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Abstract

In the first part of this thesis, we present new formulations for computing the motion
of curvature driven 3-D filament and surface. The new numerical methods have no high
order time step stability constraints that are usually associated with curvature regular-
ization. This result generalizes the previous work in [23] for 2-D fluid interfaces with
surface tension. Applications to 2-D vortex sheets, the Kirchhoff rod model, nearly anti-
parallel vortex filaments, motion by mean curvature in 3-D and simplified water wave
model are presented to demonstrate the robustness of the methods. In the second part
of this thesis, we investigate numerically the effects of surface tension on the evolution
of 2-D Hele-Shaw flows and 3-D axisymmetric flows through porous media with suc-
tion. Hele-Shaw flows with suction are known to form cusp singularities in finite time
with zero-surface-tension. Our study focuses on identifying how these cusped flows are
regularized by the presence of small surface tension, and what the limiting form of the
regularization is as surface tension tends to zero. We find that, for nonzero surface ten-
sion, the motion continues beyond the zero-surface-tension cusp time, and generically
breaks down only when the interface touches the sink. When the viscosity of the sur-
rounding fluid is small or negligible, the interface develops a finger that bulges and later
evolves into a wedge as it approaches the sink. Our computations reveal an asymptotic
shape of the wedge as surface tension tends to zero. Moreover, for a fixed time past
the zero-surface-tension cusp time, the vanishing surface tension solution is singular at
the finger neck. The zero-surface-tension cusp splits into two corner singularities in the
limiting solution. Larger viscosity in the exterior fluid prevents the formation of the
neck and leads to the development of thinner fingers. For 3-D axisymmetric flow, similar
behavior is observed. The surface develops a narrow finger which evolves into a cone as it
approaches the sink. The finger diameter is smaller than the finger width for Hele-Shaw
flow and the surface moves faster. The azimuthal component of the mean curvature

enhances the definition of the finger neck while smoothing the interface there.
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Chapter 1

Introduction and Background

Many physical problems involve the time evolution of free interfaces. For example, the
evolution of a phase boundary in solidification, the breakup of drops in sprays, multi-fluid
interfaces, thin film growth [46, 47], the motion of cells in the blood, and crystal growth
and solidification [27, 55]. The complexity of such problems means exact analytical
solutions are very difficult to obtain, and accurate numerical computation becomes very
important in studying these problems.

The boundary integral method is one well accepted approach to study the interfacial
flows numerically. It defines the motion of the interface in terms of integrals along the
interface and thereby reduces the dimension of the problem. Boundary integral methods
are also advantageous in that they avoid the difficulty of computing derivatives of the
quantities which are often discontinuous across the fluid interface. Methods of boundary
integral type have been used to compute nonlinear surface waves [3, 49, 52], vortex sheet
motion [5, 37, 56, Rayleigh-Taylor instability [2, 49, 62], and interfaces in Hele-Shaw
cells [15, 23, 10]. However, numerical simulations using boundary integral methods are
still very sensitive to numerical instabilities because of the underlying physical singularity.
Hence, straightforward discretizations tend to lead to numerical instabilities.

In many applications, surface tension (curvature) plays an important role on the
dynamics of interfaces. We will enhance our understanding of fluid phenomena such as
pattern formation in Hele-Shaw cells, the motion of capillary waves on free surfaces and
the propagation of sound waves in a porous medium flow if we understand the effect of
surface tension better. On the other hand, surface tension introduces terms with high
order spatial derivatives both nonlinearly and nonlocally into the governing equations,
and this makes the calculations with surface tension even more susceptible to numerical
instabilities. If an explicit method is used, these terms induce strong stability constraints

on the time step. For two fluid interfaces in Euler flow, the stability constraint is of the



form At < C - (As)?/?, while for Hele-Shaw flow is At < C - (As)?, where At is the
size of the time step and As is the minimum grid spacing in arclength. In practice,
these stability constraints are time dependent and become more severe as points cluster
along the interface. A straightforward implicit discretization leads to a nonlinear and
nonlocal system which is extremely difficult to invert in general. The presence of such
time stability constraint is known as stiffness.

In this thesis, we study numerically interfacial flows with surface tension in two and
three dimensions using boundary integral method. It is divided into two parts. In
the first part, we propose numerical methods to remove the stiffness of surface tension
in computing two-dimensional interface and three-dimensional filaments and surfaces.
The second part is focused on a careful numerical study of two-dimensional Hele-Shaw
flow with suction and three-dimensional axisymmetric flow with suction through porous

media.

1.1 Removing Stiffness of Surface Tension in Two and Three

Dimensions

In [23], Hou, Lowengrub and Shelley introduced an efficient method to remove high
order stiffness in computing the motion of fluid interfaces with surface tension in two-
dimensional, irrotational and incompressible fluids. Their scheme is based on a refor-
mulation of the equations of motion in terms of variables more naturally related to the
curvature and on the identification of the small-scale terms that contribute to the stiff-
ness. The natural variables are the tangent angle to the interface 6 and the arclength
metric sq = |zq|- In these variables, the surface tension term has a very simple form
because curvature k = 6,/s,. Furthermore, they introduced a particular tangential force
T so that s, is uniform in «. Thus, s, evolves as the length of the interface L. This is
the so-called #-L method. Using the small scale decomposition technique, their methods
identify the leading order terms and then treat them implicitly in time discretizations.
They performed well-resolved calculations for large times on the motion of a vortex
sheet, Hele-Shaw and Boussinesq flows. These interfacial problems that were previously

not amenable are now solvable using this method. However, this 8-L method cannot be



generalized directly to three-dimensional filaments or surfaces since the tangent angle is
not well defined in three dimensions. In the first part of the thesis, we propose to use
curvature k as the new dynamical variable when computing two and three-dimensional
free interfaces with curvature regularization. This is motivated by the 8-L method.

We first derive our x-L method for computing the motion of two-dimensional inter-
faces. We apply our method to vortex sheets problem with surface tension which had
been well studied in [23]. Our numerical study on this same problem indicates that our
new formulation shares the same stability property as the 8-L formulation.

Next we extend our idea of using curvature as the new dynamical variable to three-
dimensional filaments. A natural choice to describe a three-dimensional filament is to
use curvature and torsion variables as given in the Frénet equations. However, we found
that these variables are not suitable for computational purpose; see also [32]. The reason
is that the torsion variable may be singular whenever curvature vanishes. This is purely
an artificial parameterization singularity. To overcome this difficulty, we propose to
use generalized curvatures and the rate of rotation as the dynamical variables, k1, k2, w.
These variables can be related to the natural curvature x and torsion 7 variables but also
have a physical interpretation in terms of the curvature and twist of a thin non-isotropic
rod. As in two dimensions, the total arclength of the filament, L(t), is also used as a
dynamical variable. Together we obtain a new set of evolution equations for the filament.
We show that by using this reformulation, we can easily remove the stiffness associated
with curvature regularization.

To demonstrate the robustness of the method, we apply our method to a number of
interesting applications. Our numerical experiments demonstrate convincingly that our
methods work well for three-dimensional filament calculations, such as the motion by
curvature, the Kirchhoff rod model and anti-parallel vortex filaments. The Kirchhoff rod
model has received increasing interest in recent years because it can be used as a model
to study the dynamics of proteins and super-coiled DNA [54]. Our numerical calculations
reveal some interesting equilibrium states for the Kirchhoff rod model. With our new
formulation, we can now afford to perform well resolved and long time computations for
problems in computational geometry and computational biology. The dynamics of vortex

filaments has been studied analytically and numerically over the past thirty years (see [36]



for references). It has important applications involving secondary three-dimensional
instability in mixing layers and boundary layers in high Reynolds number flows. Here
we apply our method to study the interaction of anti—parallel vortex filament pair using
a simplified model proposed by Klein, Majda and Damodaran [36]. Our results compare
well with those obtained in [36]. Our approach can also be applied to the case when the
nonlocal term becomes important.

Generalization of our numerical methods to three-dimensional free surfaces is also
reported in this thesis. Here we only consider periodic and non-closed surfaces. We
begin by constructing two orthogonal directions and defining a curvature in each of those
directions. We also define a corresponding arclength variable in each of the directions
which we call u = |Xp,| and v = |Xg,|. As with the two-dimensional interface case, we
can add tangential forces to the system without altering the shape of the surface. In
order to simplify the problem, we let A = |Xp,|/|X3,| be a constant in space but can
be time dependent. This determines our choice of the tangential forces. Our method
then for three-dimensional surfaces is to use the mean curvature (sum of the principal
curvatures in the two orthogonal directions), the corresponding arclength variable in one
direction, u, and the ratio of the two arclength variables, A, as the dynamical variables.

We first test our method on the problem of motion by mean curvature. We show that
our methods do indeed remove the stiffness associated with the surface tension. We also
apply our method to a simplified water wave model. The numerical simulations of surface
waves are very expensive because of the high computational cost of approximating the
defining integrals which give the surface velocity and velocity potential. This requires
O(N*) calculations where N is the number of points used in each dimension. In this
model equation, we replace the velocity integral by its leading order contribution at high
modes and thus, allow us to reduce the operation count to O(N?1log N) operations per
time step. In [21], Haroldsen and Meiron studied the three-dimensional water waves with
zero-surface-tension numerically. We use the same initial condition which is a Gaussian
wave. Our numerical simulations on our model equation with surface tension 7 = 0.0001
compare well with those reported in [21]. Also, we see almost no difference between this
very small surface tension case and the zero-surface-tension case. Hence the simplified

model equation captures the same characteristics as the full water wave equations. We do



not observe the stiffness of surface tension using our numerical method. Our robust and
efficient method also allows us to consider a wide range of surface tension coefficients. We
also experimented with an initial condition of two identical and two different amplitude
Gaussian waves Our results are both believable and interesting.

Finally we tested our methods on three-dimensional gravity waves. Two-dimensional
deep gravity breaking waves had been studied experimentally and numerically in recent
years [43, 11, 12]. But little has been done in the three-dimensional case. We start with
a simple sine wave of amplitude € and study its evolution with zero-surface-tension in
time. No initial horizontal velocity is applied. By only changing the amplitude € of
the initial wave we find very interesting behaviors of the surface evolution. For certain
€, a focusing mechanism develops and induces jets which shoot upwards. It suggests
cusps will occur but higher resolution is needed to definitively show this. An alternative
scenario is obtained by considering smaller €. In this case, the jets reach maximum
heights and subsequently fall down. Then the wave rises up at the opposite corners and
forms jets at those locations. For an even smaller ¢, our numerical simulations show that
a smooth oscillatory surface motion exists for all times. We have also experimented on
gravity waves with small surface tension. By using our reformulation, we do not see the

stiffness associated with surface tension.

1.2 Numerical Study of Two-Dimensional Hele-Shaw Flow
with Suction and Three-Dimensional Axisymmetric Flow

with Suction through Porous Media

Suction driven flows through porous media are of considerable interest to the oil industry.
In a recovery process, oil surrounded by water is extracted through a well (sink) via a
suction mechanism. Often this type of flow is modeled by the two-dimensional motion
of a viscous fluid through a narrow gap between two parallel plates in a device known
as a Hele-Shaw Cell. The connection between Hele-Shaw flows and saturated flows
through porous media is Darcy’s law which is assumed to govern the motion of both
types of flows. Darcy’s law states that the velocity field is proportional to the gradient

of the pressure. The particular case of a Hele-Shaw flow in which a blob of viscous



fluid, surrounded by inviscid or less viscous fluid, is drawn radially into a point sink
has attracted considerable attention. The more viscous fluid can be associated with oil,
surrounded by water (inviscid fluid), that is recovered through a well (sink). Laboratory
experiments [48] show that the surrounding fluid encroaches upon the oil forming long
“fingers” which may reach the sink before all the oil is recovered. In the oil analogy,
this fingering process could reduce the amount of recoverable oil. In the second part
of this thesis, we investigate the two-dimensional Hele-Shaw flow with suction and the
axisymmetric flows with suction through porous media using the 6-L method [23].

It is well know that sink flow in a Hele-Shaw cell with zero surface tension can develop
finite-time singularities before the fluid interface reaches the sink. These singularities are
generally in the form of 3/2-power cusps [25, 51]. From the analytical point of view, very
little is known about the Hele-Shaw solutions in the presence of surface tension. There
are only short-time existence results [20]. Tian [61] shows that singularity formation
is inevitable if the center of the viscous blob is not at the sink. However, the type of
singularity is unknown. The singularity could be caused by the interface reaching the
sink or by other means.

It is natural to use the knowledge of the zero-surface-tension solutions to study the
asymptotic effects of surface tension as a perturbation parameter. However, a pertur-
bation analysis is difficult due to the ill-posedness of the underlying zero-surface-tension
problem [17, 26] and to the singular nature of the perturbation. Instead, Howison, Lacey,
and Ockendon [25] propose an asymptotic model in which small surface tension would
cause the interface in the neighborhood of the cusp to propagate rapidly as a narrow jet,
analogous to a thin crack. However, this so-called ’crack’ model relies on the notion of a
self-similar steady-state solution whose existence is unknown. Thus, the effects of very
small surface tension past the cusp time remain unclear.

Here, we investigate numerically how surface tension regularizes the cusped flows
and what the limiting form of this regularization is as surface tension tends to zero. We
consider the two-phase Hele-Shaw flow, known as the Muskat problem [40], and study
also the effects that the viscosity of the surrounding fluid has on the Hele-Shaw sink flow.
We employ the 0-L method by Hou, Lowengrub, and Shelley [23]. With high resolution,

our computations proceed up to very close to the moment when the interface touches



the sink and the solution breaks down in the classical sense.

Kelly and Hinch [29] study numerically the effects of surface tension on the Hele-
Shaw flow with suction when the surrounding fluid is inviscid. Their computations show
that surface tension indeed regularizes the cusped flow and that a smooth narrow finger
develops past t.. However, as we show in this thesis, Kelly and Hinch computations
lack the high accuracy necessary to capture the interface behavior for sufficiently small
surface tension. In addition, for a given surface tension, high resolution is needed to
compute the fast interface motion as the finger gets very close to the sink. In fact,
recent computations by Nie and Tian [42] provide strong evidence that the flow develops
a curvature singularity (in the form of a corner) when the interface reaches the sink.
However, Nie and Tian do not address the limiting behavior of the interface as surface
tension tends to zero.

Numerical computations of unstable Hele-Shaw flows are known to be difficult due
to the ill-posedness of the zero-surface-tension problem [16, 39]. For sufficiently small
surface tension, even perturbations at the round-off error level can lead to a rapid growth
of the solution high frequency components [6, 15]. In addition, surface tension introduces
high order derivative terms that couple with the interface dynamics in a nonlinear and
nonlocal manner. These terms lead to a severe time-step stability constraint or stiffness
for explicit time-integration schemes. Here, we apply this method to a spectrally accurate
discretization in space combined with a fourth-order in time implicit /explicit multi-step
scheme.

Our computations focus on the evolution of an initially circular blob of viscous fluid
surrounded by less viscous fluid. The blob is drawn into a point sink located inside it
but not at its initial center. We find that, for nonzero surface tension, the flow continues
beyond the zero-surface-tension cusp time, and breaks down only when the interface
touches the sink. When the viscosity of the surrounding fluid is small or negligible, the
interface develops a finger that later evolves into a wedge as it approaches the sink. As
in the cases reported by Nie and Tian [42], our computations strongly suggest that the
Hele-Shaw solutions, for this type of geometry, generically break down by developing a
corner at the tip of the wedge when the interface reaches the sink.

Our numerical results show several new interesting phenomena as surface tension



is decreased. An asymptotic shape of the fingers is observed at the late stage of the
interface motion and a wedge angle at the tip of the finger is selected in the limit as
surface tension tends to zero. Moreover, for sufficiently small values of surface tension a
well-defined neck develops at the top of the finger near t.. The developing finger bulges
but, being drawn strongly by the sink, quickly evolves into the wedge. The bulging of the
finger contradicts the ’crack’ model of Howison et al. It is conceivable that the neck and
the bulging of the finger are due to the influence of the zero-surface-tension singularity.
In fact, our computations suggest that the vanishing surface tension solution is singular
at the finger neck, for any fixed time past ¢, but not greater than the asymptotic time
at which the interface reaches the sink. The continuation solution selected by the limit
apparently splits the zero-surface-tension cusp into two corner singularities at the finger
neck.

Even in the absence of surface tension, very little is known about the corresponding
Muskat problem, i.e., when the viscosity of the surrounding fluid is taken into consid-
eration. We find here that the viscosity of the exterior fluid alone does not prevent the
formation of cusps. It only delays them. In the absence of surface tension, we observe
generic 3/2-power cusps just as in the case of inviscid exterior fluid. However, as the
viscosity ratio is decreased, we find that the zero-surface-tension cusps develop closer to
the sink. In the presence of surface tension, the interface behavior for small viscosity
ratios differs significantly from that corresponding the case of inviscid exterior fluid. We
observe that large viscosity in the exterior fluid prevents the formation of the neck and
leads to the development of thinner fingers. The fingers also tend to an asymptotic shape
in the limit as surface tension tends to zero. Moreover, the asymptotic angle at the finger
tip decreases as the viscosity ratio is reduced, apparently towards the zero angle (cusp)
of the zero-viscosity-ratio solution.

Since surface tension acts on the fluid interface by introducing a jump in the pressure
proportional to the mean curvature, it is natural to ask what the behavior of the interface
would be in a three-dimensional Darcy flow for similar initial conditions. Can topological
singularities occur in three dimensions for this particular type of flow? How does the
presence of an additional component of the mean curvature affect the fingering process?

Next, we investigate numerically these questions. We consider the three-dimensional



axisymmetric low consisting of a blob of viscous fluid driven through a point sink located
inside the blob. The surrounding fluid is assumed inviscid.

We know that boundary integral methods reduce the dimension of the problem by
involving only variables on the fluid interface. However, this reduction is done at the
expense of introducing singular boundary integrals which are understood in the sense
of principal-value integrals. In two-dimensional motion, the boundary integrals can be
desingularized and spectrally accurate approximations may be obtained for closed or
periodic interfaces in the horizontal direction [57, 56]. In three-dimensional motion, the
boundary integrals are much more difficult to treat. In the case of axisymmetric flow, the
integrands contain a complex combination of pole and logarithmic singularities. Even if
the leading order singularities are extracted, some derivative of the integrands will be
singular and as a result standard quadrature rules will have a non-smooth discretization
error. Moreover, as noted by Baker et al. [4], the integrands change rapidly at the
two poles where the surface intersects the axis of symmetry. This makes the accurate
evaluation of the principal-value integrals even more difficult to achieve. It is important
to note that a non-smooth error, i.e., with many high frequency components whose
amplitude are well above machine precision, can quickly lead to numerical instability
and cause the computations to break down.

For the axisymmetric flow, de Bernadinis and Moore [7] proposed a quadrature rule
with a correction to the vortex ring method to obtain an O(h®logh) approximation. In
the vortex ring method the trapezoidal rule is used omitting the self-induced (diagonal)
contribution of each vortex ring. However, de Bernadinis and Moore approximation
(dBM) yields a non-smooth error which degenerates to O(h) near the symmetry poles.
Nitsche [44] has designed an improvement to the dBM quadrature by constructing ap-
proximate integrands near the poles. By integrating the difference between the original
and approximate integrands, Nitsche obtained a uniform O(h3) quadrature. Higher order
quadratures are also possible by improving the order of the approximate integrands [45].
Nie and Baker [41] have also proposed accurate quadratures for the evaluation of the
boundary integrals in axisymmetric flow. Their approximations are based on adaptive
local quadratures near the poles. Here, we use Nitsche’s quadrature extended to yield a

uniform O(h®) discretization error.
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Surface tension introduces additional difficulties to the computation of the dynami-
cally evolving fluid interface. It modifies the pressure on the interface by a term which
is proportional to the local mean curvature. As a result, a nonlinear term with high
order derivatives is introduced to the interface governing equations through the mean
curvature. This surface tension term induces a severe time-step stability constraint for
explicit time marching methods. Here, we use a highly accurate and efficient method, 6-L
method, developed by Hou et al. [23] to remove the stiffness of the time step constraint.

Our numerical results show that the axisymmetric flow with suction in the presence
of small surface tension behaves very similar to the corresponding Hele-Shaw flow. We
consider an initially spherical blob of viscous fluid surrounded by inviscid fluid. The
blob is drawn into an eccentric point sink inside it. Just as in the Hele-Shaw flows,
a narrow finger develops. The finger tip evolves into a cone as the interface collapses
by reaching the sink. For sufficiently small surface tension, the finger bulges and a
well-defined neck forms at the top of the finger. The additional azimuthal component
of the mean curvature enhances the definition of the finger neck while smoothing the
interface there at the same time. However, this component of the curvature is not large
enough to induce the neck to pinch off. The second case we consider is the evolution of a
slightly perturbed spherical interface whose associated Hele-Shaw problem was studied
numerically by Nie and Tian [42]. As in the Hele-Shaw flow, two long fingers grow close
to the axis of symmetry and also appear to develop cones at their tips as they reach the
sink. For both initial data, we observe that the axisymmetric flow develops narrower
fingers than those found in the Hele-Shaw counterpart. This may be due to the stronger
sink force in the three-dimensional flow.

The rest of the thesis is organized as follows. In Chapter 2 we present the numerical
methods to remove the stiffness of surface tension in computing two-dimensional inter-
face and three-dimensional filaments. In Chapter 3 we present numerical methods in
computing three-dimensional surfaces. The numerical study of two-dimensional flow in
Hele-Shaw cell with surface tension is given in Chapter 4, and Chapter 5 is the study of

axisymmetric flow with suction through porous media with surface tension.
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Chapter 2

Removing the Stiffness of Surface
Tension in Computing Two-Dimensional
Interfaces and Three-Dimensional

Filaments

In this chapter, we present new formulations for computing two-dimensional interfaces
and three-dimensional filaments with curvature regularization. In Section 2.1, we derive
the s-L formulation for two-dimensional interfaces, with an application to vortex sheets
with surface tension. Section 2.2 is devoted to three-dimensional filaments using the
K1-k2-w-L formulation. As an example of illustration, we consider the motion of a three-
dimensional curve by its local curvature. We then apply this idea to a couple of more
interesting applications, the Kirchhoff rod model and the anti-parallel vortex filaments
in Sections 2.3 and 2.4. We discuss some practical implementation issues in Section 2.5.
Finally, in Section 2.6, we present some numerical results which include vortex sheets
with surface tension, motion of a three-dimensional curve by curvature, the Kirchhoff

rod model and the anti-parallel vortex filaments.

2.1 The s-L Formulation for Two-Dimensional Interfaces

In this section, we derive the x-L method for two-dimensional interfaces. We first mo-
tivate the formulation for the simple model problem of motion by curvature. Then we
derive the formulation for fluid interfaces, and indicate how the x-L formulation can be

used to remove the stiffness of surface tension for fluid interface problems.
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2.1.1 Motion by Curvature

We motivate the k-L approach by considering the motion by curvature in two dimensions.

Let a curve I' be given by
X(e, t) = (z(a, t),y(a, t)), a € (0,27, (2.1)
where « parameterizes the curve. Then X evolves by
X, =Un, U =&, (2.2)

where fi = (—y;s, z;) is the right-handed normal and the signed curvature & is given by

ZTaYaa — Laa¥a

K =TsYss — TssYs =
(% + y2)*2

Here s is arclength, and the s and o derivatives can be exchanged through the relation
9/0s = (1/54)(0/0a) , where s, = /22 +y2. We assume X is 27-periodic in o
A “frozen coefficient” linear analysis about an arbitrary smooth solution for Eq. (2.2)
gives a time-step stability constraint in the form of At < C;z(t)2 for an explicit time-
integration method, where h(t) is the minimum grid spacing at time ¢. An implicit
integration method, like the backward Euler or Crank-Nicholson scheme, would give a
more stable discretization. But since curvature is a nonlinear function of the interface
position, this would give rise to a nonlinear system for the implicit solution at the next
time-step.

The k-L approach, on the other hand, makes the application of an implicit method

much easier. It consists of two steps:
(A) Formulate the evolution using the s and s, as the new dynamical variables.

(B) Introduce a change of frame in the parameterization of I" so that s, is independent
of @ and depends only on time. Thus, the equation for s, becomes an ODE for L,

the length of the curve I'. This reformulation of interface motion is motivated by

the 6-L frame in [30] (also see [23]).

We notice that the shape of the curve is determined solely by its normal velocity U.
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A tangential motion only results in a change in frame for the parameterization of the
curve. Therefore, we can add a tangential force to the dynamics without changing the

shape of the curve, i.e.,

where § = (zs,y,) is the unit tangent vector, T is the added tangential velocity which
will be determined later. To derive the evolution equations for x and s,, we make use
of the Frénet equations, 9,8 = kh and 9;ni = —k8§. The evolution equations for s, and

K are given by

Sat = To —Uks, (2.3)
Kt = i (—U;a—> + T———-ﬁa -+" UH,Q. (24)
Sa \ Sa /4 Sa

Given s, and s, the position (z(a,t),y(,t)) can be reconstructed (see Section 2.4). For

motion by curvature, we have U = k. The evolution in terms of x and s, is

Sat = Ta_ﬁzsa (2-5)
() AT 29
Sa \Sa /4 Se

For an explicit integration method, the stability constraint from the diffusion term is of

the form

Ad < € [5,h)%, (2.7)

where 5, = min,s,, and h is the initial grid spacing in . Therefore, the stability
constraint is determined by the minimum grid spacing (i.e., hs, = As), which is time
dependent, and for motion by curvature, it is always decreasing.

In the reformulated system consisting of Egs. (2.5) and (2.6), an implicit discretiza-
tion becomes much easier since the highest order terms are linear. The discretization

can be simplified further if s, does not depend on «. This can be easily accomplished
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by choosing a special tangential velocity T to force s, to be equal to its mean:

1, == 1
= 2_7]' Saf (o/,t)da' = 2_71'L(t)’ (28)
0

Sa

where L is the length of the curve I'. It follows from Eq. (2.5) that T satisfies

1 2m
Ty — k250 = o (Taz—riQsaz)da',
0
which implies
L [, , al °n % p
T(a,t) = T(0,t — da’ — r do'. 2.9
@8 = TO.0+5 [ rdo = [ ko (29)

Here T'(0,t) is simply an arbitrary change of frame which can be taken to be 0. Now
since s, only depends on time ¢, but not on «a, the PDE for s, is reduced to an ODE for

L, and L and & evolve by

I 2

Ly = —— k2da/ (2.10)
271' 0
27\ 2 27

Ky = <%> naa+—L—Tna+n3. (2.11)

Notice that the highest order term in Eq. (2.10) has no spatially varying prefactor, an
implicit method can be easily applied to the PDE for . It is sufficient to treat the leading
order terms implicitly, and discretize the lower order terms explicitly. Also, the equation
for L is free of stiffness; we can use an explicit method such as the Adams-Bashforth
method. Then at every time step, L can be updated explicitly, and the implicit solution

x at the new time-step can be obtained explicitly by using the Fast Fourier Transform.

2.1.2 The Formulation for Two-Dimensional Fluid Interfaces

In the next two subsections, we will show how to generalize the idea presented in the pre-
vious subsection to fluid interface problems. The fluid interface problem is more difficult
than motion by curvature because it involves nonlocal singular integral operators. To
derive an efficient implicit discretization, we also use the so-called “small scale decom-

position” technique which separates the leading order contribution of a singular integral
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operator from the lower order contributions. Since stiffness enters only at small scales,
it is enough to treat the leading order operators implicitly. For fluid interfaces, these
leading order intergal operators are the Hilbert transform and its variants. They can
be diagonalized using the Fast Fourier transform. Thus we obtain an efficient implicit
discretization at the same cost as an explicit method.

We consider the motion of an interface T given by X = (z(«), y(«)), separating two
inviscid, incompressible and irrotational fluids. The density is assumed to be constant on
each side of I'. The velocity on either side of T" is evolved according to the incompressible

Euler equation
1
u;; + (u; - Viu; = —;V(pj + p;9y), V « iy =10 (2.12)

Here j = 1 is for the fluid below I" and j = 2 for the fluid above, p; is the pressure, p; is

the density, and gy is the gravitational potential. The boundary conditions are:

(7) [ulp - =0, the kinematic boundary condition, (2.13)
(i) lplr = 75, the dynamic boundary condition, (2.14)

(14) u;(z,y) = (£Ve,0) as y — oo, the far field boundary condition (2.15)

where [-] denotes the jump taken from above to below the interface. The velocity has a
tangential discontinuity at I". The velocity away from I" has the integral representation

(see, e.g., [3]),

(ute, ). oav) = 5 [ o(e) L HENLZ A g (2.16)

where 7 is called the (unnormalized) vortex sheet strength. The true vortex sheet

strength (i.e., the tangential velocity jump) is given by

¥ = = [u]r - 8. (2.17)

While there is a discontinuity in the tangential component of the velocity at I', the
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normal component, U(a), is continuous and given by (2.16) as

Ul@) = W-a (2.18)

where

wie) = Lp. /v(a,)((—(y(a)—y(a’))w(a)—fc( ;)

2() — 2(@) + (y(@) —gl@)? " f2.7)

The P.V. in front of the integral denotes the principal value integral. This integral is
called the Birkhoff-Rott integral. Using the representation (2.16) for the velocity, Euler’s
equation at the interface and the Laplace-Young condition, the equations of motion for

the interface are

X, = Uf+T5 (2:20)
Y- aa((T -W. §)7/Sa)
.1
= —2A,(saW;-8+ '8‘(9(1(’7/5(1)2 + 9Ya

~(T — W -8)W, - 8/sq) + Ska- (2.21)

Here A, = (p1 — p2)/(p1 + p2) is the Atwood ratio and S is a rescaled surface tension
parameter (see [3]). In the special case of A, =0, i.e., p; = p2, the evolution equation is

greatly simplified. It is reduced to a vortex sheet equation (see [53]).

2.1.3 The Equations of Motion Reposed

In the previous subsection, boundary integral formulation is given for the motion of a
vortex sheet in two-dimensional, inviscid fluid. Numerical stiffness arises through the
presence of high order terms (i.e., high spatial derivatives) in the evolution. In this
subsection, we reformulate the equations of motion using the Small Scale Decomposition
for inertial flows. The Small Scale Decomposition (SSD), which identifies and separates
the dominant terms at small spatial scales, was first presented in [23]. The key idea is
to identify the leading order contribution of certain singular operators at small spatial
scales. Recall that the normal velocity U is given by Egs. (2.18) and (2.19). Let the

complex position of the interface be given by z(«a,t) = z(a, t) + iy(a, t), then U can be
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expressed as

O, 2 =2 — = s {;—;P.V. /_:o z(a,Z)(Cilj()a',t)dal} . (2.22)

Sa
Note that the kernel in the Birkhoff-Rott integral can be decomposed into two terms:

1 1

z{a,t) —z(a,t)  zala—a)

" [Z(a,t) —1 2ol t) za(al_ a,)] : (2.23)

The most significant contribution comes from the first term on the right-hand side, since
the bracketed term is analytic and corresponds to a smoothing operator. Therefore, we

obtain the leading order behavior of U at small scales as:
Ula,t) ~ ——*/H[’Y](a)t% (2.24)

where H is the Hilbert transform defined as

(Hf)(a) = l/m GO (2.25)

/
) =

Its Fourier transform is given by

(HT) (k) = —i(sgn(k)) f (k). (2.26)

The notation f ~ g means that the difference between f and g is smoother than f and
g- In terms of the new dynamic variables, s, s, and <, the equations of motion for
the inertial vortex sheets are given by Eqs. (2.3), (2.4) and (2.21). Observe that the
dominant term in Eq. (2.21) for v is Sk, at small scales. Now, substituting Eq. (2.24)
into Eq. (2.4) gives

— i- (i (i;—?—l[*y])a)a +P (2.27)
Y = Ska+Q, (2.28)
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where P and @ represent lower order terms at small spatial scales. This is the small-
scale decomposition. If s, is given, the dominant small scale term is linear in x and 7,
but nonlocal by the virtue of the Hilbert transform. An implicit discretization can be
obtained by discretizing the leading order terms implicitly, but treating the lower order
terms explicitly. However, if s, is independent of «, the implicit solution can be obtained
easily by the Fast Fourier Transform, just as in the case of motion by curvature. By

choosing a particular tangential velocity, s, can indeed be independent of c.

2.1.4 The k-L Formulation

As we mentioned before, the tangential velocity 7' may be introduced into the dynamics
without changing the shape of the interface. We can choose the particular expression
for T so that s, does not depend on « in its evolution. As in the case of motion by
curvature, s, is set to be equal to its mean, which is

1 2

= = [ saled, el = L), (2.29)
27T 0

Sa
2w

where L is the length of the interface. It follows from Eq. (2.3) that T satisfies the

following equation:

1 27
To —Uksq = — (T — Uksy )da!'
27(' 0
o] L 2w
= T(a,t) = T(O,t)+£/ Urkda! — — Ukde!. (2.30)
27 0 (271')2 0

The spatial constant 7°(0, t) just gives an overall temporal shift in frame. For simplicity,
it is taken to be 0. Thus, the expression for T is determined entirely by L,x and U.
Assume that Eq. (2.29) is satisfied initially, then the choice for T in Eq. (2.30) ensures
that the constraint (2.29) is satisfied for all time. Now, the evolution of the interface is

reformulated in terms of L and & by

L 2w
L, = —— kUdd (2.31)
2 0

2\ 2 27
Ky = (f) Upa + z—Tna + &2U. (2.32)
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Given U, Egs. (2.30), (2.31) and (2.32) give a complete formulation of the evolution

problem.
The small scale decomposition for the inertial vortex sheets in the x-L formulation

1S now given as:

he = (%’r)gﬂma]w (2.33)

W = SK’O( <+ Q7 (234)

where P and @) denote the lower order terms, which do not contribute to the stiffness,

and will be treated explicitly. In Fourier Space, these equations are

2 - 2 R
(k) = —i’% (%) 1[5 (k) + P(k) (2.35)
f(k) = —iSki(k) + Q(k), (236)

where P and Q are the Fourier transforms of P and Q in Egs. (2.33) and (2.34), and ¢ is
the imaginary unit. Now the implicit integration scheme can be easily applied together
with an explicit discretization of Eq. (2.31). Since the lower order terms, P and @, are
treated explicitly, the implicit solution for x and v can be inverted explicitly. This gives
an efficient implicit discretization of the fluid interface problem at the same cost as an

explicit method. The numerical method in our computation will be discussed in Section

24.1.

2.2 The ki-k9-w-L Formulation for Three-Dimensional Fil-

aments

In this section, we generalize the x-L method to three-dimensional filaments. The formu-
lation is more subtle for three-dimensional filaments since there are two normal vectors
(e.g., the normal and the bi-normal vectors). It turns out that the choice of orthonormal
basis has a significant impact on the computational method. In particular, the con-
ventional Frénet frame for three-dimensional filaments is not suitable for computational
purpose. It can give rise to an artificial parameterization singularity when curvature

vanishes. To overcome this difficulty, we use a more general orthonormal basis which
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corresponds to the ki-k2-w-L formulation for three-dimensional filaments.

Let us consider a space curve X(s,t) : [0, L] — R® where s is arc-length and L is the
total length of the curve. Alternatively we may parameterize X by a material coordinate
@, i.e., X(a,t) : [0,27] — R3. The unit tangent vector along the curve X is given by
T(s,t) = (d/ds)X(s,t). A local description of the curve is provided by an appropriate
set of coordinate axes. One such set is the Frénet triad consisting of the unit vectors
T, N and B, the tangent, normal and binormal vectors respectively. This orthonormal

triad satisfies the well known Frénet equations

T = &N
" = —xT+7B
B = —7N,

where a prime denotes 9/9s. k = |dT/ds| is the curvature and 7 = (IN x Ny) - T is the

torsion. Now we can write the evolution equation for the curve in the Frénet frame:
Xi(a,t) =UN+VB + WT, (2.37)

where U,V , W are the normal, bi-normal and tangential velocity components respec-
tively, each of which can depend on both « and ¢. In the two-dimensional case, we use
5o and k as the new dynamical variables. Naturally, we would like to use s,, &, and T as
the new dynamical variables for three-dimensional filaments. Using the Frenet equations,

we derive the evolution of the curve T" in terms of s,, k, and 7 as:

Sar = Wa—Ursy (2.38)
1 Aa 2 Aa a~ - W a x 1
ke = — (g_) _ e vV~ W g ® 9 (2.39)
Sa \ Sa / 4 Sa
Vo ; i _
S i (sa)a 1 2,7 +Uny = V1os,
T s KSq Sa KSa x
4+ Vot Wia 57, (2.40)
Sa

Consider the natural generalization of motion of a closed curve by local curvature,
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namely, U = k,V = 0 in Eq. (2.37). W can be added to the motion of equations without
altering the shape of the curve. Thus Eqgs. (2.38), (2.39) and (2.40) become:

S = Wa—r"5, (2.41)
1 w
Kt = — (&’—) g wl{s® —7%) (2.42)
Se \Ba Sy Su
n = k. (T—“> 43 (’{“T> + W o + 2127 (2.43)
B NS J g KSa /s  Sa

Now, if s, is given, the highest order terms in the equations for x and 7 are linear in
x and 7 respectively. Thus, an implicit integration method can be applied. Similar to
the two-dimensional case, we can choose a special expression for W to enforce s, to be
independent of «. Then the highest order terms in Eqgs. (2.42) and (2.43) do not have
spatially varying prefactors. So the implicit discretization of s and 7 can be updated
explicitly. The stability constraint has the form

max (M, @) At < h. (2.44)

KSa  Sa

Note that the stability constraint depends on curvature. If x becomes very small, we will
get very strong stability constraint in the numerical computation. In fact, in the Frénet
triad, IN, B and 7 are only defined when the curvature does not vanish. In general N
varies discontinuously through points where x = 0 even for smooth curves. This would
lead to the blowup of 7 since 7 depends on N,. This discontinuity in N through points
where x vanishes is artificial and is due to a poor choice of coordinate frame. For this
reason, the Frénet frame is not a good choice for computational purpose.

Instead, we propose to use a more general orthogonal basis T,N;,Ns = T x Nj in

our numerical calculation of three-dimensional filaments. The Frénet system is replaced

by

T = fﬂNl - K,QNQ
N1 — —FclT +wN2

NQ = HQT —le, (245)
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where k) = kIN - Nj and k3 = —xkN - Ns.

There are natural relationships between k1, k2,w and kK, 7:

k = y/k?+ K3 (2.46)

B b KoKls — "01525. (2.47)
K

If we make the special choice of w = 7, then the new orthonormal basis is reduced to the
Frénet triad. In this case, we have k1 = K, k9 = 0.

The unit tangent vector T(s) = (d/ds)X(s) is determined once the curve X(s) is
known. Then we choose vectors N (0), No(0) such that (T(0),N;(0),Ny(0)) are a set of
orthonormal vectors. By choosing a smooth function for the rate of rotation, w, and using
the relations k1 = kN - N, sy = —sN - Ny, we integrate the last two equations in (2.45)
along the arclength, s, to determine N(s) and Ny(s). Notice that the first equation
in (2.45) is automatically satisfied since we have used it to construct x; and k2. Thus we
obtain a smooth orthonormal basis set (T(s),N;(s),N3(s)). Clearly, this orthonormal
basis is smooth as long as the curvature is smooth, even though the curvature may vanish
at some points.

Now we rewrite the evolution equation for the curve in our newly chosen orthonormal

basis (T, Nl, NQ)Z
Xt(a,t) =UN; +VNy+WT.
Since we have relationships between N, B and N, N5, namely

kN = Iﬂ)lNl—IﬂQNQ

kB = koNj|+ k1 Ny, (248)

it is straightforward to determine the relationships between U, V,W and U,V ,W.
The fact that X has continuous second order derivatives in space and time implies
that the cross derivatives of & and ¢ commute. To carry out the computations associated

with this relationship it is convenient to write the time derivatives of the basis T, N, No
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as
Tt:AF XT, Nlt:AF XNl, Nfzt:AF XNQ, (249)

where Ap(a,t) = A{IN; +X2N2 + A3T is the rotation vector whose components A1, Az, A3

are related to U, V, W and hence k1, ko, w:

Ve

M = —=Uw+Whks
Sa
U
/\2 = —~-Vw+ W:"il, (250)
S

and A3 will be determined later. It can be shown (also see [28]) that the equations of

motion for s,, K1, K2, w In terms of U, V, W take the form:

Sat = Wa+ (Vko —Uk1)sa (2.51]
1 (Ua) 2wVy + woV — Wkia 5
ke = —\l—) = —Uw
Sa \ Sa /4 Sa
+ Kl(U/ﬂ e VHQ) + wkoW — Agko (2.52)
P 1 (E) _ 2wUq + waUl = Wk LV
Sa \ Sa /4 Se
-+ HQ(UKl — VKQ) — w1 W — A3k (253)
V, yUq — wW, A
wy et Rl =Wy | o pme e 3 = (2.54)
Sa a

As a final remark, note that we now have four functions s,x;, x2 and w to describe a
curve in R*. w measures the twist rate of the N1-IN3 plane around T, and may (e.g., the
Kirchhoff rod model) or may not (e.g. motion by curvature) have physical significance.

As in the two-dimensional case, we can choose a tangential velocity W to force s, to

be everywhere equal to its mean,

Sa == | sw(d,t)de’ = —L(t), (2.55)
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where L is the length of the curve I'. Specifically

2
Wo — Uk — Viko)sa = 2_1“ (W — (Ury — VH?))Sa’da,
™ Jo
1 a L 27
= W(nt) = — | (Uky — Vio)da — O‘—/ (Uky — Vio)de!. (2.56)
27T 0 (27T)2 0

Now since s, depends only on ¢t and not «, the PDE for s, reduces to an ODE for L.

Equations for L and kq, k2, w then reduce to

L 2r
Lt = —— (U/ﬂ - VI%‘Q)dOé’ (2.57)
27 0
27 2 27 3
Kit — z—‘ Uaa = T(Q(UVQ + an — Wlﬂ',la) ",
+ Kl(UHl — VKQ) + U.)I<L2W Sl )\3,%2 (258)
2
2
Koy = — <2%) Voo — %(Qan + woU — Wkaa) + Vi
+ I‘LQ(UKJ] - VK,Q) - o.m]W - )\3H1 (259)
27 27
wp = f(mVa + kolUy — wWy) + 2w(Uky — Vka) + f)\g,a. (2.60)

We now show that for motion by curvature this reformulation leads to efficient implicit
discretization. To obtain the velocity in this new basis, we project the original equation
X; = &N into the new orthonormal basis. Using the relationships between N and
N;, Ny, we have U = k1 and V = —xo. Simply substitute U,V into Egs. (2.57) - (2.60)

and take A3 to be 0 (see subsection 2.5.3), we derive the formulation in terms of k,, K2, w

and L as
L 2 5 5
!
2 . 2
kit = (‘E‘) Klaa + 7;(2“1”2(1 + wako + W’fla)
+ w1 (K2 + K3 — w?) + wraW (2.62)
K 2m\ " 27r(2 + Wkaa)
— — | & — —(2wK14 —
2t 7 200 I la — Wak1 K2o
+ Ko(k? + K2 — wo) — wm W (2.63)
27
we = ——(k2kia — K1k2q)- (2.64)

L



25

As in the two-dimensional case, L and w can be updated using an explicit integration
method. The highest order terms in Eqgs. (2.58) and (2.59) do not have spatially varying
prefactors. We can invert the implicit discretization for the diffusion terms in the x; and

K9 equations efficiently.

2.3 Application to the Kirchhoff Rod Model

We now apply our method to the physically interesting problem of the Kirchhoff rod.
The study of elastic rods is the subject of continued scientific and mathematical interest.
Applications of the dynamics of rods and filaments include the dynamics of proteins and
super-coiled DNA [54], writhing instability in fibers and cables [65], three-dimensional
scroll waves [64], magnetic flux tubes and the formation of sunspots [38], etc. Under some
simplifying assumptions, the motion of an elastic rod filament can be well described by
a one-dimensional system of equations. One such set of equations, the Kirchhoff rod
equations [31], can be constructed as follows [19]. The rod is represented by its center
line X(s,¢) : [0,L] — R?® and twist (defined below) w(s,t) : [0,L] — R. Here s is
arclength and L is the length of the rod. For simplicity we assume that the cross section
of the filament is always circular with constant radius in space. Define a reference ribbon
by a pair of curves (X, X + eN;) where Ny(s,t) : [0, L] — R3? is a unit vector field such
that N; - T = 0 (T is the unit tangent vector along the curve X) and ¢ is the width of
the ribbon. The twist w (with respect to the reference ribbon (X, X + e¢N,)) is defined
to be the rotation rate of Nj around T moving along X; i.e., w(s,t) = (Ni(s,t) x
(d/ds)Ni(s,t)) - T. The Frénet triad is a particular choice of ribbon which corresponds
to choosing N; = N. Recall that N has the same direction as (d/ds)T(s,t). More
typically N might point in the direction of one of the principle axes of the cross section

of the rod. The equations of motion can be written as

de d d
— K —F gy —X 2.65
T T mgXTe (2.65)
d . _
E;M =FXxT+0T+W;,+m0x+Wy)+H (2.66)

M =TI"'xB + wT, (2.67)
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where g contains the other external forces such as gravity, contact force, etc., I' and
7; measure respectively the relative energetic importance of twist and flexure and the

relative time scales of viscosity and inertia. The rod shearing terms W, and W are set

to be 0 and T" to be 1.

We rewrite the velocity of X in terms of the ribbon basis as

Xi(a,t) =UN; + VN, + WT,

where No = T x N;. To compute the main force F, we decompose it into the local

orthonormal ribbon basis:

F=FN,+ FNy+ FpT.

The normal and bi-normal components of F can be determined immediately from Eqs. (2.66)
and (2.67), that is F| = —k1, and Fy = k9,. The determination of the tangential force
Fr = F-T is more subtle. We will derive it later. Using Eqs. (2.45), (2.49), (2.65), (2.66)

and (2.67), we obtain the evolution equations for k1, k2,w, and s, as follows:

sat. = Wa—(Ury — Vka)sq (2.68)
1 _
T (%) _ 2VotwaV —Wkia U
% X 8a ), Sa
+ K1 (Uk1 — Vo) + wkoW — Agkio (2.69)
1 (64 «
LR (&) — 20 Prer - W+ VA —mU + a1 (2.70)
Sa \ Sa /4 Sa
P 1 (E) _ 2wUa + woU = Whiga VW
S X Bat o g
+ k2(Uky — Vko) —wri W — Aok (2.71)
1 o (a3
Vi = = (HSL) — w:1 — Frio+ WA —UXs —mqV + g2 (2.72)
Sa o /o o
A3a 1% U Wa
wp = %4 o b M’ ol +2w(Uk; — VEKg) —w— (2.73)
St Sa Sa
Wa A
hp = — =2, (2.74)
Sa Sa

where gy = g-N; and g = g- Ny .
Eq. (2.74) is derived from Eqs. (2.66) and (2.67). To see this, we observe that
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Egs. (2.66) and (2.67) give
Wqo = élea + 7729|x, (275)

where f|x refers to 6 at a fixed filament position X (see [33]) (Here the dot denotes
0/0t). If we hold X steady and allow twisting, we have N1; = A3(a, t)T x Nj. Over an
element of the filament from X(«) to X(a + Aa)

d
EAH = M(a+ Aa,t) — A3(a, t),

where 6 = fs(a) wds = [*sqwda is the angle of rotation of the reference ribbon at
X(a,t). Thus when X is fixed, 9|x = Az, and 0|X = A3. Substituting these relations
into Eq. (2.75) gives Eq. (2.74).

Now we are going to determine the tension Fp = F - 'T. From -é% = 5, T, we get

X X

—é—o‘; § a—a- = SaT . (SatT + SaTt)

= S84S5 =TS, (2.76)

provided that the rod has prescribed extension rate r(a,t), i.e., st = (v, t)sq, which is
true by our choice of W from Eq. (2.56). Differentiating this equation with respect to

time t, we get

Q__)S 8_}5 _— _8_}‘(_ + i o2 +27«
da  da da Oo "a SnSa
= S2(r2 47— |Ty?). (2.77)

From Eq. (2.49), we get |T;| = /A7 + A3. It can be shown that A; and X, are related
to U,V,W by

Vo
Al = —— —Uw+Wko
Sa
Ua
Ay = — —Vw+ Wk, (2.78)

Sa
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Furthermore, we have

oX 06X J
=22 = 5, T -—X
Jda Oa . Ja
o dF dX
= SaT'%(E—UTEJFg)
= 2T - (Fys + gs)- (2.79)
Thus Fr satisfies
d? 2 2
@FT — (K'l + K,Q)FT = 2Fi1sk1 — 2F5,k + Fp“&]s — Foros — w(Fll‘éz 4 Fglﬁl)
+7° + 7 — (AT + A3) + K191 — K292 — 8ts: (2.80)

with F1 = —#15, F» = k25 and g; = g - T. The right-hand side of the equation for Fr de-
pends only on known qualities and hence the tension is determined with the appropriate
periodic boundary conditions for closed filaments.

We now summarize the small scale decomposition in the x;, ks and w formulae as

follows:
2r\ 2
K1t~ <_‘L‘) Uno + D1
27\ 2
Ut A — (I‘) Klaa t Ql
27\ 2
K2t~ ‘_‘(—L_> Vo + %
27\ 2
Vi~ (“L—) K2aa + QZa

with w; ~ %”z\ga + P3 and Az ~ Q%wa + @3, where P; and Q;,7 = 1,2,3 are the lower
order terms. The highest order terms in the equations for k1,x9,U,V,w and A3 now
appear linearly. After updating L explicitly, it is a straightforward exercise to apply an

implicit integration method to these equations.
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2.4 Application to Nearly Parallel Vortex Filaments

Another interesting problem we consider is a nearly parallel pair of vortex filaments. Vor-
tex filaments with large strength and narrow cross section are prominent fluid mechanical
structures in mixed layers, boundary layers and trailing wakes. Tt is interesting to study
the interaction of nearly parallel and anti-parallel vortex filaments in high Reynolds
number flows. An ensemble of vortex filaments interacts via the three-dimensional Biot-
Savart integrals for the induced velocities on the filament centerlines [34]. The induced
motion of each filament consists of self- and foreign- induced velocity contributions. It
has been shown by Callegari and Ting [9], Klein and Majda [35] and, using a totally dif-
ferent analytical approach, by Klein(1994) and Klein and Knio [34] that the geometrical

evolution of the filaments in the regime considered obeys the propagation law

= (n(3)+ Gy

5 an

(kB); + Qf + Qovter, (2.81)

The first term points in the direction of the local binormal vector B;, and via the
expression 1n(%) + C}, describes the influence of the vortex core structure on the filament
motion. Here § < 1 relates to the small effective core sizes and C; is a quadratically
nonlinear functional of the detailed core vorticity distribution of the ith filament(see [9],
[35] and [34]). Qif is the filament motion due to non-local self stretching [35] and the
foreign-induced velocity Q?“**" has been analyzed in [36]. Klein, Majda and Damodaran

derived simplified equations for a pair of interacting vortex filaments in [36):

X,
ot

1X; — X2

= FI(FLB)Z + 2tp x 1—‘]‘ (282)

where tg = (0,0,1) and 7,5 = 1,2. These simplified equations retain the important phys-
ical effects of linearized local self-induction and nonlinear potential vortex interaction
among filaments but neglect other non-local effects of self-stretching and mutual induc-
tion. Now we apply our method to the nearly parallel vortex filament pair using the
equations above. Notice that kB = k3N + k;N5. Using Eqgs. (2.57) — (2.60), it is easy

to derive the formulation in terms of x1;, #2;, w; and L; and the small scale decomposition
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in the xy;, k9; formulae is as follows:

27\ 2
Kig ~ T (f) K2iaa + B
4

271\ 2
koit ~ —L} (f) Kliaa + Qi

2

where P; and Q; are the lower order terms, i = 1,2. As before, the implicit solutions are

easily obtained using the Fast Fourier Transform.

2.5 Some Implementation Issues

This section is devoted to addressing a few practical implementation issues. This includes
the question of what implicit discretization scheme we will use, the reconstruction of the
interface from the curvature variable, and the choice of orthogonal basis in the Kirchhoff

rod model.

2.5.1 Time-Stepping Considerations

The time integration scheme we used in this thesis is a fourth order multi-step im-
plicit/explicit scheme studied in [1] by Ascher, Ruuth and Wetton. This is one of the
better high order implicit /explicit schemes to use in the sense that it has a large stabil-
ity region. Consider a time-dependent PDE in which the spatial derivatives have been
discretized by either central differences or by pseudo-spectral methods. This gives rise

to a large system of ODEs in time which typically has the form

L = )+ vglu), (28)
where g is a linear operator containing high order derivatives and f(u) is a nonlinear
function which we do not want to integrate implicitly in time. To avoid using excessively
small time steps, we would like to treat the vg(u) implicitly while treating the nonlinear
term f(u) explicitly. Typically f(u) involves only first order derivatives from the con-
vective terms, so the stiffness induced from the nonlinear term is not as severe as that

from the linear operator g(u).
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The fourth order implicit /explicit scheme considered by Ascher, Ruuth and Wetton

is given as follows:

L 25 n+1 n n—1 4 n—2 1 n—3y __
At(lzu 4u" + 3u FU + Y ] =
4f (u") = 6f(u" 1) + 4f (u"?) = f(u"7) +vg(u). (2.84)

‘We simply apply this fourth order implicit/explicit scheme to our problems. For example,

we use this scheme in the inertial vortex sheet problem:

1 /1 /(1
L N P 2.85
wo= o (o () ) + (2.85)
Y = Ska+Q, (2.86)

where P and () represent the lower order terms. We obtain the following time discrete

system:
1 2 4 1
_A_t(éﬁn+1 — 4B 4 gL gﬁ"_Q + Znn_:s) =
1 1 1
— (— <—~—H[7"+1]> ) +4P" — 6P 4 4P 2 — PP
25s N\ sa \Zss o/ o
and
125 .4 g S ms 1 s
Bl 4 n n . = ol e
et A R 37 t7 )

SKZJA L 4Qn _ 6an1 1 4Qn—2 _ Qn—B.

Then with our special choice of the tangential velocity T, s, is independent of «, and
we can solve for k"1 and y**! explicitly using the Fast Fourier Transform.
2.5.2 Reconstruction of the Interface from Curvature

The construction of the initial equal arclength parameterization is the same as in [23].

The idea is to solve the nonlinear equation for the equal arclength grid points using
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Newton’s method and Fourier interpolation. The equation that must be solved 1s

ﬁj ’ h et ' L
/ s 1da = J—/ Sa/da = jh—,
0 & 27 0 2

for Bj as j = 0,.., N with h = 2n/N. Here « is a given parameterization. [; gives the
location of points in the a parameterization that are equally spaced in arclength. L is
obtained by trapezoidal integration of s, over its period.

Moreover, it is important to discuss the reconstruction of the two-dimensional inter-
face (z,y) from (L, x), and the three-dimensional filament (z,y, z) from (L, k1, K2, w).

One natural way to reconstruct (z,y) from curvature is to integrate the Frenet equa-
tions along the interface. This will generate the tangent vector T. We can then integrate
the tangent vector along the interface to obtain the interface position. This involves two
numerical integrations for each time step, and we need to keep track of two initial con-
ditions at the beginning point of the interface. An alternative is to use the evolution
equation for the interface. Recall that I' evolves according to X; = Ui + T8. We can
reconstruct (z,y) through integration of these original equations. In the inertial vortex

sheets problem, we know that
1
U(aa t) ~ 2_7{[7](057 t)v
Sa

so we get

1
X;=—H}HA+ P, (2.87)

280

where P includes the lower order terms. In the computation, we treat Z%’H[’y] implicitly
and all the other terms explicitly. However, due to the numerical error, the points on the
curve are no longer equally distributed (i.e., s, is not exactly L/(2x) everywhere). This
makes Eq. (2.87) incompatible with Egs. (2.27) and (2.28). This difficulty is overcome

by redistributing (z,y). For example, we can make use of the formula
Xo = T, (2.88)
T

where T = X, /| X,/
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We denote the solution of Eq. (2.87) by X. Then integrate the equation

L -

K= e X 2.89
(8 27T|X_a| (83 ( )

with respect to « to get X for the new time step. Of course, in the absence of numerical
errors, the coefficient in front of X, should be 1. We have considered other ways of redis-
tribution, but we have found that this approach gave the best performance numerically.
This method of reconstruction using the original evolution equation for X also applies
to three-dimensional surfaces.

In the case of three-dimensional filaments, a space curve I' evolves according to
X¢ =UN + VB + WT, where X = (z(a,t),y(a, 1), 2(a,t)). If we simply reconstruct
(z,y,z) by integrating these three equations, we will get a stability constraint of the
form At < Ch?, since N involves a second derivative of X. So, we try to reconstruct X
using the first approach we mentioned earlier. First, we integrate Eq. (2.45) to get the
tangential vector T, then integrate Eq. (2.88) to get X. By doing this, we can still have

a stability constraint of the form At < Ch.

2.5.3 Contact Force in the Kirchhoff Rod Model

In practice, a contact force g is added to Eq. (2.65) to avoid self crossing of the filament.
The contact force becomes important when the rod deforms in such a manner that points
separated by large differences in arc-length become close to one another in space. The

contact force can be modeled by the following integral formula (see [18])

gls) = —/M(S,O‘)U IE"IZS(;)"—Tzi?I)I) [r(s) — r(o)ldo, (2.90)

where U is a self-potential generating a central force between pairs of points along the
rod, and M is a mollifier leading to total energy and corresponding, for example, to a
nonzero radius of the rod. In our example, we take the potential U to be proportional
to |r(s) —r(o)|~%.

Another point we should stress is that in the case of motion by curvature, we simply
take A3 to be 0 which makes the formulation much easier. But this cannot be done in the

case of the Kirchhoff rod model. The reason is that in the case of motion by curvature,
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we are only concerned with the shape of the curve I' which is solely determined by the
tangential vector. Therefore, we can choose a particular N; and N» by taking A3 to be
0. In the Kirchhoff rod model, we do not just study a space curve. Instead, we study a
rod with some thickness. Thus the twist w is important in the evolution of the rod and

in fact depends on A3.

2.6 Numerical Results

In this section, the results of numerical simulations are presented for several two and
three-dimensional problems. All of these simulations use the appropriate small scale
decomposition, together with the associated numerical methods discussed in the previous
sections. In Section 2.6.1, we consider motion by curvature in two dimensions for both
periodic curves and closed curves. In Section 2.6.2, we consider motion by k— < &k >
in two dimensions. Section 2.6.3 presents the motion of inertial vortex sheets and the
comparison of the x-L frame with the #-L frame presented by Hou, Lowengrub and
Shelley in [23]. In Section 2.6.4, we compute the motion by curvature in three dimensions
and compare the stability constraints using our x1-x2-w-L method and a straightforward
explicit method in (z,y, z) coordinates. Motions for the Kirchhoff Rod Model and the

anti-parallel vortex filaments are presented in Section 2.6.5 and 2.6.6 respectively.

2.6.1 Motion By Curvature in Two Dimensions

In the next two subsections, we perform several numerical tests on motion by curva-
ture in two dimensions to demonstrate the effectiveness of our method. These tests all
demonstrate that our reformulated implicit method has only a linear stability constraint,
i.e., At is of the same order of the spatial mesh size. This linear stability constraint is
expected since we treat the convection terms explicitly. From our stability analysis for
the convection equation, we can see a dependence of the CFL condition on the maximum
curvature. This is also verified numerically.

We consider a plane curve I' evolving according to
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In our numerical calculations, we use the length of the curve and the curvature as our
dynamic variables. They evolve by Egs. (2.10) and (2.11). The reconstruction of the
position of the curve is done by directly integrating the evolution equation (2.91).

In our first example, we choose the initial curve as X = (a+.2 cos(4dna), .5sin(2rar)), 0 <
a < 1. We graph the position of the curve at various times. In Fig. 2.1 (a)-(d), we show
the continued evolution of the curve from ¢ = 0.0 to ¢ = 0.08. There are N = 128 mesh

points in the unit interval with time step At = 0.00025.

a b
0.5 0.5
0 0
-0.5 -0.5
0 0.5 1 0.5 1
c d
0.5 0.5

° o0 S~

-0.5 -0.5
0 0.5 1 0 0.5 1

Figure 2.1: Motion by curvature; initial sin curve; N = 128, At = 0.00025; curve por-
trayed every 0.005: (a) 0 to 0.02, (b) 0.02 to 0.04, (c) 0.04 to 0.06, (d) 0.06 to 0.08.

In fact, At can be increased as time progresses. We list the maximum time steps
that can be used at various times in Fig. 2.2. The time step At is chosen to be so small
initially is due to the stability constraint. From Egs. (2.10) and (2.11), we derive the

stability constraint of the form

max |T|At < C - Lh. (2.92)
«



36

dt

0.002

D.001958 e e ——

0.0008

0.0004
0.00025

[¢] 0.01 0.02 0.03 ()t()4 0.05 i
Figure 2.2: Maximum time steps at various times.
Here T = [(k*)da’ — afol(/sQ)do/. Thus At is related to the magnitude of curvature

through T. We print out the curvature of this curve in Fig. 2.3. The maximum curvature

of this curve is around 130. Since initially the curvature is large along some part of the

100

50

curvature
(=3

~100[

. L L ‘ 2 L | n
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
atpha

Figure 2.3: Curvature of the initial sin curve.

curve, the time step has to be small to satisfy the stability constraint. We see that this
periodic curve moves faster where it has bigger curvature and it relaxes to a straight line
with increasing time. When we increase the number of points in the calculation, we do
see the time step decreases linearly.

We next consider the initial curve X = (a + .1sin(27e), .5cos(2na)),0 < o < 1,

evolving according to Eq. (2.91). The maximum curvature of this initial curve is around
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143. We graph the position of the curve at various times. In Fig. 2.4 (a)-(d), we show
the continued evolution of the curve from ¢ = 0.0 to t = 0.08. N = 128 mesh points were

used and the time step At = 0.00005. This periodic curve relaxes quickly to a straight

a b
0.5 0.5
0 ot
—-0.5 s L -0.5 " " £ .
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1
c d
0.5 0.5
| v |
-0.5 —0.5 A s R
0 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1

Figure 2.4: Motion by curvature: N = 128, At = 0.00005; curve portrayed every 0.004:
(a) 0 to 0.02, (b) 0.02 to 0.04, (c) 0.04 to 0.06, (d) 0.06 to 0.08.

line as time increases. In Fig. 2.5, we list the maximum time steps that can be used at

various times.

We also consider the evolution of an initial closed curve

X = (14 0.4sin(107a))(cos(2ne), sin(27a)), 0<a <1,

according to Eq. (2.91). With N = 256 mesh points, and time step At = 0.001, we show
in Fig. 2.6 (a)-(d) the continued evolution of the curve from ¢ = 0.0 to t = 0.2. The

plots show that this star-shaped curve quickly relaxes to a circle.
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dt

0.00125

0.00075

0.0005

0.00035

0.00005

0 0.01 0.02 0.03 0.04 0.05 t

Figure 2.5: Maximum time steps at various times.

a b
2 " - 2 T v
1 1
0 0
-1t -1
-2 L \ " -2 " L L
-2 -1 0 1 2 -2 -1 0 1 2
c d
2 2 y
1 1
0 0
-1 -1
-2 — -2
~2 -1 0 1 2 -2 -1 0 1 2

Figure 2.6: Motion by curvature; star-shaped curve: N = 256, At = 0.001; curve por-
trayed every 0.01: (a) 0 to 0.05, (b) 0.05 to 0.1, (c¢) 0.1 to 0.15, (d) 0.2.
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2.6.2 Motion by k— < k > in Two Dimensions
We consider the initial curve X = (—2sin(2ra), cos(2na)) evolving according to

X = (k— <K >) 1, (2.93)

here < k > is the mean of r, i.e., [y kda. With N = 256 mesh points and At = 0.005,
we show the continued evolution from ¢ = 0.0 to t = 2.0 in Fig. 2.7. We see that a circle

is the equilibrium state for this ellipse under the motion by k— < s >.

05

Figure 2.7: Motion by k— < k >; elliptic-shaped curve: N = 256,At = 0.005,¢t =
0.0,2.0(0.2).

We also compute the same initial curve evolving according to Eq. (2.91). N = 256
mesh points and At = 0.0025 are used and the evolution from ¢ = 0.0 to ¢ = 1.0 are
shown in Fig. 2.8. Here we see that the ellipse shrinks to a point under Eq. (2.91).

To test the dependence of At on the magnitude of curvature and the spatial mesh
size h, we perform a series of resolution studies for three examples. These examples
give the same shapes of curves, but with increasing curvature by a constant factor, 2.
In the first example, the initial curve is given by X; = (—4sin(27a),2cos(2wa)). It
evolves according to Eq. (2.91) and Eq. (2.93). Table 2.1 gives the largest possible time
steps that give stable discretizations are shown. Using Eq. (2.91), we only calculate until

t = 4.0 at which time the curve essentially becomes a point.
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Figure 2.8: Motion by curvature; elliptic-shaped curve: N = 256, At = 0.0025,t =
0.0,1.0(0.1).

No. of points | U =k | U =k~ < K>
128 0.02 0.025
256 0.01 0.0125
512 0.005 0.00625

Table 2.1: Largest possible time steps that give stable discretizations for motion by
curvature problem. The initial curve is X = (—4sin(27a), 2 cos(27a)).

Table 2.2: Largest possible time steps that give stable discretizations for motion by
curvature problem. The initial curve is Xy = (—2sin(27a), cos(2ma)).

Table 2.3: Largest possible time steps that give stable discretizations for motion by
curvature problem. The initial curve is X3 = (— sin(2r«), 0.5 cos (27 ).

No. of points | U=k | U=Kk—<kK>
128 0.005 0.0075
256 0.0025 0.005
512 0.00125 0.0025

No. of points | U=k |U=kr—< K>
128 0.002 0.002
256 0.001 0.001
512 0.0005 0.0005
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In the second example, we scale the initial curve of the first example by a factor of
2, ie., Xy = (—2sin(27a),cos(2ra)). We evolve it by the same equations, Eq. (2.91)
and Eq. (2.93). The largest possible time steps that give stable discretizations are given
in Table 2.2. Using Eq. (2.91), we only calculate until ¢ = 1.0 before it is essentially a
point.

In the third example, we scale the initial curve of the first example by a factor of
4, ie., X3 = (—sin(27ra), 0.5 cos(27a)), and evolve it by the same equations. Again we
list in Table (2.3) the largest possible time steps that give stable discretizations. Using
Eq. (2.91), it will essentially be a point after ¢t = 0.25.

Basically the curvature of X3 is two times the curvature of X, and four times the

curvature of X;. From Eqgs. (2.31) and (2.32), the stability constraint is of the form
max |T|At < CLh, (2.94)
(6]

under the motion by x or k— < k >. Here T = foa(U/ﬂ)da' - afOI(UH)da’. Since
T is proportional to 2, the time step constraint for X3 is approximately four times
smaller than that for X,. Similarly the time step constraint of X, is approximately four
times smaller than that for X;. This is exactly what we observed from the numerical
calculations.

The above calculations all demonstrate that our numerical method is free of severe
time step constraint. The time step is proportional to the space grid size in all these
calculations. In fact, the particle grid spacing is decreasing in almost all the cases since
the curve shrinks to a point. Without using our implicit discretization, the method

would have become unstable very early on.

2.6.3 Inertial Vortex Sheets

Next, we apply our reformulated implicit scheme to the inertial vortex sheet problem
with surface tension. This problem has been well studied by Hou, Lowengrub and Shelley
in [23] using the #-L formulation. Significant improvement on stability constraint was
observed over conventional explicit discretizations, e.g., the fourth order Runge-Kutta

method. It is natural for us to compare the performance of the #-L method and our x-L
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method. Our numerical experiments indicate that these two reformulated schemes give
the same stability constraint. This is also explained analytically in this subsection. This
is an important and encouraging comparison, because our reformulation can be applied
to three-dimensional problems.

In order to compare our methods with the #-L frame presentedy in [23], we examine
the long-time evolution of inertial vortex sheets with surface tension. We use the same

initial condition as in [23]:

z(e,0) = «a+ 0.01sin27a, y(a,0) = —0.01sin 27,

Y(a,0) = 1.0, (2.95)

and choose S = 0.005 as in their calculation. In Fig. 2.9, a time sequence of interface
positions is given, starting from the initial condition. Also we plot the vortex sheet
strength v and the curvature x at various times in Figs. 2.10 and Fig. 2.11 respectively.
Our calculation uses N = 1024 and At = 1.25 x 107%.  We also compare directly our
numerical solutions with those obtained by the #-L frame presented in Hou et al [23].
We found that the §-L frame and the x-L frame give us essentially the same numerical
result. Also we have checked the stability constraint using these two formulations. We
find that using the same number of points, the largest possible time steps that give stable
discretizations are of the same order for the two methods. This can also be explained

analytically. Using the 6-L frame (assume that « € [0,27]), the equations of motion are

given by
2w

Ly = — O, Udd! (2.96)
J0
2

fy = (%) (Ua + 0,T) (2.97)

2w 5
g = TSHM + 0o ((T — W - 8)v/S0a), (2.98)

where T is given by

o3 a 27
T, t) =/ O, Udd! — %/ 0, Udc. (2.99)
0 0
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(b)

Figure 2.9: Inertial vortex sheets; sequence of interface positions: S = 0.005,N =
1024,At =1.25 x 107% : (a) t = 0, (b) t = 0.60, (c) t = 0.80, (d) t = 1.20, (e) t = 1.40,
(f) close-up of top pinching region, ¢t = 1.40.
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Figure 2.10: Inertial vortex sheets; sequence of y: S = 0.005, N = 1024, At = 1.25 X
1074 : (a) t = 0,(b) t = 0.60, (c) t = 0.80, (d) t = 1.00, (e) t = 1.20, (f) t = 1.40.
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Figure 2.11: Inertial vortex sheets; sequence of x: S = 0.005, N = 1024, At = 1.25 x

(a)

;,_WA/\/V\NV____

(b)

200
of—— WM ]
-200
0 0.5 1
T=0.60
(e)
200
0 WA oAp—
—200
0 0.5 1
T=1.00
M
200
0 ‘_—*/\,\/\W’
-200
o] 0.5 1
T=1.40

1074 : (a) t =0, (b) t = 0.60, (c) t = 0.80, (d) t = 1.00, (e) t = 1.20, (f) t = 1.40.



46

By using an implicit discretization like the one we discussed before, we will get a stability

constraint of the form
L
max |T|At < C- —h. (2.100)
« 271'

Using the x-L frame, the equations of motion are given by Eqs. (2.31), (2.32) and (2.21),

so the stability constraint is of the form

L
max |T}|At < C - —h, (2.101)
« 21
where T is given by
i o alL 2w
T = = e —— Udd'. 2.102
1(a, t) . /0 kUdo @) /0 wUdo ( )

Using the relationships between 6 and k, K = 04/s4, for here s = L/(27), it is easy to
see to that T = T7. This shows that the x-L frame and 0-L frame have the same order
stability constraints.

The reason that we use this x-L frame is that we could use the similar idea to the
computation of three-dimensional curves and surfaces. The comparison of the results by
using the k-L frame and #-L frame shows that our x-L frame shares the same stability
property as the 6-L frame, and yet has the advantage of being applicable to three-

dimensional filaments and surfaces.

2.6.4 Motion by Curvature for Three-Dimensional Filaments

We now turn our attention to three-dimensional filaments. First we test our method for
the simple motion by curvature in three dimensions. We basically confirm the similar
performance we observed for the corresponding two-dimensional problem. We perform
a careful comparison with an explicit fourth order Runge-Kutta discretization. For
N = 512, the maximum allowable time step for our method is 3200 times larger than
that for the Runge-Kutta method. We also test the reformulation using the Frénet
frame. We found that the computation breaks down at a relative early time due to the

formation of a vanishing curvature point. This corresponds to a blow-up in the torsion
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No. of points | Explicit Method | kq-Kk9-w-L Method
128 0.000125 0.0750
256 0.00003125 0.0375
512 0.00000625 0.0200

Table 2.4: Comparison of the maximum time step for explicit method and xy-K9- w-L
method.

variable. This is an artificial parameterization singularity. The filament is very smooth
at this time. Using the generalized curvature k1 and k2, we can compute well beyond
this time without any difficulty.

Consider the three-dimensional curve
X = (sin(2a), cos(a), sin(a) + 2cos(2c)), « € (0,2m),

evolving according to motion by curvature, X; = kIN. Using our x;-k2-w-L formulation,
with N = 256 mesh points, and time step At = 0.0005, we show in Fig. 2.12 the continued
evolution of the curve from ¢ = 0.0 to ¢ = 1.4. We observe that this space curve relaxes

to a circle and eventually shrinks to a point.

We compare our method with a straightforward explicit discretization of X; = kN
in (z,y, z) coordinates. This involves using a spectral method for the spatial derivatives
and fourth order Runge-Kutta method in time. We list below the maximum time step
that can be taken to get a stable solution using these two methods. Due to the particle
clustering, we can only compute up to ¢ = 1.0 using the explicit method. Clearly we can
see the huge advantage of using our implicit discretization.

The motion of a three-dimensional filament by curvature is somewhat different from
that of the two-dimensional counterpart. In the two-dimensional case, it is possible to
interpret the geometrical significance of positive or negative curvature. However, for

three-dimensional curves, the curvature is defined by

k= VX -X=|X| (2.103)
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(a)

Figure 2.12: N = 256, At = 0.0005 : (a) t = 0.0,0.6(0.1), (b) t = 0.7,1.0(0.1), (c) t = 1.4.
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The positive square root is taken in Eq. (2.103) and thus the curvature is always non-
negative, x > 0. When it passes through points where £ = 0, the normal vector N varies
discontinuously. Moreover, at points where x = 0, the torsion is not well defined. Recall

that the definition of torsion is
T=r"3(X Xx X). (2.104)

It is obvious that the torsion is only defined when the curvature does not vanish.

We have tried the same example using k-7-L formulation (2.41), (2.42) and (2.43).
We began to have numerical difficulties around ¢ = 1.015 when the curvature became
close to zero at some point on the curve. In fact, we were only able to compute up
to ¢ = 1.015 using 256 points, no matter how small a time step we took. This is due
to the stability constraints we derived from Eq. (2.44). On the other hand, we had no
difficulty computing past ¢ = 1.015 when using the s-s9-w-L formulation. In Fig. 2.13,
we compare the plots of curvature at ¢ = 1.015 using the k-7-L formulation and ki-x2o-
w-L formulation by taking the time step to be At = 0.00125 and At = 0.01 respectively.
Here we have used the relationship k = \/;%4-—/@% :

By using curvature and torsion By using k1,k2 and w

+ 2

Curvature

6

2 4 6 (] 2 a4
N=256,dt=0.00125 at T=1.015 N=256,dt=0.01 at T=1.015

Figure 2.13: Comparison of curvature at ¢ = 1.015 using k-7-L and k)-k2-w-L formula-
tion.

We note the similarity in the two plots of the curvature. We also note the jump in



50

the derivative of the curvature as the curvature approaches zero. This means that x4 is

not continuous and the Eqs. (2.42) and (2.43) break down.

1 . 1
0.5 | 0.5
5 0
05
T -05 g
-1 ]
4
15
-1.5 )
-2 ' 25 - : '
0 2 4 6 0 2 4 6

Figure 2.14: k1 and k9 at ¢t = 1.02 with N = 256 and At = 0.01.

We also plot the variables k1 and k9 at ¢ = 1.02 in Fig. 2.14. Note that these variables
remain smooth along the entire curve. Thus we see the advantage and indeed, necessity

of using the £,-k9-w-L formulation instead of the x — 7 — L formulation.

2.6.5 Motion of the Kirchhoff Rod Model

Next we test our numerical methods on the motion of the elastic rods. Two inter-

esting equilibrium states are reached using two different initial perturbation of a cir-

cular initial filament. As before, no stiffness is observed using our reformulated im-

plicit schemes. A sequence of snapshots of the dynamics approaching to equilibrium

for two examples (radius r = 1) are shown in Fig. 2.15 and Fig. 2.16. In both exam-

ples, we choose as initial conditions a circular conformation with total twist Tw = 5.
1

Here Tw(X) = 5- ¢ w(X(s))ds. In the first example, we choose the initial twist to

be distributed uniformly with a small localized perturbation. In particular, we choose
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w(s,0) = (54 w1)/(5 + 5= § wids), where

0 lz -7 <3,

1

4 cosh?(E—%

g <y E m (2.105)

1

4 cosh?( ;=2

<z <3
3 —2x

In the second example, we use the same parameters and a similar initial condition as the
first one, except that the initial twist includes an order one non-localized perturbation
from uniformity. More precisely, we choose w(s,0) = 27 L™ ! Tw*(1+0.8xsin(2mws/L)). In
both of these examples, we use 256 grid points in our calculations, and a time step At =
0.00125. For the first example, the solutions are plotted at ¢ = 0,1.6,2.1,2.6,4, 12 re-
spectively. For the second example, the solutions are plotted at ¢ = 0,1.2,2.4,2.8,4,6,12
respectively.

In these two examples, the rods start twisting around ¢ = 1.6 and ¢ = 1.2 respectively.
Because of the contact force, the rods cannot self-cross, thus it would keep twisting until
it approaches to the equilibrium configurations. We have also investigated using different
values for the parameters 7,72 in Eqgs. (2.65) and (2.66). We find that there is little
change in the equilibrium states in both examples, but the rate at which the rods evolve
to these states is affected.

We should mention the construction of the initial condition for these two examples.
In our methods, it is necessary to specify initial values of k1, 52 and w. The twist of the
circle w is already given, so we need to determine x; and ko from the curvature x and

2

the torsion 7. Since k? + k% = x?, we parameterize 1, k2 by £ and ¢ as follows:

Kl = Kcos¢

Ky = Ksing. (2.106)

Note that the torsion 7 is zero everywhere for an unit circle. Substituting the above

equations into Eq. (2.47), we get

Ps = w.
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Thus we are able to calculate ¢. The curvature of the unit circle is 1. Thus &; and x2
are completely determined by Eq. (2.106).
Finally, it is necessary to include some sort of contact force g(s) to prevent the elastic

rod from self-crossing. In a similar way to [32] we have set

r(s) = (o)
Ir(s) —r(e)*°

fa] = — /M(r(s),r(a))( & (2.107)

The purpose of the mollifier M is three-fold. First, some distinction must be made
between nearest neighbor points along the curve and other points that are far away in
arclength but close in space. Clearly, for those points which are nearest neighbors along
the curve, no contact force is necessary and therefore M is set to be zero. However, if
two points which are separated by a large distance in arc-length become close to another
in space, M must be non-zero to activate the contact force. Therefore, M helps prevent
self-crossing while ensuring that points along the curve are not forced apart.

Secondly, the magnitude of the contact force needs to be controlled to prevent overly
large forces from destabilizing our solution. The contact force has the form of a stiff
inverse power law ( o< r~1%) so some care must be taken in choosing a constant of
proportionality. This is the other role that M plays when the contact force is in effect.
We assume the radius of the rod is approximately 3 times the grid spacing, i.e., hsq,
thus M needs to be chosen so that the distance between any two points which are not
close in arc-length cannot be smaller than 6hs,. We do not have an explicit expression
for M here. In our first example, we simply take M to be 0.005 if the distance is less
than 12hs, and 0.1 if the distance is less than 8hs,. In our calculation s, = L/27 is
very close to 1. In our second example, we take M to be 0.004 if the distance is less than
14hs, and 0.04 if the distance is less than 8hs,,.

Third, by setting M = 0 when r(s) and r (o) are distant, we reduce the computational
cost in evaluating (2.107) from O(n?) to O(n). This step is absolutely necessary in order
to prevent the evaluation of ¢g(s) from dominating the entire computation.

By way of comparison, reference [32] used a similar model to calculate the evolution
of an elastic rod. The method there was to directly discretize Egs. (2.65) — (2.67) using

second-order centered differences. Here we have the considerable advantage that no high

order time step stability constraints are imposed. This advantage is crucial if accurate,
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long-time computations (such as DNA modeling) are to be attempted.

It is interesting that both of these examples start from unit circles with the same
total twist. The only difference is the distribution of the initial twist. But they approach
to two totally different equilibrium states. The clover-like structures are also observed

in Langevin dynamics simulations [50] and the plectonemic conformation is similar to

DNA studies.

2.6.6 Motion of Anti—parallel Pair of Vortex Filaments

Finally, we are going to test our method on the motion of the anti—parallel vortex fil-
aments. We consider large amplitude antisymmetric helical initial perturbations of the

anti-parallel pair ([14] & [36]):

Xy

(—0.5 + 0.3 cos @, 0.3 sin o, @) (2.108)

X,

( 0.5+ 0.3cosa,0.3sina,a), a € (0,27). (2.109)

The circulation strengths I'1, I’y in Eq. (2.82) are taken to be 1 and —1 respectively.
We apply the fourth order implicit-explicit scheme in our numerical experiments and find
that the time step is indeed linearly dependent on the spatial mesh size as we expected.
However, the fourth order scheme for this particular problem requires a small time step
for stability constraint. Instead, we use the second order implicit-explicit scheme in our
computation. The second order implicit-explicit scheme simply uses the leap frog scheme

for the lower order term and the implicit Crank-Nicholson scheme for the leading order

term:

S =) = )+ Slg )+ gl ) (2110

Snapshots of the evolving filaments at times ¢ = 0, 0.73 and 0.79 are given in Figs. 2.18
-2.20 where 1024 mesh points and time step At = 0.00125 are used. The initial separa-
tion distance between the two filaments is constant, and as time evolves, the minimum
separation distance decreases until the pair collapses around ¢ = 0.79. In Fig. 2.17, we
also show the curvature x and the twist w of the second filament X, at time ¢ = 0.79. Us-

ing our method, we are also able to include the other non-local effects that are neglected
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in the simplified equations (2.82).
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Figure 2.17: Curvature and twist of the second filament at t = 0.79.

2.7 Appendix: Evolution Equations for x;,ks and w for

Three-Dimensional Filaments

We assume the space curve X evolves by

Xi(a,t) =UN; + VN + WT
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Figure 2.18: Snapshot of filaments for antisymmetric perturbation at time ¢ = 0.
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Figure 2.19: Snapshot of filaments for antisymmetric perturbation at time ¢ = 0.73.
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Figure 2.20: Snapshot of filaments for antisymmetric perturbation at time ¢t = 0.79.



60

where U, V, W are the velocity components with respect to the orthonormal basis N1, Ng, T

which satisfies

d
d_ = QF x T
s
d
£N1 == QF x N1
dis s = Qp x Ny, (2.111)

where QF(Q, t) = KkoN; + kK1 Ny + wT.

Also we write the time dependence of the basis T, N, N3 as

d
—T = A T
dt B
f N, = ApxN
dt I = F 3}
d
ENQ = AF X NQ, (2112)

where Ap(a,t) = AJN7 4+ ANy + A3T is the rotation vector whose components A, A2, Az

are related to U, V, W— and hence k1, kg, w. From %X =T, we get
d
%X = SQT.

Self consistency requires equality of the « and ¢ cross derivatives, namely

d? d?
X=—"X. 2.113
dadt dtda ( )
Straightforward computations show that
5ot = Wat (VKZQ — Ulﬁ)Sa (2114)
Va
A o= —;——Uw+Wf~e2 (2.115)
(07
Ua
Ay = — —=Vw+ Wky. (2.116)

S
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Further calculation leads to the equations of motion for k154, k254 and wsa:

(nlsa)t == w>\18a — AgHQSa + )\Qa
(K2Sa)t = —wA28q — A3K1Sq + Ala
(Wsa)t = Aako — A1K1)Sa + A3a-

Using Eqgs. (2.114) — (2.116), we obtain the equations of motion for x;,k2 and w as

follows:

1 (Ua> 2wV + woV — Wkia 5
ki = — |\ —] = ~Uw
Sa \ Sa /4 Sa
+ 51 (Uk1 — Vko) + wraW — Agka (2.117)
o = 1 (E) _ 20Us + woU — Whiza L V?
Sa \ Sa /4 Sa
+ ko(Uky — Vo) — w1 W — Aok (2.118)
v, Uy — A3a
e = Shmd ”28 o =Wa | Uk — Vi) + o, (2.119)
« «

So the equations of motion for s., k1, ke,w in terms of U, V, W take the forms of Eqs.

(2.114), (2.117), (2.118) and (2.119).
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Chapter 3
Removing the Stiffness of Surface
Tension in Computing

Three-Dimensional Surfaces

In this chapter, we present new formulations for computing three-dimensional surfaces
with curvature regularization. In Section 3.1, we derive the k- A - u formulation for three-
dimensional surfaces. As an example of illustration, we consider the motion of a three-
dimensional surfaces by its local mean curvature. We then apply this idea to a simplified
water wave model in Sections 3.2. Some practical implementation issues are presented
in Section 3.3. Finally, in Section 3.4, we show some numerical results which include
motion of a three-dimensional surface by mean curvature, simplified three-dimensional

water wave model on Gaussian waves and gravity waves.

3.1 The « - A - v Formulation for Three-Dimensional Sur-

faces

In this section, we derive the x -\ - u method for computing the motion of three-
dimensional interfaces. We first motivate the formulation for the problem of motion by
mean curvature. Then we derive the formulation for fluid interfaces, and indicate how
the k - A - u formulation can be used to remove the stiffness of surface tension for fluid

interface problems.

3.1.1 DMotion by Mean Curvature

We motivate the x - A - u approach by considering the motion by mean curvature

in three space dimensions. We parameterize the surface using parameters a; and ap
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so that X(ay,as,t) = (z(aq, s, t), y(ar,as, t), z(a1,as,t)), where ¢ is time. In order
to simplify our computation, it is important to use an orthogonal parameterization of
the free surface; we call it 8 = (01, 2), instead of the original Lagrangian variable,

a = (o, az). ie.,
Xp, - Xg, =0.

We now want to show how to construct an orthogonal parameterization. First we
introduce some notation (also see [59].) If p is a point on a surface X, then for each

tangent vector v to X at p, let

d
Sp(0) = VU = 0o+ )i,

where U is the unit normal vector field on a neighborhood of p in X. S, is called the
shape operator of X at p (derived from U). It is the rate of change of U at p in direction
v. It can be shown that all curves on X with a given direction v at point p have the
same normal component of acceleration at p, namely S,(v) - v. This is the component of
acceleration which the bending of X forces the curves to have.

Let v be a unit tangent vector, then the number x(v) = S,(v) - v is called the normal
curvature of X in the v—direction. The maximum and minimum values of the normal
curvature x(v) of X at p are called the principal curvatures of X at p. They are denoted
by k1 and kg respectively. The corresponding directions are called principal directions
with the unit vectors in these directions being the principal vectors. It can be proved
that if k1 # k9, there exists one pair of orthogonal directions é; and és for which the

values of x take on maximum and minimum values k1 and k3. Furthermore,
S(él) = Klél, S(ég) = KZQéQ. (31)

There are two cases that have x; = ky: the planar point case and the special elliptic
case in which it becomes a circle point. In these exceptional cases, all directions are
regarded as principal directions and obviously the normal curvatures are then the same

for all directions. This means we can easily choose one pair of orthogonal directions.
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Thus, the orthogonal frame is constructed such that the two normal tangent vectors

T, and T are the two principal vectors of the surface X. They are defined by

T? = —2‘7
where u = |Xg,|,v = |Xp,|. Then normal vector N is defined by
N = Tl X TQ.

The construction of the orthogonal parameterization numerically will be discussed in

Section 3.3. For motion by mean curvature, the surface X evolves by

Xt = N7 (32)

K
2
where the mean curvature

K=K1+Ky = S(Tl)'T1+S(T2)'T2

= VN -V N

Nﬁl'T1+Nﬁz'T2
Uu v

is the sum of the two principal curvatures x; and k2. We assume X is 27-periodic in 3y
and > and has continuous derivatives in space. This implies that the cross derivatives

of 81 and B, commute. From X g, = X3,3,, we get

u(Ng, - T1) = v (Ng, Ty (3.4)
e ~ U 3.
Ty, T = —% (3.5)
- - v
Ty, Ty = % (3.6)

As in two-dimensional problems, adding tangential motions does not alter the shape
of the surface, but the parameterization frame of the surface. Thus, we introduce two

tangential velocities into the dynamics and rewrite the evolution equation for the surface
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as
X: = fiT) + T2 + 5N; (3.7)

of course f3 = k/2 here. f; and f; are the added forces along the two tangential directions
which will be determined later. Now we want to derive the evolution equations in terms
of u, v and k. The equations for u and v are derived by differentiating v = Xg, - T and

v = Xy, - Ty with respect to time ¢:

Uuga. - o
w = fig +fart 4 fs Ng, -, (38)

v 2 2
vp = f2ﬂ2+f1%+f3 Ng, - To. (3.9)

Differentiating Eq. (3.3) with respect to ¢ and making use of Eqgs. (3.4) — (3.6), we get

the evolution equation for &:

fgﬁlﬁl + f3/3232

1 ~ - o o - .
2 - m[fl (Nﬂl ; Tl)ﬂ1 + f2 (Nﬂl : T2)51 + f3 Ng, - Ng, +

1
S

’U2
Uy Ko e Uy xR
(2f5,, — flT) Ng, - T2 + (2f14, +f27) Ny, - T1)] —

- = - = Va. = =
Ji (Ng, - T1)g, + fa (Ng, - To)g, + (2f2,, + fl’i_z) Ng, - To + (2f1,,

U

v . - o o Uy < 3 bR 1
—fQ—u@—)Nﬂz T + f3Ng, 'Nﬂz] +2E% Ng, - T + 2’!7; N, -T2

v u A -~ A o
+(a% = -,u%l—)[f331 — fi Ng, - T1 — fo Ng, - T9]
ug, v ~ ~ ~ -
8 — =) s, = fi Ny - Ty = f2 N, - T, (3.10)

Note that the high order terms in the above equation come from the first two terms in
the right-hand side. It can be simplified if we have v = A(t)u, where A is only time
dependent. We propose that this can be assured by choosing the specific tangential
motions (fy, f2). This will be discussed in Section 3.3.

Combining Egs. (3.8) and (3.9), one can easily derive the motion equation for A:

N = fidug, — foug,  fagr — Mg f3[Ng, - To — ANg, - T1]
= 2 -+ ” -+ " .

(3.11)
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Now vy can be omitted. Instead, u; and v; are combined as one equation

1 f?ﬁz f2 u’ﬂz fl uﬁl & < IAJ B2 " IA 2
-—_ * . 3-12
Ut 9 (flﬂl )\ )\ f3 T ][31 T 1 )\ ( )

When f3 = k/2, the evolution equations in terms of x, A and u become

weo= SO B (N, T + g (N, - T + F2 (N, - o),

+%(Nﬁ2 - T2)p,)) — %((21‘251 — fl/\uf)l(fﬁl Ty + fi\?z Ng, - T, + (2fj\§2 - dBy

N, By + DU R, ) 4 22 g P g B, )2

~(Ng, T + 35 (Ng, - B2 = 55 (N, - T1)?) (313)
- 1 /27r T faBa — Mg, n f1dug, — faug,

(2m)* Jo Jo u u?

X (3.14)

u = % (fml + fiﬂ‘) + f(";:f? ++ flzﬁl - %{) . (3.15)

In the above equations, we see that the equations for A and u are free of stiffness, we
can use an explicit method to solve A and u at every time step. The high order terms

in Eq. (3.13) are the first two terms. Since we know the new updated A and u at every

time step, we can treat K—gﬁi + ;f%ﬁ% implicitly and the rest of the terms in Eq. (3.13)
explicitly. For two-dimensional interfaces, we set the arclength variable s, to be constant
in space. For three-dimensional surfaces, we cannot set u to be independent of 8. It is
impossible to have both u and A to be constant and keep the frame orthogonal at the
same time. Thus, £ cannot be solved explicitly using the Fast Fourier transform (FFT).

However, we can still use an iterative method to solve for « using FFT which will be

discussed later in Section 3.3.

3.2 The Equations of Motion of Three-Dimensional Water

Wave Problems

We now describe the motion of a three-dimensional surface separating two inviscid,

incompressible, irrotational fluids using the boundary integral formulation. We label the
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region above the surface as region 1 and the one below as region 2. Since the flow in each
region is irrotational, we introduce the velocity potentials ¢ and ¢o given by u; = V¢
and ug = V¢, with u; /us being the velocity above/below the surface. The surface can
be considered as a distribution of dipoles of strength density; following, the potential in

the fluid domain off the surface is defined as

H(X) = /H(x’)(xﬂl x Xp,)(X) - Vg G(X, X )dS’ (3.16)
where
) I X -X
X _ e i 3.17
GX,X) 4r|X - X'} Vx© 4r|X — X3 (3:17)

and the dipole strength u = ¢_ — ¢, is to be determined by ¢. Using the limit for the
double layer potential, we obtain a Fredholm integral equation of the second kind for p

on the surface
b =20X(0) - [ nX)XKp, x Xp)(X) - Vo G(X, X )aS" (3.18)

This equation can be solved by iteration on u. By differentiating (3.16) with respect to

X and then integrating by parts, we obtain the velocity on the surface to be

w(z,y,z) = VHX(B)) = wo(B) + wioc(B), (3.19)
wo(z,y,2) = /K(X') X VX/G(X,X,)dS', (3.20)
A %K(X) X (X, % X5,)/ X5, x X%, (3.21)
here
o a,u . 6_/.11

The evolution equation for the surface is then given by

0X

B = w(z,y, 2). (3.22)
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The continuity of normal stresses gives the Bernoulli’s equation which described the

evolution equation for ¢(0,t).

o

1
3t |y + §|w12 + gz = TkK. (3.23)

Here g is the gravity constant, 7 is the surface tension and « is the mean curvature. The

7k term comes from the pressure difference at the surface. The Egs. (3.22), and (3.23)

together with the relations (3.18) and (3.19), completely specify the motion of the system.

3.2.1 A Simplified Water Wave Model

Numerical simulations for three-dimensional water wave problem demand a great com-
putational effort. The main work is spent in evaluating the surface velocity and velocity
potential which requires O(N%) calculations where N is the number of particles used
to discretize the surface in each dimension. In addition, as with the two-dimensional
problems, the three-dimensional water wave problem is susceptible to severe numerical
instabilities.

Motivated by the small scale decomposition, we can derive a simplified model equa-
tion to approximate the velocity integral. More precisely, we replace the boundary
integral for the surface velocity by its leading contribution at high modes. First, we
write the surface evolution equation in the form of Eq. (3.7). Also, noticing wy - N =0,

we have the normal velocity

_ Opy _op _ X(B) - X(8) AT
f3(8) = (/ (aﬂlxg2 aﬁQXﬂ]) ><< 4WIX(5)—X6’)I3) dﬂ) N(8). (3.24)

In order to get the leading contribution at high modes for f3, we expand X(3) at 8 = g

and it leads to

(1 (BNB)(B: = B) + (B INB ) (B2 — ) Xy (BN (BN
f3 ~/ , — =5 -N(B)df(3.25)
dr (1Xp,12(81 — B2 + 1Xp, (B2 — 55)?)

Here to simplify notations, we write p; = BQB“—I and py = 5%.

Next we expand N(ﬁ) at 8 = 8 and make use of the orthogonality of the frame
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A~ A~ A

(T15T27 N)7 we get

fr o~ |Xﬂ1HXﬁzl / — By) + p2(8) (B2 — Bs) 5 46 (3.26)
|X51|2 51 /61) + X, 2(B2 — 53)?)
Now we introduce the Rietz transforms #;, Ho and A, defined by
o e L (e — ) () C ‘
D = 57 | (o =l ol =7 0 1= 12 620
and
(Af)(@) = — fle) = Jla) da. (3.28)

) - 7 T \<
2 ) (I Xa [P(ar = €))? + [Xa, [* (a2 — 03)?)3/2
Using integration by parts, one can show that the A operator is related to H;, | = 1,2
by

Af = (H1D1 + HaDs)f, (3.29)

where Dy, | = 1,2 is a derivative operator with respect to 3.
Hou et al. [24] have proved that the Rietz transforms have the following spectral

representation:

it €
(Huf)(a) :/|Xazl2(|xaz§|l2};§§ie\xm|2§§)1/2 de, 1=1,2, (3.30)

and

f&)et> de. (3.31)

_ [ (Xl + [Xa, [P
Af - / lXall2|Xa2]2

Making use of Egs. (3.18) and (3.31), we obtain the leading order behavior of f3 at small
scales as

LXB_IQXLJ (H1(Dyp) + Ha(Dap))

= lxﬁl “Xﬂzl A(¢)

(1Xg, 1263 + X, 1262 - ita g
/ KalXa| PO &

f3

(3.32)
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Remember we have set v = \u, i.e., |Xg,| = A\|Xpg,|, the above relation is thus simplified

to be

1 [ &8\172,, 70 it (¢)
fa oy [ (& + L) gigete ag = 22 (33)
Here A(¢) is defined as [(¢£7 + %)1/2¢(£)ei5'“ dg.

We denote the velocity of the Lagrangian particles on the surface as w. It can be
different from the velocity w from Eq. (3.19) because we have freedom to select the
tangential force. Thus,

X

Y w(z,y, 2). (3.34)

Now, Bernoulli’s equation can be evaluated in this Lagrangian frame, by noting that

g
ot

A = i—f . + Re{lZ) A ’U)}. (3-35)

Substituting Eq. (3.23) into the above equation, we get

99
ot

I
= Re{w - w} — §|w|2 — gz + 7K. (3.36)

«

Observing that the dominant term for ¢; is 75 (check Eq. (3.23)) at small scales and
substituting Eq. (3.33) into Eq. (3.10) give us

_ 1 [A(9) 1 (A
" u? ( H >5151 ’ Au? (T>ﬁ252 r -8
¢ = TE+Q, (3.38)

where P and Q) represent lower order terms at small spatial scales which do not contribute
to the stiffness. If A and u are given, the dominant small scale terms are linear in x and
¢, but nonlocal by virtue of the Rietz transform. An implicit discretization can be
obtained by discretizing the leading order terms implicitly, but treating the lower order

terms explicitly.
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3.3 Some Implementation Issues

In this section, we first discuss the construction of the initial orthogonal parameterization

of the surface X(/Bla/BQ) = (m(ﬁlaﬁ2)7y(/817ﬁ2)7z(/815162)) such that

Xp X, = 0 (3.39)

Xg, -Xp = AXp,-Xg,- (3.40)

We cannot prove the existence of such a parameterization yet. In our computation,
we assume this condition holds where A only depends on time. A tangential motion is
introduced into the dynamics to enforce that without changing the shape of the surface.
We then discuss how to choose the tangential motion (f, f2). At last, we talk about the
reconstruction of the surface from curvature and the preconditioned conjugate gradient

method for solving x.

3.3.1 Initial Orthogonal System

The surface we consider is given by

Z = (z,y,n(z,y)) (3.41)

with z and y being the two parameters. We want to find a mapping (z,y) = (081, 52)

such that

Zp, - Zg, = Ci1Zg,-Zg, (3.42)
Zp, - Zg, = Chip, - Zp,. (3.43)

Suppose we have
z = B+ Si(Br,B), (3.44)

y = Po+SB1,P), (3.45)
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where §; and S, are periodic in 3. By the chain rule, we get

Zﬁl = (zﬂl’yﬂ17nl$ﬂl + nyyﬁl) = (1 E3 Sl,ﬂn S2,ﬂ177727(1 + Sl,ﬂl) + Uy52,ﬂ1) (3'46)
Zpg, = (xﬁzvyﬂzv NeZpy + nyyﬁz) = (51,527 1+ SQ,ﬂzvnl‘Sl,ﬂz Ty ny(l + SQ,ﬁz))-(3'47)
Thus,
Zp, - Zg, = Sipt+S28 + 51,858 + 528528 + (1 + S1,8) +myS28) -
(251,68, + My(L + S2,8,))  (3.48)
Zﬂl ’ Zﬁl = 1+ 251,51 + (Slﬂl )2 + (SZ,ﬂl)Q b (771(1 + Sl,ﬂl) S 77y52,51)2 (3'49)
Zﬁ? ) Zﬁ? = 1+ 2S?ﬁ2 + (SQ,ﬁ2)2 + (Sl,ﬂz)Q + (77$S1,52 + 771/(1 i SQ,ﬁz))2' (3-50)

Substituting these equations into Eqgs. (3.42) and (3.43), we get the coupled equations
for S1 and S5:

051 0S5

B—ﬁg + %1— = Cl(Zﬁz 'Zﬁz) - (Z.Bl Zg, — 51,62 - 52,51) = Ff, (351
g—gi — ng—gj = (S18 — M) — Ca(S2,8, — %) = F, (3.52)
where
CIZ<Z51.Z52> 02:<Zg1-251>
< 7, By, ¥ £ Lo B >
(3.51) and (3.52) can be changed to
e 559
ot O = G o o
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We implement an iterative method to solve this system. The iteration scheme can be

written as

grgrtl oSyt OF  OF}

s TN N Moilr BENPER - Matlh N Wi § 3.55
026 22, 06, ' b (3:55)
B8R+ orsytt OF! OF}

76 T ee T B ok (3.56)

This quasi-Poisson equations for S; and Sy are easily solved using FFT. In our compu-
tation, C] is taken to be 0 for simplicity. For our numerical examples, the orthogonal
coordinate system can be found.

Suppose the surface cannot be described as (3.41); instead it is given in the form of
Z = (z(a1),y(az2),ez(a)) which is a perturbation of a plane. Using the same idea, we

can also derive an iteration method to construct the orthogonal coordinate system.

3.3.2 Tangential Velocities

In order to have the system satisfy (3.39) and (3.40) for all time, we introduce a tangential

motion (fi, fo). First, by differentiating v = A(t)u with respect to ¢ and making use of
Eqgs. (3.8) and (3.9), we get

1 . 3 N %
Mgy = fap, = —(Mrup, = faug) + f3(Ng, - T2 = AN, - T1) = Au = Fr. - (3.57)
Also from (X, - Xg,): = 0, we get

1 . . .
Fipe + A2 = ~(frug, + Afaup,) — fs(Ng, - T+ ANg, - Ta) = Fy. (3.58)

We then rewrite the system for f; and fy by differentiating Eqgs. (3.57) and (3.58),

1 . BFQ 1 8F1
Af1+(>\—x)f2ﬁ152 — 8—ﬂ2+x;§5:
1 _ 10F, 0F

Af2+(—>\+x)f1ﬁlﬂ2 Xﬁ—ﬁIerTB;'



74

As in Section 3.3.1, we also solve these equations iteratively. The iteration scheme can

be written as

¥, o OF} 10F
n+1 Iy gn+l - 2 it 1 — n !
AP+ (A= D5, 5 g = (3.59)
i 19F} OF
n+1 . - n+1 — 2 1 - . 5
T No5, T 95 = G3. (3.60)

They are easy to solve using FFT in each iteration. In the Fourier space, the above two

equations become

~(E+€) &M -3)
A e | L -0e0 - -@+8) | | éMee)
£, 6) (63 +€3)? + (&1&2)?(A ~ 3)? Gy (&1,6)

(3.61)

In our numerical experiments, it only takes a few iterations to converge with an iteration

error of 10711,

3.3.3 Reconstruction of the Surface from Curvature

We use the same idea to reconstruct the surface from curvature as the two-dimensional

cases. We reconstruct (z,y,z) through integration of the original evolution equation
(3.7). Making use to (3.33), we get
A()
Xy = —@N + P, (3.62)

U

where P includes the lower order terms. In our computation, we treat A(¢)/u implicitly
and all the other terms explicitly. We denote the solution of Eq. (3.62) by X. Due to the
numerical error, X, is not exactly u and X, is not exactly Au. This makes Eq. (3.62)
not compatible with Eqs. (3.11), (3.12), (3.37) and (3.38). In order to overcome this
difficulty, we enforce X3 = u and Xz, = Au to be satisfied. This is achieved by
integrating the equations

¥

Xﬁl : lXﬁll)_(ﬁl =5 (ﬁla ﬁ?)v (363)

Au

Xp, = =—Xp = F(b1,5), (3.64)
|X62|
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with respect to 4 and (35 to get X for the next time step. For flows which are periodic in
z and y, it requires X = X(8y, B2, 1) to be periodic in 8y and B2. In particular, the coefli-
cient of the linear terms in $8; and B35 should be 0. Unfortunately, integrating Eqs. (3.63)
and (3.64) using the DFT perturbs the coefficients slightly due to the numerical error.
This difficulty is fixed by forcing the coefficients to be exactly 0, after the reconstruction
process. From Eq. (3.63), we get

A B

2

27
X={ Fdp-5 / Fy by + F3(5a). (3.65)
0 T Jo

Differentiating (3.65) with respect to 32 gives us

B1 27 ;
X5, :/ (Fi)s, dfs — gl/ (Fy)g, by + F. (3.66)
0 T Jo
Making use of (Fy)g, = (F2)s, and (3.64), we derive one formulation for X

B [*7
2r Jo

b

B1 27 B2 , ,
X=%0.0.0+ [ Fap - L [T Rdg+ [T R06)8 - 52 [ 0667

Similarly we get

B2

27 B1 2
X = X(0,0,t) + Fodfs — %/ Fadp, +/ Fy(B,,0)dpy —
0 0 0

2
by / Fy(6,,0)dB(3.68)

2r Jo

Thus combining the above two equations, we reconstruct X by using

1 &1 By 2m
X(61,62,t) = X(0,0,t) + 5( Gy dp — o J, Gy dB +
0
B2 B P
Ga dfs — o G3 dfs), (3.69)
0 ™ Jo
where
Gl = Fl(ﬁhﬁ?) +F1(16130)7 (370)
Gy = F(p1,B2) + F2(0,52). (3.71)

(3.72)
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3.3.4 Preconditioned Conjugate Gradient Method

We apply the fourth order multi-step implicit/explicit scheme studied in [1] by Ascher,
Ruuth and Wetton to our problem (3.37) and (3.38). We obtain the following system:

1 25 .1 1 4 a2, 1 aas
Bl fad QK" n __E.on Lon =
At(l2’€ k" + 3k 3f~c —!—4;{ )

1 Antl(gn+ly 1 Anti(gntly
u"+12 ( un+1 )ﬂlﬂl + ()\n+1un+1)2 ( un+l >,3252 +

Aps _gpr—l 4 gpr—2. . prn3

and

1 25 4 1
_¢n+1 _ 4¢n o 3¢n—1 _ §¢n—2 e Zgbn—?l) —

AT
7_nn~|-1 s 4Qn _ 6Qn—1 = 4Qn—2 _ Qn—3.

By substituting ¢"*! into the equation for "1, we can eliminate ¢"*! and obtain a

single equation for k"', which takes the form:

12 An—i—l n+1 A?H—l n+1
el L T(%At)Q ((_’;Tf_fl___) N (qu()’(fumt)l)mﬁ?)
= N(BhﬁZ?t)’ (373)

where IV is a known quantity depending on the solutions at the previous time steps.
The spatial derivative is discretized by a spectral method. Since u™*! depends on 3, the
equation is no longer diagonalized by the Fourier transform. Consequently, we use an

iterative method to solve for x™t1.

Note that the linear operator in the left-hand side
of (3.73) is symmetric, positive definite, we use the Preconditioned conjugate gradient

method. The preconditioning operator M is given by:

n n T 12 2 A n 1 A n
M(H +1) = u?nax” LR (_At)z (A(H +l))ﬁ1ﬁ1 i _(—X;L+1—)2A(K' +l))ﬂ2ﬁ2) ’(3-74)

Umin 25
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where tma; = maxg u™ ! and Umin, = ming w1, Thus M is constant coefficient and is
diagonalized by the Fourier transform:
T 12

9 g
Umin(%A) (&1 +

&
()\n+)2

V() (61, 62) = (ufn " W?) RELE).  (375)

Note that M can be inverted in N?log N operations using FFT. Empirically, it only
takes two to three iterations to converge with an iterative error of 107!, The error we

consider is the maximum change of successive iterates.

3.4 Numerical Results

3.4.1 Motion By Mean Curvature for Three-Dimensional Surfaces

We begin our numerical experiments with motion by mean curvature for three-dimensional

surfaces. First we consider a surface which is extended from a two-dimensional curve
X = (a1 + 0.5¢c08(201), a2, 2sin(ay)), 0 <oy, < 2.

Using our k-A-u formulation, with N = 64 mesh points and time step At = 0.025, we
show in Fig. 3.1 the shape of the surface at ¢t = 0,0.5,1.5 and ¢t = 5.0. We observe
that the surface moves faster where it has greater curvature and relaxes to a flat surface
eventually.

We compare our method with a straightforward explicit discretization of X; = kN
in (z,y, z) coordinates. This involves using a spectral method for the spatial derivatives
and fourth order Runge-Kutta method in time. We list below the maximum time step
that can be taken to get a stable solution using these two methods in Table 3.1.

Next we consider the initial surface given by
X = (a1, ag, 0.5co8(a;)sin(2ay)), 0 <ay,ay <27,

Using our s-A-u formulation, with N = 64 mesh points and time step At = 0.01, we
show in Fig. 3.2 the shape of the surface at t = 0,0.4,0.8 and ¢ = 1.2. The surface

relaxes quickly to a flat surface. When we increase the number of points, we do see the
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t=5.0

otion by mean curvatyye. N = 64, At = 0.05;
t =20, (d) t =35y,
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Motion by Mean Curvature

t=0 t=0.4

t=0.8

Figure 3.2: Motion by mean curvature: N = 64, At = 0.002; (a) t = 0, (b) ¢t = 0.4, (c)
=08 dft=13
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No. of points | Explicit Method | x-A-u Method
16 0.05 0.1
32 0.0075 0.05
64 0.00125 0.025
128 0.0003125 0.01

Table 3.1: Comparison of the maximum time step for explicit method and s-A- v method
on motion by mean curvature problem in three dimensions.

time step decreases linearly. The above computation shows that our method does not

have severe time step constraint.

3.4.2 Simplified Water Wave Model Approximation

Next we test our numerical methods on the simplified water wave model developed in

the previous chapters. The initial condition is given by

HE = exp(—=10(z — 7)% + (y — m)?)

10
¢ = 0.

The initial wave profile is shown in Fig. 3.3. For our first experiment, we choose the
surface tension to be 0.01. In Figures 3.4 — 3.8 we show the wave profile at times
t =0.6,0.8,1.2,1.8,3.0 respectively. There are N = 128 points in each dimension and
the time step used is At = 0.005. We see that the wave drops around ¢ = 0.6 but has
rebounded with a lower maximum amplitude, by £ = 0.8. It has droped down again by

about ¢t = 1.4. After that, it starts spreading out and two ripples have formed at ¢ = 3.0.

For our next experiment, we use the same initial condition but choose a smaller
surface tension, 7 = 1 x 1074, Initially, the wave profiles look very similar to the surface
tension 7 = 0.01 case. We plot the wave at ¢ = 0.8 in Fig. 3.9. Comparing this with the
7 = 0.01 case, we see that the peak of the wave is pointier, which is expected since a
larger surface tension tends to smooth the surface more. We also show the wave profile
at times t = 1.4,1.8,2.4 and 3.0 in Figs. (3.4.2) - (3.13) respectively.

The wave begins propagating outward after ¢ = 1.8 for both cases. One difference
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Figure 3.4: Gaussian wave at ¢t = 0.6 with surface tension 7 = 0.01.
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Figure 3.5: Gaussian wave at ¢ = 0.8 with surface tension 7 = 0.01.

Figure 3.6: Gaussian wave at £ = 1.4 with surface tension 7 = 0.01.



83

Figure 3.7: Gaussian wave at ¢t = 1.8 with surface tension 7 = 0.01.

Figure 3.8: Gaussian wave at ¢ = 3.0 with surface tension 7 = 0.01.
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Figure 3.9: Gaussian wave at ¢ = 0.8 with surface tension 7 =1 x 10~

Figure 3.10: Gaussian wave at t = 1.4 with surface tension 7 = 1 x 1074,
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Figure 3.11: Gaussian wave at ¢t = 1.8 with surface tension 7 = 1 x 1074,

Figure 3.12: Gaussian wave at t = 2.4 with surface tension 7 = 1 x 1074,



0.1

-0.05

Figure 3.13: Gaussian wave at t = 3.0 with surface tension 7 = 1 x 107%.

we notice between these two cases at t = 3.0 is that for surface tension 7 = 1 x 1074, we
observe more ripples than the 7 = 0.01 case. If we look at Figs. 3.4.2 and 3.11, we notice
that near the origin for the 7 = 1 x 10™* case, the wave has greater amplitude and this
eventually generates the additional ripple that we see at later times. We also set the
surface tension to be zero and observe almost no difference in the profiles of the surface
wave with the 7 = 1 x 10~ case. Haroldsen and Meiron in [21] presented numerical
calculation of water waves using the full equations with the same initial data and zero-
surface-tension. Our numerical simulations compare well with their results. Our robust
and efficient numerical method also allows us to consider a wide range of surface tension
coefficients. Also as before, no stiffness is observed using our methods.

In order to see how two Gaussian waves interact with each other, we consider placing
two Gaussian waves next to each other. The velocity potential ¢ is still set to be zero
initially. First we let the two initial Gaussian waves have the same height and width;
see Fig. 3.14. We take surface tension 7 = 1 x 107*. Again, we take N = 128 and
At = 0.005 in our calculations. The two Gaussian waves move at the same speed.
Fig. 3.15 shows that the two Gaussian waves meet at about ¢ = 0.8. The wave profile at
times ¢ = 1.6,2.0,2.4 and 3.0 are also plotted in Figs. (3.16) — (3.19) respectively. At

t = 3.0, we see that the outer ripples from each wave are joined together and the inner
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Figure 3.14: Two identical Gaussian waves at ¢ = 0.

0.05

Figure 3.15: Two identical Gaussian waves at t = 0.8 with surface tension 7 = 1 x 1074,
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Figure 3.16: Two identical Gaussian waves at t = 1.6 with surface tension 7 =1 x 1074

Figure 3.17: Two identical Gaussian waves at t = 2.0 with surface tension 7 = 1 x 1074,
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Figure 3.18: Two identical Gaussian waves at t = 2.4 with surface tension 7 = 1 x 107%.

0.05

Figure 3.19: Two identical Gaussian waves at ¢t = 3.0 with surface tension 7 = 1 x 10~%.
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two cross each other. We also started with two uneven initial Gaussian waves. One of

them is two times higher than the other. (See Fig. 3.20). Since their amplitudes are

Figure 3.20: Two uneven Gaussian waves at t = 0.

different, they move at different speeds. The lower one moves faster but not two times
faster, as can be seen in Fig. 3.21. We plot the final stage of the wave profile at ¢t = 3.0
in Fig. 3.21. It is clearly shown that the larger amplitude Gaussian waves dominates the

smaller one.

3.4.3 Gravity Waves

The intriguing problem of wave breaking has been a subject of great interest in re-
cent years. The interesting formation of upward-pointing thin jets occurring in two-
dimensional gravity waves impinging on a vertical wall has been observed experimentally
by Nishimura and Takewaka [43] and by Chan and Melville [11]. Due to the experimental
difficulties involved, the exsiting documented works are mainly under two-dimensional
conditions. There has also been great effort in establishing numerical models to study in
detail the breaking wave kinematics. The numerical simulations of steep waves meeting

a wall reported by Cooker and Peregrine [12, 13] also show the surprising formation
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0.05

Figure 3.21: Two uneven Gaussian waves at £ = 0.8 with surface tension 7 = 1 x 1074

Figure 3.22: Two uneven Gaussian waves at ¢ = 3.0 with surface tension 7 = 1 x 1074
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of a thin jet in a very violent motion accompanied with large accelerations and pres-
sures. However, the existing work on breaking waves has been mainly restricted to
two-dimensional conditions.

In our calculations, we use the simplified water wave model to study the three-
dimensional gravity waves. We observe an interesting variety of surface evolutions for
simple initial data by only changing the small amplitude of the initial waves. The initial

data is given by

z(ar,a2,0) = ay,

ylar, a2,0) = as,

z(a, @2,0) = esin(a; — 0.5) sin(ag — 0.5),
#(,0) = 0,

where 0 < aj,a9 < 1. All the following computations use this initial data. Our first
experiment is for € = 0.06 with zero-surface-tension. Figure 3.23 shows the wave profile
at various times. We see that oscillatory waves exists for all time.

We now consider a larger amplitude ¢ = 0.12. The motion begins with the wave
troughs rising up and the wave crests fall down (See Fig. 3.24). The localized humps
appear in the rising-up regions at ¢t = 0.15 (Fig. 3.25) and then quickly develop into thin
jets shooting upwards near ¢ = 0.19 (Fig. 3.26). We used N = 256 in each direction and
At =1 x 107% It looks like the thin jets are going to form sharp cusps. Unfortunately,
due to the limited computer memory, we do not have the necessary resolution here to
compute the wave motion further to determine whether the motion will become singular.

Although we do not show any results for ¢ = 0.09, we will briefly describe what we
found in this case. We see similarities with the ¢ = 0.12 case up to t = 0.15 except
the amplitudes are smaller. But instead of the jets continuing to increase in amplitude,
when € = 0.09, they reach a maximum height and subsequently fall down. Then the
wave rises up in the opposite corners and forms jets at these locations. At this point,
these jets form structures much like we see in Figure 3.26 at around t = 0.76. Again our
computation stops when the jets seem to form sharp cusps. This is mostly likely because

the orthogonal coordinate system breaks down near the point of the cusp.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.23: Sequence of wave profiles at various times for ¢ = 0.06. N = 128 and
At = 0.005. (a) t=0.0, (b) t=0.1, (c) t =0.2, (d) £t = 0.5, (e) t = 0.6, (f) t = 0.65.
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Figure 3.25: Gravity wave profile at ¢ = 0.15 for € = 0.12. N = 256 and At =1 x 107%.

Figure 3.26: Gravity wave profile at ¢ = 0.19 for e = 0.12. N = 256 and At = 1 x 1074,
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We also considered surface tension 7 = 0.001 for the initial amplitude € = 0.12. We
tested using N = 64, 128, 256 points in each dimension, and the time steps that were
used were At = 0.001, 0.0005 and 0.00025. Using our method, we do not see the stiffness

associated with the surface tension.
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Chapter 4
Numerical Study of Hele-Shaw Flow

with Suction

It is well known that sink flow in a Hele-Shaw cell with zero-surface-tension can develop
a finite-time cusp singularity. In fact, for an initial limacon of fluid containing a sink,
Howison et al [25] constructed an analytic solution which forms a 3/2-power cusp in finite
time. For non-zero surface tension, no analytic solution exists for the suction problem. It
is generally believed that surface tension regularizes the cusp singularity, and allows the
solution to exist after the singularity time for the zero-surface-tension solution. However,
it is still not very clear how the regularized solution behaves beyond the singularity time
for the non-zero surface tension case. Our study focuses on identifying how these cusped
flows are regularized by the presence of small surface tension, and what the limiting form
of the regularization is as surface tension tends to zero. The two-phase Hele-Shaw flow,

known as the Muskat problem, is considered.

4.1 The Governing Equations

Typically in a Hele-Shaw cell, two viscous fluids are confined between two closely-spaced
parallel plates. Here, we consider the case of a blob of viscous fluid being sucked by an
interior sink. The blob is surrounded by a less viscous fluid which fills the rest of the Hele-
Shaw cell. For simplicity, we assume that the fluids are immiscible and incompressible
with constant but differing viscosities. We use the subscripts 1 and 2 to refer to the

fluids in the interior and exterior of the blob. The velocity field u; of each fluid is given

by Darcy’s law,

5 el (4.1)
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where b is the cell gap, p; is the viscosity, and p; is the pressure. M = b*/12u; is the
fluid mobility. The incompressibility condition implies that V - u; = 0 and therefore the

pressure in each fluid satisfies Laplace’s equation:
V?p; = 0. (4.2)

In other words, the interior and exterior fluids are potential. Consequently, the flow can
be obtained from the dynamics of the free interface (blob boundary) between the two
fluids. Denote the fluid interface by I'. The interface motion is subject to the following

conditions

[w-dllr = 0, (4.3)

[pllr = 7=, (4.4)

where [-] denotes the jump across the interface taken as the difference of the interior
minus the exterior quantity. Here, fi is the exterior unit normal to I, 7 is the surface
tension, and & is the interface mean curvature. The kinematic boundary condition (4.3)
states that the normal component of the velocity field is continuous across the interface.
This implies that particles on the interface remain there. The relation (4.4), known as
the Laplace-Young boundary condition, gives an account of how the presence of surface
tension modifies the pressure across the interface.

We assume that there is a point sink at the origin, inside the fluid blob. For large

distances away from the sink, the velocity field tends to the simple radial flow:

u(x) — Q%, as |x| — oo. (4.5)

Here, () is the suction rate which is assumed constant and negative.

Let the interface I' be represented, at any instant ¢, by (z(a,t),y(a,t)), where «
in [0,27] defines a counterclockwise parameterization of I'. Both z and y are periodic
functions of . The interface governing equations can be put in a convenient form
by introducing the the complex position variable z(a,t) = z(a,t) + iy(a,t) and the

complex conjugate velocity W(a,t) = u(a,t) — iv(a,t). This interface velocity can be
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represented by a boundary integral plus the sink contribution as follows (for a derivation,

see, e.g., [63]):

_— Q ]. 2w ,.Y(al’t) ,
W= z(a, t) * 2mi P'V'/O z{a,t) — z(c/, 1) det'y (4.6)

where the P.V. denotes the principal value integral. - is the (unnormalized) vortex sheet

strength which measures the tangential velocity jump across the interface by
Y = salu]lr - 8, (4.7)

where s, = \/m, the subscript « denotes differentiation with respect to that
variable, and § is the unit tangential vector on I'. W(a,t) gives, in complex form,
the average velocity (u,v) = %(ul + uz) on the interface and satisfies the boundary
condition (4.5), provided « has zero mean. To close the system, an equation for v can

be derived by using Eq. (4.1). We have that

. 12 12 R
(Vp1 — Vps) - 8 ( bétz uy — bé“ul) -8
12 "
= 2z (Bput f(uy —u2)) -8, (4.8)

where Ap = py — po, i = §(p1 + p2). Thus,

A . b .
vy = —Sa%u 3B saﬁﬁv(pl —p2)- 8. (4.9)
Using the dynamic boundary condition (4.4) and the complex conjugate velocity, we

obtain the following equation for -y
v =24,Re{z, W} + Sk,. (4.10)

Here, A, = (1 — p2)/(p1 + p2) is the viscosity Atwood ratio and S = %7’ is a scaled
surface tension parameter. We nondimensionalize the equations of motion by taking the
initial blob radius to be 1 and by setting Q = —1. Taking into account that there is

freedom in selecting the tangential velocity at the interface, the evolutions equations can
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be written as

_ . 1 i} wr y(a/, t) ; Zala,t)
zt(a,t) = —z(a,t) + 2—7‘_-; PV/[; z(a,t) — z(a’,t)da + A(a,t)m(4ll)
B za(a,t)  zo(a,t) o y(c, t) i
v(eyt) = 24uRe <_ z(a, t) T 27 P'V'/O z(a, t) — z(, t)da>
+Ska, (4.12)

where the bar denotes the complex conjugate. Here, A(«,t) is arbitrary and only de-
termines the parameterization (frame) of the interface but does not affect its dynamics.

For example, the frequently used Lagrangian frame is obtained by taking A = v/(2|za|)-

4.2 The Numerical Method

A spectrally accurate spatial discretization of equations (4.11) and (4.12) can be achieved
easily by computing the space derivatives with the pseudo-spectral approximation, i.e.,
using the Fast Fourier Transform. The principal value integral can also be computed

with spectral accuracy by employing the alternate-point trapezoidal rule [57]:

T e) =
pv. [ — 14w — oy 413
I Ae gt =12
(G = i) odd

where N is the number of computational particles on the interface, h = 2#x /N, and
o; = th for i = 0...N — 1. The quantities with subscripts are the corresponding
discrete approximations. However, surface tension introduces a term (ko) with high-
order derivatives that couple into the interface dynamics in a nonlinear and nonlocal
manner. This leads to a high-order stability constraint (stiffness) for explicit time-
integration methods and makes implicit methods difficult to implement. We use the
0-L scheme that Hou et al. designed in [23]. Their method uses two natural variables

§ = tan~!(y,/zs) which is the tangent angle to the interface and L which is the total
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length of the interface. The evolution equations are given by

27
B o = / oa,Uda’, (4.14)
0

2
6, = T (Ua+6aT), (4.15)
where U is the normal velocity and the tangential velocity T is chosen as
a o 2m
T(a,t) = / O Uda' — —/ O Udd'. (4.16)
0 21 Jo

The stiffness is hidden at the small spatial scales of U, in the equation for §. The leading

order behavior of U at small scales is given by [23]
Ul t) ~ 2HN (@ t), (4.17)

where H is the Hilbert transform which is diagonalizable by the Fourier transform as

’}:[[ fl = —isign(k) f . Moreover, v is dominated by the surface tension term at small

scales, that is

vl ) o e — szgoaa. (4.18)
Therefore,
Ula,t) ~ S%H[Gaa](a, ). (4.19)

The equations of motion can now be written as

2m
By =3 = / 0, Udd, (4.20)
0
8 (2x\°
0, = 5(‘5‘) H[B]aaa+Pa (4-21)

where P represents lower order terms at small spatial scales. L can be updated by an
explicit method as Eq. (4.20) is free of stiffness. To remove the high-order stiffness it

is sufficient to discretize implicitly the leading order term in Eq. (4.21) and treat the
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lower order term P explicitly. This gives a linear time-step stability constraint, i.e.,
At < Ch, where At is the time-step size. Moreover, because of its constant coefficients,
the implicit term can be easily inverted by using FFT. Here, we use the following fourth

order explicit/implicit method studied by Ascher, Ruuth, and Wetton [1]

1 25 4 1
ST A e A Ui
(4.22)

S( 2r \*
2 (LTZI) H[6" ]aaa + 4P" — 6P" 1 4 4P" 2 — P8,

L is updated first using a fourth order explicit Adams-Bashforth multi-step scheme to
obtain L"*! before computing #"*! via FFT.

Note that, at each time step, v has to be obtained from (4.12) to compute the ve-
locities. It has been shown [3] that the Fredholm integral equation for v has a globally
convergent Neumann series. We solve for v by fixed point iteration, accelerated by con-
structing a fourth order extrapolated initial guess from previous time steps. It typically
takes a few iterations to obtain a convergent solution for v when the interface is relatively

smooth. The overall method is fourth order in time and spectrally accurate in space.

4.3 Numerical Results

We consider an initially circular blob of viscous fluid surrounded by less viscous fluid. The
center of the initial blob is at (0, —0.1) and the sink is placed at the origin. Our numerical
results focus on the regularizing effect of surface tension, past the S = 0 singularity
time, and on the limiting behavior of the interface as surface tension tends to zero. The
results are divided in two main parts. First, we present the case where the viscosity of
the surrounding fluid is negligible, which corresponds to A, = 1. In the second part, we
investigate the additional effect that non-zero viscosity in the surrounding fluid has on
the interface dynamics, ie., 4, < 1.

All the computations presented here are performed in 64-bit arithmetic (standard
double precision). Krasny filtering [37] is used to prevent the spurious growth of the
high-frequency components of the round-off error. This nonlinear numerical filter is
implemented by setting to zero all the Fourier modes of the solution whose magnitude

are below a certain level. In our computations we set this filter level to be 107'2. The
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number NV of uniformly spaced points along the interface is chosen so that all the Fourier
modes of the tangent angle 6(«, t) are well-resolved. Initially, we use N = 2048 for most
of the computations. The time step At is selected so that, decreasing it further, would
not produce any appreciable difference within plotting resolution in the curvature of the
interface. We double N as soon as the magnitude of the highest frequency mode of
O(c, t) is greater than the filter level. Very small values of At are required to compute
accurately the interface motion as it approaches the sink. At the latest stage of the
motion, the number of grid points typically increases to N = 8192 or N = 16384 and

At =2 x 1077, A detailed resolution study is presented later in this section.
4.3.1 Development of the Interface for 4, =1

Zero-surface-tension Cusp Formation

In the absence of surface tension, an initially circular blob whose center is not at the

sink develops a 3/2-power cusp singularity in finite time.

05 r
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! ! i L I
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Figure 4.1: Evolution and collapse of the interface for the initially circular blob centered
at (0,—0.1) being sucked by a point sink at the origin. S = 0 and A, = 1. The curves,
from the outer perimeter inwards, correspond to the times ¢ = 0, 0.1, 0.2, 0.24, 0.28,
and 0.2842. The cusp is formed approximately at ¢ = 0.2842. The computation was
performed using N = 2048 and At = 1 x 107° in the Lagrangian frame.
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Fig. 4.1 shows the evolution and collapse of the fluid interface for A, =1 and S = 0. The
cusp occurs at approximately t, = 0.2842 and is located at (0,0.2305) for this particular
case where the blob is initially centered at (0,—0.1). To resolve well the interface up
to times very close to the formation of the cusp, we take advantage of the particle
clustering characteristic of the Lagrangian frame. That is, for this special case (S = 0),
we discretize directly equations (4.11) and (4.12) with A = -v/(2|z4]) using the pseudo-
spectral approximation for the derivatives and the alternate-point trapezoidal rule (4.13)
for the singular integral. An explicit fourth order Adams-Bashforth scheme is used to

integrate in time.

The Regularizing Effect of Surface Tension

The presence of surface tension regularizes the cusped flow in a very special way. Fig. 4.2

shows the fluid interface at different times for S = 0.01.

0.8
06t
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X
Figure 4.2: Evolution of the initially circular fluid blob for S = 0.01 and A, = 1. The
curves, from the outer perimeter inwards, correspond to the times ¢ = 0, 0.080, 0.160,
0.240, 0.284, 0.290, 0.296, 0.300, and 0.301419. The distance of the tip of the finger to

the sink, for the last computed interface (¢ = 0.301419), is 5.9848 x 1072. N = 8192 and
At =2 x 1077 for the last stage of the motion.
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A smooth finger with a rounded tip develops past the zero-surface-tension breakdown
time t, = 0.2842. As the interface gets closer to the sink, the finger evolves rapidly into
a wedge. We stop the computation when the distance of the finger tip to the sink is
5.9848 x 1073, We use N = 8192 and At = 2x 10~7 for the last stage of the computation.
The formation of the wedge as the interface approaches the sink is consistent with the
results reported by Nie and Tian [42] for the two values of surface tension they computed.

We decrease now surface tension to the value S = 4 x 107%. A time sequence of the

interface evolution for this small surface tension is presented in Fig. 4.3.

05 T T T T T

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
X

Figure 4.3: Evolution of the initially circular fluid blob for S =4 x 107* and A, = 1.
The interface is plotted at times around ¢, = 0.2842 and well past it. From the the outer
perimeter inwards, the curves correspond to the times ¢ = 0.280, 0.284, 0.288, 0.290,
0.292, 0.293, and 0.2932. N = 16384 and At = 2 x 10~7 for the last stage of the motion.

The interface passes smoothly the zero-surface-tension cusp time ¢.. Soon after t., we
observe the appearance of an almost straight finger that begins to bulge but is quickly
drawn into the sink forming a wedge. Note that the top of this finger is narrower than
the one corresponding to the larger surface tension S = 0.01 (Fig. 4.2). A look at the
tangent angle 6(«, t) around the finger tip for S = 4 x 107%, shown in Fig. 4.4, strongly

suggests the formation of a corner when the interface touches the sink.
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Figure 4.4: Behavior of the tangent angle 8(«,t) around the finger tip (@ = 0) as the
interface is about to collapse, for § =4 x 10~% and A,, = 1. The tangent angle, plotted
against the parameterization variable o at the times ¢ = 0.2920, 0.2930, and 0.2932,
appears to develop a discontinuity. N = 16384 and At =2 x 107".

The tangent angle 6 appears to develop a discontinuity at the finger tip (a = 0), precisely
when the Hele-Shaw solution breaks down. The computations of Nie and Tian [42], for
another type of initial data, also suggest this breakdown scenario. The formation of the
wedge and the tip corner seem to be generic for this type of flow.

Smaller values of surface tension reveal new features in the interface evolution. Fig-

ure 4.5 shows the interface shape for S =5 x 107°.

The finger clearly bulges and develops a well-defined neck before it becomes a wedge.
It is interesting to note that this neck appears at a height close to that of the zero-
surface-tension cusp. It is conceivable that the formation of the neck and the bulging
of the finger are due to the influence of the zero-surface-tension singularity. In fact, a
look at the curvature shown at Fig. 4.6(a) for the time ¢ = 0.2860, which is very close
to t. = 0.2842, shows already the appearance of two symmetric spikes corresponding to
the location of the neck. The behavior of the interface curvature at subsequent times is

shown in Figs. 4.6(c) and 4.6(d).

Note in particular that the curvature grows almost ten times in magnitude from ¢ =

0.2916 (Fig. 4.6(c)) to ¢ = 0.2918 (Fig. 4.6(d)). The sharp and large spike at a = 0 is
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Figure 4.5: Evolution of the initially circular fluid blob past t., for § = 5 x 107° and
A, = 1. (a) The interface plotted at t = 0.2880,0.2900, and 0.29181. (b) A close-
up of the interface finger at the times ¢t = 0.2840,0.2860,0.2880, 0.2900, and 0.29181.
N = 16384 and At =2 x 1077 for the last stage of the motion.
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Figure 4.6: Interface curvature x(a,t) versus « around the finger tip (o = 0) at different
times past ¢, for § = 5x107° and 4, = 1. (a) t = 0.2860. (b) ¢ = 0.2880. (c) ¢ = 0.2916.
(d) t =0.29181. N = 16384 and At = 2x 10~7 were used to resolve the largest curvature
(d).
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y | A(0.0008,0.0004) | A(0.0004,0.0002) | A(0.0002,0.0001) | A(0.0001,0.00005)
0.1 1.63 x 1073 1.17 x 1073 8.96 x 1074 6.62 x 104
0.06 1.24 x 1073 9.14 x 1077 6.98 x 1073 5.39 x 10~%
0.02 5.99 x 101 4.57 x 1077 3.45 x 10~* 2.47 x 1074

Table 4.1: Change in the finger widths as surface tension is decreased for A, = 1. The
first column shows the height level at which the fingers are compared. Columns 2-5
give the difference A(S, S/2) between the width of the finger corresponding to a surface
tension S and that corresponding to S/2.

an indication of the corner singularity forming as the tip of the wedge touches the sink.

We use N = 16384 and At = 2 x 1077 to resolve accurately this large curvature motion.

The Interface Limiting Behavior as S — 0

We investigate now the interface limiting behavior before and past t.. We present numer-
ical evidence to show that an asymptotic corner angle is selected in the limit as surface
tension tends to zero when the finger tip is about to reach the sink. The computations
presented here also suggest that the vanishing surface tension solution is singular at the
finger neck.

To obtain information on the behavior of the wedge angle in the limit as surface
tension tends to zero, we compare the interfaces for a set of decreasing values of surface
tension. Since the velocity of the interface depends on surface tension, we compare the
interfaces when their finger tips reach the same level above the sink rather than at a
fixed time. As surface tension is reduced, the finger tip reaches the given level faster.
Figure 4.7 provides some indication of the asymptotic trend of the fingers as surface
The fixed level is

tension is successively halved from S = 8 x 107% to S = 5 x 1075,

y = 0.01 so that the finger tips are very close to the sink.

As surface tension is decreased, the fingers develop a neck at about y = 0.27. However,
away from the neck, the finger width changes very little. More precisely, as surface ten-
sion is reduced, the change in the finger width decreases. Table 4.1 gives the difference
A(S, 5/2) between the width of the finger corresponding to a surface tension S and that
corresponding to S/2 at three different levels. It is observed that A(S,S/2) decreases
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Figure 4.7: Comparison of the interface finger for a sequence of surface tensions with
A, = 1. From the outer curve inwards, the fingers correspond to the surface tension
values S = 8x 107, 4x107%, 2x 107, 1 x 1074, and 5 x 1073. Each interface is plotted
when the tip of the finger reaches the fixed level y = 0.01 at = 0. N = 16384 and
g =g x W7,

as surface tension is reduced. The fingers are converging to an asymptotic shape. Ta-
ble 4.2 suggests that an asymptotic angle is selected for the wedge as it touches the sink.
The difference between consecutive angles (corresponding to surface tensions S and 25)
decreases as surface tension is reduced. Note also that there is an asymptotic time at
which the limiting wedge reaches the sink.

While the asymptotic trend of the wedge angle is clear, the limiting behavior of the
interface in the vicinity of the neck is not obvious. More precisely, we would like to find

the form of the continuation solution selected in the limit as surface tension tends to zero

S Wedge angle | Variation
8 x 1074 0.67459 —
4% 1071 0.65719 0.0174
2x 1074 0.64399 0.0132
1x1074 0.63660 0.0074
5x 1077 0.63359 0.0030

Table 4.2: The angle of the wedge (in radiants) for a decreasing set of surface tensions.
The variation (third column) is the difference between consecutive angles, corresponding
to surface tensions S and 28S.
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for any fixed time past ¢, but before the time at which the limiting wedge reaches the
sink. As expected, before t., the interface converges to the smooth zero-surface-tension
solution as S — 0. This is illustrated in Fig. 4.8 which shows a close-up picture of the
interface for a set of decreasing surface tensions at a time (¢t = 0.2840) slightly before t..

The zero-surface tension solution is also shown in Fig. 4.8.

T . I
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S=0—
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$=0.00001 -
§=0.00000001 -
0.34
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0.1 -0.05 0 0.05 0.t

X

Figure 4.8: Limiting behavior of the interface before ¢, = 0.2842 for A, = 1. This figure
shows a close-up picture of the interface around z = 0 for a set of surface tension values,
decreasing from top to bottom, and plotted at time ¢ = 0.2840. The zero-surface-tension
solution is also shown. N = 4096 and At =5 x 107°.

We observe a very different behavior past ¢.. Figure 4.9 presents close-up pictures
of the interface finger developing just past t.. The interfaces correspond to the surface

tension values § =1 x 1075 and S = 5 x 107°, plotted at ¢ = 0.2857.

Note that the width of the small finger is approximately the same for both surface
tensions. But a more pronounced neck with two corners can be observed for § = 5x 107°
in Fig. 4.9(b). Unfortunately, well-resolved computations for surface tensions smaller
than this value are extremely difficult due to interface singular behavior and to growth
of the round-off error noise. Nevertheless, the non-smooth transition observed for the

previous values of surface tension hints a possible singularity formation in the limit.
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Figure 4.9: Close-up of the interface around z = 0 at ¢ = 0.2857 (just past t.) for
A, = 1. The interfaces correspond to (a) S = 107® and (b) S = 5 x 107%. N = 8192
and At =5 x 1076,

Indeed, a look at the tangent angle 6(«,t) in Fig. 4.10 provides further indication of a

singularity scenario in the limit as S — Q.

The two spikes in 0 correspond to the finger neck. While the tangent angle changes
smoothly around the finger tip, two small kinks observed for § = 5x 1075 mark an almost
discontinuous transition in @ at the finger neck. We use N = 8192 and At = 5 x 1075 to
resolve accurately both 6 and the curvature for this case. Figure 4.11 shows the curvature

near the finger tip at two very close times for S = 5 x 1075,

There is a rapid growth of the curvature at the neck. A comparison with the curvature
corresponding to S = 5 x 107> (Fig.4.6(a)) shows the singular trend of the interface
limiting behavior. Although the numerical evidence is somewhat limited and further
study is required for smaller values of surface tension, we conjecture that the neck will

asymptote to corners in the limit as S — 0.

4.3.2 A, <1 : The Effect of the Surrounding-fluid Viscosity
Zero-surface-tension Cusp Formation

Very little is known for the Hele-Shaw flow with suction when A, < 1, i.e., for the two-
phase (Muskat) problem, even if surface tension is neglected. We first present a series of

computations for several Atwood ratios in the absence of surface tension. These compu-
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Figure 4.10: The tangent angle 6(«, t) versus « around the finger tip (o = 0) at ¢t = 0.2857
for A, = 1. The plots correspond to (a) S = 1075 and (b) 5 x 107, N = 8192 and
Ad = Bx 1075,
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Figure 4.11: The curvature x(e,t) versus « around the finger tip (o = 0) for 4, =1
and S =5 x 1078, at (a) £ = 0.2850 and (b) ¢t = 0.2855. N = 8192 and At =5 x 1076,
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tations for S = 0 are performed in the Lagrangian frame as explained in Section 4.3.1.

Figure 4.12 shows the breakdown of the Hele-Shaw solution for A, = 0.8 and A, = 0.2.
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Figure 4.12: Collapse of the interface in the absence of surface tension. (a) 4, = 0.8.
The cusp is formed approximately at ¢, = 0.3070. (b) A, = 0.2. The cusp is formed
approximately at ¢, = 0.3809. The computations were performed using N = 2048 and
At =1 x 1075 in the Lagrangian frame.

The viscosity of the exterior fluid alone does not prevent the formation of cusps in the
interface. Note that the breakdown times occur later than that for the A4, =1 flow. As
a result, more interior fluid gets sucked as A, decreases. Figure 4.13 presents close-up

plots of the zero-surface-tension cusps for A, =1, 0.4, 0.2, and 0.08.

As the fitting curves demonstrate, the 3/2-power cusp singularity appears to be very
generic. In all these cases the cusps are formed before the interface reaches the sink.
However, as A, is reduced, the cusps develop closer and closer to the sink. It may be
thought that for sufficiently small A, the cusp singularity will be formed only when the
interface touches the sink. Nevertheless, at least for A, as small as 0.01, we find no
evidence of this. The cusp still forms before the interface reaches the sink. Apparently,

only for A, = 0 the cusp occurs right at the sink.

Surface Tension and Large Viscosity Ratio

We consider now the flow for 4, = 0.8 with surface tension S = 5 x 1075. Figure 4.14
shows the interface at different times as it evolves. Just as in the A, = 1 case, a finger

develops past t. and evolves into a wedge as it is drawn into the sink.
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Figure 4.13: Zero-surface-tension cusps and 3/2-power fitting curves for different values
of the viscosity Atwood ratio, shown at the approximate breakdown time ¢.. (a) 4, = 1.0
at t. = 0.2842. (b) A, = 0.4 at t, = 0.3745. (c) A, = 0.2 at t. = 0.3807. (d) A, = 0.08
at t, = 0.40135. The computations were performed using N = 2048 and At = 1 x 107°
in the Lagrangian frame.
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Figure 4.14: Evolution of the initially circular fluid blob past t., for S =5 x 1075 and
A, = 0.8. (a) The interface plotted at ¢ = 0.3106,0.3126 and 0.3136. (b) A close-up of
the interface finger at the times ¢t = 0.304, 0.3076,0.3106,0.3126, and 0.3136. N = 16384
and At = 2 x 1077 for the last stage of the motion.
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This particular value of surface tension was also considered for A, =1 (see Fig. 4.5). A
comparison of these two cases, A, = 1 and A, = 0.8, shows a smoothing effect of the
exterior-fluid viscosity on the interface. For A, = 0.8, the finger has a less pronounced
neck. The behavior resembles that of A, = 1 with much larger surface tension, except
that the finger is thinner for A, = 0.8. However, the side indentations of the finger neck

do develop for smaller surface tension as Fig. 4.15 demonstrates.
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Figure 4.15: Evolution of the initially circular fluid blob past t., for § = 1 x 107> and
A, = 0.8. (a) The interface plotted at ¢ = 0.31222. (b) A close-up of the interface finger
at the times ¢t = 0.3080,0.3111, and 0.31222. N = 32768 and At =1 x 10~7 for the last
stage of the motion.

The interface motion shown in this figure corresponds to S = 1x1075. We use N = 32768
and At = 1 x 1077 to resolve the last stage of the flow. Note that the wedge angle is
smaller than that corresponding to A4, = 1. The formation of a corner at the finger

tip can be clearly appreciated in Fig. 4.16 which is a plot of 8 around the finger at
t = 0.31222.

At this time, the distance of the finger tip to the sink is 9 x 1073, In addition to the
discontinuity at e = 0, we observe two abrupt changes in 6 corresponding to the finger
neck. This is analogous to the almost discontinuous transition in 6 observed for A, =1
and S =5 x 1078 in Fig. 4.10(b) and which we believe will lead to the formation of pair

of curvature singularities at the neck in the limit as S — 0.
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Figure 4.16: Tangent angle 6(«,t) versus « around the finger tip at ¢ = 0.31222 for
S=1x10"and A, = 0.8. N = 32768 and At =10"".

Surface Tension and Small Viscosity Ratio

The Hele-Shaw flow for small Atwood ratios differs significantly from the A, = 1 flow.
Figure 4.17 shows the evolution of the interface for A, = 0.2 as it approaches the sink

for several values of surface tension.

The interface develops a very thin finger whose width decreases with surface tension.
Unlike the larger A, flows, for A, = 0.2 the zero-surface-tension cusp occurs already
very close to the sink so that small surface tension acts very briefly past t.. In the
short time interval from ¢, to the time where the interface touches the sink, the sink
flow is dominant and the interface profile is similar to that with zero-surface-tension.
The effect of small surface tension is to round slightly the tip of the thin finger. This is
illustrated clearly in Fig. 4.18(a) where a close-up picture of the finger, for A, = 0.2 and

S =1 x 1075, is shown as the interface is about to collapse at ¢t = 0.38124.

We use N = 32768 and At = 1 x 1077 to resolve the interface motion up to this time.
The zero-surface-tension A, = 0.2 cusp is also shown. Figure 4.18(b) is a plot of the
tangent angle 6(«, t) around the finger tip. This plot suggests once more the formation
of a corner singularity at the finger tip as it touches the sink. Note also that there are

no signs of neck formation for this case, as reflected in 6.
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Figure 4.17: Evolution of the interface for 4, = 0.2 with different surface tensions as it
approaches the sink. (a) S =1x 1072, (b) S =1x1073, (¢) S =1 x 1074, and (d)
S=1x10"5 N =8192 and At =5 x 107,
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Figure 4.18: Collapse of the interface for A, = 0.2 and S =1 x 1075, (a) Close-up of
the finger tip at ¢ = 0.38124. The distance of the tip to the sink is 0.00951. The dotted
line curve corresponds to the zero-surface-tension cusp at t. = 0.3809. (b) tangent angle
#(c,t) near the interface tip (@ = 0) at ¢+ = 0.38124. This computation ended with
N = 32768 and At =1 x 107".
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Finally, we study the asymptotic behavior of the thin fingers for A, = 0.2 in the
limit as surface tension tends to zero. Figure 4.19 provides a close-up of the fingers at
t = 0.3800, just before t.. As expected, the fingers converge to the zero-surface-tension

solution.
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Figure 4.19: Limiting behavior of the interface before t, = 0.3809 for A, = 0.2. This
figure shows a close-up picture of the interface around z = 0 for a set of surface tension
values, decreasing from top to bottom, and plotted at time ¢ = 0.3810. The zero-surface-
tension solution is also shown. N = 4096 and At =1 x 107°.

To study the interface asymptotic behavior past . we compare the fingers, for a
decreasing set of surface tension values, when they reach a given fixed level close to the
sink. This comparison is given in Fig. 4.20 for surface tension ranging from S = 1 x 1072

to S =1 x 1072, The interfaces correspond to different times past t..

An asymptotic shape of the fingers is apparent. Table 4.3 shows the converging
trend of the finger widths as surface tension is decreased. Note that the asymptotic
wedge angle for A, = 0.2 is smaller than the angles observed for A, = 0.8 and 4, = 1.
The asymptotic angle decreases with A,,, apparently towards the zero angle of the A, =0

cusp.
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Figure 4.20: Comparison of the interface finger for a sequence of surface tensions with
A, = 0.2. From the outer curve inwards, the fingers correspond to the surface tension
values S = 1x 1072, 1x 1073, 1 x 1074, and 1 x 10~°. Each interface is plotted when the
tip of the finger reaches the fixed level y = 0.01 at z = 0. N = 8192 and At =1 x 107
for S=1x10"?and S =1x10"3. N = 16384 and At =2 x 1077 for § =1 x 10" and
5 == 1 5 109,

g | A0~ 109 | AQ107%,10~%) | A(10%,10°7)
0.04 0.01148 0.00445 0.00174
0.03 0.00914 0.00377 0.00148
0.02 0.006138 0.002874 0.001218

Table 4.3: Change in the finger widths as surface tension is decreased for A, = 0.2.
The first column shows the height level at which the fingers are compared. Columns 2-4
give the difference A(S,S/10) between the width of the finger corresponding to a surface
tension S and that corresponding to S/10.
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4.3.3 An Analysis of Numerical Errors

As described in the beginning of this section, our computations are performed so that all
the Fourier modes of the tangent angle 8(«, t) are well-resolved at all times. To achieve
this we successively double the number of points N as soon as the magnitude of the
highest frequency mode of #(a,t) is greater than the filter level. The time-step size At
is selected so that decreasing it further would not produce any appreciable difference
within plotting resolution in the curvature of the interface.

We now present a resolution study for the long-time computation that is most difficult
to resolve. This is the case corresponding to 4, = 1 and § =5 X 1073 for the 10% offset
initial data. In lack of an exact solution, we compare two different resolutions computed
as follows. One computation starts with N = 1024 and At = 1 x 10~* and ends with
N = 16384 and At = 2 x 1077, The other computation uses twice the number of points
and half the time-step, i.e., it starts with N = 2048 and At = 5 x 107° and ends with
32768 points and At = 107, The number of digits in the maximum difference between
these two resolutions for @ is presented in Fig. 4.21. Up to the end, the computations
agree within at least three digits of accuracy for 6. A similar resolution study for A, = 0.2

and S =1 x 107° gives a maximum difference of 2.8 x 10~ at ¢ = 0.38124.

05

o L L L i s L L
0288 0.2885 0.289 0.2895 0.29 0.2905 0.29% 0.2915 0.292
t

Figure 4.21: The digits of accuracy in 6 versus time for S =5 x 107° and A4, = 1 as re-
flected by the maximum difference between two computations with different resolutions.
One computation starts with N = 1024 and At = 1 x 107* and ends with N = 16384
and At = 2 x 1077. The other computation uses twice the number of points and half the
time-step, i.e., it starts with N = 2048 and At = 5 x 107°, and ends with 32768 points
and At =1x 1077,
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By monitoring closely the spectrum of the solution at all times, we verify the resolu-
tion in Fourier space and check for signs of numerical instability and noise. The spectrum
of the vortex sheet strength « at various times for A4, = 1 and S = 5 x 107° flow is
shown in Fig. 4.22. The spectra appear free of any sign of numerical instability and noise

pollution is inappreciable.

T=0.2895

A
!ykl

Figure 4.22: The spectrum of y at various times for S =5 x 107> and 4, = 1.

Another useful check for the numerics is the conservation of the first moment for

Ay=1:

=l
I=— zdzdy =0 4.23)

where €2 is the domain of the viscous fluid and z denotes the complex position of the

fluid particles. This identity can be easily shown by noting that

I= / 2Uds = —M / zVp - ids, (4.24)
I'(t) r(t)

where again I'(t) is the free boundary, U is the normal velocity, and we have used
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U = —MVp-n. Since p and both the real and imaginary part of z are harmonic

functions, a Green’s identity implies that

/ zVp - nds = / pVz - nds. (4.25)
() r(t)

Moreover, p|r = 7k for A, = 1. Thus,

I=-M sz-ﬁdsz—M/ sz-ﬁds-———MT/ kVz-nds
I(t) T

P (&) (4.26)

2w
=iMr / 0,e¥%ds = iMT / ede = 0,
I'(t) 0

where we have used k = 6. Throughout all the computations for A, = 1, |I| remains of

order 10~!2 or smaller.

4.3.4 Effect of Offset Shift

We consider now the effect of a shift in the position of the center of the initially circular
blob. In Fig. 4.23, we compare a 20% offset sink (the blob center is (0, —0.2) initially),
with a 10% offset sink (the blob center is (0, —0.2) initially), with surface tension S = 0.01
and A, = 1.0.

(a) (b}
o5 v ™ v ™ T 04 r T y

10% Offset at T=0.301418

Y 20% Oftset at T=0.20804

. 10% Offset
. X 20% Offset

-0.8 -0.6 -0.4 -0.2 0 02 0.4 0.8 0.8 0 - . % - %
X -0.2 -0.15 -0.1 -0.05 1] 0.05 0.1 0.15 0.2

Figure 4.23: Comparison of finger widths for 10% and 20% offset sinks, with S = 0.01
and A, = 1.0. The interface for the 10% offset initial data is plotted at t=0.301418 and
that for the 20% offset case is plotted at t =0.20804. (a) The two interfaces and (b) a
close-up of the fingers. N = 8192 and At = 1 x 1079 for the last stage of the motion.
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Although the viscous finger forms much earlier for the 20% offset case, the width
and shape of the finger are unaffected by the offset shift. We now consider a similar

comparison for § =5 x 107° and A4, = 1.0. This is shown in Fig. 4.24.

0.5 T a T T T T -

10% Oftset at T = 0.291806

20% Oftset at T = 0.19945

10% Oftset

20% Offset

-0.8 -0.6 -0.4 -0.2

0 0.2 04 06 0.8 v} . Z = d F
X -0.2 -0.15 -01 -0.08 Qe 0.05 ot ais a2

Figure 4.24: Comparison of finger widths for 10% and 20% offset sinks with § = 5x107°.
The interface for the 10% offset initial data is at t=0.291806 and that for the 20% offset
case is plotted at t =0.19945. N = 16384 and At = 2 x 1077 for the last stage of the

motion.

We find that the finger tips match very well and thus, the corresponding solutions
break down with the same corner angle. The overall development of the two finger is
qualitatively the same. In particular, similar side indentations at the neck are formed

and the fingers slightly bulge before becoming a wedge.

4.4 Further Discussion

Surface tension regularizes the cusped Hele-Shaw flows with suction. In the presence of
small surface tension, and when the viscosity of the surrounding fluid is neglected, a long
finger develops after the zero-surface-tension singularity time. This finger evolves rapidly
mmto a wedge as it approaches the sink. The Hele-Shaw solutions for A, = 1 appear to
generically break down by forming a corner at the wedge tip when the interface touches
the sink.

As surface tension is decreased systematically, new features of the Hele-Shaw flow

are discovered. The angle at the tip of the wedge converges to a selected asymptotic
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value in the limit as S — 0. Moreover, for sufficiently small values of surface tension,
side indentations forming a neck develop at the top of the finger. As opposed to the
predicted behavior of the crack model of Howison et al. [25], the developing finger for
A, = 1 bulges after the zero-surface-tension cusp time t.. The formation of the neck and
the bulging of the finger are intriguing phenomena that could be linked to the influence
of the zero-surface-tension singularity for very small values of surface tension.

It could also be argued that this somewhat singular behavior is caused by the impact
of a curvature-induced complex singularity. This so-called daughter singularity, whose
concept was introduced by Tanveer [60], is generated by a zero in the derivative of the
conformal map that describes the Hele-Shaw flow. The daughter singularity is spawn
by the zero through the surface tension term, in the complex plane outside the physical
domain. The zero and the daughter singularity travel with different speeds towards the
physical domain. Depending on the initial data, the daughter singularity may or may not
impact the physical domain before the zero does. For the particular initial data that we
use here, the daughter singularity would hit the physical domain well after the zero, i.e.,
much later than ¢.. The daughter singularity impact time can be estimated by solving
an ordinary differential equation [60, 58]. Since the neck formation and the bulging of
the finger are observed around t., we rule out the effects of the daughter singularity for
the particular flow we consider here.

The numerical evidence presented here also suggests that the limiting solution as
S — 0 is singular at the finger neck, for any fixed time past ¢, but before the asymptotic
time at which the wedge tip touches the sink. Unfortunately, well-resolved computations
are difficult to achieve due to the rapid growth of the round-off level noise for very
small surface tension and to the singular interface behavior. Although further numerical
study is required to compute effectively the limit, we believe that corners will develop
at the finger neck in the limit as S — 0. The vanishing surface tension solution selects
a continuation solution past ¢, in which the zero-surface-tension cusp is split into a pair
of corner singularities.

The viscosity of the exterior fluid alone does not prevent the formation of cusps. It
only delays them. In the absence of surface tension, we observe generic 3/2-power cusps

Just as in the case of A, = 1. However, as the viscosity ratio A, is decreased, we observe
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that the zero-surface-tension cusps develop closer and closer to the sink. We find that
even for values of A, as small as 0.01, the cusp singularity develops before the interface
reaches the sink. In the presence of surface tension and for large viscosity ratios, the
interface evolution is very similar to that of A, = 1 but with larger surface tension.
The viscosity of the exterior fluid has a smoothing effect on the flow and a thinner finger
develops. The interface behavior is significantly different for small viscosity ratios. In this
case, the zero-surface-tension cusp occurs already very close to the sink. Small surface
tension only rounds slightly the tip of the cusp before this part of the interface rapidly
accelerates to the sink. As a result, thin cusp-like fingers develop for small viscosity
ratios. These fingers appear to converge also to an asymptotic shape as surface tension
is reduced. It is noted that the angle of the asymptotic wedges decreases with A,. We

believe that this angle will collapse to zero (a cusp) in the limit as A, — 0.
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Chapter 5
Numerical Study of Axisymmetric Flow

with Suction through Porous Media

Through the similarity in their governing equations, three-dimensional saturated flows
through porous media are linked with Hele-Shaw flows with suction. In the following
chapter, we study the axisymmetric flow consisting of a blob of viscous fluid driven
through a point sink located inside the blob. The surrounding fluid is assumed inviscid.
In Section 5.1, we present the equations of motion for the axisymmetric flow through
porous media in a boundary integral formulation. We describe the numerical method
in Section 5.2, The main idea to construct the uniform order quadratures of Nitsche is
outlined here. We also explain how to adapt the technique of Hou et al. to obtain an
efficient non-stiff time discretization for the computation of the axisymmetric flow in
the presence of surface tension. Several important numerical issues such as numerical
stability and filtering are also discussed in Section 5.2. As a test to the numerical method,
we compute the evolution of an initially spherical vortex sheet [41, 45). Section 5.3 is
devoted to present the numerical results on the axisymmetric flow with suction along

with some comparisons with the corresponding Hele-Shaw flow.

5.1 The Governing Equations

We consider an axisymmetric blob of incompressible viscous fluid surrounded by air or
gas whose density is so light (compare to that of the viscous fluid) that the motion of

the gas is unimportant. The velocity field u of the viscous fluid is given by Darcy’s law:

u= ——IEVp, (5.1)
7
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where k is the permeability of the medium, p is the viscosity of the fluid, and p is the
pressure. The incompressibility of the fluid expressed as V - u = 0 implies that the

pressure satisfies Laplace’s equation
Vp =0. (5.2)

The nonlinearity of the flow comes from the boundary conditions on the fluid interface

(the boundary of the fluid blob). Denoting the interface by I', these conditions can be

written in the following form:

[u-d)lr = 0, (5.3)

plic = 7x, (5.4)

where [-] denotes the jump across the interface. Here, fi is the exterior unit normal to
I, 7 is the surface tension coefficient, and « is the mean curvature of the interface. The
kinematic boundary condition (5.3) states that the normal component of the velocity field
is continuous across the interface. This implies that particles on the interface remain
there. The relation (5.4), known as the Laplace-Young boundary condition, gives an
account of how the presence of surface tension modifies the pressure across the interface.
We assume that there is a point sink at the origin, inside the fluid blob. For large

distances away from the sink, the velocity field tends to the simple radial flow:
u(X) — Qi, as |X| = oo. (5.5)

X2

Since the flow is potential, it can be described by the dynamics of the free interface
I'. Furthermore, we assume that the flow is axisymmetric. Thus, the surface I' can be
represented by its cross section with the z — y plane, as depicted in Fig. 5.1 for the case
of a spherical surface. At any time t, we write I in parametric form as (z(a,t), y(«, t)),
where « is a Lagrangian parameter. Both z and y are 27 periodic functions in «. Note

that, because of symmetry, (z(«,t), y(a,t)) with a € [0, 7] suffices to describe the whole

interface.
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Figure 5.1: Spherical surface: (a) Three-dimensional perspective and (b) curve repre-
senting the cross section of the flow in the x — y plane.

Taking into account the sink, the radial (u) and axial (v) velocities are given by [8]

1 I ' N2 2 2 ;
uet) = yY -y F(A)_(y y) ng +2 ooy | da
Tz Jo p2 I
xr
NCEToR o
1 & 1 (y’—y)2+$/2 —152 ’
v(a,t) = — — |F(A) — E(\)| da
(a, t) el M (A) 7
Y, S (5.7)

(1-2 o y2)3/2’

where p? = (y — ¥')? + (z — 2')? and p} = (y — ¥')% + (z + 2')%. Here v is the analogue
to the two-dimensional vortex sheet strength. F'(A) and E(A) are the complete elliptic
integrals of the first and second kind given by:

] do
PN = | ——,
() /o 1— A2cos26
E(\) = /2 1 — A2 cos? 6d6,
0

with A% = 422'/p3. The integrals in (5.6) and (5.7) are understood as principal-value

integrals. Following the derivation for Hele-Shaw flow (see, for example {10, 63]), we get
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a similar integral equation for v at the cross section with the z-y plane:

2
'7((17 t) = 4 (xau + yav) + Skig- (5~8)

s
Here, S = 7k/u is a scaled surface tension parameter. Thus, the motion of the axisym-
metric flow through porous media with suction is described by Eqgs. (5.6), (5.7), and
(5.8). We nondimensionalize the equations of motion by setting Q = —1 and by taking
the initial radius of the interface to be 1. Finally, the mean curvature can be computed

using the following formula:

TalYaa — Taala Ya

e + Yo (5.9)

s3 ZSa

where s, = /2 + y2. For future reference, we write the two components of the curva-
o T Ya )

ture separately as

ZaYao — Taala

g = ooy __ealls (5.10)
SO(

By = L (5.11)
IS4

We see that the governing equations are very similar to those for the two-dimensional
Hele-Shaw flow, except for the additional component ko of the mean curvature, and the

integrands of the boundary integrals. Also the point sink has a different form.

5.2 The Numerical Method

There are two main components in obtaining a numerical solution to the initial value
problem given by (5.6), (5.7), and (5.8): an accurate discretization in space which in-
cludes the evaluation of the principal-value integrals and the solution of the integral
equation for 7y, and an efficient and accurate time marching scheme. The appropriate
choice of each discretization is nontrivial as the boundary-integral formulation is very
sensitive to numerical instabilities. In addition, in the presence of small surface tension,
discretetizations become even more sensitive due to the ill-posedness of the underly-

ing zero-surface-tension problem [17, 26]. We describe in this section our discretization
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choices and illustrate why high accuracy and delicate numerical filtering are required to

compute reliably the nonlinear interface evolution.

5.2.1 Evaluation of the Principal-value Integrals

Unlike the case for the analogous two-dimensional motion, the integrands in the boundary
integrals for three-dimensional axisymmetric flow have a very complex structure involving
poles and logarithmic singularities. Even if the leading order singularities are extracted,
some derivative of the integrands will be singular and as a result standard quadrature
rules will have a non-smooth discretization error. Moreover, as noted by Baker et al. [4],
the integrands change rapidly at the two poles where the surface intersects the axis
of symmetry. This makes the accurate evaluation of the principal-value integrals for
axisymmetric flow even more difficult to achieve.

Here, we use a high order quadrature due to Nitsche [44]. This quadrature achieves
a uniform discretization error. We implement this quadrature to fifth order for the
computations accounted here. We present next only the main ideas in the construction
of this quadrature and refer the reader to [44] for the the implementation details.

Each boundary integral can be written in the following form:

w(a,t) = /07r Gla, o, t)dd, (5.12)

where
G(a,d,t) = G(y(d, 1), z(a, 1), y(a, t), z(d, t), y(, 1)) (5.13)

is a function given in terms of the elliptic integrals F(\) and E(\) as expressed in Eq. (5.6)
and Eq. (5.7). Note that there is a different G for each boundary integral. Expanding
the elliptic integrals around A = 1 and performing a Taylor expansion around o' = «, it
follows that

C-1 (Oé, t)

G(a,d,t) = Gs(a, o t) + ——— + ch(a,t)(a' —a)*log o’ — al, (5.14)
of —a £

where G4(a,d/,t) is a smooth function in both o and o’. Consider a uniform mesh in «
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given by o; =ih fori =0,1,... , N and h = n/N. Sidi and Israeli [57] show that

T h
/ G(Ozi’a”t)da’ == hZG(ai,aj,t) + hGS(ai,aj,t) + co(ai,t)hlog —2—71'

% J#i
2m
+ Z veep(ag, t)RF (5.15)
k=2
! o* o k+1 2m+3
+ ’; Wl5om G o m ) = 5 Glaw, 0, ]WF ! + O(h*™ )

for any integer m > 1. The constants v, and v, (not to be confused with the vortex
sheet strength 7) are given in [57]. The first term in the right-hand side of (5.15)
corresponds to the ring vortex approximation while the first three terms together give the
de Bernadinis and Moore quadrature. Quadratures of higher order may be constructed
by approximating the principal-value integral by the right-hand side of (5.15) for a given
m > 1. However, the error for all these quadratures is nonuniform and deteriorates
severely near the poles of the symmetry axis (¢« = 0 and @ = 7). As pointed out
by Nitsche [45], this is because both the coefficients ¢, and the derivatives o e
are not uniformly bounded. In fact, Nitsche [44] shows that, as «; — 0, they behave

asymptotically as

1 o 1 1@
Ck(aia t) ~ Oéf_l and mG(aiv 0, t) ~ af_l ’ (5 )
for the boundary integral in the radial velocity u given by (5.6), and as
1 L 1 )
Ck-(al‘,t) A Zy_f:— and WG(al,O,t) oo ;f’ (5 7)

for the boundary integral in the axial velocity v given by (5.7). Similar estimates hold
for a; — 7.

The main idea of Nitsche’s quadrature is to construct functions B and B™ that
approximate G at the symmetry poles @ = 0 and @ = 7 to get corrections for the
nonuniform quadratures derived from (5.15). The functions B® and B™ are obtained by
Taylor expanding the integrand G about the poles. Let us denote any of the nonuniform

quadrature rules by Q[-]. Near o = 0, G — B? is smoother than G and consequently
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Q[G — BY] = Q[G] — Q[B"] has a smoother discretization error than Q[G]. Therefore,

the approximation
/0 " Gdo' ~ Q[G] — Q[B°] + / BY%d/ (5.18)
behaves better than Q[G] near o = 0. Note that
Eq[B°] = / B%a’ — Q[BY] (5.19)

acts as a local correction to the error in Q[G]. A similar correction Eg[B™] can be

obtained near « = m. The final approximation due to Nitsche [44] can be written as
v
/ G(ay, o, t)da’ ~ Q[G] + w1 (i) Eg[B°] + wa(a;) Eg[B™], (5.20)
0

where w; and wy are positive weight functions that satisfy w; + ws = 1. Both Eg[BY]
and Eg[B™] can be computed efficiently with a very small overhead to Q[G]. Except for
simple factors, the corrections are time-independent and can be precomputed. We find
that due to cancellation of digits, the time-independent terms in the corrections need to
be precomputed using quadruple precision to achieve the O(h%) quadrature we employ
here. This quadrature is obtained from (5.15) for m = 1 and the appropriate corrections

EQ [BO] and EQ [B’r]

5.2.2 Time Integration: Removing the Surface-tension Induced Stiff-

ness

Through the curvature, surface tension introduces high order derivatives of the interface
position that couple nonlinearly and nonlocally with the flow. The presence of high
order space derivatives causes a severe time step stability constraint for explicit time
integration schemes. Hou et al. [23] have designed an ingenious technique to remove

the severe stability constraint, i.e., stiffness. In their method, the interface evolution
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equations in terms of the tangent angle § and the arclength metric s, = /22 + y2 are

Sat. = T —0al, (5.21)
1
6, = —(Us+Tha), (5.22)

where T' and U are the interface tangential and normal velocity respectively. The stiffness

is hidden at the small spatial scales of U, in the #-equation. The leading order behavior
of U at small scales can be obtained by noting that, for z # 0, the leading order terms

of the integrands in the velocity [Eq. (5.6) and Eq. (5.7)] are

"R - A —a) o)

for the radial and axial velocity respectively. Therefore, it can be easily shown that

Ula,t) ~ %H[y](a,t), (5.24)

Sa

where H is the Hilbert transform which is diagonalizable by the Fourier transform as

7—1[ f1= —isign(k) f. Moreover, v is dominated by the surface tension term Sk; at small

scales, that is

e, t) ~ Sk =8 (g—g) . (5.25)
Therefore,
S
Ufa,t) ~ g?{[(()a/sa)a](a,t). (5.26)

This dominant term at small scales simplifies if the arc-length metric s, is constant in
space. This can be achieved by exploiting the freedom in selecting the tangential velocity,

as the interface motion is solely determined by the normal velocity U. By letting

(e 2r
T(a,t) = / Oy Udd' — 22—/ 6, Udd, (5.27)
0 ™ Jo
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Sq IS maintained constant and equal to its mean at all times, i.c., s, = L(t)/27, where
L(t) is the total length of the curve in the cross section at time ¢. The equations of

motion can now be written as

27
Lt = —/ Ga/Udo/, (528)
0
S (2m\?
_ 2 fem 5.29
9t 9 (L) H[O]aaa +P7 ( )

where P represents lower order terms at small spatial scales. L can be updated by an
explicit method as Eq. (5.28) is free of stiffness. To remove the high-order stiffness, it
is sufficient to discretize implicitly the leading order term in Eq. (5.29) and to treat
the lower order term P explicitly. This gives a linear time-step stability constraint,
i.e.,, At < Ch, where At is the time-step size and C is a constant. Moreover, because
of its constant coefficients, the implicit term can be easily inverted by using the fast
Fourier transform. Here, we use the fourth order explicit/implicit method to update 6
(Eq. (4.22)).

Note that, at each time step, v has to be obtained from the integral Eq. (5.8) to
compute the velocities. As pointed out by Baker et al. [3], (5.8) can be solved efficiently
by fixed point iteration accelerated with a good initial guess. Here, we use a fourth order
extrapolated initial guess constructed from previous time steps. It typically takes a few

iterations to obtain a convergent solution for v when the interface is relatively smooth.

5.2.3 Filtering and Numerical Stability

To test our implementation of the fifth order quadrature for the evaluation of the
principal-value boundary integrals, we compute the motion of a vortex sheet in a homo-
geneous incompressible inviscid fluid in the absence of surface tension. This test example
allows us also to illustrate some important issues concerning numerical stability. We use

the following initial data:

z(a, 0) = cos(a), y(a, 0) = sin(a), (e, 0) = cos(a),
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which corresponds to the cross section of a spherical sheet. This is the problem computed
by Nitsche [44], and by Nie and Baker [41], using two different quadratures. Note that for
this problem 7 is constant in time and only the interface position needs to be updated.
Thus, the computational cost is significantly less than that of the axisymmetric suction
flow where v has to be obtained from the integral Eq. (5.8) every time step.

Figure 5.2 shows the Fourier spectrum of the boundary integrals for the initial data.
This is a plot of the magnitude of the Fourier coefficients of the complex vortex sheet

velocity u + iv [Eq. (5.6) and Eq. (5.7) with @ = 0]. The integrals are computed using

10 — T T

s L
50 100 150 200 250
k

Figure 5.2: Fourier spectrum of the velocity u + iv for the initial data of the spherical
vortex sheet. The velocity was computed using the fifth order quadrature with NV = 256
and N = 512.

Nitsche’s fifth order quadrature with N = 256 and N = 512. Here N is the total number
of uniformly spaced points along the complete interface (o € [0,27]). Note that there
is a plateau of high frequency modes for each N. The plateau comes from the non-
smooth discretization error. Its level decreases by approximately a factor of 32 when
the resolution is doubled. If this plateau is not removed, the coupling of the interface
position with the velocity will cause a rapid growth of the high frequency modes of the
numerical solution and this will in turn lead to numerical instability.

Krasny filtering [37] provides a way of removing the high frequency modes introduced
by the non-smooth discretization error in the velocity integrals. Given a grid-defined

function f;, Krasny filter is implemented by taking the FFT of f;, setting to zero all



135

the Fourier modes of f; whose magnitude are below a certain level, and transforming
back. Note that to maintain accuracy, the filter level must be chosen as low as possible.
Typically, it is selected in the order of 10® times the round-off error.

Using the L-0 formulation given by (5.28) and (5.29) with N = 2048 points and
At = 0.0001, we compute the motion of the initially spherical vortex sheet. At every
time step, the velocity is filtered with a level set to 7.5 x 10711, All the computations
presented here are performed with standard double precision. In addition, to prevent
the spurious growth of round-off error high-frequency modes under the Kelvin-Helmholtz
instability, Krasny filtering is applied to 6 with a filter level set to 10713, Figure 5.3 shows
the interface profile, the mean curvature, and the spectrum of the velocity at ¢ = 1.09.
Figure 5.3(b) gives clear indications of a curvature singularity developing at the interface.
The spectrum of the velocity is free of any sign of numerical instability.

It is important to note that the vortex sheet remains smooth at the poles o = 0 and
a = 7 at all times. As we will see in the next section, this is not the case for the ax-
isymmetric flows we are interested in. Since the quadrature we use is based on a Taylor
expansion about the symmetry poles, the accuracy deteriorates as the poles lose regular-
ity. Very high spatial resolution is required to maintain the high frequency components
of the non-smooth discretization error below an acceptable filter level. In addition, v
couples with the principal-value boundary integrals through the integral Eq. (5.8). This
extra coupling makes the computation more sensitive to numerical instability than that
for a vortex sheet where v is constant (zero surface tension) or explicitly determined
(with surface tension). In our implementation, the integral equation (5.8) is solved it-
eratively. The iteration process is stopped when the difference between two subsequent
iterations is less than a tolerance set to 107!!. Krasny filtering is applied to u and v
given by (5.6) and (5.7) in every iteration used to solve for . The filter level for u and
v is selected lower (smaller) than 10!! to guarantee the convergence of the iterations
up to the tolerance level but high enough so that the non-smooth part of the error is
removed. After the iterations are completed at every time step, v is also filtered wit h a
filter level slightly higher than the iteration tolerance. To summarize, filtering is applied

as follows for the computation of the axisymmetric flow interface motion:

e Filter 6 every time step with a level set to 10713, This is a typical filter level for
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Figure 5.3: Vortex sheet test run. These plots correspond to ¢ = 1.09 with N = 2048
and At = 0.0001. (a) Cross section of the vortex sheet. (b) Mean curvature versus a.
(c) Fourier coefficient |cx| of the complex velocity u + iv .
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double precision computations.
e Filter u and v for every iteration used to solve for v with a level equal to 10712

o Filter v after the iterations are completed at every time step with a level set to

2.5 x 10711,

o Filter the boundary integrals (u and v) with a level set to 7.5 x 10~ 1! to compute

the normal velocity. This filter level is higher because of the filtering applied to .

5.3 Numerical Results

We now present the numerical results obtained for two different sets of initial data: a
spherical interface centered at (0, —0.1,0) (see Fig. 5.1) and a slightly perturbed spherical
interface corresponding to one of the Hele-Shaw flows considered by Nie and Tian [42]. In
both cases the sink is located at the origin. Most of the computations start with N = 512
and At = 0.0001. N is doubled before all the Fourier modes of the tangent angle 6(«, t)
are above the filter level equal to 10712, The time step At is selected so that decreasing
it further would not produce any appreciable difference within plotting resolution in the
curvature of the interface. At the same time, At is chosen sufficiently small so that with
Krasny filtering applied every time step, the growth of the high frequency components
introduced by the discretization error in the boundary integrals is kept under control.
This is in effect what dictates the size of At and not the surface tension stiffness which
has been removed by the technique of Hou et al. [23]. Indeed, we find that, before the
interface begins to deform at one pole, the method we use has only the linear constraint
At < Ch.

We consider first the initially spherical interface. Figure 5.4 shows the interface cross
section profile at different times for S = 0.01. A three-dimensional perspective of the
interface for the last computed time ¢ = 0.179876 is presented in Fig. 5.5. Just as in the
Hele-Shaw flow, a thin finger develops. As it gets closer to the sink, the finger evolves
rapidly into a cone. The cone forms much earlier than the wedge in the Hele-Shaw flow.
Also, the diameter of the top of the finger is smaller for the axisymmetric flow. These

differences may be due in part to the stronger suction force in the three-dimensional flow.



138

0.8r- 1

0.6 4

0.4 1

1 It n L i s i

2 L L L
-1 -08 -06 -04 -02 0 02 04 06 08 1

Figure 5.4: Evolution of the initially spherical blob of fluid with S = 0.01. The interface
profiles, from the outer perimeter inwards, correspond to the times ¢ = 0, 0.1, 0.15,
0.171, 0.1768, 0.1786, 0.1795, 0.1798, and 0.179876. N = 4096 and At = 5 x 107® for
the last stage of the motion.

(@) (b

Figure 5.5: The fluid surface for S = 0.01 at ¢ = 0.179876. (a) Three-dimensional
perspective. (b)Cut-away plot.
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We stop the computation when the distance of the cone tip to the sink is 0.0148. At this
time, the formation of a corner singularity at the tip of the cone as the it reaches the
sink 1s evident. This can be clearly appreciated in the plot of the tangent angle 8(«,t)
in Fig. 5.6. The angle appears to develop a discontinuity at the finger tip (o = 7).

The mean curvature at the tip at that time is around —671. We use N = 4096 and

S T T T T T T T

45k t=0.17980, -. g

t=0.17985, —~

t=0.179876, —

3.5

25

24 26 2.8 3 3.2 3.4 36 3.8

Figure 5.6: Behavior of the tangent angle 6(«,t) around the finger tip (@ = 0) as the
interface is about to collapse, for S = 0.01. The tangent angle, plotted against « at the
times ¢ = 0.17980, ¢ = 0.17985, and ¢ = 0.179876, appears to develop a discontinuity.
N = 4096 and At = 1 x 1077 for t = 0.17980 and ¢t = 0.17985. N = 4096 and
At =5x 1078 for t = 0.179876.

At =5 x 1072 for the last stage of the computation. This is the maximum resolution we
can afford and, as we explain next, it is also the minimum resolution needed to compute
the motion up to this stage.

As mentioned before, the accuracy in the evaluation of the boundary integrals in the
equations of motion relies on the smoothness of interface at the symmetry poles a = 0
and « = 7. However, for the initial data we just considered, the interface is the least
smooth, and eventually singular, precisely at one of the poles where the finger develops.
As a result, we are forced to increase the spatial resolution to maintain accuracy and to
keep the non-smooth discretization error in the approximation of the boundary integrals
below our filter level. Figure 5.3 shows the spectrum of the normal velocity for two

different resolutions at ¢ = 0.1723, right after the interface begins to deform at the north
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pole o = 7. As illustrated by this figure, it is necessary to use N = 1024 to have the
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Figure 5.7: The Fourier coefficients |ck| of the normal velocity at ¢ = 0.1723: (a) N = 512
and (b) N = 1024.

plateau of high frequency components below the filter level. Note that this happens well
before all the Fourier modes of the numerical solution has been used for the N = 512
resolution.

An additional factor that makes our computation very sensitive to numerical insta-
bility is the coupling of v with the principal-value boundary integrals. This coupling
occurs through the integral equation which is solved for v iteratively every time step.
After the iterations are completed at every time step, Krasny filtering is also applied to
. The time step At is selected sufficiently small so that, with Krasny filtering applied to
# and +y every time step, the growth of the discretization error in the boundary integrals
is kept under control. Figure 5.8 shows that a very small At is required to suppress the
growth of unstable high frequency modes in the normal velocity.

We now decrease the surface tension to the value S = 4 x 10~%. Figure 5.9 shows
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Figure 5.8: The Fourier coefficients |cx| of the normal velocity at ¢ = 0.17987 with
N =4096: (a) At=2x10"7; (b) At=1x10""; (c) At =5 x 1078,
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the interface cross section profile at various times. The developed finger now clearly

(a)

(b)
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Figure 5.9: Evolution of the fluid interface for § = 4 x 10~% . (a) The interface cross
section profile plotted at ¢ = 0.1729, 0.1739, 0.1749, 0.1754, 0.1756, and 0.175734. (b) A
close-up of the finger formation. N = 4096 and At = 2 x 1078 for the last stage of the
motion.

bulges and a well defined neck is observed. A comparison with the Hele-Shaw flow for
the same value of surface tension appears in Fig. 5.10. The interfaces are not plotted at
the same time ¢ but when the tip of the finger reaches 0.0865 for both cases. The finger
in the axisymmetric flow shows a more visible bulging and a more pronounced neck. A
curvature plot for these two interfaces given in Fig. 5.11 shows that the two-dimensional
mean curvature s, is more singular in the axisymmetric flow. In Fig. 5.11, the two
symmetric spikes correspond to the location of the neck while the two small dips next
to the spikes correspond to the bulging area. The large negative spike at o = 7 points
to the formation of a corner singularity.

In Fig. 5.12, we plot the two principal curvatures 1 and k2, and the mean curvature
Kk = K1+ Ko for the interface in the axisymmetric flow with § =4 x 1074 at t = 0.175734.
From this plot, we see the effect of the curvature in the axial direction. At the location
of the neck, x; has a positive spike while x5 is negative. This smooths the interface at
the neck (but k) is still dominant). However, at the bulging area, immediately next to
the neck, both ;) and ky are negative and thus, together, enhance the finger bulging.

For Hele-Shaw flow, there 1s an asymptotic shape of the fingers at the late stage of the

interface motion [10]. We compare in Fig. 5.13 the interface profile for the axisymmetric



143

(a)

05F

BE om om so2 = = D 02 015 -01  -005 o 005 01 015 o2

Figure 5.10: (a) Cross section profile of the axisymmetric flow at ¢t = 0.175734 and the
Hele-Shaw flow at ¢t = 0.2922625 with the same surface tension S = 4 x 107%. (b) A
close-up look of the fingers. The solid curve corresponds to the axisymmetric flow and
the dashed line corresponds to the Hele-Shaw flow. N = 4096 and At = 2 x 1078 for the
axisymmetric low. N = 2048 and At = 2.5 x 1076 for the Hele-Shaw flow.
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Figure 5.11: Comparison of the interface two-dimensional mean curvature (x;) for the
axisymmetric and the Hele-Shaw flows with S = 4 x 107%. (a) x; versus « for the
axisymmetric flow at ¢ = 0.175734. N = 4096 and At = 2 x 1078, (b) sy versus « for
the Hele-Shaw flow at ¢ = 0.2922625. N = 2048 and At = 2.5 x 107°.
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Figure 5.12: Axisymmetric-flow curvature components at ¢ = 0.175734 for S = 4 x 1074
The solid line corresponds to k = k1 + x3. The dashed line corresponds to x; (two-
dimensional mean curvature) and the dashed-dotted line to k. N = 4096 and At =
2w 1075,

flow for S =4 x 107* at t = 0.175734 and for S = 8 x 107* at ¢ = 0.176129 when the
finger tip reaches around 0.086. The finger width varies very little away from the neck
and an asymptotic shape is conceivable based on the similar behavior observed in the
Hele-Shaw flow.

Next, we consider the second initial data. The initial interface is now given by the

conformal mapping [42]

Bw

f(w) = aw + I—:ZJ—O_LU.

(5.30)

Here f = z 414y and the coefficients «, 3, and wy are determined by the following system

of equations

af+o® = ri+1/2, (5.31)
g 2
— 5.32
(—wgp v = ™ (5:92)
0 Brwa = 47, (5.33)

2
1 —wj
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Figure 5.13: Comparison of the interface finger in the axisymmetric flow for two different
values of surface tension, S = 4x10~% at t = 0.175734 and S = 8 x 10~ at t = 0.176129.
N = 4096 and At = 2 x 1078 for S = 4 x 107%. N = 4096 and At = 2.5 x 107° for
S=8x10""

with 71 = 0.7 and r9 = 0.1. After solving numerically (5.31), (5.32), and (5.33), we get
a == 0.9902, 8 =~ 0.0094, and w ~ 0.78799. The mapping f generates a slightly perturbed
circular profile in the z — y plane. The point sink is, as before, at the origin. This is
one of the sets of initial data considered by Nie and Tian [42]. In the absence of surface
tension, the Hele-Shaw interface separates into one big and one small circle. Nie and
Tian refer to this as the “big and small circle” data. One reason we choose this initial
interface is that the fingers will not form at the poles and thus, the quadrature maintains
its accuracy better.

Figure 5.14 presents the Hele-Shaw interface at various times with surface tension
S = 0.002. Two long fingers form and approach the sink at the same pace. Each
finger develops a corner at its tip when it touches the sink. In our computation for
the axisymmetric flow, we start with N = 256 points and we are able to use all the
modes of the numerical solution before we double the number of points. Figure 5.15
pictures the axisymmetric flow interface at various times for S = 0.002. Similar to
the Hele-Shaw flow, the interface forms two long fingers which are drawn into the sink.

We stop our computation at ¢ = 0.283179. At this stage we use N = 4096 and At =
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Figure 5.14: Evolution of the ”big and small circles” initial interface with S = 0.002 for a
Hele-Shaw flow. The interface profiles, from the outer perimeter inwards, correspond to
the times ¢ = kx0.05 for k =0,..,6,t = 0.342+k x0.04, for k = 0, .., 4, and ¢ = 0.355388.
N = 4096 and At =1 x 107 for the last stage of the motion.
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Figure 5.15: Evolution of the fluid interface in the axisymmetric flow for the slightly
perturbed sphere corresponding to the two-dimensional "big and small circles” initial
data with S = 0.002. The curves, from the outer perimeter inwards, correspond to
the times ¢ = 0,0.05, 0.10, 0.15, 0.20, 0.25, 0.279, 0.2815, 0.2825, 0.283, and 0.283179.
N = 4096 and At =5 x 1077 for the last stage of the motion.
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5 x 10~7. Continuing the computation requires using N = 8192 points and turns out to
be prohibitly expensive as the number of iterations to solve for v also increases.
The three-dimensional perspective of the fluid interface at ¢ = 0.283179 is shown in

Fig. 5.16.

(a) (b)

-0.5 -0.5
Z X

Figure 5.16: The fluid interface for the slightly perturbed spherical initial surface corre-
sponding to the two-dimensional "big and small circles” for § = 0.002 at ¢ = 0.179876.
(a) Three-dimensional perspective. (b) Cut-away plot.

The sequence of pictures presented in Fig. 5.17 contrasts the differences between the
Hele-Shaw and the axisymmetric flow interfaces. Note that the central bulb is wider in
the axisymmetric flow but the fingers are thinner.

We now decrease the surface tension to the value § = 5 x 10~*. Figure 5.18 shows
the axisymmetric flow interface at different times as it evolves. Due to the growth of the
round-off error noise, and to the interface singular behavior, well resolved computations
for such small values of surface tension are extremely difficult. We compare the profile
of the interfaces for § = 5 x 107% and § = 2.5 x 10 in Fig. 5.19 when they reach
around the same level in y. The oscillation next to the fingers is likely to be due to the

influence of noise. Figure 5.19(b) shows the close-up plots of the two fingers. We shift
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Figure 5.17: Comparison of the axisymmetric flow at ¢ = 0.283179 with the Hele-Shaw
flow at ¢ = 0.3542. (a) Axisymmetric flow. (b) Hele-Shaw. (c) Both interfaces; solid line
axisymmetric flow and dashed line Hele-Shaw flow. N = 4096 and At = 5 x 10~7 for

the axisymmetric flow. N = 2048 and At =5 x 1078 for the Hele-Shaw flow.
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Figure 5.18: Cross section interface profiles showing the evolution of the axisymmetric
flow for the slightly perturbed spherical initial data for § = 5 x 107 at ¢ = 0.2625,
0.2725, 0.2735, 0.2745, 0.2755, and 0.276152. N = 2048 and At = 2 x 1076 for the last
stage of the computation.
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Figure 5.19: Comparison of the interface profiles for the axisymmetric flow with S =
5x 107% at ¢t = 0.2745 and S = 2.5 x 10~* at ¢t = 0.275. (a) Cross section profile. The
solid line corresponds to § = 5x 10~* and the dashed line corresponds to S = 2.5x 107°.
(b) Close-up look at the interface fingers. The inner curve is for S = 2.5 x 1074, but it
has been translated to align with the S = 5x 107 fingers. N = 2048 and At = 2x 1075,

the fingers for S = 2.5 x 107% in z direction to align with the S = 5 x 107 fingers to
ease the comparison. For § = 5 x 104, the narrowest width for the finger is about 0.1,

and it is about 0.06 for § = 2.5 x 10~4.
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Chapter 6

Conclusions

In the first part of this thesis, new formulations and new methods are presented for com-
puting the motion of a curvature driven three-dimensional filament and surface. These
numerical methods have no high order time step stability constraints. We applied our
methods to compute the motion of two-dimensional vortex sheets with surface tension,
motion of three-dimensional filament by curvature, the Kirchhoff rod model, anti-parallel
vortex filaments and simplified three-dimensional water wave model on Gaussian waves
and gravity waves. Our numerical results convincingly demonstrate that our methods
remove the severe time step stability constraint associated with explicit discretizations
for both two-dimensional and three-dimensional interfaces.

In the second part of this thesis, we numerically study the two-dimensional Hele-Shaw
problem with suction and three-dimensional axisymmetric flow through porous media
with suction. We find several interesting phenomena as surface tension is decreased for
both flows. Fingers form and quickly develop into wedges, in two dimensions, and cones,
in three dimensions, as they approaches the sink. An asymptotic shape of the fingers
is observed at the late stages of the interface motion and the angle of the wedge and
cone at the tip of the finger is selected in the limit as surface tension tends to zero.
Moreover, for sufficiently small values of surface tension, a well-defined neck develops
at the top of the finger. The developing finger bulges but, being drawn strongly by the
sink, quickly evolves into the wedge or cone. We also observe that the axisymmetric flow
develops narrower fingers than those found in the Hele-Shaw counterpart. The additional
azimuthal component of the mean curvature simultaneously enhances the definition of

the finger neck and smoothes the interface there.
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