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Abstract

This thesis discusses two topics in cosmology that resulted in two independent pub-
lications. The first topic concerns persistent anisotropy during inflation [1] and the
second topic concerns a model of baryophillic dark matter [2].

The motivation for the project contained within chapter 1 came from indications
in the cosmic microwave background data that seemed to suggest that there may
be a cosmologically preferred direction. Moira Gresham and I derived quantitative
predictions about the signals one would observe in Cosmic Microwave Background
data if isotropy is not assumed during inflation. We considered a particular example
of a dynamical theory of anisotropic inflation that is characterized by a scalar field
which is nonminimally coupled to an isotropy breaking abelian gauge field, thereby
slowing the decay of the gauge field energy density.

The motivation for the project contained within chapter 2 came from the obser-
vation that the global symmetries B (baryon number) and L (lepton number) of the
standard model Lagrangian must be broken by higher-dimensional operators at a
very high scale. Pavel F. Perez, Mark B. Wise and I analyzed a model that explained
the protection of these accidental global symmetries by promoting B and L to gauge
symmetries. This model has a natural dark matter, candidate and we discuss the
experimental constraints on the parameters in the theory.

Unexpected results are found in each chapter. For example, in chapter 2, we
find that the anisotropic contribution to the tensor power spectrum is suppressed
with respect to that of the scalar power spectrum and, in chapter 3, we show that a
baryon asymmetry can be generated even within a model that has baryon number as

a gauge symimetry.
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Chapter 1

Introduction

1.1 This Thesis within a Larger Context

As cosmologists, we study the origin and evolution of our Universe (or universes in
general). General relativity teaches us that it is the matter content of our Universe
that tells us not only the structure and geometry of the space-time, but also how that

space-time is evolving. This is concisely stated mathematically through the Einstein

8t
G,uz/ = (—4N> T,uua (11>

C

field equations,

where G, is the Einstein tensor (describing the dynamical structure of space-time)
and 7}, is the stress-energy tensor (which encodes the matter content of our Uni-
verse).!

Consistent with other scientists, cosmologists rely on observations and experi-
ments to make headway in our quest to uncover the details of our cosmic history. On
the other hand, most other scientists can perform experiments in terrestrial labora-
tories. Since we have only one Universe, it is not possible for cosmologists to conduct
such experiments since the phenomena we are studying is inherently non-local. Cos-

mologists look out into our Universe to observe signatures of important events in

! Gy is Newton’s constant and ¢ is the speed of light (the latter will be set to unity

for the remainder of this thesis).
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our Universe’s distant past. By compiling a diverse set of observables, we can have

confidence in our understanding of the origin and evolution of our Universe.

Dark Energy
Accelerated Expansion

Afterglow Light
Pattern  Dark Ages Development of
380,000 yrs. Galaxies, Planets, etc.

Inflation

Quantun
Fluctuations

1st Stars
about 400 million yrs.

Big Bang Expansion
13.7 billion years

Figure 1.1: An artist’s conception of the history of our Universe (Credit:
NASA/WMAP Science Team).

The most commonly accepted view by cosmologists of our cosmic history is the
following (a cartoon picture can be found in figure 1.1). A cosmic event? occurred of
which we have little understanding. We know the temperature was very high 7' > 102"
eV and the density was high®. Immediately following this event, the Universe expe-
rienced a period of rapid exponential expansion, known as inflation. After inflation,
the field responsible for the exponential expansion decays and fills the Universe with

electromagnetic radiation. As the Universe cools, quarks become confined into nuclei,

2 This is commonly known as the big bang, but more exotic theories proliferate the
literature.
3 Throughout this thesis, temperature will be stated in units of energy and can

be converted back into the more familiar Kelvin (K) by using Boltzmann’s constant

kp = 8.62 x 1075 eV/K.
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these nuclei begin to form atoms synthesizing the elements (this is commonly known
as nucleosynthesis). Once T' ~ 1 eV, the atoms could no longer absorb the thermal
radiation and the Universe became transparent. The photons freely streamed from
this recombination event. Over the next thirteen billion years or so, the temperature
continues to cool and local overdensities begin to coalesce into large scale structure
(like galaxies and cosmologists).

Today we live in a Universe that is fairly cool T' ~ 2.3 x 10™* eV. Photons (quanta
of electromagnetic radiation) from the recombination event approach us from all di-
rections and make up what is known as the Cosmic Microwave Background (CMB)
radiation. From our point of view, these photons were emitted from a spherical surface
(called the surface of last-scattering) with us at the center. These photons, to a first
approximation, have streamed freely to us only changing their wavelength through
gravitational redshift* due to the continued expansion of our Universe. Cosmologists
use these photons to look into our distant past and make observations about the
evolution of our Universe.

It is through analysis of CMB data in conjunction with data from galaxy surveys
that tell us a great deal about our Universe. For example, we know the energy density
of the Universe today comprises approximately 4.6% ordinary matter (like electrons,
protons, etc.), 23% dark matter and 72% dark energy. We do not know a great deal
about the latter two contributions to the energy density, except that the dark matter
is nonluminous, electrically neutral and nonbaryonic matter that interacts mainly
gravitationally. It is likely that the dark energy is simply a cosmological constant
whose value would naturally arise from a more complete theory of nature.

The second chapter, immediately following this introductory chapter, will focus
on a particular issue in inflationary cosmology. The third chapter focuses on a par-
ticular explanation of dark matter that naturally arrises in a model that solves some
technical issues with the Standard Model of particle physics. In what remains of

this introduction, I intend to give some background on the standard approach to the

4Redshift is a term used to describe the increase in a photon’s wavelength.
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topics of inflation and dark matter. These sections are to serve as introduction to the
technical aspects of the standard approach as well as an introduction to the notation
that will be used throughout the thesis.

While writing this introduction, I consulted many textbooks about cosmology and
the early Universe. I most heavily relied on Weinberg’s cosmology text [3] and Kolb
and Turner’s classic text on the early Universe [4]. I consulted my colleague Moira

Gresham’s thesis on ideas to implement the inflation portion of this chapter.

1.2 Inflation

1.2.1 CMB Observations

In 1965 the radio astronomers Robert Wilson and Arno Penzias observed a faint
background glow, almost exactly the same in all directions. This glow was identified
to be the CMB radiation and the two scientists were awarded the 1978 Nobel Prize
for their discovery. Ground-based experiments during the 1980s put limits on the
anisotropy that can exist in the CMB radiation, but it was not until the 1992 NASA
mission COBE (COsmic Background Explorer) were the theoretically predicted 10~°
deviations from isotropy observed. The COBE team was awarded the 2006 Nobel
Prize in Physics for their work on the precision measurement of the CMB radiation.

The COBE team observed a nearly uniform temperature across the sky and mea-
sured the spectrum of CMB radiation across the sky. They showed that the CMB
radiation has a thermal black body spectrum at a temperature of 2.73K as shown in
figure 1.2. COBE was also the first to observe the theoretically predicted deviations
from isotropy.

Today, the state of the art data is given by the Wilkinson Microwave Anisotropy
Probe (WMAP). This experiment has produced very precise sky-maps such as the

one in figure 1.3.
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Figure 1.2: COBE observation the CMB radiation thermal spectrum with a temper-
ature of approximately 2.73K.

Figure 1.3: WMAP observation of the CMB radiation. The average temperature is
2.725K, and the colors represent the tiny temperature fluctuations, as in a weather

map. Red regions are warmer and blue regions are colder by about 0.0002K. Credit:
NASA/WMAP Science Team.

1.2.2 CMB Temperature Correlations

The main observable from the early Universe is the Cosmic Microwave Background

(CMB). The sky that we see is one particular realization of a statistical ensemble
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of possible observations (if we could travel to a distant place in our Universe, we
would observe a different realization of the CMB). Since the realizations are position
dependent (and we cannot readily change our position on cosmological scales), we
study the statistical observables from our particular realization.

We cannot average over different vantage points (cosmic mean), but we can average
over realizations (or histories). The difference between these two averaging procedures
is known as cosmic variance and is a principle source of uncertainty at the largest of
angular scales.’

The main observable in CMB physics is the correlation between the deviation of
the temperature from the average at different points on our CMB sky (labelled by
angles @ € [0,7] and ¢ € [0,27]). Note that the average temperature, T, is defined

formally as

1
Th=— / T(6, $)d. (1.2)

Since the CMB comes to us from all directions, it is beneficial to expand the temper-

ature difference in spherical harmonics,

>

N
’ﬂl:%
&

_ T0,9)—T _ f: Z Y0, ). (1.3)

T
=0 m=—1

Since the deviation of the temperature from the average is real, the coefficients (ay,,)
must satisfy condition aj,, = a; . The two-point temperature correlation function

is defined by

i = ) = (251) (22
/ AT (0, &) AT(6
X /dQ//dQ l%(@/7¢f)i/lm(@,¢)< (T,¢) (T,¢)>7 (14

where the numerical factors in front are due to the normalization of the spherical

5> One can show that this accuracy limit decreases as 2/(2] + 1) if the temperature

deviations are are governed by a Gaussian distribution.
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harmonics. If the fluctuations at the surface of last-scattering were Gaussian, then
all statistical properties about the CMB could be written in terms of this two-point
correlation function. The average in this equation refers to the cosmic mean.
A statistically isotropic power spectrum has the addition feature that the corre-

lations take the following form,
Cutmmt = Ci0u Oy - (1.5)

The quantity we observe in CMB experiments is,
CP™ = 21 — Z U@}y = /d2 &/ Py - ) AT () AT(#). (1.6)

In figure 1.4, we show the angular power spectrum observed by the WMAP satellite
(normalized by I(I 4+ 1)/27) in units of uK?.  There is a great deal of information

contained within this measurement. From analysis of this data, one can determine vir-

Multipole moment I
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Figure 1.4: This graph illustrates how much the temperature fluctuates on different
angular sizes in the map (from larger angles to smaller angular scales). WMAP was
the first experiment to clearly show the presence of the second and third acoustic
peaks (the harmonic overtones of the first peak). Credit: NASA/WMAP Science
Team.
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tually all the significant cosmological parameters (age of the Universe, energy density

of normal matter, energy density of dark matter and dark energy, etc.).

1.2.3 Primordial Perturbations

The purpose of this section is to connect the statistical observables of the previous
section with the predictions of theories of the very early Universe. The main pre-
diction of theories of inflation are power spectra (either of curvature fluctuations or
of gravitational wave fluctuations). Fluctuations in the energy density in the early
Universe led to patterns of the photons emanating from the surface of last scattering
and eventually to the CMB we observe today.

In particular, the deviation from the mean CMB temperature in our sky is

ATgf /dgkz(Ql—i-l) (—i)'8.(K) Pk - )0 (k), (1.7)

where P, are Legendre polynomials and é = é(0, ¢) is a unit-vector pointing in the
direction specified by the angular coordinates (6, ¢). In this equation, ©; is the trans-
fer function that encapsulates all of the physical effects (assumed to be statistically
isotropic) on the photons from the very Universe until today. Further details about
the transfer function are beyond the scope of this introduction. Finally, 56(E) is the
Fourier transform of the fractional deviation of the energy density from the average
in the early Universe.

Given this form of the deviation from the mean CMB temperature (in terms of

transfer functions, etc.), we can work through the implications for Eq. (1.4). We



have

(241 (241 . 2+ 1\ (2 +1Y
o= (557) (55) [ e 2 (557) (55 0

< (8.B)3.)) 00 (000 (K) [ 0 [ 4y (6.0)Y7" 0.6 Py k- O (- ¢)

() () feree s Er sty

l1,m1 la,ma

x ( / dQY;™ (0, )Y, (0, 925)) ( / dﬂW(e’,ezs’m;”?*(@’,w)) Yo (k)Y (k)
(2[ + 1) (2[’ + 1) Brdi Z Z Y+ < )5€(E/)> 0y, (k)0 (¥)

l1,m1 l2,ma2

4m mi*(7\yme (],
(2l—|— 6111 mml) (2[’—{— 15l l25m m2> }/ll ' (kj)YEQ 2(k/)

= / dkd*k (—i)* <5e(/5)5e(/5’)>@z(k)@zf(k/)iﬁm*(/%) 7 (). (18)

During the simplification of this expression, we have used the normalization condition
of the spherical harmonics as well as the relationship between spherical harmonics and
the Legendre polynomials. In calculations of primordial perturbations, we calculate
the average <5€(l§)5e(/§’ )> as a quantum mechanical expectation value. We then use
the ergodic theorem to posit the equivalence of this averaging procedure with that of
the cosmic mean.

Throughout this thesis, we will assume that the expectation value in Eq. (1.8)
is translationally invariant. This means that there is no special position in the Uni-

verse and therefore the expectation value can only depend on differences in positions.
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where we defined 74 = 1/2(Z £ ) in order to simplify the above expressions. This
serves to define the power spectrum of primordial energy density fluctuations, P(E)

Plugging this expression into Eq. (1.8) we derive

vt = [ K=" OU(WYOU(k) (2 PR (B ()
= [ R iy oo (k) en) PEY (Y ()
= / k(=)' 0,(k)Ou (k) (2m)* P(k)Y;™ (k)Y (k). (1.10)

If the power spectrum is rotationally invariant, then P(E) can only depend on the

magnitude of the photon’s momentum. In this case,

Ct o = / PE(—i) 1 O4(k)Op (k) (2 P(K)Y™ (b)Y ()

_ / Ak (—i) " ©(k)Op (k) (27)° P (k) ( / dgky,m*(;;mm;;))

_ / dlek?(—i)' ' 0,(k)Oy (k) (27)* P (k) (;j 15l,l,5m,m,)

1 2 2(0 )3
= i =—— P(k)|. (1.11
110G (% = [ anamie e >) (1.11)
Note that this result has the diagonal form mentioned in Eq. (1.5).

One can work out what implications a small departure from statistical isotropy

during inflation would have on the measured correlation functions by considering a
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power spectrum of the form
P(E) = Py(k) (1 + (k) (- 15)2) (1.12)

and then expanding to first non-trivial order in g(k). Here n indicates the preferred
direction which must be extracted from the data. Sean Carroll, Mark Wise and Lotty
Ackerman proposed this form of the power spectrum and completed this calculation.
For the detailed form that the correlations take, consult their paper [5]. The authors
of this paper also gave physical arguments for the scale dependence of g(k) (the
quadrapolar modulation effect).

The next section of this chapter goes through the standard calculation of primor-
dial power spectra in the case of isotropic inflation, sourced by a potential energy
dominated scalar field. In the next chapter of this thesis, Moira Gresham and I cal-
culate the primordial power spectrum in a dynamical theory of anisotropic inflation.
This is the first time a complete calculation of primordial power spectra was con-
ducted in an anisotropic background. In particular, we calculate the leading order
effects of the anisotropy on the curvature power spectrum as well as the gravitational
wave power spectrum and show the logarithmic scale dependence of this quadrapolar

modulation effect.

1.2.4 Standard Slow-Roll Inflation

When studying standard slow-roll inflation, one typically considers a scalar field min-

imally coupled to gravity with the following action®

5= [ ev=3 (55 - 3TN0 - V) (113)

where R is the Ricci scalar, k? = 87Gy, V(¢) is the potential for the scalar field ¢
and g is the determinant of the metric. By examining the background equations of

motions, we will show in the following sections that if the scalar field has a potential

OIf an index is repeated, summation is implied. A greek index implies a summation u € {0, 1,2, 3}
using the metric and a latin index implies a summation 7 € {1,2,3} using the Kronecker-delta.
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dominated energy density then the Universe will begin to expand. Furthermore, we
will give criteria for the expansion to be exponential and nearly exponential. Finally,
we will give a detailed derivation of the primordial power spectrum of scalar and

tensor perturbations predicted by standard slow-roll inflation.

1.2.4.1 Background Equations

As in all cases in general relativity, we must begin by choosing a metric parameter-
ization that respects all of the (at least approximate) symmetries of the space-time
we are describing. Since we are describing the Universe at large scales (which we
observe to be approximately flat, isotropic and homogeneous) we use the following

parameterization

ds® = —dt* + a(t)? (d2’ + dy® + dz?) . (1.14)

The matter that gives rise to this metric must also exhibit these approximate sym-

metries and therefore the stress-energy tensor must take the form,

o) 0 0 0
| O @0 00 (1.15)

0 0 pt) 0

0 0 0 p

where p(t) is the energy density and p(t) is the pressure of the matter.

The background scalar field configuration is homogeneous and isotropic (¢ = ¢(t))
and leads to a stress-energy tensor of this form with
1 (dd)(f)

Ps(t) 5 —) +V(p(t), and py(t) ==

o ;(%’5)) ~V(6(t)).  (1.16)

Here we consider the equations derived from Einstein’s field equations in Eq. (1.1).

The time-time Einstein equation (G = k2T})) gives an equation for the Hubble
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parameter (H(t) = a(t)/a(t)),”

3H? = k? (%é(t)z + V(¢(t))) : (1.17)

An equation for the second derivative of the scale factor (d(t)/a(t)) is found by taking

a linear combination of the space-space and time-time Einstein equations,

(%) =i = - (30 - V). (1.18)

For completeness, we should also include the scalar field equation of motion that

results from varying the action in Eq. (1.13) with respect to ¢,

¢ = —3H¢ — r*a(t)*V'(¢). (1.19)

One should also note that the content of this equation is not independent from Eq.
(1.17) and Eq. (1.18) and is just a statement of the conservation of stress-energy.

From Eq. (1.18), we can see that accelerated expansion occurs if V (¢(t)) > ¢(t)?
since this will make the second derivative of the scale factor greater than zero. This
requirement demands that the energy density of the scalar field is potential dominated
for accelerated expansion to occur.

For nearly exponential expansion, we require the derivatives of the Hubble param-
eter to be small in order to approximate the scale factor with a(t) ~ exp(H t). To
quantitatively analyze deviations from exponential expansion, we define the slow-roll
parameters, _ i

€= —%, and 0 = % (1.20)
Although there are actually an infinite set of slow-roll parameters (involving higher

derivatives of H), it is sufficient for our purposes to define these two. Note that the

"Here, and throughout this chapter, we will use the notation d/dt and”
interchangeably.

8Unless otherwise stated, a ' indicated a derivative with respect to ¢.
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following identity holds:

We now endeavor to write the background quantities in terms of these slow-roll
parameters, the Hubble parameter and x?. Rearranging Eq. (1.17) and Eq. (1.18)

we have

2 2

1= (0 V) ad -0 = (Vo) - 7). (12

These are two independent equations that allow us to determine ¢ and V(¢) in terms

of H, k and slow-roll parameters. Using this procedure, one derives

> = H? <—> , and V(p) = —(3—¢). (1.23)

We see that the scalar field has a vanishing first derivative in the limit {¢,0} —
0 (exponential expansion). Taking the first derivative of the former equation, one

derives

26 = ant () + it () = i aevaean ()

K2 K2
2 - (5222 ) s (121)

We see what one means by “slow-roll” inflation since the first and second derivative

of the scalar field must be small in order for the expansion to be nearly exponential.
One often states the conditions for slow-roll inflation in terms of flatness conditions

on the inflaton potential.” For example, taking a derivative of the potential equation

9The field responsible for the exponential expansion is usually called the inflaton.
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gives

ro--eans = (78 - (3) (120

2
= 2k% (‘;ti) : (1.25)

So the potential must be moderately flat in order for the expansion to be nearly
exponential.

Taking a derivative of the last equation leads to the following condition,

(V) - (76 | (v
V'(9)

= K—) — 2526] (—4He) ~ 4k*He(e + 6)

V(o)
V//(¢>
- ( V(o)

gb) ~ 2K%é

> ~ K (e —0). (1.26)

We see that the inflaton potential must be quite flat in order to seed nearly exponential
expansion. Now that we have determined the background dynamics in terms of H, x>
and slow-roll parameters, we have the necessary information to move forward and talk

quantitatively about predictions of power spectra resulting from slow-roll inflation.

1.2.4.2 Power Spectra from Single-Field Slow-Roll Inflation

We begin our discussion by considering a universe that is expanding approximately
exponentially due to the dynamics of a scalar field in its potential as described in the
previous section. Dynamical fields are in their respective quantum mechanical ground
state. We will be computing the variance of quantum mechanical fluctuations about
this vacuum configuration to derive power spectra.

The standard approach is to canonically normalize the amplitude of these quantum-
mechanical fluctuations when physical wavelengths!? are too small to resolve space-

time curvature. As expansion continues, physically wavelengths increase and gravita-

10The physical wavelength is related to the wavelength of a mode by A,pys = a(t)A.
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tional dynamics become important. Once the fluctuations have physical wavelength
larger than the Hubble radius, the modes become essentially non-dynamical and their
statistics are frozen into curvature or gravitational wave perturbations. It is therefore
the combination of the initial quantum nature of the fluctuations and the gravitational
interactions during inflation that lead to the pattern of temperature correlations in
the CMB.

In the previous section, we defined the quantities in the background and derived
relationships of between these quantities and slow-roll parameters. It turns out to be

convenient for our purposes to work in conformal time.,
dt* = a(n)?dn?. (1.27)

In this section, we denote all background quantities with an overbar (e.g. the back-
ground scalar field is ¢(n) = ¢).
We begin by defining the inhomogeneous fluctuations about the homogeneous

background. We define

o(zh) = o(n) + dp(2*), and  gag(z") = Gap(n) + 0gap(zt), (1.28)

where g, = a(n)*n,, where 1, is the usual Minkowski metric. In other words, all
departures from homogeneity are encapsulated in the perturbed fields d¢ and dgqgs.

Since we are expanding about a spatially homogeneous background, and we will
be deriving a power spectrum, it is convenient to work in Fourier space (® is just
some linear combination of metric and scalar field perturbations):

d3k - 7

0b(zH) = /(27)35(1)(]{3,77)61 z (1.29)

At very early times, we treat the perturbations as quantum excitations. The Fourier

transformed fields are written as Fourier amplitudes multiplied by creation (a') and
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annihilation (@) operators as in

0®(k,n) = f(k,n)ag + (k. m)a’ . (1.30)

Note that the above relationship between the amplitudes for the creation and anni-
hilation operators is guaranteed by the fact that we are dealing with real fields in
position space.

The creation and annihilation operators satisfy the canonical commutation'! re-

lations,

[ak, } (27)*63(k — @) and [az, 44] = 0. (1.31)

One finds the appropriate normalization of the amplitudes of the creation and an-
nihilation operators by expanding the action in Eq. (1.13) to second order in per-
turbations. One must remove constrained variables and construct an action of the

form

50— [ 5 [y (Soncn swn

;(k k= il >) (0, k)3 (1, k)). (1.32)

This process is straightforward (for the most part) and tedious.
The power spectrum is related to the two-point correlation function by the fol-

lowing definition,

BN Bh [ BE e o
69095907 = [ 555 [ gm0 5w (1. B [ ol

2m)3 ) (2m)3

43k
= / ‘5<I> n, k

A commutator of two quantum operators A and B is defined to be [A,B} =
AB — BA.

2 o d*k o (T
D E/ 2y o ket (1.33)
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We see that all we need to find a power spectrum is the properly normalized solutions
to the differential equations for the dynamical variables in the quadratic action. The
power spectrum is then just the absolute square of the mode function.

The most general way to parameterize metric perturbations is the following,
ds* = a(n)® [ (1 + 24)dn” + 2B;dx’dn + (65 + hyj)da'da’] (1.34)
where
B, =ik;B+ B;, and hy =2C — 2k;k;E + 2ik,Ej) + 2E;;. (1.35)

In order to not over-parameterize the perturbations, Ej;, B; and E; must be trans-
verse'? and E;; must be traceless.'3

Under a local coordinate (gauge) transformation, the metric variables mix into
one another, and in this new coordinate system one can redefine the perturbations
in terms of the fluctuations defined above. Since physical measurements should have
no dependence on the particular coordinate system used, the variables we should
consider should be invariant under such transformations. These perturbations are
usually called gauge-invariant variables.

One can show that the following combinations of metric and scalar variables are

gauge invariant,

dk) = A+ % la(B—-E", (1.36)
Uk) = —C— @ B - E], (1.37)
(k) = B — (J;i)’, (1.38)
x(k) = do+¢'[B—-E, (1.39)

2For example, ik; F; = 0.

13E’£i - O
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as well as the transverse, traceless perturbation E;;. Here we have used ' to denote
derivatives with respect to conformal time.
One derives the quadratic action by simply plugging in the above perturbed vari-
ables, then using constraint equations and integrating by parts. After this process

has taken place, the quadratic action takes the form

s = [ [an(groinn—p -3 (1= Z) rtn Bt -

V4
1o L1 AN .
> iR~ - 5 (= %) . B, ). (140
a

s=-+,X

where z = a?¢’/a’ and the dynamical variables are the following linear combination

of the gauge-invariant variables listed above,

gb/
r=a (x + a?‘ll) : (1.41)
N a [eel —eiel
h, = = ME» 1.42
+ P ( \/5 J ’ ( )
po_a eted + elel i (1.43)
X K \/5 1] 9 .

where €, - €, = d4, and €, - k = 0. This combination of unit vectors spanning the
space orthogonal to the wavevector ensures that the dynamical tensor amplitudes
correspond to spatial metric perturbations that are transverse and traceless.

To find approximate solutions to the equations of motion for the dynamical vari-
ables, it is convenient to use our previous analysis of the background to write the
functions of time in the action in terms of the conformal time coordinate n and the
slow-roll parameters € and 0. Assuming € and ¢ are small and almost constant, we
have the following,

a 9 3 P 2 3

The solutions to the differential equations are now simply Henkel Functions (at least in
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the approximation that e and § are approximately constant). Explicitly, the solutions

take the form

A s 1) k
i ~ ~ - 1.45
o Ty 12 (aH) ’ (145)
~ Ty k
o= e (o) (148)

where normalization of the mode functions was determined canonically,
P'OF — P(P)" = —i. (1.47)
The physical gravitational wave amplitudes in Eq. (1.45) are related to these

hs = 2k (%) . (1.48)

Similarly, the curvature perturbation, (, is related to the normalized scalar variable

in Eq. (1.46) through

normalized variables through

(=——. (1.49)

In the long-wavelength limit (k < aH), the quantities h , /a and r/z are approx-
imately conserved outside the horizon (meaning that these quantities are approxi-
mately non-dynamical when k < aH). Consider the solutions we have derived in the

long-wavelength limit,

h T (TG+e)) (2aB\Y [T (2aH\"*" (150
o aH T k T VaaH \ K ’ '
7 (T (E+05+2)\ (2a0) 2+ 1 [2a "2+
= ~ — ( — (1.51)
alf ™ k 4aH \ K

At this point, it is important to note that z = v/2¢(a/k). Computing the curvature

Q

ﬁ
l
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power spectrum first (in the long-wavelength limit),

P.(k 2 1 20l N\ [k \ 7=
Py = DR ox (L) (2 _
22 ea? \ 16aH k 20H
k2 [ H? E\
= 5 (2—163) (a_ﬁ> . (1.52)
Similarly, the gravitational wave power spectrum is given by
P(k)  4k? [ 1 2aHN’ [k \TPH
Puk) = 4x° wk) An” (1 (2a _
a? a? \4aH k 20 H

H2 L —26—4e
= 45— ) [ — . 1.
& (2/&) (m) (1.53)

Ignoring the scale dependence!? at present, we see that the tensor to scalar ratio is

Py, + Py,

= 16e. 1.54
5 e (1.54)

We also see that in single-field inflation the scale dependence of the curvature and
gravitational-wave power spectra is approximately that of the tensor to scalar ratio.
This is an important consistency relation of single-field inflation and is a prediction
that will be tested by future experiments. In chapter 2, we will derive a similar
consistency relation for the model of anisotropic inflation that we will introduce in

the next section.

1.2.5 A Model of Anisotropic Inflation

The second chapter of this thesis contains a quantitative analysis of the model of
anisotropic inflation introduced by Watanabe, Kanno and Soda in [6]. The common

lore in early universe cosmology is that the exponential expansion quickly washes out

14 The curvature and gravitational wave power spectra are approximately scale
invariant P(k) ~ 1/k®. The fact that the curvature power spectrum is nearly scale

invariant is important since experiments prefer a nearly scale invariant spectrum.
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any initial anisotropy or inhomogeneity in the spacetime. Watanabe, Kanno and Soda
got around this commonly accepted idea by noticing that nearly exponential expan-
sion can allow for a persistent anisotropy. As we saw in the previous section, realistic
models of inflation exhibit expansion that is nearly (but not exactly) exponential.
When building a model of anisotropic inflation, one needs to add a field that can
break rotational invariance (another scalar will not work, but any higher-spin field
will do). The authors of this paper considered adding a massless vector field to their
theory of inflation. The last ingredient needed to make this a potentially workable
theory of anisotropic inflation is that one must engineer the anisotropic source of
energy density to persist. Usually vector fields have an energy density that decays

due to expansion of the Universe as a—*

, where a is the scale factor. Watanabe, Kanno
and Soda altered this energy density decay rate by adding a coupling of the scalar
field to the vector field.

The action for their theory of anisotropic inflation takes the form,

5= [aov=i (g - 3wovo -vie - L m,m) )

where F,, = 0,4, — 0,A, and A, is the vector field. In [6], the authors showed
that if the coupling function f(¢) took a particular form then the energy density in
the vector field would remain approximately constant during inflation (rather than
quickly decaying). In chapter 2 we analyze the background of the model in complete
generality and then we derive evolution equations for cosmological perturbations in
this anisotropic background. We finally derive the power spectra of curvature and

gravitational wave fluctuations.

1.3 Dark Matter

1.3.1 Introduction

The first evidence for dark matter (DM) came from Zwicky’s work at Caltech in 1933.

He observed the Coma cluster of galaxies and estimated the cluster’s total mass based
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on the motions of galaxies near its edge. Zwicky then compared that estimate to one
based on the number of galaxies within the cluster. The gravity of the visible galaxies
in the cluster would be far too small to support the fast orbits he observed at large
radii. Zwicky realized that there must be some non-luminous form of matter that is
providing the mass needed to hold the cluster together.

Based on observations of galactic rotation curves, gravitational lensing, precision
analysis of CMB data and supernova Type la distance measurements (to name a
few) dark matter has established a strong experimental footing. As mentioned pre-
viously, dark matter makes up roughly 23% of the energy density of the Universe
while ordinary matter makes up only about 4.6% of the energy density. Currently
we do not know much about DM except that it is non-luminous, electrically-neutral,
non-baryonic and that it interacts mainly gravitationally.

We will see in the next section that a theoretically well-motivated scenario for
dark matter is that it consists of weakly interacting massive particles (WIMPs). The-
oretically, we expect new physics particles to appear around the mass-scale of a TeV
(roughly 1000 times the proton mass). It turns out that if we have a dark mat-
ter mass around this scale and the dark matter interacts with ordinary matter with
a strength comparable to our weak interactions, then the dark matter will naturally
have approximately the correct abundance.!® This is commonly known as the “WIMP
Miracle.”

If the particle interpretation of dark matter is correct, then a large number of dark
matter particles are constantly passing through the Earth. Although these particles
must interact weakly with ordinary matter, there are experiments today that are
hoping to find evidence of these particles. Direct detection experiments (CDMS,
XENON, etc.) hope to observe dark matter interacting with atomic nuclei in their

detector. Indirect detection experiments (DAMA, EGRET, PAMELA, etc.) hope

15 Meaning that the amount of dark matter predicted in this scenario is roughly the

amount we observe today.
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to observe the products of dark matter annihilations that take place inside their
detectors. Finally, collider experiments (LHC, etc.) hope to produce dark matter
particles by scattering ordinary particles at high-enough energies. FEach of these
experiments attack the same dark matter interaction from different angles and in
the next several years they will collectively rule out a large region of theoretically

motivated dark matter models.

1.3.2 Dark Matter as a Thermal Relic

In the early Universe, most of the particles species were in thermal equilibrium. This
basically means that particle interactions were rapid enough to evenly distribute
the energy density. As the Universe cools and expands, some interactions become
inefficient. For example, if the temperature drops below a certain particle’s mass, it
is unlikely that two other particles in thermal equilibrium will have enough energy to
annihilate into those particles. This section will go through the standard calculation
of relic abundances of particles species, following them from thermal equilibrium and
through “freeze-out” when their abundance has been fixed within a comoving volume.
For much of this section, I follow Kolb and Turner’s approach to thermodynamics in
the expanding Universe [4].

In order to properly treat the transition from thermal equilibrium to decoupling,
we must work with Boltzmann equations. A Boltzmann equation is an integral partial
differential equation for the microscopic evolution of a particle’s phase space distri-
bution function f;(z#,p*). The covariant, relativisitic Boltzmann equation is

171 = (05~ T8 ) Fla) =€) (1.56)

ox® 7 op~
where C' is the collision operator, L is the Liouville operator and I' is the affine
connection. To a first approximation, the Universe is spatially homogeneous (and

flat) as well as isotropic. Therefore the metric takes the form,

ds* = —dt* + a(t)*(de? + dy* + d2?), (1.57)
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and f; = f;(E,t). In this case, the Liouville operator takes the simplified form,
LIf(E,1)] = E— -2 12 (1.58)

where * denotes a derivative with respect to the time coordinate in the Robertson-
Walker metric.
One usually has more physical intuition for the number density, which is defined

in terms of the phase space density as

9 3
n(t) W/d pf (B 1), (1.59)

where ¢ is the number of internal degrees of freedom. From this definition, we have

the following equation for the number density as a function of time,'¢

. N L
A+ 3Hn — <2W)3/O[f] 2, (1.60)

where the second term comes from integrating by parts as follows

o= ([ '@43261”) -/, (/ i )
:/M {(EQ 23/2 f(F /f (- )3/2dE} a9,

_ /M (/m f(E)3(E? - m2)1/2EdE> dQ, = —3n(t), (1.61)

where I twice used the fact that |pld|p] = EdE as well as the fact that f(FE) falls
off exponentially for large F (in both the Fermi-Dirac distribution and Bose-Einstein
Distribution).

The last term we need to address is the term on the right side of Eq. (1.60).
One can read about more general treatments of collision terms in [4], but for this

introduction we specialize to the case most relevant for the remainder of the thesis.

16Here I have defined the Hubble parameter H = a/a.
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Suppose we have a dark matter candidate, X, and we want to follow its number
density. First we label its four momentum px. Suppose further that X has CP
(or T) invariant interactions with other particles and that it is stable. The first of
these conditions results in the simplification that the matrix-element for the process
X+a+b+---—i4+7j+... is the same as the matrix element for the inverse process.
The second condition implies that the only processes that can change the number of
X particles are the processes ¥1) < XX. We can write the collision term for this

process as

A g d3pX
/C[f] ((27)3 B ) = —/dedeﬂwdﬂa(%)A‘é“)(px +px — Py — Dy

2
<M (fxfx (£ fo) (£ f5) = fufo(l £ fx)(1 £ fx), (1.62)
where (4)/(—)-sign should be taken if the species is bosonic/fermionic and

Gi d3pi
(271')3 E,L ’

dll; = (1.63)

_2 — —
In this equation, | M| is the spin-averaged matrix element for the process ¥y < X X.
Since we are discussing thermodynamics in the early Universe (where temperatures
are high), we can simplify this expression by setting 1 & f; = 1.17

Specializing to our situation, we have the Boltzmann equation

n+3Hn = — / HdHi(27r)45(4) (px +px — py — p@)mz (Fxfx = fofs). (1.64)

In the absence of interactions we would have the solution for the number density

n a
— = —3- t) ~a 3. 1.65
Dot e (1.65)

17 Departures from this simplification are the basis of the low-temperature phenom-

ena known as Bose condensation (+) and Fermi degeneracy (—).
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This solution is physically intuitive since, without interactions, we would expect the
number density to simply dilute as the Universe expands.

To consider a more physically meaningful quantity, we study the comoving num-
ber density. This is defined by Y = nyx/s where s is the entropy density. Since
temperature is a much more physical variable then time for our study of comoving
number densities, we convert to the dimensionless variable x = mx /T and use the
relationship between time and temperature from the radiation dominated era.!® One
can derive this relationship as follows. During the radiation dominated era, we have

the Friedmann equation,

2

8 8 T
H?> = —— =—— | —g¢T"), 1.66
o () = (309 ) (1.66)

where g, = ¢.(T') is the number of relativistic degrees of freedom at temperature T
and m%, = 1/Gy is the Planck mass. One can show from the Friedmann equations

that a(t) o< t'/2? and therefore H = 1/2t. Plugging all of this in, we find

e
= t(x) = O\'Z%l Z—Z:BQ, and H(T) ~ 1.67\/¢.T*/mp, = H(;ZX). (1.67)
Changing variables, we have the following Boltzmann equation,
ay
dr ~ H(mx)s /Hdn (27)'6D (px+px —po—pg)IMI (FxSs — ful) . (1.68)

where 1) represents a particular species into which X can annihilate. Since ¢ and )

18 Tt turns out that most weak-scale mass particles fall out of thermal equilibrium

during the radiation-dominated era.
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are in thermal equilibrium, we have

fols = exp (—M) = exp (—%) = fxife. (1.69)

where we have used the delta function to enforce the condition Ey + Ej = Ex + Ex.

One can now write Eq. (1.68) in the following form,

d_Y _ <UX)’(—>¢7,Z|U|> S
dx H(mx)

(Y2 -Y3,), (1.70)

where the thermally averaged annihilation cross section (times velocity) is defined by

-2
(rxsalel) = (52) ™ [ TLar@n)'sx +px — b — p0)

< M exp(—Ex /T) exp(—Ex/T). (1.71)

Above we have defined that actual comoving number density of X particles by ¥V =
nx /s and the equilibrium comoving number density of particles by Yrq = n?/s. The
final result simply comes from summing over all two-body final states and writing the

total annihilation cross section in place of the partial annihilation cross section,

% - ——xéféﬂés (V2= v,) . (1.72)

One can derive the equilibrium comoving number density in the relativistic regime

(T > my) by first calculating the normal number density,

V=R o (3)

n(T) = #/f(p)(élﬂ)]ﬁdp: 2%2/%( BT L] ?geffT?’. (1.73)

where g.r¢ = g for bosons, g.rr = 3g/4 for fermions. The entropy density is dominated

by the contribution of relativistic particles, which can be written as

o2 T\® 7 \* o2
s = Ve ( Z 9i (T) + ) Z 9i (T) > T° = Eg*,STs- (1.74)
i=Dbosons

i=fermions
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So in the ultrarelativisitic regime, when temperatures are high compared to the mass

of X (z <« 3), we have

45¢(3) ge
Yeq(x) = %%, for (z < 3). (1.75)

One can analogously derive the non-relativistic expression for the equilibrium comov-

ing number density of X particles given by

45 1/2
Yig(r) = e, (g) ﬁx?’/ze“@, for (x > 3). (1.76)

Given a thermally averaged annihilation cross section, one can simply numerically
integrate Eq. (1.72) to find the late-time abundance of dark matter.

To get a handle on the results that this numerical information would provide,
we consider a simplified example. In most cases, the annihilation cross section is
dominated by the lowest contributing partial wave so that o4|v| ~ v*" and therefore
(oalv]) & op/x™ where n = 0 refers to s-wave annihilation, n = 1 to p-wave anni-
hilation, etc. One can then show that the late-time comoving number density of X

particles is given by the approximate formula,

379 (g.5/9) (n + 1)ay

mpmx (oa|v|)

, (1.77)

[e.o]

where x; (the freeze-out temperature) can be estimated from I'(z;) ~ H(xs) where
I is the typical rate for the annihilation process.!” Note that the comoving number
density is inversely proportional to the annihilation cross section.

Once Y, is calculated (either numerically or semianalytically as above), one can

write the mass density today as

mMxS0Yoo

px =mxsoYe = Sx= Q ) (1.78)

19 The freeze-out temperature is usually around mx /20 (or x; ~ 20).
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where sy = 2889/cm? is the present-day entropy density and Q. = 1.05x107°h?GeV /cm?

is the critical density. In the approximate formula, this results in

Qup? = STTX 1071 /GeV? ((n + 1):1:f\/gﬁ)
* {oalv]) Gn.s
. 1:05 X 10~*Tem?/s ((n + 1>xf@) C(1.79)

{oalv]) gs.5

The WMAP team recently gave a seven year fit [7] and found the present day dark
matter energy density to be Qpyrh? = 0.1109 £ 0.0056. It turns out that a weak scale
annihilation cross section? results in a dark matter abundance that is this order of
magnitude. A weakly interacting massive particle (WIMP) fits the bill. This is known
as the “WIMP Miracle.”

In chapter 3, we explicitly compute the annihilation cross section for a dark matter
candidate in a model with gauged baryon and lepton number. We use both the
approximate formula, mentioned above, and the more precise numerical solution of
the derived equation. We also compute the numerical solution and show important

implications this solution has on the viable parameter space within the model.

20 By this we mean a thermally averaged total annihilation cross section times

velocity of about 3 x 107 %0cm?/s.
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Chapter 2

Primordial Power Spectra from
Anisotropic Inflation

We examine cosmological perturbations in a dynamical theory of inflation in which
an Abelian gauge field couples directly to the inflaton, breaking conformal invariance.
When the coupling between the gauge field and the inflaton takes a specific form, in-
flation becomes anisotropic and anisotropy can persist throughout inflation, avoiding
Wald’s no-hair theorem. After discussing scenarios in which anisotropy can persist
during inflation, we calculate the dominant effects of a small persistent anisotropy
on the primordial gravitational wave and curvature perturbation power spectra us-
ing the “in-in” formalism of perturbation theory. We find that the primordial power
spectra of cosmological perturbations gain significant direction dependence and that
the fractional direction dependence of the tensor power spectrum is suppressed in
comparison to that of the scalar power spectrum.

The contents of this chapter were written in collaboration with Moira Gresham

and have been published in [1].

2.1 Introduction

Inflation gives a compelling explanation of the flatness, homogeneity, and isotropy
of our Universe on large scales. It also generically predicts a nearly scale-invariant
spectrum of density perturbations, which is consistent with our observations of the

cosmic microwave background (CMB) and of structure formation. Because of these
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successes, the inflationary paradigm has dominated very early Universe cosmology in
recent years.

In this paper we focus on the prediction of isotropy from inflation. The no-hair the-
orem of inflation states, roughly speaking, that an initially expanding, homogeneous
universe with positive cosmological constant, A, and matter satisfying the dominant
energy condition will become indistinguishable from a universe with de Sitter geome-
try on a timescale of \/3/_/\ [8]. Because of the no-hair theorem, isotropy is generally
taken as a prediction of inflation.

But there could be ways around the no-hair theorem. For example, models with
spacelike vector fields that get vacuum expectation values can lead to a preferred
direction during inflation, evading the no-hair theorem because the vector field stress-
energy tensor does not satisfy the dominant (or even the weak) energy condition [5].
However, such “aether” models have been shown to be unstable [9, 10, 11].

Recently, another model has been shown to support a persistent anisotropy during
inflation [6]. In this model, there is a nonminimal coupling between a U(1) gauge field
and the inflaton, essentially leading to a time-dependent U(1) charge during inflation:

f*(9)
4

5= [dev=7| 55 - s0000 - vie - EB.| @)

Here, the U(1) field strength, F,

w, may or may not be the electromagnetic field

strength. When the coupling, f(¢), between the inflaton, ¢, and the U(1) field
takes a particular form and there exists a nonzero homogeneous U(1) seed field, an
anisotropy persists throughout inflation even though the space-time is undergoing
nearly exponential expansion. More specifically, the “electric” field contributes non-
negligible extra negative pressure in the direction in which it points, which causes
space-time to expand more slowly in that direction.

The model avoids the no-hair theorem by having (1) expansion that is not purely
exponential and (2) a coupling between the inflaton and other matter. The mechanism
for evasion of the no-hair theorem shows up in our results in the following ways: (A)

all modifications to power spectra associated with the anisotropy go to zero when
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slow-roll parameters vanish and (B) isotropic dynamics is quickly restored if the
inflaton-dependent coupling that breaks conformal invariance goes to a constant (as
is the case at the end of inflation, when the inflaton field relaxes to the minimum of
its potential).

All of the standard energy conditions are satisfied in this model, which means
it should not be plagued by stability issues as in aether models. The model does,
however, suffer from the standard fine-tuning problems of single field inflation. Nev-
ertheless, to our knowledge this model could be the first consistent model of inflation
that evades the no-hair theorem and includes anisotropy at a significant level. It
is therefore interesting to investigate whether the model is truly consistent and to
investigate its potential astrophysical signatures.

To that end, in this chapter we consider gauge-invariant cosmological perturba-
tions in this anisotropic inflation model. We consider and discuss a model generalized
from that of [6], and extend their formula for the relation between the anisotropic
expansion parameter and the slow-roll parameter to include arbitrary forms of the
inflaton potential. We also present the dominant effect of the anisotropy on the power
spectra of tensor, vector and scalar perturbation correlations at the end of inflation.

Our main conclusions are

e The power spectra for gravitational wave and curvature perturbations can de-
velop dramatic direction dependence for very small values of the anisotropy

parameter! if the parameter is nearly constant for a large period of inflation.

e The main cause of direction dependence of the power spectra is a coupling
between the U(1) vector degrees of freedom to both tensor and scalar degrees of
freedom through the anisotropic background. These interactions significantly

affect the power spectra of modes after horizon crossing.

! The anisotropy parameter is basically the fractional difference between the rate

of expansion in the preferred direction and that of a perpendicular direction.
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e The ratio of the fractional direction-dependent change in the gravitational wave
power spectrum over that of the curvature perturbation power spectrum is
nearly equal to the tensor-to-scalar ratio. In particular, the curvature per-
turbation power spectrum has much stronger direction dependence than the

gravitational wave power spectrum.

e For a given scale, the tensor and scalar power in modes with wave vector per-
pendicular to the preferred direction is greater than the power in modes with

wave vector parallel to the preferred direction.?

e There is no indication that the anisotropic inflation model is unstable (e.g. there
are no ghosts). This should be unsurprising since the stress-energy tensor for

matter in the model satisfies the dominant energy condition.

Many have studied inflationary scenarios with actions similar to (2.1), interpreting
F,,, as the standard model electromagnetic field strength, in the context of explaining
the existence of large-scale magnetic fields in the Universe. Initially Parker [12] and
then Turner and Widrow [13] showed that magnetic fields produced in an inflation-
ary Universe are “uninterestingly small” (i.e., too small to possibly account for the
observed large-scale magnetic fields in the Universe) unless the conformal invariance
of the electromagnetic field is broken. The generation of seed magnetic fields starting
from the action in (2.1) and a particular f(¢) was considered in [14] and more recently
in [15]. Generic predictions for magnetic fields in a large class of models, of which
the model we consider here is an example, were presented by Bamba, et. al. [16]; the
particular realization of the model we consider in this paper is what these authors
refer to as the “weak coupling case.” Magnetogenesis, including the backreaction due
to electromagnetic fields, in the inflationary scenario we consider here was considered

in [17]. For a review of the generation of magnetic fields during inflation in a more

2 Ie., the parameter g, (see equation (2.39)), as defined in [5], that characterizes the

direction-dependence of the power spectrum due to a preferred direction is negative.
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general context see, for example, [18].

More recently, the effect of vector fields during inflation has been studied in the
context of their effects on the curvature perturbation power spectrum. A “vector
curvaton” scenario, in which a vector field with time-varying mass and Maxwell-
type kinetic coupling term contributes to the curvature power spectrum, was found
in [19] to allow significant anisotropic contributions to the curvature spectrum and
bispectrum if the vector field remains light until the end of inflation. A similar
massless vector curvaton scenario was considered in [20], and again the possibility
of significant anisotropic contributions was found.> The anisotropic contribution of
vector field perturbations to primordial curvature perturbation correlations in various
inflationary scenarios was also considered in [21, 22, 23, 24, 25, 26]. Perturbations of
what correspond to our cross polarization gravitational wave degree of freedom were
studied in [27], but in a scenario in which a second scalar field, uncoupled to the U(1)
field and the scalar field that couples to the U(1) field, causes a transition back to
isotropic expansion before the end of inflation.

This chapter is organized as follows. In section 2.2, we introduce the model.
In section 2.3, we discuss our philosophy and methods for calculating and analyz-
ing primordial perturbation spectra. Finally, in sections 2.4 and 2.5 we calculate
the primordial perturbation spectra and briefly discuss stability. We summarize our

conclusions in section 2.6.

2.2 Model and Background Solution
We consider a space-time governed by the following action [6]:

f*(¢)
4

5= [aov=g |3 - y@ere -vie - Dlmuee ] e

3 Both studies employed the 6 V formalism in calculating the curvature perturbation

power spectra.
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where g = det(g,,), R is the Ricci scalar, ¢ is the inflaton, and F},, = 9,4, — 0,4,
is a U(1) gauge field strength. For convenience, we will refer to the U(1) field as the
“electromagnetic” (EM) field, even though it need not be the standard model EM
field. Here we have defined

K> =87G = 1/M3, 0. (2.3)

We assume that the background is homogeneous, and that there is a nonzero
homogeneous electric field.* We orient coordinates such that Fy; =F,=1F,=0
and F;-0. One could just as easily have chosen to consider a homogeneous magnetic
field. This choice does not change the form of the background stress tensor, and we
expect the results of this chapter to apply in the magnetic field case as well. However,
allowing for both electric and magnetic fields of arbitrary relative alignment is beyond
the scope of this chapter.

The background space-time is Bianchi I, and the metric can be written in the

following form by appropriate choice of coordinate axes:®

ds® = a(n)? (—dn’ + yi;(n)da'da’) (2.4)
where®

Vo = €400 Vyy = Vez = e and vij =0 forall i#j. (2.5)

4At least we assume that the “electric” field was aligned in our causal patch. We
will not consider the effects of regions with differing directions of alignment
of the electric field.

5The form is chosen so that the spatial metric has unit determinant (and therefore
scaling or translating (3(n) does not affect the spatial volume element).

6 An equivalent ansatz would have been ds? = —dt* +q)(t)*da? +a (¢)*(dy* +dz?).
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Since ¢ is independent of 3, the scale factor, a, completely characterizes the space-
time volume. For convenience we define o to be the logarithm of the scale factor,

SO

a=e". (2.6)

In parametrizing the metric, we have used the conventions of [28]. The solution to

the background electromagnetic field equation of motion is then [6],

e—4B(n)

an = pAma

(2.7)
where p4 is an integration constant of mass dimension two and a prime indicates a

derivative with respect to conformal time 7. In these coordinates, Einstein’s equations

take the form [6],

2 [ 12 - 2 —20-48
a? = ﬁ'Q—{—% %—l—em‘/(@—l—% ) (2.8)
_ 2,2 —2a—40
O/l _ _20[/2_'_%262&‘/@”_’_]%7 (29)
2,2 —2a—40
g’ = —20/5/4-%- (2.10)

Given Einstein’s equations above, the equation of motion for ¢ is redundant.”

It was shown that inflation can occur for suitable initial conditions such that
the Universe is initially expanding, and that the energy density of the vector field
will remain almost constant with respect to the inflaton energy density if f(¢) o
e 2> [6]. Recall that if there is no inflaton-electromagnetic coupling, the ratio of
electromagnetic energy density to inflaton energy density decays as a=*. Let us briefly
show how this can occur.

If expansion is nearly exponential (in cosmic time), then the “slow-roll” parame-

" Recall that Einstein’s equations and the matter-field equations are related through

the conservation equation, V, T} = 0, where T/ is the matter stress-energy tensor.
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ters,
oOH o?—ao
== (2.11)
0?H

are very small compared to one and as usual, H = %.8 Higher derivatives of H
must, of course, also be small if expansion is nearly exponential.

The field equations (2.8), (2.9) and (2.10), can be cast in the following form:

K phe 4P 3 ¥
s = _ e I SRS o B el 2.14
1= g =3 () .
a?k2V (9) 3 € ¥ 1
~ = — J— J— _Z _Z —_—— = —_ —_ 0 21
2712 h 4
’“Z :26—62+262—622—2—,:2e—§ﬁA—622, (2.16)
o o
where X =/'/d. (2.17)

The quantities p4 and p4 are dimensionless energy densities, normalized by the Hubble
scale squared times the Planck mass squared.

In standard single field inflation with an inflaton potential V', for example, one
finds from the field equations that "‘aif, ~ /€, so that if expansion is nearly exponential,
then the inflaton must be slowly rolling. Taking derivatives of the above equations in
the isotropic case, one can find expressions for derivatives of V' in terms of slow-roll

parameters—thus yielding requirements of a potential that can give rise to inflation.

8 Note that

S (2.13)

!/
Oé,
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From (2.15) and (2.14) one finds

N 7 ¢ 10
03V K¢’ —5 =34
Lo _ ¢_ﬁ +2e=_0o 3o (2.18)
Py KV « —€—30A
y Oy f k' 2% 4 ...
L) A P i (2.19)
pact kf o 3 —eX+ =

where ... ~ O(E;—l,, eg—:, g—,/;)

We can glean a fair bit of information from equations (2.14) through (2.19) without
much effort. First, what if expansion were purely exponential so that 6 = ¢ = 07 From
(2.16) we can immediately see that p4 and ¥ had better then also be zero based simply
on the fact that %, pa, and X2 are positive. This could be seen as confirmation of
the no-hair theorem; anisotropy can exist only if expansion is not purely exponential.”
Similarly, if € is small, then p4 and ¥ had also better be small. In particular, even in
small field models of inflation where typically ¢ < § < 1, the anisotropy parameters
Y and p4 must be order e or smaller. Second, from (2.18) we see that p, is nearly
constant with respect to the Hubble parameter if € and ¥ are small. Also from (2.18)

we see that -
6¢V KVQS/

Vo =2+ 0O( /) + ... (2.21)

Third, from (2.19), if € and ¥ are small, we see that p4 decreases rapidly with respect

2 A more direct confirmation of the no-hair theorem comes from supposing ¢’ =0
(and, for simplicity, € << 1) so that V' (¢) functions as a cosmological constant. Then

from (2.16) and (2.15)

dlog p d
ngAN—Zl—oc%—Zl/@ M

= 2.2
dt dt 3 (220)

So pa, and thus by (2.14) also € and ¥, go to zero on the time scale promised by the

no-hair theorem.
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to the Hubble parameter unless

f/
< =2 2.22
fa/ ~ ? ( )
or equivalently unless -
0of K¢’
— <=2/ ({— . 2.23
oLy (% (2.23)

Now since

<%_“//)1 ~£4/1/2ey/T =35/ + ... ~ — (’{—Qy>1 (2.24)

O[/

a ready choice for the coupling function, f, if one wants the energy density of the
electromagnetic field (and thus the anisotropy) not to decay rapidly with respect to

the inflaton energy density, is thus

£(6) :exp{20/<a / (a;—“//)l d¢}, (2.25)

where ¢ is an order one constant. This is the coupling function motivated and exam-

ined in [6]. Let us suppose the coupling function is of this exact form, so

o TN 2 o\ -1
PA 4 e (@) (%—V@) + 2 — 4% (2.26)
pac o KV o
= —4—4c(2e — 65+ ...) (=2 + O(/a/) +...) " +2¢ — 4% (2.27)
Ce— 1A — 430 4. (2.28)

€

Suppose initially that > < e. If ¢ < 1 then p4 decreases along with > as long as €
is small. Anisotropy is wiped out (albeit much more slowly than in the case where
f(¢) =1). If ¢ > 1, then p4 initially increases, as does 3 (see (2.14)). The derivative
of the electromagnetic field energy density will thus approach zero, % — 0, and so
pa and X will become nearly constant for a time. If ¥ is initially greater than %e,
then p4 and X will initially decrease, ¢ will climb its potential, and then it will fall
back down (slowly) after > has approached a constant [6].

From (2.14) one can see that if ¥ is approximately constant then > must be
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positive. So when the space-time undergoes anisotropic expansion in this model
(and ¥ is nearly constant) the preferred direction expands more slowly than the
perpendicular directions.
When (2.25) holds, we can find an expression for ¥ in terms of the slow-roll

parameter during the period in which it is nearly constant. Assuming

O(e) = O(9), c—1> 0O(e), Y < O(e),
gg O(),  and <E> Ja < O@E), (2.29)

O[/

we can set the two different expressions for dsV/V derived from equations (2.18) and
(2.19) equal to each other. Using this method we find
c—1 l+c—4c® , 1—2c—4c

_ P 2.30
30 T 82 T T ge “OF (2.30)

\g!
Il

=

The authors of [6] derived this expression to first order in € for the particular potential
V= %mQ(bz and argued that > generically tracks the slow-roll parameter for general
potentials. We find that the expression (2.30) actually holds for any potential V' in a
slow-roll regime (¢, < 1).

As ¢ — 1, the story is a bit different. For example, if ¢ = 1, looking back to
equations (2.26) - (2.28) one finds that p4, if it is initially greater in magnitude than
O(€?), decreases until its on the order of €2, and then stays nearly constant. From
numerical studies it appears that if p is initially much greater in magnitude than
O(e?), then it will rapidly settle to a value much smaller than O(e?). If the magnitude
of p, is initially on the order of €2 or less, then it will stay very nearly constant until
the end of inflation. An example with ¢ = 1 is provided in Fig. 2.1.

The trick of this model is to choose f(¢), given V' (¢), such that the electromagnetic
field energy density does not decay rapidly with respect to the inflaton energy density

during inflation. We saw above that a choice guaranteed to work is

£() %exp{Zﬁ/ <%—“//>_ld¢}. (2.31)



Figure 2.1: Log plot of ¥ and € as a function of e-foldings (Aa = a — ag) during
inflation. The plot was generated with the potential V' = 1m?¢* and coupling function

() = exp [“2;52] The initial conditions were ¢o = 17.5/k, ¢y = 0, ag = —75, Fo = 0

and ), = 0. The constants m and p4 were chosen so that initially pa/ps =~ 1075.
Notice that X very quickly settles to a value that is somewhat smaller than the square
of the slow-roll parameter e.

For example, if V(¢) oc ¢", then f(¢) ~ exp[rs®$?/n]. What if we were to choose

instead, say, f(¢) =~ exp[Ar¢|? Then we would have

7
pAC

If X is order one, then the anisotropy will rapidly decay. However, if \ were large
enough in magnitude then the anisotropy could persist for a good portion of inflation.

In our analysis, we will use only the background equations of motion, leaving f(¢)
and V' (¢) generic. We will then be interested in scenarios in which anisotropy can
persist over several e-folds—scenarios in which ff—oi, = —2+0(e) and where py ~ 93/2
is approximately constant. We saw that consistency of the background equations and
a slow-roll scenario dictates that p4 must be order € or smaller. We also discussed
specific examples of functions, f(¢), that can lead to such scenarios (assuming, oth-
erwise, a slow-roll scenario, €,0 < 1). In order to calculate primordial power spectra,

we will use the “in-in” formalism of perturbation theory, assuming

e kK 1,0K 1,
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° pa=9%/2 5 Oe),

o P/ (pac’) S O(e).

2.3 Perturbations: Setup and Strategy

Our goal is to examine whether the background described in the previous section
(slightly generalized from the space-time of [6]) is perturbatively stable, and to ex-
amine its signature at the level of primordial perturbation spectra.

We have calculated the quadratic action for dynamical modes in terms of the
gauge-invariant variables defined in appendix A.1. We calculated the action to
quadratic order in perturbations starting with the form of the second-order Einstein-
Hilbert action given in appendix A.2, and a similar expression for the quadratic-
order matter action. We worked in Newtonian gauge and used a differential geometry
package in Mathematica to massage the quadratic action into the (relatively) simple,
manifestly gauge-invariant form presented in sections 2.4 and 2.5.

Regarding perturbative stability of the background, we find that there are no
ghosts (fields with wrong-sign kinetic terms), and no other indication of instability at
the quadratic level. Here, we take “perturbative stability” to mean that dimensionless
combinations of fields assumed to be much less than one in the perturbative expansion
of the action remain small. We find that such small quantities do indeed stay small.

In the remainder of this section we describe how we set up the calculation and
analysis of perturbation spectra; we describe the physical scenario, the expression for
expectation values in the “in-in” formalism, the definitions for the relevant degrees
of freedom, and, finally, the current bound on a preferred direction during inflation.

In sections 2.4 and 2.5 we calculate power spectra and briefly discuss stability.
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2.3.1 Physical Scenario

Perturbations from inflation are usually assumed to be generated in the following way

[29]:

e Quantum mechanical perturbative modes are in their ground state throughout
inflation. So the vacuum expectation value of individual modes is zero, though

the variance is generally nonzero.

e The normalization of the ground states is such that when the modes are well
within the horizon, the canonically normalized!? fields, ¢, obey a simple har-

monic oscillator equation and satisfy the canonical commutation relations.!!

e As modes cross the horizon, their correlations are “frozen in” and translate into
classical perturbations that lead to, for example, density perturbations that seed
the formation of structure in the Universe and lead to temperature anisotropies

of the cosmic microwave background radiation.

We shall assume the same, with one complication. We assume the quantity,
Y. = /o, which characterizes the deviation from isotropy, is nonzero so that ex-
pansion of the background space-time is slightly anisotropic, and modes that corre-
sponded to scalar, vector, and tensor degrees of freedom in the isotropic background
are now coupled. (Several scenarios in which this can occur were discussed in sec-
tion 2.2.) Because of the coupling of modes, the amplitudes of tensor, vector, and
scalar perturbations are not separately conserved outside the horizon. As the infla-

ton decays at the end of inflation, the dynamics becomes isotropic again, and tensor,

19Tn conformal time, the kinetic term for a canonically normalized field, ¢, in the
quadratic action takes the form %qﬁ’?

1 Specifically,

where 7 is conformal time.
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scalar, and vector modes decouple. At this point, superhorizon perturbations should
be frozen in. We are therefore interested in the correlations of perturbations at the
end of inflation. Especially if the U(1) field in our model were interpreted as the
electromagnetic field, the details of the reheating process at the end of inflation could
also be important in calculating the direction dependence of CMB power spectra. In
this chapter, however, we will only examine the effects of the gauge field on curvature

and gravitational wave power spectra until just before reheating.

2.3.2 Correlations Using “In-In” Formalism

Because in the context of cosmological perturbations as described above we know only
the quantum “in” states, and we are interested in expectation values evaluated at a
particular time, we use the “in-in” formalism of perturbation theory (see e.g. [30]).
We separate our Hamiltonian into a free portion Hy and an interacting portion Hj.
The interaction-picture (free) fields’ evolution is determined by the free Hamiltonian.
The expectation value for a general operator X at (conformal) time 1 can be written

as

Ce) = (X +i [ (), X )
Loy / " / " () ), X)) . (234)

where the ellipsis denotes terms with more powers of H; and where X! is the interaction-
picture operator.

It should be noted that corrections of quadratic (or higher) order in the interaction
Hamiltonian can lead to ambiguities when the details of the contour integration are
not carefully considered [31]. We will work only to linear order in H;, and therefore

we need not worry about such ambiguities.
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2.3.3 Decomposition of Perturbations

Since the background space-time is homogeneous, we decompose our perturbations

into Fourier modes

o(z",m) =/(;ZT]§3 e*i §(ky,m). (2.35)

We analyze perturbations about an anisotropic background. Since the background
is anisotropic and thus there is no SO(3) symmetry, perturbations cannot be decom-
posed into spin-0, spin-1, and spin-2 degrees of freedom and analyzed separately. We
instead decompose gauge-invariant perturbations according to their transformation
properties in the isotropic limit. (See appendix A.1.)

There are five dynamical degrees of freedom in our model, corresponding to
e one scalar degree of freedom, r (spin-0 in isotropic limit),?

e two electromagnetic vector degrees of freedom, JA™ and A~ (spin-1 in isotropic

limit),
e and two metric tensor degrees of freedom, £ and E* (spin-2 in isotropic limit).

In order to analyze the relevant dynamical perturbative degrees of freedom in our
scenario, we derived the quadratic action in terms of the gauge-invariant variables of
appendix A.1. Then we eliminated the nondynamical degrees of freedom by using
constraint equations derived from the action. Finally, we canonically normalized
the degrees of freedom that correspond to the dynamical “free” fields in the limit
as (#'/a/ — 0. Within the “in-in” formalism of perturbation theory, we take the
interaction-picture fields to be those governed by the dynamics in the '/’ = 0 limit.

The quadratic action separates into two uncoupled pieces according to a residual
symmetry under parity transformations. (See appendix A.1.) The “odd” sector has
two degrees of freedom, E* and 0 A~. The “even” sector has three degrees of freedom,
E*, AT, and r. The fields £, E*, and r correspond to fields that are conserved

12 See (A.22) in appendix A.1.
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outside the horizon during isotropic inflation. Here r is a Mukhanov-Sasaki variable,
equal to minus the curvature perturbation, —(, as defined in, e.g. [32], in a gauge

with spatially flat slicing. We will therefore refer to r as the curvature perturbation.

2.3.4 Canonically Normalized Variables

The canonically normalized fields in each sector (“even” and “odd,” respectively) are

given by
A+ = f(q;)514+, N _
. A= = f(¢)oAT,
ht = a(n)E+//§7 and . (236)
h* = a(n) E*/k,
ro= z(n)r,
where ~
z(n) = a(n)% (2.37)

The fields on the right-hand sides of equations (2.36) are defined in appendix A.1.
As mentioned above, in the isotropic limit £+, E~ and r are conserved outside the
horizon. The other important fact about the fields above is that the perturbative

expansion of the action is valid when

—

k k
L—|5A+, #(5A,r < 1. (2.38)

nxr nxr

E*t, E*

2.3.5 Comparison with Data

A formalism for finding signatures of a generic primordial preferred direction in the
CMB has been developed [5, 27]. In [5] a small direction-dependent contribution to

the primordial curvature power spectrum is parametrized by g., where

~

P(k) = Po(k)(1 + g. (- k)°), (2.39)

and where n is some preferred direction in the sky.

It is postulated that g, will be approximately independent of the scale for modes
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of astrophysical interest and that parity is still conserved. Parity conservation guar-
antees the absence of terms with odd powers of (7 - l%) Contributions proportional
to higher powers of (7 - l%)2 are assumed to be negligible.

Using this formalism, a nonzero value for g, was found using 5-year WMAP data
at the 9 sigma level [33]. The central value found for g. is 0.29 for a preferred
direction very close to the ecliptic pole. Since the WMAP scanning strategy is tied to
the ecliptic plane, this strongly suggests that the nonzero value of g, is due to some
systematic effect [34, 33]. Still, we may reasonably take from the analysis in [33] an
upper bound for g, of

lg+] < 0.3. (2.40)

In [35] it is estimated that Planck will be sensitive to values of |g.| as small as 0.02.
Obviously, the gravitational wave power spectrum has not yet been measured, so
there is no limit on the analogous parameter, g,gmay, for the gravitational wave power

spectrum.

2.4 Perturbations: Odd Sector

As described in section 2.3.3, the quadratic action separates into two uncoupled pieces
according to a residual symmetry under parity transformations. We’ll therefore ana-
lyze the two “sectors”—which we refer to as “odd” and “even” for reasons discussed
in appendix A.1—in different sections. We start in this section by analyzing the odd
sector'® because it is less complicated than the even sector, having only two coupled
degrees of freedom (a tensor and a vector degree of freedom) instead of three degrees
of freedom as in the even sector. The even sector, which includes the curvature per-
turbation, contains the most interesting physics; analyzing the odd sector is valuable
for extracting g.gav and as a warm-up for the analysis of the even sector.

In this section we present the action for the odd sector to quadratic order in gauge-

13 Our odd sector corresponds to the 2d-vector sector analyzed numerically in [27].
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invariant perturbation variables. Then we argue that the form of the action implies
that the background is classically stable. Next we diagonalize the kinetic term in the
action by defining new perturbation variables in terms of which the kinetic term in
the action is canonically normalized. This diagonalization allows us to identify the
fields that should be quantized. The Hamiltonian derived from the diagonal form of
the action is then separated into a “free” part and an “interacting” part, and “in-in”
perturbation theory is used to find the autocorrelations (power spectra) and cross
correlations of the vector and tensor degrees of freedom (see (2.36)) in terms of the
preferred direction and the background quantities H and Y. The most interesting
result in this section is the tensor perturbation power spectrum, given in (2.79).

In the odd sector, the action takes the form

SOdd / d3k 1 X*,hX,—}— A */A /
Loss 2 a” 2 N 9 3 2
— =R |k — — —4pra /3+ Aﬂa 2p,4/3+62 ——AEE
2 a 2 2
1 R . !
— §A—*A (k;2 —F + on/f7 +a?(2p4 — 25 +20:pa/3 — 22)>

/!
+ (i@DI%hX*A_ (? +a'Y + Azd E) - i@/}%hx*fl_' + h.c.> ), (2.41)

where
k’Q = ’}/ijk’ik’j = k’ 46 + k’z _26 (242)

k‘2/ 4 k2 46 _ 2 /{52 —20
= = 1° 2° (2.43)
k23 ket + k3e—28

/

- koeB

k 2 ~
—= = \/ 2.44
o \/]{7_ PA, ( )

and f" denotes the derivative of f(¢(n)) with respect to conformal time. Without

A

loss of generality we have set k3 = 0 and we have taken the preferred direction (the
direction along which the background electric field points) to be Z!.

By inspection we can see that h* and A~ decouple when the wave vector is parallel
to the preferred direction (so k2 = 0). This decoupling should be expected due to the

enhanced rotational symmetry about the wave vector in this case.
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2.4.1 Preliminary Look at Stability

By design, the kinetic terms are canonically normalized. And in the short wavelength
limit (k > aH), the action simplifies to that of two uncoupled harmonic oscillators;
there is no indication of instability in the short wavelength limit.

Let us consider the case where ky = 0 so the wave vector corresponding to a mode
points in the preferred direction. In this case, z=0 and Ap = 4. By inspection,

one sees that the cross-terms vanish. More explicitly,

3 "
SOdd k0 / / d°k 1 x*/hxl + = A */A I _hx*hx (kZ o a’_)
1

a
(k2 —F + zzza’f7/ +a?(14p4/3 — 2% — 22)> ) (2.45)

—h

When ks — 0 the action for h* takes the same form as in the isotropic case.
Though the effective mass for h* is not real for all time (so naively, there is a tachyon),
the important point is that h* /a, which we assumed to be much less than one in our
perturbative expansion of the metric (see (2.38)), oscillates with decaying amplitude
before horizon crossing, and then remains constant or decays after horizon crossing.
In other words, h* ~ aE* never increases faster than a, which is consistent with the
perturbative expansion. Similarly, given that QEo/f +a?(14pa/3 = 2¥ - 3?) < fu
the long wavelength solution for A s approximately, A=~ O f+Csf f ik Now
given that f ~ a=2 ~ H?n?, one can see that %5/4_ ~ (Cy 4+ $2a®)a~* (which is
decaying) in the long wavelength limit. So clearly the perturbative expansion of the
action remains valid when ky = 0.

Now let us consider a wave vector that is antiparallel to the preferred direction,
so k1 = 0. In this case, 1% = v/pac’ and Az = —2. Then the effective mass squared

for h* becomes

a//

meg = k* — — — a®(2pa + 95?).
a

Compared to the isotropic case, the effective mass squared for h* receives an addi-

tional negative contribution. This suggests that h* will grow slightly faster than a
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outside the horizon. The situation is, of course, complicated by the coupling to /1_,
but all extra terms in the action when k; = 0 compared to the terms present when
ko = 0 are small. This suggests that any possible growth of the perturbative fields in
this case will be very moderate and does not represent an instability. This reasoning
will be checked by calculating the power spectra of perturbative fields; we can check
that the magnitudes of power spectra do not grow rapidly in time.

The same situation occurs in the even sector; perturbations clearly do not grow
when ky = 0 and all extra terms in the action when k; = 0 compared to the terms

present when ko = 0 are small.

2.4.2 Diagonalized Action

In general, the canonical quantization of a theory can only proceed once the kinetic
interactions have been diagonalized. Usually the diagonalization is accomplished
by some constant field redefinition. In our case, we need a time-dependent field
redefinition because the “coefficients” in the kinetic portions of the action are not
constant. (See appendix A.3.)

The kinetic terms can be diagonalized by performing a time-dependent unitary

rotation,
h* cos Yz —isin ¥y U
A” —isinyp(n)  cosy(n) U
In terms of the rotated fields, U;, the odd-sector action takes the form,
3 U, T U, U T U
&’k |1 1
SOdd:/dn/—3 (! o) M (2.47)
(2m)3 |2 U, U} 2 U, U,
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where the Hermitian matrix M is defined

1/d"  f" i 1 3 3
— 2 _ -2 J n2({ _J = e L= 2
M o= (k 2<a+f>+2a <fo/ 1— S+ 554, 82Ak)
1
+ 5,5,40/2 (3 + AE) )]I
. AW f 3
+  [sin(2¢g)o3 — cos(2¢z) o] vl K o + 33— §2AE (2.48)
) 1 f// a/l
+ [COS(2¢E)O'3 + s1n(2¢,;)02] (5 (7 — E)
SN G0 TR SR NI V) S PN S S
Ya (fo/ 1 22 QEAk+ 82Ak ) 5 Pac 5+ 2Ak >,

and where I is the 2 x 2 identity matrix and we have used the following convention
for the Pauli matrices
0 —1 10
oy = , and o3 = . (2.49)
0 0 -1
Physical quantities should not depend on the initial value of ;. Indeed, we will
see that correlations of h* and A~ at a time, 7, calculated using the “in-in” formalism

of perturbation theory, depend only on the change in ; after horizon crossing.

2.4.3 Correlations Using Perturbation Theory

In order to calculate correlations, we use the “in-in” formalism of perturbation theory,

taking the small parameters to be €, §, p4, and X. As discussed at the end of section

2.2 we take
a? — o 0?H
‘ ar Sh 2HoH S
A
pa o~ 98/2<0%), LA < o). (2.50)

pac/

Given these assumptions and the background field equations (2.8) through (2.10),

f/
fo!

f// a/// 1
= -2+ 0(e), o 24+ 0(e) = pyeE and o & — (2.51)
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We choose as our free Hamiltonian

T T
ck |1 (U1 [(U1) 1 (U U
1 1 0 B S Y e BT e U (2.52)
Co* 2\ ) \wy) 2\, Us
where
. 2
MO = (’y” (no)kik; — ?) L. (2.53)

The interaction-picture fields then obey the following equations:

d*U! . 2

Each of these fields can be expanded in terms of time-independent creation and an-

nihilation operators as

where the canonically normalized mode functions are

) e !

and where the commutation relations of the creation and annihilation operators are
~i o (AINT| 3¢ijSs(1. NV
[a’;, (ay) ] = (2m)°6Y6(k — ¢) and [aE,a(T] = 0. (2.57)

Here,
kne = /7 (o) kik;. (2.58)

If we choose By = 0 then v (n,) = 6. But then if 3 changes during inflation,
the coordinates at the end of inflation will not be isotropic. On the other hand, if we

choose ffy so that 5 = 0 at the end of inflation (when the dynamics returns to being
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isotropic), then the coordinates at the end of inflation will be isotropic. The latter
choice is more convenient.
Using the results of the previous section and the form of the matrix M in (2.48),

the interaction-picture Hamiltonian takes the form

;
Hi(n) = / Ph[L(0 MW Ui (2.59)
(27‘1’)3 2 U2I UQI ’

where,

~

MY =M - MO = fi(n, E)H + [Sin(2@/),;)03 — 008(2@/),;)02] fa(n, k)
+ [cos(2¢p)as + sin(2¢z)00] f3(n, k) (2.60)

and we have defined

Fi(n, k) = (79 () = 77 (o) ik — % <a—” + 1 %)

a f n
+ a2 (ffo; —1- %2 + ;EAE — ng,f) + %ﬁAo/? (3+4;)  (2.61)
foln, k) = (ﬁ“) o (1 —~ ff;, +3 - gZAE) (2.62)
fs(n, k) = % f7 — %) — Yo" (fia —1- %z — gm,; + gm,f>
L (54 1), .
Our convention for the correlations of the fields will be
(UiE U@ m)) = Cigk,m)2m)*8(F + ), (2.64)

where the power spectra are the diagonal entries of the matrix C;;. Using (2.34), the
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correlations can be written as

(UF.0) Uy(@.n)) = (U @)U @) +i / L UG, UL G U @) + ..

(2.65)
More explicitly, the correlations take the form,
n
Cii (1) = X (Do, m)[*635 + i / dif M (5,1 ) Ly () + - (2.66)
where
L. n) = (X ®, 7 )X (0, 1) — X (0, )X (p,m))?) . (2.67)

It is clear from this formula that the zeroth-order power spectra of the fields U;
are isotropic and scale invariant and that the cross-correlation vanishes. Here it is

convenient to define the function

L(pr,pn) = ip* () (2.68)
where,
~ 1 1 2 1 1
i - S D ) sin(2r - 2
1 1 1 1
(:UTy TR + o ;) cos(2x — 2y). (2.69)

Solving for the correlations of the variables h* and A~ in terms of the correlations

of the rotated variables U;, we find

Py (p) = cos® 1y Cuu(p) + sin” 1y Coa () + %sin(wﬁ)(Clz(@ = Cau(p)), (2.70)

Pi-(p) = sin® ¢y Cu(p) + cos 1y Coa(p) — %Sin(wﬁ)(@u(ﬁ) — Can (), (2.71)

Cixa-(B) = cos” Y Cra(P) + sin’ 1oy Con (P) + %Sin(%ﬁ)(Cn(ﬁ) — Cn(p)) (2.72)
= —Cix (D),
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where we have used the fact that ¢ _j = —p. All of the above correlations, and v,
are functions of time. It is understood that these expressions are evaluated at the
end of inflation.

From here on, we will use the shorthand notation

P = Do (2.73)

Using (2.66) and the expression for M) the power spectra and correlations are

given more explicitly by

B @m) = X, + p‘Q{ /n fr(n' ) I (o', pn)dn
([ sin osot) — 20500 505 o' pma ) 27
([ cos ) = 2050 o) T i) § 4.
Pi () = XV (p, ) + p2{ /77 fr(n',0) (o', pn)dn
= (s uston) - 205tm) 2.0) Fot i) 279
= (| cos o) = 205 5t T ) § 4.
Cixa-(Bin) = ip‘z{ / " cos (2¢5(n) — 20(n)) fo(n',0) L (pn, pm)dnf (2.76)

= [ sin 2ustot) — 20500 St f(pn',pmdn'} T

It is clear from the expression above that the correlations are functions only of the

change in the angle 3.

2.4.4 Discussion

We are interested primarily in direction-dependent modifications to the power spectra—
i.e., modifications of the power spectra that depend on the direction of the wave

vector, not just its magnitude. Non-direction-dependent effects will modify spectral
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indices, but such effects cannot be disentangled experimentally as due to primordial
anisotropy. In principle, one could use our method to calculate spectral indices and,
for example, relate them to the size of the direction-dependent effects.
The largest direction-dependent contribution comes from the piece involving fs.

The contribution is given by

p? ( / " sin (2up(n) — 205(n)) falf D) f(pn',pmdn')

(aH)?
3

~

vy
(COS[QE log(aH/p)] — 1 (2.77)
assuming ﬁ—’f is approximately constant throughout inflation, where we have used
the fact that (1 — ff—(;,> ~ 3 and the relevant integral is calculated in appendix A.4.
Modes of astrophysical interest crossed the horizon about sixty e-folds before the end

of inflation, so for such modes, log(aH /p) = 60.

When .
£(6) :exp{QCﬁ/<?§)—“//) dgb}, (2.78)

for c—1 ~ O(1) we found that p4 ~ 3(02—;1)6 during the anisotropic period of expansion.
If the anisotropic period of expansion were to last all sixty e-folds before the end of
inflation, then we should expect order one direction-dependent corrections to the
gravitational wave power spectrum for inflationary scenarios in which /e = %. Such
values of € can easily be realized in large-field inflationary models. This analytic result
seems to confirm the numerical findings in [27].

Demanding the direction-dependent effect on the gravitational wave power spec-
trum for modes of astrophysical interest is less than, say, about 30% would mean
that the argument of the cosine function in (2.77) is small so that the cosine can be
expanded in a Taylor series. In this case the power spectrum for h* is approximately
(aH)* ¥ 2
C 0 (2Z oot ) )

2p
(aH)?
2p3

o
=
S

2

(1+ 4paQlos(@l/p)*(1 — (- 9)) . (279)

Q



o8

where n is the preferred direction. Thus we may identify

Gugray = —4pa(log(aH /p))? ~ —18%(log(aH /p))*. (2.80)

Note that g.gmy is nearly (though not exactly) scale invariant for modes of astrophys-
ical interest.
Imposing a limit like |g.grav| < 0.3 for modes of astrophysical interest corresponds

to a limit on p4 like

~ —4
pAlaverage after horizon crossing SJ 10 ) when |g*graV’ < 0.3. (281>

2.5 Perturbations: Even Sector

The even-sector action is much more complicated than that of the odd sector. This
sector contains three dynamical degrees of freedom that, in the isotropic limit, trans-
form as a scalar, vector and tensor under rotations. This sector is further complicated
by additional nondynamical scalar variables.

As in the previous section, we begin in this section by diagonalizing the kinetic
part of the quadratic action. This process is more complicated for the three dynamical
degrees of freedom in this (even) sector than for the two of the odd sector, and the
smallness of certain background quantities must be exploited; we eventually work
in the limit p4 < € < 1, which is confirmed to be a sensible limit at the end
of the calculation. As in the odd-sector calculation, we quantize and use “in-in”
perturbation theory to calculate power spectra and cross correlations of the scalar,
vector, and tensor degrees of freedom. The most interesting results in this section
are the scalar perturbation power spectrum (2.110) and corresponding value for g,
(2.111), and also the ratio of the direction-dependent correction to the scalar power
spectrum over that of the tensor power spectrum (2.115).

Instead of presenting the entire quadratic action (as we did in (2.41) for the odd

sector), here we present the action to lowest order in 6, €, p4, and ¥. We expand the
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action assuming that p4, X, and p/y/p are order e or smaller. For simplicity, we first

present the action to lowest order before elimination of the auxiliary fields ® and W.

(See appendix A.1 for the definitions of ® and W.) The action can be written

Seven — /d,’?/

where the vectors H and ® are defined by

i
e

3k
) [H'M;H + ®'QH + H'Q'® + ' M, ],

and the matrices My, My, and Q are given by

M, =

o] (@] (@) @] S NI
@] o o [N
@] o S = O o

VB

0
0
0
0
0
0

0
—22‘1%0/

®
Y (b = Y
v
0
0
0
0
0
120 12
2 z 2
0 0
0 —i2v/2.2 41,
0 0
2idfr.a 2v/2:2 ¢!
0 —idv/29% g

2 12 .

2V V2 16850 — 8% pa

(2.82)

(2.83)

(2.84)

+ O(e),
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M 2 (2 1 2paa”) - %
2 = ! !
_?:L;(w;_i_%ﬁAaa)_%Zza/Q %(¢%2+§/3A@/2)_%4‘3'222&2(14‘%)
A
a’k? 0 —(1==) 2
_(1_T> (1+ 2 _2a2)
< q a, 12 a0 a? 112
Q- 0 ictdi. 0 V2841, —i A ha 4Lyl
0 0 0 —3v2ey? 4 BN -4 0 1k — 12:5 ¢

and ¢ is as in (2.44). Note here the identity
Q(Ap —4)pa = —42, (2.87)

Solving the (constraint) equations of motion derived by varying the action with
respect to ® and ¥ and plugging the constraint equations back into the action leads

to the action in terms of the three dynamical fields:

Sever = / dn / (;i;l; H' (M; - Q™;'Q) H]. (2.88)

Keep in mind that w% is a direction-dependent quantity that varies from zero to
plus or minus v/p4, depending on the orientation of the wave vector with respect to
the preferred direction. The bottom right element of M, representing (minus) the

effective mass for 7, is %(27” — k?) in the isotropic limit. So if, for example, p4 is order

K222
a2

= O(e) then we should expect a very dramatic direction-dependent effect on the
curvature perturbation power spectrum, because the direction-dependent term would

be on the same order as the normal, isotropic term (at least in the long-wavelength
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limit). In fact, assuming that taking into account the QM 'Q correction to M; and
properly diagonalizing the kinetic term in the action would not weaken the direction-
dependent effect on the power spectrum, we can get a rough limit on the average
value of pa/(k?2%/a?) during inflation, after horizon crossing. Based on the argument
of section 2.3.5, we may take a 30% direction-dependent contribution to curvature
perturbation power spectrum to be an upper limit. Noting that 27” = a?(2+0(¢,9)),
the 30% limit translates roughly to'4

N9
paa
K222

~ P4

average 2¢

<1072 (approximate). (2.89)

average

Given phenomenological constraints, it is therefore most interesting to consider

scenarios in which py < e. Taking

pa~ (9/2)8 < e, (2.90)

by inspection one can see that in the long-wavelength limit,

Q'M;'Q = O(pa/e), (2.91)
and
3 0 0 0 0 0
0 5 0 0 0 —i2v/2.2 9%
0 0 L0 0 0 A
M, = , +0O(e, paje). (2.92)
0 0 0 o?-% 0 0
K2 : ad’
0 0 0 0 o? =B —id/2%
: a : aa’ 2" 2
0 i2v2:2¢% 0 0 429yl 12—k

4 The first equality can be seen from equations (2.16) and (2.37), given that pg

must be small compared to k222 /a?.
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We will find, with a careful analysis in the ps < € limit, that the actual constraint
on p4 is much stronger than the approximate constraint in (2.89). Thus the py < €

approximation is valid.

2.5.1 Diagonalizing the Action

Once again, the resulting kinetic terms are not diagonalized and canonical quantiza-
tion cannot proceed. In the p4 < € < 1 limit, the kinetic terms can be diagonalized

by performing a time-dependent unitary rotation

>

cos 0z —1sin 65 U
) _ k(ﬁ) k(ﬁ) 1 ’ (2'93>
At —isinfy(n)  cosfz(n) Us

where

koe™ 0
by(n) = 2V = ~2va (R ) (294)

and where ¢ is the rotation angle in the odd sector, given by (2.44). The rotation of 7
and A" occurs on a much faster timescale than that of 2% and A~ since V. =0(Vpa)

and 0. = O(y/pa/e).

In terms of these rotated fields the even action takes the form

Bk ol 1 C s
even __ d _h+/h+*/ = ]{?2 _ 2 2 h+h+*
S /”/(27r)3[2 5 ( o)
i i
U U U U
L5 N R IVE e +} (2.95)
2\ \vy) 2 \u, Uy

where the Hermitian matrix M is defined

0.
M = (kK —2a/) I + [sin(26;)03 — cos(26;) 0] (3—’“) o2 (2.96)

@/

up to corrections of order €, §, and p4/e.'> We have used the same convention for

Pauli matrices as in Eq. (2.49) and, again, [ is the 2 x 2 identity matrix.

15 Recall that, e.g., 2" /22 = /> + O(¢,0) and 2'/z = o/ + O(e, 9).
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2.5.2 Correlations Using Perturbation Theory

The analysis of correlations of dynamical fields in this sector will be very similar
to that of the odd sector, up to minus signs and replacing ¢ with ;. It should
be noted that the largest direction-dependent corrections to correlations in the odd
sector are order \/p4, whereas here we are working to order \/ﬁA_/e assuming py < €.
It therefore should be unsurprising that the autocorrelation of the gravitational wave
amplitude, 2", has no anisotropic contribution at (’)(\//T/e). The same can be said
of the cross-correlation between A* and A+.

Considering now only terms up to order \/m given py < €, we choose as our

free Hamiltonian,

Bk 1. ,- 1/ .. 2\ . .
Hy" = SRR (9 (o) iks — = ) bR
0 /(271‘)3 +2 (7 (770) J 772)

2
U, T U, U T U
L i IR e I VEON R RO
2\vy) \uy] 2 \u, Uy
where
. 2
MO = (w (no)kik; — ?) I (2.98)
The interaction-picture fields then obey the following equations,
d?U} 2
i T (’YJ(UO)kikj - ﬁ) Ul =o. (2.99)

As in section 2.4, the fields can be expanded into appropriately normalized mode
functions and time-independent creation and annihilation operators. Dropping terms
of order €, pa/e, § or higher (including terms with coefficients (7% (n) — v (no))kik;)

the interaction-picture Hamiltonian takes the form

3 1 I
= [ {5 e (2.100)
(27‘(‘)3 2 UQI UQI ’
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where
6.
MW =M — M© = 3 [sin(20;)03 — cos(20;)0] (-’f) o (2.101)
(0

After computing correlations of the rotated variables using the “in-in” formalism, we
can find the correlations of the unrotated variables using the equations analogous to
equations (2.70) through (2.72).

The correlations are approximately given by

n 0.(n' B
P = WO+ ([ sin o) 2050 3%&#) Tt pm ).

(2.102)

n 0 -
Paciin) = WOl =7 ([ sin 2050) ~ 265000) 322 ) T ).

(2.103)

n | ~
%(ﬁ,mw—?{ | cos 2850) — 2650m) 3% ,a’2(n’)f(pn’,pn)dn’} (2.104)

—

= _CAw(pa 77)7

where I is defined in (2.69).
Assuming p4 and %/ = = are nearly constant during inflation, as in the scenarios

we described in section 2.2, then

0a(m) ~ % (), (2.105)

/

and we may estimate the relevant integral as in appendix A.4. Then we see that

(6;1;)2 (1 —2 (cos ((22—%) log(aH/p)) - 1)) , (2.106)
Py (5yn) ~ (6;1;)2 (1 +2 (Cos <(2Z—p) log(aH/p)) - 1) ) (2.107)

~ ~<“£)2 sin ((2%) log(aH/p)> = —Cs::(0,m), (2.108)
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0.
where £ should be taken as the average value after horizon crossing.
Now g¢., the parameter that characterizes the effect of a preferred direction on the

CMB power spectrum, is roughly given by

9. = =2 <cos <(2Z—f/j) log(aH/p)> — 1)

. o . . . 5
The maximal value of % for a given wave vector is approximately 24/24. So even

(2.109)

max

if pa/e is, say, order 107*, the argument of the cosine in (2.109) could be significant
for modes of astrophysical interest because for such modes log(aH /p) ~ 60. It is then
clear that |g.| could be order one even for very small values of ¥ and 4.

Let us suppose that p4 is small enough to satisfy the |g.| < 0.3 bound of section
2.3.5. Then the cosine in (2.106) can be expanded in a Taylor series to give

(aH)?
2p3

(1 + 16'%4(10g(aH/p))2(1 —(n -p)z)) , (2.110)

where 7 is the preferred direction, and therefore

) H\\? )y H\\?
9.~ —1624 (log (a—>) ~ 722 (log (a—>) . (2.111)
€ p € p

Note that g, is negative, as iS gigrav (see equation (2.80)). A negative g, means
that, for a given scale, power is minimized in the preferred direction. We can un-
derstand this general feature in the following way: the pressure contributed by the
background electric field slows the expansion of the direction along which the electric
field points. In other words, expansion is slower along the preferred direction. Gener-
ically the power in primordial perturbations increases in proportion to the Hubble
parameter squared; the faster the expansion, the more quickly quantum fluctuations
are stretched into “classical” perturbations. Since the power of primordial pertur-
bations increases with the Hubble parameter, squared, and since in our scenario the
space-time is expanding most slowly in the preferred direction, we might expect that

the power of perturbations with wave vectors parallel to the preferred direction will
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be smaller than the power of perturbations with wave vectors in any other direction.
We predict that, generically, models in which a preferred direction expands more
rapidly/slowly than other directions will lead to positive/negative values of g..
The limit |g.| < 0.3 translates into a limit on the average value of ‘%“ during

inflation (after horizon-crossing) for modes of astrophysical interest:

3

2
o < 1607602
average after horizon crossing 160 (60)

; (2.112)

Since py4 is assumed to be essentially constant during inflation (as is p,), the limit

can be written,
pa
Psc

<107 (2.113)

average after horizon crossing

The measurement of g, puts a very stringent constraint on the ratio of vector field
energy density to the inflaton energy density. At the same time, we see that even a
very small U(1) gauge field energy density during inflation could lead to a significant
direction-dependent effect on the curvature perturbation power spectrum.
Supposing that p4 < €, as we've just seen must be the case in order to comply
with observation, the ratio of the gravitational wave power spectrum (Pr) to the

scalar power spectrum (Ps) is approximately!®:17

PT PE+ + PEx 8Pi1>< /43222
— =4 ~ ~ 16 2.114
Ps P, P\ & ‘ (2.114)
This fact, in conjuction with (2.80) and (2.111), leads to the prediction
*grav 1 P
Jrgrav  — T (2.115)

g. 64 Pg

16]n the last equality we used equations (2.16) and (2.37), given that p4 must be
small compared to x?2?/a?.

1"What are identified as tensor perturbations are the amplitudes of the transverse,
traceless (TT) part of dg;;/a®>. We defined g, rr/a* = 2E;;, thus the extra

factor of 4.
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The direction-dependent effects of a small persistent anisotropy during inflation on
the tensor power spectrum are suppressed with respect to the direction-dependent
effects on the scalar power spectrum by a number of order the tensor-to-scalar ratio.
This is a consistency condition for the model, given the constraint from observation,

pa < €.

2.6 Conclusions

In this paper, we considered gauge-invariant perturbations in a class of models with
a persistent background anisotropy. After determining the quadratic action in terms
of the dynamical fields, we computed the dominant direction-dependent effects of the
background anisotropy on primordial power spectra.

We showed that even a very small persistent anisotropy (with the anisotropy
parameter much smaller than the slow-roll parameter €) can give rise to a dramatic
direction-dependent effect on the primordial power spectra of dynamical fields. In an
anisotropic background, the coupling between what reduce to the spin-1 and the spin-0
and spin-2 degrees of freedom in the isotropic case is extremely important. We showed
that such couplings give rise to the dominant direction-dependent contributions to
the primordial power spectra of tensor and scalar perturbations.

There has been a fair amount of work on vector fields with time-dependent cou-
plings that are put in by hand, assuming exponential expansion. We found that the
amount of anisotropy in power spectra are quite sensitive to the details of how nonex-
ponential the expansion is, and how long the expansion lasts. Perhaps this sensitivity
is unsurprising in light of the no-hair theorem.

We found that for a given scale |E |, the curvature power, P(IZ), is minimized when
k points along the preferred direction.'® We attribute this feature to the fact that, in

the class of models we considered, the preferred direction is expanding more slowly

18 In other words, we found that g, is negative.
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than other directions.

We showed that anisotropic effects are more pronounced in the scalar power
spectrum than in the tensor power spectra. In fact, we showed that the direction-
dependent effects on the tensor power spectrum are suppressed with respect to the
direction-dependent effects on the scalar power spectrum by a number of order the
tensor-to-scalar ratio. A priori one might have expected that the tensor power spectra
and the scalar power spectrum would develop fractional direction dependence of the
same magnitude. We find that this is not the case.

Finally, upon examination of the quadratic action for all dynamical degrees of
freedom, we find no indication of instabilities in this model. This should not be
surprising since the matter stress-energy satisfies the dominant energy condition.

We did not calculate the cross correlation between tensor and scalar perturba-
tions. But one can see from the form of the quadratic action!® that such a nonzero,
direction-dependent correlation should exist. The cross-correlation effect will be small
compared to the direction-dependent effect on the curvature power spectrum, but it

could be interesting.

YSee equations (2.84) through (2.88).
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Chapter 3

Dark Matter, Baryon Asymmetry,
and Spontaneous B and L Breaking

We investigate the dark matter and the cosmological baryon asymmetry in a simple
theory where baryon (B) and lepton (L) number are local gauge symmetries that are
spontaneously broken. In this model, the cold dark matter candidate is the lightest
new field with baryon number, and its stability is an automatic consequence of the
gauge symmetry. Dark matter annihilation is either through a leptophobic gauge
boson whose mass must be below a TeV or through the Higgs boson. Since the mass
of the leptophobic gauge boson has to be below the TeV scale one finds that in the
first scenario there is a lower bound on the elastic cross section of about 5x 10746 cm?.
Even though baryon number is gauged and not spontaneously broken until the weak
scale, a cosmologically acceptable baryon excess is possible. There can be a tension
between achieving both the measured baryon excess and the dark matter density.
The contents of this chapter were written in collaboration with Pavel F. Perez and

Mark B. Wise and have been published in [2].

3.1 Introduction

In the LHC era, we hope to either verify the standard model or discover the theory
that describes the physics of the weak scale. One of the open issues in the standard
model (SM) is the origin of the accidental global symmetries, U(1)p and U(1)y,

where B stands for baryon number and L for the total lepton number. At the non-
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renormalizable level in the SM one can find operators that violate baryon number
and lepton number. For example, QQQI/A% and [IHH/A;, where Ag and Aj are
the scales where B and L are respectively broken [36]. Since the QQQI/A% operator
gives rise to proton decay [37] the cutoff of the theory has to be very large, Ag > 10
GeV. There is no other reason that the cutoff of the SM has to be that large, and so it
is worth thinking about the possibility that both B and L are local gauge symmetries
that are spontaneously broken [38] at a much lower scale (e.g., the weak scale) and
it is these gauge symmetries that prevent proton decay.

Recently, two simple models (denoted model (1) and model (2)) where B and L
are local gauge symmetries have been proposed [38]. In these models all anomalies
are cancelled by adding a single new fermionic generation. One of the theories (model
(1)) has an interesting realization of the seesaw mechanism [39, 40, 41] for neutrino
masses and they both have a natural suppression of tree-level flavor changing neutral
currents in the quark and leptonic sectors due to the gauge symmetries and particle
content. In model (2), the neutrinos have Dirac masses. In addition, for model (2),
the lightest new field with baryon number is a candidate for the cold dark matter and
its stability is an automatic consequence of the gauge symmetry. It has been shown
in Ref. [38] that B and L can be broken at the weak scale and one does not generate
dangerous operators mediating proton decay. We show how a dark matter candidate
can arise in model (1).

In this chapter we investigate the properties of the cold dark matter candidates in
the models proposed in Ref. [38] and study the implications of spontaneous B and L
breaking at the weak scale for the baryon asymmetry in the Universe. In model (2),
the dark matter candidate, X, which has baryon number —2/3 can either annihilate
through the leptophobic Zp present in the theory or through the Higgs boson. We
study the constraints from the relic density and the predictions for the elastic cross
section relevant for direct detection experiments. We discuss the implications of the
gauging of B and L for baryogenesis. In model (2), there is a potential conflict
between the measured baryon excess and dark matter density.

For model (1), we discuss the generation of a baryon excess. We introduce a limit
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of the theory where L is broken at a high scale but B is spontaneously broken at
the weak scale. In this limit standard leptogenesis plus a primordial excess in the
field responsible for baryon number breaking can give rise to an acceptable baryon
excess and dark matter density even though the baryon number gauge symmetry is
not broken until the weak scale.

This chapter is organized as follows: In Section 3.2 we discuss the main features
of the model. In Section 3.3 we discuss, for model (2), the properties of the dark
matter candidate in the theory, constraints from the relic density and the predictions
for the elastic cross section relevant for direct detection experiments. The properties
of the dark matter candidate in model (1) are similar to cases already discussed in the
literature (see for example [42] and [43]). In Section 3.4 we discuss the implications
of the breaking of B and L at the weak scale for baryogenesis. We summarize the

main results in Section 3.5.

3.2 Spontaneous B and L Breaking

The theory proposed in Ref. [38] is based on the gauge group

SUB)e @ SUR)LQUML)y QU5 UL

To fix notation, the particle content of the SM is summarized in Table 3.1. The
superscript index (7) on standard model fermion fields labels the generation. We have
added three generations of right-handed neutrinos to the minimal standard model.

When gauging B and L, one can have two different scenarios:

3.2.1 Model (1)

In this model the baryonic anomalies are cancelled by adding the new quarks @7,
ulR and le that transform under the SM gauge group in the same way as the SM
quarks but have baryon number B = —1. At the same time the leptonic anomalies

are cancelled if one adds new leptons l'L, V;% and e'R with lepton number, L = —3.
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Table 3.1: Standard model particle content

| Field | SU@B) | SU®@) | Uy | Ums | UQ) |
(i
3 u
ow-(h)| o | 2 | b | 4 | o
L
) 3 1 2 3 0
dyy 3 1 = 5 0
(1) Vg) 1
Q_#) 1 2 -1 0 1
v 1 1 0 0 1
el 1 1 —1 0 1
H+
H <H0) 1 2 3 0 0

All anomalies in the SM gauge group are cancelled since we have added one full new
family. The particle content of model (1), beyond that of the SM, is summarized in
the Table 3.2.

Let us discuss the main features of this scenario.

e Quark Sector

In this model the masses for the new quarks are generated through the terms,

~ALY)

q’mass

= Y, QL Huy + Y, Q, Hdy + he. (3.1)

Here H = iosH*. In order to avoid a stable colored quark, the scalar doublet ¢
has been added to mediate the decays of the fourth generation of quarks. The

following terms occur in the Lagrange density
ALY = YiQ dur + Y2 Qr b dy + he. (3.2)

Here flavor indices on the Yukawa couplings Y;, and the standard model quark
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Field | SU(B) | SU@) | UQ)y | UMs | UQ)

L= (g%) 3 2 L -1 0
Uy 3 1 2 -1 0

dy 3 1 -3 -1 0

I = (Zﬁ) 1 2 -1 0 -3
Vi 1 1 0 0 -3

e 1 1 ~1 0 -3

Sp 1 1 0 -3 0

St 1 1 0 0 2

S 1 1 0 -3 0
o= ()| ; % ; |

fields have been suppressed. The field ¢ does not get a vacuum expectation value
(VEV), and so there is no mass mixing between the new exotic generation of
quarks and their SM counterparts. When the real or imaginary component of
¢ is the lightest new particle with baryon number, it is stable. The field ¢ has
flavor-changing couplings that cause transitions between quarks with baryon
number —1 and the usual quarks with baryon number 1/3. However, since
there is no mass mixing between these two types of quarks, integrating out

the ¢ does not generate any tree-level flavor changing neutral currents for the

ordinary quarks.

These effects first occur at one loop. For example, there are one loop box

diagrams (see Fig. 3.1) that give a contribution to K — K mixing.
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Figure 3.1: Box diagram leading to a contribution to K — K mixing.

We estimate this mixing to be of order

fremgY™?

where Y* is a shorthand for something quartic in the Yukawa couplings Y7, Ys.
For M = 400 GeV and Yukawas of about 1072, this mass difference is on the
order of 107 MeV which is much smaller than the measured value. A detailed
study of the model’s flavor sector is beyond the scope of this work and will be
reserved for a future publication.

Leptonic Sector

The interactions that generate masses for the new charged leptons are
~AL"Y = v, I, He, + he, (3.4)

while for the neutrinos they are

ALY = Y, IHV + Y, IHN +
Aa
+ 5 vC Sy v + M SN 4 he, (3.5)

where Sp, ~ (1,1,0,0,2) is the Higgs that breaks U(1);, generating masses for
the right-handed neutrinos and the quark-phobic Z;. We introduce the notation
vY = (vg)® and N = (V)¢ After symmetry breaking the mass matrix for

neutrinos in the left-handed basis, (v, ', N, %), is given by the eight by eight
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matrix,
0 0 0 Mp

0 0 M, 0
ME 0 MT M,

Here, Mp = Y, vy /2 and M, = \vz/v/2 are 3 x 3 matrices, M, = A\ /v/2 is
a 1 x 3 matrix, My, = Y,vg/v/2 is a number and (S;) = vy /v/2. Let us assume
that the three right-handed neutrinos v are the heaviest. Then, integrating

them out generates the following mass matrix for the three light neutrinos:
M, = Mp M;* M}, (3.7)

In addition, a Majorana mass M’ for the fourth-generation right-handed neu-
trino N,
M = MyM;* M, (3.8)

is generated. Furthermore, suppose that M << Mb, then the new fourth
generation neutrinos ' and N are quasi-Dirac with a mass equal to M,/:). Of
course we need this mass to be greater than M;/2 to be consistent with the
measured Z-boson width. In this model we have a consistent mechanism for

neutrino masses which is a particular combination of Type I seesaw.

Higgs Sector

The minimal Higgs sector needed to have a realistic theory where B and L
are both gauged, and have a DM candidate is composed of the SM Higgs, H,
Sp, S ~ (1,1,0,—4/3,0), Sp and ¢. Sp and Sy are the scalars field whose
vacuum expectation values break U(1)p and U(1)g, respectively, generating
masses for the gauge bosons coupling to baryon number and lepton number.

Here one introduces the scalar field S in order to have a viable cold dark matter
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candidate. In this case the scalar potential of the model must contain the terms
i (H'®) S + pa S S* + hec., (3.9)

in order to generate the effective interaction: ¢ (H'$)2Sp + h.c., which breaks
the degeneration between the ¢% and ¢9. Here S does not get the VEV. Then,
one of them can be a dark matter candidate and the mass splitting is given by
2 2 VEUBJ e

Mg — Mg = \@Tg' (3.10)
By adjusting the phases of the fields S and ¢, the parameters p; o can be made
real and positive. In this case, the imaginary part of the neutral component
of ¢, denoted ¢? is the dark matter candidate. Notice, that this DM scenario
is quite similar to the case of the Inert Higgs Doublet Model since we do not
have annihilation through the Zp in the non-degerate case. It is well-known
that if the real and imaginary parts are degenerate in mass one cannot satisfy
the bounds coming from direct detection, therefore one needs a mass splitting.
This dark matter candidate is very similar to that of the Inert Doublet Model
(see, for example, [42] and [43]).

Before concluding the discussion of model (1) one should mention that in this
model local U(1)p and U(1), are broken by the Higgs mechanism, as explained before,
and one gets that in the quark sector a global symmetry (baryonic) is conserved, while

in the leptonic sector the total lepton number is broken.

3.2.2 Model (2)

In this model, the baryonic anomalies are cancelled by adding the new quarks @', v,
and d} which transform under the SM gauge group the same way as the SM quarks
but have opposite chirality and baryon number B = 1. At the same time the leptonic
anomalies are cancelled if one adds new leptons l%, v/, and €}, with opposite chirality

of their SM counterparts and with lepton number, L = 3. The particle content of
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model (2), beyond that of the SM, is summarized in the Table 3.3.

Table 3.3: Particle content beyond the SM in model (2)

[ Feld | SU@B) | SU® | Uy | UMs | UML) |
’R:(Z:f;) 3 2 1 1 0
uy 3 1 2 1 0
dy, 3 1 —3 1 0
@
v 1 1 0 0 3
e 1 1 —1 0 3
Sp 1 1 0 ng 0
S 1 1 0 0 2
s 1 1 0 0 nr
X 1 1 0 —2 0

e Quark Sector

In this model the masses for the new quarks are generated through the terms,

~ALY)

q’'mass

= Y, Q,Huy, +Y,QyHd, + he. (3.11)

As in the previous model, one has to avoid a stable colored quark. For this
reason, we add the scalar field X to mediate the decays of the fourth generation

of quarks. The following terms occur in the Lagrange density

—ALY), = M X QL Qp + M X Ug uy

+ A Xdrpd, + he. (3.12)
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Here flavor indices on the Yukawa couplings Y, A and the standard model quark
fields have been suppressed. The field X does not get a vacuum expectation
value (VEV) and so there is no mass mixing between the new exotic generation
of quarks and their SM counterparts. When X is the lightest new particle
with baryon number, it is stable. This occurs because the model has a global
U(1) symmetry where the Q', v}, d; and X get multiplied by a phase. This
U(1) symmetry is an automatic consequence of the gauge symmetry and the
particle content. Notice that the new fermions have V + A interactions with

the W-bosons.

The field X has flavor-changing couplings that cause transitions between quarks
with baryon number 1 and the usual quarks with baryon number 1/3. However,
since there is no mass mixing between these two types of quarks, integrating
out the X does not generate any tree-level flavor-changing neutral currents for
the ordinary quarks. Those first occur at the one loop level (see the discussion

concerning such flavor changing effects in model (1)).

Leptonic Sector

The interactions for the new leptons are

ALY = Yyly Hep + A égSie) +
bVl Hovg + Y, I H vy + 50k OS]
+ MNTRSLv, + NI Sl +he. (3.13)
The neutrinos are Dirac fermions with masses proportional to the vacuum ex-
pectation value of the SM Higgs boson. Here Sy, must be introduced to evade
the experimental constraints on heavy stable Dirac neutrino from dark matter
direct detection and collider bounds. In order to avoid flavor violation in the

leptonic sector we assume that S does not get a vacuum expectation value.
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o Higgs Sector

The minimal Higgs sector needed to have a realistic theory where B and L
are both gauged, and have a DM candidate is composed of the SM Higgs, H,
S, S7, Sp and X. Sp and S} are the scalars field whose vacuum expectation
values break U(1)p and U(1)y, respectively, generating masses for the gauge
bosons coupling to baryon number and lepton number. The scalar potential of

the model is given by

Ve = Yoo MEele + Y e, (cbjcbi) (cb}cbj). (3.14)

®;=H,S1.,5; ,S5,X ;D

In this theory one has five physical CP-even neutral Higgses { H°, S9,57°, 5%, X9},
and two CP-odd neutral Higgses X? and S?. Here, X% and X? have the same

mass and they are cold dark matter candidates.

In this model one should notice that the local symmetries U(1)p and U (1), are broken,
and after symmetry breaking one has a baryonic and leptonic global symmetries.
Therefore, the proton is stable and the neutrinos are Dirac fermions.

These are the main features of the two models that are needed to investigate the

implications and/or constraints coming from cosmological observations.

3.3 X as a Candidate for the Cold Dark Matter in
Model (2)

As we have mentioned before, the lightest new field with baryon number, X, is a
cold dark matter candidate in model (2). In this section we study in detail the
possible cosmological constraints and the predictions for elastic dark matter-nucleon
cross section relevant for direct searches of dark matter. Some of this material is
standard and has been discussed in the literature in the context of other dark matter

candidates; however, we include it for completeness.
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3.3.1 Constraints from the Relic Density

There are two main scenarios for the study of the relic density. In the first case
X annihilates through the leptophobic Zp gauge boson, while in the second case X
annihilates through the SM Higgs. The properties of a SM singlet scalar dark matter
candidate that annihilates through the Higgs have been investigated in many previous
studies [44, 45, 46, 47, 48]; however, the case of annihilation through the Zp is more

specific to the model we are currently examining.

) XXT—>ZE—>qq:

We begin by studying the case where X annihilation through the baryon number
gauge boson Zg, ie., XX — Z% — ¢, dominates the annihilation cross
section. Here we include all the quarks that are kinematically allowed. Of
course the heavy fourth-generation quarks must be heavier than the X so that
they do not occur in the final state. This also limits the upper range of X
masses since the theory is not perturbatively unitary if the fourth-generation

Yukawa’s are too large.

The annihilation cross section through intermediate Zg in the non-relativistic

limit with a quark-antiquark pair in the final state is given by

2 g5 M% v?
0zpV = Ve 2
817T VA M2 2
B Z
(1 - 4M§;> + M%l;

xZ@( —E—j{) (1+(%)) 1—;3—;2( (3.15)

where O is the unit step function and I'y, is the width of the Zp. The width

of the leptophobic gauge boson is given by

2 2 \ 1/2 2

gBMZB my m,
E -2 1—-4 Ol1—-4 . 3.16
367 ( ]\/[2 ) ( M%B > ( M%B ) ( )
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e XX — H* = SMSM:

In the case where X annihilates into massive SM fields, through an intermediate

H, we find that the annihilation cross section (in the non-relativistic limit) is

zf:<)\%ch)(mf)2®( - 5it) (“(E_i))

MH MH
A2 N2\ M 3 :
() (- ()" -4 1
647TMX X MX (M_Q)(—1>+2]l;4_§[[
H
1/2
o1 me) (1 ()
.\ A2 Mx Mx |, BME M
2 M3, (1_4%_%>2+L_% 4My  M3%
H H

o\ 1/2

2 @<1_%>(1_<%>> 4 2

A X X 3M M
L 1 Z_—Z),  (3.17)

A M, AM5 My

2

where N/ is the number of colors of the particular species of fermion, My z
are the W and Z boson masses. Included in the width, where kinematically
allowed, is the invisible decay to dark matter. We have ignored corrections
to this formula that come from annihilation into two standard model massless

gauge bosons. For previous studies of this type of scenario see [44, 45, 46, 47, 48].

Using these results, we are ready to compute the approximate freeze-out temperature
xy = Mx /Ty assuming that one of the two annihilation channels dominates the
annihilation of the dark matter. Writing the thermally averaged annihilation cross

section as (ov) = oo(T/Mx)™, then the freeze-out temperature is given by,

z; = In [0.038(n+1)<\/’;_> MleXO'O}

- (n—|— %) In [m [0.038(n+ 1) (\/gg_*) Mp, MXUOH , (3.18)
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where Mp; is the Planck mass, ¢ is the number of internal degrees of freedom and g, is
the effective number of relativistic degrees of freedom evaluated around the freeze-out
temperature.’

The present day energy density of the relic dark matter particles X is given by

Qxh* =

(3.19)

1.07 x 107 ( (n+ 1)}
GeV @UoMpl

where we have used the fact that g, s(7') = g.(T) in our case (all particle species have
a common temperature). The WMAP team recently gave a seven-year fit [7] and
found the present-day dark matter energy density to be Qpyh? = 0.1109 & 0.0056.

Using the experimental constraints on the relic density of the cold dark matter
and the annihilation cross sections calculated above, we plot in Figure 3.2 (left panel)
the allowed values for the gauge coupling gg and the mass of X when the annihilation
occurs through an intermediate Zg boson. Here we use as input parameter the mass of
Zp, Mz, =500 GeV. In order to understand the behavior of the numerical solutions
close to resonance, we show the results in Figure 3.2 (right panel), where the mass
region Mx ~ My, /2 is focussed on. In the second scenario when the annihilation
takes place through the SM Higgs boson one can display similar results. Assuming
only annihilation at tree level into SM fermions and gauge bosons for simplicity, we
show in Figure 3.3 the allowed parameter space after imposing the constraints on the
relic density when My = 120 GeV.

It is important to note that using the perturbative limit on the Yukawa couplings
for the new fermions, |Y'| < 24/, the masses of the new quarks, M, = Y v /V/?2, are
smaller than 500 GeV (since the VEV of the SM Higgs, vy, is 246 GeV). In order to
achieve the right value for the relic density, Mx has to be close to the My, /2. Hence,
in the first scenario My, must be below a TeV if X annihilates primarily through the
Zp and is the dark matter. This is an acceptable kinematic range for discovery at the

LHC. Next, we study the constraints coming from the direct detection experiments

See, for example, [4].
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Figure 3.2: In these figures, we plot the values of the (logarithm of the) coupling gp
and dark matter mass Mx that lead to the value of the dark matter relic abundance
measured by WMAP assuming annihilation through intermediate Zp is dominant.
We use Mz, = 500 GeV for these plots. The plot on the right is an enlarged version
of the left plot around the region near the resonance. For dark matter masses around
250 GeV, CDMS II excludes dark matter-nucleon elastic scattering cross sections
larger than 6 x 10~**cm?. The region below the dashed line is allowed by CDMS II
[49].

(which have already been used in the right panels of Figures 3.2 and 3.3).

A more precise calculation of the dark matter relic density is required when anni-
hilation proceeds near resonance. This is because the expansion of the annihilation
cross section in terms of a polynomial in the temperature breaks down near the reso-
nance [50]. Generalizing Eq. (3.15) and Eq. (3.17) for general relative velocities, we
determine the relic abundance near the resonance using the more precise calculation
described below. The freeze-out temperature can be determined iteratively from the

following equation,

0.038gMx Mp (av>1 (3.20)

V=T f

where the thermally averaged annihilation cross section is determined numerically by

xf:ln{

$3/2 oo )
(ov) = m/ v?(ov)e A dv. (3.21)
m 0

The relic density is then given by

1.07 x 10° 1
Qh? = 3.22
GeV (J‘/Q*Mpl)’ ( )
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Figure 3.3: In these figures, we plot the values of the (logarithm of the) coupling A\
and dark matter mass Mx that lead to the value of the dark matter relic abundance
measured by WMAP assuming annihilation through intermediate Higgs is dominant.
We use My = 120 GeV for this plots.

where

J:/ A e, (3.23)
Ty

takes into account the annihilations that continue to occur, but become less effective,
after the freeze-out temperature.

In Fig. 3.4, we show the contour that leads to the observed relic abundance of dark
matter assuming annihilation through an intermediate Zp with mass of 500 GeV is
dominant. After comparing this plot to the right panel in Fig. 3.2, it is clear that one
needs to take into account the precise thermal averaging when annihilation proceeds
near resonance. The thermal averaging works to widen the contour and move the
minimum below My, /2. This is because at finite temperatures the effective mass
of the dark matter candidate is higher and therefore the minimum of the contour is
shifted to lower dark matter masses.

Similarly, in Fig. 3.5, we show the contour that leads to the observed relic abun-
dance of dark matter assuming annihilation through an intermediate Higgs with mass

of 120 GeV is dominant.
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Figure 3.4: In this figure, we plot the results of the numerical relic abundance calcu-
lation with the correct thermal averaging around the resonance. The contour plotted
shows the values of the (logarithm of the) coupling gg and dark matter mass My that
lead to the value of the dark matter relic abundance measured by WMAP assuming
annihilation through an intermediate Zp is dominant. We use My, = 500 GeV for
this plot.
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Figure 3.5: In this figure, we plot the results of the numerical relic abundance calcu-
lation with the correct thermal averaging around the resonance. The contour plotted
shows the values of the (logarithm of the) coupling A\; and dark matter mass My that
lead to the value of the dark matter relic abundance measured by WMAP assuming
annihilation through an intermediate Higgs is dominant and taking My = 120 GeV.
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3.3.2 Constraints from Direct Detection

In this section we present the cross sections for elastic scattering of our dark matter
candidate off of nucleons. These cross sections are very tightly constrained by the
Cryogenic Dark Matter Search (CDMS) for dark matter masses in above approxi-
mately 100 GeV and XENON100 for dark matter masses below approximately 100
GeV [49, 51].

In the first scenario discussed above we need the constraints coming from direct de-
tection when the scattering is through the U(1)z gauge boson. In the non-relativistic
limit, the cross section for elastic scattering of dark matter off of nucleons through

an intermediate Zg is given by

4g4 ,u2
B B
= 25 3.24

where = MyMx /(My + Mx) is the reduced mass of the dark matter-nucleon final

state and My is the nucleon mass. Putting in the numbers, this cross section can be

written as

B 500 GeV\* 2
0B = (8.8 x 10 4ocm2)gj§( i, ) (1 é”ev) . (3.25)
B

From the CDMS II upper limits on the spin-independent cross section in [49], one can
conclude that if we want the correct relic abundance then 235 GeV < My < 250 GeV
and gp < 1071, for My, ~ 500 GeV. For the relevant region of parameter space, see
Figure 3.4.

If My, is near its 1 TeV upper bound, the direct detection limits on the coupling
gp are the weakest and the required range is 0.06 < gg < 0.2. Using the plot in Fig.
3.4 and Eq. (3.25), we set a lower limit on the dark matter-nucleon scattering cross
section of about o5, > 5 x 107* cm?.

For the second case when the elastic scattering of the dark matter off of nucleons
is via the Higgs exchange, we need the effective coupling of the Higgs to nucleons.

For this purpose, we follow [52] and we find this effective coupling appropriate for at
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rest nucleon matrix element to be
h B B h /10 17 _ _
L= —; (; mqq; + ; thth) - — <2—7 + 2—7X+> My (Pp + nn) . (3-26)

Using the leading order chiral perturbation theory result in the appendix of [52] and
the ¥, term from [53] we obtain y, = 0.55 4+ 0.18 where the errors are indicative of

a 30% violation of SU(3) flavor symmetry. This value of x gives

L= —% (0.72) My (pp + nn) . (3.27)

With the three generations of the SM, one would have expected a number 2/9 +
7/9(0.55) = 0.65 instead of 0.72. This is consistent with the 0.56 & 0.11 number
quoted in references [54] and [55].

One can use this result to compute the elastic scattering cross section,

A2 7100 17\ [ u2M3
H 1 . N
=— =4+ = : 3.28
7SI 4n (27 * 27X+> <M§M§1> (3:28)
Plugging in the numbers, this cross section can be written as (using x4 = 0.55)
120 GeV\"'/ 1 \2 /50 GeV\”
H 41 2\\2
~(3.0x 10 A ( ) . 3.29
751 = (3.0 % Cm)l( My ) 1 GeV (MX) (3.29)

In order to satisfy the direct detection bounds from XENON100 [51] for elastic scat-
tering of dark matter off of nucleons, 51 GeV < My < 63 GeV with A\, < 10715,
for a 120 GeV Higgs. This gives us a narrow region of parameter space that is not
yet ruled out by the XENON100 experiment and that also leads to the correct dark
matter relic abundance. See Figure 3.5 for a plot of the allowed region. For a 120
GeV Higgs, the dark matter-nucleon elastic cross section has a lower bound of about
o, 2 107% cm?.

One can see from Figure 3.3 that if XENON100 reaches its projected sensitivity
without detecting DM, the scenario where annihilation proceeds through the Higgs

will be all but ruled out. The only region that will be allowed from this future
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experiment will be the region in Figure 3.5. For dark matter masses at the lower end
of this region, the decay of the SM Higgs is dominated by the invisible decay into
dark matter.

In a more generic context, this model is different from the literature in that the
dark matter mass has an upper bound (since it facilitates the decay of the fourth
generation quarks and these quarks should have mass below about 500 GeV if per-
turbative unitarity holds). Most models of scalar dark matter do not have an upper
limit on the dark matter mass, and therefore a wider region of masses are allowed at
the TeV scale.

We need to also consider the limits direct detection experiments place on dark
matter scattering off of nucleons from the interactions AX¢gq’. To fix notation, the

interactions in Eq. (3.12) are

~ 1 ~ 1—
—A,CDM = )\QXU( —;75>U/ + )\UXU< 275)11/

1 (1-
+ )\’QXd( z%)d’+)\’dXd( i

)d’ + he., (3.30)

where {u,d} ({u/,d'}) are the Dirac spinors corresponding to the standard model
(fourth-generation) quarks and (Ag); = U'(u, L)7(Ag); and (\,); = UT(d, L) (Aq);
are the coefficients in Eq. (3.12) after rotating to the mass eigenstate basis. We
find the effective low energy interaction of the dark matter with the standard model
quarks by integrating out the heavy fourth generation quarks. Then, the effective

interactions for non-relativistic X is given by

XX My
—Lers (

) (|<XQ>@-|2 + r@u)iﬁ) iy

e
( 2M2 ) A)il? + (i) (d')'d;
(5m)

)i M) 4+ (A" (A)') d'd;, (3.31)
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where the flavor index ¢ should be summed over. To get the effective interaction with
nucleons, we need the nucleon matrix elements < N|g'g|N > and < N|gq|N > when
q = u,d. We truncate the sum over flavors to the light up and down flavors. The
former simply counts the number of individual valence quarks in the nucleon, and the
latter matrix element is related by the coefficients fr, to the former matrix elements.

This gives the effective interactions appropriate for the nucleon matrix elements,
Xt XMy
—Leys (

W) (IG)l? + ()i ) 29+ m)

N (;(A;X ) (Gl G2 + Gl (W) frul20p + )

<XTXMX

W) (IQ)1l* + 1(X)l?) (B + 27n)

i
" (;(Mf) (A1 ()" + (A1 (N)') fralpp + 2nm). (3.32)

To get an order of magnitude estimate of the size of the couplings involved, we
represent the various Yukawa couplings by A\ assuming they are all the same order of
magnitude. The cross section for DM scattering off of nucleons will be small enough
to evade the direct detection bounds if the Yukawa couplings, A are on the order of
107! assuming the masses of the fourth generation quarks are a few hundred GeV.

Similar constraints hold for Y; 5 in model (1) where ¢V is the dark matter candidate.

3.4 Cosmological Baryon Number

It may be difficult to generate the observed cosmological baryon density since baryon
and lepton number are gauge symmetries in the model we are considering. Here we
study this issue following closely the approach of Harvey and Turner [56]. Assuming,

1 < T, one can write the excess of particle over antiparticle as

Ny —n_ 159 p
= = 3.33
s 212g, T’ ( )
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for bosons and in the case of fermions one has

Ny —n_ 159 p
= — 3.34
S 4r2g, T’ ( )

where p is the chemical potential of the particle species, g counts the internal degrees
of freedom, s = 27%g, T3 /45 is the entropy density, and g, counts the total number of
relativistic degree of freedom.

For each of the fields, we associate a chemical potential. Since the chemical po-
tential of the gluons vanishes, all colors of quarks have the same chemical potential.
Furthermore, we assume mixing between the quarks and amongst the leptons is ef-
ficient. This reduces the number of chemical potentials to a chemical potential for
each chirality of usual leptons {fte, , fleps fvys Hop ) and quarks {fu, , fugs Hdys Hdg )
as well as the fourth-generation leptons {jic , fier,, iy, 1} and fourth-generation
quarks { [N A [ A }. We also have a chemical potential for each of the scalars
St and Sp (denoted as ug, and pg,, respectively), a chemical potential for p_ for the
charged field in the Higgs doublet, g for the neutral Higgs field. At temperatures
above the electroweak phase transition (7' 2 300 GeV), we set the third component
of the gauged weak isospin to zero. This condition implies that the chemical potential

for the charged W bosons vanishes and leads to the conditions

My = Hdy, and Her, = Hup,, (335)

for the SM quark and lepton fields and

My g = My gy AN e = (3.36)

in model 1 (2) for the fourth-generation quark and lepton fields.
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3.4.1 Model (1)

In model (1), we also need a chemical potential for the scalar S, denoted ug, a
chemical potential for the charged field in the doublet ¢, denoted fi4+, and a chemical
potential for the neutral component of the ¢ doublet, denoted 1145. Again, since the
chemical potential for the charged W bosons vanishes, 14 = fig4t+.

Before study the possibility to have a baryon asymmetry let us discuss the different

conditions we must satisfy. Using Eqs. (3.1), (3.4), (3.5) and (3.9) one obtains

Ho =y s P = fg = (3.37)
e e T (e Ve Yy (3.38)
ns;, = Q“I/Ra Mo = ’uelL - /VLe;%7 (339)
fo = fig + Hs, Hsy = 2Us, (3.40)
and
fisy, =~y =y - (3.41)

Yukawa interactions with the Higgs boson in the SM imply the following relations,

o = fup — Huy — o = [tdg — Hdy (3.42)

—Ho = Hep — Heys [o = Hup — [y - (3.43)

Now, we using these relations to write the baryon number density (B), lepton number

density (L) and electric charge density (@)). We find the following expressions for these
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comoving number densities,

—ng 15 20 16
pn = IBTTNB 120, — 12, — = = 3.44
S 47T2g*T 2 L 'u“L 3 :U'SB + 3 M¢ ) ( )
—n; 15
O = LT (20V 124, + 8 4 ) 3.45
s dr2g, T \ T Mo, + Bpg + dpsy ), (345)
o S 472, T
X (20/% + s, + O, + 2, — O, — 2,%). (3.46)

See Tables 3.1 and 3.2 for the leptonic and baryonic charges. At high temperatures,
each of the charge densities in Eqgs. (3.44), (3.45) and (3.46) must vanish. These

three conditions, along with the sphaleron condition

3(2ptuy, + pay + pep) + (2t + pay + bey) = by, + 3ty + 3p, + g,y = 0. (3.47)

give us four equations. Unfortunately, in the general case we do not have a symmetry
which guarantees the conservation of a given number density. We analyze the small
Ay limit.? In this limit, we have the following approximate global symmetries:

(B —L)1: (Qr,ur,dg, ) — €*(Qr,ur,dr,®), (IL,er,vg) — e (I, er, Vg),
Sp — e %S, S — e i3S Sy — e 238,

and

(B = L)s: (Qyo ity ) — e (Qpu g, diy ), (1 € vh) — €3Iyl vp).
¢ — e%p, Sp — e 22Sp.

Both of these approximate global symmetries are anomaly free and not gauged.

2 )y must be small enough so that the mixing between the ordinary right-handed
neutrinos and the fourth generation right-handed neutrino can be neglected in the
early Universe, but large enough so that the fourth generation right-handed neutrino

can decay.
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The corresponding charge densities are given by

15 4 2 4
B—-L)=——|12u, —le — 120, — 4 ——lUs — = , 3.48
( )1 47T2g*T ( Py, + 3M¢ Huy, sy, 3:U’S 3'U’SB) ( )
and
15
(B - L)Q - 471'29 T (_12//%2 - 2,“5 + 12/1111’L + 2:u<25 - 4#5’3) : (349)

The baryon number density at late times will include the contribution of the ordinary
quarks and the contribution from the decay of the fourth generation quarks. In

ordinary quarks we have

1
5(3) (3) (ILLUL + Hup + Hay, + :udR) = 12:uUL' (350)

The contribution from the fourth-generation quarks (Q' — ¢ +ug and d — ¢+ Q)

gives
1
5(3) (b, + by, + 2p1a,) = Api, — 2f19 — fisis- (3.51)
Then,
1 15
B](c ) = 2T (12000, + 4w, — 2119 — pis)
269 13
= —(B—L); ——(B—L)s. 3.52
143" TR )2 (3.52)

Depending on the initial charge densities, it is possible to simultaneously explain
the DM relic density and the baryon asymmetry in this scenario. Notice that one can
have leptogenesis at the high scale if the symmetry breaking scale for U(1), is much

larger than the electroweak scale.

3.4.2 Model (2)

In model (2), we must introduce a chemical potential for the scalar Sy, denoted pg;
and a chemical potential for the dark matter candidate X, denoted px.

The action is invariant under the transformations Sp — €5 Sg and S} — e*LS].
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These automatic U(1) symmetries are anomaly free, since no fermions transform
under them. The symmetries are spontaneously broken by the vacuum expectation
values of Sp and S7, respectively; however, at high temperatures the symmetry is
restored. We begin by assuming that in the early Universe a non-zero Sp and S}
asymmetry is generated. This could occur for example from the decay of the inflaton
after inflation. We examine if this can lead to the observed baryon excess.

We assume that lepton number and baryon number are spontaneously broken
at the weak scale. In this case we have the following relations, assuming that the

coupling constants {A,, \p, \j, A} are large enough to preserve thermal equilibrium

when T" 2 300 GeV,

msy, = Z,UVRa (353)
ns;, = lulji - ,LLVR7 (354)
Hsy, = He, — Heps (355)
Hsp, = He), = Heg- (356>
Interactions with the Higgs boson imply the following relations,
Ho = fut, = Hulys — Ho = fta), — Pdb (3.57)
—fo = e, — et fo = Huy — Hyh (3.58)

We also have the following equations relating the chemical potentials of the fourth

generation quarks, ordinary quarks and the dark matter

Bx = Hup — Hulys UX = Hup = Huf s (359>

Px = fld, — M, HX = [hdp — [d, s (3.60)

assuming the couplings in Eq. (3.12) are large enough that these interactions are in
thermal equilibrium at high temperatures.

We use these relations to write the baryon number density (B), lepton number
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density (L) and electric charge density (@) in terms of {fiu,, po, fs,, tsy, Hsy, Hx}-

We find the following expressions for these comoving number densities,

15 40
2)
B! = 47r2g*T(24MuL + 2npps, — gﬂx), (3.61)
15
L® = m(%u& — 240+ 2npps;) (3.62)
15

see Tables 3.1 and 3.3 for the leptonic and baryonic charges. At high temperatures,
each of these charge densities in Eqgs. ((3.61)), ((3.62)) and ((3.63)) must vanish.

These three conditions, along with the sphaleron condition,

3(2ptuy, + iy + fey) — (2p0ar, + par, + per,) = 6ptu, — 2410 + 3px =0, (3.64)

give us four equations and six unknowns. We solve this system of equations in terms
of the chemical potentials p15, and g since these are the chemical potentials cor-
responding to the conserved charges in the transformation laws Sp — €**2Sp and
S) — er sy,

We find that in thermal equilibrium the following relations amongst the chemical

potentials,
9
Ho = 2o (21npps, —19nLps; )
ps, = oz (1620mps, — T63nsps,).
px = s (ATnpps, — 18nips,).
P, = —% (41npps, + 4”LMS'L) : (3.65)

Using these equilibrium relations, we find what is called the baryon number density
at late times. The baryon number density at late times will include the contribution

of the ordinary quarks and the contribution from the decay of the fourth-generation
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quarks. In ordinary quarks we have

1

5(3) (3) (:uUL + Pug T Hdy, T :udR) - 121uuL (366)

The contribution from the fourth-generation quarks (Q' — X' + ¢) gives

1
3 3) (g, + P, + pta, + 1) = 4 (puy, = pix) (3.67)

The observed baryon excess is the sum of these two contributions and is given by

15

@ _
By = W(12Mu+4(ﬂm—ﬂx)) (3.68)
15
= 4 (4phy, —
_ 1971 [15np <,uSB> 66 [ 1ong (Msg)
4315\ 272, \ T 4315 \ 272, \ T
15np /s 15ny, (ps;
~ 0.46 (£22)) - 0.02 (52)). 3.69
(2%29* T ) <27r2g* T (369)

Since X is the cold dark matter candidate in the theory one has to check the prediction
for the ratio between the DM density and the baryon asymmetry. The DM asymmetry

is given by
nx —ng 15 3
s —27r2g*T (MX -3 (Mqu + by, oy, T+ Md’R>>
15
= Tix — 6fby, ) - 3.70
327 (Trx = Grt,) (3.70)

Therefore, in this case using Eq. (3.65) one finds

nx—ng 15 (3516 99 51)
s T on2g,T \ 4315 BHSE T ygrp"ttsL ) ‘

One can find an upper bound on My using the constraint |[ny — ng| < npy,. This
gives the constraint
Qpar/Mx 3516AS — 99ASY |

3.72
Qp/M, = 1971ASp + 66AS] (3.72)
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where M, ~ 1 GeV is the proton mass and the observed ratio {2pys ~ 5€2. So in this

scenario the dark matter mass must be in the range,

Q 1971A AS!
MXSMP( DM) 971ASp + 66AS), (373)

Qp ) [3516AS — 99AS) |
The work in Section 3.3 shows that the dark matter mass must be at least 50 GeV
to obtain the correct dark matter relic density while evading direct detection limits.
Depending on the initial charge densities, it is possible to simultaneously explain the
DM relic density and the baryon asymmetry in this scenario. Eq. (3.73) shows that
this requires a somewhat awkward fine-tuning between the initial charge densities of
the global symmetries S — €2 Sp and S} — €L S .
In model (2) one can have a non-zero baryon asymmetry (even if B and L are
broken at the low scale) if there is a primordial asymmetry in the scalar sector;
however, we need physics beyond what is in model (2) to explain how this primordial

asymmetry is generated.

3.5 Summary

We have investigated the cosmological aspects of two simple models, denoted (1) and
(2), in which baryon number (B) and lepton number (L) are local gauge symmetries
that are spontaneously broken around the weak scale. In these models, the stability
of our scalar dark matter candidate is a consequence of the gauge symmetry.

In model (2), we studied the possible dark matter annihilation channels and found
what values of the masses and couplings lead to the observed relic abundance of dark
matter. In the case where the s-wave annihilation through an intermediate Higgs
dominates, we find that, for My = 120 GeV, in order to evade the direct detection
bounds the coupling between the Higgs and the dark matter must be less than 1071
and 51 GeV < Mx < 63 GeV. In the case where the p-wave annihilation through an
intermediate leptophobic gauge boson dominates, we find that the coupling between

the leptophobic Zp and the dark matter must be less than 0.1 and 235 GeV <
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Mx < 250 GeV when My, = 500 GeV. In this case the leptophobic gauge boson
has to be below the TeV scale and one finds a lower bound on the elastic cross
section o5, > 5 x 1071 cm?. In both cases, direct detection experiments constrain
the annihilation to proceed close to resonance in order to evade direct detection and
to produce the observed relic abundance of dark matter. We have shown that even
though baryon number is gauged and spontaneously broken at the weak scale it is
possible to generate a cosmological baryon excess. A modest fine-tuning is needed to
achieve both the measured dark matter relic abundance and baryon excess.

In model (1), we introduced a simple mechanism to split the masses of the real
of the imaginary part of the neutral component of the new scalar doublet to evade
direct detection limits. We showed that one can simultaneously achieve both the
observed baryon asymmetry of the Universe and the dark matter relic abundance. In
particular, when L is broken at the high scale but B is spontaneously broken at the

weak scale, standard leptogenesis can be applied.
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Appendix A

Appendix

A.1 Parametrization of Perturbations

In the following we use many of the same conventions and notation as in [28]. Since
the background space-time is homogeneous, we decompose our perturbations into

Fourier modes,

o(z',m) = / % e*i §(ky,m). (A1)

For a given Fourier mode, characterized by the time-independent wave vector k;,
1.2

ez} for the subspace perpendicular to the wave

()

we form an orthonormal basis {e

vector such that

’y”ef‘e? =" and ~Yelk; = 0. (A.2)

Here ~;; is the spatial metric defined in (2.4). Such an orthonormal basis for the
spatial hypersurfaces is uniquely defined up to a spatial rotation about the wave
vector k;. To remain properly normalized with the above normalization condition,
these basis vectors must be time dependent.

For definiteness, and without loss of generality, we will take wave vectors to be of

the form k; = (k1, k2,0). The basis vectors can then be written as

1 < eigﬁk’g 63ﬁk1

RN 0) and e; = (0, 0, €”), (A.3)

J

where Y9 k;k; = k2.
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It turns out that there always exists a choice of basis vectors e} and e? that results

in the basis vectors having definite sign under what we will call
k parity: k; — —k;. (A.4)

Our basis (A.3) is such that under k parity, e — (—1)%¢. Such a choice of basis is
now unique up to discrete spatial rotations around the k;-axis by multiples of 7/2.
We parametrize the most general perturbations about the background Bianchi I

metric (2.4) in the standard way,
ds* = —a(n)® [(1 + 24)dn* + 2B;dz'dt + (v;;(n) + hij)da'da’] . (A.5)
Following [28],

B; = 0;B + B, (A.6)

where 0;; = £/, and H = o/ and also,
’}/ijaiBj = 0, vij@Ej = 0, vij@Ejk = 0, and ’)/ijEij =0. (AS)

We parametrize perturbations of the inflaton field and the electromagnetic field by
d¢ and 0 F),,, respectively.

One can show that the following are U(1) gauge and diffeomorphism-invariant
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variables,

B(k) = A+ —— (a (B _ (’“Z?)) (A.9)

a(n
U(k) = —C (Z)((Z)) {B - (ka )/} , (A.10)
®'(k) = B' — (E'), (A.11)
Eyj, (A.12)
0 =0+ o) [B- L] (A13
OF (k) = 6Fy; + 2F ik [B — %—f)} , (A.14)
®F (k) = 0F,; — v*F,jiki(ikp E + Ey) + (Fm- [B - (kjf )/} )/ : (A.15)

The perturbation in the gauge field can be decomposed along directions transverse

and parallel to the spatial wave vector:
0A; = (iISAS (kym))ef + (AT (k,m)ef + (10 A (k, )k, (A.16)

where the amplitudes A% (k7)) are U(1) gauge invariant.! In A4g = E = B =
B; = 0 gauge the electromagnetic gauge fields A% (k, 1) are simply related to the

gauge-invariant magnetic and electric field perturbations. In particular we may define

i(e')ikiar
2

(62)iijI>5

and  0A” (k,n) = — (A.17)

where 77 k;k; = k* and where spatial indices are understood to be raised and lowered
with the spatial metric, 7;;. The dynamical, gauge-invariant dynamical electromag-
netic variables are § A*(k, n) as defined above and are equal to § A% (k, 1) as defined
in (A.16) in Ay = F = B = B; = 0 gauge (a modified Newtonian gauge).

The tensor perturbations, F;; are gauge-invariant by construction. We will further

decompose the tensor perturbations by constructing the two independent symmetric

IThe factors of i accompanying some perturbations is to ensure that the relation §*(k,n) =
d(—k,n) holds for all Fourier amplitudes.
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traceless tensors that are transverse to the wave vector k;. We again follow [28] and

define these tensors as

Eij = E+€;; + Z'EXEZ-Xj, (A18)
elel — 202
& = ——=2, (A.19)
V2
ele? + e2el
ef =1 "1 (A.20)
V2

We have chosen this normalization since,
'yikvjlef‘jei‘; = . (A.21)

Because we have chosen a basis with the property that, under k-parity, ef — (—1)%¢
+

X
ij

these tensors have k-parity transformations €, — +6;; and eixj — =€
We will take the Mukhanov-Sasaki scalar variable (which is conserved outside the

horizon in the isotropic limit) to be

/

ﬁ
Il

X+ 0. (A.22)

%:|| =}

In a gauge with spatially flat slicing, this variable corresponds to minus the curvature
perturbation, —(, as defined, e.g., in [32].

Some of the variables listed are not dynamical and must be removed from the
action using constraint equations. There are a total of five dynamical variables in
the theory. In the isotropic limit, these variables correspond to two electromagnetic
perturbations, two tensor perturbations and one scalar perturbation. Furthermore,
the action separates into uncoupled parts according to the transformation of fields

under k parity: a piece including E*, §A" and r and one including E* and 0A™.
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A.2 Quadratic Action and Einstein’s Equations

Given a metric g, = Gu + 09w, the Einstein-Hilbert action to quadratic order in

09, can be written as

1 _
$0Sen = [ ey =] 50" (9°605,) (V0ga) = 150" (9°600) (V550s)

1 1
+ g9 Y577 (V090) (Vadgpo) = =557 (V*Gup)(Vadgus)  (A.23)

8 8k2
1 vV —poO vV —po
+ ﬁR“ p (5gup)(5guo) - mRM gp <6g,ull>(6gpo)
v 1 D — UV =po
+ S—R( 7" 0g)? — @RQM 78 (5gupégya)}

after dropping boundary terms. In the above equation, the covariant derivatives (V)

are compatible with the background metric

Vo = 0. (A.24)

We used this form of the action and our parameterization to compute Einstein’s

equations. In particular, the first-order change in the components Einstein tensor can
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be written in the following way (in Newtonian gauge, where £ = B = B; = 0),

! ij , ,
a20GT = —2A + 6HY' — <%) o? + %aiaj\p — 7l
AV 2 2 1 2 /‘1]
v AN 1 :
, : : gy

a*0G, = 6 20" + 2QH? + 4H)® + A(P — T) + 2H<I>’ +AHY') — 9°0;(® — )

(¢ I\ /
o ; v H AV ,
kl
(D + (U/H)) + %akal + (Ei)" — AE! + 2H(E') — ok (E})':

o
+ 0i(0f0,®") — 2Hy OB — [8(k<1>;) — 20,01 2)]

Hl \If/ H/ Z 2
(O' )//

- U aR (oL EY — oV E}] +2 [JkEk — ot — 5000

+ 2H [0,0;E" — 0fOcE'] + [(01) 0;E" — (o) O E"] (A.27)

where ' denotes derivatives with respect to conformal time and

a 1
H = E, 045 = 5’)/;] (A28)

In these equations, spatial indices are raised and lowered with ~;;.
Our expressions (A.25) through (A.27) match those of [28] up to factors of the
anisotropic stress, a gt 27'{0 which in [28] was set to zero. Note that the Einstein

tensor is gauge covariant rather than gauge invariant.



105
A.3 Diagonalizing a Kinetic Term

Suppose a kinetic term takes the form
1
K= 5XT’X’ +XV"MX + XTMTX, (A.29)

where X is a vector of fields and M is a time-dependent matrix. Diagonalizing the

kinetic term requires a change of variables,
X — VY, (A.30)
where V' is a time-dependent unitary matrix, such that
K — %YT'Y/ + total derivative + Y1QY, (A.31)
where @ is some Hermitian matrix. We can calculate directly that
K= %YT’Y/ 4yt (v*’v + Vit - M)v) Y’ + total derivative + YTQY. (A.32)
The kinetic term is diagonalized by a unitary matrix V' that satisfies
VW = —VI(MT — M)V,  orequivalently  VV" =M — M (A.33)

If M were a time-independent matrix, then the kinetic term would be diagonalized

by a constant unitary matrix V' such that
Vi(M — M"YV =D, (A.34)

where D is a constant diagonal matrix.
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A.4 Estimates of Integrals

In order to get a quantitative estimate of the effect of the anisotropic background

on power spectra, we must estimate the integrals in (2.74) through (2.76). We may

take pa, 2, and the slow-roll parameters to be nearly constant. Then the relevant

integrals are

p? / sin (20(n') — 2(n)) o (0')* I (pn', pm)dny
n -
P / cos (20p(') — 25()) o ()2 (ot )

/ (e2P0) — 280l [ (p, pm)dyy,

n .
and  p? / o' (') I(py', pn)dn

where I(z,7) was defined in (2.69) as

I~( ) 1 1 n 2 1
€T = RS U — -
Y 20292 222 xy 2y

1 1 1 1
(———2+———) cos(2z — 2y).

Yy wy

During slow-roll inflation,

(¢060) — 290 % 903 (a(o) ~ ()
Let us define a new variable z by?

—Zz

—pn=e

2This is just a convenient dimensionless variable and is not equal to a¢’/a’ as in (2.37).

Iy .
— t 5) sin(2x — 2y)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)
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From (A.38) it is clear that

e~ — and so z =~ log(H/p) + . (A.42)

We may thus rewrite the integrals (A.35) and (A.36) in terms of the variable z:

2 2 )
IL=p ! / Cos (Q%(z - z*)) I(—e™*, —e ™)e*dz, (A.43)
L=p / (z—z0) I(—e %, —e *)e “dz,
and I Eplf I(—e ™% —e7*)e*dz, (A.44)

where z, is the value of z at the end of inflation and

¢/_. p 6_60 —

EI:E 2p VA (A.45)
The function

I(—e™%, —e™*)e? (A.46)

oscillates rapidly with growing amplitude for z < 0. See Fig. A.1. For z > 0 and

values of z, on the order of tens, the function is well approximated by a constant
T —z —z z 2 2z
I(—e ™%, —e™)e* = —3e - 0<2z< 2. (A.A47)

The constant can be found by expanding the function about z, = co and then about
z = 00.
The contribution of terms that go like I; will be subdominant compared to con-

tributions from terms proportional to the other integrals,® so we will not bother to

3 The contribution from I; can be important if inflation lasts a very long time—on

the order of 103 e-folds.
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3 V-

Figure A.1: The function e*I(—e*, —e~**) on a linear scale. The axes cross at the point
{0,0}. For 0 < z < z, the functlon is well approximated by — 2 e?*. The frequency of
oscillation for z < 0 does not vary much as z, increases—only the amphtude changes.
The plot above was generated using z, = 15.

calculate ;. Since the dominant contribution to the other integrals will occur when

z > 0 (which corresponds to after horizon crossing) we may approximate the integrals

by
2 YL
I, ~ 32Z*p /0 sm(gp - ))dz
2, 2y 205
= L o) —1), A48
et () (=5 s
2 25 (. _
3 o/
2

I. ~ e*p! /0 co ( )) dz,
= e p~ (2:5,/ > —sin <2¢/ >) (A.49)
L = p- / ,—e )efdz &~ —§ 2, (A.50)

Modes of astrophysical interest crossed the horizon about 60 e-folds—plus or minus
a few—before the end of inflation. Such modes of astrophysical interest therefore

correspond to z, = 60.
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