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Furthermore, since

W™ = uF — Dif |

mod

where w™ is the velocity evaluated from the model equation, from equations (5.12) and

{5.13), it can be shown that

w™a) = —we(c) +wi{a) — Dif(a) , (5.16)

= wiec(a) + wz(e) - Dif(a) . (5.17)

Since Dif{a} is continuous across the real o axes, this means that we have derived the same
local terms as that of the full equation.

In summary, we have shown that our model equation generates the same tangential
velocity jump as that generated by the full equation. As a result, these two equations
develop the same type of singularities at almost identical location up to the leading order

term.

5.1.3 Local Form of the Curvature Singularity

In this subsection, we show that our three-dimensional model equation preserves the local
form of the curvature singularity near physical singularity time.

Following the analysis in Section 3.5 of Chapter 3, it is sufficient to show that we can
derive the asymptotic system (3.72) — (3.74) from the model equation. It leads to the
asymptotic approximation of the local sheet form straightforwardly, as we have seen in
Chapter 3.

In fact, following the derivation by Hou & Zhang [17], as long as the perturbations
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are small in magnitude, we can show that the difference between our model equation and
the full equation only contributes to the smoother terms. As a result, we claim that the
leading order system from our model equation has the same leading order terms as (3.72)
- (3.74). Consequently, following the same derivations as in the Section 3.5 of Chapter 3,
we can show that by a similar transformation on the interface variable functions, our model

equation preserves the local form of the curvature singularity near physical singularity time.

5.2 Two-dimensional Model Equation

5.2.1 Formulation

The motivation of deriving a two-dimensional model equation for the Birkhoff-Rott equation
is mainly for computational purposes, and more importantly, as a special case for the
three-dimensional model equation. In fact, we provide more detailed analysis to show that
our model equations does captire the singularity type and the local physical singularity
structure of the full equation.

In the two-dimensional problem, the model equation is derived by approximating

(€) - z(¢)

by its first order Taylor expansion at z(£'} as

2ENE-€),

where z; stands for the space derivative of z(&, 1) [16].
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Therefore, the two-dimensional model equation is defined as:

0z %  Te(g)de
(&t) 57 / 2@ DE-8) (5.18)

where the over bar denotes the complex conjugation.

In this section, we assume that the perturbation of the sheet and the vortex sheet
strength are 2w periodic, i.e. , that 2(§ + 2m,t) = 2w + 2(§,1), Te(é + 27) = Tz, If we
normalize the flow so that the average jump in the tangential velocity across the vortex
sheet is unity, it implies that I'(£ + 2x) = 27 + I'(£). Given the periodicity, (5.18) can be

written as

9z(¢,t) _ i/% Te(£)
0

1 Ny
S = i . cot(§(§—§))d§ . (5.19)

Now, we extend £’ into complex domain, and consider z({£) as a complex function defined

on complex domain. We write the Cauchy principal value as a contour integral:

= T(e) Tel€) Lo 200
| s meetyte - e = [ eontle— €'+ S

(5.20)

where the contour € runs from £ = 0 to £ = 2w, and is assumed to be deformed beneath
& simple pole at £ = £. From the periodicity assumption, it is reasonable to assume that z

and I’ have the forms of

&) =&+ s(1), TE)=E+0(). (5.21)
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Following (9]. we complexify s as follows:

s*(&:1) = s(€,1) . (5.22)

Equation (5.19) can be analytically continued to the upper half complex £ domain as:

as*(E.t)y 1 1+ oe(E) 1 , , 1+ o¢(£)
o Imi fe Ta ey CHGY G D 5T (5.23)
where
Vg y=¢c-¢. (5.24)
Furthermore, we can write the equation as follows:
9s* (€.t} _  oel8) — s5e(8)
ot T2(1 + sg(E,1) +GEY (5:25)
where
_ L PR cot(:,zl-(.f - {’)) ’
Ge.t) = o [ o€+ TR e (5.26)

To derive an evolution equation for s{£,t), we take complex conjugate on both side of

equation (5.19) and deform the integration contour so that

Os B 12" Te(€) 1 R

St = o /0 —25(5’.t)60t(_(£_£))d§
1 Te(€') ; Lel€)
- = /C S cot( (€~ ENde’ + amiz o

14+ 0(8) 1 -/1“5‘5)

T sED) I e mE D) cot( (€ ~ €
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Finally, we extend £ into the upper complex domain to get

ase.t) _ o8 - sp6:t)
o 2L+ siEe)

+GYEL) . (5.27)

where

cot(z(€ - £)

T }de' . (5.28)

4mi

G (1) = —— (14 octenti +

From the derivation, € runs from & = 0 to £ = 2w, and is assumed to be deformed
beneath a simple pole at £ = £. However, following the idea used by Cowley, Baker &
Tanveer [12], we take the contour to run from & = 0 to £ = 2r along the real & axis
for the simplicity of the later analysis. The result is going to be confirmed by numerical
calculations a posteriori.

Assume we start with an almost flat interface, ie. | 5:(§) = O(e) for £ € R, it can be
shown from the Taylor expansion that

)

. i : -
T s (@.0) = E+C0‘t(§(€*£))+0(c) .

On the other hand, it follows from straightforward calculation that
1
i + cot(5(§ = €)1 ~ 2exp(~Im(§)) < 1,

when £ is far above the real axis. By combining the above two inequalities, we obtain the
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inequality that bounds the integral terms in (5.25) and (5.27) that

!H 2ot3E— N _ oy

1+ s.g(f’,i)

for Im(&) > 1.

Under the above estimation, equations (5.25) and (5.27) can be re-written as:

ds*(6,1) _ o) —se(8)

ot o 2(1+se(€,1) 7
Os(&,t) _ ol&)—sp(&.t)
o T 2L+ sEE)

(5.29)

(5.30)

In summary, we have derived the same simplified model system as system (2.13) in [12).

5.2.2 The MBO Initial Condition

In the rest of this section, we concentrate on the singularity formation of model equation. By

considering several different classes of initial conditions, we show that our model equation

develops the same kind of singularities spontaneously at iime £ = 04+ as the full Birkhofi-

Rott equation.

We start with the initial condition given by

8{£,0) =0, o¢(£) =ecos() .

(5.31)

This initial condition was first used and analyzed by Meiron, Baker & Orszag in [22].

Thereafter, we refer to this condition as the MBO initial condition.
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Consider the following expansion of z(£,1) with respect to ¢,

2= 2(€) + tz1(€) + Pz(€) + -

Substituting the MBO initial condition into the expansion, we get

»n{€) =¢.

(5.32)

(5.33)

Other terms will have to be derived from the model equation. Substituting the expansion

into equation {5.18), and expand it in powers of ¢, we get:

21(6) + 2tz (E) + -0 =
1 [ ) 1 , r et ,
o | (e ecosE)eot(5(6 — €N - 2 () + e

A7y 0

In particular, since zg = £, we can derive the formulation of z (£} as:

02" L " eot( e — €M1de’
5O = rlet=0= g [+ ecose)ootlle - £t
1, .
= 75155111{.

Since sin*(£) = sin(£), it implies

1
(&) = —éiasiné .

(5.34)

(5.35)

(5.36)

(5.37)
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Furthermore, we can derive z» as

il
228 = 4_115 0 (l—I-Ecos{')cot.(%({—5’))(—2{({’))(1{’

_ Ly N (=L ie cos € cot( L (€ — EMde!

= o O ecose (- Jiecose ot € - )
2r

= ﬁ ; —(%iacos§’+%i£20052§')cot(%(5—5'))(1{’
27

= -4372 ; —(§iecos§'+%isgcos%')cot(%({—5'))d§'

1 1
= —Zesinﬁ - gesin%

i
= —Zasinf(l + ecosé) .
Combining the first two terms, s has the expansion
1. . 1 5.
s = izetsmﬁ — gst siné(l +eccosé) +--- . (5.38)

However, no matter how small the time ? is, the power series does not converge far from
the real £-axis. In particular. it follows from (5.38) that the expansion becomes disordered

when
exp(—i€) ~ ™1t

which suggests that for small times, and far from the real £-axis, a similarity solution should

be sought of the form

n=ctexp(—if) . s=s0(n)+O), " =s5(n)+0(t) - (5.39)



132

It follows from the transform that

8 Doy _ N
%" e exp{ z&)an , (5.40)
G, ooy B D

Combining (5.29), (5.30), (5.40) and (5.41), we find that to leading order

1 . 1
T T H =gy T W= e 42

Cowley, Baker & Tanveer [12] has derived the same system from the full eguation for
the MBO initial condition. This is to be expected since the full equation and the model
equation have the same leading order systems (5.29) (5.30) for the MBO initial condition.

From here, we can just follow all the analysis performed in [12]. In particular, their
analysis showed that s and s* have 3/2 power singularities at

2

&~ i]n(f:t

), (5.43)

when ¢ = 0+. This shows that the solution of the model equation develops 3/2 power

singularities at & ~ iln(-ft-) spontaneously at t = 0+.

5.2.3 Other Initial Conditions

In this subsection, we study the solution in which, initially, there exists at least one point £,
such that (1+ sgg) or (14 SSE) vanishes. In particular, around those points, the right-hand
side of equation {5.25) and (5.27) are dominated by the leading order terms.

Since the leading order terms blow up at some position &p, it is very possible that some
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singularity emerges from the analytical initial data. In the next two subsubsections, we
consider two cases. First, we study the solution around one point £ = £y, where (1+sg¢) = 0
but (1 + s5.) # 0. Then, we study the solution around a point = &, where (1 + sqo¢) and
(1 + i} vanishes simultancously. We show that our model equation generates the same

type of singularity as the full equation does under the above initial conditions.

The case (1 + sog(éo)) = 0 but (1 + s5.(&0)) #0

Apparenily, it is infeasible to expand the solution in powers of ¢t alone, since the expaunsion
would break down around &. This suggests that we expand the solution as a power series

in both { = £ — & and time ¢. We seek a solution in the following form:

£
Sp1 — J01

1 2
= — = . 2 LG .. . 5.

s soo — ( + 2802C +...+ (2(1+831) +Goo+ -t {5.44)

* * EJ 1 * 1 + (‘r
5 = SUO - SU].C -+ ‘2"502C2 + ... + ( 2S0221 - )t + P (5.45)
(5.46)

where
J%s N +

Son = ?"(‘)(&) » oo = d¢(&o) . and Ggg = G7(&,0) . (5.47)

The non-uniformity arises from the leading coefficient of O(t} terms in the expansion.
We need to match ¢ with t. From the simplified model equation (5.29) and (5.30), we see
that the leading coeflicient of O(¢) terms in (5.44) and (5.59) should play a deterministic
role. These two terms should be matched with the sp2 and sy, terms respectively. This

suggests that ¢ = O(t%) be a good match [12].
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Forf <« 1, let

2(1 -+ 0’01)

sp2(1 + 801))- (5-48)

(= 'qwt%, where w=(

and expand s and s* in the form of

1
5 = spp— nuwi? + (5+Goo+ iig‘“A( NE+ .. (5.49)
s = spo+((A+s51)Bn) — n)u)ti +.... (5.50)

so that by substituting into the evolution equation, A(n) and B(7) can be solved. Since we
have changed variables from (£,1) to (%,1), where £ = & -+ nwt%, the following equalities

can be verified:

o _ 20n 0o -1,-3

% ~ onoe T aee =W ) (5:51)
& _ dom od -la o

% = oot EE 3 Lo + o (5.52)

Substituting (5.52) into (5.49), we get:

1 1 1 1
° = —§nwt_% + §nwt_% + (5 + Ggo + + oo

d 1+ o1
= Alm)

1+ 58, T2 x ey
(5.53)

Substituting (5.51) into (5.50), we have

st=((1+85)By—Dw '+, (5.54)
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which implies

5¢ 1 1

— . L O[3). 5.55
30+s) 2 204508, (t2) (5:55)

Moreover, substituting (5.53) and (5.55), into (5.27), we extract the leading order terms

1+ om
1+ 83

1 1
190 a1+ G (5.56)

A = 3 20+ 55, B,

1+ s5)
which can be further simplified to

1
24 — nA, = -5 (5.57)

Similarly, from equation {5.25), it can be shown that

B—nBy=—. (5.58)
]

The system that consists of equation (5.57) and equation {5.58) coincides with system
(2.28) in [12]. Therefore, following the analysis presented by Cowley, Baker & Tanveer, we
can show that in this case, our model equation develops the same type of singularity as that
of the full equation. Furthermore, it follows naturally that the singularity appears at almost

the same location up to order O(t%) when ¢ < 1 as that of the Birkhoff-Rott equation.

The case (14 spg(€p)) = 0 and (1 + sg,(£o)) = 0

The above analysis is not valid when (1 + sp¢(5o)) and (T + Soe (£o)) vanish simultaneously.

However, following the idea presented above, we still can expand the solution as a power
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series in both { = £ — £y and time ¢:

1 2 —1—0‘01 "
s = spo—C+=8pl*+...+(———+Gpp+---)t+...
2 2s3,C 00
. i 1+ om
s = sgo—c+§sggg2+...+(23mc +Coop+ .. )tk
where
3n30

Son = g (60) » 001 = 0¢(60) , amd G = G”(60,0) -

(5.59)

(5.60)

(5.61)

Again we need to match { with . From the simplified model equation, we see that

the leading coefficient of the O(2) term should play a deterministic role. These two terms

should be matched with the sy and s, terms respectively. This suggests that { = O(t%)

would be a good match.

Let

4(1
= Tlﬂt%, where Q= (_( + ':01))-;- _
S5025p2

Therefore, the expansions {5.59) and (5.60) need to be replaced by

1
8 = Sop— ﬂQi% + 530292A(n)t% +ae,

1,
s = shy— NI+ 5332923(1;)11% o

(5.62)

(5.63)

(5.64)
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Change variable from (£, £) to (n,1), where £ = & + nﬂt%. We find

2 don oot

17
L - 2, 9% _gy-H L 5.65
% ~ poe oo O g (5.65)
7] ddn 0ot 1,9 @
= = = e oyt 2 5.66
% " mpot e 3 o m (5.66)
It follows from substituting (5.66) into {5.63) that
Os 1 2 1 2 1 -1 1 _1
i —gﬂﬂt 5+ §nﬂt i §5()292A(‘T})t 3 — ESDQanAnt 34 ..
= 2ot 3 2A() A+ (5.67)
Similarly, substituting (5.65) into (5.64) yields
& l & -1 1
3£=“‘1+§302Q t3Bﬂ+... f (5.68)
which implies that
— s
e ___1 _+iio0). (5.60)

2(1+s7)  s50B,

By substituting (5.67) and {5.69) into (5.27), we extract the leading order terms as

1., 1 .
630230293(214 — nAv,?) = —E";SO2SQQQ3 . (5.70)
which can be further simplified to
3
24 -pdy= > . (51)

2B,
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Similarly, we can derive from (5.27) that

3
9B — nB, = —— . 5.72
7 24 (5.72)

System (5.71) and (5.72) coincides with system (2.38) in [12]. Therefore, we can follow
the analysis by Cowley, Baker & Tanveer from now on. In particular, we can show that
in this case, our model equation also develops the same type of singularity {of power 3/2)
as that of the full equation. Further, as in the previous case, we can also show that the
singularity appears at almost the same location up to order O('t%) when ¢ <« 1 as that of

the full Birkhoff-Rott equation.

5.2.4 Motion of the Singularity

In the previous two subsections, we have shown that our model equation develops the same
type of singularity as the full equation spontaneously in the complex domain at { = 04-. In
the subsubsection, we show that at time ¢ = O(1), singularities can continue to propagate in
the extended complex domain. In particular, we derive an ODE which governs the motion
of the singularity, and thus, we show that the singularity type does not change along the
trajectory.

Suppose that at time ¢ a singularity is at £ = £,(¢). Close to the singularity we seek an

asymptotic expansion of the form:

s = Solt)+Si{t)n+ Spl)f + ..., (5.73)

s = SiB+ S+ SOP ..., (5.74)

where 7 = £ — £:(1).
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Substituting the above expansion into (5.25) and (5.27), and equating like powers of 7,

we derive the equations for the functions in the expansion as:

Sp— £.81 = -%;TSI;E? + G*(&s, 1), (5.75)
8- és; = -2 e glen), (5.76)
80 = -G =" (5.77)
50 = -T2, (5.79)

Although we have obtained similar system as (2.43) in [12], the forcing term is different.
It shows that although in both equations, the singularity type does not change when they
propagate along the complex domain, the actual trajectories can be different. Therefore,
the physical singularity time would be different, which has been verified by our numerical
calculations.

In summary, we conclude that in our model equation, 3/2 power singularities are gen-
erated spontaneously at ¢ = 0+, as in the full Birkhoff-Roit equation. The singularities
can move around the complex domain at later time but keep the same power. Therefore,
the physical singularity should alsc be of 3/2 power in our model equation for the initial
condition we studied. However, the trajectory along which the singnlarities propagate in

our model eguation might be different from that in the full equation and the times at which
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the physical singularities occur might also be different.

In our next subsection, we study the interface shape in the neighborhood of a singularity
near the physical singularity time in our model equation. We also show that our model
equation preserves the local singnlarity structure of the full equation near the physical

singularity time. All results will be verified by our numerical calculation in the next chapter.

5.2.5 The Local Form of the Curvature Singularity

In this sithsection, we study the local form of the curvature singularity. We hope to obtain
the interface shape in the neighborhood of the singularity. Without loss of generality, we
consider the case where ¢(£) = 0 in (5.21). Moreover, we assume that the singularity forms
at £t =0, £ =0, z = 0, and that the surface is moving with a velocity 2. We also assume
that at the time of singularity formation, the surface is locally flat in the neighborhood of
the singularity, with z ~ Af, where A is a complex number. The assumption is reasonable
when the singularity is of power 3/2.

We seek an asymptotic expansion of the solution to our model equation (5.18) in the
power series of both ¢ and £. We split the integral region into two subregions: a local region
with £ ~ O(2) and an outer region covers the rest of the integration domain. We also split

the integral into three parts according to the regions.

/. %(€ S£(£ &) '{f . / f }zgg NE=9) " (5.79)

where || € §d < 1.
Under the above assumptions, the first and third integral contribute to O(t%) and O(2!)

terms, whereas the shape of vortex sheet in the neighborhéod of the singularity is determined
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by the second integral. In order to approximate this integral, we re-scale it by using:

z= 5| A%+ A&+ s{€,7), t =M, (5.80)

where s here is slightly different from the s defined before in 5.21.

The second integral then becomes:

& d{l‘
[_5 ZEHE-¢) ,\/5(1+s§ ()~ &)
dg’
,\ —6- §(1+S£ £+ N0

_ / T sl 61 gg_;f“fd_c
X s §(1+8£(§+C N-¢) ¢ Al (
_ ] sg€+ ¢ dC 3111(6;5)
- Mrsler ) ¢ A

_ / se§+¢t) dg
Mg MrsE+CD) ¢

+0(e) . (5.81)

Again, we take |£| ~ ¢ when |£},t €« 1. We see, by splitting the integral, the first and the
third integrals must balance the Zg term in the expansion, and the next term of £ % matches

with the second integral.

Let

£={(-7)x, (5.82)

and seek a similarity solution:

5= (~1)IF(x) | (5.83)

where 1 < g < 2. For the initial conditions we studied in the early subsections,we know
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that g = %

The change of variable implies

0

= (=1) 84
& _  x 9 oy
ot ey M (5.85)

Therefore, by substituting the change of variables into the similarity solution, we get

o (SR b)) +otr ) (5.86)

On the other hand, further manipulations on (5.81) implies

s g ~ sel€+¢t) A
[iw@ve=s - 3 i s Ars+Cn ¢ T o0 (587
- / ” (‘T)q 1F (X+")( ~P)dn+0(r)  (588)
_ /\/ —m)" IF (X = i+ O(r) - (5.89)
By matching the O{(—7)%"!) terms, we obtain
xFy — gF = ﬁ /_ Z Wcﬁn i (5.90)

In order to fit the ‘outer region’” where £ = O(1), we claim that F ~ Fylx|9 as x — *co,
where Fyi are constants and satisfy Fy, = —F_. Under this condition, we perform the

integration by part in equation (5.90). The result is:

XFy - gF = 2:” /m F(X""T?Q_ FOO g, (5.91)
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Note that eguation (5.91) is the same as equation (5.7} in [12], which shows that our
model preserves the shape of vortex sheet where a physical singularity appears. Here, we
just briefly restate the main results in [12] which were derived from equation (5.91). Our
numerical calculations have confirmed these results.

By solving equation (5.91), we can show that

F = ~(1 —i)(4x® + 1)%? sin(g arctan(2x)) , (5.92)

where 7 is a real constant.

For the initial conditions that we considered here, g = g Thus the vortex sheet has the
local form
1
ze ~ A+3y(1- DA(-7)1/2 cos(§ arctan{2y)) , (5.93)

Zge = Asge ~ 3V2yAexp(—in /A (—T)V 3 (4x® + 1) Y4 sin(% arctan(2y)) .

(5.04)

Based on (5.94), we would like to mention one special case of our analysis. Note that
if we take arg A = 7w /4, the leading order branch-cut singularity is only evident in z, and
not in y. It provides an explanation of Shelley’s [28] observation that when £ = 0.5 in the
MBO initial condition, the nature of singularity in the real variable seems to be different
from the imaginary variable in the full vortex sheet equation. From the analysis presented
above, we have shown that a similar phenomenon should happen to our model equation as

well. This rather surprising result has also been verified by our numerical calculation.
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Chapter 6 Numerical Study on the Model Equations

In this chapter, we validate our theoretical analysis by performing numerical computations
on both two-dimensional and three-dimensional vortex sheet problems..

The sections in this chapter are artanged as follows. Section 1 presents our numer-
ical results for the two-dimensional problem. While in Section 2, we perform numerical

calculations on the three-dimensional problem.

6.1 Two-dimensional Model Equation

6.1.1 Algorithm

The moticn of a two-dimensional vortex sheet is governed by the Birkhoff-Rott equation

[6]-

60 =g [ Te€)eot a0 - )] (6.1

where the over-bar denotes the complex conjugate, ¢ is the time, z(£,1} = x(&, ) + iy(£, 1)
is the complex interface position parametrized by a Lagrangian variable £, and T(£) is
the circulation in the sheet measured between the point with coordinate 2 and a reference
particle. Most importantly, the integral takes the Cauchy principal value. function z — £
and function T'¢ are assumed to be 27-periodic.

Following Shelley [28], we use the modified point-vortex approximation (subsequently

referred to as MPVA) to study the full vortex sheet equation. Discretizing z(£,1 = 0) and
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¥(€) = T'¢(€) uniformly in the Lagrangian parameter £ as

z(t = 0) = 2(jh,t = 0) ,

v ={ih) ,

with h = 2 /N and j ranging from 0 to V — 1, we can approximate the velocity integral in
(6.1) by the alternating trapezoidal rule

Aoy 2

Ami

N-=1

> oot 3les(t) - (1) (62)
J+k odd
Shelley [28] showed that the approximation is of spectral accuracy, which means that the
error decreases faster than any algebraic power of h.

Naturally, MPVA can be applied to our model equation as well, since it is described as

o= [ o [fe €] (63)

However, since our model equation can be re-written as

% et) - = (3). (6.0

%€
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where H stands for the Hilbert transform defined as
11O =5 [ 1€ eot |56 - €| ag (6.5)
o) co 3 . .

The integral can be evaluated by means of FFT.

One common technique needed in numerically solving both the full equation and our
model equation is the spectral filtering technique introduced by Krasny [19]. Due to Kelvin-
Helmholtz instability, the round-off error of the calculation leads to a rapid and spurious
growth of the high-wavenumber amplitudes [27], causing a severe departure of the computed
solution of the discrete system from the exact solution. For this reason, Krasny employed
a Fourier filter that, at each time-step, zeroes any Fourier amplitude whose modulus is less
than some preassigned tolerance. Recently, Caflisch, Hou & Lowengrub [8] have proved the

convergence of the modified point-vortex approximation with spectral filtering.

6.1.2 Numerical Results

In this subsection, we study the two-dimensional vortex sheet with MBO initial condition.

The initial condition is

2(§t=0)=¢ (6.8)

(&) = =1 + £ cos(£) (6.7)

for £ = 0.5.

For this initial condition, we perform two sets of mumerical computations, using the
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full equation and our model equation respectively. The calculations of both equations are
performed using quadruple precision in order to detect the early time singularity formation.

The procedure can be described as follows:

1. Evolve both equations from ¢ = 0 up to ¢ = 1.3, by taking N = 256, At = 0.0025.

2. Double the mesh points N to 512, reduce At in half to 0.00125, and calculate both
equations from ¢ = 1.3 up to = 1.5 by taking the final results of the last step as the

initial condition.

3. Further double the mesh points N to 1024, reduce At to 0.000625, and calculate both

equations from t = 1.5 up to £ = 1.65.

In our calculations, the filter tolerance level is set at 1072 for both equations. Both the
above procedure and the tolerance level are set to follow that of [28], so that we can compare
the compuiational results with those by Shelley in [28].

The purpose of this section is to confirm our theoretical resnlts for the two-dimensional

model equation. Therefore, we analyze the numerical computations in four aspects:

1. Interface shapes and their Fourier spectra.

2. Early time singularity formation.

3. Local sheet form at the physical singularity time.

4. Physical singularity time.

1. Interface shapes and their Fourier spectra. In this part of the numerical
analysis, we want to show the sheet interfaces and their Fourier spectra for solutions of

both equations. As we can see from Figure (6.1) and Figure (6.2), the Fourier spectra of
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Tigure 6.1: The interfaces and Fourier spectrums calculated from the full equation, in which
t = 0.6 to 1.6 at intervals of 0.1.

the solutions to both equations have grown considerably as time increases, due to Kelvin-

Helmholtz instability.
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Figure 6.2: The interfaces and Fourier spectrums calculated from the model equation, in
which ¢ = 0.6 to 1.6 at intervals of 0.1.

2. Early time singularity formation. From the theoretical analysis for both the full
equation and the model equation, we know thati singularities form spontaneously at ¢ = 0+
when complexifying the independent variable. In particular, we showed that the solution
to our model equation develops the same type of the singularities at the same position at
which the full equation develops a singularity. In order to provide convincing numerical

evidence to support our analysis, we form-fit the Fourier spectrum of the data with:

| Xx(t)] = Cxk™5% exp(—axk) , (6.8)

Y (t)] = CyE™ exp(—oyk), (6.9)

where 5(; is the kth Fourier coefficient of x{£,1) — £ and ?f: is the kth Fourier coefficient of
y(¢,t). This form-fitting idea follows the previous work by Krasny [19], Pugh [26], Shelley
(28], and Baker, Caflisch & Siegel [3]. In the form-fitting, ax measures the distance of the

z-direction singularity from the real £ axis, while (8x — 1) measures the power of singularity
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{a) ax {b) Bx

Figure 6.3: The form-fitted oy and Bx calculated from the full equation, in which ¢ = 0.6
to 1.3 at intervals of 0.1.

in the z-direction and similarly for ay and By.

As we can see from Figure (6.3}, Figure (6.4}, Figure (6.5), and Figure (6.6), Sx and By
are around 2.5 for both equations. This shows that at early time, both equations generate
3/2 singularities at x and y directions. Moreover, we notice that form-fitted o's is slightly
different between the full equation and our model equations. This indicates the disparity

between the trajectories along which singularity propagates in the two equations.
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Figure 6.4: The form-fitted cx and Bx calculated from the model equation, in which £ =
0.6 to 1.3 at intervals of 0.1.
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Figure 6.5: The form-fitted ay and By calculated from the full equation, in which ¢t = 0.6
to 1.3 at intervals of 0.1.
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Figure 6.6: The form-fitted oy and Gy calculated from the model equation, in which ¢ =
0.6 to 1.3 at intervals of 0.1.

3. Local sheet form at the physical singularity time. In the numerical study by
Shelley [28], he observed that the singularity type in the z direction is different from that
in the y direction. In later work, Cowley, Baker & Tanveer [12] explained this disparity
by asymptotic expansions around the neighborhood of the physical singunlarity near the
singularity time. Further, our analysis predicts that even in this case, our model equation
should still capture the local form of the vortex sheet shape at the physical singularity time.

By comparing Figure (6.7) and Figure (6.8), we see that for both equations, the second
order space derivative in the x variable becomes singular, while that in the y variable stays
regular. To provide a more precise measurement, we form-fit the Fourier spectra of the
interfaces. As can be seen in Figure (6.9), Figure (6.10), Figure (6.11), and Figure (6.12),
by comparing the § part of the figures, we conclude that the singularity’s power is about
3/2 in the z variable, while the singularity’s power is about 2 in the y variable. This subtle

feature is also captured by our model equation.
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(a) z-direction (b) y-direction

Figure 6.7: The second order differentiation on z and y direction calculated from the full
equation, in which £ = 1.5, 1.525 and 1.6 to 1.625 at intervals of 0.0025.

{a) z-direction (b) y-direction

Figure 6.8: The second order differentiation on x and y direction calculated from the model
equation, in which ¢ = 1.3 and 1.5775 to 1.5925 at intervals of 0.0025.
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Figure 6.9: The form-fitted ax and Sx calculated from the full equation, in which ¢ = 1.6
to 1.8615 at intervals of 0.0025.
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Figure 6.10: The form-fitted ax and Bx calculated from the model equation, in which ¢ =
1.5775 to 1.5925 at intervals of 0,0025.
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Figure 6.11: The form-fitted vy and By
to 1.615 at intervals of 0.0025.

(b) By

calculated from the full equation, in which 2 = 1.6

oS
aossi- asr
ooe
o a
205 // :
o . 250
Lo /,/ ’1/,,
o e
a0 u e e 2
o~ . .
s / P
L P // P
e&2 T T 15
i " -
ams H_—/,, e
e ’.,/ '
e
sl i
o3-
[Teny
] = ) ] ) W [ a E) 40 = ) 00 =
(a) ay (b} By

Figure 6.12: The form-fitted ay and Sy
1.5775 to 1.5875 at intervals of 0.0025.

calculated from the model equation, in which ¢ =
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4, Physical singularity time. One of the major differences between the two equations
is the singularity time. To have a definite measure on this issue, we check the o form-fitting
near the singunlarity time. As we can see from the « fitting curves in Figure (6.9}, Figure
(6.10), Figure (6.11), and Figure (6.12), the singularity time is about 1.5925 for our model

equation, while it is around 1.6125 to 1.615 for the full equation.

6.2 Three-dimensional Model Equation

6.2.1 TFormulation

As we staied in the previous section, our three-dimensional model equation is:

a_z_ __1_ (lu”&lz:xz - y‘f_‘(zz’al) X (z:];[ (Qf] - ai) + z’az(az - aé))dal da.‘
ot ir 172

|2, (01 — o) + 25, (a2 — )P
o L[] ten— ) b el N
4 |

do, dov! , 6.10
7 (on— o)+ 2, (s — AP adaz,  (6.10)

where N stands for the normal direction of the interface.

However, the model equation is not a convolution operator in its present form. If
we use direct summation in our evaluation of the velocity integral, it would take O(N4)
computational complexity in each time step, where &N is the number of mesh points in each
direction. The numerical calculation becomes prohibitively expensive even when N reaches
the level of O(100). We will introduce a special coordinate system (o, az2) to reduce the
integral operator in (6.10) to a convolution operator. Then the velocity can be evaluated
efficiently by FFT.

The special coordinate system is chosen so that the following properties are satisfied
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Zo, " Bay = Cl#g, - 2a, , {6.11)

Za,  Bay = C2%ay - Zag » (6.12)

where Cq and €5 are independent of aq and we. With this set of coordinates, the integral
on the righi-hand side of equation (6.10) becomes a convolution operator with kernel

Cj

: 6.13
2m(Ca0f + 2C1on 02 + a3)3/2 (6.13)

where i = 1,2. In particular, when C; = 0 as in the case of our computation, the spectral

representation of the operator is:

—i{1
Ca(€3 + Coe)1 /27 (6.14)
and
—i2 (6.15)

(&5 + Cat3)1/2
In general, even if C} # 0, the spectral representation of the kernels are still known as {16]:

—i(&1 — C1&2)
(Ca — C2NE — 2016165 + Catl)}

, (6.16)
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and

—i{Ca6 ~ C1&r) _
(Ca — C3)(E2 - 2016165 + (H€2)3

(6.17)

For interface near equilibrium, it is possible to prove the existence of a set of coordinates
satisfying (6.11) and (6.12) [16]. From our numerical experiences, we find that such coor-

dinates exist even for large initial data.

6.2.2 Some Implementation Issues

In this subsection, we discuss several implementation issues for our computations. These
issues have been addressed by Si in [29]. For simplicity, we just present a brief introduction
here without going into too much details. Interested readers should refer to [29] (Page
71-75).

In order to construct a coordinate system so that equations (6.11) and (6.12) are satisfied

at all time, we need to consider the following details:

1. Initially, we need to find a system of (o, @2) such that equation (6.11) and (6.12) are
satisfied. We can derive a system of PDEs for these coordinates which can be solved

by an iteration method.

2. During the evolution, it is possible that the coordinates from the last time-step do not
satisfy equation (6.11) and (6.12) in the current time-step. To avoid re-adjusting the
coordinates every time, we add two tangential velocities f1 and f> to the evolution
equation. These two added tangential velocities f} and f> are determined by a set of

linear elliptic PDE’s to guarantee that (6.11) and (6.12) are satisfied at all time.

We point out that adding f; and f> does not change the singularity structure. It is
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because that the only factor that affects the interface shape in the full equation is the
normal velocity. The change of tangential velocities only results in a re-arrangements
of the Lagrangian fluid particles. It does not change the tangential velocity jump.
Thus our analysis comparing the model equation with the full equation still applies

to this case.

However, the modification of the tangential velocity changes the evolution equation of
the velocity jump potential u, i.e. p is not conserved with time any more. Therefore, we
need to derive the evolution equation of u under the new added tangential velocities.
In particular, the equation can be writien as:

du

ot

= %tﬁ + Vap - (f1T1 + foTa + f3N) , (6.18)

d
d_‘:"(ﬂ:aytza t) +V3,U'Zt

where T, Ts, and N are the local tangential directions and the normal direction.
Note that if the interface evolves with the tangential velocities from the vortex shest

equation, then

dji Ofi -
d_i;(mfyazat) = EH +V2y' D

) . -
= EH +Vaii - (AT1 + T2+ f3N)

= 0, (6.19)

where f; and f» stand for the tangential velocities derived from the vortex sheet
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equation. Therefore, it follows from combining (6.18) and (6.19) that

Elﬁ(a:,y,z,t) = vz;”"((fl_fl)Tl+(f2_f2)T2)

dt
<\ By 7y Boy
— V- _((fl - PR+ (b= PR
Hh-nh F2= fo
[Zar] o Tzl P o2

3. After each small time-step evolution, even though we evolve the interface with the
added tangential velocities, (6.11) and (6.12) might not be completely satisfied at the
discrete level due to the numerical error. Therefore, we need to reconstrict the surface
based on the computed surface. Details in this part of the computation are given in

[29].

6.2.3 Algorithm

In this subsection, we briefly describe our Algorithm:

1. Given the initial interface 2, construct (o, a2} that satisfies (6.11) and (6.12).

2. For each Lagrangian particle, evaluate the integral on the right-hand side of equation
(6.10) using FFT. Compute the normal velocity by projecting the velocity to the

normal direction and write it as f3.

3. Compute the tangential velocities on o and oo direction respectively as fi and fo

using fs.

4. Evolve the interface and the vorticity strength according to a Fourth-order Adams-

Bashforth Method.
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5. Reconstruct the fluid interface based on the computed interface o satisfy (6.11) and

(6.12).

6. Compute the solution at the next time step from Step 2.

6.2.4 Numerical Results

In this section, we will perform an sxtensive numerical study of the 3-D vortex sheet model
equation to confirm our theoretical results obtained in the previous chapters. In particu-
lar, we will investigate three aspects of singularity formation in 3-D vortex sheets in our

numerical study:

1. Interface shape and the curvature.
2_ Singularity formation.

3. Local singularity structure.

In our three-dimensional computations, we take the following initial data:

z(t = 0) = (v, o2, €1 sin{cu — ez sin{aw))) (6.21)

where 1 = 0.1, and &5 = 0.5, with

plon, 02) =20 . (6.22)

For this initial condition, we solve the model equation with N = 64, N = 128, N = 256,
N =512, and N = 1024 respectively to ensure the convergence of our computation. Every
time we donble the mesh points, we reduce the time-step Nt by half. As a result, Af ranges

from 0.01 to 0.000625. The filter tolerance level is set to 10~12 in our computation, since
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we are using the standard double precision for the calculations of the three-dimensional
problem due to the computational resource constraint. The procedure can be described as

follows:
1. Evolve the interface using N = 256, At = 0.0025 up to ¢ = 1.00.

2. Double the mesh size, reduce the time step in half, and continue the computation up

to ¢ = 1.65 with IV = 512 and At = 0.00125.

3. At time 1 = 1.45, further double the mesh size, reduce the time step in half and

compute up to £ = 1.60 with ¥ = 1024 and At = 0.000625.

‘We summarize our numerical results below.

1. Interface shape and the Curvature Plot. In this part of the study, we illustrate
the dynamical evolution of the sheet interface and its mean curvature. We can see from
Figure {6.14) — Figure {6.20) that the mean curvature develops a rapid growth in time and
a curvature singularity may develop in finite time. It is important to point out that the ini-
tially smooth curvature function is pushed to form a sharp gradient along a certain direction
(like the B, direction in our analysis) while it remains relatively smooth perpendicular to
this direction (like the £ direction in our analysis). This confirms our analytical prediction
thai singularity formation for 3-D vortex sheets can be essentially reduced to a 2-D vortex
sheet along certain space curve.

In Chapter 3, our analysis predicts that for each fixed f;, 3/2 singularities form in
the extended complex £ domain spontaneously at # = 04. Since the speeds at which
the singularities propagate depend on 1, we expect that the physical singularities would
generically appear at some isolated points first, and then spread into a one-dimensional

manifold. In Figure (6.21), we present the contour plot of the curvature. We can see clearly
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Figure 6.13: Interface calculated from three-dimensional model equation at ¢ = 1.64.

that the singular region of curvature is indeed concentrated along a one-dimensional curve
which is parametrized by 8;. The curvature achieves its maximum value at isolated points
along these one-dimensional curves. Note that in this particular example, we have ) = m

and fs = ay.
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Curvaturo

Figure 6.14: Curvature calculated from three-dimensional model equation at ¢t = 1.20.

Curvetury

Figure 6.15: Curvature calculated from three-dimensional model equation at ¢ = 1.30.
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Figure 6.16: Curvature caleulated from three-dimensional model equation at ¢ = 1.400.

Figure 6.17: Curvature calenlated from three-dimensional model equation at # = 1.50.



166

Curvatuie

Figure 6.18: Curvature calculated from three-dimensional model equation at £ = 1.60.

Curvuture

Figure 6.19: Curvature calculated from three-dimensional model equation at ¢ = 1.64.
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Figure 6.20: Curvature calculated from three-dimensional model equation at £ = 1.646.
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Figure 6.21: Curvature contours calculated from three-dimensional model equation at ¢ =
1.646.
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Singularity Formation: We study the singularity type in this part of the numerical
analysis. The purpose is to further confirm our theoretical result, which has predicted
that the singularity is of type 3/2 for a wide range of initial conditions along a certain
critical direction. Following the work of Krasny [19], we use the log-log plot of the Fourier
coefficients of the z-component of the intersection along the f2 direction with a fixed 5
which give rise to the maximum curvature value at the intersection of these two directions.
If the interface forms a 3/2 singularity at . as predicted by our analysis, the slope of the
logarithm of the Fourier modes would approach —2.5 asymptotically. In fact, from Figure
(6.23), Figure (6.24), and Figure (6.25), we see that the Fourier modes are approaching the
—2.5 slope as time increases. In particular, the four curves in Figure (6.23), Figure (6.24),
and Figure (6.25) represent the Fourier modes at four different times. As the singularity time
is approached, we can see that the Fourier modes corresponding to the lower to intermediate
wave mumbers converge to the —2.5 slope, while the higher wave number modes also move
towards this slope as the singularity time is approached. In addition, we find that the z, y,
and z components form a 3/2 singularity simultaneously. This indicates that the interface
may form a singularity of type 3/2 in finite time.

To provide further evidence of singularity formation of type 3/2, we have performed a
resolution sindy. In Figure (6.26), Figure (6.28), and Figure (6.30), we present the numerical
results using N = 1024. In each of the three figures, two sets of the computational results
are presented, using 512 by 512 mesh points and 1024 by 1024 mesh points respectively. In
addition, Figure (6.27), Figure {6.29), and Figure (6.31) show the close-up of these three
figures in the high frequency region. From the close-up plot, we observe that as soon as
the logarithms of the Fourier modes deviate from the -2.5 slope, the curves representing

the logarithms in the 512 by 512 computations also deviate from those in the 1024 by
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Figure 6.22: Cross section of curvature plot along y = 7, at £ = 1.2, 1.3 1.4, 1.5, 1.641 to
1.647 at the interval of 0.001 respectively.

1024 computation. Therefore, we conclude that the decaying behavior of the higher wave
number modes in these figures is due to the lack of numerical resolution and the filtering
effect. Moreover, we observe that at the same high wave number, the coefficients computed
from higher resclution (N = 1024) are closer to the -2.5 slope. This indicates that the higher
wave number modes will eventually converge to the -2.5 slope as more and more mesh points
are used. This resolution study gives convincing evidences that a 3/2 singularity is indeed

formed at the singularity time.
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Figure 6.23: Log-log plot of the X variable Fourier coeflicients of the a;-direction intersec-
tion passing the maximum curvature position at time ¢ = 1.61, 1.62, 1.63, 1.64. The Fourier
coeflicients plot increases as time increases. The straight line shows the —2.5 slope.

Figure 6.24: Log-log plot of the ¥ variable Fourier coefficients of the a;-direction intersec-
tion passing the maximum curvature position at time ¢ = 1.61, 1.62, 1.63, 1.64. The Fourier
coefficients plot increases as time increases. The straight line shows the —2.5 slope.
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Figure 6.25: Log-log plot of the Z variable Fourier coefficients of the o-direction intersection
passing the maximum curvature position at time ¢ = 1.61, 1.62, 1.63, 1.64. The Tourier
coefficients plot increases as time increases. The straight line shows the —2.5 slope.
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Figure 6.26: Log-log plot of the X variable Fourier coeflicients of the aj-direction intersec-
tion passing the maximum curvature position at time ¢ = 1.641, to 1.647 at the interval of
0.001. The Fourier coefficients plot increases as time increases. The straight line shows the
—2.5 slope. The two sets of curves stand for the computation results for 512 mesh points
and 1024 mesh points.



172

Figure 6.27: Zoomed plot of Figure 6.26. Log-log plot of the X variable Fourier coefficients
of the a;-direction intersection passing the maximum curvature position at time ¢ = 1.641,
to 1.647 at the interval of 0.001. The Fourier coefficients plot increases as time increases.
The straight line shows the —2.5 slope. The two sets of curves stand for the computation
results for 512 mesh points and 1024 mesh points.

Figure 6.28: Log-log plot of the Y variable Fourier coeflicients of the ¢-direction intersec-
tion passing the maximum curvature position at time ¢ = 1.641, to 1.647 at the interval of
0.001. The Fourier coeflicients plot increases as time increases. The straight line shows the
—2.5 slope. The two sets of curves stand for the computation results for 512 mesh points
and 1024 mesh points.
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Figure 6.29: Zoomed plot of Figure 6.28. Log-log plot of the ¥ variable Fourier coefficients
of the o;-direction intersection passing the maximum curvature position at time ¢ = 1.641,
to 1.647 at the interval of 0.001. The Fourier coefficients plot increases as time increases.
The straight line shows the —2.5 slope. The two sets of curves stand for the computation
results for 512 mesh points and 1024 mesh points.

Figure 6.30: Log-log plot of the Z variable Fourier coefficients of the a;-direction intersection
passing the maximum curvature position at time ¢ = 1.641, to 1.647 at the interval of 0.001.
The Fourier coeflicients plot increases as time increases. The straight line shows the —2.5
slope. The two sets of curves stand for the computation results for 512 mesh points and
1024 mesh points.
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Figure 6.31: Zoomed plot of Figure 6.30. Log-log plot of the Z variable Fourier coefficients
of the ovj-direction intersection passing the maximum curvature position at time £ = 1.641,
to 1.647 at the interval of 0.001. The Fourier coefficients plot increases as time increases.
The straight line shows the —2.5 slope. The two sets of curves stand for the computation
results for 512 mesh points and 1024 mesh points.

4. Local singularity structure. In the last section of Chapter 3, in order to study
the local singularity structure, we introduce two new variables ¢ and ¢;. We show that to
the leading order ¢2 and z form 3/2 singularities but there is no 3/2th order singularity in
the ¢; variable. Since our analysis is based on formal asymptotic analysis, we would like to
validate this result numerically. From the log-log plot of the Fourier coefficients of the ¢
and ¢ variables along the S direction in Figure (6.32) and Figure (6.33), we see that the
Fourier modes of the ¢ variable approaches the -3.1 slope, while the Fourier modes of the
&2 variable approaches the -2.5 slope. This confirms that ¢, is smoother than ¢ near the
singularity time.

Throughout our analysis, we argue that under the special set of coordinates, one di-
rection is the essential singularity direction (the S direction) In the case we study here,

even with the added tangential velocities and the re-adjusted vorticity, the 3, directicn
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Figure 6.32: Comparison of the log-log plot of the ¢; variable Fourier coefficients to that of
the ¢ variable. Both intersections pass the maximum curvature position at time ¢ = 1.646.
The upper line is the Fourier coeflicients of the ¢, variable, the straight line has the slope
of -2.5. The lower line stands for the Fourier coefficients of the ¢ variable, the straight line
has the slope of -3.1. Similar resolution test is involved.

corresponds to the og-direction. So the aq-direction should be the essential direction to the
leading order. To confirm this idea, we compare the Fourier coefficients of the intersection
along the o-direction to the Fourier coefficients of the intersection along the as-direction.
As we can see from Figure (6.34), Figure (6.35), and Figure (6.36), even though our £ = 0.1
is not particularly small, there are still disparities in the tails of the Fourier coefficients in
all z, y, and z variables. This shows that the F» direction, which coincides with the oy-
direction in this case, is indeed the essential direction driving the singularity formation of
the 3-D vortex sheet problem. Further evidence is provided in Figure (6.37), Figure (6.38),

and Figure (6.39) to confirm this property.
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Figure 6.33: Zoomed plot of Figure (6.32). Comparison of the log-log plot of the ¢ variable
Fourier coeflicients to that of the ¢ variable. Both intersections pass the maximum curva-
ture position at time ¢ = 1.846. The upper line is the Fourier coeflicients of the ¢, variable,
the straight line has the slope of -2.5. The lower line stands for the Fourier coefficients of
the ¢y variable, the straight line has the slope of -3.1. Similar resolution test is involved.

Figure 6.34: Comparison of the log-log plot of the X variable Fourier coefficients of the
orp-direction intersection with the op-direction intersection both passing the maximum cur-
vature position at time ¢ = 1.64. Upper line is the Fourier coefficients of the on-direction
intersection. Lower line is the Fourier coefficients of the ag-direction intersection.
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Figure 6.35: Comparison of the log-log plot of the Y variable Fourier coefficients of the
erp-direction intersection with the as-direction intersection both passing the maximum cur-
vature position at time ¢ = 1.64. Upper line is the Fourier coeflicients of the o)-direction
intersection. Lower line is the Fourier coefficients of the as-direction intersection.
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Figure 6.36: Comparison of the log-log plot of the Z variable Fourier coefficients of the
ap-direction intersection with the as-direction intersection both passing the maximum cur-
vature position at time ¢ = 1.84. Upper line is the Fourier coefficients of the a;-direction
intersection. Lower line is the Fourier coefficients of the as-direction intersection.
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Figure 6.37: Comparison of the log-log plot of the X variable Fourier coefficients of the
o1-direction intersection with the op-direction intersection both passing the maximum cur-
vature position at time ¢ = 1.647. Upper line is the Fourier coefficients of the a;-direction
intersection. Lower line is the Fourier coefficients of the as-direction intersection.
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Figure 6.38: Comparison of the log-log plot of the Y wvariable Fourier coefficients of the
op-ditection intersection with the wo-direction intersection both passing the maximum cur-
vature position at time ¢ = 1.647. Upper line is the Fourier coefficients of the e;-direction
intersection. Lower line is the Fourier coefficients of the ao-direction intersection.
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Figure 6.39: Comparison of the log-log plot of the Z variable Fourier coeflicients of the
o-direction intersection with the as-direction intersection both passing the maximum cur-
vature position at time ¢ = 1.647. Upper line is the Fourier coefficients of the o;-direction
intersection. Lower line is the Fourier coefficients of the as-direction intersection.
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Chapter 7 Conclusions

In this thesis, we have studied the three-dimensional vortex sheet problem thecretically and
numerically. We found that the three-dimensional vortex sheet problem can be reduced
to a two-dimensional vortex sheet problem to the leading order along certain space curve
and with appropriate change of variables. With this key observation, we have derived the
early time singularity formation and the local form of the curvature singularity near the
physical singularity time. The results are found to be qualitatively the same as those of
the two-dimensional vortex problem. Moreover, we have proved the long time existence
theorem for the three-dimensional vortex sheet equation for analytic initial conditions near
equilibrium. The existence time is almost optimal if the initial perturbation to equilibrinm
is sufficiently small. Further, by introducing simplified model equations, we have performed
careful numerical computations which confirm some of our theoretical results.

One area worth further research is how to best use our simplified model equations in
study of interfacial flows in three space dimensions. The fact that the model equations
capture correctly the singular behavior of the interface at small scales and can be evaluated
efficiently may find useful applications in other contexts. In fact, from our analysis, we
show that the difference between the full equation and the model equation is a smoothing
operator. Therefore, it is possible that we can develop an eflicient multi-resolution method
to represent the large scale regular behavior. This will offer an alternative fast method to
study three-dimensional interfacial flows which can capture the singular behavior at small

scales.
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It is generally believed that vortex stretching is an important mechanism for three-
dimensional incompressible Enler equations. It is a long open question whether the 3-D
Euler equations can develop a finite time singularity from smooth initial data. In this
sense, it is quite surprising that the 3-D vortex sheet is essentially like the 2-D vortex sheet.
It would be interesting to investigate whether this has any implication to the 3-D Euler
equations with smooth but nearly singular shear layered initial data. For example, what is
the limiting behavior of the regulerized vortex layer solution as the thickness of the shear
layer tends to zero. This may shed some useful light into the singularity formation in 3-D

Euler equations with smooth initial data.
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