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Part 1
lote on the Bguations of Triple end Quadruple

Gorrelation Functions in Isotropic Turbulence.,



I. Introduction and summary.

Bocently Karman end Mowarth (1938) have suscessfully devew
loped & theory of isotropie turbulence by investigeling the velo-
city correlation functions at two points in the field of flow. From
the equations of motion they established = partial differemtizl
equation commeoting the double snd triple correlation funetions,
£(r,t} and u(r,t), which can be solved by using some sdditional phy-
siesl sssumptions. As suggested by the suthors, the indelerminateness
of two unknown functions from one equabion may be due to the fact
that this sgustion has ned ezheusted the lnforsmsiion obbzinable from
the equations of motieng so it will be worthwhile to investigate
whether this indeterwminateness can be reduted by esteblishing the
dynamical equations for the correlation functions of hizher orders.
This Investigsbtion: has now been carried out in the present note and
it is Tound that when we come to consider the guedruple correlation
fonetlions, the number of kinemstically independent unknown Punctions
is incressed by ten, while only three dynanical equaltions ars obe
tained. Consequently the consideration of guadruple correlation funce
tiong gives no aild to the solution of the preblem. It secems that this
situation will continue when we push our consideration to correlaw
tion funetioms of still higher orders, This would mean thed the core
relation funetions eannot be determined From their sguations without

introdusing some additional assumptions.
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1. The kinematies of the gquadruple correlation Tupetions.

The nobation used in the present note is the same as thet

- used in Xérsan sad Howarthe' paper, so no detailed explenation of
the notation will be given now. Although Robertson (1940) has re-
eently ziven a wore mathwetically compact presentation of the sawe
theory, the prﬂﬁﬁﬁﬂf@ in the present note still follows thet of
Hérman and Howsrth for the sske of physical clearness.

e have twoe Lypes of quedruple correlation tensors, nenely:

Cir g R L =1,2,3)

R
feti2 O

{mh Yy - e

{2; Lu g Pia =2 a-ujakm I

components
whers », and ﬁ‘i are respectively the weloelty sb the point P end

?*.‘ﬁmnﬂiﬁa% a particalar coordincte systen whose %y~ axis is &iﬁﬁg
;gl* From the condition of isotropy, all properties of these correla-
tion functions must be symmebricsl ahamt.§§*, so the componenis of
the shove tensors obbeined by interchenging the indices 2 and 3 must
be the same funciions of the reletive coordinates of the poinis P

and PV, r = xi - Ry s Purthermore, singe the condidion of isobrepy
reguires that the above tensors must remmin unchanged by s raflection
of sooriimste axie, the compovents of whieh the indices 2 and 3 opeurs
an odd nunber of times must vanish. Jonmseguently the only man»vaﬁiéhing

componants of the above two tensors ars

HpF G e » —»
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It can vasily be sesn from the form of the sbove Punctions that they
mast all be even functiona of the variébla r o= :g:i - % , o8 £he fne
diX:s 1 also goccurs an sven numper of times in each one of the above
functions so that the reflection of x,~axis camnot change their signs.
in the case of double and triple correlation tensors, the cone-
dition of imolropy does nobt impose eny relation zmong thelr none
vanishine componente. It will be shown thét this iz not so for the
gusdruple corrslation tensors. For, robtating the coerdinste aysten

about the :sai‘-mia through an arbitrary sngle @, we have

4

w,ﬁl &

#

L3 l . P x e :
= 0 ﬁ{mﬁ "0 4 @iﬁ%’@} + ]@%&&%Q@Siﬁgg % a&igéwaz%m% s
, 53
ﬁ,} = :fgfg{;:zm“% + aimgé@z} = ;;§ s
: 4 & - 2. .2
= {ein'8 + cos @ }o# {Qm&a - %6}&@% Gein 8

4;3%{&13;2% % c«szsz‘i%} a Qf} s
#

Wy
i

¥ arn o NesPa o oan g e b
g = 2{%;2 - %}ﬁlﬂ Boos“ B + :&’.%{c‘ﬁa G4 8in 6)

angd



N

w4
i

& A v . o
P, = ?E{a@@‘@ + 6in B} + é?ﬁgsa“@singﬁ .
- : o 2 20 -
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where the sters dencte the gquentitles in %ﬁﬁ‘ﬁﬁw coordingte syeben.
flow, due to the condition ofisotropy, the components of tensors (1)}

o unchanged
and {2) mist vemain 3 o under this rotation of coordinates, so we

must have %;f'm Gy and fék = F, o Thie can be true only if

Consequently only Tive of Q's aznd four of P's are independent,
#o shall now write down the trossformetion equablons for the

quadruple sorrelastion bensors Qijkﬁ
of coordinates. Lmt,aﬂi be the cosines of the angle betueen the now

coordinates %, and the coordinates x:*wﬁ@ﬁ in the foregoing. By the

1
relation {7) and {8}, veing the relation % xaaiaéi m.&$ﬁ and com=
el : :

binine terms, we can reduce the transforsmation gguation inte the

and ?iﬁ%i under general rotation

3

forn sontaining allﬁ aggg aﬂﬁ,azw only. Gubstituting Eimmiijr s

we have (dropping out the stars)
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Row we shall procesd to Dnvestigate whal further kinemsllic ree
lations ar: provided by the eguation of continuity. For double and
triple correlation tensors, this releltion is the vanishing of thelr

divergences. this sape relntion can be obiained for ?ijkl’ 88

op
£,
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At Pirst sighd 1% mey be thoupht that the relation imposed by
the @qmétimn of a&n&in&iﬁg on the componente of Qijki migﬁﬁ be in é
Porm obher than the vanishing of the divergence. Bul physically we
can ses no resson why this r&i&ﬁi@n should exiast, as in.aaﬁﬁtrmﬂting
Qijki the qgamtitiea sonsidered at both points rﬁék&aea@ the transe
port of momentum, which should have no direct conmeelion with the
equation of continuiiy.

Applying (11} to (10}, we have
[

'{12} agl ?15?{1 - { 73 {Fi b 5‘?’%} * r4 (?3‘ * 3352 - 53):‘% 65‘2{,}}&*&:3%&
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ince Ei is an srbitrary vector, ithe coefficients of gigjgk ol ﬁi

sust vanish separately. Henee we have
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1il. Dynamiesl squations commsciing the triple and gquadruple corre-
laticn funciions.

Let u,, p end z;i‘i, p' be the velocitgles and pressures st
two pointe bixl, o x§3 and F*(xi, xé, xé} respectively. The equation
of motion 2t the polnd P ecan be writlen

u, + U=
ox. i
3

%) L
Let us maltiply the sbove eguation by u, and u&’ so thet

a_ 1 8
=% ngax?'@’”ﬁ “kv 4y e

(16) “’ﬁc TR 5%, i J;

Interchanging the indices i and k, we obtain
= ~y o ) y

2Y gty o Foun By s bty T 2
(A7) wlgy s tw [ A &’}x;k = omp iy mf *PuLu VoY, .

Himdlerly waltiplying the equetion of motion et the point P' by ugly

we have
18} W, oyt s oyount, Be ow z o= gu T pt Al oy VT at
(18) ot TR 1Tk 3@:{’*%& j’%kwxﬁp By N

add (16},(17) 2nd (18) and note that

* wlew,u, =™ WU, = m tz a u;
$717) ox, K ( 1“‘

1.0 ot g L

(9 whwau, 52w,
: 4

- ,g{’j%}&,U’ } s
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11

then we have

{21)

- (at 9 . 2 2
- f( fiukgﬁ*uli O, B Yy %}z‘}’*»v

- 3

Averaging over time and introducing

and

2%
(a*) T = %Rty e

i

e N e

5@ . T
(B By = Ty
()" 8;pp = wu'Op/Ox, + uuleOp/Ox, + uu w,Op /0% g

we have

(22}

&
BLE

i — 3/1. — X
2 R { % ?ﬂ:« i e P |
20y {(a%) %mf + (u?) 3E 5 Gyrgy = Faegn!

The triple correlstion tensor %k{ has already been investiw

! thoroushly in Kormen snd Howerths' aper. It was found teo be

zigmy by the following expression:

5 g ¥
i |
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. " h By o e e
(23) %) ={ =3+ 73 EGF
Ihe tensor @ﬁd{’ being isotropiec end symmeirieal with respect to the

indices 1 ond k, must be of the Pollowing form {ef. Robertson's paper)

(28) 8yq = PPy EEE * 7% 08 * 7 % Gyl * 08 )

If we substitute (25),(24),(9) and (14) into the eguation (22),
we shall oblain some relations somnecting the Pfunctions h, é?éi, ?i
; . » ‘ 2 e i
o £ s - i TP e s 4 ERs . T L y
and 8,. It will be convenient to evaluate V" Ty ., F‘*i&g&fﬁig

and OF a/&?;j firet. Yince the analysis is very invelved, we shall

130
write down their resuliting expressions only:

2, _ B 3 izk' 12k, ...
) Vot =(m v 53 Tw T SRS
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where the primes denote the differentiation with respsct to r.
Substituting {25}, (26) and {27) inte (22), we cbiain an equam
tion conbsining the terms waliiplied by E, 5 wi, wi,ka and & a? *
%klgi respeetively. Since the repulling equslion mmet smkisfy be sa-
%isfi@ﬁvﬁyzgébityary'V@atﬁr Ei’ the coefficients of the azbove three

factors must be Zoro separately. Then we have
5y Sfmlal . 2ffam LF52 _
(28) %{{m }h} * %{én /lfé; + (o) { B { + 20y + Mg - 60,

=Ry =GPy e W) 4 5 (G - Oy - 200 5 S

3 — L .2 2
Bz - .;-1*}33»@ P{u") (ruﬂh@ﬁﬁrih”i %gg.@ﬁh)#

Soj
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It iz seen that %&é consiferation of gusdruple corrslation
funchtions ineresses the number of unknown funciions by ten, namely,
f«éig %gg Gys %, »@5.\ Py P,., 3§, ﬁa mnd i%m, while only i,hm BYRG-
tioms sre obteined. Honce the consideration of the guadruple core
roletion functions not omly gives no help to the solution of Kahrman
and Howarths® egustion, but slso ?ﬁﬁmiﬁm additionsl vhysical sapump=-
tions in itself in order to solve the Q's and F's even after the

double and tripzle correlation funections have besn keown.

In songlusion, the suthor wishes do express his hearty lhenis
 to Professor Theodore vom Karmen f’ar suggestin s the problem, and for
the invaluable help.
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(1} The. von Karman and L. Howerth, Proe. Roy. Soe. 4. 168(1938), 192.

(2} 4. P. Robertsem, Proc. Uswbridge Phil. Soc. 36 (194G}, 209.
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I. Introduection and susmary.

Tollaien®s caleulation on ihe iurbulent jets and half jets pro-
vides an sxcellent check of Prandtl's moment.m transport theory 31%%
the experiment. In the present paper we extend Tollmien's theory io

o

Faien the wixing flulds are of different Jensities. Both

the chanze in the distribution in mean veloeity and the change of the

anguisy divergence of the jets are investigeted, Julte s nusber of

experivental obasrvstions of turbulent jets of thies kind have been
puablished in literature on sccount of their im@QrZ&ﬂa@ in comection
#ith the atomization of a spray of fuel in (he internal combustion
engines. It is found that the predicted density distribotion across
the jet agrees with the experiment very well.

in the following ‘restment we shall confine ourselves to the
iwmiscible Tluids frow which an emulsion is Pormed by Lurbulent dife

Tusion. This corresponds to the sctual case of a spray of ligquid fuel

in aire.
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Ii. The general theory.

Let us consider two immiteible and incompressible flulds 1
and 2 of densities f and f, respectively, and %aﬁnvx and vy be the
partial volumes of these two fluids per unit volwme sl any poink

x, (=1, 2, 3} so that the actusl demeity p et this point is

(1) P o=
with

{2)

From the condition of lmmicibility, the chenge of'vl and ¥, can

only be due o the eonveotion of the fluids

. 2 - & . ‘
{3} oA 4&? é% -{-.ﬁivz} = G,

B, Wi =
) e i Gl = o,

where u, is the veloelty st the point x, , j =1, 2, 3, Adding (3)

and (%) and using (2), we obtain

=
if«‘)} EZ%‘&. = 8 .
3 3,



{5) shows that the mixzture of two incoupressible Tluids ie also in-
compressible, and (6) shows that if we follow the mﬁﬁﬁg element of the
Piuid, we should find thatl the demsity of this element is unchanged.
The Pirst resuli is the dirsct consequence of the condition of ine
compressibility, while the second is the direet comsequence of immi-
é‘ii:sil&‘%’-yu Since the validity: of (5) and (6) is very obvious, we may
use them equally well as our stariing point snd consider (1)=(4) as the
conclusions.

| The equation of motion for the mixture can be writien into the
| following form |

1 . v -
(%) %‘g(ﬁ&i} + Zla {fu } = - B 4 vy

G

Pallowing the same procedure ss Ffollowed by Heynolde, we write

% - i 3 4 rord k
(&) ﬁi"*"jéi*a!iw P= P %P s P'“Fa*?& 2
where mi, f, and p o BYe the aversge values of t 30 P and p respeg.
tively over iime, and u' 4t f’ and p' may be called the Pluctuation
of veloeity, demsity and pressure respectively. Thus aversgzing {s)

() and {7) over time, we obtain respectively

(9} }% A « (ptz’ }*La (fﬁi w+_g,u;}fku.¢isifu’

it y .
¥ . % j#) 5
# U, plul + pPulul} = =~2=p , <+ ¥
it Py 3} ox,Po?

(10}

=
]
o, 3

3

Ste {7}
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vhere the bars denote as weounal the averages over time. These are the
Pundemental equatlions of the present problem.

When the wean flow is two dimensional snd stesdy, write Uy = U,
T e W s 3, wa¥ s o ¥ o op¥ ¥ e ¥ W R e 5 o

we have

12) L (gf s fu? s auput 4 put?)

& =—§§ (L7 4 pu's® 4 Upwt + Vpu' +pfulv') == =0, s

mm—————

- —
(13) ‘g"‘g (fHUv + pulv® + iplat + UpY' & plulet) s

* % {ﬁ,ifz & fa\?'é % Qjé;ff’?t # f’?"a)f e »Eii*- ?ﬁ &

Sy
a4 x v e 5 o,
; =y ) T i _— N
(15)  H (fUs fat) e ARV P ) =00
1w 1

(%) and (IQ) are the first and second components of {9), the third
component of {9) being identicelly zero on both sides,

In Tollmien's solution the viscosity terms and Op /Ox have
) A, 2 2 .
been nezloeted. The terme f ?;it’g and P,v'" are also neglected agaminet

he term f,u'v'; sinee sceording to the mechanisn of momentum Leane-

e

pe———

port theory only f, u'v? is respomsible for the transfer of momenbum.
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Following the same rossoning, we nay ﬁ@glﬂsi‘f/u‘ C o o against

fh; alss. The other terms pu'®, plet*, Pulvt cen also be neglested
if we gonsider the case in which ithe fluetuwations in velecity and
density eve small compared with the mean velocily and demsily of the

Plow. By momentum transport theory we may write

{16) fa;‘;;" - - 1),0 1’8&?,@@ |
(17) fet meiyd laﬁlaﬂ

Bguation {13) way be reserved for the determiration of p.3 ibe other

three squeticns (12), (14) and {15) then become

18) & (f®) + “"'""'(f”“*klﬁ, 18E -w %“f’“?}w},

oy 2H L, 8L _,
v B N 3, -
(20) Z LUl + LV~ kgfl = O

In the Pollowing sscotions we shaell spply the genersl theory to &

half jet and a Tull jet in succeseion,
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ii¥s  The hall jeb.

Fige 1 shows the devies for producing the helf leb considered
in Yolloien’s DEper. et the fluid srigiaaily at rest do the rizhi of
the obeteele bo of density f, » 2 the movivg Fluid above the obastacle
be of denailty f, s Lok 4 o be the wmdisturbed velosiby of the Cludd 1

{Jenmity J’, } above the iot. Assuninmg he boundargso? the jet be straipht

limesend weing (19), as in Tollmien's solution, we wey pub
y PR
7= #¥n T ome Flod » oFY 00, ﬁ,mfi G ie
o

P % F o 9
18] and {20 bovome respoetively

% ¢ vt ’w s r} .
(82) = anz- aj’oéff“?} * ﬁ‘é{ﬁ, MO EANES N f FOT - e, 0 f’fs*”*%

L

CHREY ST IREE - T ACE R L) PR S

Herpying oul the gi"f’@rﬁtﬁiﬁt:&@ﬁ, we heve

2

£ ool T 24 a2y
“;,:51,43 - G‘fo# iF o= }2‘21@ o {ﬁ 4

599

4
?‘?
5

{ Ply ;sﬂ

£

5 " o "
{25 mf‘;§? & ‘é‘ﬂg@ﬂ dw {53 "3

‘e oan now ghow theld iFf wo follow i:ﬁw pomsntas drassuort theory



strietly, we should hsve kl = k?’ For aceordinmg to that theory, we

We must have in the first step

. S 4du
- uly' = vl
dy *
4 =7 dfe
—-—ptyt e b e
By Prandtl's assumption
vl =el
vil “klgy

8o we have k = kl = k.. It will be nolted thet this siriel interpree

2
tation of momentum tramsport theory hes resulted e seriocus diffieulty.

of the tempersture fluctustion 1% with v' must slso be ziven by the

formuls

. 47 , l’dﬁ 47
F“‘Q ; el - l L ReendliE TS R cadd B 4
v = v'A iy = xd dyldy °

2

where T is the mean temperature. Bubl this would regquire that the dig-
tribution of mean teaperature snd wean veloeity must be the same,
while it has been shown experimentally by Fage end Falkmer (1932}
that they are guite different fros eech other in turbulent wakes.

Hpwever a recent measurement by Thiele (1942) shows that for the

axial sysmmelrieal jet the velocity and tewperature distribulions

are nearly the same { le wmeasurexent of the tempersture distribution
in esrlier sxperiwent by Sfuden shows, however, & less: - agree-

ment between these two distributions {lie Neturwissenschaft 21(1533) 27%),



for two dimensional jet seems to have been made ). This seems to show
that the momentum transport theory may secount for the phenomens more
satisfactobily in jata than in wekes. hgain, unless the condition xi
= k, is used, the solution of (Qﬁ}raﬁé (25) is very difféeult. There-

fore we shall be content with the sclution under the condition ky =

k

gzk,

The equations(24) and (25) then beecome

(28) -5 (g = wf S{% () Py

! d ;
(27) -7 = x4 (fF).

if we put

. . a
(28) 9 = g= (fF') F"
and

(29) Vo= A

{26) and (27) become respectively

. 2
{30} - = = ket g,
&

e o
= P o s 78 ]
(31) -z = de” ¥

1% is sesn that the above two sgustions have exsetly the sane form.

raviding (30} by (31}, ve hme
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m' vg?:wf

AN
=1 ¥ " L wte
1@ n Y ‘i? = A ’%;!

where & 1s the comstent of integretion. Substituting (28) and {29),

we have
!n i ;
fEt = ﬁzg{(};?’}?ﬁ

Sinee F' #£ 0 every where inside the jet (P" = 8U/By), we may cancel
out the common factor " on both sides of the ahove squation. Ine
tegrate the resulbing equation once, then we have

f%;

‘ =
(32) fo = T s
where 5 is ithe integrelion comstent. &4 and 2 cen be detersined inmew
diately from the following boundary conditiions
fishs Fl=1l e n=n
{33)

£,=ps ¥=0 at n= fiy

whieh sive B = £ and 4 = ( ””fz}/jﬂ o Then (32) becowes

or




‘e ase that when fi-f, is small, the distribution of f ~ £ is the

same 28 that of U. Substituting P =p/(1 - AF''] into (31}, we have

, . 2.m ke AR" -k
el I ey =2 1] - ANl AT AT B, st s
iﬁj) & + 2ke ¥ 1 - ‘&Ft » P' ¢

If we put & = 0, 1l.24 f ®f,, the above equation reduces Lo
{ 5} S 2::»"'
= Fow Zke PV = ©
which is just Tollmien's squation for the case of the nomogeneous Pluid.
Sinece our original equations (18} and (20) are expected to hold
only when j” and therelore ¢ -£ iz smell, we may solve the squation

(25} by the method of perturbations. We can write (35) in the follow=

ing form
T4 Ekzaw"‘ = kegaﬁgéﬂgl + ARV 4 ﬁgﬁ'g + treee }.
‘if all terms involving Ag are ﬂmglweéeé, then the above eguation becomes
Y Qanﬁm = kagﬁﬁ“go
This equation can be reduced ito a wore simple form by pubtbting
2,

5 - 2 ! e e
(37) 5 o= (2ke”)"E, F(n) = (2ke”) 36(%).

Then wa have



(38) o+ o = 2ae? = Tl

and Tollmien's eauatlon (38} becomes

{30 & + &" = C.

Before proceeding further, let us write down the boundary conditions

of the present problem, which sre exactly the seme as in Tollwlen's

ease, nanely

G'(E ) = 1, deee, U, = 1 at E =y,
gn.ii} = G, By =0at E= €y

’*{gg} = Gy "' U= 0 at € = ﬁg,

it

&”{%2} g, " SUfSy = 0 et o= Eys

. N |
B P e .

where £, = {2re®) 3'y1fk, By = {lezj 3 yg/x, g, aad y, being res-

pectively the upper and lowsr boundaries of ithe jet. It is convew

nient to ianlroduce & new varisble F = B - 21 80 that the above

five boundsry vonditions besoone
¥
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dow we put

(1) 8() = a () + X8 (8),
B - - : -
) L2 = fgp *+ 485y

The first equation expresses the periurbed Porw of o{E), ihe latter
two equatlons express the shift of the boundary of the jet when 4
ehanges. Substitutiag {21) inte (38} and equaiing the ilerms not ine

.
volving &, and the coefflcient of 4 in the resulting equation to

zero secarstely, we obialn respectively

. - L
(%) 5 (E) e O (8] = O

% m FE « I - Dy B
(45) WE o+ 5@ = T @

“e note that (M) is just the Tollmien's esquation (%9}. 3o ﬁ@(g}

X

ie given by Tollmien’s solution

54 i e A om0 i > i - LB 4 ot Ve -
{85) ,ﬁ,g{é’ij = &le * éga cos’g L ¥ 4 ﬁa sin’g £

Lt s L ' ; E K . U = -
Substituting {46) into (45), and solving for &1{{;}5 we hove

! i, 3 ¥ e . Fe e .=
3 g iy fg-: = 2 " Y v oy v g B 3 2 po- P
{47} 1*‘} Gy e v lye cos’s ¥ {’f; & 'sm ) E 4 P(F
- nOE T ¥ - o f? -
P{F) = B.e 2€ , B @E + B’-&%aﬁ,@& + e Ejgma <F
1 2 3 : & 2"

“‘;; H ’g‘ v
+ :S%e '*’fzs;ing ro# ﬁgemnﬁ E

i
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where ﬁi, G, end €, are arbitrary constants and

o o Lok P =2, -3 )3

T S :’z;. s 5, 53 fi L L, 2
e 1. B

. 3 1,

§§ = Ql {*»2 ﬁg -3 ﬁﬁ’

6 }{”@% é 3}

Vext we substitute (81),(82) end {43) into the Pive houndary condi-

tions {40}, ¥ith the help of Taylor's expansion

WFE.l = 'ﬁ«* iF = W(E R E,., uME

we get for the ierms not invelving e

6,(0) = By Gyl0) = L, Golo} = 0,

(49} ‘ . |
i}{ﬁgg} = U, @@9@2@3 = O,

and For the coefficients of Ay

{;1(@) = Eyis Gi{ﬁ}} = O, {’éi(i}} = 0,

{f}i}} »_;glua(gggl + 13(22’&} cm Oy
- H’ e

{? 3 o Dy

F@ & (””35 * ?,

be
the Pirst thres equations of {(50) can &15§Awrittem in the following

form by substituting (47) end (48)s
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G & D4 B. & B B, # 8 =
gx$&2®31$m2~&§’3§ﬁ$& Eix}.s

mﬁl

s e B e . Ee Y. B
‘“1“2“3*3“5*%1*’%“@5*36&5”2%“2%“@*

It is ssen thet the boundary conditioms (49) are just those given in

follnien's solution. Thus Tollmien's resulis

{52)

can be used here. These velues may be substituted into (48) end (51)
to awl#&~$13 %2 aﬁﬂ.ﬁﬁ as funetions of iilw Jith the help of the
Pifth equation of (49), the last twe equations of (50) cnn be wriiten

@é{%ﬁw } by &i("’ﬁa{}a} o= gy

20
(53) "
By = = OE W EE,) = = ay(-5.02)/ &) -3.02).

Since ﬁi’ ﬂg and &§ have besen determined as functions of 511* we may
wse the Pirst-squation of (53) to determine gzl"%éz is given direet -
1y by the second equation of {5%). Uarrying out the saleulation, we

cbiain finally
EI}. o .13{5?, 521 == f}i 33-2\!

fur finsl solution cen be written inde the following form

(54)
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Gé(ﬁ) = 0.00626™C 4 *u@%é&ﬁ/ eea‘% E - 1. 1&3@5’(2@12&%%
G1(E) = = 0.0051e™" = o hoset! gmﬁs% o+ 0. o82het Eﬁniﬁ% 3

m&m&né"g * {}.ﬁ:ﬂﬁ + mﬁ«f}ﬁhgwa@ E

- {.161e ”am/,;; E e Q.ziaﬁlﬁg‘i‘&m % E

- .mﬁg&a‘*’wm% 4

(ﬁﬁ} &3- = ﬂngg}» 4 th&ﬁ ﬁ

Maii !

(56) %, = T, + E = ~2.06 - 005K
The distritutions s;(?%g') and a!(%'f} ara ;}:«-I@%ﬁ@d respectively in Fig.
2 and 3. It iz seen thet emen with A ¥ 1 , the deviation of the mesn

velocity distribution from Tollmien's solution ie exgeedinglsmall,

Further discuseions will be given in Section V.
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I¥. The full jet.

Fige & shows a two dimensionel symmetrical jet from & narrow
slit of a fluid of demsity f inte & rest fluid of density f; + 3ince
the total momentum seross the differenl crose~ssctiond of the jeb
pust be constant, we hg?@

+90
. 2
(57) j PUT dy = Const..
-0
Lesume the boundarjSof the jet be straight lines and introduece the

the
variable 4 = y/x se in last section, then (57) becomes

+00

{58} v ‘yﬁﬁg dn x = CUonstee

-0
Since [ must be intermediate between f, end f, , it camnot increase
or desrepse withowt limit when ¥ is incressed to infinity, so we must

heve
U X INF

in order that ihe integral (58) should be independent of x. Ve can
now deduce another relatiom from (3] and (6). Let us imegine four
plane surfaces ABCD perpendicudsar to the plane of flow (Fig. &4).
Since the mean flow iz steady ihere should be no sccumulsiion of

mees insmide the domsin ABCD. Hence
[ oy - [HUdy - [fuaxs [gyde = o
AP BC AB L

Furthermore, since the fluid is ineompressible, we have



M
5

AD

Fultiply the sseond equetion by »  and add th the Direl; we got

Judy - [y - fvds+ frde= 0
Bc be AR

(593 J(h-pOUdy - J(hp)Udy = 0.
AD Bc :

Sines U voanishes outedde ithe jet and sinoe the lenglh AD = U0 esn
b srbitrapy, the above relation wsn be put inte the Folloflng fooxn

+00

(o) j( f-f)U dy = Const,
-0 ‘

fo0
j(ﬁo - fz,) i ﬂ%’fi\ 2 m Lolgtee
-l

mfs L I/E, we tave Lherefore = £ o M/V/E aleo. ihis ceans thet f
will be very nesy to f, when x is very lorge. This is just what
ahould be sxpeoied plnoe ot large distenges Prow the slit weerly sll
the fluid inside the Jet is the Fluld of density f, thet hag been
suskad in from Loth za%% of the jeb.

How wrile

e g’* Tg‘ 1‘6? . K Ak o o @”?"'l
(A1} ‘i" s TR To® ‘i%%{&m Hal =™ }?{%;}}, JA ’:f:f‘ % % v
& ' .

znd subetitute Lhese fate (18}, we Pind thet when itersms invslvisg

higher pousrs of 1/x are neglected, ithe resulting equation reduces
e e
te the saue cqueilon as thed in the ease of (homogeneous Flugd,
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I g 2 é,,., yrkil "’2
P + PP o= ke an {(pt =,

or by integration
(62} P RY 'Ekgg g2

Introducing a change of variable £ = (nggﬁﬁl/Eﬁ‘as in Tolluien's

dhe
treatment, we have, as in last section:
(63) o(e) a'(E) = an(e)?

This means bthatl n@iiﬁér the velocity distribubtion nor the boundery::
of the 3@@,@§3, is influenced by the denmsity of the spraying Iluid
Mg@ﬂ}agg@»%iﬁt&m@%a from the slit. Tollmien's solution for the homow
geneous case is itherefore entirely sppliecsble to the present cass
so far as the fPirsti epproximetion iz concerned.

Hext we shall proceed to consider the density distribution
£{n). Bubstituting (61) into (20} end neglecting terms of iigﬁar

powars in 1/x, we oblain

f‘;_ w - ; 2 ﬁw $oafi

(64} F£ = 2p prpk

Divide (A2) by (6% and integrate, we obtain



REEE

LL

.

025

L

Lld

0

1)

/

"'0'25-

-050

-075

~loo

=n/1n

g

boundary.

A

Pig.



(65) £ = o (r )% y

the
where C is the constent of integretion. If es in last seclion we put

b

1

mean velocity.

= Ko, then the distribution of f, m_gbwiil ke the some zs thal of

It can be shown that the ssne egnaiusien@ﬁalé for the sxisl
symmetrical jet, namely, (i) that the veloeity distribution at lerge
distances from the orifice is net influenced by the density of the
spraying fluid and {41) that the distribution of density is also gi#@m
by {65). The snalyeis lsading té the above sonclusions is essentially
gimilar to that we have for the plane symmetricsl jeb, se 1t is omite
ted heve,

From (1) and {2) we obaiin

o

Som bl s

?}" - .P, - £ - -P:"fz.‘ri f(ﬁ}‘
Lxperimentally ithe &@nsiﬁy diétributian is measured by placing =
suall cup in the jet and zi‘@ter‘:miﬁé; gvl at eny point Bx from the
sample cokdected in the cup. Pig. 5 shows an sxperimental result
of the densily distribubtion observed by Lee., It =ill be noted that
since &@@39 sxperisent was mrigiﬁaiiy intended for fuel-injection
studies, the injection of the spreying Tluid was not continmous
{with 750 sevsrate sprays ver minute), go the jet was actually not
aiaa&y‘ devertheleas the experimental result checks witih our theory

guite satisfactorily.
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Y Hiseussion of ths results.

It has been Tound by Tollmien that the boundary of the jet sore

responds to o definite value of £, . From ths following relation for

l‘
the full jot

/:
N =‘(zk@ff3§x,

we see that the divergenee of Tollmlen's jet can be known when ke
. ' -
s fixed. In the trsnsport theories, however, the value of k ¢ can

only be determined axperinentally. Therefore the diversence of Tolle

2

mien's jer ecaanot be predicted in thre theory. Now from expsrimental

observetions we know thal when the density of the rest Pluid, fi, is

s =3

fParent from thét of the spraying fluld, the divergence of the

[N
[

jet inerocses with the increase of f . Thus the spray of water into
the alir will be wider when the pressure of the alr is ineresssd.
Aceording to the present theory, this may be due to two causssy (i)
El ineresses with the inersase of fi, or (ii) klﬁa or 4 /x deereases
when fli& iﬂ@?@&ﬁéé; the second cause can easily be visualized by
“the faet that the diffusing messes of the spraying fluid will sne-
sounter more retardation and therefore have a shorter aixing length
when the density of the surrounding Fluid (f, ) ie iacresscd. In the
srasent theory we can only taks inte aceount the Tirst eanuse, sinee,
a8 we have menﬁi@aédﬁé fore, the value of kleg itself cannot be pr@§§ 

¥

disted theoretieally in the transport theories.

&3

Prom our forezoing results we know thet §1 {end alsc £, ) chan-

jo 8

gzes only slightly for the half jet and remains entirely unchange

at large distances for the Tull jet. therefore the obssrved change



ronce of the jet with different 3 must lergely be due to

the change of the wmixing length.

Our foregoing itrestment for s full jet has been confinsd te laye
ga distances Prom the s8lit or orifice. AL small distances, since the
higher powers of 1/% can no more be negleeted, the resulting egmetions
will eombaln x as well as 1 and gomsequently the similerity in the
different sections of the flow 1s no wmore possible. It will be noted
that the usual procedure of treating the flows in leis and wales
fails whenover the similarity in different ercas-sections of the flow
is impossible. For insisnce, no theoretlical trestment has been achieved
for the wakes at small distanees from the obstacle.

7,

In cur esss, the situation at smsll disteness from the orifice

(M

or 21it is even more aomn liggggd 57 the fmet thatl

4?"

the spreving fluid sust be influsnced grestly by the surfsce lension

of bthese two lamiselble Tlulds.

In conclusion, the author winhes to express his hearty thanks
to Professor Theodore von Rarwen for sugzesting the »roulem and £be the

helpful sugpestions and discusions.

Eaa

1} ¥. Tollwien, Zeit. f. sngew. bath. u. Meeh. § (1926 468,

e
%]
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Part ITi.

On the Possibility of Keeping the Electrons Inside the
Dimengion of Nucleus and the Quantum Mechanical Theory

of Hesution

37
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ABSTRACT

In the vrosent paper an attespt e given to treal the ,f? -sabivity
zlong the lines of Gemow's theory of o =aativity without uping Fermi's
gonseption of likening thé prosess to the smission of light photone
By the charged pertlale. It is Pound thet 1P we consider the protom
an & ophere with consisot high potentisl imeide, then the slsciron
asn be kept inside the proton for any lenghh of time depeniiag on the
snevry of the slecirenm and the helsht of the polentisl chosen. The

present thosry explaing setisfeetorily the lgwgﬁﬁiﬁiﬁy of ths free

=)
g

utron end gives the vipght order of magnitude of the ruelesr foree .
in controut to the too saall wslue oblaived in Fermi's theory. The

latier veuulit seane that the sspnitude of 1he neclesy lorce can b ee

plained by the F=m$£§%&ﬁgw fores alons without the introducilen of
messbron, AL the present slegs the iheory cwwmpt explalin satisfsclorily
the different types of Fsﬂm@tiva waslel, and thersfore no Jdetailed
susntitative study of the semn lifee of bhe fnmrmﬁﬁm@@ﬁtiﬁﬁa is given.
The present nodsel ofproton cen alac he used to explain the hiading

ol %%ﬁﬁ%?@ﬁ with the heavy particles. Thie provides a aew woy of troate
ing the azehenge intersetions beluween the heavy particles in ihe wmenops

tron theorye
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Ie Inteoduction

From Helaonberg's orineiple of wwertainiy eand {rom eciuslly
solving the wave equation of the electron in Gsuwow’s model of the nuse
leus, it is comsluded that the eleetvon cmwol poesibly exist inside
the nucleus: On the other hend, B e-slecirons are found %o be emltted
directly from the radicsctive nuclel. To W% this difTieulty, ?@ﬁ’ﬁif
anmined theb the pmﬁiw&r@% do nod already exist inside the m@lﬂw,
but are sreated instentonecsusly during the fronsfowesdion of the noue
tron inte profon inside the nucleus in just the seme way se the light
photons are erested ond ewdhilated by the ﬁ%:awg@ﬁ particles.

Feynt mssizned fo the heavy suelosy perticles o new kind of
eharze "' anslogous o the electrosspmetic charze "o of the cherged
partieles, In this way he bostowsd upon the hesvy partieles & new
power of creation snd armihilsiion of eloctrons. This ermbles ws o
speaik of the enitted eleetrons from heavy prriticles just me 1ight le
given of? from & light soures, This contaplion hes been extended lai-
er to the emission aud sbsorption of nesotyrons.

The sipnificance of this now eharge Yg" can be locked st in two
different ways. Pirst, we mey consider it siwply se v eoupling cong-
Lant, %ml:‘zi%* whigh is hidden sn unknown meehanianm of ’%;zxiu iing the sloce
tren in the hesvy partiecle, so thet the elsotron is not really created
awd annihiletedsss the terss would lwply. this eltustion emn best be

f;;,,mmmé by considering the cnee af o »divintegration. If »e 414 not

x ?*v’sr a m%ﬁilﬁm dissussion of this point see leths and ¢
voles, 5 (1056} 82, 988
+ . Persi, Zoit. £. Phys. 58 (1934] 161,

achey,

Peview of Voderm Fh
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know Oamow's model of the suclous, wo wlght hevwe explained the ol=
disintegration by sesigning o the o=aciive mwleus an “depariiele”

charre anslogous bo the tersisolopy "weasn® chavge snd ° f-particle”

charze "g® in Fersits theory, and develesing a Tormel thesry of o -

dsintecration in close snalogy to ibe Fermite theery. Dds K=particle”

sontet and vltimade. Tho penond

sharee then ropresante nolhlng Dus

sndal

- of Yooklog is that the sherge 3" reslly represente e fund

and ultisste interaction conslent siuiler to the slegtromsgreiic

ehoeze "%, This conclusien is Isevilalle 1F no setieleslory sechaniss

of birding esn bo founde It lovaelideies ouwr old concepilon Bwt ell

msees parbizles sannot be cropted and sanikdloted.

Fhowdll be noled thab Uhig conoepdt of ard arpdhilation

of elesiron during the f-disintegretion is of 2 JifTerest selure se

thel of the mresbiosn s mwdbilstion of sloglron s

wave. 10 the labber csse, the alesivon iz commidered

- Irow the negalive enoryy slabe to 2 porilive sue

leaving » posliilve sleectron bole. io although experizesially wo obe

sree bhe orestion end sanihllebion of slociron palrs, we Jdeny 5%

Preoreticnlly by seying Yot 1t ouly imvelwes a ] - of shatos se

@

in the sase

B wsossgsry congsouense of ag theosry of alestyun.

ES

of P ~disintegration, howsver, the orestion snd amihilation of slece

Epom orewnth - s ider

he pedr prodnebion. Gongegy

Oy P Fsau:

the only oocosion in which the soucedt of melual ore

Niletiaon of slectrons is noeded.

N

Bk o o
1% O it

craation
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theory of (B -tisivtegretion. s we lave mentiowed bofore this atteupl

*

con pnly be schisved Ly finding sut 8 povsible mechenles of binding

ahiov. ¢ Bos Ll

slong the lives of Sesou's thesry of o =disinteg
gyen the wrocess of paiy productlon sust alse be owwidersd as asgtusl

sraetion snd sanibilstion of sase pertieles, the srocess of sresntlon

snd sonibilation of [ ~particles is of an entirsly 41 tpe
{for instence, the chorgze "z sleye ne role in the procsss of pair
production), end so ths sisplification iz o eonvention will be very

prest iT thile stbespt is succeselul. 4t sny reles, guccesns in this dne

bion is sliso of aoneidershle interest in iteelld boasuse 1%

leads bo 8 new explanstion of dhe ﬁ midiuintmzrabion. 7 bR

m ol the srosend Daper.
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1.

Fig.
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11, & spadeslaseicsl considersbion.

Sefore wa procesd $6 oblaln the rigorous soluldon, lot us sonsis-
der o ssui-vsve asnie-clsssizal ssvest of the vroblesm which is oviglanle
iy the idesm that steried the presend investigstion. de ohall comalder

5,

the proton a9 o sohere with exbressely b

 polentiel inside, and sesuse

.

that the drop of potentiel at the boundory is o abrupl thal the gras
dierd of potentisl both oulslide ssd ivside the sphere is nepligitle in
somporizon with 1%, Thid ssmeption io essentlslily thel ithe proten

exerie a strong silrsetive forves on the elsciren al the buundery gure

wenntde represectation of this sphere o given

the radiue v, end vanishes for v>y Lihe %ﬁ%l&%%;?ﬁi@ﬁ%iﬁi wbalde
Boine neglected s» extrosely wesk in 3@%§ﬁ?i§&ﬁ‘§i§% the motential
inside the sshere. "his point can bs verified leter). 3Sines the slece
tyon hes & negsiive eharps, b will gadn on extressly hioh kinellic snede
oy when 1% falles inside the sohere. Let uve consider an elecirom jnelde
the sphere with sn sngeler somentun sboutl lhe genter of the sphere as

»

ghoun in the Fizuve. Fros the srisdiples of relativity »6 boov lhel the

B

£ 3

veloelty of the eleetrom is equel to ithe group welselity of

end that the wave velogity of the wmeve o degressed when the group vew

locity is inercsosd, o the eleoiron will have s swaller sove velooity

ingide ihe sohere. Ulassioslly we way covsider the slsciron a8 & parvow

nenell of waven elriling ot the laner surfase of the srbere al sn soe

gle of ineidence & {08 i difTerent Prom sers when the s
f the ploctron sboud the center is not gorsl. Hlnee the weve welocity

of the elecivon is swmller ineids the snhore we ghall heve totel reflece
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tion se in the esse of lishd wave when § io sulficlently larpe. 1%
ean be sesn from the flgure thet iF total reflection uceure, the elece
tron will be fotelly reflecited spsin end sgeln st the sewe engle of
ingldesce § inslde the swrlage of ihe sphere srd ecommegusnbtly thers
iz no way for the eleciron io ssuaps. Jueh 2 aphere with sp eletiron
inside Bas & total eherrs zoro end v we say conslder 4% as & nsulron
sxcepl thel the resulting epin is difTsrdol owing 0 the fect that
the role of neulering hus not besn oonuldered. According to Fersi, the
neotrine is sssumed o satlefy the swse Uirse wave eguniion for the
sloatyon ﬁﬁﬁﬁgﬁl it the aass and charge sre pub egual So zero. Hemws
the bisding @f§§%@r&n§ san be treated in the sames wey op Uw electien
{iho elecirostatie polentisl ifuslde the aphore wmwt be replaced by
some other kind of polentisl since the neulrins hws 1o oharss e

It #3111 be noted bhel socovding to the fellouing lnvestigation
wo Pind thet the total %ﬁ;m%&&ﬂ of 5 wave inside the spheriesl
poundery is of 2 slighily different maiure se i::zg&% totel reflection
on & plene bwundary zo we are fondlilss wilh in opiice. In the cses of
totel reflection at the plene boundery we Cind that the wave on the
othey side of he gia% dies doun sgponsnilelly with Yhe distavwse 5o
the imtensity of the trenssitied weve will wenish 8¥ grest Jdlstoooes.
Bew in the cose of spheriesl boundsyy, the intensity of the drensolibe
ted weve ab preat distenees does net venloh slibough it fells to s
very susll vslue, whieh le the sseller the higher the enpuler moveaius
of theo electran loside the spheve. This polnd is oven an adveniege
of the pressnt theory becsuse it provides s seall orsbabitity for ithe
elostron to leak theough the boundeyy as i reguired by the oxperies

amntal fact of Redisintegration.
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¢ shall groesed to salve rigorously the Uliree's eyustion of

the sleetron in the modsl of Pig. I in the fdlloving two ssebions.

detailed physical discussions will be given in Seetion V1.
i 5 FEY
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111« The rigorsuw solutioh.

fo svroosed rizpvously we woe the svherioel coordimsiss for the
wave Tunatiors of the slestron. de shsll slerd frow ibe relativisiic
pguation of Jires Por on eleciyes. Thie sounllion ben boon wpilben Wy

Barsis in vectevpular scordinsdes in the Pollowine Towvss

wit + (B3N v % =0,

. 3 —
xiY, + (m+im)h - 5% =0,

ki,
et
Q

whine

128

)
g

o~

=
-*.
ry
<

(@)

]
48
N
=
Nt
R
<
]
3
O
N’

Yo look for o solublon Tor the reglon inside the sphers with sngular

mosendum & (& £ 0}, fush a solution bes been piven by Darwine

!

- iF WP f, = -iF, WF,

k+1 7

iy,
R
Bttt

o &
1]

(k+u+ I)Gk(v)PKuJ ‘ﬂ, = (-k+w) &K(r)&uﬂ
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& —wﬁ & 52
where »adg ig the swifoee hervonic defined by

w . d o k
£h] Pt = (Kew)) gin*p (dme) gy (co®B-1)"2

= (k-u)! Bl (os6) 2t

associated
whore ff“imm%s iz the legendre polysormal and ¥ and o sre Integers,

¥ befne poaltive and «kei<u k. Flr) and 0{r) sre solutions of Zhe

fullouing st of equatione

O(F + iﬁ; -— "’;—G = 0;

#P
%At
gl

w aince ¥ » consteat lnelde the asbore we ppy consider end

s sonetont. Llielneting Plr) from the above equations, we have

e,
L
I o
~
Bey}
+
~ \ 2
S
\=
4
~
R
0
t
x
o~
X
-+
<
A—_—
o
|
S

s an
Yub el s ol U and 2 = s whers 8 M/ F% /( W1~AV) - e ,
we ohisin
: du L du (ke )
(7} v 3% o+ (1-¥2))u =0,
43 ¥ ody 3*
which i the Bossel equation of evder & + :‘%, and the twoe lndependent

selutions of which ers given by
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Uy = Jis B,
@)

The sscsond solution of (8) sust be sxeluded sines ﬁﬂg*_:.i%‘ )} iz not
o

fintte b the origin {# = 0). Using wy we oiain

..._’_ jk*‘zl: (ar),

it

5

G
(¢}

U
Fo = 72 7,‘,,% (ax).

Dareinte solulion inside the aphere then beogowes
. & 78
= =~ A4 T~
\h A far Jk+;’; (@) R(-H ’

. KA utl
\}IL = ~Ax oJar J-k+% (ar) Pk—rl )

A (K+w+ n)ﬁ"'—;%%f“r)’i“,

%
\t; = A (‘ k- “‘) V-;—LF jk_fi': (ar) PK“‘H.

To obiein 1w soluilon oubtside ihe sphiere whers ¥ o © we moblee

et the solution Gy off {8) carmob be excluded since the replon cone

sidorad doos not contelin the orlzin. Usooting »ll goun

hitizs refopred

o the zoluiion gubside the sphere by & prime, we hove
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M.
Y= -IA Tt 6D + 8'] k-1 (a] V“ Fet»
K;H
Y, = - [ATi 6 + BT, g @h)] i=r= ,/_. Por
gﬁ} | _pu
*3/‘ [A'.Tk,(i(a’r) + B’I.k-i(a’r)J(k+ uﬂ)ﬁ;—Pk’
! i wrl
Y = [ATps6h) < B, (ar)J(km)Wa .
where
(= ‘7’%1 -%/--rmc),
/ w
(12) pr=Z (- mc),

whare &' and B' are constents. o this selubion we must lmpose the
asndition that there should he no weve coning from Infindty. Thus

the only possible selulion iz e progressive weve diverzis

s from e
gphere. Jush & selution iy represented Ly s Hanksl funciion defined

& k’?ﬁ
e £

Hoy @)= Joup @+ 00" I, @,
+11 FP Z

fo wo zust yepleee (9] by
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ro_ i
% = 7 Mt @

F/ = 7_-;"'::' HK*‘;: (4").
ayYy

#

Bk & _— #opy y 5 Aol £ one
thie with (135, we oblalin

%, @ B b
Cwmparing

YR LYY

Thorelors Vareints sclution ouleide the spbere ie given by
/ /. 4’ / u
- _ A A ar) P,
\}"2’,:.— " V, H+1(ﬁr)F+|)
/ ! -
Y = A (ki) 7z Hyet @OF,
ut]

§ = A(-kw) =H,, 1 (40P

From the shove resulil we basw thed lhe ondy solubion outside

the aphere is s divergsal progreesive wave. Un 4

{10) reprosends = stationsry wove, 2o the only solutien inside the

aphere is & shtabionsry wave. Strietly spesking, when we heve & die

yergent srerreasive wave outaide ihe sohere ihe slebionary zave ine
side the gphere should be represented by o steliovery wove uilb
desped tmplitude by the low of sommervellien of cherpe and zess of

e slegtron. Dowever, In ot present ¢ the «'luet of dewpling

Dented with sulTiclent asproxivation se we shall see later

subeldes the sphove Is exlyessly small

e arwlitdude of e
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2

in consoriecn with he suplifude of s wave Lnnlde the aphere.

Tre powlition bo be selisPisd ot the boundery ¢ = ry iz

\‘}’.l (4: = l;2)3)4').

4

e
ol
e
it
.
it

Situtine (10) st (13%) dnte {13}, we nolles that the
sguations for 1 =1 amd % are 3denticel with those for 4 = 2 ant &4

Thue we obiain only tee shuetions:

a _a oy /
A (av, j-k'rg:, (av) r’ﬁ’—r‘; A Hk+%lay;))

e
w1
T

.._.L_.- - __.._L—— / A,

Simee above sye iwo howorenspus linsar squsbions Yor & and &%, they

san heve solution only when the detersisent wanishes. Thue we have

&  J,1ay) a' Hyp.z (%)
(18) — = = R

Jm-(“yi)

-

H k-r:’; (alyi)

This result shows that 2 sust he g solutden of (18], f.0ey ¢ cune
not bmre arbitrevy yeluss Dot musd bale only descrsnts veluess detoys

winsd by (185

3L



51

I¥e The chaype and current densitles.

¥e shell now prosesd to celeulets the charge snd swrent denw
aities at woy polnd. Scecording to Diree thess are given by the fole

Iowing expreasionss

"

% * %* X
7 2 (hY + K+ ‘f';‘f%*%‘ﬁ-);
4 oY+ )
gxz—c.l(“h%*t%i'%z 4115
¥ . «LF
123 . _ —ce ("'L\}'f\*’q_ +4\kb\},3 _ *\}/1-1‘ b\’;'_ \h)’
. % ¥ ¥ x
}3 = -52("’1‘,’3-—\,"1,\!’4'# \}é‘ﬁ_ \hf‘.k«'.)
Fow we sre intersested in the radisl eowponent of the vwrrvent piven by

Jy = Ix Aoz +35M9M7+j&m9

RES Gy -3y 25t + Jeont],

Jines Frew {17}

Iu- ‘333 = -z2ce( \k.*\fs + ‘}’:‘17),

g = ~2ee R { % - fh3

e have

§y= RE§acalh% + )2 in s 2 ce (WY dewo0):
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Snee From {15)
W P

(ﬂ*‘l’; = A'%':(k““’);'; k+¢( Y)Hk PXCo)

? 1 - 12 | *
\h*\f% = A% (k+url);(—,}-Hk+i (ay) Hk+%(ar) PH,

—< It AU

BA ;f‘r, = A 2 (k u) e H_L(ar) th.(ar) e P“H*
%1,/ /2. * £+ wt
\ \le, +4 == A4 (k- u.);{,,; Hk*imlr) HK*% (a%) PI:I " *ka tl
7
- wrwd
Prrt*piedf = [ (kwdt] Pess (cor8) Bleoss),
¥ U
PK‘:I P = (Kktt-u) ! (kw)! E(:(w@!?ku(cw&),
(19}

Pest P *S = [(kt-u)1 T F;m (oo 8) P Ccort),

PR = (K] ()L P2 () P o)

thaen gf iz given by

(20) Jp= - 2ceAS[Ri6) + 98],

i

uhare
k!

flvr)= (—D [Jlﬁi (a Y)lk 3 (a’y) - +1 (a r) _K__(a )

2am (ke 2
TR Y O(IY 7,-0(/2?2, 2

—
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200 = (KewtD) [ (ktw) ! (k)| Py (cor®) P (con6) ain

~ (kt1-0) 1 (K-u) | Py, (con ) P (ca 6) cor B]

98 = (k-w) (- (ke 1001 (k1)1 Bls, (co28) Pl (cor8) i

+ (Ko=) | (k-w) | P (o) (corp) con 8]

The totnl currend J e bhersfore glven by
n

Jury‘jrm 6 4o

2
.
= 8§wce A’Q;’sz [{(&) + j{&)]MBd&_

3Lk the halp of the follswing twe well huown forsmlae for legendre
fungtions,

kw(ms%) = - k—n-ru)MﬁB:, (Co2b)

+ cozb P ::"( corh),

. w+l .
P:(m&) = ~———————k+ IM,-H [ Pk-H (con®Dan g

+ (K~u+t1) cozp PK:’(COM‘)_]} ‘
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{28] con be reducsd o

@) J= TeA {jck+u+|3(k+u+z) (k011 LP% (eo28) 205 bl8

m 3 2
+ ] (L 01T [P on8)] ainpide}

- ﬂfﬂ_ { (K+ut) (Ktut2) (K- ! (k+u)l ——

% ’”k‘

+ (k—u) (k=wu~)! (Ktut 1)) — k l

o Tinslly

4

meeA'®
(zk+1)el! ™

n

P
a3

{(kmw)' (k- ! + (k-w)(k-u )l(k-l-uﬂ))}

Bt

Y6 newt consbder the gwront inside the sphers. Vs say chooss the
orientation of the 2 axis ooch thet u = B, fete, the oomponosd of the
samler memerdun in the sedirestion is just the tolul ensuler nomsne

tams. Subsbitutiag (10} inte (17), we havs

. . . .~

ju= Gang ,  Jy=-jurg  d=0

Vg

(25)

s 200 A% P « “
§= kD J 1T, (o) (410! (kD1 Leaa)p ),

Thoes the sworent lrwmide the sphere Tlows srround civoulay palh pores

=

1lel %o the xyeploce vibh the gester at the erigia. 7o ses lenmedistely

that this i in scoordence with the surrent in the yoush pleture given

e TAS :
in ¥ige 1,
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To enleulste the totel shearge inside the sohere we first form

the expressions fov f‘i as follows

+;*+|= Aa[Jk+3(aY)_] P

K+t

" umt (72 4]

\'rz, 2 k+1 x+| ’

(26} kY 2 A% Uk
‘|’3 Y = (ktu+l) :;[fk+_7,:(av)_] P. <,

_ 2 Az Z u
Wy = (kew) L[ s @] P P

Substituting thde into the firet equestion of {17}, e have
WH¥ wr
@ pe &g Y, = 2= 5 [Ty el TR+ b

L[ T, (00 TGt BPn Ches) PEPAVTY

The total cherge | inside the ophers 1s Lhen glven by

™Y,

(28} @Q = ffjfymﬁolral%(j’

i L
- T ok
= ZTULAL{- f—;jY l J’K*l(av)Jzale Lp, P,:L + ﬁg‘*P:: Jomg e
o * 0

Y, g
. jv [ 3y, stan) Tobv | [kl PR+ (ki B P ictue}
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The Pinel exvression for L is then glven by

),‘ 2
(29 4'7”-AL{ ['f f.:Y fjk+1 (av)] dr] (k+u+1) | (K-u))
{2y, ° 2

+[f——-Y[f ()] de] (K-u- DH(keud) F

when 1 end J are nown the hal? 1ife T of the slsctron balng
contained inside the sphers cen spprozizetsly be sulimeted. Vrowm the

jaw of conservation of gharze ¢ have

A8

(50) - = J
Lk
(33 Q= Qoa**/"-".

fhea substitubing {31} fnto {(30], we hove

R/t = T,
5 o
(52} T = &)y,

sinee & and A are ziven by {15] and {15}, the numweriesl value
of 4/7 can bs esslenlsted for eny piven valuss of k and u when &' is
Enpen. Frow the &x&wmﬂ*&%}. resull of f ~disintegration, ve take ihe

zrenbont value of Y a3 S 7 sfﬁ " {ussally Vo2 or 5 ome } Then

,‘& /__ / — —'2:1 2z .2
{23} @ "VOC/{3 - 1 %"‘mc ,s-z-x7mc_~7_rx7x 1-/-/0

& [gX Ioloom".
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Ihe vadlius of the probon cen b folen ss

. -13
{54} Y, = 2.8 XI10 “om.

—_—

Jonseguenily a*?l< mxm “”x E R ate i S P f&%@ii}gg For such pnall velue

of srgumenb, we have

/'3‘5_"'(2-k+') / - k-
= (ar;)

(35) Rt ta) =

' 3
. ~ 1035 (2k3) , , vKk2
(56) | Hk»«-}i (a) = ‘/_ﬁ( 3) (av) ~

Bubstituling these inte {(15), we obtain

& Jezlov) _ al Hy,iaty)
a- d—— l R ——
JK,,‘% (av) % H, £ (a%)

L

/
(37 > 2 (2kw3) L > 2:10°

The mmerical values of J, 3 {&&*13 for & U ere sluays less then 0.5,
Therefors from {37) 4, ke d %ﬁﬁ sust bo less than 2.5xi0" f’{?}a s %),

wileh shows ihat ary must o ¥ery near to ons of the naros of 4 {w},

e 5
Yo ssmung thet this is ihe Tirst zors of % N &ﬁ?ig peside bhe origin
in order Lo make the valuw of & not unressonsbly lerze. For o rsason
whieh will be plain leter wo choose k = 5. Then frow consulting &

igble of Zesssl Tunetions, we ablain the Tirst wers of 4, {or 'E = O
z
a8 ari’" s this zives immedintaly

s ~ 7  ~ 13 oo
ifr’gj A —Z.S’XIO‘B ZS—XlD

t



58

1t is seen thed thie syprosimste velve of 8 is independent of &',
This vesws thet when &' voariss the verisbtion of & is wory esall zad
sonfined withia the renge | By By gleen by

J1(ay) = - Lyasx /0’4
2

v (ay) = ——xzs‘xlo 3

subetituting (38)] sad (35] ints the firsd eguation of (15), we
abtein

/2.
o J%(a.r) ~ o {QIY)q
(39} Ae /— Hay, () A= \/a. VAL )-—~—-——~,3 579 A

o ],éX/D—BA /%_7' (a/Y;)‘?/.z

uhere we hove substituted Jogplar |} & 0.3« Substitute k=S emd u s O

inteo (24} and (29}, #e got ressseiively

(o) GG RETRTRIPTY

2
ce A

-2
= 2 X Jo —_——
o (a;)?

(41 ) &= & x 107 2A”

Fore we hove Clanlly

a’a -
J c(a; )q /

R

Trus T is progorilonsl to Lthe fnverse eighth power of snergy He W@
can eseily see that for other valuwe of & ,'E ie sroportisnel o

(B + 2 =il wower of ¥, IF @9 put ¥ = 7 ma s o8 pbiain

-8
2 Cost ) = Camff‘.Wﬂg
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e
i
g
N
112
S

y Yarepsing result shows that the eurvent 4 oubsiie |

grhmre i8 &

vory seell guentity in comporisen with the totsl charge « luside the

e pnd Lhe mesn 1ife eetivaded is slao of ihe vighi ordsr of nege

In order to sstisets the depondents of J and T on the suguler
mementas k we repest the shove celeulstion Tor ¥ = 1 and &k » H. The
.y . 2
enloulated rosults syve based on ¥ n 7 = ond evs debuleisd with the

guee & o % o the Pellowling teble. It I geen ibal T incresses rapld

Tanle I

5

sy
ke
Mg

]

Efus”, enfsec. T, sevs ¥,

R 53077 s

Pkt

¥

biad

*

S
s
&,

%t

5 10" 1
R ~28 E
o 0.6 WP 81 7 10" 107 500

) 3 E )
§ 0.85 10 g g

B AW
kS
e
L3
Pt
o

ihe valuss of ¥ enloulated

%

(%8} belng not ascursbe. Yo von emsily see Shel 32

is

!

sommidersd s 9o Liwes lerzesr then the velue wesl lu [

the walus of ¢ eeldentad w311 B fwe times wealler.

mmmentur. The lest eolumsn of Bhe above teble glves

£ ¥ galouloted seeording o (2]

Ng,giﬁm@

EX
SeHE SO

So-rovtile-srineisle..



In fable 1 we have not comsidered the effsel of shawge éﬁ’ e
Here we noties thet sises u only represents the souponent of k on
the se-sxis, end sinee the total surrest end cherge vannot desend on
the choles of menxis, J snd § and therelere T should be independent
of ue AL Pivst sizght this eonclusion msems o %ﬁs inspauietent wilh
our Porsgoing result thed both (84] swd {29} conbein w. lowever,
singe ihe normeliszetion conatant & oBill repslns sybilrery, we 'ﬁx@w&
that u will dlssppesy frow our Finel expressioss for (34) end {29
after the noreelisetion bes been garried sub. ¥e flret consider the

following twe imberrale contsined in (20]

YI .
J‘: Y[ka,i(ar)ﬁh: ;-'LY,I{[JK+§(aY,)]L+[ z(an)] } - (KrJ,;)Y, T (av) T 1(an),

% 5 2
{Yf]mi_(av)]ﬁvz 2, {[)'K*%(RY:)] +[J 5(av,)]} (k+2)7, k+1(ar,)]’ i(m’:

Since r, ie an exlressly suell guentity, we say negleed the lerms ine
volving -;rf% dow J, ,(er) venishes, se the first integral is rerc. {20}
. 2

thee bocowoe

6 = amah*[-f ST, @10 ] (ke (k)

ohviddng thia by (28]}, =e obisin

Q (K+ut)! (K-w)! | |

—

J (kew+2)! (K-u)l + (K~u) (K= (K+uti)l = T(K—*“"'Z)*(K"‘-):le-rz,;

where T is e Punction independent of u. Thus we see thet /0 is indes

pendent of w. Tow the provess of normelization i essentielly to pub
= 8, hence ofd and congeguently J must be indesendent of u. This

sroves thet both U end J ziven by (28) and (28] are independent of u

sfter sorrying oud the noreslization sp we bave expectseds
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It will he noted thet cur Tovegding setlasted values of ¥ sgres

with the Hoizeshe

rrts prineiple of wncertainby. Lol p be the nomerdtus

of the eleetron inside the sphere, then by Helsenbers's priveipie

Af A ~ ke me = /37 me

2ny, ~ ame*

WreV R 4p-c = 37me”
Sines W Ka¥y ws heve

2V R BT me* o 70 MEV.

g
Sise
£
i

boGay ¥ Z, 0 ¥ ey whieoh o sean to be satielisd by our Toressing re=~
sattn,

The Goolusbisn potentisl sulelds the spheve is plven by

-0 3
a5 _,Y‘%_- >~ i’jx/g_—_'a ~ )J7XI0 esu.  or 0.5] Mv.
i &5 X1

s 3% oan be meglevlad endirely in souperiscen with the gonstant noe

tontiad Isslde the aphers. {his corslusion ls in eoreenent with ibe
eoneupblon of Born sod Infeld) who consldered the Zleld suislide ihe

ehargsd sertiels oo extrwrely weak io compurison with thed inslde.
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E

s The sxehenzs forod.

Sow wve absll srocesd to Tind the eschanpe polential belusen
tup sphores considersd im the foregeling #1th one slesiron sxchenging

batween them. The vhole systen sey be compsrsd with ithe deatoron ne

e 4

] - R
sieus, Lol these Gwo sphoeres be ob dislance ¥ osperd snd Jet »b and of

af these

be the distense frow sy polnt of the field to the oenler

R >, ) , o s
wo soheras (¢° - ?* = Fle Hrits MY ) for tho wveve Punction of the

;;fdn

slestyon whon the latter i conbined with the fivet apheve snd 2"}

e the szehonge lotepesl, we use

-7, . . gk T ; 53
iEt ) sad ") orvesponding o the uoe

perturved states of e slectron In these two seporale spheres. 7o sey

pEsrass Lhe w;mz*%w%m sere erday soiution ea » Ilvesr coubisetion

D> _)/ ->, //..
(48} Oy, YD = %Hu) . ¥GD], V=7,

where the Tacter A2 + 20 {s the comptent of roralizetion msd

227
Y = - 3 5

) YYD A

X

The intorestion engroy belwsen those two osoberes i

j;*(?,?ouw?,% 7,

Lrnnbannt i’aﬁimﬁﬁ a sdoilar vrogedure in the broabe
dropen volseulo-ion, see L., Fauling: Chenieal feview,

* The %H ek
w‘zw“:%; ol $he

= {3gaB) 17%.
+ Wxth the avqument ¥ n these solutions Yef'/acecl by Y’ ey Y”
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W(r")
|_¥(r?')

Fige
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of whieh tho sxtbasge lategral is

-, = -

I Ny’ 7 = ¥
myy JO) = %S‘f"L(YQu"}'(Y)AY , Y=Y -y,

whare U ie the inberseliisn poteniial belueen the spbure and the eless

wrone U s ¥ for v'< r, wad U = O for pt> rye ihus

{hs3 3(7,) = T35S Vj ‘f (Y)+(Y'I) Ayl "=y~ f
Y'<y,

2>, ,
“s oan essily setimste the order of segvdtude of J{ri Tor r'< ¥y

F 2 -
in 13‘?&% ?%’e iiwi &,‘{%ﬁ X{?kE &Ef {lﬂ}ﬁ @i?‘éﬁ@ gfﬁﬁ"% o 3L - d % y‘t s
- ¥ oEnt v Qf*§$ we have 2% > Ty ie p vouch cellmation we sonslder

these beo apheres in ountact vith each otlery Loty ¥ & 21

=,

o5

s

—y ,
( Yl/) °¢
\’/ ( a'y; ) k+3/2, 5

Srosp
K+34,

" (a/Y:) " | K‘l‘g/z
(i) [¥or ‘)]Y"=3Y. =LY )Jyffzyi WA = [t )JY,E“ (’3”)

Hinee e tolnl cherge lraide the sphere sust be of order e, we bave

) Y OYE A A

Y Ié Y|
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whers ¥ = %”Yuz = the veluse of the wphere. 4% o rouzh ceblwsiion, we
may subsbitube (51) date (B8} Since (30) corresponis to the smallest
velue of Y{p"} inadde the sphere &' (8t polnt ¥ of Fige 2), we sy
slse roplaee #{r"} in (88) by ihe smellest vslue given by {40}, Bm
wi have

, k+3/2 7
G2) I R FEVIHMLL (5) %

How eimes le¥) . L mu(etl . o = Y v, wocording to (51}, finelly
wo ublein spproxieately, replocing the Pactors 1/ 2+ &5 by 35/‘;‘5

ﬁﬂﬁ %‘%’«E&ﬁif el

(o5 J) =~ 2V (5 x xxfooxﬁ——’fc/. ~ —16 MEV.
shigh 1e sean to be of the right order of mgnitude ss the nuslear
Pores betwes: z probon and a asutron. 5B w11l be nobted thet the sbove
estinntion should not be taken tou serlicusly alnee b such szall disw
tanoe of the two spheves {r = Jr ), our method of ﬂ%&’%ﬁﬁf%%iaﬁ might

be invalideted by the sirong intersetion.
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Vi, Fhysienl dissuseions.

In thie section we ahall identify ihe soheriesl modsl trested in
the forepsing $we sscbions with the proton snd prosesd to luvestigate
vhysieally how much this model of the probton represents resllity. Accopde
ing to the present theory we may consider the neutron s the probon
aphere with an eleotron contuined in 1%, Powever, from the requiresent
o the apin and the continuous Pwray spectvs we must sssuums the aow
presence of & neutrine with the slectron in the Wmﬁm the wave fmﬁw
tions for the eleelron and the neulrino cen %m wrested separately if
thsceondition e ssbisfisd thet the interaction belween the slestron
ard the neutrine is sueh smeller than the interasiion of both with the
proton. Secording fo Ferml, Lhe weve syuslion for the seulrine iy ase
sumsd Yo be the same as the liree eguation for the electron cuvent
thnt the chargs and wmese in the squmiion ars put squal to zere. IF we
further asswse thal the boundery of the proton sphers sxerle & very
strong sitractive surface force on the neutrine as on the slectyon
{only iﬁ the present g&% the foree cammot be reprepconted by & conew
tant slecirostistle potsntial inside the sphere sluee the neutving
é‘wa no charge ), then the wave functions for the bounded neuivise w¥il
be given by the same solutien {10) end (15) for the bowded sleoipron
exeept that m is publ egual Lo zers and eV is repleced by U, Lhe conpe
bant poleniisl rey neulrine inside the sroton sphere, whish gives
rise tu g sirong stireebive surfsee Pores on the peulrine #1 the bounw
dary of the sphere. Censsquenily the resulte in the Toregoing three
sactions can eguslly he soplisd to the sleoiron and the neubtrino.

In porticular vhen the interaction between the olesiron and the vous

trine can be negleeted in comparison with the intersetion of hoth
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with ithe proton, the wove Danctions for the eleciren and the mepuiring

ave ropresenited seperstely by {i@%i {13 and the nodified form of (10),
{13} respesiively.

It will be moted thet for the "persitied” Bedisintepration do~
Pined in Perni's theary Tor which the ehenge of a spin of the hesvy
particle il mero, the wave f&ﬁ%ﬁiﬁﬁﬁ Yor the eleciron aad thw neutrine
sust hove the seme walue of k and opposite waluee of u in order %o
arie the total anpular somentiw of then venish. From the further cone
ﬁiﬁiﬁﬁ‘ﬁﬁﬁﬁ both the electveon snd the neulring must have the ossew LSRR

Yife, frow (42) we bave the Ffollowing condition

“neutrins ¥ “olestren

focd

wrd thepefors, fron o . o
¥ s * Sneuteing electron®

i,

-~
i
W

st
ek
.

125

‘r

Further discossions will be grouped into the followlng topioss
{1} The Bw-activity of 4w Pree ssutron.
Lecording bo the results of the lasl ihree seetions, the frae

neutron is Besctlve (The sews conclusion io also rosohed in Fersi's

g

neory J» This iz in sgreesent with the fact that only the proton io
found bo sxlst in the free siste perssuently in the umiverse.

{11} The stable mucled.

foreits theory the neuiyen i sssused Lo posses » vew kind

2

af gharge "2% in snale

f=d

to the electrempetilis charge "o of the

B

ed partlcles. Uhis sew sharce "z" 18 responsibdle fﬁ?‘ﬁﬁ%p*
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sobtivily of the neutron. In Taold ths

the life tize of the B =disintesratiocs. It Tollows from this thstb

the mowdron in a1l eteles, free or combined, possos

‘2t ahieh is istriasieally somnecbed with {

be B wactive. ¥
teton, the omitted B wpsrticles ars sbsorbed lmmedistely by the proe
tore This absorptios sud reesmisslon of Lepariicles by these two

%mwg particles reduses Lrasendously the prodability for the electeon

enwd ihe neubrine to escere fros the deuieren and th

Liotie T TODER

E

lotter ronepolive loward Pedisinbeg

ne noed thet dhe Sadividunl seutren Lo ke etable mpelesus should slss

re hos beon bulos of thie ilnstall i1t Ly af

e ghable. In Peob adweni

the nputron in esiiidng Fﬂ%ﬁ}:‘ Licles or mescirens Lo sogount for the

F

sualeny suohanse 4

b BERe
sent theory we find that the neutres is slesye B ~active. Therelore
the situstion is szasily Lhe sene as in the Ferni®s theory snd the
stable smucleus can be enplaloed in the sany ways

{438} The nuoleay suchauge Tovue.

he lest seciitn we heve eveiuated the sxehenge integrul

Tor an slogd wlupe we heve

noyieried ths interestlien belessn the slecwon snd the sowlbine is

speapisen with thelyr inlersebions wilh Lhe proten, e conivibuiion

Bogn BY -
G hea 88X sty ]

Peon bthe sleeiron asd e

sdditive.

i

value siven in (95). ihis
presant iheory the force osused by the sighenge of the B -particles

is

tudes of Lhe nuclenr Toros,
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of ordar 10 BEY, $o conlrsst to ibe eatimetion in Fersl's itheory whieh

shows thet the exchsmge fores Sue to Pw=variicles is iéﬂw timse spale
ler Lhan the sbove ord at This woens thet sccording o the prepant
theory the nuclesr binding osn be expleined already by Fo&@&iﬁ%ﬁ
without the introduetion of $he nwesotren. This resull is of sonsidep~
sble imtercab since 4 wes only due to this defeet of i‘?‘f@mﬁ*m Ltheory
that the Tukewa's theory of nesviron was proposed.

{iv] ‘he mesvtron theory of nuclsar forev.

Dwing to the feilure of Permi's theary to ezplsin the ruclosr
Porne, Tuksws put forih the 1den thel ihe nuclear foree Is dus to Uw
srehanze of o sedivm max;f partiele laterly eelled seootron. The hesvy
particles are sssused to posssusns emon® eharze in smalogy to the

e in the cave of f-iisintegretion. In prodeeding to ovalusie

tha sxchange fores bobwsen the heavy particles weo sset with the divers
gonee difPheuliies whieh sre sove severe isn nature then those in the
rediation theory. fovedy hee beon introcuced io resove this Jifficuliy
first by a cut off procedure and then by developing = slrong coupling
theory in both of shieh the heavy perticles are espeniisily ssoumed

te hove g finlte sadiue whieh jo just in line with the g}?ﬁ*m”&% %@aﬂ,«

Zecently TpiTin and Yesmer bave sussessfully Porsuleled the vave eguas

tion for the ponsbron in the Uirese Topm. Prom the view point of ihe
present theory it weess worthshile Lo trest ithe mesoiroen enslogousiy
aw we have done for the fesarticles in ihe present peper. 1% is

expested that the finel solution should be of the sane Porsm as we

* af, Sethe sad Dacher, loc. oif. p 203,

t ¥, Frot. Dove D00, A. Vole 175 {19%9) 91.
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sbteined heres for the olesiron and the euchanpe force sen be svalusbed
{v} e p-sotive sucled
& Besstive muslous will resull when one of the neutron is not

soupled with other hewsy partiele shieh onn absorb

A

sailted by the neutron. fovever, hore we meel o @

Theulty of the prow

‘ron the resddt of the 1&% saction, we knos %;,,m whonevey
B is Imown end 95 7 y&ﬁ§<< sV im used, ¥V is deleroined conpletely. Hew
it in only netural Yo sssuse thed the aroton should heve The sous Jaw

iy

¥ oy aiven in Yable

Finite velue of ¥V in 21l stoles. I wo uss Vo %0

1y then the enly poeasible wvelus for k o k = vadoe of ¥ io also

~ﬁ'

Pised Crow (38). This would mesn thet all fesebive mucled siould have

the sams value of V and & and conssguently the some walue of T .

hovever, Jlsagress with the experisental Ffseb thed bolh ¥ and T sre
found o be 4lfforent for 4ifforent nuolei.

1% se

=n that the above Jiffieulty cen be aveilded by ssmusding

s

that sither ¥ or ry iz different when the siate of the proton ie difw

fopent in $he A300wr

; necled. This explednntion, howewer; in very

vague st uncorialn and calls Tor Durthey inveetisebion.
Lonslusion

e quentileltive resuld hew bee

o Torvepslog dlecussions
unesylalnty of the present theory. The preseuat thoory hos

x Laak of sval

vasbion and

F ~gativity of

Lhe muiren, sl shown that the - of (” ~particles is sufficlent

o aessunt fpy the ouclesr Targs o aorder of

axplaining



