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Abstract

Synthesis of DC-to-DC converter topologies in the two largest families — PWM and
Quasi-Resonant (QR) - is completed in this thesis.

In a PWM converter, two linear time-invariant networks, consisting of only capacitors
and inductors, source and load, are switched at constant frequency with duty ratio D.
From defining assumptions, several general properties of PWM converter networks are
derived. The established general properties interrelate the number of elements, attainable
DC conversion ratio M (D), and features such as continuous terminal currents or possible
coupling of inductors.

Based on matrix representation of the converter topology, the systematic synthesis
procedure for generation of PWM converters with a given number of reactive elements
is constructed. A prescribed set of requirements is the input for the procedure. The
requirements may include desired DC conversion ratio, continuous terminal currents,
possible coupling of inductors and a given number of switches. In particular, the number
of switches implemented as transistors can be specified. Outputs of the procedure are
complete classes of PWM converters that satisfy the input requirements. A number
of useful PWM topologies, which have not been identified before, are uncovered. A
comparison of members of the classes is included.

Several extensions of PWM converters are considered, including insertion of the iso-
lation transformer and two discontinuous operating modes for which unified DC analyses
are completed.

Quasi-Resonant converters are defined as two-switch PWM converter networks to
which resonant elements ‘are added. Synthesis of QR converters is based on the recogni-
tion that there are only a finite number of topologically distinct positions for resonant
elements within a two-switch PWM parent converter. If a single resonant inductor and

a single resonant capacitor are added to a two-switch PWM topology, examination of
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all possible positions yields a total of six QR classes, which come in dual pairs. Two
pairs are identified as known QR classes, namely, Zero-Current/Zero-Voltage (ZV/ZC)
and Zero-Current/Zero-Voltage Quasi-Square-Wave (ZC-QSW /ZV-QSW). The remain-
ing two classes, named Off-Resonant and On-Resonant Quasi-PWM (Qs-PWM/Q,-
PWM), have not been recognized so far. The names originate from the fact that Q-
PWM converters can be regarded as PWM converters operating in both discontinuous
modes simultaneously. The synthesis procedure can be generalized to encompass ad-
ditional resonant elements. As an example, classes of Zero-Current and Zero-Voltage
Multi-Resonant (ZC-MR/ZV-MR) converters are formally defined.

In contrast to square-wave switch waveforms in PWM converters, all QR topologies
exhibit smooth quasi-sinusoidal waveforms and therefore reduced switching losses. Of
particular interest are operating modes in which all switching transitions are at zero
current or at zero voltage.

A study of operating modes and a DC analysis unified with respect to all PWM
parents and all topological variations are carried out for four selected classes of QR
Converters — Q,-PWM, ZV, ZV-QSW, and ZV-MR. It is emphasized that for a QR
converter, topology alone is not sufficient to derive DC conversion properties. Subject to
different switch implementations and control timing, the emerging operating modes can
result in vastly different behavior of the same converter topology.

Two switch implementations are considered — conventional, with one controllable
switch and one diode, and the one that resembles the technique of synchronous rectifica-
tion — with two controllable switches. In the first case, with the exception of converters
in two Q-PWM classes, only variable-frequency control is applicable. However, if both
switches are controllable, constant-frequency control is restored in all QR classes, and
several novel operating modes of practical interest are uncovered.

Various QR classes and operating modes are compared with respect to sets of switch-
ing transitions, sensitivity to parasitic elements, available operating region, frequency
range and stresses on switching devices. The role of free parameters in various design
trade-offs is exposed, thus allowing a designer to select and realize the topology best

suited for a particular application.
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Chapter 1

Introduction

Power converters are systems that process electrical power from input, where the
power source generates a certain current or voltage waveform and level, to output, where
the waveform or level is changed in a controlled manner. Ideally, power is processed
with 100% efficiency, that is, with no power loss in the converter itself. Depending
on whether input and output waveforms are constant or time-varying, converters are
classified as DC-to-DC, DC-to-AC, AC-to-DC and AC-to-AC. This thesis is focused on
DC-to-DC switched-mode converters.

Power supply is a “dumb” but unfortunately indispensable part of every signal pro-
cessing electronic system. It is not uncommon for it to take more space and weight and
even to consume more power than all other “intelligent” parts of the system together.
Hence, a continuous demand for smaller, lighter and more efficient power converters has
motivated, in one way or another, much of the research and design efforts in the field of
Power Electronics, including the work presented in this thesis.

Ever since the advent of fast semiconductor switches enabled practical realization
of switched-mode converters, the number of applications for them has grown and the
applications have diversified steadily. In particular, widespread applications of DC-to-DC
converters include power supplies for a countless variety of electronic systems, systems
for utilization of solar energy and DC motor drivers. Moreover, DC-to-DC converters
are often found as basic building blocks for other types of power converters.

An increasing number of new applications has motivated a search for converters that
could meet new requirements or outperform existing converters. Considered mainly
an intuitive process, introduction of new converters has been rightfully accredited to
designer’s ingenuity. Since the understanding of power conversion principles has matured

over the years, a different approach to the construction of power converters with certain



sets of properties has evolved. Thus, in [10], the problem of synthesis of complete classes
of power converters is posed and solved analytically. Following the same approach,
construction of a systematic synthesis procedure for generation of complete classes of
PWM DC-to-DC converters is carried out in this thesis. The term “PWM” (pulse-width
modulation) is used to denote “conventional” converters with approximately square-wave
voltage and current waveforms.

In Chapter 2, basic principles of DC-to-DC switched-mode power conversion are
reviewed. Emphasis is put on how various required or desirable features of power con-
verters relate to the way that converter elements are interconnected or, as we shall say
from now on, to the converter topology. Essential converter properties, such as complex-
ity of the converter network, efficiency and steady-state and dynamic response are all
related, sometimes exclusively, to the converter topology.

In Chapter 3, the family of PWM DC-to-DC converters is formally defined, and
several general results are derived from defining assumptions. A connection is found
between complexity of the converter network and a function (called DC conversion ratio)
that relates output voltage or current level to input voltage or current level. As in [22],
the DC model of a PWM converter is established and related to the converter topology.
Based on this quite general framework, a completely formalized synthesis procedure is
constructed in Chapter 4 and is executed via a simple computer program in order to
generate complete sets of second-order and fourth-order PWM converters with up to
four switches. Among astonishingly numerous converter topologies, many of which have
not been recognized so far, converters with a specified set of properties are sorted out
and compared. Several extensions of PWM converters, including discontinuous operating
modes and insertion of the isolation transformer, are treated in Chapter 5 in a systematic
and unified manner.

The incentive to increase the frequency at which switched-mode converters are op-
erated is motivated by the fact that correspondingly smaller values and hence sizes and
weights of energy storage components should result in smaller and lighter converters.
However, the inevitable increase in switching power losses puts a praétical upper bound

on the usable frequency range. Resonant converter topologies overcome some of the



switching loss mechanisms attributed to PWM converters and offer the possibility of
extending the usable frequency range toward higher frequencies. In contrast to sharp
transitions in current and voltage waveforms of PWM converters, the resonant convert-
ers operate with smooth, quasi-sinusoidal, resonant waveforms leading to reduced losses
ascribed to switching transitions. A common name Quasi-Resonant (QR) converters,
adopted from [14], is used in this thesis for all converters constructed from a PWM con-
verter by addition of resonant capacitors and inductors. Not long after the first class
(named Zero-Current) of QR converters was introduced in [12], numerous variations ap-
peared [13], followed by introduction of other classes (Zero-Voltage [14], Quasi-Square-
Wave [17,18], Multi-Resonant [16]) with even more topological variations. In the course
of proliferation of new converters, much-needed results toward understanding of fun-
damental topological properties and, even more importantly, toward unified analysis of
seemingly countless and often confusing QR variations started to appear. Most notably,
in [20], topological rules encompassing all topological variations are formulated for Zero-
Voltage and Zero-Current classes, and the analysis is unified with respect to all variations
and all underlying PWM converters.

In Chapter 6, synthesis of QR converters is based on the recognition that starting
from a PWM topology with two switches, resonant elements can be placed in only two
distinct positions with respect to the switches — in a cut-set with a switch or in a loop
with a switch. Then, all possible combinations with a single resonant inductor and
a single resonant capacitor are examined, giving rise to a total of six classes of QR
converters. Two new classes are uncovered and a proper place is found for all other QR
classes introduced before. It is possible to extend recursively the synthesis procedure to
encompass QR topologies with more than two resonant elements.

The approach adopted in the synthesis of QR converters also allows application of
a unified DC analysis of numerous QR topological variations that result from different
PWM converters or variations in positions of resonant elements. Such analysis, which
follows the method first proposed in [20], is completed in Chapters 7 through 10 for
selected classes of QR converters. It is recognized that in addition to topology, a study of

possibly non-unique operating modes is necessary in order to fully understand properties



and relative merits of QR converters. The study of Chapters 7 through 10 reveals a
number of operating modes that have not been identified before or for which no analytic
results have been obtained. In particular, it is demonstrated that in contrast to QR
converters with conventional implementation of switches (a single transistor and a single
diode), QR converters with two transistor switches can be operated and controlled at
constant switching frequency. This is important since variable-frequency ripple and noise
generated by variable-frequency converters are much more difficult to handle.

In Chapter 11 a comparison of QR converters is undertaken, aimed to provide a
prospective designer with results necessary in order to successfully compare, select, and
finally design the converter best suited for a given application.

-Original results presented in this thesis are summarized in the concluding chapter.



Chapter 2

DC-to-DC Power Conversion

In this chapter, DC-to-DC converters and switched-mode converters in particular,
are introduced along with the terminology used in subsequent chapters. DC-to-DC
converters are inherently non-linear and/or time-varying electrical networks that process
DC power at one voltage or current level to a different voltage or current level with,
ideally, 100% efficiency.

Issues relevant for analysis, design and application of switched-mode converters are
discussed briefly in Section 2.3 with emphasis on how they relate to the results of this
thesis. The fact that all converter features are, often exclusively, a function of the way
converter elements are interconnected, motivates the study on systematic synthesis of
converter topologies. Most importantly, once complete classes of converter topologies
are generated, it is possible to decide which particular topology is best suited for a given
application.

Earlier approaches to the problem of synthesis of switched-mode converters are re-

viewed in Section 2.4.

2.1 Definition and Basic Properties of DC-to-DC Converters

Consider a two-port electrical network N consisting of lumped, two-terminal, possibly
non-linear and/or time-varying resistors, capacitors and (possibly coupled) inductors.
Resistors are defined as elements for which voltage v across it and current ¢ through it
satisfy

f(v,1,t) =0,vi > 0,Vt, (2.1)

while standard definitions [31] are adopted for reactive elements (capacitors and induc-

tors). Ports of the network are designated as input and output. The input port is



terminated by an ideal, DC, non-zero voltage or current source. The output port is ter-
minated by a possibly non-linear and/or time-varying load resistor. Voltage and current
at the input and at the output are denoted by vy, 1, and vout, fout, respectively. Zero
initial conditions are assumed for the network states. Define the average or DC value ¥
of a function of time y(t) by
1 77
g= flingo; | y(r)dt. (2.2)

If y(t) is periodic in time, ¥ coincides with the average over one period. Then, voltage

(M,) and current (M;) DC conversion ratios are defined by

M, = o (2.3)
M, = (2.4)
tg

The following definition of a DC-to-DC converter is taken from [1]:

Definition 2.1 Network N together with source and load is a DC-to-DC converter iff!
|My| > 1 or |M;| > 1.

Load of a DC-to-DC converter is not necessarily linear, time-invariant (LTI). In fact, it
is usually both time-varying and non-linear. However, since in general the load charac-
teristic is not predictable, we may postulate that the load is LTI and consider the effects
of its time-variation and/or non-linearity separately.

The following proposition gives two basic necessary conditions that must be satisfied

by the elements of a DC-to-DC converter [1]:

Proposition 2.1 In a DC-to-DC converter with a linear, time-invariant load resistor
R:
1. there is at least one non-linear and/or time-varying resistor Ry for which v17; > 0
and at least one non-linear and/or time-varying resistor Ry for which V313 < 0;

2. there is at least one reactance.

The fact that DC-to-DC converters are inherently non-linear and/or time-varying
electrical networks proved to be the major problem in developing comprehensive analysis

and modeling methods.

1«iff» stands for “if and only if.”



2.2 Ideal Switched-Mode DC-to-DC Converters

The major task of a power conversion system is to process power in a controlled
manner with the least possible amount of power loss. Efficiency of power converters,
defined as the ratio of output to input power, is analogous to distortion (conceived here in
a very broad sense) in signal-processing systems. Ideal efficiency of 100% can be achieved
only if all components of a converter are lossless. This is why in power converters the role
of inevitable non-linear and/or time-varying resistors is devoted exclusively to switches.
An ideal switch is a resistor for which the characteristic f(v,,t) = 0 is defined by one

and only one of the following two expressions:

v=0, fort when the switch is in ON position, (2.5)

+=0, for t when the switch is in OFF position. (2.6)

Ideal switches are lossless elements since instantaneous dissipated power is equal to zero
for all t. A switch is controllable if transition from ON to OFF position and vice versa is
subject to some external control signal. Now we can define ideal switched-mode DC-to-

DC converters:

Definition 2.2 An ideal switched-mode DC-to-DC converter s a DC-to-DC converter

in which all resistors apart from the load are ideal switches.

Henceforth, only switched-mode DC-to-DC converters will be considered. By Proposition
2.1, there are at least two switches and one reactance in any switched-mode DC-to-DC
converter.

Suppose that there are n, switches in a DC-to-DC converter. A vector whose elements
assume values ON or OFF corresponding to positions of n, ordered switches is denoted
the operating state of the converter. There are at most 2™ operating states and for
each state the converter network N reduces to the network N;, which consists of source,
load and reactances only. Change from state to state is called state transition and it is
instantaneous by the assumption on ideal switches. State transition is controllable if at
least one of the controllable switches changes its position in compliance to some external

signal.



Switched-mode converters are operated such that a sequence of operating states is
repeated periodically. Time interval T, which elapses between successive repetitions of
operating states, is called the switching period. Valid operation of a converter is defined

as follows:

Definition 2.3 For a switched-mode DC-to-DC converter, a periodic sequence of oper-

ating states s called an operating mode if:

1. every switch changes its position at least once during a switching period;
2. at least one of the state transitions is controllable;

3. for the vector of converter state variables, there exists a periodic solution with a

period equal to the switching period.

By Assumption 1, all switches are necessary for proper operation of a switched-mode
converter. The second assumption makes sure that external control over the converter is
possible. For some examples of DC-to-DC converters there exist steady-state solutions
with a period that is an arbitrary integer multiple of T;,. Each solution may lead to
different DC conversion and dynamic properties of the converter [25]. Assumption 3 is

introduced in order to focus only on the solutions of most practical interest.

2.2.1 Control Strategies for Switched-Mode DC-to-DC Converters

In switched-mode DC-to-DC converters, control over DC conversion ratio M, or M;
can be accomplished only through control over state transitions. Suppose that a converter
operates in a mode with j, state transitions out of which j. are controllable. Only the
intervals between two controllable transitions can be varied by external command. In
general, any number from one to j. intervals can be subject to external control while
others are kept constant, thus giving rise to various control strategies.

If j. = 1, there is only one possible control strategy in which the control over the
conversion ratio is achieved by varying the switching frequency f, = 1/T}.

If 5. = 2, four control strategies are possible, in general. If time between two control-

lable transitions is denoted by T, possible control strategies are:

1. constant-frequency, duty-ratio control, T} = const.;



switch implementation constraints

_ v>0

transistor t -
\ Z 1>0
v<0

diode +._[>|_: =
1>0
current bidirectional t " v>0

voltage bidirectional t_\_j_[>|_7 i>0

Table 2.1: Switch tmplementation

2. variable-frequency, constant-pulse-width control, T, = const.;
3. variable-frequency, constant-pause control, T, — T, = const.;
4. variable-frequency, variable-pulse-width control.

Duty ratio D in the constant-frequency control is defined by
D=T./T,. 2.7

The constant-frequency control is usually preferred over the variable-frequency control
since filtering components can be optimized to suppress current and voltage ripples at
switching frequency and its harmonics. Also, noise generated by variable-frequency con-

verters is more difficult to handle, and in some applications it cannot be tolerated.

2.2.2 Switch Implementation

Characteristics of ideal switches coincide with axes in the v—¢ plane. In practice, parts
of the characteristics are implemented by semiconductor devices — transistors and diodes,
as indicated in Table 2.1. It should be noted that MOS transistors; which alternate
bipolars as controllable switches, are inherently current-bidirectional.

Implementation of a four-quadrant switch requires two current-bidirectional switches

in series or two voltage-bidirectional switches in parallel. Unless otherwise noted, it will
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be assumed that except for constraints in Table 2.1, switch implementations are ideal

(lossless and allow instantaneous switching).

2.3 An Overview of Switched-Mode DC-to-DC Converter Features

In this section a brief overview of essential features of switching converters is pre-
sented. The overview is arranged as a glossary of pertinent issues with the intention
of emphasizing what problems related to analysis, modeling, design and application of
DC-to-DC power converters are tackled in this thesis.

Converter topology describes how source, load, reactive elements and switches are
interconnected in a converter network. In particular, if the converter network N consists
of ‘single-port elements only, converter topology is a synonym for the corresponding graph
G with edges labeled after the elements of the network. All converter properties and
features are, often exclusively, related to converter topology. Hence, ability to construct
systematically all possible topologies is necessary in order to meet design requirements
or to select topology best suited for a given application. Synthesis of the two largest
families of switched-mode converter topologies, namely, PWM and Quasi-Resonant, is
undertaken in this thesis.

DC converston ratio is an essential property of DC-to-DC converters. Assuming that a
converter operates in a specified mode, DC characteristics of the converter are in the form
F(M,r., R) =0, where M is the DC conversion ratio and 7. is the vector of controllable
intervals. Function F depends on the converter topology and the particular operating
mode. The operating mode may not be unique for the topology. Thus, a PWM converter
operates in the continuous conduction mode assumed by Definition 3.1 of Chapter 3,
but only if circuit parameters satisfy certain conditions. Otherwise, operation in other
modes, called discontinuous modes, is possible, as discussed in Chapter 5. Furthermore,
in Chapters 7 through 10, it is shown that in addition to topology, a study of possible
operating modes is necessary in order to understand DC conversion properties of Quasi-
Resonant converters.

Efficiency is a figure of merit for power converters. Of course, it depends on how

close converter elements are to ideal. However, assuming that the same elements are
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always available, efficiency depends on the converter topology as effectively exposed in
the comparison of PWM converters generated by the synthesis procedure of Chapter 4.
Also, the essential motivation behind the development of Quasi-Resonant converters is to
reduce or eliminate some of the switching losses inherent in the PWM topologies. Hence,
in Chapters 7 through 11, where selected classes of QR converters are studied, particular
attention is given to the operating modes for which switching losses are minimized.

Switch voltage stress and current stress are the parameters that decide the choice of
semiconductor devices used to implement the switches. It is shown (Section 3.5) that
voltage and current stresses are identical for all two-switch PWM converters that share
the same DC conversion ratio. However, for other PWM and Quasi-Resonant converters,
topologies are subject to comparison with respect to switch stresses.

For lower losses on parasitic resistances, more efficient filtering and lower generated
noise, it is preferred that input and output terminal waveforms be continuous (ideally,
DC only). This feature depends solely on the converter topology, and it appears as
one of the parameters for comparison of PWM converters generated by the synthesis
procedure of Chapter 4. A relation between the feature of continuous terminal currents
and attainable conversion ratios for PWM converters is found in Section 3.4.

Coupling of inductors on a single magnetic core is possible if all inductors share
identical or proportional voltage waveforms [29]. The coupled-inductor technique yields
sizable savings in size and weight of converter magnetics. Moreover, because of the
ripple stirring phenomena, beneficial filtering effects can be obtained [29,30]. Again, the
possibility of integrating magnetic elements is a property of the converter topology alone,
and it is pointed out in comparison tables of Chapter 4. A relation between this feature
and attainable conversion ratios is found in Section 3.4.

DC 1isolation is an ubiquitous requirement in all off-line power supplies. It can be
provided if the power supply includes a switched-mode converter with an isolation trans-
former. The problem of inserting an isolation transformer is treated in Section 5.1 as
one of the extensions of PWM converter topologies.

Complezity of a converter is measured by the number of reactive components, switches

and controllable switches in particular. Evidently, it is a function of the converter topol-
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ogy alone. The trade-off between increased complexity and required or preferred features
is behind many of the results in the thesis. Most notably, for PWM converters, a re-
sult that gives the minimum possible complexity for a specified DC conversion ratio
is found in Section 3.4. Also, for Quasi-Resonant converters it is demonstrated how
constant-frequency control can be implemented at the expense of an increased number
of controllable switches.

Dynamic response of DC-to-DC converters is a response of input/output and state
variables to time variations of the source voltage or current, load, and/or lengths of
controllable intervals. It is relevant for the design of the control loop for regulation
of the output voltage (or current). In general, dynamic response is a function of the
converter topology, operating mode, control strategy and the algorithm that assigns
lengths of controllable intervals. Assuming that the operating mode of a converter is
known, the small-signal dynamic response in the vicinity of a steady-state solution has
been solved for PWM converters [22] and (exactly) for ideal switched-mode converters in
general [25]. Except for a study of possible operating modes and steady-state solutions,
which are necessary prerequisites, dynamic response and control problems are outside
the scope of this thesis.

Switching noise, radiated (EMI) and conducted, is generated by a switched-mode
converter because of the switching action inside the converter power stage. Minimization
of generated noise is an important system consideration. The issue is not addressed
directly in this thesis. However, the feature of continuous terminal waveforms and the
shape of current/voltage waveforms inside a converter, which are discussed in the thesis,
affect the amount of generated noise. In particular, it can be debated whether or not
smooth, quasi-sinusidal waveforms in Quasi-Resonant converters contribute to lower level
of radiated noise.

Size, weight and cost considerations, which are evidently correlated to all of the above

issues, are not directly addressed in this thesis.
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2.4 Approaches to Synthesis of Switched-Mode Converters

2.4.1 PWM Converters

For more than a decade now, applications for switching converters have diversified
and their number has increased rapidly. This trend was accompanied by the search
for new converter topologies with properties to match the new application requirements
or to outperform the existing topologies. Along the way, approaches to synthesis of
switched-mode converters evolved steadily.

Elementary single inductor PWM converters — buck, boost and buck-boost — emerged
from intuitive understanding of switched-mode conversion principles. Introduction of
some other converter circuits such as the Watkins-Johnson converter [3] and the Sepic
converter [4] could also be ascribed to the intuitive approach.

In a search for new converter topologies, elementary converters were subject to various
circuit manipulations. Thus, for example, a cascade of a boost and a buck converter led
to discovery of the Cuk converter [5]. Other circuit manipulation techniques included
inversion of source and load, duality transformation [23] or differential connection of the
load across the outputs of two converters [6].

The concept of a converter cell defined as a converter less source and load was in-
troduced in [8]. Assuming that one of the input and one of the output terminals are
connected, the converter cell is a three-terminal network. The ports can be terminated
by the source and the load in six possible ways, thus generating up to six converter topolo-
gies. In [9], this approach was applied to a large number of converter cells extracted from
the existing converter topologies. The concept of the converter cell is useful for com-
pact classification of converter topologies but does not provide a means of constructing
original converter networks.

A completely different approach was devised in [10]. The main idea was to find an
algebraic representation for the converter topology so that synthesis of complete classes
of converters can be reduced to synthesis of all possible algebraic representations. Since
entries in matrix representations of a network topology are —1, 0 and 1, generation of all
possible topologies with a given complexity is a well-defined problem. The importance

of this approach is that the synthesis of converters is formulated and solved analytically
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rather than intuitively or by various circuit manipulations. However, the choice for
algebraic representation in [10] was not quite adequate, so that generated classes of
converters were later found incomplete [9]. A major deficiency of the synthesis procedure
in [10] is that switches are not taken into account rigorously. Nevertheless, the approach
for synthesis of PWM converters undertaken in Chapter 4 is based on the same idea
of synthesis of matrix representations, and it can be considered as a refinement and

extension of the work in [10].

2.4.2 Quasi-Resonant Converters

The class of Zero-Current, Quasi-Resonant converters was introduced by suggesting
a way to insert resonant components around the switches in a PWM converter [12]. The
introduction and further developments of Quasi-Resonant converters were motivated by
the fact that switching losses in a PWM converter can be reduced if switch voltage and
current waveforms are shaped appropriately.

After the introduction of the first class of QR converters, it was immediately rec-
ognized that there are many possible ways to insert the resonant components and that
operating modes depend on switch implementation [13]. Consequently, topological rules
that govern all possible positions of resonant elements in a Zero-Current converter are
formulated in [15]. Later on, modifications that led to classes of Zero-Voltage and Multi-
Resonant converters were introduced in [14] and [16], respectively. Concurrently, a circuit
manipulation technique is devised in [17] to generate various Quasi-Resonant modifica-
tions of two-switch PWM topologies.

In [20], redundancies are removed from topological rules for generation of Zero-
Current and Zero-Voltage converters. Furthermore, by introduction of a unifying analysis
approach, it is shown that numerous possible positions of resonant elements added to a
two-switch PWM topology result in converters that share identical DC conversion prop-
erties. The conversion and dynamic properties of Quasi-Resonant converters are related
to well-known DC conversion properties of the parent PWM topology.

In this thesis, a synthesis method for Quasi-Resonant converters is founded on two

basic concepts — first, that a Quasi-Resonant converter is a modification of a PWM topol-



15

ogy, and second, that modification of the PWM topology can be formalized by means
of topological rules. Based on these two ideas, the synthesis method and consequently

analyses of selected Quasi-Resonant classes are presented in Chapters 6 through 11.
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Chapter 3

PWM DC-to-DC Converters

The main purpose of this chapter is to set up a framework for construction of a
systematic synthesis procedure in Chapter 4.

The family of PWM DC-to-DC converters is formally defined in Section 3.1, and
an algebraic representation of the complete PWM converter topology is constructed in
Section 3.2.

Under the small-ripple assumption, a general DC model of PWM converters fol-
lows from the state-space averaging analysis method [21,22]. Furthermore, in [10], it
is demonstrated that the DC model can be explicitly linked to the converter topology.
In Section 3.3, it is shown how these known results follow from defining assumptions
imposed on PWM converters.

Original results of this chapter are lumped in Propositions 3.1 through 3.9 in which
some general topological properties of PWM converters are established. The proper-
ties involve complexity of the converter network, attainable DC conversion ratios and
features such as continuous terminal currents and possible coupling of magnetic ele-
ments. Relevant practical implications of these results are indicated. In particular, in
Section 3.6, it is shown that a unifying analysis method, originally devised in [20] for
two classes of Quasi-Resonant converters, can be generalized and applied to all classes of
switched-mode converters in which converter’s DC network is the same as DC network
of a two-switch PWM converter.

Elementary graph theoretic terms and results used in this chapter and in subsequent

chapters are with reference to [24] or [31].
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3.1 Definition of PWM Converters

The family of PWM DC-to-DC converters is formally defined in this section. Defin-

ing assumptions, regarding allowed elements and their interconnections in the converter

network, are motivated by the objectives of achieving a certain DC conversion ratio with

the ideal efficiency of 100% and the least possible number of elements.

Definition 3.1 An t¢deal PWM DC-to-DC converter is a network N for which Assump-
tions A1 through A5 are satisfied:

Al: N consists of only the following elements:

1.

2.

3.

A single DC voltage source, Vy, or a single DC current source, I,.
A single LTI load resistor R.

A set of LTI inductors, £L = {L;, 1+ =1,...,n}.

. A set of LTI capacitors, C = {C;, 1 =1,...,n.}, nc +n; > 1.

. A set of switches, § = {S;, 1 =1,...,n,}, n; > 1, such that

ON if kT, <t < kT, + DT,
S;e$eS8is g ? i (3.1)
OFF otherwise,

where T, = const., 0 < D < 1 and k is any integer.

. A set of switches, § = {$;, i = 1,...,#,}, A, > 1, which are ON iff the

switches in § are OFF.

A2: The load R forms a loop with a subset of elements in C U {V,} or a cut-set with a

subset of elements in £ U {I,}.

A3: Let N; (N;) denote the network to which N reduces when switches in § ($) are

ON.

Let G, G1, G2 be the graphs corresponding to the networks N, N1, Na,

respectively. Then, in G;, ¢ = 1,2, and therefore in G, there are no loops consisting

only of elements in C U {V,} nor cut-sets consisting only of elements in L U {I;}.

Ad: G is a non-separable graph.
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Ab5: In G, there are neither loops nor cut-sets that consist only of switches in § or only

of switches in §.

To achieve the ideal efficiency of 100%, only lossless elements are allowed in the
converter network by Assumption Al. Source and load are connected through a combi-
nation of switches, capacitors and inductors. Three types of lossless magnetic elements
commonly used in practical converter circuits are excluded by Definition 3.1: coupled
inductors, switched coupled inductors and transformers. The restriction is introduced to
allow for simple systematic and general treatment of PWM converters. The loss of gen-
erality is circumvented by including coupled inductors and transformers as extensions
of ideal PWM topologies. As discussed in Chapter 4, in order to reduce the number
of switches, a single inductor and four switches can be replaced by a pair of switched
coupled inductors and two switches. Insertion of isolation transformers is discussed in
Chapter 5.

Since only single-port, lumped elements are allowed by Assumption Al, the corre-
spondence between the converter network N and its graph G is trivial. Assuming that
edges in the graph G are labeled after the elements they represent, the graph G contains
all information about the converter topology.

Assumptions on the operation of switches describe PWM converters as networks with
periodically varying structure. The scope is limited to converters with two linear time-
invariant structures switched at constant frequency. Pulse-width modulation (PWM) is
used to vary the duty ratio D in order to control the DC conversion ratio. The unique
operating mode of an ideal PWM converter is described by the periodic sequence of

states

PWM operating mode: -+ — [ON-OFF | — [OFF-ON|— -+, (3.2)

where the first label (ON or OFF) corresponds to the position of switches in §, while the
second label denotes the position of switches in $.

Output voltage (or current) of a DC-to-DC converter must be essentially DC with a
small AC ripple. This is ensured by Assumption A2.

Assumption A3 imposes restrictions on the topology of repeatedly switched networks

N; and N;. Suppose that there is a capacitor-only loop in G. Then, one of the ca-
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load R
in a loop with capacitors | in a cut-set with inductors
input |V, voltage to voltage voltage to current
source | I, current to voltage current to current

Table 8.1: Four types of PWM DC-to-DC converters.

pacitors in the loop can be removed and the values of the remaining capacitors can be
adjusted so that operation of the circuit is completely unaltered. Therefore, in this case,
Assumption A3 is well justified. However, A3 is more restrictive — capacitor-only loops
are excluded from both G; and G2." There are capacitor-only DC-to-DC converters in
which capacitor-only loops in N; and N; are repeatedly switched. These converters have
practical applications as voltage multipliers or dividers, but they are beyond our interest
here because the conversion ratio cannot be controlled by varying the duty ratio D [1].
It is interesting to note that in some cases a capacitive voltage divider can be judiciously
embedded in a PWM converter, as demonstrated in [11].

Assumptions A4 and A5 are necessary conditions for a converter to be realized with
a minimum number of elements. Assumption A4 requires that all parts of the converter
network be electrically connected. If G is separable, only the non-separable subgraph of
G that contains both V,; and R takes part in power conversion.

To justify Assumption A5, suppose that there exists a cut-set in G consisting only of
switches in §. At least one of the switches is superfluous since no current can flow through
a switch in the ON position if all other switches in the cut-set are OFF. Therefore, one
switch can be replaced by a short without affecting operation of the circuit. Similarly, a
switch can be removed if it forms a loop with other switches that belong to the same set.
From Assumption A5 it follows that G; and G2 must be connected (possibly separable)
graphs.

3.1.1 Types of PWM Converters

Definition 3.1 allows for four types of DC-to-DC conversion as indicated in Table 3.1.

In practical applications, ideal current source I, can be emulated by a voltage source
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node «—— mesh

cut-set «—— loop

tree branch «— link

Table 8.2: Dual graph-theoretic terms.

voltage «— current

charge «— flux

Table 8.3: Dual electrical variables.

in series with an inductor. This transformation effectively converts a current-input con-
verter into a voltage-input converter. Similarly, voltage input can be converted to current
input by replacing the voltage source with a capacitor and a current source in parallel.
Current output can be converted to voltage output by placing a capacitor across the
load and conversely, voltage output can be converted to current output by placing an
inductor in series with the load. Having these straightforward transformations in mind,
it is sufficient to consider only one type of PWM converter without loss of generality.
Unless otherwise noted, we shall consider only voltage-to-voltage PWM converters, since

they are most commonly found in practice.

3.1.2 Duality Relation for PWM DC-to-DC Converters

In graph theory, duality is a symmetrical relation between connected (possibly ori-
ented) planar graphs. The definition of duality relation and the procedure for construc-
tion of dual graphs and networks are adopted from [31]. Dual graph-theoretical terms
are summarized in Table 3.2. The duality relation holds for electrical networks with
singled-port elements and with planar graphs. It includes the correspondence between
electrical variables as shown in Table 3.3. Let o be a statement concerning the behavior
of an electrical network N for which the dual network N' exists. Let o' be the statement
obtained from o by replacing every term or quantity by its dual. Importance of the

duality relation for electrical networks stems from the duality principle [31],

o (for N) & o' (for N') . (3.3)
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R G
—A — AMA
L C
T by
B
S (or 8) S (or 8)

1 2
1 2
= s
D

— 1-D

Table 3.4: Dual elements in PWM converters.

PWM DC-to-DC converters as defined in Section 3.1 are electrical networks consisting
of only single-port elements. Assuming that the corresponding graph is planar, duality
relations and duality principle are applicable. For elements allowed in PWM converters,
duality relations are shown in Table 3.4. Switch is the only element not found in LTI
networks. An ideal switch is a four-quadrant device with characteristics that coincide
with axes in the v — 1 plane. A dual device has the same characteristics but with ¢ and
v axes interchanged. Therefore, a switch is dual to itself. However, as short and open
are dual, switches in § and $ are dual if the control variable D is kept unchanged, or, as
indicated in Table 3.4, switches in S (§) are dual to themselves but with D' = 1— D dual
to D. By interchanging ¢ and v axes in their characteristics, dual switch implementations
in Table 3.4 are easily found. Networks dual to PWM converters are defined by the dual
of Definition 3.1. It is easy to verify that the dual of a PWM converter is again a
PWM converter. Voltage input (output) is dual to current input (output). Hence, the
dual of a voltage-to-voltage converter with a DC conversion ratio M, (D) = Vout/Vy is a

current-to-current converter with M;(D) = I}/ ;.
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3.2 Algebraic Representation of the Converter Topology

PWM voltage-to-voltage converter topology is identified with the graph G in which
each edge is labeled after the corresponding element (V,, R, C, L, S or 5‘) The following

property follows directly from the defining assumptions:
Proposition 3.1 In a voltage-to-voltage PWM converter:

1. Elements of T = {V,} UC constitute a tree for G;, i = 1,2.

2. Elements of T, = {V,}UCUS (or T, = {V,}UCU §) constitute a tree for G.

Proof: loops containing only capacitors and possibly V; are not allowed by Assump-
tion A3. Suppose that subgraph T of G; is not connected or that there is a node in G;
which is not in T. Since G; is connected and since R is in a loop with elements of T,
there must be a cut-set that consists only of inductors. This is not possible by Assump-
tion A3. Hence, T = {V,} UC is a tree for G;, 1 = 1,2. There cannot be a loop that
consists only of elements in T, since Assumption A3 would be violated when switches in
S are ON. Also, there cannot be a cut-set consisting only of elements in LU §. It follows
that T, is connected and that it contains all nodes of G. Hence, it is a tree for G. The
proof for T, is completely analogous. <«

If T, is chosen for the tree of G, the fundamental loop matrix F, for G has the

following form:

F$‘1+nl+ﬁ,)x(l+nc+n.) — (3.4)

Columns of F,, correspond to the elements of the tree, ordered as {V}}, C, §, while rows
correspond to the remaining elements, ordered as {R}, L, $. The matrix is partitioned
such that F,,; is the fundamental loop matrix for the graph G representing the converter
network when the switches in § are ON, provided that the tree T = {V,} U C is chosen
for G;.

Now we are in position to show that in a PWM converter, the number of switches in

S must be equal to the number of switches in $.

Proposition 3.2 In a PWM converter, fi, = n,.
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Proof: by Proposition 3.1, in a voltage-to-voltage PWM converter, voltage across any
switch S € § is a linear combination of voltages across the elements of T,. Moreover, any
linear combination of voltages across switches in § is a linear combination of voltages
across the elements of 'IA', Such a linear combination must include at least one S-switch
voltage since otherwise there would be a loop consisting only of elements in § (which
is not possible by Assumption A5) or only of elements in T, (which is not possible
by Proposition 3.1). Hence, rows of the matrix F;, must be linearly independent. By a
dual argument, columns of F ;, must be linearly independent. Therefore, n, is necessarily
equal to fi, and, moreover, F;, must be a non-singular matrix. In a voltage-to-current
PWM converter, it is easy to verify that {R} U T, is a tree and since there cannot be a
loop consisting only of elements in { R} U S, Proposition 3.2 follows again. By the duality
principle, Proposition 3.2 holds for all types of PWM DC-to-DC converters. <

Matrix entries in Eq. (3.4) can be further partitioned such that matrices representing

interconnections among elements in different sets are defined:

plemxng | Jro |5 (3.5)
- i fgl Fl
0
F(ltn)xne  — | (3.6)
ls
Frxtnd) _ [ |, ] | (3.7)

The fundamental loop matrix F,; for the graph G3, corresponding to the converter
network when the switches in § are OFF, can be partitioned in the same manner as
F,.i1. The first row, which corresponds to load R, is the same in F,; and F,2. Thisis a

consequence of Assumption A2. Relations,

f2 = fu-F,F5lfy, (3.8)

F, = Fl - FlsF;,quEc) ' (3'9)

can be found from Egs. (3.4) through (3.7).
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3.3 DC Conversion Ratio

DC conversion ratio M is an essential property of DC-to-DC converters. The aim of

this section is to show that general DC model [22] and its link to algebraic representation

of the converter topology [10] hold for PWM converters formally defined in Section 3.1.

If inductor currents (i;) and capacitor voltages (v.) are chosen for the state variables

of the converter, the following state-space description is obtained:

x(t) = A(t)x(t) +b()V,,
vout(t) = ch(t)+dVg,
where

(Ay, by) if kT, <t < kT, + DT,

(At), b)) =
(Az, bz) otherwise.

(3.10)

(3.11)

(3.12)

The state-space parameter matrices and vectors can be expressed in terms of com-

ponents of the fundamental loop matrices [32],

A = ,
b =
I =
d =
where
i(t | 1
x(t) = 1(t) , P =diag(Ls,. ., Ln;;C1,.-,Cn.), G=
ve(t)

T
frc

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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and,

8T = |frg - frg 0-+-0f . (3.18)
\_“j,_,
It is assumed, without loss of generality, that first j capacitors are in a loop with load
R.

Since A(t), b(t) in Eq. (3.10) are piecewise continuous in time, the state-space
equations have a unique solution for all finite ¢ [33]. Moreover, since the switching
of two linear, time-invariant networks is periodic, it is possible to describe a PWM con-
verter as a sampled-data system that is linear and time-invariant for D = const. Denote
x(kT,) = x(k). Then,

x(k+1) = ®(D)x(k) + (D) V;, (3.19)

where
Q(D) — eAg(l—D)T,,eAlDT,, ’ (3‘20)

DT, (1-D)T,
$(D) = A(-D)T [eAlDTP/ Pe'A1’b1dT+/ pe"A”bgdr] . (3.21)
0 0

For any bounded input Vj, the system described by Eq. (3.19) will have a unique, bounded

steady-state solution if the homogeneous part is asymptotically stable, or if
det(zpI — ®(D)) =0 = |2, < 1. (3.22)

Since networks N1 and N3 consist of passive elements, the poles, {z,}, cannot be outside
the unit circle. Moreover, practical PWM converters must have a unique, bounded
steady-state solution since all reactances are strictly passive. However, if an ideal PWM
converter has a pole z, = 1, a non-zero DC input V; may cause unbounded response of
the system described by Eq. (3.19). Response of the practical circuit would depend on
parasitic lossy elements, resulting in unacceptable power loss. A sufficient condition for

existence of a unique, bounded steady-state solution is that
det(I— ®(D)) #0. ) (3.23)
The steady-state solution,

Vout(kTp) = vout (KTp) 500 = [¢7 (T - ®(D))'(D) +d] V;, (3.24)
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is found by taking x(k+1) = x(k). Finally, general expression for the DC conversion ratio
of a voltage-to-voltage PWM converter can be found by averaging the output voltage
over a single period Ty,

T,
Vout _ 75 Jo” vour(t)dt

M(D) =
() Vg Vg

y With voyu:(0) = Voue (kT) . (3.25)

Here, v,4¢(t) is easily found as the solution to Egs. (3.10) and (3.11) with known initial

conditions.

3.3.1 Small-Ripple Assumption

One of the important practical requirements for all DC-to-DC converters is that
ou‘tput voltage is essentially DC with a relatively small AC ripple. The exact amount
of allowed voltage ripple depends on the particular application. For example, the ripple
defined as ratio of peak-to-peak to DC value of the output voltage should be typically
1% or less in standard 5V -output power supplies of digital electronic systems. Thus,
in order to sufficiently attenuate the AC ripple that results from the switching action,
low-pass filtering must be inherent in any switched-mode converter. As a result of the
filtering, voltages across the capacitors in the loop with load R are essentially DC. Voltage
ripples across other capacitors and current ripples in inductor currents are not necessarily
small. However, since larger ripples imply higher losses on parasitic elements and higher
voltage and current stresses on switching devices, it is not unusual that all AC ripples are
relatively small in practical designs. The small ripple is a result of the fact that natural
frequencies associated with the switched linear networks N1 and Nz are much lower than
the switching frequency, f, = 1/T}.

For the purpose of systematic generation and comparison of converter topologies, the
small-ripple assumption — the assumption that T, can be made arbitrarily small - can be
postulated even without any further justification. The analysis and derivation of general
topological properties is greatly simplified without any loss of generality. Converters in
which the small-ripple assumption is purposely abandoned are treated in Section 5.2 as

extensions of PWM topologies.
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3.3.2 DC Conversion Ratio for T, — 0

In the limit T, — O, the matrix ATy T+ AT, and DC model,

I
0 = Pl —— v, (3.26)
Ve -g
Vour = f,?c‘VC + frgvg ) (3'27)
is obtained, where
F = DF;+(1- D)F,, (3.28)

This is a result derived in [10], following the state-space averaging analysis method in
[21,22]. When T, — 0, x(t) — X i.e., all inductor currents and capacitor voltages are
DC only. In this case, DC model equations simply state that average voltages across
inductors and average currents through capacitors must be zero, provided that a steady-

state solution exists. A necessary and sufficient condition for existence of a unique

solution to Eq. (3.26) is

(3.30)

It is important to note that condition (3.30) is equivalent to condition (3.23) for suffi-
ciently small T}, but not in general. Consider, for example, PWM converter in Fig. 3.1.
Condition (3.30) is satisfied and, indeed, for T, << VLC, the output voltage is Vou; =
DV,, as predicted by the DC model. However, if D = 0.5 and T, = 2mVLC, it is easy
to verify that condition (3.23) is not satisfied and that the output voltage blows up as
shown in Figure 3.1.

The following proposition gives an important consequence regarding topology of

PWM converters that satisfy condition (3.30).

Proposition 3.3 In a voltage-to-voltage PWM converter for which there exists a unique
solution to DC model equations, the number of capacitors is equal to the number of

tnductors.
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Figure 8.1: A PWM converter with unbounded response although detF # 0.

Proof: if ny > n., or n, > n; + 1, the matrix in condition (3.30) is singular trivially.
However, if n, = n; + 1, and condition (3.30) is satisfied, it follows that I = 0 and,
consequently, V,u: = 0; i.e., DC-to-DC conversion is not possible. Thus, n. must be
equal to n;. <

With n, = n;, condition (3.30) reduces to:
detF #0. (3.31)

Provided that condition (3.31) is satisfied, the unique solution to DC model, Eqgs. (3.26)
and (3.27), is given by

I, = FT[GFf,-g]V,, (3.32)
Ve = -F iV, (3.33)
M(D) = —fIF 1,4+ f,,. (3.34)

3.4 Some General Properties of PWM Converters

It is clear that for T, — 0, M(D) is a ratio of polynomials in D, M(D) = P(D)/Q(D).
Define the degree of the DC conversion ratio by

deg M (D) = max(deg P(D), deg Q(D)). (3.35)
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The following results relate the degree of the conversion ratio to complexity of a PWM
converter and to some special features, namely, possible coupling of inductors and con-

tinuous terminal currents.
Proposition 3.4 If detF # 0 for a voltage-to-voltage PWM converter, then
deg M (D) < min (n, n,) . (3.36)
Proof: from Egs. (3.9) and (3.28),
F =F, - F,F;'F;. + DF,,F;F;. . (3.37)
From the solution (3.34) of DC model equations, we have that

deg Q(D) < degdetF. (3.38)

Therefore,

degQ(D) < rank(F,F;'F;.)
< min(rank(F;,), rank(F;.))

< min(n, n,). (3.39)

Suppose that source V; and an arbitrary capacitor C; € C interchange their positions in
the converter network. It is easy to verify that the new network is a PWM converter.
Moreover, since complexity of the network is not altered, determinant of the matrix F,cy
for the new converter is a polynomial in D of a degree at most equal to min(n, n,). By
noting that detF,,,, is in the numerator of V¢, /V, for the original converter, the proof
is completed. <«

Proposition 3.4 states that a voltage-to-voltage PWM converter with a conversion
ratio of degree m > 1 must have at least m inductors, m capacitors and 2m switches.

Beneficial coupling of inductors is possible if the inductors share identical voltage

waveforms. Proposition 3.5 relates this condition to a possible degree of M(D).

Proposition 3.5 If k inductors share identical voltage waveforms in a voltage-to-voltage

PWM converter for which detF # 0, deg M(D) < n—k+ 1.



31

Proof: Suppose that first k inductors share identical voltage waveforms; i.e.,
vy, =vL, =...=vg,, Vi. (3.40)

Inductor voltages are linearly independent combinations of capacitor voltages and pos-
sibly V5. Hence, Egs. (3.40) represent a system of k — 1 linearly indépendent equations
in capacitor voltages and V. The coefficients in these equations are independent of D.
By assumption, there is a unique solution to DC model equations so that there can
be at most n — k + 1 linearly independent equations in capacitor voltages and V,; with
coefficients that depend on D. <«

For a converter in which all inductors can be coupled and realized on a single magnetic
core, M(D) is necessarily of degree one.

Finally, the following property relates the feature of continuous input and output
currents to the degree of M(D). Input current is the current supplied by the input
voltage source V;. Output current can be defined unambiguously only if load R is in
parallel with a single capacitor. Then, output current is defined as the sum of the load

current and the output capacitor current.

Proposition 3.6 In a voltage-to-voltage PWM converter that has a single capacitor in

parallel with load R and for which detF # 0,
1. if input current s continuous, deg P(D) < n — 1.
2. if output current is continuous, degQ(D) < n — 1.
Proof: if input current is continuous, then
(f, —£5)IL =0. (3.41)
If ngl - ffz = 0, then f; does not depend on D. Since there is a single capacitor across
the load, f;y = 0 so that deg P(D) is at most equal to n — 1. If, however, f;ﬁ - fg; #0,
there can be at most n — 1 equations in inductor current with coefficients that depend
on D. Hence, deg M(D) < n — 1. The proof for part 2 is exactly the same except that
f;; is replaced by the column of F; corresponding to the capacitor across the load. <
For example, Proposition (3.6) states that a voltage-to-voltage PWM converter with

a single capacitor across the load and both input and output currents continuous must

have at least two inductors and two capacitors.
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3.5 Some General Properties of Two-Switch PWM Converters

In a PWM converter, the minimum number of switches is two — one S-switch and
one S-switch. Two-switch PWM converters and converters derived from two-switch
converters by insertion of an isolation transformer are most frequently used in practical
applications. Hence, general topological properties of two-switch PWM converters are
of particular interest.

The first property is a corollary of Proposition 3.1:

Proposition 3.7 In a two-switch PWM converter:

1. Switch S, switch S and a non-empty set of inductors Lon C L form a cut-set.

2. Switch S, switch S’, a set of capacitors C,ry C C, and possibly V; form a loop.
Denote the set of all elements in the loop less switches by V,r5. Vogs is non-empty.

Proof: By Proposition 3.1, {S} U CU {V,} is a tree for the graph G. Since there
are no inductor-only cut-sets, the fundamental cut-set for S must include $. If only S
and § are in the cut-get, both switches could be removed without affecting operation of
the circuit. But S and § are the only switches in the converter network. Hence, the
fundamental cut-set for S must include a non-empty set of inductors. Part 2 follows by
a dual argument. <«

Define the following quantities:

Ln = Y I, (3.42)
Lon

Vors = D_Vi. (3.43)
Voss

It is assumed that reference orientation is always chosen such that I, > 0 and V¢ > 0.
Note that if I,n, = 0 (or V,¢s = 0), both switches could be removed (or shorted) without
affecting operation of the circuit. But, then, the circuit is not a valid DC-to-DC converter,
so that both quantities must be positive.

By definition, voltage V¢ is equal to the voltage across the switch when it is OFF,
while I, is the current through the switch when it is ON. Hence, switch voltage and

current stresses in a two-switch PWM converter are given by V, ;s and I,, respectively.
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The next proposition is instrumental in deciding whether or not the coupled-inductors

technique is applicable to a certain two-switch topology.

Proposition 3.8 In a two-switch PWM converter, all inductors in L,,, share the same

voltage waveforms.

Proof: take T, for a tree of G. By assumption, S, $ and inductors in L, form a cut-set.
Every loop that contains one element in the cut-set must contain another element from
the cut-set. In particular, the fundamental loop for every inductor in £, must contain $
since this is the only tree branch in the cut-set. It follows that every two inductors in L,y
are in a loop with a set of capacitors, possibly V; and no switches. By the small-ripple
assumption, voltages across all capacitors are DC only. Hence, all inductors in L,y share
identical voltage waveforms. <

Proposition 3.8 implies that all inductors in £,, can be realized on a single magnetic
core with possibly beneficial, coupled-inductor filtering effects.

The next property relates the switch stress quantities to external quantities in a

two-switch PWM converter:

Proposition 3.9 If M(D) = P(D)/Q(D) is the DC conversion ratio of a two-switch
voltage-to-voltage PWM converter for which detF # O, then

Vg 1
v, = @D’ (3.44)
Ln _ 1
Iout - IQ(D)I ' (3.45)

Proof: Starting from the converter network N, construct a new network Ny by
shorting all inductors and removing all capacitors. The network Ny, consisting of four
elements (V, S, S and R) must be connected by the following argument. Suppose that
the corresponding graph Gg. is not connected. Then, in G, and therefore in G;,1 = 1,2,
there is a capacitor-only cut-set. But then, columns in F corresponding to capacitors
in the cut-set are linearly dependent so that det F' = 0, which is a contradiction. Now
suppose that in G4., S and S form a cut-set. Then, in G there exists a cut-set that
contains both switches and a possibly empty set of capacitors. This, together with

Proposition 3.7(1) implies that inductors in Lo, form a cut-set with a possibly empty
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set of capacitors. In this case, however, I,, = 0, which is a contradiction. By a dual
argument, S and S in G 4. do not form a loop. It follows that G4, must have three nodes

and that {V,, S} or {V,, §} form a tree for Gg,.

Without loss of generality, assume that elements of {Vj, S } form a tree for G4.. Then,
Vout = at; + BV, (3.46)

or, since the average voltage across S-switch is DV, 15

_PD) _  pVess
MP)=5m) =P,

where a, 8 € {—1,0,1}. Denote V,¢;/V, = X(D)/Y (D). Y (D) must be equal to Q(D)
since M (D) is of degree 1. Then, X(D) must be equal to a constant 4 and ya # 0. Since

+8, (3.47)

V, and $ form a tree, V,;; must be equal to V, for D = 0. But |Q(0)| = |detF4| =1
since F; is the fundamental loop matrix for network N;. Hence, |y| = 1 and the sign of
« is chosen so that V, sy is positive.

The second part of Proposition 3.7 follows by a dual argument after noting that
M(D) = I/ Iy and by interchanging V,y: with I and V,z; with Ipn. <

One important consequence of Proposition 3.9 is that all two-switch converters with
the same DC conversion ratio impose identical voltage and current stresses on switching
devices regardless of the number of reactances and the specific topology.

Another consequence, previously conjectured in [20], is that

2 = 9 = 3.48
Ian Iout M ( )

This property leads to a general analysis method for two-switch DC-to-DC converters

derived from two-switch PWM converters, as discussed in the next section.

3.6 A Unifying Analysis Method for Two-Switch DC-to-DC Convert-

ers

A switched-mode converter with two switches is depicted in Fig. 3.2 as a linear,
time-invariant, four-port LC network I' with source V;, load R and switches S and S

attached to the ports. Since average voltage across every inductor and average current



35

+ ~ +
{0/0,1 F/o._
Vo LTI LC network I R

Figure 3.2: Structure of a two-switch DC-to-DC Converter.

through every capacitor in I' must be equal to zero, applying the averaging operator to
the converter network is equivalent to shorting all inductors and removing all capacitors.
The resulting DC network, I'p¢, consists of only interconnections among the four ports.

Suppose that the converter in Fig. 3.2 has the same DC network as some PWM
converter with DC conversion ratio M (D). Then, Kirchhoff’s voltage and current laws

for the loop and the cut-set of Proposition 3.7 yield
Us + Vg = Vosys =Voss, (3.49)

s+ =Ton = Ion. (3.50)

In general, v,s; and 4,, need not be DC quantities. Therefore, V,ss and I,,, should not
be regardedvas switch stresses but only as average values of v,¢s and t,, waveforms.

Since there is no power loss in the converter,

Usts = Vgig. (3.51)
Define equivalent duty ratio, m, by
_ Y3 is
m = = —. 3.52
Voff Ion ( )

From Egs. (3.49) through (3.51), it is easy to verify that two expressions for m are

equivalent.
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The DC conversion ratio, M, of the converter in Fig. 3.2 becomes
M = M(m), (3.53)

where M(-) is the function inherited from the parent PWM converter, which has the
same DC network. This result is not immediately useful since the equivalent duty ratio
m is not known. In general, m is a function of the vector 7, of controllable intervals for
the specific operating mode and the ratio V, 57/ Ion,

Yorsy.

on

m = m(r,, (3.54)

Quantities V,5y and I,, appear only in the ratio since I' is a linear network. Now,
the significance of Eq. (3.48) becomes apparent since the equivalent duty ratio can be

expressed as a function of the converter external quantities only:

R
ik

V,
m = m(7,, I—oi:) = m(r, (3.55)

Of the two forms for the equivalent duty ratio, the one in terms of input voltage and
output load current is more convenient. If the second form is used, the DC conversion
ratio M appears on both sides of the equation M = M(m). The final goal of DC analysis
is to find M as function of 7, and R, but an explicit solution for M may not exist. If,
however, the first form is used, one need determine only the equivalent duty ratio while
the DC conversion ratio M as a function of ., V; and Iou: follows simply by substituting
m as an argument of M(-). The unifying aspect of the analysis method stems from the
fact that the equivalent duty ratio is independent of the parent PWM topology.

This analysis method was originally proposed in [20], where it was used in the analysis
of two classes of Quasi-Resonant converters. In this thesis, generality of the method is
demonstrated by its application to DC analyses of PWM converters in discontinuous
modes (Section 5.2) and to DC analyses of various classes and operating modes of Quasi-
Resonant converters in Chapters 7 through 10. In all cases, in order to apply the method,
only the condition that the converter’s DC network is the same as the DC network of

some PWM converter needs to be verified.
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Chapter 4

Synthesis of PWM DC-to-DC Converters

Based on the results of Chapter 3, construction of a synthesis procedure for PWM
DC-to-DC converters is undertaken in this chapter. The idea that systematic synthesis
of converter topologies can be reduced to systematic generation of matrix representations
for the converter topology is not new [10]. In the implementation, however, the approach
in this chapter departs from the one in [10] at the very beginning — in the choice of
the algebraic representation for the converter topology. Distinctive feature of the new
approach is that switches (their position and implementation) are taken into account as
essential parts of the converter topology.

As discussed in Section 4.1, a PWM converter can be represented by a pair of inci-
dence matrices for the graphs G; and G, corresponding to the switched LTI networks
N; and N;. The synthesis procedure based on this matrix representation encompasses
construction of viable pairs of incidence matrices, insertion of switches in order to ob-
tain complete converter networks and, finally, implementation of switches as transistors,
diodes, current-bidirectional, voltage-bidirectional or four-quadrant switches.

In Sections 4.3 and 4.4, two cases of practical interest are considered in detail —
second-order and fourth-order converters with up to four switches, a common input and
output terminal and a single capacitor across the load. It is found that the complete class
of second-order converters contains six well-known members. Results of the synthesis of
fourth-order converters are presented in Section 4.5. Among 27 two-switch converters,
there are seven step-down, seven step-up, nine step-up/step-down and four topologies
with DC conversion ratios that change sign at D = 0.5. All of these converters were
previously found in [9], but now it is possible to claim that classes of two-switch converters
are complete. There are 522 fourth-order, four-switch converters. Systematic search

through these topologies reveals a number of previously unrecognized single-transistor
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converters with conversion ratios of degree two.

In all cases, a comparison is made among converters that share the same DC conver-
sion ratio. It is shown that conversion efficiency can be vastly different solely because
of variations in the converter topology. Results of the comparison are confirmed experi-
mentally.

The main contribution of this chapter is the completely formalized synthesis pro-
cedure which, in contrast to previous work, guarantees that complete classes of PWM
converters are constructed. Also, novel converter topologies and the comparison of con-

verters in generated classes are the results of practical interest.

4.1 Representation of the Converter Topology

An essential step in the development of an analytic synthesis procedure is selection
of the matrix representation for the converter topology. In Chapter 3, a PWM topology
was represented by the fundamental loop matrix F,,. This matrix representation, which
includes S-switch currents and S-switch voltages as additional states of the system,
was instrumental in derivation of general properties of PWM converters and DC model
equations.

For a given complexity, i.e., a given number of capacitors, inductors and switches,
all converters can be generated simply by constructing all possible matrices F,,. Clearly,
there are only a finite number of possible topologies since, by definition, entries in the
fundamental loop matrix are —1, 0 or 1. Practical difficulties arise from the fact that
for some choices of entries, F',, may not represent a realizable network. The problem of
checking realizability can be completely avoided if an alternative matrix representation
is selected.

Two linear, time-invariant networks are repeatedly switched in a PWM converter.
The pair of graphs (G1,G?2) is unique for the converter topology with graph G. However,
since switches are not represented explicitly in G; and G, the converse may not be true.
Thus, if the pair (G1,G2) should represent the converter topology unambiguously, an
algorithm for insertion of switches needs to be specified.

Fundamental loop or cut-set matrices are not appropriate matrix representations
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of the pair (G1,G2) since graphs G; and G2 may be separable, and relative position
of parts cannot be retrieved from the fundamental matrices. Although irrelevant for
electrical operation of the circuit, the exact position of the parts is decisive for the position
and possible implementation of switches. Information about the complete converter
network is preserved if, instead, graphs G;1 and G are represented by the corresponding
incidence matrices, H; and H;. Again, by definition, entries in the incidence matrices
are —1, 0 or 1. Therefore, this matrix representation, together with an algorithm for
insertion of switches, can be used as the basis for the systematic synthesis procedure in
which generation of all converters with a given number of reactive elements is reduced
to construction of all possible pairs (H;,H;). Since it is easy to construct only incidence
matrices that represent realizable networks, the emerging synthesis procedure becomeé
technically simple and intuitively appealing.

If the tree T is chosen for the graphs G; and G2 and if the edges are ordered as {V,},
C, {R}, L, we have

H,-:[ T, | E; ] (4.1)

Columns of T; and E; correspond to branches and chords of G;. The fundamental loop

matrices can be found from

Fp.= E?‘T;_T ) (4'2)

so that DC model of Section 3.3 can be utilized in the synthesis procedure.

4.2 Scope of the Synthesis Procedure

The goal of the synthesis procedure is not only to generate all possible topologies
but also to sort out the converters with a prescribed set of properties and to make a
systematic comparison among them. Any combination of properties that depend on the

converter topology alone can be chosen as a criterion for the extraction of converters:
1. number of capacitors and inductors,
2. number of switches,

3. number of transistor switches,
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4. DC conversion ratio M (D),
5. continuous input and/or output current,

6. possible coupling of inductors.

The framework described so far is completely general because the matrix representa-
tion and its connection to DC conversion ratio are valid for PWM topologies of arbitrary
complexity, i.e., converters with an arbitrary, finite number of reactive elements and
switches. Therefore, the synthesis procedure emerging from this framework is quite gen-
eral as well. In this chapter, however, the synthesis procedure will be developed in detail
and applied only to cases of practical interest.

Structure of PWM converters encompassed by the synthesis procedure is depicted in
Fig. 4.1. It is assumed that load R is in a loop with a single capacitor C;. Source V}; and
load R share a common node (ground), and the box named converter cell (as in [8,9])
consists of n inductors, n — 1 capacitors and 2n, switches. Converters with a floating
load or with a load in a loop with more than one capacitor and (possibly) V; are treated
in Chapter 5 as extensions of topologies generated by the synthesis procedure.

Two cases are considered:

1L cell (second-order) converters, with n =1 and 1 < n, < 2,
2L1C cell (fourth-order) converters, with n =2 and 1 < n, < 2.

Virtually all required or preferred features of DC-to-DC converters can be implemented
by second-order and fourth-order converters. Since more complex converters have in-
evitably lower efficiency, higher size, weight and cost, hardly any practical application
could be found for converters of higher complexity. Thus, limited scope of the synthesis
procedure is well justified.

The synthesis procedure for second-order and fourth-order converters is completely
formalized. The number of secénd-order converter topologies is sufficiently small so that
the procedure can be carried out by hand. For fourth-order converters, however, the
synthesis procedure is implemented in a simple computer program so that the otherwise
formidable task of enumerating and sorting out surprisingly large number of converter

topologies is accomplished efficiently.
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0
Figure 4.1: Structure of PWM DC-to-DC converters encompassed by the synthesis pro-
cedure.
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Table 4.1: Posstble positions of the inductor in a second-order PWM converter.
4.3 Synthesis of Second-Order PWM Converters

4.3.1 Enumeration of Second-Order (1L) Converter Topologies

The problem of enumeration of converter topologies is equivalent to the problem of
enumeration of all possible pairs of incidence matrices (H;,Hj) that represent distinct
PWM topologies.

Since the converter cell contains only one element, graphs G; and G3 have three
nodes. The inductor can be connected between any two nodes, as shown in Table 4.1
where possible positions of the inductor edge are enumerated. The inductor position
is labeled by a number of the form ¢.s, where ¢ € {1,2,3} denotes the position of the
non-oriented inductor edge according to Table 4.1, while s € {1,2} denotes orientation
of the edge. We take s = 1 to denote orientations as in Table 4.1 and s = 2 to denote the
opposite orientation. Now, instead of the pair of incidence matrices, the pair of numbers

(¢1.81,12.82) can be used equivalently. The total number of pairs is (3 x 2)? = 36. Because
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representation is not unique and because some representations may lead to networks that
are not PWM converters or for which there is no steady-state solution, the total number

of distinct second-order PWM DC-to-DC converters is much smaller.

4.3.2 Elimination of Redundant Cases

Redundant cases arise because representation of the converter topology by the pair
(f1.81,72.52) is not unique. The topology is invariant under the simultaneous change of
orientation of any edge in both graphs. Furthermore, the order of switched networks
does not affect the resulting topology. Redundant pairs are eliminated by the following

rules:

1. The same converter results if orientation of the inductor edge is changed in both

graphs. Redundant cases are avoided by taking
s1=1; s;=s€{1,2}. (4.3)

Since orientation s; = 1 is taken by default in one graph, a legitimate pair is of the

form (71,12.5). The number of pairs under consideration is reduced to 18.

2. Pairs (41,12.5) and (72.s,11) represent identical converter topologies with S-switches
and S-switches interchanged, i.e., with conversion ratios M (D) and M(1 — D),

respectively. To avoid redundant cases, require that
i1 < is, (4.4)

which further reduces the number of eligible pairs to 12.

4.3.3 Elimination of Degenerate Cases

The term “degenerate” is used to denote cases in which the pair (H;,H;) represents
a switched electrical network that is not a valid DC-to-DC converter with a unique,

bounded steady-state solution:

Definition 4.1 Pair (H;,H;) is non-degenerate if and only if the corresponding DC

model equations have a unique, bounded steady-state solution and deg M(D) > 1.
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In the case of 1L converter cells, it follows easily that the pair (H;,H3) is degenerate if
and only if the position of the inductor edge (f) is the same in both graphs. Thus, all

degenerate cases are eliminated by the condition

i1 # iz, (4.5)

which leaves only 6 distinct and non-degenerate pairs representing all second-order PWM

DC-to-DC converters with the structure shown in Fig. 4.1.

4.3.4 Insertion of Ideal Switches

Once a pair of incidence matrices is proved to be non-degenerate, the actual converter
with ideal switches could be drawn by inspection of two networks consisting of only three
elements. However, the problem of constructing the complete converter network with
switches needs to be solved explicitly in order to complete the synthesis procedure.

The goal of a switch-insertion procedure is to construct a single network N with a
mintmum number of ideal switches such that it reduces to network N; when S-switches
are ON and to network Np when S-switches are ON.

By assumption, the column that corresponds to the inductor edge is the fourth column
in the incidence matrices H; and H;. Let z; and z; be the nodes in graphs G; and G

to which the inductor edge is incident; i.e.,
H1(21,4) = H2($2,4) #0. (4.6)

If £; = z3, the inductor end is fixed and no switches are necessary. If, however, z; # zj,
an S-switch and a S-switch are inserted as shown in Fig. 4.2. The total number of
switches can be two, if only one inductor end is switched, or four, if both ends are

switched.

Switched Coupled Inductors

In the outlined procedure, four switches are required in the case in which both in-
ductor ends are switched. In this case, however, one inductor and four switches can be
replaced by a pair of switched coupled inductors and two switches, as shown in Fig. 4.3.

Here, the term “switched” is used to distinguish coupled inductors with pulsating cur-
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Figure 4.2: Insertion of switches for second-order converters.
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Figure 4.8: A pair of switched coupled tnductors and two switches can replace an inductor
and four switches.

rents from coupled inductors with continuous currents. Switched coupled inductors are
electrically equivalent to a single inductor and the order of the system is not increased

after the transformation in Fig. 4.3.

4.3.5 Implementation of Switches

In the previous section, a converter with ideal switches is constructed from a pair
of switched linear networks. Ideal switches are four-quadrant devices; i.e., they block
the voltage and pass the current of either polarity. In practical circuits, however, uni-
directional switches (transistors and diodes) are used whenever possible. Therefore, the
implementation of ideal switches needs to be resolved in the synthesis procedure.

Consider an ideal switch in the PWM converter network. By Proposition 3.1, voltage
V, across the switch in the OFF position and current I, through the switch in the ON

position are linear combinations of capacitor voltages and inductor currents, respectively.
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Since the position of ideal switches is determined by the switch-insertion procedure, V,
and I, can be computed from the solution of DC model equations. In the computation

of V, and I,, the usual reference orientations for voltage and current are assumed:

+ " o .

Under the small-ripple assumption, all capacitor voltages and inductor currents are DC
only. Consequently, V, and I, are also DC quantities and, in general, they are functions
of the control variable D.

Several cases are possible, depending on the sign of V, and I, on 0 < D < 1:

1. VI, > 0: the switch can be implemented as a transistor (bipolar or MOS) since it

has to block the voltage and pass the current of the same polarity;

2. VoI, < 0: the switch can be implemented as a diode since it has to block the voltage

and pass the current of the opposite polarity;

3. V4, > 0 (or V, < 0), I, changes polarity : the switch can be implemented as current-

bidirectional;

4. I, > 0 (or I, < 0), V, changes polarity : the switch can be implemented as voltage-

bidirectional;

5. both V, and I, change polarity : the switch has to be four-quadrant.

At this point it is interesting to recall the result of Proposition 2.1, which implies
that there must be at least one switch for which V,I, > 0 (transistor, or inverter switch)
and at least one switch for which V,I, < 0 (diode, or rectifier switch), for every fixed
duty ratio D.

Bidirectional and four-quadrant switches can be implemented as transistors (invert-

ers) or as diodes (rectifiers) if the range of duty ratio D is restricted so that cases 1 or 2
apply.
4.3.6 Complete Set of Second-Order PWM DC-to-DC Converters

All six pairs representing second-order PWM DC-to-DC converters with a common

input/output (ground) terminal are listed in Table 4.2, and the networks are readily
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pair M(D) converter

(1,2.1) | =D/(1 — D) | buck-boost (inverting)
(1,2.2) | D/(1 — D) | buck-boost (non-inverting)
(1,3.1) | 1/(1 - D) boost

(2,3.1) | D/(2D-1) inverse Watkins-Johnson
(1,3.2) | (2D-1)/D Watkins-Johnson

(3,2.2) | D buck

(o2 T B2 2 B A" - O AU I T A )

Table 4.2: All second-order PWM DC-to-DC converters.

identified as well-known converter topologies. The converters are shown in Fig. 4.4.
Inverting buck-boost (1), boost (3) and buck (6) converters can be obtained by attaching
source and load to rotations of the converter cell 1 in Fig. 4.5. Non-inverting buck-
boost (2), inverse Watkins-Johnson (4) and Watkins-Johnson (5) converters result from
rotations of the cell 2 with four switches. For these three converters, the number of
switches can be reduced if the inductor is replaced by a pair of switched coupled inductors,

as shown in the right-hand side of Fig. 4.4.

4.4 Synthesis of Fourth-Order PWM Converters

4.4.1 Enumeration of Fourth-Order (2L1C) Converter Topologies

In this case, the converter cell has three components — one capacitor and two induc-
tors. This capacitor, output capacitor and input voltage source are tree branches for
the graphs G; and G3, while inductor edges and load R are the chords. There are 4
nodes in G; and all possible positions of capacitor and inductor edges are enumerated in
Tables 4.3 and 4.4.

The pair (H;,H;) can be represented equivalently by the pair (§151k1.51,%272k2.52),
where 13,15 € {1,2,3} denote the position of the capacitor Cs; j1,5 € {1,2,3,4,5,6}
denote the position of the inductor Li; k1,k2 € {1,2,3,4,5,6} denote the position of
the inductor Ls; and s3,s; € {1,2,3,4,5,6,7,8} indicate the orientation of the edges

according to Table 4.5, with + reference orientation shown in Tables 4.3 and 4.4. The
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Figure 4.4: Second-order PWM DC-to-DC converters.
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Table 4.3: Possible positions of the capacitor edge in a fourth-order PWM converter.
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Table 4.4: Possible positions of the inductor edge in a fourth-order PWM converter.

s | Cqy | L1 | Ly
1|+ |+ |+
2+ |+ |-
3|+ |- |+
41+ |- | —
51— |+ |+
6| — |+ |-
77— |- |+
8| - | = | =

Table 4.5: Orientation of the edges in a fourth-order PWM converter.
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Figure {.5: 1L converter cells.

total number of pairs is 746496, but since many pairs are redundant or degenerate, the

total number of converter topologies is much smaller.

4.4.2 FElimination of Redundant Cases

Converter topology resulting from the pair (H;,Hj) is invariant under the permuta-
tion of columns that correspond to the same type of elements, under the simultaneous
change of sign of any subset of columns in both matrices and under the change in order
of incidence matrices. The following set of rules is established to avoid redundant cases

in the enumeration scheme:

1. The same converter results if orientation of any subset of edges in both graphs is

changed simultaneously. Therefore, take
s1=1, s;=s€{1,2,3,4,5,6,7,8}. (4.7)
Since s; = 1 is now taken by default, the pair takes the form (¢171k1,%252k2.5).

2. Pairs (1171k1,1252k2.8) and (i22k2.5,1171k1) represent the same topology and hence
require that

t171k1 < t252k2 . (4.8)

3. Inductor edges L; and L; or, equivalently, numbers j;, 7 and k;, k2, can be inter-

changed without affecting the converter topology. Redundant cases are eliminated
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by the following set of conditions:

N <k, (4.9)
tf jl - k1 then ]2 S k2 ) (4.10)
tf 1'1 = 1'2 then jlkl S k2]2 . (4.11)

For example, topologies emerging from (145,226) and (154, 262) are identical and con-
dition (4.9) will retain only the first pair. Also, (144,226) and (144,262) are identical
and the latter is removed by condition (4.10). Finally, as an example, (226,254) and
(245,262) are identical, but only the first one satisfies condition (4.11). In these exam-
ples, orientation s is not specified because it is assumed that it can take all possible
values.

After all conditions for elimination of redundant cases are applied, the total number

of eligible pairs is 26080.

4.4.3 Elimination of Degenerate Cases

Given a pair (H;, H3) or, equivalently, (¢151k1,52j2k2.s), the DC model is constructed
using Eq. (4.2), and both conditions of Definition 4.1 are easily verified using Eqgs. (3.31)
and (3.34). Thus, all degenerate cases can be eliminated in a straightforward manner.

In order to eliminate trivial variations of the converter topologies, strictly non-

degenerate pairs are defined as follows:

Definition 4.2 Pair (H;,H;) s strictly non-degenerate if it is non-degenerate and none

of converter states (capacitor voltages or inductor currents) is identically zero at DC.

The motivation behind Definition 4.2 is to extract only fourth-order topologies in which
all four energy storage elements participate in filtering or in energy transfer. Systematic
search through the cases that are non-degenerate but are not strictly non-degenerate
reveals that two energy storage elements, a capacitor and an inductor, form a loop or
a cut-set in both switched networks. Conversely, a series (parallel) L — C combination
can be added between any two nodes (in series with any element) of a PWM DC-to-DC

converter without changing its DC conversion properties. Thus, the added combination
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Figure 4.6: Buck converter with a parallel L-C network used for filtering.

is superfluous for energy transfer. Under the small-ripple assumption, a series L — C
combination is a very large impedance at the fundamental and the harmonics of the
switching frequency. Similarly, a parallel combination is a very small impendance at and
above the switching frequency. Hence, addition of a series or parallel L — C combination
does not contribute to filtering effects and again, the added combination is superfluous.
It should be noted, however, that there are at least two cases when adding a series or
parallel L — C combination to a PWM converter may have beneficial filtering effects.
First, if the small-ripple approximation is abandoned, an L — C combination could be
tuned to suppress the fundameﬁtal or any selected harmonic of the switching frequency.
For example, a buck converter with this type of filtering is shown in Fig. 4.6. Another
interesting possibility arises if the added inductor can be coupled with an existing induc-
tor in order to accomplish the coupled-inductor filtering effects. For example, inductors
in the buck converter of Fig. 4.7 can be coupled with the coupling coefficient adjusted so
that all current ripple is stirred from L; to L. Proposition 3.8 gives a simple guideline
for adding a series L — C combination to any two-switch topology such that coupling of
inductors is possible.

In any case, the addition of a series or parallel L — C combination can be regarded as
an optional modification of any existing converter topology. Henceforth, in the synthesis
procedure of fourth-order converters, we shall consider only strictly non-degenerate con-

verter topologies without loss of generality. The number of strictly non-degenerate pairs
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Figure {.7: Buck converter with a series L-C network used to obtain the output current
with zero AC ripple.

representing fourth-order PWM converters is 7146.

4.4.4 Insertion of Ideal Switches

The number of pairs representing fourth-order topologies is so large that it would
be nearly impossible to explore all pairs of linear networks and insert the switches by
inspection. Besides, no matter how simple linear networks N; and N, are, classes of
generated topologies cannot be regarded as complete unless a switch-insertion procedure
is well defined. Thus, a formalized switch-insertion procedure is necessary in order to
complete the synthesis task. Furthermore, once construction of the converter network
with ideal switches and the procedure for switch implementation are formalized, search
for converter topologies with a prescribed number of switches, and with a prescribed
number of transistor switches can be performed.

The switch-insertion procedure scans through the columns of incidence matrices cor-
responding to elements of the 2L1C cell, starting with the third column, corresponding
to the capacitor Cy branch.

Let z; and z; be “from” nodes and y; and y; “to” nodes for the capacitor C; branch

in graphs G; and Gg respectively; that is,

H1($1,3) - H2(£2,3) = —1, (4.12)
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Hl(y1,3) = Hz(y2,3) =1. (4.13)

All possible cases for the capacitor C, are resolved as follows:

1. z; = z3 and y; = y2 : the C; branch is fixed and no switches are necessary.

2. 21 # 2 and y; = y2 : an S-switch and a S-switch are inserted between nodes T

and z; as shown in Fig. 4.8. In this case none of the switched nodes (z1, z3) can
be node 3. This is because exactly one capacitor node has to be node 3 and if, say
z; = 3, then

Ty F3ID>Yy=y1=3=>2;#3, (4.14)

which is a contradiction. Therefore, z1,z2 € {0,1,2} and y; = y2 = 3. The case

z1 = z2 and y; # Y is completely analogous.

3. 21 # z9 and y; # y2 : In this case, one x-node is node 3 and one y-node is 3.

Assume, without loss of generality, that z; = 3 and y; = 3. Two switches are

introduced as shown in Fig. 4.9.

The switch-insertion procedure proceeds with columns corresponding to the inductor
edges. Let z; and 22 be “from” (or “t0”) nodes of the inductor (L; or L;) edge, in graphs

G1 and Gg, respectively; that is,
Hl(zl,l) = Hg(Zg,l) ?5 0, (4.15)

where [ = 5 for the inductor L; edge and | = 6 for the inductor L2 edge. The following

cases are possible:
1. z; = z9 # 3 : the inductor end is fixed and no switches are necessary.

2. z; = zp = 3 : if node 3 is switched (case 3 for the C3 branch), then two switches are
necessary as shown in Fig. 4.10. If node 3 is fixed (case 1 or 2 for the C; branch),

no switches are necessary.
3. z; # z3 : two switches are necessary, as shown in Fig. 4.11.

If the procedure calls for insertion of switches between the pair of nodes where the

switches have already been inserted, the insertion is skipped. Thus, only necessary
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Figure 4.8: Insertion of switches in the case in which one capacitor end is switched.

S S
X2 oo H o o

Y1

Figure 4.9: Insertion of switches in the case in which both capacitor ends are switched.

S
21 o/ o
- . L0 0 —
s
Z o o

Figure 4.10: Insertion of switches in the case tn which the inductor edge is incident to
.the switched node 3.

Z4 o/c a/c

Z2

Figure 4.11: Insertion of switches in the case in which the inductor edge s incident to
different nodes in networks Ny and Nj.
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switches are introduced, always in § — § pairs. By construction, the number of switches
can be any even integer from 2 to 10.

The switch-insertion procedure outlined so far guarantees that the resulting network
N reduces to the network N; when S-switches are ON, and to the network N when S-
switches are ON. By construction, N is a PWM network since it satisfies all assumptions
of Definition 3.1. It can be shown that given a pair of networks N; and N3, network N
(with minimum number of switches and graph G) is unique if and only if switches in §
( $ ) do not form a path in G of length greater than one. For the synthesis procedure, the
necessity part of the proof is important. Suppose that a subset of k switches in § (.§ )
forms a path in the network N generated by the switch-insertion procedure. Then, one
can construct additional k networks that satisfy the same assumptions as network N.
First, add another switch such that it closes the loop with the switches in the path. Then,
remove one of the k switches in the path. Of course, in order to generate all possible
networks, the process has to be repeated for every switch-only path of length greater
than one. Clearly, resulting networks are completely equivalent to the original network N
with respect to DC conversion properties, number of switches and number of reactances.
However, implementation of switches may be different. If the number of switches is
limited to four, there can be at most one switch-only path of length two. In addition
to the original network generated by the switch-insertion procedure, at most two other
networks need to be examined. For each network with ideal switches, implementation of

switches is carried out as explained in Section 4.3.5.

4.4.5 Surhmary of the Synthesis Procedure

In this section, steps of the synthesis procedure are summarized in a form that re-

sembles the flowgraph of the computer program in which the procedure is implemented.

STEP 0| SELECT INPUT REQUIREMENTS

0.1 If the number of switches is prescribed, set flag A and assign n;.
0.2 If the number of transistors is prescribed, set flag B and assign n;.

0.3 If specific DC conversion ratio is required, set flag C and assign M*(D).
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0.4 If continuous input current is required, set flag D.

0.5 If continuous output current is required, set flag E.

0.6 If the possible coupling of inductors is required, set flag F.
FIND THE NEXT PAIR, (i1j1k1,1252k2.8),

such that conditions of Sections 4.4.1 and 4.4.2 are satisfied. Exit if the last pair

was generated.

STEP 2| FIND THE DC MODEL

2.1 Construct incidence matrices, H; and Hj, using Tables 4.3 through 4.5.
2.2 Compute fundamental loop matrices, F,; and Fy2, using Eq. (4.2).

2.3 Go back to STEP 1 if condition (3.31) for existence of a unique, steady-state

solution is not satisfied.
2.4 Compute Iy, V¢ and M (D) from Eqgs. (3.32) through (3.34).
2.5 Go back to STEP 1 if:

2.5.1 deg M(D) =0.

2.5.2 I;=0({=1,2) or Vg2 =0.

2.5.3 Flag C is set and M (D) # M*(D).

2.5.4 Flag D is set and input current is pulsating.

2.5.5 Flag E is set and output current is pulsating.

2.5.6 Flag F is set and inductor voltages are not identical.
STEP 3| CONSTRUCT THE NETWORK WITH IDEAL SWITCHES

3.1 Insert ideal switches following the procedure of Section 4.4.4.

3.2 Go back to STEP 1 if flag A is set and ng # nj.

STEP 4| FIND SWITCH IMPLEMENTATIONS

4.1 Evaluate I, and V, for each of the switches and decide if the switch is transistor,
diode, current-bidirectional, voltage bidirectional, or four-quadrant, as described

in Section 4.3.5.
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4.2 If flag B is set and n, = 2, check to see if two S-switches or two S-switches form a

path and repeat STEP 4.1 for two additional variations of switch positions.
4.3 Go back to STEP 1 if flag B is set and n; # n;.

STEP 5| DISPLAY CONVERTER TOPOLOGY

and return to STEP 1.

4.5 Results of the Synthesis Procedure

Various applications of the synthesis procedure for fourth-order PWM converters are
discussed in this section. First, all possible strictly non-degenerate 2L1C cells with two
and four ideal switches are found. Then, complete classes of strictly non-degenerate
single-transistor converters with prescribed DC conversion ratio are presented.

Conversion ratios of most practical interest are of degree one: step-down, M(D) = D,
step-up, M(D) = 1/(1 — D), and step-up/step-down, |M(D)| = D/(1 — D). These
conversion ratios can be realized by second-order converters, as shown in Section 4.3.6.
However, fourth-order converters are required to fulfill additional requirements such as
possible coupled-inductor filtering and continuous terminal currents.

Converters with M(D) = D?, |M(D)| = D?/(1-D), M(D) = 1/(1— D)? or M(D) =
D?/(1 — D)? can be used in applications where large step-down or step-up is required
without transformer or in applications (such as laboratory power supplies) where an
extremely large range of DC conversion ratios is necessary. By Proposition 3.4, these
converters must have at least two inductors, two capacitors and four switches.

Members of the classes with prescribed conversion ratios are compared with respect

to conduction losses, switch stresses and features of continuous terminal currents and

the possibility of coupling of inductors.

4.5.1 2L1C Cells With Two Switches

There are five cells in this class (Fig. 4.12). Coupling of inductors is possible in
converters generated from cells 1 and 3. Input and output currents are continuous in

converters generated from cells 3 and 4. Since only cell 3 is symmetrical, a total of 27
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Figure 4.12: 2L1C converter cells with two switches.
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#|P Ic,rms Ic,rms Ijems | I, I, Ifo|cC
1|+ 0 VMO-M)| M 1 M |(JV|V]|-
2 |+ 0 0 vM | 1 1 |-V -
3|+ 0 VMI-M)| M 1 1-M |V |V |-
4 |+ 0 0 VM 1 1 -1V |-
5|+ 0 VMA-M)| M |1-M| M |J|V|V
6 |+ |vVMOA-M) | VMOA-M)| M 1 M |V|-]|-
7|+ |VvVMOA-M) | /MOd-M)| VM 1 1-M |- |-| -

Table 4.6: Comparison of fourth-order, two-switch, step-down converters.

converters can be generated by attaching source and load to cell rotations [9].

4.5.2 2L1C Cells With Four Switches

There are 89 cells in this class. Only one cell is counted in cases when the position
of switches in the cell is not unique. All cells are listed in Appendix A. Since four cells
are symmetrical, 522 fourth-order, four-switch, strictly non-degenerate PWM converters

can be generated.

4.5.3 Fourth-Order, Two-Switch, Step-Down Converters

There are seven strictly non-degenerate, fourth-order, two-switch, step-down (SD)
converters with M(D) = D. All SD converters are shown in Fig. 4.13. By Proposi-
tion 3.9, switch voltage and current stresses are the same for all SD topologies. Under
the small-ripple assumption, the voltage stress is equal to the input voltage, while the
current stress is equal to the output current. Parameters relevant for comparison of SD
topologies are summarized in Table 4.6. Column P shows if the topology is inverting
polarity of the input voltage (—) or not (+). Columns I and O show whether input (I)
or output (O) current is continuous, while column C indicates whether inductors L; and
L, can be coupled on a single magnetic core.

For purpose of comparison, rms currents for all elements are foun.d under the small-

ripple assumption. Thus, if only AC ripple current flows through an element, the entry
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Figure 4.18: Fourth-order converters with M(D) = D.
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# | P | Icirms | Icyrms Lyrms I, I, I1|o|cC
1(+| o M1 M M 1 |V |V]-
2 |+ M-1 0 M M M V]-1-
3|+| o M -1 M M |[M-1|y|V]|-
4|+ |VM-1| o M M | M |V|-]|-
5|+| 0 M1 M M-1| 1 |V|V]|V
6|+| 0 |VM-I|VMP+M-1| M | 1 |[-|y|-
7

+|VM-1|vVM-1|VM2+M-1| M |M-1|-|-|-

Table 4.7: Comparison of fourth-order, two-switch, step-up converters.

in the comparison table is zero. Suppose that there is a small parasitic resistance (r.)
in series with each converter element. Everything else being the same, the most efficient
topology is the one for which the sum Y r.IZ, . is minimal. Of course, particular values
of parasitic resistances are required in order to make exact comparison. However, one can
assume that parasitic resistances for both capacitors and V, are equal to r, (r. > 0) and
that both inductors have a series resistance equal to r; (r; > 0). Under this assumption,
it follows that SD(5) is the most efficient topology. If, in addition, r; = r. = r, the power
loss that is due to parasitic resistances of converter elements is shown in Fig. 4.15(a) as
a function of the conversion ratio M. The power loss is normalized to rIZ,.

Topology SD(5) features continuous input and output currents and the possibility of
coupling the inductors. Converters SD(1) and SD(3) have continuous input and output
currents, too. Converters SD(1) and SD(2) are simply second-order buck converters with

input or (additional) output filtering.

4.5.4 Fourth-Order, Two-Switch, Step-Up Converters

All step-up (SU) converters with M(D) = 1/(1 — D) can be obtained from SD
converters by replacing the role of input and output terminals and‘transistor/diode
switches. Voltage stress for switches is equal to V, /(1 — D), while current stress is equal
to Iu:/(1 — D) for all converters. Table 4.7 contains the parameters for comparison of

SU converters. SU converters are numbered in the same order as SD topologies from
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# | P | Ioyrms | Icyrms Ijrme I, IL, I|o|cC
1/-| 0 | VM |M| 1+ |M| 1 Viv]-
2 | - | VIM] 0 VIM[+M |1+ |M| |1+ |M||-|-]|-
3|-| o | VM |M| 1+|M|| M| |V|V]|-
4 | - | VIM] 0 VIM[+MZ |1+ |M||1+|M]|-|- |-
5 /-] 0 | VM| |M| |M| 1 VIVvIV
6 | — 0 VIM] | VIM|+ M? | 14+ |M]| 1 -1V |-
7| - | VIM] | VIM] |M| 1+[M[| M| | |—-|-
8 |+ | vVIM] | VIM] |M| |M| 1 vV]i-|V
9 |+| 0 | VM |VIM+M 1 M| |- V|V

Table 4.8: Comparison of fourth-order, two-switch, step-up/step-down converters.

which they originate.

4.5.5 Fourth-Order, Two-Switch, Step-Up/Step-Down Converters

There are nine strictly non-degenerate step-up/step-down (SUSD) converters with
|M(D)| = D/(1 — D) (Fig. 4.14). Parameters for comparison are displayed in Table 4.8.
Switch voltage and current stresses are the same as in SU converters. Converter SUSD(5)
is the well-known Cuk converter [5], SUSD(8) is the Sepic converter [4], while SUSD(9) is
the inverse Sepic converter. The other converters in this class can be classified as buck-
boost converters with additional filtering. Coupling of inductors is possible in SUSD(5,
8, 9), while converters SUSD(1, 3, 5) exhibit continuous input and output currents. All
converters except SUSD(8,9) invert the voltage polarity.

Comparison of conduction losses in SUSD topologies, as functions of the conversion
ratio M, is illustrated in Fig. 4.16. Losses are calculated relative to rIZ,, in step-down

and step-up regions, under the same assumption as for SD converters.

Experimental Verification

For experimental verification, same control circuit and same components are used to

build nine SUSD converters. The first objective of the experiments is to confirm that
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elements in {V,}UCU L.



65

all SUSD converters (some of which are not commonly utilized in practice) operate as
expected. Another objective is to illustrate how conversion efficiency can be substantially
different solely because of different interconnections among converter components.

Parameters of the experimental circuits are:

source: V, = 10V,

inductors: L = 500uH, r, = 0.27(),

capacitors: C = 150uF, r, = 0.15(],

]

transistor: IRF540,

diode: UES1303,

switching frequency: f, = 100kH 2.

Efficiency is measured at two operating points, one in the step-down region and one
in the step-up region. For each converter topology, V,u: and I, are kept constant by
adjusting the duty ratio. Variations in conversion efficiency result in different currents
drawn from the input source.

Results of the experiment shown in Table 4.9 indicate clearly how large differences in
efficiency can be ascribed to the topology alone. As predicted, at both operating points,
the Cuk converter (SUSD(5)) is the most efficient topology. Positions of other topologies

- are also in agreement with plots in Fig. 4.16.

Vout | Toue | n(1) | n(2) | n(3) | n(4) | n(5) | n(&) | n(7) | n(8) | n(9)
5V | 1.24 | 67.3 | 588 | 70.3 | 58.7 | 76.4 | 67.0 | 69.8 | 75.1 | 74.5

20V | 0.4A | 81.6 | 78.0 | 80.2 | 77.7 | 83.6 | 81.3 | 80.4 | 83.2 | 83.5

Table 4.9: Measured efficiency n(¢)[%)] of the ezperimental step-up/step-down converters
SUSD(1) through SUSD(9).

Since all two-switch 2L1C cells are represented in SUSD converters, experimental

verification of the remaining two-switch, fourth-order converters is omitted.
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4.5.6 Fourth-Order, Two-Switch Converters for DC/AC inversion

Out of 27 fourth-order converters with two switches, seven are step-down, seven are
step-up and nine are step-up/step-down. The remaining four converters are shown in
Fig. 4.17. A distinctive feature of these topologies is that the output voltage of either

polarity can be obtained. DC conversion ratio,

%"2 for 1 and 3
1-D

M(D) = (4.16)

i—sp for 2 and 4

changes polarity at D = 0.5, so that DC-to-AC inversion can be achieved by varying the
duty ratio. It should be noted, however, that for converters 2 and 4 the conversion ratio
M (D) is not defined at D = 0.5, indicating that the actual conversion ratio in the vicinity
of D = 0.5 depends largely on the lossy parasitic elements that are not encompassed by
the ideal DC model. Therefore, converters 2 and 4 are of less practical interest.
Converters 1 and 3 require current-bidirectional switches, while 2 and 4 require
voltage-bidirectional switches. In all four cases, coupling of inductors is possible. Voltage
and current stresses on the switches are equal in converters 1 and 3. A major advantage
of the converter 1 is that its output current is continuous. Furthermore, AC ripple of

the output current can be reduced ideally to zero by proper coupling of inductors.

4.5.7 Single-Transistor Converters with M(D) = D?

Because of the finite switching speed and finite lengths of switching transitions, a
transistor switch in a practical PWM converter cannot operate with ON-time less than
a certain minimum. Minimum ON-time results in a minimum possible duty ratio and
consequently in a minimum attainable conversion ratio. Clearly, the lower limit for
the attainable conversion ratio increases with switching frequency. This is why a DC
conversion ratio M(D) = D? can be useful in applications where large step-down ratio
is required without a step-down transformer.

A fourth-order converter that achieves the conversion ratio M(D) = D? can be con-
structed in a straightforward manner by cascading two second-order, step-down (buck)
converters [2]. Two transistor switches are required in the cascade converter. The syn-

thesis procedure is used to search for single-transistor topologies with the same DC
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Figure 4.17: Fourth-order, two-switch converters suitable for DC-to-AC inversion.
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Figure §.18: Single-transistor converters with M (D) = D2,

conversion ratio. Two step-down/step-down (SD?) topologies are found and shown in
Fig. 4.18 together with parameters relevant for comparison.

In both converters, transistor and diode D; conduct simultaneously. When the tran-
sistor switch is ON, diode D; provides a path for the L; inductor current in SD?(1), while
in SD?(2), D; conducts the current I — I; =1 — D.

Parameters for the two topologies are the same except for the inductor L; current. In
applications that require a large step-down ratio, it is more likely that the steady-state
duty ratio is less than 0.5 so that SD?(2) is a better choice with respect to conduction

losses.
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It is interesting to note that converter SD?(2) can be regarded as a cascade of a passive
buck (Ly,Ca, Dy, D;) and an active buck (Lg,C1,transistor, Dg) stage. Switching inside
the passive buck stage is enforced by the input current of the active stage. Therefore,
the passive buck can precede any converter with pulsating input current, multiplying
its conversion ratio by D. Moreover, since the passive buck itself has pulsating input
current, n — 1 passive buck stages can be cascaded in a row with a single, active buck

stage to obtain a single-transistor converter with M(D) = D".

4.5.8 Single-Transistor Converters with M(D) = 1/(1 — D)?

Four single-transistor step-up/step-up (SU?) converters with M(D) = 1/(1 — D)?
are found by the synthesis procedure. The converters are shown in Fig. 4.19. Note that
S-switches (transistor and diode D) form a path of length two in topologies SU?(1,3,4).
FIn these three cases, the position of switches is not unique, as discussed in Section 4.4.4.
Two transistors are required in the two remaining topological variations. Voltage and
current stresses for all switching devices are the same in all four converters. Converters
SUZ?(1,4) have continuous input currents, while all converters have pulsating output cur-
rents. In particular, the rms current for the output capacitor of SU%(4) is larger than
in other topologies since the output current in this converter attains both positive and
negative values. Thus, with respect to conduction losses on parasitic resistances, SU?(1)
is the preferred choice. Since transistor voltage stress is equal to the output voltage, no
advantage over a single SU converter is achieved.

Converters SU%(1) and SU?%(4) are dual to converters SD?(1) and SD?(2), respectively.
Two sixth-order converters with M(D) = D? are dual to SU%(2,3) converters.

The final remark is that the SUZ%(1,2,3) converters can be regarded as modifications
of the basic second-order boost stage. Proceeding in the same manner, it is possible to

construct single-transistor converters with M (D) = 1/(1 — D)™.

4.5.9 Single-Transistor Converters with |M(D)| = D?/(1 — D)

Converters in this class are suitable for applications where an extremely large range of

conversion ratios is required. D? in the numerator extends the range for low duty ratios,
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where it is limited by the minimum ON-time of the transistor switch, while 1 — D in the
denominator still provides step-up function at higher duty ratios. Three converters in
this class are shown in Fig. 4.20.

Most of the parameters are the same for all three SD2SU topologies. Converters
SD2SU(1,3) have continuous output currents. Converter SD2SU(1) has the lowest sum
of inductor currents and the lowest sum of average diode currents. Thus, it represents
the most favorable choice with respect to conduction losses. On the contrary, voltage
stress for diode D; is largest in SD?SU(1). In all three topologies, transistor and diode
D; are the S-switches.

4.5.10 Single-Transistor Converters with |M(D)| = D?/(1 — D)?

Among fourth-order converters, the potential range of DC conversion ratios is largest
if M(D) = D?/(1 — D). The only single-transistor converter that offers this conversion
ratio is shown in Fig. 4.21. Unfortunately, the converter operates properly only for
D £0.5. For D > 0.5, diodes D; and D; clamp the output voltage to V} so that step-up

function is not possible.

4.5.11 Single-Transistor Converters with Conversion Ratios of Degree Two:

Experimental Verification

Experimental converters are built using the same control circuit and the same set of

components. Parameters of the experimental circuits are:

inductors: L = 280uH, r; = 0.062,

capacitors: C = 150uF, r. = 0.15(1,

transistor: IRF540,

diodes: UES1303,

switching frequency: f, = 100kHz.

It is verified that experimental converters exhibit predicted conversion ratios. Moreover,
as in the experimental verification of SUSD converters, efficiency is compared at specific

operating points.
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Figure 4.21: A single-transistor converter with M(D) = D*/(1 — D)2.

SD? SD?SU
Vo | Vout | Tout | n(1) | n(2) | n(1) | n(2) | n(3)
50V | 5V | 2.34 | 70.8 | 71.3 | 66.2 | 62.5 | 62.9

Table 4.10: Measured efficiency of the experimental SD® and SD?*SU converters.

Results of the measurements for SD? and SD2SU converters are shown in Table 4.10.
An operating point with large step-down ratio is chosen to emulate conditions in a
possible, practical application. As predicted, SD?(2) is more efficient than SD?(1), and
SD2ZSU(1) is the most efficient converter among SD?SU topologies. SD? converters are
more efficient than SD?SU converters, as could have been inferred from the comparison
tables. Results for SU? converters, in Table 4.11, confirm the prediction that SU2(1) is
the most favorable choice with respect to conduction losses, although deviations may be

considered marginal.

Vg Vout Iout ’)(1) "(2) '7(3) '7(4)
5V | 25V | 0.13A | 749 | 740 | 74.1 | 74.6

Table 4.11: Measured efficiency of experimental SU? converters.
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Chapter 5

Extensions of PWM Converter Topologies

In Chapters 3 and 4 several restrictions are imposed on the structure and the oper-
ating mode of a PWM DC-to-DC converter. Isolation transformers are excluded, and a
unique operating mode is postulated by Definition 3.1. Furthermore, the DC model of
PWM converters is established under the small-ripple assumption. Finally, the scope of
the synthesis procedure in Chapter 4 is limited to converters with a common input and
output terminal and with a single filtering capacitor across the load.

In this chapter, the restrictions are removed to the extent that can be justified from a
practical point of view. A sufficient condition for the possibility of inserting an isolation
transformer in a PWM converter is found in Section 5.1. In Section 5.2, it is shown
how selective removal of the small-ripple assumption results in two additional operat-
ing modes of PWM converters, namely, discontinuous inductor current mode (DICM)
and discontinuous capacitor voltage mode (DCVM). Both modes are known and corre-
sponding DC analyses are published for selected PWM converters [23,26]. An original
contribution of Section 5.2 is that DC analysis of discontinuous modes is unified for all
two-switch PWM converters of arbitrary order.

Construction of converters with a floating load is discussed in Section 5.3. A trans-
formation that puts the load in a loop with more than one filtering capacitor is proposed

in Section 5.4.

5.1 Insertion of Isolation Transformers

Isolation transformers are commonly used in DC-to-DC converters for several rea-
sons. The transformer provides galvanic isolation, which is mandatory in DC-to-DC

converters supplied directly from the rectified utility line (“off line”). Furthermore, the
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transformer’s primary-to-secondary turns-ratio multiplies the original DC conversion ra-
tio, thus providing an additional step-down or step-up. Either polarity of the output
voltage is available simply by selecting the reference end of the secondary winding. Fi-
nally, an isolation transformer with multiple secondary windings can be used to construct
DC-to-DC converters with multiple outputs.

In this section, insertion of an isolation transformer is treated as an extension of a
PWM converter topology. Usually, it is intuitively clear whether or not insertion of a
transformer is possible. However, a formalized transformer insertion procedure is needed,
not only as a practical tool, but also to clarify how operation of the isolation transformer
is related to the converter topology.

Three types of transformers are encountered in switched-mode converters. In a true
AC transformer there is no DC bias, and the AC flux swing is symmetrical around
the origin. Energy is transferred during the entire switching cycle. Hence, a true AC
transformer yields the highest possible utilization of its magnetic core. In a forward
transformer, energy is transferred during only one part of the switching cycle. During
that part, flux in the core is excited from zero to some maximum value. The rest of the
switching cycle is used to reset the flux back to zero. Finally, a pair of switched coupled
inductors can also provide isolation. This type of transformer is called flyback. A flyback
transformer, being electrically equivalent to a single inductor, operates with an AC flux
centered around some DC bias.

Converters in which DC isolation can be achieved using a single transformer are of
prime interest. The following proposition gives a sufficient condition for insertion of an

isolation transformer while the insertion procedure is detailed in the proof.

Proposition 5.1 Starting with a PWM converter network N, construct a new network
N, by shorting an inductor L., by removing a capacitor C; or by removing a switch S;.
Insertion of a (perfect) transformer is possible if there exists an element (L;, C; or Sz)
such that graph G, corresponding to the network N, is separable and if there is no loop

in N, containing both source V, and load R.

Proof: insertion of an isolation transformer can be demonstrated in three different cases.

In each case, we show that operation of the converter with a (perfect) transformer is not
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altered.

Case 1: Suppose that after shorting an inductor L, in the converter network N, the
resulting network N, has a separable graph. Then, a flyback isolation transformer can
be inserted as shown in Fig. 5.1. Assuming that the isolation transformer is perfect and
with 1:1 turns-ratio, voltages and currents at terminals 1-2’ and 1”-2” are unaltered.
Therefore, all voltage and current waveforms in the circuit and consequently the DC
conversion ratio are the same as without the transformer.

Case 2: Suppose that the graph of the network N is separable after capacitor C,
is removed from N. Then, a true AC isolation transformer can be inserted as shown in
Fig. 5.2. Suppose that the isolation transformer is ideal with 1:1 turns-ratio. Voltages
and currents at terminals 1’-2’ and 1”-2” are not affected so that there is no change in
operation of the circuit. If, however, the transformer is perfect, additional magnetizing
current flows through the transformer windings. Under the small-ripple assumption,
the magnetizing current amounts to a negligible AC ripple. Note that the order of the
converter network is increased by two.

Case 3: If removal of a switch S; results in the network N, with a separable graph,
a forward transformer can be inserted as shown in Fig. 5.3. If the DC voltage across the
terminals 1’-2’ (or 1”-2”) in Fig. 5.3 is zero, there is, or there can be, an inductor placed
between the terminals. However, this inductor would satisfy the conditions for Case 1,
and a flyback isolation transformer could be inserted instead of the forward transformer.
Assuming that DC voltages across terminals 1’-2’ and 1”-2” are not equal to zero, an
additional switch is necessary for insertion of the forward transformer. Switches Sy
and SY are turned ON and OFF simultaneously. If the transformer is ideal, equivalence
between terminal waveforms in the new converter and in the original converter is trivial.
Suppose that the transformer is perfect. With both switches in the ON position, either
primary or secondary (but not both) is in a loop with a set of capacitors and possibly V.
If this was not the case, in one of the switched networks there would be an inductor-only
cut-set or a capacitor-only loop, which is not possible by Assumption A3 of Definition 3.1.
Suppose, without loss of generality, that the primary is in a loop with capacitors and

possibly V,, while the secondary is in a cut-set with inductors when S, and S] are
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ON. Energy is transferred through the transformer and at the same time the core flux
density increases from zero to some maximum value. Under the small-ripple assumption,
the magnetizing current is negligible. When the switches are OFF, there is no energy
transfer, and a path for the magnetizing current has to be provided in order to reset the
core flux to zero. The circuit for resetting the core is implicit in Fig. 5.3. The order of
the converter network is increased by one. <«

If the switch S; in Fig. 5.3 is implemented as a transistor or as a diode, implementa-
tion of the switch S, is the same except in the case when the diode would provide a DC
path that shorts the source. Consider, for example, SU%(1,2,3) converters in Fig. 4.19.
In all three cases, diode Dj satisfies the condition for insertion of a forward transformer.
However, S, has to be implemented as a transistor. Switch S. can be implemented as a
diode.

Conditions of Proposition 5.1 are not always necessary for insertion of an isolation
transformer. Consider a PWM converter to which an inductor can be added without
disturbing its DC conversion properties. In fact, an inductor can always be added in
parallel with any existing inductor or, more generally, in a loop with existing inductors.
Since n; becomes larger than n., the steady-state solution for the converter states (as-
suming that it exists) is not unique. Nevertheless, the converter may still have a unique
steady-state solution for the output DC voltage. If the added inductor satisfies condi-
tions of Proposition 5.1, a flyback transformer can be inserted as in Case 1. For example,
a flyback isolation transformer can be inserted in the converter SUSD(6) of Fig. 4.14, as

illustrated in Fig. 5.4, although conditions of Proposition 5.1 are not satisfied.

5.2 Discontinuous Operating Modes

Under the small-ripple assumption, all capacitor voltages and inductor currents in
a PWM converter are essentially DC quantities. For converters with one switch im-
plemented as a transistor and the other switch implemented as a diode, this implies
that the stress voltage Vs and the stress current I, are also DC quantities and that
the diode switch conducts current I,,, throughout the period (1 — D)Tp. The operating

mode in which the transistor and the diode are never ON or OFF simultaneously is usu-
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Figure 5.1: Insertion of a flyback transformer.

CX Cxo an »

Figure 5.2: Insertion of a true AC isolation transformer.

Figure 5.8: Insertion of a forward transformer.
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Figure 5.4: Flyback isolation transformer in the SUSD(6) converter.

ally called the continuous conduction mode (CCM). This operating mode is assumed by
Definition 3.1.

In this section, we consider two different cases when the small-ripple assumption is
removed in a two-switch PWM converter with one transistor and one diode. In the first
case, the assumption is imposed on all capacitors, while it is removed from an inductor
(or inductors) in L,,. Recall that inductors in £, carry currents that contribute to I,,,.
The mode of operation, called the discontinuous inductor current mode (DICM) [23,26],
results from the fact that the AC current ripple in 1,, is not negligible compared to the
average value I,,. The DC conversion ratio and conditions at the boundary between
DICM and CCM modes are found in Section 5.2.1. The analysis is unified for PWM
converters with one transistor, one diode and an arbitrary number of reactances.

The second case is dual to the first case — the small-ripple assumption is retained
for all inductors, while it is abandoned for a capacitor (or capacitors) in Cors. By
definition, capacitors in C,fs carry voltages which contribute to V,5s. The operating
mode that results from the fact that the AC ripple in v,z is not negligible compared
to the average value Vs is called the discontinuous capacitor voltage mode (DCVM)
[26]. In Section 5.2.2 unified results for DCVM are obtained directly from the results for
DICM by applying the duality principle.

The two discontinuous modes (DICM and DCVM) are found by removing the small-
ripple assumption from inductors in L, or from capacitors in Cogs. It is quite natural
to ask what operating mode would result if the small-ripple assumption is removed from

inductors in L,, and capacitors in Coss, simultaneously. The answer to this question
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is postponed until Chapter 6 where it is shown that this previously neglected mode of
operation of PWM converters can be viewed as an operating mode of a class of Quasi-

Resonant converters. The corresponding unified DC analysis is presented in Chapter 7.

5.2.1 Discontinuous Inductor Current Mode

Operation in the discontinuous inductor current mode is recognized by the fact that
the diode switch ceases to conduct before the end of a switching cycle. By Proposition 3.8,
inductors in Loy sustain identical voltage waveforms. During the period D T, while the
transistor switch is ON, voltage across every inductor in L, is equal to Vo55 — Tg. Note
that control-variable D, is defined in the same manner as the duty ratio D for PWM
converters in the continuous conduction mode. When the transistor switch is OFF, voltage
across every inductor in L, is —U4, as long as the diode current is positive. Assuming

that the diode ceases to conduct before the end of the switching period, we have

Le%" = Voff_vd, O<t_<_ Dch’ (5.1)
L, d;‘;" = -9y, DT, <t< DTy, (5.2)
ton = 0, DiTp, <t<T,. (5.3)

Equivalent inductance L. is inductance of the parallel combination of inductors in Lo,
1 1

—_—= —. 5.4

L=Xrr (54)

A typical waveform of the current ¢,,, in DICM is depicted in Fig. 5.5. DICM is described

by the following periodic sequence of states:

DICM: --- —|ON-OFF |- |OFF-ON|— |OFF-OFF | — --- , (5.5)

In each state, positions of the S-switch (transistor) and the S-switch (diode) are indi-
cated. Unified DC analysis of converters operating in DCIM is based on the general
approach outlined in Section 3.6. The condition that the converter network in DICM
is identical to the network of some two-switch PWM parent at DC is trivially satisfied
since the converter topology is not changed at all. We seek the equivalent duty ratio m

(m =v4/V,z7) as a function of the control variable D. and the ratio V;/Ioy;.
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Figure 5.5: Typical waveform of the current i,, tn the discontinuous inductor current
mode.

If the average of ¢,y is evaluated over one switching cycle, we get

v D.D;T, . (5.6)

The average voltage across every inductor has to be zero in steady state. Therefore,
D.Vops = D194 (6.7

Using the fact that V,;7/ 1, = V;/IL,yut, Egs. (5.6) and (5.7) can be solved for the equiv-

alent duty ratio m,

2
m= o, (5.8)
it + D;
where
V.,
I=—2—. 5.9
* 2L¢f8 ( )

The expression for m is valid for any two-switch PWM parent converter. The conversion
ratio in DICM is equal to M(m) where M(-) is the function inherited from the parent
PWM converter with DC conversion ratio M (D) in CCM.

An alternative general expression for the DC conversion ratio,

_ [kaMD(0M)
D, = —i—:—B-(TM—)- ’ (5.10)
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Figure 5.6: The DICM/CCM operating regions for two-switch PWM converters.

follows from the fact that V;/I,u: = R/M. Here, R is the load resistance at DC, R =
Vout /[ Iout, while D(M) is the inverse of the function M (D) for the parent PWM converter.

Parameter k, lumps together all relevant circuit parameters,

2L.fs
R

The DC characteristic given by Eq. (5.10) is in its inverse form — the control variable D,

ko (5.11)

is found as a function of the conversion ratio M. The explicit form, M = M(D,,k,),
can be obtained by inverting Eq. (5.10) for any given D(M).

Converters operate in DICM as long as D; < 1. In the load-to-output plane, the
boundary curve between the DICM and CCM operating regions is found by noting that
results for DICM and CCM must coincide at the boundary. By substituting D, = m in
Eq. (5.8), we get the boundary curve,

Iout
I,

The operating regions for DICM and CCM are shown in Fig. 5.6. The boundary condition

= m(1-m). (5.12)

can also be found in terms of the parameter k,. Critical value k,. at the boundary is

_ D.(1-D.)

kac = MD.) (5.13)
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M(D) | D(M) | conversion ratio in DICM koe
D M D, = /%M 1- D,
2 | % D. = koM (1-D.)?
o | % | De= kMM -1) De(1 - D.)?
5 | e D. = y/ ik 255
D1 | T D, = /kaM (1- D,)(2D. - 1)

Table 5.1: DC conversion properties of two-switch PWM converters operating in the dis-
continuous tnductor current mode.

and operation in DICM is for ky < kqc. Since ky — 0 as R — oo, any PWM converter
enters DICM for sufficiently large load resistance R.

It is important to note that the conversion ratio in DCIM is the same for all PWM
converters which share the same DC conversion ratio M(D), regardless of the specific
topology. In Table 5.1 the conversion ratio in DICM and critical value for k4. are found
for possible conversion ratios (in CCM) of degree one. It can be verified that entries in
the first three rows of Table 5.1 agree with the results previously found for specific PWM

converters in [23].

Current-Bidirectional Converters

The discontinuous inductor current mode is a consequence of the fact that the diode is
a current-unidirectional switch. If the S-switch is implemented as a current-bidirectional
switch, the continuous conduction mode is maintained for any output current for which
Vout Iout > 0. If, in addition, both switches are implemented as current bidirectional, the
operating region in the continuous conduction mode includes the quadrant Vou;lout < 0.
In other words, power can be transferred from the source to the load and vice versa.
Current-bidirectional (two-quadrant) PWM converters are utilized in applications such

as battery chargers/dischargers [7].
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5.2.2 Discontinuous Capacitor Voltage Mode

The discontinuous capacitor voltage mode (DCVM) is dual to the discontinuous in-
ductor current mode. Therefore, all results for DCVM follow directly from the results of

the previous section and duality relations of Section 3.1.2. The equivalent duty ratio is

(1- D,)?

m=1-— : (5.14)
To%; + (1 - D.)?
where
Iﬁ = 2VyCef3 ) (5.15)
Z‘l— = ) ci . (5.16)
[ Coff t.
In the load-to-output plane, the boundary curve between DCVM and CCM is
Tour ____1 (5.17)

Ip - m(l - m) '
The operating regions for CCM and DCVM are shown in Fig. 5.7. The general expression

for the DC conversion ratio is

_ kg(1 — D(M))
Dc_l_\/—ﬂ—l\—/{T(.M—)——’ (5.18)
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where

ks = 2RC.f, . (5.19)

The critical value for the parameter kg is given by
kg, = D.(1 - D.)M(D.). (5.20)

The converter 6perates in DCVM if kg < kg..

While DICM can occur in any PWM topology, a necessary and sufficient condition
for the existence of DCVM is that C,ys is non-empty. Indeed, if V, 5y =V, = const., the
PWM converter operates in CCM for an arbitrary large load current. However, if there
exists a capacitor in the loop with the switches S and S , the equivalent capacitance C,

is finite and DCVM is entered for a sufficiently large load current I,;.

5.3 Converters with a Floating Load

The synthesis procedure described in Chapter 4 encompassed only converters with
a common input and output (ground) terminal. Without attempting to generate all
possible converters with a floating load, we shall consider the case when two basic
converters are combined to form a class of bridge PWM converters. In a bridge con-
verter, the load is connected between outputs of two PWM converters as illustrated in
Fig. 5.8(a). Similarly, an inverse bridge in Fig. 5.8(b) is obtained by connecting the
source between the inputs of the two PWM converters. The DC conversion ratio of the
bridge is M(D) = M;(D) — M;(D), while M(D) = 1/(1/My(D) — 1/M;(D)) for the
inverse bridge. If M (D) changes sign with D, PWM converters in the bridge must be
current bidirectional.

In general, any two PWM converters can be used in the bridge connection. However,
if the conversion ratios of the converters 1 and 2 are identical, the converters have to be
operated at different duty ratios. The simplest and most commonly applied scheme is to
use complementary control signals for the two converters so that Mz(D) = M;(1 — D).

One reason that bridge converters are used in practice is that voltage and/or current
stresses are shared among switching devices. Thus, more devices with lower ratings can

be used to process the same amount of power. Another reason is that bridge converters



87

1 2
1 2 cell 14
cell 1
L .
AN\~
| 0 J
R .T ' 0
1 |
— e l
-
cell 2 '
1 2 . cell 2
1 2
a) b)

Figure 5.8: Bridge (a) and inverse bridge (b) converters.

can have a DC conversion ratio suitable for DC-to-AC inversion. For example, if two
buck converters are connected in a bridge, M(D) = 2D — 1, and output voltage of either

polarity can be generated.

5.4 Qutput Capacitor Transformation

The assumption that load R is in a loop with a single capacitor is a special case of
the‘requirement that R is in a loop with capacitors and possibly V;. In every PWM
converter having the structure of Fig. 4.1, at least one output capacitor transformation
is possible — capacitor C; can be placed between terminals 1 and 2 of the converter cell
instead of being in parallel with the load R. Clearly, DC conversion properties of the
converter are not affected by the transformation. However, it is possible that a more
favorable distribution of currents can be obtained. Consider, for example, the buck-boost
converter and the transformed converter (single-inductor Cuk converter [26]) in Fig. 5.9.

Input current is pulsating in the original buck-boost converter, while in the transformed
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Figure 5.10: Output capacitor transformation.

converter it is continuous, with benefits of reduced conduction losses in the parasitic
resistance of the input source. In addition, lower switching noise is generated toward the
source. One disadvantage of the transformed buck-boost is that insertion of an isolation
transformer is no longer feasible.

In general, the output capacitor transformation can involve any path consisting of

elements in C U {V,}, as illustrated in Fig. 5.10.
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Chapter 6

Synthesis of Quasi-Resonant DC-to-DC

Converters

A straightforward approach in the continuous quest for smaller and lighter power
converters is to reduce the size and weight of energy storage and filtering components by
increasing the switching frequency. However, a substantial part of the total power loss
in a power converter is proportional to the switching frequency. The trade-off between
efficiency and size/weight puts an upper limit on the range of switching frequencies
utilized in practical designs. Quasi-Resonant (QR) topologies were introduced as a means
of reducing the frequency-dependent part of the losses associated with non-idealities of
semiconductor switches. Corresponding savings in size and weight are based on the
assumption that efficiency can be maintained while increasing the switching frequency.

Section 6.1 contains a brief introduction to the realm of Quasi-Resonant DC-to-DC
power conversion.

In Section 6.2, a method for systematic synthesis of Quasi-Resonant converters is pre-
sented. The method is based on a definition that links QR to PWM converter networks.
Any QR converter is constructed by adding two or more resonant elements to a given
parent PWM converter network. Thus, general topological and conversion properties of
PWM networks from Chapters 3 through 5 can be carried over and applied to synthesis
and analysis of QR converters.

Six classes of QR converters with two resonant elements are obtained by extraction
of all possible positions of resonant elements within a parent PWM topology. It is
interesting that two of the classes have not been identified before.

In Section 6.3, QR classes with more than two resonant elements are derived re-

cursively, starting from one of the previously defined QR classes. By means of proper
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topological definitions, all known and newly uncovered QR classes are put into order.

In Section 6.4, it is emphasized that topology alone is not sufficient for complete
characterization of a QR converter. In order to encompass all possible operating modes,
different switch implementations are enumerated. It is important to note that in addi-
tion to conventional implementations with a single controllable switch, options with two
controllable switches should be considered as well. A possibility of practical interest,
confirmed in subsequent chapters, is that control at a constant switching frequency can
be achieved at the expense of increased complexity of the converter network.

Common notation, conventions and structure of unified DC analyses completed in
Chapters 7 through 10 for selected QR classes and operating modes are outlined in

Section 6.5.

6.1 Quasi-Resonant Converters: Motivation and Basic Properties

In this section, a brief introduction to the topic of Quasi-Resonant conversion is pre-
sented. Motivation behind the introduction of Quasi-Resonant converters is outlined and
used to derive one particular Quasi-Resonant topology in an intuitive manner. Finally,
some of the basic properties and issues related to Quasi-Resonant converters are pointed
out.

Consider the environment for semiconductor switches in a two-switch PWM con-
verter as shown in Fig. 6.1(a). Under the small-ripple assumption, the transistor and
the diode form a cut-set with a constant current source I,,. The two switches form
a loop with a constant voltage source V,s;. Idealized waveforms for the transistor are
shown in Fig. 6.1(b). Assume that switches are ideal except that switching transitions
are not instantaneous. Simplified waveforms during switching transitions are shown in
Fig. 6.1(c,d). If the diode is conducting and the transistor is turned ON, the transistor
current must first ascend to I,, before the transistor voltage starts to decrease from
Voss toward zero. Thus, during the transistor ON-transition, instantaneous power loss
on the transistor, p; = v; X 4, is not zero. Transistor current and voltage waveforms are
interchanged during the turn-OFF transition, but the effect is the same — some power is

lost on the switching device during the transition interval.
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Figure 6.1: Semiconoductor switches in a two-switch PWM converter (a), idealized tran-
sistor waveforms (b) and details of the transistor turn-ON (c) and turn-OFF

(d).

The power loss during the transistor turn-ON can be attributed to the fact that non-
zero voltage and current waveforms overlap. The voltage transition is apparently lagging
behind the current transition. One may attempt to decrease or eliminate the overlap
by inserting an inductor in series with the transistor as shown in Fig. 6.2. Indeed, if
the added inductance is sufficiently large and if the inductor current is initially zero,
the transistor voltage is allowed to collapse to zero before the current attains a signifi-
cant value. Losses attributed to the turn-ON transition can be significantly reduced, as
is evident from the waveforms in Fig. 6.2. Consider, however, the transistor turn-OFF
transition. The inductor in series with the transistor tends to delay the change in the
transistor current with respect to the change in the transistor voltage. In the original
PWM circuit, the transition in current is already delayed with respect to the transition
in voltage, so that the power loss during the transistor turn-OFF becomes even larger.
Another detrimental effect caused by attempting an abrupt change in the inductor cur-
rent is that voltage across the transistor switch becomes much larger than V,z;. The

net effect is that all energy stored in the inductor is effectively lost during the turn-OFF
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Figure 6.2: An attempt to reduce the switching losses by adding an inductor in series
with the transistor in a PWM converter.

transition, thus completely compromising the lossless turn-ON transition. One may con-
clude that reduction in power loss will be achieved if, somehow, the inductor current
is equal to zero during the turn-OFF transition. However, since the inductor current is
not identically zero and since it should be zero at two points in the response of a LTI
network driven by a DC source, the LTI network must necessarily contain a capacitor
that resonates with the inductor.

In the circuit of Fig. 6.3, a capacitor is placed across the diode. Whenever the diode
is OFF and the transistor is ON, the capacitor is allowed to resonate with the inductor,
resulting in a sinusoidal waveform for the inductor current. The inductor current starts
from zero and returns to zero again. Therefore, the transistor switch can be turned
ON and OFF at zero current so that all switching losses are eliminated. Note that after
passing through zero the inductor current continues to resonate and changes polarity. An
“antiparallel” diode is added to the transistor switch to provide a path for the inductor
current. Thus, after the capacitor and inductor are added to the PWM network, the
transistor switch needs to be converted to a current-bidirectional switch. In fact, the
transistor need not be turned OFF exactly at zero inductor current. If it is turned OFF
at any instant while the antiparellel diode is conducting, the waveforms and operation of
the circuit are not affected. One immediate consequence should be noted — the transistor

turn-OFF is no longer a controllable transition since it is dictated by the circuit waveforms
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Figure 6.3: A Zero-Current, Quasi-Resonant converter.

rather than by some external control.

The circuit in Fig. 6.3 is a representative of Zero-Current converters operating in the
full-wave mode [12,13]. If the transistor is converted to a voltage-bidirectional switch, the
negative portion of the inductor current waveform disappears, but zero-current switching
is still possible. The resulting operating mode is called the half-wave mode. It is some-
what surprising that although the change in waveforms may look relatively insignificant,
behavior of converters in the two modes is immensely different [20]. This indicates the
importance of switch implementations and operating modes in addition to the topology
of a QR converter.

Non-instantaneous switching is not the only cause of switching losses in PWM con-
verters. Loss mechanisms also arise from the fact that each semiconductor device has its
junction caﬁacitance(s). If the switch voltage is equal to V, s before the ON-transition,
as in the circuits of Figs. 6.1 through 6.3, energy stored in the junction capacitance is
dissipated in the junction itself. Since the energy stored in the junction capacitance is
dissipated in every switching cycle, the power loss is again proportional to the switching
frequency.

In the circuit of Fig. 6.3, one may note that the resonant capacitor coincides with
the position of the diode junction capacitance. Because of the resonance with the added
inductor, voltage across the diode starts from zero, resonates in a sinusoidal manner,

and then drops to zero gradually. The diode turns ON and OFF at zero voltage, and
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losses associated with charge and discharge of its junction capacitance are completely
eliminated. On the contrary, losses associated with the transistor junction capacitance
are not eliminated.

In addition to junction capacitances, parasitic inductance in the loop with switches
is present unintentionally in any PWM converter. Part of the energy stored in the
inductance is dissipated in each cycle, just as in the case of the circuit in Fig. 6.2. In
the Zero-Current circuit, however, the parasitic inductance in the loop with switches can
be absorbed by the added resonant inductor. This reveals another important feature of
Quasi-Resonant converters — insensitivity to major parasitic reactances. For example, a
Zero-Current converter is insensitive to the junction capacitance of the diode and to the
parasitic inductance in the loop with the switches but not to the junction capacitance of
the transistor.

The complete quantitative estimation of switching losses in a power converter is a
complex problem since effects described so far are not independent, and many second-
order effects were completely neglected. Nevertheless, it is sufficient to note that switch-
ing losses in a PWM converter are results of the inevitable circuit parasitic reactances
and finite switching speed of semiconductor devices. Introduction of Quasi-Resonant
converters is motivated by possible elimination of some or all major loss mechanisms by
appropriately shaping the switch voltage and /or current waveforms and by incorporating
parasitics into the resonant network. -

Various classes of QR converters were introduced mainly as intuitively justified circuit
modifications of the PWM converters. The derivation was strongly motivated by the
goals of eliminating some or all switching-loss mechanisms.

In the systematic synthesis of QR converters pursued in this chapter, the original
motivation is temporarily set aside. A QR converter is defined as the network generated
from a PWM network by addition of two or more resonant elements. Then, all eligible
positions of resonant elements are extracted by use of simple topological properties of
the original PWM parent network. Once distinct classes of QR converters are formally
defined, we turn back to the original motivation and examine operating modes with all

transitions at zero voltage or at zero current for different switch implementations.
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6.2 Synthesis of Quasi-Resonant Converters with Two Resonant El-

ements

Consider a PWM converter network N with two switches — S and S, a set of capacitors

C and a set of inductors £. A Quasi-Resonant converter is defined as follows:

Definition 6.1 Starting from a two-switch PWM converter network N for which the
small-ripple assumption is satisfied and for which there ezists a unique steady-state solu-
tion, construct a new network N, by adding a single resonant capacitor C, and a single

resonant inductor L,. The network N, is a Quasi-Resonant DC-to-DC converter if

B1: each resonant element forms a loop with elements in N or a cut-set with an element
in N;
B2: N, = N at DC.

Since the small-ripple assumption is imposed on the parent PWM converter, PWM capac-
itors and inductors are clearly distinguished from added resonant elements. Furthermore,
we may assume that L, << L; € £ and C, << C; € C.

Assumption B1 guarantees that N, has a non-separable graph so that both reso-
nant elements participate in the operation of a QR converter. Assumption B2 ties DC
conversion properties of a QR converter to conversion properties of its PWM parent.
The two networks should be identical if all inductors are shorted and all capacitors are
removed. If there is a unique solution for average switch voltages and currents in N,,
a unique solution is guaranteed for all states and for the DC conversion ratio of the
QR converter. It is important to note that by definition, the unifying analysis method
outlined in Section 3.6 is applicable to all QR converters derived from two-switch PWM
parents.

We now examine all possible positions of the resonant elements C, and L,.

Case 1: C, is in a cut-set with an element in N.

If the resonant capacitor is placed in series with V;, or R, in series with a switch, or in
series with an inductor in £, Assumption B2 of Definition 6.1 is violated. In fact, it can
be shown that in these cases the network N, is not a valid DC-to-DC converter. If C, is

placed in a cut-set with a capacitor C; in C, the switch waveforms are not affected unless
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C; is also in C,s5. Thus, the only eligible position of C, is in a cut-set with a capacitor
in C,zy. However, since every capacitor in C,sy forms a cut-set with a switch and a

non-empty set of inductors in L, possible positions of C, with respect to the switches

are:

CcS : C, is in a cut-set with the S-switch and a non-empty set of inductors in £;
CcS: C, isin a cut-set with the S-switch and a non-empty set of inductors in L.

Case 2: C, is in a loop with elements in N.

In this case, Assumption B2 is satisfied for every position of the resonant capacitor. If,
however, C, forms a loop with elements in {V;}UC only, the voltage across C, is constant,
and addition of the resonant element does not affect the switch waveforms. All other

positions of the resonant capacitor with respect to the switches are encompassed by the

following two:
ClS : C, is in a loop with the S-switch and a possibly empty set of elements in {V,} UC;
CiS : C, is in a loop with the S-switch and a possibly empty set of elements in {V,} UC.

Case 3: L, is in a loop with elements in N.

By the arguments dual to the arguments in Case 1, L, can form a loop only with
inductors in L,,. The following two cases encompass all possible positions with respect

to the switches:
LIS : L, is in a loop with the S-switch and a non-empty set of elements in {V;} U C;
LIS : L, is in a loop with the S-switch and a non-empty set of elements in {V,} UC.

Case 4: L, is in a cut-set with an element in N.

Eligible positions of L, with respect to the switches are dual to the positions of the

resonant capacitor in Case 2:
LeS : L, is in a cut-set with the S-switch and a possibly empty set of inductors in L;

LcS : L, is in a cut-set with the S-switch and a possibly empty set of inductors in L.
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LcS LcS LIS LIS
Cls X VA%
ZV-QSW
cl$ ZC X
CcS X Q.-PWM
ZC-QSW
CcS Q;-PWM X

Table 6.1: Classes of two-switch, Quasi-Resonant converters with two resonant elements.

There are at most sixteen classes of QR converters corresponding to all possible com-
binations of positions of resonant elements. However, not all combinations are feasible,
and some combinations are equivalent.

Suppose that the resonant capacitor is in the CIS position. Then, every cut-set
that includes S but does not include any of the elements in {V;} U C must include C,.
Hence, combination CIS — L¢S is not realizable. By the same or by dual arguments,
combinations CIS — LeS , CcS — LIS and CcS — LIS are not feasible.

Suppose that the resonant capacitor is in the CIS position. By Proposition 3.7, the
S-switch and the $-switch form a loop with elements in {V,} U C. Provided that the
resonant inductor is in a loop with inductors in £, it follows that C, is also in the cls
position. Therefore, combinations CIS — LIS, ClS8 - LIS, ClS — LIS and ClS - LIS are
equivalent. By a dual argument it follows that combinations Cc¢S — LcS, CcS — LcS ,
Cc8 — LeS and CeS — LeS are equivalent.

The complete set of classes of Quasi-Resonant converters with two resonant elements
has six members, defined in Table 6.1.

A note about terminology is in order. The name for each class of Quasi-Resonant

converters (except for two Q-PWM classes) is adopted from the reference where con-
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verters in compliance with the definition appeared — [12] for Zero-Current (ZC), [14] for
Zero-Voltage (ZV) and [18] for Zero-Voltage, Quasi-Square- Wave (ZV-QSW) and Zero-
Current, Quasi-Square- Wave classes. ZV-QSW and ZC-QSW converters were introduced
in [17], but no particular name was suggested. None of converters in On-Resonant Quasi-
PWM (Qn-PWM) and Off-Resonant Quasi-PWM (Qs-PWM) classes have appeared in
the literature known to the author.

For illustration of loops and cut-sets in the definitions of QR converters, circuit
examples derived from the SUSD(9) (inverse Sepic) PWM converter are shown in Fig. 6.4.
An inductor in £ (PWM inductor) can always be removed from parallel combination with
the resonant inductor L,. Similarly, a capacitor in C (PWM capacitor) in series with the
resonant capacitor Cy can be absorbed. Consequently, the circuits of the two Q-PWM
converters have exactly the same topology as the original PWM converter. Therefore,
Q-PWM converters can be viewed as PWM converters operating in both discontinuous
modes, DICM and DCVM, simultaneously. In the same manner, QSW converters can be
considered as PWM converters in DICM or DCVM to which a single resonant element
is added. In the sense of this interpretation, only ZV and ZC classes would represent

“true” Quasi-Resonant converters with two resonant elements.

6.3 Synthesis of More Complex Quasi-Resonant Converters

Quasi-Resonant converters may have more than two resonant elements. We can take
advantage of the fact that all QR classes with two resonant elements are now known.
More complex QR converters can be defined recursively — in Definition 6.1, PWM network
N is replaced by one of the previously defined Quasi-Resonant networks N, and a single
resonant element L,; or C,; is added so that Assumptions B1 and B2 are satisfied.

For example, if parent networks are taken from the ZV class, six classes of QR convert-
ers with three resonant elements can be identified — with an additional resonant inductor
in the LeS, LIS or LIS position, or with an additional resonant capacitor in the CcS,
CcS or CIS position. It is easy to recognize that ZV +ClS and ZV +LcS formally de-
fine converters introduced as Zero-Voltage, Multi-Resonant (ZV-MR) and Zero-Current,
Multi- Resonant (ZC-MR) in [16], while other classes have not been identified before.
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At this point, it should be noted that, in general, simplicity of the converter network
is beneficial from the standpoints of size, weight and cost trade-offs. Also, analysis and
consequently design of more complex QR converters are inevitably more involved. In-
troduction and utilization of more complex resonant networks need to be well motivated
and justified. Among QR converters defined from the ZV class, ZV-MR converters are
particularly interesting since the positions of all major parasitic reactances in the con-
verter circuit are consistent with the positions of the resonant elements. Furthermore,
operating modes with all transitions at zero voltage can be found. Thus, at least theo-
retically, the ZV-MR class offers complete elimination of switching losses associated with
non-idealities of semiconductor switching devices.

It is interesting to note that converters in classes ZV +LIS and ZV +CcS can be

viewed as Zero-Voltage converters that operate in DICM and DCVM, respectively.

6.4 Operating Modes of Quasi-Resonant Converters

For PWM converters, topology alone is sufficient for complete understanding of the
circuit operation under the small-ripple assumption. In two-switch PWM converters,
either one of the switches is ON at any time. All waveforms in the circuit are either DC
or square-wave and they can be usually inferred by inspection of the converter topology.
On the contrary, operation of a Quasi-Resonant converter cannot be deduced from the
topology alone. In general, in addition to the operating states ON-ON and OFF-OFF,
two more states are possible: the state when both switches are ON and the state when
both switches are OFF. Waveforms and conversion properties depend on the operating
mode defined by the succession of the four operating states inside a switching cycle.
Operating modes for which all transitions are at zero current or at zero voltage are of

major practical interest.

6.4.1 Switch Implementations

Complete characterization of QR converters is further complicated by the fact that

operating modes depend on the implementation of switches. Possible switch implemen-
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tations are the following:

4 (

current-bidirectional,

controllable <

switch § or 5t voltage-bidirectional, -_\—Z_D}__.

uncontrollable (diode). ._l >*__.
\

(6.1)

A total of five distinct combinations of switch implementations can be inferred from

the diagram above:

CD: current-bidirectional + diode,

VD: voltage-bidirectional + diode,

CC: current-bidirectional + current-bidirectional,
VV: voltage-bidirectional + voltage-bidirectional,
CV: current-bidirectional + voltage-bidirectional.

In PWM converters, both turn-ON and turn-OFF transitions can be controlled by an
external signal. Hence, constant-frequency control can be applied. With the exception
of two Q-PWM classes, only one switching transition is subject to external control in
operating modes of QR converters with a single controllable switch (implementations
CD or VD). Remaining transitions are determined by zero-crossing of the switch volt-
age or current waveforms. Therefore, variable-frequency control must be employed in
order to regulate the output DC voltage. Two controllable transitions and therefore
constant-frequency control can be restored if both switches are implemented as control-
lable (implementations CC, VV and CV).

As discussed in the example of a Zero-Current converter, because of the losses as-
sociated with parasitic junction capacitances, zero-voltage switching is more favorable
than zero-current switching. Zero-voltage switching of a voltage-bidirectional switch is

not feasible in practice. This is because the diode in series with the transistor prevents
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quantity base

voltage Vors

current Voss/Ro

time 1/w,

frequency fr

Table 6.2: Base quantities for normalization.

resonant discharge of the transistor junction capacitance. The transistor voltage at turn-
ON is essentially equal to the peak voltage across the voltage-bidirectional switch and
losses that are due to discharge of the junction capacitance are inevitable. In Chapters 7
through 10, only operating modes for switch implementations CD and CC are studied

in detail.

6.5 DC analysis of QR converters

A study of selected classes of QR converters is undertaken in Chapters 7 through 11.
Notation, conventions and structure of the analyses are outlined in this section.
In order to obtain results that are generic with respect to specific values of circuit

parameters, it is useful to introduce normalized electrical and time parameters.

Define:

= e =4/ =. .2
wy =27f, Jio and R, C. (6.2)

A quantity X normalized with respect to Y is denoted as {X}y. The base Y is given
in Table 6.2 for all quantities of interest. For brevity, the notation in Table 6.3 will be
used in the analyses of QR converters.

Possible operating states are denoted as ON-ON, ON-OFF, OFF-ON and OFF-OFF,
indicating the states of the switches S and S.

By definition, a QR converter and its PWM parent have the same DC network, so

that the unified analysis approach outlined in Section 3.6 is applicable. Since

6= {Ion}Voj!/Ro = {Iout}V,/Ro ) (63)

parameter § can be regarded as a normalized output current.
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ON current ton(t) | {fon(t)}v,ss/R0 = ton
OFF voltage Yorf(t) | {vors(t)}v,yy = voss
S-switch voltage ve(t) | {ve(t)}v, 1r =
S-switch current i(t) | {8e(t)}v,;y/R, =
S-switch voltage va(t) | {va(t)}v,,, = va
S-switch current a(t) | {#a(t)}v,;; /R, =14
average ON current I, {Lon}v,; /R, =6
average OFF voltage Vors | (Vorstveyy =1
average S-switch voltage vy {va}v, ;y=m
average S-switch current (" {zt}v,, +/R, = 6m
time t {t}ijw, =6
switching frequency fs {fo}sr. =1
switching period T, {Tp}1/w, =0y

Table 6.3: Notation for the analysis of QR converters.

DC analysis is reduced to establishing the equivalent duty ratio m as a function of
the normalized current § and the control variable that dictates the timing of controllable
transitions. Once m is known, DC conversion ratio for any specific topology is equal to
M (m), where function M(:) is inherited from the parent PWM converter.

Overall structure for each of the analyses is the same:

1. Based on the topological definition of the QR class under study, state variables are
chosen so that description of the four operating states is valid for any converter in

the class (any topological variation) and any PWM parent topology.

2. Operating modes with all transitions at zero voltage or zero current are identified
for switch implementations with one and two current-bidirectional, controllable
switches (CD and CC). Cperating modes are denoted by Roman numbers with
subscripts that indicate the number of controllable switches. A state transition
diagram used for the study of possible operating modes is a graph in which nodes
represent the operating states and oriented edges represent transitions. An edge

is a solid line if the transition is at zero voltage or at zero current, a dashed line
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otherwise. The sign (© is used to denote controllable transitions. Operating modes

in which the periodic sequence includes more than four states are not considered.

3. For each of the selected modes, the equivalent duty ratio m is found as a function
of the normalized load current § and the appropriate control variable. If only one
transition in the operating mode is controllable, the control variable is the switching
frequency f. If two transitions are controllable, the control variable is the length
of the interval between the controllable transitions relative to the switching period,

0./0,. In all cases, DC analysis is performed in two steps:

— a steady-state solution is found for the state variables by equating initial condi-

tions at the beginning and end of a switching cycle;

— the solution for the state variables is used to compute the average switch voltage

or current and finally, the equivalent duty ratio m.

Lengths of the operating states are denoted by 6;. The same subscript is used to

denote voltages and currents at the end of the i** operating state.

4. Conditions for operation in the selected operating mode are established and trans-
lated into the load-to-output (§—m) plane. Part of the plane where the conditions

are satisfied and the mode is possible is called the operating region.
5. DC characteristics are found in both load-to-output and control-to-output planes.

6. Existence of selected modes and corresponding DC characteristics are verified ex-
perimentally. Experimental verification is necessary since in the analysis two ideal-
izing assumptions are made: the small-ripple assumption and the assumption that

there are no losses in the converter circuit.

Detailed study is performed for classes Q,-PWM, ZV, ZV-QSW, and ZV-MR, which
exhibit more favorable sets of switching transitions (except for Q,~-PWM for which the

selection is arbitrary). Results for dual classes follow directly from duality relations.
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Chapter 7

On-Resonant, Quasi-PWM Converters

This chapter is devoted to a study of On-Resonant, Quasi-PWM (Q,-PWM) con-
verters defined in Chapter 6.

An operating mode (I;) with all switching transitions at zero current or at zero
voltage is found in Section 7.1. The transistor turn-ON and the diode turn-OFF are at
zero current, while the transistor turn-OFF and diode turn-ON are at zero voltage. It is
interesting that in contrast to other QR classes, constant-frequency, duty-ratio control
is possible although only one switch is controllable.

For mode I;, DC analysis is carried out in Section 7.2. A closed-form solution is found
for the equivalent duty ratio m as a function of load current and switching frequency.

Operation in mode Ij is possible in a bounded portion of the load-to-output plane.
The operating region does not include the zero-load axis so that the attainable load range
is limited. Normalized switching frequency is a design parameter that can be selected to
optimize the load range for a given conversion ratio.

Existence of the operating mode I; and results of the DC analysis are confirmed by

experimental verification of Section 7.3.

7.1 Operating States and Operating Modes

By definition, in a Q,-PWM converter, resonant capacitor C, is in series with a PWM
capacitor C; € C, while resonant inductor L, is in parallel with a PWM inductor L; € L.

Hence,

vorr = Vosr+ve,, (7.1)

ton = Ion+'.L,- (7.2)
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Kirchhoff’s current law for the cut-set CsS, which contains C,, the S-switch and a

non-empty set of PWM inductors, yields

dvoss | . _
d0 +tt—m5. (73)

Similarly, by applying Kirchhoff’s voltage law for the loop LIS, which contains L,, the

S-switch and a non-empty set of PWM capacitors, we obtain

dion

?—0—+m=0d' (7.4)

Finally, by Proposition 3.7 it follows that the switches (S and §) are in a loop with
C, and elements in C,5s. Also, S and S are in a cut-set with L, and elements in L,,.

Therefore,

vet+vg = vYorf, (7.5)

it +1g = ton. (76)

Operating States

From Egs. (7.3) through (7.6), equations and solutions for the four operating states

of a Qn-PWM converter are found in terms of the state variables v,5s and #,p:

state: vy = vg = 0.

Equations:

=-m, 15,(0) = Iip . (7.7)

Solution:

vory = 0, (7.8)

ton = Inp—mb. (7.9



state: v; =0, 14 =0.

Equations:
dv .
2 o
dion
o "
Solution:

107

= mb N voff(O) =V,,f,

vo” N ion(O) = nf-

Vorf = m+ (Vo —m)cosf+ (mb — I,f)sinb,

ton = mbé+ (Iny—mé)cosf+ (V5 — m)sinb.

state: 1; =0, vg = 0.

Equations:
dvogy _
do
dion
e
Solution:
Vorf
ion
state: i; = ig = 0.
Equations:
dvysy
do
Solution:
Yosf
ion

mé , voff(O) =Vin,

-m, ion(O) = Ifn .

= Vin+méb,

= Ifp—mb.

=md, voff(O) = fo .

= fo +m50,

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18) .

(7.19)

(7.20)

An Operating Mode with All Zero-Voltage and/or Zero-Current Transitions

Assume that switch implementation is conventional: the S-switch is a transistor (not

necessarily bidirectional), while the S-switch is a diode. Possible operating modes in
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ON-ON © OFF-ON
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ON-OFF © OFF-OFF

Figure 7.1: State transition diagram for a Qn-PWM converter.

a Q,-PWM converter can be inferred conveniently from the state transition diagram
of Fig. 7.1. Dashed transitions are lossy; i.e., they occur at non-zero voltage and non-
zero current. For example, transitions ON-OFF < OFF-ON are the same as transitions
in a PWM converter. A transition OFF-ON — ON-ON is possible if 1,, > mé6, but the
transistor switch turns ON at non-zero current and non-zero voltage. This leaves the

periodic sequence of states

Mode I: --+ — [ON-OFF | — | ON-ON | — [ OFF-ON | — [OFF-OFF | — - - - (7.21)

as the only operating mode for which switching losses are minimized, as all switching
transitions can be realized at zero voltage or at zero current. The mode is denoted as
mode I; with the subscript used to indicate that only the S-switch is controllable.
Once the sequence of states is established, one can qualitatively describe operation
of a Q,-PWM converter. Assume that initially the converter is in the OFF-OFF state.
Transition to the ON-OFF state is achieved by turning the transistor switch ON. Initial
conditions for the ON-OFF state are: I,y = 0 and V5 = v4. The transistor turn-ON is
at zero current. The ON-OFF state is the resonant state. It lasts until voltage v,y drops
to zero at § = #;. The diode starts to conduct at zero voltage and the ON-ON state is
entered. The initial condition for the ON-ON state is I,,, = #;. During the ON-ON state,
voltage v,¢y is clamped to zero while current #,,, decays linearly from ¢; to zero. After

the transistor is turned OFF at zero voltage at § = 0, the ON-ON state is terminated and
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the OFF-ON state commences. Initial conditions for the OFF-ON state are Vs, = 0 and
Iy, = §1 — mf;. Voltage v,s; now starts to increase linearly. Current ¢,, continues to
decay linearly to zero when the diode switch is turned OFF at zero current at 6 = 03.
The initial condition for the OFF-OFF state is Vy; = mé&03. At the end of the switching
period, for § = 04, v, 7y reaches the value vy and the next switching cycle is initiated by
turning the transistor ON again.

Typical waveforms in a Q,-PWM converter are shown in Fig. 7.2. Waveform p;,
indicates the state of the transistor switch. Two transitions are controllable in mode I;
and consequently, both variable-frequency and constant-frequency control strategies are
applicable. Only the constant-frequency option will be studied in detail.

Control duty ratio D, is defined in the same manner as for PWM converters — as the
ratio of the transistor ON-time relative to the switching period,

01+ 062

D.= =

. (7.22)

7.2 DC Analysis

From the solutions for the OFF-ON and OFF-OFF states, it follows that voltage v,zy

at the end of a switching cycle is
Vg = (93 + 04)m5 = (1 — Dc)m59p . (7.23)

After substituting V,,y = v4 and I,y = O as initial conditions for the ON-OFF state, the
equation v,5¢(f;1) = O can be solved for §;. Assuming that the solution exists, §; an

consequently, 11/m, are given by

- - 1
6, = =m — arctan (1= D)dby — 1 + arctan , (7.24)
6 V(1 = D:)sb, — 1)2 + 62
i1
el §+4/((1— D.)66, —1)2+ 62 —1. (7.25)
Length of the ON-ON state is determined by the control variable D,
62 = D6, —0;. (7.26)

Current %,, at the and of the ON-ON state is

1‘2 = 1'1 - mez . (7.27)
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Duration of the OFF-ON state is
03 =141/m —0,. (7.28)
Finally, the OFF-OFF state lasts until the end of the switching period,
04 =0, —0,—02—03=0,—0,—11/m. (7.29)

The equivalent duty ratio is found by equating the average of voltage v,ss over one cycle

to 1. The result,

m= 43 ,
61+ 6 +1/((1 - Dc)80, — 1)? + 62 — 1+ }(1 — D,)2626

(7.30)

together with expression (7.24) for 61, gives the equivalent duty ratio m as an explicit

function of normalized load current &, switching frequency f and control variable D,.

7.2.1 Conditions for Operation in Mode I;

DC analysis equations are valid iff the converter operates in mode I; described by the
sequence of operating states (7.21). Conditions for operation in mode I; are discussed
in this section.

Transition from ON-OFF to ON-ON is possible iff there exists §; > 0 such that‘

vos7(01) = 0 in the ON-ON state; i.e.,

V((1-D.)s0, - 1)2 + 62 > 1. (7.31)

If this condition is not satisfied, voltage v,sy does not reach zero and the diode turn-ON
at zero voltage is not possible.

The transistor can be turned OFF at zero voltage iff duration of the ON-ON state is
non-negative,

D.6, > 6;. (7.32)

In the ON-ON state, the diode ceases to conduct if ¢,, drops to mé before the transistor
is turned OFF. If this is the case, the circuit enters the ON-OFF state, which is not a
viable path in the state transition diagram of Fig. 7.1. This gives rise to the condition

fon(02) > mé&, which after substitution of results from DC analysis becomes

V(1= D.)68, — 1) + 82— 1> Db, — 6y . (7.33)



112

At the transition from the OFF-ON state to the OFF-OFF state, voyy must be greater
than m. Otherwise, the S-switch would be reverse-biased and, unless the switch is
implemented as voltage-bidirectional, the ON-OFF state would be entered again. This

condition can be expressed as méfs > m, which can be translated into

V(= D)6, — 12 467~ 12 Db~ by + 5 - 5. (7.34)

Finally, OFF-ON to OFF-OFF transition must occur before the transistor is turned ON

again. Condition 64 > O yields

V(1= De)s0, — 1)2 + 62— 1< 8, — 05 — 5. (7.35)

For a given set of parameters 6, 0y, D., a Q,-PWM converter operates in mode I if all
five conditions are satisfied. However, it is easy to verify that for § < 1, conditions (7.31)
and (7.33) are implied by condition (7.34) and that condition (7.35) is implied by con-
dition (7.32). Similarly, for § > 1, conditions (7.31) and (7.34) are implied by (7.33),
while condition (7.32) is implied by (7.35). For § = 1, conditions (7.33) and (7.34) and
likewise (7.32) and (7.35) are equivalent so that (7.31) is again superfluous. Therefore,
for any set of parameters, only two conditions need to be checked.

Operating regions for mode I; in the load-to-output plane are shown in Fig. 7.3
for switching frequency f as a varying parameter. A procedure for computation of
boundary curves is outlined in Appendix B.1. The operating region is a closed portion
of the load-to-output plane, resulting in a limited load range and a limited range of
attainable conversion ratios. Normalized switching frequency f is a free parameter, which
can be selected to optimize the load range, the range of attainable conversion ratios or
switch current/voltage stresses. As an example, the choice of switching frequency that

maximizes the load range for a given conversion ratio is discussed in the next section.

7.2.2 Maximum Load Range for a Given DC Conversion Ratio

Assuming that parent PWM topology is known, the equivalent duty ratio m can be
easily determined from the DC conversion ratio M. For a given normalized frequency
f, a minimum load (6;) and a maximum load (6;) can be found at intersections of the

m = const. line with boundary curves for the operating region in mode I;. Load range
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Figure 7.8: Operating region for mode I in the load-to-output plane for switching fre-
quency [ as a varying parameter.

82/6y is then regarded as a function of frequency f. Switching frequency fs(m) for which
the load range is largest is found numerically and is plotted in Fig. 7.4(a) as a function
of the equivalent duty ratio m. Computational aspects are discussed in Appendix B.1.
In the same plot, the maximum achievable load range for f = fs(m) is shown as a
decreasing function of the equivalent duty ratio m. The minimum and the maximum

load are plotted in Fig. 7.4(b).

7.2.3 DC conversion characteristics

DC conversion characteristics of a Q,-PWM converter operating in mode I; are
shown in Figs. 7.5 and 7.6. In contrast to DC characteristics of PWM converters, the

characteristics of Q,-PWM converters are strongly load-dependent.

7.3 Experimental Verification

An experimental Q,-PWM converter is shown in Fig. 7.7. Parent PWM topology

for the experimental circuit is the buck converter with an input filter (converter SD(1)
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Figure 7.5: Load-to-output characteristics for a Qn.-PWM converter operating in mode
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Figure 7.6: Control-to-output characteristics for a Q,-PWM converter operating in mode
L.
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Figure 7.7: An ezperimental Q,-PWM buck converter.

in Fig. 4.13). The DC conversion ratio of the parent converter is M(D) = D. Resonant
capacitor C, is placed in series with the capacitor C2 and then C; is absorbed in C,,
using the fact that Cs >> C,. Similarly, output PWM inductor L, is replaced by L,,
which is in the loop with the diode and the output capacitor C;. Since C3 and L, are
the only elements that contribute to V, sy and Ion, respectively, the Q,.-PWM topology
is unique.

Waveforms in Fig. 7.8 (a) are recorded under approximately the same operating
conditions as for the ideal waveforms of Fig. 7.2 (a). Comparison of waveforms confirms
that the circuit indeed operates in mode I;. The largest discrepancy is observed in the
diode voltage vg. A smooth, damped, resonant response is observed instead of the sharp
voltage step during the turn-OFF transition of the diode. The observed resonance is
between the resonant inductor L, and the parésitic capacitances of the semiconductor
switches. The parasitic capacitances were not accounted for in the analysis. Peak-to-
peak current ripple in the input inductor (285uH), taken as zero in the analysis, was
approximately 80mA in the actual circuit.

Discrepancies between measured and predicted DC characteristics in Fig. 7.8 (b) can
be ascribed to losses in the experimental circuit and to observed distortion in the diode

voltage waveform. Both effects were neglected in the analysis.
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The transistor switch is driven by constant-frequency pulses p;. The DC conversion

ratio is controlled by varying the duty ratio of p;.
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Chapter 8

Zero-Voltage Converters

A study of Zero-Voltage (ZV) converters is undertaken in this chapter.

In the implementation with one controllable, current-bidirectional switch, an oper-
ating mode (I;) with all transitions at zero voltage or at zero current is unique. In this
mode, which is known as the half-wave mode [14], output voltage can be controlled only
by varying the switching frequency. DC analysis for ZV converters operating in mode I
is presented in Section 8.3 for completeness. It is in agreement with results obtained in
[20].

Original results are obtained for two operating modes, I; and II;, with all transitions
at zero voltage or at zero current and the implementation with two controllable, current-
bidirectional switches. Most importantly, constant-frequency control is applicable in
both modes, and closed-form analytical solutions for DC characteristics are found in
Section 8.4. The operating region for mode I; is very restricted — only a very limited
range of equivalent duty ratios is accessible. The operating region for mode II; is much
broader. It is bounded in the load direction but it includes the zero-load axis.

Existence of operating modes and results of DC analysis are verified experimentally

in Section 8.5.

8.1 Operating States

By definition of the ZV class, resonant capacitor C,, the S-switch and possibly ele-

ments of C U {V,} form a loop. Since elements of C U {V,} carry DC voltages only,

dve _ dve, (8.1)
do — do -’ )

Furthermore, every cut-set that contains the S-switch must contain at least one element

from C U {V,} U {C,}. In particular, the cut-set of Proposition 3.7 contains no elements
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in C U {V,}, so that it must contain C,. Therefore,

co, ., due
1t+‘d+ﬂ—5~ (8.2)
By dual arguments, it follows that
dig dip,
90 + n - 0. (8.3)
Consequently,
dig
vt+0d—gé'-1- (8.4)

Starting from Eqgs. (8.2) and (8.4), equations and solutions for possible operating

states are written in terms of state variables v; and 14 as follows:

state: v, =0, vg = 0.

Equations:
di .
d_; = -1, i4(0) = Inn. (8.5)
v = 0, (8.6)
ig = In—0. (8.7)

state: v; = 0, {5 = 0. This is simultaneously the solution for this state.

state: iy =0, vq = 0.

Equations:
di )
— = w—1,i0)=1Ip, (8.8)
d .
2 = —ig+6, v(0) = Vi, (8.9)
do
Solution:
v = 14 (Vi —1)cos + (6§ — Iyn)siné, (8.10)

tg = 6+ (Iyp— 8)cos®+ (Vi —1)siné. (8.11)
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Figure 8.1: State transition diagram for ZV converters with a single, controllable,
current-bidirectional switch.

state: 1; =14 = 0.

Equations:
dvt
a0 - &, v(0) =Vys. (8.12)
Solution:
v = Vir+66, (8.13)
ig = 0. (8.14)

8.2 Operating Modes

Implementations with a single controllable switch and with two controllable switches

are studied separately.

8.2.1 Implementation with a Single Controllable Switch

If the S-switch is a controllable, current-bidirectional switch and the S-switch is a
diode, the state transition diagram of a ZV converter is shown in Fig. 8.1. The S-switch
turn-OFF transitions are controllable and occur at zero voltage. Controllable turn-ON
transitions are necessarily at non-zero voltage. The diode switch turns OFF at zero
current and ON at zero voltage and zero current but, of course, none of the transitions

is controllable.



122

The periodic sequence,

Mode I: --- — [OFF-OFF | — [OFF-ON | — [ON-ON | — [ON-OFF | — - - - (8.15)

defines the only operating mode for which all transitions are at zero voltage and/or at
zero current so that switching losses are minimized. Only one transition (transistor turn-
OFF) in the sequence is controllable. Therefore, only variable-frequency control can be
applied.

Assume that initially the converter is in the ON-OFF state. Both state variables are
equal to zero. The OFF-OFF state is entered by turning the S-switch OFF. In the OFF-
OFF state, v; ascends linearly until the diode-switch voltage drops to zero and the diode
starts to conduct at § = 6;. Initial conditions for the OFF-ON state are Iy = O and
Vin = vy1 = 1. The resonant (OFF-ON) state is completed when the S-switch voltage
drops to zero at § = 0 and the antiparallel diode in the S-switch starts to conduct. The
initial condition for the succeeding ON-ON state is I, = t42. In the ON-ON state, the
diode current descends linearly until it reaches zero at § = 63. The converter remains
in the ON-OFF state until the S-switch is turned OFF again and the switching cycle is
completed at 0 = 64.

Waveforms typical for a variable-frequency ZV converter operating in mode I; are
shown in Fig. 8.2. The hatched portion of the control signal p; for the transistor in
the S-switch denotes the interval when the state of the transistor is irrelevant since the
antiparallel diode is conducting. Thus, the transistor can be turned ON at zero voltage

during the entire hatched interval.

8.2.2 Implementation with Two Controllable Switches

If both S and S are implemented as controllable, current-bidirectional switches, the
augmented state transition diagram is shown in Fig. 8.3. In addition to the sequence of

mode I, there is another periodic sequence,

Mode II: :-- — [ON-OFF | — [ON-ON| — [OFF-ON| — [ON-ON| — - -+, (8.16)

with all zero-voltage or zero-current transitions, two of which are controllable.
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Figure 8.2: Typical waveforms in a ZV converter operating in mode I.
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ON-OFF p— —©— — OFF-OFF
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Figure 8.8: State transition diagram for ZV converters with two controllable, current-
bidirectional switches.

Operation in mode I; is quite similar to operation of converters with a single control-
lable switch in mode I;. The only difference is that the S-switch can be turned ON at
non-zero voltage (but still at zero current) so that the initial condition for the OFF-ON
state is Vy, = vy < 1.

Control duty ratio D,; for mode I; is defined as the interval between the S-switch

turn-OFF and the S-switch turn-ON, relative to the switching period,
D1 =01/6,. (8.17)

In the operating mode I, the ON-ON state is entered twice inside a single switching
cycle. Transition from the ON-OFF to the ON-ON state is controllable by the S-switch
turn-ON, while transition from the OFF-ON to the ON-ON state is determined by the
circuit waveforms. Assume that initially the converter is in the ON-OFF state and that
the S-switch is turned ON at the beginning of the switching cycle, at zero current. In
the ON-ON state, 14 descends linearly until the S-switch is turned OFF at § = 0,, at zero
voltage. The resonant OFF-ON state terminates when the S-switch voltage reaches zero
again and the ON-ON state is re-entered. It is assumed that the transistor in the S-switch
is turned OFF while 14 is positive. Thus, when 14 reaches zero at § = 3, the antiparallel
diode in $ turns OFF at zero current so that the final ON-OFF state is entered. The
transistor in the S-switch has to be turned ON before ¢; becomes positive. The cycle is

completed when the S-switch is turned ON again at 8 = 6.
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Control duty ratio D, for mode I, is defined as the interval between the S-switch

turn-ON and the S-switch turn-OFF, relative to the switching period,
Dc2 = 01/9p . (8.18)

It should be noted that for D,; = D, = 0, both operating modes reduce to the periodic

sequence

«++ —|ON-OFF | — | OFF-ON | — |ON-ON| — .. . (8.19)

Thus, a unique control-variable D, for both modes can be defined by

—D,; inmode I3,
D, = (8.20)
D, in mode I1,.

Typical waveforms for a ZV converter with two controllable switches operating in
modes I, and Il are shown in Fig. 8.4. p; and p; denote control waveforms for the
transistor in the S-switch and for the transistor in the S-switch, respectively. Hatched
areas in the control waveforms indicate intervals where the state of the corresponding

transistor is irrelevant for operation of the circuit.

8.3 Variable-Frequency Control: DC Analysis

Assume that a ZV converter operates in mode I; and that transition from the ON-OFF
to the OFF-OFF state is at the beginning of a switching cycle. Initial conditions for the
OFF-OFF state are Iy = 0 and Vy; = 0. At 6 = 6, transistor voltage v; reaches 1 and
the diode starts to conduct. For the OFF-OFF state, v;(f;) = 1 is solved for 6,

1
o1=5. (8.21)

During the OFF-ON state, the S-switch voltage and the diode current are shaped by the
resonance between elements L, and C,. Initial conditions for the state are V;, = 1 and
I, = 0. Transition to the ON-ON state occurs when the S-switch voltage drops to zero,
and its antiparallel diode starts to conduct. Assuming that it is possible to solve the

equation v;(f2) = O for 63, the solution is given by

1
[/] = 7+ arctan ————, 8.22
2 Vei—1 (8.22)

tgg = 6+Vé2-1. (8.23)
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During the ON-ON state, ¢4 drops linearly from 42 to zero at § = 3, when the ON-OFF
state is entered. Thus,

05 =i . (8.24)

Finally, the ON-OFF state lasts until the S-switch is turned OFF again at 6 = 6.
The equivalent duty ratio m for frequency-controlled ZV converters can be found by

averaging the transistor voltage over one switching cycle and substituting for 6; and 6,

from Eqgs. (8.21) and (8.22). The final result is:

_q_ 7 [ 1 1 N ]_
m=1 o 7r+25+arctan\/3.2tl_+5+ 62 -1 =1-G1(8)f. (8.25)

8.3.1 Conditions for Operation in Mode I;

Results of the DC analysis are valid if the converter operates in mode I;. Conditions
for operation in this mode are discussed in this section.
Solution (8.22) for 6, exists iff
§>1. (8.26)

Thus, for operation in mode I;, normalized load current must be greater than one. This
excludes frequency-controlled ZV converters from applications where operation at zero
load is required.

The upper limit on the switching frequency f is determined by the fact that §; must
be non-negative. Using the results of the DC analysis, this condition is translated into
the minimum achievable m for any given load § > 1,

1
m > My = 2 (8.27)

x+%+arctan%-=§j+6+\/62—1°

Together with m < 1, which must be satisfied by definition, conditions (8.26) and (8.27)
are necessary and sufficient for operation in mode I;. The operating region for mode Iy

is depicted in Fig. 8.5.

8.3.2 DC conversion characteristics

The equivalent duty ratio is found in the form m = 1 — G1(§)f, where effects of

load variations on m are exposed through the function G1(6) shown in Fig. 8.6. It is
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Figure 8.6: Function Gy for ZV converters operating in mode I.
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tempting to examine how close G is to its large-§ asymptote, (0.5 + §/7). Relative
error is largest (17%) for § = 1, and it drops below 10% for § > 1.5. For all practical
purposes this is sufficient to approximate the equivalent duty ratio m with a family of
linear characteristics,

mz1—0.5f—%5f, (8.28)

in the load-to-output and control-to-output planes.

8.4 Constant-Frequency Control: DC Analysis

8.4.1 Operating Mode I,

In the operating mode I3, the same sequence of states is traversed as in I;. However,

duration of the OFF-OFF state is now controllable,
6,=60,=-D.b,, (8.29)
and the S-switch voltage at the end of the OFF-OFF state is
v = 66, (8.30)
With initial conditions If, = 0 and Vy, = vy, the solution for the OFF-ON state is
— V1 1
02 = =+ arctan ———— + arctan

6 VO-vy)t+62-1’°
"d2 = \/(l—vt1)2+52—1+5, (832)

(8.31)

if existence conditions are satisfied. Duration of the ON-ON state is the same as before
(63 = t42), and duration of the ON-OFF state is determined from the constant-frequency

condition

8s=06,— 06, — 0, —0s. (8.33)

Finally, the expression for the equivalent duty ratio m is obtained by equating the average

of the S-switch voltage over one switching cycle to 1 — m,

_ 1 [s02 1- 66,
m = 1 2 | 2 + 7 + arctan 5 +
+ arctan 1 + \/(1 —-680:.)2+6-1+6], (8.34)

V=060, +6-1
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or

m=1-Gy(6,0.)f. (8.35)
It is easy to see that for 66, = 1, this result reduces to result (8.25) found for frequency-
controlled converters.
Conditions for Operation in Mode I,

If the S-switch is not turned-ON before the S-switch voltage drops to zero in the OFF-
ON state, the converter operates in mode I, i.e., with only one controllable transition.

Thus, for operation in mode Iy, it is necessary that
60, <1. ‘ (8.36)
The solution for 6, exists iff 62 + (1 — §6,)%* > 1, or
66, <1-V1-62, if 0<6<1. (8.37)
Another condition is that duration of the ON-ON state is non-negative,
6,>0. (8.38)

Assume that switching frequency is chosen so that the last condition is always satisfied.
The function G3(8,6.) attains its minimum value, Gamin, for . = 0 and its maximum
value, Gamqz, for 0, that satisfies equality in Eq. (8.36) for § > 1 or in Eq. (8.37) for
0 <6 < 1. Gomin and Gopma: are evaluated and plotted in Fig. 8.7 as functions of the
load current §. It is evident that the available control range in mode I is severely limited

for any normalized switching frequency f.

8.4.2 Operating Mode II;

Assume that transition from the ON-OFF state to the ON-ON state is at the beginning
of a switching cycle. The initial condition for the first ON-ON state is In, = 0. The state
is terminated after the S-switch is turned OFF at § = 6. = D.f,. At the end of the

ON-ON state, the S-switch current is

a1 = —0,. (8.39)
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Figure 8.7: Extreme values of the function G2(6,0.) for ZV converters operating in mode
I.

The OFF-ON state, which is the resonant state, starts with Vs, = 0 and Iy, = 1 and
ends after the S-switch voltage returns to zero at 6 = 3. If the solution to v;(2) = 0

exists, it is given by
62 = 2r — 2arctan(s + 6.) (8.40)
ig2 = 6.+26. (8.41)

In the second ON-ON state, current 7; decreases linearly from I,,,, = 142 to zero at 8 = 63.

Hence,

fs =g . (8.42)
Finally, the ON-OFF state lasts until the end of the switching period:
0y =0, — 0, —0; —63. (8.43)

By taking the average of voltage v; over one switching cycle, the equivalent duty ratio

m is obtained in closed form,

m=1-— %[ﬂ' —arctan(6 +6.) +6+0.) =1—Gs(6,6.)f =1—Gs(6+0.)f. (8.44)
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Conditions for Operation in Mode I,

Since § > 0 and 0 > O by assumption, the equation v;(f2) = O in the OFF-ON state
can be solved for 8; always. Except for the implicitly assumed condition 0 < m < 1, the
only further requirement for operation in mode Il; is that the length of the ON-OFF is
non-negative,

0,>0), (8.45)

but it is equivalent to m < 1.
From Eq. (8.44), it follows that the maximum possible m for a ZV converter operating
in mode I, is

Mmaz =1— f. (8.46)

The maximum m is attained for D, = ./0, = 0 and zero load. On the other hand, the

equivalent duty ratio collapses to zero for load and control variables that satisfy
-1,1
§+6.=G3 (?) . (8.47)

-1 . .
Here, G'3 *(-) denotes the inverse of the function G§(-).

DC conversion characteristics

The equivalent duty ratio m in Eq. (8.44) is a function of the sum of the load current
6 and the control variable 8, = D.0,. The function G'(§ + 6.) is plotted in Fig. 8.8.

8.5 Experimental Verification

In this section, existence of operating modes I; and II; and predicted DC character-
istics are verified using an experimental ZV converter of Fig. 8.9. Parent PWM topology
is the second-order buck converter with M(D) = D. Switch $ is implemented as a diode
(1) or as a MOS transistor (2). The resonant capacitor Cy is placed in parallel with the
S-switch, which is a MOS transistor in both cases. The resonant inductor L, forms a
cut-set with $ and the output inductor (285uH). A resistor (390(1) is added in parallel
with the resonant inductor to damp undesirable resonance with a parasitic capacitor of

the S-switch.
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Figure 8.8: Function G4(6 + 0.) for ZV converters operating in mode I1I,.

Evidently, the ZV converter constructed from the buck PWM parent is not unique.
Nevertheless, experimental results for DC characteristics are within marginal errors iden-
tical for several variations of the ZV buck topology corresponding to different positions
of C, and L,. With § implemented as a diode, waveforms in Fig. 8.10 (a) are recorded
for approximately the same operating conditions as ideal waveforms of Fig. 8.2. The
comparison confirms that the circuit operates in mode I;, which is already well docu-
mented [14]. Without the damping resistor, the diode voltage exhibits weakly damped
oscillations in place of the sharp transition in ideal waveforms. Otherwise, waveforms
are in excellent agreement with the prediction.

Slight discrepancies between measured and predicted DC characteristics in the load-
to-output plane of Fig. 8.10 (b) are due to the fact that all losses were ignored in the
idealized DC analysis.

When the ZV converter operates in mode Ij, control circuitry provides variable-
frequency, constant-pause pulses (p;) to drive the transistor switch.

With the S-switch implemented as a MOS transistor, mode II; is verified by compar-

ison of recorded waveforms in Fig. 8.11 (a) and ideal waveforms of Fig. 8.4 (b). Again, the
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Figure 8.9: An experimental ZV buck converter.

only observable difference is in the diode voltage waveform. It should be noted that the
employed MOS transistor has a larger parasitic capacitance than the diode used in mode
I; so that parasitic oscillations are less damped and more energy is lost in mode Il;.
Nevertheless, a satisfactory agreement between measured and ideal DC characteristics is
demonstrated in Fig. 8.11 (b).

Control circuitry for the converter in mode II; provides constant-frequency, constant-
pause pulses (p;) to drive the S-switch transistor and constant-frequency, variable-duty-
ratio pulses (pq) to drive the S-switch transistor. The falling edge of pq and the raising

edge of p; are synchronized.
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Chapter 9

Zero-Voltage, Quasi-Square-Wave Converters

Zero-Voltage, Quasi-Square-Wave (ZV-QSW) converters are studied in this chapter.

A unique operating mode with all transitions at zero voltage is found for implementa-
tions with one (mode I;) and two (mode I;) controllable, current-bidirectional switches.

In mode I, for which the unified DC analysis is carried out in Section 9.3, only
variable-frequency control is applicable. Provided that no lower limit is imposed on
the switching frequency, the operating region in mode I; is open in the load direction.
The operating region also includes the zero load axis. However, equivalent duty ratios
0 < m < 0.5 are not accessible.

In mode I, for which DC analysis is completed in Section 9.4, constant-frequency
control can be utilized to regulate the DC conversion ratio. Equivalent duty ratios
above and below m = 0.5 are equally accessible. The operating region is now bounded
in the load direction, but the zero-load axis is included. It is interesting to note that
distinctions between mode I; and the continuous conduction mode of the PWM parent
gradually disappear as the normalized switching frequency tends to zero.

In Section 9.5, experimental verification of existence of operating modes and results

of DC analyses completes the study of ZV-QSW converters.

9.1 Operating States

By definition of ZV-QSW converters, none of the loops in the the parent PWM
topology is disturbed. In particular, for the loop of Proposition 3.7, which contains two

switches and elements that contribute to V, s, we have

v+ vg = 1. (9.1)
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By the argument identical to the one of Section 8.1 for ZV converters, the cut-set of
Proposition 3.7 now must include C,. Since by definition vg4 = vc, +V, where V is some

DC voltage, it follows that

.. dvg
T+ 8g = ton + FT (9.2)

Finally, L, is in parallel with an inductor in £,,, so that ,, = I,n + ¢, and, therefore,

dion

do

+m=uv4. (9.3)

The ON-ON state is not feasible in a ZV-QSW converter because the condition v; = v4 =0
contradicts Eq. (9.1).
In terms of the state variables vg and 1,,, equations and solutions for three possible

states are summarized as follows:

state: v; =0, 14 = 0.

Equations:
di .
d;n =v—m, ’an(o) = inf. (9'4)
Solution:
vg = 1, (9.5)
ton = Ing+(1-m)b. (9.6)
{OFF-ON state: 1;, =0, vg3 = 0.
Equations:
di .
d‘;" =-—m, ton(0) = Iy,. (9.7)
Solution:
Vg = 0, (9.8)

ion = Ifn - m0 . (9-9)
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Figure 9.1: State transition diagram for the ZV-QSW converters with a single, control-
lable, current-bidirectional switch.

state: 1 = 143 = 0.

Equations:
dv .
L ion, va(0) = Vyy, (9.10)
de
dion .
dé
Solution:
vg = m+ (Vyg—m)cos — Isssind, (9.12)
ton = Ispcosf+ (Viy —m)sinb. (9.13)

9.2 Operating Modes

9.2.1 Implementation with a Single Controllable Switch

If S is a controllable, current-bidirectional switch and Sisa diode, the state transition
diagram for a ZV-QSW converter is shown in Fig. 9.1. Since S and S form a loop with
Voss, a lossy transition OFF-ON — ON-OFF is possible as in a PWM converter. The

periodic sequence

mode I;: -+ — [OFF-OFF | — [ON-OFF | — | OFF-OFF | — [ OFF-ON | — - - (9.14)
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defines the only operating mode for which switching losses are minimized, since all switch-
ing transitions can be realized at zero voltage. Only one transition (the S-switch turn-
OFF) in the sequence is controllable, so that only variable-frequency control is applicable.

Assume that the converter is initially in the OFF-ON state. Current ¢,,, decreases
linearly until the S-switch turns OFF. In the succeeding OFF-OFF (resonant) state, the
S-switch voltage decreases in a sinusoidal manner until it crosses zero, and the antiparallel
diode starts to conduct at § = 0;. The succeeding ON-OFF state lasts until the S-switch is
turned OFF at 0 = 03, initiating the second OFF-OFF state. Now, diode voltage descends
in a sinusoidal manner until it drops to zero and the diode starts to conduct at 8 = 3.
The converter is in the OFF-ON state until the diode current reaches zero at § = 04, and
the switching cycle is completed.

Typical waveforms in a ZV-QSW converter operating in mode I; are shown in Fig. 9.2.
The hatched area in the control signal p; for the S-switch transistor corresponds to the
interval when ¢; < 0. In this interval, the S-switch antiparallel diode is conducting and

the state of the transistor is irrelevant.

9.2.2 Implementation with Two Controllable Switches

If both switches are controllable current-bidirectional, the modified state transition
diagram is shown in Fig. 9.3. The S-switch turn-OFF is now controllable so that control
at constant switching frequency is possible. Operation in mode I is quite similar to the
operation in mode I;. The only difference is that ¢,, at the end of the OFF-ON state can
be less than zero in mode I5.

Waveforms illustrating operation of a ZV-QSW converter in mode I are shown in
Fig. 9.4. Control signals p; and p, for transistors in switches S and S can assume any
value during the hatched intervals without affecting other converter waveforms. Control
duty ratio D, is defined as the interval between the S-switch turn-OFF and the S-switch

turn-OFF relative to the switching period,

6+ 0

D. = G,

. (9.15)
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Figure 9.8: State transition diagram for a ZV-QSW converter with two controllable,
’ current-bidirectional switches.

9.3 Variable-Frequency Control: DC Analysis

A set of steady-state equations can be derived from the general solutions of state
equations for each operating state. Assume that transition from the OFF-ON to the OFF-
OFF state is at the beginning of a switching cycle. Initial conditions for the OFF-OFF
state are known: Iyy = 0 and Vy; = 0. At § = 01, diode voltage reaches vy = 1, so that
the current-bidirectional switch S is forced to conduct current I,y = ¢; < 0. Assuming

that equation vg(f;) = 1 can be solved, the solution for #; and ¢ is given by

V2m —
6, = m— arctan —Iﬂr—n—l , (9.16)

i1 = —V2m-1. (9.17)

In the ON-OFF state, current i,, ramps up linearly. The transistor in the S-switch has
to be turned ON before 1, crosses zero. A connection between the initial current ¢; and

the final current ¢ at the end of the ON-OFF state is given by
f2 =11+ (1 — m)02 . (9.18)

Since transition from the ON-OFF state is initiated by an external control signal and not
by the internal circuit waveforms (provided that ¢z > 0), duration of the ON-OFF state,

62, can be regarded as a free parameter.
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From the ON-OFF state the converter enters the OFF-OFF state again. With initial
conditions If; = i3 and Vy; = 1, the solution to v4(f3) = 0, if it exists, is given by:
b3 = -

= g+ arctan n arctan ~—————, (9.19)

i3 = \/1-2m+i2. (9.20)

In the OFF-ON state, current ¢,, decreases linearly. This state and the switching cycle

are completed at § = 64 when ,,(04) = 14 = 0 and the diode turns OFF. Duration of the

last state is given by
94 = is/m (9.21)
Expressions for the average S-switch and S-switch currents,

11 +12 02

o= m= ot (9.22)
_ i3 94
o= (t-mp= gt (9.23)

provide the necessary link between the equivalent duty ratic m and normalized load
6. Although it is not possible to solve the system of steady-state equations in a closed
form of the type F(m,§, f) = 0, switching frequency f(m,62) and load §(m,02) can
be found easily from Eqs. (9.16) through (9.23) for any given equivalent duty ratio m
and parameter 62. For m = const., f(m,0;) is monotonously decreasing and §(m, 0;) is
monotonously increasing with 2. All operating points in mode I; can be traversed by

sweeping m and 0.

Operation at Zero Load

If a ZV-QSW converter is unloaded, it follows that 13 = —¢; and that both ¢3 and 64
are equal to zero. The closed form solution for zero load can be found for the control

variable f as a function of the equivalent duty ratio m,

n

7« — arctan ‘/2’"" + \/2m 1

f(6=0)= (9.24)




145

9.3.1 Conditions for Operation in Mode I;

DC analysis of the preceding section is valid if the converter operates in mode I.

The solution for #; in Eq. (9.16) exists iff
1>m>05. (9.25)

If this condition is satisfied, the solution for f3 exists provided that

t2 >2V2m-—1. (9.26)

It should be noted that the last condition implies that f3 > 0, so that controllable
transition from ON-OFF to OFF-OFF state is guaranteed. Assume that m > 0.5 and that
i2 = v/2m — 1. Then, from Egs. (9.17) and (9.22), load current § is necessarily equal
to zero. On the other hand, since §(m,#3) is an unbounded, monotonously increasing
function of 83 for any fixed m > 0.5, and since no condition imposes an upper bound on
02, operation in mode I is possible for any m > 0.5 and any § > 0. Note, however, that
since

§—s00 = f—0, (9.27)

the operating region is effectively bounded in the load direction by a lower bound on the
switching frequency. Such a bound is imposed in all practical designs.

The lower bound on 83, which corresponds to operation at zero load, is given by

2m — 1
Ozmin = 24—~ . (9.28)

1-m
9.3.2 DC conversion characteristics

Load-to-output and control-to-output DC characteristics are shown in Figs. 9.5 and

9.6, respectively. Computation of curves is described in Appendix B.2.

9.4 Constant-Frequency Control: DC Analysis

In ZV-QSW converters with two controllable switches, turn-OFF transitions of both
switches are controllable. This means that current ¢,,, at the end of the OFF-ON state can

be less than or equal to zero. Therefore, the initial condition for the first OFF-OFF state



146

il -1 [l 1 il [\ 1 1
T ) L L ] Al v 1

1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
o

Figure 9.5: Load-to-output characteristics of a ZV-QSW converter operating tn mode I

-,
-4

0.5 1.0

Figure 9.6: Control-to-output characteristics of a ZV-QSW converter operating in mode
I



147

is Iry = 14 < 0, and the steady-state equations and solutions are changed accordingly.

Instead of Eqgs. (9.16) and (9.17), we have

4, = —+arctan — — arctan ——————

2 |i4| 1-m ’
i1 = —\/2m—1+42. (9.30)

Equations (9.18) through (9.20) for the ON-OFF state and the second OFF-OFF state are

(9.29)

still valid. However, 6, is now determined by the control duty ratio,
6 = D6, —0;. (9.31)
For the final OFF-ON state, one can write
6y = 6,—6,—0,— 03, (9.32)
ity = 13— mby. (9.33)

The average S-switch current is the same as before, and only the expression for the

average S-switch current needs to be changed to allow possibly non-zero current 14,

13 +1404
2 ep.

ig=(1- m)5 = (9.34)

9.4.1 Conditions for Operation in Mode I

In this section, conditions for operation in mode I, are established. Solutions (9.29)

and (9.30) for ¢; and 6, in terms of m and 44 can be found if

—V/1-2m, 0<m <05,

iy < (9.35)
0, 05<m<10.

The fact that 14 must be less than zero is taken into account. The same argument for

solutions (9.20) and (9.21) translates into

0, 0<m<05,

V2m—1, 05<m<10.

Finally, duration of all states must be non-negative,

12 2>

(9.36)

02,04 >0. (9.37)
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The above conditions are difficult to apply because they involve unknown quantities
such as instantaneous values of current t,,. It is of practical interest to translate the
conditions for operation in mode I into the load-to-output plane.

Assume first that 1 > m > 0.5. Boundary conditions, 4 = 0 and {3 = v2m — 1,
imply that § = 0. Thus, operation at zero load is possible. Boundary condition ¢4 = 0
gives the maximum possible load é for a given equivalent duty ratio m. But, for 14 =0,
the converter operates in mode I;. This implies that the boundary of the operating
region in mode I; coincides with the load-to-output DC characteristic in mode I for the
same normalized frequency f.

Assume now that 0 < m < 0.5. Boundary conditions ; = 0, 13 = 0 again imply
that § = 0. The maximum possible load is determined by the boundary condition for
i4. Pick a point (m', §') at the boundary curve found for m > 0.5 earlier and denote all
quantities at that point with prime ('). One can verify that for m = 1 — m’, boundary
condition 14 = —/1 — 2m corresponds to the solution 6; = 6}, 62 = 6, 03 = 0%, 64 = 65
and § = §'. Thus, for each point on the boundary curve for m > 0.5, there is a point for
m < 0.5 symmetrical around m = 0.5.

Boundaries of the operating region for mode I are shown in Fig. 9.7 for switching
frequency f as a varying parameter. As discussed above, boundary curves are sym-
metrical around m = 0.5. It should be noted that the ZV-QSW converter with two
controllable, current-bidirectional switches is current-bidirectional by itself. Thus, the
operating region in mode I extends symmetrically for § < O.

In contrast to mode I, equivalent duty ratios above and below 0.5 are equally at-
tainable. Operating mode I is limited to a bounded portion of the load-to-output plane,
but since § = 0 is inside the operating region, the available load range is infinitely large.
The operating region in mode I, expands with decreasing normalized frequency f. This
can be justified by a qualitative argument that for a lower switching frequency, rela-
tive lengths of the resonant OFF-OFF states diminish, and the distinction between mode
I, and the continuous conduction mode described by the sequence ON-OFF «» OFF-ON

disappears.
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f=0.1

Figure 9.7: Operating regions for a ZV-QSW converter in mode I for normalized fre-
quency f as a varying parameter.

9.4.2 DC conversion characteristics

For a particular switching frequency, DC conversion characteristics can be computed
numerically, as detailed in Appendix B.2. Results are presented in two planes — load-to-
output (Fig. 9.8) and control-to-output (Fig. 9.9).

Within boundaries of the operating region in mode I, characteristics are similar to
ideal PWM characteristics — the equivalent duty ratio and, therefore, DC conversion
ratio are weakly dependent on the load current while control-to-output characteristics
are almost straight lines. As the switching frequency is lowered, DC characteristics of
a ZV-QSW converter further approach the characteristics of PWM converters. Indeed,
if f << 1,0~ D/ and (i; +12)/2 ~ §. From Eq. (9.22) it follows that m =~ D, for
any load 6. Particular examples of ZV-QSW converters with two controllable switches

appeared in [19] with an analysis based on the low-frequency approximation.
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Figure 9.10: An ezperimental ZV-QSW buck converter.
9.5 Experimental Verification

In this section, existence of operating modes I; and I, and predicted DC character-
istics are verified using an experimental ZV-QSW converter of Fig. 9.10. Parent PWM
topology is the second order buck converter with M (D) = D. The S-switch is imple-
mented as a diode (1) or as a MOS transistor (2). Resonant capacitor C, is placed in
parallel with the S-switch. Resonant inductor L, forms a loop with S and the output
capacitor. In fact, according to defining position LIS, the resonant inductor is placed
in parallel with the output inductor L of the buck converter. Then, L is absorbed in
L,. Position: of the resonant inductor is unique, while the resonant capacitor can also be
placed in parallel with the S-switch or in parallel with L, without affecting DC conversion
properties of the converter.

With $ implemented as a diode, waveforms in Fig. 9.11 (a) compare favorably with
ideal waveforms of Fig. 9.2, confirming operation in mode I;. Spurious oscillations ob-
servable in the diode voltage waveform are due to resonance between C, and parasitic
inductance in the loop with the switches.

Control circuitry drives the S-switch with variable-frequency, constant-pause pulses

Dt.
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Measured DC characteristics (Fig. 9.11 (b)) are in excellent agreement with predic-
tion. Compared to Q,-PWM and ZV experimental circuits, the circuit in Fig. 9.10 has a
lower number of elements, and their parasitic series resistances are lower. In particular,
since voltage stresses in ZV-QSW converters are low (just as in PWM converters), a 50V
device (IRFZ40 MOS transistor with a rated ON-resistance of 28m(1) is used instead of
a 100V device (IRF540 with an ON-resistance of 85mf2). Thus, a closer match between
measurement and prediction is obtained compared to experimental results for Q,-PWM
and ZV converters.

With the S-switch ‘implemented as a MOS transistor, mode I; can be verified by
comparison of recorded waveforms in Fig. 9.12 (a) and ideal waveforms of Fig. 9.4 (b).

Control circuitry provides constant-frequency signals (p; and pg) to drive the S-switch
and S-switch transistors. Control over the conversion ratio is accomplished by varying
the duty ratio of the signals p; and py. An excellent agreement between measured and

predicted DC characteristics is demonstrated in Fig. 9.12 (b).
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Chapter 10

Zero-Voltage, Multi-Resonant Converters

In this chapter, a study of Zero-Voltage, Multi-Resonant (ZV-MR) converters is pre-
sented.

In Section 10.2 it is shown that an operating mode with all zero-voltage transitions is
not unique. Three such modes, (I, II,III);, are found for the implementation with one
controllable, current-bidirectional switch. In addition, there are four operating modes
with all zero-voltage transitions, (I, II,III,1IV)s, if both switches are controllable.

Variable-frequency control is applicable in modes (I,II,III);. DC analysis of Sec-
tion 10.3 reveals that a closed form solution for the equivalent duty ratio does not exist.
Thus, DC characteristics and boundaries of the operating regions are computed numeri-
cally. The combined operating region for modes (I, II, III); is bounded, but it includes
the zero-load axis. Analitical results are found for the DC characteristic at zero load,
minimum equivalent duty ratio attainable at zero load and maximum normalized fre-
quency f.

If both switches are implemented as controllable current-bidirectional, control at
a constant switching frequency is possible. DC analysis for all four operating modes
is carried out in Section 10.4. The combined operating region for modes (I,II,III),
includes the zero-load axis, and up to some maximum normalized load, all equivalent
duty ratios 0 < m < 1 are accessible. In mode IV, the range of attainable equivalent
duty ratios is more restricted.

Existence of operating modes with all zero-voltage transitions and corresponding DC

characteristics are verified experimentally in Section 10.5.
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10.1 Operating States

In a ZV-MR converter, there are three resonant elements: a resonant inductor L,., a
resonant capacitor C, (in the CIS position - in a loop with the S-switch and possibly
elements of CU{V,}) and a resonant capacitor Cy; (in the CIS position — in a loop with
the S-switch and possibly elements of C U {V,}). Define the parameter z as a ratio of

the two resonant capacitance values,

(10.1)

By the same argument as for ZV converters, L, is in a loop with both switches and DC

voltage V¢, so that
dip,

v tvat —t =1 (10.2)

The cut-set of Proposition 3.7 must now include both C, and C,;. Kirchhoff’s voltage

law for the loops that include a resonant capacitor and a switch yields
vi=vc, + Vo and vg=vc,, + V1. (10.3)

Here, V and V; are some DC voltages. Therefore,

. dvg . dvg
1t+-‘70—+1d—23—d-0——5. (104)

Finally, since L, in a ZV converter forms a cut-set with the S-switch and possibly
elements of £, this cut-set must also include Cy1 in a ZV-MR converter. But then, there
must be a cut-set that includes the resonant inductor L,, the S-switch, the resonant

capacitor C, and possibly elements of L. For this cut-set, we have
it + dvt/dH = iL' + I, (10.5)

where I is some DC current. State variables selected for description of operating states
of a ZV-MR converter are the S-switch voltage v;, the S-switch voltage vy and current

t,, defined by ;
iy =i+ 7';‘- : (10.6)
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In terms of the state variables, Eqgs. (10.2) and (10.4) become

di,

vt+vd+'£ = 1)
£,+id—x%‘1 = 6.

Now, description of the operating states follows in a straightforward manner:

state: v; =0, vg = 0.

Equations:
di .
d—é: 1, ¢(0) = I,
Solution:
ty=Ipn+0.
state: v; =0, 14 = 0.
Equations:
di .
Ti'er' = 1-vq, ’r(0)= nf
dvd ) i,- i
W = Tzt 0=
Solution:

. 0 . 0
iy = 5+(Inf—5)cos-\/—5+\/§(l——V,if)sm\/—E,

0 1 6
— ' — e — — — 1 —_—
va = 14+ (Vyy l)cosﬁ—l- \/:'E(I"f 5)sm\/5.

state: 1 =0, vg = 0.

Equations:
di .
- = l-v (0 =1Ipm,
dv ;
E?t ir, v(0) = Vin.
Solution:

iy = Ippcosf+ (1 —Vy,)sind,

v¢ = 14 (Vs —1)cosf + Ig,sinf.

(10.7)

(10.8)

(10.9)

(10.10)

(10.11)

(10.12)

(10.13)

(10.14)

(10.15)

(10.16)

(10.17)

(10.18)
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OFF-OFF | state: 1; =0, 14 =0.

Equations:
di .
EoL = l-v—vg, (0) = Iy,
dvt
—d—G— - ‘r:vt(o)—vffa
dvg 5 1,
- = Gt vwa0)=Vy
Solution:
1 )
1
1+z
+ \/ (ff—1+ ) sin 9,
5
vy = 1+ (1—fo+szf)—TG+
+ ——(fo+V;f—1)cos To+
+ q—FIHz(ff 1+ )Sm\/ Ly
. ) i+z
r = 1ia +(ff—1+ ) cos 6+
+ 1+ ——(1-Vyr —Vys)sin Zp.

10.2 Operating Modes

(10.19)
(10.20)

(10.21)

(10.22)

(10.23)

(10.24)

As for other QR converters, operating modes with lossless transitions are studied for

two distinct implementations of the switches S and $.

10.2.1 Implementation with a Single Controllable Switch

Assume that S is a controllable, current-bidirectional switch and that the S-switch

is a diode. Since both switches are in loops with resonant capacitors, every turn-OFF

transition is at zero voltage. By assumption, the S-switch turn-OFF transitions are

controllable as long as 1; > 0, while the diode turn-OFF transitions occur when current 14

drops to zero. Every controllable turn-ON transition is necessarily at non-zero voltage.
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ON-ON OFF-ON
©
e— —©O)— —
ON-OFF OFF-OFF
@

Figure 10.1: State transition diagram for ZV-MR converters with a single, controllable,
current-bidirectional switch.

From the state transition diagram shown in Fig. 10.1, it appears that a large number
of operating modes with all lossless transitions are possible. However, it can be shown

that a viable operating mode cannot include the following two sequences of states:

— | OFF-ON | — | OFF-OFF | — | ON-OFF | — (10.25)

and

— [ON-ON|— [ON-OFF | — [ON-ON | — . (10.26)

If the OFF-OFF state is entered from the OFF-ON state, the initial conditions are: Iy = §,

Vis > 0 and V}, = 0. In the OFF-OFF state with these initial conditions, the relation
v = 60 + zvg + fo (10.27)

can be obtained from Eqgs. (10.22) and (10.23). If sequence (10.25) is possible, then for
some # > 0, the S-switch and diode voltages are v; = 0 and vy > 0, respectively. This is
in contradiction to Eq. (10.27), so that the first part of the assertion is proved.

If the ON-OFF state is entered from the ON-ON state, the initial conditions are I,y = §
and V,;, = 0. By eliminating the time variable from Eqgs. (10.13) and (10.14), it follows
that _

z(vg— 1)+ (G, -8 ==z. (10.28)
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The only point where vq is zero is for ¢, = § or, equivalently, for 14 = 0. Thus, once the

ON-OFF state is entered from the ON-ON state, the periodic sequence

.+- — [ON-OFF | — [ON-ON] — - - (10.29)

can be interrupted only by turning the controllable switch OFF, which brings the con-
verter to the OFF-OFF state. In conclusion, (10.29) is the only periodic sequence of states
in which the sequence (10.26) is traversed. Since the S-switch is ON forever, this is not
a valid operating mode and the second part of the assertion is proved.

By exclusion of sequences (10.25) and (10.26), possible operating modes with lossless

transitions are reduced to the following three:

mode I: -++ —|ON-ON|— |ON-OFF | — | OFF-OFF | — [OFF-ON | — .- -

mode II: --- — |ON-ON|— |ON-OFF | — [OFF-OFF | — [ON-OFF | — --- , (10.30)

mode I[II: --- — |ON-ON|— |OFF-ON | — | OFF-OFF | — [OFF-ON|— - - -

In each of these three modes, only one transition (the S-switch turn-OFF) is controllable
and, consequently, only variable-frequency control can be applied.

One can now qualitatively describe the operation in modes I; and II;. Assume that
initially a ZV-MR converter is in the ON-ON state. Current ¢, ramps up linearly until it
reaches 6 at § = 6;, when the diode switch turns OFF. The subsequent ON-OFF state lasts
until the S-switch is turned OFF at § = 0. This transition is controllable and it transfers
the converter to the OFF-OFF state. Subject to initial conditions for the OFF-OFF state,
the next state can be either OFF-ON, if the diode voltage reaches zero before the S-switch
voltage does, or ON-OFF, if the S-switch voltage drops to zero first. In the first case, the
switching cycle is completed when the S-switch voltage drops to zero at § = 64 and the
ON-ON state is entered again. In the second case, the ON-OFF state terminates when the
diode voltage drops to zero. These two cases correspond to operating modes Iy and I];,
respectively.

For a description of operation in mode III;, assume again that the initial state is ON-
ON. Transition to the OFF-ON state is achieved by turning the S-switch OFF at § = 0,
before the diode switch ceases to conduct. The converter stays in the OFF-ON state until

the diode switch turns OFF at § = §2 and the next state, OFF-OFF, is entered. With the
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initial conditions Iyy = 6, Vyy > 0 and V}f = 0, the OFF-OFF state is followed by the
OFF-ON state. The OFF-ON state is entered at § = 63 when the diode voltage drops to
zero and the diode switch turns ON again. The cycle is completed at § = 64 when the
S-switch voltage drops to zero and the ON-ON state is réentered.

Typical waveforms illustrating operation of a ZV-MR converter in each of the three
operating modes are shown in Fig. 10.2. While the S-switch current is negative, the
state of its transistor is irrelevant, as indicated by the hatched area in the waveform of

the transistor control signal p;.

10.2.2 TImplementation with Two Controllable Switches

If both switches are implemented as controllable current-bidirectional, the augmented
state-transition diagram is shown in Fig. 10.3. Sequence (10.25) cannot be part of a valid
operating mode by the same argument as before. However, since 1,1 can now be greater
than &, sequence (10.26) cannot be excluded. This enables an additional operating mode

with all transitions at zero voltage,

mode IV: .-« —|ON-ON|— | OFF-ON | — [ON-ON| — [ON-OFF | — - -- . (10.31)

In all four operating modes, there are two controllable transitions so that control at
constant switching frequency is possible.

Operation in modes Iz, II; and II], is essentially the same as in modes I, II; and
III;, respectively. The only difference stems from the fact that now the S-switch can be
turned OFF at any current 14 < 0.

In mode IV, one can assume that initially both switches are ON so that current ¢,
ramps up linearly. The next state, OFF-ON, is entered by turning the S-switch OFF at
6 = 6,. In the OFF-ON state, the S-switch is held ON until the S-switch voltage returns
to zero at § = 0;. The second ON-ON state is terminated by turning the S-switch OFF at
6 = 03 so that the ON-OFF state is entered. Finally, the converter returns to the initial
ON-ON state at § = 4 when the S-switch voltage reaches zero and the switching cycle is
completed.

For any of the four operating modes, part of the switching cycle between two con-

trollable (turn-OFF) transitions (relative to the switching period) can be defined as the
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Figure 10.2: Typical waveforms for a ZV-MR converter operating in modes I (a), II;

(b) or 111 (c).
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ON-OFF [_ S — | OFF-OFF
©

Figure 10.38: State transition diagram for ZV-MR converters with two controllable,
current-bidirectional switches.

control variable D,:

62/6, , in modes I and I3,
D.=4 —02/6,, in mode III,, (10.32)
(62 + 63)/0,, in mode IV;.
Typical waveforms in a ZV-MR converter are shown in Fig. 10.4 for modes I3, I,
and III; and in Fig. 10.5 for mode IV;. In each case, hatched areas in waveforms of
transistor control signals, p; or p4, label intervals when the state of the transistor in a
current-bidirectional switch is arbitrary because the antiparallel diode of the switch is

ON.

10.3 Variable-Frequency Control: DC Analysis

DC analysis of ZV-MR converters is complicated by the fact that the operating mode
with all transitions at zero voltage is not unique.

Assume that a ZV-MR converter operates in mode I; or in mode II;. At the end of
the ON-ON state, the initial conditions for the next ON-OFF state are known: I,y = §,
v, = 0. Since transition from the ON-OFF to the OFF-OFF state is controllable, 8; can
be treated as a known parameter. Given 02, the initial conditions Iy; = i,(02) = ty2,
V}; = v4(62) = vaz for the OFF-OFF state are found by direct substitution in Eqs. (10.13)

and (10.14). A closed form solution is not possible for the equations vg(f3) = 0 (mode
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I) or v4(f3) = 0 (mode II;) in the OFF-OFF state. For a given set of parameters, the
solution has to be found numerically, and details of a numerical procedure are given in
Appendix B.3. Once the solution for 83 is found, initial conditions for the following state
are known.

Suppose that in the OFF-OFF state the diode voltage drops to zero at § = 63, while
vig = v4(fs) > 0. The converter operates in mode I;. The succeeding OFF-ON state
lasts until the S-switch voltage reaches zero at § = 6,. With known initial conditions,

It = 1,3 and Vy, = w3, the solutions for 64 and 1,4, if they exist, are given by
1 — U3 w ifs,3>0

1
64 = arctan + arctan ——— + ,(10.33)
ViZs+ (1-vs)? =1 Trs 0 ifis<0

/il + (1 —v3)? - 1. (10.34)

trq
If the converter operates in mode I, the OFF-OFF state is followed by the ON-OFF state.

If the solution to the equation vz(f4) = O in the ON-OFF state exists, it is given by

1 1— 43
04 = +/z|arctan — + arctan - . (10.35
! \/—< Vs =62 +z(vgs — 1) —z fr3 — 5) ( )
irg = 8=1/(irs—8)? +2(vas —1)? - . (10.36)

With the initial condition I, = 1,4, duration of the ON-ON state is
01 =6—1,4. (10.37)

Assuming that 63 is a given parameter, all other state durations and initial conditions
can be determined. Finally, the equivalent duty ratio m can be found by averaging the

diode current over one switching period. For mode I,

1 62
=1~ - 10.38
m=1" %0, (10.38)
while for mode I,
2 .
me=1— L0200 25 (10.39)

26 6,

No-load operation

Under the no-load condition (§ = 0), it is possible to solve the OFF-OFF equations

explicitly. For § = 0 in the OFF-OFF state we have vy = v; + vg2/z. Since vgz > 0, the
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S-switch voltage (v;) drops to zero before vy = 0 and therefore, the converter operates
in mode II;. In this case, closed form results can be obtained for f and m as functions

of the parameter 03,

27
f6=0) = % o (10.40)

ﬁsin—%-}-%cos% z
20, + 03 1+z’

m@E=0) = 1-2 (10.41)

where

05 = 2\/1_-—:? {7(‘ — arctan (\/W;tan %)} . (10.42)

The minimum possible equivalent duty ratio at zero load, given by

1
1+z’°

Momin (6 = 0) = (10.43)

is attained for §; = 0. The switching frequency resulting in m(§ = 0) = m,;,(6 = 0),

1+
fma.z = z (10.44)

is the maximum normalized frequency for the entire combined operating region for modes

I1 and II1.

Conditions for operation in modes [; and I

> 0 for all §. Thus, duration

In the ON-OFF state with I,y = 6§ and V,y = 0, v4
of the ON-OFF state, §; > 0, can be determined externally by controlling the S-switch
turn-OFF. Choice of 0 affects the resulting frequency f and the equivalent duty ratio m.
The effect that can be easily comprehended is that increasing 02 contributes to lower f
and larger m, just because the S-switch ON-time is longer. Thus, one would expect that
both m and f are monotonous functions of 6;, and that m is a monotonously decreasing
function of normalized frequency f for § = const. However, the effects of §; on m and f
through altered initial conditions for the next state are not as obvious and may result in a
quite opposite trend. Incieed, it has been found by simulations of a ZV-MR converter [16]
that control-to-output DC characteristics may become non-monotone as the switching

frequency is decreased.
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For § = const., the equivalent duty ratio increases monotonously as the switching
frequency is decreased down to some minimum switching frequency, f,,. The minimum

switching frequency (f,,) is determined by one of the following events:
Lm(f=fm)=1

2. some condition for operation in modes I; and II; is not satisfied so that lossless

transitions are not possible for f < f,,; or
3. m starts to decrease with decreasing f below f,,.

In the first two cases, the operating point is at the boundary of the operating region. The
third case is not encountered in QR converters with two resonant elements. Although
it is inside the operating region with all zero-voltage transitions, the non-monotone part
of the control-to-output DC characteristic is not acceptable in practice. Positive and
negative slopes in the control-to-output characteristic render impossible closing a stable
feedback loop. Therefore, the valid operating region for ZV-MR converters in modes I3
and I is taken as part of the operating region in which characteristics are monotone.

The OFF-OFF state terminates with v4(3) = 0 or with v;(f3) = O for any viable set of
initial conditions and parameters. Thus, the only condition for operation in modes I; and
IT; emerges from the succeeding OFF-ON or ON-OFF state. For mode Iy, solution (10.33)
exists if

tZa+ (1—vs)?>1. (10.45)
Furthermore, the OFF-OFF state must not be re-entered before § = 4, or
1, <8 for 0< 6 <0,. (10.46)
For mode II;, solution (10.35) exists if
(rs — 86 +z(1 —vs)? > z. (10.47)

This is also sufficient to guarantee transition to the ON-ON state since initial condition 1,3
has to be less than zero, and the S-switch can be turned ON to prevent possible transition
back to the OFF-OFF state if 1,3 = O for some # < 3. Finally, ¢,4 found from (10.33) or

(10.35) is always less than § so that 64 is necessarily non-negative.
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Figure 10.6: Combined operating regions for a ZV-MR converter in modes (I,II); with
Z as a varying parameter.

Using the results of DC analysis, conditions for operation in modes Ij or II; can be
verified for any given § and 6.

Boundaries of the combined operating region for modes I; and II; with monotone
control-to-output characteristics are shown in Fig. 10.6 for different values of the pa-
rameter z. The available operating region in the load-to-output plane widens as z is
increased. Also, the minimum possible value for the equivalent duty ratio at no load

decreases with z as predicted by Eq. (10.43).

Operating Mode II];

For operation in mode IIIj, it is necessary that 1,3 < §. The maximum possible
value for the equivalent duty ratio in mode II]; is on the boundary curve that separates
operating regions of modes III; and II;. It can be shown that the maximum does not
exceed m = 0.1 for any value of the parameter z. Since this is a very restricted region

in the load-to-output plane, mode III; can be ignored for all practical purposes.
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Figure 10.7: Load-to-output DC characteristics of a ZV-MR converter operating in modes
(I, 11);.

DC characteristics

DC characteristics of frequency-controlled ZV-MR converters are shown in Figs 10.7

and 10.8 for z = 3.

10.4 Constant-Frequency Control: DC Analysis

10.4.1 Operating Modes I; and I];

DC analysis equations of Section 10.3 for ZV-MR converters in modes I; and II; are

directly applicable here with three adjustments:

1. the initial condition for current i, at the beginning of the ON-OFF state is set to

"rl 2 5,

2. duration of the ON-OFF state is determined by the control variable, §; = D.f,,

0, =2n/f = const.,
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1.0 1

Figure 10.8: Control-to-output DC characteristics of a ZV-MR converter operating in
modes (I,11);.

3. duration of the initial ON-ON state is determined so that switching frequency is

constant. Therefore,

0, 0p — 03 — 03 — 04, (10.48)

17, = $4+806;. (10.49)

An expression for m is obtained by averaging the S-switch or the S-switch current over

one switching cycle:

" 662 + z(6 — 4,2) + 101(5,1 + 5ra)

0.
™ (10.50)

and .
6— E(’rl + ‘r4) 0,

o (10.51)

m=1.0-

in modes I, and II;, respectively.
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Conditions for Operation in Modes I; and I1],

The S-switch turn-OFF is effective if 1; > 0. Similarly, the S-switch turn-OFF prompts

the state transition if {4 < 0. In terms of current t,, these two conditions become

v

tr1 6, (10.52)

ipg > O. (10.53)

Since period §, is fixed, one must check to see if duration of the ON-ON state is non-
negative,

6,>0. (10.54)

The remaining conditions, (10.45) and (10.46) for mode I3 and (10.47) for mode II;, are

carried over from the analysis of ZV-MR converters in modes I; and II;.

10.4.2 Operating Mode 1],

In mode III;, the S-switch is turned OFF before the S-switch. The OFF-ON state is
entered with the initial condition Iy, = 1,; and its duration is determined by the control

variable,

02 = —D.f,. (10.55)

Initial conditions for the succeeding OFF-OFF state are found by direct substitution of 6,
in Egs. (10.15) and (10.16). Steady-state equations for the rest of the switching period
are exactly the same as corresponding equations for mode I3.
The equivalent duty ratio m in mode III; is found by averaging the S-switch current
over one cycle,
_ ity

= ———"0,. 10.56
m=g 0,5 01 ( )

Conditions for Operation in Mode II1I;

If the S-switch current is negative at & = 6, when the S-switch is turned OFF, the

state transition does not occur. Hence, for operation in mode IIly, it is necessary that

i1 =14y > 0. (10.57)
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In the OFF-ON state, the S-switch must be turned OFF before v; reaches zero and the

diode must not cease to conduct before § = ;. The conditions are given by

0, < 2(m — arctani,), (10.58)

iy > 6. (10.59)

The succeeding OFF-OFF state is necessarily followed by the second OFF-ON state in

which the S-switch voltage must drop to zero for some 6§ = 84 > 0. This is possible if
2, + (1 —v3)? > 1. (10.60)
As in modes I; and I3, duration of the final ON-ON state must be non-negative,

6, >0. (10.61)

10.4.3 Combined Operating Region and DC Characteristics in Modes I,
II2 and IIIz

Operating regions and DC characteristics for modes (I,II,III), are combined to-
gether. Two design parameters affect the extent of the combined operating region —
normalized switching frequency (f) and the ratio of resonant capacitance values (z). Let
us first examine the extreme values of the equivalent duty ratio, m = 0 and m = 1.

In a ZV-MR converter with two controllable switches, m = 0 is always attainable
simply by holding the S-switch ON indefinitely. The question is whether m = 0 can be
attained while simultaneously operating in one of modes Iy, II; or I1I;, for some control
duty ratio D,. To achieve m = 0, the converter must operate in mode III; with D, <0
adjusted so that duration of the OFF-OFF state is zero. Mode III; is effectively reduced

to the periodic sequence

-+ — [ON-ON|— [OFF-ON|— -, (10.62)

where duration of the ON-ON state is §; and duration of the OFF-ON state is 0 + 04. If

this periodic sequence is possible with all lossless transitions, ; must satisfy

6, = 27r(% — 1) + 2arctan %1— . (10.63)
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A non-negative solution for 6, exists iff
f<1. (10.64)

In conclusion, m = 0 axis is a boundary curve for operation in mode III; if the normal-
ized frequency f is less than or equal to 1.
The other extreme, m = 1, is attained in mode II; with 3 = 0. Mode II; reduces

to the periodic sequence

«++— |ON-ON|— |[ON-OFF | — - .- . (10.65)

Duration of the ON-ON state, 1, must satisfy
1 6
b1 = 21r(},— —/z) + 2¢/z arctan 2 (10.66)
The equation can be solved for non-negative 6; iff

f< \/iz (10.67)

Thus, if normalized frequency f and parameter z satisfy the last condition, m = 1 is
part of the boundary curve for mode I1I,.

In the é direction, boundaries of the combined operating region for modes (I, I, II),
are found numerically.

The plots in Figs. 10.9 and 10.10 reveal the roles of parameters z and f with respect
to boundaries of the operating region. In all cases, the combined operating region for
modes (I,II,III); encloses the no load axis and spans full range of equivalent duty
ratios up to some maximum load 6pmaz. In general, 6,4z is higher for lower frequency
as illustrated by the plots in Fig. 10.9. It is interesting that §,,,, is smaller and that
the operating region shrinks for larger z, contrary to the trend found in the study of

operating regions for modes (I, I1);.

DC Characteristics

DC characteristics in the load-to-output and control-to-output planes for z = 1 and
f = 0.9 are shown in Figs. 10.11 and 10.12. Numerical procedures used to compute DC

characteristics are discussed in Appendix B.3.
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Figure 10.9: Boundaries of the combined operating regions for modes (I,II,III); with
normalized frequency f as a varying parameter.
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Figure 10.10: Boundaries of the combined operating regions for modes (I,II,1I1I); with
the ratio of resonant capacitors r as a varying parameter.
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Figure 10.11: Load-to-output DC characteristics of a ZV-MR converter operating in
modes (I,I1,111),.

1.0

x=1.0
f=0.9

6 =0.00, 0.25, 0.50, 0.75 1.00

4
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Figure 10.12: Control-to-output DC characteristics of ZV-MR converters in modes
(I, II,1II),.
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10.4.4 Operating Mode IV,

The operating region for mode IV, overlaps in part with operating regions for the
other three modes. In contrast to modes (I,II,III);, the controllable period D.6,
extends over two adjacent states, OFF-ON and ON-ON. Inevitably, compared to the other
three modes, implementation of the control signals is quite different. Furthermore, the
OFF-OFF state is never entered in mode IV;. These are the reasons that mode IV; is
considered apart from operation in the other three modes.

Suppose, as before, that current ¢, is equal to 1,; at the end of the first ON-ON
interval. With the initial conditions Iy, = 1,1 and Vj, = 0, the equation v;(f;) = 0 in

the succeeding OFF-ON state can be solved for #; and 1,5:

6 = 2(x — arctant,1), (10.68)
iy = —ip1. (10.69)

The next ON-ON period is entered with the initial conditions Iy, = t,2 and Vy, = 0.

Duration of the state is determined by the control variable §, = D 0,:

s = 6.—6,, (10.70)

13 = fp2+0,—02. (10.71)

With the initial conditions I,; = 1,3 and V,y = 0, the solution to vg(fs) = O in the

ON-OFF state is given by

64 = 2/z(m — arctan fﬂ\/%—é) , (10.72)
trg = 20 —1d,3. (10.73)
Finally, the ON-ON state lasts until the end of the switching period so that
0y = 6,—0.—04, (10.74)
ty1 = tpq+0p—0.—04. (10.75)

If conditions for existence of all solutions for state durations 6; and currents ,; are

satisfied and furthermore, if the system of Eqgs. (10.68) through (10.75) has a solution,
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Figure 10.18: Operatling regions for a ZV-MR converter in mode IVy for various values
of the parameters f and z.

Again, 8, is larger for lower f and smaller z.
The operating regions for mode IV; in the load-to-output plane for different values
of the parameters z and f are shown in Fig. 10.13. It is interesting that the operating

regions collapse abruptly for loads exceeding 6; and 6.

DC Characteristics

As an example, DC characteristics are found numerically for one particular pair of
values for parameters  and f, both in control-to-output and load-to-output planes. The
characteristics are shown in Figs. 10.14 and 10.15. Numerical procedures used in the

analysis of mode IV; are outlined in Appendix B.3.

10.5 Experimental Verification

An experimental ZV-MR converter is shown in Fig. 10.16. Parent PWM topology
is the second-order buck converter with M(D) = D. Resonant capacitors C, and zC,

are placed directly in parallel with semiconductor switches, while L, is placed so that
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Figure 10.14: Load-to-output DC characteristics of a ZV-MR converter in mode IV,.
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Figure 10.15: Control-to-output DC characteristics of a ZV-MR converter in mode IV;.
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Figure 10.16: An experimental ZV-MR buck converter.

ity = ir,. For implementation with a single controllable switch (position 1), z =~ 3, while
for implementation with two controllable switches (position 2), z s 1.

Recorded waveforms that illustrate operation in modes I; and II; are shown in
Figs. 10.17 (a) and (b). They can be compared to idealized waveforms of Fig. 10.2 since
both sets of waveforms are found for approximately equal operating conditions. There
are no significant discrepancies between ideal and measured waveforms because all major
parasitic reactances are effectively absorbed by the resonant elements. The agreement
between predicted and measured DC characteristics in Fig. 10.18 is also satisfactory.
It is interesting, however, that for lower loads, measured output voltage is higher than
predicted. In order to verify if the error can be ascribed to losses in parasitic series
resistances of resonant elements, measurements are repeated with a resistor of 0.1Q
placed in series with C,, zC, or L,. In all cases the output voltage was higher with the
resistor than without the resistor. For example, dots in Fig. 10.18 denote the results
of the measurement with 0.1Q) in series with C,. This experimental verification shows
that the commonly accepted perception that higher losses necessarily imply lower output

voltage is not true in general.



182

a7

2R 28y |1@y |5@Y

\
p

N
pdt

It = 1.00A

-
p

AN A Vout = 1.00V

1 i1 L1
T g r T T Iy rrrryrerr ey reTrs

s
/
\
)

N\ _/ -0 fs = 140kHz

v
d 0

Pt 1 TR, -0
2u$

A4

2R cav S1% )Y

[y
A}
1 1T

Iout = 0.25A

™
D

L 100 I LA N B A Y
£
I
o

4
i V] {lll 141 151 1Ll

"t e H/HH‘U&* UINC 7 /AU T W ISV P, =0 Vou = 5.02V
v //'\\\ / //'\\ fs = 140kHz
e’ T P e -0
Pt \ r—%_ | — -0
2u$ T
b)

Figure 10.17: Waveforms recorded in the ezperimental ZV-MR buck converter operating
tn mode I (a) or Iy (b).
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Figure 10.18: Measured and predicted DC characteristics for the experimental ZV-MR
buck converter operating in modes Iy or II.

Operation in modes I3, Il; and III; is confirmed by comparison of ideal waveforms
in Fig. 10.4, with experimental waveforms shown in Figs. 10.19, 10.20 and 10.21.

p: and py are constant-frequency, variable-duty-ratio signals used to drive the tran-
sistors in the controllable, current-bidirectional switches S and S’, respectively. Control
signals are synchronized on the raising edge. By adjusting the two duty ratios, the con-
trol variable D, is set to a desired value. In practice, one switch can be operated at a
fixed duty ratio, while control over DC conversion ratio can be achieved by varying the
duty ratio of the other switch. As shown in Fig. 10.22, DC characteristics predicted for
operation in modes (I, II,III), are close to measured characteristics.

Existence of mode IV; and corresponding DC characteristics in the load-to-output
plane are verified in Fig. 10.23. Waveforms p; and p, are constant-frequency, constant-
pause signals. Control over the conversion ratio is accomplished by varying the phase

shift between p; and py.
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Figure 10.19: Waveforms in the ezperimental ZV-MR buck converter operating in mode
I,.
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Figure 10.20: Waveforms in the experimental ZV-MR buck converter operating in mode
II,.
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Figure 10.21: Waveforms in the ezperimental ZV-MR buck converter operating in mode
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Figure 10.22: Measured and predicted DC characteristics for the ZV-MR buck converter
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Chapter 11

A Comparison of Quasi-Resonant Converters

Existence of numerous QR converters generated by the synthesis method of Chapter 6
poses a problem of how to select and design the most appropriate topology with respect
to a given set of requirements. The problem is augmented by the fact that for each QR
topology there are many operating modes with substantially different DC characteristics,
possible control strategies, stresses oﬁ switching devices, dynamic responses, etc. With-
out attempting to encompass all relevant issues, this chapter is aimed toward a better
understanding of trade-offs encountered in comparison and design of QR converters.

A qualitative comparison of QR topologies with respect to switching losses is pre-
sented in Section 11.1. Only one of the QR classes, namely, ZV-MR, provides, at least
ideally, elimination of all major loss mechanisms that plague PWM converters. Other
QR topologies offer partial reduction of switching losses.

In Section 11.2 we turn to the design of QR converters, i.e., to the problem of how to
select the values of resonant elements. Based on results from Chapters 7 through 10, we
consider properties of QR converters affected by the choice of resonant elements — avail-
able operating region, frequency range and switch stresses. Main practical contributions
of this section are analytical and numerical results as well as guidelines that could be
used by a prospective designer to compare various topologies, select and finally design
the one best suited for a given application. A simple design example is used to illustrate

implementation of the analysis results in comparison of various QR topologies.

11.1 Switching Losses

A qualitative comparison of QR topologies with respect to switching losses is sum-

marized in Table 11.1. Entries zv and zc denote switching transitions at zero voltage and
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QR Switching Transition Topology

Topology S-switch S-switch Insensitive to:
ON—OFF | OFF—ON | ON—OFF | OFF—ON Lp Ci | Cy

Qn-PWM zC zv zv zc - | - -
Qs-PWM zc zv zv zc - -1 =
YAY% 2v zv zc zc ViVl -
ZC zc zc zv zv Vi1V
ZV-QSW zv zv zv zv -V Vv
ZC-QSW zc zc zc zc V|- -
ZV-MR zv zv zv zv Vivi Vv
ZC-MR zc zc zc zc vVii-1 -

Table 11.1: Comparison of QR converters with respect to type of switching transitions
and sensitivity to major parasitic elements.

zero current, respectively. All QR classes studied in Chapters 7 through 10 together with
dual classes are included in the comparison. By the duality principle applied to switching
transitions, one can conclude that if a switch turns ON at zero voltage in a converter,
the same switch turns OFF at zero current in a dual converter. Thus, transitions for
converters in Q,-PWM and Qy-PWM classes are identical, while the S-switch and the
S-switch have interchanged types of transitions in ZV and ZC classes. Fiﬁally, ZV-QSW
and ZC-QSW and likewise ZV-MR and ZC-MR have complementary sets of transitions.

Table 11.1 also summarizes sensitivity of QR topologies to major circuit parasitic
reactances that cause a substantial part of switching losses in a PWM converter: the
S-switch junction capacitance C;, the S-switch junction capacitance C; and the parasitic
inductance L, distributed in the loop with the switches. A topology is insensitive to a
parasitic element if the position of the element agrees with the position of the like resonant
element. If a topology is insensitive to a parasitic element, switching loss mechanisms
associated with the element are effectively eliminated. The parasitic element can be
absorbed by the resonant element or even used alone as the resonant element.

If a switch undergoes a transition at zero current but at non-zero voltage, the topology

is necessarily sensitive to the parasitic junction capacitance of the switch, since the energy
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stored in the capacitance is lost in every switching cycle. Therefore, transitions at zero
current are less favorable than transitions at zero voltage.

With respect to transitions and sensitivity to parasitics, ZV-MR topologies are clearly
superior to other QR converters. ZV-QSW topologies also exhibit all zero-voltage tran-
sitions, but switching losses associated with the parasitic inductance L, in the loop with
the switches are not eliminated. In converters with an isolation transformer, leakage
inductance of the transformer appears in the position of L, so that the ZV-QSW class
and other classes sensitive to L, may be suitable for very high-frequency operation only

in applications where a transformer is not utilized.

11.2 Operation Region, Frequency Range and Switch Stresses

The most widespread application of DC-to-DC converters is in DC voltage regulators.
Typical design specifications for a voltage regulator include the output voltage, the range
of input voltages and the range of output currents. In the normalized load-to-output

plane, these specifications can be translated into

m:nin <m< m:naz (11'1)
and
amaz — * 11 2
L (11.2)
ms
where m} . (m},,.) is the required equivalent duty ratio for maximum (minimum) input

voltage and minimum (maximum) load, while 4* is the required load range.

Since the choice of the absolute switching frequency f, is not related to the selection of
resonant components, we may assume that f, is also given. For the design of frequency-
controlled converters, we assume that the maximum switching frequency is given.

The first design consideration is that the required operating region, defined by condi-
tions (11.1) and (11.2), must fit into the available operating region for the selected QR
class and operating mode.

Since in the load direction only the load range 4* is specified, the position of the

required region within the available region may not be unique. In particular, if the
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available operating region includes the zero-load axis, §,,,, can be chosen arbitrarily as
long as it is within boundaries of the available region.

The design problem of selecting values for resonant elements is equivalent to the
problem of selecting or computing parameters f and §,,;. An exception is the class
of ZV-MR converters where there are two resonant capacitors, so that an additional
parameter is the ratio z of the capacitor values. Once the parameters f and 6,,,; are

determined, values of the resonant elements are given by

f (Iout)maz 1
27rfa (Vg)min amaz ’
f (Vg)mc'n

L, = — Y%7 E§ . 11.4
r 27rfa (Iout)maz mas ( )

Here, it is understood that the normalized frequency f and the absolute frequency f,

Cr (11.3)

correspond to each other. If the converter is controlled by varying the switching fre-
quency, the maximum value for f, is usually specified, so that the maximum value for f
should be determined and used to compute C, and L,.

Although importance of different criteria for selection of design parameters may de-
pend on the particular application, in general, minimum switch voltage/current stresses
and minimum frequency range are of major concern. Voltage and current stresses dictate
the choice of semiconductor components with obvious implications with respect to cost
and availability. A large frequency range for frequency-controlled converters is undesir-
able primarily because of difficulties in handling the generated noise and because of the
problems related to filtering the variable-frequency ripple.

Voltage stress (Vpeqr) is defined as the maximum of the peak instantaneous switch
voltage over all operating points in the operating region. Voltage stress is normalized to
Voss, which is ideally equal to the voltage stress in the PWM parent converter. Thus,
not only a common ground is established for comparison of QR converters but also, the
comparison is made with respect to the parent PWM converter. It is important to note
that the comparison does not depend on what particular PWM parent topology is used,
as long as it is the same for all QR converters under consideration. The same conclusions
extend to the comparison of current stresses if the maximum peak current Ip.qx is re-

normalized to the maximum load 8mqz. Again, current stress Ip.qk/8maz can be compared
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directly to the current stress of the PWM parent converter, where it is ideally equal to
one. Current stress is important not only for the proper choice of switching devices but
also as an indication of the amount of conduction losses in the converter circuit.

In succeeding sections, various design trade-offs involving the operating region, switch
stresses and/or frequency range are discussed and compared for QR classes and operating

modes of Chapters 7 through 10.

A Design Example

For various QR topologies and operating modes, design trade-offs are illustrated using
the same design example in each case. Assume that the specified output voltage, input

voltage range and load range result in the requirements

My, = 04, (11.5)
mt.. = 08, (11.6)
7 = 5. (11.7)

The first design concern is to select parameters so that the required operating region fits
into the available operating region. Then, in order to equalize conditions for comparison,

the remaining free parameters are selected so that the stress product (V x I'), defined by

V x 1) = Vo 225 (11.8)

maz
is minimized whenever possible. Results of the comparison are summarized in Table 11.4,

at the end of this section.

11.2.1 Q,-PWM Converters: Mode [;
Operating Region

Qn-PWM converters have the most restricted available operating region among all
studied QR topologies. If the load range is critical, the best possible design approach is
to choose the normalized frequency f so that the load range is maximized for m = mg,,..

This frequency,
f= fﬁ(m:na::) ’ (11'9)
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f | Vipeak | Iipeak/Omaz | Vapeak | ldpeak/Omaz
0.2 8.3 2.0 8.5 2.0
0.4 5.1 1.9 5.3 1.9
0.6 3.6 1.9 3.9 1.9
0.8 2.6 1.8 3.0 1.8
1.0 1.9 1.8 2.4 1.7

Table 11.2: Switch voltage and current stresses in a Q,-PWM converter operating in
mode I.

can be found from plots in Fig. 7.4.

Switch Voltage and Current Stresses

For a given frequency f, switch stresses are found at the operating point corre-
sponding to the maximum normalized load é (at the right-hand corner of the available
operating region). Values found numerically for several normalized frequencies are shown
in Table 11.2. Voltage stresses increase rapidly with decreasing frequency f. Taking into
account the positions of the available operating regions, this implies that Q,-PWM con-
verters are not practical for applications where low equivalent duty ratios are required.

Design ezample: the maximum possible load range for m = m,,,, = 0.6, correspond-
ing frequency f5(0.6) and 6mqz can be found from plots in Fig. 7.4. At m = 0.6, the
available load range is approximately equal to the required range 4* = 5. However, for
lower m, the available range diminishes, and at m = 0.4 it is only 2.5. Voltage and

current stresses displayed in Table 11.4 are found numerically for § = émaz.

11.2.2 ZV Converters: Mode I;
Operating Region

The minimum normalized load for ZV converters operating in mode I is equal to 1.
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Switch Voltage and Current Stresses

The S-switch peak current is equal to 6,4z, 80 that its current stress is equal to 1,
just as in PWM converters. The diode current stress is equal to 2. This can be easily
inferred from the solution for current ¢4 in the OFF-ON state. The diode voltage stress
is ideally equal to 1. However, the S-switch voltage stress, reached in the OFF-ON state

for a maximum load, amounts to

Viveak =1+ bmaz . (11.10)

Frequency Range

The required frequency range can be computed from the analytical expression found
for the equivalent duty ratio (m = 1 — G1(6) f). Minimum frequency corresponds to the
maximum load and maximum m, while maximum frequency corresponds to the minimum
load and minimum m. Thus, the frequency range is given by

fmaz — 1—mpin Gl—l('Y*)
fmin Gl_l(l) 1- m:naz

(11.11)

Design Considerations

Since 8., > 1 and since both the S-switch voltage stress and the frequency range

increase with 6,4z, design of ZV converters in mode I; reduces to

bmaz =" . - (11.12)
Design example: maximum load is 6,4, = 5 and all entries in Table 11.4 follow from the
results of this section.
11.2.3 ZV Converters: Mode I1];
Operating Region

From the results of Section 8.4, the required operating region can be encircled by the

available operating region if f and 6,4, are chosen such that

1- ng(‘smax) = My, (11'13)

1 - fGg(max (6 + 6.)) ; (11.14)

I
3
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Switch Voltage and Current Stresses

From the conditions stated above, voltage and current stresses can be computed for
the required operating region. From the solution for the state trajectories in the OFF-ON
state, one can determine the transistor peak voltage. Then, the S-switch voltage stress

is found at the operating point with minimum m and maximum value of the sum § + 6.,

-1 1- m* . 2
Vipeah = 1 +1/1+ [Gg (—f—mm)] . (11.15)

As in mode I, the S-switch voltage stress is ideally equal to 1.
Peak current for the S-switch is attained in the ON-ON state, while peak current for
the S-switch is attained in the OFF-ON state. Both switches experience current stresses

for maximum load and minimum equivalent duty ratio. It follows that

Itpeak _ Gg—l ('1;'_’};1&)

= S 11.16
bmaz  GL! (1—_"}11111) ( )
and
1—=1(1-m? . 2
Idpea.k =1+ \/1 + [G3 ( f )] . (1117)
Omaz G’3_1 (}:"}_:r.u:g)
Design Considerations
Except for the constraint
f<l-m,,, (11.18)

normalized switching frequency is a free parameter. The minimum possible S-switch
voltage stress is obtained for f — 1—m; ... However, current stresses become infinitely
large as f approaches the limit. If, on the other hand, f — O, current stresses tend
to lower limits, but the S-switch voltage stress blows up. Thus, within the limits, it is
possible to make a trade-off between voltage and current stresses by varying parameter
f.

Design example: Using expressions found for switch stresses, switching frequency f
is determined so that Vipeak Itpeak /Omaz is minimized. The inverse of G§(:) is computed

numerically. The results are displayed in Table 11.4.
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11.2.4 ZV-QSW Converters: Mode I;
Operating Region

The available operating region in mode I; is unlimited in the load direction and it
includes the zero-load axis. Therefore, for a given load range, 6,,4; can be treated as a
free parameter. In the m direction, however, the operating region is limited to equivalent

duty ratios 0.5 < m < 1.

Switch Voltage and Current Stresses

With respect to voltage stresses, ZV-QSW converters are unique among QR topolo-
gies. As in ideal PWM converters, voltage stress is equal to 1 for both switches and for
all operating points in the available operating region.

The S-switch peak current is equal to the current t,, = ¢ at the transition from
the ON-ON to the OFF-ON state. If a lower bound is imposed on normalized frequency
f, current stresses for the S-switch and the diode occur at the operating point where
f = fmin, m = 0.5 and 6§ = 6;qz. From DC analysis equations of Section 9.3, it follows

that the S-switch current stress is given by

Itpeak 3r
——————=l+w1+ 11.19
Omaz 46maz ( )

where 8,4z is related to the minimum switching frequency through

s
fmin = =,
3% 1 26pmaz [1 +/1+ =]

It can be inferred that current stress decreases with increasing 6,4, Or, equivalently, with

(11.20)

decreasing the lower bound on f.

The diode peak current is given by

Lipeat = \/1 - 2m + I 1. (11.21)

The diode current stress is the same as the S-switch current stress, and it occurs at the

same operating point.
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Frequency Range

Minimum (maximum) frequency is attained at the operating point with maximum
(minimum) m and maximum (minimum) load. The required frequency range can be
depicted directly from the load-to-output characteristics or computed numerically from

fmaz — f(smin,m:nin) .
fmt'n f(smaz, m:naz)

(11.22)

It increases with increasing 6,4, or, equivalently, with decreasing the lower limit on f.

Design Considerations

For a given load range and limits on conversion ratio, the design parameter 8,,,;
can be varied to reach a favorable trade-off between current stresses and the frequency
range. It should be noted that increasing ,,4 results not only in an increased frequency
range, but also in relatively shorter OFF-OFF states which, in turn, may diminish the
benefits of zero-voltage switching if duration of the transition states become comparable
to switching times of employed switching devices.

Design ezample: Since optimization of the stress product would lead to an infinitely
large frequency range and PWM-like transitions, instead, 6,4z is selected with respect
to the current stress vs frequency-range trade-off. Since operation below m = 0.5 is not

possible, parameters in Table 11.4 are computed for m) ;. = 0.5 and m;,,, = 0.7.

11.2.5 ZV-QSW Converters: Mode I
Operating Region

In mode I, the operating region is a bounded portion of the load-to-output plane,
symmetrical around m = 0.5. The maximum possible load 6,47 corresponds to m =
0.5 and can be found from Eq. (11.20) with fm, replaced by the selected frequency

f. However, assuming that limits on the conversion ratio are given, intersections of

*’

m = m},,, and m = m},. with boundary curves of the operating region determine the

actual maximum possible load, lower than émaz-
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Switch Voltage and Current Stresses

As in mode I, voltage stress is equal to 1 for both switches. The S-switch current
stress is attained at the upper-right corner of the required operating region, for maximum
load and maximum m. Similarly, the S-switch current stress is attained at the lower-
right corner, for maximum load and minimum m. Upper bounds for stresses can be

found from Egs. (11.19) through (11.21) by replacing fyn, With f.

Design Considerations

As in mode I3, current stresses are lower for higher 8,,,; or, equivalently, for lower

f. Once f is chosen, a corner point of the required operating region,

(5maz:m:m'n) or (5maz,m:naz)’ (11'23)

has to be placed on the boundary curve of the available operating region in order to
minimize the current stresses. Since the absolute switching frequency is given, the only
relevant trade-off is between too short transition times and too high current stresses.
Lower f contributes to lower current stresses but possibly higher switching losses as
transitions get shorter. Both conclusions are in agreement with the notion that, as
frequency f is decreasing, mode Iz approaches the ideal continuous conduction mode of
the PWM parent converter.

Design ezample: Normally, the choice of f would depend on the speed of utilized
devices and the desired absolute frequency fs. Since no specific assumptions were made,
the design example is used to illustrate how stresses in mode I3 can be quite comparable
to stresses in mode I;. Selected frequency f is between the limiting values determined

for mode I.

11.2.6 ZV-MR Converters: Modes I; and I;
Operating Region

The available operating region for ZV-MR converters in modes (I, II); depends only

on parameter z. For z = 1, the region splits into two regions, one for m > 0.5 and § < 1
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and the other for m < 0.5 and § > 1. By increasing z, the operating region expands, as

illustrated in Fig. 10.6.

Switch Voltage and Current Stresses

In order to find voltage and current stresses for switching devices, we assume that
6 = bmaz = const. and seek the maximum of the peak voltage or current as frequency is
varied.

The S-switch voltage, v;, assumes its peak value in the OFF-OFF state of mode I.
Since current t, is equal to the derivative of v; in this state, time 0, for which peak voltage
is attained, can be found as a minimum positive solution of ¢,(6) = 0. Then, equations for
the OFF-OFF and the preceding ON-OFF state are solved for the peak S-switch voltage as
a function of 62, which is the duration of the ON-OFF state. An exact analytical solution
can be found for the maximum of the peak S-switch voltage. The solution yields the

S-switch voltage stress as a function of maximum load 6,,,; and parameter z,

Vipeak = VI + Smas [71' —arctan Vz? — 1 +/z(z — 1)] =z + p(z)bmaz - (11.24)
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Function u(z) is equal to n/2 at z = 1 and decays rapidly toward 1 with increasing z. If
p(z) ~ 1 is taken, the error in calculated Vipeqk is less than 10% for z > 2 and 0 < 6§ < 3,
or for z > 3 and all § > 0. Since for z < 2 the available operating region becomes fairly

restricted, a simple expression,

thca.k ~ \/E‘}' Omaz ’ (11.25)

can be taken in most practical designs.
The diode voltage stress,

Vdpeak =2 ’ (11.26)

can be found by inspection of the solutions for the state trajectories in the ON-OFF state.

The S-switch current stress,

Itpeak

vz (11.27)

)

5maz 6maz

is found at the operating point for which current 1, at the end of the ON-OFF state attains

its maximum value.
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The diode current stress occurs in the OFF-ON state, in mode I;. Assuming that the
S-switch peak voltage occurs at the same time as the OFF-OFF to OFF-ON transition and
by taking Vipear as the maximum possible S-switch voltage, an approximation for the
diode current stress is determined:

Idpeak ~ 24 \/E—' 1

5maz 5maz

(11.28)

Within practically negligible errors, the result for the diode current stress is in agreement

with results obtained numerically from DC analysis equations.

Frequency Range

Maximum frequency (at minimum load and minimum m) and minimum frequency
(at maximum load and maximum m) can be computed numerically from DC analysis

equations or, better, inferred directly from the load-to-output DC characteristics.

Design Considerations

All peak voltage and current stresses (except Vipeqk, which is constant) increase
with parameter z. On the other hand, the operating region expands with z. Therefore,
minimum z for which required operating region can be fully encompassed by the available
operating region should be selected in the design.

Since the zero-load axis is included in the available region (except if conversion ratios
less than my,;,(6§ = 0) are required), 8pmqz is a free parameter. Value of the parameter
bmaz affects trade-offs among the voltage stresses, the current stresses and the frequency
range. Higher 8,4z results in lower current stresses but in higher voltage stresses. For
a given load range ~*, the frequency range increases with 6,,,z, as is evident from the
load-to-output DC characteristics for frequency-controlled ZV-MR converters.

Design ezample: parameter z is set to 2. From Egs. (11.25) and (11.27), it can be
shown that §mqz = +/Z minimizes the S-switch stress product Vipeak Itpeak /maz- Only the
S-switch (transistor) stresses are taken into account since Vgpear = const., and the diode
peak current is usually of less concern than the transistor peak current. All values in
Table 11.4 are computed using the results of this section except that the exact frequency

range is found numerically. It should be noted that the available operating region exceeds
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the required operating region. Stresses computed for the available operating region can

be regarded as upper bounds for stresses in the required operating region.

11.2.7 ZV-MR Converters: Modes (I,I1,I1II),
Operating Region

For loads up to some maximum value §p,2(f), the available operating region covers

all possible equivalent duty ratios provided that

f < min(1, (11.29)

)

7z
The maximum load 8,,42(f) increases with decreasing f while for f increasing above 1,
the operating region diminishes quickly. For z decreasing below £ = 1, only a modest
expansion of the operating region is obtained with a penalty of increased voltage stress
on the S-switch. One can also note that in a transformerless ZV-MR converter, z = 1 is

the most convenient choice since identical transistors (with presumably equal parasitic

capacitances) can be used for both switches. Henceforth, it is assumed that z = 1.

Switch Voltage and Current Stresses

For z = 1, voltage and current stresses for switches S and S are the same although
they do not occur at the same operating point. The fact that both switches have the same
stresses for z = 1 follows intuitively from symmetry of switches in a ZV-MR converter
circuit or from symmetry of state equations and solutions for the switch voltages v; and
vq. Thus, assuming that £ = 1, we can consider only one switch. An analogous analysis
of stresses for the other switch would lead to the same results.

A plausible assumption for estimation of the S-switch voltage stress is that maximum
of the average (DC) voltage and maximum of the peak voltage occur simultaneously (at
the same operating point). In a loop consisting of L,, two switches and V,;r, the S-
switch supports the maximum possible DC voltage (equal to V,ss) for m = 0. The
peak voltage calculated under this condition can be taken as an approximation for the

S-switch voltage stress. For m = 0, duration of the ON-ON state must satisfy

6, =2 <% - 1) + 2arctan % . (11.30)
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[ | Vipeak(m =0) | Vipeak | Smaz 1—5'%':
06 45 45 | 29 | 16
07 3.7 38 | 22 | 17
0.8 3.1 3.2 | 17 | 19
0.9 2.6 2.7 | 13 | 21
1.0 2.0 23 | 1.0 | 24

Table 11.8: Switch voltage and current stresses in a ZV-MR converter operating in modes
(I, II,III); for z = 1.

For any f < 1, a solution for 8; can be obtained by simple iteration of Eq. (11.30). Then,
peak voltage,

0 2
Vipeak(m =0) = 14+4/1+ (7‘) , (11.31)

is taken as an estimate for the voltage stress Vigeqr. The exact values for the S-switch
voltage stress are computed numerically for various frequencies f. Surprisingly, it is
found that the S-switch voltage stress occurs always for zero load and close to, but not
exactly at, m = 0. Nevertheless, discrepancies between the estimate Vip.qr(m = 0) and
the numerically computed values are marginal (except for f close to 1), and entirely
negligible for f < 0.7. For f > 0.6, comparison of Vipear(m = 0) with numerically
computed results is shown in Table 11.3, together with numerically computed values for

the maximum load 84z(f) and the S-switch current stress.

Design Considerations

Voltage stress decreases, while current stress increases with increasing frequency f.
The full range of equivalent duty ratios (0 < m < 1) can be obtained if f < 1.

Design ezample: Parameter z is set to 1. From results in Table 11.3, a minimum
stress product is obtained for f = 1. However, since for f > 1 the available operating
region collapses, f = 0.9 is chosen to provide a safety margin with respect to component
tolerances. Since the available operating region exceeds the required operating region,
stresses displayed in Table 11.4 are upper bounds for stresses in the required operating

region.
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11.2.8 ZV-MR Converters: Mode IV,
Operating Region

For ZV-MR converters operating in mode IV3, limits for the equivalent duty ratio

are

mmin(xy f) = \/;f ’ (11-32)
Mmaz(z,f) = 1-f. (11.33)
The available load range is from zero to some maximum load 8pmqz(z, f,m). Of practical
interest is the maximum load for which the limits m,,;, and m,,,, are attainable. Thus,

we can take

8maz(z, f) = min(6; 62), (11.34)

where §; and §; are found from Egs. (10.79) and (10.81), respectively.

Switch Voltage and Current Stresses

In the operating region for mode IV3, the S-switch voltage stress is attained for
M = My, and maximum load, while the S-switch voltage stress is found at the operating

point where m = my, 4, and § = bpqa;. Voltage stresses are given by
theak = 1+ vV 1+ 5,2naz ’ (11.35)

62
Vdpeak = 1+V1+—m:—z. (11.36)

Switch current stresses,

Tpeak _ y | Vomas ¥ 2 (11.37)
5ma:c 5maz ’
Tapeak 1| VOmae ¥1 (11.38)
5maz 6maz ’

are found from solutions for the state trajectories in the ON-OFF state (for the S-switch)
and in the OFF-ON state (for the 5’-switch), at the operating point where m = my,q; and

6 = bmaz-
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Design Considerations

Parameters f and z can be chosen to fit the required operating region into the
available operating region in mode IV;. By lowering the normalized switching frequency,
the available operating region extends in both m and § directions. However, voltage
stresses increase accordingly. Parameter = can be lowered to decrease the lower limit
on m. However, the $-switch voltage stress increases at the same time. Lowest current
stresses are achieved if the available operating region matches the required region as
closely as possible.

Design ezample: Parameters f and z are set to 0.4 and 1, respectively, in order to
enclose but not exceed the required operating region. Then, 8,5z = 6; = 83 is calculated

from Eq. (10.79), and stresses in Table 11.4 follow from the results of this section.

11.2.9 Converters with a Single Controllable Switch Versus Converters with

Two Controllable Switches

Introduction of QR converters with two controllable switches is motivated by the
possibility of constant-frequency control. Increased complexity of the converter circuit
is an evident disadvantage. At this point, it is appropriate to note that the idea of
using controllable switches as rectifiers is not new. However, it was proposed in a com-
pletely different context. The technique of synchronous rectification in PWM converters
is offered as a means of reducing conduction losses on rectifiers [34,35]. The concept is
becoming more viable with the introduction of MOS switching transistors with extremely
low ON-resistance. Conduction lossés on rectifier diodes are particularly detrimental in
low-voltage (V,ut = 5V') power supplies for digital electronics. Since standards requiring
even lower voltages are being introduced, the efficiency of switching power supplies can
be maintained only if lower-voltage-drop rectifiers are used instead of currently available
diodes. Thus, if increased complexity is justified by possible reduction in conduction
losses, the advantage of ioperating QR converters at a fixed frequency can be regarded
as an important additional benefit.

As shown in Table 11.4, where switch stresses are computed for one particular design

example, a converter with two controllable switches may exhibit higher voltage and/or
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# | Topology Mode Parameters

1 PWM CCM -

2 | Qu-PWM I f=0.68, bmas = 2.3

3 YAY% L fmaz =061, 6pqz = 5.0
4 Zv II, f=032, 6pmaz = 1.9

5 | ZV-QSW I frmaz = 0.7, 6maz = 1.8
6 | ZV-QSW I f=0.33, 6paz = 1.5

7 | ZV-MR (I,1I), fmaz = 1.00, 8oz = 1.4
8 | ZV-MR | (I,IL,III); | f =0.90, mez = 1.3

9 | ZV-MR v, [ =0.40, oz = 2.8

# | Vipear | 22 | (V X Dt | Vipear | 2225 | (V x I)g | fme=
1 1.0 1.0 1.0 1.0 1.0 1.0 1.0
2 3.2 1.8 5.8 3.5 1.8 6.3 1.0
3 6.0 1.0 6.0 1.0 2.0 2.0 3.2
4 5.2 2.2 114 1.0 3.3 3.3 1.0
5 1.0 2.5 2.5 1.0 24 2.4 2.9
6 1.0 2.5 2.5 1.0 2.5 2.5 1.0
7 2.8 2.0 5.6 2.0 2.3 4.6 1.4
8 2.7 2.1 5.7 2.7 2.1 5.7 1.0
9 4.0 2.1 8.4 4.0 2.1 8.4 1.0

Table 11.4: Design example: a comparison of QR converters.
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current stresses. ZV converters operating in mode II; and ZV-MR converters in mode
IV, have substantially higher stresses than their variable-frequency counterparts oper-
ating in modes I; and (I, II);, respectively. On the other hand, ZV-QSW converters
in modes I; and I; and likewise ZV-MR converters in modes (I,II); and (I,II,III),
exhibit quite comparable switch stresses. In addition to possible operation at constant
switching frequency, ZV-QSW converters in mode I and ZV-MR converters in modes
(I,I1,III), feature significantly extended operating regions in the m direction. Finally,
we note that (just as in current-bidirectional PWM converters) operation at zero load
and bidirectional power flow are possible in QR topologies with two controllable, current-

bidirectional switches.

11.2.10 QR Versus PWM Converters

Compared to PWM converters, all QR topologies exhibit considerably higher volt-
age or current stresses (or both) with several detrimental consequences. Using the same
switching devices, a PWM converter is capable of processing power that is usually an
order of magnitude higher than the power that can be processed by a derived QR con-
verter. Conversely, if the same power is processed, switching devices with substantially
higher voltage and /or current ratings are necessary in the QR topology. Moreover, higher
current stresses indicate that conduction losses are inevitably higher in QR topologies,
not only on switches but also on other converter components that carry resonant cur-
rents. Since efficiency is of prime concern in power converters, the choice between PWM
and QR topologies in a specific application is reduced to a trade-off between conduction
losses and voltage stresses on one side and switching losses on the other side. Either
experimental comparison (as in [27], for example) or a study based on detailed quanti-
tative estimation of circuit parasitics and power losses [28] has to be made in order to
decide whether a PWM or a QR converter topology is better for a given set of design

constraints and requirements.
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Chapter 12

Conclusions

Synthesis of DC-to-DC converters in the two largest families — PWM and Quasi-
Resonant — is undertaken in this thesis. Generation of converter topologies is based
on formal definitions of the converter networks and on the recognition of underlying
topological properties derived from defining assumptions. Thus, rather then rely on
intuition or various circuit manipulation techniques, one is able not only to construct
complete classes of converters, but also to examine pertinent properties systematically.
Once all possible topologies with features for comparison are exposed, the problem of
selecting the one best suited for a given application becomes well defined. Original
contributions of the thesis are summarized as follows:

1. General properties of PWM converter networks:

Based on the rigorous definition of PWM converter networks in Chapter 3, several in-
teresting properties of PWM networks are uncovered. The properties interrelate the
network complexity and attainable DC conversion ratios. Thus, a PWM (voltage-to-
voltage) converter must have an even number of switches (Proposition 3.2) and the
same number of inductors and capacitors (Proposition 3.3), if, in addition, there exists
a unique solution to DC model equations. The DC conversion ratio M(D) is a ratio
of polynomials in duty ratio D. Degree of the polynomials cannot be grater than the
number of inductors/capacitors or half the number of switches in the converter network
(Proposition 3.4). Both the possibility of coupling inductors and the property of contin-
uous terminal currents imply lower upper bounds on the degree of polynomials in M (D)
(Propositions 3.5 and 3.6). The constraints imposed on the PWM networks are used to
justify the choices for the number of elements that need to be considered by the synthesis
procedure constructed in Chapter 4.

PWM converters with two switches come with a particularly interesting property:
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voltage and current stresses on switches are the same for converters that share the same
conversion ratio |M(D)|. Moreover, the stresses can be found directly from the known
denominator of M(D) (Proposition 3.9).

2. Synthesis procedure for generation of complete classes of PWM converters:
The synthesis procedure constructed in Chapter 4 guarantees that complete classes of
converters that satisfy a set of prescribed requirements are generated. The procedure
is developed in detail and is executed via a computer program in order to generate
all second-order and fourth-order topologies. The input requirements include the DC
conversion ratio, continuous terminal currents, possible coupling of inductors and the
number of switches. In particular, the number of switches implemented as transistors
can be specified. Outputs of the procedure are complete converter networks that include
switches and switch implementations.

8. Generalization of a unified approach to analysis of converters derived from two-
switch PWM converters:
An immediate consequence of Proposition 3.9, given by Eq. (3.48), can be used to de-
vise a simple unified analysis method! for two-switch, PWM-derived converters. The
only prerequisite for application of the method is that the converter under study and a
two-switch PWM converter share the same DC network. Generality of the method is
fully utilized in the unified DC analysis of PWM converters in discontinuous modes (Sec-
tion 5.2), and in the unified DC analyses of various classes of Quasi-Resonant converters
(Chapters 7 through 11).

4. A systematic approach to synthesis and topological characterization of Quasi-
Resonant converters:
Synthesis of Quasi-Resonant converters in Chapter 6 is based on the proper definition
which, in this case, simply formalizes the fact that a Quasi-Resonant converter is a two-
switch PWM converter with added resonant elements. Thus, topological properties, DC
conversion properties and the unifying analysis method are carried over from well-known
and well-understood PWM converters into much less comprehended QR arena.

After all possible topological positions are examined, six classes (in dual pairs) of QR

1The relation (3.48) was conjectured and the analysis approach was first proposed in [20].
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converters with a single resonant capacitor and a single resonant inductor are uncovered,
two of which have not been identified before. QR converters with more than two resonant
elements can be generated recursively, by adding a resonant element to an existing QR
topology.

Most importantly, the synthesis method puts into order and properly defines all
known and newly uncovered QR topologies. The topological definitions of QR classes
are instrumental for the application of the unifying analysis method.

5. Results of tmmediate practical interest:

— Novel, single-transistor PWM converters are found with conversion ratios suitable
for applications requiring large step-down, large range of input voltages and/or large
range of output voltages. In particular, two single-transistor topologies with M (D) = D?
and three with |[M(D)| = D?/1 — D are uncovered.

— PWM converters generated by the synthesis procedure are compared with respect
to conduction losses on converter elements. The comparison tables can be utilized in the
process of selecting the most appropriate topology for a given application.

— Two new classes (named Quasi-PWM) of QR converters with two resonant elements
are uncovered. In Q-PWM converters, transistor turn-ON and diode turn-OFF are at
zero current, while transistor turn-OFF and diode turn-ON are at zero voltage. Control
at constant switching frequency is possible with a conventional (single-transistor, single-
diode) implementation of switches. A major deficiency of Q-PWM converters is that the
operating region in the operating mode with all zero-voltage/zero-current transitions is
very restricted. Q-PWM converters can also be viewed as PWM converters operating in
the discontinuous inductor current mode and the discontinuous capacitor voltage mode
simultaneously.

— Converters in all QR classes can be controlled at constant switching frequency if
both switches are controllable. For each QR class under study in Chapters 7 through 10,
this option is examined in detail. Converters with two controllable, current-bidirectional
switches in ZV-QSW and ZV-MR classes are particularly interesting since they exhibit
similar switch stresses as their single-transistor counterparts, but in addition to constant-

frequency control, they feature significantly extended operating regions in modes with all
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zero-voltage transitions. Finally, it should be noted that if the technique of synchronous
rectification is used in order to reduce the conduction losses, additional benefits of having
a controllable rectifier in a QR converter come virtually without penalty.

— A number of new analytical and numerical results are derived for classes of QR
converters and operating modes of most practical interest. The results that can be used
for comprehensive comparison, selection and design of QR converters include DC char-
acteristics, boundaries of operating regions, switch stresses and a discussion of pertinent

design trade-offs.
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Appendix A
2L1C Converter Cells

A 2L1C converter cell is shown in Fig. A.1 as a three-terminal device. DC conversion
ratios for six possible input and output terminal designations are listed in Table A.1.

All converter cells with a single capacitor, two inductors and four switches are listed in

1— 2L1iC ceil —%

lo

Figure A.1: 2L1C converter cell

input 1-0 (2-0| 2-1 0-1 1-2 0-2
output 2-0(1-0] 0-1 2-1 0-2 1-2
conversion ratio | M(D) Kl‘%ﬁ)’ oy | 1— M(D) MMDD—l %

Table A.1: DC Conversion ratios for siz possible terminal designations of a converter

cell

Table A.2. The list is an output of the computer program that implements the synthesis
procedure described in Chapter 4. Entries in Table A.2 have the following format:

# $11k1—t252k2.5 p2 p1Po/ g2 4190 1O C . (A1)

Assuming that input is between terminals 1 and O, while output is between terminals 2

and 0, (f11k1,%¢272k2.8) is the pair used to represent positions of elements in the cell and

P(D) _ p2D*+p1D+ po

= A.
Q(D) ¢:D*+ @D+ q (A.2)

M(D) =

is the conversion ratio. Entries I and O denote continuous (c) or pulsating (p) input or

output current, while C denotes possible (y) or not possible (n) coupling of inductors.
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Appendix B
DC Analyses of Quasi-Resonant Converters:

Numerical Procedures

Numerical procedures used in DC analyses of Quasi-Resonant converters in Chapters
7, 9 and 10 are outlined in this appendix.

In most cases, the problem is reduced to solving an equation of the form n(§) = 0,
where n(€) is a continuous function of £, defined on some interval (&, £). If there exist
¢' and £" in (&, &) such that n(¢')n(€") < O, there is at least one &, € (¢, €") such
that n(&;) = 0. If £; is unique, it can be found numerically by the bisection method. In
each iteration, 7 is evaluated at £ = (¢' + £")/2, and then ¢’ or £" is set to £, depending
on the sign of n(£). Thus, the interval is halved in each iteration and the procedure is
terminated when the desired accuracy is achieved. The bisection method was chosen for

its simplicity of implementation and also since computational time was of no concern.

B.1 On-Resonant, Quasi-PWM Converters

Boundary Curves of the Operating Region for Mode I

Suppose that normalized switching frequency (f) is given. According to conditions

derived in Section 7.2.1, the operating region for mode I; is given by
my1(6) < m < myp(6), (B.1)

61 <6< bp2. (B.2)

Curves my; and my intersect at § = 653 < land at § = 83 > 1. For 651 = 6p2 = =1,
the operating region for mode I; shrinks to a single point. At that point all conditions of

Section 7.2.1 become equalities, so that corresponding frequency f* and the equivalent
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duty ratio m* follow from the results of DC analysis in Section 7.2,

4r
x
o= T3 ~ 1.1, (B.3)
3r+1
x
m' o= 3 0.84. (B.4)

At 6 = 6, conditions (7.32) and (7.34) become equalities. Together with results of DC

analysis, this implies that 6f; is a solution of

V1-62 6 1 V1-62
—-52—+arctan1—_——6—z—0p+g+———6—§—=0. (BS)

71(6) = © — arctan

11(6) is a monotonously decreasing function of §. Furthermore, since n;(§ — 0) — +o0

and 3(1) = 3r/2+1—- 0, <0, for f < f*, a unique §5; can be found by the bisection
method.

At & = by2, conditions (7.33) and (7.35) become equalities. It follows that §y; is a

solution of

2

+ arctan

1
6 5V62 -1

By comparison of 91(6) and n3(§), one finds that

—0,+6+6V62—1=0.  (BS6)

n2(6) = » — arctan

1
bpa = 5 (B.7)

For 6 € (641,1), mys1(6) and myy(6) are found from Egs. (7.24) and (7.30), using the
fact that conditions (7.32) and (7.34), respectively, become equalities. Since it can be

shown that mg;(6) = my1(1/6) and my2(8) = my2(1/6), boundary curves are computed
simultaneously for § € (1, §;3).

Switching Frequency for Maximum Load Range

For a given normalized frequency, f < f*, the available load range, 63/8; varies with
m. If f = const., the equivalent duty ratio for which the maximum load range is attained
is equal to the minimum of my,(6) over (6s1,8s2). Since mysy > myny for f' > f", the
converse is also true; i.e., the frequency f for which m = min(my;) is the frequency
that maximizes the load range for this particular m. Thus, the inverse of the optimum

frequency fs(m) is found as the minimum of my;, while the minimum and maximum
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loads are found as intersections of my;(6) with min(my;). In particular, the minimum
load, 6; < 1, is found from

mf1(5) - min(mfz) = 0, (B.8)

using the bisection method, while the maximum load, §; > 1, is equal to 1/6;.

B.2 Zero-Voltage, Quasi-Square-Wave Converters

Variable-Frequency Control: mode I;

The first step in computation of load-to-output characteristics for f = const. is to
determine the maximum equivalent duty ratio, mme; = m(6 = 0). 0 is set to O2min and
m is varied so that f(§ = 0) matches f. It is easy to verify that f(§ = 0) in Eq. (9.24) is
a monotone function of m. Furthermore, since f(6§ =0) - Oform — 1and f(6§=0)=1
for m = 0.5, equation

f(6=0—-f=0 (B.9)

can be solved for mym,,, by the bisection method for any given frequency f € (0,1).
Once myfma; is determined, m is swept from mpin = 0.5 to mysmaz. At each point, 65 is
adjusted so that the normalized frequency is kept constant. Again, the bisection method
is used to solve for 83, given m and f.

The starting point for computation of control-to-output characteristics for each § =
const. is m = 1, f = 0. Then, m is swept from 1 to 0.5, while at each point 6§ is
regarded as a function of #; and the bisection method is used to find 6, that results
in the predetermined load current §. Existence and uniqueness of the solution can be

established easily.

Constant-Frequency Control: Mode I,

Assume that the normalized switching frequency f = const. is given. The upper
part (for m > 0.5) of the maximum-load boundary curve for mode I3 coincides with the
f = const., load-to-output characteristic for mode I;. The lower part (for m < 0.5) is

symmetrical around m = 0.5.
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In order to compute a load-to-output characteristic for a given control D,, maximum,
Mumaz(D.), and minimum, My, (D,) are found as points on the boundary curves with
(61+62)/6, = D,. This is possible if D;y < D, < D.2, where D.; and D,z are maximum
and minimum control duty ratios on boundary curves. Then, my,2(D.), Mmin(D.) are
found using the bisection method with m as an independent variable along the boundary
curves.

Points on load to output characteristic are computed by sweeping m between the
limits. At each point, the minimum current, ¢}, and the maximum current, ¢4, are found
such that all conditions for operation in mode I, are satisfied for ¢}, < 13 < ¢}. Denote by
f2new(f2) a function that maps current i3 from the beginning of a cycle to current {2 at
the end of the cycle. For i3 € (14,¢%), the function is well defined by use of DC analysis

equations of Section 9.4. Using the bisection method, equation
1(i2) = fz2new(i2) —12 =0 (B.10)
can be solved for 12 provided that
n(i3)n(iz) < 0. (B.11)

Since m is between m,,;,, and My, all points are inside the operating regioﬁ for mode
I, and existence of a solution is guaranteed. Uniqueness follows from the fact that 5(13)
is 2 monotone function of 2. With known initial condition for 13, a steady-state solution
for all states and all #; follows directly from the DC analysis equations. Finally, § is
determined from Eq. (9.34).

For a control-to-output characteristic, limits for the equivalent duty ratio, mpn(6)
and My, (6), are found at intersections of boundary curves with a § = const. line.
This is possible if the maximum load for m = 0.5 is greater than the given 6. Since
Mmin(6) = 1 — Mpmaz(6), the solution for one intersection is sufficient and it is found
using the bisection method.

Points on control-to-output characteristics are computed by sweeping m from the
lower to the upper limit and by adjusting D. so that at each point the resulting load
current coincides with given 8. The bisection method is applied with D, as an indepen-

dent variable. The upper and lower limit for D, are determined as control duty ratios
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found at limiting points for m. At each value of m and D., a steady-state solution is
computed as described above in the case of load-to-output characteristics. Existence of
the solution is guaranteed by the fact that each point on the curve is in the operating

region of mode I,.

B.3 Zero-Voltage, Multi-Resonant Converters

OFF-OFF State: Numerical Solution

In general, the solution for the OFF-OFF state is the minimum angle variable 8* > 0
such that either vg(6*) = 0 or v;(6*) = 0, or both. Since v4(f — o0) — —o0, it follows
that 6* always exists. Except for particular values of initial conditions, it is not possible
to solve for §* analytically. A numerical procedure is described in this section.

Zero crossing of voltage v() (v; or vg) is necessarily between angles 6’ and 6”. Here,
9' is equal to zero, or it is a point where v(f) attains a local maximum, while 6" is a
point where v(0) attains its local minimum. Since dv;/d§ = ¢, and dvg/df = i, — §,
points where extrema are attained can be found as zeros of ¢,(§) =0 and ¢,() — 6§ = 0,
respectively. From Eq. (10.24), zeros can be found analytically for any set of initial
conditions.

Assume that, as explained above, two points closest to zero, #' and 6" are identified
such that

v(8')v(6") < 0. (B.12)

Then, equation v(f) = O can be solved by the bisection method and uniqueness of the
solution follows trivially.
It may happen that v;(8) = O cannot be solved. If this is the case, §* is the solution

of vg(8) = 0. Otherwise, 6* is assigned to smaller of the two solutions.

Variable-Frequency Control: Modes (I,1I);

Control-to-output DC characteristics for § = const. are computed by sweeping 6
from 02y, to a maximum value f2pmqz. Angle 2.y is determined as minimum 63 for

which all necessary conditions for operation in modes I; or II; are satisfied. 0; =
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02maz corresponds to the minimum frequency fmin(6) as discussed in the DC analysis
of Section 10.3. Both 03,,,; and 03, are found by applying the bisection method with
a criterion that is not a sign of the function but is a flag that indicates whether or
not all operating conditions are satisfied. Maximum frequency, fmaz(§), and minimum
frequency fmin(6), corresponding to 62 = 0z, and 02,4, are tabulated as functions
of 6. Moreover, equivalent duty ratios determined at limiting values of f; are used to
generate boundary curves my,;,(6) and my,,;(6) shown in Fig. 10.6.

Control-to-output characteristics are computed by sweeping 8, between 03,,;,, and
02maz in DC analysis equations.

Computation of load-to-output DC characteristics is more involved since frequency
f is a predetermined constant. Intersections of f = const. with tabulated functions
Smin(6) and fmaz(68) yield minimum, 8, (f), and maximum, 8mqz(f), load currents for
which operation in modes I; or II; is possible. If fmin(0) < f, 6min(f) = O, unless
fmaz(0) < f, so that operation at the given f is not at all possible. At each point
8 € (bmin(f),0maz(f)), frequency f is regarded as a function of independent variable
62. The bisection method is used to solve for §; that results in a frequency equal to
f. Finally, the equivalent duty ratio is calculated using Eq. (10.38) or Eq. (10.39), as

appropriate.

Constant-Frequency Control: Modes (I,I1,III),
Steady-State Solution

Suppose that f)arameters z, f, § and D, are given. The problem is to find a steady-
state solution for ¢,, v, vg, and ;. At the end of ON-ON state, the initial conditions for
voltages are known: v;; = 0, and vg; = 0, while ¢,; > O can be regarded as an independ-
ent variable. DC analysis equations of Section 10.4 can be used to find current s,; at
the end of the switching cycle. Denote by fy1pew(tr1) the function that maps current #,;
from the beginning of a cycle to current i,; at the end of the cycle. Function tripew (1r1)
is defined on interval (i},,¢",), assuming that necessary conditions for operation in mode

I, II; or III, are satisfied for each ¢,; € (¢};,1F;). Equation

’7("1'1) = ’.rlnew(irl) -4, =0 (B.13)
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can be solved for ¢,; by the bisection method, if n(¢};)n(i}s) < 0. Uniqueness of the
solution is confirmed for all sets of input parameters used to obtain the boundary curves
and DC characteristics of Section 10.4. However, uniqueness of the solution in general is
taken without proof. Once a steady-state solution for t,; is found, all other states and

the equivalent duty ratio follow from the results of the DC analysis in Section 10.4.

DC Characteristics

Control-to-output DC characteristics are found for given z, f and 6§ by varying D,
from D pmin t0 Depaz. For all D, within the limits, there exists a steady-state solution.
Load-to-output DC characteristics are computed for given z, f and D, by varying §
from zero to some maximum value §,,4z, where a steady-state solution ceases to exist.
Omaz and m computed at § = 8,4, define points on the boundary curves shown in

Fig. 10.9.

Constant-Frequency Control: Mode IV,

Suppose that z, f, § and D, are given, and consider current 1,4 as an independent
variable. Assume that for ¢,4 € (i4,1l,), conditions (10.77) necessary for operation in
mode IV, are satisfied. Denote by t,4new(tr4) the function that maps the current at the
beginning of a switching cycle to the current at the end of the switching cycle. It can
be verified that n(tfy4) = franecw(tra) — tr4, defined for ¢}, < ¢,4 < 47, is a monotonously
decreasing function of ¢,4. Therefore, assuming that ¢}, and ¢, can be found, n(i;4) =0

can be solved for 1,4, provided that

n(irg)n(ivs) <O. (B.14)

Once current ¢,4 in steady state is found, all states and the equivalent duty ratio follow
from the DC analysis of Section 10.4.4. DC characteristics are computed in the same

manner as for modes Iz, II; or I11;.
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