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Abstract

There has been much recent progress in the study of free boundary problems motivated by phase
transformations in materials science. Much of this literature considers fronts propagating in homo-
geneous media. However, usual materials are heterogeneous due to the presence of defects, grains

and precipitates. This thesis addresses the propagation of phase boundaries in heterogeneous media.

A particular motivation is a material undergoing martensitic phase transformation. Given a
martensitic material with many non-transforming inclusions, there are well established microscopic
laws that give the complex evolution of a particular twin or phase boundary as it encounters the
many inclusions. The issue of interest is the overall evolution of this interface and the effect of
defects and impurities on this evolution. In particular, if the defects are small, it is desirable to
find the effective macroscopic law that governs the overall motion, without having to follow all the
microscopic details but implicitly taking them into account. Using a theory of phase transformations
based on linear elasticity, we show that the normal velocity of the martensitic phase or twin boundary
may be written as a sum of several terms: first a homogeneous (but non-local) term that one would
obtain for the propagation of the boundary in a homogeneous medium, second a heterogeneous term
describing the effects of the inclusions but completely independent of the phase or twin boundary

and third an interfacial energy term proportional to the mean curvature of the boundary.

As a guide to understanding this problem, we begin with two simplified settings which are also of
independent interest. First, we consider the homogenization for the case when the normal velocity
depends only on position (the heterogeneous term only). This is equivalent to the homogenization of
a Hamilton-Jacobi equation. We establish several variational principles which give useful formulas to
characterize the effective Hamiltonian. We illustrate the usefulness of these results through examples
and we also provide a qualitative study of the effective normal velocity.

Second, we address the case when the interfacial energy is not negligible, so we keep the hetero-
geneous and curvature terms. This leads to a problem of homogenization of a degenerate parabolic
initial value problem. We prove a homogenization theorem and obtain a characterization for the
effective normal velocity, which however proves not to be too useful a tool for actual calculations.
We therefore study some interesting examples and limiting cases and provide explicit formula in

these situations. We also provide some numerical examples.



vi
We finally address the problem in full generality in the setting of anti-plane shear. We explicitly
evaluate the term induced by the presence of the inclusions and we propose a numerical method that
allows us to trace the evolution of the phase boundary. We use this numerical method to evaluate

the effect of the inclusions and show that their effect is quite localized. We use it to explain some

experimental observations in NiTi.
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Chapter 1

Introduction

Free boundary problems occur naturally in many areas of engineering: phase boundary propagation
in materials science, multiphase flows, seismic waves, photolitography, etching and image processing.
We study a series of problems motivated by solid to solid phase transitions; we note, however, that

these results and ideas have implications for the other areas mentioned above.

Materials undergoing solid to solid phase transitions spontaneously form microstructure (like
fine twins in martensitic transformation). An issue of great current interest is the evolution of this
microstructure and the effect of defects and impurities on this evolution. To be specific, consider
a martensitic material with many non-transforming inclusions and a phase (twin) boundary propa-
gating in this material. There are well established microscopic laws that give the evolution of this
boundary but its motion is very complex as it encounters the many inclusions. We are interested in
finding the effective macroscopic law that governs the overall motion, without having to follow all

the microscopic details but implicitly taking them into account.

Consider a body @ c R® and let it contain N inclusions 4; C Q, i = 1,... N, as in Figure 1.1.
Assume that A4; are disjoint, and Q, A; open. Now suppose that this body with inclusions has a

phase boundary I' which separates it into the + and the — phases. Thus,

Q=0tuQ U, A, uT U, a4,

Suppose the transformation strain or stress-free or eigenstrain of the +, — phase is E,, E_
respectively while that of the ith inclusion is E;. Above, E.,E_  E; are given symmetric 3 x 3
matrices. Suppose further that all the inclusions and both the phases have the same elastic modulus
C. Then the energy density is

W = %(Vu — Er)-C(Vu — ET) (1.1)



Figure 1.1: A twin boundary in a medium with precipitates

and the stress tensor T is given by

T =C(Vu- Er), (1.2)
where u denotes the displacement field,
N E+ in Q+,
Er=x4+Ey+x-E-+)Y x:Ei={ E. inQ_,
=1 Ei in A,‘

and x4 is the characteristic function of €, etc. If the phase boundary I is stationary, we can find
the displacement u and stress ¢ by solving the equilibrium equation (balance of linear momentum

assuming no external body force)

V-T=0, (1.3)

subject to appropriate boundary conditions.

Note that we can solve this problem by superposition. Let u® solve the problem

V.79 =0,
TO = C(VUO - X+E+ - X_Ew_) B

subject to the given boundary conditions, and let u* solve the problem

V-Ti=0,
T! = C(Vu' — x:Ei),
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subject to homogeneous Dirichlet boundary conditions. Set u = Zﬁio u? and notice that it solves

(1.3).

Now suppose that the phase boundary I" evolves quasistatically, i.e., its normal velocity is small
compared to any of the sound speeds in the medium. We can then find the displacement u and
stress T" by solving (1.3) at each time ¢. Tt remains to describe the law that governs the evolution of
I'. To this end, Abeyaratne and Knowles [2] and Gurtin [15] have shown that the dissipation rate

associated with the motion of the twin boundary is
A(t) = /F Fondl, (1.4)
where v,, is the normal velocity of the interface and f is given quasistatically by
f=IW]~n-[[(Vo)TT]In - ex = [[W]] ~(T) - [[Vu]] — k. (1.5)

Here c is the (positive constant) interfacial energy, x isthe mean curvature of the interface, n is its
normal and [[q]] and (g) denote respectively the jump and the average in a quantity q across the
phase boundary. Therefore, f is the thermodynamic force conjugate to the normal velocity and may
be interpreted as the thermodynamic driving force that drives the phase boundary. It is natural
therefore to assume that the normal velocity depends on the driving force and a simple model is

obtained by making the following constitutive assumption:
vn = f.

We note that this model automatically satisfies the requirement that the dissipation be non-negative.

Plugging (1.1} and (1.2) into (1.5), we find that

f = %[[(Vu — Er) - C(Vu — Er)]] = (C(Vu — Er)) - [Vu]] — ek

= 5ll(Va) - C(Vw)] + 5{[Er - CBr]] ~ [[(Vu) - CEr ]
~(C(Va) - [[Vu]] + (CBr) - [Va]] ~ ex.

Since {[ad]] = (a)[[b]] + [[a]](), and since C is constant and symmetric, we conclude that

3 [[(Vu) - C(VW)]] = (C(Vw)) - [Vu],
[[((Vw) - CEr]] = (CEr) - [[Vu]] + [[CEr]] - (Vu).



Therefore, the model gives
1
vn = f = 5[[Br - CBr]] - [[CEr]] - (V) — cx. (16)

Substituting the solution of (1.3) into this expression, we find that the normal velocity of the phase

boundary may be written as
1 A
vn=5 (B - CEy —E_-CE_)-C(Ey - E_)- (Z Vu’) ~C(By —BE_)-(Vu®) —ck.  (1.7)
i=1

Above, we have used the fact that Vu' is continuous across I' for i =1,..., N.

Thus, the normal velocity is written as a sum of four terms. The first term is constant, the second
depends only on the inclusions and is independent of I (including its normal), the third depends
only on I' and is independent of the inclusions and the fourth is proportional to the mean curvature.
In short,

vp = f(x) + vl — ck.

If f oscillates on a length scale that is small compared to the size of Q, then the evolution of T is
extremely complicated. We are interested in understanding if one can define an overall or average
interface which captures the correct overall evolution without explicitly tracking all the details, and
if s0, in determining the laws that govern the overall interface.

As a guide to understanding this problem, we study certain simplified examples that are also of
independent interest.

Chapter 2 deals with the case v, = f(%,n), with f continuous and periodic in the first variable
with period [0, 1]V (where NN is the spatial dimension of the problem and ¢ is the typical lengthscale
of the inclusions). We write the problem using the level set formulation: assume that the interface
I' can be described as the zero level set of some function h{(z). We find that its propagation may be
written as a Hamilton Jacobi initial value problem and we seek to homogenize it.

If f assumes strictly positive values (or strictly negative values), the results of Lions, Papanicolaou
and Varadhan [20] establish the well posedness of this homogenization issue. However, their result
is hardly a useful tool for calculating the effective normal velocity ¥,. An alternate approach is to
follow E [12] and use T-convergence in the Lax representation formula of the solution of the initial
Hamilton-Jacobi equation. Using both these approaches, we establish several variational principles
which give formulas that allow us to effectively calculate ©,,. We illustrate the usefulness of these
results through examples. A noticeable detail is that, in spite of the Lipschitz continuity of f required
for the proof of the theorems, the obtained formulae seem to be extendable to all functions for which
they make sense. We also discuss the situation when f takes both positive and negative values.

Chapter 2 also addresses the qualitative study of the effective normal velocity @y, like the mono-
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tonicity of @, with respect to f and its continuity with respect to variations of f in C(RY). The
issue of bounds is also touched on and in the end of the third section of Chapter 2, some inequal-
ities are derived that are sharper than the ones provided in [20] and show some parallelism to the
ones for linear conductivity (effective normal velocity is caught between some sort of harmonic and
arithmetic means).

We then move to the case when the interfacial energy ¢ in (1.7) is no longer negligible and arrive
at the normal velocity law v, = f(£) + cex, with f a continuous and periodic function with period
[0,1]" (where N is the spatial dimension of the problem) and ¢ a positive real constant. Representing
again the interface as the zero level set of a function k, we conclude that we need to homogenize a
degenerate parabolic initial value problem. In Chapter 3 we prove a homogenization theorem that is
equivalent to the one proved in [20] for the Hamilton-Jacobi problem. Unfortunately, the obtained
characterization for the effective normal velocity is not too useful a computational tool. Moreover,
the nature of this problem is such that there are no known representation formulae for its solution,
which would allow use of the I' convergence theory. We, however, study some interesting limiting
cases and examples.

Of particular importance is the result for the case when c is very large. We show rigorously in
Chapter 3 that, in the limit ¢ — oo,

Cllglo On(p) = limsup —

d bl
Doo [y <f>i(s)

where < f > is the average of f on a (N — 1)-dimensional period of f that is orthogonal to p.
This limit for ¥, is not at all surprising. When c is very large, curvature is highly penalized so any
propagating interface is forced to be almost straight. As the speed of any straight line is obtained by
averaging the normal velocity along the interface, this reduces the problem to the one-dimensional
case, where the effective velocity is given by the harmonic mean of the velocities.

Finally, in Chapter 4 we study the effect of precipitates, including the key elastic term that
depends on the interface. Rather than focusing on the difficult issue of homogenization, we try
to expose the effect of the precipitates through simulation of certain examples. We specialize the
problem to the case of an anti-plane shear deformation and obtain an estimate of the effect of the
inclusions. We present a numerical method that allows us to simulate the propagation of the phase
boundary. The results of certain simulations ahow, in particular, that the precipitate inclusions

indeed have only a short range effect on the motion of the twin boundary.






Chapter 2

Homogenization of the geometric
motion of an interface

2.1 Introduction

The present chapter deals with the propagation of fronts driven by a normal velocity that depends

on the position only. Consider a phase boundary propagating with the normal velocity

v, = f(x) =0 — (x)
inside some heterogeneous body occupying some region Q C RY, where ¢ is the constant applied
load and & : @ — R is a spatially rapidly oscillating function which expresses the resistance of the
medium to changing phase. If the length scale of the oscillations in & are small compared to typical
length scales in €1, then the detailed evolution of the front is rather complicated. Therefore, this
study seeks to find an effective law that governs the overall evolution of the front. It is assumed

henceforth that & = RV and that & is periodic.

Similar problems arise in the calculation of first arrivals in seismic travel times (with a velocity
that varies depending on the type of rock) and the development process in photolitography, where the
resistive strength of the material is differentially altered through optical processes and the material

is then exposed to an etching beam that removes the weaker material.

An efficient tool for studying such problems is the level set formulation. If we assume that there
exists a smooth function h : RY x [0,00) — R such that our front coincides with its zero level set at

all times, a simple calculation yields that

ne Yh o M
CvAp Tt VAP

where n denotes the normal to the front and h; is the derivative of A with respect to the time ¢. It
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follows that h satisfies the following Hamilton-Jacobi initial value problem:

hi+ H(z,Vh) =0 in RY x[0,00)
h(z,0) = ho(z) in RN

)

with the Hamiltonian
H(z,p) = f(z)p|

and the initial data hg € BUC(R") (where BUC denotes the space of bounded and uniformly
continuous functions) chosen such that its zero level set coincides with the initial position of the

front. If Sp denotes the set of all points in the initial front, a common choice for hg is
ho(z) = min(d(z,So), 1),

where d(z,Sg) is the distance from x to Sp.

One problem that might occur when using this formulation is that the zero level set of the
function h may develop a nonempty interior. However, this is ruled out in the case when the normal

velocity depends on the position only, by a result of Barles, Soner and Souganidis (Theorem 4.1 in
[4]).

Now, if the medium in which the front is propagating has a periodic structure, with unit cell

[0,€]", the corresponding Hamilton-Jacobi initial value problem is

hi + f(£)IVRE| =0 in RN x[0,00)

, 2.1
hé(z,0) = ho(x) in RN 1

with f continuous and periodic with period Yx = [0,1]". Our aim is to study the homogenization
of this phenomenon, i.e., to capture its limit behavior when the structure of the medium becomes

infinitely fine (¢ — 0).

We say that a homogenized front exists and its level set formulation is given by the Hamilton-

Jacobi initial value problem

hi + H(Vh) =0 in RV x [0, 00)

2.2
h(z,0) = ho(z) in RN (2.2)

if the viscosity solution h¢ of problem (2.1) converges uniformly on RY x [0, T) (for all T < o) to the
viscosity solution of problem (2.2). We call H the effective or homogenized Hamiltonian. Further,
since H(z,p) = f(x)|p|, we write

H(p) = ta(p)Ipl



and call o, the effective normal velocity.

The issue of the existence of the effective Hamiltonian H has been addressed in previous studies
by Lions, Papanicolaou and Varadhan [20] and by Evans [13]. While their results establish the well
posedness of the homogenization problem and prove certain properties of the effective Hamiltonian,
they do not provide means for calculating it. The present chapter addresses this issue and its main
results (Theorems 2, 4, and 6) give variational characterizations for H, the effectiveness of which is

illustrated in a series of examples.

In Section 2.2 we demonstrate that the homogenization of Equation (2.1) makes sense only when
f assumes strictly positive values and we try to give an interpretation of this fact. In particular, we
show how, for cases when f is not strictly positive, the front may assume an oscillatory shape with
constant amplitude and frequency of order e~} as € decreases. This is made possible by the fact
that the present model allows the front to develop infinite curvature. Section 2.3 contains a brief
review of existening results and Section 2.4 contains our main theorems, which give formulas for the
effective normal velocity. Starting with these formulas, we derive some qualitative properties and,
in Section 2.5, bounds on the effective normal velocity. We also make comparisons with some other
results in the theory of homogenization. Finally, Section 2.6 lists a few examples which demonstrate
the usefulness of our results. We show that the homogenization of isotropic media may give birth

to anisotropic ones.

Even though the homogenization theory is valid only when f is strictly positive, we show through
examples (specifically Example 3 in Section 2.2) that one can define an overall phase boundary when
the regions where f is negative are isolated within the region where f is positive. We also show that

the formulas we derive in Section 2.4 give the normal velocity of this overall phase boundary.

2.2 Defining the effective normal velocity

We start by addressing the issue of well posedness of the homogenization problem. Motivated by the
fact that all the results in the previous literature assume coercivity of the Hamiltonian H (which in
our case is equivalent to the strict positivity of f), we try to investigate, by examples, the evolution

of fronts in a medium where f changes sign.

Denote by F* (respectively F~) as the set of all = for which f(z) > 0 (respectively f(z) < 0).

We may then have one of the following three interesting situations:

Example 1. We start by looking at the case when both F*+ and F~ percolate. In such a
situation, existence of a moving homogenized front fails either due to the creation of very dense

oscillations or due to trapping.
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Figure 2.1: Propagation of a front with normal velocity law given by Equation (2.3)

As a representative example, consider the normal velocity law
f(z) = acos(%x—l), Vz € R?, (2.3)
where a > 0, and an initial shape parallel to the z, = 0 axis, say
ho(x) = min(z,,1).

The evolution of such a front is depicted in Figure 2.1. The lines where v,, vanishes are shown as
continuous lines and the evolving front is pictured at three different instants of time (dotted line for
the initial position followed, chronologically wise, by the dash-dot line and then the dashed line).

The front is pinned at all the points = (z1, z2) satisfying x, € £(Z \ 2Z) on the x5 = 0 axis.
By a simple symmetry argument, the normal in the points & with z; € 2¢Z will always be es, which
allows us to conclude that the points of the front with their first coordinate z; € 4eZ will move in
the ey direction, while the ones with z; € £(2Z\4Z) will move in the —ez direction, all with the same
constant velocity a. It is now easy to see that, as ¢ decreases, the front will assume an oscillatory
shape with constant amplitude and frequency of order e~1. Obviously, it cannot converge uniformly
to any homogenized shape.

Now, for the same normal velocity law, use the initial shape given by
ho(z) = min(zy,1).

The front is trapped inside the region {z € R?/|z;| < €}, so the homogenized front does not move.



11

This trapping phenomenon is totally analogous to the one-dimensional one observed by Bhattacharya
in [6].
Example 2. We now look at the case when neither ¥ nor F~ percolate. An example of a

normal velocity law that falls within this case is
f(z) = acos(zr—;—l) cos(%), vz € R2.

In such a situation, we are able to argue that the homogenized front is still. Indeed, since F*
does not percolate, any of its connected subsets must be bounded. Moreover, by periodicity of f,
all the diameters of the connected subsets of Ft must have a common upper bound. By repeating
this argument for 7~ we obtain a positive real dy larger than the diameter of any connected subset
in RN on which f does not change sign. Any initial front S will then be confined to the region
{z € RV /d(z,S) < edy}. As e decreases to 0, this region shrinks to S and traps the homogenized
front. This is again the analogue of the one-dimensional trapping observed by Bhattacharya in [6].

Example 3. Finally, let us consider the case when F+ percolates while F~ is non-void and does

not. An illustrative example for this case is

fe) = (24)

extended by periodicity to all R3. Presume we start with the initial front given by {z2 = 0}:
ho(z) = min(x2,1).

By an argument similar to the one in the first case, all points with z; € €Z will move in the e3
direction with constant velocity 41. These points will eventually pull all the front with them, as it
will avoid passing through the points of vanishing f by taking a roundabout way. However, traces of
the front, in the form of closed surfaces surrounding the points where f vanishes, will be left behind.

1

As € decreases to 0, the number of such trace-surfaces increases proportionally with e~', impeding

the existence of the homogenized front.

As for the leading part of the front, we may use a symmetry argument similar to the one in the
previous examples and show that the normal in all points with z; € Z has to be es, hence their

normal velocity remains constant and equal to % at all times.

The evolution of such a front is depicted in Figure 2.2. The points where v,, vanishes are
represented by ‘x’-s, while the evolving front is pictured at three different moments (dotted line for
the initial position followed, chronologically wise, by the dash-dot line and then the dashed line).

Note how, in the third snapshot, the front is no longer connected but consists of its leading part and
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Figure 2.2: Propagation of a front with normal velocity law given by Equation (2.4)

traces around each of the points with v, = 0 that were left behind.

One may neglect the trace-surfaces left behind and define the homogenized front by the remaining
part. It is then reasonable to attempt an estimation of its effective velocity and Proposition 1 only
states that this is not possible with the help of the level set formulation. One intuitive way of doing
all this is to imitate Soravia’s Definition 4.2 in [25] and consider the limit, as € decreases to 0, of the
evolutions with speed max(f,0)+¢. It is possible to use Lions’ Theorem 1.12 in [19] and replace the
negative parts of f with 0. The addition of the small positive constant ¢ deletes the trace-surfaces
left behind without considerably altering the velocity of the leading front, as will be seen in Theorem

7.

Proposition 1 Assume that f and hy belong to WL (RV). To have a homogenized level set

Junction in motion, we need f to assume only strictly positive values or only strictly negative values.

Proof: We prove this result by contradiction: assume that the function f is neither strictly positive
nor strictly negative. By continuity and periodicity of f, in any unit cell we can find a point where
it vanishes.

Since the homogenized front does move, there exists some compact set D in RV, with non-void
interior, in which the function h changes sign. Without loss of generality, we may assume that
ho(x) > 0, h(z,t) < 0 for all z in D and for some strictly positive ¢ (note that we may need to
change f to —f and ho to —hg for this to be true). By the uniform convergence of h® to h, there
has to exist a positive e p such that, for any £ smaller than ¢p, h%(z,t) < 0in D.

On the other hand, since the interior of D is not void, there exists some positive £p and some

zp in D such that zp +¢Y,, C D,Ve < &p.
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Now fix € to be the minimum of ep and £€p. By our assumption on f, we get a point z € D in

which f. vanishes, where f. is defined by
x

Due to the uniform continuity of h®, there exists a positive real m such that

h*(z,0) >m, h(z,t) <—-m, VxeD. (2.5)

Using the existence results developed by Lions in Chapter 9 of [19], we see that the viscosity
solution of problem (2.1) belongs to W1 (RY x (0,¢]). Hence its spatial gradient is bounded:

IVR*| <M ae in D x(0,t], (2.6)

for some positive real M. Finally, using the continuity of f and the fact that it vanishes in z, we

p(;l) ::n[’Ja’IHEd m L f: }lIC}l

Now, inequalities (2.5) give us that
t
/ hi(z,0)dd < —2m,Vz € B,(z),
0
which implies
t
/ f(2)|Vh®|d8 > 2m,Vz € B,(z).
0

Using (2.6) and (2.7), we reach

t
2m

an obvious contradiction, since
t om
/ — Mdf = 2m.
o tM

Having this result, we may assume without loss of generality that f is strictly positive everywhere

(if f is strictly negative everywhere, change f to —f).
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2.3 Homogenization

We seek the homogenized Hamiltonian H. Let us begin with a formal asymptotic expansion (see [5]

for a systematic presentation of such ansatz)
B (z,t) = hO(z,t) + shl(g,t) +ole).
Plugging this into (2.1) and collecting terms of order 0, we find
hi + f)IVh + V'] =0,

where y = . This is a partial differential equation for the corrector h! and its solvability condition

provides a constraint between the partial derivatives of the average h°:
hY + H(VR®) = 0,

with the effective Hamiltonian H (uniquely) determined by the condition that a periodic solution v
of
H(y,p+Vyv) = H(p) (2.8)

exists.

This result has also been obtained rigorously by Lions, Papanicolaou and Varadhan in [20]:

Theorem 1 Let H € C(RN x RV) be periodic in = and satisfy
H(z,p) > 00 as |p| = oo uniformly for z€ RY.

For each p € RN, there erxists a unique A € R - that we denote by H(p) - such that there exists

v € C(RN), periodic, viscosity solution of
H(y,p+ D) =X inR".

And H is continuous in p.

For any uo € BUC(RN) (the space of bounded and uniformly continuous functions on RY ), the

solution u® of the Hamilton-Jacobi equation

9+ H(2,Du?) =0 in RY x[0,00)

u®(x,0) = up(x) in RN



15

converges uniformly on RN x [0,T] (VT < o0) to the viscosity solution of

)

%u 4 H(Du)=0 in RN x[0,00)
u(z,0) = uo(z) in RV
in BUC(RN x [0,T)).

Moreover, they state that H is a continuous convex function and that H(p) goes uniformly to

infinity as |p| = co. They also derive some elementary bounds:
inf f(z)|p| < H(p) < sup f(z)|pl- (2.9)

A useful characterization of H can be obtained by looking at its dual. Define the Lagrangian

associated to H by its Legendre dual

0, if gl < f(y)

L(z,q) = sup (¢-p— H(z,p)) = , . (2.10)
pERN oo, if g > f(y)
In [12], E uses I'-convergence techniques for the Lax representation formula
toe
(o, t) = inf (ho(y) + inf (| L, &)drle(0) = 9. €0) = 2.6 € WH=(0,1)))
y £ 0 €
and proves that the solution of problem (2.1) converges uniformly to
. (T Y
inf {(ho(y) + tL (=)},
where
- 1 b .
L)) =liminf =  inf LA t), A t 2.11
O =timint 5 int [ L+ 00,0 + G0t 2.11)

and that L is the dual of H.

2.4 Characterization of the effective normal velocity

We now use the results listed in the section above to obtain suitable characterization of the homog-

enized Hamiltonian in the problem motivated by phase boundary propagation where
H(z,p) = f(z)|pl.

We set
H(p) = tn(p)Ip|



16

and call 7,, the effective normal velocity.
Lemma 1 If f is Lipschitz continuous, Y -periodic and f > 0, the effective Hamiltonian is given by

H(p) = sup (cos(/\,p) lim sup - (2.12)

raa——van IV 2
A D— oo lnf,yep%* T(’Y))I |

where D% is the set of all H' paths connecting = with z+ ﬁD and T (y) = f*r % (dl is the arclength).

Moreover, 0, is an even function and depends only on the direction |—£—|.

Proof: If v is a viscosity solution corresponding to p in (2.8), then for any A > 0 notice that Av is

a solution corresponding to Ap and H(\p) = AH (p):
H(y, p + XVyv) = f)IAp + AVyv| = Af(y)lp + Vyv| = AH (y,p + Vyv) = AH(p).

It follows that @, is a function of direction only:

On(p) = Bn ().
Un(p) = n(lpl)

Moreover, Proposition 2 in [20] ensures that 7, is even.

Using this property of H, we get a first formula for its Legendre dual:

L) = sup(A-p— H(p)) = sup [p|(|A[ cos(A, p) = #a(p)) =
p Y4
0, if [N <F(
= it A= FOY (2.13)
oo, if |A| > F(X)
where F is defined by
F(\) = inf{ﬂg)— : cos(A, p) > 0}.
p cos(A,p) ’
Further, since H is continuous and convex, it coincides with the dual of its dual, so
H(p) =sup(A-p—L(N) = sup [Acos(Ap)lpl,
A IM<SF(A)
from which we infer
Un(p) = s&lp(F(A) cos(A, p)). (2.14)
An alternative formula for L may be obtained from E’s relation (2.11). Using (2.10),
_ 0, if 3D, 00,A¢,€ HLO0,D,) 3: 1A+ ¢,| < FOAt+ ¢y,
L) = i 00,3 ¢ o ) 20 |A + 8a| < F(AL+ o) ' (2.15)
oo, otherwise
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Now consider some X with |A\| > F((A). By (2.13), L(\) = oo, so (2.15) implies that, for any D
large enough and for any ¢ in H}(0, D),

3 (a,b) C (0,D) 3: |A + ¢(2)] > F(Mt + &(t)) ae. in (a,b). (2.16)

Having D and an arbitrary ¢ fixed, we pose the following initial value problem:

dt _ f(At+6())
ds A+ ()]

£0) =0

on the largest interval on which |\ + ¢(t)| stays strictly positive and t < D. Since f is periodic and
continuous and ¢ is in H}(0, D), the derivative of ¢ is bounded from below by a strictly positive
number. This ensures that ¢ will eventually get to assume the value D. Set S to be the corresponding
value of s.

We now show that S > D. Assume by contradiction that S < D. Then we can define a function
in H}(0,D) by

) olt(s)) + A((s) —s), if s<S
v = { Almin, f(x) — 1)s, if S<s<D ’

which satisfies

A+ %}9 < f(As+¢(t(s))) a.e. in [0,D]. (2.17)

Since (2.16) and (2.17) contradict each other, it must be that S > D, which yields

S [Pds . _ [P I +4)

What we have proved up to now is the following: for any A with || > F()), any sufficiently large
D and any ¢ in H}(0, D), we have

1A+ (1)
1A > |A|D / f—mdt) . (2.18)
Equivalently,
F(\) >limsup sup |A\D / A+ (1) dt)_l (2.19)
D—oo ¢eHL(0,D) FAt+ (1) ' '

We now aim at the converse inequality. Attempting the same trail, consider some A with |A| <
F(X). By (2.13), L(\) = 0, so (2.15) implies that there exists a sequence D, — oo and ¢, €
H{(0,Dy,) such that | A + ¢n(t)] < f(M + ¢n(t)), ae. in [0, Dy,]). This yields

Pr A+ a0l

o FOtT gty LS P
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hence .
Dn |)\ + ¢n(t)| d

AREES
o FOt+én(@) ) 2Pl

.  ADA(
$EH(0,Dy)

Thus

. A+ ()] .
Al < limsup sup |A D / —— 2 dt) VYA with |Al < F(d),
A D—co ¢eH}(0,D) A fOt+9() )

which gives the converse inequality of (2.19). We conclude that

D .

: A+o®)| ,\7?

F(A) = limsu sup AlD ——dt =
B = e s WP() o g )
1 dly -1

= limsup{—= inf /— 2.20
D——»oop(D 'ye’D%'\ 7 f) ( )
and using (2.14) we reach (2.12). u

This formula for ¥, has an interesting interpretation. According to (2.20), F(A) is the fastest
average velocity with which we can travel a long distance in the A direction. Equation (2.12) then
picks the direction A such that the projected velocity in the direction p is the fastest. Therefore, @y,
is the fastest projected average velocity in the direction p. In particular, a front need not directly
develop in the direction p. If a quicker neighboring direction exists, the front will rather choose to
develop portions with the corresponding normal at microscopical level and perform a translate-and-

advance motion, thus obtaining a faster propagation.

Lemma 2 The function

' ly—z+40)

seibion Jo Ta+ily—2) + o)™

G(m,y) =

satisfies the Lipschitz continuity condition

|21 — 2| + |y1 — yo
_ < :
1G(z1,31) — G(@2,92)| < inf, f(z)

Proof: Given ¢; € H}(0,1), define ¢ € HL(0,1) by

ro + 3t(.’L‘1 - .’L'Q) if te [0’ 313‘]
To+ 1ty —T2) + 2(t) = o1+ (Bt = 1)(y1 — 1) + 1 (3t —1) if te[l,2
y1+ (3t — 2)(y2 — 1) if tel[2,1]

We have that

! ly2 — T2 + ¢a(t)|

G(xz,y2) < flza +t(ya — 12) + ¢2(t))

dt =
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W=

3|.’L‘1 - :l'zl

= ), Tt et T
3 3|y — z1 + ¢, (3t — 1)
+/l flz1+ (Bt —1)(y1 — z1) + $1(3t — 1))dt+
! 3|y2 —y1|
+/§ fly + (3t = 2)(y2 — yl))dt <
< lm— 2o ! lyr — 21 + ¢1(2)] ’ lyr — vo
~  ming f o flx1+tlyy — 1) + d1(2) ming f

Since this inequality is satisfied for any ¢1 € H}(0, 1), we have verified that

|z1 — x| ly1 — y2|
G -G < .
(72, Y2) (z1,1) < ming f min, f
By symmetry of x, y, we reach the conclusion of the lemma. |

Lemma 3 (i) In formula (2.12), the starting point of the curves in the family D%”\ 1s arbitrary:

D D
FO) =1l A . —
O =P o e T B Wi ey ()

where D}, is the set of all H' paths connecting r with T + ﬁD for some z € RV,

(i) The limsup occurring in formula (2.12) is actually a limit.

Proof: (i) By considering the [0, 1] parametrizations of the paths in D%’)‘, we get

L ZD + 6(t) A
inf T(y)= inf i%—h—im=mm~py
~eDy seHi01) Jo f(zD + 6(1)) |Al
Then Lemma 2 yields
1. 1, 2|z| N
— inf T(y)< = inf T(Y)+ =————, VD >0,VzeR". 2.21
nt T < i TO)+ g s (2:21)
By the definition of lim sup, there exists a sequence D,, — oo such that
limsup —————— = lim _Dn
- = 1 T .
Do lnf,yepoD’* T(y) =noo lnf,yep([’;: T(v)
Since poaids — 0 as D — oo, (2.21) implies
lim sup D < liminf Dn
_ iminf ———————
D—soo 1nf7€D%,x T(y) — Tnoo mfveDg* T(y) —
< limsup - D Vz e RV,

D—oo lnf-ye'l);)'}‘ T(7),
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The converse inequality follows in a similar manner, so we have proved

D D

limsup ————— = limsup —————+—, Vz € RN,
D—><>op lnfvep%* T(’)’) D—>oop lnffye'pgv* T(fy)
from which we reach our assertion.
(ii) Let £ = ]%I and
1 . G(0,DE)
L= lgnmf D inf T(v)= lgri)lcl}of —5

oo yeDY>

Fix some £ > 0. By the definition of liminf, there exists some d. > m—?n‘i—ﬁf(—z) for which

- G0,

Wim

Pick some integer k with k > ——3——. Let D, = kd. and choose some arbitrary D with D > D..

eming f(z)"
Obviously, there has to exist some integer m, with m > k, for which D € (md., (m + 1)d.]. Then

Lemma 2 implies

G(0. D) < G0.md.) + e < G0, mdg) + e
Since m > k and k > m—%—f(—z), this yields
G(0, DE) G(0, D) < G(0,md.§) 1
T - md. T md. mmin, f(z) ~
A ek S
On the other hand, we clearly have
G(0,md:£) < G(0, (m — 1)d:£) + G((m — 1)d.§, md:§). (2.23)

Since (m — 1)d. € RV, there exists some y € Z" such that |y — (m — 1)d.| < @ Due to the

periodicity of f, we have that
Gly,y +d:§) = G(0,d.§).

By Lemma 2 and this last equality, (2.23) becomes

G(0,md.£) < GO0,(m—1)d.&) + G(y,y +d.€) + 2|y — (m — 1)d;| <

min, f(z) ~
G0, (m — 1)de6) + G0, d.) + —Y N

min, f(z)’

IN
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Iterating this inequality, we obtain

vN
G(0,md:£) < mG(0,d:€) + (m — 1)m-
Recalling the two assumptions we made on d.,
G(0,md.€) G(0,d.€) Lm-1 VN <
md, = d. m d.ming f(r)
€ VN 2e
< L+-4+——"——=<L+—. 2.24
- +3+d5minzf(z)_ +3 (224)
Adding the inequalities (2.22) and (2.24), we get
0,D
M §L+€=liminfM+€, VYT >T,,
D D—oo D
which finally allows us to conclude that
lim inf ———G(O’ D¢) =L = lim —————G(O’ Df).
D—oo D—oo D
This equality is sufficient to establish our assertion. [ |

We now present our main results.

Theorem 2 If f is Lipschitz continuous, Y -periodic and f > 0, the effective Hamiltonian is given

by

_ _ D . p-d(v)
H{p) =su cos(\,p) lim —————— ) = lim su , 2.25
(») A1f>(|pl (A, p) Jim_ TR T(w)) Do ey T(7) (2.25)

where d(vy) denotes the distance vector between the two endpoints of v and Dp is the set of all H!
paths with |d(v)| = D.

The effective Hamiltonian is an even function of p and varies linearly with its length |p).

Proof: The first equality is a direct consequence of the lemmas above, while for the second one we
need to prove that the limit can be interchanged with the supremum.

Since the expression inside the supremum depends only on the direction of A, it is enough to
consider only the unit length vectors (A € 0B;(0)). Let us pass to the limit (as D — o0) in the

inequality
sup A5 DA
rea, (0) Inf epy T(y) ~ infepa T'(7)

Since the right-hand term has a limit, we get

liminf sup Dp - X i Dp- A
D—oo A€OB1(0) inf‘YGDg T(')/) ~ Do inf,yepg T(’)’)
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This stays true for any A, so it must be that

- A Dp- )
liminf sup Dp > sup lim P (2.26)

D—oo A€BB1(0) inf,YeDA T(’y) - A€8B1(0) D—oo inf,yepx T(")/)
D D

We now aim at the complementary inequality. By the definition of lim sup and the compactness of
0B1(0) (note that the expression inside the supremum is continuous with respect to A, by Lemma 2,
so the supremum becomes a maximum), we capture two sequences D, — 0o and {A, }nen € 0B1(0)

such that
limsup sup DAp im Dnln P
D—oo A€BB;(0) inf—ye’Dl’_:, T(y) nooo infyepg'; T(v)

Using again the compactness of dB;(0), we may assume that the sequence A, converges to some
A € 0B;1(0) (restrict to a subsequence if not).

A direct application of Lemma 2 gives

inf T(y) = G(0, DpAy) >

V€D,
_ Dulr =

DA = Al _ inf T(v) min, f(z)

> — =
- G(OaDnA) minz f(-z') ‘)’€D§\)"

Thus i )
mf'yeD};," T(v) lnf,YE'D,[\)" T(v) =l

>
Dy, = D, min, f(z)

and, since A, -p—= A-pasn — oo,

limsup sup __Drp im Dun - p
D—oo xe8B;(0) I epy T(y)  n—eo infvepgn T(y) ~
D.)- .
< fim —2nAP o DA
n=ooinf,epy T(y)  D—ooinfiepy T(y) ~
DX
< sup lim L .

Ae€dB; (0) D—oo inf e T()

This inequality and (2.26) conclude the proof. |
Theorem 3 The effective velocity behaves monotonically with respect to f.

Proof: Using (2.23), we see that f; < f, implies

dl dl
re Z o v v
¥ fl ¥ f?
which yields
-d -d
sup P 57) < sup ' 57), VY D,

Y€Dp fwf v€Dp fA, T2
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hence Hy(p) < Ha(p), Vp € RV. [ ]

Theorem 4 If f is Lipschitz continuous, Y -periodic and f > 0, the effective Hamiltonian is given

by

T7 - p' ( ) 7
(p) Th o© ’YSE p7T 1 ( 7) ’ ( )

where Tt is the set of all H' paths with T(y) =T.

Proof: Define

_ p-d(y)
S(T)_ws;% T(y)

Fix some positive small €. For any T, we may find some 7, € 77 such that

e _p- d(ve) p-d(v)
ST =3 < T =2 TH) (2.28)

Consider the path 4 described by y(s)p for s € [0, T], where y is the solution of the initial value

problem
y _ fy(s)p)
yls) = 51—
y(0) =0

It is easy to see that ¥ € Tr and that
T
ami= [ = [ lie)plds > Tmin 1 (@)
R Y z
We infer that S(T') is bounded from below for any T":
S(T) 2 [p|min f (a).

Plugging this into (2.28), we’ve found some v, € 7t such that

T (|pl min, f(@) - §)

d(7.)| > (2.29)

1461 7

Now, using (2.25), we find a positive D, such that

p-d(y) _ 5 €
sup <H(p)+ =, VD2>D.. (2.30
T TP : )

Let T, = M—miln’i?—z—z—)—:—;. For any T > T, it follows from (2.29) that
= pl

T(|p| min, f(z) ~ 5) _ Te(lp|min, f(z) — 5)

ldre)] > 7 2 7

:Dsa
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0 (2.30) and (2.28) yield
S(TYy< H(p) +e, VT >T..

Thus
limsup S(T) < H(p). (2.31)

T— oo

We now aim at the converse inequality. Fix some small positive ¢ and use (2.25) to obtain D,

for which

. p-d(v)
H(p) —e < sup ———~.
B =e< 2 T
Then there exists some path . € Dp, such that
- p-d(y.)
H(p) — e < ———= < S(T%),
where T, = T'(vy.). But
dl
T(v) > fod  ldoo)l _ D

max, f(r) ~ max, f(z) max, f(z)’

so we’ve found some T, larger than for which

D,
max, f(z)
H(p) — e < S(T.).

This is enough to infer that
limsup S(T) > H(p).

T—o0

All we have now left to show is that the lim sup above is a full limit and this can be done as in

the proof of Lemma 3 (ii). u

Corollary 1 An alternative representation for the effective Hamiltonian is

- (=(T) -
T

H(p) = Jim sup(p 2O) e 10, 1), |3 = f(z)). (2.32)

Proof: For any path in Tr, we choose the parametrization z(s), s € [0, 5], given by

ds 1

dl "~ f(x(s)

Such parametrizations always lie on the interval [0, ¢] since

s:/osds:L%=T(7):T
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and they verify
l2(s) = —— = f(x(s)).

Conversely, any = € H'(0,T) that satisfies |#| = f(x) describes a path ~y with

d [T |as)| ,
0= [ 5], Tem T

s0 (2.32) follows from Theorem 4. |

One other variational principle for the effective Hamiltonian has been obtained by Concordel in
[10]. While its proof is presented for Hamiltonians with superlinear growth as |p| — oo and the result
is false for Hamiltonians with sublinear growth (a simple counterexample is given by H (z,p) = |p| 7),

the corollary above allows us to extend it to our case.

Theorem 5 If f is Lipschitz continuous, Y -periodic and f > 0, the effective Hamiltonian is given
by
A(p)= lim sup = / p- (1) — L&), 2(t))]dt, (2.33)

T—oo rE€H(0 T)

where L is the Lagrangian described in (2.10).

Proof: Denote by S(p,T) the supremum occurring in the right-hand term of (2.33). Using (2.10),

1 T
S(,T) = sup{ 7 / p-i(t)dtlz € H'(0,T), || < f(2)}.

Pick some £ € H*(0,T) with |#| < f(z) on [0,T] and pose the following initial value problem on
[0,T]:

ds (¢

ERIEI0))
s(0)=0

Since |#] < f(z) on [0,7] and s(0) = 0,

" T el o, _
T_/O dtz/o f(z(t))dt-/o ds = s(T) = S,

and we have equality if and only if |&| = f(z) on [0, T]. Moreover, due to the strict positiveness of

f, the function s(t) is invertible, so we may define y € H*(0,T) by

z(t(s)), if s€]0,5]
y(s) = _ :
z(T)+ (s — S)min; f(z)p, if se€[S,T)]
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Then

/OTP'Z)(S)ds /Osp-y(s)ds + /STp-y(s)ds
T

T
= /0 p-z(t)dt + (T — S) mzinf(z)p2 2/0 p-z(t)dt

and the inequality is strict unless T = S. All this leads to the conclusion that, for the evaluation of

S(p,T), it is sufficient to consider those functions z € H'(0,T) with || = f(z) on [0,7T]. Then

1 T
Sw.T) = sw(g [ p-itde € H'O.T), 1l = @)
= supZ D =200, ¢ 10,1, 181 = s@),
hence (2.32) implies (2.33). n

Theorem 6 If f is Lipschitz continuous, Y -periodic and f > 0, the effective Hamiltonian is given

by

N p-d(7y)
Hp) = Jim, sue =50y (2:34)

where Pp is the set of all H' paths with p-d(y) = P.

Proof: Define

- s p-d(7y)
SB) = s 1)

Fix some positive small €. Using (2.25), we find a positive D, such that

p-d(v) _ - £
sup ———— < H(p)+ =, VD> D.. 2.35
2 ) <Pty (2.35)

Let P. = |p|D.. For any P > P., we may find some ~, € Pp such that

e _p-d(v) p-d(y)
S(P)— - < ——~—~< sup . 2.36
2 T(’Y{:‘) YED d(ve )l T(’Y) ( )
But
- d(e P.
jdye) 2 200D - P B
Il lpl ~ Ipl
50 (2.35) and (2.36) yield
S(P)< H(p)+¢, VPP,
which implies
limsup S(P) < H(p). (2.37)

P—oo
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We now aim at the converse inequality. Fix some small positive € and use (2.25) to obtain D,

for which i)
¥ p-ay
A< o, o)
Then there exists some path v, € Dp_ such that
) - ¢ < 0 < s(p), (239)
where P. = p-d(~.). But
[ dl |d(7)| D,

1092 G @) 7 maxs (@)~ mas F(@)

o (2.38) gives

D,

for which
max. f(z

Thus, we have found some P, larger than (H(p) — ¢)
H(p) —e < S(P.).

This is enough to infer that
limsup S(P) > H(p).

P—oo

All we have now left to show is that the lim sup above is a full limit and this can be done as in

the proof of Lemma 3 (ii). ]

Theorem 7 The effective normal velocity is continuous with respect to variations of f in C(RV).

Proof: Consider two Y-periodic continuous functions f; and fo and set

m; = min filz), M; = max fi(xz),m = min(my, my), M = max(M;, M>),

H;(p) = hm sup
P00 yePp f7

Assume that these two functions are close in the C(R") topology:

If1 = fall = sup | fi(2) — fa(2)| <&
z€Y

for some small positive €.
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For fixed |p| and P, we may get a bound for the supremum in (2.34) by considering the segment

(0, Pyl
P
S(P) = sup = > |p|min f(z).
)= 38, Ty 2 P
Thus, for the evaluation of H; and H, above, we may restrict the classes Pp by imposing the
suplimentary inequality
MP
dl < ——
- m|p|’
Then, for any path v € Pp, we have
di
|f'yﬁ_f'yf2|<||fl “fdl E
P P Iplm3
This implies
dl dl
| inf L -—f’f_2|< Me
v€Pr P véPp P ' T |plm3’

Since the inequality above is uniform with respect to P, it gets transported to the limit, proving our

continuity assertion. a

Remark 1 Theorems 2, 3, 4, 5, 6 and 7 can easily be extended to the anisotropic case. More exactly,
if we allow f to have some directional dependence (f(x,p) = f(x, Tf)—')), the only modification in the
formulae for the effective Hamiltonian (2.25), (2.27), (2.32) and (2.34) is that f should be replaced

with
f(z,p)

flz,q) = prvmong
( cos(p,q)>0 COS(Z% Q)

2.5 Some bounds

We now obtain some bounds that are sharper than the ones in (2.9).

To obtain a lower bound on F' (which is connected to @, through (2.14)), start with some X with

|A] > F(\). Writing (2.18) for ¢ = 0, we get

D
el g s [ e

Since this is true for any A with |[A] > F()), we conclude that we must have

() >D(/ fw)dt) '>D inf dt)~1.

deH}(0,D) / Fe + gb(t))
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This relation holds for any D sufficiently large, so it yields the following bound on F'

. 1
F(A) > hglj;p D(/ f/\t)dt) ) >
. . 1 1
= hgl_f;lop(D&I;?{o,D)(/o f(/\t+¢(t))dt) ) (2.39)

For an upper bound, start with some A with |A| < F()). By (2.13), L(\) = 0, so (2.15) implies
that there exists a sequence D, — oo and ¢, € HE(0,D,) such that |A + ¢,(t)] < fF(A + ¢, (1)),
a.e. in [0, D). This yields

1 [P~ . 1 [P :
A = b_n/o ()\+¢n(t))dt|§D—n/o A+ ¢n(t)]dt <

IA

D, D,
o [ foer oo 5o s [T 0n s a0y

n ¢cH}(0,D,)J0

This relation stays true for a subsequence D,, — 00, so we must have that

1
|A| <limsup — o sup / FOt+ ¢(t))dt.
D—oo $€HL(0,D)

Since this holds for any A with |A] < F'(A), we conclude that

D
F()\) <limsup 1 sup / FOt + ¢(t))dt. (2.40)
Do Y peH}(0,D) 0

Using (2.14), (2.39) and (2.40) yield upper and lower bounds on @, and H.

2.6 Examples

In the previous sections, we needed to assume certain smoothness of f (Lipschitz continuity or even
WL regularity for Proposition 1 to hold). However, some classical examples of composite materials
provide a discontinuous f, while the expressions for the effective Hamiltonian that we’ve reached
make sense for a larger class of normal velocity laws and the monotonicity indicated in Theorem 3
remains true.

We also needed the strict positivity of f. We note again, that the variational principles can
continue to make sense in some examples even when f changes sign. Specifically, when regions of
negative f are isolated within regions of positive f as in Example 3, these formulas give the effective
velocity of the leading front.

Hence, to illustrate our results in some simple cases, we extend our formulas to all functions f

for which they make sense.
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Example 1 (revisited). Recall that the normal velocity law we looked at in Example 1 was
(see (2.3))
flz) = acos(L;l), Vz € R?,

where a is a positive constant. We make use of (2.25) to calculate o,(e2).

Note that the inequality
f(z)<a, VreR?

provides the bound
Tn(p) <a, Vp€RZ. (2.41)

On the other hand, if we choose in {2.25) v to be the vertical segment of length D parallel with e,
and originating in 0, we get

H(ez) > a = ales]. (2.42)

We may now use (2.41) and (2.42) to infer that
Un (62) =a.

However, as we have seen in Section 2.2, this effective normal velocity obtained only gives the
velocity with which certain segments of the front are propagating. We conclude that the formulas

we obtained in Section 2.4 cannot be extended to all normal velocity laws vy,.

We now use (6) to calculate 7, (e1). Note that, for any P > 2 any path -y that belongs to Pp has
to intersect one of the lines x; € (2Z — 1), hence it will contain a point where f vanishes. Thus the

sup occurring in (6) is O for any P > 2, which implies that
Un (61) =0.

As we have seen in Section 2.2, this is indeed the effective normal velocity in the e; direction, so our

results have provided the correct answer.

Example 2 (revisited). The normal velocity law we considered in Example 2 was

T

T
flz) = acos(-—21)cos(—22), Vz € R?,
where a is a positive constant.

We use (6) to calculate 7, (p) for some p € R?. Using the same line of reasoning as in the previous

example, for any P > 2v/2, any path 7 that belongs to Pp will contain a point where f vanishes, so
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the sup occurring in (6) is 0 for any P > 24/2, which implies that
on(p) =0, Vpe R

This again agrees with the conclusion we arrived at in Section 2.

Example 3 (revisited). The normal velocity law we considered in Example 3 was (see (2.4))

lz— (5, 5|, if 2z€Bi(3,3)

fl@) = e :
i, if IGB\B%(%,%)
The inequality

1

f(z)SZa V"I:GR27

provides the bound

1

ﬁn(p) S Z? vp € RQ' (243)

Now choose in (2.25) « to be the vertical segment of length D parallel with e2 and originating in 0

and get
_ 1 1
> = = Zlesl. 2.44
H(es) > 7 = Zles| (2.44)
From (2.43) and (2.44) we get
Bules) = ¢
Upl€2) = 4

Comparing with our observations in Section 2, we see that our formula was able to ignore the traces
that the front leaves around the points where f vanishes and to pick up the velocity with which the
leading part is propagating.

Example 4. Set N = 2 and consider a laminated composite with the normal velocity law

v, if z€[0,p] x[0,1]
flz) = . ;
V2, if ze (Mal) X [071]
extended by periodicity to all R*, where v; > v2 > 0, p € (0, 1).

The first step is to compute F(X) for A € 0B;(0). For this, we will use

D
F(A)=lm ————.
) D00 1nf7€,D%,A T(’Y)
By symmetry, it is enough to consider those X’'s with A; > 0 and As > 0. To evaluate the limit
above, we choose to pick the sequence D,, = /\11 (we will deal with the case A; = 0 separately). In all

the regions where f is constant, calculating the infimum occurring in the expression of F' reduces to

minimizing the distance between the two end points, hence the optimal path will be the connecting
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segment. We thus see that all minimizers are piecewise linear. To understand what laws they have
to obey in the points where f presents jumps, let us look at the case n = 1. Denote h to be the

height at which the path crosses the vertical line z; = pu. Then

V2

1—p)?+ (32 —h)?
T(7)=\/1T‘h3+\/( Qi ).

At the optimal h, the derivative of this expression should vanish, thus

h h— 3%

uVIEE Ry J0 -2 G2 - Ry

which is nothing else but the refraction law for the angles made by the optimal path with the
horizontal line z, = h at the crossing point. Denote them by 6; and 6> and let § be the argument

of A to conclude that
1 1
)= i iy

G(0,(1,
cos cos(5-Lsor + mreors

For n > 1, the optimal path will have to obey the refraction law at every jump point of f. But the
only path that satisfies this is the one constructed by n repetitions of the two-segments trajectory

obtained for n = 1, hence

1
F(A) = F(cos#,sinf) = —, (2.45)
cos 0( vy cos 64 + vglcos 02 )
where 6; and 6> are determined by
ptanfy + (1 — p)tanfs = tand
v W . (2.46)
sinf1 ~ sinfa
In particular, if § = 0, then 6, = 8, = 0, so
Fle)) = (£ + l‘_“)(-l).
"M (%]
It is easy to check that F'(cos#,sinf)cosf < F(e;) and thus
1 -~
Taler) = (2 + =50, (2.47)
1 Vo

One way to verify this is the explicit construction of a shape preserving interface moving in the
ey direction. This is nothing else but a vertical line and indeed it will travel with average speed given
by (2.47). By the comparison principle for Hamilton Jacobi equations, any front initially caught

between two vertical lines will be trapped between them for good and forced to move in the e
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direction with the same average velocity.

If Ay =0 (A = e3), we may write

with y = (4,0), and easily get F'(ez) = v1. Using (2.46) and the inequality v; > vy we get

tan @ tan 6 tan 6 v
U1 (51 - = Vi,
u 1-p = © 1—p — "% psinby (1—p)62
v1 €OS 81 + U2 €COS f2 cos 6, + cos 0o cos 01 + cos 62

which is nothing else but F(cos#,sinf)sinf < F(ez), and thus
Un(es) = vs.
This again can be verified by an explicit construction of a periodic shape preserving front

0 if Ty € [0,#]
z2(x1) = ¢ (11— 7)) cot g if z €[, l—gﬁ] )
(1 +p—1cotg if =z €[, 1]

with ¢ € (0, §) determined by

sing = 2, (2.48)
U1

which indeed moves in the e, direction with speed v;.
Note that this last construction can be generalized to yield fronts moving in the direction

(cosf,sin§) with speed v, sin6, for angles 6 close to %:

—

0
z2(x1) =< (u—x1) cot b if zepl1-1,;

f x1 € [O,H]

(x1+p—1)cotp —cotd if =z €[1—1,1]

with ¢ still given by (2.48) and
1—p——2—cotf
V.
2

This type of construction stays possible as long as ! > 0, i.e.,

2
cotf < (1— p) U—; -1 (2.49)
U
All this suggests that the function F(cosf,sin#) has such a steep decrease near the maximal

value at 8 = I that ¥,(cos#,sin @) is given by v; siné for angles 6 that satisfy (2.49).
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Figure 2.3: Polar plot of the effective normal velocity for a laminate

The system (2.46) can be solved numerically and then F' and @, can be calculated from (2.45)
and (2.14), respectively. If we fix the three parameters of the problem: u = 0.5, vy = 1, vo = 0.5,
we arrive at the values plotted in Figure 2.3. The solid and the dashed lines are the calculated
polar plots of v, and F, respectively, the dash-dot line represents the polar plot of vy siné, while
the dotted line pictures the smallest angle in the first quadrant that satisfies (2.49). As predicted
by the construction, we notice a perfect agreement of the solid and dash-dot lines, for 8 between the

dotted line and the vertical axis.
These types of constructions may be easily generalized to higher dimensions.

One conclusion is that, for laminated composites, homogenization of isotropic media may give
birth to anisotropic ones. This stays true for the chess-board case, as will be seen in the following

example.

Example 5. Fix N = 2 and consider a checkerboard composite with the normal velocity law

vi, if ze([0,5] %[5, 1) U3 1]x[0,1])
J@) = 25 e =
ve, otherwise
extended by periodicity to all R?, where v, > vy > 0. Following an example worked out by Acerbi

and Buttazzo in {3], we also impose vy > 2uy; this will allow us to deduce a closed formula for the

effective normal velocity.

We may leave aside the case A; = 0 since it can be straightaway noticed that

G(O, DEQ) -

D v1- (250)

Flea = im,
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As in the laminate case, we choose the sequence D, = ]%[ and write that

0,DpA . D,
F(A\) = lim GO, DA _ lim ——*—— VA€ dB(0). (2.51)
n—oo n n—o0o 1nf_y€D%,\ T(v)
Denote by 7, a minimizer for the infimum occurring above. In all the regions where f is constant,

we are left to minimize the distance between the two end points, hence the optimal path will be the

connecting segment. We thus see that 7, is piecewise linear.

Assume for the moment that ~, contains segments on which the normal velocity equals w. We
may construct another path 4, by avoiding the region where f = w and taking a roundabout way
that lies on the boundary of the %—edged square. Since it is possible to choose this roundabout way
such that its length is at most twice the length of the straight segment and v; > 2v2, we are in this

way constructing an at-least-as-fast path.

We conclude that v, has to be a piecewise linear path contained in the region where f = v;.
Moreover, any segment included in -y, has to be vertical with length %, horizontal with length % or
diagonal with length 322 (with the possible exception of the last one, since %2 does not necessarily
have to be an integer). It is then easy to see that the length of v, has to satisfy the suplimentary
inequality

[ az F (V2 = Dymin(ul Aal) + max((Ai ] a)) (2.52)
and thus

PO = Ty min (T, Pal) + sl Pal) 229

On the other hand, if z is the point of Z? closest to @2, we may consider the path v, composed
1

by the adjacent segments [0, 3(min(z, 22), min(z1,22))], [4(min(z1, z2), min(z1, 22)), §] and 5, 32].

We get

. U1
F(A) > lim T = -
nooo T(7,) (V2 — 1) min(|Ar], [Ae]) + max(| A, [A2])

and, by (2.53),

U1

, Ve dB(0).
(V2 — 1)min(|A1], |A2]) + max(| A}, |A2]) 10)

FO\) =

Using (2.14),

Gu(p) = sup v1 cos{A, p)
" xeaB(0) (V2 — 1)min([A1], |A2) + max(JA, [Az])

Since F is not a constant, neither is 7, thus again homogenization of an isotropic medium gave
birth to an anisotropic one. This is easily noticed in Figure 2.4, which pictures the polar plots of F’

(dashed line) and @, (solid line) for the case v, = 1.

If we drop the restriction vy > 2v,, we may still argue that the resulting F' is not a constant.
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Figure 2.4: Polar plot of the effective normal velocity for the checkerboard example

Indeed, if it were a constant, then (2.50) imposes that F = v;. Since f < vs and any v € D%)‘

satisfies L dl > D, (2.51) yields

D
F(A) S’Ul lim ——n— S’Ul
n—oo lnf’yeD%‘: f'y dl
and equality is possible only if there exists a sequence of paths ~,, € D%’: contained in the region
where f = v; for which ]D—"dT — 1. But (2.52) rules out this possibility unless Ay = 0 or Az = 0 or
i

[A1] = Azl

We may extend all this to the micro-geometry where the squares on which f is constant get

replaced with rectangles congruent to [0, a;] % [0, az]; the corresponding restriction on the two normal

velocities is vy > ﬂai;—zvg. Then

vy cos(A, p)

Un(p) = sup ’
AeaBi(0) Veltaizer )y 1\ A1)
az

where we have reiterated the coordinates such that 12—11 > J%zi

One other possible extension is to higher dimensions. For the case when vi > 2v; we get

n COS(/\) p)

sup - - ’
AedB1(0) |A1] + Zf\iQ(\/i — Vi = 1)|A

Un(p) =

where {\;}X; have been reiterated such that |X;| < |);| for i > j.

Example 6. In a similar manner we may treat a packed-square composite suggested by Con-
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Figure 2.5: Polar plot of the effective normal velocity for the packed squares example

cordel in [11]. Consider a normal velocity law defined on RV by

@) vy, if 31 <i< N suchthat z; € Z,Vj#1
) = 5
v9, Otherwise

with vy > 2v; > 0. Intuitively, this places a grid (obtained by periodically repeating the coordinate

planes) with fast normal velocity v; in a space with slow normal velocity vs.

For A; # 0, any minimizer ,, € 'D%:‘ (where D,, = ﬁ) will again be piecewise linear, while the
inequality satisfied by v; and vy prevents it from entering the slower speed regions, so that it will
be composed only of unit length segments parallel with one of the unit vectors e; (with the possible

exception of the last segment, which may have any length). Then v, has to satisfy

N
n
dl > — Al
[z mr
Constructions analogous to the 7, from the previous example hold and we get

v COs(A,
bap) = sup iCoShP) (2.54)
A€dB1(0) iy [l
Figure 2.5 pictures the polar plots of F' (dashed line) and v, (solid line) for the case v; = 1.

If the unit cube gets replaced with the parallelepiped Hﬁil[o,ai] and vy > “jbvz, where a and

b (a < b) are the smallest two edges of the parallelepiped, (2.54) still holds. Also, it can be proved

that the resulting medium is anisotropic even if we drop the requirement v, > GTHJ"UQ.
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Figure 2.6: Polar plot of the effective normal velocity for the touching disks example

This example may be easily generalized to the case when f(z) equals v; whenever k of the
coordinates of x are integer (for some k between 1 and N — 1) and v, otherwise.

Example 7. Set N = 2 and consider a normal velocity law defined on [0,1)? by

vy, if (@1 -3+ (@—3)?2<}

flz) =

vy, otherwise
extended by periodicity to all R?, where v; > Fv2 > 0.
The inequality satisfied by v; and vs prevents minimizers from entering the slower speed regions.

Then, for A\; # 0, any optimal path v, € ’D%: (where D,, = |T"l—|) will be mainly made up by

horizontal or vertical unit length segments and quarters of the 1-rayed circle. Thus v, has to satisfy

[ @z e mingal DG - 1)+ max(i, D).

Constructions analogous to the ¥4, from the second example hold and we get

sup v1 cos{\, p)
reon, (o) min(|A1], A2 [)(5 — 1) + max(|A1], [A2])

Un(p) =

Figure 2.6 pictures the polar plots of F (dashed line) and @, (solid line) for the case v; = 1.

This example may easily be generalized to the micro-geometry where, instead of a slower speed
circle inscribed in the unit square, we have a slower speed ellipse inscribed in the rectangle [0, a] x
[0,B]. Also, it can be proved that the resulting homogenized medium is anisotropic even if we drop

the requirement v; > Zvy.
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Chapter 3

Effective motion of a curvature
driven interface through a
heterogeneous medium

3.1 Introduction

This chapter deals with the evolution of fronts propagating with a normal velocity that depends on
the position and the mean curvature of the front. The motivation for such a study comes from the
normal velocity law that we arrived at in Chapter 1 (see (1.7)). If we assume that the elastic term

that depends on the interface is negligible, we are left with a normal velocity law of the form
Up = ~ f(z) - cK, (3.1)

where f is a function that depends on the position only, ¢ is a positive constant (representing the
density of the interfacial energy) and & is the mean curvature of the interface. In particular, if f
is heterogeneous on a scale small compared to the domain, then the evolution of the front may be
very complicated. It is of interest then to ask if one can define an average or overall front and its
propagation; one that captures the essential macroscopic features and ignores the exact microscopic
details. This is the issue studied in this chapter.

As in the previous chapter, we write the problem in terms of the level set formulation. If we
assume that there exists a smooth function h : RY x [0,T) — R such that our front coincides with

its zero level set at all times, a simple calculation yields

n*ih— n—div&
S T e
and
1 Oh
Vp =

TV Bt
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so our normal velocity law implies that h satisfies the following equation:

oh _ F(@)IVh| + ¢|Vh|divio

- (3.2)

Vh
|Vh|’
To this equation one has to attach the initial condition

h(z,0) = ho(z) in RV,

where hg is a function chosen such that its zero level set coincides with the initial position of the

front, and appropriate boundary or far field conditions.

If the medium in which the front is propagating is periodic with unit cell [0, ]V, the corresponding

problem is

B = f(2)|Vhe| + ec|VRe|divigas in RN x [0,7)

, 3.3
hs(r,O)zho(z) in RN (33)

with f continuous and periodic with period Yx = [0,1]"V. Our aim is to study the homogenization
of this phenomenon, i.e., to capture its limit behavior when the structure of the medium becomes
infinitely fine (¢ — 0).

There are, unfortunately, serious open mathematical issues concerning (3.3). In particular, exis-
tence, uniqueness and comparison principles remain open. We shall not address these issues in this

study, but proceed with what we believe are reasonable assumptions in this regard.

We show in Section 3.2, following the methods of Evans [13] that, as e — 0, the solution of (3.3)

converges uniformly to the solution of

= f(eapIVhl in RY x[0,T)

3.4
( 0) = ho(x) in RY G4

?

where f is determined by solving a suitable periodic problem on the unit cell (3.24). This implies

that the average or overall interface propagates with normal velocity

Un = f(n)a
where n is the normal to the interface. So, the normal velocity depends on the orientation of the
interface but not on the position or the mean curvature. In short, the average interface undergoes
an anisotropic geometric motion.
We also show that if f is strictly positive (or strictly negative), then the resulting f leads to (3.4)

being a well posed mathematical problem. If f takes both signs, then f may be such that (3.4) is

ill-posed. This corresponds to the interface being trapped. We explore this and other issues with
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various examples in Section 3.3.
We notice from our examples that the effective behavior is easily characterized when the curvature
coeflicient ¢ is quite large. We study this limit in Section 3.4 and provide an explicit characterization

for f in this case.

3.2 A homogenization result

Note that the partial differential equation in (3.3) can also be written as

Oh? .- e T,
o tFEVPR, VA, 2) =0,
where
24
F(A,p,z) = —f(@)|p| — (I - ”W”,A» (3.5)

The operator F' defined above is degenerate elliptic, in the sense that
F(X,p,z) > F(Y,p,z) f Y >X (ie. f Y — X is positive semidefinite).

Also, it can be easily checked that F is a geometric operator, in the sense that it has the following

scaling invariance
FQX +op®p, Ap,x) =AF(X,p,z), forall A>0,0€R

We now study the homogenization of the problem

9 + F(eVus,Vus, ) =0 in RN x[0,7T)

, 3.6
u®(z,0) = up(z) in RN (30

where F is a geometric and degenerate elliptic operator, Lipschitz continuous and periodic in the
variable z with unit cell Yx = [0,1]V. This more general problem includes our front propagation
problem (3.3) as a particular case.

We start by gaining some insight with a formal asymptotic treatment. For this, it is natural to

begin with the expansion (see [5] for a systematic presentation of such ansatz)
z
uf(z,t) = u’(z,t) + eul(—g-,t) + o(g).
Plugging this expansion into (3.6) and identifying the terms in front of powers of £°, we find

uf(z,t) + F(V2u'(y, 1), V,ul(z,t) + Vyu'(y, ¢),y) = 0,
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where y = Z. This can be looked at as a partial differential equation for the corrector ul; its

solvability condition provides a constraint between the partial derivatives of the average u°:
uf + F(Vu®) =0,
with F determined by the condition that a periodic solution v of

F(Viu(y),p+ Vyu(y),y) = F(p)

exists.
There are important difficulties when approaching this problem in a more rigorous manner:
several key existence, uniqueness, regularity and comparison results have not yet been proved. To

overcome this difficulty, we shall make the following assumptions:

Assumption A1l. There exists a unique continuous viscosity solution of the problem

B4 4+ F(V?u,Vu,2) =0 in R x[0,7)

u(z,0) = up(x) in RN

Assumption A2. For any pg € RN and for any § € (0,1) there exists a unique continuous

viscosity solution of the problem
bu+ F(V?u, Vu + py, ) = 0. (3.7)

Assumption A3. (uniform regularity) The solution of (3.7) is Holder continuous in x and its
Holder coefficient is bounded with respect to § for 6 € (0,1).

Assumption A4. The comparison principle for periodic solutions of geometric degenerate el-
liptic equations holds: if u! and u® are solutions of the same geometric degenerate elliptic equation
with initial data u} and respectively u2, then ud > uZ implies u' > u?.

Assumption A5. The comparison principle for initial and boundary value problems for geo-

metric degenerate parabolic equations on bounded domains holds.

All five assumptions listed above are very natural and some results that are very close to them
have already been established (see [8], [9] and [14]). Using A1l - A5 above, we now proceed to

proving the homogenization theorem for (3.6), following the work of Evans in [13].

Theorem 8 If F is a degenerate elliptic and geometric operator, Lipschitz continuous and periodic

in the variable = with unit cell Yn = [0,1]V, the viscosity solution of problem (3.6) converges

uniformly (as € = 0) on RY x [0,T) to the viscosity solution of the Hamilton-Jacobi initial value
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problem
%% + F(Vu) =0 n RN X [OaT)

3.8
uf(z,0) = up(z) in RV (38)

where the Hamiltonian F(p) is uniquely determined by the requirement that there exists a periodic

viscosity solution v to the following degenerate elliptic equation:

F(V?u(y),Vu(y) +p,y) = F(p). (3.9)

Relation (3.9) is also called the cell problem.

Proof: Consider the approximating problem
sw’(y) + F(Viw’ (y), V,u' (y) + p,y) = 0, (3.10)

for some p € RV and some § € (0,1). By assumption A2, (3.10) also has a unique continuous
viscosity solution w®. Moreover, the periodicity of F' and the uniqueness of the solution w? imply
that w’ has to be periodic with the same unit cell Yy = [0,1]V.

In any point where w® attains its maximum, its Hessian Viw‘s is negative semidefinite, so the

degenerate ellipticity of F' implies that

6w6(y) = _F(Viwd(y)7vyw6(y) +p, y) < F(O7pa y) < ”F(07pa ')”L""(YN)

whenever y is a maximum of w?. In a similar manner it can be argued that

5w6(y) > _HF(O’p’.)HL"O(YN)

[

whenever w° reaches its minimum. Hence we proved that

sup [|6w’ ||z vy < IF(0,p, )|z (vy)-
0<d<1

Using this and A3, we conclude that there exists a subsequence §; — 0 such that v% — v uniformly in
RM and §;w% — —X uniformly in RV, where the function v° is defined by v (y) = w’(y) — miny, v’

and X is some constant. Thus we can pass to the limit § — 0 in (3.10) to get
F(Viu(y),Dyo(y) +p,y) = X (3.11)

We now want to prove the uniqueness of the constant A for which a function v that satisfies

(3.11) exists. Assume by contradiction that there exists a second pair (17,;\) that satisfies (3.11),
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with @ a periodic function and A > A. By adding a constant if necessary, we may also assume that

v > ©. Then, for some ¢ small enough, we have that
ev + F((Vif/(y), D,o(y) +p,y) >0 >cv+ F(DZv(y), Dyu(y) +p,y)
for some constant §. Thus & is a periodic super-solution of the equation
F(Viu(y), Dyv(y) +p,y) +ev—6 =0

and v is a periodic sub-solution of the same equation. Using A4 we arrive at ¥ > v, in contradiction
with our assumption that v > ©. Thus the constant A for which a periodic solution v to (3.11)
exists is unique and we may denote it by F(p). All we have now left to prove is that the viscosity
solution of problem (3.6) converges uniformly (as ¢ — 0) on RV x [0,7') to the viscosity solution of

the Hamilton Jacobi initial value problem (3.8).

Since F' is degenerate elliptic and parabolic, A1 gives the existence of a unique continuous

viscosity solution u® on RY x [0, T]. Let us define the function u* : RV x [0,T) — R by

u*(z,t) = limsup u(z,s).
e—=0,2—z,5¢

We claim that
ou*
ot

(z,t) + F(Vu*(x,t)) <0 (3.12)

in viscosity sense. Indeed, consider a function ¢ € C®(RN x [0,T)) such that u* — ¢ has a strict

local maximum at the point (xzg, o), with
U*(.'L'(), tO) = ¢(.’L’0, tO) (313)

We shall assume by contradiction that

g—‘f + F(Vé) =6 at (zo,t0), (3.14)

where 8 is some positive constant. By the definition of F', there exists a Y -periodic viscosity solution
v to the problem
F(viv(y)v Vv(y) + qub(zOy tO)a y) = F(V1¢(z0a tO))- (315)

Define the function ¢° by
¢ (2,8) = 9(a,1) +ev(2).
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We claim that

99 (2,t0) + F(eV26 (. to), Vé* (z, to),

>
T ) =

(3.16)

™18
N D

in viscosity sense, in some ball B(xzg,r) centered in xo with small enough radius r. To prove this,

fix some 1 € C®(RN x [0,T)) such that ¢* — 4 has a minimum at (z1,%y) € B(zo,T) X to with
¢°(z1,t0) = ¥(z1,t0)-
Then the application y — v(y) — n(y) has a minimum at y; = 2L, where
1
n(y) = g(i/)(Ey,to) — ¢(ey, to))-

Since v is a viscosity solution of (3.15), this implies that

F(Vin(y), Vyn(y) + Vad(zo,t0),y) > F(Vad(x0,t0)),

thus, using also (3.14),

%%(antO) + F(Evzd)(zlat()) - €v2¢(117t0)7 V’l//'(l'l,to) - VQS(.'L'l,t()) + V¢(Io,t0), %l_) Z 0.

Using the Lipschitz continuity of F' and the fact that

3] o0° 0
Ff(w17t0) = %(Ilyto) = ‘6—?(1'17150),
we infer that
(91/1 2 T 6
Et_ +F(EV ¢’V¢7 —5_) Z 9 at (.’L'],t())-

Since the choice of the function ¢ € C®(RN x [0,T)) was arbitrary, the argument above establishes

(3.16).

Since ¢ € C®(RN x [0,T)), inequality (3.16) implies that

%(% t) + F(eV2¢°(z,t), Vo (z, ), g) >

ot in B(Q}(),T) X [to - T'I,t() +’I‘I]

=D

for some r' small enough. But uf is a viscosity solution of (3.6), so the comparison principle A5

yields
(u® — ¢°).

max (u® —¢%) < max
B(zo,r)xB(to,r") 8(B(zo,r)x B(to,'))
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In the limit € — 0 this inequality becomes

(u” = 6°) (@0, 10) < (u” — ),

max
9(B(zo,r)x B(to,7'))

which contradicts (3.13). This proof by contradiction establishes (3.12).

Also, using the continuity of 4® and the definition of u*, the initial condition in (3.6) implies
u*(0,0) = ug(x) in RV. (3.17)
Then the comparison principle for (3.8), along with (3.12) and (3.17), gives
u* <u.
Similarly it can be proved that

u<u,= liminf u°(s,z)
- e—0,z—x,5t

and since we obviously have u, < u*, we conclude that v = u* = u,.
Hence u° converges uniformly (as € — 0) to u, the solution of (3.8). |

We now proceed to show that certain properties of the operator F are inherited by the limit

Hamiltonian F.

Theorem 9 If the operator F in (3.6) satisfies

lim F(0,p,y) =00 auniformly in vy,

jpl o0

then the same holds for the homogenized Hamiltonian F':

lim F(p) = .

|p| =00

Proof: We refer to the approximating problem (3.10) in the proof of Theorem 8. Writing (3.10) in

a point yo where w® attains its maximum we get
5w’ (yo) + F(0,p,y0) < 0. (3.18)
For any M > 0, if p is large enough, (3.18) implies that

—ow’ > M.
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But —dw’® — F(p) uniformly as § — 0, so the inequality above proves the theorem. u

Theorem 10 If the operator F in (3.6) is Lipschitz continuous in p in the ball B(0,L) and its

Lipschitz constant is Cp,, then the same holds for the homogenized Hamiltonian F.

Proof: Fix p and p in B(0, L) and let @ be a solution of the equation
50’ + F(Vii’, Vi’ + p,y) = 0.
Then
80’ + F(Vyu’, Vi’ +p,y) > ~Cilp - pl,

so w is a super-solution of the equation
sw® + F(V2w’, Vyu® + p,y) + Crlp— p| = 0. (3.19)

We now refer to the approximating problem (3.10) in the proof of Theorem 8. If w? is a solution to
(3.10), then w® — 3CL|p — p| is a solution to (3.19) and then the comparison principle A4 implies
that

s — dw® > —Cp|p - p|.

As § — 0, this yields
—F(p)+F(p) > —Crlp ~ pl. (3.20)

In a similar manner it can be proved that
F(p) = F(p) < Cilp - pl,

which, together with (3.20), establishes that F' is Lipschitz continuous in p in B(0, L) and that its

Lipschitz constant is Cp. |

Theorem 11 If the operator F in (3.6) is convezr with respect to its first two variables, then the

homogenized Hamiltonian F is convez in p.

Proof: Fix p,g € RV, z € RV and let v?, v? and v{PT9/2 be the Yy-periodic viscosity solutions of

the following cell problems:

F(V2uP(y), VoP(y) + p,y) = F(p)
F(Vi(y), Vol (y) + ¢ y) = Flq)
F(V20/2(y), Vur0/2(y) + B y) = F(250)
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By subtracting a constant from v(P+9/2 if necessary, we may also assume that
(p+a)/2 o L ; N
v < 5(1}” +v7) in RY. (3.21)

We shall assume by contradiction that

P+q

FEZY) > S(FE) + F@). (322)
We now make the claim that
PO, v @)+ EE ) <SP + F) im B (329

To prove this, let w = %(v” +v?) and w, = 7). xw, where 7. is the mollifier with support in the ball

B(0,¢), i.e., an infinitely many times differentiable function 7, > 0 such that

7e(z) = ne (|2, /Ogns(mdz:l, ne(@) =0ifz > c.

Then

+
F(V?w.(y), Vue (y) + 254, p)

) ptg
< /B<y = AF(V (), Vulo) + =57, y)dz
_ L(y )ng(y—z)F(V21U(Z),V’LU( q,z)d2+0(1)
< % /B(y €) ne(y - Z)F(vzvp(z)’ VP (2) +p, 2)dz

1
+= / ne(y — 2)F(V?v1(2), Vvi(2) + q, z)dz + o(1)
2 /By

= SE®) +5F(@) + o)

as € = 0. In the limit € = 0, we get (3.23).
But (3.22) and (3.23) imply, by A4, that

1
§(UP + v9) < pPtD/2)
which contradicts (3.21). u

We now specialize to F' defined by the interface propagation problem (3.5). Theorem 8 tells us
that its viscosity solution converges uniformly (as e — 0) on RN x [0,T) to the viscosity solution of

the Hamilton Jacobi initial value problem (3.8), with F'(p) uniquely determined by the requirement
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that there exists a periodic viscosity solution v to the following cell problem:

(Vg +pi)(va:j +pj)
Vv + p|?

— f@)| Vv +p| — (b - YVzia; = F(p). (3-24)

Proposition 2 For F defined by (3.5) we have that

Fip) = F(-2
F(p) = f(lpl)llﬂ-
Proof: Let us define f(p) by ~
flp) = F_lgl)_) for p#0.

If v is a periodic viscosity solution for (3.24) corresponding to a vector p:

_ (vwi +pi)(vzj +pj)
Vv + p|?

—f @)V + p| = (8 e.a; = f(P)IP,

and a is some positive constant, it can easily be seen that

(avg; + apy)(avs; + apj)
|V(aw) + ap|?

=f(@)|V(av) + ap| — c(8i; - Java,z; = f(p)lapl,

hence av is a periodic viscosity solution for the cell problem with the constant f(p)|ap| in the

right-hand side. By the uniqueness of F' (which is equivalent to the uniqueness of f), it follows that

fp) = flap), Ya>0,

thus the homogenized Hamiltonian has the form

F@zﬂ%ML

We conclude that the effective motion of a curvature driven interface through a heterogeneous

medium is an anisotropic geometric one, similar to the effective motion studied in Chapter 2.

3.3 Examples
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Figure 3.1: Laminated material

3.3.1 Laminates

Assume that the function f(z) has only two possible values f, and f, in alternating stripes with
volume fractions p and 1 — g respectively, as shown in Figure 3.1. More exactly, let
Hoif ze[0,8]Ul - £,1]
flz1,22) = . 2 2 )
f2 if 11€(%,1—2)
with f extended by periodicity outside the strip z; € [0,1). We assume that f; > f» without loss of

generality.

We study the propagation of an interface whose average normal is in the z; direction. We claim
that if we find a self-similar front F, [0, 1]-periodic in z;, that propagates by uniform translation in
the z, direction, then the translation velocity will be the effective normal velocity in this upwards -
direction. Indeed, any other front that has effective velocity parallel to x5 can be initially trapped
between two copies of F and then, by the comparison principle, it will stay trapped in between

them; it follows that its effective velocity has to be the same as the effective velocity of F.

We begin by trying to find a self similar front F that can also be written as the graph z2 = g(z;)
of a [0, 1]-periodic function g. We make the choice that f; > f> (by translating the periodicity cell
with —;— in the z; direction if need be). If v denotes the constant upwards-translation velocity of F,
then its normal velocity and curvature at any point are

"
= (00) mm e e g"(x1)
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Plugging this in our normal velocity formula v, = f — ck, we get

v 2 (z
—— = f(z1) PR - 5 (3.25)
1+ z(z1) V1+ z(x1)?
where z(x1) = ¢'(z1). This equation can also be written as
veosu(zy) = f(z1) + cu'(z1) cosu(xy ),
in the new unknown function u(x;) = arctanz(z;). The variables in this ordinary differential
equation can be separated
ducosu dz;
_— = 3.26
veosu — f c ( )

in all the regions where f is constant.

Due to the periodicity of f and g and due to the symmetry of f with respect to the axis z; = %,

the front F has critical points at ;1 = 0 and z; = % This means that
u(0) = u(=) =0. (3.27)

We now consider the case v # 0 (the case v = 0 is treated separately in Section 3.3.3). We can
obtain two values for u(%), by integrating (3.26) with starting points z; = 0 (forward) and z; = 1/2

(backward), respectively:

2 (f +v)tani%—)) _pv
u(g) + ﬁarctamh : S = £ (5.28)
) + — 22— arctanh Y2 ty) tan ) — o .
[v2—f2 \/v2—f§ 2c

u(

oM

This is a system of two algebraic equations in two unknowns, v and u(4). While it cannot be
solved exactly due to its transcendental nature, it is possible to use common numerical techniques

for obtaining the values of the function v = v(f1, f2, i, ¢).

Figure 3.2 shows the dependence v = v(c) for fixed values of f; (= 1) and p (= %) and for various
f2 varying from —.05 to .95 (the uppermost graph is for the highest value of the parameter f). For
each value of fo, v decreases monotonically with ¢, reaches the limit max(fi, f) =1 as ¢ = 0 and
the average %( fi + f2) as ¢ = co. We note that the former limit is consistent with the case ¢ =0

(Example 1 in Section 2.4) and we shall study the latter in greater detail later.

Note that the plots in Figure 3.2 do not start from the value ¢ = 0. When we solve the system
(3.28), we can only accept solutions that satisfy v € [-%, 7], else the assumption of a graph breaks
down. We find that this breaks down for ¢ small enough. The minimal value ¢, of ¢ for which the

construction above is possible can be obtained by solving the system (3.28) in the unknowns v and
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Figure 3.2: The function v = v(c) for various values of f;

c with u(§) = —7 fixed. Table 3.1 contains a list of values of ¢,, calculated numerically for various
f2.

For ¢ < ¢y, it is no longer possible to construct self similar fronts with periodicity 1. It turns
out, however, that we can do so with periodicity N, a large enough integer. Proceeding as before,

the system corresponding to (3.28) is

w(N &)

By 20 Urirvytan —7%7) _ pue
u(NE) + marctanh JoT N&2

u(Nliz)
u(N§)+ —vi%?arctanh(fﬁ”) tan 7 )

= N1y .
o N 5

After we replace u(N &) with —%, we notice that we obtain the same system as before, except that

¢ is now multiplied with —1{, . It follows that
( ) - ( )
Cm N Ncm 1 3

which means that we are able to construct self-similar interfaces for any values of fi, f2 and c,
provided that we choose a large enough number of cells.
We now turn to the limit ¢ = oco. Setting ¢ = oo in (3.28) gives u(5) = 0 and v is indeterminate.

Therefore, we assume the asymptotic expansion
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fo | ¢m for unit cell [0, 1]?
0.95 0.0328
0.85 0.0381
0.75 0.0576
0.65 0.0751
0.55 0.0791
0.45 0.0772
0.35 0.0814
0.25 0.0866
0.15 0.0903
0.05 0.0981
-0.05 0.1192
-0.15 0.1361
-0.25 0.1512
-0.35 0.1653
-0.45 0.1790
-0.55 0.1924
-0.65 0.2054
-0.75 0.2183
-0.85 0.2311
-0.95 0.2437

Table 3.1: List of values of c,, as f2 varies

as € — 0. The algebraic system (3.28) then becomes

wl)

wE) 4 2/ rcpappitUitan =) e

v T er gz Arctan s 5
w() (fa+v) tan “22) v
+——\/L—f_arctanh 2 ST (“2)

In the limit ¢ — 0 we can use L’Hopital’s rule for the second term in the left-hand side of both

equations to get

ug + v!(;fl+z)02 vo

+v v :
UO+ 2(f2 0) gy = & 20

Dividing the two equations we are left with an equation in vp:

_h
1+vo fi B

_f2_ _,u—l’

vo—f2

which has as solution )
vo=ph+1—pf= / f(z1) dxy,
0
as suggested by Figure 3.2. We shall return to this limit in the general case in Section 3.4.

The self-similar fronts not only allow us to calculate the values of the effective normal velocity but

they also seem to act as attractors in the space of solutions for (3.2). This was observed by means
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of a numerical simulation built on a 64 x 64 grid. We use a semi-implicit scheme when discretizing

(3.2):
hn+1 — hpn n . n+1
T_fP+C|Vh | div EE

where

\/max(pz_, 0)2 + min(p%,0)? + max(p? ,0)? + min(p¥ ,0)2 if f >0

\/min(p“i, 0)2 + max(p% ,0)2 + min(p¥ ,0)2 + max(p¥,0)? if f <O

1 1

Az 2Az i
1 1 . _ _
Pi = 3Dz ¢ty + 557 minmod (D DI 6f, 5, Dy DIGE;),
1 1 o
pli = EDy (]5?’] =+ E mlnrnod (Dy D,‘j(bl’], Dy D;d)z]_l),

1 1 . _ - n
Y = A_sz H7je1 + An minmod (D, D} ¢} 41, Dy Df 7)),

sign(u) min(jul,|v]) if wv >0
0 if w<0
Dy ¢i; = ¢i; — di—1; (backward),

D} ¢i; = div1; — ¢i; (forward).

minmod (u,v) =

For the rest of the spatial derivatives, we simply use centered difference operators. We solve
the resulting linear system by means of a conjugate gradient method. Since we wish to avoid large
gradients in the level set function, we keep it close to the signed distance function to the interface by
using, after each time step, a reinitialization procedure developed by Sussman, Smereka and Osher
in [26].

Figure 3.3 shows several snapshots of the initially flat front moving in the laminate with the

parameters

1
m= §7f1 =1,f2=070=17

taken at every 50 time steps (we used the time step At = 0.0001).

We see how this initially flat interface rapidly approaches the self-similar shape. It subsequently
starts a uniform upward translation. This is elaborated in Figure 3.4, which shows snapshots of the

same simulation taken every 500 time steps.

Figures 3.5 and 3.6 depict the evolution of an initially flat interface for the laminate with the
parameters

1
H= §7f1 =1af2="0'6ac’—_4

and the snapshots are taken at every 100 and every 2000 time steps respectively (again, the used time
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Figure 3.3: Motion of a curvature driven interface in a laminate. The figure shows snapshots of an initially
flat interface at every 50 time steps.
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Figure 3.4: Self-similar motion of a curvature driven interface in a laminate. The figure shows snapshots
of an initially flat interface at every 500 time steps.
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Figure 3.5: Motion of a curvature driven interface in a laminate with both positive and negative values for
vn. The figure shows snapshots of an initially flat interface at every 100 time steps.

step is At = 0.0001). It can be noticed how the front initially moves downwards in the part where
f is negative and then eventually assumes the self similar shape and starts translating upwards.
In both these cases, the effective normal velocity (which can be calculated from the distance

between the level sets) agrees with the one obtained from (3.28).

3.3.2 Other geometries

For mediums which do not have a laminate-type normal velocity law, self similar interfaces do not
generally exist. However, Theorem 8 suggests the existence of interfaces which are self similar to the
extent that they assume the same shape after being propagated over one periodicity cell of f. In
certain situations, these self-similar interfaces seem to act as attractors, in the sense that interfaces
that start with any initial data approach them as time evolves.

As an example, consider the normal velocity law
£ =10 + 5sin (47z) sin (4ry) = 10 + 5sin (47r%) sin (4#%).

Figure 3.7 depicts the evolution of an initially flat interface positioned at the height j = 10 with
a 64 x 64 grid laid on the periodicity cell. The snapshots are taken at every 100 time steps (with
At = 0.0001). In the lower half of the unit square, the left part is faster than the right so the front
assumes a shape similar to the one observed in the laminate examples. However, as the interface
approaches the height j = 32, the interface starts to flatten. In the upper half of the unit square,

the situation is reversed: the right part of the interface will be faster than the left and then it again
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Figure 3.6: Self-similar motion of a curvature driven interface in a laminate with both positive and negative
values for v,. The figure shows snapshots of an initially flat interface at every 2000 time steps.

starts to flatten as it approaches the upper boundary of the periodicity cell.

3.3.3 Trapping

Of particular interest are the interfaces that are trapped, i.e., interfaces which evolve to a stationary
position. We begin with a laminate and seek conditions when one has a stationary interface with
average normal in the z2 direction. We assume, as before, that the interface is a graph. We then
have to solve

ducosu = — idx,
c

subject to (3.27). We obtain

arcsin —{1Z1 for z; €0, %)

0,
. (3.29)
arcsinéﬁ—c_z—l) for z1 €[4, 3]

u(z1) =

For this to make sense, we need to impose that

|filp | f2](1 — p)
—_— > "
c> 5 c 2
these are the conditions for the existence of the self similar interface F with periodicity 1. If ¢ is

smaller, we can proceed with periodicity N as before. The continuity of u at x1 = & gives
fo(1—p)

= arcsin ———+~
2c

—fip

arcsin
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Figure 3.7: Motion of a curvature driven interface in a medium with a sinusoidal normal velocity law. The
figure shows snapshots of an initially flat interface at every 100 time steps.

which implies

1
/0 flz1)dzy =pfi+(L—p)f=0.

Thus we can construct a stationary front when the average of f is zero. We note that the converse
is also true: if the average of f is positive (negative), then the average velocity is positive (negative)
for ¢ = oo and therefore positive (negative) for any ¢ > 0 by the monotonicity of the effective velocity
with c.

Similar trapping conditions can also be deduced for other geometries. For example, consider the
case of a two-dimensional medium with f > 0 constant and circular inclusions of radius » with f <0

constant. In particular, consider f : [0,1]> — R defined by

fi if (11—%)2+(I2—%2>7‘2

fo if (21— 5%+ (22— §)2 < 7P

f(z1,m2) =

with f extended by periodicity outside the square [0,1]?, where r € [0,3), f1 > 0 and f, < 0 are
constants.

Stationary fronts can be constructed using the same method as in the laminate if

fi£=-<—fo (3.30)

N0

Again, using of the comparison principle, we conclude that no other front is be able to break through
these stationary barriers, so the effective normal velocity in the es direction is null.

The trapping conditions in (3.30) are sharp in the following sense: If the first inequality is not



Figure 3.8: Propagation of a front by looping around a slow-velocity inclusion. The dotted line shows
the frontier of the obstacle, while the continuous lines capture the shape of the interface at three different
moments.

satisfied, then the curvature is not penalized enough and the front is able to propagate by looping
around the slow-speed inclusions (see Figure 3.8); if the second inequality is not satisfied, then the
resistance to phase change inside the inclusion is not large enough and the curvature that the front
has when hitting the obstacle will allow it to continue propagating by cutting through the inclusions

(see Figure 3.9).

3.4 Large c asymptotics for the effective normal velocity

We saw in our study of laminates that one can obtain a simple characterization of the effective
normal velocity when the curvature coefficient ¢ becomes very large. We now generalize this result
to other microstructures. Heuristically, as ¢ becomes large, the curvature is severely penalized so the
interface evolves to become flat in the limit ¢ — oo. We thus obtain a one-dimensional problem: a flat
interface propagating normal to itself. Therefore, following Bhattacharya [6] (also see Abeyaratne,
Chu and James [1}), the effective velocity is the harmonic mean of its instantaneous normal velocity.
We shall see that this instantaneous normal velocity is given by the average of f over the interface.

We thus obtain the characterization (3.43) below.

We begin with the two-dimensional case. We first prove that, for ¢ large enough, any sufficiently
smooth interface in R? that is initially a graph remains so. Assume that the initial interface can be

described as the graph y = g(z) of a [0, 1] - periodic function g(-,0) : R — R. As we’ve seen in the



60

Figure 3.9: Propagation of a front by cutting through a slow-velocity inclusion. The dotted line shows
the frontier of the obstacle, while the continuous lines capture the shape of the interface at three different
moments.

previous section (see (3.25)), the equation of motion for the function g is

gt(z,t) Gaz (T, 1)

Vit @07 fwoe.0) + Wirrnens

as long as the interface can be written as a graph. By scaling time s = ¢t we can rewrite this as

gs = kyv/1+ g2, (3.31)

where
f(z,9(z,s)) Jaz
p + a +g3)% . (3.32)

(o) = LEIEED i o)) =

Differentiating (3.31) with respect to z, we get the following expression for g,s:

Gzs = kz/1+ g2 + - Jzdze (3.33)
1+ g2
But, from (3.32),
Goox = (k — %)(1 +92)%. (3.34)

Plugging this into (3.33), we get that

9es = ke /TH g8+ K(k = D)g.(1 4 62). (3.35)

Differentiating (3.35) with respect to x and replacing all second order spatial derivatives g,, with
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the right-hand side of (3.34), we get the following expression for gezs:

Gezs = kaa V 1+ gg + 2kzgz(k - {)(1 + gi) +
bk - D0 g ) k- Dpaesa et (330

We now differentiate (3.32) with respect to s and obtain

k, = fygs + Gzras __§ k f.2929zs

¢ (1+g2)% 2 ¢’ 1+g2’

which, after replacing the g5 and g,.s with the expressions obtained in (3.35) and (3.36) and some

algebraic manipulation, becomes

kam f 9z f 2 fy_fzgz
ky = + = ky +k(k— =) + k———=. 3.37
Vitgl e /T+g " k=2 cy/1+ g2 (337

We may choose the initial data for the interface to be such that

k(z,g(x,0)) > 0.

Then (3.37) enforces this inequality to stay valid at all times. Indeed, let s; be the first point in
time when the function k assumes the value 0 in some point x;. If z; is an isolated zero point of k,
then we have

kz(.’El,Sl) = O,kzz(.?)l,tl) > 0

and then (3.37) gives that ks(z1,s1) > 0. If z; is not an isolated zero point of k, then

kilf(xlasl) = kzz(xlysl) =0

and then (3.37) gives that ks(x1,s1) = 0. It follows that, indeed, k does not ever assume negative

values.

By (3.32), the positivity of k implies

d g _ flzg)

;1-.;1/1+g%_ C ’

thus

o2 - (12D oy < ([T LD oy (3.38)

for all z < xg, where zp is a point where g assumes its maximum value. Moreover, a similar inequality
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will hold for £ < xy. Assuming that ¢ is large enough such that

” f(z,9) ,g)

Ty

( dr)? <1 (3.39)

for any xy and x9, (3.38) and its correspondent for values of ¢ with z < zo will provide finite bounds
on g,. These bounds ensure, in particular, that the interface will be such that it can be written as

the graph of the function g at all times.
It also follows that we are able to use the governing equation for g

Gzz

gt:f(xvg) 1+gz+cl+ 2

at all times. Integrating with respect to z, this yields

T2 T2
(/ g(z,t) dz); = / f(z,g(z,t)) dr + carctan g |32

Ty

Choosing z; and z3 ends of an interval of periodicity for g, the last term in the right-hand side

vanishes and we are left with

(f " ge,t) da), = [ 1@ gt s (3.40)

T
which says that, at any time, the instantaneous effective speed of the interface equals the average of
the values of f along the front.

We now estimate the effective normal velocity for the case when the constant interfacial energy

c is very large. If ¢ is large enough such that (3.39) holds, (3.38) implies that

max | f|
1021 < m = m(e) = il
c® — max | f|

and thus, for every ¢ € [0, 1],
l9(zo,t) — g(t)| < m(c) (3.41)

holds, where .
i) = [ gty
0

This expresses the fact that, as ¢ = oo, curvature becomes more and more penalized so the front

becomes flatter and flatter. Using (3.40), (3.41) and the Lipschitz property of f,

I

19t / fz,g@)ds] = | / f(z,g(z, B))dz — / f(z, §(x))dz] <

IA

/0 F (@ 9(z,1)) - F(@, 5(t)de <
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< /0 Lig(z,t) — g(t)|dz < /o Lm(c)dz < Lm(c).

Thus, at any instant of time, the velocity equals fol f(z,g(z))d=z, up to an error of order o(%). Then,
as long as fol f(z,y) dx never vanishes, the speed with which the average front g(t) travels over one
periodicity interval [0, 1] will be .

J, Jo e a —
up to an error of order o(1). Since (3.41) ensures that the front F stays close to its average (given
by (%)), (3.42) will also be the limit as ¢ — oo of the effective normal velocity of F.

If the function f is such that fol f(z,y) dx vanishes for some y, then the front will be trapped
once it reaches that position and we have that V(ez) = 0.

To write this in a more compact manner, we shall make the following two notations in RV : let
< - >,1 denote the average of a Yy-periodic function g on the (N — 1)-dimensional hyperplane
that is orthogonal to p and let (-} denote the usual one-dimensional average. We have proved the

following result:
Proposition 3 For a periodic interface in R? with effective normal e and moving with the normal
velocity law (3.1), where f is a [0,1)2-periodic function, its effective normal velocity has the limit

V(e2) = fle2) = ((NH7 Y (3.43)

as ¢ — oo, as long as (f)e% never vanishes. If (f).. assumes the value 0, then flex) =0.

We now extend this result to R through an asymptotic analysis on the degenerate parabolic

equation in problem (3.3):

£
%it = f(g)IVhfl + ec|VhE|div

Vi
[Vhe]”

(3.44)
as ¢ — oo fast enough so that we also have ec — oo. We make the following ansatz for h®:
& g 1 -3 1
he(z,t) = u®(z,t) + —v°(z, 1) +O(E)'
c

Plugging this in (3.44) and separating the terms multiplied by ¢, we get that the ¢! order problem
is
Vu*

& d' —
|Vus| IVIVUEI 0

Hence u® is either a constant (which we exclude, because we want the zero level set of h¢ to be
N — 1-dimensional and not void or the whole space) or a function the level sets of which have zero

mean curvature everywhere. Adding the periodicity conditions that we have for h* (and thus for u®
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also), this implies that u® needs to have all level sets flat, thus it has to be a function of one spatial

variable only. With proper choice of initial conditions for k¢, we may assume that

u®(z,t) = u'(zn,t).

(3.45)

Next, by separating the terms that are not multiplied by any power of ¢, we get that the c® order

problem is
ou’ z R ey VU° Vuf - Vov* | Vuf
B f(E)IVu | — e|Vu ldleVu5| —€ Vo] dlleUF’| +
+ e]VuE|div(v|—uV;TSLVuE).
Taking into account that
. Vu®
dlvlvuEI =0,

the ¢® order problem becomes

ou® T . . Vut - (D?*ufVoF)
5% = f(g)[Vu | —elv® +¢ VP

+ €VuE - Vot di Vu® +EVUE - (D?*ufVu®)

v
|Vue| |Vue| |[Vus|?
Vus - (D?*v°Vuf) Vu - Vot 5
_ ¢ (D% €Y.
+ Va2 ] Vu® - (D*uVu®)

Using (3.45), this reduces to

ou® , .
5 (@, 0) = F(2)Vu (en)] = (A0 (@,0) + vene (2,1)).
We can get rid of the last term by integrating over Yy _;, = [0,e]M=1 in the first (N — 1) variables
and obtain
O ant) = TN I () (3.46)
ot N2 = e 'dxn NI )
where

f(xN) = / f(.’E) d.’ltl...d:l:N.,l.
[0,1)(N-1)

We notice that the equation (3.46) is of the Hamilton Jacobi type. If f(zx) has constant sign, we
can use the homogenization results proved in [6] and in Chapter 2 to argue that its solution u®

converges uniformly (as ¢ — 0) to the solution u of

ou

St owt) = F I @n)l,
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where f can be calculated by means of the variational principle derived in Theorem 2:

F= i D
= lm sup T dee
D-—oo BTN
e reln J1 7
where Zp is the set of all intervals of length D.
If f(zn) does not have constant sign, it was shown in [6] that the resulting effective velocity is
null.

Since ¢ = oo fast enough so that we also have ec — o0, v will also be the limit of h°. Hence

large ¢ limit of the effective normal velocity in the ey direction is

D (3.47)

tnlen) = Dlim sup e .
—00 [cTp f] f[O,l](N_l) f(z) dz1..den_1

If d = d(D) is the largest integer smaller than D, then any interval I € Zp is the reunion of d
periodicity cells [0,1] with an interval of length D — d(D), so we can rewrite (3.47) as

vpleny) = lm = =
DSoo dfl doy +infrez, [ dzy
)] f[O,l](N’l) f dzl...dzN_l €1la I f[O,l](N_l) f da:l...dzN_l

1
- de o,
0 f[o,l]uv—l) fdzy..dey_q

which gives the generalization of (3.43).
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Chapter 4

The effect of precipitates on the
motion of a twin boundary

4.1 Introduction

In the present chapter we study the effect of precipitates on the motion of an interface or phase
boundary in a solid, such as shape memory alloys capable of martensitic phase transitions. Shape
memory alloys are able to assume various different phases: a high-symmetry, high-temperature
phase (called austenite) and several symmetry-related low-symmetry, low-temperature phases (called
variants of martensites). The interfaces that separate two martensitic phases or variants are called
twin boundaries and it is their presence and mobility that makes the shape memory effect possible.

The motivation for our study is given by the commercially important shape memory alloy NiTi.
This alloy is very ductile and therefore it is usually precipitate hardened: by annealing an alloy
which is slightly rich in Ti, it is possible to obtain NiTi shape memory alloys with a small volume
fraction of NizTis precipitates. It has been observed that this raises the yield strength of the alloy
while, at the same time, it does not affect too much the shape memory effect or the mobility of the
twin/phase boundaries. It also only slightly depresses the transformation temperature. Thus these
precipitates have quite a significant effect on plasticity (or mobility of dislocations) but no significant
effect on phase transformation (or motion of twin/phase boundaries). The increase of yield strength
by precipitates is quite well understood (see for example [22]). The precipitates pin the underlying
dislocation and make it more difficult for them to move. So why do they not pin the twin/phase
boundary? This question motivates this chapter.

A heuristic explanation for this phenomenon is that the precipitates have the symmetry of the
austenite (cubic in this case). Therefore, they are equally (energetically) disliked by all variants of
martensite, and hence they do not produce any systematic preference of one martensitic variant over
the other. Further, their effect is very localized and their concentration very dilute. Therefore, they

do not produce any systematic or long range effect on the motion of the phase boundary.
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We have seen in Chapter 1 that, in the context of linear elasticity, the normal velocity of the
phase boundary can be written as a sum of four terms: the first term is a constant, the second
term contains the influence of the inclusions and independent of the interface, the third term is
given by the position of the interface and independent of the inclusions, while the fourth term is the
product of the interfacial energy with the mean curvature of the interface. The previous chapters
have considered this problem in simplified setup and derived formulas for an effective normal velocity
when the second term is heterogeneous on a scale small compared to the domain. In this chapter we
study the effect of precipitates, including the key elastic term that depends on the interface. Rather
than focusing on the issue of homogenization, we try to expose the effect of the precipitates through
simulation of certain examples. Section 4.2 specializes the problem to the case of an anti-plane shear
deformation and also contains an estimate of the effect of the inclusions in the two-dimensional
case. Sections 4.3 and 4.4 present a numerical method that allows us to simulate of the propagation
of the phase boundary. Section 4.5 contains the results of certain simulations, which in particular
show that the precipitate inclusions indeed have only a short range effect on the motion of the twin
boundary. Finally, Section 4.6 considers the effect of a dilute dispersion of precipitates on the overall

kinetics of phase boundaries.

4.2 Anti-plane shear deformation

We now specialize the model proposed in Chapter 1 to a body which occupies the whole three-
dimensional space and undergoes anti-plane shear deformations, where the displacement is parallel
to a fixed axis and independent of the axial coordinate. We calculate the driving force and normal
velocity (1.7) explicitly for an interface propagating through a region containing circular precipitates
in an attempt to understand the effect of precipitates on kinetics.

In anti-plane shear, we may regard the displacement as a scalar function « on a plane. The strain
may be regarded as the vector Vu. We assume that all phases and precipitates are isotropic and

(by scaling the applied stress if necessary) take the elastic modulus equal to 1. Thus the energy is
1 2
W(Vu) = §|Vu — &%,

where &, are the transformation strains corresponding to the various phases of the solid, and the

stress is given by

o= Vu - &. (4.1)

The linear momentum balance (1.3) reduces to

Coa =0 (4.2)
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at all points where u is smooth. At points where u is not smooth, the linear momentum balance

reduces to continuity of traction:

I[aa]]na =0. (43)

In the following we will denote by & and & the transformation strains of the phases separated
by I' and by & the transformation strain of the phase in each inclusion. We assume that I and the
boundaries of all inclusions A; consist of a finite number of regular arcs (in the sense of Kellogg -
see [18]) and that they do not have corners. The equilibrium equations (4.2) then imply that u is
a harmonic function, while (4.3) dictates the jump conditions on I' and on the boundary of each

&o-phase inclusion A;:

Au=0 in R\ (Tu|Jo4:)
u+a —uy, = (&p —&ip)ngna onT, (4.4)
uj’x —u, = (§og — €28)ngna on OA;, for all A; inside T,

ut, —u, = (& — &18)ngna on 04;, for all A; outside T

, O

To this set of equations we have to add the far field conditions which contain the applied stress &:

U —> 0oy aS T — 00. (4.5)

In two dimensions, this problem (4.4) & (4.5) is analytically solvable in terms of logarithmic
potentials, following Rosakis [23]. Some results that will prove useful are summarized by Rosakis’
Lemma 4.1 in [23] and will be repeated here for the reader’s convenience. If we define the logarithmic

potential of a region D C R? by

1
¢D(x) = oy /Dlog |z — z|da,,

we have that
1 onD

AgpP = )
0 onIR2\D

1 a T ~a 1
¢h(x) = / Ta — 2 dA. = ———/ log |z — z|na(z)ds.
’ 27 aD

" Jplo—aP
and

d)ﬂ(x) —0 as |z| > oo.

Further, if we set

1 23—
D _ L B B
VB = 5 [ (s,
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then

E’B = gﬂ on Rz \8D

and

DE@) = lim 62,(a%) = 9E5(2) % sra(@)ng(@), (46)

where z¥ € D, 2~ € R2\ D and z € 8D.

Using this result, we find the solution to our problem (4.4) and (4.5) to be

u(z)

(&2 - &) V¢ (z) + Z(eo — &) -Voi(@) +5-x

L&

&) — o B
- [ togle - zjn(ds. + S [ osle = sin(z)ds. -2, (47)

where s(¢) = 1 if A; is outside T" and s(i) = 2 for the inclusions A; inside T', ¢¥ is the logarithmic
potential of the interior of T and ¢ is the logarithmic potential of the interior of A;.

Therefore, in anti-plane shear, the normal velocity (1.7) yields
1
= i(fg —&) - (&-&)- (E V29 (z) (& — &u))) — (& — &) (V2 (z)(& — &)) — ck. (4.8)
1=1

Note that the influence of the inclusions are described by the sum in parentheses. We henceforth

concentrate only on this:
N .
—(&—-&)- (Z Vi¢i(x fs(i))) = - Z(fm — &10)Wap (@) (€0s — Es(i)a)- (4.9)
i=1

In order to estimate this quantity explicitly, we assume that the inclusions A; are all circles of

radius R centered at the positions z;. Then

. R [* Rcosf — y; .
i _ sin 68df
Yu (o) 2r Jo  yA4 +y% + R? — 2R(yi1 cosf + y;2 sin6)
27
0 — us
. R __Rcosb —ya sin 66,
27 Jo  y7 + R? — 2R|y;| cos(d — ;)
where y; = = — z; and «; is the argument of y;.
Changing variables t = § + a; — 6, we get
: R ai+% Rsin(t - ai) — Yit
i = = i —t)dt
i (@) 27 Ja,—3z yi + R? — 2R|yi|sint cos(a )
R?cosa;sinq; R2sin? o R? cos? o R%cos a; sin oy
- —_*‘—1&-[& -l + lIcs+ Iy —
27 27 27 27
_ Ry cos I — Ry;; sinqy L., (4.10)

2 2
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where
I /"”’% cost )
T ai—3r y? + R? — 2R|y;|sint
7 _/“”L% sint gt
s P y? + R? — 2R|y;|sint
s /oz.'+-’2L cos t gt
- a3 y? + R? — 2R|y;|sint
I __/"‘”L% sin® ¢ i@t
2 a3 y? + R? — 2R|y;|sint
and

I _/O‘H'% costsint gt
¢ a2z Y7 + R? — 2R|y;|sint

To calculate these integrals, we use the following identities:

cost
dt = ———1 R? — 2R|y,|sint
/y$+R2 —2R[yi|sint 2R| vil o8(y; + lval sin )
and
dt 2 (42 + R?)tan & — 2R)y,|
D) 2 T T3 7 arctan 2 3
y? + R? — 2R|y;|sint  y; — R y; — R

for |y;| > R (which translates to the fact that I’ does not intersect any of the A;’s). We obtain

1 2 2 ; aity _
I. = 3R] log(y? + R* — 2R]y;|sint) Ia,-—%'_ 0,
o 1 [t y} + R — 2Rly:|sint — (v + R?)
T 2R|y1| ai -3z y? + R? — 2R|y;|sint
_ [ R /‘”% dt .
; 2R|y1| T" 2R|yz| o y; + R? — 2R|y;|sint Rlyzi
1. — *% (y? + R? — 2R|y,|sint)sint — (y? + R?) smtdt
27 2R|y,| _sx y? + R? — 2R|y,|sint
te y? + R? m(y? + R?)
= sintdt+ i " g, =0 Tt
37 / T o R 2R%)?
L. = /“ it l—sm t dt—/al+i dt I
@ oi—2x Yi + R? = 2R|y;|sint B ai—3z Yi + R? = 2R|yi|sint 52
2 2+ R tant — 2R|y; 24+ R?
= ——7; arctan . )2 > il 15t I = Tl + R -2'- . )
‘—R y; — R =3 2R?y;

and

dt

1 /O‘”L% (y? + R? — 2R]y;| sint) cost — (y? + R?) cost
' Ja —3 y? + R? — 2R|y;|sint
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1 /"‘*% yZ + R?
= - cost dt + =—1, =0.
2RI Joy sz 2Rlyi

Plugging all these results in (4.10), we get

R?cosa;sine; w(yf + R?) | R’cosassina; w(y; + R?)

Yule) = o 2Pz T o 2R2y?
_ Ryasiney 7w R?sin 2¢;
2r Ry~ 4y?
Similarly,
. R 27 . 0 —
Piy(x) Rsinf - yiz sin 6df

and

1//’%2 (z)

2 Jo  y? + R% — 2R|yi| cos(0 — a)
R [~t% Rcos(a,- — t) — Y2

cos(a; — t)dt

or ai—iz Yi + R* — 2R|y;|sint
RZcos? R? cos av; sin a; R%cosa;sinq; R2sin? a;
'——ICZ + Ics + Ics + Is2 -
27 27 2 2w
Ry;o cosa; Ry;z sin «;
- I, ~ s1
27 2r
R%*cos’a; m(y?+ R?) R?sin’q; n(y? + R?) Rypsina;
27 2R?y? 27 2R?y? 2t Rlyl
1, R?
——(— cos2a; + 1),
4" y?
R [*™ Rcosf — vy,
— 5 cos8 Yia cos Ado
2r Jo  yi + R? - 2R|y;| cos(6 — ;)
R it Rsin(t - ai) — Y

— in(t — a;)dt
27 sz y? + R? — 2R|y;|sint sin(t - a.)

a.'—T
R? cos? a; R?sina; ; R?sinq; i R?%sin® o
cos? o T — sin a; cos I, sin ay; cos o Lo+ sin® o Iy —
2n 2r 2 27
Ry;; cos «; Ry;1 sina;
- I; - Iy
27 27
R%*cos®a; w(y? + R?) R%*sin’a; w(y? + R?) Ryijcosa; =
21 2R?%y? 2n 2R%y? 27 Rly|
R2
~(—cos2a; — 1
4" y? )
R m Rsinf — Yi2

cos 8df

2n Jo  v2+ R2 — 2R|y;| cos(d — a;)
i%_ @ty Rcos(a; — t) — yso
21 Jo,_sx y? + R — 2R|y;| sint

2

sin(t — o;)dt

R? cos? a; R?sin a; cos oy L.+ R? sin q; cos oy I R?sin? o; I
cs 2 2 — -
27 27 ¢ 2w i 2w s
Ry;s cos a; Ry;o sin oy
- Isl + Icl

27 2w
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A

Figure 4.1: Plot of the influence of the inclusions on the normal velocity

R?sina;cosa; m(y? + R?) Ryipcosa;
T 2R%y2 2r Ry
R?sin 2q;
dy7

Substituting these values for ¢}, 5(z) in (4.9), we obtain

N
1 N R? R?sin 2a;
il Z ((522 — fu)(y—2 cos 2a; — 1)(€o1 — &s(iy1) + (o2 — 612)—;{/—(502 B f3(1)2))

Figure 4.1 shows V according to the formula above for the case when & = 0, & = (0,0.1),
& = (0,—0.1) and the inclusions have radius 0.1 and form a periodic 15 x 15 lattice with period
[0, 1], centered at the point (0.5,0.5). The calculation was performed with the help of a 256 x 256
grid laid on the unit cell. The values for &, &, & are chosen to mimic a situation in NiTi, where
one has martensitic variants which are symmetry related (¢; and &) and precipitates which posses
the symmetry of the austenite. Notice that V has lobes close to the precipitates but dies off away
from it. Therefore, we conclude that the precipitates would affect the phase boundaries only when
they get close to it but have no long range or systemic effect. The shape of V' that we observe in
Figure 4.1 is in agreement with the shape of a phase boundary in the vicinity of an inclusion which

we shall observe in Figure 4.3.
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4.3 The level set formulation

We now proceed towards studying the evolution of the phase boundary as it encounters obstacles. An
efficient tool in problems that deal numerically with free boundaries is the level set method, described
by Osher and Sethian in [21]. We assume that there exists a level set function ¢ : R? x [0,7) - R

such that our twin boundary coincides with its zero level set at all times and

¢ > 0 in the regions of phase with deformation strain £ (and appropriate inclusions),

¢ < 0 in the regions of phase with deformation strain & (and appropriate inclusions).

Since the obstacles are fixed, we use a level set function only for the twin boundary I'. Then

Vo 9

TVel T T vl

n

so our normal velocity law implies that ¢ satisfies the following equation:

o
5 = vnlVél. (4.11)

To this equation one has to attach the initial condition
#(x,0) = ¢o(x) in R?, (4.12)

where ¢g is a function chosen such that its zero level set coincides with the initial position of the
front, and appropriate boundary or far field conditions. If Iy denotes the set of all points in the

initial front, a common choice for ¢y is
¢o{z) = min(d(x,Ty), 1),

where d(z,T) is the distance from z to I'y.

However, to use this level set formulation, we notice in (4.11) that we need a normal velocity
field v, defined everywhere and not only along the twin boundary. To overcome this difficulty, we
shall use a relaxation proposed by Hou, Rosakis and LeFloch in [16].

First, we define a regularization of the energy function W. For 0 < h <1, let W(Vu,h) be a

function such that

W(Vu,h) = 1|Vu - &)| in {J; A4
(4.13)

W(Vu,0) = {Vu - &, W(Vu,1) = }[Vu—&| outside UJ; 4;
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One possible choice for such a regularization is

%|Vu—§0| in Y, As
$|Vu — &| — h(3|Vu — &| — §|Vu — &) outside |J; 4;

If H: R — R is the Heaviside step function

Hiz) 1, ifz>0
) = ,
0, ifz<O

then, due to (4.13), W (Vu, H(¢)) describes the stored energy W.

For each € > 0, let H,. : R = R be a regularized Heaviside function, i.e., a smooth monotonically
nondecreasing function with

1, ifz>¢
H.(z) =

b

0, ifz<—¢
Hl(z) >0 for|z| <e.

A possible choice for the regularized Heaviside function is

0, ifx < —¢
He(z) =1 %=+ LsinZZ iffz[<e - (4.15)
1, ifxr>e
The corresponding regularized Dirac delta is defined by
0. (z) = H.(z). (4.16)

In particular, if H, is defined by (4.15), then the regularized Dirac delta function is

0, if |z| > ¢
0c(w) = 1 Tz ’
ac +5-cosTE if x| <€

We can then define the regularized stored energy function W, by

W, (Vu, ¢) = W(Vu, Ho(¢)). (4.17)
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This will replace the interfacial discontinuity I' with a transition layer
e = {z:|¢(z,1)] < e},
with width of order 2¢. The regularized stress is defined in analogy with (4.1):

%mw:%mm@. (418)

We now enforce global versions of the momentum balance (4.2) and dissipation inequality, but
with W and o replaced with their regularized versions W, and o.. Since we are in the quasi-static

case, the momentum balance reduces to

V-0, =0, (419)
while the regularized dissipation rate is
oW,
A(t)=— = ¢ dz.
() 2 00 ¢ dx

If we define the regularized driving traction by

oW
fe= __BE—(VU’HE(qb))’ (4.20)

then we can use (4.11), (4.16) and (4.17) to rewrite A.(¢) as

Ac(t) = /R f 0 0.(9) 19| do. (4.21)

Note that the regularized driving traction is a globally defined field, whereas f is only defined
on the interface I'. Its definition (4.20) is motivated by a comparison of (4.21) with (1.4). Indeed,

if ¢ vanishes on I' and @ is some smooth field, it was proved in [7] that

4205(¢)|V¢|dx = /Fb?dl.

This shows that (4.21) is a regularized version of (1.4).

We can now extend the assumption v, = f. to the whole space to obtain a globally defined

function v,. Substituting it into (4.11) yields

o¢

i f-IVé| in R%. (4.22)



77

Equations (4.19) and (4.22) comprise a system of two coupled partial differential equations for
and ¢. Attached to the initial condition (4.12) and appropriate boundary (or far-field) conditions,

they define the regularized problem.

4.4 Finite difference discretization associated to the regular-

ized level set formulation for a periodic structure

We now present a numerical method to obtain the evolution of the twin boundary in a periodic
structure. We assume that the inclusions are periodically arranged with unit cell [0,1}2. We also
assume that the initial data ¢ is [0, 1)?-periodic and the initial twin boundary is chosen such that

it does not intersect any of the inclusions. We seek periodic solutions to (4.19) and (4.22).

We can write the solution to (4.19) with the help of the [0, 1)?-periodic Green function G for

Laplace’s equation. Recall that

1 i me(z—z 1 .
;n—§e2’” m(z=2) - Z 3 cos(2wi m - (z — 2)),

G(z,z) = G(z — 2) =Z—

m
where the sums are taken over all m € Z2 with m # 0.

Plugging (4.17) and (4.18) into (4.19) we conclude

oW (Vu, H:(¢))

V- B

=0.

The linearity of this equation allows us to write its solution as the sum of two terms, one being the

solution ug to
LO(Vu = &| - He(9)(IVu - &| - [Vu = &) _

v 5

0 (4.23)

and the other one being the sum wu;nq of all potentials associated to the inclusions:

Uinet(T) = Z(fo —&oiy) - % /A. VG(z - 2) dz.

i

The sum above is taken over all inclusions in [0, 1} and s(i) equals 1 or 2, depending on which of

the phases the inclusion is surrounded by. Written in terms of the convolution product,

Uinct(T) = Z(&) — &) - %Xi * VG,

1
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where x; : [0,1]2 — R is the characteristic function associated to the inclusion 4;:

1, ifze A;
xi(z) = {

0, otherwise

A short calculation shows that (4.23) may be written as
V- (Vu—&)+ He(¢) - (V- (Vu—&) = V- (Vu—§&)) + H($V¢- (Vu—&) - (Vu—-£§)) =0,

Au+ H($)V- (& — &) =0,

so its solution ug can also be expressed in terms of the periodic Green function G:
uo(z) = (& — &) - (H () V) *G.

Hence the solution to (4.19) is
u(z) = (& — &) - (0:(P)Ve) x G + Z(ﬁo —&s(i)) - 51;)(1' * VG, (4.24)

where the sum is taken over all inclusions in [0, 1]2.

We shall now describe the finite difference discretization for this two-dimensional periodic prob-
lem. An N x N grid is laid on the periodicity cell [0,1]* with grid spacing h = &. Denote by
ui; the approximation of u(z;,y;,t,) and by ¢}, the approximation of ¢(z,y;,tn), where z; = ih
(t=1,..,N),y; =jh (i =1,..,N), t, = nAt (n nonnegative integer) and At is the time step.

We also introduce the following notations for the difference operators

Dfi ;= fit1,j — fi-1; (centered),
D_ fi;=fi;— fi-1; (backward),

DY fij = fisr,j — fi; (forward).

The operators DY, D; and D; are defined similarly.

At each time step, the solution u™ to (4.19) is calculated using (4.24). The convolution products
appearing in the right-hand side of (4.24) are conveniently fast calculated with the help of the fast
Fourier transform.

Once we have u”, we proceed to the calculation of the driving force f”, using centered-difference
discretizations of (4.14) and (4.20).

Next, we employ a fifth order WENO (weighted essentially non oscillatory) scheme, introduced
by Jiang and Peng in Section 2.2 of [17], to discretize equation (4.22) describing the evolution of the
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level set function ¢. Define

¢z (2, 5)

12h( D+¢l 2,5 -+ 7D+¢l 1,7 + 7D+¢1,] D:‘bi-}—l,j)
¢WENO(D;D1 ¢io; D;D¥¢i_1; DyDféij DyDfdit1;

h ’ h ’ h ’ h
‘75:(2,]) = 12h( D i 2,j +7D+¢z 1,5 +7D+¢w D+¢i+1j)
¢WENO(D D ¢z+2] D -D ¢1+1] D D ¢l] D D ¢z 1

h 7 h b) h 9
By (0) = 3o (D iz + DS dujo1 + DS b1y = D bigan)

weno, Dy Didij—2 DyDYéi; 1 DyDf¢i; DyDY i

) (

h ’ h ’ h ’ h
.. 1

¢Z_('La]) = ( D ¢1] 2+ 7D+¢zg 1+ 7D+¢z,3 D;¢i,j+1)

12h
+ ¢WENO(Dy_Dy bijr2 Dy Df¢ije1 DyDfdi; DyDfij—1
h ’ h T n

),

7])
bl

)7

)y

where

1 1
SVENO(a,b,c,d) = gwo(a—2b+c) 6(w2 - 5)(1) 2¢c+d)
and the weights wg, w- are defined as

Qg a2

wy=-—, Wy = ——,
ap + a1 + as ag + a1 + Qs

1 6 3
_ -9 L 4.2
WTETI8)2 T 18T T e+18) (4.25)

ISy =13(a —b)> +3(a —3b)%, ISo=13(b—c)? +3(b+ )%, ISo=13(c—d)? +3(3c—d)*

To numerically compute the Hamiltonian in (4.22), we shall use the local Lax-Friedrichs flux. If

H(pz, ¢y) denotes the Hamiltonian to be discretized, then

+ + + + _ A + A
rHLLF( :—,(p;’(p;—’d);): (¢ ;—¢z (]5 (b ) (¢;_,¢I_)¢z 2¢z __ﬂ(¢;_’¢;)¢y 2¢y’
where
a(¢f, ¢7) = max [Ha(u,v)l, B(dy,0;,) = max IH 1 (u, v)|.
u€Z($7F,07),ve(C,D] vEL(dF .45 ),u€[A,B]

Here #, (respectively # ) stands for the partial derivative of  with respect to ¢, (respectively
#y), [A, B] is the value range for ¢F and Z(a,b) = [min(a,b), max(a, b)].

In our case, the numerical local Lax-Friedrichs flux reduces to

HELE (oF 07,65, 0,) = £71(62)° + (89)°;
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where

¢ = min(¢7,¢7), ¢, = min(¢y, ;).

Having this discretization of the right-hand side of (4.22), we proceed to updating the values
of the level set function ¢ by numerically integrating it with respect to time, using a fourth order

non-TVD (total variation diminishing) Runge Kutta scheme, described by Shu in [24].

In general, if we prescribe the initial value of the level set function ¢ to equal signed distance from
the interface, it will not remain a distance function at later times. For large time computations it is
desirable to keep ¢ as a distance function. This will ensure that the interface has a finite thickness
of order ¢ at all times. In [26], an iterative procedure was proposed to reinitialize ¢ at each time
step, so that it remains close to the signed distance function from the evolving interface. Specifically,
given a level-set function ¢" = ¢(z,t,) at fixed time t,, one computes the solution of the initial
value problem

¢ = sgn(6")(1 — [Vl)
¢(x,0) = ¢"(z)

. (4.26)

The solution converges rapidly in time to a function that has the same sign and the same zero level
set as ¢™ and also satisfies |[V¢| = 1, so that it equals the signed distance from the interface. After ¢
evolves at each time step according to (4.22), it is reinitialized by solving (4.26) for a few time steps.
Note that, when running the reinitialization procedure, the computational cell has to be extended to
include several periodicity intervals since values of the signed distance function near the boundary

may be dictated by points of the front outside the interval [0, 1]°.

4.5 Numerical results

We now apply this numerical method to various examples. In each of these examples, the material
is periodic with the unit square as the unit cell. We consider a medium with two phases labelled 1
and 2, and precipitates labelled 0. Since in practice the precipitate inclusions are small compared
to the distances in between them, we choose them to be circles of small radius r = .005. The
transformation strain of the phases & and & are chosen to be symmetry related with each other
and & is chosen to be zero. In each example below, we will choose the initial condition to be three
horizontal bands in the unit cell: phase 1 - phase 2 - phase 1. This corresponds to an infinite number
of infinitely long alternating bands as in the observed fine twins of martensite. The parameters ¢
(which gives the width of the numerical approximation to the front) and e (which occurs in (4.25))
are chosen to be ¢ = 0.01 and € = 107% respectively. All the simulations were run on a 256 x 256

grid laid on the unit cell [0, 1]?.
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Figure 4.2: Evolution of phase boundaries in the case when there are no inclusions

Example 1. Assume
&% =1(0,0), & =(0,0.1), & =(0,-0.1)

and that there are four inclusions present in the unit cell, with centers at the coordinates (%, %),

1.2), (3,2) and (},1). The two horizontal phase boundaries are initially placed symmetrically
with respect to the line z; = % and the phase with deformation strain £, occupies the area in between
them. For the example presented in Figures 4.2 and 4.3, the two interfaces are at the coordinates
J =120 and j = 136 respectively and the initial level set function is chosen to be the signed distance

function. Note that the orientation of the interfaces is compatible with the transformation strain:

n=e | (& - &)

However, the initial positions are not at equilibrium (which corresponds to equal volume fraction)
and thus the driving traction (4.20) does not vanish. The kinetic relation v,, = f forces the interfaces
to move and the level set function changes according to (4.22). The coupling of w and ¢ in (4.19)

and (4.22) drives the subsequent dynamics of the problem.

For the sake of comparison, Figure 4.2 shows the evolution of the phase boundaries in the case
when there are no inclusions of phase 0. It presents a sequence of evolving configurations of the
interfaces at t = 0.0,0.0002,0.0004, 0.0006, 0.0008, 0.001,0.0012. The interfaces translate uniformly
apart from each other until they reach the positions z2 = .25 and z2 = .75 respectively, when the

two phases share equal volume fractions and the problem attains a state of equilibrium. This has
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Figure 4.3: Evolution of phase boundaries in the case when there are inclusions

been also checked numerically by running a separate simulation with initial positions of the two
horizontal phase boundaries placed at 3 = .25 and z, = .75 respectively (the two interfaces remain
fixed).

We now place the four inclusions of phase 0 and start with the same initial data. It turns out
that the influence of the inclusions on the normal velocity is much smaller than the influence of the
fact that the two phases do not have equal volume fraction. Therefore, the two phase boundaries are
forced to pass through the inclusions with centers at (%, %) and (%, %) and grow till phase 2 occupies
half of the unit cell. This is observed in Figure 4.3, which shows a sequence of evolving configurations
of the interfaces at the same instances ¢ = 0.0, 0.0002, 0.0004, 0.0006, 0.0008, 0.001,0.0012. The phase
boundaries loop around the two inclusions and they develop a disconnected shape which contains
a leading front and a trace left around the obstacles, pictured separately in Figure 4.4. After
looping around the inclusions, the leading parts continue to translate uniformly in the upward (and
downward) direction until they reach the equilibrium positions at z, = .25 and xo = .75 respectively
(the positions of the inclusions have been chosen symmetrically to the lines z; = .25 and z2 = .75
so that the final equilibrium position does not change; this can again be checked numerically by
running a simulation with initial positions of the two horizontal phase boundaries at z = .25 and
T2 =.75).

Note that the shape of the phase boundary in the vicinity of the inclusion that we observe in
Figure 4.3 is in agreement with the shape of V' that we observed in Figure 4.1.

Figure 4.5 presents a comparison of the two cases, with and without inclusions. The interfaces
are plotted at the same amount of elapsed time, by a dotted line for the case when there are no

inclusions and by a continuous line for the case with obstacles. Note that the inclusions introduce a
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Figure 4.4: Shape of the phase boundaries after it loops around the inclusions
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Figure 4.5: Comparison of the two phase boundaries (with and without inclusions)
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Figure 4.6: Evolution of phase boundaries with mismatched normal in the case when there are no inclusions

small delay in the evolution of the front (the vertical axis has been blown up so that the delay can

be easier observed) and also affect its shape locally.

Example 2. While the inclusions seem to have little effect on the evolution of the phase
boundaries in the first example, we now show how they can have a crucial effect when acting as
instabilities. For this, we consider the same setting only with the three phases modified such that

they have the transformation strains

& = (070)7 &L= (0170)7 & = (—01,0)

Again, the two interfaces are initially placed horizontally at the coordinates j = 120 and j =
136 respectively and the initial level set function is chosen to be the signed distance function.
Note now that the orientation of the interfaces is incompatible with the difference between the
two transformation strains. If there are no precipitates and if the initial boundaries are perfectly
straight, then the two phase boundaries seem to be in a state of unstable equilibrium and do not
move. However, if their initial positions are perturbed, the system becomes unstable and evolves
to the stable equilibrium, with equal volume fraction and phase boundaries with correct (matched)

normal.

Figure 4.6 shows a sequence of evolving configurations of the interfaces for the case when the
shape of the two initial phase boundaries was sinusoidally perturbed. The instances when the
snapshots are taken are t = 0.0,0.002,0.004, 0.006,0.008,0.01,0.012,0.014,0.016,0.018. Once the
simulation is started, the thinner side of phase 2 starts shrinking as its wider part starts growing.

When t = 0.5 it has already transformed into a bubble which continues to grow in the ey direction
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Figure 4.7: Evolution of phase boundaries with mismatched normal (part I)

until it touches the bubbles from the neighboring cells and the region occupied by phase 2 becomes
a strip again. Ultimately, the boundaries of this strip flatten and tend to the lines z; = 0 and
z1 = 0.5, which define an equilibrium position - equal volume fraction with phase boundaries having
matched normal n = e;.

Returning to the case when the initial interfaces are straight and not perturbed, an interesting
simulation shows how the presence of the precipitate inclusions can lead to instability and force the
phase boundary to evolve to an equilibrium position. Again, the two interfaces are initially placed
at the coordinates j = 120 and j = 136 respectively and the initial level set function is chosen to

be the signed distance function. We place four spherical inclusions with centers at the points (%, }),

%, %), (4, 4) and (4, Z) respectively.

Figures 4.6, 4.7 and 4.8 picture a sequence of evolving configurations of the phase boundaries. The
inclusions act as attractors to the interface and force the interfaces to leave their unstable equilibrium
position. The portions of phase 2 strip aligned with the obstacles starts growing as its other part
starts shrinking and it breaks into two bubbles, as can be noticed in Figure 4.6, which shows plots
the interfaces at the instances ¢t = 0.005,0.01,0.012,0.013,0.015,0.016,0.017,0.0175,0.018. As the
two bubbles grow, they loop around the inclusions and leave circular traces around them.

As the bubbles grow, they eventually reach the boundary of the unit square and they touch the
bubble from the neighboring cell, giving birth to a new topological change. The region of phase 2 be-
comes a collection of strips again, this time with the correct normal orientation. Figure 4.7 shows the
interfaces at the instances t = 0.018,0.0185,0.019,0.0195, 0.02,0.0205,0.021,0.0215,0.022, 0.0225.
Finally, the two strips flatten as the region of phase 2 tends to a stable equilibrium (with volume

fraction % and boundaries of normal e; ), see Figure 4.8, which pictures the interfaces at the instances
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Figure 4.8: Evolution of phase boundaries with mismatched normal (part II)
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Figure 4.9: Evolution of phase boundaries with mismatched normal (part III)
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t = 0.0225,0.023,0.0235, 0.024, 0.0245, 0.025, 0.0255, 0.026, 0.0265, 0.027.

4.6 Delay scaling

We consider the evolution in R?> of a phase boundary I' with no interfacial energy in an infinite
medium with a single inclusion B(0, R). Assume that the inclusion is circular and we choose the
coordinate axes such that the origin coincides with its center. If R denotes the radius of the inclusion,
we set the initial phase boundary to be the horizontal line 3 = —2R. In the absence of applied

stress, the strain field induced by this geometry is given by (4.7):

£2B—€16/ Z3 — T3 és(om—&og/ z5 —
VuR)y(z) = J(2)ds. + Se0)8 ~ 08 B0 e
(VaTatz) 2m IR |I—Z|2n (2)ds: + 27 8B(0,R) |$—z|2n (2)ds

If we perform the change of variable z = Ry inside the integrals, we get

§28 — & [ Rys — s €508 — §os Rys — zp
(VuP),(z) = ne(y)Rds, + —————— — " n,(y)Rds
)a (@) P S Py i TR SN ey R

= (Vuh)alg)-

This, together with (1.7), implies that the normal velocity for such a geometry is subject to the

scaling law

By scaling both the z and t variables in (4.11) with R, we conclude that the geometric nature of the
motion of the interface in such a geometry is independent of R (i.e., is determined up to the scaling
factor). In particular, this implies that the delay introduced by the inclusion in the average velocity

of the front is proportional to the radius R:
At = CR.

The results of the simulation presented in the previous section indicate that the proportionality

constant C is small.
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Chapter 5

Conclusions

We have investigated the propagation of interfaces in heterogeneous materials and, in particular,
the effect of precipitates on the motion of a phase boundary in a solid capable of martensitic phase
transitions. We are interested in finding the effective motion of the interface or phase boundary
when the heterogeneities are small compared to the macroscopic length scales. This is motivated
by the shape-memory alloy NiTi. Typical commercial specimens contain small non-transforming
precipitates of NizTiy. These precipitates pin dislocations, but do not seem to affect the evolution
of martensitic microstructure significantly.

We propose a simple model based on linear, homogeneous elasticity and linear kinetics to describe
the evolution of phase boundary in a heterogeneous martensitic medium. We show that in this
model the normal velocity of the phase boundary may be written as a sum of several terms: first
a homogeneous (but non-local) term that one would obtain for the propagation of the boundary
in a homogeneous medium, second a heterogeneous term describing the effects of the inclusions
but completely independent of the phase or twin boundary and third an interfacial energy term
proportional to the mean curvature of the boundary.

We then study certain simplified examples that are also of independent interest. The simplest
case is the geometric motion, when the normal velocity is predefined everywhere as a function of
position only. We employ the level set formulation to describe the geometric motion of a phase
boundary, and this gives rise to an Hamilton-Jacobi equation. A homogenization theorem was
known in the literature under the assumption that the normal velocity is continuous and positive
everywhere. Unfortunately, this theorem does not provide an efficient tool for calculating the ho-
mogenized Hamiltonian or effective velocity. This thesis provides four new variational formulas
(Theorems 2, 4, 5, 6) that characterize the effective velocity. The usefulness of these formulas are
demonstrated through examples. Though homogenization theory requires the positivity and con-
tinuity of the normal velocity, we show through examples that it is possible to define an effective
front in many examples where this fails. We show that our formulas indeed describe the evolution

of these effective fronts.
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We then turn to the curvature flow, where the normal velocity is the sum of a position-dependent
function with a term that is proportional to the mean curvature of the interface. We prove a
homogenization theorem and also some qualitative features of the homogenized front. In particular,
we show that the effective motion is described by a geometric law independent of curvature and may
be anisotropic. We study in detail the laminated microstructures and we prove an explicit formula
for the effective velocity for the case when the curvature penalization coefficient is large. Some of
the quantitative results we obtain are verified numerically.

Finally, we address the problem in full generality, for the case of an anti-plane shear deformation.
We consider a medium that contains a periodic lattice of inclusions, all of which are circular and
have a small radius. Motivated by Ni3zTiy precipitates in NiTi, we assume that inclusions have a
self-strain that is symmetric with respect to both phases. We estimate algebraically the contribution
to the normal velocity due to the presence of the inclusions and we show that their effect is localized.
Next, we employ the level set formulation for a numerical study of the propagation of the interface.
Our simulations show that these precipitates have a very local effect on the propagation of twin
boundaries. Further, we show they can provide the perturbation to push twin boundaries out of
metastable states, as for example when the interfaces are not correctly aligned. In particular, our

results explain why NigTi, precipitates don’t affect the shape memory effect in NiTi.
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