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Abstract

The purpose of this text is to present some new results in the spectral theory of orthogonal polyno-
mials and Schrodinger operators.

These results concern perturbations of the free Schrédinger operator —A and of the free case
for orthogonal polynomials on the unit circle (which corresponds to Verblunsky coefficients o, = 0)
and the real line (which corresponds to off-diagonal Jacobi coefficients a,, = 1 and diagonal Jacobi
coefficients b,, = 0).

The condition central to our results is that of generalized bounded variation. This class consists

of finite linear combinations
L

V(z) =Y Biz) + W(x)

=1
where €!?'*3;(x) has bounded variation with some phase ¢; and W € L!'. This generalizes both

usual bounded variation and expressions of the form
Az) cos(¢px + )

with A(z) of bounded variation (and, in particular, with A(z) = =7, Wigner—von Neumann poten-
tials) as well as their finite linear combinations.

Assuming generalized bounded variation and an LP condition (with any p < co) on the perturba-
tion, our results show preservation of absolutely continuous spectrum, absence of singular continuous
spectrum, and that embedded pure points in the continuous spectrum can only occur in an explicit

finite set.
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Introduction

The purpose of this text is to present some new results in the spectral theory of orthogonal polyno-
mials and Schrédinger operators. The statements of these results are given in Section 4.2; Section 4.1
contains a discussion of related results which served as motivation for our work, and the remainder
of Chapter 4 contains the proof of our results.

Throughout this text, we assume that the reader has a certain level of knowledge in analysis.
More specifically, we will assume knowledge of topics such as measure theory, Banach and Hilbert
spaces. Although prior exposure to spectral theory would certainly help the reader to put the results
in perspective, we will not assume it.

Chapters 1-3 of this text are expository and cover the necessary prerequisites in spectral theory.
Chapter 1 will introduce some basic notions of spectral theory, Chapter 2 the basics of orthogonal
polynomials, and Chapter 3 the basics of Schrodinger operators. Our goal was to provide the
background needed for our results in a limited amount of space, so our choice of topics in Chapters
1-3 is very biased and we make no effort to provide a more general review of spectral theory. For more
information, we refer the reader to books on the subject, such as those by Reed—Simon [49, 50, 51, 52],

Simon [60, 61, 63], and Teschl [71, 72].



Chapter 1

Linear operators on Hilbert spaces

1.1 Introduction

In this chapter we will present some basic notions about linear operators on Hilbert spaces. Our main
goal is to establish the basic facts about unitary and self-adjoint operators, which will be needed in
the remainder of this text. In particular, we will discuss unbounded self-adjoint operators, which
will be needed for our discussion of Schrodinger operators in Chapter 3. Our exposition will focus
on unbounded operators from the start, since the theory we present includes bounded operators as
a special case.

We assume that the reader has already encountered Hilbert spaces and is familiar with basic
Hilbert space theory as explained in most functional analysis textbooks, for example, in [49, Chapter
2] or [57, Chapter 4]. We will not repeat these definitions, but we will stress a notational choice:
in this text, we define the inner product (f, g) to be linear in the second parameter and conjugate-
linear in the first parameter. Both this and the alternative convention (that the inner product
be linear in the first parameter and conjugate-linear in the second) are common in the literature,
and the difference is clearly only notational, since it can be fixed by switching the two parameters.
Consistent with this convention, we consider any space of square-integrable functions, L?(X,du), a

Hilbert space with the inner product

(f.9) = /fgdu

After the construction of the Lebesgue integral, the space L?(a, b) of square-integrable functions
on an interval was used to analyze Fourier series and other orthogonal expansions. In particular,
Riesz [53] and Fischer [19] proved in 1907 that L?(a, b) is complete and thus isomorphic to ¢?(N), and
Fredholm’s work on integral equations [20] in 1903 used orthogonal expansions and the concept of an
adjoint equation to analyze eigenvalue problems for integral operators. The basics of Hilbert space
theory were developed in the early 20th century by Hilbert and his school, especially Schmidt and

von Neumann. The spectral theorem for bounded self-adjoint operators was proved by Hilbert [30],
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with contributions by Riesz [54]. The extension to unitary operators and unbounded self-adjoint

operators is due to von Neumann [74].

1.2 Unbounded operators and adjoints

The mathematical theory of unbounded operators was developed in the 1930s by von Neumann [74]
and Stone [67]. With the development of quantum physics in the early 20th century, it quickly be-
came clear that in a mathematical theory of quantum physics, experimentally observable quantities
have to be represented, in general, by non-commuting objects rather than scalars, and it was ulti-
mately recognized that unbounded operators are the proper framework for a rigorous mathematical
foundation for quantum mechanics.

To develop some motivation for unbounded operators, we will first informally discuss two exam-

ples. As the first example, assume that we wish to define an operator
T f(@) - of(2)

acting on complex-valued functions on R. This is a well-defined linear operator on the set of all
measurable functions, but what if we wish to restrict it to an operator on L?(R)? We would have

to restrict T to the smaller domain, D(T'), of functions for which zf(z) is in L?(R):
D(T) = {f(x) € L*(R) | o f(x) € L*(R)}

Although D(T) € L?(R), one can see that D(T') contains all functions of bounded support (since
[z f(z)|*dz < M? [|f(z)|>dz if supp f C [-M, M]), so D(T) is a dense subset of L?(R). Similarly,
note that if f € D(T') with supp f C [M, 2M], then ||Tf||2 > M]||f]|2, so T is not a bounded operator
from D(T) to L?(R). Thus, there are two peculiarities about this operator: its domain is not all of
L?(R) and it is not bounded.

As the second example, assume that we want to make the Laplacian A into an operator on
L2(R™). Tt is clear that not every f € L?(R") is twice differentiable, but we may try to fix that by
allowing weak derivatives (in the sense of tempered distributions). However, the weak derivatives
are, in general, distributions and need not be functions, let alone square-integrable. It is thus clear
that we will have to resign to defining A only on a domain D(A) which is a subset of L?(R™). On the
other hand, we probably want D(A) to include at least C§°(R™), the set of infinitely differentiable
functions with compact support. By constructing rapidly oscillating C§° functions, it is easy to see
that A has no chance of being a bounded operator. We thus need a proper framework for operators
which are unbounded and not everywhere defined. We must also address the concern of whether

our choice of domain affects properties of the operator, and we will see that it sometimes does. For
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example, for differential operators, boundary conditions often get encoded into the domain.

In carrying over the theory of bounded operators to unbounded, not everywhere defined opera-
tors, some care is needed. Some notions carry over by obvious analogy from the bounded operator
case; for example, one can still discuss eigenvalues and eigenfunctions of 7', with the obvious caveat
that eigenfunctions must be elements of D(T'). But for other notions, one must be more careful; for

example, one might (wrongly!) think that the analogue of self-adjointness is

(9, Tf)=(Tg,f), Yf,g€ D) (1.2.1)

In fact, operators obeying (1.2.1) are called symmetric operators, a notion weaker than self-adjoint-
ness. The difference between these two notions will be discussed in Section 1.3, and a motivation for
the stronger definition of self-adjointness will be provided by the spectral theorem for self-adjoint
operators (Theorem 1.8.1).

Complications can arise for notions as simple as composition of operators. For unbounded A,
B, we can only define AB on D(AB) = {f € D(B) | Bf € D(A)}, but there is no guarantee that
D(AB) is dense in L?(R) or even different than {0}.

For yet other concepts, there is no obvious way to generalize them, although it can be done. For
a bounded operator T, it is customary to define functions of T" by power series; for example, the

operator exp(itT') is customarily defined by a power series,
SR < (1) [
Ty = ZTT f (1.2.2)
n=0

If T is bounded, it is easy to check that the power series converges for every f, but for an unbounded
operator we have to explain what we mean by 7™, the sum only makes sense for f € N>, D(T™),
and even then convergence of the series is an issue. We will see in Section 1.9 that there is a better

way to establish functional calculus of operators, at least in the self-adjoint case.

Definition 1.2.1. An unbounded operator A on a Hilbert space H is a linear map A: D(A) — H
defined on a linear subspace D(A) C H. We will also always assume that D(A) is dense in H.

One of the main difficulties in dealing with unbounded operators is in the need to be careful
about domains. It should not be surprising then that some bounded operators associated with A

will play an important role.

Definition 1.2.2. Let A be an unbounded operator on H. The resolvent of A at A € C, if it exists,
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is a bounded two-sided inverse of A — A, denoted Ry(A), i.e. Ry\(A): H — D(A) is such that

RA(A)(A—Nv=v, Yve DA
(A= MNRy(A)v=v, YveH

The spectrum of A, denoted o(A), is the set of A € C for which the resolvent doesn’t exist.

Remark 1.2.1. We warn the reader that some books define the resolvent as the inverse of A\ — A,

differing by a minus sign from our convention.
Remark 1.2.2. Uniqueness of Ry(A), if it exists, follows from a standard algebraic argument: if
Ry (A) also satisfies all the properties, then Ry(A) = Ry(A)(A — A\)Rx(A) = Ry(A).

The following theorem establishes some properties of the resolvent and shows that the spectrum

is a closed set.

Theorem 1.2.1. (i) (The first resolvent identity) For any z,w ¢ o(A),
R.(A) — Ru(A) = (z — w)R.(A) Ry (A) (1.2.3)

(i) For any z,w ¢ 0(A), R.(A)Ry(A) = Ry,(A)R.(A).
(i1i) o(A) is closed and the map X\ — Rx(A) is a norm-analytic map of C\ o(A) to B(H).

We remind the reader that a norm-analytic map from a region @ C C to B(#) is a map which

is representable by a norm-convergent power series in a neighborhood of any point of 2.

Proof. (i) follows from the calculation
R.(A)(z — w)Ry(A) = R.(A)[(A - w) — (A= 2)|Ry(A) = R.(A) — Ru(A)

(ii) follows from (i) by interchanging z and w and comparing the two equalities.

To prove (iii), fix z ¢ o(A) and let r = || R,(A)||~!. Define

Em)
=

I
M8

(w—2)"R,(A)" (1.2.4)

This clearly defines a norm-analytic function of w in the disk |w — z| < r, and a straightforward
calculation shows that Ry, (A)(A—w) = (A—w)Ry(A) = 1,50 w ¢ o(A) and in the disk [w—z| < r,

the resolvent is given by the norm-analytic power series (1.2.4). O

The spectrum of a matrix is just its set of eigenvalues. For an operator A on an infinite-
dimensional space, if A is an eigenvalue, then Ker(A — A) # {0} so A € o(A), but the converse does

not hold: elements of o(A) are not necessarily eigenvalues, as seen in the following example.
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Ezample 1.2.1. Let A be a bounded operator on L2(0, 1) given by (Af)(x) = zf(x). For z € C\[0,1],
multiplication by (z — z)~! is a bounded inverse for A — 2, so z ¢ o(A). For z € [0,1], picking a
function f € L2(0,1) with supp f C [z — €, 2 + €], we have [|[(A — 2)f|l2 < €|/ f]l2, so A — z cannot
have a bounded inverse. Thus, o(A) = [0, 1]. However, Af = zf implies that x f(z) = zf(z) for a.e.

x, so f = 0. Thus, A has no eigenvalues.

We now introduce the graph of an unbounded operator and some related properties. The use-
fulness of graphs in the study of unbounded operators was first shown by von Neumann [75]. We

will use the Hilbert space structure on H x H, given by the inner product

((u1,v1), (ug,v2)) = (u1,u2) + (v1,va) (1.2.5)

Definition 1.2.3. (i) The graph of an operator A on H is

I'A) = {(u,Au) e H x H |u € D(A)} (1.2.6)

(ii) An extension of A is an operator B such that I'(A) C T'(B).

(iii) An operator A is closed in H if and only if T'(A) is closed in H x H.

(iv) A is closable if and only if it has a closed extension.

(v) If A is closable, its smallest closed extension is called its closure and denoted A.
(vi) If A is closed, D is a core for A if and only if A|p = A.

Remark 1.2.3. If A is closable, the intersection of all its closed extensions (more precisely, the
operator corresponding to the intersection of graphs of all its closed extensions) is its smallest closed

extension.

Definition 1.2.4. An bounded operator U: H — K is unitary if and only if RanU = K and
[|[Uv]| = ||v|| for all v € H.

Remark 1.2.4. By the polarization identity
(u,v) = 1 (lu+0l* = lu = v +illu + iv]|* = iflu — iv]|)

this is equivalent to the condition that RanU = K and (Uu,Uv) = (u,v) for all u,v € H.

Let A be an unbounded operator on H. We wish to define its adjoint A*. For bounded operators,

the adjoint is defined by the condition that

(A u,v) = (u, Av) (1.2.7)
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holds for all w,v € ‘H, which determines A* uniquely by the Riesz representation theorem. For un-
bounded operators, (1.2.7) is clearly only defined for v € D(A), but that is not the only modification
needed: the left-hand side of (1.2.7) is a bounded linear functional in v, so the right-hand side must
be as well. Conversely, if the right-hand side is a bounded linear functional on D(A), then density
of D(A) and the Riesz representation theorem imply that the value of A*u is uniquely determined

by (1.2.7). Thus, we define

Definition 1.2.5. For an unbounded densely defined operator A on H, define its adjoint A* by
D(A*) ={u € H | the map v — (u, Av) is a bounded map from D(A) to C} (1.2.8)
and
(A*u,v) = (u, Av), Yu € D(A™) Vv € D(A) (1.2.9)

Note that the fact that D(A) is dense in H is what guarantees that A*u is uniquely determined
by (1.2.9). Using this uniqueness, the reader can easily verify that A* is linear. We warn the reader
that A* isn’t necessarily densely defined, so, for example, the double adjoint A** may not be defined.

To establish some properties of the adjoint, we will use a unitary operator V on H x H, defined
by

Vi, ) = (=v, ) (1.2.10)

Theorem 1.2.2. Let A be an unbounded, densely defined operator.

(i) The graph of the adjoint of A is given by
[(A*) = V(T(A)* (1.2.11)

In particular, A* is closed.

(ii) The kernel of the adjoint of A is given by

Ker A* = (Ran A)* (1.2.12)

(i11) A is closable if and only if

{1 1(0,9) e (A)} ={0} (1.2.13)
i.e. if and only if T(A) is the graph of an operator, in which case I'(A) = T'(A).
(iv) A is closable if and only if D(A*) is dense, in which case A = A**.

(v) If A is closable, then (A)* = A*.



(vi) If A C B, then B* C A*.

Proof. (1) By rewriting (1.2.9) in terms of the inner product (1.2.5) on H x H, we see (¢, 1) € T'(A*)
is equivalent to (¢, 1) L (—Au,u) for all u € D(A), so T'(4*) = V(I'(A))L.
(ii) This is immediate from (1.2.9).

(iii) Since I'(A) is a linear subspace of H x H, it is the graph of some operator B if and only if

(1.2.13) holds. If so, then B is a closed extension of A, so A is closable and T'(A) C T'(A).

Conversely, if A is closable, then since T'(A4) is closed, I'(A) C T'(A) implies T'(A) C T'(A). This
and the criterion (1.2.13) imply that ﬁ is the graph of an operator, and then using the previous
paragraph, we conclude I'(4) = m

(iv) Note that the proof of (i), applied to A*, implies that VT'(A*)~ is the set of vectors (¢,))
such that (¢,v) = (¢, A*v) for all v € D(A*). This set of vectors is the graph of an operator if
and only if ¢ uniquely determines v, i.e. if and only if D(A*) is dense. However, V2 = —1 implies
V(T(A*)*+ = V(VT(A)L)L = T(A4), so D(A*) is dense if and only if T'(A) is the graph of an
operator, and in that case T'(A) = ['(A**).

(v) If A is closable, then by (iii) and (iii), (A)* = A*** = A* = A*.

(vi) T(A) C T(B) implies I'(B*) = V(['(B))*+ C V(I'(A))*+ = T'(A%). O

1.3 Self-adjointness

In this section we discuss self-adjointness and related notions. We begin with a definition.

Definition 1.3.1. (i) An operator A is symmetric if

(Au,v) = (u, Av), Yu,v € D(A)

(ii) A is essentially self-adjoint if A = A*.
(iii) A is self-adjoint if A = A*.

The property that A is symmetric is equivalent to D(A) C D(A*) and A*|p4) = A, so every self-
adjoint operator is symmetric. We will later see that the converse is false. Criteria for self-adjointness

are of great interest, and here we present the most basic one.

Theorem 1.3.1. For a symmetric operator A on H, the following are equivalent:
(i) A is self-adjoint.
(ii) A is closed and Ker(A* +1i) = {0}.

(iii) Ran(A +1i) = H.
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For the proof, we will need an important inequality.

Lemma 1.3.2. Let A be a symmetric operator, ¢ € D(A), z € C\R. Then

I(A = 2)|| = [T z][|)]] (1.3.1)

Proof. Let z = x + iy, ,y € R. Then (1.3.1) is immediate from the calculation

I(A = 2)0l* = (A — = — i), (A -z — iy)¥)
= (A=), (A= 2)9) —iy((A = 2)P, V) + iy (P, (A — 2)¢) + (—iy) (iy) (P, )
= (A= 2)vl* + y*[[ ¢ O

Proof of Theorem 1.5.1. (i) = (ii): If A* = A, then A = A** = Aso Ais closed. If ¢ € Ker(A*+i),
then by (1.3.1), 0 = ||[(A£4)¢|| > ||¢||, so $ = 0. Thus, Ker(A* +1i) = {0}.

(ii) = (iii): By (1.2.12), Ran(A £ i)+ = Ker(A* Fi) = {0}, so Ran(A4 4 i) is dense in H.
However, note that Ran(A £ 1) is closed: if ¢,, € Ran(A %) is a Cauchy sequence, ¢,, = (A £ i)y,
then ||¢m — &nl| = ||0m — || by (1.3.1), so 1y, is also a Cauchy sequence and closedness of A implies
that (¢, ¢n Fi),) has a limit in T'(A). Thus, ¥, — ¢ and ¢, — ¢ = (A+i)p € Ran(A +14). Since
Ran(A + ) is dense and closed, it is equal to H.

(iii) = (i): We know that A C A*, so it suffices to show D(A*) C D(A). Let ¢ € D(A*). Since
Ran(A — i) = H, there exists ¢ € D(A) such that (A* —i)¢ = (A —i)¢. Then (A* —i)(¢ — @) = 0
by A C A*. By Ran(A +i) = H and (1.2.12), ¢ — ¢ € Ker(A* —i) = Ran(4 + i)+ = {0}, so
¢ =¢ e D(A). O

Theorem 1.3.3. If A is self-adjoint, then oc(A) C R and for z € C\ R,
(1.3.2)

Proof. For any z € C\ R, analogously to the proof of Theorem 1.3.1, it can be shown that Ker(A —
z) = {0} and Ran(A — z) = H. Thus, A — z is a bijection, and its inverse is bounded by |Im z|~! by
(1.3.1), which completes the proof. O

Remark 1.3.1. After proving the spectral theorem, we will be able to improve (1.3.2) to |R.(A)|| =

dist(z,0(A))~!. However, we will use (1.3.2) to prove the spectral theorem.

For closed, symmetric operators A, one may define

Ki(A) =Ran(A +14)* = Ker(A* F1)
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which are called the deficiency subspaces of A. Their dimensions are called the deficiency indices
of A. They play a crucial role in the description of self-adjoint extensions of A. As we already saw
in Theorem 1.3.1, A is self-adjoint if and only if dim K (A) = dim K_(A) = 0, but more is true:
self-adjoint extensions of A are in 1-1 correspondence with unitary maps from K (A) to K_(A)
and, in particular, A has self-adjoint extensions if and only if dim Ky (A) = dim K_(A). For details,

see [50, Section X.1].

1.4 Essential spectrum and Weyl’s theorem

We will now introduce a decomposition of spectrum into two parts and prove a theorem which
justifies this decomposition. It is natural to state results in this section for normal operators, i.e.
operators A such that AA* = A*A, but all our later applications will be for self-adjoint or unitary

operators.

Definition 1.4.1. Let T be a normal operator on H. The discrete spectrum of T is
0a(T) ={X € o(T) | A is an isolated point of o(T") and dimKer(T — \) < oo}
and the essential spectrum is its complement,
Oess(T') = o(T') \ 0a(T)

This decomposition is useful because the two types of spectra behave differently under pertur-
bations. For example, for systems such as Jacobi and CMV matrices (described in Chapter 2), it is
easy to see that changing a single Jacobi or Verblunsky parameter can change or destroy discrete
spectrum. The essential spectrum is much more robust. The concept of essential spectrum was first
introduced by Weyl [79], in the context of Schrodinger operators, as that part of the spectrum which
doesn’t change with varying boundary conditions.

The following is a natural class of perturbations that preserve essential spectrum.

Definition 1.4.2. An operator K is compact if it is a norm-limit of finite rank operators, i.e. there

exist operators F,, with dim Ran F;,, < oo such that
lim |K — F,||=0
n—oo

Compact operators get their name from a topological property: if K: H — H is a compact
operator and B a bounded subset of H, then K (B) is compact. In fact, this property is often given
as the definition of compact operators, but Definition 1.4.2 is more suited to our needs.

We now state without proof a result on the robustness of essential spectrum, due to Weyl [78].
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Theorem 1.4.1 (Weyl). If A and B are normal operators and A — B is compact, then

Oess (A) = Oess (B)

1.5 Examples

In this section, we will give a few examples to illustrate the concepts introduced above.

The first example will be multiplication operators on L?(C, du), generalizing and making rigorous
a discussion from Section 1.1. Multiplication operators are very simple and many of their properties
can be explicitly computed and checked. However, their significance goes beyond that of an example.
As we will see in the following sections, the spectral theorem proves that every unitary and self-
adjoint operator is unitarily equivalent to a direct sum of multiplication operators!

The remaining few examples in this section will be first-order differential operators. They will
illustrate how differential operators can be defined in the framework of unbounded operators on

L?-spaces, and they will illustrate the subtle nature of self-adjointness.

Example 1.5.1. For a positive o-finite Borel measure p on C, let g: C — C be u-measurable and let

T, be the operator on L*(C,du) defined by

D(T,) = {f € I*(C.du) | o(:)f(2) € L*(C, d)) (151)
(Ty)(z) = 9(2)f(2) (1.5.2)
The operator T, has the following properties:
(i) Ty is densely defined, i.e. D(T}) is dense in L?(C, du).
(i) T, is bounded if and only if g € L>°(C, dp); if it is bounded, then ||Tg| = ||g]|c-

(iii) The spectrum of Ty is the essential range of g,
o(T,) = {)\ €C|u({z]lg(z) = Al <€}) >0 for all € > O}

and for A ¢ o(T,), the resolvent of Ty at A is Tj /(g—»).
(iv) TF =Ty,
(v) T, is unitary if and only if g(z) € 9D for p-a.e. z.
(vi) T, is self-adjoint if and only if g(z) € R for p-a.e. z.

(vii) If ¢ is bounded on compact sets, then C§° is a core for T,.
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Proof. (i) Define A, = {z € C | |g(2)] < n} for n € N. For any f € L?(C,du) and any n,
Xa, f € D(T,), but by dominated convergence, || f — x4, fll2 = 0 as n — oc.

(ii) If [g(2)| < M for p-a.e. z, then [|g(2)f(2)2du(z) < M? [|f(2)|?du(z) so Ty is bounded and
|74l < M. Conversely, assume that |g(z)| > M on a set A with p(A) > 0. Using o-finiteness, after
possibly restricting to a smaller set A, we can assume 0 < p(A) < co. Then with f(z) = \X/%, we
have [ £(=)]l2 = 1 but flg(=)f(2)[?du(z) > M2.

(i) It is easy to see that if T, — A has a bounded inverse, the inverse is given by the same formal
expression as T} (4—»); by (i), this will be a bounded operator if and only if ﬁ € L*>®(C,dp), i.e.
if and only if X is not in the essential range of g.

(iv) For h € L?(C,dp), h is in the domain of T, if the map f [ hgfdp is a bounded map from
D(Ty) to C. If hg € L*(C,du), this is true by the Cauchy—Schwarz inequality, and Tyh = gh.

Conversely, if h € D(T}), then [(hg — Tyh)fdu = 0 for all f € D(T,). With A, as in (i), note
that hgxa, € L?*(C,du), so density of fxa, in L?(C,xa,dp) implies hgxa, = Tyhxa, for all n.
Since Uy, A, = C, this implies hg = T; € L?(C, dp).

(v) and (vi) follow directly from (iv).

(vii) If g is bounded on compact sets, then C5° C D(T,). To show that C§° is a core, first note that
by a standard approximation argument, C§° functions approximate all functions of bounded support
in L?(C,du), and since g is bounded on compacts, they also approximate them in L?(C, |g|*dpu).
Finally, if f € D(Ty), then by a double application of the dominated convergence theorem,

lim || f = fXpz1<nll3 = 1m [gf — gfX|z1<nll3 =0
n— o0 n— o0

80 (fX|z1<n>9fX|z<n) approximate (f,gf) in H x H, which completes the proof. O

Now we turn to differential operators.

Ezample 1.5.2. Let A = —id/dx be an unbounded operator on L?(R,dx) with the domain
D(A) ={f € L*(R,dz) | f € AC1c(R), /' € L*(R, dx)}

where ACjo(R) is the set of functions absolutely continuous on each compact interval. The oper-
ator A is self-adjoint and is unitarily equivalent, via the Fourier transform, to the operator T}, of

multiplication by x on L?(R,dz). The spectrum of A is o(A4) = R.

Proof. To find the adjoint of A, assume that for some g, h € L?(R, dx),

(9, Af) = (b, f), VfeD(A)

Fix a bounded interval [a,b]. For f € C§° with supp f C [a,b], integration by parts is justified by
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heL?>CLi,so
b b
—/ g(x)if’(x)d:r:/ H(z)f (z)dx (1.5.3)
with H(x) = [ h(t)dt. Note that h € L{ _ implies H € ACiqc.
Pick j € C™ such that j(z) = 0 for z < a and j(z) = 1 for 2 > b. Pick f € C§° with
supp f C [a,b] and let

ﬂwzlﬁmﬁ—LVwﬁﬁﬁwm

Since f € C§°([a,b]), plugging this into (1.5.3) and denoting u(x) = ig(x) + H(x) gives

b b
/ [u(z) - / w(t)j(8)df]) f(@)de = 0

For this to hold for all f € C§°([a,b]), we must have u(z) = fab u(t)j(t)dt for a.e. x. By a double
application of the Lebesgue differentiation theorem, H'(z) and u'(z) exist for a.e. z and H'(z) =
h(zx), v'(z) = 0, so ig’(x) = h(x) for a.e. x, which shows that g € D(A) and h = Ag. We have thus
shown A* C A.

For the opposite inclusion, let f,g € D(A). We will first prove that f, g decay to 0 at +o0o. Since
f, f' € L?, dominated convergence implies existence of the limit

R oo
tw (BP0 = tim [ 2@ f@)ds = [ 27 @)f@)do

R—+o0 R—+o0 0 0

and then f € L? implies that limp_, 1 o f(R)? = 0 is the only possible value of the limit. By analogy,
limp 400 f(x)de =0 and limp_, 4+ g(x)dzx = 0.

Next, since g(z)f(z) € ACioc and L (g(2)f(2)) = ¢'(z) f(z) + g(z) f'(z) € L*(R, dz), dominated

convergence implies

e} - Rdi
| @@+ g@f @)ie = fin [ @@

- R—oo J_p dx
= lim (g(R)f(R) — g(~=R)f(-R))

=0

which is equivalent to (Ag, f) = (g, Af), so A C A*. We have thus shown that A is self-adjoint.

For the second part of this example, we remind the reader that the Fourier transform, given by

fuxmzf@wa%;/?4“ﬂww

for f € S (Schwartz functions), can be extended to an isomorphism of L?(IR). We refer the reader to

50] for details. For f € S, kF(f)(k) = F(Af)(k). Thus, if we define B = FAF ! with the domain
[50]
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D(B) = F(D(A)), then B and T}, are both self-adjoint and agree on S.
Since C§° C S is a core for Ty, we conclude T}, = B, i.e. T, = FAF~!. Using this unitary

equivalence and the previous example, we see 0(A) = o(Tx) = R. O

Our next example is similar, but takes place on a half-line (0,00) rather than on R. Note
that if f € ACjc(0,1) and f’ € L?(0,1), then f01|f’(x)|dx < (f01|f’(x)\2d$)1/2 < oo implies that
f € ACJ0, 1], so there is no additional restriction in assuming that functions are absolutely continuous

up to the boundary.

Ezample 1.5.3. Let A = —id/dx be an unbounded operator on L?([0,00), dz) with the domain
D(A) = {f € L*([0,00),dz) | f € AC1c[0,0), f' € L*([0,00),dx)}
The operator A is closed. Its adjoint A* is a restriction of A to the domain
D(A") ={f € D(A) | f(0) = 0} (1.5.4)

The operator A* is closed and symmetric, but has no self-adjoint extensions. The spectrum of A is

0(A)={z€C|Imz > 0}.

Proof. A lot of the considerations from the previous example carry over. The proof that A* C A

carries over with no change, but for f,g € D(A), (Ag, f) = (g, Af) is equivalent to

) R
[ @@+ g@ s @)de =t [ 2 GG
0 1/R
= Jim (g(R)/(R) ~ g(1/R)/(1/R))
= —9(0)(0)

(since we still know that f and g decay at +oo, by the same argument as in Example 1.5.2). This will
be 0 for all f € D(A) if and only if g(0) = 0, which proves (1.5.4). Similarly, one proves A** = A,
so A is closed.

If B was a self-adjoint extension of A*, we would have A* C B C A, but by dim(D(A)/D(A*)) =
1, this implies B = A or B = A*, neither of which is self-adjoint.

For Imz > 0, —if'(z) = zf(x) has a solution f(x) = ¢*** € D(A), so z is an eigenvalue of A.
Since the spectrum is a closed set, this implies that {z € C | Imz > 0} C o(A). Conversely, for
Im z < 0, solving the differential equation —if’ — zf = g, we claim that the resolvent of A at z is
given by

oo

(R(A)g)(w) =~ [ glt)e= s (1.55)

€T
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The integral in (1.5.5) is finite for g € L?(0,00) because e**(*~*) decays exponentially at infinity,

and denoting f = R,(A)g and k = —Im z,

()] < / g(0)]e=*0)at

so by an application of Tonelli’s theorem,

/ 2dx</ / / s)le D g(t)]e ™) ds dt du
0
min(s,t)
[T watore e deas
< —k:\s—t\
= Qk/ / s)|lg(t) dsdt

We will now introduce the change of variables s = v + v, t = u — v; in order not to worry about
limits of integration, it will be convenient to think of g as an element of L*(R, dz) with g(x) = 0 for

x < 0. Using the Cauchy—Schwarz inequality,

Ju@re<t [T [ g ols - ol

< i [ ol an
— 00

1
< 5 lglB

which shows that R,(A) is a bounded operator on H. That f € ACjoc[0,00) and —if’ — zf = ¢

follows from the integral equality

f(x) = £(0) + / (27 (s) + g(s))ds

which is easy to verify by using the definition of f and Fubini’s theorem. Thus, R,(A) is indeed a

bounded two-sided inverse for A — z, so z ¢ o(A) for Imz < 0. O

Whereas in the previous example, an operator had no self-adjoint extensions, the next example
will be of an operator with infinitely many self-adjoint extensions. Moreover, we will see that the

choice of self-adjoint extension affects the spectrum.

Example 1.5.4. Let A = —id/dx be an unbounded operator on L?([0, 1], dx) with the domain

D(A) = {f € L*([0,1],dx) | f € AC[0,1], f € L*([0,1],dx)}
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The operator A is closed. Its adjoint A* is a restriction of A to the domain

D(A") = {f € D(A) | f(0) = f(1) = 0} (1.5.6)

The operator A* is closed and symmetric. Its self-adjoint extensions A,, are parametrized by w € 0D
and given by
D(Ay) ={f € D(A) | f(1) =wf(0)} (1.5.7)

For w = e the spectrum of A, is 0(Ay) = k + 27Z.

Proof. Performing an analysis analogous to the previous two examples, we see that A* C A and for
f.9 € D(A),
(f, Ag) — (Af,g) = —i(f(1)g(1) — f(0)g(0)) (1.5.8)

which implies (1.5.6). If A* C B C A, then D(B) = D(A*) & Ch for some h € D(A), which is of the
form (1.5.7) with w = h(1)/h(0) (we allow w € CU{c0}), so B = A,, for some w € CU {oo}. Using
(1.5.8), we see that A%, = Ay /5, so A, is self-adjoint if and only if w € ID.

For w = €%, note that e!?™+k)= ¢ D(A,) for n € Z and that A,,e'?™ k)T = (2rp4k)e!2rntk)e
so 2mn + k are eigenvalues of A,. For z ¢ k + 27Z, finding the solution of —if’ — zf = g with
f(1)/f(0) = w, we may conjecture that the resolvent of A, at z is given by

. T 1
(R:(Au)g)(z) = ei(kz)l{ei(k_z)/ g(t)eiz(l_t)dt—k/ g(t)eiz(m_t)dt]

0 T

and similarly to the previous example, it is straightforward to verify that this is, indeed, the resolvent,

so o(A,) =k + 27Z. O

All of the differential operators considered here were first-order differential operators. Second-

order differential operators will be the subject of Chapter 3.

1.6 A digression: Carathéodory and Herglotz functions

This section is not about linear operators, but it describes background material in complex analysis
which will be important throughout this text. We will define two classes of complex analytic functions
and establish a 1-1 correspondence between them and finite probability measures on the unit circle
and real line via the complex Poisson transform and the Stieltjes transform (to be defined below).
Carathéodory functions were first studied by Carathéodory [10], who was interested in conditions
on Taylor coefficients under which an analytic function on D has positive real part. The correspon-
dence with positive measures on 0D is due to Herglotz [29] and Riesz [55]. The analogue on the

upper half-plane has been studied most by Herglotz, Nevanlinna and Pick, so what we call Herglotz
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functions below also appear in the literature as Nevanlinna or Pick functions. The connection of

these functions with measures on the real line is due to Borel and Stieltjes.

Definition 1.6.1. A Carathéodory function is an analytic function F': D — {z € C | Rez > 0}
with F'(0) = 1. A Herglotz function is an analytic function f: Cy — Cy.

Definition 1.6.2. Let p be a finite positive measure on 9. Its complex Poisson transform is an

analytic function on D, given by

0z
F@)_lémégizdu@ ) (1.6.1)

For a finite positive measure p on R, its Stieltjes transform is an analytic function on Cg,

f(2) = / L ip(a) (16.2)

x—z
The following theorem establishes the announced correspondence for measures on the unit circle.
Theorem 1.6.1 (Herglotz representation). The formula

e+ 2
T

ﬂ@=w+/ du(ci?) (1.6.3)
1e)
provides a 1-1 correspondence between analytic maps from D to {z € C| Rez > 0} and pairs (3, 1)
with € R and pu a positive finite measure on OD. The inverse map is given by 5 =Im F(0) and
. dO
du(0) = w-lim Re F(re') —
1(0) w-lim eF(re )271_
In particular, the formula (1.6.1) provides a 1-1 correspondence between probability measures on 0D

and Carathéodory functions.

For the proof, we will need the complex Poisson representation: for f analytic in a neighborhood

of D and z € I,
de

R fle 29)%

7'9+Z

f(z) =14iIm f(0) + / o0 (1.6.4)

For a proof of (1.6.4), see [57].

Proof of Theorem 1.6.1. Direct calculations show

1- ‘Z|2 o0
Re F(z / o = )

0 (1.6.3) defines a map from D to {z € C | Rez > 0} for any finite positive measure p. Now fix
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F(z) and define positive measures p, on 9D for r < 1 by

9

d, () = Re F(re'?) 5
T

Since F(z) is analytic in I, it has an absolutely convergent power series F/(z) = co+ 2 .o | ¢n2",

which implies that Re F(re®) = 5>

n=—oo

¢jnyr™e™. Then moments of i, are

/efmedur(ﬂ) = c|n‘r‘”‘ (1.6.5)

Note that the p, are positive measures with yu,(0D) = c¢p, and that (1.6.5) converges as r 1 1 for
every n, so density of trigonometric polynomials in C(0D) shows that du, have a weak limit, du,
such that [ e~ mdu() = C|n|- But the complex Poisson representation implies

eif 4 5
el — 2

F(rz)=if+ / dur(ew)

with = Im F'(0) so taking the limit » 1 1 implies (1.6.3).
In particular, letting z = 0 in (1.6.3) gives F'(0) = i + p(9D), so F' is Carathéodory if and only
if 6 =0 and p is a probability measure. O

Theorem 1.6.2 (Stieltjes representation). Let f be a Herglotz function. Then there exists a unique

positive measure p on R with [ H_%dp(x) < oo and constants o € R, v > 0 such that

< ! * )dp(m) (1.6.6)

r—z 1+ a2

f(z):a—i-vz—i—/

R

In particular, if and only if sup,~olyf(iy)| < oo, f has the representation (1.6.2) with p a finite

positive measure on R, and in that case sup,olyf(iy)| = p(R).

Proof. We will need the fractional linear transformation I'(w) = i1+ which maps D onto C.. Note
that f is Herglotz if and only if FF = —if o' is a map from D to {z | Rez > 0}. We will thus use
Theorem 1.6.1 and perform a conformal change of variables. If u is a positive bounded measure on
0D, we can define p as

dp(x) = (1+2*)du(T " (x))

Note that T is a bijection between dD\ {1} and R, so a change of variables shows that, with z = I'(w)
and z = I'(e"?),

i+ [ Y ) = 18— in({1))= + [ (- s ot

r—z 1+ a2

Also note that [ 1+%dp(ac) = u(0D) — p({1}). Thus, with & = =8 and v = p({1}), existence and
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uniqueness of the representation (1.6.6) follow directly from Theorem 1.6.1.

For the second part of the theorem, note that if (1.6.2) with p(R) < oo, then |z —iy| > y
implies [f(iy)| < p(R)/y for all y > 0. For the converse, let M = sup,-olyf(iy)| < co. Then
lyRe f(iy)], |y Im f(iy)| < M, so using (1.6.6), we get

Ty
ay+/(z2+y 1+x2)

|y Tm f(iy)| = ’7y2+/ : dp(z)

ly Re f(iy)| = <M (1.6.7)

<M (1.6.8)

Y
2+2

Since both yy? and J =% dp(m) are positive, (1.6.8) implies yy?> < M for all y > 0, so v = 0.

2+y
1.6.8) then also implies 2 2d < M. From this estimate and the monotone convergence
( R 72 1y2 WP\T g

theorem,
- y? . y?
p(R) = /Rylggo mdp(x) = ylggo . mdp(x) <M

Meanwhile, dividing (1.6.7) by y and taking the limit as y — oo, we have

T x T
= 1li - d = d
&= e R ( 1+22 22+ yz) pz) /R 1+ 22 Pe)

since for y > 1 the integrand is non-negative and increasing in y, so the monotone convergence

theorem applies. Combining these conclusions into (1.6.6) gives precisely (1.6.2). O
As the final result in this section, we present a corollary which we will need in Section 1.8.

Corollary 1.6.3. If dv is a finite complex measure such that

r—z

/ ! dv(z) =0, VzeC\R (1.6.9)
R

then v = 0.

Proof. We will use the notation f[v] fR ——dv for any finite measure v. Let us first prove
the claim for real (signed) measures. Usmg the decomposition v = v — v_ into a difference of two
positive measures, we see f[v] = 0 implies f[v4] = f[v—], so by uniqueness of the Stieltjes transform,
vy =v_ and v =0.

If v is a complex measure, using f[v](z) = f[7](Z) and combining with the original equation, we

see that f[Rev](z) = f[Imv](z) =0, so by the previous part, Rerv = Imv = 0. O

1.7 Spectral theorem for unitary operators

We now move on to the spectral theorem. We are interested in two classes of operators: unitary

and self-adjoint operators. Since unitary operators are bounded and so technically easier to handle,
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we discuss the unitary case first and discuss the self-adjoint case in the next section.

Theorem 1.7.1 (Spectral theorem for unitary operators). Let U be a unitary operator on H. There
ezists a sequence of probability measures (du,)Y_; on dD (N may be finite or infinite) and a unitary

map
N

W P L*(0D, dun) — H (1.7.1)

n=1

such that for every f = (fo)N_, € @i\le L?(0D, dpy,),
(WLUW f)n (') = € f,,(e?) (1.7.2)

A representation with N =1 ezists if and only if U has a cyclic vector.

We remind the reader that a direct sum of Hilbert spaces, H = @2[:1 Hn, is the Hilbert space

of sequences (f,)N_, such that f, € Hy,, S0, ||fnll? < co with the inner product

N
(frg)n = Z<fmgn>7-tn
n=1

The bulk of the proof concerns the special case for which one can take N = 1. The appropriate

condition for this to be possible is given by the following definition.

Definition 1.7.1. Let U be a unitary operator on H. The cyclic subspace generated by v € H is

Cy(¥) = span{U™ | n € Z}. The vector ¢ is a cyclic vector for U if Cy () = H. If U has a cyclic

vector, it is said to have simple spectrum.

Remark 1.7.1. If H is finite-dimensional, U has a cyclic vector if and only if it has no repeated

eigenvalues.

Theorem 1.7.2 (Spectral theorem for unitary operators with a cyclic vector). Let U: H — H be
ungtary and let ¢ € H. Then there exists a unique positive Borel measure f1,(0) on [0,27) such that
foralln e Z,

27 )
(¢, U™p) = /0 e dyiy () (1.7.3)

The measure satisfies j1,(OD) = |[¢||3. Moreover, there exists a unitary operator W: L?(0D, dy) —

Cu(v) such that
(WLUW £)(e%) = €% f (') (1.7.4)

for all f € L?(0D, du).

For the proof we will need a theorem of Fejér [17] and Riesz [56].
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Lemma 1.7.3 (Fejér—Riesz Theorem). If f is a Laurent polynomial, i.e. f(z) = ZnN:M an 2" with
M,N € Z, and if f(z) > 0 for all z € 0D, then there exists a polynomial P whose zeros are all in
D, such that

f(2) = P(z)P(1/%) (1.7.5)

i.e.

f(z) = f(1/2) (1.7.6)

Writing f in the form f(z) = 2 Q(z) with Q a polynomial, we see that f can be decomposed as a

product of linear factors,

K
fz) =AM ] (2 = ) (1.7.7)
k=1

where the z; are distinct and ji are their multiplicities. Substituting this on both sides of (1.7.6),
we see that for every zero zi of f, 1/Z; is a zero of the same multiplicity. Since f(z) has constant
sign on JdID, zeros on JD have even multiplicity. Thus, one can take P to be a constant B times the
product of (z — 2;)%* where

g lmel <1
=9 j1/2, |z =1
0, |2k > 1
For a suitable choice of B, we get a polynomial such that (1.7.5) holds. O

Proof of Theorem 1.7.2. We begin by constructing a linear functional A on the space T' of Laurent

polynomials. Define A by
l l
A(Z cjeij‘g) = <1/), chU]ﬁ/}>
j=k j=k

If Zé:k cjei?® >0 for all @ € R, then by Lemma 1.7.3, Zé:k ¢jz? = P(z)P(1/z). Since U* = U1,
this implies Y, ¢;U7 = P(U)P(U)* and

l
MY €)=, PUY P = (PU)Y, PU)E) > 0
j=k

Thus, A is a positive functional on T

If ||Z§:k cje?| < 1, then 1:|:ReZ§. L ¢;e? >0 and 1 :I:Ingzk cje® >0 for all §. Since

the real and imaginary parts of trigonometric polynomials are trigonometric polynomials and by
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positivity of A,

l
£A(Re Y ee”’) < AQ) = )3
j=k
l

EA(Tm Y e ) < A1) = )3

i=k

From this we see |A( ik Cje €'?)| < 2[4[13, so A is a bounded functional on T if T is equipped with

the L°°-norm.
By the Weierstrass approximation theorem, T is a dense subspace of C(9D), so A extends to a
bounded, positive functional on C (8]1])). Thus, by the Riesz—Markov theorem, there exists a unique

positive measure p,, such that A(f) = [ f(0)duy(6
Next, |A(f)] < [1£(0)|dpy( ) < S oot ( GID)) with equality for f(f) = 1 implies that |A] =

115 (OD) = A(1) = [|[9]]3-
We proceed to construct W. First define W on T' by

l l
W(Z cjeijg) = Z chjw
Jj=k Jj=k
Viewing T as a subspace of L?(ID,du), W is a norm-preserving map from T to Cr; (1)) because
l 5 l 1
[ (o) = (erv. X eviv)
j=k j=k j=Fk
l 1
= (6,3 GUT Y UTy)
j=k j=k
l 1
= A(Z Eje_ijg Z cjeije)
Jj=k Jj=k
! 2
= /‘cheljel dpy(6)
j=k

Since T is dense in L?(9D,du), this means that W can be uniquely extended to a unitary map of

L?(D,du) onto Cyr(vp). Finally, it is straightforward to check that (1.7.4) is satisfied for f € T, and
since W~'UW and multiplication by €* are both unitary operators on L?(ID,du), agreement on a

dense set is sufficient to conclude that they are equal. O

Proof of Theorem 1.7.1. We start by proving that H can be written as an at most countable direct
sum of closures of cyclic subspaces. Since H is separable, it has an (at most countable) orthonormal
basis {¢, }N_,. We define {1, }_; inductively: let 1/; = ¢; and let v, be the orthogonal projection
of ¢, onto V,,_1 = N;_ 1(C'U(wk) ).
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Since 1, L Crr(¢) for k < n and U is unitary, we have U1, L U4y for i,j € Z so

Cu(¢n) N Cu(¢r) = {0} for n # k (1.7.8)

Thus, sums of the Cy(¢,) are direct sums and V,_; = (EBZ;l1 Cu(¥x))*. Tt follows from the

construction that ¢, € @j_, Cu(¢¥yx), so since {¢,}1_, is an ONB of H,

N
H=EP Cultn) (1.7.9)

Note that this construction served only to provide existence of 1, with the property (1.7.9). We
may try to impose additional restrictions on {¢,,}, as long as we preserve the property (1.7.9). For
example, we may discard from the sequence all v,, which are equal to 0 and normalize all the others
to get the condition ||¢,|| = 1 for all n as stated in the theorem.

By Theorem 1.7.2, there exist measures u,, and unitaries W, : L? (0D, dpy,) — m such that
(W LUW, ) () = e f,.(e?) for f, € L*(OD,du,). Taking W = @ﬁ;l W,, we get a unitary
operator W: @5:1 L2(OD, duy,) — H satisfying (1.7.2).

If U has a cyclic vector, we could have picked i to be the cyclic vector and N = 1. Conversely,

if U has a spectral representation with N = 1, then taking ¢» = W (1), we have U™y = W(e"?) so
density of T in L?(0D, du,) implies density of Cyr(v)) in H and 4 is a cyclic vector. O

In Section 1.9, we will discuss some corollaries of the spectral theorem.

1.8 Spectral theorem for self-adjoint operators

In this section, we state and prove the spectral theorem for self-adjoint operators.

Definition 1.8.1. For an unbounded self-adjoint operator A and v € H, we define the cyclic
subspace of ¥ as

Ca() = span{(A — 2) ' | 2 € C\ R}

A vector 9 is cyclic if and only if C4(¢)) = H.

This definition is different than the one given for unitary operators. Indeed, here it would not
be suitable to define the cyclic subspace as the span of A™, because ¥ might not be in the domains
of the A™. However, in Corollary 1.9.2 we will show that for a bounded self-adjoint operator, the

other definition would produce a set with the same closure.

Theorem 1.8.1 (Spectral theorem for self-adjont operators). Let A be a self-adjoint operator on H.

There exists a sequence of probability measures {du,}N_; (with N finite or infinite) and a unitary
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map

N
@ (R, dpn) — H (1.8.1)

such that

py=w({re éwm, i) i [0 P 2) < )

and for every f € @5:1 L3(R,duy,),

(WLAW f),(x) = 2 fu(2) (1.8.2)

A representation with N =1 exists if and only if A has a cyclic vector.

Theorem 1.8.2 (Spectral theorem for self-adjoint operators with a cyclic vector). Let A be a densely
defined self-adjoint operator and ) € H. There exists a unique positive Borel measure i, on R such

that for all z € C4,
1

r—Zz

(W, (A—2) 1) = / dpiy(2) (15.3)

Moreover, py is a finite measure with py,(R) = ||9]|2. There exists a unitary map W: L*(R, duy) —
Ca(v¥) such that W1 =,

o) =w ({1 € @) [los@)Pdngta) < o} ) (1.8.4)

and
(W AW f)(2) = o f(2) (1.8.5)
Proof. Let us define B(z) = (¢, (A — z)~ %) for Imz > 0. We will prove that B(z) is a Herglotz

function. Since A = A*, R,(A)* = Rz(A) so using (1.2.3),

Im B(z) = —((¢, R.(A)) — (R.(A)Y, )
= (¥, R.(A) — Rz(A)Y)

= (5 = 2) (@, R(A)R.(A))
= Im 2 || R.(A)y)?

1
21
1
20
1

By Theorem 1.2.1, R,(A) is norm-analytic in z € C4, so B(z) is analytic in z € C;. Thus, B(z) is
a Herglotz function. By (1.3.2), |B(iy)| < || Riy (A)||l|¥]* < %Hz/)HQ, so existence and uniqueness of
oy follows from Theorem 1.6.2, as well as the bound |y (R)| < ||9]|%.

Taking the complex conjugate of (1.8.3) and using R,(A)* = R:(A), we conclude that (1.8.3)
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also holds when Im z < 0. Thus, using (1.2.3), for z,w € C\ R, z # @ we have

(Ru(A)Y, R-(A)Y) = (¢, Ro(A)R=(A)9))

However, note that both sides of

(Rw(A)w,RZ(A)w):/( ! ) L (@) (1.8.6)

r—w,)r—=z

are continuous in z away from R, by norm-continuity of R,(A) and continuity of the integral in z
(by a simple dominated convergence argument, since the integrand is uniformly bounded and f,; is
a finite measure). Thus, taking the limit of this equality as z — w, we conclude that (1.8.6) holds
for z = w as well. Finally, by linearity for any finite sequence ¢1,...,c; € C, 21,...,25 € C\ R,
-/

J
S
.
]x—z-
j=1

J

dpy () (1.8.7)

J
Z chZj (A)w
j=1

Define V = span{-X- | z € C\ R} C L?(R,du). We can define a linear map W:V — H by

r—z

W-L = R.(A)y and this map is well-defined since, by (1.8.7), ZJ L =0 p-a.e. implies that

T—z j=1 Gj T—2z;

ijl ¢jR.,(A) = 0. Moreover, (1.8.7) implies that W is norm-preserving.

If f LV, then for all z € C\ R we have [, éf(m)duw(x) = 0, so Corollary 1.6.3 implies
that fduy =0, so f =0 in L?(R,duy). Thus, V is a dense subspace of L*(R,du,), so W extends
uniquely to a unitary map from L?(R,dp,) to Ca(¥)).

For f € L*(R,dpy), Wf is in the domain of A if and only if W f = (A — i)~ 1¢ for some ¢ € H.
Denoting g = W~'¢, we conclude that f € W~1(D(A)) if and only if f(z) = -L-g(x) for some
g € L3(R,dpuy), which is equivalent to zf(z) € L?*(R,duy). Finally, W f = (A —4)"'Wg implies

AWf=iWf+Wg=W(3Gf+ (x—1i)f) =W(xf), so (1.8.5) holds. O

Proof of Theorem 1.8.1. Given Theorem 1.8.2, the proof is entirely analogous to the proof of Theo-
rem 1.7.1. O

1.9 Applications of the spectral theorem

In this section we will illustrate the usefulness of the spectral theorem. The most important topic

for us is the decomposition of spectrum for unitary and self-adjoint operators. Spectral theorems
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for unitary and self-adjoint operators have the same character, to the extent that we will be able to
discuss applications of the spectral theorem simultaneously for both cases.
Let T be a self-adjoint or unitary operator on H. The spectral theorem establishes existence of

a pair ({u, }Y_1, W) where the p,, are probability measures on C and W is a unitary operator
N
W: @ L*(C,dpn) - H (1.9.1)
n=1

such that

D(T) = W({f € gjéLQ((C, dpin)

ﬁjl [ ) < 0} (19.2)

and for every f € @7]:7:1 L?(C,dpy,),

Any such pair ({, }Y_1, W) is called a spectral representation for T.

The only difference between the self-adjoint and unitary cases is that for a unitary operator,
supp un, C 0D, and for a self-adjoint operator, supp u, C R. We should note that there is a version
of the spectral theorem for bounded normal operators, i.e. operators T with TT* = T*T, and for
such operators the spectral measures can be supported on arbitrary compact sets in C.

In our proof of the spectral theorem, there was a lot of freedom of choice when constructing the
sequence {1, }N_, . so it is easy to see that the spectral representation is far from unique. For exam-
ple, if two measures are mutually absolutely continuous, multiplications by z in the corresponding
L? spaces are unitarily equivalent. We will skip the interesting topic of describing the set of possible
spectral representations and finding a choice that is canonical in some sense and unique up to mutual
absolute continuity, and we direct the reader to [49, Chapter VII] for more information.

Theorem 1.9.1. Let T be a unitary or self-adjoint operator. The spectrum of T is given by
N
o(T) = U SUpp fin (1.9.4)

n=1

If T is self-adjoint, T is bounded if and only if for some r >0, o(T) C [—r, 7], in which case
T = sup{|z||z € o(T)} (1.9.5)

Proof. This theorem follows directly from the fact that spectrum and norm of an operator are unitary

invariants and from what we know about multiplication operators (Example 1.5.1). O

Remark 1.9.1. The closure in (1.9.4) is necessary only if N = oo, otherwise U;V:1 Supp U, is already
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closed. In particular, if 7" has a cyclic vector 1, then

o(T) = supp iy (1.9.6)

In the remainder of this text, it will be very important to differentiate between different types of
spectrum. Theorem 1.9.1 provides a first connection between spectrum and spectral measures, and
one of our decompositions of spectrum will be in terms of spectral measures.

Any positive measure on R or dD has a Lebesgue decomposition
dp = dptac + dptse + dppp

where dpu,. is absolutely continuous with respect to the Lebesgue measure on R or D, ps. is singular
continuous with respect to Lebesgue measure and pupp, is a pure point measure. This and (1.9.4)
inspire the decomposition of spectrum into the absolutely continuous, singular continuous and pure

point parts.

Definition 1.9.1. If ({11, })_;, W) is a spectral representation of T, then the absolutely continuous,
singular continuous and pure point spectra of T', denoted c.c(T"), 0sc(T") and op,(T), respectively,
are defined by
N
o.(T) = U SUPD fin,
n=1

where * stands for ac, sc, or pp.

Note that the three spectra need not be disjoint, but their union is all of o(7"). We omit the proof
of the important fact that this decomposition is independent of choice of spectral representation.
In Section 1.2, we discussed the problems involved with defining functions of operators. Using

the spectral theorem, we can now provide a satisfactory definition.

Definition 1.9.2. Let T be a self-adjoint (or unitary) operator with a spectral representation

({1n }2_1, W). For bounded Borel functions h on R (or D), we define h(T) by

n=1»

(W R(T)W f)u(2) = h(2) fu(2)

(compare with (1.9.3)).

It can be shown that h(T) is independent of the choice of spectral representation, and has good
algebraic and analytic properties. For example, since e'*® is a bounded function of € R for ¢ € R,
we now have a definition of €®4, and it is easy to see that e’*“ is a unitary operator with all the

properties we would hope for, for example e*4¢eis4 = ei(t+s)A4
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In Section 1.8, we acknowledged a discrepancy in how we define cyclic subspaces for bounded
versus unbounded operators. One of the definitions was not suitable for unbounded operators, but
for bounded operators, we can now show that the two definitions give the same closures of cyclic

subspaces.

Corollary 1.9.2. If A is a bounded self-adjoint operator, then

span{(4 — z)~1¢ | z € C\ R} = span{A™ | n € Ny}

Proof. Since A is bounded, the spectral measure ji,, is supported on a bounded interval. Using the

spectral theorem, this becomes a trivial consequence of the fact that, by Weierstrass’ theorem,

span{(x — z)~1 | 2 € C\ R} = span{z" | n € Ng} = L*(R, du) O
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Chapter 2

Orthogonal polynomials

2.1 Introduction

In this chapter we will describe the basics of the spectral theory of orthogonal polynomials on the real
line (OPRL) and orthogonal polynomials on the unit circle (OPUC). Our main goal is to describe
the concepts and tools needed in the remainder of this thesis, and we will barely scratch the surface
of this fascinating area of mathematics. For book-length treatments of the spectral theory of OPRL
and OPUC, we refer the reader to [70, 23, 21, 14, 60, 61, 63].

Let p be a positive Borel measure on C. The measure p is said to have finite moments if

/|z|”du(z) <oo, n=012,... (2.1.1)
o

If that is the case, the moments of y are the finite quantities

cn:/z”d/t(z) (2.1.2)
o

If 11 has finite moments, then all the monomials 2" are elements of L?(C,du). Are the monomials
linearly independent? If not, there exists a nonzero polynomial Q(z) which is p-a.e. equal to 0. This
implies that the support of u is a subset of the set of zeros of @, so a finite set. It is customary in
spectral theory to refer to such measures as trivial, and to define nontrivial measures as measures
whose support is an infinite set.

In the remainder of this text, we consider only nontrivial measures with finite moments. As
we have established, for such measures 1, 2,22, ... are a linearly independent sequence in L?(C, du)
(although not necessarily a basis). Applying the Gram—Schmidt process to this sequence yields the
sequence p,(z) (denoted p,(z,du) when there is danger of ambiguity) such that p, (z) has degree n,
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a positive leading coefficient and

(Prs ) = [C B (2)0n(2)ds(2) = b (2.1.3)

By the nature of the Gram—Schmidt process,

span{po,p1,...,pn} =span{l, z,...,2"} (2.1.4)

and then by (2.1.3),
(¢:pn) =0, if degg<n (2.1.5)

Also note that if the measure is scaled by a constant, so are the polynomials,

pn(z’ )‘d:u) = (Zv d:u)

so we will usually assume that we are dealing with probability measures.

The study of orthogonal polynomials began with special classes of polynomials, associated with
the names of Jacobi, Legendre, Chebyshev, Laguerre, Hermite. These classical polynomials were
discovered in the 19th century as solutions to interpolation problems and to certain second-order
differential equations. The reader may be familiar with some of these classical polynomials and with
the fact that they obey second-order recurrence relations as well as second-order differential equa-
tions. Since orthogonality was of secondary importance, with their traditional definitions classical
polynomials are orthogonal but typically not normalized with respect to a measure on R.

However, it turns out that the second-order linear differential equations are unique to the clas-
sical polynomials, by a theorem of Bochner [5] (see also [31, Section 20.1]), but that a finite-order
recurrence relation is a universal property for measures supported in R or 9.

For the spectral theory of orthogonal polynomials, orthogonality and the recurrence relation are
cornerstones of the theory, so spectral theory focuses on the two cases when the measure is supported
in R or 0D, which are (up to an affine transformation) the only two cases for which a finite-order
recurrence relation is known. The remainder of this text will focus on those two cases. Moreover,
the focus of spectral theory is not on specific examples, but rather on general relations between
properties of a measure and properties of the coefficients in the recurrence relations.

Nonetheless, there are interesting general results outside of R and JID. As an example, and
as conclusion to this section, we state without proof a general result of Fejér [18] about zeros of

orthogonal polynomials.

Theorem 2.1.1 (Fejér [18]). Let u be a nontrivial probability measure on C and p,, its orthogonal

polynomials. All the zeros of p,, lie in the convex hull of supp du. If, moreover, supp du is compact,



31

then no extreme point of the hull is a zero of p,, and if supp du is not a subset of a straight line, all

zeros lie in the interior of the convex hull.

2.2 Orthogonal polynomials on the real line (OPRL)

In this section we focus on the case supp u C R. Note that when supp ¢ C R, the Gram—Schmidt
process will produce polynomials p,(x) with real coefficients. Our first goal is to show that the p,

obey a three-term recursion relation.

Theorem 2.2.1. Let supp u C R. Then the p,(x) satisfy the Jacobi recursion relation

$pn($) = an+1pn+1(x) + bn+1pn($) + anpn—l(x)a vn 2 0 (221)

where a, > 0, b, € R and we use the convention ag = 0. Moreover, the leading coefficient of p,, is

Y= ——— (2.2.2)

ai...anp

Definition 2.2.1. The coefficients {a, b, }52; appearing in (2.2.1) are called Jacobi coefficients of

the measure pu.

Remark 2.2.1. We warn the reader that the notation for Jacobi coefficients isn’t standardized. The
letters a and b may be switched and the numbering may start from 1 rather than 0. The reader can
always compare the form of (2.2.1) to check which convention is being used. One refers to the b, as

the diagonal Jacobi coefficients and to a,, as off-diagonal Jacobi coefficients.

Proof. Since zp,(z) is a polynomial of degree n + 1, it is a linear combination of pg,p1,...,Pni1-

By Example 1.5.1, multiplication by x is self-adjoint in L?*(R, du), so
(xpn, pj) = (Dn,zp;) =0, Vj<n-—2
since p,, is orthogonal to polynomials of degree less than n. Thus,
TPn () = An41Pn41(2) + bps1Pn () + Cng1Pn—1(2)

Taking inner products with p,41 and p,—1, we get any1 = (Pnt1, TPn) and cni1 = (Pr—1,TPp), SO
using reality of coefficients of the polynomials, ¢,11 = fpn_lxpndu = a,. Denoting by v, > 0 the

leading coefficient of p,,, we know zp, (x) — ,Y%Jilpnﬂ(x) has degree at most n, so by (2.1.5),

Tn
Tn+1

Tn

’Yn-&- 1

>0

an = <xpn’pn+1> = < pn+17pn+1> =
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which by induction implies (4.4.36). The proof is concluded by b, = (xpp,pn) = [zpidp e R. O

We proceed by giving a few important examples.

Ezample 2.2.1. Chebyshev polynomials of the first kind, discovered in 1854 by Chebyshev [12, 13],
are defined by the formula
T, (cos 0) = cos(nb) (2.2.3)

They are orthogonal with respect to the probability measure Lx 1 1)(z)(1 — 22)~'/2dz,

1/2, m=n#0

by the standard change of variables = cos#. The orthonormal polynomials are given by po(z) = 1,

pn(2) = V2T, () for n > 1. By (2.2.1), we see b, =0 and a; = 3 forn > 2.

1 —
ﬁa Up =
Chebyshev polynomials were originally discovered for their property that of all monic polynomials

P of degree n, 2~ (»~VT, () has the smallest || ||oo-norm on [—1,1] (equivalently, of all polynomials

P of degree n for which sup_; ., <, |P(7)| < 1, T}, has the largest leading coefficient).

Ezxample 2.2.2. Chebyshev polynomials of the second kind are defined by the formula

sin((n + 1)0)

U, 0) = 2.2.4
n(cos0) sin 6 ( )
They are orthonormal with respect to the probability measure 2x_y 1)(z)(1 — 2?)'/2dz,

9 1

7/ U (2)U, () V1 — 22dx = 61y

TJ-
From (2.2.1), we have a,, = % and b, =0

Our focus in this text will be on measures with
lim a, =1, lim b, =0 (2.2.5)

n— oo n—r oo

Thus, a special place in the theory will belong to the measure for which a,, = 1 and b,, = 0. We will
refer to this measure as the “free case” for OPRL (by analogy with Schrédinger operators —A + V/
where the free case corresponds to V' = 0, i.e. the free Laplacian) and we will often think of measures
with (2.2.5) as perturbations of the free case. It is thus of significant interest to find the explicit

formula for this measure. We are about to find it: we just need to scale the measure from the
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previous example by a factor of 2. If dji(x) = du(xz/)), a linear change of variables on (2.1.3) gives
P2, dfi) = pn(x/A, dp)

and ay, (di) = Aap(dp), bp(din) = Aby(dp). Thus, with A = 2, we have

Ezample 2.2.3 (The “free case” for OPRL). Let

1
du(x) = 2 X(-22) (x)V4—2?dx (2.2.6)

Orthonormal polynomials with respect to this measure are given by p,(z) = U,(2x), and the
corresponding Jacobi coefficients are a,, = 1, b, = 0. Note that du is purely absolutely continuous

and supp dy = [-2,2].

In the preceding discussion, we seem to imply that the condition a,, = 1, b,, = 0 determines the
measure uniquely. We will soon prove a theorem of Stieltjes [64] (but more commonly known as
Favard’s theorem) which asserts that this is indeed the case: if {a, b, }52; is a bounded sequence,
it corresponds to a unique compactly supported measure. Note that for an unbounded sequence
{an, b, }22;, there may be more than one measure corresponding to those Jacobi parameters, and
the problem of describing the set of such measures is known as the moment problem.

We will present a proof of Stieltjes’ theorem which uses a certain class of tridiagonal matrices,

known as Jacobi matrices. As we announced, our focus will be on bounded Jacobi parameters,
sup a,, + suplb,| < oo (2.2.7)
n n

In the framework of unbounded operators, Jacobi matrices can still be defined when (2.2.7) is false,

but we will have no need for unbounded Jacobi matrices in this text.

Definition 2.2.2. For a sequence {ay,b,}52; with a,, > 0, b, € R, and (2.2.7), a Jacobi matrix

will be an operator on ¢2(Ny), given by the formal expression

bl a1
aq bl a9
J(a,b) = o (2.2.8)
az 02

which is shorthand notation for saying that for any u = {u, }5°, € ¢3(Ny),

(J(a,b)u)p = Gnt1Unt1 + bpp1tn + Gptin_1 (2.2.9)
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As before, we use the convention ap = 0. The condition (2.2.7) implies that J(a,b)u is indeed an

element of ¢?(Np).

For n > 0, we denote by d§, = (0,...,0,1,0,...) the element of #2(Ny) which has a single 1 as
the n-th entry and O in all the other places. This is not to be confused with 4, ,, which is the

Kronecker delta symbol, equal to 1 if m = n and 0 otherwise.
Theorem 2.2.2. (i) J(a,b) is self-adjoint.

(ii) 0o is a cyclic vector for J(a,b) and the corresponding spectral measure has Jacobi coefficients

{an, bn}%o=1-

(iii) If two nontrivial compactly supported measures have the same Jacobi parameters, they are

equal.

(iv) (Stieltjes) (2.2.1) provides a bijection between compactly supported nontrivial probability mea-

sures on R and sequences {an, by, }52; € (0,00)% x R™ which satisfy (2.2.7).

Proof. (i) This is a straightforward calculation, using the fact that a,,b, € R.

(ii) A direct calculation shows
J(a,b)" — (ﬁ aj)(Sn € span{d, |0 <k <n-—1}
j=1
and since a; # 0, this implies that
span{J(a,b)"d | n € No} = span{d,, | n € Ny}
so & is a cyclic vector. Thus, there is a spectral measure o and a unitary map W: L%(R, dug) —
¢?(Np) such that W~1J(a,b)W is multiplication by  on L?(R, ug) and W1 = 4.
Define p, = W16, € L*(R,dug). Since W is a unitary map,
(P Pn) = (Om: 0n) = Omn (2.2.10)
Since W~1J(a,b)W is multiplication by =,
xpn(z) = WL (a, 0)Wp,(x) = WL J(a,b)s,

But by definition of J(a,b), this gives

xpn(x) - W_l(anJrl(SnJrl + bn+15n + an(snfl) = Un+1Pn+1 + bn+1pn + ApPn—1 (2211)
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Since pg = W~! = 1, this inductively implies that the p, is a polynomial of degree n, and (2.2.10)
tells us it is the n-th orthogonal polynomial of ug. Finally, (2.2.11) tells us the Jacobi parameters
of pg are {an,b,}>2 ,, as desired.

(iii) If p and i have the same Jacobi parameters, then by the Jacobi recursion relation, they

have the same orthogonal polynomials p,,. Thus,

/pndﬂ = <1apn>u =0p,0 = <1apn>ﬂ = /p"dﬂ

and then by linearity, [ Pdu = [ Pdj for any polynomial P. The measures are supported in a
compact set K and, by Weierstrass’ theorem, polynomials are dense in C(K), so this implies p = fi.

(iv) This is immediate from (ii) and (iii). O

The final topic in this section is a result of Blumenthal-Weyl [4, 78]. We remind the reader that
the essential support of a measure, denoted ess supp, is the support of the measure with any isolated

points removed.
Theorem 2.2.3. Ifa, — 1, b, — 0, then esssupp p = [—2,2].

Proof. Let us denote by JV) the Jacobi matrix with coefficients

an, NN
a,ELN): n

1, n>N
§(N) _ bn, n<N

0, n>N

It is straightforward to see that JV) — J(©) is a finite rank operator and that a,, — 1, b, — 0 implies
|JN) — J(a,b)|| — 0, so J(a,b) — J© is a compact operator. Since a,, = 1, b,, = 0 corresponds to

the measure (2.2.6), Weyl’s theorem (Theorem 1.4.1) implies esssupp dp = [—2, 2]. O

2.3 Orthogonal polynomials on the unit circle (OPUC)

In this section we study the case supp dp C 9D. We will follow a common convention that orthogonal
polynomials on the unit circle are denoted by ¢,, instead of p,.

The study of OPUC was initiated by Szegé [68, 69] in 1920 in connection with Toeplitz matrices.
The recursion relation was first published by Szegé [70] in 1939, but the coefficients appearing in it
were discovered earlier, in a different context; in 1933, Verblunsky [73] established the connection
between these coefficients and the measure via the moments of the measure, an approach which we

will not pursue in this text.
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We begin by establishing that the polynomials obey a recursion relation. The recursion relation
for OPUC turns out to be of a different form than the Jacobi recursion relation satisfied by OPRL.

It will involve a polynomial

Pn(2) = 2"pn(1/2) (2.3.1)

derived from ¢, (z). Note that for z € D, ¢} (z) = 2"¢,(z) and that (2.1.5) implies

(2%, 0n(2)) = / e (2)du(z) = (pn(2),2" %) =0, 1<k<n (2.3.2)

Theorem 2.3.1. If suppdp C 9D, orthonormal polynomials ¢,, obey the Szegd recursion relation

puia(2) = ¢1_1W(w"<z) Guph(2). n20 (2.3.3)
and the dual relation

Prr(?) = g (62) ~ Bzga(2)), 120 (23.4)
where for n > 0, the coefficients a,, satisfy |ayn| < 1 and we use the convention a_q = —1.

Definition 2.3.1. The coefficients {a, }52, appearing in (2.3.3) are called Verblunsky coefficients

of the measure p.

Remark 2.3.1. We emphasize that the name and notation for Verblunsky coefficients are far from
standard. They are referred to by several different names and denoted by different letters, and some
authors’ definition differs from ours by an extra complex conjugate or a different choice of sign. The
reader can always compare the form of (2.3.3) to check which convention is being used. Our choice

follows [60, 61].

Proof of Theorem 2.3.1. The idea is to show we can pick «,, such that
(Ps 200 — Qny) =0 for 0<k<n (2.3.5)

Since z = 1/z for z € suppdu C 9D, for 1 < k < n we have (2*, 2¢,) = (zF71,,) = 0 and (2.3.2).
Also note that (1,¢%) = [ 2@, (2)du(z) = (pn(2),2") # 0, so we can define a,, by

(1, 20n)
(1, 1)

Qp =

With this definition, (z*, 2@, — @) = 0 for 0 < k < n, so (2.3.5) holds by (2.1.4). Since

Z@n — Qppy, is a polynomial of degree n + 1, it is a linear combination of ¢g, v1,...,pn+1. By
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(2.3.5), it is a multiple of @,11, S0

20n(2) = pn@nt1(2) + anpy(2) (2.3.6)

Now we note that [[z¢,||? = |lenll? = 1 and (¢}, @ni1) = 0 since ¢ has degree at most n. By
computing the norms of both sides of (2.3.6), we get 1 = |p,,|? + |, |?. Since the leading coefficients

of zp, and ¢, 1 are strictly positive, we see that p, > 0, so

pn=V1—|a,|? (2.3.7)

which concludes the proof. (2.3.4) follows directly from (2.3.3) by the definition of ¢}. O

It will be useful to keep the meaning of the letter p,, from the previous proof, as given by (2.3.7).

Let us note that (2.3.3) and (2.3.4) can be restated as saying that (gfgg) is the solution of the

matrix recursion relation

Ony1(2) _ i z —Qp ©n(2) (2.3.8)

eri(z)) P \—anz 1 Pn(2)

which corresponds to initial conditions (i”gz;) = G) One may try to analyze solutions of this matrix

relation with arbitrary initial conditions, abandoning (2.3.1) and treating the two components of

n(z)
(:ZZ(Z)

Ezample 2.3.1 (The “free case” for OPUC). Let

) as independent. This is a valuable point of view, and we will see a glimpse of it in Section 2.5.

- do

d 0y _ 27

pe) = o

be the Lebesgue measure on dD. Since fo% e“ﬁ% = 0p,0, the corresponding orthonormal polyno-

mials are ¢, (z) = 2". By (2.3.1) and (2.3.3), ¢} (2) =1 and «a,, = 0.

The previous theorem maps to each nontrivial measure p a sequence of Verblunsky coefficients
{an}22, € D*. By a theorem of Verblunsky [73], this map is a bijection. We will present a relatively
modern proof of this fact, due to Simon [60, Section 4.2], which depends on the concept of CMV
matrices. CMV matrices are a class of unitary matrices acting on ¢?(Np), named after Cantero—
Moral-Veldzquez [9] who established their connection with measures on the unit circle. In this sense,
CMYV matrices provide an appropriate analogue to Jacobi matrices.

The motivation for the definition of CMV matrices comes from the attempt to find an orthonormal
basis for L?(0D, du) in which we can find an explicit matrix representation for multiplication by z.
For OPRL, the polynomials themselves were often an orthonormal basis; for OPUC, not so much (it

can in fact be proved that they are an orthonormal basis if and only if {c,,} ¢ £2). However, Laurent
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polynomials are dense in L?(9D, du), so we can order the set of monomials as 1,2,27 1,22 272 ...

and apply the Gram—Schmidt process. This gives an orthonormal basis denoted by {x,(2)}52,, and
the crucial discovery of Cantero-Moral-Veldzquez is that y,, can be expressed in terms of ¢,,.

Denote by Py, the orthogonal projection to the subspace span{z’ | j € Z,k < j < I} in
L?(0D, dp). Then the Gram—Schmidt process can be written as

27" =P pp1n2 "

N P e (239
Zn+1 _ P—n nzn+1
Xon+1(2) = R s (2.3.10)
Denote by U multiplication by z in L?(dD, du). Since U is unitary, one directly verifies
U'P U = Pjig v
so applying U™ to (2.3.9) and (2.3.10) gives
1—Piopl
Z" 2) = —— =i (2 2.3.11
in( ) ||1 _P1,2n1|| 902n( ) ( )
N Z2n+1 _ PO 2nz2n+1
2" Xan+1(2) = [220F1 — Py gy 220t = ¢ant1(2) (2.3.12)

We have thus represented the basis {xn}22 in terms of the ¢,. The next step is to express zxn,(z)

in terms of y,. Using the Szegd recurrence, after some calculation we have

ZX2n = P2n—1P2n—-2X2n—2 — P2n—102n—2X2n—1 — @2n02n—1X2n — P2nO2n—1X2n+1 (2.3.13)
ZX2n+1 = Q2nt1P2nX2n — Q2nr102nX2n+1 + Q2nt2P2n+1X2n+2 + P2nt2P2n+1X2n+3 (2.3.14)
Replacing the ,, with an orthonormal basis d,, of £?(Np), we make the following definition.

Definition 2.3.2. For a sequence {a,}52, € D>, the corresponding CMV matrix C(«) is a five-

diagonal matrix acting on ¢?(Ny), given by

ap Q1o P1P0
po —Q10p  —pP10g
Qop1 —Qpoy Qgp2 P3P2
Cla) = - ) (2.3.15)
P2p1 —p20v;  —Q3ly —pP3Qa ’
Qup3  —Q4Q3
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Put differently, this is the matrix on ¢?(Ng) which acts on basis vectors 6, as follows,

C(a)d2n = pan—1P2n—202n—2 — P2n—102n—202n—1 — C2nX2n—102n — P2nO2n—102n+1 (2.3.16)
C(a)dant1 = @ont+1p2n02n — Font1Q2n02n+1 + C2nt202n+102n+2 + P2n+202n+102n+3 (2.3.17)
(with the convention a_; = —1, and thus p_; = 0, as before).

Since ay, pn, € D, (2.3.16) and (2.3.17) give ||C(«)dy || < 4. Since (Céy,, Cdp) = 0 when [m—n| > 5,

2

4 4
<Y D BuskBallConikll [Coall < D 16y |Baf* = 144

n€Z k=—4 k=—4 nez

> Bubn

ne”z

‘(Z BmCom, Y BnCon)

meEZ neEZ

(with Cauchy—Schwarz applied in the last step), the previous definition clearly constructs a well-
defined, bounded operator C with ||C|| < 12. We will soon discover that C is in fact unitary!

Note that if {c,}52, are the Verblunsky coefficients of a measure p, then comparing (2.3.13),
(2.3.14) with (2.3.16), (2.3.17), we see that C(«) is multiplication by z in L?(dD,du) in the basis

{Xn}ff:@

We now establish some properties of C(a), culminating in a proof of Verblunsky’s theorem [73].
Theorem 2.3.2. (i) C(«) is unitary.
(i1) o is a cyclic vector for C(a) and its spectral measure has Verblunsky coefficients {an}52q-
(i1i) A probability measure on 0D is uniquely determined by its Verblunsky coefficients.

(iv) (Verblunsky) (2.3.3) provides a bijection between nontrivial probability measures on OD and

sequences o = {a, }5%L, € D>,

The ideas of the proof are the same as in the proof of Theorem 2.2.2, but the realization is

somewhat more cumbersome because of the more complicated form of CMV matrices.

Proof. (i) This follows directly from the (non-obvious but straightforward to check) observation that

@2 91
Cla) = (2.3.18)
@4 @3

where 1 stands for a single entry of 1 and ©; are unitary 2 x 2 matrices

a8 o
o, =|" (2.3.19)

pi —y
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(ii) From (2.3.15),

2n—1
(CH"6 — H PrOan €span{d |0 <k <2n-1}, n>0
k=0
2n—2
C"6y — H Pr0an—1 €span{d; [0 <k <2n -2}, n>1
k=0

so since p, > 0, C* = C~1, and (0, 6,) = Om.n, the sequence {d,}72, is the result of the Gram—
Schmidt process applied to the sequence &y, Cdy, C~ 6o, C%8g, C 260, .. ..
Thus, d is a cyclic vector and we have a unitary map W: L?(0D,duo) — ¢?(Np) such that
W1 = 3§y and W—ICW is multiplication by z in L?(0D, ug). Thus, Wz" = C"6, for n € Z.
Defining x, = W16, € L?(C, duo) for n € Ny, since W is a unitary map, {x,}52, is the result
of the Gram—Schmidt process applied to

(Xm> Xn) = (Om>On) = Om.n (2.3.20)

so it is just the usual basis for L?(9D, dug) as defined in (2.3.9), (2.3.10). Denoting the Verblunsky
coefficients of pp by «f, and using the unitary map W to compare those coefficients, appearing in

(2.3.13), (2.3.14), with the «,, appearing in (2.3.16), (2.3.17), we see that

anal = apan—1, n>0 (2.3.21)

PrbPp-1 = Pnpn-1, 1 >1 (2.3.22)

—r 7 _

a, Prn_1 = GnpPn—1, N >1 (2.3.23)
From a_; = o/ ; = —1 and (2.3.21) we conclude of, = o and thus pj, = po € (0, 1]. Thus, induction

with (2.3.22) implies p}, = p, € (0,1] for all n, and finally, (2.3.23) implies «), = .
(iii) From (2.3.13) and (2.3.14), if x4 and i have the same Verblunsky coefficients, then they have

the same basis x,, so

/Xnd.u = <17Xn>u = 5%,0 = <1axn>ﬂ = /Xndﬁ

and then by linearity, [ Qdp = [ Qdf for any Laurent polynomial Q. Since Laurent polynomials
are dense in C(0D), this implies p = fi.

(iv) This is an immediate corollary of (ii) and (iii). O
As the final topic in this section, we present a result of Geronimus [22, Theorem 19.1].

Theorem 2.3.3 (Geronimus). If lim «, =0, then suppdu = ID.
n— oo
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Proof. Let CY) be the CMV matrix corresponding to the a(™) defined by

Qp, N< N
oM = (2.3.24)

0, n>N

In particular, C(©) corresponds to o' = 0. Tt is immediate from the definition that CV) — C(©) is
finite rank,

Ran(C(N) — C(O)) Cspan{d, |0 < k < N + 2}

Since a,, — 0 implies [|[CN) — C|| — 0, we conclude that C — C(*) is compact and Weyl’s theorem

(Theorem 1.4.1) implies Tess(C) = 0ess(C(?). Since o' = 0 corresponds to the measure % (see

Example 2.3.1), this implies supp du = 9D. O

Simon [60, Section 4.3] has an extension of this result: if lim,, o (@, — B,) = 0, then the corre-

sponding measures p and v have equal essential supports (supports with isolated points removed).

2.4 Locating the a.c. spectrum in OPRL

In this section we will discuss two criteria for describing the absolutely continuous part of a measure
p on R. The first criterion will be in terms of a sequence of weak approximations to p, and this
criterion will be useful for proving purely absolutely continuous spectrum on intervals. The second
criterion is more sophisticated and will be useful in situations where absolutely continuous spectrum
may be mixed with singular spectrum. We will also introduce Priifer variables for OPRL.

The key to the first criterion is a sequence of weak approximations to dp, due to Simon [62]. This
and similar approximations are usually referred to as “Carmona-type” approximations, honoring

similar results by Carmona [11] for Schrédinger operators.

Theorem 2.4.1 (Simon [62]). The sequence of measures

dx
@) ) converges weakly to

dp(x), i.e. for bounded continuous functions f on R,

. dx
nhﬁn;o ]‘(9c)7r(a2 Py P /f Ydp(x (2.4.1)

We wish to state the next result in terms of Priifer variables, so we must define them first.
Priifer variables are named after Priifer [48], who defined them for Sturm-Liouville operators. The
OPRL version of Priifer variables is known as the EFGP transform, by Eggarter, Figotin, Gredeskul,
Pastur [16, 27, 46] who developed and used it in the discrete Schrédinger case a, = 1. It was also
extensively used by Kiselev—Last—Simon [38]. For general OPRL, it was used by Breuer, Kaluzhny,
Last, Simon [35, 6, 7, 8].
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For x € (—2,2) parametrized as = 2cos(n/2) by n € (0, 27), define r,(x) > 0, 6,(z) € R by

n (x)ei[nn/2+9n (

D = Gppn () — pa_i(x)e™/? (2.4.2)
Let us first note that (2.4.2) is nonzero, so this definition is valid: if the right-hand side of (2.4.2) was
equal to 0, this would imply p,(x) = p,—1(x) = 0 by reality of p,(x), and then a reverse induction
using the Jacobi recursion relation (2.2.1) would imply p,(z) = 0 for all n, a contradiction with
po(x) = 1.

We now define
a% -1+ ei"/zbn+1

an(x) = ] (2.4.3)

This variable provides a combination of a,, and b,, that is natural in this context, and will play the
same role that Verblunsky coefficients a,, play for OPUC. In fact, after this section, we will not need
to mention a, or b, individually, only their combination (2.4.3).

Multiplying (2.4.2) by e/? gives
el n/2460) — o 0y pin/2 (2.4.4)
Note that 2Rea,, = 1 — a2 and 2 Re(a,e/?) = b, ;1 so using (2.4.4),

2 Re(rnei[("ﬂ)"/pra"}an) = 2Re(anpnem/2an - pn_lan)

= a'npnbn-i-l + (ai - 1)pn—1
Subtracting this from (2.4.4), then using the Jacobi recursion relation (2.2.1), we have

1l EIN/2400] 9 Re (1, eI/ 20010 ) = 4 (a1t — pre”?)

— anrn+1ei[(n+1)77/2+9n+l]

where for the last step we used (2.4.2) with n replaced by n + 1. Dividing by Ay el 11/240n] oy

both sides and again using a2 = 1 — 2Re a,,, we get

1—ay, — O—énefi[(n+1)n+29n]

Tn+1 6i<9"+179n) — _ (245)
Tn V1—a, —ap
Multiplying or dividing this equation by its complex conjugate, we compute
1— _ A& o—i[(n+1)n+26,]
ratr _ |1 = an —Gne (2.4.6)

Tn V31—, — ap
1—ay, — &nefi[(n+1)n+20n]

2i(0n+1—0n) _
‘ 1= @y, — el nT20,] (2.4.7)
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In essence, we have traded the Jacobi recursion relation for a system of two first-order recursion
relations (2.4.6), (2.4.7). The usefulness of this system comes partly from the fact that (2.4.7) is a
decoupled relation with no dependence on r,. Note also that if a,, = 1, b,, = 0, then a,, = 0, so
(2.4.5) implies 0,11 = 6,,. We will use Priifer variables to analyze perturbations around the free
case, so it is convenient for us that when a, and b, are “close” to 1 and 0 respectively, 6,, varies
slowly in some sense.

The following lemma provides a criterion for the measure p to have purely a.c. spectrum on an
interval. This will be the basic criterion we will use in Chapter 4. Part (iii) of the lemma will be

crucial for a proof by contradiction in Chapter 4.

Lemma 2.4.2. Let a measure dp = f(x)dx + dps on R have Jacobi parameters {an, by }o2, with

a, — 1, b, = 0 and Priifer variables r,(z).

(i) If logr,(x) converges uniformly on an interval I C (=2 + ¢,2 — €) where € > 0, then

x1(x)dp(z) = Xj(x);mil;f;) dx (2.4.8)

so the measure p is purely absolutely continuous on I and f(x) is continuous and strictly

positive on I.

(i) If S C (—2,2) is finite and logr,(x) converges uniformly on intervals I C (—2,2) with
dist(I, SU{—2,2}) > 0, then supp ps N (—2,2) C S and f(x) is continuous and strictly positive
on (—2,2)\ S.

(111) It is not possible for logr,(x) to converge as n — oo to +00 or —oo uniformly on an interval

IcC(-2,2).
Proof. (i) We wish to use (2.4.1), but instead of control over a2p? + p2_,, we only know that

ro(x) = appi(x) — anzpn(€)pn—1(z) + ph_ (x) (2.4.9)

converges uniformly on I. For |z| < 2 — 2e we have

e(appy(2) + Py (@) < r7(x) < (2= €)(anpi () +pj_y (@) (2.4.10)

Since log r,, converges uniformly on I, it is uniformly bounded on I, so (2.4.10) implies log(aZp? (x) +
p2_,(z)) is uniformly bounded on I. Thus, standard measure theory arguments applied to (2.4.1)
imply that xr(z)dp(x) = x1(z)f(x)dz with log f bounded on J.

It remains to prove continuity of f on I. By a result of Nevai [43, Theorem 4.2.13], since a,, — 1
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and b, — 0, for all bounded continuous real functions h(x)

+o0 2 z
lim h(2)pn (2)pnr(z)dp(z) = l [2 h(x)j\j/z(_%? dz

n—oo [ _ ™

where Ty (z) are Chebyshev polynomials of the first kind, defined in Example 2.2.1. Using this and
(2.4.9),

+o0 2 T —r T
nh_)rr;o 3 h(z)rn(z)?dp(z) = %/_2 h(z) 210 /\2/317;;1( /2 dx (2.4.11)

1 h(x)V4— 22 da (2.4.12)

27T )

If in addition supp h C I, uniform convergence of logr,(z) on I implies

+o0 +oo
lim h(z)r? (z) dp(z) = / h(z) lim 72 (z)dp(z) (2.4.13)

n—oo |_ o n—00

Comparing (2.4.12) and (2.4.13) gives (2.4.8).

(ii) Since S is finite, (—2,2) \ S can be covered by countably many intervals I which satisfy the
conditions of (i), so (ii) follows from (i).

(ii) If r,(z) converged uniformly to 0 or to oo on I, (2.4.10) and (2.4.1) would imply that
p(I) = oo or p(I) = 0. This would contradict either the assumption that dp is a probability measure
or Theorem 2.2.3. O

We will now show an application of this criterion.

Theorem 2.4.3 (Titchmarsh). If a measure p has Jacobi coefficients {an, by }o2, with

oo (oo}
> lan =1+ > |bn| < 00 (2.4.14)
n=1 n=1

and ap, — 1, by, — 0, then dp = fdx + dps is purely absolutely continuous on (—2,2) and f is

continuous and strictly positive on (—2,2).

Proof. Taking the real part of the logarithm of (2.4.6), we see

log rni(@) o log(1 — ay, — ape TNy Lloe(1 — @, — a,) = O(|an))

Tn (5’7)

By (2.4.3) and (2.4.14), on I = (=2 +¢€,2 —€), a,,(z) is uniformly ¢!. Thus, there exists a constant

C independent of n or x such that

[log 11 () — log ()| < Clan(x)] (2.4.15)
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Since log 7 (z) is continuous in x, summing (2.4.15) over n shows that the sequence logr,(z) con-

verges uniformly on I, so all the conclusions follow from Lemma 2.4.2(i). O

For the second criterion we wish to present, we must look at formal eigensolutions of the Jacobi

matrix, that is, sequences {uy }5%, with
Gt 1Unt1 + Opp1Un + Gpin_1 = TUy, (2.4.16)

We emphasize that these are only formal eigensolutions because they need not be elements of £2(Np).
Of course, for a fixed z, the set of solutions of (2.4.16) is a two-dimensional vector space. We will
be interested in solutions which are, in a certain sense, asymptotically small compared to other

solutions.

Definition 2.4.1. A solution u = {u, }>2, of (2.4.16) is subordinate if for any linearly independent

solution v = {v, }22,

N
Zn:O|un‘2 _

N=voo SO v 2

The notion that (non)existence of subordinate solutions indicates the type of spectrum was

(2.4.17)

discovered by Gilbert—Pearson [25], who developed subordinacy theory for Schrédinger operators on
the half-line. The approach was extended by Gilbert [24] to the real line and by Khan-Pearson [37]
to OPRL. Important contributions are due to Jitomirskaya—Last [33, 34], and a related criterion is

due to Last—Simon [41].

Theorem 2.4.4 (Gilbert—Pearson). Let dp = fdx + dps be a probability measure on R with Jacobi
parameters {an, by }52,, and let N be the set of x € R for which there is no subordinate solution.

The set N is an essential support for the absolutely continuous part of the measure p, and ps(N) = 0.

For a proof, we direct the reader to [37] or [71, Section 3.3].

2.5 Locating the a.c. spectrum in OPUC

In this section we will discuss two criteria for describing the absolutely continuous part of a measure
1 on JD. The first criterion will be in terms of a sequence of weak approximations to u, and this
criterion will be useful for proving purely absolutely continuous spectrum on intervals. The second
criterion is more sophisticated and involves solutions to the matrix recursion relation (2.3.8). It will
be useful for proving existence of absolutely continuous spectrum even in situations where it may
be mixed with singular spectrum. We will also introduce Priifer variables for OPUC.

We start with a fact about measures with finitely many nonzero Verblunsky coefficients.
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Theorem 2.5.1. Let a,, = 0 forn > N. Then p,(z) = 2" Non(2) forn > N and

1 do

dp= —————
M o (@) 27

(2.5.1)

Proof. The first claim follows directly from the Szegd recursion (2.3.3). To show that the measure
has the given form, we need a very mild fact that ¢, has no zeros on 9D (in fact, ¢,, has no zeros

on C\ D, by Theorem 2.1.1). To prove this fact, assume that ¢,41(z) = 0 for some z with |z| = 1.

Then (2.3.3) gives zpn(2) = anei(2), but |a,| < 1 and ¢%(2) = 2"pn(1/Z) = 2"p,(z) mean that
this is possible only if ¢, (z) = 0. Using this reasoning inductively, we conclude that ¢ (z) = 0 for
all k < n, but since po(z) = 1, we have reached a contradiction.

i9)|2

We now know that |pn(e is a nonvanishing continuous function, so proving (2.5.1) is equiv-

alent to proving |y (e%)2dy = %. Integrating both measures against 2™, n € Z,

/ on(9)Pdp = (on (2), 2" on (2 = (o (2), oxen (2D = Gnoy 1> 0

/Z"\ww(e“’)IQdu = ("N (2), on(2))u = (PN-n(2), oN(2))u =0,  n <O

and [ ema% = 0n,0, SO the two measures are equal by density of Laurent polynomials. O

We can now establish a sequence of weak approximations to du, in the form of measures with

finitely many nonzero Verblunsky coefficients.

Theorem 2.5.2 (Bernstein—Szeg8 approximations). The measures dpN) = m% weakly con-
verge to the measure (i, i.e.
/ fdu™) — / fdu, VYf e C(dD)

Proof. Theorem 2.5.1 establishes that x(N) has coefficients V) given by

Qpn, N<N

M) = (2.5.2)

0, n>N

Using the Szeg6 recursion inductively in n, we see that @%N) = ¢, for n < N. Integrating ¢, and

@n against du and du™)| an induction in |n| proves that [ 2"du™)(z) = [ 2"du(z) for |n| < N.
Since the pN) and p are probability measures and Laurent polynomials are dense in C(0D), this

completes the proof. O

Bernstein—Szeg6 approximations will provide the first criterion we announced. However, we wish

to state this criterion in terms of Priifer variables, so we must introduce them first. The OPUC
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version of Priifer variables was first introduced by Nikishin [45], and their usefulness to spectral
theory was exploited by Nevai [44] and Simon [61].
For z = €' with n € R, Priifer variables r,(2), 6,,(2) are defined by r,,(2) > 0, 6,,(z) € R, and

pn(2) = rp(z)elmton )] (2.5.3)

In the proof of Theorem 2.5.1, we have already shown that ¢, has no zeros on dD, so r,, > 0, 0, € R
satisfying (2.5.3) do exist. The ambiguity in #,, modulo 27 is usually fixed by setting 6y = 0 and
|01 — 0, < m, but in this text that will be irrelevant. Notice that (2.5.3) is in essence just the
polar decomposition of ¢, (z), except for the addition of the factor €™ = 2", which we will motivate
shortly.

From (2.3.1) and (2.5.3), we have ¢* (2) = 7,,(2)e~"»(%) so from the Szegd recursion relation,

el n+nl /1 ESE Tn+1ei[(n+1)n+0n+1} + aprpen

Regrouping and dividing by /1 — [a,|2 r,e!l("FD1+0n] gives

~ ,—i[(n+1)n+26,
Tn+1 ei(en+1_0n) _ 1 — Qpt [( )7] ]

- m (2.5.4)
Multiplying or dividing this equation by its complex conjugate, we compute
Tni1 _ 11— anei[("+1)n+29n]| 25:5)
Tn V1= ana,
il0n1-0,) _ L= ane DT (2.5.6)

1— anei[(n+1)n+29n}

In essence, we have traded the Szegd recursion relation for a system of two first order recursion
relations (2.5.5), (2.5.6). The usefulness of this system comes partly from the fact that (2.5.6) is a
decoupled relation with no dependence on r,,. Note also that if a,, = 0, (2.5.4) implies 6,11 = 6,,.
This justifies the addition of the €™ in (2.5.3) because we will use Priifer variables to analyze
perturbations around the free case a,, = 0, and now we can hope that if a,, is “small,” then 6,
varies slowly in some sense.

The following lemma provides a criterion for the measure p to have purely a.c. spectrum on an
interval. This will be the basic criterion we will use in Chapter 4. Part (iii) of the lemma will be

crucial for a proof by contradiction in Chapter 4.

Lemma 2.5.3. Let a measure du = w(ei")g—z + dus on the unit circle have Verblunsky parameters

{an}52 and Priifer variables ry(e™).
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(i) If logr,(e™) converges uniformly on interval I C D, then

L

3 2 (pin
nh%rrgorn(e ) 2

xr(e™)du(e™) = x1(e™) (2.5.7)
so the measure p is purely absolutely continuous on I and w(e™) is continuous and strictly

positive on I.

(ii) If S C OD is finite and logr,(e") converges uniformly on intervals I C OD with dist(I,S) > 0,

then supp ps C S and w(e™) is continuous and strictly positive on D \ S.

(iii) If o, — 0, it is not possible for logr,(e') to converge as n — oo to 400 or —oo uniformly on

an interval I.

Proof. (i) Note that 7,(e™) = |p,(e")|, so this is an immediate corollary of the Bernstein—Szegé
approximations (Theorem 2.5.2).

(i) Since S is finite, D \ S can be covered by countably many intervals I with dist(1,.S) > 0.
Applying (i) to each of them proves (ii).

(iii) If r,,(e") converged uniformly to 0 or to +o0o on I, Bernstein—Szegé approximations inte-
grated against x7(e™) would imply that u(I) = oo or u(I) = 0, contradicting either the assumption
that du is a probability measure or Theorem 2.3.3. O

We will now see an application of Priifer’s variables. The following result is due to Baxter [1].

Theorem 2.5.4 (Baxter). If {a,} € ¢!, then the corresponding measure is purely absolutely con-

do

tinuous, dy = w(ew) 5-» and w is continuous and strictly positive on OD.

Proof. Taking the real part of the logarithm of (2.5.4), we see

10 T’I’L-‘rl (ei"])

T'n(ein) = Re log(l - @ne—i[(n-l—l)n-&-?@n]) - %lOg(l - |an|2) = O(|an|)

Since a;,, — 0, there exists a constant C' independent of n or 1 such that
[log 711 (e") — log T, ()] < Clay| (2.5.8)

With {a,} € ¢! and logro(e?) = 0, (2.5.8) shows that the sequence logr, (¢™) converges uniformly

on 0D, so all the conclusions follow from Lemma 2.5.3(i). O

Baxter [1] actually proved a lot more, providing a necessary and sufficient condition for a € ¢}
in terms of the moments of © and other related results. For more information and contributions by

Simon, including a criterion for w to be k times differentiable, see [60, Chapter 5].



49

We now proceed to the second criterion for a.c. spectrum. For this criterion, we will be interested

in arbitrary solutions ¥, (z) = (:ﬁigz ;) of the matrix recursion relation

U,11(2) = Aay, 2)U,(2) (2.5.9)

where
1 z —Q

V1- a2 \ —az 1

Note that 1, and %X are not required to be related by any formula of the type (2.3.1) and should

Ala, 2) =

be seen as two a priori independent components of ¥,,(z). We will also denote ®,,(z) = (22’;8) and

point out that ®,(z) is the solution with ®(z) = (})

Definition 2.5.1. For z € 9D, {¥,(2)}32, is a subordinate solution at z if and only if for any

n=0

solution X, (z) linearly independent with ¥, (z),

2ol ¥k (2)?

lim =0 2.5.10
w2 ol Xul)P (2:5:10)
We also define
N = {z € OD | there is no subordinate solution at z} (2.5.11)
and
S1 ={z € 0D | ®,(2) is a subordinate solution at z} (2.5.12)

The extension of subordinacy theory to OPUC is due to Simon [60, Section 10.9]. We will state

the relevant theorem without proof.

Theorem 2.5.5. Let du(e?) = w(e®®)2 + dus and N and Sy the corresponding sets defined in
(2.5.11), (2.5.12). Up to a set of zero Lebesque measure, the absolutely continuous part of p is
supported on N, i.e.

m(NAO | w(e®) #0}) =0

Further, the singular part of us is supported in Sy, supp pus C S1.
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Chapter 3

Schrodinger operators

3.1 Introduction

In this chapter, we will introduce Schrodinger operators. In a narrow and informal sense, these are
operators given by a formal expression

— A+ V() (3.1.1)

acting on functions in L2(Q), where Q is a region in R?, A stands for the Laplacian and V(z)
for pointwise multiplication by a real-valued function V:  — R. Their name, and a part of the
motivation for their study, comes from quantum mechanics, in which they determine the time-
evolution of a particle confined to a region €2, moving in the external potential V.

In the introduction to Chapter 1, we pointed out several subtleties involved with defining the
Laplacian as an operator on L?(R™), and used them as motivation for our treatment of unbounded
operators. We will now make a full circle and use the framework presented in Chapter 1 to discuss
operators of the form (3.1.1).

In the examples in Section 1.5, we saw that questions of self-adjointness and spectrum of a
differential operator depend greatly on the domain and choices of boundary conditions. It is thus
not surprising that the one-dimensional case is much simpler than the general n-dimensional case,
as there are, in a sense, only two boundary points to worry about. We will therefore begin our

treatment with the one-dimensional case.

3.2 One-dimensional Schrodinger operators

In this section we will make sense of the formal expression 7% + V as a differential operator on
L?(I), where I is an interval, and we will see how choices of domain affect self-adjointness of H.

Let us start with an open interval I = (a,b) C R (a may be —oo; b may be +00) and a real-valued
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function V € Li (I). We want to define the formal expression

d2
H=—+V
dx2+

on functions f which have a sufficiently well-behaved weak first and second derivative that, for

example, integration by parts still holds. We thus restrict to elements of
ACE(T) = {f € ACioc(I) | [' € ACe(T)} (3.2.1)

The choice to restrict to ACy (1) is further backed by the following theorem, a standard result on

existence and uniqueness of solutions of differential equations.

Theorem 3.2.1. Let xo € I and z,a, f € C. If g € L\ (I), then there exists a unique f € ACE ()

loc loc

which is a solution of

—f"+(V—-2)f=g (3.2.2)

and has initial conditions

f(xo) =a, f'(zo) =2 (3.2.3)

Moreover, if V and g are L' in a neighborhood of a finite endpoint, then f and f' have finite limits
at that endpoint.

Thus, by varying «, 8 € C, we see the set of solutions to (3.2.2) is a two-dimensional vector

space.
Proof. Tt is a standard trick (and it is straightforward to check) that the differential equation (3.2.2)
together with initial conditions (3.2.3) is equivalent to an integral equation in terms of

ray= 1) aw - « Cvw=| !

f@)’ B+ [ a(y)dy Viy) -2z 0

known as the Volterra integral equation,

F@) =G0+ [ V)F@y (3.2.0)

0

so it suffices to prove that this integral equation has a unique solution. Fixing a compact interval

[c,d] C I, we define the operator A on the space of continuous functions from [c, d] to C?,

x

(AF)(z) = / 7 (y)F(y)dy

Zo
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and a simple induction argument establishes

(A F)a) < 1]

[ 17w (3.25)

(here we are using ||V|| € L'[e,d], which follows from V € L. ). With (3.2.5), iterating (3.2.4)

loc

implies that
F=) A"G (3.2.6)
n=0

Conversely, (3.2.6) defines a continuous function F' on [¢,d] by (3.2.5), and by a direct substitution,
this F solves (3.2.4). If a is a finite endpoint and V and g are L' up to the endpoint, the same proof

goes through with ¢ = a and produces a solution F' continuous at a. O

Moreover, since H is to be an operator on L?(I), we take the domain of H to be
D(H) ={f € L*(I) | f € AC{, (1), —f" + V[ € L*(I)} (32.7)

To determine the adjoint of H, using considerations similar to those in Example 1.5.2; one concludes
that H is densely defined, D(H*) C D(H) and H*f = Hf for f € D(H*). For f,g € D(H) and

a < ¢ < d < b, a double integration by parts gives

d
/ (gHf — Hgf)dx = Wa(g, f) — We(g, f) (3.2.8)

where for « € I, the Wronskian W,(g, f) is given by

Wa(g. f) = g(@)f () — g'(x) f () (3.2.9)

Since f,g,Hf,Hg € L?(I), Cauchy—Schwarz implies that gH f, Hgf € L*(I). Thus, dominated
convergence implies that (3.2.8) has finite limits as ¢ | a or d 1 b, so the Wronskian (3.2.9) has limits
as z | a or x T b. We will usually denote these limits simply by W,(g, f), Wi(g, f)-

Taking the limit of (3.2.8) as ¢ | a and d 1 b, we now have

(9, Hf) = (Hg, ) = Wi(7, f) = Wa(7, f) (3.2.10)

Remember that g € D(H*) if and only if the left-hand side of (3.2.10) is equal to 0 for all f € D(H),

so we can now describe D(H™*):

D(H*)={g € D(H) | W(g, f) —Wa(g,f) =0 Vfe€ D(H)} (3.2.11)

In some situations we may prefer to restate this in a different form. Note that for any f € D(H), one
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can find h € D(H) such that h(z) = f(x) in a neighborhood of @ and h(xz) = 0 in a neighborhood
of b. Applying (3.2.10) with h and f — h instead of f, we see that

DH*)={g € D(H) | Wa(g,f) =Wi(3,f) =0 VfeDH)} (3.2.12)

In the next section, we will continue this analysis, with the goal of describing all self-adjoint restric-

tions of H.

3.3 The limit point—limit circle alternative

Naive considerations might lead one to think that each of the conditions W, (g, f) = 0 and W, (g, f) =
0 restricts the set of g by setting conditions on behavior of g and ¢’ near a, so that D(H*) has
(complex) codimension 4 in D(H). It is in fact obvious that the codimension is at most 4, since
by the discussion of deficiency indices in Section 1.3 and by Theorem 3.2.1, the codimension is
dimKer(H — i) + dimKer(H + i) < 4. Further, complex conjugation is an isomorphism between

Ker(H — i) and Ker(H + i), so
dim Ker(H — i) + dim Ker(H + 1) € {0,2,4}

However, one or both of the Wronskian conditions may be satisfied identically so the codimension
may be less than 4, and in particular, D(H*) may even be equal to D(H). A celebrated result of
Weyl [79] describes this dichotomy and uses it to describe self-adjoint restrictions of H.

Definition 3.3.1. The operator H is limit point at an endpoint ¢ € {a, b} if and only if
We(f,9)=0, Vf,ge D(H) (3.3.1)

Otherwise, it is limit circle at c.

Note that (3.3.1) is a local condition around the endpoint, so this property depends only on
the behavior of V' in a neighborhood of the endpoint. However, we are about to relate it to self-
adjointness of H.

The following bilinear form will be important:
S(u,v) = Wy(u,v) — Wy(u,v) (3.3.2)

Theorem 3.3.1. (i) If H is limit point at both a and b, then H is self-adjoint.

(i) If H is limit point at exactly one endpoint, then all the self-adjoint restrictions of H are



54

described by

D(H,) ={f € D(H) | S(v, f) = 0} (3.3.3)

for some v € D(H)\ D(H*) such that S(v,v) = 0.

(i53) If H is limit circle at both endpoints, all the self-adjoint restrictions of H are described by

D(Huw) ={f € D(H) | S(u, f) = S(v, f) = 0} (3.34)

with u,v € D(H)\ D(H*) such that S(a,u) = S(a,v) = S(v,v) =0.

We see that if a is limit circle, the key are v € D(H) \ D(H™*) such that W, (7,v) = 0. To see
that such v exist, first let v be such that W,(v,-) is not identically 0. Then the same holds for Rev
or Im v, so we can pick v to be real-valued. However, for v real-valued, W, (v,v) = 0 is trivial.

Before we proceed to the proof, we will prove a simple lemma.

Lemma 3.3.2. (i) (Plicker identity) For all uy,uz,us,us € D(H), we have

W (w1, u2) W (us, ) — W (ur, uz) Wy (ug, wa) + W (w1, ua) Wy (u2, uz) = 0

(i) Let u,v € D(H) be such that Wy(u,v) # 0. Then for any f,g € D(H),

Wa(u,f):Wa(v,f):O g Wa(gaf)zo

Proof. (i) For = € I, this follows from the obvious

up(z) ug(z) wug(x) wug(x)
ui(z) up(z) ua(z) wylz)| _
u(z) ug(z) us(z) wa(z)
ui(z) uy(z) uz(z) uj(z)
and for x € {a, b}, it follows by taking the limit as « | a or x 1 b.
(ii) This is an immediate corollary of (i) applied to u,v, f, g. O

Proof of Theorem 3.3.1. We denote X = D(H)/D(H*) and we denote its elements by [u] = u +
D(H*). Note that X = X, ® X}, where

Xa = {lul | Wy(u, f) =0 Vf e D(H)}

Xb:{[u] | Wa(u, f) =0 vaD(H)}
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Clearly, if H is limit point at a, then dim X, = 0. If H is limit circle at a, we will show that dim X, =
2. Since H is limit circle at a, there exist u,v € D(H) with W, (u,v) # 0. Since W, (u,u) = 0, [u]
and [v] are linearly independent in X,, so dim X, > 2. For any h € X,, h = au + fv + f with
Wo(f,u) = Wy(f,v) =0, but then Lemma 3.3.2(ii) implies [f] = 0. Thus, dim X, = 2.

Analogous arguments apply to the endpoint b, so we conclude

0, if H is limit point at both endpoints
dim X = 42, if H is limit circle at exactly one endpoint
4, if H is limit circle at both endpoints

By (3.2.11), a bilinear form S: X x X — C is induced by (3.3.2),
S([ul, [v]) = S(u, v)

Note that by (3.2.11), for [u] # 0, S([u],-) is not identically 0, so S is a nondegenerate bilinear form.
We remind the reader that for such S, one can define orthogonality in the same way, and with much
the same properties, as one would if S was an inner product.

Any operator H with T(H*) ¢ T(H) c T'(H) is uniquely determined by its domain D(H), so by a
vector subspace U = D(H)/D(H*) C X. Note that its adjoint H* also has T'(H*) C T'(H*) C T'(H),
so corresponds to U* = D(H*)/D(H*) C X. By (3.2.10),

U* ={u|ue Ut}

with orthogonality provided by the sesquilinear form S. Clearly, H will be self-adjoint if and only if
U = U*. Thus, self-adjoint extensions of H are in 1-1 correspondence with subspaces U of X such

that dim U = dim X/2 and

Specializing this to the cases dim X = 0,2, 4 provides parts (i)—(iii) of the theorem. O

In the remainder of this section, we will present some criteria that can be used to determine
whether H is in the limit point or in the limit circle case at its endpoints. We start by introducing

regular endpoints.

Definition 3.3.2. We say that a is a regular endpoint of H if a is a finite endpoint (a # —o0) and

V € LY(a,c) for some c € I, and a singular endpoint otherwise, and similarly for b.

Informally speaking, regular endpoints are significant because they behave very much like interior

points of I. The following result will be a corollary of Theorem 3.2.1.
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Theorem 3.3.3. Let a be a regular endpoint of H. Then for every f € D(H), f and f' can be
continuously extended to {a} U I and are absolutely continuous on [a,d] for d € I. Thus, existence
and uniqueness of solutions of (3.2.2) with initial conditions (3.2.3) holds for xo = a. In particular,

H is limit circle at a.

Proof. Since f € D(H), we have g = —f" + V f € L*(I), so g € L?(a,a +¢) C L*(a,a + ¢€). Thus,
continuity of f, f/ at a follows from Theorem 3.2.1, and the proof of Theorem 3.2.1 is valid for z¢ = a.
Finally, note that since we can prescribe values of f, f’ at a arbitrarily, there exist f,g € D(H) with
fla)=1, f'(a) =0, g(a) =0, ¢’(a) =1, so Wo(f,g) = 1, proving that H is limit circle at a. O

Ezample 3.3.1. Let I = (0,400) and V = 0. The operator H = —% is limit circle at 0 and limit

point at co, and self-adjoint restrictions of H are parametrized by 6 € [0, 7) so that
D(Hy) ={f € D(H) | cos@f(0) +sin@f'(0) =0} (3.3.5)

Proof. By Theorem 3.3.3, H is limit circle at 0. To see that it is limit point at co, solve the equation

—f" —if = 0. Two linearly independent solutions are
fe(z) = exp(:l:efi“/zlx)

Since fi € L?(0,00) but f_ ¢ L?(0,00), we see that dim Ker(H — i) = 1, so by theorem 3.3.1, H is
limit point at oo.

An arbitrary self-adjoint restriction corresponds to a choice of v € D(H) with Wy(7,v) = 0 and
Wo(v,-) not identically 0.

By Theorem 3.3.3, for any v, f € D(H),

so we see Wy(v,-) is identically 0 if and only if v(0) = +'(0) = 0, and Wy(7,v) = 0 if and only if
v(0)v'(0) € R. By factoring out an irrelevant multiplicative constant from v, we can bring it to the

form v(0),2'(0) € R, v(0) +iv'(0) = e~ 6 € [0, ), which gives (3.3.5). O

Theorem 3.3.3 provides a sufficient condition for a Schrodinger operator to be limit circle at
a finite endpoint, but the condition is very strong. We will now present without proof some other
sufficient conditions for H to be limit point or limit circle at an endpoint. The conditions are different
for finite endpoints than for infinite endpoints, and since our later focus will be on Schrédinger
operators on a half-line I = (0,4+00), we will present the criteria for 0 and +o0o. The reader can

easily formulate the general case by translation and reflection of the real line.



o7

Theorem 3.3.4 (Kostenko—Sakhnovich-Teschl [39]). Let H = —A +V be a Schrédinger operator

on (0,1). Assume that for some | > —1,

with q real-valued such that

zq(z) € L*(0,1), ifl > -1
(1 —log(z))g(x) € L'(0,1), if I = —3

Then H is limit point at 0 if and only if | > % Forl e [—%, %), one possible choice of self-adjoint
boundary condition is

lmig)lxl((l +1)f(z) —xf'(z)) =0 (3.3.6)

If H is the restriction of H obtained by imposing the boundary condition (3.3.6) (if needed), the

spectrum of H is purely discrete and bounded from below.

Theorem 3.3.5. Let V € LL _(0,+00) and

loc

n+1
limsup/ |V (z)|dr < oo

n—oo

Then H is limit point at +oo.
Finally, we will need a result on preservation of essential spectrum.

Theorem 3.3.6. Let V € L{ (0, +00) and

n+1
lim |V (z)ldz =0 (3.3.7)

n—roo n

Assume further that H = —A 4V is regular at 0. Then oess(H) = [0, +00).

The proof relies on Weyl’s theorem and comparison with the free Schrédinger operator Hy given
in Example 3.3.1. However, applying it directly to H and Hy wouldn’t work, so one uses resolvents

and proves that R,(H) — R,(Hp) is compact when (3.3.7) holds. For details, see [72, Section 9.7].

3.4 Locating the a.c. spectrum

In this section we will present the subordinacy theory of Gilbert—Pearson [25], which describes the
a.c. spectrum in terms of the asymptotics of formal solutions of —u"” + Vu = Fu. We will also
define Priifer variables, which will be a very convenient tool in controlling the asymptotics of formal

solutions.
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As a first result, we present subordinacy theory for a Schrédinger operator with a regular end-

point.

Definition 3.4.1. Let H be regular at a. A solution of —u” + Vu = FEu is subordinate if for any
linearly independent solution v of the same equation,
o lu)Pdy

lim
zTb

Jo lo@)Pdy

Theorem 3.4.1 (Gilbert-Pearson). Let Hy be regular at a with boundary condition
cosOf(a)+sinff'(a) =0 (3.4.1)

Let N be the set of E € R for which there is no subordinate solution and let S be the set of E € R
for which there exists a subordinate solution u which satisfies the boundary condition (3.4.1). The

set N is a minimal support for the a.c. spectrum of Hy, i.e.

—5€SS

Oac(Hp) = N

and the set S is a support for the singular spectrum of Hy.

The next example revisits the self-adjoint realizations Hy of the free Laplacian on a half-line,

introduced in Example 3.3.1.

Ezxample 3.4.1. Using the notation from Example 3.3.1, Hyp has

Gac(Hy) = [0, +00) (3.4.2)

USC(HG) - (Z) (343)

o (H) = {—cot* 6}, 0 e (0,7/2) (3.44)
0, 0e{0}U[r/2,m)

Proof. For E > 0, —u” = Eu has solutions u = C cos(v/E z + ¢), so it is straightforward to see that
there are no subordinate solutions. Thus, (0,00) C N.
For E = 0, —u” = 0 has solutions © = A+ Bz, so u = 1 is a subordinate solution, which satisfies

the boundary condition (3.4.1) for 8 = 0. For E < 0, —u” = Fu has solutions
u= Aexp(vV—FEz)+ Bexp(—vV—Ex)

so a subordinate solution is u = exp(—v—E ). It satisfies the boundary condition (3.4.1) when
vV —FE = cot 6; note that this implies cot§ > 0, so 6 € (0,7/2).



99

Thus, for any 8, N = (0,00), which implies (3.4.2) by Theorem 3.4.1. To conclude (3.4.3) and
(3.4.4), note that by Theorem 3.4.1 and the previous considerations,

{0}, 6=0
Osing(Ho) = ¢ {— cot? 0}, 0 € (0,7/2)
0, 0€lr/2,m)

Since a single-element set cannot support continuous spectrum, this immediately implies (3.4.3).
Note that u = 1 is not an element of L?(0, o), so it is not an eigenvalue of Hy and opp(Hp) = 0. For

0 € (0,7/2), u = exp(— cot f x) is indeed an eigenvalue of Hy, so the proof of (3.4.4) is complete. O

The next result will abandon the restriction that one of the endpoints must be regular. Then

one may pick ¢ € (a,b) and define subordinate solutions as above, but with integration from c:

Definition 3.4.2. A nontrivial solution of —u"” + Vu = Eu is subordinate at a if for any linearly

independent solution v of the same equation,

f lu(y)|*dy

(3.4.5)
i INEOR

Analogously, it is subordinate at b if for any linearly independent solution v of the same equation,

f lu(y)|2dy

-0 3.4.6
T“’f [v(y)[2dy (3.46)

Theorem 3.4.2. For an endpoint ¢ € {a,b}, denote by N, the set of E € R for which there is no
subordinate solution at c. Denote by S the set of E € R for which there exists a solution which is

subordinate at both a and b. Then
Oac(H) = (Ng U Np)®®

and the singular spectrum of H is supported in S.

As our last topic in this section, we define Priifer variables. From now on, we will work on the
half-line I = (0,+00). Because we do not assume 0 is a regular point, we will set all our initial

conditions at an arbitrary ¢ € I. For E = n?/4 with 7 > 0 and a real-valued solution u(z) of

Hu = Fu (3.4.7)
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we define modified Priifer variables by

u'(z) = §nRy(x) cos(znz + 0, (x)) (3.4.8)

u(z) = Ry(z)sin(3nz + 6, (z)) (3.4.9)

The 27 ambiguity in 6,(z) is partly fixed by making 6, (z) continuous in x; there is still a 27
ambiguity in 6, (c), and any choice will be equally good for our analysis. Substituting into (3.4.7),
we obtain a system of first-order differential equations for log R,, and 6,,,

@,
dxr

V@)

V(x)
n

sin®(3nz + 0,(2)) (3.4.10)

% log R, (z) = sin(nz + 260, (x)) (3.4.11)
with initial values R, (c) > 0, 0,(c) € R. We have departed from the usual notation by parametrizing
inn= 2v/E rather than k = v/E. This will later make our notation more consistent with that used
for orthogonal polynomials. We have also made a non-standard modification to include %nx in
(3.4.8), (3.4.9). With this change, if V' = 0 in some interval, then 6, is constant in that interval by
(3.4.10).

It will be convenient to rewrite (3.4.10) and (3.4.11) in terms of complex exponentials, as

By _ V@) (1 _ gilnat20,@) _ -itnr420,0)]) (3.4.12)

dr
d 1% ;
o log R, (z) = Im(q(:)ez[nzﬂ%(z)]) (3.4.13)
The following simple lemma shows how Priifer variables can be used to prove nonexistence of

subordinate solutions.

Lemma 3.4.3. Assume that

x+1
Sup/ [V (y)ldy < oo (3.4.14)

If for E = n?/4 in some set S, R,(z) is bounded as x — oo for any initial conditions R,(c),
0, (c), then H has purely absolutely continuous spectrum on S and the spectral measure is mutually

absolutely continuous on S with the Lebesque measure.

Boundedness of R, (z) implies boundedness of all complex solutions of Hu = Ewu, and it is an
observation of Behncke [2] and Stolz [65] that (3.4.14) and boundedness of eigenfunctions allows
one to use subordinacy theory to imply the conclusions of the lemma. A different proof is due to

Simon [59].

Theorem 3.4.4. If V € L'(0,00), then oac(H) = [0,40), 0sc(H) =0 and opp(H) C (—o0,0].
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Proof. For n > 0, (3.4.13) implies

d 1

7 108 By (2)| < 5|V(93)|

so V € L(0, 00) implies that log R, (z) converges as  — 0o, so by Lemma 3.4.3, (0, 400) C No. By
Theorem 3.4.1, this implies [0, +00) C 0ac(H) and os(H) C (—o0,0]. However, note that dominated
convergence with V' as the dominating function implies that (3.3.7) holds, so by Theorem 3.3.6,

Oess = [0, +00), which completes the proof. O

3.5 Spherically symmetric Schrodinger operators

As we have mentioned before, for Schrédinger operators in more than one dimension the question
of self-adjointness and boundary conditions is much more subtle. We will focus on the case when
V(z) is a function of |z| alone and quote a result from Reed-Simon [50, Appendix to Section
X.1, Example 4]. This will be a decomposition theorem which, under certain conditions, reduces
spherically symmetric Schrodinger operators to a direct sum of half-line Schrédinger operators.

For j € Ny, we denote p; = j(j +n —2),

2j+n—2 (j+n—3 .
A = 0, izl
i=

1, j=0

(the values of A\; and p; are not computed in [50]; see Weidmann [77, p. 299] for the proof) and
operators

on L%(0,00). As we are about to see, we will only use (3.5.1) where they are limit point at both 0

and oo, so there is no need to specify boundary conditions.

Theorem 3.5.1. Let V € L2 _(R"™\ {0}) be a radial potential, V(z) = V(|z|). If

loc

Vir)+

(n=Dn=3)1

3
4 T 472
then —A+V is essentially self-adjoint on Cg°(R™\ {0}), all the H; given by (3.5.1) are essentially
self-adjoint on C§°(0,+00) and H = —A +V is unitarily equivalent to the direct sum of operators

H;, with H; repeated \; times.
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Chapter 4

(Generalized bounded variation
perturbations

4.1 History and motivation for the problem

In Chapters 2 and 3, we have introduced OPRL, OPUC, and Schrédinger operators on a half-line,
three systems which will now be of interest. In each of the systems, a free case has been singled out
(an =1, by, =0 for OPRL; o, = 0 for OPUC; V = 0 for Schrodinger operators). We will now focus
on objects which are, in some sense, close to the free case, and we will think of them as perturbations
around the free case. We wish to know what properties of the spectrum are preserved under certain
perturbations.

We have already seen some results of this kind. Theorems 2.2.3, 2.3.3 and 3.3.6 all tell us that with
decay of the perturbation at oo, the essential spectrum remains preserved. With a much stronger
condition, we can conclude more: Theorems 2.4.3, 2.5.4 and 3.4.4 tell us that an L! condition on the
perturbation implies preservation of purely a.c. spectrum in the interior of the essential spectrum.
We will now discuss results which fall between these two.

It is well known that bounded variation combined with decay of the perturbation implies preser-
vation of a.c. spectrum. Weidmann [77] proved the first result of this kind, for Schrédinger operators

(and, more generally, for Sturm-Liouville operators).

Theorem 4.1.1 (Weidmann). Let V' be a potential on [0, 00) which can be expressed as V = Vi +Va,
where Vy has bounded variation, lim Vj(x) =0 and Vo € L'(0,00). The corresponding Schridinger
Tr—r 00

operator H = —A+V has oac(H) = [0,00), 0sc(H) =0 and opp(H) C (—00,0].

The analogous results for OPRL and OPUC are due to Maté—Nevai [42] and Peherstorfer—
Steinbauer [47].

Theorem 4.1.2 (M&té-Nevai). Let a sequence {an,bn}52 of Jacobi coefficients be such that a, —
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1,6, — 0, and

[e.] o0
Z|Cbn+1 —ap| + Z'bn-i-l —bp| < 00
n=1 n=1

The corresponding measure dp = fdx + dps is purely absolutely continuous on (—2,2) and f(x) is

continuous and strictly positive on (—2,2).

Theorem 4.1.3 (Peherstorfer-Steinbauer). If a sequence of Verblunsky coefficients {omn 52, has
bounded variation and lim «, = 0, then the corresponding measure dp = w(ew)% + dug is purely
n—oo

absolutely continuous on D \ {1} and w(e®) is continuous and strictly positive on 0D \ {1}.
Rotating a measure on JdD by an angle ¢ gives an immediate corollary of Theorem 4.1.3.

Corollary 4.1.4. If a sequence of Verblunsky coefficients {a,}52, obeys

o0

Z\ewanﬂ — | < o0 (4.1.1)

n=0

and lim «, =0, then the corresponding measure dy = 10(6“9)%4—604S is purely absolutely continuous
n—oo

on OD\ {€'?} and w(e') is continuous and strictly positive on OD \ {e'®}.
It is thus natural to think of (4.1.1) as a kind of rotated bounded variation condition and to
wonder what happens if a,, is a linear combination of such sequences. We will give a name to this

property, which will be central to our results.

Definition 4.1.1. A sequence 8 = {5,}22 (N can be finite or —oo) has rotated bounded variation

with phase ¢ if

Z €% Bry1 — Bn| < 00 (4.1.2)
n=N
A sequence a = {a,, }>°  has generalized bounded variation with the set of phases A = {¢1,..., ¢},

L < o0, if it can be expressed as a sum

L

an =y B (4.1.3)
1=1
such that the I-th sequence S) has rotated bounded variation with phase ¢;.
The set of sequences having generalized bounded variation with the set of phases A will be
denoted GBV (A) or, with a slight abuse of notation, GBV (¢1,...,¢r). In particular, GBV (¢) is

the set of sequences with rotated bounded variation with phase ¢.

Our results will use this notion of generalized bounded variation as the central assumption. An

OPUC result of Wong [80], which uses this assumption, was the primary motivation for our work.
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Theorem 4.1.5 (Wong). Let a = {a,}22 be a sequence of Verblunsky coefficients corresponding
to du = w(eie)% + dus. Let o have generalized bounded variation with the set of phases A, and let
a € (2. The measure p is then purely absolutely continuous on 9D \ {e | n € A} and w(e') is

continuous and strictly positive on D\ {e" | n € A}.

The original paper [80] assumes S) € ¢2 for all B) in the decomposition (4.1.3), instead of
assuming o € (2. However, this seemingly weaker condition is in fact equivalent to a € ¢ by
Lemma 4.3.1 below. Our OPUC result will be a generalization of Theorem 4.1.5 which substitutes
the ¢2 assumption by an ¢? assumption, for any p < co.

For an example of a sequence with rotated bounded variation with phase ¢, take
Bn = e_i(n¢+a)Bn

where {B,}>° v is any sequence of bounded variation; the first example that comes to mind is
B,, = n77. Generalized bounded variation may seem like an unnatural condition for real-valued
sequences, but by combining rotated bounded variation with phases ¢ and —¢, one gets

einota)  ptilndte)  cog(ng + )

=+ =
n”Yy n”Y n”y

Trivially, any ¢' sequence has rotated bounded variation with any phase ¢. It follows from these

observations that a linear combination

nk

K
V, = Zka + W, >0, {W,}el (4.1.4)
k=1

has generalized bounded variation with the set of phases {£¢1, £da,..., ok }.
Discrete Schrodinger operators with potentials of the form (4.1.4) have been studied; the 2 case
follows from a result of Kiselev—Last—Simon [38, Theorem 3.3], and a recent result of Janas—Simonov

[32] goes beyond ¢

Theorem 4.1.6 (Janas—Simonov). Let a measure dp = fdx + dps have Jacobi parameters a, = 1
and
cos(ng + a)

bn = A
ny

+ W,

with v > & and {W,} € ('. The measure dp is then purely absolutely continuous on (—2,2) \

{£2cos ¢, +2cos(¢/2)} with f continuous and strictly positive on that set.

Potentials of the form (4.1.4) are known as Wigner—von Neumann potentials because of work of

Wigner and von Neumann [76] in which they constructed a Schrédinger operator on (0, +00) whose
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potential has the asymptotic behavior

V(z)=-8 . +0(xz7?), z— o0 (4.1.5)

with the peculiar property that the Schrodinger operator —A+V has an eigenvalue at +1 embedded
in the a.c. spectrum [0, +00). More information on this example can be found in [52, Section XIII.13].

In the Schrédinger operator literature, Wigner—von Neumann potentials

K
V)= /\kmw;+ak) FW(@), >0, W) el (4.1.6)
k=1
have been the subject of much research. For example, Reed—Simon [51, Section XI.8] analyze (4.1.6)
in the case v, = 1, W(x) = O(x~17¢); Ben-Artzi-Devinatz [3] analyze (4.1.6) in the case K = 1,
71 > 3, W(z) = O(z7'7¢), as well as the more general V() = a cos(¢z®)/x7 + W (x) in some range
of a,7. A result of Harris-Lutz [28] (with a different proof by Kiselev—Last—Simon [38, Theorem
3.2]) settles the spectral analysis in the L? case.

Theorem 4.1.7 (Harris—Lutz). If V is of the form (4.1.6) with vy > %, then the spectral measure

of H=—A 4V is purely absolutely continuous on
¢2
(0,00)\{Zk ‘ 1§k§K}

We now define the notion of generalized bounded variation condition for functions. This notion
is very much analogous to the condition for sequences, but with one difference: any ¢! sequence has
bounded variation, but L' functions do not necessarily have bounded variation. Since we want to

allow presence of an L' term, we adjust the definition to explicitly allow it.

Definition 4.1.2. A function S: (0,400) — C has rotated bounded variation with phase ¢ if
€’?*3(x) has bounded variation. A function V: (0,+00) — C has generalized bounded variation

with the set of phases A = {¢1,...,¢5} if it can be expressed as a sum

L
V(z) =Y Biz)+ W(x) (4.1.7)
=1

such that the I-th function 3; has rotated bounded variation with phase ¢; and W (z) € L*(xq, +00).
The set of functions having generalized bounded variation with the set of phases A will be denoted

by GBV(A) or GBV((bl, ceey ¢L)

The results mentioned above are just the ones that directly motivated our research, but there
are many other related results. For example, Stolz [66] takes d to be the forward difference operator

(02),, = Tpy1 — T, and analyzes Jacobi matrices with a,, = 1 and §7b € 083 for 1 < j < k, showing
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that a.c. spectrum persists precisely on the interval [—2 + limsup b, 2 + liminf b,). In another
n—oco n—oo

direction, one can relax the bounded variation condition to an ¢? condition on g-variation, namely

Yo lZntq — zn]? < 0. Work by Denisov [15], extended by Kaluzhny—Shamis [36], has shown that

this kind of perturbation with x,, — 0 preserves the a.c. spectrum of periodic Jacobi operators.

All the results discussed so far concern perturbation of the free operator by generalized bounded
variation. For perturbations of other operators, the situation is more complicated. For instance,
in contrast to Weidmann’s theorem, Last [40] has shown that for some classes of potentials Vp,
perturbing the discrete Schrodinger operator —A + Vg by a perturbation V' of bounded variation
can destroy a.c. spectrum.

As communicated to us by Yoram Last, this problem can also be motivated in a different way:
let V;, = AW, with A, > 0 monotone decaying to 0, and let H be given by (4.2.3). For different
classes of potentials W, what kind of decay do we need to ensure preservation of a.c. spectrum? If
{An} is periodic, the method of Golinskii-Nevai [26] shows that any such {),} suffices. For W from
a large class of random potentials, Kiselev—Last—Simon [38] have shown that {\,} € £? is needed.
For almost periodic potentials W which are trigonometric polynomials, we will provide an answer

in Corollary 4.2.4.

4.2 New results

We now state the results that form the core of this thesis. The statements will use the concept of
generalized bounded variation from Definitions 4.1.1 and 4.1.2.

Our first result is about orthogonal polynomials on the unit circle.

Theorem 4.2.1. Let du = w(ew)% + dus be a probability measure on 0D with infinite support and

{an}5% its Verblunsky coefficients. Assume that
{an}ilo € P NGBV (A)
for a positive odd integer p = 2q + 1 and a finite set A C R. Let S be the finite set

S={e"|ne@A+ - +A)—(A+ -+ A} (4.2.1)

q times g—1 times

Then
(i) supp pus C S and, in particular, du has no singular continuous part;
(ii) w(e™) is continuous and strictly positive on D \ S.

The second theorem is the analogous result for orthogonal polynomials on the real line.
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Theorem 4.2.2. Let dp = f(x)dx+dps be a probability measure on the real line with infinite support
and finite moments and {an, by 152, its Jacobi coefficients. Let p be a positive integer, A C R a finite

set of phases, and make one of these sets of assumptions:
1° {ap — 1}521, {bn}72y € P NGBV (4A)
2° {an — 11521, {bu}72, € NGBV (A)

Denote A= AU{0} in case 1° and A= (A+ A)U AU {0} in case 2°, and let S be the finite set

S ={2cos(n/2) | ne Ad ot fl} (4.2.2)

p—1 times
Then
(i) supp ps N (—2,2) C S and, in particular, dp has no singular continuous part;
(i) f(x) is continuous and strictly positive on (—2,2)\ S.

Remark 4.2.1. As we will see later, since recursion coefficients are in ¢, all their constituent sequences
of rotated bounded variation are in ¢P. However, if some of these constituent sequences have faster
decay, this can be used to reduce the set S. Namely, a phase ¢1 + -+ + dp — Pr+1 — -+ — Pkt
must only be included in (4.2.1) or (4.2.2) if the pointwise product of the corresponding sequences,
{57(11) s @@BT(LICH) e By(,k+l)}7 is not in #'. The proofs of Theorems 4.2.1 and 4.2.2 in this text can

be easily modified to show this.

Remark 4.2.2. By Lemma 4.3.2(vi) shown later in this text,
{a, —1}2°, € GBV(A) = {a? —1}2, € GBV((A+ A)U A)

Also, {a, — 1}, € (P implies {a2 — 1}2°, € (P. Thus, with the replacement of the set A by
(A+ A)U A, case 1° of Theorem 4.2.2 implies case 2°. For that reason, in the remainder of the
text we will only discuss case 1° of Theorem 4.2.2. Case 2° was provided only because, to a spectral

theorist, it seems like a more natural condition.

Remark 4.2.3. If a sequence {83, } has rotated g-bounded variation, i.e. Y"|e*® B, — Bn| < 00, then
it also has generalized bounded variation by Lemma 4.3.1(ii), so our results trivially extend to such

sequences.

Theorem 4.2.2 can be viewed in the special case a,, = 1, where it becomes a result on discrete
Schrodinger operators on a half-line. Using a standard pasting argument, this also implies a result

for discrete Schrodinger operators on a line.
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Corollary 4.2.3. Let
(Hx)p = Tpi1 + VoZn + 2n1 (4.2.3)

be a discrete Schrodinger operator on a half-line or line (with an arbitrary boundary condition if on

a half-line), with {V,,} in ¢P with generalized bounded variation with set of phases A. Then
(1) dac(H) = [-2,2]
(ii) osc(H) =0

(iil) opp(H) N (—2,2) is a finite set,

opp(H) N (~2,2) C {2cos(n/2) ‘ e IU(A T A)}
k=1

k times

This corollary applies in particular to linear combinations of Wigner—von Neumann potentials
(4.1.4).

We single out the following case because it can be seen through the lens of almost periodic
potentials. Namely, it shows that for a large class of almost periodic potentials, multiplying them

by ¢P decay with any p < oo recovers the a.c. spectrum of the free operator.

Corollary 4.2.4. Let
(Hz)p = Tpi1 + X Woon + Tp1 (4.2.4)

be a discrete Schridinger operator on a half-line or line with {\,} € P of bounded variation (with
p < o0) and W a trigonometric polynomial,
L
W, = Z a; cos(2mayn + @)
1=1

Then with A = {£27aq, ..., £2ra}, all conclusions of Corollary 4.2.3 hold.

Finally, we have results for Schrédinger operators. Our first result concerns Schrodinger operators

on a half-line with potentials of generalized bounded variation at infinity.

Theorem 4.2.5. Let H= —A +V be a Schridinger operator on (0,00) with V € L (0,00) such
that

(1) V: (1,00) = R has generalized bounded variation with an even set of phases A, i.e.

L
V(z) =Y Biz) + W(x) (4.2.5)
=1

where B3, has rotated bounded variation with phase ¢, € A and W € L*(1,00);
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(2) Bi € LP for some p € [1,00) independent of I;

(3) the operator —A 4+ V', seen as a Schriodinger operator on the interval (0,1), has purely discrete

spectrum.
Then the spectrum of H is described by
(1) oac(H) = [0,00)
(ii) osc(H) =0

(111) opp(H) N (0,00) is a finite set,

opp(H) N (0,00) C {2—2 } nepLj(A—k--'—kA)}
k=1 y

k times

Note that assumption (3) is satisfied under very mild asymptotic conditions for V' around 0, for
example those in Theorem 3.3.4.

For a spherically symmetric potential V(|z|) on R™, we saw in Section 3.5 that under certain
conditions H = —A 4+ V can be decomposed as a direct sum of half-line potentials

(n— 1)(n—3)) 1

Hy = -A+V(@)+ (+ -

where 11; = j(j +n — 2). Note that

(n—1)(n—3)\ 1 1
(,uj + f)? € L (1,00)
so this term doesn’t affect the generalized bounded variation condition. Therefore, as long as the
decomposition into half-line operators holds and the half-line operators obey the condition (3) of
Theorem 4.2.5 at the origin, we will have a description of the spectrum of the spherically symmetric
operator.

The remainder of this chapter is dedicated to proofs of Theorems 4.2.1, 4.2.2, and 4.2.5.

4.3 Proof of Theorems 4.2.1 and 4.2.2

In this section, we will present a proof of Theorems 4.2.1 and 4.2.2. We start by discussing some
properties of sequences of generalized bounded variation in Subsection 1. Subsection 2 will set up
the framework for both OPRL and OPUC in a unified way, which will enable us to present a shared
proof of the two theorems. In Subsections 3 and 4 we present proofs of the two theorems in the ¢2

and ¢2 cases, building up the tools for the general proof in Subsections 5 and 6.
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4.3.1 Sequences of generalized bounded variation

In this subsection we describe some properties of sequences of rotated and generalized bounded
variation. Most importantly, we prove that if a sequence is of generalized bounded variation and is

in some P space, then all the constituent sequences are also in (7.

Lemma 4.3.1. (i) Let « € GBV (¢4, ...,¢1), with decomposition (4.1.3) into sequences of rotated

bounded variation. Then for any 1 < p < o0,

aclr = W .. gL cyr

(ii) If Z|ei¢o¢n+q — ap| < 0o, then a € GBV(%, % + %’T, ce % + 2(q*l)w).
n

Proof. (i) We will prove (1) € ¢P; the proof for any B() is analogous. Let T be the shift operator
on sequences, defined by Tz = {z,41}22 y for z = {2,}52 5. In terms of T, the condition (4.1.2)

can be rewritten as

(T — 1)1 e ¢t (4.3.1)

Note that for any 1 < ¢ < 00, z € 7 implies Tz € £9; thus, for an arbitrary polynomial P(T),
zell = P(T)zel? (4.3.2)

Now let Q(T) = []/_,(e"'T — 1). By (4.3.2) with ¢ = 1, (4.3.1) implies Q(T)3% € ¢! for | # 1.
Meanwhile, « € ¢? and (4.3.2) imply Q(T)« € ¢P. Thus, applying Q(T) to (4.1.3) gives

L

QT)BY =Q(T)a =Y QT)BY e (4.3.3)

=2

Since the ¢; are mutually distinct, Q(T') is coprime with e?**1T—1, so there exist complex polynomials
U(T),V(T) such that
1=U(D)Q(T) + V(T)(e"'T - 1)

Thus, applying U(T) to (4.3.3) and V(T) to (¢!*T — 1)) € ¢! and adding the two, we obtain
OSN3

(ii) Let Ri(T) = (T4 — 1)/ (e @+2km/aT — 1) for 0 < k < ¢ — 1. Since there exist complex
polynomials U (T') with 1 = Z;(l) Ri(T)U(T), by defining %) = Ry(T)U(T)a one gets the
required representation o = ZZ;(I) B with (ei(@+2km)/ap — 1)3k) ¢ o1, O

Remark 4.3.1. If a sequence « is of generalized bounded variation, uniqueness of the representation
(4.1.3) is of some interest. Clearly, we can freely add ¢! sequences to BW’s, as long as the sum of

those sequences cancels out in . By doing so, we can eliminate any extraneous () which are in ¢*.
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Conversely, if we find a different representation «, = Zﬁ}(ﬁ), then subtracting it from the
representation (4.1.3) and applying Lemma 4.3.1 with p = 1, we see that to each 3 ¢ ¢' there

corresponds a unique B*) with the same phase, such that their difference is an ¢! sequence.

The following lemma describes some properties of sequences of generalized bounded variation.
In particular, it shows that real sequences of generalized bounded variation have, in essence, an even

set of phases and a symmetric representation with respect to complex conjugation.

Lemma 4.3.2. Let ¢, € R, A, B,C C R, and 8 = {8.}52 N, v = {W}5oy (with N finite)

complex sequences. Then

(i) If B € GBV(¢), then B is bounded.

(i) If B € GBV(¢), v € GBV (1), then {Buvn}2 y € GBV (¢ + 1)).
(ili) If 8 € GBV(B), v € GBV(C), then {Buyn}>y € GBV (B + C).
(iv) If B € GBV(B), v € GBV(C), then {By + 1}y € GBV(BUC).
(v) If B € GBV(B), then 3 € GBV(—B).
(vi) If {an — 1352, € GBV(A), then {a2 — 1}, € GBV((A+ A) U A).

(vii) If v € GBV(A) with z,, € R, then x admits a representation

€Tr =
l

(5(1) + B(l))

L
=1

with B € GBV(¢y), such that ¢, € A and for every B ¢ (', the corresponding ¢ is in
—A+277.

Proof. (i) follows from the triangle inequality,
n—1
|Bn| S |61N¢BN| + Z |el(m+1)¢ﬁm+l - ezm¢>ﬂm|
m=N
< 1Bnl+ D 1€ Bmsr = Bl
m=N

(ii) follows from the triangle inequality and part (i),

|€i(¢+w)ﬂn+l7n+l - Bn'}/n’ < |6i¢7n+1(ei¢ﬁn+l - Bn)| + |5n(6iw7n+1 - ’Yn)|

< lloo €7 Bns1 = Bu| + 1Bllso |€Yn41 —

after summing over n.
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(iii) is proved by decomposing 8 and + into sequences of rotated bounded variation and applying
(ii).

(iv) and (v) follow directly from Definition 4.1.1.

(vi) follows from (iii) and (iv), using a2 — 1 = (a,, — 1)? + 2(a,, — 1).

(vii) Taking an arbitrary representation of z and averaging it with its complex conjugate produces

the desired form. Since = Z, the other claim follows from (v) and Remark 4.3.1. O

4.3.2 Equisummability

In this subsection, we restate the problem in terms of Priifer variables. We will be able to restate the
problem for both OPRL and OPUC in a unified way, which will enable us to prove both theorems

at once in the remainder of the section. Define a constant c,

0, for OPUC
c= (4.3.4)

1, for OPRL

9

With Priifer variables as defined in Sections 2.4 and 2.5, (2.4.5) and (2.5.4) can be written in a

unified way as

= —1 1 20,
Trt i(0,40-0,) _ L = COn = Qne” DT

4.3.5
Tn \/(l—can)(l—c@n) — a0, ( )
Taking the absolute value of this equation, or dividing it by its complex conjugate, we get
Tni1 _ 11 — aellntn+260a] _ g | (4.3.6)
Tn V(1= can)(1 = cay) — anan
_ & e~ tn+)n+20,] _
eQi(0n+1_9'rz) — 1 ane [( )17 ] can (4.3.7)

1 — ay,efln+1)n+26.] _ cq,

For OPRL, by decomposing a2 — 1 and b,, into sequences of rotated bounded variation, a, ()

can be written as

L
an(n) =>_ hi(n)BP (4.3.8)
=1

where 8% has rotated bounded variation with phase ¢; and hi(n) are continuous non-vanishing
functions on (0, 27). In fact, hy(n) are either 1/(e™ — 1) or €"/2/(e™ — 1), depending on whether
the corresponding %) was a part of {a2 —1}°2, or {b,}22,. Further, if {a2 —1}52,, {b,}22, € 7,
then () € 7 by Lemma 4.3.1.

Note that unlike in OPUC, an arbitrary choice of sequences ) € ¢» N GBV(¢;) wouldn’t
correspond via (4.3.8) to a valid set of Jacobi parameters; rather, by Lemma 4.3.2(vii), up to an ¢!

term, for each 3%, its complex conjugate is also one of the sequences in (4.3.8).
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Thus, for both OPUC and OPRL, the sequence a(n) can be written as

L

an(n) =>_ hu(n)BY (4.3.9)

=1

where B has rotated bounded variation with phase ¢;, 3 € P and hi(n) are continuous non-

vanishing functions away from A; + 277, with

0, for OPUC
A = (4.3.10)

{0}, for OPRL
For a given set of phases, A, we will now define sets A, with p a positive integer. Let
Ay =AU A (4.3.11)
Let ¢ = [(p — 1)/2] (the smallest integer not smaller than (p — 1)/2) and

(A+---+A) —(A+---+ A), for OPUC

Ap _ q times g—1 times (4312)
Ay oot Ay, for OPRL
D e

p—1 times

For OPRL, note that Lemma 4.3.2(vii) implies A = — A, and that 0 € As, so the set A, contains all
elements of

(At A) —(A+---+ A

3 times j times

forany i > 1, j > 0 and ¢ + j < p. For OPUC, it only contains those with i = j + 1.
Definition 4.3.1. Let B C R be a finite set. We define equisummability away from B, a binary
relation ~p on the set of sequences parametrized by n € R, by: u,(n) ~p v,(n) if and only if
oo
> (un(n) = va(n))
n=0
converges uniformly (but not necessarily absolutely) in n € I for intervals I with dist(I, B+27Z) > 0.
We can now state a unified criterion for Theorems 4.2.1 and 4.2.2. We will need to reparametrize

Priifer variables: for OPUC, we will consider them as parameters of 1 instead of z = € and for

OPRL, we will consider them parameters of 7 instead of x = 2 cos(n/2).

Lemma 4.3.3. Assume that all the assumptions of either Theorem 4.2.1 or 4.2.2 hold.
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(i) If

Tnt1(n)

) A 0 (4.3.13)

then all the conclusions of the corresponding theorem hold.

(ii) It is not possible to have logr,(n) converge uniformly to £oo for n in some interval I C R.

Note that this lemma is just a restatement of Lemmas 2.4.2 and 2.5.3.

4.3.3 Proof in the /? case

In this subsection, we present a proof of (4.3.13) in the £% case. We focus on this case in order to
motivate elements of the proof of the general case and, in particular, a key lemma. We remind the
reader that for OPUC, the ¢? case has already been proved by Wong [80].

Taking the log of (4.3.6) and expanding to linear order in «,,, we get

log Tn+1 — _Re anei[(n+1)n+20n] + O(|an|2)
Tn

In the £2 case O(Jay|?) ~a, 0, so using (4.3.9),

Tn

L
log L 4 —Re S~ () BVt D200 (4.3.14)
=1

Now we need a way to control terms of the form f(n)[, el +D7+20]  with {T',} of rotated
bounded variation with phase ¢. But first we must take care of some prerequisites. We will need
the function

1 1 4

_ ot
x(n) = —m_1- 373 cot 5 (4.3.15)

Taylor expansions of (4.3.7) will turn out to be important: taking the k-th power of (4.3.7) and

expanding in powers of a,, we have
o2ki(Ont1—0n) _ 1 — Py (on, ei[(n+1)n+29n]) + O(Jan|h (4.3.16)
where

Pk’l(an7ei[(n+1)n+20n]) — Z ((_1>v (k+u—1) (k) [anei[(n+1)n+29n] + cdn]u

u v
u,v>0
O<u+v<l

% [O_Znefi[(n+1)n+29n] + can]”) (4.3.17)

The first part of the following lemma will give us a way of passing from a sequence of the form
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F() el tn+20n] 6 4 faster decaying sequence, but at a cost of a multiplicative factor with
possibly finitely many singularities. These singularities exactly correspond to the points where we
can’t rule out existence of a pure point. The main idea of the proof is that for n away from ¢, the
exponential factor e in this sequence helps average out parts of it when partial sums are taken.
The second part of the lemma uses the ¢ condition and shows that it is allowed to replace an

2ik(0

appearance of e n+1=0n) _ 1 by its Taylor polynomial Py of a sufficient power.

Lemma 4.3.4. Let k € Z and ¢ € [0,27), with k and ¢ not both equal to 0. Let B C R be a finite
set and f: R\ (B + 27Z) — C be a continuous function such that g(n) = f(n)x(kn — @) is also
continuous on R\ (B + 27Z) (removable singularities in g are allowed).

If {T',,} has rotated bounded variation with phase ¢ and Ty, — 0, then

f(n)Fneik[(n+1)77+29n] ~p g(n)rneik[(n+1)n+29n] (6211@(9”“79”) _ 1) (4.3.18)

In particular, let Ty = ¥ .. g B B with ¢ = ¢y + -+ + dp, — b1y — -+ — ¢u,. If all
BU) e P and A, C B, then

f(n)rneik[(n+1)n+2en] ~p g(n)Fneik[("H)”He”]Pk,pfsft(an,ei[(”+1)"+29"]) (4.3.19)

Proof. Start by substituting f(n) = g(n) (e **1=9) — 1),

f(n)I‘ne““[(”“)"*ze"] _ g(n)(e—i(kn—qb) o 1)1—\neik[(n+1)77+29n]

_ 9(77) (eizﬁl—wneik[nn+29n] 7 Fneik[(n+1)n+26’”]) (4320)

and note that g(n) is bounded on intervals I with dist(Z, B + 27Z) > 0.

For a sequence z,,(n) which converges to 0 uniformly in 7 away from B + 27Z,

uniformly in 7, s0 2,(n) ~p Tny1(n). Taking z,,(n) = €T, e M1+20] gives
ei¢rneik[nn+29n] ~pg ei¢rn+16ik[(n+l)7}+29"+1] (4321)
Meanwhile, the rotated bounded variation condition for I',, implies

ei¢Fn+1eik[(n+1)n+29n+1] ~p T, ekl 1)n+267 1] (4.3.22)

Applying (4.3.21) and then (4.3.22) to the first term of the right-hand side of (4.3.20) proves (4.3.18).
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To prove (4.3.19), use Lemma 4.3.2(ii),(v) to note that I" has rotated bounded variation with
phase ¢. Using (4.3.9) and continuity of h;(n) away from A;, on an interval I with dist(I, Ay +27Z) >

0 we have

L
o] < C1 Y [BY) (4.3.23)

=1

for some constant Cj. Since A() are bounded sequences, ap(n) is uniformly bounded for n € I.

Thus, (4.3.16) implies
|€2ki(0n+179n) _1_ Pk,p—s—t(am 6i[(n+1)n+20n])| < 02|O[n|pfsft
Combining this with (4.3.23) and T, = g ... g¢=)g{) ... 3 and using BY) € (7, we get
g(n)Tetkl(n+1n+26] (€2ki(0n+179n) —1=Prpsit(am, 6i[(n+1)n+2en])) ~p 0

Subtracting this from (4.3.18) gives (4.3.19) and completes the proof. O

Using this lemma, we can finish the proof for the ¢? case. Notice that the factor x(n — ¢;) is
continuous away from ¢; € As, and that h;(n) are continuous away from A; C As. Also, from

(4.3.17) or (4.3.7), (4.3.16) we have e2(9n+1=0n) _ 1 = O(|a,|), i.e. P11 =0, so by Lemma 4.3.4,
hl(n)ﬁg)ei[(n-&-l)n-&-%n] ~a, 0 (4.3.24)

Summing this over ! and combining into (4.3.14) finally gives

log ~24 ~a, 0

n

which completes the proof.

4.3.4 Proof in the /3 case

In this subsection, we present the proof in the ¢3 case to provide further motivation for the general
proof. Beyond £2, Lemma 4.3.4 needs to be used iteratively, and the 3 case illustrates the difficulties
encountered in performing this iterative procedure.

Taking the log of (4.3.6) and expanding in powers of a;,, then using O(|a,|?) ~4, 0 implies

log Tntl ~A, Re(—anei[("H)"He"’} — %a%e%[(”ﬂ)”“e’*] — capay et TN20] 4 %andn) (4.3.25)

As in the £? case, we now want to apply Lemma 4.3.4 to parts of this expression. We begin with

the first-order term in a,. In the £2 case, using (4.3.9) to break up a, and using Lemma 4.3.4 gave
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(4.3.24). However, applying the same lemma in the ¢3 case, we need P 5 instead of P 1, since terms

quadratic in the sequences ) cannot be automatically discarded. Thus, instead of (4.3.24) we get

( )ﬁ z[(n+1 n+26,] ~A, hl( ) (77 ¢l)6(l i[(n+1)n+26,, ]( cay, + cay,

_ @ne—i[(n+1)ﬂ+29n] + anei[("+1)n+29n]) (4.3.26)

Note that all terms on the right-hand side contain a ﬂy(f) and an «, or &,, so we have obtained a
faster decaying expression in n, although at the cost of a singularity at n = ¢;.

Summing (4.3.26) over [ and inserting into (4.3.25), and using (4.3.9) to replace «,, everywhere,

we have
, L
log = ~a, Re > (Xim + Yimm + Zim + Tiom) (4.3.27)
n l,m=1
where

Xin = = (5 + X1 = &) a () hom () B B 2+ Dt20n] (4.3.28)
Yim = (3 +x(n— ¢z))hz(n)ﬁm(n)ﬂ£”5£m) (4.3.29)
Zim = ex(n = @) hu(n)hm () B B Lt D20m] (4.3.30)
Ty = —c(1 4 x(0 = ¢1)) hu () (1) BD BE 0 1)17200] (4.3.31)

We proceed by applying Lemma 4.3.4 to these expressions.
For OPRL, since singularities of x(n — ¢; — ¢,,) and x(n — ¢ + ¢,,) are inside As, applying

Lemma 4.3.4 we get

Zim ~, 0 (4.3.32)

n,m ~As 0 (4333)

The same formulas hold for OPUC, but for a different reason: ¢ = 0 implies that Z; ,, = Tj ,,, = 0,
so (4.3.32) and (4.3.33) are trivial. This is why for OPUC, ¢; + ¢, and ¢; — ¢, don’t need to be
included into As.

For Xj ,,, Lemma 4.3.4 gives a multiplicative factor x(2n — ¢; — ¢y,,), which has singularities at
N = (¢ + ¢m)/2 + wZ. These points are not in As, so it might seem that we will have to apply

Lemma 4.3.4 with a set greater than As. We are saved by the observation

(L4 x(n—d1) + x(n — b)) x (20 — d1 — dm) = X(n — d1)X (1 — ) (4.3.34)
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which is straightforward to check from (4.3.15). Thus, applying Lemma 4.3.4 to Xj ., + X1, the
points 7 = (¢; + ¢m)/2 + 7Z are just removable singularities in (4.3.34) and we get

Xl,m + Xm,l ~ Ay 0 (4335)

Since (4.3.27) contains a sum over all [, m, this is sufficient for our purposes. Combining terms with
different permutations of the same indices will also be used in the general case, to avoid unnecessarily
expanding the set of critical points. Indeed, Subsection 4.3.5 generalizes the observation (4.3.34) to
the general case.

If ¢1 # dm, X(dm — ¢1) is just a finite constant so Lemma 4.3.4 can be applied to Y; ., to give

Yz,m ~A, 0 (lf (rbl 7é ¢m) (4336)

Combining (4.3.32), (4.3.33), (4.3.35) and (4.3.36) into (4.3.27), we have

7ﬂnJrl
I ~4. R Yim 4.3.37
0g — — r~a; Re E I, ( )

1<l,m<L
P1=¢m

Lemma 4.3.4 is not applicable to the remaining Y;,,’s, but we are again saved by an observation

that
Re(3 +x(n—:)) =0 (4.3.38)

Because of this, when ¢; = ¢,

Yim = _(% +x(n — ¢z))7bl(n)hm(n)55f)5ﬁbm) ==Y
so Re(Yi,m + Y1) = 0 and (4.3.37) becomes

log L w40 (4.3.39)

n

which completes the proof.
In the proof above the observation (4.3.38) was crucial. To try to arrive at a more illuminating

proof, we will focus on OPUC (where hj(n) = 1) and assume that instead of (4.3.37) we have, more

generally,
Tn+1 >(m
log === ~4, Re > fmBY B (4.3.40)
1<l,m<L
P1=Pm

We will now show that Re fi(n) = 0 for all [ and 5 by proving that the converse leads to a contra-
diction with Lemma 4.3.3(ii).
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Assume Re fi (1) # 0 for some k and 79. Let

e~ [(n 4 2)1/2 for [ =k
BY = fln2) (4.3.41)

0 else

We have suppressed all 8() with [ # k. We have chosen n+2 in order to make all |B£Lk)\ < 1; note that
this makes o, = ,(lk) an allowed choice of Verblunsky coefficients, corresponding by Verblunsky’s
theorem to a unique probability measure on the unit circle.

With the choice (4.3.41), (4.3.40) becomes

log r:“ ~as Re fr(n)/(n+2) (4.3.42)

n

Since the harmonic series is divergent and Re fi(n) is continuous in 7, depending on the sign of

Re fr(no), summing (4.3.42) in n gives
log ry,(n) — £o0

uniformly in a neighborhood of ny. However, this is a contradiction with Lemma 4.3.3(ii). Thus,
Re fi(n) = 0, so (4.3.40) becomes (4.3.39), which completes this alternative proof for OPUC. This
method can be applied to OPRL as well, with one extra difficulty: 8()’s are not independent there,
so in constructing counterexamples we have to be more careful than (4.3.41). Indeed, instead of
relying on observations of the type (4.3.38), this will be the method we will apply to the general ¢?

case in Subsection 4.3.6.

4.3.5 Narrowing the set of exceptional points

In the previous subsection, if we hadn’t made the observation (4.3.34) telling us that n = w +7Z
are removable singularities, we would have only proved equisummability away from a larger set of
points, and we would have had a weaker result on the set of possible pure points. In this subsection,
we generalize that observation to #P. In the /P case, iterations of Lemma 4.3.4 give multiplicative

factors of the form ' _
i J
(=S om+ D2 0n)
a=1 b=1

with k£ < i and 74+ j < p. Such a factor has singularities at

i J
n= ;(Z G = Y %) + %%Z (4.3.43)
a=1 b=1
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Surprisingly, with a more careful analysis shown in this subsection, all the singularities corresponding
to k > 2 will turn into removable singularities where needed, so they don’t have to be included into
Ap.

The analysis that follows is quite technical, but the reader not interested in this aspect of the
results may skip to the next subsection and replace the set A, by a greater (but still finite) set,
containing all elements of the form (4.3.43) with k < ¢ and ¢ + j < p.

First let us set some conventions and definitions. We will use the Kronecker symbol §,, which is

1 if n = 0 and 0 otherwise. Note that

I

> Gi ki (k) = 01—k (4.3.44)
1=0

We will use the combinatorial convention for binomial coefficients, i.e.

n! i
<”) ) motm f0sksn (4.3.45)

0 else

Two identities will be useful: for I, m,n > 0,

kzl;) <T’Z) (l ilk) N (m ;r n) (4.3.46)

!
k -k l 1
Z(m—f— ><n+ ):<+m+n—‘,1- ) (4.3.47)
o n m+n+
(4.3.46) is just Vandermonde’s identity. The more obscure (4.3.47) has a combinatorial proof, by

double-counting the number of subsets of {1,...,l +n 4+ m + 1} with exactly m 4+ n + 1 elements:

observe that the number of such subsets whose (m + 1)-st smallest element is m + k + 1 is exactly
(m+k) (n+l—k) .

We also need a kind of symmetrized product of functions:
Definition 4.3.2. For a function p; ; of 1 4+ I 4+ J variables and a function gx  of 1 + K + L
variables, we define their symmetric product as a function prj © g, of 1 + (I + K) + (J + L)

variables by

(pr,7 ©ar,L) (77§ {%‘}fif{, {y;

J+L\ _

bir) = I+ EK)Y J+L 2. Tor
cESI+K
TES 4L

with §,, the symmetric group in n elements and

To.r = 01,0 (1 {%e ) Hets e o) @ (0 {zo M2 {v-) 20 )
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It is straightforward to see that ® is commutative and associative.
Assuming we are in the ¢P case, we have O(|a,|P) ~4, 0, so expanding the log of (4.3.6) in

powers of «, gives

r , K
log vl ~4, —Re Z 7K-1+L (KI'(*L) (anel[("“)”“e"]) (cain)™
"'n K,L>0
0<K~+L<p
K+l _ N
+3 Y (B (can + can) (1= Pandn) (4.3.48)
k,1>0
0<k+2l<p

Note that this is of the form

log 7”7;+1 ~a, Re Z {1,0K.L ol @ Kl +1)n+26n] L (4.3.49)

n 1,J,K,L>0
I+J<p

where &7 5 k1 are constants. For K > 0 only the first sum in (4.3.48) contributes to &r,7 k1 and

we read off their values,

&rKkL =0r—-K0J—1L

1 K+ L
K+ L K

) (for K > 0) (4.3.50)

(the values for K = 0 will turn out to be of no importance to us).

Our method is to substitute a,, using (4.3.9) and apply Lemma 4.3.4 to terms of the form

I ,
F) TT e )BS) TT (e, (m)B0) el Dme2ond & (4.3.51)
i=1 j=1
in increasing order of I + J. Note that this term will occur in all possible permutations of k1, ..., ks
and of [1,...,1s, so we can average in those terms before applying Lemma 4.3.4. After such averaging,

the function f(n) in the term (4.3.51) is of the form

fI,J,K,L(n;(bku"'a¢k1;¢ll7"' )¢l])

and the corresponding g(7n) constructed by Lemma 4.3.4 is

I J
91,JK,L = X(Kﬂ - Z Pr, + Z ¢lj> JruK.L (4.3.52)
j=1

i=1

All terms we encounter have I, J, K, L > 0, so we define

f17J7K7L = gLJ,K,L = 0 unless I, J, K, L Z O (4353)
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Note that fr s k.1 and g j i, are well-defined functions of 1+ I 4 J parameters, and that they are
symmetric in the I parameters ¢, and also in the J parameters ¢;,. Our goal is precisely to show
that gr j 1 has its singularities only at points of the form (4.3.43) with k£ = 1. To do this, we will
first establish a recurrence relation for these functions.

Any contribution to f; j k1 is either & jx,r from the starting expression (4.3.49) or comes
from an earlier term as g, ;x,; multiplied by a constant from the Taylor expansion Pj,_,—; of
e?k(Ont1=0n) _ 1. Starting from (4.3.17) and expanding, we have

R D VI (S i G R CUTERIEY
a,B,7,6>0

0<a+pB+v+d<i

" (an)a+5(an)ﬁﬂ(ei[(”“)’?”en])a‘”c‘”‘s) (4.3.54)

From (4.3.54) we read off the value of the constant multiplying g, ; ., and matching the powers of
Oy G, €1FNH200] and ¢ weget =1 +a+6,J=j+B+~v, K=k+a—~, L=1+3+6.
Since fr k.1 is then symmetrized in the appropriate variables, every product of g, ;x: by a

constant becomes a symmetric product, so

froge =oKLY, WKaprs© I-a-5i—p—ryK+y—aL-p-s (4.3.55)

a,3,7,620
a+B+y+8>1

with wi o 3,5 & constant function of 1+ (a + 0) + (8 + ) variables,

wicayve = (=1 (TN (T3 (AN 0F0) (4.3.56)

(this is the constant from (4.3.54), with the replacement k = K+~ — «). By the convention (4.3.45),
the right-hand side of (4.3.56) is 0 unless K > 1 and a, 8,7,6 > 0.

We have found the desired recursion relation in the form of (4.3.55). Note that (4.3.52), (4.3.53)
and (4.3.55) determine the f; jx,r and gr s k1 uniquely.

Since wg 0,0,0,0 = 1, it is convenient to define
hr.gx,0 = fr,0r,0+ 91,0K,L (4.3.57)
and rewrite (4.3.55) as

hrorr=~E&nskL+ Z WK, ,8,7,6 © 9I—a—68,J—B—~,K+y—a,L—B—6 (4.3.58)
a,B,7,6>0
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Note that (4.3.57) and (4.3.52) imply

I J
hr kL = 91,0,K,L exp(—i(Kn - Z Ok, + Z ¢l,~)> (4.3.59)
i=1 =1

It will be useful to introduce a rescaled version of functions introduced so far.

Define Qk 3,4, as a function of 1+ (a+ &) + (8 + ) variables,

Qo ps = (D) (R ) (2 ) (4.3.60)

By (4.3.45), this is equal to 0 unless K > 1 and «, 3,7,6 > 0.

Define Z; ; k.1, as a function of 1 4 I + J variables equal to

Erax.n =06 ("FT (4.3.61)

By (4.3.45), this is equal to O unless = K > 1 and J =L > 0.
It is straightforward to check

(K +7 = a)Qk.0,67.6 = KWk 0,87, (4.3.62)
ErakL =Kk (4.3.63)
so if we define
Grix,L=Kgrik 1L (4.3.64)
Hrjxr=Khr kL (4.3.65)

then multiplying (4.3.58) and (4.3.59) by K gives

Hroxt =Er0xp+ Y Qasns © Croas—f—v,K4y-a,L-5-3 (4.3.66)
a,B,7,620
I J
Hrykr=GrikL GXP(—i (Kn— Z br, + Z ¢5zj)> (4.3.67)
i=1 j=1

We are striving to prove the identity

G]“LK’L Hfo<k< K
Z Gijkt ©Gr—ig—jK—kL—1= (4.3.68)

1,5,0>0 0 else

Comparing with the ¢3 case, the observation (4.3.34) is a special case of this identity, namely,
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G2,020 = G1,0,1,0 © G101,0 (since Go,0,1,0 = 0 is easily computed from the recurrence relations).

The following lemma proves identity (4.3.68) and uses it to describe nonremovable singularities

of fr.7kx,r and gr i 1. It also analyzes the case L = 0 in particular, since this is the only case that

matters for OPUC (¢ = 0 means that (4.3.51) vanishes for L > 0).
Lemma 4.3.5. For I,J, K, L.k, A, B,C,D € Z, the following are true:

(i) For0 <k < K,
L

I
E g E Hijkd ©Br—iJ—j K—k,L—1 = BI,J,K,L
0

J
i=0 j=0 (=0

(ii) For0 <k < K,

WE

a=0 b=0 c=0

QK —k,A—a,B-b,C—c,D—d @ Qe,ap.c,d = 0K, A,B,C,D

Y
Il

0

(iii)) Fork>1,

(4.3.69)

(4.3.70)

Z Eigkt © Gr—ig—j,K—k L1 = Z Qo6 © Gr1—a—67—p— K+y—a,L—p—s (4.3.71)

1,5,0>0 a,B,7,62>0
a>vy+k

(iv) (4.3.68) holds for all I,J, K,L € Z.

(v) Nonremovable singularities of fr j .1 are of the form (4.3.43) withk =1 andi+j <1+ J.

(vi) Nonremovable singularities of g1,5.x.1 are of the form (4.3.43) with k=1 andi+j <I+J.

(vii) Nonremovable singularities of fr.j ko are of the form (4.3.43) withk=i—j=1andi+j <

I+J.

(viil) Nonremovable singularities of gr j k0 are of the form (4.3.43) withk=i—j=1andi+j <

I+J.

Proof. (i) First note that both sides of (4.3.69) are zero unless I, J,L > 0. If I, J,L > 0, using the

definition (4.3.61), (4.3.69) follows from a double application of (4.3.44) to resolve the sums in ¢ and

4, and (4.3.47) to resolve the sum in .

(ii) First note that both sides of (4.3.70) are zero unless A, B,C,D > 0. If A, B,C, D > 0, using
the definition (4.3.60), the left-hand side of (4.3.70) becomes a product of a sum in indices a and d

and a sum in b and c.

For the sum in a and d, we introduce a change of indices to x = a+d instead of d. The summand



85

is 0 outside the limits of summation, so including some extra terms doesn’t alter the sum, thus

A D A+D =z
D0 (b AT G (5 = X0 X GERE) (R G ()
a=0 d=0 =0 a=0

A+D

_ § : A+D)
A+D w w A

after a double application of (4.3.46), first to compute the sum in a, and then the sum in x.
In the sum over b and ¢, we introduce a change of indices to y = b + ¢ instead of ¢. Analogously

to the previous sum, since the summand is 0 outside the limits of summation,

B C B+C y
2o (TSI (ST (R () = 20 X (TREST T RS (R ()
b=0 c=0 yzo b:O
B+C
= 30 R () ()
y=0
= ("TRITTH(E)

where we have used (4.3.46) to compute the sum in b, then (4.3.47) to compute the sum in y.
Multiplying the two sums completes the proof of (4.3.70).
(iii) By (4.3.61), Z; jx,; is only nonzero if ¢ = k and j = I, so the left-hand side of (4.3.71)
becomes just a sum over I,

E Bkl ©Grop, j—1,K—k,L—1
1>0

By (4.3.60), Qk.a.5,~.6 has (a+5) as one of the factors, so it can only be nonzero if a+d < k. Coupled
with o > v+ k and v, > 0, this gives a = k, v = d = 0, so the right-hand side of (4.3.71) becomes

Z Q18,00 © Gr—k,J—8,K—k,L—8
B>0

k+/3—1)

The proof is completed by Zx g1.5 = (“17]

= Qg %,8,0,0-

(iv) If £ < 0, then G k1 = kgijki = 0 by definition, and analogously, for K — k < 0,
Gr—i,g—jx—k -1 =0. For 0 < k < K, we prove (4.3.68) by complete induction on I + J.

Both sides are 0 if I + J < 0, which provides the basis of induction. Assume that (4.3.68) holds

when I +J < M. For I +J = M, start from

Z Hi et ©Hr i g—jK—kL—1 (4.3.72)
1,5,0>0
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and use (4.3.66) to replace H; jx; and Hr—; j—j k—k —1- That gives four sums, one of terms of the
form Z® Z, two of the form 2@ Q2 ® G and one of the form Q©Q© G G. Use (4.3.69) to compute
the sum of = ® =, use (4.3.71) to replace the sums of = ©® Q2 ® G by sums of 2 ® Q ® G, and use
the inductive assumption to replace the sum of Q© Q2 ® G ® G by a sum of 2 ® Q2 © G (this will be
possible for all terms except Qx _£,0,0,0,0 © 2k,0,0,0,0 © Gr1,5,K,1 because for that term I + J is not
less than M). Finally, using (4.3.70) to replace the sum of Q ®Q ® G by a sum of Q ® G and using
(4.3.67) to combine terms, we conclude that (4.3.72) is equal to

Hrirxro—Griokrn+ Z Gkt © Greig—j K—k,L—1 (4.3.73)
0,720

HOWGVGI‘, applying (4367) to HI7J7K7L, Hi,j,k,h HI_LJ_]',K_]{;?L_[, one gets

>ijuzo Higkg © Hi—ig—jx—kr—1  Hyjpp

2150 Gigkd © Greiyg—j, K —k,L—1 - GrikL (4.3.74)
From (4.3.72)=(4.3.73) and (4.3.74), we conclude that (4.3.68) holds for our choice of I,J, K, L,
which completes the inductive step.

We prove (v) and (vi) simultaneously by induction on I + J.

If (vi) holds for I + J < M: by (4.3.55), singularities of fr sk, come from a g, ;r; with
i+j<I+J,so(v)then holds for I +J < M.

If (v) holds for I+ J < M: by applying (4.3.68) K — 1 times, gr s k,1 can be written as a sum of
K-fold products of g; j1, with i4j < I'+J. Thus, all its nonremovable singularities are singularities
of a g; ;1 with i + j < I+ J. By (4.3.52), those can only be of the form (4.3.43) with k = 1 or
coming from f; ;1. Thus, (vi) holds for I +J < M.

For (vii) and (viii), note that in the L = 0 case (4.3.55) becomes

froxo=2¢&0K0+ Z WEK,0,0,7,0 © 9I—a,J—~, K +7—a,0 (4.3.75)

a,v>0
at+y>1

where &;,7 k.0 = 07—k 0. Induction on (4.3.75) using (4.3.52) then shows that fr jx,0 = gr,5,k0 =0
unless I — J = K. With this observation in mind, the proof of (vii) and (viii) is analogous to the

proof of (v) and (vi) above, using (4.3.75) instead of (4.3.55). O

For OPRL, if we are in the ¥ case, we encounter functions fr ;i1 and gr j k1 with I +J <p.
Lemma 4.3.5(v),(vi) implies that all of their nonremovable singularities are of the form (4.3.43)
with k = 1 and ¢ + j < p. All such points are in the set A, given by (4.3.12), so all iterations of
Lemma 4.3.4 can be performed away from A,.

For OPUC, since ¢ = 0, terms with L > 0 vanish. For terms with L = 0, Lemma 4.3.5(vii), (viii)
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implies that all nonremovable singularities of fr s ko and g;, k0 are of the form (4.3.43) with
k=1i—j7=1and i+ j <p. All such points are in the set A, given by (4.3.12), so all iterations of

Lemma 4.3.4 can be performed away from A,.

4.3.6 Proof in the general case

In this subsection, we complete the proofs of Theorems 4.2.1 and 4.2.2 in the general /P case. As
hinted before, the key idea will be to use Lemma 4.3.3(ii); we will be able to prove that if log r,, didn’t
converge as desired, it would be possible to construct a set of recursion coefficients (corresponding
to a measure) for which it diverged uniformly on an interval, contradicting Lemma 4.3.3(ii).

As explained in the previous section, the first step in the proof is to start with (4.3.48) and
iteratively apply Lemma 4.3.4 to terms of the form

~

J

IR SAURCIN R (I H ()BY) H (n)BYs))e Kl nt1nt20n] L
i=1 j=1
in increasing order of I 4+ J. In the previous section, we have seen that the only singularities we will
encounter in these iterations are in A,.
Lemma 4.3.4 can be applied to a term unless K = 0 and ¢ € 277, so after the iterative procedure,

what remains is a sum of such terms,

10gT ~A, RGZ(fIJOL i { bk, Hors 1o} ] 1 H (hi, (m)BS)) H cL> (4.3.76)

i=1 j=1

with the sum going over (I 4+ J)-tuples (k1,...,kr,l1,...,l;) with

Gry + A Op, —l, — - — P, =0 (4.3.77)

and I +J <p.

At this point, a change of notation will be useful. Our proof in this section will rely on construct-
ing counterexamples, and for that it would be useful to be able to construct A()’s independently.
For OPUC this is true, but for OPRL, by Lemma 4.3.2(vii), 3()’s come in complex-conjugate pairs:
for every () there is a f%) = (). For each such pair, let us keep only one of the two sequences,

say B, and replace %) everywhere by 5(). This is equivalent to replacing (4.3.9) by

y
= (B + B (4.3.78)

Notice that the right-hand side of (4.3.76) is the real part of a polynomial in 572” and By(ll), with
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coefficients continuous in 7. Denoting this polynomial by @, (4.3.76) becomes

Tn = —
log =% ~a, Re QU AV ... AL BV, BD) (4.3.79)

We now make the claim that the right-hand side vanishes identically.

Lemma 4.3.6. For alln ¢ A, +27Z and all z1,. ..,z € C,
ReQ(n;21,...,205%1,...,21) =0 (4.3.80)

Proof. The proof will proceed by contradiction. Split ¢ into a sum of homogeneous polynomials
Q1,-..,Qp—1 with deg @y = k. If the claim of the lemma is false, then there exists a smallest k£ such

that Re @}, does not vanish identically, and a choice of g, 21, . .., 2, such that

ReQr(no;21,---y20;21,--.,21) # 0

Since ) depends only on the values of p, the phases ¢1,...,¢r, and hi(n),...,hr(n), but not on

B,(Abl ), we are free to make a choice for T(Ll). Let

e~ =1/ ®=1)  for n > n,
. (4.3.81)

0, for n < ng

Note that () € £» NGBV (¢;). Through (4.3.78), this choice of () corresponds to a sequence of
recursion coefficients, if we choose ng large enough that the recursion coefficients are in the allowed
range (Ja,| < 1 for OPUC, a2 — 1 > —1 for OPRL). By Verblunsky’s or Stieltjes’ theorem, (4.3.81)
then corresponds to a probability measure on the unit circle or real line. Thus, (4.3.79) holds for
the choice (4.3.81).

k

For every monomial AY) ... g0 3{) ... 37) in @, the condition (4.3.77) is satisfied, so the

factors e~ cancel out completely in ), and substituting (4.3.81) into (4.3.79) gives

p—1
lOg r:+1 ~Ap Z Re Ql(na 2153 ZL3 2Ly - -, ZL) n—l/(p—l) (4382)
" 1=1
Summing (4.3.82) in n, the nonzero term with ! = k dominates the sum, and since the sum

> n~k/®=1) is divergent, this implies that logr, converges to +co or —oo (depending on the

sign of Re Q) uniformly in 1 on a neighborhood of 7. By Lemma 4.3.3(ii), this is a contradiction,
so (4.3.80) holds. O

By Lemma 4.3.6, (4.3.79) becomes (4.3.13). By Lemma 4.3.3(ii), this completes the proof of
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Theorems 4.2.1 and 4.2.2.

4.4 Proof of Theorem 4.2.5

In this section, we will present the proof of Theorem 4.2.5. The proof relies on the same ideas seen in
the previous section, and will go through similar steps, but will not rely on facts from that section.

We begin by discussing some relevant properties of functions of generalized bounded variation in
Subsection 1. Subsection 2 will reduce the proof of the theorem to an iterative procedure, Subsection

3 will prove some functional identities, and Subsection 4 will complete the proof.

4.4.1 Functions of generalized bounded variation

In this section we describe some properties of functions of rotated and generalized bounded variation.
In particular, we show that real functions of generalized bounded variation have, in essence, an even

set of phases and a symmetric representation with respect to complex conjugation.

Lemma 4.4.1. Let ¢,7p € R, let A,B,C C R be finite sets, and f(x), v(x) functions on (0,00).
Then

(i) If B(x) has rotated bounded variation, then B(x) is bounded.

(ii) If B(x) and ~(x) have rotated bounded variation with phases ¢ and 1), respectively, then
B(xz)vy(x) has rotated bounded variation with phase ¢ + 1.

(iii) If B(x) € GBV(B), v(x) € GBV(C), then B(z)v(xz) € GBV (B + C).
(iv) If B(z) € GBV(B), v(x) € GBV(C), then f(x) +v(z) € GBV(BUCQC).
(v) If B(x) € GBV(B), then B(x) € GBV(-B).
Proof. For a function 8 of bounded variation, we will denote by V() its total variation,
n—1
VB)= sup > |Bxr1) — Bla)l (4.4.1)
neN =1
21 <2< <Tnp

It is a standard fact that functions of bounded variation are bounded, since for any z,

16(x)] < [B(zo)| + [B(x) — B(xo)| < [B(x0)| +V(B)

This carries over trivially to functions of rotated bounded variation, proving (i).
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For functions 3, v of bounded variation,

1Bw)v(y) — Bx)v(=)| < [v(m)(B(y) — Bx))| + |B(x)(v(y) — v(x))|
< Voo [B(y) = B@)| + 1Bllso |7(y) = ()]

Applying this to = x, and y = xx41 and using in combination with (4.4.1) gives

V(B7) < vllee V(B) + [1Bllee V(7)

The result extends trivially to sequences of rotated bounded variation, proving (ii).
(iii) follows from (ii) with the observation that products of a bounded sequence and an L!
sequence are bounded.

(iv) and (v) follow directly from Definition 4.1.2. O

As a final bit of preparation, we remind the reader that our potential V' has the decomposition

(4.2.5), i.e.

L
V(z) =Y Biz) + W(x) (4.4.2)
=1

where (; has rotated bounded variation with phase ¢, € A, 8; € L? for some p € [1, 00), xlgrgo Bi(x) =
0, and W € L'(1,00). It will be useful to make some adjustments to the breakup (4.4.2).

Since V is real-valued, by taking the average of (4.4.2) and its complex conjugate, we may assume
that for any /3 in the sum (4.4.2), there is an £, in the sum with £, = ;.

It will be useful to adjust the breakup in (4.4.2) so that 3 € C'. That this is possible is an
observation made by Weidmann [77] when proving Theorem 4.1.1. The proof we present is from

Simon [58].

Lemma 4.4.2. If V(z) is of the form (4.4.2), with B;, W as described there, the breakup can be

adjusted so that, in addition to assumptions stated there, $; € C1(1,00) and
d iprx 1
%(e Bi(z)) € L'(1,00) (4.4.3)

Proof. By linearity, it suffices to prove this fact for L = 1, and by multiplying by e~ *?*, it suffices
to prove it when S = (; has bounded variation. Since every function of bounded variation is the
linear combination of four bounded real-valued increasing functions, by linearity it suffices to prove
it when [ is an increasing function.

In addition, we extend § to a function on R, with S(y) = 1961?116(1‘) for y < 1. Picking j €
C§°(—1,1) with § > 0 and [|j||1 = 1, we define B = j*fB. We will show that replacing 3 by /3
in the decomposition (4.4.2) and absorbing 5 — £ into W (z) fulfills all the requirements. Then by
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dominated convergence,

iy BW) = B) _ /j(y_t) —I@ 1) gyt

y—=T Y — X y—z

= /j’(x —t)B(t)dt = (5" * B)(z) (4.4.4)

exists for all z so 3 is differentiable. Moreover, since j is nonnegative and B(x) is an increasing
function, J is also increasing and § > 0. Since B(z) has finite limits as © — £o0o, dominated

convergence implies

lim B(z)= lim j)B(x —t)dt = lim B(x)

z—+o0 z—+oo 1 z—+oo

which proves that 3’ € L* with ||#|ly = 8(z)|7 = V(B). If § is in L, then by Hélder’s inequality,

— 00

Bl < ( / 11 OLE t>|dt)p < < / 11j<t>dt>p1 ( / 11j(t)|6(rc t>|pdt) </ lljmw(x -

so integrating in x, we see 3 € L with |5, < [|8]l,-

Since [ is increasing, it has an at most countable set B of points of discontinuity, and there
exists a positive Stieltjes measure p such that 8(x) = p([z, 00)) for © ¢ B. Moreover, p is finite and
u(R) = V(B). Finally, for x ¢ B, since suppj C [-1,1], 7 > 0, and [|j|; =1,

B(z) = B(x)| = |7 * B)(x) — p([z, 00))| < [1j(t)lu([x —t,00)) — pl[z, 00))|dt < p([x — 1,2 +1))

and integrating in z, since B is at most countable, we get 5 — 8 € L' with |3 — 8|, <2V(3). O

Note that by taking j with support in [—e¢, €] instead of [—1,1] in the previous proof, one can
make 3 — f8 arbitrarily small in L'-norm. Moreover, by iterating the argument (4.4.4), one can

conclude 3 € C*.

4.4.2 Reducing the proof to an iterative procedure

In this subsection, we reduce the problem to a criterion in terms of Priifer variables (defined in
Section 3.4), and establish a lemma that will be used iteratively in the proof.

For a given set of phases A, we will now define sets A, for p € N. Let

Ay, = ! (A+---+A4) (4.4.5)
glﬁ_/

k times
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Since A = —A, the set A, contains all elements of

(At -+ A) = (At---+ A

3 times 7 times

foranyi>1,7>0and i+ j <p.

Definition 4.4.1. Let B C (0,+00) be a finite set. We define a binary relation ~p on the set of
functions parametrized by n € (0, 4+00) by: u,(x) ~p vy(z) if and only if

M

Mlinioo : (un(x) — vy(z)) da

converges uniformly (but not necessarily absolutely) in 7 € I for compact intervals I C (0, +00)

with dist(I, B) > 0.
With this notation, if we are in the LP case, our goal will be to show that for any initial condition
R,(1) =R® >0, 6,(1) =0 R,

d
e log Ry (x) ~a, 0 (4.4.6)

Denoting
2
n
s={T [nea}

by Lemma 3.4.3, (4.4.6) implies absence of subordinate solutions for E € (0,00) \ S at infinity, so
by Theorem 3.4.2, o..(H) D [0,400) and o5(H) N [0,00) C S. Our Schrédinger operator restricted
to (0,1) has no essential spectrum, and restricted to (1,00) has essential spectrum [0, 00) by The-
orem 3.3.6, so Theorem 3.4.2 implies that on (0,00), oess(H) = [0,00), which then implies all the
claims of Theorem 4.2.5.

The fact that convergence is uniform in 7 is actually not needed, but will come automatically
with the proof. Even more, the proof below actually shows that convergence is uniform in initial
conditions R® and 09 as well.

In proving (4.4.6), we will rely on the two recurrence equations (3.4.12), (3.4.13), which we repeat

for convenience:

do,  V(x) ila+26,(2)] _ ,—ilna+26, ()]
d _ (.f) i[nz+20,(x)]
—log R, (x) = Im(in e : ) (4.4.8)

Finally, V has the decomposition (4.4.2) and by Lemma 4.4.2, we assume that 8, € C! and
d%(ei‘mzﬂl(x)) e L
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Comparing (4.4.6) and (4.4.8), we are motivated to find a way to control expressions of the form
f(n)D(x)eln=+202(@)] - The following lemma will give us a way of passing from expressions of the
form f(n)T(x)e®M=+20n(@)] | € 7, to expressions with faster decay at infinity, but at the cost of a
multiplicative factor with a possible singularity in 7. These singularities will correspond to elements
of A,, which our method will have to avoid. The main idea of the proof is that for n away from ¢,

the exponential factor e** in this function helps average out parts of it when integrals are taken.

Lemma 4.4.3. Let k € Z and ¢ € R, with k and ¢ not both equal to 0. Let B C R be a finite set
and f: (0,400) \ B — C be a continuous function such that

f(n)
g(n) = —2k 4.4.9
(n) = ~2k 20 (1.49)
is also continuous on (0,400) \ B (removable singularities in g are allowed).
(i) If T € L*(1,00), then
F(n)T(z)ekie+20m @1 oo (4.4.10)
(i) If T € C1(1,00), & (e"*T(z)) € L*(1,00) and lim I'(z) =0, then
T—r00
FT (@) 2] ey g )T () ehiln+200 ) 220 (44.11)

It might seem extraneous to explicitly require that both f and g be continuous; however, we want
the lemma to cover both the case k # 0, when f can be computed from (4.4.9) and is continuous if

g is, and the case k =0, ¢ # 0, when g = 0 and we want to allow f to be any continuous function.

Proof. (i) Since |k ne+20n(@)]| = 1,

M
fim [ D@20
1

M — o0

exists by dominated convergence and convergence is uniform since f is bounded on compact subsets
of (0,+00) \ B.
(ii) Let v(z) = e!**T'(x) and h(n) = f(n)/(kn — ¢). By the product rule,
d

o [h<n),y(x)ei[(kn—¢)w+2k9n(x)] _ h(n)’}/(l’)ei[(kn_¢)w+2k9n(7¢)]

+ ih(n)y(z)eln=9)z+2k0n @) | py g 4 21{2& (4.4.12)
x

Note that h is continuous on (0, 400)\ B, by continuity of g for k # 0 and by continuity of f for k =0

and ¢ # 0. Thus, h is bounded on compact subsets of (0, +00) \ B and together with ILm ~v(x) =0,

this implies that h(n)y(z)e!l(F1=#)e+2k0n(2)] converges to 0 uniformly in 7 away from B as 2 — oo.



94

Boundedness of h away from B together with 4/ € L(1,00) implies
h(n),y/(x)ei[(kn—d))m—i-Qan(ac)] ~g 0
Thus, taking the integral flM dzx of (4.4.12) and taking the limit as M — oo gives
i(kn—)w+2Kk0, ()] g
A (@)e "Ny — 64+ 2k ] s 0

which can be rewritten as (4.4.11) since f(n) = (kn — ¢)h(n) and g(n) = —2kh(n). O

We now present the proof in the L? case, as a warmup for the general case. By (4.4.8) and

(4.4.2),

iloan(x) :Im< Viz ) ilnz+20, (r)]>

dx n
1 L
Ll il 20, 4 jpy i[nz+2en<z>])
-
L
_ 1 ( Z [nw+2en(z>]d9n>
1 - ¢z dx
L
(Z V ()€l 200 (1 _ gilne+26,(2)] _ez‘[nmen(m)])) (4.4.13)
=1

where for the third line we applied Lemma 4.4.3 to each term separately and for the fourth we used
(4.4.7). Using (4.4.2) again, we see that the right-hand side is a finite sum of two kinds of terms:
those with S;(x)W (x) and those with 3;(z)Bx(x). Since B is bounded, §;(z)W (z) € L*(1,0), and
since B, B € L?, BiBr € L*(1,00). Also note that the factors in 7 are continuous away from the ¢;.
Thus, by Lemma 4.4.3(i),

?7127727’25 B (@)W ()il +20 (@) (1 _ ilna+20,2)) _ e—i[nr+29n(r)])> .t 0
— @

L 2k ilnz+26, (z)] inz+20,(2)] . —ilna+26, ()]
7751(@51@@)6 " @1 — eftmet2in @l gmilnet20n(@l) ) 4y 0
nen—o

and summing those into (4.4.13) proves (4.4.6), as desired.

The proof above worked because we were able to replace terms with 8; by terms with 5;W and
B1Bk, at which point we could use the L? condition to control 5;8;. To go beyond L2, we will need
to apply Lemma 4.4.3 iteratively, until we get products of p of the f;’s. After every application of
Lemma 4.4.3, all the terms containing W will be L' and so ~ 4, 0, and we will be left with terms

with products of Si’s, with one more § than we started with. Using also the form of (4.4.7), we
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notice that we will only have terms of the form

Fr(ms dgys o 05)B, () - By () HEn 2K ()] (4.4.14)
with I > 1, 0 < K < I. Since terms of this form will occur with all permutations of ji,...,j;, we
can agree to average in all of those terms, so that f; x will be periodic in ¢;,,..., ¢;,.

When we apply Lemma 4.4.3(ii) to such a term, the appropriate gy x will be

2K
gk {eit_y) = _mfl,l((ni {pi}i_1) (4.4.15)
From (4.4.8) we read off
. J— 6K71 —
fre(mid1) = ot I=1 (4.4.16)

and by writing out which gr_;  affect fr x and remembering our convention to symmetrize in the

¢, we obtain a recurrence relation in f7 x and g7 x,

K+1

1 ke _
fremfodi) == > > D lgrmi{eewm ), 1>2 (4.4.17)
N k=K-10€St
There is one issue we haven’t yet addressed: Lemma 4.4.3(ii) only applies when k and ¢ aren’t

both equal to 0. In our notation, this issue arises for terms

fro(m; ¢4,y 85,) B, () ... Bj, ()

with ¢, +--- 4+ ¢;, = 0. We will need a separate argument to eliminate these terms, and this will
come from a symmetry property of fro proved in the next subsection.

Finally, we wish to prove that all iterations of Lemma 4.4.3(ii) can be performed with B = A,,
and for that we need to be able to control the singularities of g, k. This will come from a functional

identity in terms of the gy x, also proved in the next subsection.

4.4.3 Some functional identities

In this subsection, we will establish some properties of the functions f; x and gy x, which will be
used to restrict the set of their nonremovable singularities and to prove the vanishing of terms which
Lemma 4.4.3 wouldn’t be able to handle.

We begin by establishing the notation. We will be dealing with functions of 1 + n variables,
where the first variable will be 1 and the remaining n will be phases. In applications these will be
some of the phases of generalized bounded variation, but in this subsection we think of them merely

as parameters of certain functions. We need a kind of symmetrized product for such functions:
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Definition 4.4.2. For a function p; of 1+ I variables and a function ¢y of 1+ J variables, we define

their symmetric product as a function p;y ® g; of 1+ (I 4+ J) variables by

(p1 © qs)(m{ei}i ) = ﬁ Z p1(0: {0y Y1) @ (0 {bo (i} 7 41)

oc€ST4+g
where S7 ; is the symmetric group in I + J elements.

It is straightforward to see that ® is commutative and associative. We will also have a use for
some auxiliary functions. Let §2,, with a € Z, be a function of 1 4 1 variables and let Z; g, for

0 < K <1, be a function of 1 + I variables,

1, ae{-1,0,1}
Qa(m; ¢1) = (4.4.18)
0, otherwise

Erx (5 {or}iz1) = 010k 1 (4.4.19)

These functions are, of course, constant but defining them as functions will be convenient for use
with the symmetrized product. We will also introduce rescaled versions of the fr x and gr k; for

I>1land 0< K <1,

I
Fri = (—1)I‘K(_;7ﬁfm (4.4.20)
Grx=(-1)K (_772)191’K (4.4.21)
We will also take the convention

Foo=Goo=0 (4.4.22)

Rescaling (4.4.15), (4.4.16) and (4.4.17) gives

1
Frx=Srx+ Y, 2%©Gr1k4a (4.4.23)
a=—1
Grr(m{oitiog) = #FI,K(W; {di}i_1) (4.4.24)
Kn—3_1

Note that F; i and G x have singularities, which makes us cautious about performing arithmetic
with them. Note, however, that (4.4.23) and (4.4.24) define functions for complex values of all
parameters, and that these functions are meromorphic in all parameters. Moreover, by (4.4.23) and
(4.4.24), Fy ;¢ and Gy ¢ can only have singularities for parameters 7, {¢; }/_; such that kn = Y ica i
for some 0 < k < K and some A C {1,...,I}, which is only a finite set of hyperplanes in C'*Z.

Thus, when proving identities like the ones that follow, we can perform the calculations for the case
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when all quantities are finite, and then extend by meromorphicity.

Lemma 4.4.4. (i) For 0< K <1 and 0 <k < K, the identities

I

Frg = Z Fir©Grikx—k (4.4.25)
i=0
I
Grx = Z Gik ©Gr-ik—k (4.4.26)
=0

hold for all values of parameters for which all terms occurring in both sides are finite; if seen

as equalities involving meromorphic functions, they hold identically.
(i) If
pr+-+dr=0 (4.4.27)

then
From, ¢1,...,01) = Fron,—¢1,...,—ér) (4.4.28)

(iii) Nonremovable singularities of Fr x and frx for n >0 are of the form

b
=3 ém, (4.4.29)
a=1

with b < 1.
(iv) Nonremovable singularities of Gk and g1,k for n >0 are of the form (4.4.29) with b < I.

Proof. (1) We prove (4.4.25) and (4.4.26) simultaneously by induction on I. The statement is vacuous

for I < 1. Assume it holds for I — 1. Then by (4.4.23),

I I 1
Z Fir0Gr—ik—r= Z(Ei,k + Z Qy © Gic1kta) © Groi k—k

=0 =0 a=-—1

Using the inductive assumption, we may apply (4.4.26) to the sums of G ® G, unless k+a < 0. But
k+a <0 holds only for k =1, a = —1, and in this exceptional case G;_1 y+, = 0. Thus,

I I 1 I

N Fk0Grikk=Y EirO0CGikk+ Y, O 2OGCi1hia®GCGrik i
=0 =0 a=—11=0
1

=0p_121,1 © Gr_1,xk-1 + Z Q% © (Gr-1,5k4a — 0a+10k—1G1-1,K-1)

a=—1
=0,-1211 OGr1,xk1+ Frx —Erxk — Q_10,-1Gr-1, k1

=Fri
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where we used (4.4.23) in the third line and =; ; = Q_; and Z; ¢ = 0 (since I > 2) in the fourth.
We have thus proved part of the inductive step, proving that (4.4.25) holds for our value of I. It
remains to prove (4.4.26).

For any permutation o € Sy, by (4.4.24),

zk(n {¢U(])}] 1 (kﬂ Z¢a(g ) i,k 777{¢0’(j)}j 1)

Multiplying by Gr—; k—r(7; {¢o(j)}§:i+1) and averaging in all permutations o, we get

I
Gir ©Gr—ik—k = (77 - % Z (bj)Fi,k O GriKk—k (4.4.30)

j=1
Taking the sum Zf:o of (4.4.30) and using (4.4.25), we have

I

1
Y Gk OG ki = (77 - % > ¢>j)F1,K

i=0 j=1

which, by (4.4.24), implies (4.4.26).
(ii) This identity will be obvious when written in the right way, but the notation is cumbersome.
—
Let A be the set of sequences k = (ko, k1,...,kr) with |k; — kip1| < 1, k; > 1 for 0 < i < I and

ko = kr =0, and let H, - be a function of 1 + I variables given by

H oz (ni¢1,....01) = (4.4.31)
ks ll;[ 17] Za 1¢U(a)

This quantity is useful because, by a simple induction using (4.4.23) and (4.4.24),

Fro= il Z Z H (4.4.32)

G’GSI keA;

%
Now note that if k&’ = (kr,kr—1,...,ko) and ¢’ is the “reversed” permutation from o defined by

o'(j)=I+1—0(I+1-j), then when (4.4.27) holds, we have

k! kI i

2

K+ 6oy k1 — 2k 6u)

Taking the product Hf;ll of this,

HI,?,O'(T/; ¢1’ Tt ¢1) = H]7?/70./ (777 _¢17 ceey _¢I) (4433)
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Summing in % and o and using (4.4.32) proves (4.4.28).

(iii), (iv) We prove (iii) and (iv) simultaneously by induction on I.

If (iv) holds for I < M: by (4.4.23), singularities of F; i come from a Gj_1 , so (iii) then holds
for I < M.

If (iii) holds for I < M: by applying (4.4.26) K — 1 times, Gy x can be written as a sum of
K-fold products of G;; with ¢ < I, so all its nonremovable singularities are singularities of a G; 1
with ¢ < I. By (4.4.24), those can only be of the form (4.4.29) with b = ¢ < I, or coming from f; 1,
so again of that form with b < ¢ < I. Thus, (iv) holds for I < M.

The statements for f; x and gr g follow from (4.4.20) and (4.4.21). O

4.4.4 Completing the proof

As described in Subsection 4.4.2, the proof will rely on an iterative process. We want to control

£ Jog R, (), and because of (4.4.8), we start with

Vix)

il +20, (@) (4.4.34)
"

which is a finite sum of terms of the form

4, 05) B4 () . .. Bj, (x)eKnme+2K0, )] (4.4.35)

We then use Lemma 4.4.3(ii) to replace terms (4.4.35) by finite sums of terms of the same form,
but with a greater value of I. We proceed with this process until we get terms with I > p; and
by Lemma 4.4.4(iv), all terms with I < p will have their corresponding g; x continuous (and thus
bounded) away from the set A,. Terms (4.4.35) with I > p are in L', so they are negligible in the
relation ~ 4.

Thus, the only terms we will be left with are the ones for which Lemma 4.4.3(ii) does not apply.

These are terms with K = 0 and ¢;, +---+ ¢;, = 0. However, for any such term
from; dgys. .oy 05,)B5 () ... By, (2) (4.4.36)
in the sum, there is a corresponding term
fro(m =¢jys - —05,) 85 (x) ... Bj, (x) (4.4.37)

because we have chosen a decomposition (4.4.2) of V such that for every f3;, there is a j3; in the

decomposition. However, by Lemma 4.4.4(ii), the sum of (4.4.36) and (4.4.37) is purely real! Thus,
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when we take the imaginary part of (4.4.34), by (4.4.8) we get

d
. log R, (x) ~a, 0

which completes the proof.
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