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Summary
A function F(X,, %5 - -, Xn) involving

JJ(" ,3.( X, t¥Xat - tX¥n) 4g defined; F 1s shown to be
'\3|(XI) /J\(xl.]' \}.(XV\‘J

analytic in a cylindrical region (Tw) definea by
| 9 Xi )\ € S TT fop {=1,2,s N . Another
function F (Xy, %, ** , ¥w) involving

Jio A%k Yok ¢ FA)
I o Ky - o8 ) Cot %y, +: +¥w) is defined;

F , too, is shown to be enalytic in (T.).

Then F can be expressed in terms of F(x, -, Xn.y)

J

Flx, -+, %) and FlX, X+ + Xqy) for j=\2 - ,n-a
and F (x, X2, * , %w) can be expressed in terms of
F (X, %, =, %ay) and F (X4 vy, 4%+ +¥Xa3). From

these representations, formulae for the g-coefficients
of the Fourier expansions of [ and F are obtained.

The Fourier expansion of [ ( X, Y,2) 1is paraphrased
to obtain & theorem concerning the number of ways of

representing an integer N 1in the form N = k™t R({+m+n) +wmn
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Introduction

The expansion

njmJ.fH's)
D) A )

and the expsnsions obtained by increasing one or both

= coltx + cofy + 42‘52.‘:"EMSM1(A1+5‘3)

varisbles by the half periods T , ¥ 2nd T + ¥ have

been the source of a great many number-theoretic results
under application of E. T. Bell's method of paraphrase.
(1)* These number-theoretic results give relationships
between the number of ways of representing an integer N
by certain quadratic forms in 2 or 3 variables which take
only integral values.

In a thesis presented to the University of Nebraska
in 1940, entitled "Algebralc Proofs of Certeln Arithmeticel
Paravhrasgses," I nroved by the purely algebrzic methods of
Uspensky (2)-(3), a set of eight identities which W. A,
Dwyer obtained by paraephrasing certain theta-function
identitiee which he had established by the methods of
an2lysis. (4) A part of the slgebraic proof consisted of
the following result: Let (N,A,@) denote given integers
and let (1,m,n) denote a set of integers such that
1.1 N= X{+8"mn

# UInderlined numbers in varentheses refer to section entitled
References at the end of the thesis.



2
(1, mn) 1s called zn integral solution of (1.1), and we
consider (,m,n ) 28 & vector of three components which can
be transformed by & matrix.
Let 1 denote the set of integrsl solutions of (1.1)
such that

1) A2 o0

i) Mm2wnao0

(i) 2aaf-Bm=-n) 20

iv) arl-Bm-n)= 0 wmed(2P)
v) Bm+n)z 0 wmed@N

Then there is & certein 3x3 matrix A , which ie
identical with its own inverse, such that when 211 of the
integrsl solutions of the set | are transformed by A
the set | 1s reoroduced in some order.

Upon generalizing A to an n X n matrix, A . , identiceal
with 1ts inverse, I was able to establ%sh the following

result:
Let [Y4] = (3l’jh--,g“) denote an integral solution of
‘
1.2 N= %141 Q. Lyl

where
Q“ = @‘- —{\'\-l) (n-1) %‘; o = o o—.
@] o 1 O |
o 1 0 4,
(o) A 1 . .+ O

and (A, 8) are integers.
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Let T . denote the set of integral solutions of (1.2)

such that
L) Y
t oy

v Av

=0
: 3y & --:éj“ >0

D (-0Ag, =82 Yot plu-ny, 20

tv) -2y, -8 ; ¥ = 0 wiod((n-1) 8)
v) 521‘5,..50 wed (Acn-p)
Then when the integral solutions of the set 1, are trans-

formed by Aw. , the set 1. 1s reproduced in some order.

I have been unsuccessful in attempting to find that
generalization of Dwyer's identities which would presumably
contein the ldentity associgted with the generzslized matrix An.
E. T. Bell pointed out (1) that number-theoretic results in-
volving the representation of an integer N as a quadratic
form in (n+1) variables which take integral values would be

D (X + Ko+ +Xn)
egeociated with the expansion of Ty I -3 - Following

his suggestion and under his supervision, I have been able to

write down the gq-coefficients in the Fourier expansion of

DO, 4%et - 3 K

in terms of the q-coefficients in the
Jix) Jx) + 0 Jilxa)

(S0)™ 9 (me xat o # Xoi )

Fourier expansion of = - and
(ﬁinwhhij(i+x + +%ng) Jdn)Jﬂxd . JJan}
DY) gy St Xag) for  j=1,3 00 m-2

The primary purpose of thls thesls has been to obtain
this expansion with a view towards studying the formastion
of the coefficlients as the number of varlables 1g inecreased.
In this way it is anticipated that some insight may be gained
into the appropriate extension of Dwyer's identities.
Incidentally, as & check on the computations for the

case of three varigbles, and as 2z matter of interest in itself,
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we write, following Gage, (5)

‘\Jlu) )& J. ( R+ Xy \{5) : ‘9'0\ 49.()(."'"-:_) ,\,9:" .), (X, % %, 4 )
M) S 00 o) D J (0 D) D)

paraphrasing the results of the expansions obtained by

the two methods, we obtain number-theoretic results involving
the representstion of N in terms of a2 quadratic form in four

variagbles.
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Functions of Several Complex Varigbles

Since the theory of functions of several complex varisasbles
is perhaps not as widely known as that of a single complex
veriable, we merely state here for the convenience of the
reader, the definitions and theorems which sre reauired to
Justify the analysis which follows. The definitions and
theorems are taken from Osgood's Lehrbuch der Funktionentheorie,
Volume II. (6)

Let S denote the space of M complex varlables z -- 2z
where each 2z, ranges over 1ts own complex plane Zvi « K
set of complex numbers ( 2,,%,,* - ,%w) where 2, ig a
point of Z, denotes a point of .S % 4 _rn is a region of Z.,
then the totality of points (2%,, %, - -,z,) wvhere Z, 1is a
point of . is called a cylindrical region of S and this
eylindrical region is denoted by (T)=(T., T, -, T.).

Let F(2,%,, - -,2.) be a function uniquely defined at

r

each point of a2 cylindrical region (T). F is said to be
analytic in (T)=(T,, T;J" ;Y“] if at every point
(2°,2°, » -, 2. ) of (T), F has a multiple power series

3 ) "

expansion.

o0 0 - .)"“

- LS E
F (202, 3020 27 ) Qi (B2 (R ER

k=0 K=o Ry=o0
the expansion being vzlid in the cylindrical region (C, C. - C,)

where (En denotes the interior of the circle | 2q-2. 1 < R«
and Cx 1ies within 1, for R = 1, 3, -- w ., Tt is a con-
sequence of this definition that F 1s continuous in

(z,, 2., - - ,%.) together in the eylindrical region (T) if
it 1s znalytic in (T) . F 15 said to be egnalytic at a point
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of (T) if F is analytic in some neighborhood of the point.
If (a,,d,, - -, 4,) is a point of (T) at which F is anslytic,
then F(a,as,--,2x,-",8) considered as a function of 2,
alone, 1is analytic (regular) in the sense of the theory of
functions of a single complex variable.

Hartog's Theorem. Let F( Z.,,%,, - -, 2,) be uniquely de-

fined at each point of a cylindrical region (T) =(T, T, -, T.)
If for every point P of (T) it is true that when all the
varlables except one, say #, , are held fixed at P " F is an
analytic function of #, in Ty for kR=1,2 -, N, then F 1is
enelytic in (T).

Leurent's Theorem. Let (T)=(T.,T,, -+, T.) ve a

cylindrical region where Ty 1is the annulus p < |z -4a|< P
about O.x as center for R=1,2,-- . If F(z, 6z, -, 2,)

i1s analytic in (T) , then F has 2 Laurent expansgion about the

point (a,,d,, - -, %), namely,
e g < R, 7, Rn
F(%"i"‘l'.)*“‘: Z— S— o Z Cbﬂ!“h (2."(1‘) (%lma‘) -’(-Z','“""l,,)
R=-= h=-o hl,-‘-"" 1 fn
where
c - JJJ F(t, ts, -+, Ta) dt, dts " dEa
Rik, " Rn (Q“’l'-)“ (tl_q')h’.ﬂ (t,—az)"‘*' .. (t“‘a“)h“n

LT
and r: is & closed peth, described in the positive sense, and
lying within the annulus 'Tn .

Proof for the case of 2 complex varizbles.

Let ( #.,2,) be a point of the cylindrical region
() =(T7,,T.) where T, is the annulus @ < | 2‘-6.\<-R and la is the
annulus £ <€ \11—-a1\<-ﬁ. Then F( %.3}L) consldered as a
function of 2, 2lone is anelytic in T, for every fixed

value of Z, in T .
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By Cauchy's Theorem

F(z,,2) = L+ j ElEn2a) o - L F(t,2) g,

awi Jpr (e, -2) aml Jpe (- 2)
where F. and I\ are clrcles with centers et G, and radii n, .
and n.f , respectively, with £ < A< < P ana {1

and ﬂ are degcribed in the positive sense.

Al so,
1 F{t'JtZ)J | F(t,,t;)
- ‘ t, - — b Rl e LG
F(tl;%z) Tt [ﬁ' (ta- 2,) amt fﬂ“ (tas Es)

where E_ and TL" are circles with centers at 4. and radil

Al and R, resvectively, with P.< A <, < P. ana '

Z

and Il are described in the positive sense.

Hence

[ F(t, t.) dtydt, _J J F(t.,t.)dt. dt,

— -
F(Z,,2)= oo (E-2)(ta~ 2.) Ltz (t,-2,)

o e
Jj F(t. t,) dts dt +5 S F(t, t.) dtdt )}
. . Ft,ee) a8:dh
(t,’i.) (+ Lo Z.) (t-3) (tl'z:-)
FI" le '-I" ::‘

Just as in the case of Laurent's Theorem for = function

of 2 single complex varisble, we wrilte

T 1 - S (ze-a)
ti. =gy (ti- QI) 1- (ii- a;) e (ti_a;)ufl
(£, —a;)

I
in the integrals in which rl is 2 contour, t = 1, l) and

i = i AL - < (tL'—dl)“
ey e W w2 2.
T <2 (EL a;) (%——-—_T} N=e ‘7% i

in the integrsls in which Fz“ is a contour, { =1, L , and

note that each of the series 1ls absolutely convergent and
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uniformly convergent with respect to the current varieble t;
involved. Moreover, \F(t.,tl)lﬁ M where Pq is a constant
! n .
independent of t: for t: on I or [ , t=1,4d.
Conseduently, the order of summations and integrastions can be

interchanged 2nd we can write

d
F(2,,2)= 1 7 a2 oy I f F(t.ty) dedt,

V=6 m=0 Sl (t-a)™* (t,-a,)""
o = F(ti,tb) (tJ._ a’-]m dt. dt’

+ g:o;o(% d] (2 a:_) (Iﬂ-l\ j.f: (t"a|)“+l
o0 b =) (t t-z_) (t| -a,\“ Atzd.tl

2-0)" (200" 2 S i .
+ nZ=o é_:o( (ml) i o it~ Y™
+0 3 "™ = f g Flt,t) (t-a) (t,-a0" dt.dt,
n=o m=o r

] i
Now the contours 11 and f1 may be replaced by the same
contour fﬂ where 11 ig a2 circle of center 4 =nd radius

s N .
. ¢ R, ¢ n{ . Then, defining

- o) dt,
Cor, = @ [f F(t. t.) dt, =
r

{ &= a )™ (ts- @y

we heave

F(z 2 5w, (2700 (2"

‘:— o WL"”

The proof for the case of YL variables 1s the obvious generali-
zation of the one just given.
We shall be concerned with functions F(z, 2, -, 2z4)

such that

F(?ﬁ}}lt'- 1'r(_\—d“J"J%W): F(%" El‘ . ’%“) for yf:"]-l 4, N

J
end which ere 2nzlytic in the cylindrical weﬁﬂon(r) by ,Tw)

where T} is defined by lfh“ ER\ < 3mTY R=12,-", n
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Y 1is a complex constent with »nositive imsginary part ap-

ve2ring in the definition of

.n). { 2, %) :"j‘(i) — T | 3‘ -)" %l'ﬂ*i)
n=-o

e (Am FL)E i %: <

With the generalizetion of Laurent's Theorem at our

disposel, we czn introduce the generslized Fourler exnansion
2k Ty

of F(z.,%;, L - B For by setting W|T = e , R=L N
in F(2,2,, -+, ), F becomes a function F(W, W, - -, W,)
which 18 aneslytic in a region (TiJ =(T:,Ti T W-n) where

—_—

'T - 1s an annulus in the WV“ plane. Hence, F has a
Lzurent expansion in (1;) end this expansion in (11) heconmnes
the Fourier exnansion

F(*U%L,'.Jzn):Z- 2_ o Z c'"'hz.“hﬂe'

Rz-w bz Ry=-®

2i(R 2+ R 2t * h,2a)

where

Ly T “2i(RZ, R, Bat tRatn)
[ F(z,2, " 2a)e Az, din,

Chky- o, ™
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The Function nj.(i)

The function ,(2) ig a doubly periodic function of the
gecond kind, and we enumerate here for the convenience of
the reader those properties which it will be necessary to
know in the work which follows. (7)

Define 7 to be a complex number with vositive imaginary
part and define 9 = gl T

Then we define
2 3. JlEyE X i %m-f—"')h,oém (In+) 2

n=o

QJE) 1s an integral funetion of Z . It c2n be shown that

Do J‘(z) E 2(,%"/"‘&" 2 :ﬁ'(l_%meziz) -n- (‘_%aneq\'z)
n=1 &1

where
- ain
¢=T (-9
N=\
and also that
' . L
J:YO)= jp - a G} % 4
From (3.1.) it follows thst

3.3.  J{z+W) =- 9 (2)
and fronm (3.2.)

3.4, S(ztnmr)= en” T)mlC; Mni/-).(i)

+ |
D5, 1.,,',“ g )
250 J(D) .
For
2 z ROy
— = » = 3}
150 NP 130 Tt Z I A

We c2ll attention to the fact thet J(WT+wmTy) =0

for any integrsl vslues of N =2nd WL , positive, negative,
]

or zero; hence 3@ has poles 2t % =MW +wMTY =nd these are

simple vpoles in view of (3.3.), (3.4.), and (3.5.).
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The Function F (X, 4)

Nefine:

()(J(é)-—- dj.", (X+u4)

= - cot x - colt for X=xo 0
i) D, (9) § d L

" ()
%%—f - Y for %=o Yszo

1

Y )

= — C‘JX =
30 for X+ 0 Y=o

= @

for X o \-J:a
Then

F(x+T, \3) = F(X,y+m) = FOyY)==F&x,-9)

By Hertog's Theorem, F(%Y) is enalytic in (T)= (TMT?)
where |4 is the region | Smx| € vy and Ty 1s the
region l-D‘W\‘é‘<&W\TTY. For J‘(E) is en integrel function
of 2 with simple zeros at the points Z = N +MTY  yhere
W end WM are integers, positive, negative, or zero. Hence,
for fixed X in [ x , F(%Y) has at most 2 simple pole at
Y= 7 in Ty ; by the periodicity of F , 1t suffices
to anelyze F (%Y) at y=o.

The residue at Y= O for X#%0 1is by (3.5)

_ N3, (x+y) _
i 4 FOug) = Lo g | bl - crncory] =

Y=o Yy-—>o0
end the residue at lgr-o Tor X=0 is

) PO 5
L\I:O\SF(D %) b‘-:: ) ‘31 °

Hence, the avparent sincularity at 4=o is removeble
end since we have defined F (%, 0) = L‘:o F(x,9), FOxy) is
analytic in Y for fixed X in T4 and 4 1in Tg,By symmetry
in X and 4 , F(%4) 1s analytic in X for fixed 4§ in Ty

end X in Tx . Accordingly, the hypotheses of Hartog's
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Theorem are satisfied and F(X,Y) is snalytic in X =and Y
in (T).

It follows from our remarks on Fourler's exnansion that

(=]

F(Xr‘j}: E_ Z Cam €

av(nx+ my)

N=-° m=z=-=
where
\ 1{ l} —2¢inx+wmy)
Cam = 1 5 F(xy)e Ay dy
€ G
z 2

Now F(-¥%,-y) =- F(x,Y);
hence,

i E Cnm[w L (nx+my) — L am :(nx+m'1)]

n:_w m=~ =

E i Cnm[wo l(nx+m1)+i,m;w1(wx+w\'3)]
Iz-c0 M=-®
end
Fix,9)}= i 3 f_ Cam Aam 2(MX+MY)
n=-o =~ o

By substituting -x for X and -Y for Yy 1in

| R at(nx+my)
C"'Y\,-W\ = ?l.';f [ F(y‘llj)e- AA(AJJ
-1_1;' )
we have
y (T
T ~2i (Mx+my)
c—n,~m - '“‘"S ( F(‘."HE 0\445
_11; T

~Cuwm
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Hence,

F(x,%) = ii{ wz i [cmMA(nqu)ﬁ-c,,,mM:z(nx—mj)]

n=1 m=\

[+ "]
+ 2 [en,o dlmnr + co,nww]
n=1
Consider now
T =5

W ™ J (L F(xjg)e‘h(m-w\‘a))#ohj

T

S r

Chn

for N21 2and define

% 2
GY) = '?L Fox9)e ™

To evaluate G‘j), we consider the integreal

S F(x-ﬂ)e~ai“x Ay Whére s

n 1s the parallelogram with
F
N

vertices at -3 , - L& - Lﬂiﬂﬁ-},’% — AN+l oy

in the positive sense.

N , described
}

By the veriodicity of F(X,?)Q‘IJ“x
-T _ 2N+l oy

T
B -2inx% z —11
5 Flxyle  dx 4 J Fixy)e ' dx =0
5 E_ '.uu;-x“_T

If we can show that

_ AN-H _
Lon f r(x,g)e*‘“gxﬂ

N—>oo - 1N+l1—~

I
o

then by Csuchy's Theorem we shall have that

-2nx
where Rs is the residue of F(xJﬁ)e at X=-)UWY..
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We define
b ake pidi
= ~2ihy
In J F(x,y)e dx
~T_Ii‘_ 2N1+| T

end make the substitution X = x'-NTT

Then

I i Ly
b L =2
l = c‘)l“N f F(X-NTTy)e '

<F - WY
i A

Since we 2re concerned onlv with F(XY) for X on the line

from -11. = :.N;i-,TT 15:) T_J': 5 Q,N;j_“,r and 4 on the line from
'1‘1; to 1_[ , we have X¥0 and accordingly,
. J° 9(x'+4-Nrr) ‘
X - = &0 a4 i _ < MY
FOx'- N ) = s Sy =N - caty
end
Fx- Nov, 0) = S NTT) i
V(X' = NTY)
T e F(X-NTT, )
Y50
We write
(x'-NTv 2iNy [ 2" (x'+y) ,
FIOXC-NTY, 4) = @ . ‘Cﬁi‘j—wj(\(-NTr?J
L (X)), (y)

L

oty rel‘Nﬁ _ 1]

"
D DK +y) oy R
5.{1‘\ N‘l(‘j! \3 il8 r:'I-rl‘- bic

under consideration, the eppearent nole at j=9 being re-

£

]
or the values of X and P!

movable; hence we can wrifte.

high T} X+4)
MACS I NTN ot \é M

where M 1s a constant independent of N .
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Also,
ngg[el”q%-l]‘z O(N)
and
\ (o (x'- Nww) | €2
for N sufficiently large 2nd the values of X' end Y
under consideration. Hence,

| T\ = 1" MO

znd therefore

LM I = 9
.
Then, as noted above

GY) =-2 Zl R;
where :

R

—2inx
owe  (xt+jTr) F(x,4)e
X—=>- )0y

I

A J(x+y) -aink
[

= Lw (X‘tj'ﬁT) _—l

X7 -\ Y MCGIRAC)
& %zni eligté
Then
L ~2imy
Cam = -T‘F L, G(‘j)‘- ‘Jlﬁ
T
T . d
< =t [ & any A ()-m1y
=F [Py g s
.‘i'_[l 1:1_

The series being uniformly convergent, the term-by-term

integration shows

¢ m £ 0
. % V§ > A

(g
"

ki e %um .‘! w1

By symmetry in X 2and ‘é , we have

C'OW\: Cwmeg =0



Accordingly,
FOGY =4 22 8 sm2inxemy)
m

We note that

Lown F(K,'j)= F(x0) = i-—i—;" Mlnx:“j;._{.x_)-c,&fx
Y20 x#o n=e 178 A ()
o0 2vA ]
ol ) _
o F(0Y) = F(o,9) = 4 %:'—?_?:« an 2 Mg 309) ety
) Sl Y% o

R W Fixu)= F(oo0)=o0

Xx—>eo \-3—"? o

)
The exwnansion for %ﬁé%l- et X may be obtained direct-

1y by the infinite parallelogram method used in evaluating G0)
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The Function F (X, Y)

We define:

i
-_‘11(’0*‘3_'0%2‘3 for X<0 Y%o0

w)
-j_'(i). Oo*x - cactx for ¥ g lj:o

+ ot x for x+y=o «x%o

: J.r”

_———— -

3 J("

for X=Yy=0

-
-—

e

Then F (X+T,4)= F(x,4+m) = Fxy) gng F(xy) is snalytic
in (T) = Ty ,Tg) where TmTu are the strips |%m x| < DY
| 9m Y\ € 3Ty, respectively. The argument is essentially the

D) (xey)
game as in the case of 5= &% — - @*X‘C‘ﬂx‘é ; we should per-
0 A, 4)

haps remark that the apparent poles of order two at X=y= 0
are removable as are gll the apparent simple poles.
In view of the periodicity and the parity of F (X,y4) ,

namely, i-:-(";"j) = F (%,9) , the Fourier expznsion is given by

Figy)= 2 1 Com Cos2(Mxsmy)
Hz- =~00
where
Cow = ;’;J { Fox e ™em
Mo =
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Moraover, - Cuy v = € nw , and hence,

F(xYy)=Coo + Qi [Cnocos 2MX 4 Con coo any]
n=1

+lwi 2 [Cnm Cos2Mx+ MY) +Cn-m Lo»o.l(nxfmtj)]
n=A m=1

The eslculation of Cywm for M=21 1is essentislly the

L

game as that for Caw 1in the case of the

141y
5
Q
ct
s
O
a1
M
=4
x

al

g

defined in the preceding chanter.

We define, for w241

T

8Ll ;- (lé) = ?‘r_ JL?{x,a)e‘li“f C{X
R T

end eveluste § (4) by the infinite parallelogram method.
n

The result is

n =1

et

where
R o= L OedTm) FX,y)e™™ = g™ o2 (1(y-j )
U A LA

Now

o0 Ay —ainy
crly-jmy) = AT %‘%2 e

hence
= & ‘ @ B gaA(nt9) aLy(n-s)
5.2 fuy=223""e""M 442 2% e
n n= A=l S2)
Then
T |
7 =2
Com = 7 ‘g“(‘ﬂ S L dy
T
A

The series are zbsolutely and uniformly convergent over the

range of integration and integrating term-by-term, we find



B 23(m-m+))
2 M w2l qé. 1 : if m=20
Chnwm = b + =i
n=1 o if wm=e0 4 El%lﬂn-m+n T

e

=1

The last result may be written

- e ajd y(n-w)
42%3+25’ﬂ

= if Nn21 and M« 0O
=1

Csn

-

13*+2; (mvn) +ramn

o0
F=X

Coam

By symmetry, we find
Cam = Cwmn

and in particulasr

Cof\' — C’“O
Hence
<L 2
= 237 +2in
Com 4 E—% for W21
=1
It remegins %o cslculste C oo - To do this, we write

v g 0 90 .
IIGD ) A coy == Lt 2§ aintimesy)
rjl(X) jlf\ﬁ) =] 52
since
VI g 4 5 e e
= A=l 5=
00 3.(4)
Hence,

A=l 524

pl#

B 1 - As
Coo =174 j S tixry) ) 01w 2ax+sy) dedy
-'E -
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Define = e . |
= ( o A(AXT+S

K(xy) = w‘i“f})%l%ig e il

Then K (x,g) is 2n2lytic in X znd Y in (M) = (-Tk,-Tq) as

elready defined. For 'IE £% = IE , the contour - Texs T

may be deformed into the other three sides of the varsllelogram

- ~mw_my T Ty T
with vertices =3, e B wl I 4 without encountering

any singularities of K (*,4) . By periodicity

& -y £
{ K(xng)dx+f K(x,4) dx -
-Tr |
Hence

- I3
f Kwyy de = [ K(x,Y) du

r*b

and then by the transformation

x= “f‘T—r_—g
we find
z z
S K (X, 4) da =f Hix'- T, q)dx
'
' Azt 57
Mow

R -;in(x%ﬁ)]

coX (x'+9- =
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Therefore,
T Ir
Coo = -1 ¥4 { KX, Y) dr dy
L -
= T T
ans [
:—i+4l. Z Z % J f&wl\;f\-tx"v"')*'s%—]&xchg
A=) s=1 TS
T T
- 0o ans+h (> [® ) -2k (X"+4)
b8 2 2 2% J J am 2]t T)tsyle dx' dy
F=41 N=1 5=1 3 -
o ny N5+ R- A § ailn-R) X 2i(s~R)Y
ce144 2 2 2% [ e J dx'dy
R=1 2=1 5=1 -L; T
o0 'J.Rx'
Rl e - . 2_ 9
k=1
Finally then we have shown that
oo lhl
5.3 ?(Y‘J%):—‘L*‘q%ﬂ_%
o0 w© aRT +1RN 1
IR * oo ‘ﬂ
+8 2 2 [
n=1 i
= o J\Qz_\.ih(h'\'“‘\) a( m )
nx-my
8 2 2 z b
nTi wm=1 R=1 § s S
w0 2 anm E il 1(-0’32(‘”.)11-\'0'3)
n:=i m=1
This result may also be obtained by multiplying
Bt )
ans .
X (x+ty) into ;1521% aon ACAX T34Y gnq writing

CX (X1Y4) aim % ( A Xt EY) in terms of cosines.
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F(vﬂgz)“

TII

The Function F(X,4,%)

") Dexryrs)

D) Jr8) (%)

_ 9 S k) o5 - 38 (x+2) s ~

M\(X) W, (4) S i

¥ ot X oty + ct ket +ety etz

AS.N j. U‘é"'}') (-0'1 X
J@) 3 (2)

for X¥o0 Y%o ZF0

0) qa 0]
=) e L, L gy gty ot

= I (x+B) o (0 i

MY J,(2)

() o A(%)

K) o) A0 n‘i.(a)

o o D) N
Dx) 3, (y) 3,10
@)
%[;f’ for x=Y4=0 z*0
(2)
2 () for x=z=0 4¥F°
A ()
LHU"_) for lg-‘-% S O X% 0
A, (X)
3(3\ _ o0
ABH ==31 + 24 2 G_ %a.n,)L

for v =Yy= & =0
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Then
F(x+T,9,2)= F(x,ym, 2) = Flx g, 24T) = Flog,2) = FOX-y,-2)
By Hartog's Theorem, F(x, 4,2) 1s snalytic in (T)=(Tx T, T.)
where 1« (%= x92%) 1ig defined by |&m «| < dmwr | The
argument as before is that for fixed Y,z , F(XY,2) has at
most a simple pole at X= 0O and the residue at X = O is
zero, hence F (X, 4, 2) is snalytic in X in TVx since by
definition E:; F(xvy2) = F (0, Y, 2) . By symmetry in
X,y,2, F(xy,z) 1is anzlytic in X, 4, % in (T).
Having in mind to define a simllar function of YL varisbles
W) )t X x - x %)
A ) ) - (k)

shall need a more compmact notation. We introduce here a

involving , 1t is clear that we

portion of the notation to be used later, partly to familiarize
the reader with it, but mostly to reduce the writing, already
grown cumbersome. In this direction, we begin by abbreviating
the definition of F (X,4,%2) to that for X=o, Yyxo, 2% o
the remainder of the definition of F being merely the ap-
propriate limits as one or more of the variables involved go

to zero.

Now define:

_ (MY 3y +2) ) 33, () .
R T B T e S ) BT T S L s

(X): ui-x‘ (X‘g) = OU*Y* C.o*'g (XT;{):ooT(x-t'g)

‘5“5@@\ 1(nx+sy) =L[xy] -(x)-(4Y)

218
AL

Jxy)=1

1

g(‘w‘jh -1+ (x+Y) S(X,j) = [xy]1x+y) = (xu)
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The use of the parentheses to denote the cotangent will
not be ambiguous since we shesll avoid their use in any other
connection excent: after a functional symbol F 3 n). ete.; in

b

the deeignation of a cylindrical region (T.)=(T, Ty, - i Ty ¥;
1n (A7) ("

We shall use :E without subscripts to denote the
symmetric function on X,Y Z of the argument which follows s
for exsmple

STx3l1 @) = [x9l@ + el + T2l

In this notation we abbreviate the statement

LjPY}l(x+%+%) A ) 3N Sxryr )

J0IW AT AWA® 9 d g )
to

[X42] = [yz]{r.9+2)
Then

Fouyz) = [xyzl- S [xyJ@) + PARSICEY
= [121{ 0 -\-(\Q“I'E)‘{‘S(‘A,‘-éf%)} TS

()7 ()
{0+ L5009} (@ = {0 @) £ 1y

+(xy) +(x2) +(4%)
= Lyl (y+2) - 4z

+{[9z]-@-& ] S0xyr2)

+ I {s00yr2) - 50 B
#2500+ = SO
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We note that
(v)

. al ) =
[yzl(yxz) -(yz)= Wﬁf‘;{% coturz) —ctycotz = O(Y,2)

is just the function F(Y,Z) defined in the preceding

chapter and

_ _ _ Jl"j(q+1] =
[“5%] (W) -(3) = m-@i%—c&% Sy, %)

is just the function F(Y Z) defined in Chapter IV; we will
ordinarily denote the Fourier exnansions of F and E: by S
and § , respectively. Thus,

F(x,42) = F (4,20 + F(92) 50, Yrz)

+ (Wi S(xy+z)- S(x,%)} + (=) {S(X, y+1) = S(x, )}

Now F(4,2), F(4,2), 5(x,Yt2) | S(x,4) , S(X,Z)
are all anelytic for real X, Y4, ; 80 are

(H){S(":‘H?)“S(?‘f%}} and (2){ S(x4t2) - S(X,[j)} , Since they
have at most a simple pole at %::0 Z =0 respectively and

the residue there 1is zero, e.g.,

bn Y (‘g){S(x,lﬂJ,z)—s(x,%)} = o

e
Hence, we have written V(X 4,Z) as the sum of four functions,
all enalytic for real X, 4, and this form will be useful
in determining the Fourier exvansion of F(% 4, % in (0T) ,

namely,

(=] oo

F(x, 4,3) = i 2 Z Cpmn Co0 2(Rx+ my + M2)

Q:~¢ m=- oo W=-w

where
T

(B —2i(fx+wy + n)
Comn ~ T3 5 f F(X 4, 2)e e A«Jﬂd%

B

>

L

i)



26
From the definition of C awmn 2and the symmetry of

F iy, in % Y4,% , we have

CQW\V\ = Conm = Cwu\q = Cmng = Caay = Cnwmt

end from the parity of F(X,Y,%Z) we have
Clm“ = (.
hence

F(X;%E) '-‘Coco +¢2§ CfOO [69429.1(—1-%43?'1 4—%217—]
=1

L]
l,-m, -wy

*15 5 Cawis [o0 2(x +My) + coo 2(Lx+m z)+cgo>.(f3+mi)‘_]
FAm=L

S 3 - R(IX-M;.sz(Eg-M%ﬁ
T By Y_wz(ﬂx wq) + Co2
+2 Zi = {-m,0
+2 3 i E {_me“ ¢ 2(4 x+my +nz) +C4,m'_nt,o-o2(ﬂx»fm-j-n-z)
f=1 wm=1n=1
G g = 2(fx=my +n2) + C; _M,_“mz(ﬂx-mg-wz)]
"M'Y] J

Hence we need only comoute C jww for [f2>1

and Cooo . To this end, we consider
S
5 —ailx & ~ah KX
S F(x42)e 4 = 3 Fywe &
T oy
T < dx

k FlydSvyrile M

—

T

S uky
- j @) Styra) = SyE)fe

<3

v

T <2 dx

f‘ @) fotruT)” sty te
T
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The first integral is zero if AL £ o ; the last three

ag is evident from term-by-term

S5(x,¥) end S(X, %) ;

are zero if l =o

integration of S (X%, Y+2z) |
the serlies are all sbsolutely and uniformly convergent

for ~Tcx< XL «:=x,4 2 , so that the term-

by-term integration is valid. Thus,

5 i +nE)
{ F(9 2) S(xj‘3+})ez(X+wa Nz d/xduldi

P

11
Clm“ :%535

21 by Uy
T z l-‘_;_ —1;(«£Y+m~g+ni')
g S S m{S(x,gﬁrsu&fge Ixdz
1T =
| 11:' T{ 1{ ~1;{!x+m31-h1-)
+'TF‘I S j (%)[S(X,\jt%)-S(x,‘j)‘gC dxddz
T %
and
¥ ¥
o _1i (my+nz)
sy = 25 S j Fl4,2)e dy d3
® -
X 3

In perticular,

=—1+42‘B

e et
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To carry out the evaluation of C fwwn for J = Al
we defilne
z
S Sxwye g
= e X =
6.1 L) = |, )
= 4 S - < 248 -2k
T ) 2 [ e 20ax+swW)e dr
A=l s=A

I AU -L) X+ 25w

a(a+d)x =2 5w }S I

e 4 S %ai’s eaisu
s=i
1l 2w
i’ O ‘1) e
= 2 Al
=9
Then
-I .
1 * , ~aud X
b [ (w){su,»)q)_s(x,z)}e A

= (v) {J—l(‘;)ﬂ\ = ,(2(1)’;

B 1 an S
5 =54 g [[)2 5 " 9% (‘j\ {-el i =1k
A,
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Hence, for /{4 1,

r‘;‘

. T,
- &\ L ' .
& = S U5 aiS(Yy+z) -20i(muinz)
ma ‘rr‘f { Fog) 2 § o gt dy dz

T ST S
2 an

~aimy 21 (5~1)2

A P

|

=

B! - m)
1 3 o 2152 2inze i Y
_ai g { Z tg:zfs (2)5 ~1}C e dy dz
T ‘s T g d,
Now define
l T‘rz_ I ~1i (nY +52)
Cas = F(y,2)e My Az
22 1
and
! 2iAY -2105Y
Finis =%rf @ {e" " -1fe a4
-
- B
Then
=21 QAS o nxi and > 1
6.2 ULS tf pe-4 and s52-4
othenwise
i{ s =z=o0 and N2y -t i§f Szo and ng-A
8.3 o~ 2 534 <Ak i A¥l &S5 &£-A
Vi A =524 4 i m=gEsi
0 stheawise
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diagram below.
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K ns 1s visuallzed

quickly by the

2
i 9 X X =1
o =1
aX % o
& -1
1K
"5 =3 -2 ~1 3] 2 3 S
> Ax
a3 =) ~1
> ) e ~3T
=~
Then in terms of C s and “ as we may write for [f21
< als "
== Pk + C,.. i
Ciwxn = ek Zi b [KSM § T Ksn 55 (m-s) (n-~s)
Sad.
where

(=]

L)

!
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Fiyy,z)= -1 +4 5 2%

k=1
+ < S 2H1+2£h
Qél{q%:lg }{Coo.'lfx+c<ra1% +coo 242 {
+2 i ; alm 3 AR 2k m)+abm
= %;1{3‘% “'g;j’ }{Coal(lx-t-m-ghwlﬂhmi)

+ o2 (fy+ma)}

oo d bicad lhl IH(J )
+32 2 {‘* >% i }iccal(h-mg) + cor2(hx-mz)
=1 m=1 R=1

+ wa(ig—m;)}

< 2 2R'Lak(4+wmrn) + Amn
%:L{‘té ? }{Cod 2(lx-my -nz)

+Coe 2(mx-1Y-nz)
Feot2nx -my-42) |

2 af < 2
+2 %1{41 +9 nza‘%l" ”""“u} o 2(AX+Y+2)

m-1

> {ag" =42 s

2 k=4

1k 42k(4-2m) +2m?

NS

T
L

=1
"

v aktyapi+24
4 2% + + w\g

Rz1

¥as > {q%'.l!m +4 i %lkl+lku+m-l) +nm}
=1 wm=2 k=1

oo 2( Lx Wy + mz)

{co»ol(zlx-rmag +2)

. +W1(1X+‘d+h«1\§
> > 7 {A} T)’“R‘"‘_q “Z'i%.mlﬂku-wﬂ\ﬂw\

1=4L m=3 n=y
k=1

m>mn

4

= oprrkUtwm-n) +22w
2 } iCo4 Ulrwyan 2)

k=1

g m;(lx-i.wq-i-mi\}
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The Functions F(X.Xs, ', Xa) and F (XX, o, Xa )

Because of the length of this chavter, we present a
brief outline of the developments which it contains.
1. Notatlon. |
The functions F and F to be considered are symmetric
in each pair of the veriables Xx., X, -~ , Xn ; according-
ly, we 1lntroduce a symmetric function notation alightly
more generel than that ordinarily used in the treat-
ment of rational symmetric functions. But before doing

this it is necesssry to introduce & notation which

eliminates needless writing of "cot",

(‘31;1)\'\-1 J.lx. £ Rosbes: +Xu)
S Jlxa- - %)

and
SCKn, X+ Xt + Xnot)
2 The Definition of F (X, X, -, Xa)

The definition of F 1g necesgsarily lengthy due to the
fact that 1t has =pparent singularities whenever
X,=© , j=4,2--,m . We give the definition of F
at 211l these apperent singulesrities and apoly Hartog's
Theorem to show that it is snelytic in 2 certaln
cylindrical region (Ta).

s The Definition of F (X, Xy, +-, Xu)
The definition of F is slichtly more compnliceted
then that of ¥ eince F hae apparent singularities a2t
the polnts Xit¥a®:" + %Xy ;® O for j=113,6 -*,0-1

We define F 8o that 1t too 1s enalytic in (T.).
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Another Revresentation of F(X, X, -, Xa)
We express F (X, Xa, ", %) 1in terms of F (kX Xny)

end FOXyxy, =, %aqy)  for j= 2,2, ,1-2 ang n23.

Another Revresentation of F (%X, ) Xn)

We exprese F (X)X, ,%n) in terms of F (X, Xe o, Xaqy)
and F (Xn, W, +X + - *an) for =1, 2 - ,M-3
and W23

The Fourier Coefficients of F (X X, - -, Xu)

We show how to compute the Fourier coefficients of
F (X, %5, - -, X4) using the representation given in
section 4.

The Fourier Coefficients of F (X, Xa,- -, Xn)

e show how to compute the Fourler coefficients of
F(x,%x., -+ Xn) using the representation given in

section 5.

It is hoped that this outline will guide the reader

through the extensive calculetions which must be made in

this chapter.
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1. Notation

We present here, in its generality, the notation
which we introduced in part in the preceding chapter.

Define:

AR
k(Dt“) J,(Xd"‘\.*' *+Xa)
D66y Jixsy e itk

7.1.1 [ X Xoo Xa] = n=y,3

Tadle® [‘L}] = 4 g Ry, 0
W, 4" JX)
/3| (X\-— JT

@ ()]
Dl = /\5'| (O)

('D.(”)“_L j'm (X + XKyt + Xy)

(€}
7.1.3 X fa o ¥a] =
[ ] k) L) 9, (%)

W
7.1.4 C'J et I-D-:—j-;:-)
Note that
C‘L = A
C-Jn_ s = O n= Ij L' c

o (X, %e *© Ng) = e % okt Xo 7 Cof X

Fel.B (X, 4 Xt +¥n)= X (RF Xat + Xn)

!(01 X
7.0.7 " = é__l___
d!(,cj-lk

()
X -—
P:1.8 (X, +Xat " +%n) . lu:%ﬁ#1+ .



Loxu-Jdu\ u% o

Then }i&\ is analytic at W =0 g2and {(~u) = £00)
Define:

® 4" e
7.1.10 Sru(‘ﬂ: FHR L = Lw £

w0 dut w->0
7.1.11 Yo ° f’;;—,(ol
Note that
7.1.12 L {ihzl{:‘ = Ve Ce*"‘} = Yias

=0

)
For if R is odd, + (= ©  and
R+1)
{&)uk)z\kﬁﬁ?%o) + O(w?) ; hence by (3.5),

£ £ ()

N ,3.[“} f&l(" - xﬁﬁ-‘i. )

® oy + O(ur)

if R 1is even, §m‘®0 = & ; hence
£ (1
' - \'\1 to0=X -
%3} A, (W) Sl e
Define:
= o ans
7.1.13 S (%, %) = 4 > . 7 % A LK+ 5 X)) = DXl =(6) =(X;)
N= 5=k

7.1.14 §(X.,XL) = <4+ (%) O0x, %)
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Note that

S(X.,M) = 50X, %)

‘S-(Y\UY‘L) ~ g(‘h‘ x\)l

and

7.1.16 S (X, %) = Dx, %1005 =0 w)

We shall have to deal with certain functions which are

symmetric in each palr of the variasbles Xe, %, - -, %q ; such

/

functions will be termed symmetric functions or symmetric

functions on X., X., Xn . Following the usual notation

of rational symmetric functions, we write

F(x,, g = X ) = 2 {-(x., Xa, **, Rn)
to denote & symmetric function F on Ki, Xz, ", Xn and we
call {(x,, x, - xw) the argument of 2. . We shall say that

Ei ls written on X,, X., -, Xn with respect to the

argument -? . Hence, the symmetric function on X,, x,, X;
of argument L X, %] (x;) 1is:
2 X1 O6) = Ty w1 G100 F TXLRTO)
When a function is symmetric on Xwj  Xg4e1, ~+ Xa but

not all of these variables appear in the argument of Zi , we

n

will write li in place of the usual Ei . Thus,

n=y

i(x,) = (Kg) -\—-( X1)
3

We aha2ll need to write sums of such symmetric functions, e.g.,

w-1 :
Z -1y Z[Xl"xnﬁlﬁxn-jfl e Xn)}
=1
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hence, if n= 3 , we write,

3GV 30 Ko 0 %) = = { Do 1000) + D0 X520 + Deaxy 1000}
=1

F{O0G%s) F0Xs) 4+ (X X2 ]

where we have taken note of (7.1.2).
If a function involving X,, x,, - ,Xn 18 not symmetric
on all of the variables, those on which it is not symmetric

are to be written to the left of a bar in the argument of Z;;
thus,

2 [Xqi X % ] (Xe I+ % +%) (%) = [‘Al\(a X4 1Ok FXot ¥q )(Xs)
+[7\| 3(3 Xq](xl+¥51'¥.4) (XL)

+ [\LL X3 X"l-](xz"'?‘il'\'xﬁ) (Xl)

We may regard 2 as being written on X, , X., X3 or as
being written on X, Xu, X3 , X3 with X, held fixed.

Using the bar notation, we can write

-1 R
TedalO 2 ('1) 2 {_Kl = Kn-—h] (lﬂ“h*i © Xa)
ff= 1

-1 i'f
z = xgr Yl () + % D75 % ¥ 1 (Xal Xpeey ©~ Xn-1)

n-2

¥ Z ("')R 2 [X“\ X xh—h-lj(xw-n o xn-\) * (“')VH (‘l . K“‘-) J

the first line of the right hand slde results from writing
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the terms which involve <ot Xy and the second line from

writing terms which involve Xn 1in a function denoted by

brackets.
n-41
The argument of %& will usually be an expression

enclosed in numbered brackets and consisting of several

terms, e.g.,

E? [_.S(Xn,xr*~ F X b X)) = S (X, )yt +m“q)l

n-1
In such cases, the rule for forming the symmetric function
is the following:

Rule A: Add the results of applying to all the terms
in the numbered brackets those permutations
which are required to write the symmetric
function which has as its argument the first
term in the numbered brackets.

Thus,

n-41 -l
Sﬂnxiw-+xw3wxml)-S(h,ﬁ+~+xmd L
1 e
n-1

=

- S(‘H 7\|1"" + 1“.., +¥‘“-L) s S(Kq‘ xl-i- R Xﬂ_i)

35 1% 45 20 A Kipy A Teed = 5 g B + o)

We shall have to write complicated expressions such
as symmetric functions on %, X., ., Ky with respect to an
argument which itself involves symmetric functions on only

gome of these variasbles. We refine the notation in an
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obvious way which may best be understood from the following

example. We write:
» n-1

Pl L7 2[_ LR~ Roven) O B Boni) 2 LS(Xhil,xﬁ A Xneg |+ Xn-3)
] =3

=]

-

[5 S XL X+ o +Xn-gll ¥ X0 l+xn-aﬂj ]1 11

I
MM

L

w-1
= 2 [ [X,_ . Xn-q-] (xh"j Xb\w, de») Z [ S(Xn ") X'.,.. K 1“"*‘_‘_{"‘3)
] “-3 k
- S(X““,‘K[+"+xh~q\+xn_3+lh_,_)

5(‘1““‘ Xy S +¥nq |+ Xn-s H(nd)-}ll

o= Z{_‘[Xu wo Kl Vs Xiney ¥net) [1 -]" ]l

where

i ‘1 ) \ S(Xv\‘ Yt ‘+Xv\—4+‘h\-3) -S(X"\l) K+ 4 Xagq F 1“5}1’7\“-;)
J
% L

x

= S(‘kn]j Yt +x“‘q 1"(“—3"’&‘\_1)
+ 5(x T TR S O3 +xn-x)"5(x“ll“'+ N 4.)(“.*4-‘&\-;..-\' *3)
wi; ™M

oy S(‘M‘,XH’ 4 "(h-q,"’ th-l_“'"'\-l)

Ay-1 + ¥n-
+ S(\Kr\\ Yotee +Xn-g + Yo ) — j(x“ l3¥'+“ +¥ama TN a L)
)

= SIXu 1 Xt *+Xnag ¥ x,..ﬂu-g)l
2



40
The following important points are to be noted:
1) The double bar following X, indicates that it remains
fixed with respect to 2 and %i and the triple bar,

n-1 5 |
that it remains fixed with respect to 2 , = , eand 21

n-1 n-1
a bar is removed as éi and 25 are expanded;
B n-3

gimilarly, for the double bar following (X, + - + Xa-g)

4
2) Ei must be written instead of 2 since Xn-1 does
n-3 i
not apvear in the first term of the argument of éq $

-1
gimilarly for 221 .

35) While there would be little chance of ambigulty between
the functions denoted by brackets and terms included in
numbered brackets i1f the numbers were not used, it is
felt that the numbered brackets facilitate the reading
of formulas which reculre several lines and clarify to

n=1i

which terms 2 and <= apply, sufficlently to justify
thelr use. The brackets should be expanded according
to the decreasing order of their indices, as illustrated
in the example.
4) Note the application of Rule A.
It is clear from the example Jjust given that in some
instances we are not essentially concerned with the fact
that Xn aprears as an argument of S , hor that the first
W-) variables, %, %y, * *, Xu.} appear in the second azrgument
of S . When this is the case, we shall use an abbreviated
form of the notation as shown in the following example. Un-

fortunately, (see explenation below), we have had to delay

the introduction of these abbreviations to this point in

.
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order to explain the iterated symmetric function notation.

S(Knl, WKt +Xog) = S(hok)

7118
SO, XYt +F XaglE Xngn ¥ +Xag) = Sn~jIn-k)
SO, ¥ ¥t FXneg b Ynmpen 4 Kt +¥un)Z Sn=jlin-ist|Mok)
DX Xna) hnag = Xnew) = TIN=1jMok)
Then (7.1.17) becomes
1 135(n~4ﬂn—3|n~1)}slzll

i 8 M-
2{ T(-4; n-1) Z [ S(n-41n-3)= 2
| n-3 2 h-2
(The reader will note that we cannot write the expanded form
of this expression in the notation just given without con-

silderable elaboration, which is the reason for delaying it

to this point.)
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2, The Function F (X, X, -, Xn)

Using the definitions (7.1.1 - 7.1.5), we define
n-L k N
7.2.1a  F(%, %, 5 ¥a) = DR Xad #2 CD7 210 Xaue ] R Xa)
Koo 0 Lt M § MR

B W T ak N ) .
7.2.1b  F(K, Y, = ,%ny 0) = Dt %as] *"?—:L( D" 21 Xnoeea) (e Ky
-‘—(-—\)n_l C, LRy X'\‘t)

KjEO  3=L2, 0L

)
7.2.1¢  F(%, Xu, ", Xaw, 0,005 [ % ¥nal

n-3 - |
+ Z ('\)w 2{11 ) -X\‘\-R*L‘l (Xnese-1 X"‘l)
R=1

YR | gy vy R
3(1)
?.Bnld F(y\” *L"'l‘“‘llo’.. '0) = ‘_Y\‘" x“_ﬂ
n-4-1 R Q)
£ G0N DT Yaget ) (g™ Xnt)
k=4
-8
+ ("l)n C.l (*\" r\"\-E)
X;¥0 j:l,]l-',h-l ) 1:1}2,- « B2

m-1)
7.2.1e F(x0,--,0)= X1 ~Cua (X)) ; x#o
7.2.1f F(o 0, - ,0) =C,
With the zssertion that F is symmetric in each pair of the

variables X., Xy - Xw » we have defined F completely.
We show that F ois analytic in the cylindrical region

()= (T, T+, Ta) where Ty 1s the strip |3 Xel < ImTr

for W=4,2,- -, w ., We fix all of the variables except



43
one, say %, , and show that

7.2.2  lun F(X, %5, , Xn) = FO, %y, , ¥a)

)‘“—'P o
thus the apparent singulsrity at % = © ig removable and F
es defined is ansalytic in X, ; by the symmetry of F on
X,, %y, *, " 2and Hartog's Theorenm, Fois analytic in
Xy, o, Xmodn (Tl

In order to establish (7.2.2), we observe that

X

W j:Z,S,-‘

7.2.3 L'm {[_\k.“‘:." XJ] ~L*e X]](’M)} =[x W]

X.—’o
(R+1)
7_2.4 lw {[‘fqy‘l_ XJ]U‘)"’[xl X,](ﬂ)(xi)‘ = [*1 XJ] k:ll 2' =
X, o
7.2.5 b () _
et {[xl] —Cg (x,) = Cr+t
X, =0

the last three results are established easily by writing the
Teylor's expansion about X,=o0 of numerator and denominator
in the functions denoted by brackets.

For X;%o i=tz, - ,n , we have by (7.2.1a)

7 !

and (7.1.16)

L&,\ F % %) 2 Law [. LxeXy Xal = DXa Xnl (%)

x>0 X~>o
n-1
+ 2 (‘nkZ[‘l\.\X,"' Xn-n‘l(xh-kﬂ. . X"')
=4
-1 R
+ z (-1) 2[.1(1" X“-k*t]("\\\‘*h-ku"x“]
R=a

+ (-l)“-L (Xy -+ Xa) ]1

Then by (7.2.3) and the introduction of €4 =4
@ ok )
biw EC(X,, - 5%a) = [%,-- Xa +,|?Z(._n 2‘}1" *"l‘k] Oty )
=1
T

27 2 (e Xn)
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Hence, by (7.2.1b) and the symmetry of Fin X, and X, ,

L;vr\ F(x‘JXL;"IX'\) = F(OIY"‘-J"IKV‘)
K=o

For X;#0 , j=2>,3 - M1 ye have by (7.2.1b)

LMM F(‘Ln;“-a,“; K“";O) - L"‘”‘ Y_,LY‘I" xn—tlm—[xl" xh-:.]m(x')

X\o X2o

n-3 T
Yo )" 2[1\,\)(2-- Xnk-1] ‘(xﬂ_k' Xn-1)
R=1

%) ,
+ E (-—”KZ[XL‘_ Xn-n](’(xl‘%“‘hiln x""]
R=2

+bnw*[}xd”ﬁcAXJ]}Xr'wa].

By (7.2.4) and (7.2.5)

w3
(2 " ) (2)
LPM F(X:,Xz,' © Kka-, O ) = e Xa ] ’ * hZ::L( 1 2 [“3-‘ ¥n-1-h (Xwetg " Xwrt)

) o dl”)

Hence, by (7.2.1c) and the symmetry of F in Xy and Xw-

L’*“W\ F(xl’ X;_’-' ‘,‘lu_“()’: F(O, xl,"‘ ’ K“.|'O)

Xi—2o
In the same way, using (7.2.1d) and induction,
L}."”'A F:(x'fx"l'.lx“'ﬁj O""O): F(O/ X:_!",Xb\-l, O’-",O)
X0
and using (7.2.le) and (7.2.1f)
becin Fl%, o, ;0= F(0,0:,0)
¥~2o
This concludes the proof of (7.2.2) and as was

asserted above, establishes the result that F is analytic
in ( Tﬂ).
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3. The Function -F_(XU Ko, < K )
Using (7.1.1 - 7.1.11) and the binomial coefficients
V}) , we define:
7.3.1a  F O %y, Xa) = DreXa Xad (%t ¥ute - +¥a)

*Z (-1)° 2 1 X 1Ot + %) (Ko Xa)
J=1

W W,

for {xiio Ll e, 0
Xit -~ +Xy-j ¥ 0 =z &4, n=2

e (-0 (3]
7.8.00  F(Ry¥e, , Yoy O Z (D% Xesed " e+ Knie)

n-1-R R y
#5213 (000 xwad o ol )
] l:

0
n-k o
¥ (=1) \d\t (@ Xn—n)

A .F0 1=1.2:: W=k

i /
TOr 1 gia - + Xngej £ 0 12 8 M2

Yi=1,2,--"n-1
7.3.1c  F(x,o0-,0)= Z C‘i)[x]qun WY < Ya (X

for X FO0

[

7.3.1d Fi(b0,--;0)= ¥y
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Using (7.1.9), we can wrlte
e (‘J('\)V\-l
7.3.1a! F (X, /X“) : "'“_" S{ Y0 # Xn)
T J%)
(=38

w-1 ) o)
+ Z (—I)‘ 2 (3“ ? f(K,‘f' 4 Xuqy) ﬁ _CC*-XL
e i |

=i

y -1 f{ ck %

=i J"‘ n-k-2
. (R)
= ——l—" ; (K‘t‘"*‘-xh-n)

I T L ﬁ(x-,h,",“n-n,o;“rm n~k :
o)
=L
n-k-y-1 - 1

o 2 ("\)5 2 ‘—\;“‘_’,:T-” s-u‘)(ﬁ"r g 2 1 “"5) “ ot X

t=n-h-i+i

7L
Jﬁﬁ)
L [ dq
w-\
n-k )
+CDTT N TL coX R
{_k\n l)LK|) Yuos ol X,
— — Bt Yo

7.5.1c F (% 0,0,°,0)= 75,

7.3.14" Feo, 0 -/ ©) = ¥,

Thus, when we use the definition (7.3.1la - 7.3.1d), there

are apparent singularities of ‘|5 at \\+ ¥+ + Xu; =0 for
e W 4, - gy A% : they are seen to be removable when we
use the definition (7.3.la' - 7.3.14') since $(w) 1is
anelytic at Ww=90

Finally, with the assertion that F is symmetric in
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each palr of the varlables X,, X, **, Xwn , the function
F 1s defined completely.
F is 2nalytic in X¢ , ¥, **, Xu in the cylindrical
region (T;) defined in section 2 of this chapter. The demonstra-
tion is essentially that of the analyticity of F(X, X, --, Xu).

We give only the details showing that
7.3.2 L-M\ ‘T: (KI; b S xn-k, o,--,o)-.: F (xi, Yo, s Xpae-1, 0,0 5 9)
X4 50

for Xi* o | izl 2 “yM=k-1; ®=31,2, -, -2 ; the

-
procedure for the case R=0 1isg exactly the same; the result

LAJ‘VV\ -F—(Y\UO,"‘,O)-- F(Of O;'A,O)

X o
is given by (7.1.12).

For compactness in writing the verification of (7.3.2),
we abbreviste the notation in the spirit of (7.1.18) as

follows:
@) )
(xl*xh"' . - V‘V\-R—-j) = (+ n-R-))

W )
(Xpoe L+ Xt #Xnog3) = (Xwd #11-R-)

(r-2) (R-2)
)

Lr Xaae = [(n-k-j]
(r-1) (k-2)

[_“"\—\e\ X x"hh-g-i.-l = Ly“‘\-h\ “"Vi‘i“ll

We will not abbreviate the exvressions like

(KV\‘V(-; il !\-W-l)
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In this notation then, (7.3.1b) becomes:
F(Y\t)‘.yxn'-w,ol'./ 2 (f)[. UP“ —h)m)

+’:Zf:e S [. li—o(ﬂ[“’“‘l]m-“(*"""jfm(xn%-ju"x“‘“)l
FEOT Y (K K
The method of establishing (7.3.2) is to write first the
terms which involve X,., as argument of a function denoted
by brackets and to a2dd terms as necessary in order to use
the results (7.2.3 - 7.2.4). Then the terms which were added
are subtracted and grouped with those which 1involve X y.y

as argument of the cotesngent. Thus,

FO % 0,40 = 2 () om0 [ L™ Dreeen ]V (x,,0],
-2k . ¥ u) (r-1)
S DA [T R o SN T
J: o

2 )
_ [Yl-\?‘;\ «1]0' (Y\n-hl)]‘( Xn.“.j ”Xn-\f-\}]l

R-1)

R 0 W
o _o(r)[‘h-n} (Y\n-w) (X,-- \,(“_“_1) +(_”v1 yn i Xnﬂv)

+ (N

£ 2 () I T n0 ™ ) - e ) G,
l \
A1k . & _]
* 2 H‘J Z [ 2 ( ){“‘R 11 (Xn o |t N-R-3- 1\ (xn—u\X\n e T K-k 1)
"=
+ : (-l)- Z [ i ( H.“ n= 5]“' n(“'“‘W‘i)m(*n-hhn-w-v«i - x“'"‘i)]n
By (7.2.4)

R L L“-n-s-il‘"'”cx.\-nt)]f[n-n-'\-ﬂ

X\‘\-R—; o

m-j-bi)



By (7.1.12)

o L3

?‘ ( T) ]-.Y‘V\-h]{w_“(xh-—la)(“ - g Kx'ﬂ'k)l = Yiera

Xn-r >0
Note that
(£+1)
7 () = (+Yl-h’-;-‘l‘1
P IUn-nlmmq-if"(xn-w\)~(+n-h-4-1) an-m]‘
xn-n—'z'o
o R-0+1)
C (3] r-£+
X“,W;’O =] -
®w (-4} +“_h_1)
e 3 e o
t=0
(R-24%)
n-2-k . il " . (1) Yl-h'j ‘1'} (Y\n—h—i-. xh*ﬂ*l{]‘
#2 0200 (DGt L
IF1 1=0
(e+0)
(v-1) ; ( . ..xn_k_lﬂ‘
w-1-k ; R " sl o (4 w=d 4) , PR
w3 ey 33 (D ]
j:‘_\_, 1=
N ™ Ve (U Y
‘ Lo u) (r+1-4)
C R+1
e B4, ) Xyow, ©,77,0) = 2 ,)(+n-w-1} [n-n-1]
Yu-n=e {=0
e ‘ 2 W) (r+t-0)
; r | _
+Z:L (~1\ZL% (D)emed-D {noe-irt] “‘na«-;"%n-n-l\‘k‘
= zo
n-1-h
+() Yhﬂ(x‘" xh—\e-t)
L;‘.“'\_‘ {?(Y\'! T X‘I'\-'\v!, 0, 0) = F("l' -
w-n22

! XY\‘W"i-) O.l o D)

—_

F

This concludes the proof of (7.3.2),

gshowing that
is analytic in A, B

. By the symmetry of F
Theoremn, F 1s analytic in %\, ¥%,, -

and Hartog's

) K“ in (TV\)-
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4, Another Revpresentation of F(X,, X, ", %u)

"We proceed now to express F (X, ¥i,-", Xw) in terms
of F(X,, X5, * “, %) and F(X,,Xy, -, %aj) for j=1,2,--,1n-2
and M23 . VWe abbreviate the definition of F to the
statement (7.2.1a).

We note that

{X.“ xn]::[x|-'xmq][*ﬁXJ"fxm|,Xﬂ]

Using (7.1.13), this becomes
7.4-1 r_xn o X-V\] = [‘l xn-il(_‘(-‘h* '-+¥‘n~\) "(x“)-‘_ S(X“J Nt +1n-.)]|

Then, using (7.1.16) and (7.4.1)

4

F(xzf‘kll" ,xv\) = [\AI' ' X..,] + Z (‘-”n Z T_*I“ XV\-H-}(X!\-WN o Xn)

([

—_

[?‘\ . Xv\n](*\““' B ey +Thee Yn-\-j S(y'“a L L +Xn)

e[ B d (B ~ LW B ] K]

ni k
® Z (-1) Z ‘_*\" X‘\'W](Xh‘ Yoot X"")
3

=12

% El (ﬁnu 2{_*“\7‘1" xn-w-'.l(xh-k Y- )
fp=a

F T () J Ok Xne )
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Using (7.4.1) agein on [ Xn| %X, -+ X,.u-1]| 2nd

introducine the abbrevietions of (7.1.18) we have

F(XU-' ;x'\) = [Y\n" x“‘l](xﬂ"' + Xua) + [‘(1" xn-;-] S(V!'-l)

-1 k
+ 5S¢0 2 T(n-r ;1) (Xal)
k=2

-1

<

+ (‘I)RZ{ T (n-k-t;n-1) L("“')

T

1

$(N+ 3 Xnaer ) + S(h_kﬁl)‘l..]

+ (-‘)“q (% - X\'\-t)

Recalling (7.3.1la), the terms not involving Xp

are exactly F (%, Xy, -+ , %) ; the terms involving (Xn)

7.4.2  Fly, " , %) = Flh, ) %) & D% Xaa] S(n-1)
¥ El (1) > T(n-k-1, n-1) S(n-k-1)
k=1

By adding =nd subtracting

7.4.3 A. = \: Z (‘\)" Z T(n-l—h;n-l)] S(n-1)

=4 1
to [7*1 o Xﬂ-l] S (n-1) , the latter exXnression becomes
F(x, - , ¥na) S(n-1)-A;; hence using the abbreviations
7.4.4 F(x, " ,%) = F™
7.4.5 F( LTI %) = Fiwet)

we cz2n write (7.4.2) in the form

7.4.6 Ff) = F(n-1) + F(n-1)5(n-1) - A,
+'§ (=% > T(w-Rk-1;n-1) S(n-Rr-1)
=1
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We define
7.4.7 G, = FM - Fln-1) = F(n-1) S(n-1)

Recalling Rule A (Page 37) we have from (7.4.6)

and (7.4.3),

G, = “2_1(4)” 2 XT(H—W-i;V\-i) [LS(“’W'” 'S(“'j‘)]zl
k=4 A
Then

7.4.8 &, = D2 T(n-2; w1) [, s(a-2) - Stm-1) ),

+ “ZL (1" Z{‘T(W—Ve—i) n-1) L S(n-k-1)=- S (“—1“»}1
R= 2

By adding and subtracting
$? sm-nﬂ
7.4.9 A, =- ZK K PSS T(n-z»h,'n-z)l(h-ﬂ[f‘“‘”' 5

the eXpression

- ¥ [ Tz, u-n [, S(-2) -5t

becomes

= 2[ F(V\-L)(X“,,)[ Sin-2) — S(h-i)-];\i— AL )
hence, using (7.4.4), we obtain for (7.4.8)

7010 Co=- 3| FOenixe [ so- sw-) | ) - A,

+ “Z_l(ﬂ)nz LT(n—ve—i; "-HLsm—h‘i)- 5(“'”1~.L

k=2
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Now consider

A=

1 1

i

n-3
Z ) D Tw-2-k; Y\-L)]l(x“-,,) LStn-z) = an-n”
R=4

—-AL is symmetric on X, Xy, ', %1 ; by Rule A, we need
only consider the coefficient of T (n-2-R; n-41) for
k= 41,2, - -, n-3 _ 1In particuler, for & = 1 | the
only terms involving T (n-3 ; wn-1) are those obtained

by permuting Xu.. and Xsa in - A, ; therefore, we have
n-1
(-1) T(“-agvvn) Z {1 S(“'%\“'L)"S(H'L)}l
n-1

Likewise, for W=12,
“-

. %
blf T(n-1)“~1) 2_ [ S(n-4|n-2) — Sﬁpll}i
3

w-4
(-1)® T(n-2-k;n-1) 2 [LS(“‘l-w]v\-z)- S(n—i))l
n-1-kg

Hence,
r\za
r

=1 0 i"h

- S(n-1) ‘L l1

(—l)n 2 [‘T(V\-)_—\q ; y\-l) 51 \_ 5(n-z-hln-z)

>

7.4.11 = A),

Now deflne

G, = C_L + Z[ F(“-l)(xwi)LS(V\*l)‘ 5(n-1) ‘11\1

7.4.,12
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Then, from (7.4.10) and (7.4.11), we have

7.5 6= > D 3 [ Toerr;ma) [ sora-R)- S]]
w: \ P S r Jg

n3 i
+ Z (_”\R Z‘- Th-2-1; n-1) 2 I Stn-2-r \n-1)
R=1 ‘ nik
~ S(n-L)] L
The next sten 1s to write

1§

G, = - Z [‘T(“‘B) n-1) \-_L S(n-3) - é

[ S(h-s}\n-z)L'}- S(hd_)l-kl

y Rt}

+ "Z_l(‘!)"z LT(nq-k}n-l) LS(n—l—k)—- S(V\-l)]:]_‘.
R=3

i
n-3
3 2 " 2 lr(n-z—k;h-i)g LS(h-L—h\n—ﬂ- S(n—1}] ]1
k=2 ' Wik :
where the first line results from adding the terms corres-
ponding to =2 and h=1 prespectively in the second aznd

third lines. Agein, we add znd subtract:

P‘a = 2[ [ “2-4 Sk ZT(WS-W;WS)]L(X“Q Yz ) L Sn-3)
YR gma
n-i
= =3 I S(n-4) K
“Z_l LS(?\ 310 1)}34- n-1 l 1
= £3 L | b W
= Z (-1 2 [ T(“—j-‘h/ n-l) [ S (“'3‘k {n-3)
K=4 4 Fhge

- 51[35(n~3-hllh—slh-1) l + JLE 1)1 L

-z
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Then,

V. dld Bo=p¥ Z L F (n=-3)(Xas Xn-1) [ 5(n-3)

-1

§
n-

[SS(VPS\“ﬂJ] + 5(&-1)}l]1

1-“5_1 (—i)“Z{ T(n-x-h;n~1)[ S(n-1-k) = S(n-1) LL
n=3 . .

- V-1
+ “Zs S Z[T (n-2-% jn-1) ) [ S(n-2-RYn-2)- 5("‘1)11\1

Rz 2 d w1k

. n-1
-5 e 7 K T(a-3-k; 00 2 1 SUE

R-1 \ n-3-k

_Ez [_35(““3“‘ ““‘3‘"1)]3 + S0 1\1
n=2

Define

7.4.15 G, = G, -0 31 Fon-3) (s XY [ S(3)

n-1

a [3 S (n-31n- L)L‘F S(w-i)}:\'x

~L

-

The desgsired representation of F is now establicshed

by induction; to this end we define
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fadal6 Gﬂ- = (’)1-‘.\. _(—n&”l 2 [‘ F (n‘f‘-)(xn-/ux o x""i) [1 S(n-a)
-1 n-i
- Z‘ [ S(h-nIn-na+ 1.]] 4 2 L S(WA.IYJ-J‘HL)L
N-aA+4 - * Na+i
P —
s e e+ () 2 [S(“-aln~l)l+(“) 5(n-1) L
N-n+i .
n-1
7.4.17  Gy= 3 ()" zLT(n—i-h/’h-i) [[S0t-k) - S(n-i)]LL
k=n
-3 n-1
+ 2 )" Z‘ T(n-l—wj\n-i)z [ S(n-a-glin-21) - S(n—L)LL
M-a-1 ' n-i-k *
n-4 k n-1
-2 e ZLT(H%-R}WI)Z [ S(n-3-kIn-3)
L(EF ! P
=t l
- 2 [ 5(“‘3""‘\\“_5‘“_1)]3 + S(n-1) —)1 "
h-.rL-rJ..a
n-1-n vt
e S (WY [ Teakiey 2 [ st-amrina)
R=1 n-nti-k

% "ZH- LS(“"L‘R“ “..f\,\n"/l—‘l'i_)}s
nasL

4 ..Z‘L [35 (N-A-R\n-A \N-A+2 )L

n-a+d

+f-l)q_§_1 [ S(“‘n_k““'/l.ln'l)]s

N-Atl >

Fe" s n-1) ]
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This definition agrees with G; when (7.4.14) is substituted
in (7.4.15); thus G, serves as a basis for the induction.

Now consider the coefficient of T (n-a-%; n-1)

in Ga by setting R=n , ®=na-4,6 . - 5 r= 131 respectively,
n-» n-3 n-1-1

in 2 2 T, 2 in (7.4.16); denote this
Rz ) RA-1 ! k=4

coefficient by BJL-ri_ .

Then

7.4.18 B,,, = (-‘)’L{ LS(n-Ln) - 5("-1)]1

n-i
=) [ st-t-aiwa) - so-n ),

nNn-"
5T w-sin-2)]
) ?—ALS(YVLA\h*3)“%*6,5("‘i"ﬂ- " d
+ S(n-l)]s

51 1 S (n-1-alin-Al “‘4*1)_},1-
n-ati !

= “21{_ S (n-1-aln-a) -

w4 Nt )] o

+ 2 L-. g(n-a-alinnln

n-Atdl

wasy AV

FT S (n-1) ]A ]
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The coefficient of S (W-1) in (D" Ba, is
) - et @) =e?

The coefficient of 3 (M-2) i1 N" B,y 1
=i < A= - n-1
(1) (2—1) ) }}1-13) R A W EICQY
The term (WN-4) firet apvears in the bracket [‘ L
and 1ts coefficient is (-1); in the bracket [, |,
the coefflclent 1s

(f;)(i)“ (i L2 (Aﬁgi) j

in the bracket { X' the coefficient is
tz

1to

A~1+1]

_(/ﬁﬂ-i}( tl) _:—&;:1?1\ - (n—j—i

A
The coefficient of O (n-d) 1n (-1 Bass is therefore

R oy 4+ 1 A=A+
C) 4 (U)o (M) e

Hence,
A Ly n-i-/\,lv\~f\)]
7.4.19 BJ\+‘L = (~1) [‘S(“’i-/\)" “Z_AY-\_S( 3

3 “Zl[ S(V\-i*"'\“'M”L

n-A

No “21[ 5(n-1-1 -],

w-A L

+l—nA 5(“‘1)X|
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Now add and subtract to (7.4.17)

A..° 2 L[ En(—n* P T(w-n—th;n—n-i)]bun-«“ Xin-r) BML

A+ L

=4
n-n-v
SN CI Z -n" Z T(w-n-1-k; n-1) } -
k=1
where
w-y n-1i
D.. =2 | statrkina-t)- W L_S(Y\-A-l-kt\v\-/pﬂy\-/},)‘L
AL St A L
nwi
+ Z { SU\-A*l—‘((\\v\-n-ilv\-/lﬂ_\lL
. =X
+(~l)“i§[ S(n-a-1-k in-n-1] n-2) ]1
=" N
+ (O S(n-) ]|
Now

7.4.20 Z T(Y\'—/L-l; n-1) Bnﬂ. + A,H;L = 2 F(n-/L-l)(X.‘_A"Ym-l) Bn,u,

Using an obvious abbreviation, we write (7.4.17) in the

form
L n-A-A

"3
C = ZT(““’\":‘"} n-1) Boiy +z + Z - +HY‘.Z

| SR R=A R=12 /
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adding end subtracting A,.. 2nd using (7.4.20), we have
n-a-i

(rn, = Z F(V\‘A—'i)(kn-a" Xn-;_) BA*:. + EL + - +(—I)AZ -Araa

h:4+1 Rz

hence
7.4.21 GA+1 2 Gy = 2 F(n-a-1)(%npn Xn-a) 84+Lj
when we substitute (7.4.19) for Bass in (7.4.21), this
becomes the expression (7.4.16) with A replaced by A+1
end the induction is completed.
Hence,
7.4.22 F(n)= F(n-1) + F(n-1) S(wn-1)
+§1 GRS F-LR ) (e Xes) By
=4

where

F@El i:j_'.).’--,n-i "

Bava = 0O [ S(n-a-k) - él[tm-i-m-nw%kLS(H—W-k*ﬂL

n-1
" 2 [ stekine)] (07 S (1) |,
hn-pp * +

Note that the arguments of O in D e are in 21-1

correspondence with the exponents of € 1in the expansion of

n-1 _

Xt 4+ ¥n-a- P

7.4.23 e ““‘-“ {\-ed
jnn
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From this remark it is easy to see that the expressions
(xﬂ-vg” XY\*'L) Bh+l

are analytic at X; =0 for jJ= w-k,-- ,n-1 . For
they have at most simnle poles at those points and the
regsidues there are zero;

for example,

Lo *aoe e Kpeeg =7 ¥ng) Bag =9
Yoy >0
Since we have in mind to compute the Fourier

coefficients of T from the form (7.4.22), we shall be
interested in this form only for resl velues of 211 the
variables Xi , (=12,--n. By our remark that

(e *° Xn-1) Byes 1is analytic at Xy =0 for

j= w-k, -, m-1 and the fact that F (1) and the
F(wn-1-kR) are analytic in the cylindrical regions
(Twsw), we can assert that at least for rezl values of

2ll the varisbles Xi , we have written F as a sum of

functions which are analytic.
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Bie Another Renresentation of F(X, %, -, Xu)
We show now that ? (%, %y, - -, ¥n) can be expreseed
in terms of FO(¥%,, x,, -+, X ) and E(x,,, %, t % ¥as)
for 3= 41,2, -, -2 and nN=23 . Ve agbbreviate the

definition of F to the statement (7.3.12).

Recalling (7.4.1), we write

f

[xl" Xﬂ](xl‘r" +x“) [T\\" XV\".L] {-L(K]f"+ Y‘V\‘L) +(X“)

+ S(xn, Xix -+ x“_‘)-l‘ (X + - +%w)

[Y.. £ ¢ Xn-:\.) Ki (X, +- +¥a-1)(Xy)

A+ S(Xw, X4+ X YKt M.\)]1

By (7.1.14),

7.5.1 [xyo Xwd O+ + %) = Do X 1L O 00 (k)
- g(xh, h ST +7\n—1)]l

Now we write (7.3.1a), observing that the term which
corresponds to J = w-1 can be added to the last tern,

namely,

E(x‘,..} Xy) = L v Xnl(xi+ - + Xa)

ﬂ-— .
i 3 (‘ly Z[ﬁr'xn-i](xﬁ"' +‘Kn-j)(xh~j+|"xﬂ\’
A

-
"

n-i
YU fnet} (e %)
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By (7.1.186)

n-1 :
7.5.2 :i (<13 E_LK,“ an](xq+~ txng ) (Xagjye Xu)
=4

—

= (-)Cx - Xn-1](¥n'\“" +xnop) (Xn)

w1

Y2 ‘) 2 (% xﬂj]([ﬂ“'+lnj)(1“‘xn1*1”Xnd)

j=2

pns

Z {_\( |X Xw-,‘-L](Xon,f- ‘+Xn-]'-l)(\/~n-J' . xh‘l)

===
i
=

Substituting (7.5.1) and (7.5.2) in the definition of F

and writing [Xxal % - Ragog J CXa V¥ X+ + Yaijyg)

in terms of (7.5.1), we have:

7.5.3 f(x') T o¥a) = [YJ‘\ 0 Kol g(*h,"l*" +¥n-1)

n-x

+ 2 (~ ”é ZLY\\ Xn-j](’kll"’""‘xh-j)(Xn‘\ﬁn,j_'_i' ' X"“1)

+ g -1y Z[ Lxy Xn"}-l-l {_3("\!*" + X1 ) (X))
i1 *

+ g(xnij K +¥‘V\~j'l)]3(x“-s" XH-L)‘KL

+ ("U“hl {h-ll (% Xn) }
1
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The terms involving cef Xy cancel and we obtain

7.5.4 E(xlj' P XV\) = [ LX| o XH.J_] §(Xn,  PRulss +Kﬂ-1)

n

S Do K T (i o= Xaad SCRL Kb+ X} |
J=1

Using the notation of (7.1.18), we write (cf. (7.4.4 - 7.4.5))

\f(xhl) X+ +xn-h) = S(Y\-"Q)J
then (7.5.4) becomes

7.5.5 FE(n)= [xn Xuad S M-2)

n-L

+ 5 G S T (n-k-1; n1) S(n-k-1)
k=4

Comparing this with (7.4.2), we see that we can

write (7.5.5) directly from (7.4.22) in the form

7.5.6 E(n) = F(n-n) Sn-1)

¥ 2 D" S FM-1-R) (X ¥nt) Bpgy
R=1

where, corresponding to (7.4.19),
"

757 B, = (D[ F(n-1x) - 2 [ §(nerinn)]

R+1 n

+ El‘_ S‘-(Y\-i"il\f\-‘@)\]l

% p B

+(~—|)Nfl S(n-1-k| \n~1)1l
n-y -

+ (=% ‘§(““1311
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We remark that at least for real vslues of all the
veriebles X{ (=12, +°, N , we have written l_: as a
sum of functions which are znalytic. (See the remark at

the end of the previous section.)
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6. The Fourier Coefficients of F (X, ¥, --, Xu)
= P iR X+ ¥R, Xa)
Flh e, %) = 2 0 2 Cnooma
n‘:—d e
where
T.8.1 Ey, = e
w = ) 7
! i E —xi (Rx+ ° + Rk, Xn)
;“ f F(X". .x“)e ‘L‘l"hn
-"I _‘E
1- .
Now F("X'J‘Y"';":‘xn): (“"“+ FOxyox, e y ¥n )
A+l
hence Cog, W ol =0 Cog i~ oy
Then

2 e S iyt +hgXa) net ~ulRxt o Hkaka)
g 7 = / Cooowa LG e
_ L 1
h“:t h‘;‘-ﬂ hh\ .
=5 0 itk bt o+ X, ) wﬂ.e-z;(h.i.*-*'+Vr‘n..‘n-|)]1
y A . ~1
4 Z Z Cu.--h‘_lo [16
b\:‘m t!"_ll:—tb

2 M(h’.X,‘f" +k“X.\\

-

wiy 2R T +h,.k.4)]
e if w is even

2 oo (R + T hRwta)
if n 1is odd.

Ll x + o thatn)
[el &S )
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From (7.6.2) we see that we need only consider Cg, .. n,
for ka 2 1 and Cr, - Ryqg©
By the remark at the end of section 4 of this

chapter, it 1s posgsible to write

n .3 ity Ny
Tl = Fiwn) e I
-

L 8
-
=
n-2 % -
g T ~Likn Kn
+ E (1) 2 -!TF F(ﬂ-l"h) jﬁ (Kmn " Xwer) B\?-tte dxy
k=1 i

Now for Rw 21  ye have fronm (6.1) and (7.1.18)

T .
2 . —l\kn\n o . - 2
7.6.4 ,“.'L 5 Sn-j)e A\ —-;—h“[xi+~-+h~.,) = {-R“(n—;)

=

end for R{ .= o0

T
7.6.5 lfl (N=y ) dr =0
T - 5 J n

I.';. ~2 h“ Xn
Writing j (X " Xa-a) Bve+1 € dxy as 2 sum of inteerals and

v

using (7.6.5) we have for R,=o0

T —1. - ‘_‘X B
[ F(n-l)el("'w " “)3«.--34...1
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Using (7.6.4) we have for k, >1

T
__'_ e --2.‘. '?n"n
7.6-7 T J F(“)e M“
T
r=

Fn-1) f (n-1)
+ “il (—ﬂh 2 F(n-1-kR) (Xny " Xueg) [1 ]1

R=4

where

[ ] - (*1)\2[ f (n-1-k) - 51 L‘h (\mHelW'&)l
g, SA 1 =2 '

w-1
2 5 (n_i-nl"“ﬂ*l)L
“'h L n

()" £, (00 ]1

Substituting from (6.1) the g-series for f‘w“ and taking
into account the remark concerning (7.4.23), we have
2 1kp S 2 S(Xt ¥ Xagqe) WY aisy,
[ 1= 2§ e -1
' 1 S=4 d'.:“'h

Thus (7.6.7) becomes

1 1{— 21 kn X
7.6.8 T S Fomye™ 7 ay
x

+

F w1 Fg (n-1)

n- 2 \ x ® el it 1l
2 S 3 [Foas) 2 8T Toafe ™))
R=1 1 S5=1. jInR 1
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Then, from (7.6.1), (7.6.8), and (6.3) we have for kK, =1

i oo ka S w-1 5.3 (s- K)
= EE g [ [F Pl
S- 2k :§2 r 1 E
« X A (+1) lﬂ_ [L-' j
Sz1 R= I 1—1';_’ T z"l }1
where i
wke-l X (s k) ‘
= F(n-1-k) e T T T He,
[ 1 f=nw
L 1

We denote the Fourier coefficient of F(VN=)) with
indices W, M., -, Ray by CCN-j; Ry ke, -, Rag) ; of
FO), by Sy, vy, ) lgeg).
Then

N 2k,S _ ) vl
Cn; ke k- ) =~ 1 Z% Lc(n—l,h‘-s, ) My ™5 )
24
Ry 21

h=2
+ Z (-H)“ 2 Cln-1-k / ht.‘sj 'ﬂ R- 1"5);‘Y“ :‘SRA
k=1

where 2 is on R, % -, Rey

Cn; R, ke, -y ey, 0) = T2k, b, o Knt)
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7. The Fourier Coefficients of F (ky¥y -, %Xn)
Define
C ~ —'Il- T—‘:— = ~ i (thpf"“'nﬂ Y"’\)
7.7.1 Cowyo vy & 0 ( - I F(n)e dy, - dxn
‘1 g
Then, since
‘F-’("Xn,"ﬂ?.,' gy ~¥un ) :(_‘)“ ﬁ(y“l X Xn )
we have (cf. 7.6.2)
7.7.2 F (X, %, ", Xu)
< 3 < - 2R X+ HRAKA) o s2iRY +Hn Xor)
Z Z o Z Ck.-‘ K (Q FOy 1
h\ﬁi W, == H"ltgw 1
2 =4 1((}?.111" '+kvr.\-x“’1.) " -l‘-(’?l x|+ -4;?“'[!"-1)
& Z T Z g [ v(-1) €
R, Ro-a O i i
hl"“"’ nh-i‘_‘vw
hence, we need only consider C , .- ¢, for k, >4 and
Em_, Roy ©
By the remark at the end of section 5, we cen write:
T
4 ¥ = —ailapn X
’?-7-3 T" [ F’ (‘n) e W\ Fw Mv\
T
N i
| o= ~ Ui kaxn
- w1
FC ) ) 9 (n-L)e hn
r ]
vl L - -2 KX
K \
+ Z (+‘l) Z F’l“- :L“'ﬂ) ; £T (xu-n> xn-;l.)BH.”_c MY\
LN "3
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By (5.1) we have for k,=>1

1:‘. - ‘l‘lhﬂlﬂ
7.7.4 TJI: 5 S(h-l)e a fﬂn(K.-r % Ni-nd
" -
= (n-1)
R
By (5.3) we have for k, =0
}1;" = * L 32
7T 5 T‘—;I Sh-1)dxra =-1+43% 4§
. 5=1
o0 L 253257
+3Z Z 7 Coe 2A(%+  +¥p,)
Azd s34
o0 o0 18 +2 51l 1AL =t Kt
s ¥ 4 2 2 % e
531 A=-o@
:1( (n-1)
1[ - -2 ke X
Then, writing 5 (o~ Kss) BH,LQ M, @s a sum of integrals,

T
and using (7.7.4 - 7.7.5), we have (7.7.3) in the form
I‘r = 1t “u\*v\

7.7.8 = | Fwe A
T

"

F(w-1) f (n-2)

-‘1 )
+ ;2_1 (‘*’”R Z F‘(“"l"k’) (X\\-\@ Xw-l) [1 ]1

where

L]

A} 1

1

5 L, ovsewmio] 42wt

- R

(-n)" i f, (n-1k) =

1

h-w

“e -f—(‘.U*_L El { ‘;n (n-1-k \“'1)] % (‘l)k ih“(“—l) l’-
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When %, 21 we substitute for fjn,. in (7.7.8) the

g-series given by (5.2); taking into account the remark

concerning (7.4.23), we have

T
- _ 50 “x
7.7.7 & j Eimy ik g

= e L ALA(X o FXnea)

Az4
o £ an(Ra#s) A@-s)Oqt-- +xn.x)]
+ 42 b % e .
A1 sc1
+ 5 ' S al ALK+ H ey ) T AKX
) () ZF(V\-L-‘Q) [ 2 2 ¢ e ﬂ(x,}{e -1‘
o s I=h-r

TS5 (Rats) ai(a-S)(x+ Phnge) ¥4 AR
+4Z Z ‘611\. o N (X, + 1-R “ (y)-){e_ (As)v.i }

ASK ST4 +
1=v-k

When k,=o0 , we substitute for fbtw-ll in (7.7.6)
the q-series of (7.7.5). Then

7.7.8 -,-'f S FW) dan

S0 (64 % Bies) ]

i

w0 2 2542510
Fn-1) [ -1+ 4 .2‘ ) % =
NA=-

L S=1

n-i .
L4 Z “Qh Z i %19l+1slh‘ ZF{Y\-l""{)elin(h"“ +x“-.,-1}'“(m,le;.n J-ii

J':\n-'a
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Then, using the notation at the end of the last section,

T R, k) =AY 4 Gt hA ke, Ry )
A=

% C(n-i,i?,-ﬁus, ** g Rai ~ats)

1

: E a4 (Rats)
5=

.1—-
S
m NS

+12 ‘Elw“m -ZC(V\'l"W/'If(‘*/L,",Rﬂ't"/l,) H”’“i

Azd R=% Lzn-k

il ni
ZC(VI-J_—!{)‘ !?‘-/LTSJ- . Jh"“._i_pe -n+$) _“ H(&-s! k,
l=wn-k

c ('nl s?u“/k‘n,l,o): - C_(n-lj k-,") Wn-i)

© 2 I i A
+42 L

5z4. Nz-ve

|
C(n-2,k-n, % rRyy 1)

o = § EedSila) R T
T D ED I S ZC(M‘R,K—A,--,m-k-f”’)}fh-‘,,"”*

5z1 n=-w0 W=A
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A Paravhrase Result Obtzined From F (X Y, %)

We return now to the function F(X,Y,Z) defined in
Chepter VI. Let S(X,gjf) denote the Fourier expansion of
F(x,y,z) (see (6.4)), 1let 5(4,2) denote the Fourier
expansion of F(g,%J , and let g-(ﬂ,t) denote the Fourier
exnsnsion of F (Y, &)

Then we write

S(X,4,2) = [xyz] - P xy1e@) + 2 IxIlye)

hence,
[xy2l = S(xwy,z) + Sy +Sx=2)Y) +50y,z)(x)
HiXy) +(xz) +(Y3)

Again, following CGage (5), we have

Lxyz] =Luz )l yez]

I

L+ @ + sy, +gra) + 50Uy )]

i

L+ (yt2) SO E) H(xy) + (XY +(y2)
+ 50% Ur2)(yy + 50X, y+2) () + S(Y.z2) X)
+ 5(4.2) 5 (x,y+2)

Combining the two results,

8.1  S(x 4,2)- S(y2) = (N{Sy+2) =50x,2)]

i_(;_r-‘{ S(¥, \éH--E)_ 5(’(1‘3)}

+ 50X, Yy+2) S(Y,2)
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Reca2ll now that the terms in S5(X, 4, Z) which do not involve

X are exactly 5‘(‘4,7-'.)' : we denote by S"(x, 9, %) the
result of writing {S(Xy z) —SH2} with 2%, 2y, 2%, ¢°

replaced by X, 4, % , ¢ and terms arranged according to

the quedratic form of the exponent of a. Thus,

8.2 S*(xyd = 3 3 2 ¢V o
joL Mz4

'HE i ! tw‘(fHW\pHCa«(fmmz-.wlw(ihmgtwa)}
m

< & m) 44
Z (6\? thlem) +Im {%‘,(lxﬂ“'})* toq(,QHmz;\g
¥

4
w ? R4+ R (Lm0

{ coolAx-wy) & lx-me)}
J=1 m=L g=a

,i %‘ez_rw(i-twwn\-\-w\\"\ {W(EX—W\‘?—V\%\ 1 m(mw;-—[?+h-?:)
"

f-4 m=t n=i =1 + Cgﬂ(“*-*w\v—’p%)}
os 22 - hl Kﬁfpm
9353 2% Coo (Lxtmy¥in)
ot ML W
wL R (G2m Wy 4 E)
e 3 5 1 coo (A% WY
i g 12:'1_ Z‘ﬂ;;l k=1

¥ °°Z GOZ abh“ {W(!Xi—w\" anz) ¥+ e (Xt \‘\'étw\%)}
+ _

. = 2 oE Rt n{!+m-n)+ﬂvw{ ([ my Fn2)+ o (Ix4ny +wxe\}
+ 8 > 2% e
]

)
ot (A { cpolhurmpena)t coolf Y ARG ¥ ;

{

o0

IRV4

1R
s [N\

=
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We exhibit next the result of writing in terms of cosines
alone the right hand side of (8.1), agaln with X ¥,24, 2% ,%°
replaced by X, 4,6 2z, ¢ ; we denote this result also by

S*(xy,2). e
8.3 Sx(‘i-, Y, z)= 3 Z % 9 {W(M+nt4+2nv:)+cge{dx+2ng+w%)}

{ cooldn+By) + cov (& S22 (848D

+9 2 3 %d(lh] ﬂZL{w[M +(m-n.‘jg+1n1]+coo[}44.(n-mg+gh;=]

d=1 w=2 Az

}eoo [M + 2wy +-(“+A,)E]+W[M+2“‘4 +(V\tf\)1]}

*3 ) i 1“ : iw[a«+0—'§m)g+n]+w[&w\’%-,ﬂgwg
d=8 =3 Nn=4
T odd

oo Lon w vy 1 (152 et vy 2200

= - bt CBOQ' (Sl ‘”{L{L i Co.a[[})_x*'(é-l-'d')j 'i'(Cr)‘&)ﬁ]

- CM[ALK“’(‘S-L"'OL)U +(5’1+5.)£]}

Note that the second line in (8.2) 1s 1dentical with the
gecond line in (8.3), and when these terms are cancelled,
there is a common factor 8 throughout (8.2) and (8.3). We
are now resdy to paraphrase (1) the results; before doing
so, we introduce a new use of 2 , namely é'{—(-‘,ﬁ, Y)
which denotes summation over &ll integral solutions of a

certain representation of N.
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Also, we enumerate all of the representations of N as follows:

1. N=W+ 1k w21 A24
2. N = k'+k(frm)im W=
3. N = Wl+ h’(;lf“‘\)

4 N = R4 B(Atmen) ¥ w0 nai

5. N = R+ R+ Awm

8 N = h"' H,‘,'(,P_;,h...,')w-vm"1L le Rem'-1 mi22

- = R+ A(wm'-x)

’?. N = )w\'

8. N = Ye"+h(f+m'~m')+}w\' wm' >n' 24

9 N = ‘Ru1 Hs h“(f-\m"-W") +wm'n" e ' oen'-1 240" <wm
= )Y R M=)+ L (n'-¥)

10. N = 4(28) dz1 521

21, N =d(24') §'z22

12. N = 47 ~ odd Y23

13. N = 4é+ 4,4, d &1 Jzi 4,241 J 31

Let 4 (¥, Y, %) be 2n arbitrary junction which is
symmetric on X,Y z and satisfying

L-x,-y, ~2) = (XY, 2)
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Then paraphrasing (8.2) and (8.3) we have:

8.4 2 f Lo 0) + 2[4t m,0) + 48 0,m)] +2[H#MOH§deM]
a @) &)

+ 2 [f(iz_m"“) + ‘J'(W‘;_JJY\) * +(“:M,‘1)] + (Z;) -;.(f' m, W\)
)

1

COSfww) v S 3 [HUmw) + £ w)]

© ) 't

t S LEU won) £ )] - %}[m,m';“-‘) st w)]

(¥)

1

5[4 528) +44288)]

(1oy
+ 2 Si [}H.&+AJJW4.4(&JLALZJU
1) A=1
AR 2T Sia) + (4 28" §-a))

v-1

* 2 5‘ S_'}'(J,'\'—-;-U\,/’T) + 4("(113;1-/»,1)

(12) i

TP P T L R - L |

v 2 THdy, G-d0, 8- 8) - £ fsdy dus 50

(13)

Note that 1f N 1sodd, 2 = 2 = O

(ley )

2 = > ; also, if N 1is a prime and N=23, 5 =0

(1) A3

and

)
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Now define N (<) to be the number of representations
of N in the form % , where = 1is one of the representations
1-13; e.g., N(4) =1 , NE)=4 1f N=5. Let §(x,yz2)=1
Then we have the
Theorem: If N is a prime and N 2 3 | then
NGO + 2N(3) +3N(4) + N(5) ~N() +2 NB) - 2N® =0

The integral solutions of 1-13 for N =5 are listed

below.

1. (R )= (1,4) 5. (RA,my = (1,2,1),(@,1,3)

2. No solutions. 6. (R Lwm)= (1,1,5);(112‘5),-

3. (R, 4, m)= (4, 2,3),0,2, @.4,2); (2;1;3)
(1,3,1) 7. Uwm') =(1, 9

4. (R, 4Lmwn) =1 1,1, D 8.k, L', n') = (4,1,2,1)

9. (R, Awm' w)=(1,4,54) (1,33 D, (L153),d242),;,H,1,5,2)

10. No solutions. 11. No solutions.

12. (4, %) =4, &)

13. (d,8,,4,,5.) =(1,1,1,4): (1,1,4.1) FRCEETERS
(1,2, 4,3),(22,14,3), (1, 2, 3,1); (2,1, 3,1)
(L,3,L,2), (32,4,2),;(1,3,21); 3,1, 2, 1)
(3.4, 4,4y £4,1,3,1)) @ ,3,1,1)

Then, as stated by the theorem,

L+ 23 +31 t2 -4 t1t21 -25 =o0
If (8.4) 1s written out for N=5, it is observed

that the identity holds without taking account of the

symmetry or parity of + .
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