is n + (3)2"~2 [Yeu02] which is exponential
in n. Nonetheless the number of joint entropies that appear in network constraints
(topology constraints of the network) are usually much less than the whole number of
joint entropies of the random variables of the network. Therefore the hope is that in
such cases one need not impose all the Shannon inequality constraints. Extension of

the approach that resulted in Theorem 4.4.8 can be useful in determining the region
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Figure 4.1: Geometric representation for a rank-2 matroid

of projection of rank vectors into particular subsets of its entries.

Remark 3: For those familiar with the matroid theory, an alternative way of expressing
the result of Theorem 4.4.8 is by establishing that rank-2 matroids are representable
(matroid representability is discussed in Section 4.5). In this context, a rank-2 matroid
can be represented as in Fig. 4.1, where every point shows a matroid element, and
pairwise dependent elements are shown by touching points grouped into a column.
Assume there are ¢t columns of touching points in Fig. 4.1. One can easily show
that there are at least ¢ + 1 pairwise independent 2-dimensional vectors over GF(q).
Hence, if we let ¢ > ¢ — 1, we can find ¢ pairwise independent 2-dimensional vectors
over GF(q). Assigning each of the ¢ vectors to all the elements in a column of Fig.

4.1, yields a representation for the matroid.

Corollary 4.4.9 Among scalar codes for a network with 2 sources, linear codes are

optimal.

Proof: Recall that entropy vector of network random variables under any scalar net-
work coding assumption, satisfies the Shannon inequalities. Since based on Theorem
4.4.8, Shannon inequalities are also sufficient for characterizing I';", . the result follows
immediately from Theorem 4.4.2 and Theorem 4.4.8. 0
Remark: We should mention that there has been some other works on networks with
two sources in the literature [WS10, EF09]. In fact, Corollary 4.4.9 has also been

recognized by Wang et al. through a graph-theoretic approach [WS10].
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4.4.2 Some Explicit Computations

Now we give the results of the explicit computation of the rank region of n x 2 matrices

for three values of n,

1. 4x2 matrix: Computing all the ranks of a 4 x 2 matrix results in 52 vectors. The
convex hull of these vectors is represented by 156 inequalities and interestingly
all the 52 points are corner points of the convex hull. Out of 156 inequalities,
50 of them are homogenous, meaning that they define hyperplanes that pass
through the origin. However as opposed to the 4 x 4 case there are only 26 rays
for the convex cone. The only missing vector compared to the 4 x 4 case is,
(1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3). This is somehow not surprising,

since this is the only ray in Table 4.1 that has rank entries greater than 2.

2. 5 x 2 matrix: There are a total of 203 vectors, out of which 112 are rays of the

convex cone region.

3. 6 x 2 matrix: There are 877 rank vectors for a 6 x 2 matrix which are obviously
63 dimensional. Computing the convex cone of these vectors by means of a

linear program, gave 575 rays.

4.5 Binary Scalar Linear Network Coding

In the previous section, we saw how constraining the number of sources to 2 could
make the region of linear representable entropies more manageable. Another ap-
proach for making the problem of determining the linear solutions of a network more
tractable, is to focus on the linear solutions over some fixed alphabet size. This is
equivalent to determining the region of linear representable vectors over the given
alphabet-size, and thus it is what we will study in this section. We examine the

problem from the matroids perspective.
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4.5.1 Entropy, Polymatroid, and Matroid

Recall that entropy satisfies the submodularity conditions. Indeed entropy is a poly-

matroid.

Definition 4.5.1 (Polymatroid) A finite set E called the ground set along with a
function r called the rank function, which maps the elements of the power set of E to

non-negative real numbers, i.e., v : 2¥ — R* is called a polymatroid if and only if for

all A, B C E, r satisfies the following:
1. r(0) =0.
2. If AC B then r(A) < r(B).
3. r(AUB)+r(ANB) <r(A)+r(B): submodularity.
where we have assumed that the entries of r are indexed by subsets of E.

A relevant though different with polymatroid concept is the matroid definition.

Definition 4.5.2 (Matroid) A finite set E called the ground set along with a func-
tion r called the rank function, that maps the elements of the power set of E to

non-negative integers, i.e., v : 28 — 7% is called a matroid if and only if for all

A, B C E, r satisfies the following:
1. 0<r(A) < |A].
2. If AC B then r(A) <r(B).
3. r(AUB) +r(ANB) <r(A)+r(B): submodularity.

Therefore the main difference between polymatroids and matroids is the integer re-

quirement for the entries of the rank functions. The condition r(A) < |A| in the
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Polymatroids
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Scalar Linear

Representable Vectors|

Figure 4.2: Polymatroids, matroids, entropy, and the linear representable vectors

matroid is not too critical, as one can scale the polymatroids. Therefore it is easy to
see that any matroid is a polymatroid, however the converse is not true. Moreover,
as mentioned, any entropy vector is also a polymatroid, whereas not all polymatroids
are entropic. This is simply due to the fact that I'} is a strict subset of the polytope
defined by Shannon inequalities. If we denote a matroid whose ground set elements
can be considered as random variables {Xj,..., X,,} with entropy as its rank func-
tion by entropic, then comparing matroid rank functions and entropy vectors also
reveals that neither all entropy vectors are matroidal nor all matroid rank functions
are entropic. Not all entropy vectors are matroidal simply because there is no reason
why the entries of the entropy vector should be integers, and not all matroids are en-
tropic because there are some matroid rank vectors which are proven to violate some
non-Shannon type inequalities and therefore are not entropic [DFZ07]. An important

class of matroids are the “representable” matroids.

Definition 4.5.3 (Representable matroids) A matroid is called representable

if its rank function is a linear representable vector.
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Clearly due to Theorem 4.2.3 all representable matroids are entropic. Moreover one
can easily see that all scalar representable vectors are also matroids. Therefore, in
order to study the scalar linear representable region one can as well study the region
of linear representable matroids and use the available results in the matroid theory

[Ox106]. Figure 4.2 shows all these connections.

4.5.2 Matroid Representability and Excluded Minors

The question of whether a matroid is representable or not has long been an open
problem. This problem is solved only if one is interested to know whether a matroid
is representable over GF'(2), GF(3), or GF(4). Before stating those results however,

we need an alternative definition of the matroid.

Definition 4.5.4 (Matroid in terms of independent sets) Let E be a finite set
called the ground set and T be a set of subsets of E. Then the ordered pair (E,T) is

a matroid:
1. IfDeT.
2. IfAC B and B €1 then A€ 1.

3. If A,B C T and |A| < |B|, then there ezists an element e of B — A such that

AUeeT.

The elements of the set I are called independent sets. Moreover any subset of E that

18 not in I s called a dependent set.

It is easy to see that the Definitions 4.5.2 and 4.5.4 are equivalent. In fact if the
matroid rank vector is given, the independent sets of the matroid will be those subsets

A C F for which r(A) = |A|. Conversely if the independent sets of the matroid are
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given, then the rank of every subset A is the size of the largest independent set within
A.
There are two ways one can remove elements from a matroid such that the resulting
smaller object is still a matroid. These two operations are namely the “deletion” and

“contraction” of a matroid [Ox104].

Definition 4.5.5 (Deletion) Let (E,Z) be a matroid and e € E be an element of
the ground set. Deletion of e from the matroid is the new matroid (E',Z") with ground

set B' = E — {e} and the independent set ' = {I|I € Z, e ¢ I}

Definition 4.5.6 (Contraction) Let (E,Z) be a matroid and e € E be an element
of the ground set. The contraction of e from the matroid is the new matroid (E',Z")

with ground set E' = E — {e} and the independent set T' = {I — {e}|I € Z, e € I}.

From Definitions 4.5.5 and 4.5.6, one can easily see that deletion and contraction
can be considered as dual of each other: while the independent sets of the deletion
matroid are those independent sets of the original matroid that do not contain e, the
independent sets of contraction matroid are obtained by removing e from those inde-
pendent sets of the original matroid that did contain e. Note that while contraction
always reduces the rank of a matroid, deletion does not necessarily do so. Furthermore
we would like to mention that deletion and contraction commute within themselves
and with each other [Oxl104], therefore we do not need to specify order when per-
forming these operations. It turns out that deletion and contraction translate to nice

operations over the matroid rank function.

e Deletion corresponds to marginalization: Since in deletion a set of elements is
deleted from the ground set and the independent sets of the rest of the matroid
are kept as before, deletion of a set T" from the matroid is just equivalent to
deleting those rank entries of the rank vector that contained any elements of 7.

In other words, deletion is equivalent to marginalizing the rank vector.
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e Contraction corresponds to conditioning: It can be shown [Oxl06] that con-
tracting the set T' from the matroid results in the new rank function 7/(A) =
r(AUT)—r(T) for all A C E—T. Note that if r is an entropy vector then this

is just equivalent to '(A) = r(A|T).

Performing a series of deletions and contractions over a matroid results in a smaller

matroid known as “minor”. These objects were first introduced by Tutte in 1958.

Definition 4.5.7 (Minor) Let (E,Z) be a matroid and assume that X,Y are two
disjoint subsets of E such that either of them could be empty. The matroid obtained

by deleting X and contracting Y is called a minor.

As previously mentioned, the problem of linear representability of matroids is only
solved over GF(2), GF(3), and GF(4). It turns out that in all these cases the minors
of the matroid play an important role.

To explain representability results over these fields first consider GF(2). A uniform
matroid denoted by U, is defined as the matroid with n elements in its ground set
such that its independent sets are all subsets of size at most m. In other words
the rank vector of uniform matroid is such that for all subsets A where |A|] < m
we have r(A) = |A| and for |A| > m, r(A) = m. For the case of Uy, that would
mean that we have 4 elements where every two of them are independent. Since
there are only 3 pairwise independent vectors over GF(2) namely [1 0],[0 1],[1 1],
one can immediately see that Us4 is not representable over GF(2), although it has
representation over any other field. As it turns out having a Uy as a minor is the

only reason for non-representability of a matroid over GF(2).

Theorem 4.5.8 (Tutte 1958) A matroid is binary representable if and only if it

does not have any Usy minors.

For representability over GF(3) and GF(4) there are similar results in terms of the

minors of the matroid.
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Theorem 4.5.9 (Reid 1971; Bixby 1979; Seymour 1979) A matroid is ternary

representable if and only if it has no minors isomorphic to either of the Uss, Us 5, F7,

*
or F7.

Theorem 4.5.10 (Geelen, Gerards, Kapoor 2000) A matroid is quaternary if
and only if it does not have any minors isomorphic to either of the Uss, Uss, F7,

(Fr;)*, Pﬁ, pg, or PS,/

In the above theorems, F7 and F7 denote the Fano matroid and its dual, F; and
(F7)* are the non-Fano and its dual, and P is a special relaxation of Ps matroid.
However we shall not further delve into these here.

The set of minors which forbid a matroid to be representable over a certain field
GF(q) are called the excluded minors for GF(q) representability. The representabil-
ity problem over any other field than those stated above is pretty much open. As
an instance it is not even known whether the set of excluded minors for GF(q) rep-
resentability ¢ > 5 is finite or not. Although Rota in 1970 conjectured that they
are finite. There are many more interesting questions related to representability of

matroids over finite fields and one may consult [Ox106] or [Ox104] for more details.

4.5.3 Binary Capacity of Networks and Binary

Representability

We will now focus on binary representable matroids to study scalar linear codes over

GF(2) in networks.

Theorem 4.5.11 (Binary representable vectors) A 2" —1 dimensional vector h

is scalar binary representable if and only if:

1. h is a rank function of a matroid on n elements as stated in Definition 4.5.2.
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2. For any four elements i,j,k,l € {1,...,n} and any subset T C {1,...,n} —
{i,J,k,1} the 15-dimensional vector h' whose entries are defined as h'(A) =

R(AUT) — h(T),YA C {i,j,k,1} is not Uy.

Proof: The first condition can be seen easily from the fact that a binary representable
vector is a binary matroid and vice versa. Moreover second statement is equivalent
to obtaining 4 element minors of the matroid on n elements by contracting the set
T CA{l,...,n}—{i,j,k, 1} and deleting S = {1,...,n} — {4, 4, k, 1} =T and enforcing
those minors not to be Usy, which based on Theorem 4.5.8 is necessary and sufficient
for binary representability. O

Recall from Theorem 4.2.4 that to obtain the best scalar linear code in a network,
we need to perform the optimization over the convex hull of the linear representable

vectors. Therefore we need the following theorem:

Theorem 4.5.12 (Convex hull of binary entropic vectors) A 2" — 1 dimen-
stonal vector h s in the conver hull of entropy region of n binary linearly-related

random variables if and only if:

1. h € T where T™* js the convex hull of matroid rank functions over n ele-

ments.

2. For any four elements i,j,k,l € {1,...,n} and any subset T C {1,...,n} —
{i,7,k,1l} the 15-dimensional vector h' whose entries are defined as h'(A) =
h(AUT) — hT),YA C {i,j,k,l} is in the convex hull of the entropy region of

4 binary linearly-related random variables.

Proof: Follows readily from Theorem 4.5.11. O
Note that, as stated earlier, due to the integer constraint on the matroid rank
elements, the convex hull/cone of matroids is a subset of the convex hull/cone of

polymatroids. In particular for 4 elements, the convex cone of polymatroid cone has
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41 rays and the convex cone of matroids has 35 rays (these 35 rays are the same as
the ones given by Table 3.7, and Table 3.2 together).
We can now state the optimization formulation for determining the capacity of

networks over binary operations.

Theorem 4.5.13 (Binary capacity of networks) Let Xi,..., X, denote the ran-
dom wvariables of a acyclic memoryless wired network. The maximum weighted sum
rate achieved by scalar linearly-related binary random variables and binary operations

can be obtained from the following optimization problem:

max o’ h (4.11)

subject to h € con(T") and,
1. hx, < C.  for any edge e
2. MXs,,...,Xg,)=> 1 MXs,)

Xi

out

3. h(X?

m?

() =nh(X,) j=1...,X

ra(d) for each nonsource node i

4. h(X!

m)

X4(5) = h(X4(5)) is a sink node

5. For any four elements i,j,k,l € {1,...,n} and any subset T C {1,...,n} —
{i,J, k,1} the 15-dimensional vector h' whose entries are defined as h'(A) =
h(AUT) — h(T),YA C {i,7,k,l} is in the convex hull of the entropy region of

4 binary linearly-related random variables.

Remark: Note that although Theorem 4.5.13 gives a linear programming approach
for optimizing the achievable rates in a network, its complexity could be exponential
in n the number of random variables of the network. In fact the last condition of the
Theorem 4.5.13 requires one to check all the 4 element minors. The number of these

minors alone is (Z) 2n=4 Moreover as we know that the number of inequalities that
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define the polymatroid cone is n + (;) 2"=2 it is likely that the number of inequalities
that are required for characterizing the convex hull/cone of matroids is exponential
as well. However, some assumptions about the network may reduce the number of
conditions significantly. As an instance if know that there are r sources in the network
then all representable vectors corresponding to network solutions will be from rank
r matroids. The number of minors that need to be checked in a rank r matroid for
binary representability is simply () (:f:;l) = O(n"™?). This is due to the fact that

r — 2 contractions are needed to make the obtained minor rank 2 for the comparison

with the U24 .

4.6 Vector Linear Codes

Thus far we only considered the scalar linear codes and hence the scalar linear rep-
resentable region. Note that a multilinear representable vector can still be seen as a
bigger scalar representable vector where we would only be interested in a subset of
its entries. Compared to scalar linear representability, vector linear representability
has not been studied as much. It turns out that there are matroids which are not
scalar representable but have a vector representation. U4 for instance has a vector

representation over GF(2). Here is one representation for it,

(4.12)

Another example of a matroid that does not have scalar linear representation is
the non-Pappus matroid, which turns out to be vector representable over GF(3)

[SA98, Mat99).
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We will talk about numerical methods for obtaining scalar and vector represen-
tations of matroids in Chapter 6. In that chapter we will come back to the U,y and

non-Pappus matroids.

4.7 Conclusions

In this chapter we studied the linear representable entropy region along with its
connections to the linear networks codes. In particular for the most part we focused
on the scalar representable entropy region (entropy vectors with scalar underlying
random variables). First we presented a method for obtaining the linear representable
entropy region and we explicitly computed it for 4 random variables. Next we turned
our attention to networks with two sources and particularly showed the optimality of
linear codes among all scalar codes for such networks. Finally we studied the binary
capacity of networks, and by appealing to the subject of excluded minors of a matroid,

gave necessary and sufficient conditions for a vector to be binary representable.
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Chapter 5

Gaussian Entropy Region

5.1 Introduction

The effort to characterize the entropy region has mostly focused on discrete random
variables, ostensibly because the study of discrete random variables is simpler. How-
ever, continuous random variables are as important, where now for any collection of
random variables X, with joint probability density function fx,_(z,), the differential

entropy is defined as

ho = — / Fr () 108 fx.(20)dza. (5.1)

Let > aoH, > 0 be a valid discrete information inequality. This inequality is
called balanced if for all i € N we have ) .. a, = 0. Using this notion Chan
[Cha03] has shown a correspondence between discrete and continuous information

inequalities, which allows us to compute the entropy region for one from the other.
Theorem 5.1.1 (Discrete/continuous information inequalities)

1. A linear continuous information inequality ) aqhq > 0 is valid if and only if

its discrete counterpart ) aoHy > 0 is balanced and valid.

2. A linear discrete information inequality Y aoHy > 0 is wvalid if and only if

it can be written as Y. Baha + > iy Ti(Rije — hic) for some r; > 0, where
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Za Baha >0 is a valid continuous information inequality (i denotes the com-

plement of i in N).

The above theorem suggests that one can also study continuous random variables
to determine I';. Among all continuous random variables, the most natural ones to
study first (for many of the reasons further described below) are Gaussians. This will
be the main focus of this chapter.

Let X;,---,X, € RT be n jointly distributed zero-mean' vector valued Gaussian

RrI>nT  Clearly, R is symmetric,

random variables with covariance matrix R €
positive semidefinite, and consists of block matrices of size T' x T' (corresponding to
each random variable). We will allow T" to be arbitrary and will therefore consider

the normalized joint entropy of any subset o C N of these random variables

_ 11 Tl
h, = T3 log ((27re) det Ra>, (5.2)

where |a| denotes the cardinality of the set o and R, is the |a|T X |o|T matrix
obtained by keeping those block rows and block columns of R that are indexed by a.
Note that our normalization is by the dimensionality of the X, i.e., by 7', and that
we have used h to denote normalized entropy.

Normalization has the following important consequence:

Theorem 5.1.2 (Convexity of the region for h) The closure of the region of nor-

malized Gaussian entropy vectors is convez.

Proof: Let h* and hY be two normalized Gaussian entropy vectors. This means that
the first corresponds to some collection of Gaussian random variables Xi,..., X, €
R™= with the covariance matrix R*, for some T}, and the second to some other col-

lection Y3,...,Y, € R" with the covariance matrix RY, for some 7,. Now generate

Since differential entropy is invariant to shifts there is no point in assuming nonzero means for

the Xz
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N, copies of jointly Gaussian random variables X, ..., X,, and N, copiesof Y1,...,Y,
and define the new set of random variables Z; = [(X}), ..., (XMt (YA, .. (V)1
where (.)" denotes the transpose, by stacking N, and N, independent copies of each,
respectively, into a N,T, + N,T, dimensional vector. Clearly the Z; are jointly-
Gaussian. Due to the independencies of the X¥ and Y, k=1,...N,, I =1,...,N,,

the non-normalized entropy of the collection of random variables Z,, is
h;, = N, T,k + N, T,hY.

To obtain the normalized entropy we should divide by N, T, + N,T,

z T Y

N,T, N,T,
et SR R
" N,T,+N,T,* " N,T,+N,T,

which, since N, and N, are arbitrary, implies that every vector that is a convex
combination of A" and hY is entropic and generated by a Gaussian. OJ

Note that h, can also be written as follows:

_ 1 |
h, = > log det R, + 5 log 2me. (5.3)
Therefore if we define
1
9o =1 log det R,, (5.4)

it is obvious that g, can be obtained from h, and vice versa. All that is involved is a

scaling of the covariance matrix R. For balanced inequalities there is the additional

property,

Lemma 5.1.3 If Y a.H, is balanced then ) |aja, = 0.
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Proof: We can simply write,

Z\a!aa:ZZaa:Z<Zaa> = 0. (5.5)

a a Ex 7 atEq

Therefore since inequalities for continuous entropies are balanced, any inequality sat-
isfied by h is also satisfied by ¢ and vice versa. As a result the space for g and h
are the same. For simplicity, we will therefore use g, instead of h, throughout the
chapter and use the term entropy for both ¢ and A interchangeably.

In this chapter we characterize the entropy region of 3 jointly Gaussian random
variables and study the minimal set of necessary and sufficient conditions for a 15-
dimensional vector to represent an entropy vector of 4 jointly Gaussian random vari-
ables. As equation (5.4) suggests, entropy of any subset of random variables from
a collection of Gaussian random variables is simply the “log” of the principal minor
of the covariance matrix corresponding to this subset. Therefore studying entropy
of Gaussian random variables involves studying the relations among principal mi-
nors of symmetric positive semi-definite matrices, i.e., the covariance matrices. It
has recently been noted that one of these relations is the so-called Cayley’s “hyper-
determinant” [HSO7b]. Therefore along the study of entropy of 4 Gaussian random
variables we also examine the hyperdeterminant relation.

The remainder of this chapter is organized as follows: In the next section we re-
view background and some motivating results on the entropies of Gaussian random
variables. Section 5.3 states the main results on the characterization of the entropy
region of 3 jointly Gaussian random variables. In Section 5.4 we examine the hyperde-
terminant relation in connection to the entropy region of Gaussian random variables.
We give a determinant formula for calculating the special 2 x 2 x 2 hyperdeterminant.

Moreover we present new and transparent proof of the result of [HS07b] on why the
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principal minors of a symmetric matrix satisfy the hyperdeterminant relation. In
Section 5.5 we study the minimal set of necessary and sufficient condition for a 2" —1
dimensional vector to be the entropy vector of n scalar jointly Gaussian random vari-
ables. For n = 4 there are 5 such equations and we explicitly state them. Finally we
turn our attention toward the entropy region in wireless networks where the entropy

power inequality plays an important role.

5.2 Some Known Results

From (5.4) it can be easily seen that any valid information inequality for entropies
can be immediately converted into an inequality for the (block) principal minors of a
symmetric, positive semi-definite matrix. This connection has been previously used
in the literature. In fact one can study determinant inequalities by studying the
corresponding entropy inequalities, see, e.g., [CT88].

Let g be the entropy vector corresponding to some vector-valued collection of
random variables with an nT" x nT" covariance matrix R. Further, let m denote the
vector of block principal minors of R. Then it is clear that m = €97, where the
exponential acts component-wise on the entries of g. Then the submodularity of

entropy translates to the following inequality for the principal minors:

Maus - Mang < Mg - Mg. (5.6)

In the context of determinant inequalities for a Hermitian positive semidefinite ma-
trix, this is known as the “Koteljanskii” inequality and is a generalization of the
“Hadamard-Fischer” inequalities [FJ00]. Dating back at least to Hadamard in 1893,
studying the determinant inequalities is an old subject which is of interest on its own
and has many applications in matrix analysis and probability theory.

Some of the interesting problems in the area of principal minor relations include
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characterizing the set of bounded ratios of principal minors for a given class of ma-
trices (e.g., the class of positive definite or the class of matrices for which all of their
principal minors are positive, i.e., the P matrices) [JB93, HJ], studying the Gaus-
sian conditional independence structure in the context of probabilistic representation
[LMO7] and detecting P matrices, e.g., via computation of all principal minors of a
given matrix [GT06a].

Although determinant inequalities have been studied extensively on their own, and
also through the entropy inequalities, the reverse approach of determining Gaussian
entropies via exploration of the space of principal minors has been less considered
[LMO7, Lne03]. As it turns out, this approach is deeply related to the “principal
minor assignment” problem, where a matrix with a set of fixed principal minors is
desired. Recently there has been progress towards this area for symmetric matrices
[HS07b, GT06b] and we will discuss this in more detail in Sections 5.4 and 5.5.

Apart from the result of [Lne03] which shows the tightness of the Zhang-Yeung
non-Shannon inequality [ZY98] for Gaussian random variables, one of the encourag-
ing results for studying the Gaussian random variables is that they can violate the

“Ingleton bound”. This bound is one of the best known inner bounds for I'; [ZY98].

Theorem 5.2.1 (Ingleton inequality) [Ing71] Letvy,--- , v, ben vector subspaces
and let N = {1,--- ;n}. Further let « C N and r, be the rank function defined as
the dimension of the subspace ®;cqv;. Then for any subsets oy, an, as,ay € N, we

have

ral + rag + ralLJonUag + ra1Uo¢2Ua4 + ragUou;

_TOéj[UOZQ - rquch - TOqUOt4 - rOéQUO(?, - TOZQUO&4 S 0 (57)

The Ingleton inequality was first obtained for the rank of vector spaces. However
it turns out that certain types of entropy functions, in particular all linear repre-

sentable (corresponding to linear codes over finite fields) and pseudo-abelian group
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characterizable entropy functions also satisfy this inequality and hence fall into this
inner bound [Cha07b, Cha07a]. However if we consider 4 jointly Gaussian random
variables, we find, interestingly, that they can violate the Ingleton bound. Consider

the following covariance matrix:

1 € a a
e 1 a a
(5.8)
a a 1 0
a a 0 1
To violate the Ingleton inequality we need to have:
91+ g2 + G123 + G124 + g3a
—g12 — 913 — J1a — G23 — 924 2> 0. (5.9)
Substituting for values of g and simplifying we obtain:
l—e _ (1-2d+a"\"
> — ) . 5.10
1—|—5_(1—2a2+5 (5.10)

Moreover imposing positivity conditions for this matrix to correspond to a true co-
variance matrix gives 0 < a? < 0.5, 4a%2 — 1 < e < 1. Solving inequality (5.10) subject
to these constraints yields a region of permissible ¢ and a? (Fig 5.1). In particular
the point € = 0.25 a = 0.5 lies in this region. Interestingly enough, this example has
also been discovered in the context of determinantal inequalities in [JB93]. Taking
these results into account, we will study the Gaussian entropy region for 2,3 random
variables and give the minimal number of necessary and sufficient conditions for a
2™ — 1 dimensional vector to correspond to the entropy of n scalar jointly Gaussian

random variables in the next sections.
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feasible region of £ and a%for Inleton violation

0.2 llll'lll : :
Lot R Ll .

o
>

1 i i i i i I i I i
0 0.05 0.1 0.15 0.2 0.25 03 035 04 045 05
2
a

Figure 5.1: Feasible region of € and a? for the specific Ingleton violating example
5.3 Entropy Region of 2 and 3 Gaussian Random

Variables

The above results (violation of the Ingleton bound and tightness of the non-Shannon
inequality) lead one to speculate whether the entropy region for arbitrary continuous
random variables can be obtained from the entropy region of (vector-valued) Gaussian
ones. Although this is the case for n = 2 random variables, unfortunately, it is not

true in general (not for even n = 3).

5.3.1 n=2

Entropy region of 2 jointly Gaussian random variables is trivially equal to the whole

region of 2 arbitrary distributed continuous random variables.

Theorem 5.3.1 Entropy region of 2 jointly Gaussian random variables is described
by the single inequality g1o < g1 + g2 and is equal to the entropy region of 2 arbitrary

distributed continuous random variables.

Proof: Since it is known that the continuous entropy region is described by the single

balanced inequality his < hy + ho, to prove the theorem it is sufficient to show that
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any entropy vector [hy, ha, hi| satisfying this inequality may be described by 2 jointly

Gaussians and this is trivial to show. O

5.3.2 Main Results for n = 3

Although we consider vector-valued jointly Gaussian random variables, for n = 3, we
find that considering the convex hull of scalar jointly Gaussian random variables is

sufficient for characterizing the Gaussian entropy region,

Theorem 5.3.2 The entropy region of 3 vector-valued Gaussian random variables

can be obtained from the convex hull of scalar Gaussian random variables.

The characterization of the entropy region of 3 jointly Gaussian random variables
is formalized in the next theorem, which shows that in general the Gaussian entropy
region is a strict subset of the entropy region of arbitrary distributed continuous

random variables.

Theorem 5.3.3 (Entropy Region for n = 3 Gaussian RVs) Let the 7-dim-

ensional vector g = [g1, 92, g3, 12, Go3, 931, g123]° be an entropy vector generated by 3

[ ®x

o + 2maxy Ty —

Gaussian random variables. Define xp = e%i79%79% qand y =
Y w k. The closure of the Gaussian entropy region generated by such g vectors is

characterized by,

1. Fory <0:

95 <9i+3g; , g3 < mjin(gij + ik — 95)- (5.11)

2. Fory>0:

gi; <gi+9g , g123§2gk+log max 0,—2—1—2:@4—2 H(l—xk) (5.12)
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The entropy region for three random variables is simply given by the above inequal-
ities. Thus, when y < 0, the Gaussian entropy region coincides with the continuous
entropy region; however, when § > 0 (and this can happen for some valid entropy
vectors), we have the tighter upper bound (5.12) on gja3.

Theorem 5.3.3 implies that the Gaussian entropy region for n = 3 vector-valued
random variables is strictly smaller than the actual entropy region.

Nonetheless, not all hope is lost and the next theorem shows that one can indeed
construct the entropy region for n = 3 random variables from the entropy region

generated by vector-valued Gaussians.

Theorem 5.3.4 (General and Gaussian Entropy Regions) Let ¢ € R” be a
continuous entropy vector. Then there exists a 0 > 0, such that for all 6 > 6%,
the vector %g can be generated by three vector-valued jointly Gaussian random vari-

ables.

In other words, the entropy region for n = 3 continuous random variables is the
(convex) cone generated by the entropy region of 3 Gaussian random variables. This

result gives us hope that the study of Gaussians may be fruitful for n > 4.

5.3.3 Proof of Main Results for n = 3

In what follows we will outline the proofs of Theorems 5.3.3 and 5.3.4. The basic
idea is to determine the structure of the Gaussian random variables that generate
the boundary of the entropy region for Gaussians, and then to determine what the

boundary entropies are. We need a few lemmas:

Lemma 5.3.5 (Boundary of the Gaussian Entropy Region) The boundary of

the Gaussian entropy region is generated by the concatenation of a set of vector valued
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Gaussian random variables with covariance

Oénfr_ﬁ a12Prp a13Pi3
0612‘1332 Oézsz a3Poz | > (5'13)

t t
0413(1)13 CY23(I)23 OéggIT

where the ®;; are orthogonal matrices, and another set of independent vector-valued

Gaussian random wvectors with covariance

arily_ g 0 0
0 ol s 0 ) (5.14)
0 0 assly g

Proof: To find the boundary region for 3 jointly Gaussian random variables, we should

solve the following maximization problem:

max > vhs (5.15)
sC{1,2,3}
or equivalently,
max Z 7, log det R, (5.16)
R 23

where R is the 3T x 3T block covariance matrix which for the moment we assume
that all its principal minors are nonzero. This optimization comes about when we fix
any 6 of the entropies and try to maximize the last one.

KKT conditions necessitate that the derivative of (5.16) with respect to R be zero,
ie., % <ng{1?273} vs log det }?S) = 0. To compute the derivatives we note that for a

symmetric matrix X, we have % logdet X = 2X ! — diag(X~!), where diag denotes
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the diagonal elements. If we adopt the following notation,

1 -1
S Stz B Ri1 Rio T Tis B Ry Rus
So1 Sao Ry Ry Ty T Ry Ry
3 ) . . -1
U U. Ry R . .
~22 ~23 _ ~22 ~23 V= (B (5.17)
U32 U33 R32 R33
then we obtain,
R 00 0 0 0 00 0

l 0 00 |+%| 0 RS 0+ 00 0

0 00 0 0 0 0 0 Ry
Sy Sz 0 diag(S1;) 0 0
2712 | Sy See 0 | — 12 0 diag(Ss2) 0
0 0 0 0 0 0
Ty 0 Tis diag(T1,) 0 0
+2713 0 0 0 |—ms 0 0 0
Ty 0 Ty 0 0 diag(Tss)

0 0 diag(Uss)

0 0 0 0 0 0
293 | 0 Uy Uy | —723] 0 diag(Um) 0
0 Usy Uss

0

+27v123 R — Y123 diag(R_l) = (5.18)
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Multiplying (5.18) by R from right we obtain,

givd 71Rf11R12 71Rf11R13 I 0 5'11 S'12 R13
Yoy Roy Yol YoRoy Roz | + 2712 0 I \ Sy S Ros

73]%531}?31 ’Ységgl Rsy 3l 00 0
I TuRis+TisRs 0 0 0 0
+2713 | 0 0 0 |+ 272 Uy Uss \[ Rn Y I 0
0 Ty Rip+ TasRsy I Usy Uss Ry | 01
7125'11+“/137~“11+
Y123 Vi1 0 0
. 712522+'y%3022+ ~
+27v103 I — diag 0 P 0 ‘R=0
“/13T33+’Ygs[~]33+
0 0 Y123 V33
(5.19)
Let,
D1 = diag(%2§11 + 713T11 + 7123‘711) (5.20)
Dz £ diag(’712§22 + ’723022 + ’7123‘722) (5.21)
Ds 2 diag(%ST?,s + 723033 + 7123‘733) (5.22)

Then by equating the diagonal term of the left-hand side of (5.19) to zero we get,
(v +2 Z Yij + 27123)] = DiRy (5.23)
J

where we have implicitly assumed that ~,; = v;;. This gives,

J
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In other words fi“ should be diagonal. If we assume that det Rzz = a;‘g, o > 0, then
the following matrix has unit determinant,
1 pl/2
= _1 pl/2
L 0 Jam lt) 0 (5.25)
0 0 L

V33

and we can go back and multiply (5.18) from left and right by the above matrix L.

Considering the fact that R;; are diagonal, and denoting

L_Rl2 0
Lyg= | Y™ (5.26)
0 ;RI/Q
s 122
we note that
diag(S1;) 0 0
L 0 diag(Sp) 0 | L =
0 0 0
) ) -1
) . Riy Ry 3 0
diag L[1,2] 3 3 L[1,2]
Ry1 Ry 0 (5.27)
00 0

Therefore if we define,

R=L'RL™! (5.28)
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and S, T,U, and V also similar to (5.17),

—1 -1
S11 Sz B Ry Ry Ty Tis B Ry Ris
So1 Sag Ro1 Ry T3 Tz3 R Ras
—1
Usy U R R
2 Us | 22 a3 V= (B Y (5.20)
U32 U33 R32 R33

it follows that (5.18) and (5.19) will be satisfied by R, .S, T, U, V instead of R,S,T,U,V.
However note that now we have, R;; = a;;I. Next similar to (5.20), (5.21), and (5.22)
we can define Dy, Dy, and D3 for S,T,U,V. Then equating the diagonal terms of

(5.19) to zero when R is used instead of R yields,
J

which immediately gives,

for some constant §;. Now considering elements (2,1), (3,1) together, (1,2), (3,2) with
each other, and (1,3), (2,3) simultaneously in (5.19) when R is replaced by R and

using R; = ay; I, we obtain for i, 5, k € {1,2,3},

((2 + Z—l>[ 0 R” R,] le
+ 2, 0. (5.32)
0 (0; 4+ o)1 R Ry Ry,
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i Rij
Therefore simplifying condition (5.32) by multiplying it by ’ , we obtain:
Ry Rj;
P SO
Vi + 27ij + dicui) 1 el 15 Rk
( ’ ) N =0. (5.33)
L Ry, (v + 295 + 505501 | | Rk

t
Now if the 27 x T matrix [ RY, Rz,k ] were full rank, the rank of the left 27" x 2T

matrix would be T" and therefore its Schur complement should be zero, i.e.:

( Yi+0i 04 ) (73‘ +650; )

(5 + 25 + dj05)1 — %1 o +C:5j;aii RjiRi; =0 (5.34)
in other words:
RjiRij = RijRj; = Bi;1. (5.35)

t

Since R is symmetric, Rj; = R,

this implies that off-diagonal blocks of R are mul-
t
tiples of an orthogonal matrix. However, in the general case [ Rt R§k } need not

be full rank. Therefore there is a 7" x T" unitary matrix ¢;; such that:

t
Assume the column rank of { }_gzk ﬁ;k ] to be T;;. This suggests doing a similarity
transformation on R with the following unitary matrix without affecting the block

principal minors:

s 0 O

0 0 b
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From which we obtain:

ol 933312931 953313912
O"RO = 9}:1321923 ool 9§1323912
015 R31603 075 R3203: asz]

Considering Rg1653 and 6%, Ry; simultaneously and using (5.36) we have,

R21@23 = ( Ezl 0 )

E*
O3 a1 = .
0

Therefore we can simply obtain the following structure for 65, Ro16s3:

. Ry 0
931R21823 =
0 O

(5.38)

(5.39)

(5.40)

(5.41)

where the dimension of ]—?21 is T31 X Th3. A similar argument for other elements yields

the following structure for ©* RO:

CK11[T23 0 ng 0 ng O

0 oandr—p, O 0 0 0
Ry 0 amlp, 0 Ry 0
0 0 0 amlrzm, 0 0
Ry 0 Ry 0 aslp, O

0 0 0 0 0 O(33.[T_T12

(5.42)
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Now we go back to (5.33) and rewrite it as follows (we assume that ©,;; = ©,;),

@;k 0 (’YZ + 2’7@' + (52(){“)1 %jjamRm
0 O3 WL Ry, (v + 235 + d5055)1
x| 7 Tk ©;; =0 (5.43)
0 O 0 ©F R;
which essentially gives,
1‘|—2 z—|—(5ZOé“ 1 m@* Rl@z o Rz @z
0 23 OO AVl 200 (5.44)
Wi 9n RO (v; + 2935 + 6j05)1 07 kO

Using (5.42) and plugging the relevant entries back into (5.44) we obtain,

RETP SPNSURPN A

Yi + 2735 + dicvii) I, LR Ry Rik

( T M 5o =0 (5.45)
e Ry, (v + 2% + 050551, | | By

t
Note that the dimension of [ Rfk R;k } is (T + Tki) % T;5. If we let the rank of

the left matrix in (5.45) be r we will have:
r < T+ Ty — T (5.46)
On the other hand it is also obvious that:
r > T, Thi. (5.47)
From (5.46) and (5.47) it follows that:
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Since a similar argument can be used for T}, and Tj; we conclude that:
T12 - T23 - T31 é T (549)

Now note that (5.45) is similar to (5.33) with R;; instead of R;;. Therefore the same
argument leads to the conclusion that Rij is a multiple of an orthogonal matrix,

say ®;;; in other words R;; = «;;®;;. From which it follows that after a series of

permutations, ©* RO can be written as follows:

i Olnff app®ry a13Pi3 0 0 0 _
ap®ly  amls P 0 0 0
ai3®ly o3Pl assly; 0 0 0 (5.50)
0 0 0 anly_7 O 0
0 0 0 0 apl, 7 0
i 0 0 0 0 0  asslp ¢ |

which if viewed as the timeshare of a set of Gaussian random variables with an
orthogonal covariance matrix and another set of independent random variables, it
has the same block principal minors as (5.42), and moreover this structure is also
consistent with the requirement (5.31). Note that (5.50) is an optimal solution for

optimization (5.16) only if it is a positive semi-definite matrix. Therefore «;;’s and

®,;’s should be such that,

QO — Oé?j 2 0 (551)

anly  ap®r2 o3P
det a1y aolr  ag3Pos > 0. (5.52)

t t
a13q)13 0423(1923 aszzlr
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Finally since R was obtained from R by a multiplication by a unit determinant matrix,
it has the same minors as R and therefore R is the optimal solution of the main

optimization problem (5.15). O]

Lemma 5.3.6 (Block Orthogonal, Block Diagonal Covariance) Consider the

covariance matriz

anlr  app®is a3Pis
R = 0412‘1332 aoalr  aa3Pos | (5'53)

Oélgq)ﬁg 0423‘1)53 asslp
where the ®;; are orthogonal, c;; > 0, and the 2 x 2 block principal minors m;; =

pl; = (auag; — af;)" are such that p;; > 0. Then
2 2 2 T
detR S (Ozll&ggagg — (1103 — Q203 — (33009 + 2|CY120£136Y23’> (554)

with equality iff ® + ®' = 2I where ® = P, P19Po3.

Proof: We can easily write the following,

1 ool oo Pas 0412@12
det B = —Tdet - a12Pi2 13Py3

(0% t t
1 a11a23<1>23 szl 0413(1313
:Ldet (11009 — a2y (Qq1asg — a2y) T
T 116622 12 11¢¢33 134T
a1
t t t
—(04110623<I’23 - 04120613@13@12)(04110623‘1323 - 04120413@12@13)>

2 2 2
= det ((0511@220433 — (V1103 — Q20 g — 06330412)[T

+(11204130[23((I)§3q)12¢)23 —|— (I)ggq)t12(1)13)). (555)

The result immediately follows from —27 < ® + ®! < 27, O
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From Lemma 5.3.5 and Lemma 5.3.6, minors of the optimal points with covariance

matrix (5.50) can be obtained,

m; = o (5.56)
mi; = (uia; — @?j)T(aii@jj)T_T (5.57)
mgx Mmio3 = (061104220133)T_T

T
2 2 2

X <a11a220433 — (1103 — Qiaaiy3 — (i33Q0) + 2|Oé1204130423|> -(558)

However these values can also be obtained by a timeshare of 3 scalar random variables

with covariance matrix,

Q11 Q12 g3
Qg (ipg Qigg (5.59)

13 Qa3 (33

and 3 other independent scalar random variables. This suggests that the region of
3 vector-valued Gaussian random variables may be obtained from the convex hull
region of 3 scalar Gaussian random variables. In other words for n = 3, considering
vector-valued random variables will not give any entropy vector that is not obtainable
from scalar valued ones. This is essentially the statement of Theorem 5.3.2 and we
can now proceed to its proof.

Proof of Theorem 5.3.2: As in Lemma 5.3.5, we write the following optimization

problem,

max Z v, log det R, (5.60)

sC{1,2,3}
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and follow the steps therein to obtain equation (5.45). From (5.45) and using Th2 =

~

Tys = T35, =T, we can write the following,

pashor = —T3Ros Ry (5.61)
p32Rs = —TaR3x Ry (5.62)
psilss = —7 Rs1 Ry (5.63)
where,

pij = Vi + 2%ij + Oicvi; (5.64)

J
7 = e Ok (5.65)

ek

Now if the elements ]:321 and Rgl have the following QR factorization,

Ry = Qo1 Roy (5.66)

R31 = Q31 Ray (5.67)

We can plug these back into (5.61)—(5.63) to obtain,

;023§21 = —73(Q§1R23Q31)R31 (5-68)
,032?31 = —7'2(@;1}?326221)?21 (5-69)
P31(Q§1R32Q21) = T1f_331§;1- (5-70)

Since Ry, and Rs; are upper-triangular, from (5.68) and (5.69) it follows that Q% RasQs1
and Q%, R35Qs1 should also be upper-triangular. However Q% RosQs1 = (Q; R32Q21)*
and therefore QEI}%Qgle should be diagonal. Next from (5.63) it follows that Rsy Ry,
should be diagonal. However since R3; and Ry are both full rank and upper-

triangular, this can be satisfied only if they are both diagonal as well. Therefore
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if we define U as,

U= (5.71)

we can write the following,

R=U*RU (5.72)
where,
an Ly 0 R, 0 R, 0
0 Oén[TiT 0 0 0 0
A Roy 0 anls 0 Q5 Ro3Qan 0 (5.73)
0 0 0 axnl, ;i 0 0
ﬁgl 0 Q§1R32©21 0 a33IT 0
0 0 0 0 0 agzly g

where Ry, and Rs; are diagonal. In fact, since all blocks of R are diagonal, it can be
viewed as a timeshare of scalar random variables. Moreover, since R is obtained from
R in such a way that it has the same minors as R, therefore R is an optimal solution
of optimization (5.60) as well. O

In order to prove Theorem 5.3.3 we further need the following lemma:
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Lemma 5.3.7 Consider the function

~ Qe

3
f(6) = | max 0,—2—|—Zx

=1

ENICEERI (5.74)

where 0 < x; <1, for 1l =1,2,3. f has either a single maximum or supremum given

by:
max f(60) = LT (5.75)

0 max;(z;)

Moreover, if we let yj = Lo 2max; r; — ), 1,

max; &

0 ity 170 5.76
max f(0) = ) (5.76)

S Ifg>0

Proof: We will first show that Vi, j, f(0) < z;z;. Let,
e(f) = (5.77)

For distinct 4, j, k C {1, 2, 3}, this can also be written as,

=
=

e(0) = (xy) —(a—xba—ww»+a—x@—2¢u—xnu—x%u—xb)

o L O T RV (5.78)

which shows e(6) < (z;z;)7, and therefore for all § > 0, f(#) < z;x; with equality, if

1
and only if, (1 —2?)(1 —x7) =1 — %, or equivalently,

—af =0, (5.79)
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T1T2T3

Note that this is only possible when z;z; = e

Without loss of generality, assume

r1 < x9 < x3 and define,
1 1 1 1
y(0) = (z122)? + 2§ — ) — 8. (5.80)

Clearly zeros of y(6) determine the global maximums of f(6). We analyze the behavior

of y(0) in the following scenarios (based on initial assumption, z; < xy < x3):
e 11, Ty, and x3 are distinct, and zq, x9, x3 # 1
o 1 =xy<x3#1
o 1 <xyg=1x3F#1
e =x=x3=x<1
e 1y <xy#1,and x3=1
e =xy=x<1l,and z3=1
o v <xry=x3=1

In all of the above cases, we find that y(f) has at most one zero, say 6*, which is
not at 0, or co. Moreover, y(0) may or may not be zero, and y(co) is also always
(asymptotically) zero. Therefore, the global maximums of f(6), may occur at 0, oo,
or at the unique horizontal-axis crossing of y(#) (if it exists). Analyzing the behavior
of f(6) at these 3 points in the above cases, reveals that f(#) has a unique global
maximum, or a supremum. Therefore, f(¢) always achieves %27 either at some
specific 6%, at 0, or asymptotically. Next it can be shown that if for some 6, y(0') > 0
then f(0") has not reached its global supremum for < ¢’. Combining this with the
quasi-concavity property of f, yields the desired result. 0J

Now we can proceed to the proof of Theorem 5.3.3.
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Proof of Theorem 5.3.3: To find the boundary entropies of the region we use Lemma
(5.3.5) to time-share a set of independent random variables with covariance matrix
of block size T'— T' and another set of random variables with orthogonal covariance
matrix of block size T' (5.50). Calculating the determinant of this matrix and using

Lemma (5.3.6) we obtain:

maxdetR = (aqjamass)’ T
@

T
2 2 2
X (a11a22a33 — (1103 — Qa3 — (3309 + 2’@120(130423’) (581)

Let m be the vector of block principal minors of the above matrix and let p = mr

where the exponential acts componentwise. Then if we assume p; and p;; are fixed,

it is easy to see that a;; = p; > 0 and «;; = i\/pipj(l — (L )%) This imposes the

pibj

constraint:

Pij < Pipj- (5.82)

Assuming 0 = % and substituting these in (5.81) results in:

1 1 1
7 7 @
max piog = P1P2P3 <—2 +<pi> +<pi> +<E>
e P1D2 P1DP3 D2D3
; ; N
+2 (1—(ﬂ> ) (1—(&) ) (1-(pﬁ) )) (5.83)
P1p2 p1p3 P2p3

Of course this corresponds to the determinant of a covariance matrix of some Gaussian

random variables only if the term inside the braces in (5.83) is positive. Therefore

P12
pip2’

Ty = B gy = LB and using (5.74) in Lemma 5.3.7:

min = =
assu g 1 p2p3’ p3p1’

SUp piaz = p1p2ps sup f(6). (5.84)
2,0 0<6<1
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Note that since we have fixed p; and p;;, and that ¢ represents the timesharing of
2 sets of random variables, § = 0 is not generally allowed (otherwise we enforce the
random variables to be independent). Therefore we have used sup instead of max in
(5.84). Now what remains, is to find sup f(#) with respect to 6 over 0 < § < 1. Using

Lemma 5.3.7 we obtain,

. DijPjk ~
min; =5 Ifyg<o0

SUp Prag = (5.85)

6 P1P2P3 Max (0, — 24 22:1 T + 24/ Hizl(l — xk)) Ify>0

Replacing p with the corresponding entropies (p = €9) in (5.85) and also (5.82)
gives (5.11) and (5.12). Finally, since sup pjo3 is found, (5.85) characterizes the closure
of the region. O
Proof of Theorem 5.3.4: Let g be an arbitrary entropy vector for which y > 0,
and therefore it does not fall in the Gaussian region. If max,x, < 1, let 0% =
argmax, f(#). Now for any 6’ > 6* define the normalized entropy vector ¢’ = 5 g, and
the corresponding z} = %979 Clearly T = a:,? and y'(0) = y(00"). Therefore
7 = y(0). From Lemma (5.3.7) it follows that when max;xy < 1 and § > 0, the
function y(#) has a single zero which coincides with the maximizing point of f(#),
namely 6*. As a result for all & > 6%, y(#') < 0 which immediately translates to
7 < 0, meaning that the maximum of the corresponding function f’ will happen for
some 0 < # < 1 and therefore by Theorem (5.3.3), ¢ = %g can be generated by
Gaussians. On the other hand if max; x; = 1, V0, y(0) > 0 and limyp_,, y(¢) = 0. In
terms of the function f we have, limy_,o, f(#) = min, ; z;2;. Nonetheless since f(0)
achieves its supremum in an asymptotic manner, it means that a small perturbation
of ¢’ will put it in the Gaussian region and hence g will be in the closure of the convex

cone of Gaussian entropy region. O
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5.4 Cayley’s Hyperdeterminant

Recall from (5.4) that the entropy of a collection of Gaussian random variables is
simply the “log-determinant” of their covariance matrix. Similarly, the entropy of
any subset of variables from a collection of Gaussian random variables is simply the
“log” of the principal minor of the covariance matrix corresponding to this subset.
Therefore one approach to characterizing the entropy region of Gaussians is to study
the determinantal relations of a symmetric positive semi-definite matrix.

For example, consider 3 Gaussian random variables. While the entropy vector of 3
random variables is a 7-dimensional object, there are only 6 free parameters in a sym-
metric positive semi-definite matrix. Therefore the minors should satisfy a relation
which is essentially implied by (5.53) when the matrix entries are expressed in terms
of the principal minors. It has very recently been shown that this relation is given by
the Cayley’s so-called 2 x 2 x 2 “hyperdeterminant” [HS07b]. The hyperdeterminant
is a generalization of the determinant concept for matrices to tensors and it was first
introduced by Cayley in 1845 [Cay45].

There are a couple of equivalent definitions for the hyperdeterminant among which
we choose the definition through the degeneracy of a multilinear form. Consider the
following multilinear form of the format (k; +1) x (ka+1) x ... x (k,+ 1) in variables

Xy, ..., X, where each variable X; is a vector of length (k; + 1) with elements in C:

f(X17X27"'7Xn) -

k1 ko

kn
E E ce E Qi g, inl1i1 L2095+ - -y Tinigy - (586)

11=0142=0 in=0

The multilinear form f is said to be degenerate if and only if there is a non-trivial solu-

tion (Xi, Xo, ..., X,) to the following system of partial derivative equations [GKZ94]:

of

axm-

=0 forall j=1,...,n and i=1,... kj. (5.87)
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The unique (up to a scale) irreducible polynomial with integral coefficients in the
entries a;, ;,,..i, of a tensor A that vanishes when f is degenerate is called the hyper-
determinant.
Ezample (2 x 2 hyperdeterminant): For the 2 x 2 hyperdeterminant, consider
f(Xy, Xo) = le i—0 @ijTiy;. The multilinear form f is degenerate if there is a non-

trivial solution for X, X5,

0

8_50 = agoYo + ao1yr =0 (5.88)
0

a_yf; — agoto + arors = 0 (5.89)
3_ =a +a =0 (5.90)
o1y = a10Yo 1191 = .

0

a—?;fl = ag1xo + a1 = 0. (591)

Trying to solve this system of equations, we obtain that,

—a —a
oM (5.92)
Y1 Qoo @10
T —a —a
0. (5.93)
Ty Qoo Qo1

We see that a non-trivial solution exists if and only if, aggai; — aipapr = 0, i.e., the

hyperdeterminant is simply the determinant in this case.

The hyperdeterminant of a 2 x 2 x 2 multilinear form was first computed by Cayley

[Cay45] and is as follows:

2 9 ) 2 9 2 9
—Qoop%111 — A100%11 — Q010%101 — 0019110

—4apoa1100101a011 — 4@10000100001 @111
+2a000a10000110111 + 2000000100101 0111
+2a000a001a110@111 + 2010000100101 @011

+2a100a001a1100011 + 200100001 21102101 = 0. (5~94)
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In [HSO7b] it is further shown that the principal minors of an n x n symmetric

matrix satisfy the 2 x 2 x ... x 2 hyperdeterminant. It is thus clear that determining

n times
the entropy region of Gaussian random variables is intimately related to Cayley’s

hyperdeterminant.

It is with this viewpoint in mind that we study the hyperdeterminant in this
section. In the next 2 subsections, first we present a new determinant form for the
2 x 2 x 2 hyperdeterminant, which may be of interest since computing the hyperde-
terminant of higher formats is extremely difficult and our formula may suggest a way
of attacking more complicated hyperdeterminants. Next we give a novel proof of one
of the a main results of [HS07b|, that the principal minors of any n x n symmetric

matrix satisfy the 2 x 2 x ... x 2 hyperdeterminant. Our proof hinges on identify-

n times
ing a determinant formula for the multilinear form from which the hyperdeterminant

arises.

5.4.1 A Formula for the 2 x 2 x 2 Hyperdeterminant

Obtaining an explicit formula for the hyperdeterminant is not an easy task. The first
nontrivial hyperdeterminant which is the 2 x 2 x 2, was obtained by Cayley in 1845
[Cay45]. However, surprisingly, calculating the next hyperdeterminant which is the
2x 2 x2x 2 proves to be very difficult. Until recently the only method for computing
the 2 x 2 x 2 x 2 was the nested formula of Schlafli, which he obtained in 1852
[Sh152; GKZ94| and although after 150 years Luque and Thibon [LT03] expressed
it in terms of the fundamental tensor invariants, the monomial expansion of this
hyperdeterminant remained as a challenge. It was finally solved recently in [HSYY0S§]
where they show that the 2 x 2 x 2 x 2 hyperdeterminant consists of 2,894,276 terms.
It is interesting to mention that Cayley had a 340-term expression for the 2 x 2 x 2 x 2
hyperdeterminant which satisfies many invariance properties of the hyperdeterminant

and only fails to satisfy a few extra conditions [TW09]. Therefore, as mentioned
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previously, computing hyperdeterminants of different formats is generally non-trivial.
In fact even Schlafli’s method only works for some special hyperdeterminant formats.
Moreover according to [GKZ94] it is not easy to prove directly that (5.94) vanishes if
and only if (5.87) has a non-trivial solution. Here we propose a new formula for (and
a method to obtain) the 2 x 2 x 2 hyperdeterminant which shows this if and only if
connection directly. Moreover this method might be extendable to hyperdeterminants

of larger format.

Theorem 5.4.1 (Determinant formula for 2 x 2 x 2 hyperdeterminant) Define

B, 2 oo 100 B2 ap1o0 G110 B 0 —1 (5.95)
apo1 @101 ao11 @111 Lo
Then the 2 X 2 X 2 hyperdeterminant is given by
det(BoJB] — B1JB]). (5.96)
Proof: Let f be a multilinear form of the format 2 x 2 x 2,
1
[(X,)Y,Z) = Z WijkTiY; 2k (5.97)

1,5,k=0
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Then by the change of variables, wy = xoyo , w1 = 1Yo , Wo = ToYy1 , W3 = T1Y1, the

function f can be written as,

Wo
Qpoo @100 @010 @110 wq
f(XaKZ) = (ZO 21)
Apo1 @101 Ap11 A111 W2
w3
£ 7" < By B )W (5.98)

To proceed, recall from (5.87) that the hyperdeterminant of the multilinear form
of the format 2 x 2 x 2, vanishes if and only if there is a non-trivial solution (XY, Z)
to the system of partial derivative equations:

0f _, 0 _, Of _
or; dy; 0z

0 ijk=0,1. (5.99)

(a) First we show that if there is a non-trivial solution to the equations (5.99),

then (5.96) vanishes. By the chain rule % = Zk%%%, we can write % =

T
(%) 2L Also from (5.98), 2L = ( B, B, )W. Therefore the degeneracy con-

ditions equivalent with (5.99) become:

ow \" of
(8(X7Y)) ow = (5.100)
(By B )W = 0. (5.101)

Condition (5.100) implies that the vector 88—‘,{, should belong to the null space of

T
ow
(28%) -

The following Lemma gives the structure of this null space.

T
Lemma 5.4.2 Null space of the matrix (ag{Wy)> is characterized by vectors of the

form7 ( W3 —W2 —W1 Wy )T'
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Proof: Let V be a 4 x 1 vector. Noting that for j = {1,2}, <8—W = Wi and

a(X,Y)>ij T Oz
. oW — _Ouw;
for J= {374}7 <m>” T Oyi—3’

Y 0 w1 O vy
oW )T 0 w 0 wm vy
— ) V= =0. (5.102)
(8<X’ Y) ro 1 0 O V3
0 0 o I1 Vg
Solving for V' in the above, yields the equations:
uw_%n_ 4% (5.103)
U3 Uy Yo
a_B_n (5.104)
(%) V4 To
Letting vs = gy characterizes the vectors in the null space up to a scale:
vt = ( i1 —ToYr —T1Yo ToYo >T
T
= ( Wy —wy —w; Wo ) ) (5.105)

Going back to the proof of Theorem 5.4.1, using Lemma 5.4.2 we conclude that

we should have % = ( By By )W =0, and for an arbitrary non-zero scalar o,

T
= =(B, B 7 = « ( Wy —wy —w; W ) . Putting these two equations
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into matrix form we can further write the following:

w3
0 0 B
W — W1
0 0 B =a (5.106)
A Wo
By By O
0
0
or in other form:
00 0 —1
(0% BOT
0 0 1 0
w
0 1 00 . = 0. (5.107)
(6] B1 A
-1 0 00
BO B1 0

A non-trivial solution for X,Y, Z and hence for W, Z requires the matrix to be low

rank. Therefore using the fact that J=! = —.J we can write the following,
0 J By" . .
det [ ( B, B ) = det(ByJB," — B1JB,") = 0.(5.108)
—J 0 BT

Note that the explicit calculation of (5.108) gives,

2(Clmoamo - Goooano) @100Q011 + @101Q010
—0@p00@111 — @0010110
det =0 (5.109)
@100Q011 + @101Q010 2(CL10161011 - a001a111)

—Qpoo111 — Ap01A110
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which when expanded gives the 2 X 2 x 2 hyperdeterminant formula stated in equation
(5.94), as expected.
(b) Conversely suppose that (5.108) vanishes and therefore there is a non-trivial
solution for W and Z in (5.107). To prove that there is also a non-trivial solution
to (5.99), we need to show that such X, Y, and Z exist so that (5.100) and (5.101)
hold. By definition of wy, ..., ws, it is not hard to see that a valid xq, z1, Yo, and y;

can be found from w; only if W = ( w, w; wy, ws )’ in (5.107) has the property,

Wo wq

0 5.110
R (5.110)

In the following we show that the solution of (5.107) in fact satisfies relation (5.110).

T T
Let p = ( A ) and ¢ = ( Wy w3 ) . Then from (5.107) we obtain:

aJg + By'Z=0 (5.111)
—aJp + B'Z=0 (5.112)

Multiplying the first equation by p? and the second one by ¢’ and adding them

together we obtain,

alp™Jq—q"Ip) + (" B" +¢"B,")Z =0 (5.114)

which by the use of (5.113) simplifies to:

plJqg=qJp. (5.115)
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Noting that pT'Jq = (pTJq)T = —q¢* Jp gives,
prJg=q¢"JIp=0 (5.116)
(5.110) then follows immediately from (5.116) by substituting for p and q.

5.4.2 Minors of a Symmetric Matrix Satisfy the

Hyperdeterminant

It has recently been shown in [HS07b] that the principal minors of a symmetric matrix
satisfy the hyperdeterminant relations. There this was found by either checking or
explicitly computing the determinant of a 3 X 3 matrix in terms of the other minors
and noticing that it satisfied the 2 x 2 x 2 hyperdeterminant. In this section we give
an explanation of why this relation holds for the principal minors of a symmetric
matrix. The key ingredient is by identifying a simple determinant formula for the
multilinear form (5.86) when the coefficients a;, ;, . ;, are the minors of an n x n

symmetric matrix.

Lemma 5.4.3 Let the elements of the tensor A = [ay 4. 4], i = {0,1} be the
principal minors of an n x n matriz A such that Uiy iy...ins e = {0,1} denotes the
principal minor obtained by choosing the rows and columns of A indexed by the set
a = {kliy, = 1} (by convention when all indices are zero ap.o = 1). Then the

following multilinear form of the format 2 x 2 X ... X 2 (n times),

1
X0, X X)) = ) G i1 T2 - T, (5.117)

11,02,..5in=0

can be rewritten as the determinant of the matriz M, i.e., f(X1,Xs,...,X,) =
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det(M) where M is the following matriz:

T1.0 0 O T11 O 0
0 =z ... 0 0 x ... 0 . -
M = 20 ¥ 2! AL N + NoA (5.118)
0 0 l’n70 0 0 7

Proof: First note that determinant of M has the form,

1

det(M) = > bijigeinT1i T2y - - Tniy (5.119)
1,125y =0

for some /Nl—dependent coefficients b;, 4, ;. To prove that det(M) is in fact equal
to (5.117), we need to show that b;, i i = Qiyiy.. ins Vi1, ..0n, O in other words
bi, is....i, are the corresponding minors of A.
Let (p1...pn) be a realization of {0,1}". For j = 1,...,n, let the variables z;, =1
and the rest of the variables be zero. This choice of values makes det(M) = by, p, ..
and f(X1,Xo,...,Xp) = Gp, py..p,- Moreover it can be easily seen that in this case
det(M) in (5.118) will simply be equal to the minor of the matrix A obtained by
choosing the set of rows and columns a C {1,...,n} such that p; = 1 for all j € a.

By assumption this is nothing but the coefficient ay, p, ., in (5.117) and therefore

.....

the lemma is proved. Remark: Note that Lemma 5.4.3 does not require the matrix

A to be symmetric.

Lemma 5.4.4 (Partial derivatives of det M) Let o = {1,...,n} \ j. If A s

nonsingular, computing the partial derivatives of the det M gives

Odet M
M et Mo (5.120)
(’33:j70
Odet M ~
e — det Adet M, (5.121)

('33:j71
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where M’ = Ny A~ + N;.

Proof: To prove (5.120) note that we can write,

ddet M ddet M dMy, d(det M) [ dM \"
= — =1t : 5.122
al'j,o ; 8Mkl de’j70 ' ( dM dl‘j’o ( )

d(det M)
dM

Since = M~Tdet M and % = e; where e; is an n X n matrix whose jth
Js

diagonal entry is 1 and all of its other entries are 0, we can further write,

ddet M
S —det M- (M7T), =det M- (M7Y), . (5.123)
3:17]‘70 73 Ji
Inverse of M is calculated by, M~ = i(eitj]\]‘j and therefore M j_jl = dffei\/[]\of and (5.120)
follows immediately. For (5.121) note that:

Odet M 0 ~ N

= det[(N A + Ny)A

0a:j71 8ZE]‘71 ¢ [( ! + 2> ]

~0det M’
ey 424 (5.124)
81‘]'71

Using (5.120), and the above equation, (5.121) follows immediately. Now we can

write the condition for the minors of A to satisfy the hyperdeterminant:

Lemma 5.4.5 (rank of M) The minors of the non-singular matriz A satisfy the
hyperdeterminant equation if there exists a set of solutions ;o and x;1 for which

rank of M in (5.118) is at most n — 2.

Proof: To satisfy the hyperdeterminant, we require (5.120) and (5.121) to be equal
to zero simultaneously for all j. If there is a non-trivial set of solutions z, and x;,
for which M has rank of at most n — 2, then clearly (5.120) vanishes. Moreover if we
assume that A is non-singular then rank M’ = rank MA~' = rank M, and (5.121)

vanishes as well. Therefore the multilinear form (5.117) becomes degenerate which
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means the coefficients a;, ;, ., i.e., the principal minors of the matrix, will satisfy

the hyperdeterminant.

Theorem 5.4.6 (hyperdeterminant and the principal minors) The principal mi-
nors of an n X n symmetric matriz A satisfy the hyperdeterminants of the format

2x2...%x2 (k times) for all k < n.

Proof: First we show that the minors satisfy the 2 x 2... x 2 (n times) hyperdetermi-
nant. Recall that for the tensor of coefficients a;, 4, . ;, in the multilinear form (5.86)
to satisfy the hyperdeterminant relation, there must exist a non-trivial solution to
make all the partial derivatives of f with respect to its variables zero. Lemma (5.4.5)
suggests that a set of non-trivial x;( and x;; for which rank of M is at most n — 2
would be sufficient. To use this lemma we first assume that A is non-singular. In the
following we will show that one can always find a solution to make rank M < n — 2.
First we find a non-trivial solution in the case of 3 variables and then extend it to
the the case where there are n variables. For 3 variables, the matrix M which is of

the following form,

T1,0 + 21,1011 T1,10a12 T1,1013
M = T2,1012 o0 + T2 1022 To1023 (5.125)
31013 T3,1023 T30 + 3,1033

should be rank 1, or equivalently all the columns be multiples of one another. En-
forcing this condition results in 3 equations for 6 unknowns. Therefore without loss

of generality we let x;; = 1. Making the columns of M proportional, gives:

1,0+ ann _ a2 _ (13 (5.126)
a12 T+ A2 Qg3 ‘
T30 ¥ Gs3 _ G13 (5.127)

23 Q12
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If 7; = (20, %j1), then the solution to the above equations is clearly as follows:

Q12a13 — A11G23

T = ( 23 71>
Ty = (G23CL12 — A13G22 1)
13
Ty = (a13a23 - a12a337 1). (5.128)

a12

Now for the general case of n variables, let T, 7, T3 be as (5.128) and for j > 3, Z; =
(1,0). It can be easily checked that this solution makes the matrix M of rank n—2 and
therefore the principal minors satisfy the 2 X 2 X ... x 2 (n times) hyperdeterminant.
Note that these solutions also appear in [HS07b| in an alternative proof of principal
minors satisfying the hyperdeterminant relation. Now we can easily show that the
principal minors also satisfy all hyperdeterminants of format 2 x 2 x ... x 2 (k times)
for all 3 < k < n. In order to consider the 2 x 2 x ... x 2 (k times) hyperdeterminant,
let ;0 =1and z;; =0 for all k+1 < j < n such that the multilinear form (5.117)
will be in terms of only k variables. In terms of the matrix M in (5.118) one can
only consider the first & rows and therefore the problem reduces to the existence
of a non-trivial solution to make M of rank k — 2, and, as previously shown, this
is always possible, and hence the principal minors satisfy any 2 x 2 x ... x 2 (k
times) hyperdeterminant for 3 < k& < n. Finally, note that any singular matrix A
can be considered as the limit of a sequence of non-singular matrices whose principal
minors satisfy the hyperdeterminant relations and therefore the principal minors of
the singular matrix will do so as well. Rewriting the hyperdeterminant relation (5.94)

in terms of the principal minors by adopting the notation of Lemma 5.4.3 for a 3 x 3
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matrix gives,

AGATgs + ATAL, + ASAS, + AJAS, + 44pAn Ar3 Aoy + 4A1 Ag A3 Ajas
—2Ap A1 Az A1y — 2ApAg A1z Arag — 2Ap A3 Ar1a Aras

—2A1A2A13A23 — 2A1A3A12A23 - 2A2A3A12A13 = 0. (5129)
Letting Ag = 1 this can also be written as,

<A123 - A3A12 - A2A13 - A1A23 + 2A1A2A3)2 =

4<A1A2 — Alg)(AlAg — A3)(A2A3 — A23). (5130)

5.5 Minimal Conditions for Realizing a Vector with
Gaussian Entropies

In order to determine whether a 2" — 1 dimensional vector g corresponds to the
entropy of n scalar jointly Gaussian random variables, one needs to check whether e,
i.e., the supposed vector of principal minors, corresponds, to all the principal minors
of a symmetric positive semi-definite matrix. Define A £ e9 and let the elements of
the vector A € R*'~! be denoted by A,, o C {1,...,n}. An interesting problem
is to find the minimal set of conditions under which the vector A can be considered
as the vector of all principal minors of a symmetric n x n matrix. This problem is
known as the “principal minor assignment” problem and has been addressed before
in [HSO7b, GT06b]. In fact in a recent remarkable work, [HS07b] gives the set of
necessary and sufficient conditions for this problem. Nonetheless it does not point
out the minimal set of such necessary and sufficient equations. Instead [HSO07b] is
mainly interested in the generators of the prime ideal of all homogenous polynomial

relations among the principal minors of an n X n symmetric matrix. Here we propose
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the minimal set of such conditions for n > 4.

Roughly speaking there are 2" — 1 variables in the vector A and only @
parameters in a symmetric n X n matrix. Therefore if the elements of A can be
considered as the minors of a n X n symmetric matrix, one suspects that there should
be 2" — 1 — w constraints on the elements of A. These constraints, which can
be translated to relations between the elements of the entropy vector arising from n
scalar Gaussian random variables, can be used as the starting point to determine the
entropy region of n > 4 jointly Gaussian scalar random variables.

We start this section by studying the entropy region of 4 jointly Gaussian random
variables using the results of the hyperdeterminant already mentioned in the previous
section, and we shall explicitly state the sufficiency of 5 constraints among all the
constraints given in [HS07b] by using a similar proof to [HS07b]: that for a given
vector A and under such constraints, one can construct the symmetric matrix A = [a;]
with the desired principle minors. Later in this section we state such minimal number
of conditions for a 2" — 1 dimensional vector for n > 4.

Let

gijk = Aijk — AzAjk — Aink — AkAz] + 2A1A]Ak (5131)

Theorem 5.5.1 The minimal set of necessary and sufficient conditions for the ele-
ments of the vector A to be the principal minors of a symmetric 4 X 4 matriz consists

of three hyperdeterminant equations, one consistency of the signs of giji, and the
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determinant identity of the 4 x 4 matriz:

Grog = 4(A1 Ay — A1o)(Az Az — Ag3) (A1 A3 — Ajs) (5.132)
Gras = 4(A1Ay — A1) (A Ay — Agy)(A1 Ay — Ary) (5.133)
Gray = (A1 Az — A13)(A3As — Az) (A1 Ay — Awy) (5.134)
12391249131 = 4(A1 Ay — A1) (A1 Az — Ai3) (A1 As — Avg)gasa (5.135)

1 Git k! Git 3117
Atozs = D) Z m + A1gosa + A2g134 + Asgioa
ijlef1,2,3)y I v
K e{1,2,343\{7,5'}

+A49123 — 2A1A2A3A4 —+ A12A34 + A13A24 + A14A23. (5136)

Proof: 1f elements of the vector A are the principal minors of a symmetric matrix

they satisfy the hyperdeterminant relations. In particular we will have,
9ok = MAA; — Aij) (AiAp — Aip) (A AL — Ajp) (5.137)

and therefore the necessity of equations (5.132)—(5.136) is straightforward to show.
By using a similar method to [HS07b] one can show the sufficiency of equations
(5.132)—(5.136). To make the chapter self-contained we explain the steps in more
detail. First note that all the elements of A can be determined up to a sign from the

A; and A;; elements of the vector A.

a = A (5.138)

It remains to choose the signs of all the off-diagonals in such a way that the 3 x 3
and 4 x 4 minors of A will correspond to A;j; and Ajgss. First let’s consider the
3 x 3 minors. Assuming A to be the symmetric matrix with minors corresponding to

elements of A, a direct calculation of a 3 x 3 principal minor with rows and columns
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indexed by {i, j, k} gives:

2 2 2
Aijk:aiiajjakk — aiiajk — ajjaik — akkaij -+ 2aijajkaik

= 2A A AL + AiAje + A A + Ay

2, /(Aid; — Aig) (Aidy — Au) (A4 — Ay) (5.140)
which can be written as:

i k=205 Q1AL

=2 /(AA) — Ay)(Aie — Au) (A A — Ajp). (5.141)

Note that although the sign ambiguities of the 3 off-diagonal elements in a 3 x 3
minor imply 8 possible matrices, the determinant of a 3 x 3 matrix depends only on
the sign of the product of the off-diagonal terms or in other words the parity of g;;x.
Squaring both sides yields the hyperdeterminant relation (5.130). There are four such

hyperdeterminants for a 4 x 4 matrix, each corresponding to a 3 x 3 minor,
9ok = 4aag’a’ 0,5k € {1,2,3,4}. (5.142)

(5.142) for all permutations of {i, j, k} assures that there is a sign choice for the four
gijk such that all the A;;;, will correspond to the 3 x 3 minors of A. However what
we require next is the consistency of the signs. In other words there should exist at

least one sign assignment of the off-diagonal terms that results in the assumed signs
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of gijr. To be more specific we have,

G123 = 2012013093 (5.143)
G124 = 2012014024 (5.144)
G134 = 213014034 (5.145)
9234 = 2023024034. (5.146)

Considering the first 3 equations, it is clear that one can freely choose any signs for
9123, §124, and go34 by assigning signs to a;;. However once these signs are fixed, the
sign of go34 should comply with the rest. In fact multiplication of the three of g;;
gives:

GijkGijigikl = 4a?ja?]ga?lgjkl (5.147)

which means, once the signs of the three out of four g;;; are determined, the last one
should be consistent with them through (5.147). Considering one of these equations,

i.e., a particular permutation of {i, j, k}, is sufficient for our purpose,

G123G124G131 = 403507507, G034 (5.148)

It only remains to insist that the whole determinant of the constructed matrix
be equal to Ajgz4. This is guaranteed through (5.136), which is obtained by direct
calculation of the 4 x 4 determinant. In (5.136) note that since the g,/ gy j in the
numerator has AjA; — Ay in it, vanishing of AjA} — Ayj in the denominator will

not cause any problems. Finally noting that, one hyperdeterminant equation, for

example,

Ga3q = 4(A2A3 — Agz)(A3As — Az)(As Ay — Asy) (5.149)

can be obtained from the other three hyperdeterminants, i.e., (5.132), (5.133), and

(5.134), and the parity consistency condition (5.148) leaves 5 equations of (5.132) to
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(5.136) through which we can construct the matrix A.
Using a similar approach, which closely follows the proof methods of [HS07b], we
can write the set of minimal necessary and sufficient conditions for a 2" —1 dimensional

vector to be the principal minors of a symmetric matrix.

Theorem 5.5.2 The necessary and sufficient conditions for a 2" — 1 dimensional

vector to be the principal minors of a symmetric n xn matrix consists of 2" —1— w
equations, and are as follows:
\V/j, k € {2, e ,n}, g%]k :4<A1A] — Alj)(AlAk - Alk)<AjAk - A]k> (5150)

Vi, j, k€ {2,...,n}, g1ijq1ikg1j6 =4(A1A; — A1) (A1 A; — Avj) (A1 A — Aig) gijie (5.151)

Also VB C {1,...,n},|B] > 4, choose one set of {i,j,k, [} C B, s.t., i <j<k<I,

and let a = \{1, j, k,(},
D =0 (5.152)

where D

i 1s obtained from the following by replacing every Ag, S C {i,j,k,1} by

ASUa
Ay

1 gi’ "k’gi’ i
Dijri = A + 2 Z m — Aigjrt — Ajgimt — Argiji
g eligky T T
KU edingk N5}

—A1giji + 24 A ALA + Aj A — A Ay — AuAj =0 (5.153)

Proof: The proof is essentially the same as the proof technique of [HS07b], and is
a generalization of Theorem 5.5.1 for a 15-dimensional vector. However, we would
like to highlight why this set is the minimal set of necessary, and sufficient conditions
among all conditions given in [HS07b]. As mentioned in Theorem 5.5.1 one can obtain

all the off diagonal entries up to a sign. Moreover, by a similarity transformation by
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a diagonal 1 matrix, one can make all the entries of the first row positive. Then
the signs of the rest of the off-diagonal entries can be fixed by using the fact that
g1jk = 2a1ja15a;, provided that the conditions (5.150) are met. Now we need to
enforce that the hyperdeterminants g, for which i, j, k # 1 also hold. However since
all the g5, are already determined, g;;;, is also essentially determined and must obey
(5.151), which guarantees g;;r = 2a;;a;5a;5. Up to now all the minors of up to size 3
are considered. Note that D;;;; = 0 is simply obtained from the determinant of the
4 x 4 submatrix with rows and columns indexed by {i, j, k, [} (compare with (5.136)).
For any submatrix with rows and columns indexed by (3, say flg, we can write this
determinant formula for the Schur complement of the A, in 1215, which essentially
gives (5.152). Note that all we need is that the minors of size greater than or equal
to 4 be consistent with the already defined matrix entries, and (5.152) takes care of
this since all these minors appear linearly. Moreover, for each 8 only 1 equation of
type (5.152) is required. Finally, note that there are (";1) number of equations of

type (5.150), (”gl) of type (5.151), and Y " _, (") of type (5.152), which sums up to

m

2" —1— % This is the number that we expect, noting that there are only @
free parameters in a symmetric matrix while the given vector of principal minors is
of size 2™ — 1. 0J

Note that if we insist that for all « C {1,...,n}, A, > 0 and substitute each
A, by e in (5.150)—(5.152), then (5.150)—(5.152) give the necessary and sufficient
conditions for a 2" — 1 dimensional vector to correspond to the entropies of n scalar
jointly Gaussian random variables. Nonetheless in order to characterize the entropy
region of scalar Gaussian random variables, what one really needs is the convex hull
of all such entropy vectors.

In an algebraic geometry language, one can define the “amoeba” of a polynomial f

where f(z1,...,25) = >, o™ ... 2} as the image of f = 0 in R* under the mapping

that acts on (z1,...,2%) as (z1,...,zx) — (log|z1], ..., log|z|) [GKZ94]. It turns
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out that many properties of amoebas can be deduced from the Newton polytope of
f, which is defined as the convex hull of the exponent vectors (pi,...,pr:) in R¥
(see, e.g., [PRO4]). In terms of our problem of interest, the scalar Gaussian entropy
points are the intersection of the amoebas associated to polynomials (5.150)—(5.152)
and one should look for the convex hull of the locus of these intersection points. If
we allow the notion of amoeba to be defined as the log mapping for any function
(not just polynomials), then one could also formulate our problem of interest as the
convex hull of the amoeba of the algebraic variety obtained from the intersection of
(5.150)—(5.152).

Finally we mention that in general, to characterize the entropy region of Gaussian
random variables, one should consider vector-valued random variables, which are
probably more complex than the case of scalars. In Section 5.3 we showed that for
n = 3 the vector-valued random variables do not result in a bigger region than the
convex hull of scalar ones. However in general it is not known whether the entropy
region of n vector-valued jointly Gaussian random variables is greater than the convex

hull of the entropy region of scalar valued Gaussians.

5.6 Entropy Region and Wireless Networks

Studying the entropy region of continuous random variables is especially interesting
in the context of wireless networks. However as was explained in Chapter 2, due to
the broadcast and interference nature of wireless channels, one needs to determine
the channel-constrained entropic region. Since in the event of interference it is usu-
ally the sum of the incoming signals, possibly plus noise, that is received, studying
the information inequalities which involve sums of random variables is particularly
important.

As the simplest case in this section, we consider three continuous random variables
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x,y, and z = x + y, where x and y are independent. For such random variables it
is well known that the differential entropy of z is lower bounded in terms of the
entropies of x and y through the entropy-power inequality, a.k.a., EPI. There exist
several proofs of the EPI, e.g., based on the de Bruijn identity [Sta59, Bla65], or on
the Brunn-Minkowski theorem [DCT91, CC84, CT91], or via MMSE [VG06, GSV06].

To make all this more precise let z,y € R™ be two independent vector-valued
continuous random variables and let z = x + y. The entropy power inequality states

that the entropy of the sum, i.e., H(z) has a lower bound given by,
entl) > emH@) 4 omH W), (5.154)

However, based on arguments of Chapter 2, the quantities h, = %H(:E), hy, = %H(y),
and h, = %H (z) are simply the normalized entropies. Recalling from Chapter 2, that
the definition of normalized entropy is more natural for network information theory
(since it represents the entropy “per channel use”), it can be seen that the EPT is also

more naturally expressed in terms of normalized entropy, since we can simply write
e?he > e 4 ey, (5.155)

The EPI has found many applications in information theory, e.g., channels with
non-Gaussian noise [Sha48|, scalar broadcast channels [Ber74], MIMO broadcast
channles [WSS06], the Gaussian wiretap channel [LYCH78], and many others. The
EPI was originally stated in Shannon’s seminal 1948 paper and a variational “proof”,
based on minimizing H (x4 y), subject to fixed H(z) and H(y), was presented. How-

ever, Shannon’s proof was incomplete and only considered sufficiency.! The first

IShannon’s idea was to find the first order, i.e., KKT, conditions for the optimal distributions
minimizing the constrained optimization problem. He then showed that Gaussian distributions
satisfy the first-order condition. However, since the original problem of minimizing H(z+7y), subject
to fixed H(x) and H (y), is nonconvex over the underlying distributions, Shannon would have further
needed to show that either the KKT conditions have no other solution, or that all other solutions
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complete proof was given by Stam in 1959 [Stab9] and used a different approach (de
Bruijn’s identity and Fisher information) [CT91]. In general, it is an interesting ques-
tion to determine the relations between the entropy-powers of sums of a collection of
independent random variables [MT10].

Now we consider the issue of determining the entropy region of three random
variables x, y, and z = x + y, where x and y are independent.

In particular, we show that the seven-dimensional vector of normalized entropies

and joint entropies [hy hy h hay hy, huy hyy.] satisfies

he, hy, h, > ilog(e®™ +e*w), h,+hy, hy+hy, hy+hy, —oo |- (5.156)

In other words, all entropies h, h,, and h,, satisfying the EPI, are achievable.

5.6.1 The Entropy Region of z, y, and z =z +y

Let z,y,z € R™ be 3 vector valued continuously distributed random variables such
that x and y are independent and z = x + y. Furthermore let i represent their cor-
responding normalized differential entropy vector. An interesting question is to char-
acterize the entropy region of these 3 variables, i.e., to characterize all 7-dimensional
vectors that can arise as the entropy vector of such 3 variables.

Clearly h belongs to the entropy region of 3 arbitrary distributed continuous ran-
dom variables which assume we denote by I'5. Thus, h € T'§, and therefore satisfies all
the Shannon inequalities. Moreover from the entropy-power inequality (EPI)[CT91],

we know that the EPI for normalized entropy is,

e?he > e 4 ey, (5.157)

are not minimizers of the cost.
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Therefore if we denote the entropy region of x, y, and z by W3, then,

U; CTsNTNE (5.158)
where,
T = {hlhyy = hyr = hy, = hy + hy, hyy, = —00}, (5.159)
1
== {hlh, > 3 log(e*'= + €M)} (5.160)

An interesting observation is the following:

Lemma 5.6.1 (Convexity of the set defined by the EPI) The set of entropy

vectors = = {hlh, > L log(e* + e*)} is conver.

Proof: Convexity in h, is obvious. Convexity in h, and h, follows from the (readily-
verified) fact that the function log(e?'s + ') is convex in these variables. O

In what follows we will show that W3 can be completely characterized.

Theorem 5.6.2 (Entropy region of x, y, and x + y) If x,y € R™ are two in-
dependent, vector-valued continuous random variables and z = x + y, the entropy re-

gion of x, vy, and z, i.e., V3, is

Uy =T5NTNE. (5.161)

Proof: From (5.158), we know that I'{ N T N Z is an outer bound. Therefore in order
to prove the tightness of this outer bound we need to show that the points in the
right-hand side of (5.161) are all achievable. To do this, we shall show that, for any
fixed h, and h,, the value of h, can grow unbounded. Since the lower bound on the

EPI can be achieved by Gaussians with proportional covariance matrix, the convexity
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of = (established in Lemma 5.6.1) implies that all points in the set defined by the
EPI are achievable.

We therefore focus on showing that for any fixed finite h, and h,, h, can grow
unbounded. Let z and y be two independent Gaussian random variables, N (0, €., +
02U, U}) and N(0, e, + 0.U,U,), respectively, where U,, U, are m x m/2 unitary
matrices orthogonal to each other, i.e., U U, = U} U, = I,)2 and U}U, = 0.

Calculating the normalized entropy of a Gaussian gives,

1 1

hy = 5 log 2me + ) log e(e + 02), (5.162)
1 1

hy = 5 log 2me + 2 log e(e + 07). (5.163)

On the other hand z is also a Gaussian, N'(0, 2¢l,, + 02U, U] 4 02U, U[), for which

calculating the normalized entropy gives,

1 1
h. = 3 log 2me + 1 log(2€ + 02)(2¢ + 07). (5.164)

The orthogonality of U, and U, is critical in the above calculation.

deg e4Cy

Now note that if, in particular, we choose 02 = ez — € and o) = ey — € for
some finite positive ¢, and ¢, and let € — 0, we obtain,
hy =cy, hy=c¢, h,— . (5.165)

Therefore while x and y have finite entropy, the entropy of their sum can become
arbitrarily large. O

We should remark that while aligned covariances for z and y result in tightness of
the EPI, the above proof shows that the orthogonality structure of U, and U, helped

in making h, arbitrary big. This resonates with the Brunn-Minkowski viewpoint of

the EPI [CT91].
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Figure 5.2: Interference channel

5.6.2 A Case Study: The Interference Channel

In this section, we show how by performing an optimization over the polymatroid
region, one can obtain outer bounds for certain networks. In particular, we consider
the Gaussian interference channel and obtain the outer bound of [ETWO08] through a
duality argument.

Consider the Gaussian interference channel of Fig. 5.2, where we are interested
in optimizing the sum rate I(z1;y1) + I(x2;y2). The received signals y; and y, can

be described by the following equations:

Y1 = cndy + ca%e + 21 (5.166)

Y2 = C12%1 + Co2 + 22, (5.167)

where z; and 29 are independent, zero-mean, complex Gaussian random variables
CN(0,Ny) and z; and x5 are power constrained by P, and P,. To maximize the
sum rate, based on discussions of chapter 2, we should solve an optimization problem
over the entropy region of xy,xs,y1, s, 21, 20. However, if we are interested in an
outer bound, we can perform the optimization over the polymatroid region (which

is known), and use some auxiliary random variables as well. Define the following
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auxiliary random variables

51 = Yoo (5.168)

sy = Y11, (5.169)

which are the parallels of the side-information defined in [ETWO08]. Through these
definitions, and using the properties of z; and z3, we can write the following con-

straints for joint entropies,

Py oy — Py = Py gy — Py 3o = oy = log(meNp) (5.170)

Py o — Py = Py 30y — Py 3o = Dy = log(meNy) (5.171)

These conditions simplify to

hx17x27y2 - hm,xz - 10g(7T6N0) =0 (5172)

oy oo — My @ — log(meNp) =0 (5.173)

Furthermore, for y|(s1,21), we have Ay, (s, 21) = Py |(22,21) = Pynjes- Therefore,

hyll(sl,xl) = hyhsl,wl _h81,x1 = hm,yl +hx1x2y1y2 _hx1w2y1 _hm _hyzxwz +hxlx2 = hx1y1 _hxl
(5.174)

which also simplifies to

h$1x2y1y2 - hx1962y1 - hyz:th + hxlxg =0 (5175)

Likewise for yo|(s2, x2) we can write

hx1x2y1y2 - ha:wzyg - hylmla:g + hypy =0 (5.176)
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Now, for hy,|s,, we have

hy1\81 = hy1,81 - h81 = hﬂczylyz + hy1 + th - hxzy1 - hwzyz (5'177)

Assume u; = (y1]51), then

E(y1s1)E(s1y7) |ca1[* P e P1/No
E[V = Ely|* - : =N (1
[ ar(ul)] |y1| E|31’2 0 + No 1+ ‘612‘2P1/N0
(5.178)
A |c21] P2 |c11[> Py /Ny
Ifwelet K1 =1+ N T 1+|012‘2P1/]‘i,0, then
hyl\sl = h‘CUQnyQ + hy1 + hxz - hwzyl - hrzyz S 10g<7T€N0K1) (5179)
i ; A |c12|? Py |c22|? P2 /No
Repeating the same process for ys|se and defining Ky = 1+ No o T THer /Ny We
obtain
hyz\b‘z = hxwlyz + hyz + hwl - h$1y2 - h$1y1 S 10g(7T6N0K2) (5180)
Now we should optimize the following objective function:
max [(xy;y1) + I(x2;y2) (5.181)

subject to h € I's, and the constraints (5.172)—(5.173), (5.175)—(5.176), and (5.179)-
(5.180), where h is the entropy vector of the random variables x1, xa, y1, Y2, 21, 22, S1, S2,
and I'g is the polymatroid region of 8 variables.

Assume we denote the equality constraints of equations (5.172),(5.173),(5.175),
and (5.176) by g1 = 0,..., g4 = 0 respectively, and the inequality constraints (5.179)—

(5.180) by f1 <0 and fy; <0, correspondingly. If we denote the rate of transmitter i
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by R; then we can use the duality argument of convex optimization to write

< . .
Ri+Ry, < herg,r%%}g,gizo I(z1;y1) + 1225 92)

= max min [(z1;y1) + I(x2;y2) ZV#ZM@

hng)\>0u1
= min max I(zi) + 1(v253) ZM‘HZMI
< I I( 182
< maxl(zi;yn) + 1 (w29) ZAMZMZ (5.182)

where in the last inequality, \; and i1;, denote a particular choice for A\; > 0 and ;.

In fact, if we choose \; = Ay = 1, and i =1,0=1,...,4, we obtain

Ri+ Ry < %ﬂe?,x(l()g K +log Ky — (hw2y1y2 + Ny oy — Pagyy — h$1$2y1y2)
8

_(hmywz + hm1x2y2 — hx1y2 - hmleylyg)) (5183)

However,
hwzywz + hx1x2y1 - hx2y1 - hx1x2y1y2 >0 (5.184)
hz1y1y2 + hrwzyz - hm1y2 - hmlzgylyg Z O, (5185)

as they are polymatroid inequalities. Hence,

Ri + Ry <log K + log K>, (5.186)

which if we replace for K; and K5 yields the upper bound of [ETWO0S].

5.7 Conclusions

In this chapter, we studied the entropy region of jointly Gaussian random variables as

an interesting subclass of continuous random variables. In particular we characterized
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the region for n < 3, and for n > 4 we explicitly stated the set of 2" — 1 — @
constraints that an entropy vector (equivalently the vector of principal minors) should
satisfy in order to correspond to the entropy vector of n scalar jointly Gaussian ran-
dom variables. These relations are intimately related to the Cayley’s hyperdetermi-
nant formula. Therefore with this viewpoint we also examined the hyperdeterminant
relations. In particular, by giving a determinant formula for a multilinear form, we
gave a transparent proof that the hyperdeterminant relation is satisfied by the prin-
cipal minors of an n X n symmetric matrix. Moreover we also obtained a determinant
form for the 2 x 2 x 2 hyperdeterminant which might be extendible to higher-order
formats and is an interesting problem even on its own.

We also considered the entropy region of continuous random variables in the con-
text of wireless networks and argued that in such cases the information inequalities
involving sums of random variables, such as the well-known entropy power inequality
(EPI), are important. We then studied the entropy region of z,y, and z = z + y,
where x and y are independent, as the simplest case and showed that all the entropy
vectors of 3 random variables which satisfy EPI are achievable by such x,y, and z.
Finally, as a particular example of a wireless network, we considered the interference

channel, and obtained the capacity outer bound of [ETWO08] through the entropy

optimization framework.
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Chapter 6

Entropy Optimization and
Nonlinear Network Coding via
MCMC

6.1 Introduction

Although determining the space of entropic vectors for n random variables, denoted
by I'r, is crucial for solving a large class of network information theory problems,
there has been scant progress in explicitly characterizing [} for n > 4. Since the goal
is most often to perform optimization over I'* (to solve a network information theory
problem, say), in the absence of an explicit characterization of the entropy region, the
next best thing is to present a method to numerically perform optimization over this
region. Presenting such a numerical framework is the goal of the current chapter.
The approach we shall take is via a design of a random walk over probability dis-
tributions, and, in particular, over the class of quasi-uniform distributions. It is well
known that the class of quasi-uniform distributions is sufficient to approximate the
entropic region to any fidelity. The random walk over this characterization of distri-
butions, when coupled with a suitable Monte Carlo Markov Chain (MCMC) method,
allows for optimization of any function of the entropy vector. As an example, we
apply this method to maximize the Ingleton violation for entropy vectors where the

results are very encouraging. Furthermore, we show how the MCMC method can



188

be used as a framework to design optimal nonlinear network codes in a distributed
fashion via performing a random walk over certain truth tables. Moreover we show
how this method may also be used to find linear representations for matroids. We
demonstrate the efficacy of the method by looking at many different examples: maxi-
mizing capacity of the Vamos, Fano, non-Fano, and M networks, and the exact repair
problem in (4,2) and (5,3) settings. We also apply the method to the non-Pappus and
the Usy matroids and show how (multi-)linear representations can be easily found for

them.

6.2 Entropy Vectors and Quasi-Uniform
Distributions

At first sight, the difficulty in characterizing [ appears to be that one must consider
all possible joint distributions of n random variables for all alphabet sizes. How-
ever, recall from Chapter 3 that the class of quasi-uniform distributions are sufficient
for characterizing the whole entropy region. A distribution is called quasi-uniform
[Cha01] if its probability mass function, as well as the probability mass function of all
its marginals, takes on a constant or zero value on all points in the sample space. An
example of a quasi-uniform distribution in two variables is given in Fig. 6.1, where
each “x” means that a constant nonzero probability of i is assigned to that point
in the sample space. As can be seen, one marginal is uniform with probability % and
the other is quasi-uniform with probabilities 0 and %.

Let A,, denote the space of entropy vectors generated by quasi-uniform distribu-
tions. We already saw the following result in Chapter 3, Theorem 3.2.3. Here we

state it again as it is relevant:

Theorem 6.2.1 (Quasi-Uniform Distributions) [Cha01] The closure of the cone

of A, is the closure of T'Y.
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In Chapter 3 we saw a sketch of the proof of this theorem via the concept of finite
groups. However this result can also be motivated by recourse to the concept of
“strong typical sequences”. To this end, make 7" independent copies of each of our
random variables, to get vector-valued sequences of length T. As T — oo, with
probability approaching one, we will only encounter typical sequences. If we assign a
constant probability to all typical sequences, and zero probability to non-typical ones,
it is straightforward to see that we end up with a quasi-uniform distribution with the
same entropy vector. The entropy is simply the log of the number of typical sequences
divided by T, thus for the joint entropy of a set of random variables (X;,i € «),

a C {1,...,n}, and alphabet size N, we have

T!

1
he ~ = log ——
T L. T

Tow =T p(Xo=24), Y Tp,=T. (6.1)

In fact, this is essentially the statistical physics interpretation of entropy. However,
(6.1) can also be interpreted in terms of subgroups of the permutation group on 7'
elements. T'! is simply the size of the permutation group, whereas if we partition the
T elements into N1 disjoint sets of sizes T}, respectively, then Hwa T,,! is simply
the size of the subgroup of permutations that respects this partition. Therefore as was
seen in Chapter 3, Theorem 3.2.3, this again leads to a connection between entropy
and groups.

Although, based on Theorem 6.2.1, determining all the quasi-uniform distributions

e
>4
)

>

Figure 6.1: An example of a quasi-uniform distribution
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*
n’

is equivalent to characterizing I'?, it appears that determining all quasi-uniforms is
a hard combinatorial problem. In the next section, we shall use (6.1) to characterize
all possible entropy vectors of quasi-uniform distributions and to propose a random

walk over them.

6.3 Entropy Optimization

6.3.1 A Characterization of Quasi-Uniform Distributions

As mentioned in the previous section, determining all quasi-uniform distributions
seems to be a hard combinatorial problem. An idea to tackle this problem is to be able
to sample from the space of such distributions by designing a random walk on them.
However in order to do so, we need a method that 1) determines how to move from
any quasi-uniform to any other such distribution, therefore defining an irreducible
Markov chain, and 2) exhausts all quasi-uniforms. Working with distribution tables,
like the one in Fig. 6.1, quickly reveals that devising a method to move from one quasi-
uniform distribution to another is highly non-trivial. On the other hand, given that
any entropy can be approximated by (6.1), one can characterize the entropies of quasi-
uniform distributions (by characterizing all possible partitions and joint partitions of
T elements), and then perform a random walk on the entropy vectors. The idea is as
follows:

Let n be the number of random variables. Choose values 7" and N and construct a
T xn table with entries drawn from the set {0, 1,..., N —1}. Each column of the table
corresponds to one of the random variables and induces a partition of T" elements into
at most N disjoint sets, if we let the entries with the same value belong to the same
partition. The entropy of the corresponding random variable is simply computed
from (6.1) using this induced partition. Similarly for o C {1,...,n}, any |«a|-tuple of

columns defines a partition of the 7" elements into at most N1l disjoint sets (identical
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rows belong to the same partition). Again, the joint entropy of the corresponding
collection of random variables is computed from (6.1) using this induced partition
[CY02].

Example: Consider the following table of size T' =5 by n = 2 with N = 2:

The partitions for the first column will be Ty = [{0,0}| =2 and T} = |[{1,1,1}| = 3,
whose corresponding quasi-uniform entropy will be h; = log, % = log, 10. For the
second column the partitions are similarly 7y = [{0,0}| = 2 and 7} = |{1,1,1}| = 3,
giving hy = log, 2?—;), = log,10. And finally for both columns the partitions are
Too = [{(0,1), (0, 1)} = 2, Tio = {(1,0), (1,0)}| = 2, and Ty = [{(1,1)}] = 1, and

clearly Too = 0, resulting in hyy = log, %:1, = log, 30.

Lemma 6.3.1 FEvery such T X n table corresponds to a quasi-uniform distribution.
Furthermore, asT and N grow, we encounter the set of all quasi-uniform distributions

over n variables that are sufficient to characterize I'},.

Proof: Assume that the given table corresponds to 7" independent copies of n random
variables X; with alphabet size N. Then from the above definition of partition on
T elements and also (6.1), it is clear that we can assign a permutation group G
on T elements and define its subgroups G; as the ones that permute within each
partition. It is then straightforward to generate quasi-uniform distributions from
groups. In fact for a group G and its subgroups Gy,...,G,, define new random

variables X;, i = 1,....n with alphabet sizes “?GH each, i.e., the number of cosets
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induced by each G;. For each element g € G, obtain an n-dimensional vector v
whose i-th component is the index of the coset induced by G; that g belongs to.
Assign a constant probability to Py~ ¢ (v) for every vector v in the sample space
encountered in this fashion, and assign zero probability to all other vectors in the
sample space. It is not too difficult to see that the resulting distribution on X; is
quasi-uniform, whose joint entropy hg = h(X;,i € a)for a C {1,...,n} is obtained

G|

!
from log e 1
1cx

o = log LTl

Therefore to every T x n table, we can assign a quasi-
uniform distribution. Moreover as N and T' grow, we allow for all alphabet sizes of
distributions and also make the approximation (6.1) more precise, which means that
we will asymptotically encounter the set of all the quasi-uniform distributions over n
random variables that are sufficient for characterizing I'}. OJ

Remark: Note that an alternative way of obtaining entropy vectors from a gener-

ated T x n table is to view it as the empirical distribution of the variables X1, ..., X,
in which case we simply have hx, = —>_ T;D‘ log T“”Ta Therefore from every table

we can obtain two entropy vectors; hx from the empirical distribution on X; and h
from the associated quasi-uniform distributions of X;. Note that in the limit when
T — oo, approximation (6.1) becomes exact and, as described in Lemma 6.3.1, we
will have hy = Zhg.

For fixed N and T, the space of such obtained quasi-uniform or empirical distri-
butions is connected. In other words one can move from a quasi-uniform/empirical
distribution, corresponding to a table A, to another quasi-uniform/empirical distri-
bution, corresponding to a table B, by a chain of changes in the entries of the table
that transforms table A to table B. We can thus perform a random walk over the dis-
tributions by randomly choosing an entry of the 7" x n table and randomly changing
its value. In this manner we can numerically stake out the entropic region.

Of course, to numerically stake out the entropy region with higher and higher

fidelity requires one to increase the values of T" and N. This results in an increase
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in the size of the search space and slows down the MCMC methods we describe
next. Thus, there is a trade-off between the quality of the results and the speed of
the optimization program. Choosing the right 7" and N may therefore be of critical

importance.

6.3.2 Entropy Optimization via Markov Chain Monte Carlo

Assume that we have the following optimization problem,

max f(h), (6.2)

heTs

where f(-) is some function of the entropy vector. As mentioned earlier, an idea to
perform this optimization numerically is to use Monte Carlo methods to sample the
entropy region, or, equivalently, the space of distribution tables. Assuming each dis-
tribution table as a state S, this means that one needs to sample from this state space
according to some probability distribution 7. Markov Chain Monte Carlo methods
are usually used for this purpose in which by designing a Markov Chain with a sta-
tionary distribution 7 on the system’s state space, and then simulating the Markov
Chain for a long time (such that the chain has converged), one can sample from
m. To design a Markov Chain one needs to define a local move in the state space
and the probability of moving (transition) from one state to another. Following the
arguments of the last section, we can easily define a local move on the distribution
tables (and hence on the entropy space) of n random variables for fixed 7" and N.
To do so, we first generate a T' x n table! either randomly, or by initializing it to
some desired value. Then the local move would simply consist of choosing an entry
of the table at random and changing its value to any other of the N — 1 possible

choices randomly. If we accept each new move with probability %, then this would

In general we can assume that the random variables are vector valued of size [, in which case
we should replace n with nl everywhere.
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amount to a random walk on the space of distribution tables which is equivalent to
sampling from a uniform distribution 7. However a pure random walk explores the
state space very slowly and is not an efficient method for performing the optimization
(6.2). Denoting the cost associated with entropy vector hg of the distribution table
S by cg, i.e., cs = f(hg), then a standard technique to do the optimization is to set

the target distribution 7 as,

6905

W(S) = ZS' efes

(6.3)

where 6 is a parameter usually called the temperature. Note that by tuning 6 one can
somewhat control the highs and lows of the distribution. In particular a distribution
with large 6 would favor states with higher costs and a small 8 would make the distri-
bution close to uniform. To sample from this distribution we choose a variant of the
Metropolis algorithm *. One can consider different choices of transition probabilities.

Here we accept each move with probability,

B 71'(5/) B efes
R ) R 1) R g (6.4)

Taking into account the probability of choosing an entry of the table as the result

of the local move yields the transition probability pgs = ma. Note that the

choice of acceptance ratio (6.4) is not as common as min <1, 1((‘3))), which is the
usual acceptance ratio of a move in the Metropolis algorithm [JS98].> However this
transition probability (likewise the traditional transition probability) also renders the

Markov chain irreducible and aperiodic; irreducible because simply there is a path

!Note that in the Metropolis algorithm there is usually a proposal distribution Q.. involved
[Mac03] which, at each step, is the distribution (different from the target distribution) that de-
termines how to make a local move from a current state S to the next S’. Of course accepting
the move is another matter. In this case our proposal distribution is nothing but the symmetric
Qs's = Qss = m

2Note that if the alphabet size N = 2, then (6.4) may be viewed as Prob(S’|S) and therefore this
method will be equivalent as well to the Gibbs sampler (a.k.a. heat bath or Glauber dynamics).
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between any two states, and aperiodic because the probability of returning to a state
in any number of steps is positive. Moreover note that the Markov chain will be
reversible, i.e., Tspss = Ts'Pss, and hence m will be a stationary distribution for the
chain. Furthermore since the chain is irreducible and aperiodic, if we run the chain
for a long time it will converge to the stationary distribution (6.3).

Note that this method can be considered as a simulated annealing with fixed
temperature. While in simulated annealing the parameter 6 is changed during the
simulation based on a cooling schedule, here we choose a fixed 6 at the beginning.
However care should be given to the choice of 8. When 6 is large, the stationary
distribution will have a large peak at the optimal cost and therefore the chances of
encountering it (once we are in steady state) is high. However, a large 6 often means
that convergence to the steady-state distribution can be slow (we may frequently get
stuck in local maxima), as (6.4) heavily favors transitions to higher costs. On the
other hand, for small values of #, convergence to the steady state is much faster (as
(6.4) is more amenable to escape from local maxima). However, the peak in (6.3) is
not very pronounced at the optimal cost and so it might take a very long time until
we encounter it. Therefore there is a trade-off between speed of convergence to the
stationary distribution and the probability of encountering the optimal cost once the
Markov chain has converged. And so choice of the correct value of 6 is critical and
may require trial and error.

Henceforth we will refer to the method just described as the MCMC method for
simplicity. In the next section we show how using this algorithm yields interesting

new results for maximization of a function of an entropy vector.

6.3.3 Ingleton Violation via MCMC

As an application of the MCMC method just described, we consider maximizing the

violation of the Ingleton inequality. The Ingleton inequality holds for entropy vectors



Ingleton plane

a: vector perpendicular
to the Ingleton plane

Figure 6.2: The violation index %ﬂ is proportional to cos(f).

of the random variables involved in a linear network code (and more generally entropy

vectors obtained from Abelian groups [Cha07b]) and is given by [Ing71],

However, the Ingleton inequality is not a bound on the entropy region, and there
exist entropy vectors that violate it. We define the “violation index” as %ﬂ Note
that the normalization is critical as entropy is a cone. Furthermore, the violation
index is proportional to the cosine of the angle between the vector h and the vector
orthogonal to the Ingleton plane (see Fig. 6.2).

To maximize the violation index using the Monte Carlo method, first we have
generated a distribution table of size T' x 4, i.e., for 4 vector-valued random variables
of size [ in general. As stated earlier, to each distribution table we can associate two
entropy vectors; one obtained by considering the table as the empirical distribution
of the random variables, and the other by recognizing the partitions induced on
the random variables through the table and computing the entropies based on the
quasi-uniform argument. We have computed violation indices through both methods
for each table. Interestingly, by using the MCMC method for this problem, with
parameters 7' = 1000, N = 2, [ = 1, and § = 6 x 10°, we have found violation indices

that are much bigger than the indices of the known Ingleton violating examples in the

literature. When computing the entropies based on quasi-uniforms, we have found
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Ingleton violation index vs iteration, 6 = 6x108
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Figure 6.3: A sample run of MCMC for Ingleton violation. Entropy computed based
on empirical distribution (frequency-based) and also partitions (group-based). Hori-
zontal lines show the violations of known examples in the literature.

a maximum violation of 0.02761, and when computing the entropies directly from
the distribution tables (empirical), we have found a maximum value of 0.02812. The
corresponding simulation is depicted in Fig. 6.3.

Let X; i = 1,2,3,4 be the 4 random variables that we are considering, and let
foa(za), a0 € {1,2,3,4} denote the frequency of appearance of {X; = x;,7 € a} in the
T rows of the distribution table, and f, denote the vector of f,(x,) for all values of
Zo. Then fia34 which is proportional to the joint distribution corresponding to the

optimized violation indices is as follows,

334 (z1z97374) = (0111)
351 (z1z27374) = (1000)
fr23a(T1222374) = 158 (x1m9m324) = (1101) - (6.6)
157 (x1momwszy) = (1110)
0  otherwise
0
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Note that to compute the entropy based on the empirical distribution of the random

variables, one can obtain joint entropy through h, = —>_ f‘”(j’fa) log f‘”(j’f“‘). On the

other hand if one wishes to compute the entropies based on partitions, then each value
of fo(xa) gives the size of one of the segments of the partition of X,, and therefore
the group-derived entropy will be obtained via h, = %log #a'(%)'

Note that although it is well known that the entropies do not satisfy the Ingleton
inequality in general, there are only a handful of examples known that violate this
bound. Understanding which entropy vectors lie outside of the Ingleton bound or how
far one can go beyond this bound while staying in the entropy region are interesting
questions whose answers will help us in better understanding the entropy region.

For the sake of comparison, note that the violation index of the non-quasi-uniform
examples of [HRSV00] are 0.01974 and 0.00590. The violation index of the quasi-
uniform example of [ZY98] which is obtained by defining a certain distribution based
on projective planes is 0.0073, and the maximum violation index value of Ingleton

violating example PGL(2,p) of [MH09] is 0.0082, which occurs for p = 13. These

values are marked in Fig. 6.3.

6.4 Nonlinear Network Coding

The idea of a random walk over distributions in Section 6.3 can be extended to a biased
random walk (Markov Chain Monte Carlo) over all (possibly nonlinear) operations
in a network.

Assume that vector-valued signals of size [ over alphabet size N are transmitted
across edges of the network.! In such a setup, if the in-degree of a particular node
in the network is D, then the node must map each of its possible N**” inputs to
its corresponding outputs. For each output, this mapping can be represented by a

truth table with D + 1 block columns of size [, the last block column representing

In general, source variables and middle variables of the network can be of different vector sizes.
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the output, and NP rows (one for each input combination). There are a total of
NDNP hossible truth tables, and thus a total of NNV possible nonlinear network
operations for this particular output of the internal node. On the other hand, note
that, if we restrict ourselves to linear mappings, there will only be N i#xD possible
mappings (i.e., the coefficient matrix) for this output of the node. The total number
of nonlinear network operations is obtained from the conjunction of the possible

operations for each internal node and can be computed to be:

szey’je‘SSOUTceussink Ix ‘OUt(j”leun(j)‘ (67)
where |Out(j)| and |In(j)| are the out- and in-degree of the node j. On the other

hand for linear coding, the total number of possible codes are,

2 .
szey’j¢$SOHTC€USSiWLk ! D‘OUt(])l . (68)

Considering truth tables in the case of nonlinear mappings, and coefficient matrices
in the case of linear codes, as the states of the system, we can define a Markov chain
on these state spaces similar to what we did in Section 6.3. However we can perform
the local moves in two manners. The first way is to choose an entry of the truth
table or the coefficient matrix uniformly and changing its value to any other N — 1
possible values. We call this method the “uniform flip” and this will be similar to
what we did in Section 6.3. Another way is to first choose an internal node randomly,
choose an output of this node at random, and then select one of the entries of its
truth table or the local coefficient matrix randomly, and then flip its value to any
other N — 1 possible values. We call this method the “node-wise flip”. Assuming
that we want to maximize some cost function of the network that can be written
in terms of entropy (such as the weighted sum rate), we can define the stationary

distribution and the transition probabilities as (6.3) and (6.4) in Section 6.3. Both
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the uniform and node-wise flip render the Markov chain aperiodic and irreducible,
and assuming (6.3) and (6.4) the chain will also be reversible. However the node-wise
flip will allow us to adjust the method for distributed operation over the networks,
as will be discussed in Section 6.6. To summarize, the same MCMC technique can
be applied on the network operations to bias them toward large costs.

In what follows we have applied this method to maximize the sum-rate of different
networks. In particular we show how solutions (linear or nonlinear) can emerge from
this technique.

Remark: In the networks that we analyze, we normalize the sum-rate such that
when all the sinks successfully recover their demands, normalized sum-rate becomes
equal to 1. In such cases the MCMC method gives a valid linear or nonlinear code
that solves the network. However, if the optimum sum-rate turns out to be less than
1, then it essentially means that one or more sinks do not fully reconstruct their
demands, in which case a coding is required to deliver the found optimum rate to

each sink.

6.4.1 Random Walk on Truth Tables

We have applied the MCMC method described in the last section to some networks
of interest, and in what follows we give the simulation results and their comparison

with the existing results.

6.4.1.1 Vamos Network

The Vamos network (Fig. 6.4b) is obtained from the well-known Vamos matroid
(Fig. 6.4a) and was first introduced in [DFZ06b|, where the authors showed that
the network is not solvable and proved the insufficiency of Shannon-type informa-
tion inequalities for determining the capacity of general networks, reaffirming the

importance of the full characterization of I';. However using a non-Shannon type in-
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7

(a) The Vamos matroid (b) Vamos network constructed from the Va-
mos matroid [DFZ06b]

Figure 6.4: The Vamos matroid and network

formation inequality, they provided an upper bound of 10/11 for the network coding
capacity.

They also found the linear coding capacity of the Vamos network to be % over
every finite field and gave a (5,6) vector-valued solution, i.e., a linear solution with
vector size of 5 for sources and vector size of 6 for the rest of the network variables.
In this network a, b, ¢, d are sources and x,y, z, w are internal messages. There are 5

sinks whose demands are shown below them in Fig. 6.4b.

Normalized sum rate for Vamos network Normalized cost for Vamos network
T T T T T
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09

0.85-

normalized cost
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T T

I I I I T 0.75 I
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iteration iteration

vector linear | =5, 1 =6, N =2,6=200
T

(a) Nonlinear coding, alphabet size 2 (b) Vector linear code of rate 2

Figure 6.5: Monte Carlo simulation to optimize the sum rate of the Vamos network
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Table 6.1: Truth tables for the Vamos network yielding the normalized sum rate of %

a b c djw
0 0 0 0|1
0 0 0 10
0 0 1 0|0
0 0 1 11 a b w|zx b ¢ x|y c d ylz
0 1.0 00 0 0 010 0 0 010 0 0 0]0
0O 1 0 1|1 0O 0 111 0 0 1]1 0 0 11
0 1 1 01 01 010 0 1 01 0 1 00
0 1 1 110 0 1 1]1 0 1 110 0 1 1]0
1 0 0 01 1 0 010 1 0 00 1 0 010
1 0 0 1]0 1 0 11 1 0 1|1 1 0 1]1
1 01 0]0 1 1 010 1 1 0|1 1 1 0]1
1 0 1 171 1 1 11]1 1 1 1|0 1 1 171
1 1.0 0]0
1 1 0 1)1
1 1 1 0]0
1 1 1 1|0

We consider the following normalized sum rate as the cost function,

1
6 x I x log(N)

<I(b; dz) + I(a;bedz) + I(be; adzw) + 1(d; abey) + 1(c; awy))

where 6 is the total number of demands, [ accounts for the vector length of source
random variables, and N is the alphabet size. To maximize this cost, we employ the
Monte Carlo method as stated in the previous section to do a random walk on the
truth tables of this network. Since there are 4 message variables in the network, there
will be a total of 4 truth tables—for z,y, z, and w, respectively.

Assuming the simplest case, we considered N = 2, i.e., binary alphabet-size, and
scalar valued random variables for all the source and message variables and searched
for nonlinear codes. A sample run of this Monte Carlo maximization can be seen in
Fig. 6.5a where the normalized sum rate has quickly reached the point % = 0.8333,
i.e., the linear coding capacity of the network. The truth tables that correspond
to this maximized sum rate can be seen in Table 6.1. Note that each run of the

network with similar parameters potentially finds new truth tables for the network,
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and the one that we state here is only one of the many potential solutions. A little
examination of the table reveals the following nonlinear coding found for the variables

of the network,

w=b+c+d, z=w y=c+z, z=dy+cd (6.9)

where all operations are over GF(2) and (.) refers to the NOT operation over binaries.

One can easily see that all the demands of the network can be fully recovered except

the demand of the second sink which wants a. This is clearly due to the fact that in

this coding message a is not carried into the network. Therefore the normalized sum
5

rate of the network for this code becomes G

Although there is the % upper bound for this network, running the simulation
for many more iterations did not result in a better sum rate than g, raising the
possibility that this is the best achievable rate among all nonlinear scalar binary
codes. Nonetheless, we have simply found a rate % linear code over binaries for this
network—in which sources are vectors of size 5 and the rest of the variables are of size
6—that achieves the normalized sum rate of 1. Note that a (5,6) linear solution for
this network has been previously reported in [DFZ07]. Here we want to emphasize
the ability of this method to find similar solutions. The corresponding simulation can

be seen in Fig. 6.5b, and the actual found solution with the encoding and decoding

mappings are stated in the appendix.

6.4.1.2 Fano and Non-Fano Networks

The Fano network is constructed from the Fano matroid (Fig. 6.6) and was first
introduced in [DFZ07]. The Fano network was shown in [DFZ06¢c] to be solvable if
and only if the alphabet size is a power of 2. In particular for the case of linear codes,
it was proved in [DFZ05] that this network has a scalar linear solution over any ring

with characteristic 2, and does not have any vector linear solution over a finite field
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3 4 5

(a) Fano matroid (b) Fano network constructed from the Fano
matroid. The numbers inside nodes show the
corresponding matroid element.

Figure 6.6: Fano matroid and network

with odd characteristic, irrespective of the vector dimension.

This is similar to the property of the Fano matroid which is known to be repre-
sentable if and only if the field characteristic is 2. Note that since any scalar/multilinear
representation of the Fano matroid immediately induces a linear solution to the Fano
network, the fact that the Fano network does not admit any vector linear solution over
fields of odd characteristic implies that the Fano matroid does not have a multi-linear
representation over fields of odd characteristic either. The Monte Carlo method has
shown to be promising in this case as well. As can be seen from Fig. 6.8a, it has
quickly found scalar linear codes for the network over even characteristic fields GF(2)
and GF(4), and also a nonlinear code over alphabet size 2.

The non-Fano network is also similarly constructed from the non-Fano matroid
(Fig. 6.7) [DFZ07]. The non-Fano matroid (Fig. 6.7a) is very similar to the Fano
matroid except that, as opposed to the Fano where the elements {2,4,6} formed a
circuit, this set is now an independent set of the non-Fano matroid. Interestingly the
non-Fano network was shown in [DFZ06¢] to be solvable if and only if the alphabet

size is odd. In other words this network is solvable only over alphabet sizes where the
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(a) Non-Fano matroid (b) Non-Fano network constructed from the
non-Fano matroid. Numbers inside nodes
show the corresponding matroid element.

Figure 6.7: The non-Fano matroid and network

Fano network is not solvable. Moreover in [DFZ05] it is proved that while this network
admits a scalar linear solution over any ring in which 2 is an invertible element, it
does not have vector linear solution over any field with characteristic 2 for any vector
dimension. Again this is similar to the property of the non-Fano matroid, which is
known to be representable only over fields with characteristic other than 2. Moreover

from the property of the non-Fano network, we deduce that the non-Fano matroid

Normalized sum rate for Fano network
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work

Figure 6.8: MCMC for Fano and non-Fano networks
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Normalized sum rate for M network
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Figure 6.9: M network and the corresponding MCMC simulation

does not have a multi-linear representation over fields with characteristic 2. Some
of the Monte Carlo simulations for the non-Fano matroid can be seen in Fig. 6.8b,
where it has successfully found scalar and vector linear solutions over GF(3) and
also a scalar nonlinear code over GF(3). The combination of the Fano and non-Fano

network was used in [DFZ05] to construct a network that is not linearly solvable.

6.4.1.3 M Network

This network was first introduced in [MEKHO03] as an example of a network which
does not have any scalar linear solution, however it has a simple routing solution on
a vector space of dimension 2. Later [DFZ07| showed that this solution can be easily
extended to any vector linear solution of even dimension and in fact this network does
not admit any linear solution over vector spaces of odd dimensions. This network is
depicted in Fig. 6.9a, from which it can be seen that the network gets its name from
its shape. The Monte Carlo has successfully found a vector linear solution of length

2 over binaries, as expected (Fig. 6.9b).
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6.4.1.4 Repair Problem in a Storage System

In distributed storage systems where there is a possibility of failure for storing devices,
some form of redundancy needs to be introduced in order to maintain a reliable
system. While the simplest form of redundancy is replication, it has been proved
that coding is more advantageous than replication [DRWSI11]. In general the data
that needs to be stored is assumed to be of size M and is encoded into n packets of the
same size. Fach encoded piece is assumed to be stored at a “storage node”. Since the
ultimate goal is to recover the original data, one should be able to recover the source
messages by merely accessing the n encoded data packets. This can be achieved
using different coding schemes, such as the erasure codes. However if the storage
nodes themselves also fail or leave the network over the time, then the reliability of
the storage system will diminish. Therefore there should be a mechanism in place
that allows the network to repair itself, meaning that whenever a storage node fails,
the network can construct new data packets and store them at a new storage node,
such that the new data—along with the information of the surviving storage nodes—
again forms a desired code that allows the recovery of the original source data. The
network should construct data for the substitute storage node solely by accessing the
surviving (working) storage nodes. This is called the repair problem [DGYWR] and
is studied in three different scenarios which are recalled as the functional repair, exact
repair, and ezxact repair of systematic parts [DRWS11]. While the “functional repair”
requires that the newly constructed encoded packet for the substitute storage node
forms a desired code with the other surviving storage nodes such that the original
data can still be recovered, the “exact repair” requires that the newly constructed
data be exactly the same as the lost encoded data of the failed storage node. The
“exact repair of systematic parts” is a combination of the previous two methods,
where it is assumed that the code is systematic, meaning that an uncoded copy of the

source messages exists in the n encoded pieces and, when the systematic part of the
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encoded nodes fail, exact repair, and for the failure of the rest of the storage nodes,
functional repair is required. Since storage nodes may fail every once in a while, in
all these scenarios it is important to construct the new storage nodes by minimally
downloading data from the survivor nodes so as to prevent a large network traffic
due to repair. Determining the minimum required (download) bandwidth is a main
question in the repair problems.

The repair problem has been fully solved in some special cases; namely the func-
tional repair [DGYWR] and some regimes of the exact repair problem [DRWS11]. In
all those cases, it has happened that the cutset lower bound for optimal bandwidth
is tight.

As there has been an increasing interest in the repair problem, in this section we
consider two special cases of the “exact” repair problem and show that our MCMC
method is able to find explicit codes for these networks, even though these are larger
networks (i.e., involve greater number of random variables) compared to our previous
examples, and our MCMC search is performed over larger finite fields. Before getting
into details of the cases that we have considered, we explain the general setting for
the “exact” repair problem.

The graph model (Fig. 6.10) for this problem consists of a source and n storage
nodes which are directly connected to the source with infinite capacity [DGYWR].
Each storage node is formed from two sub-nodes and a directed edge between the
sub-nodes, which is assumed to carry the encoded data packet. The capacity of this
edge is the capacity of the storage node and is denoted by «a. To ensure the recovery
of the original data one should be able to reconstruct the source from a subset of
the n storage nodes. Usually the symmetric case is considered where one assumes
that the source can be recovered from every subset of size k of the storage nodes.
Moreover to make the code “self-healing” in the exact repair sense, one needs to

guarantee the construction of each storage packet by accessing a subset of the rest of
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the other storage packets. Therefore considering symmetry, the assumption is that
every storage node can be recovered by accessing any d number of the remaining
storage nodes and downloading 3 bits of information from each of them. As a result,
the repair bandwidth will be equal to v = df. By analyzing the cutset bound for this
graph, [DGYWR] has shown that there is a trade-off curve between optimal « and
v, giving rise to two particular points of interest; the minimum bandwidth and the
minimum storage points. The codes that achieve these points are called minimum
bandwidth regenerating (MBR) codes and the minimum storage regenerating (MSR)
codes, respectively.

For a given original file size of M, parameters d and k, the («, ) of the MSR point
is characterized in [DGYWR] by (amsr, Ymsr) = (%, %). Interestingly it is
observed in [DGYWR] that yusr is a decreasing function of d, and therefore to achieve
the smallest repair bandwidth one should set d = n—1, i.e., once a storage node fails,

if all the remaining n — 1 nodes are employed for recovery of the lost encoded packet,

the total repair bandwidth can be reduced. Under the assumption of d = n — 1,

the (a,7) of the MSR point becomes (apisr, Vijag) = (%, ﬁi"_;?) Nonetheless,

note that since the MSR point corresponds to the optimal point obtained from the

Figure 6.10: Exact repair model
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cutset bound, it may not be achievable for the exact repair problem (in contrast to
the functional repair for which the cutset bound is tight, as it can be reduced to a
multicast network coding scenario [DGYWR]). Assuming such point is achievable
one can make two assumptions about a storage network operating at the MSR point.
First, since the file is of size M and % of it is stored at each storage node, and
since every k of the storage nodes recovers the original file (similar to the property
of mazimum distance separable (MDS) codes), one can assume that there are also
k sources each of size % that are being encoded into n nodes. Furthermore, since
b = ﬁ . %, one can assume that each encoded packet is further split into n — k
sub-packets. Note that this is equivalent to considering vector codes of length n — k
for the repair problem at the MSR point. To summarize, this setting is equivalent to
a network coding problem where there are k sources with messages of length n — k,
n storage nodes with messages of also length n — k directly connected to the sources,
and two types of sinks (sinks that connect to any k subset of storage nodes with edges
of capacity n — k and demand the k sources, and sinks that connect to n — 1 of the n
storage nodes via edges of capacity 1 and demand the data of the nth storage node).
Note that if the MSR point is achievable for the exact repair, this network will be
solvable.

Here we consider two examples of the exact repair problem at the MSR point,
namely the (n, k) = (4,2) and the (n, k) = (5, 3) cases. We denote the source variables
by a, b, etc., the encoded messages at the storage nodes by X, and the outgoing signal
of storage node 7 that is used for the recovery of storage packet j by X;;. As explained
previously, while source messages and also the X; variables are vectors of size n—k = 2,
X;; variables are scalar. These settings are partly shown in Fig. 6.11. Note that not

all the sinks are drawn. In both cases the cost that we intend to optimize via the
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(a) Exact repair (4,2); partial setting (b) Exact repair (5,3); partial setting

Figure 6.11: Exact repair settings of (4,2) and (5,3)

MCMC method is the following normalized sum rate,

1 k y - . .
2 Tog(N) ; {Z 1}(Xps; {(X;iea})+ Zl (X { X, j #i}) (6.10)
Tol=k =

where X,; denotes the source messages (i.e., X15 = a, Xos = b, etc., division by
2 accounts for normalization by the length of the vectors n — k = 2, division by
m = k(;) + n accounts for the number of terms in the parentheses, and division by
log(N) accounts for normalization by log of the alphabet-size).

Achievability of MSR for exact repair (n, k) = (4,2):

This network is shown in Fig. 6.11a. To find codes over alphabet size N that
achieve the MSR point, we need to solve this network, which we will do by maximiz-
ing the cost (6.10) through a MCMC method. Linear codes that achieve the MSR
point have been previously reported [DRWS11]. Our Monte Carlo method has also
successfully found optimal cutset achieving code (corresponding to regenerating MSR
codes). Interestingly for the (4,2) problem we have found both a linear and also a

non-linear solution. The simulations can be seen in Fig. 6.12.
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Normalized sum rate for (4,2) repair problem
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Figure 6.12: Simulations for the (4,2) exact repair

Achievability of MSR for exact repair (n, k) = (5,3):

The structure of this network is shown in Fig. 6.11b. Similar to the (4, 2) case, we
have employed the Monte Carlo method to solve this network over different alphabet
sizes N by maximizing the normalized sum rate (6.10). We have studied the network
over linear operations. Simulation results show (Fig. 6.13) that the MCMC method

finds linear codes for the MSR point over alphabet sizes of 3,4, and 7.

6.5 Matroid Representation Via Linear Network
Coding

In the previous section we saw how the MCMC method can be used to yield linear
or non-linear codes for a given network. In this section we use the same ideas to find
linear representations for matroids. One may review Chapter 4 for more details about

matroids and linear representability.

Definition 6.5.1 (Matroid Representability) Let M be a matroid with n ele-
ments and rank r. Moreover let A be an rk X nk matriz with entries over finite

field F. Partition the columns of A into n sets of equal size k and call each parti-



213

Normalized sum rate for (5,3) repair problem
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Figure 6.13: Simulation for the (5,3) repair problem

tion a supercolumn. The matroid M is said to be representable if there is a bijection
between elements of M and supercolumns of such matrix A, such that a subset of
elements of M is an independent set in M if and only if the set of corresponding
supercolumns of A are linearly independent. In other words, if we normalize the rank
of A by k, then the rank of any subset of matroid elements is equal to the normalized
rank of the corresponding supercolumns. If k = 1 we say that M has a (scalar) linear
representation, while if k > 1 we say that M has a multilinear (or k-linear) represen-

tation. Finally matroid M is said to be representable if it is representable over some

finite field F.

As was discussed in Chapter 4, determining if a matroid is representable over
a particular finite field, or in general representable, is an interesting question, and
there has been a lot of research in this area. Most of the attention though, has been
towards scalar representability of matroids. Even in the scalar case, although the

representability problem over finite fields GF(2),GF(3),GF(4) is completely solved
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[Ox104], in general it remains an open problem.

As an application of the MCMC method, and using the ideas of the previous
section, one can potentially find scalar or multilinear representations for matroids.
The idea is to construct a network from the matroid of interest (using the method
of [DFZ07]) and try to find a scalar/vector linear code for the network. However in
order for the found solution of the network to be a valid representation of the matroid,
one needs to incorporate all the dependency and independencies of the matroid in
the network construction. In the rest of the section we consider the non-Pappus and
Usy matroids, and find multilinear representations for them. We show that in these
two cases one need not include all the dependency relations of the matroid in the
network construction to obtain a valid representation of the matroid through linear
solution of the network. Before explaining these two cases however, we briefly explain
the method of Dougherty et al. [DFZ07] for constructing networks from matroids to

describe constructions of non-Pappus and U,y networks.

6.5.1 Network Model of a Matroid

One can construct a network from a matroid by using the method of [DFZ07] such
that the dependency and independency relations of the matroid elements are reflected
in the network topology, demands, and independency of its sources. We summarize
the steps of this method as follows, where we assume that M is a given a matroid of

rank r:

1. (Creating source nodes) Choose a base of the matroid B = {z1,...,x,} and
create a source node containing a source message S; for each element x; of that

base.

2. (Creating the rest of the network nodes and messages) Find a circuit of the

matroid C' = {z1, 2o, ..., z,} whose all elements except one (say z;) are assigned
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to a node in the network. Create a new node with input edges from all the nodes
of C'\ z; and with a single output edge e. Then create a second node with a
single input from e and assign the element z; to this node. Moreover assign a

new message m; to the edge e. Repeat this step until it is no longer possible.

3. (Creating sinks and defining demands) Repeat this step as many times as de-
sired: Find a circuit of the matroid C' = {z1, ..., x,} such that the dependency
of at least one of its elements (say xy) on the other variables in the circuit is
not enforced in the network. Create a sink with input edges from C'\ x; that

demands my,.

4. Repeat this step as many times as desired: Find a base B’ = {«/,...,z.} and
create a sink node with input edges from the corresponding nodes of zi, ..., z/.
which demands all the network messages Si,...,S;.

In order to find a linear representation for the matroid, the constructed network
needs to adopt the matroid properties as much as possible. In particular, in the worst
case all dependency and independency conditions need to be enforced in the network
(i.e., repeating steps 3 and 4 until it is no longer possible to do so). Note that since
we want to have the option of enforcing all dependency conditions, we have tweaked
step 3 of the algorithm compared to the method of [DFZ07], where they only define
demands that correspond to source messages (i.e., zj corresponds to Si). Although
it is more sensible to demand the recovery of sources at the sinks, for our purpose
it is important to be able to incorporate all the matroid relations in the network.
Depending on which steps are taken and how many times they are repeated in the

above construction, many different networks may be obtained from a single matroid.



216
6.5.2 Multilinear Representation for Matroids

In this part we describe the network construction for the matroids non-Pappus and
Uss, and show how using the biased MCMC results in multilinear representations of
these matroids. While scalar linear representability over fields has been extensively
studied, there has not been much research on multi-linear representability. In fact
there are networks which are not scalar representable over some field F', but admit
a multilinear representation over the same field. As an example, although the non-
Pappus matroid is not linear representable over any field [Ox106], it has been shown
that it has a multilinear representation over GF'(3) [SA98, Mat99]. Moreover as it is
well known that the uniform matroid on 4 elements (Us4) is not representable over
binaries (and, in fact, it is a forbidden minor for linear representability over binaries

[Ox106]), we show that it has a multi-linear representation over GF(2).

6.5.2.1 Non-Pappus Network
This network is constructed from the non-Pappus matroid [Ox106] (see Fig. 6.14a).

Definition 6.5.2 (Non-Pappus Matroid) Let E = {1,...,9} be a set of 9 ele-
ments and let S = {{1,2,3}, {1,5,7}, {1,6,8}, {2,4,7}, {2,6,9}, {3,4,8}, {3,5,9},
{4,5,6}}. Then define the function r : 2" — Z* as,

min{|a|,3} a¢S,aC M
r(a) = . (6.11)

2 a€esS

Then the non-Pappus matroid is the matroid M with ground set E and rank function

r.

As the rank function implies, the circuits (i.e., the minimal dependent sets) of size
3 of this matroid are given by the set S, and the bases (i.e., the maximal independent

sets of the matroid) consist of all the 3-element subsets of E which are not in S.
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(a) Non-Pappus matroid (b) A construction of the non-Pappus net-
work. The numbers inside the nodes show the
corresponding matroid elements.

Figure 6.14: Non-Pappus matroid and the constructed network

The non-Pappus matroid is interesting in that it has been proven that it is not
representable over any field [Ox106]. Nonetheless [SA98] and [Mat99] have shown
that this matroid has a multi-linear representation over GF(3). Using the method
of [DFZ07], briefly described previously, many possible networks can be constructed
from the non-Pappus matroid. However if one wishes that the resulting network
inherits the properties of the matroid, one must incorporate the dependency and
independency relations of the matroid in the network construction as much as possible.
Our construction is as follows:

We start off with the base B = {1, 3,5} of the matroid to create the sources, and

construct the rest of the network based on the steps mentioned before. The circuits
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and the relations that we have used are as follows:

circuit {1,5,7}: 1,5 =7, circuit {1,2,3}: 1,3 — 2,
circuit {3,5,9}:3,5 — 9, circuit {2,4,7}:2,7 — 4,
circuit {2,6,9} : 2,9 — 6, circuit {2,4,6,8} :2,4,6 — 8
circuit {3,4,8} : 4,8 — 3 demand,

circuit {4,5,6} : 4,6 — 5 demand,

circuit {1,6,8} : 6,8 — 1 demand.

The core of the network is shown in Fig. 6.14b. Note that the numbers inside the
nodes show the corresponding matroid element assigned to that node. We further add
all the sinks that can be obtained via step 4 of the construction (i.e., for each of the
matroid bases we add a sink with input edges connected to the nodes corresponding to
the elements of that base, and which demands all the source messages a, b, ¢). There
are 76 such sinks.

Authors of [RSG| have a similar construction for the non-Pappus network in the
context of index coding. Note that while we have enforced all the independency
conditions through the extra 76 sinks in the network of Fig. 6.14, we have not imposed
all the dependency relations of the matroid on the network. Nonetheless, in the
following theorem we show that we do not need to impose any other relation, as this
network already reflects the matroid properties for the matter of linear representation.
A weaker version of this theorem is presented for an alternative construction of non-

Pappus network in [RSG].

Theorem 6.5.3 The constructed non-Pappus network admits a scalar/vector linear
solution over GF(N) if and only if the non-Pappus matroid has a linear/multilinear

representation over GF(N).
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Proof: First note that if the non-Pappus matroid has a linear (scalar or multilinear)
representation, then clearly that representation can be written in such a way that all
the elements of the matroid are obtained in terms of the elements of the base {1, 3,5},
similar to Fig. 6.16. This representation immediately gives a linear solution for the
non-Pappus network. Conversely, assume that there is a vector linear solution of size
m for the non-Pappus network. This means that each variable of the network X; can

be written as a linear combination of the source messages,

where a,b, ¢ and all variables of the network (i.e., X;, Vi) are m-dimensional. Thus
A; is a m x 3m matrix. Assume that variable X; corresponds to the matroid node
. Since all the base independency conditions are enforced in the network, for any
1,7,k that represents a base we should have rank[AiT,Af,Ag] = 3m, which, when
normalized by the dimensionality, means rank(X;, X;, X;) = 3. Moreover this implies
that any set of variables with less than 3 elements should also be independent (as for
any set with less than 3 elements in this matroid, there is an independent set which
contains it). On the other hand, since all the 3-element circuits of the matroid are also
enforced in the network, for any i, j, k that represents a circuit, one of the variables
can be written in terms of the other two (e.g., X = B1X; + B2X, or equivalently
A = B1A; 4+ ByA;). Therefore, rank[A], AT, A{] = 2m (i.e., the normalized rank of
the variables gives rank(X;, X;, X)) = 2). Furthermore, for any set of more than 3
elements {i1,...,i,},4 <n <9, we have rank[A], AT ... AT'] < 3m, however since

all the bases are ensured to have full rank, and since in this network every set with at

least 4 elements includes a base, inevitably it should satisfy rank[A], AT ... A]] =

3m. We conclude that if the set of A; constitutes a linear code for the non-Pappus
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network, their normalized rank should satisfy,

min(|al,3) «a is not a 3-element circuit
rank[Al] = . (6.13)

2 « 1s a 3-element circuit

This coincides with the properties of the rank function of the non-Pappus matroid,
and therefore the set of A; composes a multilinear representation for the non-Pappus
matroid. |

Therefore, based on Theorem 6.5.3, if we find a linear solution for the non-Pappus
network, it will immediately give us a linear representation for the non-Pappus ma-
troid. Note that since it is already known that the non-Pappus network is not scalar
representable over any field, the non-Pappus network will not admit a scalar linear
solution. However, it was found in [SA98, Mat99] that this matroid has a 2-linear

representation over GF(3). Their representation is as follows,

10 10 00 10 00 10 10 10 00
01 01 00 01 00 01 01 01 00
00 00 00 10 10 21 01 10 10
(6.14)
00 00 00 02 01 20 12 02 01

00 10 10 01 00 01 00 11 10

00 01 01 21 00 21 00 10 O1

Note that this is in fact a 6 x 18 matrix where every two columns that represent one
element of the matroid are clustered together forming a supercolumn as was stated in
Definition 6.5.2. Thus the ith supercolumn represents the ith element of the matroid.

Using the Monte Carlo method we have successfully found a vector linear solution

of size 2 over GF(3) for this network, which gives us an alternative 2-linear repre-
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Figure 6.15: Vector linear solution for the non-Pappus network

sentation for the non-Pappus matroid.! The relevant simulation can be seen in Fig.

6.15. An example of a representation found for this matroid is stated in the following;:

10
01
00
00
00

00

11
20
00
00
20
02

00
00
00
00
10
01

02
21
10
12
10
01

00
00
10
01
00
00

20
11
12
11
02
10

12
11
12
10
00
00

20
11
02
22
20
12

00
00
10
02
20
02

(6.15)

If we denote the elements 1, 5, and 3 of the matroid (see Fig. 6.14) by (Z;),

b . . . . .
(b;)’ and (g;), correspondingly (since the vector solution is 2 dimensional), then

by using the nice way of depiction of [Mat99], the representations (6.14) and (6.15)

can be made more clear in Fig. 6.16.

I'Note that here we want to emphasize the ability of this method to find linear representations,
and we do not consider the problem of obtaining a genuinely different representation for the non-
Pappus matroid. The issue of determining if two representations of a matroid are equivalent is
beyond the scope of our problem (see [Ox106] in this regard).
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Figure 6.16: Multilinear representations for the non-Pappus matroid

6.5.2.2 U, Network

This is also a matroidal network, constructed from the Us4 matroid, which is the rank
2 uniform matroid on 4 elements. The geometric representation of the matroid is

shown in Fig. 6.17a.

Definition 6.5.4 (Us4 matroid) Let E = {1,2,3,4} be a set of 4 elements. Then

define the function r as,
r(a) = min(|al, 2). (6.16)

Then the Usy matroid is the matroid M with ground set E and rank function r. Note

that the bases are all the 2-element sets.

Recall from Chapter 4 that the Uys matroid plays an important role about the
representability of the matroids. In fact it is known that Uy is representable over
every field except GF'(2). Moreover it is the unique matroid that determines the
representability of a general matroid over binaries. The following theorem due to

Tutte (1958) states this fact [Ox106]:
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Theorem 6.5.5 A matroid is representable over binaries if and only if it has no Usy

minor.

Interestingly, although Us, is not representable over binaries, we show that it has
a multilinear representation over GF(2). Although it is not too hard to come up with
such multilinear representation, we show how using MCMC can quickly give various
multilinear representations of this matroid over GF'(2). Therefore, first we construct
a Uy network from this matroid by following the steps of the network construction
from a matroid which were previously stated. We have taken the set B = {1,4} as
the base, and have used the rest of the circuits and bases of the matroid to build the
rest of the network. The resulting network is shown in Fig. 6.17a. Note that all the

circuits and bases are imposed in this construction.

Theorem 6.5.6 The Uy network has a scalar/vector linear solution over GF(N) if

and only if the Usy network has a linear/multilinear representation over GF(N).

Proof: Bases of the Uy matroid are {{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}, and
the set of the circuits of the matroid are {{1,2,3},{1,2,4},{1,3,4},{2,3,4}}. Note
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that the demand of the sinks enforce all the base independency conditions. Moreover
all the circuit relations are also used in the network. If we denote by X; the variable

corresponding to the matroid element 7, and assume that there is linear code defined

a

b

we have rank(X,) = 2. Moreover, for |a| > 2, we also get rank(X,) = 2. Therefore

via the set of A;’s such that X; = AZ-( ), then for any o C {1, 2, 3,4} where |a| < 2,

the set of A;’s give a representation for the matroid. It is rather obvious that any
representation of the matroid immediately gives a linear solution for the network. [

Based on Theorem 6.5.6, any linear solution that we find for the Us4 network yields
a linear representation for the matroid. Since it is already known that this matroid
is not representable over binaries, we have used the MCMC method for alphabet size
3 in the scalar case. More interesting though is the solution of this network over
binaries as a vector linear solution of size 2. The simulations can be seen in Fig.

6.17b. Here is a 2-linear representation for the Uss matroid

10 00 11 10
01 00 01 01
(6.17)
00 10 01 10
00 01 11 11

6.6 Distributed MCMC over Networks

We have seen that Monte Carlo methods can be used for entropy optimizations, or
in networks to find the best sum rate under certain conditions, or even be used to
find linear representations for matroids. In practice, especially for large networks, one
would want to employ such methods in a distributed manner. In fact, this is easily

done, as described in this section.

Algorithm 1 (Distributed Training “Proto”-Algorithm) The network opera-

tions (truth table or local coefficient matrices) at each internal node are initially set
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to some fixed or random operations. Assume that there are q independent sources, the
random variables of the network are vectors of size l, and operations are over GF(N ).

The algorithm consists of t training epochs. During each training epoch:

1. Each source transmits a packet of length N7, representing one column of a
q-input truth table. In conjunction, these N*' channel uses per training epoch

represent all possible inputs to the network.

2. One (or more) internal nodes randomly choose themselves (a la Aloha). A cho-
sen internal node performs a random step on its local truth table (as explained
in Section 6.4) and implements the new truth table on the input signals it sees

during the training epoch.

3. At the end of the training epoch, the sink nodes can compute their recovery rates
by computing the mutual information between their received signals and their
desired inputs (because they know the transmitted sequences of length N, and

have measured the corresponding outputs of the same size).

4. These recovery rates are fed back to the network so that every node can compute

the new weighted sum rate.

5. The chosen internal node(s) compare the new weighted sum rate with the old
one, and choose to keep their new truth table according to a “Metropolis” or

“stmulated annealing” step.

During the training process all nodes store the largest weighted sum rate encountered,
and their respective truth tables corresponding to it. At the end of the t training
epochs, the internal nodes set their truth tables to these best-encountered ones. Data

transmission at the best rates found can now commence.

When the number of sources in the network is not too large, say ¢ < 8, and the

alphabet size is binary, the packet lengths are not too long, and it is conceivable
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that many thousand training epochs can be performed with ease. This will lead to

distributed discovery of a network operation with high weighted sum rate.

6.7 Conclusions

In this chapter we proposed a method for numerical optimization of entropy func-
tions over the entropy region. Such method is especially useful in the absence of
an explicit characterization of the entropy region, which in fact has proven to be an
extremely hard problem. By defining local moves on entropy functions (or rather on
their respective distributions) and using Markov Chain Monte Carlo methods (in par-
ticular a variant of the Metropolis algorithm), we showed how an optimization may
be performed for entropy functions or rate maximization in networks. Moreover we
showed how this technique can be employed to study the multilinear representability
of matroids as well, which is an interesting problem on its own. Last, but not least,
we showed how this numerical framework can be performed in a distributive manner
in networks; a scheme that is appealing for practical purposes.

Of course choice of parameters of the numerical algorithm and analysis of the
convergence rate, etc., remain unresolved. Nonetheless the method proves to be
promising, and we showed its capability through applying it to many different net-

works.

6.8 Appendix

The following gives a sample linear solution of rate 5/6 found for the Vamos network
through the Monte Carlo method (i.e., source variables are of size 5, and the rest
of the network variables are of size 6, and demands are fully reconstructed at the
sinks). We have used the notation @ a;, _;, as a shorthand for a;, +...+a;,, and all

operations are over GF(2). The local and global encoding for each variables is given.
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PDarosss+Pbia+Pcsas+Pdiosas
as +@Pbios+c+Pdis
a1 +@bss +Deaz+ Ddigza
Darus +Dbizs+Dess +Ddigs
PDarss+Pbiaszs +Pds
Passss +Pbis+cs+Pdioa

Daras +Dbiszas + Dwiass
PDarss+Pbis+Puw 6
Daioss +Dboszs + Pwiosas
Dazs + Puwinse
Dasas +Dbio+PDwioa
D 2345+ Dbras + Dwie
Dasy+Dbsus +Deus +Ddiy
Pais+Pbioas+@cioszas+disas
@Dassas+Pbiosas+Pciosas+ D disa
Dasss + Dbios+Peisa+Ddisgs
Daz, + Dbz +Dcra+Ddig
Dar2345 + b2+ Dcsa+Ddss

(6.18)

(6.19)

(6.20)
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D b23a5 + D caszas + D ras
bs + @ cas + Drias
PDbi2sas+PDcrsas + T1346
Dbaza+Dcas+ D
D234+ Dcoa+DT1256
Dbz +Dcis+DTiase
Pars+Pbioas+Pciozas+di
Dara+Dbzus +Ddizs
Dar245 +Dbras +Dcroas + D diasa
Paios+bs+Pcas+Pdiass
Dassa+Bbsa+ca+Ddio
Dary+Dbis +Dcizs +Ddiga

Dcio+Ddisa+Pyoss
Dcra+di+Pyias
D2z +Ddss + Dyre
Ders +Ddi s+ Dyasas
D2+ Ddazas + Dyize
Dcis, +Ddizas + Dyazas

Dazzs +Dbiatcs+Ddss
Dars +Dbozus +Dcozat+ Ddsas
Dazy +Dbios+Dcrus +Ddas
as +Pbiss+Pcoss+Pdias
Paia+Pbiosss+Pcrat+Pdizs
Das+@bias+cs+Ddizs

(6.21)

(6.22)

(6.23)

(6.24)
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The decoding functions are stated in the following: To decode b from d, x, and z we

have

Ddipsza+Dris+ D256
Ddizs +Dr1s+Ds
b= ds + P 1456+ D 2123456 : (6.25)
Ddirs+Prisas+ P zsa
D dos + D r12356 + D 2245

To decode a from b, ¢, d, and z we have

Dbos +Dcros + D s
PDbiss+Pcoas+Pdias+ 2
a = bi+@cioss+Pdioss+ D zizs ‘ (6.26)

Pbos+Pcia+di +Pzsa
PDbss+PDcisas+Pdsas+ D 2oas

For the middle node to decode b and ¢ from a,d, w, and z we get

Darsa+Ddiza+ Dwias + D 2se
Paros+ds+Puwisase + P e
b= @Passs +Ddiss+Pwisas+ 20 (6.27)
Dazs + Ddas + Dwiszs + D 226
Daz+Ddas + Dwiass + D236
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Pasas+Pdos+Pwia+Prs
PDaips+Pdoss+Pwiosase + P 2se
c= PDaras+Pdis+Puwis+ Pz . (6.28)

Darozs +Ddiz+ Dwsas + D226
Daroza+Ddigs +Duwrzse + D 2123

To decode d from a, b, ¢, and y we have

Para+Bbioas+Pciosas+un
Dars+Dbigss +Dciass + Dyis
d= as + Pbss+ Pcas+ Dyau . (6.29)
Pars+Pbias+Pciss+Pyasas

Darss+bs+cs+Dyas

And finally, to decode the demand of the last node (i.e., ¢ from a,w, and y) we have

Dazs +Dwras+ Dyios
D aza + Dwsas+ D Y23456
€= Dars + Dwea+ Dyrose : (6.30)
Dazss + Dwisas + Dysse

Daipszs+Pwss+ Dyau
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Chapter 7
Future Work

The field of network information theory still faces many challenges. The framework
we presented for obtaining the capacity of network information theory problems in
Chapter 2 is based on determining the entropy region. Although the complete char-
acterization of this region for any number of random variables seems to be very
ambitious, due to the central role of this region in multiuser information theory, even
partial results about this region can have significant consequences for networks. In
the following we discuss some of the questions that were raised throughout the re-
search undertaken in this thesis, and some of the problems that need to be addressed

in future investigations:

e Realizing Entropy Vectors: For the most part in this thesis we focused on
determining if a given vector would belong to the entropy region in different
scenarios. However an equally important question is how to realize an entropy
vector. In other words: If we are given an entropy vector, how can we identify
its underlying random variables and their joint probability distribution? While
characterizing the entropy region would answer if a certain rate tuple is achiev-
able in a network, realizing an entropy vector yields the coding scheme required

to achieve that desired point in the capacity region.

e Linear Network Coding and Matroid Representability: As was dis-

cussed in Chapter 4, linear network codes are inherently related to the linear
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representable entropy region, which is in turn equivalent to the matroid rep-
resentability. In Chapter 4 we only used matroid representability results over
binaries and rank-2 matroids. Leveraging matroid representability results for
small finite fields can open up new avenues of research in the area of linear
network codes. In particular, as was discussed in Chapter 4, the relevant and
important object to study in this regard is the convex cone of matroids (over
a certain finite field). Determining this convex cone allows for obtaining the

optimal linear network codes over the desired finite field.

Region of a Subset of Entries of an Entropy Vector: The entropy vector
of n random variables is of dimension 2" — 1, and therefore the region grows
exponentially in the number of random variables. Moreover even for a linear
representable region, one probably needs exponential number of inequalities to
define the region (the number of Shannon inequalities alone is exponential in
the number of random variables). Therefore the complexity for all but small
networks seems inhibiting. However, appealing to the whole 2" — 1 dimensional
entropy region may not be necessary for solving a given network. In fact a
close look at the topology of most networks reveals that only a small subset
of the joint entropies of the network random variables appear in the capacity
optimization constraints. As a result the important object to characterize in
this case would be the projection of the entropy region onto those subsets of
joint entropies. This is equivalent to determining if a given set of values for

joint entropies can, in fact, be extended to an actual entropy vector.

Entropy Region of Gaussian Random Variables: Further study of the
entropy region of jointly Gaussian random variables would be very interesting, as
we conjecture that they are sufficient for describing the whole entropy region of

continuous random variables. The demanding task, though, would be to obtain
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the convex cone of the minimal number of necessary and sufficient conditions

that were pointed out in Chapter 5.

e Analysis of Numerical Methods for Optimization Over Networks: The
Markov Chain Monte Carlo (MCMC) method that we presented in Chapter 6
seems to be very promising. However, as is the case with many other numer-
ical methods, some parameters of the algorithm should be found heuristically.
Moreover, in MCMC methods an important factor is knowing the rate of con-
vergence of the Markov chain. It would be very interesting to study these issues

for our algorithm analytically.

There are also some broader problems related to the research in this thesis that

are also worth exploring. The following are few instances:

e Group-Network Codes: As was discussed in Chapter 3, every entropy vec-
tor is asymptotically constructible by a finite group and a set of its subgroups.
This fact has been used in the literature to create network codes from groups
[Cha07b]. Deploying specific finite groups can potentially yield interesting re-
sults [MTH10]. In particular it is conceivable that non-Abelian groups are more
powerful than other types of groups, as any Abelian finite group is known to

satisfy the Ingleton inequality (a necessary inequality for linear representabil-
ity).

e Study of Different Performance Measures: There are many more perfor-
mance measures in networks other than achievable rates. For example delay,
fairness, and security are becoming more and more important for future sys-
tems, and an information theoretic approach toward these measures is still being

developed.

e Wireless Network Information Theory: As was discussed in Chapter 5,

some information inequalities, such as the entropy-power inequality, play an
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important role in determining the capacity of wireless networks. Studying the
implications of these inequalities in constraining the corresponding entropy re-
gion of wireless networks would be very interesting, and can give rise to new

results for those networks.
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