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ABSTRACT 

Seismic inversion and computational models have shown that earthquake ruptures may 

propagate in one of two basic modes; the cracklike mode and the slip pulse mode. In this 

work we use analytical and numerical techniques to study the dynamics and implications of 

pulselike ruptures propagating on strong velocity-weakening frictional interfaces using 

both discrete and continuum models of fracture.  

Results of the study of the discrete spring block slider model suggest that strong velocity-

weakening friction might yield to the propagation of unsteady slip pulses and chaotic 

dynamics. The prestress in most of these systems evolves into very heterogeneous spatial 

distributions characterized, in general, by non-Gaussian statistics and power-law spectral 

properties. It is also shown that the combined effect of slip pulse propagation and strong 

velocity-weakening friction could yield to size effects in strength with the strength 

decreasing as a power law with increasing rupture length. 

By examining the energy budget of slip pulses in the discrete model, we show that it is 

possible to derive a nonlinear differential equation that could predict the final slip 

distribution in an event, given the prestress existing before that event and some information 

about friction and pulse dynamics. The equation is successful in replicating many of the 

macroscopic slip features, including the slip distribution and total rupture length,  can also 

match many long-time statistics regarding the prestress evolution and the event size 

distribution. 
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Results from the continuum study suggest that the absence of steady pulses in previous 

studies could be attributed to the details of the nucleation procedure. We show that steady 

pulses could exist on strong velocity-weakening friction and uniform prestress if both the 

prestress and nucleation procedures are correctly tuned. We find that steady pulses are 

unstable to perturbations in the form of a step in the prestress and could arrest quickly in 

regions of low prestress. Steady pulses are also found to adapt well to local fluctuations in 

the prestress, leading to heterogeneous slip distributions. This result might have important 

implications for the problem of slip complexity in real earthquakes. 
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Chapter 1: Introduction 
 

The current understanding of crustal earthquakes suggests that they nucleate as frictional 

instabilities on preexisting surfaces of discontinuity, known as faults, under the action of 

the slowly moving tectonic plates. Once initiated, earthquakes propagate as dynamic 

shear ruptures along those interfaces, with rupture speeds close to the shear wave speed 

(subshear ruptures). In some cases they may even exceed that speed (supershear 

ruptures). As the earthquake propagates it leaves behind a permanent offset between the 

two sides of the fault along which it is rupturing. We call this offset the earthquake slip. 

 

This work uses analytical and numerical methods, in both the discrete and continuum 

modeling frameworks, to study the dynamics of earthquake ruptures propagating on 

strong velocity-weakening frictional interfaces in the pulselike mode, and explores the 

possible implications for the long term evolution of fault stress and strength. In this 

chapter we summarize the main features of the earthquake problem relevant to this study 

as well as introduce the basic tools we have been using. 

 

1.1. On the multi-scale nature of the earthquake problem, friction and 

prestress 

 

Earthquakes are a perfect example of multi-scale processes in nature. To understand them 

fully we have to resolve mechanisms spanning spatial scales between a few millimeters, 

corresponding to the size of the gouge particle in the fault zone, to hundreds or thousands 
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of meters, corresponding to the size of the process zone close to the rupture tip and 

ultimately to tens or hundreds of kilometers corresponding to the overall size of the 

rupture, the size of the faults network,  and the other processes that might be effective 

over that scale, such as fluid and heat transport. On the temporal scale, things do not look 

easier. In order to understand the evolution of a fault system under the action of a 

sequence of earthquakes or to understand the correlation between different earthquakes 

we need to be able to simulate poro-thermo-mechanical processes over tens to hundreds 

of years while being able to resolve the fast dynamic episodes of fractures, i.e., 

earthquakes, that usually span from a few seconds to less than a few minutes.  Handling 

the spatio-temporal multi-scale nature of the rupture process is one of the current major 

challenges in computational mechanics and this study attempts, in part, to present a new 

paradigm to help solve this problem. 

 

In addition to the challenges imposed by the multi-scale nature of the earthquake rupture 

process, there exist a number of fundamental questions that earthquake physicists are 

trying to answer. For example, how do earthquakes nucleate as frictional instabilities? 

[Rubin and Ampuero, 2005 and Ampuero and Rubin, 2007]; how do earthquakes 

propagate? [Heaton, 1990, Zheng and Rice, 1998, and  Lapusta, 2000] and how do 

earthquakes arrest? [Husseini, 1975, and Aagaard and Heaton, 2008]. Unlike in classical 

engineering fracture mechanics, the inaccessibility of the rupture process in the 

earthquake problem (with earthquakes happening several kilometers deep in the earth) 

makes answering those questions a bit difficult, and we have to rely entirely on 

inferences from seismological observations and numerical simulations; no direct 
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observation is currently possible except on very limited occasions [e.g. deep gold mines 

in South Africa and the San Andreas Fault Observatory in Southern California]. 

 

Nonetheless the numerical simulations have their own challenges as well. As in any 

mechanics problem, we need to specify geometry, boundary conditions, initial conditions, 

and the governing stress-strain relationships. The geometry can range from simple 

models of straight, single, smooth faults to more complicated ones such as fractal 

networks of nonplanar fault surfaces.  The more sophisticated the model is, the larger 

computational time it takes to run and the larger memory requirements it asks for. As for 

the governing constitutive laws for the material surrounding the fault surface, the choice 

can include linear elasticity, elasto-plasticity and nonlinear elasticity with damage 

mechanics. In this study we limit ourselves to dynamic ruptures on single fault surfaces 

with the governing constitutive framework being linear elasticity. 

 

The boundary conditions represent one of the two most uncertain parts in the simulation 

process thanks to what one might call ñthe mystery of the friction law.ò The other major 

uncertainty comes from the prestress. The debate over which type of friction law can be 

used to describe the dependence of the frictional strength of the fault surface on the fault 

slip and slip rate during rupture is not expected to come to an end soon. This unfortunate 

fact is due to the lack of the technology that might allow us to test frictional sliding of 

surfaces at slip rates and normal stresses comparable to those that exist in real 

earthquakes, and also due to the possibility of explaining many seismic observations with 

totally different friction models. Since the results of the numerical simulations are very 
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sensitive to the specific type of friction law implemented in the numerical model, we 

herein summarize the main characteristics of the different friction laws used in the 

literature. 

 

The first friction law to be used in earthquake simulations was the linear slip weakening 

model. In this formulation the shear strength tat a point on the frictional interface has a 

maximum value designated as the yield strengthyt. If the applied shear stress exceeds the 

yield strength, the frictional strength will decrease linearly with the slip accumulated at 

that point to a new lower level determined by a critical slip value cD , known as the slip 

weakening distance. For slip values greater than cD  the frictional strength remains 

constant at the lower value ( )cDt . Such frictional formulations have roots in nonlinear 

fracture mechanics and in particular the Barenblatt cohesive zone model [Broberg,1999]. 

Barenblatt assumes that a finite amount of work has to be done at the crack tip to break 

down the atomic bonds in that region and allow for the separation of the crack surface. 

Since the atomic bond strength is classically given as a function of atomic separation 

distance, it follows that a displacement-based description for the interface strength might 

be plausible.  

 

The linear slip weakening model has several drawbacks. First, it was formulated for 

mode I fractures and its adoption to mode II and mode III frictional cracks seem not to 

have sound experimental support. Second, the dependence of the frictional strength on 

slip alone, let alone the linear dependence, is very simplistic. For example, it has been 
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known since the early 50s that frictional sliding between metallic surfaces shows 

remarkable dependence on the sliding velocity [Bowden and Tabor, 1950]. Finally the 

slip weakening law does not allow naturally for the healing and regaining of interface 

strength after the earthquake is over. This regaining of strength is essential for subsequent 

earthquakes to occur.  Despite these drawbacks, the use of the linear slip weakening law 

in numerical simulations facilitated the study of several aspects of earthquake dynamics 

in the 70s and 80s including possible transition mechanisms to supershear propagation in 

inplane ruptures [ e.g., Andrews, 1975] and rupture interaction with fault heterogeneities 

[e.g., Day,1982]. Nonetheless, it was evident that a more comprehensive law was 

required. 

 

An important development in the field came with the introduction of rate and state 

friction based on the experimental work of Dieterich (1979) and Ruina(1983). In this 

framework, the frictional strength at a point is a function of the instantaneous slip rate at 

that point plus a number of other parameters (state variables) that account for the history 

of the slip rate. The state variable evolution is given as a differential equation relating the 

rate of change of the state variable to the instantaneous values of the state variable and 

slip rate. Usually the use of one state variable in numerical simulations is satisfactory. 

However, to fully describe the results of friction experiments, two or more state variables 

are usually required. 

 

The rate and state framework overcomes many of the drawbacks of the linear slip 

weakening law. In particular, the dependence of the frictional strength on the slip rate 
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allows for the description of the frictional behavior, observed experimentally, of both 

velocity-weakening surfaces, where frictional strength decreases with slip rate, and 

velocity strengthening surfaces, where frictional strength increases with slip rate. 

Moreover, this slip rate dependence of the friction can allow for interfacial healing once 

the slip is over, and hence provides a natural mechanism for regaining interfacial strength 

and re-rupturing  in the next fracture episode [Rice, 1982]. Other experimental 

observations successfully described by the rate and state laws include i) the logarithmic 

increase in static frictional strength with time, ii)the instantaneous increase (decrease) in 

the frictional strength with the abrupt increase (decrease) of the slip rate and iii) the 

existence of a length scale, or a slip distance, over which the evolution of the frictional 

strength to the steady state value dictated by the interface slip rate takes place. Unlike in 

the slip weakening law, this length scale is generally a function of the slip rate and is not 

a priori prescribed. 

 

While it is true that the rate and state laws successfully describe many of the 

experimental observations of frictional sliding, particularly at low slip rates (10
-9

 ï 10
-6

 

m/s), and while they made the simulation of the sequence of earthquake ruptures on the 

same fault surface possible by providing a natural restrengthening mechanism between 

rupture episodes, the classical Dieterich-Ruina rate and state formulation has a major 

drawback when applied to dynamic slip conditions. This drawback is inherent in the 

logarithmic dependence of the frictional strength on the slip rate, which, given the small 

values of the rate and state parameters of most known materials, allows for only a small 

drop in the frictional strength even for orders of magnitude increase in slip rate. With the 
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frictional coefficient at low slip rates being between 0.6-0.9, the classical Dieterich-

Ruina formulation will predict frictional coefficients of the order 0.5-0.8,  respectively at 

seismic slip rates ( ~1 /V m s). This small drop in frictional strength and the sustaining of 

relatively high values of the dynamic frictional coefficient is inconsistent with the 

absence of melting in the majority of mature faults. This inconsistency becomes to be 

known in the geophysics community as the heat flow paradox. The paradox arises from 

the existence of two conflicting situations. On the one hand many natural faults have very 

thin sliding zones and are subject to confining pressures of the order of 100-200 MPa.  If 

one of those faults is to move in an earthquake episode for several meters at average slip 

rates of few meters  per seconds and at frictional coefficients predicted by the Classical 

Dieterich-Ruina formulation (0.5-0.8), then the amount of heat generated will be large 

enough to raise the average fault temperature by thousands of degrees, sufficient to melt 

any type of naturally occurring rocks that might be present in the fault zone [Rice, 2006, 

Noda et al., 2009 and Noda and Lapusta, 2010]. Yet no significant evidence of melting or 

traces of pseudotachyylytes have been found in most major mature faults. This suggests 

that the dynamic friction during seismic slip must be much lower than the values 

predicted by the classical Dieterich-Ruina law and this thesis adopts the point of view 

that this drop in the frictional coefficient takes place dynamically as the rupture 

propagates. A possible mechanism is a dependence stronger than logarithmic for the 

frictional strength on the slip rate. This brings us to a more recent direction in friction 

modeling for earthquake problems, which is the use of strong velocity-weakening friction 

laws. 
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In the strong velocity-weakening formulation, the frictional coefficient decreases with 

increasing slip rate at a rate faster than logarithmic so that the friction coefficient at 

seismic slip rates is of the order of 0.1-0.2 [Tullis, 2003 and Beeler et al., 2008]. This 

limits the rise in temperature to just a few hundreds of degrees and rules out the 

possibility of melting [Rice, 2006]. A possible mechanism for the strong velocity 

dependence of friction is flash heating [Bowden and Tabor, 1950, Rice, 1999 and Rice, 

2006] at the contact asperities. The idea is that sliding surfaces are rarely flat and when 

two surfaces come into contact, this takes place at a limited number of points known as 

asperities. Since the area of the asperities is much smaller than the gross area of the 

sliding surfaces, the local normal stress at the level of those asperities will be much 

higher than the average normal stress over the gross area. The rapid relative slip between 

the two surfaces leads to a local increase in temperature at the sites of the highly stressed 

asperities, while the overall average temperature remains low due to the inability of heat 

to diffuse fast enough to the surrounding material. The rise in temperature at the asperity 

level is high enough to cause local melting at the asperity sites, which facilitates slip at a 

relatively low frictional coefficient. Another possible mechanism is that the shear 

modulus of the asperity material is temperature dependent, decreasing as the temperature 

increases. Since the shear strength is directly proportional to the shear modulus, the 

strength of the interface will degrade as the local temperature at the asperities increase 

even before they melt [Brown et al., 2009]. The faster the slip rate, the higher the increase 

in the local temperature at the asperities level and the larger the decrease in its shear 

modulus and shear strength. In this study we adopt the flash heating formulation that 
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predicts a 1/V dependence of the frictional strength with slip rateV . In the continuum 

fault models presented in this study, we retain all the basic ingredients of the rate and 

state formulation, such as positive direct and finite slip weakening distance [Dieterich, 

1979, Ruina, 1983, Tse and Rice, 1986], but we modify the classical framework to allow 

for additional weakening at seismic slip rates motivated by flash heating [e.g., Lapusta, 

2001 and Noda et al., 2009]. In the discrete modeling part, however, we relax some of the 

rate and state constraints and use a more simplified version of the friction law [e.g., 

Bowden and Tabor, 1950]. 

 

So far we have discussed the challenges associated with the choice of the friction model 

from the physics point of view. Challenges exist too from the computational point of 

view. The use of more sophisticated rate and state laws with strong velocity-weakening 

character at seismic slip rates imposes great constraints on the grid size to be used in the 

numerical simulations. This is because in order to ensure convergence of the numerical 

solution with successive mesh refinement, we need to sufficiently resolve slip and stress 

gradients in the process zone near the rupture tip. For values of frictional parameters 

inferred from laboratory experiments, the process zone size could be as small as a few 

meters, which requires grid sizes in the sub-meter range. With the current computational 

resources we can only solve some simple 2D problems. In order to be able to solve full 

3D problems the computational capabilities need to be increased by several orders of 

magnitude or new innovative methods for solving elastodynamics on non-uniform mesh 
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need to be developed. Until then the full modeling of 3D earthquake rupture problems 

will remain numerically impossible. 

 

The physical and computational challenges associated with the choice of the appropriate 

friction law that can be used to describe fault surface constitutive law have their 

counterparts when it comes to the question of which prestress distribution can be used to 

correctly describe the stress state of real faults. Due to the repeated rupturing of fault 

surfaces with rupture episodes of different sizes and slip distributions, it is natural to 

expect that residual stresses are built up in the fault zones and the surrounding medium. 

The evolution of the residual stresses is, in general, a function of the fault slip history, 

fault friction law, and spatial distribution and temporal evolution of the faultôs material 

properties. Given the geometric complexity of real fault systems and the nonlinear 

dynamic nature of strong velocity-weakening friction laws as well as the inevitable 

existence of spatial heterogeneities in fault material and frictional properties, it becomes 

nearly impossible to have a uniform state of prestress under any realistic conditions. The 

question then becomes: what are the statistical and spectral properties of the prestress 

heterogeneous distribution? 

 

Due to the unique nature of the earthquake problem and the inaccessibility of the rupture 

process to direct observations, however, no clear- cut answer is readily available. We can 

only use intuition, available numerical procedures, and inferences based on indirect 

observations to arrive at an approximate answer. One method is to design thought 

experiments. Here is one: Consider a smooth, single fault with homogeneous frictional 
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and material properties that generates a power law earthquake magnitude-frequency 

distribution consistent with the Gutenberg-Richter law and ask the question: what 

possible stress state might be consistent with this event size distribution? Since the event 

size distribution is a power law it has no inherent length scale. With homogeneous 

frictional and material properties this means that the prestress distribution has to have no 

length scale as well. The only distributions that have no inherent length scale are the 

uniform distribution and the fractal distribution. A uniform prestress distribution is not 

feasible since in a uniform prestress state and constant fracture energy, the change in 

potential energy for a propagating rupture will overrun the dissipated fracture energy and 

hence ruptures will grow indefinitely. This is inconsistent with the power law event size 

distribution and the existence of events of different sizes. This leaves us with the fractal 

prestress distribution as the only plausible state. 

 

However, it is highly unlikely that a single fault can host a complete Gutenberg-Richter- 

like event size distribution [See Page et al., 2009 for a counter hypothesis]. Consequently, 

mathematical fractality, or in other words the complete absence of a characteristic length 

scale, is not strictly required. Rather we might hypothesize that the prestress distribution 

is strongly heterogeneous, but not completely fractal, and with the degree of 

heterogeneity being consistent with the event size distribution generated by the fault. The 

hypothesis of strongly heterogeneous prestress is supported by a number of field 

observations, including the occurrence of right lateral aftershocks on the nominally left 

lateral San-Andreas fault, strong local variation in surface slip after some major 
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earthquakes with corresponding static strain of the order of 310- , and the possibly 

fractal spatial variation in the change in angles between focal mechanisms [Smith, 2006 

and Smith and Heaton, 2010]. It is a major theme of this study to investigate the 

evolution of different statistical and spectral properties of the heterogeneous prestress 

distributions, their connection to the different event size distributions and their 

implications for long term fault behavior. 

 

1.2. On pulses vs cracks: 

 

Earthquake ruptures have been found to occur by two basic modes, the expanding 

cracklike mode and the self-healing mode. In the expanding cracklike mode the rupture 

zone on the fault keeps expanding and the slip continues to grow everywhere until 

information is received at respective points that the rupture has stopped. On the other 

hand, in the self-healing mode the rupture occurs as a pulse of slip propagating along the 

fault, with the slip stopping behind the pulse so that the slipping region occupies only a 

small width at the front of the expanding rupture zone. 

In early numerical simulations for earthquake ruptures, scientists were tempted to assume 

uniform background stress and slip weakening friction laws in their models. As a result 

the only mode of rupture observed in their models was that of the expanding crack type. 

Although there were some attempts along the way to describe the rupture as a 

propagating pulse (Yoffe, 1951, Broberg, 1978 and Freund 1979), these attempts were 

dismissed due to their lack of a sound physical background. It was not until 1990 when 
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Heaton (Heaton 1990) was able to present strong evidences for the existence of self- 

healing mode of rupture in real earthquakes along with a plausible physical mechanism 

for their formation based on strong velocity-weakening friction. Heaton studied the 

dislocation time histories of models derived from seven earthquakes with magnitudes 

ranging from 5.9 to 8.1 and found that in all such models the rise time (or the duration of 

slip at a given point on the fault) was nearly an order of magnitude less than the overall 

duration of the earthquake. That is contradictory with the well-established picture of 

cracklike ruptures obtained from the numerical simulations previously described. 

Nevertheless, Heatonôs arguments triggered an endless interest in the proposed rupture 

mode and now it is a widely accepted fact that slip pulses are an important mechanism for 

real earthquakes and their existence have been proven numerously through appropriately 

designed numerical simulations as well as some recent laboratory experiments. 

An important lesson learned from the numerical simulations of dynamic shear ruptures in 

the last 15 years is that slip pulses do not exist arbitraril y. Certain combinations of 

conditions pertaining to the preexisting stress, as well as the dynamic friction law, have to 

exist to allow for the generation and propagation of these pulses. Various mechanisms 

have been proposed that allow a self-healing versus a cracklike mode of rupture. These 

mechanisms include stress heterogeneity, existence of barriers along the fault [Day, 

1982], strong velocity-weakening friction together with low background stress [Zheng 

and Rice, 1998] and, finally, variation of the normal stress interacting with the rupture 

propagation,  possibly due to the existence of a biomaterial interface [Andres and Ben-

Zion, 1997]. Recently,  numerous laboratory experiments have been carried out, inspired 
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by the pioneering work of Xia, Lykotrafitis and Rosakis (2005) and the later work of 

Xiao, Lapusta and Rosakis (2007), to test the significance and role of the previously 

mentioned mechanisms and to provide more insight towards the mechanics of the rupture 

process.  

The self-healing rupture mode is believed to have significant implications on the 

dynamics and consequences of earthquake ruptures. These implications might include, 

but are not limited to, increasing difficulty of earthquake prediction [Heaton, 1990], 

spatio-temporal complexity of earthquake ruptures [Aagaard and Heaton, 2008], 

earthquake scaling laws, and numerical methods of earthquake simulations. Hence, a 

deeper understanding of the dynamics of slip pulses together with a better understanding 

of the friction constitutive relationships are among the most challenging tasks facing 

earthquake scientists in the near future. This study aims to contribute in this direction. 

1.3. On discrete vs continuum fracture models 

This work uses both discrete and continuum fault modeling to study the dynamics of 

pulselike ruptures. The motivation here is that each of these modeling approaches is 

believed to have advantages and limitations. Hence with the appropriate combination of 

both models, we may gain better understanding of the pulselike rupture processes on both 

the level of the detailed physics of a single rupture episode as well as on the level of the 

long-time statistics of the system due to the collective action of a large number of rupture 

episodes spanning over several orders of space and time scales. 
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In the continuum approach, the fault is modeled as a 1D or 2D surface embedded in 2D 

or 3D bulk. The governing equations of motion are usually expressed in terms of stress, 

which in turn can be expressed in terms of the particle displacement and particle velocity 

through the appropriate constitutive laws. [In the case of elastic continuum, we recover 

Navierôs equation of motion.] The inertia of the continuum is in the bulk and none is 

concentrated in the fault. Accordingly the fault comes into action through the boundary 

conditions assigned to its surface. The boundary condition is usually defined in terms of  

a friction law that relates the shear stress at a particular point to the fault slip and slip rate 

at this point. The fundamental characteristic of the continuum is the existence of long 

range interactions; a finite displacement at a given point will generate stress and 

displacement fields that influence other points far away from the source of the 

disturbance. This communication between different points in the continuum takes place 

through the propagating wave field that carries disturbances from the point source to 

elsewhere. Based on the double couple model, the long range stress transfer in the 

continuum typically goes as 31/ r where r is the radial distance between the source and 

the receiver. For the continuum hypothesis to be retained in the numerical simulations, 

the computed displacement and stress fields should show convergence with further 

refinement of the continuum discretization when using any of the classical numerical 

methods such as finite element, finite difference or boundary integral equation methods. 

This imposes certain constraints on the admissible set of friction boundary conditions to 

assure the stability of short wavelength perturbations [Rice, 1983 and Rice et al., 2001]. It 
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has been shown that the rate and state framework satisfies those constraints and assures 

the existence of a well-defined continuum limit. 

On the other hand, in the discrete approach, the focus is primarily on the fault, which is 

discretized in 1D or 2D elements while the bulk is totally ignored or replaced by some 

simplistic representation. The system mass is usually concentrated in discrete sites and 

not distributed as in the case of the continuum models. The equations to be solved for the 

system are Newtonôs equation of motion force = mass x acceleration at each discrete 

particle site. The elastic interaction in discrete models is typically short ranged extending 

in most cases only to the nearest neighbors. Unlike in continuum models, the stress 

concentration for discrete models is independent of the rupture size. In these models, a 

failure of a single element independent of the surrounding ones is permitted and will 

define the smallest event size. This failure pattern is excluded in the continuum by the 

enforcement of the continuum hypothesis and the correct representation of the long range 

fields. 

The previous discussion shows that the continuum models are usually more sophisticated 

and pay more attention to the correct representation of the physical and mathematical 

details. This is why continuum models are very useful in studying the physics of single 

rupture episodes, including how a rupture nucleates, propagates, interacts with systems 

heterogeneities, and arrests. However, continuum models have typically high 

computational costs. In order to retain the continuum hypothesis and have 

computationally stable results, the process zone near the rupture tip must be adequately 

resolved. The process zone size might be as small as a few meters, making the grid size 
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fall into the sub-meter scale. For any reasonably sized earthquake spanning a few 

squared kilometers, the computational requirement of the problem will simply overrun 

the computational power of the biggest computer on Earth. This is why continuum 

models still fall short of being able to analyze sequence of earthquake ruptures under 

realistic high speed frictional and geometric conditions. 

The discrete models, on the other hand, cannot be used to describe the dynamics of 

individual ruptures since they lack many of the essential physical characteristics of the 

continuum. They, however, can provide a tool for the study of long-time system statistics 

in a way similar to what is done in statistical physics. This is because in many complex 

systems, their long-time behavior is independent of the exact details of the underlying 

individual events. This is where the discrete models may provide an advantage as they 

allow for the simulation of long sequence of events and hence the study of the long-time 

evolution of the system statistical and spectral properties in a reasonable computational 

time. Also as the physics is more simple in the discrete models, this gives an opportunity 

to explore surrogate strategies that can be used to simplify the computational 

complexities of the continuum models. Hence combining discrete and continuum 

modeling tools can help us understand both of the microscopic and statistical properties 

of ruptures as well as give insight into possible new numerical strategies. 

In this work, two numerical fault models will be studied in details, one continuum and 

one discrete. The continuum fault model is a 2D anti-plane elastic fault embedded in a 

linearly elastic whole space. Rate and state friction, with additional velocity-weakening at 

the seismic slip rate, are used as the fault boundary conditions. The governing equations 
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of motion are solved using the boundary integral equation method. On the other hand, 

the discrete fault model we chose here is a 1D spring block slider representation of a 1D 

elastic fault. The fault is represented by N discrete masses that are interconnected by 

linear horizontal springs and being driven by a slowly moving plate, to simulate the effect 

of far field tectonic loading, which transfers its loading to the masses through another 

series of linear vertical springs [See Fig. 2.1]. The blocks slide on a frictional surface 

with a well-defined static friction limit and a dynamic friction law in which the friction 

coefficient decreases hyperbolically with the block slip rate. The governing equations of 

motion are solved by a 2
nd

 order explicit integration scheme. The dynamics of the 

discrete and continuum models is described in chapters 2 and 5, respectively. 

1.4. The outline of this work 

This outline of this thesis is as follows.  

In Chapter 2 we describe the dynamics of the spring block model with emphasis on 

results pertaining to the spatio-temporal distribution of events, the statistical distribution 

of event sizes, the evolution of the probabilistic and spectral properties of prestress, the 

statistical and spectral properties of slip, and the connection between the event size 

distribution and the evolutionary properties of prestress and slip.  

The use of strong velocity-weakening friction and the evolution of spatial heterogeneity 

in the prestress distribution leads to interesting size effects in the evolutionary behavior 

of the studied discrete system. In Chapter 3 we discuss two major examples of size-

dependent effects: the first is the dependence of the prestress averaged over the rupture 
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size on the respective event size and the second is the dependence of the change in 

potential energy per unit slip per unit rupture length on the event size. We argue that our 

observations could be used to explain the scale dependence of strength for frictional 

interfaces failing under the influence of strong velocity-weakening friction. 

In Chapter 4 we outline the first steps in a promising new paradigm that can be used to 

simulate the dynamics of pulselike ruptures and which can result in a huge computational 

saving. The paradigm uses the energy balance of the propagating slip pulse to formulate a 

nonlinear differential equation that relates the pulse slip to the presxisting stress given 

some information about friction and pulse energy. The results both on the level of 

individual events, and to some extent on the level of long-time statistics, are very 

promising. 

We then make a switch to the continuum model in order to explore whether the 

conclusions based on the discrete study can be carried over to the continuum and what 

modifications are required, if any. In Chapter 5, we study a 2D anti-plane continuum fault 

and discuss the problem of pulse formation, steady propagation, and interaction with 

prestress heterogeneity. We examine how sensitive the pulse could be to local variations 

in prestress and what implications this could have on earthquake complexity. We then 

summarize our conclusions and present some future research directions in Chapter 6. 
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Chapter 2: The Spring Block Model 

 

Systems failing at multiple length scales are abundant in nature. Examples range from 

strain bursts in micro-pillars due to collective dislocation movement to earthquakes on 

major faults in the earthôs crust. We here present a parametric study for a 1D spring block 

slider model as an idealization of such systems. Due to its discreteness and lack of long 

range interaction, the spring block slider model cannot represent accurately the dynamics 

of a single rupture in a continuum. Nonetheless, the spring block slider can capture 

reasonably well the long-time statistics of complex systems with multiple repeated 

ruptures since the collective behavior of those systems is independent of the physics of  

individual events (as long as ergodicity holds, at least in an approximate sense). 

 

Our parametric study includes investigating the effects on patterns of ruptures of 

changing the following parameters: 1) Loading speed of the driving plate; 2) Coil spring 

stiffness and the leaf spring stiffness; and 3) Amount of frictional weakening. In an 

earthquake setting these parameters are related to the rate of tectonic loading, the ratio of 

the length to the depth of the seismogenic region, and the amount of steady state velocity-

weakening, respectively. We find that smaller driving speeds and higher ratios of leaf 

spring to coil spring stiffness favor the generation of smaller ruptures, and vice versa. The 

influence of frictional weakening, however, is a bit more complicated and is not 

monotonic. By tuning the different parameters, we can find a region in the parameter 
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space where events of all sizes are produced with statistics similar to the Gutenberg-

Richter scaling law, with a b-value between  0.4 and 1.  

 

We studied the long-time properties of the prestress due to the accumulation of repeated 

ruptures of different sizes and conclude that the prestress evolved into a heterogeneous 

distribution with a power law Fourier spectrum and non-Gaussian statistics. We also 

studied the spectral and statistical properties of the slip distribution and show that we can 

match the expected behavior for mature and immature faults. 

 

2.1 On models and origins of earthquake complexity 

The origin of complexity in natural systems is still an unresolved question. Since Pak et 

al. (1987) introduced their idea of self-organized criticality, a lot of interest arose in 

looking for various systems that could lie within the spectrum of self-organized 

phenomena. While it is possible to find many phenomena that have power law statistics, 

such as size distribution of landslides, magnitude-number statistics of earthquakes, and 

size distribution of strain bursts in micro-pillars, it is still a challenge to accurately 

determine the physics behind this apparent self-organization. The field of earthquake 

physics is no exception. There has been a lot of debate about the origin of the Gutenberg-

Richter scaling and its implications for the state of stress in the earthôs crust. Historically, 

two major schools of thoughts have emerged to explain what appears to be the scale-less 

character of earthquake statistics; one arguing for the dynamic origin of complexity due 

to nonlinear friction and the other tending to attribute it to the strong geometric and 
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material discontinuities that exist in natural faults. The right answer to this problem is 

probably a combination of both factors. It is important to mention, though, that having a 

better understanding for the spatio-temporal complexity of earthquakes is of great interest 

as it has implications on our understanding of the origin of high-frequency spectra in 

earthquakes as well as our assessment of the stress state on major faults. This latter issue 

in turn may have important consequences for our model of the strength of real faults or, 

more generally, the strength of systems with multi-scale fractures. 

 

In order to address the complexity problem, we need a quantitative model for a system 

that can fail over multiple length scales, like the Earthôs crust, simulated for long enough 

times so that we can carry out a systematic statistical evaluation for its asymptotic 

behavior. We think that the rigorous way of doing this is to have a 3D continuum model 

with a strong velocity dependent friction law and friction parameters that are extrapolated 

from actual laboratory experiments. Unfortunately such an approach is computationally 

prohibitive with the current computational facilities, and can only be done for simple 2D 

anti-plane models [Dunham et al., 2008], and for a few earthquake cycles at most. An 

attractive alternative is to study simple dynamical systems, which bear some 

relationships, at least in the statistical sense, with the more complex real systems, to try to 

learn the possible implications for complexity evolution that may be relevant to the 

continuum as well as effective methods to do large scale continuum model simulations. 

The hope here is that the macroscopic behavior on long-time and large spatial scales will  

not depend, to some extent, on the details of the microscopic physics. Although this is not 

rigorously proven for any real complex system, it has been empirically justified in many 



 

 

23 

cases, such as in turbulence. The dynamical system we choose to study in this work is 

the spring block slider model. 

 

Although the spring block slider model was first introduced by Burridge and Knopoff 

(1967) as a quantitative model of earthquakes, Carlson and Langer (1989) were the first 

to systematically study it. They presented it as a model supporting the dynamic 

complexity view of earthquakes. Further studies arguing along the same line of thought 

included Carlson and Langer (1989), Carlson et al. (1991, 1994), Shaw et al. (1992, 

1993), Pepke et al. (1994) and Erickson et al. (2007). Rice (1993) criticized such 

approach, arguing that the pure velocity-weakening friction used in Carlson and Langer 

simulations, for example, is not suitable for continuum faults models due to its ill-posed 

nature; short wavelength perturbations grow. He argued that systems showing self-

organized criticality are inherently discrete, leading to results that are mesh size 

dependent, and hence could not be generalized to the continuum. In support of this 

argument, Rice and Ben-Zion (1996) introduced a 2D cellular fault model in a 3D 

continuum with long range static stress interactions included. They showed that there 

exists a minimum length scale that needs to be well resolved in order for their results to 

be mesh size independent. If the cell size they used was larger than this minimum length 

scale, small events complexity was produced, whereas if this length scale was well 

resolved, complexity disappeared and only periodic large earthquakes are produced. 

Although the Rice-Ben Zion model results support the argument that complexity cannot 

exist on a smooth fault, we think that an indirect implication of their cellular fault model 

is that long range fields, at least in the way they have introduced them in their cellular 
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model, have little to do with the evolution of complexity if local conditions are strong 

enough to control and arrest the rupture. These local conditions may be stress fluctuations 

if the rupture is pulse-like, and may not necessarily be limited to strong geometric or 

material discontinuities. This point is important, and we will come to it later in the 

discussion. 

 

In the field of continuum fault models, Cochard and Madariage (1996) introduced a 2D 

anti-plane continuum fault model with a rate and slip friction law. They were able to 

show that the long-time behavior of such a model entails complexity if the rate 

dependence character of the friction law is strong enough. Myers et al. (1996) reached a 

similar conclusion with a crustal plane model. Nonetheless, these two models were 

criticized for employing an initial sudden strength drop in their friction law formulation 

in order to initiate rupture. Such a procedure made their model inherently discrete. 

Recently, Aagaard and Heaton (2008) showed that complexity, in well resolved 3D 

models, can be preserved, at least over few earthquakes, if strong rate strengthening 

friction law is employed. 

 

Self-consistent earthquake cycle simulations in continuum fault models started to appear 

only a few years ago with the advance of computational facilities and modeling 

procedures. Shaw and Rice (2000) presented some evidence for the existence of dynamic 

complexity in a well resolved cycle simulation of a crustal plane model. However, their 

results suggest that complexity exists only for friction laws having two weakening scales, 

and for a narrow range of frictional parameters. Lapusta (2000), on the other hand, 
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presented a 2D cycle simulation for a crustal plane model with Dieterich-Ruina type 

friction law and showed that complexity did not exist in her simulation if small enough 

spatio-temporal resolution is used. 

 

In this manuscript we are not primarily concerned with the question of the origin of 

complexity, but rather on its different characteristics and implications if it exists. We 

believe that both dynamic and geometric factors contribute to the evolution of complexity 

on natural faults. However, we think that the role of rate dependent friction should not be 

underestimated. In particular we think that pulselike ruptures, which exist naturally on 

faults with strong rate dependent friction (Heaton 1990, Zheng and Rice 1998),  play an 

important role in the evolution and preservation of stress heterogeneities in the earth 

crust, since they appear to be very sensitive to the local fluctuation in the prestress (See 

Chapter 5). In our version of the spring block slider model, we found that all ruptures are 

pulselike and, accordingly, this study might be useful in giving some hints about what we 

should expect, at least in a statistical sense, if a continuum model experience repeated 

pulse-like ruptures of different sizes.  

 

The questions of interest to us here are: (1) What are the different statistical asymptotic 

behaviors of the spring block slider model as a function of its different parameters?;(2) 

What distributions of prestress are consistent with the long-time behavior of our system 

in the different parameter regimes discussed in (1) and what does this entail for mature 

and immature faults?; (3) What do the statistical and spectral properties of slip and the 
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evolved prestress distribution imply for our understanding of the size dependent 

dynamics of the system? 

 

The outline of this chapter is as follows: In section 2.2 we describe the main features of 

the spring block slider model. In Section 2.3 we present our numerical scheme and assess 

its validity for the problem. In Section 2.4 we discuss some features of the spring block 

model that seem to be stable and independent of the specific choice of the parameters. In 

Section 2.5 we present the different size distributions of events we were able to get from 

our simulations corresponding to different set of parameters. In Sections 2.6,2.7 and 2.8 

we discuss the different statistical and fractal properties of the spring block models lying 

in different parameter regimes. We summarize our discussion in section 2.9. 

2.2 The spring block slider model: 

 

The setup of the spring block slider experiment is shown in Figure 2.1. 

 

 

 

Fig. 2.1: The spring block slider model. A chain of N blocks of identical masses (m) interconnected by coil springs of 

stiffness (Kc) is driven by a loading plate moving at a very low velocity (v ). The blocks feel the effect of the loading 

plate through a series of leaf springs of stiffness (kl). Any block is stuck to the ground as long as the total elastic 
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force acting on it is less that the static friction threshold. Once the static friction is exceeded, a sliding block 

experiences a dynamic friction force ӏ that varies inversely with the block sliding velocity. The blocks are subjected to 

an initial stress distribution that is constant everywhere but is larger than the static friction threshold Fst for the 

middle three blocks in order to initiate rupture.  As a block moves, it transfers stresses into neighboring blocks causing 

them to subsequently move if the static friction level is exceeded.  When all the blocks that have already slipped stop, 

we designate this as the completion of one event.  

 

The spring block slider model consists of a chain of blocks interconnected by one group 

of springs and coupled to a slowly moving driving plate through another group of 

springs. Frictional forces are assumed to operate between each block and hosting stratum. 

As long as the total elastic force on each block is less than the static friction threshold Fst 

the block is stuck in its place. Once the static friction threshold is exceeded, the motion of 

the i
th
 block is given by the following differential equation: 

 

1 1( 2 ) ( )i i c i i i l i oi st imu k u u u k vt u Fs f+ -= - + + - + -                                                      (2.1) 

Where ois is the initial traction at the position of the i
th
 block and all other parameters are 

explained in Fig. 2.1. Equation (2.1) represents n-coupled ordinary differential equations 

where n is the number of blocks moving simultaneously. We use a second order accurate 

predictor-corrector scheme for solving equation (2.1). The time step is controlled by the 

ratio of leaf spring stiffness to coil spring stiffness as well as the rate of frictional 

weakening (b). The time step is chosen just small enough to balance sufficient time 
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resolution and reasonable computational cost. In all our simulations we assume m =1 

and Fst = 50. We vary the other parameters according to the parametric study 

requirements. 

 

It may be useful to cast equation (2.1) in a non-dimensional form as this gives further 

insight into the relative role of different parameters in controlling the nature of the 

solution. We do this by introducing the following length and time scales: 

o

l

F
D

k
=                                                                                                                            (2.2)              

tt w=                                                                                                                              (2.3) 

 

where lk

m
w=  is the natural frequency of the individual block when connected to the 

leaf spring only. Normalizing displacements by D, time by t and introducing the 

stiffness ratio c

l

k
r

k
= , we can rewrite equation 1 in the following form: 

1 1

1
( 2 )

1

oi
i i i i i

ist
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gt+ -= - + + - + -

+

        ,                                                (2.4) 

where
u

U
D
= , 

v p

D
g
w
=  and

1
c

b D
n

w
= .  g is the normalized plate loading rate whereas 

cn  is a characteristic velocity. It is worth to mention that a ratio like c

l

k
r

k
=  does appear 

in continuum crustal plane fault models to represent a finite seismogenic depth 
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[Appendix A]. The ratio cn  on the other hand gives a measure of the strength of 

frictional weakening relative to the inertial and elastic properties of individual blocks. It 

is analogous to the T parameter [Zheng and Rice, 1998]  in continuum fault studies, 

which gives the ratio of the slope of the steady state friction curve to the radiation 

damping line at a given slip rate. Hence similar parameters govern the behavior of both 

discrete and continuum systems. 

 

From the mechanics point of view, the spring block model is characterized by the 

following three features: 

 

1- Short range of interactions: Each block is connected only to its nearest neighbor 

block; there are no long range stress fields. 

  

2- Existence of a characteristic length scale: This follows from the existence of the 

leaf springs with non-zero stiffness (kl) , which introduces a natural length scale 

given by st

l

F
D

k
= [See equation (2.2)]. The existence of this length scale breaks 

the self-similar nature of the sought solution. In the limit of infinitely rigid leaf 

spring, each block moves under a constant displacement boundary condition 

whereas in the limit of zero leaf spring stiffness, the block moves under constant 

force boundary conditions within an infinitely large strain energy reservoir. Hence 

we would expect dominance of single block events for cases with stiff leaf springs 
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while we expect catastrophic system-wide events for cases with very flexible 

leaf springs. Such a statement is made more precise in Sections 2.5, 2.6, 2.7 and 

2.8. 

 

3- Non-linear rate dependent friction: The friction law we are using is both velocity-

weakening and velocity strengthening. This is achieved by assuming a 

constitutive law where the dynamic friction varies inversely with slip rate.  Such 

laws lead naturally to the formation and propagation of slip pulses, where only a 

localized portion of the chain is slipping at any instant of time. The existence of 

slip pulses has strong consequences on the nature of the stress state and the energy 

scaling in our model as will be discussed in Section 2.5. 

 

The spring block model with pure velocity dependent friction law was criticized for two 

major things: discreteness and lack of long range interaction.  

 

1- Lack of long range interactions: Long range wave fields undoubtedly exist in 

continuum smooth systems. Points far away from the rupture front can still sense 

its effect through the wave field set up by the rupture even before the rupture front 

has reached these points. In the spring block models, however, each block is 

directly connected to its nearest neighbor only.  We hypothesize here that long 

range wave fields may not change the nature of the complexity of the solution, but 

may only affect fine details of individual events, provided that ruptures propagate 
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in the pulse-like mode. We hypothesize that due to the local nature of the pulse 

like ruptures, the major factors affecting the evolution of the propagating pulse 

are the local fluctuations in the prestress field and not the perturbations introduced 

by the long range wave field. Since we are interested in the long-time statistical 

nature of the solution, we think that the spring block model might be sufficient for 

our purposes. 

 

2- Discreteness: A linear stability analysis for the spring block slider model with 

pure velocity dependent friction indicates that perturbations of all wavelengths 

grow [Appendix A]. A similar analysis for 2D or 3D continuum systems further 

indicates that not only perturbations of all wavelengths grow, but also that the 

perturbation with the shortest wavelength grows fastest [Rice, 2001]. This signals 

an ill-posed problem in the mathematical sense and renders the problem discrete 

in the sense that individual blocks or cells can fail independently of other blocks. 

While we acknowledge this, we also assert that the elastic continuum hypothesis 

breaks at some length scale in real systems. We accordingly assume that the 

spacing of the blocks in our model should correspond to this minimum length 

scale and we are mainly interested in exploring the behavior of the system, in a 

statistical sense, over scale lengths larger than this minimum scale.  This is why 

when we increase the number of blocks in our simulations; we always do it by 

increasing the overall system length while keeping the inter-block distance the 

same. 



 

 

32 

The spring block slider model, on the other hand, provides an efficient tool for 

studying the long-time statistics of systems failing at multiple length scales. It has a 

reasonable computational cost when compared to full elastodynamics continuum models 

of the same size. It is also shown that it can reproduce correctly many of the long-time 

statistics observed for different multi-scale physical systems such as earthquakes on real 

faults if the model parameters are correctly tuned. 

 

Finally, we stress that our main focus here is on the statistical properties of evolving 

heterogeneity in systems with multi-scale failures and their implications rather than 

debating the source of heterogeneity in our model and whether it is completely geometric 

or completely dynamic. In the following section we discuss several results that support 

the validity of using the spring block slider system as a model for the long-time statistical 

behavior of systems failing at multiple length scales. 

 

2.3 Numerical scheme 

 

We use an explicit time integration scheme for solving equation (2.1). While this imposes 

strict constraints on the size of the time step to be used, it is still computationally 

advantageous when compared to the implicit procedure as there is no need to solve a 

system of non-linear algebraic equations (which appears in the implicit scheme). To solve 

for the displacement and slip rate we proceed as follows: 
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At time t we assume we know the block displacement iu  and slip rate iu  then the 

displacement at t+ȹt can be estimated through the following second order prediction: 

 

21
( ) ( ) . ( ) ( ) . ( )

2
i i i iu t t u t t u t t u t+D = +D + D

                                                                     (2.5)
 

The slip rate prediction is a little more involved since the acceleration itself depends on 

the slip rate. We proceed in a predictor corrector fashion. 

 

Predictor step: 

 

( ) ( ) . ( )i i iu t t u t t u t+D = +D
                                                                                              (2.6)

 

 

Corrector step: 

 

We first calculate an estimate for the acceleration at t+ȹt using the updated value of 

displacement ( )iu t t+D and the predicted value of the slip rate( )iu t t+D: 

 

( ) ( ( ), ( ))i i iu t t f u t t u t t+D = +D +D
                                                                                (2.7)   

 

 

A corrected value of the slip rate can now be estimated as:  
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1
( ) ( ) . .[ ( ) ( )]

2
i i i iu t t u t t u t u t t+D = + D + +D

                                                                 (2.8)
 

The method is second order in slip rate and displacement. We do not rigorously estimate 

the time step but we check the error in energy for large events and  try to limit this to less 

than 1% [The energy error is defined as the difference between the change in potential 

energy in the event and the corresponding frictional dissipation, with the result being 

normalized by either of them]. We apply our procedure to a test problem with 1000 

blocks, systems parameters ( 2500ck = , 40lk =  and 10b= ) and time step 510t -D = . The 

result is shown in Fig. 2.2, where the energy relative error is plotted as a function of the 

event index. The error is well below the 1% threshold throughout the simulation. 

 

Fig. 2.2: The relative error in energy as a function of the event index. The error is calculated as the difference between 

the change in potential energy of the system due to an event and the frictional work dissipated in this event, with the 

result being normalized by the potential energy change. For the case shown, the relative energy error is well below 

1%. 
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To test the long-time performance, we calculate the cumulative energy error for the 

whole sequence of events. This is done by calculating the total change in potential energy 

due to all events, subtracting it from the cumulative frictional dissipation, and 

normalizing the result by the cumulative change in potential energy. We repeat this 

calculation with different time steps and show the results in Fig. (2.3). The energy error is 

almost quadratic in the time step size. 

 

Fig. 2.3: Variation of the relative cumulative energy error with the computational time step size. 

 

 Finally, it is worth noting that there are several characteristic time scales to which we 

can compare the selected time step size. These include the natural periods of the coil or 

leaf springs and the characteristic weakening time of the friction law in use. We found 

that a useful guide for the choice of the time step size is to keep it below 1% of the 

natural period of the stiffer spring. Also, for these kinds of problems which are highly 

nonlinear and possibly chaotic, it is not possible to achieve convergence based on 

individual events or the exact sequence of events, with reducing time step.What we can 

hope for is that the statistics is convergent using some measures of convergence. 
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2.4- Slip Pulses, Event Complexity and Stability of Rupture Speed: 

While the spring block model with rate weakening friction is a highly nonlinear system 

that is expected to depend sensitively on our choice of parameters and initial conditions, 

we have found some stable features for our solutions that are preserved across most of 

our simulations regardless of system characteristics. Before delving into the results of our 

parametric study, we would like to summarize these main features in the following 

points: 

(1) Events of different sizes are generated. Due to the highly nonlinear, and possibly 

chaotic, nature of the system, it is very hard to make the system settle in an ordered state 

in the long run (e.g. produce periodic events). Even when we show a case for a system 

failing primarily in small events, and while it appears that those small events are periodic 

and of the same size, variability across them is found when we look close enough. 

[However, for that particular case, the variability is not large.] Contours for particle 

velocity for some of the generated events in one of our simulations are shown in Fig. 

(2.4).  

(2) Events propagate as slip pulses. Figure (2.5) shows one of the generated events in 

greater detail reflecting the pulselike nature. The slip duration at any block that has 

moved in this event is much shorter than the total event time. This is the main 

characteristic of slip pulses. A deeper look into Fig. (2.4) reveals further that all events, 

spanning more than a few blocks, share this pulse-like character. There are two reasons 

for the generation of slip pulses in our model: i) The rate dependent friction introduces a 

rate dependent healing ~ as the block slip rate decreases the friction force the block 
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experiences increases and ultimately become high enough to stop the rupture; ii) Leaf 

springs of finite stiffness exist, which provides a finite reservoir of potential energy and 

hence any block cannot slip forever. Slip pulses have been found in continuum fault 

models as well [e.g. Das, 1982, Zheng and Rice, 1998], so it might be useful to learn 

from our simple dynamical system the implications of having repeated pulse-like ruptures 

and see if we can generalize any of them to the more complicated continuum case.  

 

 

 

 

 

 

 

 

 

 

Fig. 2.4: Contours for particle velocity in a number of generated events showing a variety of event sizes as well as 

existence of slip pulses, since the rupture duration at any of the sliding blocks is small compared to the total rupture 

time in the corresponding event. White color corresponds to a stuck state. 
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Fig. 2.5: A detailed look at the contours for particle velocity of one of the generated events (the lowermost event in 

the previous figure). Note that the event consists of a solitary wave of slip (the maximum duration of slip in this event 

is only about 5% of the total rupture time for the whole event). Colors correspond to different values of slip rate with 

red being the maximum and white being zero. 

 

(3) Events have remarkably constant rupture speed. The spring block model is a 

dispersive frictional dynamical system. For its non-dispersive non frictional version, we 

can define a characteristic sound speed in the continuum limit that is related to the square 

root of the coil spring stiffness. When dispersion is added through the leaf springs, it can 

be shown that the dispersion relation takes the form [see Appendix A] 

21 ( )p s l sc c k kc= +  , where pc is the phase velocity of the perturbation with wavenumber 

k , suggesting that the system will propagate longer wavelengths faster than shorter ones 

Block index 
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and both of the phase and group velocities will depend on the wavelength under 

consideration. The dispersion effects become stronger as the stiffness of the leaf springs 

increases. When friction is introduced into the system, the rupture speed, away from the 

discretization effects at the beginning and end of ruptures, exhibit a remarkably constant 

value. This can be inferred from Fig. (2.4) where events can be approximated by straight 

lines, in each propagation direction, in the space-time diagram, and the rupture speed is 

proportional to the inverse of the slope of that line. The rupture speed seems to be 

independent of the event sizes and, moreover, events seem to be propagating at the 

characteristic sound speed. The introduction of friction to the system alters the dispersion 

relation as we show in Appendix A and leads to both subsonic and supersonic 

propagation of perturbations. Also the results of this section suggest that the evolution of 

the prestress into a critical state due to the superposed action of repeated ruptures help 

fine tune the rupture speed into the value observed here. For propagation in uniform 

prestress fields, with all material and frictional properties held constant, ruptures will 

propagate faster in higher stress levels. [See Appendix A.] 

 

In the next few sections we discuss the system behavior in different system parameters 

regimes and possible implications for real faults behavior. 

 

2.5 Effect of model parameters on size distribution of events: 

The non-dimensional equation (2.4) reveals that the model behavior is controlled by three 

main parameters: the stiffness ratio (r), the strength of the velocity-weakening (vc) and 
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the normalized plate loading parameter (ɔ). In this section we investigate the effect of 

varying each of these parameters independently on the size distribution of events 

generated in our simulations. We use chains of 10000 blocks and simulate the system for 

at least 50000 events. 

 

2.5.1 Effect of stiffness ratio (r) 

 

The spring block slider model has two groups of springs of different stiffness; the coil 

springs interconnecting the blocks (kc) and the leaf springs connecting each block to the 

loading plate (kl). The short range 1D elastic interaction is effective through the coil 

springs, whereas the leaf springs stiffness controls the amount of available strain energy 

to the system. The ratio of the coil spring to leaf spring stiffness (r) controls the 

proportion of small to large events. We expect that in the limit as ñrò goes to infinity, the 

chain of blocks is to behave as a rigid bar and all events become system wide events. On 

the other hand, as ñrò goes to zero, each individual block moves independently and all 

events become single block events. Another way to look at these asymptotics is through 

assessing the available strain energy for the system. Since in order to initiate rupture the 

static friction threshold needs to be exceeded, the strain energy available for any block 

through the leaf spring is inversely proportional to the leaf spring stiffness. As ñrò goes to 

infinity, or equivalently as the leaf spring stiffness goes to zero, the available strain 

energy through the leaf spring becomes very large, leading to very large events. On the 

other hand as the ratio ñrò goes to zero, or as the leaf spring stiffness goes to infinity, the 

available strain energy through the leaf spring becomes infinitely small, leading to single 
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block events. Hence we can expect an increase in the number of large events as the 

stiffness ratio ñrò is increased. This is shown in Fig. (2.6) where the maximum event size, 

as well as the number of large events, increases as ñrò increases. It is interesting to note 

that by tuning the ñrò ratio, with other parameters kept fixed, we can obtain a nearly 

power law distribution for event lengths (r = 4).  

 

Fig. 2.6: Distribution of event lengths for different values of stiffness ratio òr ó for vc = 0.01265 and 

71.2 10g -= ³ The horizontal axis represents the size of the event measured by log the number of blocks which 

have moved in this event whereas the vertical axis represents log of the number of events having this length. As the 

stiffness ration is increased, the distribution changes from one which is dominated by small events (r =0.1) to one 

which includes an increased proportion of large events and larger maximum event sizes (r = 200). It is possible by 

tuning the òró value, with the other model parameters kept fixed, to arrive at a distribution which is nearly power law 

(r ~5). 
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Another way to look at the effect of the increasing stiffness ratio on the distribution of 

event lengths is to look at the cumulative event size distribution. This is shown in Fig. 

(2.7) where the event length is plotted on the horizontal axis whereas, on the vertical axis, 

the number of events having a length greater than a given length is depicted. The trend 

previously shown in Fig. (2.6) is preserved here as well. One advantage of looking at the 

cumulative distribution is that it shows how the slopes of the linear part of the 

distributions compare to each other for different stiffness ratios [in an event moment 

distribution diagram that will correspond to the Gutenberg-Richter b-value]. It can be 

inferred from the figure that the linear part becomes steeper as the stiffness ratio 

decreases, reflecting an increased proportion of small events. 

 

Fig. 2.7: Cumulative distribution of event lengths for different values of stiffness ratio òr ó for vc = 0.079 and 

71.2 10g -= ³ The horizontal axis represents the size of the event measured by log the number of blocks which 
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have moved in this event whereas the vertical axis represents log of the number of events having a length greater 

than a given value. The slopes of the linear part in different curves increase, in an absolute sense, as the stiffness ratio 

is reduced, reflecting an increase in the number of small events. 

 

2.5.2. Effect of the velocity-weakening rate (vc) 

 

Another important parameter controlling the model behavior is the strength of the 

velocity-weakening in the friction law. This is measured in this study by the parameter vc 

which gives the ratio of the rate of weakening in the dimensional form of the friction law 

to an intrinsic velocity of the slider that depends on the inertial and elastic properties of 

the system. We studied the influence of varying (vc) on the size distribution of events but 

could not find a systematic trend. Figures (2.8) and (2.9) show an example of our results 

for two different stiffness ratio; r = 100 and r = 5 respectively. Previous studies on two-

block models [Turcotte 1992, Erickson 2007] have indicated the existence of complicated 

Poincare maps with the system switching intermittently between periodicity and chaos as 

the velocity-weakening parameter (vc) is varied. We expect that for multi-blocks systems, 

this switching from periodicity to chaos would translate itself into a non-systematic 

variation in the proportion of the small events to large events. Moreover, it should be 

noted that while (vc) measures how fast the friction drops form its static value 

dynamically, it also measures how fast it re-strengthens as the rupture heals. The 

competing effects of weakening and healing also play a role in this observed complex 

dependence of the event size distribution on (vc); stronger weakening should favor larger 
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events whereas faster healing may allow for the healing tail to catch up with the rupture 

front more quickly and hence leads to the arrest of rupture. The balance between those 

two factors will then control the ratio of small to large events in our model. It can be 

inferred from Fig. (2.8) that the general trend for the size distribution of the different 

values of vc is essentially the same; it is that of a characteristic earthquake distribution 

and is analogous to the curve corresponding to r = 100 in Fig. (2.6). This suggests that 

the qualitative form of the event size distribution is controlled primarily by the stiffness 

ratio ñrò, for large values of  ñrò, as the available strain energy for the system in this case 

is large enough to overwhelm the influence of other parameters. The weakening rate 

plays an increasingly important role, though, as ñrò is decreased. This is shown in Fig. 

(2.9) where different values of vc are used but for r = 5. This value of ñrò is close to the 

value that corresponded to the nearly power law distribution in Fig. (2.6) . Nonetheless 

we observe that there are qualitative and quantitative differences in the event sizes 

distribution as vc is varied. If we focus on the intermediate size range (events ranging 

between 10 -100 blocks), we would see that there is an excess in their number for values 

of vc > 0.0316. It is also interesting to note that we can find a nearly power law 

distribution near vc= 0.001265; this is different from the parameter set that yielded nearly 

power law size distribution in Fig. (2.6) [r = 5 and vc = 0.01265] 
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Fig. 2.8: Effect of varying the rate of weakening parameter on the event size distribution. The distributions depicted 

here represent a characteristic earthquake distribution, mainly controlled by the large stiffness ratio used (r=100), with 

second order variations due to the weakening rate. 
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Fig.2.9:  Effect of varying the rate of weakening parameter (vc) on the event size distribution for a case with stiffness 

ratio r = 5.  The strong influence of the frictional weakening is clear in the range of intermediate sized events 

(between 10-100 blocks). It is also shown that power law size distributions are attainable in the vicinity of            

vc = 0.001265. 
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distribution for r =100 and different values of vc. As vc decreases, the slope of the linear 
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Fig. (2.10): Cumulative event size distribution for r =100 and different values of vc showing that as vc decreases the 

number of small events slightly increases. 

 

For r = 5, the cumulative event size distribution plotted in Fig. (2.11) confirms that a 

nearly power law distribution for event lengths is achieved at vc = 0.001265. The 

dependence of the number of small events on vc is, however, not that clear. The number 

of small events increases initially as vc decreases. However, the system with vc = 

0.001265 has a smaller number of small events than the system with vc = 0.00632.  This 

complex dependence on vc is, however, expected from the chaotic nature of our system. 
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Fig. (2.11): Cumulative event size distribution for r =5 and different values of vc showing a nearly power law event 

size distribution for vc = 0.001265. 

 

2.5.3. Effect of a normalized loading plate rate (g) 

The speed of the loading plate is the third parameter that controls the evolution of our 
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static friction threshold at the most stressed block, we let the plate rate assume a finite 

non- zero value during the dynamic event. In earthquake-like applications, the plate rate 

is typically orders of magnitude smaller than the average slip rate during the dynamic 

event. Nonetheless even when this is true, the variation of the loading plate rate may have 

a strong impact on the size distribution of events in our system. Figure (2.12) shows some 

results for the event size distribution when the normalized plate loading rate is increased 
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through five orders of magnitude. We note that the faster the loading plate speed, the 

larger the maximum event size and the larger the proportion of large events and vice 

versa. We also note that below a certain threshold, the event size distribution becomes 

insensitive to the plate loading rate. For the case in hand, we can see that the results for  

91.2 10g -= ³   and 71.2 10g -= ³  are indistinguishable. Also, we can observe that a nearly 

power law event size distribution is achieved at  71.2 10g -º ³  .[The other parameters are 

held at r = 8 and vc=0.01265.] The cumulative event size distribution for various plate 

loading rates is shown in Fig. (2.13). Once again we can see that the slope of the linear 

part in those curves increases as the plate loading rate decreases, reflecting an increase in 

the number of small events. This shows that the faster we drive the system, the more 

probable it is to rupture a longer portion of the system, as in this case we can initiate 

ruptures at different points concurrently. 
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Fig. (2.12): Event size distribution for different values of loading plate normalized speed. The faster the loading plate 

is moving, the larger the maximum event size is and the larger the percentage of large events would be. By tuning the 

plate loading rate near 71.2 10g -= ³  , and keeping the other parameters fixed [ r = 8 and vc=0.01265] , we 

can generate an almost  power law event size distribution. 

 

Fig. (2.13): Cumulative event size distribution for different values of loading plate normalized speed.  

 

We conclude this section by noting that we were able to obtain power law size 

distributions for different combinations of model parameters (r, vc, g)  This motivates us 

to hypothesize the following. If we imagine that our systems phase space is 

parameterized by the three parameters (r, vc, g) , we hypothesize that there exists a 

surface in this three dimensional space F(r, vc, g) = 0 for which combinations of 

parameters satisfying the surface equation would yield a nearly power law distribution. 
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The surface divides the phase space into two regions; one in which there is an 

increased proportion of large events and the other in which there is an increased 

proportion of small events. In the next sections we investigate the different properties of 

the systems that are consistent with the each of the distinct regimes of the event size 

distribution: the regime where large events dominate (Regime A), the nearly self-

organized critical regime (Regime B) and the regime dominated by small events (Regime 

C).  

 

2.6 Major characteristics of systems  in regime A: 

 

Systems operating in Regime A, according to our classification, are characterized by an 

increased number of large events. We pick a system with the following model parameters 

(r = 200, vc = 0.01265 and 71.2 10g -= ³ ) as the representative candidate of this regime. In 

the following subsections we will discuss the major characteristics if this system, 

including the spatio-temporal complexity of the generated events, the spectral and 

statistical properties of the prestress, and the main characteristics of the slip distributions. 

 

2.6.1 Event moment distribution and its spatio-temporal characterization 

The spatio-temporal distribution of the events generated for the parameter values under 

consideration is shown in Fig. (2.14). It is clear that most of the events extend for more 

than 1000 blocks, with some even being system-wide events. Occasionally, small and 

intermediate size events are generated. However, an interesting observation is that the 
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small events are not confined only to the locations of arrest of large events but are to 

some extent sparsely distributed. Also small events seem to persist for some time and 

then disappear giving way to the propagation of larger ruptures. This kind of behavior is 

consistent with earthquake observations on mature faults. 

 

 

 

Fig. (2.14): Spatio-temporal distribution of events generated by a system with model parameters (r = 200, vc = 

0.01265 and 71.2 10g -= ³ ). The horizontal axis represents the event index while the vertical axis represents the 

event spatial extent. Each event is represented by a vertical line with the lower end representing the event starting 

location and the upper end representing the event arrest location. Most events span more than 1000 blocks but smaller 
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events are also generated. This is an example of a system dominated by large events and is consistent with the 

behavior of mature faults rupturing. 

 

The event size distribution for this case is depicted in Fig. (2.15). The increased number 

of large events observed in Fig. (2.14) is reflected in the event moment statistics through 

the existence of a pronounced peak near event moments around M~1000. It can also be 

inferred from the figure that the small events have a power law distribution with a b-

value close to 1. 

 

Fig. (2.15): Event moment distribution for a system dominated by large events. A pronounced peak, similar to that 

observed for characteristic earthquake models, exists near M~1000. The small event distribution on the other hand 

shows a power law behavior with b-value close to 1. 
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Concluding this subsection, we would like to discuss the statistics of event distribution 

in the time domain. Fig. (2.16) shows the distribution of the inter-event times for events 

spanning 1000 blocks or more.

 

Fig. (2.16): Statistics of the inter-event time showing a peak at 5.510dt=  

 

The inter-events time distribution shows a pronounced peak at  showing a 

relatively characteristic long recurrence time. However, the peak is not very sharp 

allowing for some variability in the recurrence period; the standard deviation is of the 

order of 410dt= . The shallow tail of the distribution towards the shorter recurrence times 

reflects the increasingly smaller probability of having two large events separated by a 

very short period of time. This is analogous to the relatively long quiet times, where 

vigorous earthquake activity is missing, that we usually observe for mature faults such as 

San Andreas fault. Nonetheless we stress here that the large events we are getting in our 
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simulation, while showing some characteristic time behavior, are still spatio-temporally 

variable. 

 

2.6.2- Statistical and spectral properties of the prestress: 

In our simulations we usually start with an ordered state: homogeneous material and 

frictional properties and a prestress distribution that is uniform everywhere except for the 

intermediate ten blocks where it is increased to just above the static friction threshold in 

order to initiate the first rupture. Under the influence of the large number of repeated 

fractures that are, in general, of different sizes, as was discussed in the previous section, 

and of different slip distributions, the prestress distribution evolves into a heterogeneous 

one. The prestress distribution along the chain after 50,000 events is shown below in Fig. 

(2.17). We note that the overall value of the average prestress is low, of the order of      

0.2 Fst ,and it is characterized by essentially a long wavelength variation due to the 

dominance of large sized events (events of length 1000 blocks or more). Nonetheless, the 

prestress distribution is still quite rough, with small-scale fluctuations, and spiky, 

possibly due to the influence of small and moderate sized events. 
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Fig. (2.17): Prestress distribution existing in the system with parameters r = 200, vc = 0.01265 and 

71.2 10g -= ³ after 50000 events. Note that the prestress has both positive and negative values, with a quite long 

correlation length [the cross points with the zero axis are sparsely distributed.] 

 

To assess the prestress distribution from a statistical point of view, we binned the stress 

values into a number of equally sized bins and counted the number of points occupying 

each bin. The result is shown in Fig. (2.18). The actual data set represented by the blue 

dots is best fitted with a Gaussian distribution. This is a consequence of the dominance of 

the large sized events, which tend to 1) smoothen the stress over long wavelengths, 2) let 

the system settle in a state with almost ñcharacteristicò events, and 3) render the 

fluctuations by small and intermediate sized events of secondary significance. We think 

that this case might match the state of stress on mature major faults that have experienced 

kilometers of slip throughout their history and are hence expected to host relatively 
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