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SUMMARY

Using Holzer's method of frequency calculaticn, the natural
frequencies for the first two modes of torsional vibration of the
wing were‘determined for a representative conventional airplene
(B24-C) in the customary manner, the fuselage being considered as
a rigid body. Next, using a methcd developed by N. 0. Myklestad
of the Guggenheim Aeronautics Laboratory at the California In-
stitute of Technoiogy, conbined with Holzer's method, the natural
frequencies for the same two modes of vibration were again deter-
mined, but with the fuselage this time being considered as flex-
ible.

A comparison of results of the two methods indicates that in
considering the fuselage as being flexible, a decrease in the
natural frequency of torsional vibration may be expected. For
the particular airplane selected, this decrease amounted to 6.68%
for the first mode of vibration and to 39.1% for the second.

The investigation reported in this paper was entirely theo-
fetical and was performed during the 1943-1944 school year at the
Guggenheim Aeronautics Laboratory at the California Institute of
Technology, Pasadena, California under the direction and super-
vision of Dr. W. 0. Myklestad, research associate in aeronautics

at the Institute.



INTRODUCTION

In the design of modern aircraft for ﬁigher and higher speeds,
the designers are beconing increasingly more interested in the
problems of flutter and vibration. One of these problems is thét
of the torsional vibration of the wings, which is dependent upon
a number of factors, such as (1) the mass distribution both span-
wise and chordwise of the wings themselves and of all units sup-
ported either on them or within them, (2) the torsional stiffness
of the wings, (3) the torsional moment applied to the wings at the
shifting center of pressure by the air loads, (4,) the coupling be-
tween the wings in bending and the wings in torsion, (5) the tor-
sional moment applied at the root of the wings by a flexing fuse-

lage,

snd (8) the effect of conpressibility as local velocities
over the wing approach the velocity of sound. It is believed to
be comnon practice in the aireraft industry generally to consider
all but the last two of the factors enunerated above.

This paper then has as its objective the quantitative deter-
mination of the effect on a representative large airplane of the
fifth factor enunerated above, namely, the effect of the torsional
monent applied at the root of the wings by a flexing fuselage on

the natural frequencies of the wing torsional vibration.
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DEFINITION OF SYMBOLS

Fuselage mass concentrated at any station m, lbs. seconds
squared per inch.

Numser of any wing or fuselage station.

Mass moment of inertia of wing in inch lbs. seconds squared
or bending moment of inertia of fuselage in inches to the
fourth power.

Convenient reference value of bending moment of inertia for
fuselage as a whole.

Modulus of elasticity of fuselage bending material in lbs.
per square inch.

Angular deflection of wing'at any station m in radians.
Frequency of vibration in radians pér'second.

Panel length of wing or fuselage between stations n and
n+1 in inehes.

Shear at fuselage station n in lbs.

Bending moment at fuselage station n in inch lbs.

" " of fuselage tail at elastiec axis.

i n " n t " "

nose
31lope of fuselage axis at any station.n.

L " v tail at elastic axis.

| 1] " " " " " "

rnose

Deflection of fuselage at any station 'n in inches.

i e "0 tail at elastic axis.



yp =~ Jeflection of fuselage nose at elastic axis.

Ve, - Change in slope from n to n+! due to a unit force at n.

VMp - " L " noT nt _” wwo"  aonent at n.

de, - i " deflsction from n to n*\ due to a unit force st n.
dMn - " " " " n " n+\ n f"non " momﬁ’nt &t n.

-
1

Slope of fuselage axis at extreme end of tail or nose.

f,, f. - Coefficients appearing in equation for ox,.

9 K, - " " n " " %“‘

M, ~ Total coupling moment introduced into wing by fuselage at the
elastic axis.

a, = Ih/ﬁ; - “on-dimensional synbol for fuselage bending moment of

inertia at any station n.

Tasg = Ln

b,=a,,,~a,= = - Yon-dimensional symbol for increase in
fuselage bending moment of inertia from
station n to station n+1 .

€ - Variable distance from station n to any point in panel ;.

(between 0 and n#i .
. ;e 584
K= m,w'k, ' Ko= Z LLZ K]
G, = m,w'g,  G-ElLEed

! . . . . . .
k, - Torsional rigidity of wing in 1b. inches ver radlan.



AVALYSIS

Because of the nature of this iavestigation and the difficulties
involved in the measurement of the effect of one factor at a time
on the torsional vibration of a wing, no exverimental work was under-
taken. Instead, the authors épproached the problen from a purely
theoretical viewpoint, and the investiggtion was perfomed entirely
on that haais.

”taf a representative airplane for the investigation had been
selected, it was necessary first to obtain the following iaformation
concerning it:

A. The wing (Table I), considering its mass and the masses of
all bodies either attached to it or stored within it as
being concentrated at a number of stations aiong its span:

(1) the distance of cach station from the wing root in
inches,

(2) the mass nolar moment of inertia L, about the clastic
axis of the wing of the mass considered to be concen-
trated at each station in lb-inches seconds sguared,
and

(3) the rigidity W, in lb-inches per radian, or its
reciprocal, of the wing in torsion between cach sta-
tion.

B. The fuselage (Table II), considering its nass and the mnasses

of all bodies either attached teo it or stored within it as

being concentrated at a number of stations along its length:
L]



(1) the distance of each station from the fuselage nose
in inches,
(2) the bending moment of inertia about a horizontal axis
perpendicular to the longitudinal axis of the fuselage
I, in inches to the fourth power, and
(3) the total mass m, considered as concentrated at each
station in 1bs. seconds squared per inch. -
After receipt of the required‘information for the wing, it was possible
to calculate the natural frequencies of the wing in torsion for as
many modes of vibration as were desired, considering the wings as beiﬁg
built-in to a stiff fuselage with an extremely high moment of inertia
canpared with that of eaéh station along the wing. This calculation
was actually carried out for two modes of vibration following Holzer's
method as outlined on pages 228 and 229 of Ref. 1, an example of which
has been appended to this paper as Table III with an explanation in-
cluded in the appendix. The results of this calculation have been
tabulated in Table IV gnd plotted on Fig. 1, and show that the natural
frequencies for the first two modes as detemined by this calculation
are 33.67 and 71.70 radians per second respectively.
This.canpleted the first phase of the invesg;gation; end with the
required information for the fuselage then at hand, it was possible
to proceed with the second phase, namely, the calculation of the natu-
ral frequeﬁcies of the wing in torsion for as many modes of vibration
as were desired, considering the torsional moment applied at the root

of the wings by a flexing fuselage. The problems immediately con-
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fronting the authors in this phase of the investigation were those
of determining (1, the torsional moment produced at the root of a
wing by a flexing fuselage and (2) the method of coupling this moment
into the wing at its root.

For the solution of the first of these problems a method devel-
oped in Ref. 2 for the antisymmetric bénding of wings was applied
to the flexing fuselage, considering the fuselage to be made up of
two independent beams extending in opposite directions from the lo-
- cation of the elastic axis at the root of the wing. This method has
the advantage of yielding immediately the 5ending moment at any par-
ticular station along a cantilever beam and the slope of the beam at
that station as linear functions of the nommal displacement of the
beam.  Consequently, the procedure followed was, first, to calculate
the bending moments and the slopes, at the location of the elastic
axis at the root of the wing, of both the portion of the fuselage
aft of this location and the portion of the fuselage forward of this
location resulting from a unit downward displacement of the‘extreme
end of both the tail and the nose. The bending moment at the elastic
axis and the slope at that location of the after portion of the fuse-
lage were designated as M, and «, respectively, and of the forward
portion of the fuselage as M, and o, respectively.

Next, since the fuselage is actually a continuous structure
throughout its length, ité slope on either side of thé elastic axis
must equal the slope on the other side of the elastic axis. This

leads to the result that, since the initial displacements of both the

s L =



tail and the nose were taken to be positive downwards, in order for
the .slope forward of the elastic axis to equal that aft of the elastic
axis, the slope forward ofvthe elastic axis oc. must be multiplied by
the ratio (‘ 0%/0‘;) This same result would have been obtained had
the initial displacement of the nose been multiplied by this ratio
~ 04.,/«',) ; and since the bending moment developed is a linear func-
tion of the displacement of the free end, the bending momegnt produced
at the elastic axis by the forward portion of the fuselage M; should
also be multiplied by this same ratio. We then have that, for the
continuous fuselage, the bending moments at the elastic axis due to
the after and forward portions of the fuselage are given by the ex-
pressions, M, and (o, /o4)x My respectively. However, these two
canponents oppose one another: consequently, in order to detemmine the
total bending moment M, from the fuselage to be coupled into the root
of the wing, one must be subtracted from the other. If the direction
of M, is teken to be the positive direction, it may readily be seen
then that Mo =M, = (- ou/oq) M, = My, + (/) M.’, And since the bend-
ing moment from the fuselage at the elastic axis enters the wing as
e torsional moment, M_, is the torsional moment produced at the root
of the wing, the amount of it entering each side of the wing being M.,
assuning symmetrical twisting of the wing.

For the method of coupling this moment into the wing at its root,
one side of the wing wes considered as a free body in torsion with this
torsional moment of M, applied at its ‘root. Assuming arbitrary unit

angular deflections of the wing tip, the Holzer's calculations made
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during the first phase of this investigation yielded the following in-
formation for each frequency selected:

(1, Theltorsional moment developed within the wing at the first
station outboard of the root due to the rotational inertia
forces within the wing (Ef];d&a from Table III,, and

(2) The angle of twist developed at the root of the wing (4,
fran Table III).

Since in this calculation the torsional moment developed at any
particular stgtion and the angle of twist at that station are given
as linear functions of the arbitrary angular deflection of the wing
>tip, any desired angle of twist at the wing root can be obtained by
properly adjusting the arbitrary angular deflecticn of the wing tip.
Since the wing can be considered to be built-in to the fuselage, its
angle of twist at the root should equal the slope of the fuselage at
the wing's elastic axis, end in order to obtain this angle of twist
at the root it is necessary to multiply the original arbitrary angular
deflection of the wing tip by the ratio (ccwat). Having multiplied
the original arbitrary angular deflection of the wing tip by this
ratio, it is then necessary to multiply the torsional moment devel-
oped within the wing at the first statiqn outboard of the wing root
by this ratio also. Hence, this moment is then found to équal
(oc,/a'):i::[nw‘/s" , and adding this to the torsional moment aepplied at
the root. of the wing by the fuselage, a residual torsional moment or
torque on the wing of M=%iM, +(o<b/a1):Z:I,w’ﬁ,, is found. This residual

torque is then the additional applied moment required in order to force
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the wing to vibrate at the assumed frequency. This value of the re-
sidual torque is then plotted against the assumed frequency; and the
process is then repeated for other assumed frequencies, one point
on the plot being obtained for each assumed frequency. A complete
example of the calculation by this method for one assumed frequency
has been appended to this‘paper as Tebles V(a), V(b), VIi(a), VI(b)
and VII, with a brief explenation of them included in the appendix.
The results of this calculation have been tabulated in Table VIII.
After a sufficient number of points have been obtained, a curve
may be drgwn through them as has been done in Fig. 1. Again the
points at which this curve crosses the frequency axis detemine the
natural frequencies of torsional vibration for the wing, for at these
points the residual torque becomes zero, and hence the additional
applied maoment required to force the wing to vibrate at that frequen~
cy also becomes zero. Fram Fig. 1 it can be seen that the natural
frequencies for the first two modes as determined by this calculation
are 31.42 and 43.65 radians per second respectively. (3ee Table IX
for tabulation of final results.) These are reductio;s of 6.68% and
39.176 respectively fron the frequencies of the first two modes found
in the first phase of this investigation. Accordingly, it may be con-
cluded that, whereas the consideration of a flexing fuselage has a
small but appreciable effect on the frequency of the first modé of
torsional vibration of the wing, it has a very decided effect in
lowering the frequency of the second mode. Probably, considering the

trend of the curves of Fig. 1, this same effect is carried on in pro-
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gression to subsequent modes of vibration; hence it is the studied
opinion of the authors that this effect should be considered in the
calculation of the natural torsional frequencies of the wing.

The closing ?hase of this investigation was the determination of
the fuselage deflection curves for each of the two modes of vibration
detemined above. This was accomplished with facility from the cal-
culations involved in the determination of the bending moments and
slopes of the forward and the after portions of the fuselage in the
second phase of this investigation. The deflection at any station of
the fuselage is designated as Yo , and columns so headed may be
found ih both Tables VI (a, and VI(b). Again, the values of %,,'
given in Table VI(a, must be multiplied by the ratio (-x,/c{) in
order to give them the correct magnitude with respect to those given
in Table VI(b). Fuselage deflections are tabulated in Teble X. A
plot of the values of y, calculated for the two natural frequencies
found in the second phase of this investigation was made and has been
appended to this report as Fig. 2. A perusal of this figure will in-
dicate thet the deflection curves for the fuselage for the two modes
of wing torsional vibration are very similar, there being no reflex
curvatures along the fuselage length in either case. In the first
mode the nose deflection is about one-seventh that of the tail whereas
in the second mode it is almost twice that of the tail, from which it
can be seen quite readily that for a given deflection of the nose the
fuselage curvature will be much greater for the first mode than it

will for the second.
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The relative angular defiections of the wing at each station
along its span can be determined very readily by‘referring to the col-
unns headed ,4 in Table III for the calculation for a rigid fuéelage
and in Table VII for the calculation for a flexing fuselage. These
values must be multiplied by the ratio (o4 /g) for each frequency
selected in the calculation for a flexing fuselage, as has already
been done in the determination of the residual torque acting on the
wing, in order to detemine the actual magnitudes corresponding to
a unit downward deflection of the tail. This has been done and the
results for the two modes tabulated in Table XI and plotted in Fig. 3.

Fig. 6 is a schematic illustration of the two modes of vibra-
tion, assuning a unit downward deflection of the extreme tail in each

case.
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CCNCLUSIONS

In the case of the.airplane investigated herein, the consideration
of a flexing fuselage has a small but appreciable effect on the fre-
guency éf the first mode of toréi;nal vibration of the wing, but it
has a very decided effect in lowering the frequency of the second mode.

The deflection curves for the fuselage for the first two modes
of wing torsional vibration are very similar, there being no reflex
curvatures along the fuselage length in either case. However, for a
given deflection of thé nose, the fuselage‘curvature will be much
greater for the first mode than it will be for the second.

It must be un@erstood that the above conclusions apply only to
the particular airplane which has been investigated herein. This
paper is not submitted with the intent to show that effects of similar
magnitude can be expected for all airplanes, but simply that the effect
should be investigated with the thought in mind that it might prove

appreciable, particularly in the case of higher modes.

- 17 =



APPENDIX

I. CALCULATION FOR THE RIGID FUSELAGE

The method used is outlined on pages 228 and 229 of Ref. 1, and
is known as Holzer's method. The wing data (See Table I., furnished
for the airplame in question assumed the mass mo:neﬁts of inertia I,
of the wing to be concentrated at’'7 spanwise stations, the first and
last stations being located at the tip and the root respectively.
The notation used is the samé As that for the fuselage and is demon-
strated in Fig. 4.

" A positive (climbing) pitching angle at the tip ( n=v ) of
one radian was assumed, ( 48 =1 ) and for a given frequency, the
inertia torgue %:In w3, was calculated for station n=y . This
inertia torque multiplied by the torsional flexibility for panel
length { gave the amount of twist or the reduction in angle & be-
tween stations n=1 and n~2 . This angle of twist was then sub-
tracted from &, to give B, , the angular deflection at station
n=2 . Knowing &, , the inertia torque at station n=2 ,EI,‘J,BA
was then calculated.

The remainder of the table was completed in like manner until
the residual inertia torque "'% I, w48, (at the wing root) was found.
- This value of inertia torque was tabulated in Table IV and plotted
against & in Fig. 1. The residual inertia torque is the shaking

moment which would be required at the wing root to cause the wing to

vibrate torsionally at the assumed frequency W . In the case
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. n="
of a rigid fuselage and assuming symmetric torsional vibration, Zl..th,@,\

must equal zero at a natural torsional frequency of the wing. Consequent-
1y these natural frequencies can be found by plotting ni Iha)z/.-g, against

) to determine points of intersection with fhe « axis as was done

in Fig. 1. This calculation was carried out for the first two modes,

the final results appearing in Table IX under "Rigid Fuselage".

n=1 a
A sample calculation for gl'nu)ﬂ; appears as Table III.

II. CALCULATION FCR THE FLEXIBLE FUSELAGE

(a) Outline of Method Used:

The method used here for the fuselage is that derived in Ref. 2
for the antisymmetric bending of airplane.wings. A brief resume of |
the method follows herewith.

Using the notation demonstrated in Fig. 4, the shear et any sta-

tion n 1is given by

S, = Z miubt%‘. ‘ (1)

and the bending moment at any station n is given by

i=n-1

Mo= Z oy (x-x,) (2)
The slope at any station n +| is given by
OLV\-H = D<.n s Sﬂ VF" - Mn VMn (3)

w T8 o



and the deflection at any station n +1 is given by
Yna = %n - &4, - Sadg, — Madn,

where

(4)

Vr, = change in slope fram n+1 to n due to a unit force at n.

Vm,= change in slope fram n+t to n due to a unit moment at n.

S, = change in deflection from n+) to n due to a unit force at n.
dw, = change in deflection fram n#t to n due to a unit moment at n.

The method of calculation of these parameters is outlined in sec-

tion II (d) of this appendix.

Substituting the expressions for S, and M, from equations (1)

and (2) into equations (8) and (4,

7 iz=n S izt
HKpyy = Xp — w;VF,,gmigl —® ang' m; ¢ (X;."X,.\
5 A™n 5 iz " _
‘a’nil = %ﬂ -.Lnocnqq —w anlz‘imi 'a’( - w dmn'g‘ m; %Q(xi Xn)

At the end of the fuselage, assume

=

so that o, = ¢ -y dm = ¢-*

%1’ l—l‘O(z _Uoldﬂ m, = +‘Rifz—dﬁw>m| ‘2'4’ = %’ﬁ-_l'¢

Continuing with equations (5) and (6 in like mamner yields

K, = R - 1,

- 20 =~

(s)

(6)

(5a)

(6a)

—
-~
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‘d’n= %'\_K“¢ (8}:

where coefficients ‘91,‘1 » fo » g, , and k, are independent of ¢
one complete set being obtained for each frequency. The method of
deteminetion of these coefficients is outlined in section II (b) of
this appehdix. For the present, these coefficients are assumed to
be known for any particular frequency o

For antisymmetric bending, the case where the fuselage is being
shaken by a shaking moment M cos ¥t about the elastic axis of the
wing, the deflection at the elastic axis is zero y,-o, and froam
equation (8, ¢ = {-”: . With this value of ¢ , all of the deflec-
tions 4, may be found by means of equation (8), as can the bending
moment at any station n i;%:lm,‘ Wy, (Xi=X) .

In the particular calculation with which this paper is concerned,

the two quantities desired are the bending moment coming in fram the

tail or nose M, , and the slope of the fuselage at.the‘elastic axis

oy,
P

Mb= gwm‘ la_i (X,(-Xb) (9)

i=b- 2 Azb-t @
== g m;u) %A(X,;-X,,) iy 4:Z‘ m,i“) k,-¢(X,;‘)(\,) (10)
Putting muy =6 (11
and m k= KL (12
§:b-1 ( .
also (#:~%% = 2 Ly (13)

Sz
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iab-t s:-b4

izb-~| s:2b-1
men M, ==[6Z L] - Z KL L] (14)
izbo S . .
But %Y-GL Z 'Qs] = G;(’Qu J"’Qa*"’q'b-n) + G, (21 +"Q‘9 +'“‘Qb-t) o G'b-l 'Qb-(

=06 +1(6+ G) + ,QJ(C-, 1G, +6,) v~ Ly, (6 +6 +-- Gb_,)

'i:b:

Fiu¥el (15)

i=) 3=)

3:zL

and similarly izb;'[”(i‘#’qus] - 4;.2‘.::‘[’01 Z

St

K,]

iz bt 34 Azb-~t s=4 :
o Me=ZzWZ6l-¢2 [LEZ K] (16)

‘Referring to Table VI (b)

= Ke is given by column (2, and
é"Gs is given by column (6), the second summations occur-

ring in columns (3) and (7) which columns give

' izbw S:4
Ks - (14: ,Z', KS] (17)
and GL = ‘ii: CL; ?T G, (18)

From this it is seen that
¢ '
My = G, - K, ¢ - (19)

and from equation (7 x, =R, ¢ -1, (20)
where &, and f, are given on line n-8 under columns (4) and (8)
respectively.

The method was repeated for the nose using the same frequency

- 22 =-



(Table VI(a,) to obtain M{ and o, , and the four values thus de-
termined were tabulated at the top of Table VII.

With an assumed positive (downward) deflection of one inch at the
tail the total moment introduced at the elastic axis by the fuselage

~is given by
M. = (/o) My + My

‘and the slope of the fuselage at the elastic axis is o¢

(b) Detemmination of Coefficients
With the original assumptions at the end of the fuselage o, = ¢

and y,-t , from equations (7) and (8)

= ?\n¢_‘Fn

oy

Yn = 3n— Ka @
it is obvious that
&, =i f=o0 q, = | k = o , and
from equations (5a) and (6a)
Xa= @~ .
T
are obtained 4A.=) and k- 1L, |

Substituting equations (7) and (3) into equations (5) and (6),

'Rnu (ﬁ'fnﬂ: '¢'n¢—£\ "“)IVF:-;Z:‘: mi(‘}i"‘£¢) "“)‘VM‘,.‘%:'"A‘(‘}F‘("M(XL_xn) ; (2].}

A

izn=i

d:n
S~ knw ¢ = ?n - kﬂ 9& -,Q_‘ o‘m-.¢ e ‘a-fnﬂ - “”"an, " (‘ii“‘iqs)'“’zdm%,"‘i(‘i:"‘: ¢)(X"'X,X 22)

- D%



By equating temms containing ¢ and those not containing ¢ on the
two sides of each of equations (21) and (22), the following equations
are obtained:

Equating coeffiéie?ts of &

izn izns ‘
Bppy = B+ P T mby 4 Wy, Z ik (R x) (23
Azn AN~
k"“ &= 1(,. + /Q,. ﬂn,, ““fdﬁ.é m;ki e wde,,%‘ m; k; (,xi—xn) (24)

Equating constant temms:.

isn Azn-t

foo = fu + U)tVF,\..ZI' m L+ “\XVM,KAZ__‘ m; Qi (= Xn) (25)
. Axn = Lzn=t
Qoo = Gn F Lo — W, T g — Widm, E MY (xi- Xn) (28)

Using substitutions and relations developed in (11), (12), (13), (15)

and (16):

Azn . izp sz g
Rn&\ = ﬁn ks VF»\12=| Ki + VM,‘ gl Ylﬂ..sz_” KS : (27)
Knoy = b0+ 2,8, —Ada:i:‘Ki - deZZ’:' [,Q;z K] (28)
forr = fo + vpng G+ vm_‘“:Z;: [Jlﬁ. S?’ G (29)
%"*' = %" ¥ ’Q" {:M-n - an ‘i-z: Gk —dMn AE_, {lA Z*. G,} (30/

411 the coefficients 41,‘ i K 3 E‘ , and g, can be found by pro-
gressive calculation with the eid of a table (such as Tables VI(a) and

Vi(b)) based on these equations.
(c) Procedure Used in Filling out Tables VI(a) and VI(b)
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Parameters vg , W, , de, , and dy were calculated’(see section
11(d) ofrthis appendix) and written in the spaces indicated. Like-
wise the values for L, were entered in the tables.

Then, for a given frequency, values of‘m"df were calculated,and
entered in the appropriate column.

Next, in line n-=| , the following values were entered in

columns (1), (4) and (5) respectively:
k|='<3 " 'a;=| 3]-‘-!

eand in line n=z under column (1): k= L

The table was then worked across from left to right starting with
line A=| then proceeding with line n==z 'etc., each step being in-
dicated in the column heading.

In computing values to enter in columns (1,, (3), (5) and (7), one
must remember to use information appearing in the preceeding line.

The remainder of the steps are self explanatory, the desired

quantities of the calculation being M, and o .

(d) Calculation of Parameters Ve, , Vwm, » de, , 80d dy, -

The fuselage data received (Table II., indicated bending moments
of inertia equal to zero at each end of the fuselage, but in order
to more nearly approximate the probable moment of inertia distribution
in the regions from the extreme ends to the next stations inboard,
a trapezoidal distribution over these regions was assumed in both
cases with the end ordinates approximately half the value of the next

ordinates inboard. The assumed values were

T, (TAIL) = 500 in* ' T, (NOSE) = 3,500 in?
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A fuselage stiffness curve (such as Fig. 5) could be drawn for
the given and assumed (end) values of bending moment of inertia, where
the bending mament of inertia is plotted against fuselage distance
as abscissa, such that the areas between succeeding stations would be
trapezoids. If I, is taken as a convenient reference value of the
bending moment of inertia for the fuselage as a whole, then at any

point between stations n eand n+

Tsing the moment area method:

L L

2,
d€ Lo . £,
Vm, =/Ey.fe @+ E § = ET o 9°a¢[°~+‘i:§]o =TT % by (222 ] (31)
Y 'y
Ve, = dw, /EI,(Zf+-—f~B Ty = BT 0 Db —a, By (B2 2=t b (32)
e _5;5 L:
) n 2 2. \
de, —/E’T_z; @+ PE) 'Ef,‘g,'[’?bn+oqio3.(“ 2atba)) _q,b,] (33 )

e, Columns

Referring'. to Tables V(a,) and (b, EI_, was saken as 1o
(1) end (2) were filled in with values of I, and a, from the data

furnished. The value (a,+b,) in column (3) is determined fram
Qe = &, + b,

Due to lack of availability of a seven place table of natural
logarithms, common ‘logarithms were used and values converted to

natural logarithms in columns (8) and (9) by the relation

1»3 “"”’ = 2302585 log, ("""

The remainder of the table is self explanatory and follows from
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equations (31,, (32) and (33). The desired paresmeters appear in col-

umns (8), (12) and (13).

(e) Procedure Used in Filling out Table VII.

Again using the same frequency as was used in Tables VI(a, and
VI(b), Holzer's calculation (as explained in section I of this appen-
dix) was repeated in Table VII, the desired quantities being the
angular deflection of the wing at the root - . and the inertia torque
at the next station outboard from the root EéiI,SZQ . This inertia
torque adjusted so as to make the angular deflection of the wing at
the root equal to the slope of the fuselege at the elastic axis is
{Z"IHO’A} (xs/8,) , and this adjusted inertia torque added to half
the bending moment introduced at the elastic axis by the fuselage
z M, gives the residual torque acting at the wing root which would

be required to make the wing vibrate torsionally at the chosen frequency.
. nb -
M=+M, + {Z T da]/s)

At a natural frequency of the system this residual torque is zero.
Table VIII gives a tabulation of the results of this calculation.
Fig. 1 shows a plot of this residual torque against « and the natural
frequencies (first and second modes, occur when this curve crosses the
@  axis. The final results are tabulated in Table IX under "Flexible

Fuselage".
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SiZlaece =M

3

pon

3



w ®* | Z Tupuc®
20,0000 | 400 270.0200
22.3607 500 284.8015
28.2843 | 800 222.0618
31.6228 | 1000 105.3761
- b B~ A 15.9233
33.¢719 | 1133.8 0.0V117

*33.67215| 1133.814 | +0.000007
33.6898 | 1135 -1.02085
37.4170 | 1400 261.2742
45.82¢c0 | 2100 1126.8828
54,7720 | 3000 2116.6199
63.2400 | 4000 2223.6800
71. 4140 5100 136.1946
7. 6909 | 5139.58 |- 595c95606

%71.70349 | 5141.39 | + 0.1016590
72.5000 | 5250 379.9307
74.1620 | 5500 137 9.9740
77.4600 | G000 3937.3600
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w w? M x107®
20.00000 | 400 0.71079923
28.28427 | 800 1.0198 740
29.15476 850 0.9994380
31.14482 | 970 0.4361850
31.32092 | 98) 0.2045320

% 31.42148 | 987.3035 | +0.0041245
31.43247 | 988 -0.0223850
31.62278 | 1000 0.7522720
31.93740 | 1020 -22.8464700
32.2490D | 1040 +3.8171720
3286340 | 1080 2.1023500
3367215 | 11338136 | 1.7240340
3873000 | 1500 1.1297870
4358900 | 1900. 0.0230745
43.60463| | 1908 +0.0019884

¥43 65 |'7.0 1905.4715 | O v iINTERPoLATION
44.72100 | 2000 -0.4466940
* NATURAL FREQUENCIES
“TABLE VIIT =~ RESULTS OF FIEXIBLE FUSELAGE CALCUL

ATTON



RIG)D FLEXIBLE
FUSELAGE FUSELAGE PERCENTAGE
MODE N w DECREASE
(RADIANS/SEC) | (RADIANS/SEC)
FIRST 33.67215 | 32.42148 6.68
SECOND 71.70349 | 43.651\7 | 2394
PABLE IX - FINAL RESULTS




FIRST MODE

W=3).42 |48

SECOND MODE W:=43.c463057

NUMBER | DISTANCE
ST:TF,M FROM DEFLECTION DEFLECTION
n S FOR NOSE FOR Nosk
g x (-, /<) g’ (o fety)
B f ol bR FOR TAIL For TAlL
g : NOSE “\ ‘a_ 3| 3.
| 0 {.0000O 0.146175 1.000000 1.811 8393
2 74.50 | 0.719119 0.10511\7 0.684664 1.240538
3 151.00| 0.442298 0.064653 Q.383022 0.693995
4 225.00| 0.208 112 0.03042) 0154186 0.279369
5 25856 | 0.117336 | + 0.0ITVSZ 0.07878) | +0142743
¢ |9|30900| 0 0 0 o
8 | 349.50 - 0.000047 - 0.062598
7 | 438.00 +0.071688 - 0077684
6 | 506.00 0.183697 + 0.009384
5 | 594.00 03717753 0.209573
4 | 68300 0.626 639 0.5071356@
3 | TI4.00 0.727011 0.636222
2 | 158.00 0.879176 083732
I | 791.50 1.L000Q00 1.000000
TABLE X - FUSELAGE DEFLFCTIONS

= 40 =




NUMBER ms;nncz FIRST MODE ®=31.42148 |SECOND MODE w=43.¢463057
OF OF ANGULAR 3 ANGULAR
DEFLECYION BEFLECTAON
el i (ADSUSTED) (ADIUSTED)
STATION | FROM
n ROOT e Bx( /3, xi0* A2 Bx( [B)x 10"
| 638 l.0o000O ~1.167 1.000Q00 +0.413
2 548 | 0.999740 .13 0.99178 | 0.409
3 428 0.977290 .14 0.956307 05985
A 307 0.966909 1.128 0.936572 +0.38 7
.3 297 0.464538 0.542 =0.002559 - 0.:001
6 183 | 0.332)5] 0.388 |-0247594 | -0.(02
7 0 0.026148 -0.031 -~ 0496930 -0.205

TABLE XI - WING ANGULAR DEFLECTIONS
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