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Abstract

There exists a critical Reynolds number (at which a linear instability first appears) for
an incompressible fluid flowing in a channel with compliant walls (Hains and Price,
[1962]). It is proven that, for fixed non-dimensionalized wall parameters, to any un-
stable disturbance in three dimensions there corresponds an unstable disturbance in
two dimensions at a lower Reynolds number. Consequently, the Ginzburg-Landau
equation is used to study the weakly nonlinear two-dimensional evolution of a distur-
bance in a channel with compliant walls for Reynolds number near its critical value.
The coefficients of this equation are found by numerically integrating solutions of
the Orr-Sommerfeld equation and its adjoint as well as solutions of the perturbation
equations.

For rigid walls the finite amplitude two-dimensional plane wave solution that bi-
furcates from laminar Poiseuille flow at the critical Reynolds number is itself unstable
to two-dimensional disturbances. It is found that for compliant walls this solution is
stable to disturbances of the same type.

The formalism developed by Landman [1987] is used to study a class of qua-
sisteady solutions to the Ginzburg-Landau equation. This class includes solutions
describing a transition from the laminar solution to finite amplitude states and non-
periodic, “chaotic” attracting sets. It is shown that for compliant walls the transition

solutions persist while the “chaotic” ones do not.
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Preface

A person familiar with scientific literature will immediately notice that I have ignored
the usual convention of using the word “we” when I really mean “I”. This choice is
deliberate. One reason I made this choice is that any mistakes, errors, or omissions in
this work are my responsibility, not ours, and I do not wish to share this responsibility,
even by implication. Another reason is the use of “we” in a work by a single author
sounds too aristocratic and presumptuous, especially for a U.S. citizen and a native
of the state of Texas.

The text, I find, is much more readable.
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Chapter 1
Introduction

The study of the interaction of incompressible shear flow with a compliant surface was
initially motivated by the experiments of Kramer, who was himself motivated by the
observations of R.W.L. Gwan [1948] and J.Gray [1957]. Using straightforward energy
arguments, Gray concluded that for a dolphin to maintain the swimming speed of 22
miles per hour the flow of water over practically the entire animal’s surface must be
laminar. Kramer [1961,1965], who reported the drag-reducing capabilities of compli-
ant coatings, conjectured that damping in the coating inhibited the development of
Tollmien-Schlichting waves in the boundary layer, and, consequently, delayed or pre-
vented the transition to turbulence. It should be noted, however, that despite much
work by subsequent investigators no independent evidence has been obtained for the
drag-reducing capabilities of Kramer’s coatings (Carpenter and Garrad,[1985]).

The theoretical study of the effects of a flexible boundary on the hydrodynamic
stability of a boundary layer was conducted by Benjamin [1960,1964], Landahl [1962],
and Landahl and Kaplan [1965]. Similar studies for channel flow were conducted
by Hains and Price [1962]. These investigators derived the linearized compliant
boundary conditions, which is no mean feat since Korotkin [1965] and subsequent
Soviet authors have apparently incorrectly implemented the no-slip condition at the
compliant wall. In particular, let the displacement of the wall into the fluid be given
by n and the displacement tangential to the undisturbed wall be given by ¢, as

illustrated in Figure 1.1. The no-slip boundary conditions require that

a7 u($+€7y+77at)a _=U($+§ay+ﬂat), (11)

ot On
ot ot
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Figure 1.1: The definition of n and ¢.

at the walls. Expansion in a Taylor series about (¢,7) = (0,0) yields

ot Ou
_37 = ( 7ywalla)+€ +na +h0t
on Ov

a - t) + 0 + 71— + h.o.t.
ot v(x7ywa”7 )+£ax+7]ay+h0t

Assuming that the wall has little freedom of movement in the z-direction, I take
£ =0, and, letting n be small, find that

o _ o O Ou
ot - v(x’ywallat) + Uay ) ot =0= u(:z: ywa”’t) +na (12)

where u and v are the fluid velocities evaluated at the location of the undisturbed
wall. For n = 0 these linearized boundary conditions reduce to the usual no-slip

boundary conditions

’U(w, ywall,t) =0 ’ U(:E,ywa”,t) =0.

Following previous investigators, I introduce an additional boundary condition,
one of which models how the compliant surface responds to the change in the pressure
at the wall, épw :

4~ ~
Ba—+T

0?
a:l:4 a — KN} — PB —_— — 5pW 5 (13)

7 .. ~8n -0ff
2 o2 ot
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where B is the flexural rigidity of the surface, T the tension, & the spring stiffness,
pp the mass density, b the wall thickness, and d the damping coefficient. I make
no distinction between the mechanical pressure and the thermodynamical pressure
in this incompressible flow. Non-dimensional variables can be chosen so that the
principle of Squire’s theorem still applies (as will be shown explicitly in the next
chapter), a fact known to Benjamin [1964] but apparently not known to Riley, et al.,
[1988], who scale their parameters quite differently.

To describe the linear stability analysis of parallel flow (Drazin and Reid [1981]),
let U(y) = Ovo/0y be the undisturbed laminar velocity in the z-direction and (u,v) =
(1y, =) be the infinitesimal perturbations to this velocity. Decomposing % into

normal modes,
d) — ¢(y)eia(z—ct) ,

and substituting 1o+ 1 into the two-dimensional incompressible Navier-Stokes equa-

tions (shown explicitly in Chapter 2) yields, upon linearization,

z 2 2\2 2 2 d2U —
(D = )+ (U) — (D — ) — 6= 0, (14)

the Orr-Sommerfeld equation, where D = d/dy. For rigid walls, the boundary

conditions become
=0, ¢ =0 at the wall(s),

and this equality is an eigenvalue equation for the complex wavespeed ¢ = ¢ (a, Re).
When this equation is solved numerically, a single eigenfunction can be found for
plane Poiseuille flow that has an eigenvalue ¢(«, Re) whose imaginary part ,¢;, be-
comes greater than zero in a region of the a-Re plane. The curve of marginal stability,

¢i (a, Re) = 0, is shown in Figure 1.2. It is still an open question whether such unsta-
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Figure 1.2: The curve of marginal stability.

ble regions exist for any of the other eigenfunctions. The minimum Reynolds number
on the curve of marginal stability is the critical Reynolds number, Re., and its cor-
responding wavenumber is ac. A similar curve is found when the undisturbed flow
is the Blasius boundary layer. An interesting result concerning the maximum value
of the imaginary part of ¢(a, Re) for this eigenfunction is discussed in Appendix A.

Assuming that the wall displacement 7 was of the same order of magnitude as
the perturbation velocities, Benjamiﬁ extend.ed conventional linear stability theory
to parallel flows with compliant boundaries and found that for flows with no wall
damping (d = 0 in equation 1.3) the neutral stability curves are shifted to lower
wavenumbers and larger Reynolds numbers. Landahl’s [1962] numerical examples,
however, showed that the increase in the critical Reynolds number is modest. Ben-
jamin also found that damping destabilizes these waves.

Benjamin identified three different types of wave disturbances, which he called
classes A, B, and C. Class A disturbances are the Tollmien-Schlichting waves modified
by the response of the compliant boundary (discussed above). Class B disturbances
are associated with the free surface waves in the flexible wall. Class C instabilities

are of Kelvin-Helmholtz type and arise when a class A wave coincides with a class B
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wave in both wavespeed and wavelength. I will only be concerned with values of the
wavelength, Reynolds number, and the flexibility parameters of equation 1.3 where
class A wave disturbances are unstable (since I am concerned with the onset of the
viscous instability). Class B instabilities depend fundamentally on surface flexibility
and could exist in an inviscid fluid flow. It is not known whether a curve of marginal
stability exists similar to Figure 1.2 where class B wave disturbances are unstable.

Carpenter and Garrad [1985,1986] numerically solved the Orr-Sommerfeld equa-
tion for a variety of compliant wall models and concluded that a transition de-
lay is theoretically possible. However, this linear theory determines the stability
of infinitesimal periodic disturbances. The Orr-Sommerfeld neutral curve is the
zero amplitude intersection of a nonlinear neutral surface for finite amplitude two-
dimensional waves (Bayly, et al., [1988]), and it is this bifurcation from the zero
amplitude waves to finite amplitude waves I wish to study.

In order to extend linear theory for rigid walls to account for small, but finite,
amplitude disturbances in the flow, Stewartson and Stuart [1971] used a weakly
nonlinear formulation based on the method of multiple scales. The stream function
¥ is expanded about the base flow in both a power series in the small parameter €!/2
(proportional to the amplitude of the modulation) and in a harmonic series of the
traveling wave found from linear theory at Re.. In this analysis the perturbation

stream function is given by
= e?A(E,7) d(y) e%F o) 4 c.c. + O(e) (1.5)

where £ and 7 are the scaled slow streamwise coordinate and slow time, respectively,
given by

£ =z —cit), T=c¢€t. (1.6)
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The values for c.,, the real part of the wavespeed at the critical point, «. , the
wavenumber, ¢, , the group velocity at which the energy of the modulation propa-
gates, and ¢(y) , the Orr-Sommerfeld eigenfunction at the nose of the neutral stability
curve where Re = Re, , are found using the linear stability theory. In this expansion
about the nose, the change in the Reynolds number is proportional to € and is given
by

s(Re — Re,) = €0, ,

where € is greater than zero, o, is either +1 or —1, and s, is a fixed positive constant
included for consistency with Stewartson and Stuart. The Ginzburg-Landau equation

is found by substituting an expansion for t correct to order €/? into the Navier-

Stokes equations and enforcing a solvability condition for the €3/? inhomogeneous
equation, thereby leading to:
0A A s
— = b— LA+ kA|A|? .
o 8€2+ —o, A+ kA|Al* . (1.7)

The complex constants b, s, and & are also found numerically. In Chapter 3 I will
derive equations for these constants for channel low where the walls of the channel
are compliant.

The normal form of the Ginzburg-Landau equation is found by rescaling A to A4

and £ to z (distinct from the fast scale z) by letting

A = /|| exp(—io,sit/s,) A, z = §/\/l; .

Upon this substitution I obtain

0A A

2
Fe = (ar + 10;) = 507 + 0. A+ (d, +1d;)A|A]°

where, for b = b, + tb; and k¥ = k, + t«; in equation 1.7,

el
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Landman [1987] studied a particular class of solutions of this equation of the form
Alz,7) = e T Oz —cr),

which he called quasisteady solutions, and found that their spatial variation may be
periodic, quasiperiodic, or apparently chaotic. In Chapter 4 I will use this formalism
to study the quasisteady solutions of the Ginzburg-Landau equation for compliant

walls.



Chapter 2
Squire’s Theorem

I would like to generalize a theorem of Squire [1933] that states that for any unstable
disturbance in three dimensions there corresponds an unstable disturbance in two
dimensions at a lower Reynolds number. An important consequence of this theorem is
that to obtain the critical Reynolds number for periodic disturbances I need consider
only two-dimensional disturbances. I am assuming that the undisturbed flow is given
by
U(g) =U01-3"/L7

where the channel walls are the parallel lines § = +L and § = —L. A similar theorem
for the Blasius boundary layer requires only minor modifications. The motion of the
lower wall (the proof is the same for either wall) in the §-direction, 7, written in

dimensional variables, is given by

. A e o 0% .07
6w = — BV + TV - i — b — sl (2.1)

where B is the flexural rigidity of the wall, 7 the tension, % the spring stiffness, pp
the mass density, b the wall thickness, d the damping coefficient, and §pw the change
in the mechanical fluid pressure at the wall. Nondimensionalize the equation using

the fluid density p, channel width 2 x L , centerline velocity U, and viscosity g :

. A, _%w  p Ul
=T YTt "t I pU? -y
Bp TpL kL3p pB~ dL
B=—"L T =-"= = M == d=—
Ly 2 T p p
to obtain
B 9 oy O T (0*n 0%*n1 &7y d*n d On
= L/ Ry vk A/ Y
o Ré? [am“ +28m28z2 + 824] T Re? Lo + 8z2] Ré? 0t? Re Ot (2:2)



With these definitions I will prove

Theorem 1 (Squire’s Theorem for compliant boundaries) Given a set of com-
pliancy parameters B,T ,x, M, and d, and an unstable periodic disturbance in
three dimensions there corresponds an unstable periodic disturbance in two dimen-

sions for the same compliancy parameters at a lower Reynolds number.

Given the z-momentum equation,

ot Or Oy 0z Ox Re\0z? 8y 022/’

the z-momentum equation,

ow  Jow Ow_ Ow a_P_i(82w+32w+02w)
ot "oz "oy TV, T 92 Re‘\dz® ' oyt | 922/

and the boundary conditions at the walls,

Ju
DTty
an ov
a =~ "y
0 — ow

Ilet U(y) = 1 —y? be the undisturbed parallel flow (which vanishes at the wall) and

impose a periodic disturbance:

1"
p = f)(y) ez(aa:+lz—cat) + Ew ’

u = U(y) +12(y) ei(ax+lz—cat) :

i(az+lz—cot)
’

v o= (y)e
w = w(y) ei(o:a:+lz—cat) )
Letting

~ _i(aztlz—cat)

n=ne
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at the wall, I substitute and linearize by assuming that the functions p, @, ¢, and

w and the constant 7 are all small quantities to obtain

1
—iact +1aU(y)a + U + tap = E[ﬁ" — (2 + 14, (2.3)
1
—tacd + 1ol (y)w +idp = R—[tb" — (e + P)w] (2.4)
e
and
0 = a+qU",
—tach) = ¥, and
0 = w

at the wall. Evaluating the momentum equations at the wall gives

oA 1 Al 2 2\ 4 q ~ __6_ !
jap = _Re[u (e + P)a] + tac[a(y) iacU ],
e _ 1 A//__ 2 2y ,4

dp = _Re[w (o + H)w] .

Eliminating 7,

@ = 0,

- —U = 0,
1QC
1
iaﬁ = E[ﬁ” — (012 -+ lz)ﬁ]

at the wall. Substituting in equation 2.2 I obtain

5o 0 2, e B 2, L K 22, . 4
P= —Ec[_( +1) Ré? — (a7l )R62 " Ré® Mo +mcRe] '
If I apply the Squire transformation,
5 ld )
mt=a? 412, azau+w, Re= 2 Re < Re, =15
m m a
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to the equations at the wall I obtain

A

i——U' = 0,

tme
1
imp = R?(a”—mza),
e
B v « B . T K 90 .
P = —= —-m'— —m°—5 — —5 + Mm*c’ + imc—| ,
zmc[ Ré’ R R Rez]

which are the boundary conditions for two-dimensional disturbances for %, , p, the
wavenumber m , and the Reynolds number Re . If I apply the Squire transformation

to equations 2.3 and 2.4 I obtain

—imeii + imU(y)a + 06U’ + imp = Ri[a" —m?a]
€

the z-momentum equation for @, and the continuity equation,
.. 00
wat+ — +dw=0,
dy
becomes the two-dimensional continuity equation

m —I—g-;;-:().

Consequently, for fixed B, T ,«k, M , and d , the minimum critical Reynolds
number occurs for a two-dimensional disturbance, and it is reasonable to use a two-

dimensional model to study the onset of the instability of the flow.
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Chapter 3
Ginzburg-Landau equation

In this chapter I will present the details of a model of the flow over a compliant surface
and study the stability of that flow. First I will derive the Ginzburg-Landau equation
for channel flow with compliant walls, and then I will discuss what properties of the
finite amplitude steady waves that bifurcate from channel flow can be inferred from

this weakly nonlinear model.

3.1 Derivation of the Ginzburg-Landau equation

In this derivation of the Ginzburg-Landau equation I follow the original derivation
of Stewartson and Stuart [1971] and that of Davey, et al., [1974]. Several of the
formulae used in this derivation will be used to find the boundary conditions of
compliant walls.

As a notational convenience I define P() and P(® as the pressure gradients in
the z and y directions, respectively, and relate these functions by the consistency

equation
oprPt)  op®
oy Oz

(3.1)

This equation, along with the two-dimensional Navier-Stokes equations,

ou Ou du 1 ,0%u 0%
el = oo u - (=2,
5 T T, T Re(&v2+0y2)’
Ov Ov Ov 1 0% 0%
=z - i 2 - (2,27
ot +u3:c +v6y+P Re(3x2 +8y2)

@ + @ — 0

oz oy

are the equations of motion. These equations must be modified in the method of
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multiple scales to conform with equation 1.6 by making the substitutions

i 9 9 pd 9 9 | 10

F7 "R i L TR N Sl ML v
Letting a. be the critical wavenumber on the curve of marginal stability and c., be

the real part of the wavespeed at the nose (Figure 1.2), expand the velocities and

pressure gradients in a harmonic series of the form
u=1uo+ukE + U E+uE* + i, B? E = eiclz—cert)

and similarly for v, P and P® . The overbar denotes the complex conjugate.
The functions wug , u; , and u, are functions of y, ¢, and 7 only. The Ginzburg-

Landau equation is found from a solvability condition at order €2, so I let:

wo = U[(1—1y%)+ eugp + O(6/?)]
w = Ul uy 4 eug + €2 ug + O(€?))
uy = U et + O(e¥/%)]
vo = U vy + O(¥/2)]
vy = Ul vy + evy + 2 vay + O(€?)]
v, = UJ evg + O(¥/?)]
PV = Ul-2/Re+ Py +O(&?)]
PV = Ul &PPY +ePY + 7 PY +0(e)]
PP = U e Py + O(%)]
Y = Ul e P{Y) + O(e¥?)]
PP = Ul e2PY +ePP + P PY +0(e)]

P® = U] e PO 4 0(/?)]
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Plane Poiseuille flow is chosen for the base flow because it is a truly parallel flow and
can be exactly described by a polynomial in y . These expressions are substituted
into the two-dimensional Navier-Stokes equations and coefficients of €*/2 E™ (n,m =

0,1,2,...) are equated to zero.

From the coefficient of ¢/2 E 1 obtain

i doyy oPy )
= = P,
Ul = o dy ay ity
. 1
ta(l —y® —c)uy —2yv11+P1(11) = —R—G(D2—a2)u11 )
) 1
Za(l_y2—c)'011 +P(2) = Re(D2_a )v11 ,

where, here and throughout, Ilet D = d/dy and write a , ¢ for the more cumbersome
a; , Cer - BEliminating the pressure gradients and uy; in the above equations gives

?

O!RC(D2 - a2)2U11 + (1 - y2 - C)(D2 — 012)’011 -+ 2’011 =0 3

L’Ull =

the Orr-Sommerfeld equation.

From the coefficient €¢F I obtain

Uz = — - =

a 0y o200y
(9P(1) . (2) an)
By TR
0 0
ia(l —y® — uis + Py’ — (1 —y?) ggl — cgaigl- — 2yv;4
= Ri [(D? = o®)ury + 21'048;21]
e
3'0 Ov 1 v
ta(l —y? —C)vl2+P1(2 +(1- ) == Cga—z-l = E[(Dz—a)vm—}-%a 621}

which implies that
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0
£ V12 = E_-a—.f(D 02)’011

1 0 42
+——-[ (1—-y*— —Zg)(D2 — a®)vyg +203(1 — y? — ¢)vyg — 2011] . (3.2)

The solvability condition for this equation gives the value of ¢, , but I have found
this constant using a method discussed in Appendix B.

From the coefficient eE? I obtain

_ 7 8’022 an) _ (2)
U9 = %0 ay , 6y = 2zaP22 ,
. ) 0 1
2ia(1l — y% — ¢) ugy — 2yvag + taud, + v (;111 P(l) = }—2-—6—(D2 ~ ) ugg ,
) 0 1
2ia(1 — y® — ¢) vy + tougv11 + V11 ;;11 + P(z) = —R;(Dz — a?) vy .

Eliminating the pressure gradients, usy , and wuy; in the above equations gives

7
2aRe

(D?* — 40*)*v39 + (1 — y* — ¢)(D? — 40®) vy + 20y, =

_* [5011 0? V11 83”11

y y - Un 8_3/3] . (33)

From the coefficient ¢E° I obtain (omitting the formula from the y-momentum

equation)
61)20 . 8 (1) - 0
oy By o
du _ Ou 1 9%y
—2Yvqo + 11 6;;1 + v 011 + Py = Re ayzo

For rigid walls the no-slip boundary conditions require that ve(+1) = 0, and since
Ovqo/ Oy = 0 throughout the fluid, I find that vy = 0. In the next section I will show
that vyg = 0 for flexible walls as well. Consequently, I conclude P( ) is a function of

¢ and 7 only and, eliminating w1, [ have

Ea—y? = Fy +E(v11 ayz —1_)118—y2) . (34)
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From the coefficient ¢3/2E 1 obtain

u iavll’. _ i 621)12 . _L 831)11

13 a0y 2060y B0 oy
opP%) . aprPQ
ay = zaPl(g) + 3_22

) ou Oou ou .
ia(l —y* — ¢) uiz — 2yvia + Pl(;) +(1- y2) 6{12 —¢ 3;2 + 8;1 + taugguyy

+ vy 8gy + tQUgaliyy + Vog—— 8511 + 911 8;;2 e [(D2 - a2)u13 + 2t agﬁu + 3;’;1]
io(l —y? —c)oz + (1 — yz)a;é2 — ¢ 8(;)22 ag;’l_l + 1QUgov11 — TQUeD11
+ 2oy vy, + By 8;; +o ag“ + P = 16 (D? - a?)vis + %aagéz + 8;;1]
Eliminating the pressure gradients, uy; , u;p , and wugy gives
Loz = —Z—{ai’r (D?* —a?) vy + [uzo(D2 —o?) vy — 011%2-%] +
5 [ G0 = ) s+ 20D — ) 25 (D — 47 v
— o11(D? - 4o )a;’;?] (3.5)
_ éa%[_(l N i;—:)(p? — a?) viz + 2031 — 3 — ) o3z — 2095]
_%%[(c—% - 2};: ) (D? + o) ony + (1 — y* — &) Doy + 2001] -

This equation has a solution only if the right-hand side satisfies a certain integral

condition; this integral condition gives the Ginzburg-Landau equation

If1let

vll(yaﬁa T) = _iaA(EaT) ¢(y) ’ v22(y7€a T) = _QiaA2 "/)2(:'/) ’

A
v12(y,€,7) = —%‘5‘(0‘%1)10-!-1/)),

then equation 3.5 becomes
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Lo = g_f(DtaW“aA[“?O(D — o)y - ’/’aum]

ZO[AIAI2[0¢2( a2) ,'75 + 2¢2(D2— a2)_aa_’l§_ a"7b(D2 2),¢2 _ @Z(DZ )6"/)2]

PA ;
+Za_§2[_(1 —y = - %%)(DQ — a®)(Y10 + ;) + 20%(1 — y* — ¢) (10 + ;)
~2Yo + %) +e—g - 22—6%)(1?2 + o)+ (1—y* - )D*+ 2] .

When the walls are rigid, both v13 and ¢ have the same boundary conditions, viz.,

31!)

8‘013

Oy

P(£1) =0, (11) =0, v(£1)=0, (£1)=0;

furthermore, the adjoint to the Orr-Sommerfeld eigenfunction, ®(y) , where

aRe(D2 a?)?® + (1—y?—c)(D? - ®)® -4y DD =0,

d(+1) =0, a—q)(ﬂ:l) =0,

is also adjoint to the homogeneous equation
£’1)13 =0. (36)

However, when 1 and v,3 have different boundary conditions, ® is no longer adjoint
to equation 3.6, and the calculation of the Ginzburg-Landau coefficients is not as
straightforward. This calculation will be examined in more detail in the next section.

Making these substitutions into equation 3.4 gives

3“20 (1) 2 81!’ 6_1/_)
rr = Re[P{y) +ialA| ( ay)]

and letting ugo(£1) =0 (rigid walls) yields

uso(y6,7) = 5 P(1 = 4?) + [AP(S(y) — S50(1 — 47))
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, v _0 )
S = iake [ (55— v 50y,
&

3
1
So E/O S(y)dy .

P = SolAP - =Py,

This choice of variables is motivated by the fact that

1 ~
/ Uzody=P,
0

and the time averaged fluid flux, @ , is given by

+1 +1 4 A
QE/1 uody=/1 U[l—y2+6u2o+0(f3/2)]dy=TU+62UP+O(63/2)-

3.2 The Compliant Boundary Conditions

The only known unstable eigenfunction of the Orr-Sommerfeld equation for channel
flow is symmetric about the center of the channel (y = 0), as are its adjoint, ®(y) ,
and the function t10(y) . Taking advantage of that symmetry, I will derive the
compliant boundary conditions for the lower wall alone. The symmetry implies that
the equations for the walls are identical except when the response of the wall to the
mechanical pressure is specified. In particular, if I define 7 , the displacement of the
wall in the y-direction, at the upper and lower walls as shown in Figure 3.1 and épw

as the change in the pressure at the wall, then for a simple Hooke’s law wall I have
opw = +E7} upper wall bpw = —k17} lower wall ,

since when the pressure change is positive I expect 7 at the upper wall to increase
and 77 at the lower wall to decrease. I will now use the dimensionless variables defined

in Chapter 2.
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s
DN

)

Figure 3.1: The displacement of the upper and lower walls.

For undisturbed Poiseuille flow with fluid velocity U(y) = 1 — y2, let the upper

wall be the line y = +1 and the lower wall y = —1 . Expand 7 in a harmonic series
n=no+mE+mE +mnE®+nkE? E = gioclo=cort)

where the 7, are functions of y , £ , and 7 only, and overbar denotes complex

conjugation. Expand each of these in a power series in €'/? :

o = 0 by hypothesis
m = €7nu+enu + ey +0(7)

N2 = €122 + 0(63/2) .

It is necessary to assume that the wall displacement due to the changes in the mean
flow, 1o , is identically zero in order to satisfy the continuity equation. This assump-
tion is equivalent to requiring a fictitious force opposing the mean pressure on the

walls at the O(e) level.

Expanding the no-slip boundary conditions (equation 1.1) in a Taylor series gives

_ Ou  n*d%u .

0 = u+77-a—y-+2ay2+0(e)

dn  On 120m dv  n?o% 0
o TG % e T Vg T age TO)-
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For simplicity I will assume a Hooke’s law with no damping,

K

=Rl

(lower wall) .

The pressure gradient is related to the lower wall displacement by the equation

oP oP Kk (0 0
mny_ 9 12907 _ n 17291
F oz te o€ Re? (ax ¢ 85) ’

with the opposite sign at the upper wall.

From the coefficient of €/2E I obtain
. K .
—1acn; = V1, 0=1uy +2n1, qu) = —Eg(la 7)11) ’

and, eliminating 7y, ,

2
0=wuy +- o1
e

—iqr)

K

1
’ Pry —-—cReQUn-

The continuity equation and z-momentum equation hold throughout the fluid, and,

evaluating these equations at the lower wall,

Ov . 1 [0%u
TR o Y
I can eliminate the variables u;; and Pl(;) to find
dv Re; 3Pv ,
0=c 6;1 + 2’011 0= 7 [C ay‘;’l + 2&2 ’011] + vy .

Here 1 have used the fact that the derivatives of the continuity equation are also

valid at the wall. Similarly, at the upper wall,

R 3
avll—Q’Ull, 0=—e —Cavll

Jy K oy®

O0=c

+2a° Uu] + v,

and the symmetry of v11(y) about the center of the channel is preserved.
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From the coefficient of ¢E° I obtain

6'011
0 = gon
= v+ Nu—j4— By + 711 By

0 ou _
0 = ugp+ni— U M1 4_9 M1 -
Oy Oy

Substituting the expressions for 777 , v1; , and uy; I find that

vin Ot O 8”11] 2 vy Ui

v9o = 0 U +1[
07 2 (—ia) Oy ia Oy

2 (—ia) ia ’

and, since Quyo/dy = 0 throughout the fluid,
V20 = 0.

Using the notation of the previous section, I have

un(y) = 5P (-3 + AF(SE) - 3501~ 1)),

B = are@ZE-v3h),

S(-1) = Sep-z («/)w ey
P o= 50|A|2_§§p;3>,
So = /OIS(y)dy,

where I have used the symmetry of S(y) , and

Ly = A+ (1—y?—c)(D*—aP)p+2¢p =0
0—ca—w—2¢ O—za;b—l-EE( z/)—cgﬁb—) at y = +1
9y 9y®
3
0—cg—¢+2¢ 0-za¢-|——(2 2¢+cgyf at y = —1

Defining the adjoint ® by

/_:ltbﬁv,bdy:/:lz/;/ﬁ@dy
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implies that

Lre = ——(D2 P04+ (1—y?—c)(D? - )@ —4y DO =0
8<I> . Re . , 2P >FPo
En =0 za(D——n—(2a(I> 28—-2—-{—0 5)=0 aty=+1
0o . Re o2 9*P 63<I>
i ia® — n(2 ®— 23_3—CW) 0 aty=-1,

and the adjoint is symmetric with respect to y =0 .

From the coefficient of eE£? 1 obtain

. Ov
—2tacn = v+ nu 811
Y
aull
0 = wugp+2n+ 7711'% -4
1 _ k .
Py = " Re2 (2icna2) .

Eliminating 79, and 7,3 gives

. drc f v17 \2 ou Qo s Vg 2
2iacugy, = 2922+__(J_) 4 2u, 2 ( 11)
o oy c \—ix
O _ 2Zia f vy
P = cRe2 [v22 + c? (—ia) ] :
Evaluating the z-momentum equation at the wall
1 82
P == (88332 — 40 ugy) + 2iccuy, — 2y — iaud; — vn%ﬁ ,

and eliminating P 22 gives

K 2t 7 V11 1 6 ugz 9 Our 2ty v\ 2 .
ot [’022 (—za) ] = —4a” ug)+vn o (—ia) (24c)—iaui, .
Use the continuity equation,

Ovzz _ 2iacu
ay - 22

to eliminate ugg :

L [caﬁ;(_”;;a) +80* (22 + afda — ic Re) () ag;

—{-Qa(2 (2+c)——zRe)(Uu ) ] +2a[( 0222 )—l(_v_i)z] =0.

1o —2icx 2\~
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Substituting
0 . 0 .
U2y — A2 5{;2 V9o = —22a¢2 Uyl = a—z;} v = —2a¢
into this relation gives
& . & 2+
[ alb; + 8’1y + a(da —ic Re)zba—yz- - - ¢ ) 1/)2]
: LAY
+2ic[th (C)] =0
g o 2
6¢2+2¢2+¢ v _2tepn _ g,

The boundary conditions at ¥y = +1 and equation 3.3 require that 1,(y) be an odd
function about y =0 .

From the coefficient of ¢E I obtain

Onu _
1QCT12 Cg‘EZ‘ V12
0 = up+2n
K .
Pl(;) = —E;(W Mz + Thl) )
and, eliminating 7,2 and 717 ,

. (9 V11 ) K C—¢Cy 3 V11
1QaCU 13 — 2’012 - 2_(:—56—(——261) =0 P12 = c Re? ['012 - c 8_5(_10)] .

The continuity equation and z-momentum equation hold throughout the fluid, and,

evaluating these equations at the lower wall to obtain

_ 6 V12 1 8u11 1) _ 1 3 U112 2 . auu
"”_6_3,,(—_2'02)_% 5 Py = ——( 392 — a’uys + 2t o ),
I can eliminate the variables uyy , u39 , and Pl(;) to find
8’012 — Gy 3 V12
2019 — 2 — =
ay + v c 0 (—z'a) 0
Re | 3%vyy 2 d /vy 22¢—c¢y 0 /vy
._...[C ay3 +20( V19 — 86(_za) 2a o &(_ZQ)]
. Cc— Cg a V12
— _ il =0
iacforz (==%)]

74



-24-

Substituting
10A0 3} .
U12 = ;6—5 éb:;o V12 = f (a¢10 + ¢) U1 = 3_1:5 V11 = —za¢ )

eliminating 8% /0y® , and factoring out JA/J¢ gives

0
g)w + 210 + = 0
__E C63¢10 + 2@21/)10 + 2C¥ Cg ¢]
0y?
Cg
+ia [¢10 + ¥ = 0. (3.7)
From the coefficient of ¢3/2E I obtain
0 0 Ov Ov 0%*v, 0%
—iacn3 — Cg (;721 2T = V13 + N2z 811 + M1 822 + i By -+ 77;1 8yu
0=wuiz+2ms3
Ous ou Ju 0%u , 0%
+ 71 By 2+ N2+ N2z 811 + T 822 — 2711M22 + M1711 By 21,1 + 13 Byu
0
P1(:§) = (1072134- géz)
and, eliminating m;3 ,
d 0 . ) ou
0 = tacuiz —2v13 + 2¢4 ggz 22— g;_l — 2tac 1N + tac 8;0
. 82—1,11 8’011 . B’U,gg 81)22
+7722(2C¥C—a? +2 By ) +nu(zac By +2 By )
32"11 82’011 7711 o U1y
+77117711(ZOlC 2 +2 7 )+—( 3y )
@ _ _*K B On  On
P = ¢ Re? [v13 O )85 ar
8’011 _ 8’022 _ 8 V11 77%1 82'1_)11
+ N2 By +Mi—F— By + g5 By +——2——8—3-/2_]

The continuity and z-momentum equation hold throughout the fluid, and, evaluating

these equations at the lower wall,
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i@vlg 1 62‘012 ) 63’011
Uz = — —3

a 0y o?dtdy o300y’

uqs 8uu . Jugo

—tacuss +2013+P1(;) — ¢ o€ + + 1t uzouny + V11 By
Otiyq Ou 1 0%u 0 0?
+ va22 By + 1o ugating + V11 8;2 = —(_éy—m‘ — a’uyz + 2 ggz 8;1) .
I can eliminate the variables uyq , 12 , %33 , 711 , M2 5 T3 , U0 , and Pl(;) to find
0’0 20A c—c,) .  0°A
013 + 2013 = —= = +iaRe P pA+ia(F + = G)A|A|2 2i( - o) 5
v ) 1,2t Re ) a Re
B[O gatu] —iama = S 10T+ e RePP)
orcRe?  ia c Re? G .
— 1) (F —G H—-—|AlA
+o [—=(—p — DF+26) + ~| 414
21 R 9’A
— [%(26 K + - 1 e[Oé(3c —c)K +ic,Re K + 3¢]] ae?
where
_ 32¢ p 32¢2 WZ Py P2
Fo= (- c2 )( B ) + w c Oy®  2c Oy?
_ P 3¢ - %b 2/”,/) 52¢ P2 9%
G = (- ) ¢ c 0y? + 2¢ O0y?
o 61/) 3% 82¢2 62¢
H = —5(-1 -
9 (-1)+ 8y -t ¢ 2/’2
K = o+ = cg'/)
ac
all evaluated at y = —1 .
Define a new function
D13 = vz — (1 —y?—c)rz+ro
where the constants ry and rg are chosen so that
0 . o Re . 0%
O=c¢ 8;3 —2’013 0:10'013-!-—&"(202’013—6 6:1/;3) at Yy = +1
oo 30
0 = C 8'0;3 + 2‘1313 0 = ia 1/)13 + -{2—6(2042613 + 0862:133) at Yy = —]_ .
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Since 0y3 and the Orr-Sommerfeld eigenfunction 1) have the same boundary condi-

tions, if ® is the adjoint to ¢ , then

+1
/ ® Liggdy =0 .
-1
From the above definition I find that

;62313 = £v13 + .7:(7'2,1"0)

= Lo+ o?(1 -y —e)ry—®(1 —y* —e)rg + 219

1 .
—-1—%;[4r2+a(1—y —c)rs —a ro] ,

where F is a function of y. Multiplying the right-hand side by ® and, taking advan-

tage of the symmetry, integrating from zero to one gives

A 2
0 ozaA PosA—0,A|A, (3.8)

0=07" ez

where

o = [ o{0* -t - P - a2t -y - o)+ )}y

0 = i [ ofa-y- —4—“%( )0+ 2) — 20%(1 — = o + )
+2(¢10+f)—[(c— —gﬁ‘-)(p2 o) = +(1_y2_c)02?+21/’-]+f(r1,r0)}dy
1 20K + 3¢¥(1 2taRe
n={K+ *“) ,$<—ZRL“+ oK)} e(2EE 1)
ro = = ch K = io(1) + acg¢(1)
0 = —-%ia /1 q){(l —y*)(D* — P + 29 +f(r3,r2)}dy
ro= (1)/c(2’“Re 1) ra = (1)
_ 81/’2 2\ 7 2 26_ _(9_7,&_ D? 402
b = o [ O{ZED — )b+ 2a(DP - o)L — 25D 4a)¢2

- ¢<D2—4a2)5f - [s@) - 350 -] (07 - @ty + w53 + 350
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1 2
- —.7-'(r5,r4)}dy ra=F+-G+3%(1) S

rs = {20 F+= G+ H)+F+ 3SO¢(1)}/C(2mRe ~1)

and the constants F', G , and H are now evaluated at y = +1 and given by

¢ 821# 621/’2 W_) Y | PPy

_ 1/)2 3¢ —3% W’ 321!) ¢>2 &ep
G =tz )By 2¢Fy_ c Oy? t o 2¢ Oy?
2 2
H = aIbS(+1) + 5 W 8% +¢a b, —2%8 L
K = tio+° %¢
ac

The Landau equation for |A|? is found by assuming A is a function of 7 only and
adding A times equation 3.8 with A times the complex conjugate of equation 3.8 to

obtain

A2 /0 6.
o = PG )IAP+ (G4 gAr

Consider the equation for the mean-flow (or time averaged) pressure gradient,

P{) = U[-2/Re+ePQ + O(¢?)]

3 A 3
= U[-2/Re+{5P(1-y*) + |AP(S(y) — 550(1~9)]} + O()] |
the time averaged fluid flux,
+1 4 A
Q= / updy = i + e2UP 4+ 0(¥?)
-1 3
and the Landau equation. A constant solution of this equation,
03 03\, /05 0.
2 3 4 4
AP =-P(G+7)/(5 +7)
shown in Figure 3.2 bifurcates at € = 0 from plane Poiseuille flow at Q@ = 4U/3 , and

the parameter P is seen as a measure of the amplitude of A . However, since P
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finite amplitude waves

d

Poiseuille flow

/ (1A1=0) >
(1) 4U/3 Q
PO

Figure 3.2: Configuration space for two-dimensional finite amplitude waves in

Poiseuille flow.

also measures the change in the flux and the change in the mean pressure gradient
(even when |A[> = 0), P can also be interpreted as the change in the Reynolds
number. As shown in Figure—3.2, this weakly nonlinear formalism gives the linear
approximation of the bifurcation to finite amplitude disturbances of Poiseuille flow
(Landman, [1987]), and the actual value of P chosen is unimportant. What is impor-
tant is whether the bifurcation is supercritical (i.e. |A|? > 0 for Re > Recriticat) OT
subcritical. A subcritical bifurcation is shown in Figure 3.2 since this is what occurs
for rigid wall Poiseuille flow. From the Landau equatioﬁ it is easily seen that for a
supercritical bifurcation the solution |AJ? is stable with respect to spatially homoge-
neous (82A/9€* = 0) disturbances and that for a subcritical bifurcation the solution

is unstable to these disturbances. For consistency with Stewartson and Stuart [1971]

I will let P =2/3Re .
3.3 Numerical Results

The values of the Ginzburg-Landau coefficients must be calculated numerically. Us-

ing an initial guess for ¢ , ® , ¥y , and 3, for Re < 1 (Drazin and Reid, [1981]),

I continued the solution branch using the program AUTO developed by Doedel and
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Davey, et.al. | 89 grid points | 101 grid points
o, 1.02055 1.020547 1.020547
Re, 5772.22 5772.2218 5772.2218
Cor 0.264 0.264000 0.264000
Cei 0. 0. 0.
¢y 0.383 0.3831 0.3831
So —87.2 —87.067 —87.067
real 6, 1. 1. 1.
imag 0, 0. <1071 < 10716
real 0, 0.187 0.1867 0.1867
imag 0, 0.0275 0.02748 0.02748
real 63 || 0.168 x 1075 | 0.16825 x 10~° | 0.16825 x 10~°
imag 63 || 0.811 x 10~° | 0.81128 x 10~° | 0.81128 x 10~°
real 04 30.8 30.95616 30.95619
imag 6, —173 —172.83343 —172.83342
Table 3.1: The Ginzburg-Landau coefficients for rigid walls.

Kernevez [1985] to Re, = 5772 . The integrals for 6; , 02 , 03 , and 6, are performed
in AUTO using a composite Gaussian quadrature formula for Lagrange basis poly-
nomials. The coefficients calculated at Re, agree very well with those calculated by
Davey, Hocking, and Stewartson [1974] for rigid walls (Table 3.1).

Since from equation 2.1

~ o~

513W = —Kkn,

[ will identify the limit of & — co (and since k = KL?p/p® ,k — oo as well) as the

rigid wall limit and can use the solution for rigid walls as an initial guess for the finite
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K Re, real part of 8,/6,

rigid 5772.22 30.956
1000 x 107 | 5774.38 30.827
100 x 107 | 5793.95 29.690
10 x 107 6002.49 20.102
5x 107 6266.02 12.593
3 x 107 6685.39 6.247
1.5 x 107 | 8371.04 0.200
1.4 x 107 | 8757.69 —0.082
1.3 x 107 | 9296.14 -0.311
1.2 x 107 | 10118.25 —0.473
1.1 x 107 | 11646.88 —0.532

Table 3.2: The effect of compliant walls on stability.

& branch at £ = 1.0 x 101° . Once on this solution branch I continued in decreasing

k as shown in Table 3.2. For the Orr-Sommerfeld eigenfunction, 3 , the boundary

condition
) Re 0%
iy + -—R—(Qa%b - c—aF) =0
must hold at the upper wall. For rigid walls
Py

at the upper wall, so an estimate of the value of « for which

is k ~ 107 , and it is no surprise that the Ginzburg-Landau constants begin to deviate

significantly from the rigid wall values for x ~ 108 .
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Figure 3.3: Subcritical and supercritical bifurcations from zero amplitude.

The eigenvalues of the eigenfunction and its adjoint form a complex conjugate
pair, but numerically each is calculated independently, and these calculations provide
a test for numerical accuracy. In all my calculations these eigenvalues differed by less
than one part in 10'° . Another numerical test is the value of the imaginary part of
¢, , which should be zero at Re = Re. (Stewartson and Stuart, [1971]). For single
precision calculations on a Cray XM/P the ratio of the imaginary part to the real
part of ¢, was 107 , and for double precision calculations on a Sun 3/260 the ratio
was 1077 .

As Benjamin showed [1960,1964], the critical Reynolds number grows as £ de-
creases, but for the range 1 have considered its value has less than doubled. The
real part of 0,/0; has decreased monotonically from its rigid wall value of 30.956 to
a value of —0.532 at x = 1.1 x 107 , and the bifurcation to finite amplitude distur-
bances has gone from subcritical to supercritical (Figure 3.3). Although this weakly
nonlinear formalism is only valid in the limit of small amplitude, there must be a
range of amplitude where the nonlinear wave is stable. T will discuss the implications

of this result in Chapter 5.
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K damping coefficient Re, real part of 6,/6,

3 x 107 0 6685.39 6.247
3 x 107 1% 10° 6475.32 7.487
3 x 107 2 x 108 6290.51 8.703

Table 3.3: The effect of damping on stability.

To get an intuitive idea of how flexible the wall must be at x = 1.1 X 107, consider
the experimental result for rigid wall boundary layer flow that three-dimensional
perturbations grow rapidly once the Tollmien-Schlichting waves reach a threshold
amplitude of about 1% of the free stream velocity (Bayly,et al., [1988]). If I take this
amplitude as an upper limit for a small two-dimensional disturbance and let épw be
0.01 and k/Re® to be 0.1 (x =1.1 x 107 in Table 3.2), then 5 must be 0.1 or about
5% of the channel width.

If I make the substitution

kK — K —tacd

in the boundary condition at the upper wall, I include the nondimensional damping
coefficient in the wall model. The results of these calculations are shown in Table 3.3
for the value of &k = 3 x 107 . The decrease in the critical Reynolds number was
interpreted by Benjamin as evidence that damping destabilizes the flow. Since the
energy supply to a neutral wave on the boundary balances the rate of energy ab-
sorption, he argued that the Reynolds number has to be reduced in order to make
the relative viscous dissipation sufficient to restore the energy balance. I have found
that, in addition to the decrease of Re. , damping also causes the real part of 6,/6,
to grow larger. Because the finite amplitude disturbance is stable when the real part

of 0,/6; is less than zero, the effect of damping in the weakly nonlinear formalism is
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Chapter 4
Quasisteady solutions

In this chapter I will discuss the quasisteady solutions of the Ginzburg-Landau equa-
tion for compliant walls using the formalism of Landman [1987]. For rigid walls, the
spatial variation of these solutions may be periodic, quasiperiodic, or chaotic. I have
found that although the periodic and quasiperiodic solutions persist at £ = 1.1x 107 ,
the chaotic solutions do not.

The quasisteady solutions of the normal form of the Ginzburg-Landau equation,

94 A . )
= (ar + wi)'éxj + 0, A+ (d, +1d;)A|A|*

are of the form

Alz,7) = e ®(z —cr) ,

where the wavespeed ¢ provides an order €'/2 correction to the group velocity, ¢y +

1/2

€'/?c . This ¢ should not be confused with the eigenvalue of the Orr-Sommerfeld

equation, which is fixed at ¢,. . The values of the Ginzburg-Landau coefficients are
given in Table 4.1. The numerical value of a, is +1 for the wall models I have stud-
ied. Substituting into the Ginzburg-Landau equation gives an ordinary differential

equation for ®(X) :
(ar +ia;)®@" + c®' + (o, +1Q)D + (d, +1d;)P|®)* =0,
where X =z — c¢7 . Following Landman I rewrite this equation as
D"+ c1(1 —iag)® + (6; +:8)® = (6, + iv)®|®|?
where

B = (a2 — aiar)/lalz > v = (a;d, — ardi)/lalz )
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K a, a; d, d;

rigid 1101472 | 1 | —5.583

11x107 | 1 | —4.574 | —1 | —63.87

Table 4.1: The coefficients for the normal form of the Ginzburg-Landau equation for

rigid and compliant walls.

6 = (ayo, + aiQ)/|a|2 , & = (—a,d, — a,~d,~)/|a|2 ,

a=cafla?, ao=aifla?.

The coefficients vy , 6, , and ap are determined by the Ginzburg-Landau coefficients,
and B, 6, , and ¢; depend linearly on the two undetermined parameters € and ¢,
the temporal frequency of oscillation and the group velocity correction.

This second order complex ordinary differential equation can be written as a
first order system in four real variables, but because of the phase invariance of the
Ginzburg-Landau equation this system possesses a rotational symmetry. Following
Sirovich and Newton [1986], I remove this apparent degree of freedom by defining

the variables r , s, and w where
X r
® = r'/? exp[i/ .st], w=—".
The system of first order ordinary differential equations is given by

r o= 2wr,

s = —fB4gr—2sw—¢(s — apw) ,

g
I

—61 + bor + 8% — w? — ¢;1(ags + w) .

The reflectional symmetry of the Ginzburg-Landau equation (where the equation

remains invariant under the transformation £ — —z) appears in this 3D system
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under the transformation
X —--X, c— —c, (r,8,w) = (r,—s,—w) .

Furthermore, for a modified reduced system with coordinates (r?,s,w) I find that

oy, 05, 0wl
or? ds Ow

=—-2¢,

and the flow is converging for ¢ > 0 , diverging for ¢ < 0 , and volume preserving for
¢ = 0. As noted by Landman, the phase contraction for ¢ > 0 does not imply that
phase volumes remain bounded in a region of phase space, although solutions may

approach an attracting set in phase space as X — oo .

There are four critical points for this 3D system called D, , D_ , T, , and T_

given by
To = 0
agC +
Dy s0 = 2% % ognn/
2 2
_—.C —
we = _2_1 n /|C|2 £
where ¢=¢&+1x,
1, 2 1 2
§(Q,C)=51—ZC1 (1—-ao”), X(Q,C)’—‘B-F-z-aocl
IB C%dr [&] C%dz 62ﬂ
= 2,4a% 4 a T4 gy — 22
T ¥ * 2a,7* * v\ 4aZy? o ¥
. _ Cld.,- C%dg 625
T, : st = 207’)’:‘:\j4a$72 + & ~
wr = 0

The critical points Dy are zero amplitude solutions, while the T are the plane wave

solutions

A= 7,,T1/2 eisTX e—i(Q+sTc)t :
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v

Figure 4.1: -Phase portraits in the r = 0 plane.

however, these solutions are only valid when rr > 0 . Since r = |A|? , the critical
points with rr < 0 are mathematical artifacts that are not solutions of the Ginzburg-

Landau equation, and the plane r = 0 is an invariant subspace. The two lines in

O_ N .
Q=ago,+,/[—c, o, >0,
V ar

are the locations where each of the plane waves T bifurcates from zero amplitude

parameter space

(Landman, [1987]), and, although the ry < 0 critical points are artifacts, taking
them into account at this bifurcation shows that this is a transcritical bifurcation
(Guckenheimer and Holmes, [1983]).

In the plane r = 0 , a branch cut in parameter space must be chosen in order to
represent the critical points Dy continuously and unambiguously. The usual choice

is to take x = 0 when ¢ < 0, and the branch cut corresponds to the parabolic
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Critical point stability
Number of (negative,positive) eigenvalues
Region | T, T | Dy D_
I - - (2,1) (1,2)
Ila 21) | 3,0) | (21) (1,2)
IIb 03) | (1,2) | @1) (1,2)
III @1 | @2 | @ (1,2)
IVa (2,1) |rr<0](3,0) (1,2)
IVb |rr<0]| (1,2) | (2) (0,3)
Va 21) | 3,0 |@21) (1,2)
Vb 03) | 12 | @) (1,2)
VI re<0|rr<0](2) (1,2)

Table 4.2: The numbers of stable and unstable eigenvalues of the critical points in

the regions of (1 — ¢ parameter space.

segment

a;c?

Elza,? ) Q > —ag0, .

Q =ago, —

On crossing this cut by varying Q and ¢, D, and D_ swap identities. The

eigenvalues of the critical points are given by
Al = 2w0 , /\2,3 = —-(2’11)0 + Cl) + z'(2so - aocl) )

and their phase portraits are shown in Figure 4.1 for rigid walls and o, = +1 .
In discussing the stability of these critical points, I will mean the stability of
the 3D system with respect to the variable X and not that of the Ginzburg-Landau

equation as discussed in the previous chapter.
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Figure 4.2: Stability diagram for rigid walls of the 3D system.

The characteristic equation of the linearization about the plane wave fixed points

T, is given by
N +2 X+ [+ (2 57 —aoer)? —28r7)A = 2 rr[eiby + v(2 s7 — apey)] = 0. (4.1)

Table 4.2 lists the number of negative and positive eigenvalues, or, more specifically,
the number of eigenvalues with negative real parts and>positive real parts, of each
of the four critical points Ty and Dy in the different regions of parameter space.
Figure 4.2 illustrates the location of these regions for rigid walls, while Figure 4.3
shows them for & = 1.1 x 107 for o, = +1 . As noted by Landman, |o,| can always
be scaled to be 1 , so these diagrams are representative of all supercritical Reynolds
numbers. This table and figures were found by numerically calculating the eigenval-
ues and eigenvectors directly at the critical .points at representative parameter values
and studying the bifurcations numerically.

In addition to the transcritical bifurcation discussed above, Ty also coalesce in

a saddle-node bifurcation along the parabola
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Figure 4.3: Stability diagram for x = 1.1 X 107 of the 3D system.

d; d,
=g = —ad)

For rigid walls, T4 exists for

d; d,
Q > (Tr'('i: - C2 (———4(a,~d,. — ardi)) ’

whereas for £ = 1.1 ¥ 107 (or any other value of x where d, = —1) these critical

points are found when

dr
2o~ g e

Since

di/d, = imag part of 84/6,

?

real part of 6,/6,

the parabola is found further to the left in Figure 4.2 as k becomes larger (and the
real part of 0,/0; approaches zero) until the real part of 6,/6;, changes sign, and
the parabola is to the right of the line Q = q;/a, . A study of Figures 4.2 and

4.3 will show that the regions I, IV, and VI maintain their identity throughout this
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Figure 4.4: The continuation in c of the Hopf bifurcating branch from 7_ into region
ITI. Solid lines are stable periodic orbits. Supercritical period doubling bifurcations

occur at (i) and (ii).

deformation although region V vanishes.
To find the Hopf bifurcations of Ty , I set A = —w? with w real in equation 4.1

and eliminate w , st , and r7 to find

e [ (1+ad)+668 — Blao + 78:/7))

+ Cf,;i: [F(1 + ad) + 681 — B(ao + 762/7)][28 + c2(ao — 762/7))

~ 61 = 86:8/7][cF(ao — T8 /7) +2B8)* =0 .

This equation is cubicin  and ¢? (hence is symmetric with respect to ¢ = 0), and the
curve crosses the line ¢ = 0 only at Q = a;/a, and = d;/d, . In Figures 4.2 and 4.3
the portions of the solution curve with rr < 0 are identical to values where < a;/a,
and have been omitted. The actual calculation of these curves was done from the
original 3D system by using the program AUTO to compute the two-parameter curve

of Hopf bifurcation points. Landman [1987] has shown that the eigenvalue equation
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governing the side-band instability of the Ginzburg-Landau equation (where the
plane wave solutions are unstable to long wave modulations) is equivalent to the
above equation for Hopf bifurcations in ¢ — ) space.

In order to calculate the branch of periodic orbits that bifurcate from T_ |, I
set {} = 2 and began the continuation at the boundary of regions Ila and III in
parameter space. For rigid walls (Landman, [1987]) the branch undergoes at least two
supercritical period doubling bifurcations (Figure 4.4) which may be the beginning of
a period doubling cascade since at ¢ = 0.14 there exists a nonperiodic and possibly
chaotic attractor. At & = 1.1 x 107 the periodic orbits that bifurcate from this
boundary remain stable down to ¢ = 0 in all cases I checked numerically. At ¢ =0
the periodic orbit bifurcates to a (presumably stable) two-torus, and as ¢ decreases
the unstable periodic orbit shrinks and is finally absorbed by the critical point Ty
at the boundary of regions III and IIb.

For rigid walls Landman found five families of heteroclinic and homoclinic con-
nections for the 3D system as the parameters ) and ¢ are varied. There are the

homoclinic orbits for the fixed points T4 ,
HO : T, - T, and T-—->T_,
the heteroclinic orbits joining D_ to D, in the r = 0 plane,
H1: D_—D,,

the heteroclinic orbit joining D, to D_ which leaves the r = 0 plane at these critical
points,
H2: D, - D_,

the heteroclinic orbits joining 7'y and T-_ ,

H3: T_—>Ty and T, —-T_,
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HO

Figure 4.5: Orbits in the 3D system as examples of homoclinic (H0) and heteroclinic
connections (H1 — H4).

and the orbits joining Dy and Ty ,
H4 D, —-Ty and Ty — D_.

These orbits are illustrated in Figure>4.5 a,lth;)ugh it should be understood that not
all of these orbits exist simultaneously for given values of 2 and c .

The orbits H4 describe the transition from undisturbed Poiseuille flow to finite
amplitude waves and are structurally stable in the sense that they persist under
perturbations in both ) and ¢ . Numerical computations suggest that the H4 orbits
(T4 — D, ) exist in the entire region IVa of parameter space for compliant as well as
rigid walls. Figure 4.6 is a typical example of H4 for both rigid walls and x = 1.1x107
where 0 = 10.0 and ¢ = 20.0 . | -

The orbits H3 are transitions between finite amplitude waves of different ampli-
tudes and would be expected to exist throughout regions Ila and IIb. Figure 4.7 is

an example of H3 for rigid and compliant walls where 2 = 10.0 and ¢ = 9.0 . This
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Figure 4.6: The heteroclinic connection H4 from a plane wave to a zero amplitude

solution at 2 = 10 and ¢ =20 .
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Figure 4.7: The heteroclinic connection H3 between two plane waves with different

amplitudes at 2 =10 and ¢ =9 .
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Figure 4.8: The heteroclinic connection H4 from a zero amplitude solution to a plane

wave at =10 and e¢=9.

same point in parameter space also has as H4 orbit from Dy — T_ (Figure 4.8).
In Figure 4.9 an orbit in (r,s,w) space is shown for € = 20.0 and ¢ = 0.96 ,
and Figure 4.10 is the orbit for £ = 1.1 x 107 for the same parameter values (r is
in the z-direction in these plots). When Q = 10.0 the critical point T_ undergoes
a Hopf bifurcation at ¢ = 1.726 and ¢ = 3.599 for rigid and compliant boundaries,
respectively, and the periodi,c‘ orbit un@ergoes a period doubling bifurcation at ¢ =
1.210 for rigid walls and remains stable to ¢ = 0 for compliant walls. The orbit
for rigid walls (Figure 4.9) appears to approach a nonperiodic and possibly chaotic
attracting set, and the orbit for x = 1.1 x 107 approaches (very slowly) a stable
periodic orbit. I have been unable to find any period doubling bifurcations for & =
1.1 x 107 or orbits like that in Figure 4.9, and from this evidence I claim that the

“chaotic” solutions found when d, = +1 do not exist when d, = —1 .
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Figure 4.9: A nonperiodic orbit at 2 = 10 and ¢ = 0.96 for rigid wall boundary

conditions.

Figure 4.10: An attracting periodic orbit at 2 = 10 and ¢ = 0.96 for compliant wall

boundary conditions (x = 1.1 x 107).
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Chapter 5
Conclusions

The two-dimensional finite amplitude traveling wave solutions which bifurcate from

the Orr-Sommerfeld curve for the linear stability of Poiseuille flow are of the form
U = F(z — cpt,y, Re, a)

where F' is of period 27/« in the first variable and ¢, is determined by « and Re .
These equilibrium states are found on a surface in Re , o, amplitude space illustrated
for rigid boundaries in Figure 5.1 (J.P.Zahn, et al.,[1974]; Herbert, [1981]; Landman,
[1987]). For Re < Re, the zero amplitude solutions are stable equilibria and the lower
branch of the finite amplitude surface is unstable. Although the calculation of this
nonlinear neutral surface for compliant boundaries is beyond the scope of this thesis,
the weakly nonlinear calculations show that for small amplitude near Re = Re. and
o = a. the finite amplitude solutions are stable for Re > Re. . I have shown by
direct calculation that values of the compliancy parameters B, T, k, M, and d
exist where d, = —1 , and, consequently, the bifurcation to finite amplitude solutions
must be supercritical at Re = Re, and a = o, .

These results may also be true for other flows where there is a neutral curve of
the Orr-Sommerfeld type, in particular boundary layer flow. In the Blasius bound-
ary layer the Reynolds number (based on the displacement thickness) grows like the
square root of the distance from the leading edge, and, consequently, at some point on
the plate the flow reaches Re. and begins to grow exponentially. These growing solu-
tions are generally believed to be unstable to three-dimensional disturbances (Squire’s
theorem only concerns the initial, linear disturbance), and experiments show that

three-dimensional perturbations grow rapidly once the Tollmien-Schlichting waves
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Figure 5.1: Surface of two-dimensional finite amplitude traveling waves for rigid wall

Poiseuille flow as a function of Reynolds number and wavenumber.

reach a threshold amplitude of about 1% of the free stream velocity (Bayly,‘et al.,
[1988]). If, however, the compliancy parameters are such that the bifurcation is su-
percritical, then the growth of the amplitude is initially linear (along the nonlinear
neutral curve), and the transition to large amplitude three-dimensional disturbances
is delayed. Further analysis of this bifurcation using a time dependent Navier-Stokes
calculation would be illuminating.

There is little evidence I am aware of that supports the idea that fully developed
turbulence can be modeled by an attracting set of small dimension imbedded in the
very large dimensional state space of the fluid system. Nevertheless, a recent experi-
mental study of Rayleigh-Bénard convection (B. Castaing, G. Gunaratne, F. Heslot,
L. Kadanoff, A. Libchaber, S. Thomae, X.-Z. Wu, S. Zaleski, G. Zanetti, [1988])

shows that while most of the previous investigators describe the fluid as turbulent as
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soon as the behavior is nonperiodic, there is actually a nonperiodic behavior which
is very different from fully developed turbulence. In this nonperiodic state (which
the authors call “chaotic”) only the time coherence is lost while the space coherence
persists. This result should be compared to the nonperiodic envelope solution in
the slow variable X = z — ¢7 shown in Figure 4.9. If this nonperiodic solution of
the Ginzburg-Landau equation corresponds to a set of chaotic intermediate states
between laminar flow and turbulence, then its absence when d, = —1 indicates that
the process by which turbulent flow develops and replaces laminar flow has changed
in a fundamental way. Whether it changed to such an extent to explain Kramer’s

experimental results is still an open question.
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Appendix A
Orr-Sommerfeld maximum growth rate

The Orr-Sommerfeld neutral stability curve illustrated in Figure 1.1 divides the a-
Reynolds number plane into a region where ¢; is less than zero and one where ¢;
is greater than zero. Shen [1954] calculated curves of constant ¢; by perturbing
the neutral curve obtained by Lin [1945] for plane Poiseuille flow and found that c;
reached a maximum of 0.0076 at a = 0.79 and Re = 48000 . If there exists a more
recent calculation of the maximum value of ¢; , denoted here as ¢;,q. , then it is not
widely known since both Orszag and Patera [1983] and Bayly, et al. [1988] cite these
results (although there is no specific reference to Shen). I have found that the value
of Cimaz 15 0.01051 at Re = 105029 and o = 0.674 .

This value of ¢jpnq, was found using multiparameter continuation. First I fixed
the value of the Reynolds number and increased ¢; (leaving o free to vary) until ¢;
reached a maximum (a fold in a — ¢; space). Then I increased ¢; again allowing both
the Reynolds number and « to vary in a two parameter continuation described in
Keller [1987] and implemented in the AUTO program (Doedel and Kernevez, [1985]).
Table 6 shows the values of &, Re , and ¢ at this fold point when 101 and 141 grid
points are used to solve the Orr-Sommerfeld equation. This type of fold point is
called an elliptic point. Figure Al illustrates the location of this point within the
contour ¢; = 0.0104 in the a-Reynolds number plane (The curve ¢; = 0 cannot be
seen on this scale).

The discrepancy between this result and Shen’s calculation is due to his method
of calculation. He calculated the rate of change for ¢ in both the a and Re direction

at points along the neutral stability curve obtained by Lin, fit these rates to a cubic
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101 grid points | 141 grid points
a 0.6740137 0.6740131
Re 105028.8 105029 .4
Cr 0.1279359 0.1279357
G 0.01051284 0.0151284

Table A.1: The location of the maximum value of ¢; in the @ — Re plane.

in o at constant Re , and interpolated to find the contours of constant ¢; . The
critical Reynolds number found by Lin’s procedure is about 10% too low, and Shen
points out that the errors he introduces by interpolation could be as large as 20%.
Along with those introduced by the polynomial approximation, these errors account
for the difference between Shen’s result and my numerical one.

This value of ¢, does not alter conclusions based on the old value. Bayly, et
al., [1988] note that at a Reynolds number of 48,000 the growth rate of the periodic
disturbance is a factor of 10 in 300 non-dimensional time units, and, compared to the
explosive growth observed experimentally over a few channel widths, the instability
is quite feeble. For the actual maximal growth rate attained at Re = 105029 , a
factor of 10 is attained in 220 non-dimensional time units. The conclusion that the
growth rates induced by viscosity are small compared to the convective timescale is

still a valid one.
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Appendix B
The calculation of ¢,

In this appendix I will describe the method I used to calculate the value of ¢, nu-
merically. The method should be applicable to any inhomogeneous boundary value
problem with an undetermined constant on the right-hand side. Let me begin with
a simple example.

The requirement for the existence of a solution to the boundary value problem

w .
d—:l;z-l-w:smx—d w(0) =0, w(r) =0, (B.1)

to exist is a solvability condition:
/ sinz(sinz —d)dz =0 — d=7x/4. (B.2)
0

If d is not equal to 7/4 there is no solution to equation B.1, and if d is equal to /4

the solution is

I CosT

2

w(z) = C sinz — +-;£(cos:c—1) .

where C' is an arbitrary constant. This arbitrary constant can be fixed by an addi-

tional boundary condition independent of those in equation B.1:
w'(0) =0 — Cc=1/2.

This integration method (equation B.2) is used by Stewartson and Stuart [1971] to
calculate c, (where ¢, corresponds to d in equations B.1 and B.2).

The program AUTO developed by Doedel and Kernevez [1985] calculates solution
branches of systems of ODEs by a collocation method on an adaptive mesh. I solve

equation 3.2 with AUTO by letting ¢, be an unknown parameter and adding the
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independent boundary condition

$10(0) = 0

to the flexible boundary conditions (equations 3.7) for ;0 . When this system
(equation 3.2 and the boundary conditions) is solved numerically, not only is a value
for ¢, found which agrees with the previous (rigid wall) results, but the value of the
imaginary part of ¢, (which should be zero) is much smaller than that found using
integration (the solvability condition). Iinterpret this result to mean that integration
gives a less accurate numerical result than the alternative method described here.
Since the integration of the right-hand side of equation 3.2 multiplied by the
adjoint function does not require the calculation of ¥y it is the less computationally
expensive method to find ¢, , but because I need calculate 14 to obtain the higher
order Ginzburg-Landau coefficients, I effectively get c, at no cost at all. All of the

other Ginzburg-Landau coefficients are found using integration.
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