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Abstract

This thesis deals with the spectral behavior of positive operators and related ones
on Banach lattices. We first study the spectral properties of those positive operators
that satisfy the so-called condition (c). A bounded linear operator T on a Banach
space is said to satisfy the condition (c) if it is invertible and if the number 0 is in
the unbounded connected component of its resolvent set p(T"). By using techniques
in complex analysis and in operator theory, we prove that if 7' is a positive operator
satisfying the condition (c) on a Banach lattice E then there exists a positive number a
and a positive integer k such that T* > a-I, where I is the identity operator on E. As
consequences of this result, we deduce some theorems concerning the behavior of the
peripheral spectrum of positive operators satisfying the condition (c). In particular,
we prove that if T is a positive operator with its spectrum contained in the unit circle
T then either o(T) =T or o(T) is finite and cyclic and consists of k-th roots of unity
for some k. We also prove that under certain additional conditions a positive operator
with its spectrum contained in the unit circle will become an isometry. Another main
result of this thesis is the decomposition theorem for disjointness preserving operators.
We prove that under some natural conditions if T is a disjointness preserving operator
on an order complete Banach lattice E such that its adjoint 7" is also a disjointness
preserving operator then there exists a family of T-reducing bands {E, : n > 1} U
{Ex} of E such that T|g, has strict period n and that T|g, is aperiodic. We also
prove that any disjointness preserving operator with its spectrum contained in a
sector of angle less than 7 can be decomposed into a sum of a central operator and a
quasi-nilpotent operator. Among other things we give some conditions under which
an operator T lies in the center of the Banach lattice. Also discussed in this thesis
are certain conditions under which a positive operator T with o(T) = {1} is greater

than or equal to the identity operator I.
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Introduction

Positive operators originated at the beginning of the nineteenth century. They
were closely related to integral operators (whose study led to the development of mod-
ern functional analysis) and to matrices with nonnegative entries. However, positive
operators were not investigated in a systematic manner until the theory of Riesz spaces
(vector lattices) was well established. The study of the spectral properties of positive
operators began much later and followed closely the development of the theory of
normed Riesz spaces (Banach function spaces, or Banach lattices). Although there
were some earlier extensions to infinite dimensions of the classical Perron-Frobenius
theorems (see [SH1]) for positive matrices (matrices with nonnegative entries), a sys-
tematic study of the spectral theory of positive operators was not initiated until the
early 1960’s. Thereafter, the latter theory developed rather rapidly and many impor-
tant results were obtained. In 1974, H. H. Schaefer published his monograph Banach
Lattice and Positive Operators [SH1], which is entirely devoted to the theory of posi-
tive operators and their spectral analysis. This book contains many important results
up to the early 1970’s. Since then, the spectral theory of positive operators has re-
ceived considerable attention and has found many applications in pure and applied
mathematics. For instance, the study of ergodic properties of positive operators is
one of the important topics in ergodic theory (see [A], [N1] and [N2]), and the theory
of semigroups of positive operators, which was established a decade ago, has found
many applications in the theory of differential equations and the theory of probability
(see [DA], [N1], [N2] and [OS]). Also, as a branch of operator theory in functional
analysis, the spectral theory of positive operators is closely related to the theory of
operator algebras, namely Banach algebras and C*-algebras (see [N1] and [N2]).

The central problem in the study of spectral behavior of positive operators is

to find out how the positivity interacts with other properties of the operators. It

vii



viii

started with the Perron-Frobenius theory on positive matrices (matrices with non-
negative entries), which was established around the turn of this century. One of the
important results in this theory is the fact that the peripheral spectrum of a positive
matrix A is cyclic in the sense that if A is an eigenvalue such that |A] = r(A) (the
spectral radius of A) and if A = |\|e®® then |A|e™ is also an eigenvalue of A for any
integer n. Now consider a positive operator T on a Banach lattice E. The subset
Pera(T) = {A € o(T) : |\| = r(T)}, where r(T) denotes the spectral radius of T, is
called the peripheral spectrum of T'. It can be shown that r(T') is always in Pero(T).
Many efforts have been made to show that the peripheral spectrum of a positve oper-
ator on a Banach lattice is cyclic. So far this problem is still open in its full generality.
But some important partial results have been obtained. It is a deep result in this
aspect that the whole spectrum of a lattice homomorphism is cyclic. Also if a posi-
tive operator satisfies the so-called growth condition then its peripheral spectrum is
cyclic. We refer to [SH1] for proofs and some other information. In this thesis we
show that if a positive operator T with r(T) = 1 satisfies the so-called condition (c)
then there exists a positive integer k such that o(T*)N{z: |z| = 1} = {1}. From this
result and the spectral mapping theorem we see that the peripheral spectrum of T is
contained in the set of all k-th roots of unity. In particular, we show that if T is a
positive operator such that o(T) C I' (the unit circle) then either o(T) =T or o(T)
is finite and cyclic and consists of k-th roots of unity for some k. So o(T) is cyclic in
this case.

Another way to investigate the spectral properties of positive operators is to de-
compose the operators into relatively simpler parts. Some results of this aspect were
already obtained in [A] and [AH]. The main result of [AH] asserts that any quasi-
invertible disjointness preserving operator can be decomposed into a direct sum of
its strictly periodic and aperiodic components. In this thesis we obtain this result in

a more general setting by different approaches. Using this result we can prove some
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deep properties of disjointness preserving operators. We also show that a disjointness
preserving operator with its spectrum contained in a sector of angle less than 7 can
be decomposed into a sum of a central operator and a quasi-nilpotent operator. As
consequences of these results we derive various properties of disjointness preserving

operators.



Chapter 1

Banach Lattices and Positive Operators

This chapter contains an account of those basic aspects of the theory of Banach
lattices and positive operators that are needed later in the study of the spectral
properties of positive operators. All the results in the first two sections are well
known and can be found in any standard textbook, for example, [SH1], [LZ2] and [Z].
One of the results in Section 3 on the contractivity of the projection associated with
the center is new and the proof can be found in the indicated reference. In Section 4
we introduce the sign operator associated with a fixed element in a Banach lattice.
The sign operator plays an important role in the study of the cyclic properties of the

peripheral spectrum of positive operators.
§1.1. Basic Theory of Riesz Spaces

In this section we introduce some basic concepts in the theory of Riesz spaces
that we need in the sequel. All these can be found in [L.Z2] and [SH1]. Recall that an
ordered vector space is a real vector space E equipped with an order relation < (i.e.,
with a transitive, reflexive and antisymmetric relation) which is compatible with the

algebraic structures of E in the sense that it satisfies the following two properties:
(1) If z,y € E satisfy that z <y, thenz + 2 <y + z for all z € E;
(2) If z,y € F satisfy that z <y, then Az < Ay for all real numbers A > 0.

Occasionally, the relation y > = will be used to mean that < y. The set

E, :={z € E : £ > 0} is called the positive cone of E.



From now on we assume E to be an ordered vector space. A nonempty subset A
of E is said to have a supremum or a least upper bound if there exists an element u
in £ such that a < u for all @ € A and such that if v is some other element in E with
the property that a < v for all @ € A, then u < v. A similar definition can be given
for the infimum or the greatest lower bound.

A real Riesz space (or a vector lattice) is an ordered vector space E with the
additional property that the supremum (hence, the infimum) of every finite subset of
E exists. We denote the supremum and the infimum of the two elements z,y by zVy
and x A y respectively.

For an element z € E, the positive part of z is given by 2+ = z V 0, the negative
part by 27 = (—z) V 0, and the absolute value by |z| = = V (—z). Two elements
z,y € E are said to be orthogonal or disjoint (denoted by z_Ly) if |z| A |y| = 0. If A
is a subset of E, then the orthogonal complement of A is given by {A}! = {z € E :
zly,Vy € A}.

A Riesz subspace of F is a linear subspace of F which is itself a Riesz space under
the ordering induced by that of F. A linear subspace J of E is called an ideal of E if
y € J,x € E and |z| < |y| imply that z € J. A linear subspace of E is called a band

if B = B. Any band is an ideal, and any ideal is a Riesz subspace.

Definition 1.1.1. A Riesz space E is called order complete (or Dedekind complete)
if every nonempty order bounded above subset A (i.e., Ju € E such that z < u for all

t € A) has a supremum.

A linear operator (or mapping) from a Riesz space E to another F is called
positive if Tx > 0 in F whenever £ > 0 in E. A linear operator from E to F is
called regular if it is a difference of two positive linear operators. A linear operator
from E to F is called order bounded if it maps order bounded subsets (i.e., order

bounded from above and from below) in F into order bounded subsets in F'. We will



use L(E, F) to denote the set of all regular operators. When E = F we simply use
L™(E). It is clear that any positive operator is regular, and any regular operator is
order bounded. In general, order bounded operators are not regular, but if the range
space F is order complete, then the situation will be different as the following result
indicates. First notice that a natural order relation can be defined in L"(E, F') by

saying that Ty > T3 if and only if Tyx > Tez for all £ > 0 in E.

Proposition 1.1.2. Let E and F be any two Riesz spaces such that F is order com-
plete. Then any order bounded operator is regular, and L™ (E, F') is an order complete
Riesz space under the natural ordering just introduced above, and the following hold:

for all T\, T, € L"(E,F) and for all0 <u € E,
(i) (Th V Tx)(u) = sup{Ti(v) + Ta(w) : v,w > 0 and v + w = u};

(ii) (Th A T3)(u) = inf{T1(v) + T2(w) : v,w 2 0 and v + w = u}.

A net {u,} in E is called increasing (in symbols u, 1) if ug > u, whenever 8 > a.
The symbol u, T v means that {u,} is an increasing net such that sup{u,} = u. The
symbol u, | u has a similar meaning. Recall that a net {u,} in E is said to be order
convergent to u € E if there exists a decreasing net {v,} with the same index and
vy | 0 such that |u, — u| < v, for all a. A linear operator from E into F is called
order continuous if {T'u,} converges to 0 in order in F' whenever {u,} converges to 0
in order in F.

A linear operator from E to F is called a lattice homomorphism (or a Riesz
homomorphism) if |Tz| = T|z| for all z € E. Lattice homomorphisms can be char-
acterized by some other conditions. Any of the following conditions is equivalent to

the condition that T is a lattice homomorphism.

(1) T(uVv) =T(u)VT(v) for all u,v € E;



(2) T(u Av) = T(u) AT(v) for all u,v € E;

(3) T is positive and TulTv whenever ulv.
§1.2. Banach Lattices and Positive Operators

In this section we introduce some basic concepts concerning Banach lattices and
positive operators. Most of the materials presented in this section are standard and
can be found in [SH1].

Recall that a real Banach lattice F is a real Banach space and a Riesz space at
the same time such that |z| < |y| in E implies that ||z|| < ||y||. To study the spectral
properties of positive operators, we need to consider complex Banach lattices. They
are defined to be the complexifications of the underlying real Banach lattices. Let E
be a real Banach lattice and let Ec = E +tE. Then |z| = sup{| cosfz +sinfy}: 0 <
6 < 2r} for each z = z + iy € Ec. For details, we refer to [SH1], pp.133-138. Let T
be any linear map on Ec. Then T = T, + iT;, where T}, T; map F into E and are
said to be the real part and imaginary part of T respectively. In this case we write
Ty = Re(T) and T, = Im(T).

From now on all the Banach lattices will be complex Banach lattices, and the
notions and concepts introduced for real cases will extend to the complex cases nat-
urally. For details, we refer to [SH1]. From now on E will always denote a complex
Banach lattice.

A Banach lattice E is said to have: (1) a Fatou norm if 0 < z, T z implies
llzall T |lz]l; (2) an order continuous norm if z, | 0 implies ||z,|| | 0. It is easy to
see that if £ has an order continuous norm, then F has a Fatou norm. Moreover, the
dual Banach lattice E’ of any Banach lattice E has a Fatou norm and any C(X)-space
has Fatou norm (see [SH1]).

Let B be a band in E. Then B is a closed ideal of E. If F is order complete,



then B is also a complementary subspace of E such that £ = B @& B?, where the
direct sum is topological. For details, we refer to [SH1].

Let L(FE) denote the Banach algebra of all bounded operators on E. Since any
positive operator on E is bounded (see [SH1)), it is easy to see that L™(E) is a subal-
gebra of L(E), which is not closed in general in the operator topology. If E is order
complete, then it follows from Proposition 1.1.2 that L"(F) is an order complete Riesz
space. If we define a new norm || - ||, on L"(E) by ||T||, = || |T| ||, then L7(E) will
become a Banach lattice. This new norm is called the regular operator norm.

Let T be a bounded operator on E. We use p(T), o(T') and r(T) to denote the
resolvent set, the spectrum and the spectral radius of T respectively. If E is order
complete, then L"(E) is a Banach algebra under the regular norm, and the spectrum
of an element 7' € L"(E) in this Banach algebra is called the regular spectrum of T,
which will be denoted by oo(T"). For more information about the regular spectrum,
we refer to [SH2], in which this concept was first introduced. One can easily see that
oo(T) 2 o(T). In general, the inclusion is strict. Later we will give some conditions
under which they are equal. Finally let us quote a result which will be needed later in
the study of the spectral properties of positive operators. It is one of the important

features that positive operators possess. For a proof, we refer to [SH1], pp. 323.

Proposition 1.2.1. Let T be a positive operator on a Banach lattice. Then
r(T) € o(T), i.e., the spectral radius of a positive operator is always in its spec-

trum.

To study the cyclicity properties of the spectrum of positive operators we need

the following well-known results.

Proposition 1.2.2. Let T be a bounded linear operator on a Banach space X. If zo
is a boundary point of the spectrum o(T) of T, then lim,_.., . (1) || R(2,T)|| = o0.



Theorem 1.2.3. Let 322 ,a,z" be a power series with coefficients a, in a Banach
lattice E. If a, > 0 in E for all n and if ro > 0 is the convergence radius of this
power series, then z = ro is a singular point of the analytic function given by the

power Series.

For a proof of Proposition 1.2.2, we refer to [BE], pp. 24. Theorem 1.2.3 is the
vector valued version of the well-known Pringsheim’s theorem. We refer to the Ap-
pendix of [SH4] for a proof. Next we collect some basic properties of the ultraproducts
of Banach spaces and Banach lattices.

Let G be a (complex) Banach space and let T be a bounded linear operator on
G. We use G to denote the ultraproduct of G with respect to a fixed filter finer than
the Fréchet filter, while T denotes the canonical extension of T to G. The following
proposition collects some basic properties of the ultraproduct. For the proofs, we re-
fer to [SH1], pp. 309-311. In the following Ao(T) and Po(T) denote the approximate

point spectrum and point spectrum of T respectively.

Proposition 1.2.4. Let G be a nonzero Banach space and let G be any ultraproduct

of G. For each bounded linear operator T on G and its canonical extension T on G,

the following hold:

(i) o(T) = o(T);

(i) Ao(T) = Aa(T) = Po(T);

(iii) [(AT = T)™1* = (M = T)? for all A € p(T) = p(T");

(iv) A number Ao is an (isolated) singularity (respectively, a pole of order k) of the
resolvent R(A,T) if and only if the same is true of the resolvent R()\,T);

(v) If G is a Banach lattice, then G is also a Banach lattice, and the canonical map

G — G is an isometric lattice homomorphism. Moreover, T is a positive operator on



G if and only if T is a positive operator on G.
§1.3. The Center of a Banach Lattice

In this section we introduce the center of a Banach lattice and give without proofs
some important properties of the center. Let F be a Banach lattice. The center of
E, denoted by Z(FE), is the collection of all those operators T' € L{E) for which there
exists a positive constant ¢ such that |Tz| < ¢|z| for all z € E. It is known that Z(FE)
is Banach lattice under the natural ordering and a closed commutative subalgebra of

L(E). In fact, the following hold:

Theorem 1.3.1. The center Z(E) is a closed commutative subalgebra of L(E), al-
gebraically and order isomorphic to the Banach algebra and Banach lattice C(X) for
a suitable compact Hausdorff space X. Moreover, Z(E) is a full subalgebra of L(E)
in the sense that whenever T € Z(E) is invertible in L(E), then T~' € Z(E). Thus

the spectrum of T € Z(FE) coincides with the spectrum of the corresponding function
in the Banach algebra C(X).

The proof for the above theorem can be founded in [L] and [SP]. When the Ba-
nach lattice E is order complete, Z(E) is exactly the band generated by the identity
operator [ on E in L"(E). In this case, the operator norm and the regular norm
in Z(E) coincide, and ||T|| = [|T||» = inf{c > 0 : |Tz| < c|z| for all z € E}. Let
® denote the band projection associated with Z(E) when E is order complete. It
is obvious that ® is a contraction with respect to the regular norm. It is a recent
result that ® is also a contraction with respect to the operator norm as the following

theorem indicates. We refer to [V] for a proof.

Theorem 1.3.2. Let E be an order complete Banach lattice. Then ||®(T)|| < ||T||
for all T € L(E).



Since @ is a contraction with respect to the operator norm on L"(E), ¢ can be

extended to L™(E), the operator norm closure of L"(E) in L(E). We will still use ®

to denote its extension. From now on & is defined on L7(E).
§1.4. The Sign Operator

In this section we introduce the sign operator associated with a fixed element
in an order complete Banach lattice. The sign operator will be needed later in the
study of the cyclicity of the peripheral spectrum of positive operators. The materials

presented in this section are well-known and can be found, for instance, in [KR].

Proposition 1.4.1. Let E be an order complete Banach lattice and let zo be a fized

element in E. Then there exists a surjective isometry D such that
(i) D € Z(FE) and |Dz| = |z| = |D™z| for all z € E;
(ii) D|xo| = o.

Proof. We may assume that zo is a nonzero element in E. Let Fy be the ideal
generated by zo in E. That is Ey = {z € E : |z| £ ¢|zo| for some number ¢}. It
is well-known that Ej is an AM-space with unit |z¢| under the norm ||z||o = inf{c:
|z| < c]zo|}. So Ep can be identified with the Banach lattice C(X) for some compact
space X. Moreover, under this identification |zo| corresponds to the constant one
function 1x on X and z( corresponds to a function A € C(X) such that |h(?)] =1
for all t € X. We now define a linear operator D on Eg = C(X) by Df = h- f
for all f € C(X). It is easy to see that (i) D € Z(FEo) and D is invertible; (ii)
|Dz| = |z| = |D™'z| for all z € Ey and Dzo| = zo. Since D is order continuous
on E, and since Ej is order dense in the band {z,}%? generated by z¢ in E, D can
extend to {z¢}%¢. Finally we define Dy =y for all y € {zo}?. It is easy to check that
D has the required properties.



The operator given in the above proposition is called the sign operator associated
with zo. In the following two propositions we collect some properties of the sign

operator.

Proposition 1.4.2. Let F be an order complete Banach lattice and let T be a
positive operator on E. Suppose that D is a linear operator on E such that [Dz| =
|z| = |D7'z| for all z € E. Let Tp = a 'D~T'D = A + iB, where a is a complex
number such that |a| = 1 and A = Re(Tp), B = Im(Tp). Then A < T and
T—A 1-
Bl = BV (—B) < cos

~ |sind| | sin 4|

for any = # 6 € (0,2).
Proof. First we observe that |Tp| < T. On the other hand,
|Tp| = sup{| cos§A +sinfB|: 0 <8 < 2r} > A.

So A< T and T > cosfA + sin 0B for any 6 € [0,2x]. From the latter we obtain

— cos 0A
T———:(-:L > B for 6 € (0,7)
sin 6
and T—_—,Cis—oé < B for § € (m,27).
sin

This implies that

T —cosbBA
=—BV(-B)< —mo——
1Bl =BV (-B) < | sin 4|
T—A 1-—cos#
~ |siné| | sin 6]

for all # # 6 € (0,27) since A < T. The proof is finished.

Proposition 1.4.3. Let E be an order complete Banach lattice and let T be a
positive operator on E. Suppose that Tzo = axo and T|zo| = |zo|, where |a| =1 and

To is a nonzero element in E. If D is the sign operator associated with zo, then the
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following hold:

(i) Tz = a 'D'TDz for all z € {z : |z| < c|zo| for some number c}, the ideal

generated by = in E;
(ii) T D"|xo| = a' D'|zo| for 1 = 0,41,%2,---.
Proof. Let Tp = a'D~'TD = A + iB, where Im(A) = Im(B) = 0. Then

Tplzo| = a ' DT D|zo| = a ' D™ 'Tzo = |xo| = Tz

and

TD|.’E0‘ = Almol + lBI.’Eol

So Alxo| = T|zo|. If |z| < c|zo|, then |(T — A)z| < (T — A)|zo} = 0 since T > A
by Proposition 1.4.2. So Tt = Az for any z in the ideal generated by zo. Also, by

Proposition 1.4.2 we have

— cosd
|Bz| < |B||e| < inf{ =%

Therefore, Tpz = Tz. Finally, if n > 0, then
TD"|zo| = aD(a™* DT D)D" 20| = aDT D" ag| = - - - = a" D™zl
and
TD ™ zo| = a DY (aDTD)D™™ = a ' DYT)D"zo| = --- = a "D "|xq|.

The proof is completed.



Chapter 2

Spectral Theory of Positive Operators

In this chapter we mainly consider invertible positive operators whose inverses
are not necessarily positive. Other related operators are also discussed. In the first
section we prove some preliminary results that are needed in the rest of this thesis.
These results are also independently interesting. Other sections contain the main

results of this chapter. The notations we use here are standard.
§2.1. Preliminaries

By an operator we mean a bounded linear operator on a Banach space. Let T
be a bounded operator on a Banach space. We use o(T'), p(T') and r(T') to denote
its spectrum, resolvent set and its spectral radius respectively, while p.,(T) denotes
the unbounded connected component of p(T). We use R(z,T) to denote (2 I — T)~!
if z € p(T). Recall that ® denotes the band projection associated with the center of

an order complete Banach lattice. We begin with the following definition:

Definition 2.1.1. A bounded linear invertible operator T on a Banach space is
said to satisfy the condition (c) if the number 0 belongs to the unbounded connected

component of p(T).

The class of operators satisfying the condition (c) contains many important op-
erators as the following examples show. But first let us recall that a subset A of the
complex plane is said to be cyclic if |A\|e™ € A for any integer n whenever A € A and

A =|Ale.

11
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Examples 2.1.2. Let T be an invertible operator on a Banach space. Then any
of the following conditions implies that T satisfies the condition (c): (i) o(T) is fi-
nite (this is always the case if the Banach space is finite dimensional); (ii) p(T) is
connected; (iii) There exists 0 < 6 < 2r such that {re : r > 0} is contained in
p(T); (iv) o(T) is cyclic and does not contain any circle with center at the origin. For
example, when T is a lattice homomorphism on a Banach lattice o(T') is cyclic (see

[SH1}, pp. 325).

Proposition 2.1.3.  Let T be an order bounded operator on an order complete
Banach lattice. Let poo(T') be the unbounded connected component of p(T). Then the
following hold:

(i) (zI = T)7! belongs to L,(E) for any z € po(T);

(i1) The complex operator-valued function F(z) defined F(z) = ®[(z I — T)7!] is an-
alytic in poo(T).

Proof. (i) For |z| > #(T), R(z,T)=2,T"/z"* and so R(z,T) is in L,(E). Let
D ={z€p(T): R(2,T) € L,(E)}. Then D is a closed and open subset of p(T). The
fact that D is closed and open in p(T) follows from the fact that L’(E) is a closed
subalgebra of L(F) and the following fact: if zo € p(T) and if |z] < ||R(20, T)||!
then z + zo € p(T'), and moreover R(z + 20,T) = 220(—2)*R(20, T)**'. Therefore
po(T) S D.

(ii) We know that R(z,T) is analytic in p(T) and hence in po(T). By (i) F(z) is
well defined for all z € po(T). Since R(z,T) satisfies the Cauchy integral formula

in po(T) it follows from (i) and Theorem 1.3.2 that F(z) also satisfies the Cauchy

integral formula in po (7). Therefore, F(z) is analytic in p (7).

To prove the main theorem we need to prove several lemmas, which are also in-

dependently interesting.
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Lemma 2.1.4. Let T be a positive operator on an order complete Banach lattice
E. For each nonnegative integer n let P, = ®(T"). Then the operator sequence

{Pn : n > 0} has the following properties:

(i) o=1and P, - Py, < Poyy for alln, m > 0;
(i) 0 < P, <r(T)-1,

where I is the identity operator on E.

Proof. (i) follows from the fact that ®(S;)®(S;) < ®(S5:5;) for any two positive
operators Sy, S;. To see this let S; = P, + B; with P, € Z(F) and B; € Z(E)?, where
i =1, 2. Then

5,5, = PP, + BB, + P,B; + B, P,.

Since P, B; and B, P; are both in Z(E)? (this follows from the fact that the absolute
value of any operator in Z(FE) is dominated by a multiple of the identity operator),

we have

6(5152) = P1P2 + Q(BIBQ) 2 P]Pg.

Now the result follows.

(ii) Let T = P, + B have the same meaning as above. Then 0 < P} < T™. This
implies that r(P;) < r(T). Since P, is in Z(FE) it follows from Theorem 1.3.1 that
0 < P, <r(P,)- 1. Now the result follows.

Lemma 2.1.5. Let T be an invertible order bounded operator on an order complete
Banach lattice. Assume that T satisfies the condition (c). Let P, = ®(T") for all
nonnegative integers n and let F(z) be as in Proposition 2.1.3 for all z € po(T).
Then the following hold:

(i) F(z) is analytic in poo(T) and lim,_,, F(z) = 0 and F(z) is not identically equal

to zero;



14

(ii) If we identify Z(E) with C(X) for some compact space X and identify P, as
functions on X then limp—oo[|Pa()|]'™ > r(T-1)! for any z € X.

Proof. (i) The first statement follows from Proposition 2.1.3. For |z| > r(T), F(z) =
B[R(z,T)] = (T2 T*/2*+1) = T2 Py/z**1. So we see that lim,—.. F(z) = 0 and
F(z) is not identically equal to zero.

(i) Suppose that there exists a point zo € X such that lim,_.[|P,(z0)]]"/" <
r(T~')™" — ¢ for some ¢ > 0. Let f(2) = F(z)(zo), where F(z) is regarded as
an element of C(X). By (i) we see that f(z) is analytic in poo(T) , which con-
tains {z : |z| < #(T7')7'} since T satisfies the condition (c). Now for |z| > r(T),
f(z) = T2 Pe(z0)/2**!. By hypothesis this series can be extended to {z : |z| >
r(T~1)~! — ¢}. Therefore, f(z) can be extended to an entire function. By (i) f(z)

has to be the zero function. This is a contradiction since Py(zo) = 1.
§2.2. Positive Operators Satisfying the Condition (c)

In this section we study various properties of those positive operators satisfying
the condition (c) on a general Banach lattice E. Since we can consider the dual space
and the adjoint operator if needed, we may assume that E is order complete. The

following theorem is the first main result of this thesis.

Theorem 2.2.1. Let T be an invertible positive operator on a Banach lattice E.
Assume that T satisfies the condition (c). Then there ezist a positive number a and
a positive integer k such that T* > a-I. More precisely, for any 0 < ¢ < r(T1)™?
there ezists a positive integer ng such that T™ > [r(T~')"! —¢]*- I whenever n is a

multiple of ng.

Proof. We may assume that E is order complete. Fix 0 < ¢ < r(T~!)~!. We will use

the previous notations. It follows from (ii) of Lemma 2.1.5 that for any point z € X
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there exists a positive integer N, depending on « such that Py_(z) > [r(T1)~1—¢]V=,
Hence there is a neighborhood of z , say U(z), such that this inequality holds for all
points in this neighborhood. Now {U(z) : z € X} is an open covering of X. By
the compactness of X | there are finitely many points z,,z,,---,z,, in X such that
{U(z;) : 1 <1< m} isstill a covering of X. Let Ny, N,,---, N,, be the correspond-
ing integers. Let ng = N1N;--+ N,,. Then for any r € X there is a U(z;) such that
z € U(z;) and so Py,(z) > [r(T~!) — ¢]™i. 1t follows from (i) of Lemma 2.1.4 that

Poo() 2 [P ()] > [r(T71) 7 — €]
Therefore, P,, > [r(T~')"! —¢]™ - I. If n is a multiple of ng then
P2 (Pop)™ 2 [(T7) 7 =] 1
Notice that P, = ®(T™). So the theorem follows.

The above result and the method have several important consequences. We
mention some of them in the following, and other consequences will appear in other
sections. The following result is an easy consequence of the above theorem. It is one

of the important features that positive operators possess.

Corollary 2.2.2. Let T be a lattice isomorphism on an arbitrary Banach lattice E

such that o(T) = {1}. Then T = I, the identity operator on E.

Proof. Since T satisfies the condition (c), it follows from Theorem 2.2.1 that T* > a-I
for some positive integer k and some positive number a. Notice that T~! > 0. So by

the above we have

a-T*<TrF.TF=1

This implies that T-* € Z(E). By Theorem 1.3.1 and by the spectral mapping
theorem we obtain 7% = I. Consequently, T* = I. Now (T = I)(T*'+---+1)=0
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and the second factor is invertible by the spectral mapping theorem. Hence, T = I.

Corollary 2.2.3. IfT is a lattice isomorphism on an arbitrary Banach lattice E
and if T satisfies the condition (c), then there exists a positive integer k such that

T* € Z(E).

Proof. The proof is similar to the first part of the above proof, where we showed
that 7% € Z(FE) for some positive integer k. So T* € Z(E) since Z(E) is a full
subalgebra of L(E) by Theorem 1.3.1.

Remark. Corollary 2.2.2 is due to [SWA] in which a more general result is obtained.
We will give a proof for this result in the following corollary. We put Corollary 2.2.2
in a separate place because the proof is straightforward and unique. Corollary 2.2.3
is essentially due to [AH]. In Chapter 3 we will generalize all of these results for
disjointness preserving operators under less strict conditions.

Sometimes it is important to know when an operator will belong to the center
of the Banach lattice. The following result, due to [SWA], gives an answer to this
question for lattice homomorphisms. The proof we give here is different from the
original one. We will continue to discuss this question in Chapter 3 for some other

types of operators.

Corollary 2.2.4. Let T be a lattice isomorphism on E such that o(T) C (0,00).
Then T € Z(E).

Proof. By the above corollary, T* € Z(E) for some positive integer k. Now consider
the complex function f(z) = exp(1/klog z), which is defined and analyticin D = {z:
larg(2z)| < 7}. Notice that o(T) U o(T*) C D. So there exists an operator S € L(E)
such that § = f(T*). In fact,

S = %m,/;f(z)R(z,Tk)dz
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where C is a simple closed curve in D with the spectrum of T* contained in its interior.
Since R(z,T*) € Z(E) for all z € C (because T* € Z(E) and Z(E) is a closed full
subalgebra of L(FE), see Theorem 1.3.1 of Chapter 1), it follows that S € Z(E). On
the other hand, since f(2¥) = z for all z € G = {z : |arg(z)| < 7/k} and since
o(T*) C G, we have S = f(T*¥) = T. Therefore, T € Z(E).

Another important consequence of Theorem 2.2.1 is the following result on the

peripheral spectrum of positive operators satisfying the condition (c). First let us
recall that the subset Pero(T) = {A € o(T) : |\| = r(T)} is called the peripheral

spectrum of T.

Theorem 2.2.5. Let T be a positive operator on a Banach lattice E. Assume that

T is invertible and satisfies the condition (c). Then there exists a positive integer k

such that Pero(T*) = {[r(T)]*}. So if r(T) =1 then o(T*)N {z: |z| = 1} = {1}.

Proof. We may assume that r(T") = 1. It follows from Theorem 2.2.1 that T* > a- I
for some positive number a and some positive integer k. Let T* = a- I 4+ B. Then
B is a positive operator on E. Notice that r(B) = 1 — a since the spectral radius
of a positive operator is an element of its spectrum (see Proposition 1.2.1) and since

r(T*) = 1. By the spectral mapping theorem, it holds that
o(T*)={a+z2: z€0(B)} C{a+z: |z] <1-a}.
Hence, o(T*)N {z : |z| =1} = {1}.

Theorem 2.2.6. Let T be a positive operator on a Banach lattice E. Suppose that
there exists a sequence {a,} of nonnegative numbers such that

(1) T™ > anl for all n, where I is the identity operator on E, and

(i1) limp—oo(an)/™ = r(T).
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Then the peripheral spectrum of T is cyclic.

To prove the theorem we need some preparation. The ideas and the techniques

we are going to use come from [KR] and to which the following lemma is due.

Lemma 2.2.6a. Let E be a Banach lattice and let T be a positive operator on E
such that r(T) = 1. Assume that Tzo = azqe, where 0 # zo € E and |a| = 1. Fiz any

zo > 1 and let Eq be the ideal generated by R(zo,T)|zo|. Then the following hold:

(i) Eo ts an AM-space with unit R(zo,T)|zo| under a new lattice norm. Eg is T-

invariant and R(T|g,) < 20 and |zo| € Eo;

(ii) If Eo = C(X) for some compact space X, then there exists qo € X such that
TnleI(qO) = 29— 1 fOT‘ n= 0, 172a Tt

Proof. To simplify notations we let R(z) = R(z,T) and uo = R(20)|zo|. Then
Ey = {z € E: |z| < cug for some ¢ > 0}.
Ey is an AM-space with unit ug under the norm
[lzllo = inf{c > 0: |z| < cuo}-

Hence Ey can be identify with C(X) for some compact space X. Moreover, ug corre-
sponds to the constant one function 1y on X. For proofs of these facts, we refer to
[SH1]. Since |Tuo| = | — |xo| + 20R(20)|z0|| < 20R(20)|z0] = 20uo, (i) follows immedi-
ately.

We now prove (ii). We identify Ey with C(X). First we notice that

|zo| < Tzo] < T?lao| < ---

and that
Tklx — Z Zo_n—lTk+n|$0l

n=0
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o0
> 3 25" T el = 1x.

n=0

If (T*1x)(g) > 1 for all ¢ € X, then by the compactness of X there exists a positive
number a such that T*1x > (1 + a)lx. This implies that

R(Z, Tko)lx = Z Z_n—lTnko 1X

> iz'"'l(l +a)"lx =(z—(1+a)) 1y

n=0

for z>1+a. So r(T"°) > 1+ a, which is a contradiction. Hence
Qr={g€ X : T*1x(q) =1} # O for any k.

Since 1x < Tlx <T?%1x <---, we have

Q2Q22-

Now each @ is compact, so (j2; Qx # ©D. Let g9 be a point in this intersection.

Then T*1x(go) = 1 for all k. Now
1= T*1x(g0) = (—T*"|zol)(g0) + (20T* ' R(20)|zol)(q0)

= —Tk—1|1'0|(110) + 20

Hence, T*!|zo|(q0) = 20 — 1 for all k. The proof is finished.

Lemma 2.2.6b. Let T be a positive operator on a Banach lattice E. Suppose that
T satisfies the conditions in Theorem 2.2.6. Then for any nonzero positive operator
Q € Z(E) and for any positive element x, € E with Q?zo # 0, the point z = r(T) is
a singularity of the E-valued analytic function f(z) = QR(z,T)Qz¢ defined in p(T).

Proof. For |z| > r(T), we have

ad ™ To
HOEDY Qsz’)r'

n=0
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Notice that QT"Qz¢ > a,Q?z¢ > 0 for any n by assumption. So

QI - IT™] - Hlzoll = QT Qol| = an||Qzo].

This implies that lim,_,||QT™Qzo||{!/™ = r(T). Now it follows from Theorem 1.2.3

(the Pringsheim’s theorem) that (7") is a singularity of f(z).

Proof of Theorem 2.2.6. Let 7(T') = 1 and let a € o(T) with |a| = 1. By
considering the ultraproduct space of the space E and the double dual space of the
ultraproduct space (see Proposition 1.2.4), we may assume that E is order complete
and a is an eigenvalue of T. Let Tzy = azo with 0 # 2o € F and fix 2o > 1. To
simplify notations we let R(z) = R(z,T) when the meaning of R(z) is clear.

Let Ey be the ideal generated by R(z)|zo|. By Lemma 2.2.6a we have T(Ey) C Ey
and r(T|g,) < 2. In this paragraph we will work in the AM-space Ej, which is

identified with C(X) for some compact space X. For z; > zp, let
R(z1) —aD™ 'R(az;)D = A+ B,

where Im(A) = Im(B) =0, i.e., both A and B are real operators, and D is the sign
operator associated with zo (see Section 4 of Chapter 1). For any positive integer n,
let

a"D™'T"D =C, +1D,

with Im(C,) = Im(D,) = 0. By Proposition 1.4.2, we see that T" > C,,. Now let
A, =T" - C, = T" — Re(a~"D~'T"D).

Then
0< 27" A, < Y 2714

k=0

= R(z) — Re[aD™'R(z1a)D] = A.



21

By Lemma 2.2.6a there exists a point gog € X such that T™|z¢|(g) = 20 — 1 for all

nonnegative integers n. Thus

0 < Alzol(go) = 3 7 (Aulzol)(g0)

n=0

= 3 5™ (T o] — |ol)(g0) = 0

n=0
since A,p|zo| = T"|zo| — Re(a™"D~'T"D|zg|) = T"|xo| — |zo]. We know that A|z|

can be identified as a nonnegative function on X, say f = A|zo|. Let

Zo—l

nfge X laol(g) > 2.

20 —

2k

Us={q€e X: f(g) <

Then Uy is an open neighborhood of ¢o. Since Ey is an order complete AM-space
(since E is order complete), X is extremely disconnected (see [SH1], pp.107-108.).
So Uy (the closure of Uy) is open and closed in X. Let Q be the band projection

associated with this open and closed subset. Then we have
0 < 27" 'QrAnQklTol < QrAQk|zol

< QuAlzol < 7 Qulzol.

Since @ is in the center of the AM-space Ey and since Ey as a subset of F is an
ideal of E, Q can extend to be a band projection on E by setting Qrz = 0 for all
z € {R(z0)|zo|}¢. Finally, notice that Qk|zo| # 0 by the choice of Q.

Now consider any ultraproduct space £ of E. Let D = (D), D-1 = (D~!) and
T = (T) be the canonical extensions of D, D! and T respectively. Let @ = (Qy) and

_ Qk|$0| )
Xo= (IIQkIzoIH '

Then QXo = Xo # 0. By the last paragraph we have

let Xp € E be given by

QAHQXO = 0in E for all positive integers n
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ie., QT"QXO = QC.QX,. Consider the ideal generated by X, in E, which is given
by
L={Yek: Y| < ¢Xo for some ¢ > 0}.

Then for any Y € L, we have
QAQY| < cQAQXo = 0.

This implies that QT"QY = QC,QY. Now by Proposition 1.4.2 we obtain

(1 — cos )
| sin 4|

1QIDA1QY| < eQ|D.|QXo < ¢ A QT"QX, = 0.

r#6€(0,2r)

Therefore, we obtain

QT"QY = Qa~"D-'T"DQY
for all positive integers n and for all Y € L. Since D, Q € Z(E), we have QD = DQ.
So the above identity can be written as

QT QY = D-1a™™(QTQ)DY.
By using this identity repeatedly we obtain
QT"QX, = a™ D-X(QTQ)D* X,

for any integer k (since L is invariant under Q, D and D-1).
Finally, we show that the peripheral spectrum of T is cyclic. That is to show
a* € o(T) for any integer k. From the last paragraph we have, for |2| > 1,

QR()QXo = 3 =" 'QTQ X,

n=0

=3 2 Dk(a"*"QT"Q)D* X,

n=0

= akD:kQR(zak)QﬁkXo.
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By Lemma 2.2.6b we know that z = 1 is a singular point of Qﬁ(z)QXo. Now the
above identity implies that z = 1 is also a singular point of QR(zak)QﬁkXo. In
particular, z = 1 is a singular point of R(za"). This implies that a* is a singular

point of R(z). This shows that a* € o(T) = o(T). The proof is finished.

Corollary 2.2.7. Let T be a positive operator on a Banach lattice E such that
r(T) > 0. Assume that

(i) [0,n(T)) C p(T);
(i1) z = r(T) is an isolated point of o(T).

Then there erists a sequence {a,} of nonnegative numbers such that T™ > a,I and

lim,,_.co(a,)/™ = r(T). Thus the peripheral spectrum of T is cyclic.

Proof. We may assume that E is order complete. As before we identify the center
Z(E) with C(X) for some compact space X. Let r(T) = 1. Let P, = ®(T") and let
F(z) = ®(R(z,T)). By Proposition 2.1.3 we know that F(z) is analytic in po(T'). In
this case, [0,1) C poo(T). Fix any z € X. Then for |z| > 1, we have

1) = Fa)) = 3 2,

By assumptions and by Theorem 1.2.3 (the Pringsheim’s theorem), z = 1 must be a

singular point of f(z). So we must have

im0 (P ()™ = 1.

As in the proof of Theorem 2.2.1 we can prove that for any € > 0 there exists a
positive integer N such that Py > (1 — ¢)NI. Now choose ny,ns,--- such that
P,, > (1 —1/k)* 1. Now define

0, = { (1=1/k)™ if n =ng,

0 otherwise.
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Then T™ > a,I for any n and
L < Timnoo(an)'™ < lim |||V = 1.

By Theorem 2.2.6, the peripheral spectrum of T is cyclic.

Remark. The last statement of Corollary 2.2.7 is due to Krieger (see [KR]). The

techniques we used in the proof of Theorem 2.2.6 come from this paper.

It is known that the whole spectrum of a lattice homomorphism is cyclic (see
[SH1], pp. 325). E. Scheffold showed that any bounded closed cyclic subset of the
complex plane is the spectrum of some lattice homomorphism (see [SF]). We now
prove the following theorem, which asserts that if the spectrum of a positive operator
is contained in its spectral circle then the spectrum of this operator is either the whole

spectral circle or finite and cyclic.

Theorem 2.2.8. Let T be a positive operator on a Banach lattice such that r(T) = 1.
Suppose that o(T) is contained in the unit circle I'. Then either o(T) =T or there
exists a positive integer k such that (i) o(T) consists of k-th roots of unity and (ii)
o(T) is cyclic.

Proof. If o(T) is not the whole unit circle, then T satisfies the condition (c).
By assumption and by Theorem 2.2.5 there exists a positive integer k such that
o(T*) = {1}. By spectral mapping theorem we have o(T) C {z: z* =1}. So 2 =1
is an isolated point of ¢(T"). Now by Corollary 2.2.7 we conclude that the peripheral

spectrum of T is cyclic.

Remark. In Theorem 2.2.8 the spectrum of T is not necessarily equal to {z : zF = 1}
for some positive integer k. For example, let £ = LP(T"), where 1 < p < oo and T’
is the unit circle equiped with the Lebesgue measure. Define two operators T; and

T, on E by T1f(2) = f(—z) and Taf(2) = f(e**/3z) for any z € . Now con-



25

sider the product space £ x F and the operator T = T} x T,. Then T® = I and
o(T) = o(Ty) U o(Ty) = {1,—1,e*/¥ ¢*/3}. Moreover, 6 is the smallest positive
integer k such that o(T*) = {1}. It is easy to see that some 6-th root of unity is not
in o(T).

We already see that if T is a positive operator such that its spectrum is properly
contained in the unit circle then T satisfies the condition (c), and so by Theorem 2.2.1
the projection of some power of T into the center Z(E) dominates a positive multiple
of the identity operator and thus a nonsingular element in the center. We now show

that the opposite is also true.

Proposition 2.2.9. Let T be a positive operator on an order complete Banach

lattice E such that o(T) C {2 : |z| = 1}. Then the following hold:

(i) o(T) = {2z : |z]| = 1} if and only if ®(T™) is a singular element in Z(E) for each

positive integer n;

() If o(T) = {2 : |2| = 1} and if Z(E) = C(X) for some compact space X, then
there ezists a point pg € X such that ®(T")(po) = 0 for all positive integers n.

Proof. (i) We have already shown that if o(T') is not the whole unit circle then the
projection of some power of T into the center is a nonsingular element. It remains to
show that if o(T') is the whole circle then each ®(T") is a singular element in Z(E).
If this were not the case then we could find some positive integer n such that ®(7T™)
is nonsingular in Z(F). So by Theorem 1.3.1 there exists a positive number a such
that ®(T") > a-1. Thus T™ > a- I. Asin the proof of Theorem 2.2.5 we can show
that o(T™) = {1}. This is a contradiction, since it follows from the assumption and
the spectral mapping theorem that o(7™) is the whole unit circle.

(ii) For any positive integer n let X, = {p € X : ®(T™)(p) = 0}. By what we

just proved, X, is nonempty. Moreover, X, is compact and X,;; C X, for any n
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by Lemma 2.1.4. So it follows from the compactness of X that there exists a point
po € X such that po € X, for all n. By Lemma 2.1.4 again, we see that py is the

required point.
§2.3. Some Consequences

In this section we use the techniques developed in the previous sections to inves-
tigate the spectral properties of certain types of positive operators. Also we will give
some conditions for which the regular spectrum is equal to the spectrum. We begin

with the following definition (see also [AH]).

Definition 2.3.1. Let T be an order (= regular) operator on an order com-
plete Banach lattice E. (i) T has strict period n if T* € Z(E) and |T|FLI for
allk=1,2,---,n—1; (ii) T is aperiodic if |T|¥ L1 for all positive integers k.

Theorem 2.3.2. Let T be a positive operator on an order complete Banach lattice
E. Suppose that T has strict period n for some positive integer n. Then for any n-th
root of unity a, o(T) = ac(T). So A € o(T) if and only if |A| € o(T) and A = |A|e,

for some n-th root of unity a. In this case, the whole spectrum of T is cyclic.

Proof. By assumption, 7" € Z(E) and |[T|* AI = 0 for k = 1,2,---,n — 1. For

|z| > r(T), we have

oTH I T T™
s =;+ +

antl z2n+1

F(2) := ®[R(z,T)] = g: 4= 2" =T

We know that F(z) is analytic in peo(T) by Proposition 2.1.3. Hence 2"~ (2" —T")"!
can be extended to be an analytic function in p(T'). So, for any z € poo(T'), we have
that (2" — T™)~! exists and thus 2" € p(T™). Now let zo € o(T). Then 2§ € o(T™)
and also (az)" € o(T"). Hence, azg is not in p(T).

Since T is positive and since T € Z(FE) (thus o(T™) consists of nonnegative
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numbers), we have o(T) C {z : 2™ > 0} by the spectral mapping theorem. Hence,
Poo(T) = p(T). It follows from the above paragraph that az, is not in p(T), i.e.,
azg € o(T).

We now prove the last part of the theorem. Let A € o(T') be a nonzero element.
Then [A| = a) for some a with |a| = 1. Since A" > 0 by above, a™ = 1 and
the conclusion follows by the first part of the theorem. The converse can be proved
similarly. Finally, the fact that o(T) = ao(T) for any n-th root of unity o and the
fact that o(T') = {z: z" > 0} imply that o(T) is cyclic.

Theorem 2.3.3. Let T be an aperiodic operator on E. Suppose that o(T) C {z :
|2| = r(T)}. Then o(T) = {z: |z| = r(T)}.

Proof. We use the same notations as before. Since T is aperiodic, we have F(z) = I/z
for all z € po(T). We know that F(z) is analytic in po(T), and so 0 is not in p(T).
From this, we conclude that o(T') = {z: |z| = r(T)}.

Example 2.3.4. Let E = L,(R) with 1 < p < co. Let h(z) be any bounded
measurable function on R such that |h(z)| = 1 for all £ € R. Define an operator T
on E by Tf(z) = h(z)f(z + 1) for all £ € R. It is easy to see that T is an order
bounded operator and that |T|* LI for all positive integer n. Also it is easy to show
that T is double power bounded, from which we conclude that o(T) C {2z : |z] = 1}.
Now it follows from the above result that o(T') = {z : |z| = 1}.

Theorem 2.3.5. Let T be a positive operator on an order complete Banach lattice
E. If T has strict period n for some positive integer n, then oo(T) = o(T), i.e., the

regular spectrum of T is equal to its spectrum.

Proof. Since T" € Z(E), we have

oo(T™) = o(T™) C [0, 0).
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Let Ao € 0o(T). Then by the spectral mapping theorem A} € oo(T") = o(T").
Hence there exists A € o(T) such that A = A". Let A = a|)| for some « such
that o™ = 1. By Theorem 2.3.2, |A| € o(T). Now Ay = B|)\| for some 3 such that
B = 1. By Theorem 2.3.2 again we obtain Ag € o(T). Therefore, oo(T) C o(T).
Since o(T') € 0o(T) is always true, we have shown that oo(T) = o(T).

Theorem 2.3.6. Let E be an order complete Banach lattice and let T be a positive
operator on E. If T* LT for any nonnegative integers i # j, then {z: |z| = r(T)} C
Uo(T).

Proof. Without loss of generality we may assume that r(T') = 1. Let R(z,T) = R(z).

For |z| > 1, we have
00 Tk
R(z) E Sk+1?

where the series converges in the regular norm of L"(FE). By assumption, we obtain
00 Tk 00

R(:)| =Y ] = glzlkﬂ- (I2)).

k=0

So if |zp| = 1, then
lim  ||R(2)]|, = +oo.

z—rz0,|2[>1
This implies that zo is a singular point of R(z) since R(z) is analytic in the topology
induced by the regular norm. Thus zy € oo(T).

Corollary 2.3.7. Let X be an extremely disconnected compact space and let

E = C(X). Suppose that T is a positive operator on E such that T*LT? for any
nonnegative integers ¢ # j. Then the peripheral spectrum of T is the whole spectral

circle, i.e., {z : |z| = r(T)} C o(T).

Proof. Since a linear operator on C'(X) is bounded if and only if it is order bounded,
we have L"(E) = L(FE) and the regular norm is equal to the usual operator norm (see

[SH1], pp. 232). So oo(T) = o(T') and the result follows from the above theorem.
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§2.4. Positive Isometries and Lattice Isomorphisms

In this section we will use the results obtained in the previous sections to discuss
some aspects of the properties of positive isometries and lattice isomorphisms and
their relations.

We begin with the finite dimensional case. Recall that if F is an n-dimensional
complex Banach lattice then E is topologically and order isomorphic to C*. Hence
any operator on E can be represented as an n X n matrix. Moreover, positive op-
erators on E correspond to matrices with nonnegative entries. First we prove the
following interesting result, which is originally due to F. Beukers (by communication

with C. B. Huijsmans).

Theorem 2.4.1. If T is a positive operator on a finite dimensional Banach lattice

such that o(T) = {1}, then T > I.

Proof. Let dim(F) = n. Then T can be represented as an n X n matrix with non-
negative entries. Let A =T — I. Then A > —I. Now let A be represented as an
n X n matrix (a;;)nxn- Then a;; > 0 for ¢ # j and a; > —1.

Consider A% Since o(A?) = {0}, the trace of A? is zero. But the trace of A?
is the sum of its diagonal elements, all of which are nonnegative. In fact, the i-th
diagonal element of A% is Y"7_, a;xay; and each a;ax; is nonnegative. Therefore, all
the diagonal elements of A? are zero. In particular, we obtain a;; = 0. Hence all the

entries of A are nonnegative and so T — I > 0. The proof is completed.

Corollary 2.4.2. Let T be a positive operator on a finite dimensional Banach lat-
tice such that o(T) C {z : |z| = 1}. Then there ezxists a positive integer k such that
T > 1.

Proof. Since T satisfies the condition (c), it follows from Theorem 2.2.1 that T* > a-I
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for some positive integer k and some positive number a. Let T* = a- I + B. Since
B is a positive operator, its spectral radius is an element of its spectrum. So we
have r(B) < 1 — a. Hence o(T*) Cc {a+z: |z| £ 1 —a}. On the other hand
o(T*) C {z: |z] =1} by the spectral mapping theorem. So o(T*) = {1}. Now the

result follows from the above theorem.

Remark. In the above proof we did not use the fact that o(T") is cyclic. From this
fact we can conclude that there is some positive integer k such that o(T*) = {1} and
then the result follows from Theorem 2.4.1. For cyclic properties of the spectrum
of positive operators on finite dimensional Banach lattices, we refer to [SH1]. The

following theorem was proved for finite dimensional LP-spaces in [SH3].

Theorem 2.4.3. Let T be a positive contraction on a finite dimensional Banach

lattice such that o(T) C {z: |z| =1}. Then T is an isometry.

Proof. From Corollary 2.4.2 we see that there is a positive integer k such that
Tk > 1. Let T* = I + A. Then A is a positive operator. By assumption T* is a
contraction and hence ||(I + A)"|| < 1 for all nonnegative integers n. Notice that
0<n-A<(I+ A", from which we conclude that A = 0. Therefore, T* = I and so

T-' = T* 1! So T-!is also a contraction. Hence T is an isometry.

Corollary 2.4.4. IfT is a positive contraction on a finite dimensinal Banach lattice

such that o(T) = {1} then T = 1.

In general Theorem 2.4.3 is not true for infinite dimensional Banach lattices even
though T is a lattice homomorphism. We will give a counterexample to explain this
in the following. But if T is a lattice homomorphism and a contraction at the same
time and if its spectrum is not the whole unit circle then it is easy to show that T is

an isometry. We put this result into the following proposition.
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Proposition 2.4.5. Let T be a lattice homomorphism on an arbitrary Banach lat-
tice. If T is a contraction and if o(T') is properly contained in the unit circle then T

1§ an isometry.

Proof. By assumption we see that T satisfies the condition (c), so it follows from
Corollary 2.2.3 that T* € Z(FE) for some positive integer k. So the spectrum of T*
consists of positive numbers. By the spectral mapping theorem o(T*) is still con-
tained in the unit circle, and so o(T*) = {1}. Now it follows from Theorem 1.3.1 that
Tk = I and so T~! = T*-!, from which we conclude that T-! is also a contraction.

Therefore, T is an isometry.

Example 2.4.6. Choose a continuous function g : [0,1] — [0,1] as follows

1 fo<zr<1/50or4/5<zr<1,
g(z) =14 1/2 if 2/5 <z <3/5,
linear otherwise.

Define a function A : R — [0,1] by

1 if —oo < <0,

h(z) = 9(z) fo<z<l,
glz—k?) ifk2<z<k’+1Uk=1,2,--),
1 otherwise.

We now define T : L,(R) — L,(R), where 1 < p < 00, by
Tf(z) = h(z)f(z + 1) for all z € R.

We prove that (1) T is a contraction but not an isometry; (2) T is a lattice isomor-
phism such that o¢(T) C {z : |2] = 1}. From the way we define &, (1) and the first
part of (2) are obvious. To prove that the spectrum of T is contained in the unit

circle we need to prove that r(T-!) < 1. First observe that
T"f(z)=h Yz -1z -2)-- k" (z — n)f(z — n)

So [|T7"|| < sup,er |A"H(z)h™(z+1)---h™'(z + n —1)|. For any z € R, the points

z,z+1,---,z +n — 1 are contained in the interval [z,z + n — 1] of length n — 1.
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In [z,z + n — 1] there are at most [\/n] + 2 subintervals of the form [i,7 + 1](i is a
nonnegative integer) on which the function % is not constant. Therefore, ||T7"|| <
2Vnl42 This implies that r(T~!) < 1. We have finished the proof. Hence, we give
a negative answer to a question proposed by H. H. Schaefer in [H3](pp.75). From
Proposition 2.4.5 one can see that the spectrum of these operators must be the whole
unit circle.

Now we ask such a question: Let T be a positive contraction on a Banach lattice
E such that its spectrum is properly contained in the unit circle {z : |2] = 1}. Is
it true that 7T is an isometry on E? Theorem 2.4.3 shows that answer is positive if
the Banach lattice is finite dimensional. In general, we obtain from Theorem 2.2.5
that o(T*) = {1} for some positive integer k. If we can show that o(T*) = {1}
implies T* > I, then it is easy to see that T* = I, from which we can conclude that
[|IT~'|] <1, and so T is an isometry. We will discuss this question in next section,

where we prove the following theorem.

Theorem. Let T be a positive contraction on a Banach lattice E such that o(T) C
{z : |z| = 1} properly. If there ezxist constants 0 < a < 1/2 and ¢ such that ||T~"|| =

O(exp(cn®)) asn — 400, then T is an isometry on E.
§2.5. On conditions under which 7' > I

Corollary 2.2.2 shows that if 7" is a lattice homomorphism on a Banach lattice such
that o(T) = {1} then T is the identity operator. C. B. Huijsmans and Ben de Pagter
asked the following question: Let T be a positive operator on a Banach lattice £
such that o(T) = {1}. Is it true that T > I, where I is the identity operator on
E? So far this question is still open in its full generality. In this section we give
some conditions for which this open question has a positive answer. Unless otherwise

stated, the Banach lattices in this section are arbitrary (complex) Banach lattices
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which may be assumed to be order complete. We first prove some lemmas which we

need to prove our main results in this section.

Lemma 2.5.1. Let S be a positive operator on E. Then 0 < ®&(S) < r(S)-I. In
particular, if S is a quasi-nilpotent positive operator then ®(S) = 0.

Proof. Let S = P+ B with P € Z(E) and B € Z(E)?. Then 0 < P < S and so
0 < P* < S™. Hence, r(P) < r(S). Since P € Z(E), we have 0 < P < r(P)-I. Now

the result follows.

Lemma 2.5.2. Let A be a regular operator such that A> —1I and o(A) = {0}. Let
T(t) = exp(tA) be the semigroup generated by A. Then T(t) > 0 and o(T(t)) = {1}
for allt > 0.

Proof. T(t) = exp(tA) = exp(t(I + A)) - exp(—t) > ezp(—t)- I. It follows from the
spectral mapping theorem that o(7'(¢)) = {1} for all ¢t > 0.

Lemma 2.5.3. Let A be a regular operator such that A > —1I and o(A) = {0}. If
there ezists a positive integer N such that ®(A™) =0 for alln > N then A > 0.

Proof. Consider the semigroup T'(t) = exp(tA) generated by A. By Lemma 2.5.1
and Lemma 2.5.2 we see that 0 < ®(7'(¢t)) < I for all t > 0 and so

t"<I) A"
0< Z ) <
By assumption we get
N-1 4k k
0< Z ! (I)(A ) <I
for all ¢t > 0. Hence (AN ) =...= <I>(A) =0. Le¢t A=P+ B with Pe Z(E)

and B € Z(E)®. By the assumption that A > —1I it follows that B > 0. ®(A) =0
implies that P = 0. Hence A > 0.

Remark. The above semigroup method is originally due to A. R. Schep (by com-
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munication with C. B. Huijsmans)
Lemma 2.5.4. Let A be the subalgebra of L(E) generated by T and I, where T is
a positive operator with o(T) = {1}. Then the following statements hold:

(i) A is the norm closure of {¥Foa;T": a; € C,n € N} and T™ € A for all

n>1;

(i1) A is contained in L.(E).

Proof. (i) The first statement is obvious and the second one follows from the follow-
ing fact: T-' = 52, (-D)KT - 1)~

(ii) follows from (i).

Theorem 2.5.5. Let T be a positive operator on a Banach lattice such that
o(T) = {1}. Let A be the subalgebra of L(E) generated by T and I. If there ez-
ists an invertible operator S € A such that S(T — I)* > 0 for some positive integer
k. ThenT > 1.

Proof. Let D = S(T — I)* and let A =T — I. We want to show that A > 0. Notice
that A¥* = §~'D, where S~ € A. For any power T® of T, since o(T'D) = {0}, it
follows from Lemma 2.5.1 that (7" D) = 0. Therefore, ®(Q - D) = 0 for any Q € A

by (i) of Lemma 2.5.4. In particular, we have

®(AM) =@(A'-S'D) =0

for all nonnegative integers I. Now it follows from Lemma 2.5.3 that A > 0. So

T>1.

We are now in position to prove the following theorem, which is one of the main

results in this section:
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Theorem 2.5.6. Let T be a positive operator on a Banach lattice such that o(T) =
{1}. If there ezists a nonzero complex function f(z) that is analytic in a neighborhood

of the number 1 such that (i) f(1) =0 and (ii) f(T) > 0. Then T > I.

Proof. Let f(z) = (z — 1)*g(2) with g(2) being analytic in a neighborhood of 1 such
that g(1) # 0. Now (T —I)*¢(T) > 0 and ¢(T) is invertible. If we can show that ¢(T)
and its inverse are in the subalgebra generated by T' and I then the result follows
from Theorem 2.5.5. To show that ¢g(T") and its inverse are in A4 we only need to

observe the following:
1 -1
o) = 5= [[9(2)= - 1) dz

-1

and a similar formula for g(7T)~' with g(z) being replaced by 1/¢(z), where C is a

smooth closed simple curve in a neighborhood of 1 with the number 1 in its interior.

From Theorem 2.2.1 we see that T"™ > (1 —¢)™ - I for some n. If we assume
that T™ > I for some n then we can show that 7' > I. If the Banach lattice is finite
dimensional then by the Cayley-Hamilton Theorem the number 1 is a pole of the
resolvent of T'. Now if we assume that 1 is a pole of the resolvent of T" for the general
case then we can show that T > I. We collect all of these results and related ones in
the next corollary.

Corollary 2.5.7. Let T be as in Theorem 2.5.6. Then the following hold:
() IfT*>2T orT>T? thenT > I;

(ii) If T* > I for some positive integer k then T > I;

(iii) If 1 s a pole of the resolvent of T then T > I;

(iv) If (T — I)* > 0 for some positive integer k then T > I.

Proof. The results follow from Theorem 2.5.6. All we have to do is to choose the
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right functions f(z) for all the above cases.

Next we show that if the negative powers of T' do not grow too fast then the

answer to the open question is positive.

Theorem 2.5.8. Let T be a positive operator on an arbitrary Banach lattice E such

that o(T) = {1}. If there ezist 0 < a < 1/2 and a constant ¢ such that
|T7"|| = O(exp(en®)) as n — +oo
thenT > 1.

Proof. We may assume that E is order complete. By assumption there exists a
bounded linear operator A € L’—(E'—) such that 7" = exp(nA) for any integer n. In
fact,

A=log(r) = S (-1 T

n=1 n

Now consider the operator valued function f(z) which is given by
f(z) = ®(exp(zA)) for all z € C.

By Theorem 1.3.2 and the remark that follows this theorem, we can conclude that
f(2) is an entire function. Since A is a quasi-nilpotent operator, it is easy to see that
f(z) is an entire function of zero exponential type (see [BO] for definitions).

If n is any positive integer, then ||f(n)|| = ||®(T™)]] < 1 by Lemma 2.1.4. So
by Cartwright’s theorem (see [BO], pp. 180) there exists a constant M; such that
[|f(z)|| £ M, for any real numbers z > 0. If z <0 and if z = —n + ¢, where n is a

positive integer and 0 < ¢t < 1, then it follows from Theorem 1.3.2 that

f (@) = [|e(T™" exp(tA)[] < {IT7"]] - [ exp(tA)]|

< My Mjzexp(en®) < My M;exp(c) exp(cl|z|™),
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where M; = supo,<; ||exp(tA)|| and Msj is given by the condition in the theorem.

Therefore, there exists a constant M such that
|I£(z)]| < M exp(c|z|*) for all real numbers .
Now by theorem 6.6.9 in [BO], pp. 97 there exist constants K and b such that
l|f(2)|| £ K exp(b|z|*) for all complex numbers z.

Next we consider the entire function g(z) = f(2?). It is easy to see that for any

€ > 0 there exists a constant L depending on ¢ such that
llg(2)|] < K exp(blz|*) < Lexp(el2])

since 2a < 1 by assumption. Moreover ||g(xn)|| = ||f(n?)|| = ||®(T™)|] < 1. So it
follows from a well-known theorem in the theory of entire functions (see [BO], pp. 183)

that g(z) is a constant function, and so f(z) is a constant function. In particular, we

have f(0) = f(1), i.e., ®(T) = I. Therefore, T > I. The proof is completed.

Corollary 2.5.9. Let T be a positive operator on a Banach lattice such that o(T) =
{1}. If there ezists a positive number k such that

|®(T~")I| = O(n¥) as n — +oo,
then T > I. Conversely, if T > I, then ®(T") = I for any integer n.

Proof. The proof is similar as above. Using the same notations, we consider the

entire function f(z) given by above. Then by assumption we have
If(£n)l] = ||(T*)]} = O(n*).

Now it follows from theorem 10.2.11 in [BO}, pp. 183 that f(z) is a polynomial of
degree not exceeding [k] + 1. Observe that || f(n)|| = ||®(T")|| < 1 for any positive
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integer n. So f(z) must be a constant function. In particular we obtain ®(T') = I.
SoT > 1.

Conversely, if T > I, then T = I + A for some positive quasi-nilpotent operator
A. Since any positve quasi-nilpotent operator belongs to Z(E)¢ by Lemma 2.5.1, we
see that ®(7™) = I for any positive integer n. Now T-! = I + ¥ (—1)*A* and
22, A¥ is a positive quasi-nilpotent operator, so ®(T~") = I for any positive integer

n. The proof is finished.

Remark 1. It follows from Theorem 1.3.2 that the condition in Corollary 2.5.9 will
be satisfied if ||[T"|| = O(n*). This is the case when T is a lattice homomorphism
such that o(T) = {1} or when T~! is a power bounded operator. Moreover, if 1 is a
pole of the resolvent of T, then it is well known that ||T%"|| = O(n*) for some positive

integer k.

Remark 2. The invariant subspace problem for those operators on Banach spaces
that satisfy the growth condition in Theorem 2.5.8 has been studied in [AT]. Some of

the ideas used in the proofs of the above results are borrowed from this paper.

Theorem 2.5.10. Let T be a positive contraction on a Banach lattice E such that
o(T) C {z : |z| = 1} properly. If T satisfies the condition in Theorem 2.5.8 or in
Corollary 2.5.9 then T is an isometry on E. In particular, if o(T) = {1}, then T is

the identity operator on E.

Proof. It follows from Theorem 2.2.5 that o(TV) = {1} for some positive integer
N. Now notice that TV also satisfies the growth condition in Theorem 2.5.8 or in
Corollary 2.5.9. So by Theorem 2.5.8 or Corollary 2.5.9 we have TV > I. Now let
TN =] + A. Then A is a positive operator on E. Since T is a contraction, we have
lInA|| < ||(I + A)*|| < 1 for any positive integer n. So A = 0 and TV = I. Thus

T-' = TN, from which we see that |[T7!|| < 1. So T is an isometry.



Chapter 3

Decomposition Theorems

In this chapter we prove two different types of decomposition theorems for dis-
jointness preserving operators on Banach lattices. The first one is concerned with
the decomposition of a disjointness preserving operator whose spectrum is contained
in a sector of angle less than 7, and the second one deals with the decomposition
of a disjointness preserving operator under the assumption that its adjoint is also a

disjointness preserving operator. These results generalize some earlier ones.
§3.1. Basic Properties of Disjointness Preserving Operators

In this section we introduce disjointness preserving operators and give, without
proofs, some basic properties of these types of operators. Proofs for these properties
can be found in the indicated references. As in [A] and [AH], we introduce the fol-

lowing definition.

Definition 3.1.1. An order bounded operator T on a Banach lattice E is called a
disjointness preserving or a Lamperti operator if Tx L Ty whenever z,y € E such that

zly.

The class of disjointness preserving operators plays an important role in the study
of the spectral properties of operators, and it contains many important operators as

the following examples show.

Example 3.1.2. Let T be an n X n matrix over C, the set of all complex numbers.

If each row as well as each column of T contains at most one nonzero number, then

39
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T is a disjointness preserving operator.

Example 3.1.3. Let X,Y be two compact spaces and let T : C(X) — C(Y) be
a linear mapping. Then T is a disjointness preserving operator if and only if there

exists a map ¢ : Y — X and a function h € C(Y’) such that
Tf(t)=h(t)f(¢(t)) forallt € Y and all f € C(X),

where h = T'1x (1x is the constant one function on X') and ¢ is uniquely determined
and continuous on Yy = {t € Y : A(¢t) # 0}. This result was proved for lattice homo-
morphisms in [WO] and generalized to this setting in [A].

Example 3.1.4. (i) Weighted shift operators on E = [(N) or I,(Z) with 1 < p < 00
are disjointness preserving operators; (ii) All isometries on L,(X) (1 <p < oo,p # 2,
and X is a o-finite measure space) are disjointness preserving operators. The proof
for (i) is straightforward by the definition. (ii) was shown by Banach ([BA], pp.175)
for X = [0, 1] and by Lamperti ([LA]) for the o-finite case.

Disjointness preserving operators have close relations with lattice homomorphisms.
In fact, lattice homomorphisms are exactly those positive disjointness preserving op-
erators. Also notice that if T is a disjointness preserving operator then 7™ is also a
disjointness preserving operator for any positive integer n. The following proposition

collects some basic properties of disjointness preserving operators.

Proposition 3.1.5. 1. Let T be an order bounded operator on a Banach lattice E.

Then the following assertions are equivalent:
(i) T is a disjointness preserving operator;

(ii) |T| exzists and satisfies |Tz| = ||T|z| = |T||z| for all z € E. In particular, |T| is

a lattice homomorphism.
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2. Let T be a disjointness preserving operator on E. Then the following statements

hold:
(i) T' has a modulus and |T'| = |T';

(ii) T is invertible if and only if |T| is invertible. Moreover, if T is invertible, then

T~ and T' are disjointness preserving operators and [T~ = |T|'.
3. If T is a disjointness preserving operator, then |T"| = |T|* for any positive inte-
ger n.

For the proofs of the statement 1 and 2, we refer to [A]. Statement 3 follows from
(i1) of statement 1 and mathematical induction.

Using the techniques that we developed in Section 1 of Chapter 2 and the above
proposition, we can prove the following result, which is a generalization of Corol-
lary 2.2.3, and which is essentially due to [AH] ( Proposition 5.4). The proof we give

here is completely different.

Proposition 3.1.6. IfT is a disjointness preserving operator on a Banach lattice E
such that T satisfies the condition (c), then there ezists a positive integer k such that
T* € Z(E). In particular, if T is a disjointness preserving operator with o(T) = {1},
then T = 1.

Proof. Without loss of generality we may assume that F is order complete. It follows
from Proposition 2.1.3 of Chapter 2 that F(z) := ®[(zI — T)™'] is analytic in po(T).
Now, for |z| > r(T), F(z) = 32, P./2"*", where P, = ®(T™"). If we identify the
center Z(FE) with C(X) for some compact space X and identify P, as functions on
X, then as in the proof of Lemma 2.1.5 of Chapter 2 we can show that

iMoo [| P ()] Y™ > #(T71) ™! for all z € X.
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Since @ is a lattice homomorphism it follows from Proposition 3.1.5 that
[Pl = |@(T™) = @(IT"]) = @(IT").
Hence, we have
[Pal - |P| = ®(IT|") - @(|T|™) < ®(IT[™*™) = | Prsm

for all nonnegative integers n and m. As in the proof of Theorem 2.2.1 of Chapter 2
we can show that there exists a positive number a and a positive integer k such that

|Pc| > a-I. Therefore, |T|* > a-I. Now by Proposition 3.1.5 we obtain the following
TH <t T T = a7t T

Thus T~* € Z(E) and so T* € Z(E) by Theorem 1.3.1 of Chapter 1.
If o(T) = {1} then by what we just proved and by the spectral mapping theorem

we have T* = I. Now it is routine to conclude that T' = I. The proof is completed.

The following proposition is an immediate consequence of Proposition 3.1.5(ii)
and the definition of compactness. We will need this result in Section 4 for the study

of reducibility of disjointness preserving operators.

Proposition 3.1.7. Let T be a disjointness preserving operator on an arbitrary

Banach lattice E. Then T is compact if and only if |T| is compact.

Proof. First assume that T is compact. Let {x,} be a norm bounded sequence in E.
Then it follows from the compactness of T' that there exists a subsequence of {z,},
say {z,}, such that ||Tz, — Tzn,|| — 0 as n,m — oo. By Proposition 3.1.5(ii), we
have

[T|(2n — 2m) | = [T (20 — zm)|

This implies that || |T|(z, — zm) || = 0 as n,m — oco. So |T| is compact. Similarly,

we can prove the other direction.
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§3.2. Decomposition Theorems of Type I

In this section we will show that if T' is an order continuous disjointness preserving
operator on a Banach lattice having the Fatou norm and if its spectrum is contained
in a sector of angle less than = then T can be decomposed into the sum of its central
part and its quasi-nilpotent part. As consequences of this result we deduce various
properties of disjointness preserving operators. In this section E will always be an

order complete Banach lattice unless otherwise is stated.

Proposition 3.2.1. Let T be an order continuous lattice homomorphism on E.

Then the following statements hold:

(i) T(TyATy) = (TTY)AN(TT?) for any Ty, T, € L.(E). In particular, (TTh\)AN(TT,) =0
when Ty A Ty = 0;

(ii) If T = P+ B with P € Z(E) and B € Z(E)?, then PB = 0. In general, BP # 0.
But if, in addition, the adjoint T’ is also a lattice homomorphism, then BP = 0 and
P'LB' in L"(E').

Proof. The proof for (i) is standard and can be found, for example, in [AB], pp.91,
Theorem 7.5. The proof for (ii) is as follows. By (i), we have

0=TUAB)=TATB=(P+B)A(PB+B*)>BAPB>(a-P)B>0,

where a is a small positive number such that 0 < aP < I. Therefore, PB = 0.

We will give an example to show that BP # 0 in general (see below). Now let
us prove the last statement. Assume that T’ is also a lattice homomorphism. Then
T’ = P’ + B’ with P’ € Z(E') since the center is the band generated by the identity
operator. Let B’ = C+ D with C € Z(E') and D € Z(E')*. Then T' = (P'+C)+ D.
Since an adjoint operator is always order continuous it follows from the first statement

of (ii) that (P'+C)D = 0. Notice that all these operators are positive, and so we have
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P'D =0 and CD = 0. Therefore, (BP) = P'B' = P'C + P'D = P'C. Notice that
PB =0 implies B'P' = 0 and so CP’ = 0. Since Z(E') is commutative, P'C = CP".
Hence, (BP)’ = 0 and so BP = 0. Finally, since P’C = 0 and since P’,C are in the
center, we have P’1C. Now D € Z(E')? implies that P’ L B'.

Corollary 3.2.2. Let T be an order continuous disjointness preserving operator on
E. Suppose that T = P+ B with P € Z(E) and B € Z(E)*. Then |P|-|B|=0. In
particular, P - B = 0. If, in addition, T' is also a disjointness preserving operator,

then |B|-|P| =0 and P'LB’.

Proof. By Statement 1 of Proposition 3.1.5 we know that |T'| is an order continuous
lattice homomorphism. Since |T'| = |P| + |B| with |P| € Z(E) and |B| € Z(E)4,
it follows from Proposition 3.2.1 that |P|- |B| = 0. Finally, by Proposition 3.1.5
again, |T| = |T"| is also a lattice homomorphism. So by Proposition 3.2.1 one has

|B|-|P|=0and P'LB'.

Next we will give some examples of lattice homomorphisms and show that in (ii)
of Proposition 3.2.1 BP # 0 in general and that the order continuity of T' cannot be

omitted in (i) of the same proposition.
Example 3.2.3a. Let £ = C? and choose

-(14)

Then T is an order continuous lattice homomorphism on E. In this case,

10 00
P=(0 O)a,nde(1 0).

It is easy to see that PB = 0, but BP # 0.

Example 3.2.3b. Let X be a compact Hausdorff space that is extremely discon-
nected and whose topology is not discrete (this is possible, see [SH1], pp. 107-108).
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Let E = C(X). Then E is an order complete Banach lattice. Let z, € X be a
nondiscrete point, i.e., any neighborhood of zo contains more than one point. Let
¢ € E' be the Dirac measure at zo, that is ¢(f) = f(zo) for all f € E. Now define
a linear operator on E by Tf(z) = ¢(f)lx for any f € E and any z € X, where
l1x is the constant one function on X. Then one has the following: (i) T is a lattice
homomorphism; (ii) 7% = T'; and (iii) T L1.

The proof for (i) and (ii) are straightforward. We now prove (iii). Since X is ex-
tremely disconnected, there exists a decreasing net {U,} of neighborhoods of zq such
that each U, is open and closed in X and that N,U, = {z0}. Let h, be the charac-
teristic function of U,. Then h, € C(X). Now by Proposition 1.1.2 of Chapter 1 one
has

TAIlx)=inf{T(f)+9g: f,g=>20and f+g=1x}
< inf{T(1x — ha) + ha} = inf{h,} = 0,

since zo 1s a nondiscrete point of X. Therefore, T A I = 0. Finally, we notice that

T> AT =T, so the conclusion of (i) of Proposition 3.2.1 fails.

Before we state the main result of this section we need to fix some notations. For

ro > 0,60, 0, € [0,27), we call the subset
A(ro,00,0,) = {re?® : 0<r <rp,0, <0< 0,4+ 6,)}

of the complex plane C a sector. Here 6; is called the angle of the sector.
Proposition 3.1.6 shows that if a disjointness preserving operator T satisfies the
condition (c) then some power of T' will be in the center Z(E). Now we would like to
know under what conditions a disjointness preserving operator itself will be in the cen-
ter. It is shown in [A] that if T is an invertible disjointness preserving operator such
that its spectrum is included in a sector of angle less then 27 /3 then T € Z(FE). Some

generalization of this result has been obtained in [AH] for quasi-invertible disjointness
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preserving operators. Here we obtain the following more general result. Remember
that any order continuous Banach lattice as well as any dual Banach lattice has the

Fatou norm. Also, any C(X)-space has the Fatou norm.

Theorem 3.2.4. (Decomposition Theorem I) Let T be an order continuous
disjointness preserving operator on an order complete Banach lattice E with Fatou

norm. If o(T) is included in a sector A of angle less than © then T can be decomposed

into T = P + B such that
(i) P € Z(E) and |B| (hence B) is a quasi-nilpotent operator such that |P|-|B| = 0;

(i1) o(T) C 0(P) C 0w(T), where 0o(T) = C\ poo(T). So P # 0 if and only if T is

not quasi-nilpotent.

To prove the above theorem we need to do some preparation. As already men-
tioned, the center Z(E) of E can be identified with C(X) for some compact space X.
So each P € Z(FE) can be regarded as a continuous function on X, and thus we can
write P(z) for any z € X to denote the value of the function P at the point ¢ € X.
From now on we will keep this in mind.

In the following lemmas we will assume that T is an order continuous disjointness

preserving operator on an order complete Banach lattice F.

Lemma 3.2.4a. Suppose that E has the Fatou norm and suppose that o(T) is
included in a sector A of angle less than 2n. If T is not quasi-nilpotent, then there
ezists a positive integer k such that ®(T*%) # 0, i.e. |TF{A T #0.

Proof. Assume on the contrary that |T%| A I = 0 for all positive integers k. By
Proposition 3.1.5 this implies that |T'|¥ A I = 0 for all k. Then by Proposition 3.2.1,
we have |T|' A|T}J? = 0 for i # j. Now it follows from a result in [HP] that the pe-

ripheral spectrum of T is equal to {z : |z] = r(T)}. Since r(T) > 0, this contradicts
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to the assumption.

Lemma 3.2.4b. Let T* = P+ By with P, € Z(E) and By € Z(E)?. Identify Z(E)
with C(X). If Pi(xo) # 0 for some zo € X, then Pi(zo) = [Py(x0)]* for all positive

integers k.

Proof. We prove the Lemma by induction. First we observe that both |C|- |D| and
|D] - |C| belong to Z(E)? for any C € Z(E) and any D € Z(E)*. Let k = 2. Then
P, = P} + ®(B?). 1t follows from Proposition 3.2.1 (i) that

0= TP AIT||Bi] = (I1A* + |BlIP]) A (1P Bi| + |By[?)

> PP A®(|Bi]?) 2 0.

So PZL®(B?) in Z(E). Since P#(zo) # 0 by assumption, we must have ®(B?)(zo) =
0. Now Pg(.’l?o) = Pf(.’l)o) + Q(B?)((L‘o) = Pf(zo)
Assume that the statement is true for k, i.e., Pi(zo) = Pf(z¢). First observe that

Piyy = Py Py + ®(B; Bx). By Proposition 3.2.1 (1) again, we have
0 = |T||Pe| A T|| Bkl = (1P| Pe| + | Bal| Pi|) A (| Pl Be| + | Bl Bk l)

2 |Py||Pe| A ®(1B1]|Bi|) 2 0.

SO P]Pk..l.@(BlBk) in Z(E) Now Plpk(ito) # 0 1mp11es that q)(BlBk)(IE()) = 0.
Hence, Pyy1(xo) = Py Pi(zo) = PF*'(xo). The proof is finished.

Lemma 3.2.4c. Let T* = P, + Bix be the same as above. If E has the Fatou
norm and if o(T) is included in a sector A of angle less than x, then P, = Pf for all

positive integers k.

Proof. Fix any z € X. If P(z) = 0, then P;(z) = 0, since |P| = ®(|T*|) =
®(|T|*) > [®(|T])]* = |PA|F by Statement 3 of Proposition 3.1.5. Now assume
that Pi(z) # 0 for some k. If we can show that Pi(z) # 0 then it follows from
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Lemma 3.2.4b that P(z) = Pf(z), and the proof will be finished. If P(z) =0
then there is a positive integer N > 2 such that Pj(z) = --- = Py_;(z) = 0 and
Pn(z) # 0. Then we claim that if n is not a multiple of N then P,(z) = 0. The proof
is as follows. Let IN +1 <n < (I4+1)N —1 for some interger I. Then P in(z)=0
by assumption. It follows from Proposition 3.2.1(i) and Proposition 3.1.5 that

0 = |T™|(|Bacin| AT) = |T™||Bacin| A |T™] > &(|Bin|| Ba-in|) A |Pin| > 0.
Since |Piv|(z) > |Pn|'(z) > 0, we have ®(BjyB,_;x)(z) = 0. Notice that
P, = PNP,_in + ®(BinBoin)-

Thus P,(z) = 0 from above. So we have proved our claim.
Next we consider the function f(z) := ®[(z] — T)~')(z) defined in poo(T) (which
contains C \ A). By Proposition 2.1.3 of Chapter 2, we see that f(z) is analytic in

Poo(T), and for |z| > r(T),

f)= 3 22,

n=0

Since P,(z) = 0 for any n which is not a multiple of N, we have, for |z| > r(T),
zN—-l
f(Z) - ZN _ PN(-T).
Notice that C\ A C poo(T) in which f(z) is analytic. So the function zV-1(z"V —
Pn(x))~', which is equal to f(z) for |z| > 7(T), can be extended to po(T'). Thisis a

contradiction, since zV — Py(z) = 0 has N solutions, some of which will be in po.(T)

when N > 2. Therefore, we proved that P, (z) # 0.

Lemma 3.2.4d. Let B be an order bounded operator on E. Suppose that |B| is
a quasi-nilpotent operator. Then PB and BP are quasi-nilpotent operators for any

P € Z(E).

Proof. Fix P € Z(E). Then there exists a positive number a such that |P| < a-I. So
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|(PB)"| < a"|B|". Since |B| is quasi-nilpotent, PB is also quasi-nilpotent. Similarly,

we can show that BP is a quasi-nilpotent operator.

Let P be a positive operator belonging to the center Z(E). Since Z(E) is order
complete, the operator P :=sup{nP Al:n =1,2,--.} exists. It is easy to see that
P? = Py, so P, is a band projection. Actually, Z(E) can be identified with C(X)
for some compact extremelly disconnected space (i.e., every open subset has an open
closure, see [SH1] pp. 107-108), and so P is a continuous function on X. The closure
of the open subset {z € X : P(z) # 0} is closed and open in X, so its characteristic
function is a continuous function on X, whose corresponding operator in Z(E) is

exactly Py. The operator P, has the following property:

Proposition 3.2.5. Let P € Z(E) be a positive operator and let S be any positive
operator on E. Then PS = 0 if and only if PbS = 0. Similarly, if S is order
continuous, then SP =0 if and only if SF, = 0.

Proof. Assume that PS = 0. Then for any f € E;, we have 0 < (nPAI)Sf <
nP(Sf) = 0. Since Po(Sf) = limp_roonP A I(Sf) = 0, we see that PoS = 0. On the
other hand, if we assume that P,S = 0, then (nP A I)S = 0 for all n. In particular,
(PAI)S = 0. Choose a small positive integer a such that 0 < aP < I. Then
PAI > aP and so aPS = 0. The proof for the second part of the Proposition is

similar, and hence will be omitted.

Finally, we prove a lemma that we will use later. Basically, it means that under
certain conditions the spectrum of the restriction of an operator to its non-trivial
invariant subspaces will be closely related to the original spectrum of the operator.

The following lemma is not stated in its most general form.

Lemma 3.2.6. Let Y be a Banach space and let T be a bounded operator on Y.
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Let Yy be a non-trivial invariant subspace of T. If o(T) is contained in a sector A of

angle less than 2w, then o(T|y,) C A, where Ty, is the restriction of T to Yy.

Proof. If the statement were not true then o(T|y,) would have a boundary point,
say A, which does not belong to A. Since boundary points of the spectrum of a
bounded operator are approximate eigenvalues (see [BE] pp.24), A is an approximate
eigenvalue of T'|y,, and thus an approximate eigenvalue of T. This is a contradiction

to the assumption that o(7") C A.

Proof of Theorem 3.2.4. (i) If T is quasi-nilpotent, then |T'| is also quasi-nilpotent
by Statement 3 of Proposition 3.1.5, and so P = 0 and B = T. In the following
we assumue that T is not quasi-nilpotent. Let T = P + B with P € Z(F) and
B € Z(E)?. By Corollary 3.2.2, we have |P||B| = 0.

Let Py := sup{n|P|Al :n =1,2,---}. Then Fyis a band projection by the remark
before Proposition 3.2.5, and it follows from Proposition 3.2.5 that Py|B| = 0. Let Eq
be the band of E associated with P;. Then we have Po|B|(E) = {0}, which implies
that |B|(E) C EZ.

We may assume that ES # {0}, otherwise B = 0. Now consider the operator
Blga. Since 0 < |B| < |T|, we see that B is also an order continuous disjointness
preserving operator on F, and therefore, B| Ed 1 an order continuous disjointness
preserving operator on EZ. Moreover, since P(EZ) = {0}, we see that E¢ is an
invariant band of T and T' = B on Eg. Therefore, o( B| E¢) is also included in the sector
A by Lemma, 3.2.6. Since |B|AI =0 (i.e. ®(B) = 0), by applying Lemma 3.2.4c to B
we see that B¥ LT for all positive integers k, and hence r(B|gs) = 0 by Lemma 3.2.4a.
So we showed that the restriction of B to E¢ is a quasi-nilpotent operator. In the

above we proved that B(E) C Eg, so for any f € E, we have

18"+ f1| = 1B*(BAI < [IB"lol| BfII,
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where || B"||o means the norm of B™ when restricted to EZ. Hence, ||B"+!|| < [|1B™|]o
||B||. From this we see that B is a quasi-nilpotent operator on E. By Statement 3 of
Proposition 3.1.5, we see that | B| is also a quasi-nilpotent operator. So we completed
the proof for (i).

(ii) We now prove that o(T) C 0(P) C 0(T). First we show that o(P) C o (T).
As in the proof of Lemma 3.2.4c, we consider the analytic function f(z) := ®[(z] —
T)7'|(z) defined in poo(T) for any fixed z € X. By Lemma 3.2.4c, we have, for
2| > r(T),

f(z) = (2= P(z))".

Hence, (z — P(z))~! is analytic in po(T'), from which we conclude that P(z) is not in
Po(T), ie., P(z) € 0o(T). Since o(P) = {P(z) : z € X}, we have (P) C 0..(T).

Now we prove the other inclusion. To prove that p(P) C p(T), we let z € p(P).
Then we have

zI =T = (2 - P)[I - (21 — P)"'B].

By Lemma 3.2.4d and by what we just proved, (2 — P)™!'B is a quasi-nilpotent
operator. So zI — T is invertible. Hence, we proved that p(P) C p(T). Therefore,
o(T) € o(P). The proof is finished.

Remark. In the above decomposition theorem, BP # 0 in general. We already
gave an example (see Example 3.2.3a) to show this. Moreover, the angle = cannot be
replaced by any bigger number. For instance, Let £ = L?(R) with 1 < p < co and
define a linear map T on E by T f(z) = f(—z) for any f € E and any € R. Then T
is a lattice isomorphism such that (i) T2 = T and (ii) T LI, and thus o(T) = {—1,1}.
Here o(T) is contained in a sector of angle =. If we write T = P+ B with P € Z(E)
and B € Z(E)? then P =0, B =T and B is not quasi-nilpotent.

If the adjoint T’ of T is also a disjointness preserving operator, then Proposi-

tion 3.2.1(i1) shows that BP = 0, and in this case we have the following decomposi-
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tion theorem. First recall that a band H of E is said to T-reducing if both H and

H? are T-invariant.

Theorem 3.2.7. Let T be an order continuous disjointness preserving operator
on E with the Fatou norm. Suppose that o(T) is contained in a sector A of angle
less than m and suppose that the adjoint T' is also a disjointness preserving operator.

Then there exist T-reducing bands H and K such that
i) E=H® K,
(i1) Ty € Z(H) and T|k is quasi-nilpotent.

Proof. By Theorem 3.2.4, T = P + B with P € Z(F) and B € Z(E)? such that
|P|I|B| = 0 and that |B| is a quasi-nilpotent operator. Consider the adjoint T" of
T. Then T = P' + B’ with P’ € Z(E') and B’ € Z(E')? since |B'| = |B| (by
Proposition 3.1.5) is also quasi-nilpotent. On the other hand, since E’ has the Fa-
tou norm and since T’ is an order continuous disjointness preserving operator such
that o(T") = o(T), by applying Theorem 3.2.4 to T" we see that 7" = C + D with
C € Z(E') and D € Z(E')* such that |C||D| = 0. Therefore, P’ = C and B' = D,
i.e.,, |P'||B'| = 0. Now notice that (|B||P|) = |P||B|' = |P'||B’| = 0 by Proposi-
tion 3.1.5. Hence, |B||P| = 0.

Let Py = sup{n|P|AI:n =1,2,---}. Then we know that P, is a band projection
on E. By Proposition 3.2.5, we have Po,B = BF, = 0. Let H be the associated band
with Py. Then the above shows that H and K := H? are T-reducing. Now it is easy
to see that T'|y = P|g and T|x = B|k. So the proof is finished.

Corollary 3.2.8. Let T be a disjointness preserving operator on an arbitrary Ba-
nach lattice F' such that (i) T is invertible and (ii) o(T') is contained in a sector A of
angle less than w. Then T € Z(F).
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Proof. (i) It follows from Proposition 3.1.5 that 7” is an invertible disjointness pre-
serving operator on F’, which has the Fatou norm. Also, o(T") is contained in the
same sector. Now by Theorem 3.2.4(i) we have T" = C' + D, where C € Z(F') and
D € Z(F')* such that CD = 0. Since in this case 0 € po(T"), it follows from (ii) of
the same theorem that 0 € p(C), which implies that C is invertible. Now CD = 0
implies that D = 0. Hence, 7' = C € Z(F') and T” € Z(F"). Since F is a closed
sublattice of F", we have T € Z(F).

Remark 1. In Theorem 3.2.7 the order completeness is required. Consider the Ba-
nach lattice ¢, the space of all convergent sequences. It is easy to see that ¢ is not
order complete. Define a lattice homomorphism T on ¢ by
if n is even
T — (zn/n) 1 ! )
(T2)a { (Zp42/n™) if n is odd.
It is easy to verify that 7" is a lattice homomorphism. But, as shown in [WI], T' can

not be decomposed in the way as in Theorem 3.2.7.

Remark 2. Theorem 3.2.7 was proved in [WI] for compact lattice homomorphisms
on order continuous Banach lattices under the assumption that the spectrum of the
lattice homomorphisms consists of nonnegative real numbers, and Corollary 3.2.8 was
proved in [A] under the assumption that ¢(T) is included in a sector of angle less

than 27 /3.

Next we give some conditions on T such that the regular spectrum oo(T') (see

Section 3 of Chapter 1 for definition) is equal to o(T).

Proposition 3.2.9. Let T be an order continuous disjointness preserving operator
on E with the Fatou norm. If o(T) is contained in a sector A of angle less than =,

then any of the following conditions implies that oo(T) = o(T).

(i) p(T) is connected;
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(i1) T’ is also a disjointness preserving operator.

Proof. Let T = P + B be as usual, i.e., P € Z(E) and B € Z(E)%. Then by
Theorem 3.2.4 we know that |B| is a quasi-nilpotent operator.

(i) By assumption, we have peo(T) = p(T). It follows from Theorem 3.2.4 that o(P) =
o(T). Since o(T') C 0o(T') is always true, it is enough to show that o(P) D oo(T).
To do this let z € p(P) and observe that 2] — T = (2I — P)(I — (2I — P)"'B).
Since Z(E) is a full subalgebra of L(E) and since |(z2] — P)™! B| is quasi-nipoltent by
Lemma 3.2.4d, we see that 2] — T has a bounded inverse and the inverse is an order
bounded operator on E. Therefore, 2 is not in 0o(7"). This shows that o(P) D oo(T).
(i1) Assume that 7" is also a disjointness preserving operator. Then by Theorem 3.2.7

we have
0o(T) = oo(P) U 0o(B) = 0o(P) U {0} = o(P) U {0} = o(T).

The proof is finished.
§3.3. Decomposition Theorems of Type II

In this section we prove another type of decomposition theorems for disjointness
preserving operators without any restrictions on the spectrum of the operators. The
main result asserts that under certain natural conditions a disjointness preserving
operator can be decomposed into a direct sum of its strictly periodic and aperiodic
components. This result generalizes an earlier one in [AH]. Our approach is different
from that of [AH] in that we directly work on the given operators and related ones
rather than the operators induced by the given operators on Z(FE) as was done in
[AH].

Through this section the Banach lattice F is assumed to be order complete unless
otherwise stated. Let T be an order bounded operator on E. Recall that (i) T is said
to have strict period n if T € Z(E) and [T*AI =0for k=1,2,---,n—1; (ii) T is
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aperiodic if |T* AT =0forall k=1,2,---.

A positive operator on E is called (i) interval preserving if T[0,z] = [0, T'z] for
all 0 < z € E; (ii) almost interval preserving if T'[0, z] is norm dense in [0, T'z] for all
0 < z € E. Interval preserving operators are also said to have the Maharam property

(see [L]). The following results are well-known and we refer to [SW], pp. 74 for proofs.

(1) T is a lattice homomorphism if and only if 7" is interval preserving;

(2) T is almost interval preserving if and only if T” is a lattice homomorphism.

If F' is a Riesz space we will use F" to denote the order continuous dual of F,
i.e., the set of all order bounded order continuous functionals on F. It is known that
if F is a Banach lattice then F" is a band of F’. We say that F” separates the points
of Fif(FX)°={z€ F: f(z)=0forall f € F} = {0}. It is easy to show that
any Banach lattice with order continuous norm as well as any dual Banach lattice
has this property. For any dual Banach lattice F, if E = F’, then each element in
F induces an order continuous linear functional on E. In particular, all L? spaces
have separating order continuous duals. Let T' be an order continuous operator on F'.
Then it is easy to see that F is invariant under T’. Moreover, if F' is order complete,
then the map T' — T from L"(F) to L"(F’) is a lattice homomorphism. We refer to

[AB], pp.- 92 for a proof. Using this result we can easily obtain the following.

Lemma 3.3.1a. Let T be an order continuous lattice homomorphism on E such that
T’ is also a lattice homomorphism. Let S be an order continuous positive operator on
E with the property that ST = TS. If E; separates the points of E or if T is interval
preserving, then (SA DT = (STYAT =T(S A ).

Proof. If T is interval preserving, then the result follows from the following identity
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and Proposition 3.2.1
(Sl A S2)T - (SlT) A (SQT) for all 51,52 € LT(E).

A proof of this identity can be found in [AB], pp. 90. So in the rest of the proof we
assume that E has separating order continuous dual. We restrict the adjoint of T to
E7; . By the result we just mentioned (see [AB], pp. 92) and by Proposition 3.2.1 (i),

we have

(STYAT) =(T'SYANT' =T'(S"AI)
=T (SAIL)=[(SADTY,

where the identity holds on E. So for any ¢ € F and any f € E, we have

fI(STYAT (z)] = fI(SAI)T(z)]. Since E; separates points of E, we obtain (ST)AT =
(S A I)T. The proof is finished.

Let 0 < P € Z(E). Then Q = sup{(nP)AI:n=1,2,---} exists and Q* = Q
is a band projection (see Section 2 of this chapter). We will call the range of @ the
band associated with P or the support of P.

Lemma 3.3.1b. Let T be an order continuous lattice homomorphism on E such that

T’ is also a lattice homomorphism. Suppose that T is interval preserving or E has
separating order continuous dual. Let T* = Py + By with P, € Z(E) and By € Z(E)4.
Then the band E; associated with Py is T-reducing. Moreover, Bi|g, = 0.

Proof. Let Q; = sup{(nP,)AI: n=1,2,---}. Then Qy is the band projection with
range Eji. It is enough to show that TQ, = QxT. First we observe that

Qr = ’}Lrgo(npk) ANl = nlirgo(nTk) Al
So it follows from Lemma 3.3.1a that

TQx = lim T[(nT*) Al] = lim (nT*T) AT

i
-
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= lim [(nT*) AI|T = Q,T.

The above limits are taken with respect to the order convergence. Finally, Bilg, =0

follows from Proposition 3.2.1 (ii) and Proposition 3.2.5.

We are now in position to prove the following theorem, which is the main result of

this section.

Theorem 3.3.1. (Decomposition Theorem II) Let T be an order continuous
disjointness preserving operator on E such that T' is also a disjointness preserving
operator. Suppose that E separates the points of E or |T| is interval preserving.
Then there ezist a family {E,, : n=1,2,---} U{FEs} of T-reducing bands of E such
that

(1) E = GB7(3(1_-1En @ Eoo;
(ii)T|g, has strict period n and T|g,, is aperiodic,

where the direct sum in (i) is understood in the sense that each x € E can be uniquely
represented a4s T = Too + 0 — liMyoo Y peq Tk With zx € Ex and 2o € Eo and with

the convergence being in order.

Proof. By Proposition 3.1.5 we may assume that T is an order continuous lattice
homomorphism such that T” is also a lattice homomorphism, since a decomposition
for |T'| is also a decomposition for T'. First we notice that Lemma 3.3.1b holds under
the assumptions in Theorem 3.3.1.

Let T = P, + B, be as usual, i.e., P, € Z(E) and B, € Z(E)*. Now if E,
is the band associated with P, then by Lemma 3.3.1b E; is T-reducing. Moreover,
T\g, € Z(Ey) and T|gg = Bi|ps € Z(E®)?. So T|g, has strict period 1. We now work
on E? and consider the restriction of T to E{. Let T? = P, + B, with P, € Z(EY})
and B, € Z(E#)%. Let E; C E? be the band associated with P,. Since E{ and the
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restriction of T to this band satisfy the conditions in Theorem 3.3.1, it follows from
Lemma 3.3.1b that F; is T-reducing and T2|E; = B2|E;‘ € Z(E3). It is easy to see
that T'|g, has strict period 2.

Now assume that we have constructed T-reducing and disjoint bands {E,, E,, - - -, E.}

of E such that

(G)E,=E;+ Elfori=2,3,---,n;

(ii) T|Eg, has strict period ¢ for ¢t = 1,2,---,n;
(iii) (T|ga)* € Z(EZ)* for k=1,2,---,n.

We now consider the Banach lattice E? and the restriction of T to this space. It is easy
to verify that all the conditions in Theorem 3.3.1 are satisfied. Let T"*! = P, 1+ B, 11
with P,y; € Z(E?) and By, € Z(E%)®. Let E,y, be the band associated with P, ;.

Then by Lemma 3.3.1b E, ;, is T-reducing. Moreover, T'|g,,, has strict period n + 1

n+1
and (T|E.'4‘+1)"Jrl = B,H.lll;z+1 € Z(EZ,))*. By mathematical induction we can con-
struct a family {E, : n = 1,2,---} of T-reducing bands having the properties stated
in the theorem. Now let
o0 d [ o]
Ey = (U E,,) =) EL.
n=1 n=1

Then we have

E = ®?=1En @ Eoo

Finally, we show that T|g_ is aperiodic. Observe that for any positive integer
k we have E, C E{. Since (T|g)* € Z(E#)? by the above (iii), we see that
(T|e)* € Z(Ex)?. So T|g,, is aperiodic on E,. The proof is finished.

Corollary 3.3.2. Let T be an order continuous disjointness preserving operator on
E such that T’ is also a disjointness preserving operator. Then any of the following

conditions tmplies that T' can be decomposed as in Theorem 3.3.1.
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(i) E has order continuous norm;
(ii) E is a dual Banach lattice;
In particular, T' can be decomposed on E' as in Theorem 3.3.1.

Proof. For (i) and (ii), it is enough to notice that in either case E has separat-
ing order continuous dual. Also, T’ and T” are disjointness preserving operators by

Proposition 3.1.5.

Next we show that the decomposition theorem given in [AH] is a special case of
Theorem 3.3.1. To do this let us recall that a disjointness preserving operator T on

E is said to be quasi-invertible if the following conditions are satisfied (see [AH)):
(i) T is order continuous and T is one-one (injective);

(it) {T(E)}* = E;

(ii1) 7" is a disjointness preserving operator.

It has been shown in [AH] (see proposition 2.3 of this paper) that a disjointness pre-
serving operator T on E is quasi-invertible if and only if T is one-one and the range
of T is an order dense ideal of E. By the use of the latter conditions we can prove

the following.

Proposition 3.3.3. Let T be a quasi-invertible disjointness preserving operator on

E. Then |T| is interval preserving.

Proof. By Proposition 3.1.5 |T| exists and is a lattice homomorphism on E. More-
over, |T||z| = |Tz| for any ¢ € E. So it follows from the above definition that
|T| is also one-one (injective) and that the range of |T| is a dense ideal of E. Let
F = |T|(E). Then F is also an order complete Riesz space. Since |T|: E — F is

one-one and onto, there exists a linear map S : F — E such that S|T| and |T'|S are
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the identities on E and on F' respectively. It is easy to see that S is positive. Fix
any 0 < z € E and let z € [0,|T|z] C F. Then we have 0 < Sz < S(|T|z) = =.
So Sz € [0,z] and |T|(Sz) = z. Thus |T|[0,z] = [0,|T|z]. Therefore |T| is interval

preserving.

Corollary 3.3.4.([AH]) Let T be a quasi-invertible disjointness preserving operator
on E. Then T can be decomposed as in Theorem 3.3.1.

Proof. It is an immediate consequence of Theorem 3.3.1 and Proposition 3.3.3.
§3.4. Some Consequences

In this section we use the results obtained in the previous sections to deduce cer-
tain properties of disjointness preserving operators. Through this section we assume
that E is order complete and that T is an order continuous disjointness preserving
operator on F.

Let P € Z(E). We already see that @ = sup{(n|P|)AI:n=1,2,---} is a band
projection. Let Ep be the band associated with Q. Then the following holds.

Lemma 3.4.1. Let x € E. Then Pz =0 if and only if Qz = 0.

Proof. Assume that Qz = 0. Then Q|z| = 0 since @ is a lattice homomorphism.
In particular, we obtain |P| A I(|z]) = 0. Choose a small positive number 0 < ¢ < 1
such that ¢c|P| < I. Then 0 < ¢|P|(|z]) < |P|A I(|z|) = 0. This implies that Pz = 0.

Now suppose that Pz = 0. Then |P|(|z|) = 0 since P € Z(E). So (n|P|) A
I(|z|) = 0 for all n. Since Q|z| = lim,_(n|P|) A I(|z]), we have Qz = 0.

Proposition 3.4.2. Let P € Z(FE) and let Ep be the band associated with P. Then
P is one-one on Ep and {P(Ep)}% = Ep.

Proof. Let z € Ep and let Pz = 0. Then it follows from Lemma 3.4.1 that Qz = 0.
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But Qr = z since @Q is the band projection on Ep, and we have £ = 0. This shows
that P is one-one on Ep. Now we prove the last statement. Let z € Ep such that
z L P(Ep). In particular, we have |z|L|P|(|x|). So |z|L(n|P|) A I(|z|) for all n. This
implies that || LQ|z|, i.e., |z|L|z|. Hence z = 0. Therefore, { P(Ep)}* = Ep. The
proof is finished.

Theorem 3.4.3. Let T be a disjointness preserving operator on E such that T' is
also a disjointness preserving operator. Assume that either E separates points of E

or |T| is interval preserving. If T has strict period n, then for any n-th root of unity

a it holds that o(T) = ao(T).

Proof. First observe that under the assumptions given above, Theorem 3.3.1 holds.
Let P, = T". Then P, € Z(F) by assumption. Let E, be the band associated
with P,. Then by Lemma 3.3.1b E,, is T-reducing. Now consider the decomposition
E = E, ® E?. 1t is easy to see that T|g, has strict period n and T|ga is quasi-
nilpotent such that (T'|gs4)* = 0. By Proposition 3.4.2 T" = P, is one-one on E, and
{P,(E,)}* = E,. In particular, T|g, is one-one on E, and {T'(E,)}* = E,. So T|g,
is quasi-invertible on E, (see [AH] or Section 3 of this Chapter). By Theorem 4.3,
pp- 159 in [AH], we have
o(T|p,) = ao(T|E,)-

Since T'|gg is quasi-nilpotent, the following holds
o(T) = o(T|p,) U o(T|gg)
= a0(Tls,) Uao(T|gg) = ao(T).
The proof is finished.
Theorem 3.4.4. Let T and E be as in Theorem 3.4.3. Then oo(T) = o(T).

Proof. By assumption T* € Z(E). Hence o0o(T") = o(T") by the fact that
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Z(E) is a full subalgebra. Let A € 0o(T). By the spectral mapping theorem
A" € oo(T") = o(T™). Thus there exists u € o(T) such that A* = g". So there
exists an n-th root of unity a such that A\ = au. Now by Theorem 3.4.3 we have
A € o(T). We have shown that oo(T) C o(T). Since the other inclusion is always
valid, oo(T) = o(T).

Remark. Theorem 3.4.3 and Theorem 3.4.4 were proved in [AH] for quasi-invertible
disjointness preserving operators. These two theorems are also valid for positive op-
erators having strict period n (see Section 3 of Chapter 2).

Next we investigate some aspects of the irreducibility and reducibility of disjoint-
ness preserving operators. In the following we assume that dim(E) > 1. Recall that
an operator on FE is called (i) irreducible if F and {0} are the only T-invariant closed

ideals of E; (ii) band irreducible if £ and {0} are the only T-invariant bands.

Proposition 3.4.5. Let T be an order continuous disjointness preserving operator
on E. Suppose that E has Fatou norm. If o(T) is contained in a sector A of angle
less than w, then either o(T) = {0} or E has a proper T-invariant band. In particu-
lar, if (T') > 0, then T is band reducible.

Proof. By Theorem 3.2.4, T can be written as T = P + B with P € Z(FE) and
B € Z(E)?. Moreover, |B| is quasi-nilpotent. Let Ey be the band associated with
P. We already showed that B(E) C E¢ (see the second paragraph of the proof of
Theorem 3.2.4). We consider several cases. (a) if E§ = {0}, then B = 0 and so
T = P is reducible (since dim(E) > 1); (b) if E¢ = E, then P = 0 and T = B
is quasi-nilpotent; (c) if neither (a) nor (b) is true, then Eg is a proper T-invariant

band.

The following result is related to Proposition 3.4.5, although it is an immediate con-

sequence of some known results.
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Proposition 3.4.6. Let T be a compact disjointness preserving operator on any
infinite dimensional Banach lattice F. Then T is reducible, i.e., F' has a proper T'-

tnvariant closed ideal.

Proof. By Proposition 3.1.7, we know that |T| is a compact lattice homomorphism.
If |T| is irreducible, then r(|T|) > 0 by the main result of [P]. By Proposition 3.1.5,
r(T) = r(|T]) > 0. Since the spectrum of a compact operator is discrete, it follows
from Theorem 4.1 of [A] that T has a proper invariant closed ideal. This ideal is also

|T|-invariant. This is a contradiction. Hence |T| is reducible and so is T'.



References

[AB] C. D. Aliprantis and O. Burkinshaw, “Positive Operators”, Academic
Press, 1985.

[AO] C. A. Akemann and P. A. Ostrand, The Spectrum of a derivation of a
C*-algebra, J. London Math. Soc. (2) 13 (1976), 525-530.

[A] W. Arendt, Spectral Properties of Lamperti Operators, Indiana Univ.
Math. J. 32 (1983), 199-215.

[AH] W. Arendt and D. R. Hart, The Spectrum of Quasi-invertible Disjoint-
ness Preserving Operators, J. Funct. 68 (1986), 149-167.

[AT] A. Atzmon, Operators which are Annihilated by Analytic Functions
and Invariant Subspaces, Acta Math. 144 (1980), 27-63.

[BA] S. Banach, Théorie des opérations Linéaires, Warsaw, 1932.

[BE] B. Beauzamy, “Introduction to Operator Theory and Invariant Sub-
spaces”, North-Holland, Amsterdam, 1988.

[BO] R. P. Boas, Jr., Entire Functions, Academic Press, 1954.

[DA] E. B. Davies, “One-parameter Semigroups”, London-New York-San Fran-

cisco: Academic Press, 1980.

[E] J. Esterle, “Quasimultipliers, representations on H™, and the closed

ideal problem for commutative Banach algebras”, Radical Banach al-

64



65

gebras and automatic continuity, Lecture Notes in Math., no. 975,

66-162.

[H1] C. B. Huijsmans, Elements with unit spectrum in Banach lattice alge-

bras, Indag. Math. 50 (1988), 43-45.

[H2] C. B. Huijsmans, An elementary proof of a theorem of Schaefer, Wolff
and Arendt, Proc. Amer. Math. Soc. 105. no. 3 (1989), 632-635.

[H3] “From A to Z”, Proceeding of a Symposium in Honour of A. C. Zaanen:
Edited by C. B. Huijsmans, M. A. Kaashoek, W. A. J. Luxemburg and
W. K. Vietsch: Mathematical Center Tracts 149, Amsterdam, 1982.

[HP] C. B. Huijsmans and B. de Pagter, Disjointness Preserving and Dif-
fuse Operators, preprint, (1990).

[J] B. Johnson, Automorphisms of commutative Banach algebras, Proc.

Amer. Math. Soc. 40 (1973), 497-499.

[KS] H. Kamowitz and S. Scheinberg, The spectrum of automorphisms of
Banach algebras, J. Funct. Analysis 4 (1969), 268-276.

[KT] Y. Katznelson and L. Tzafriri, On power-bounded operators, J. Funct.
Analysis 68 (1986), 313-328.

[KR] H. J. Krieger, Beitrage zur Theorie positiver Operatoren, Schriften-
reihe der Institute far Math., Reihe A, Heft 6. Berlin: Academie-Verlag
1969.

[LA] J. Lamperti, On the isometries of certain function spaces, Pacific J.

Math. 8 (1958), 458-466.



66

[L] W. A. J. Luxemburg, “Some Aspects of the Theory of Riesz Spaces”,
Lecture Notes in Mathematics, Vol. 4, University of Arkansas, Fayet-
teville, 1979.

[LZ1] W. A. J. Luxemburg and A. C. Zaanen, Notes on Banach Function
Spaces I-XIII, Indag. Math. 25 (1963), 26 (1964), 27 (1965).

[LZ2] W. A. J. Luxemburg and A. C. Zaanen, “Riesz Spaces I ”, North-
Holland, Amsterdam, 1971.

[N1] “Aspects of Positivity in Functional Analysis”, edited by R. Nagel,
et al., North-Holland, Amsterdam, 1986.

[N2] “One-parameter Semigroups of Positive Operators”, edited by R. Nagel,
Lecture Notes in Mathematics, no. 1184, Springer-Verlag, 1986.

[OS] D. Ornstein and L. Sucheston, An Operator Theorem on L, Conver-
gence to Zero with Applications to Markov Kernels, Ann. Math. Statis-
tics Vol 41 no. 5, 1631-1639.

[P] Ben de Pagter, Irreducible Compact Operators, Math. Z. 192 (1986),
149-153.

[SH1] H. H. Schaefer, “Banach Lattices and Positive operators”, Springer-
Verlag, 1974.

[SH2] H. H. Schaefer, On the 0-spectrum of order bounded operators, Math.
Z. 154 (1977), 78-84.

[SH3] H. H. Schaefer, On Positive Contractions in L?-spaces, Trans. Amer.
Math. Soc. 257, no. 1, 261-268.



67

(SH4] H. H. Schaefer, “Topological Vector Spaces.” Springer-Verlag, Heidel-
berg, 1971.

[SWA] H. H. Schaefer, M. Wolff and W. Arendt, On lattice isomorphisms
and the groups of positive operators, Math. Z. 164 (1978), 115-123.

[SF] E. Scheffold, Das Spektrum von Verbandsoperatoren in Banachverbanden,
Math. Z. 123 (1971), 177-190.

[SP] A. R. Schep, Positive Diagonal and Triangular Operators, J. Operator
Theory 3 (1980), 165-178.

[SW] H. U. Schwarz, “Banach Lattices and Operators”, TEUBNER-TEXTE
zur Mathematik, Band 71, 1984.

[V] J. Voigt, The Projection onto the center of operators in a Banach lattice,
Math. Z. 199 (1988), 115-117.

[WI] A. W. Wickstead, Spectral Properties of Compact Lattice Homomor-
phisms, Proc. Amer. Math. Soc. 84 no.3 (1982), 347-353.

[WO] M. Wolff, Uber das Spektrum von Verbandshomomorphismen in C(X),
Math. Ann. 182 (1969), 161-169.

[Z] A. C. Zaanen, “Riesz Spaces 11 7, North-Holland, Amsterdam, 1983.

[ZH] R. Zaharopol, The Modulus of a Regular Linear Operator and the
“Zero-Two” Law in L,-spaces (1 < p < +o0,p # 2), J. Funct. Analysis
68 (1986), 300-312.



