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ABSTRACT 

A theoretical study is per formed to investigate the drag 

experienced by vehicles travelling in tubes, the pressure distri­

bution and flow velocities resulting from the vehicle's motion. 

The study deals with both the cases of vehicles accelerating from 

rest in the tube and vehicles entering a tube at finite speed. The 

effect of having a vent in the tube is also studied. 

The unsteady compressible equations are used to describe 

the flow in the tube. Before the boundary layer fills the tube, an 

inviscid core -boundary layer formulation is used. However, it is 

found that the simpler one -dimensional formulation is adequate 

for describing the flow in the tube. The quasi -steady near -field 

as sumption agrees well with the unsteady near -field solution 

except for the initial period of low velocities. 

The solution is compared to that in which compressibility 

is neglected. It is found that the effect of compres sibility is not 

large for short tubes, low blockage ratios and small velocities. 

However, its importance increases as the values of these param­

eters increase. Compressibility may not be neglected during the 

initial period in the case of vehicles entering tubes at finite speeds. 
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I. INTRODUCTION 

Trains moving in tubes experience drag forces which may be 

orders of magnitude higher than when in free air. A knowledge of 

such forces and their dependent parameters is essential in deter­

mining the tube optimal ventilation design as well as the moving and 

braking powers. As passengers are to be found in stations along the 

tube, a study of the air flow and pressure changes caused by the train's 

motion is also of importance. 

The piston action of the train causes the air in the tube to move 

with a velocity which is dependent on the train speed and blockage 

ratio. When in steady state, the tube and train friction forces are 

the only cause of the drag. When in unsteady motion (acceleration), 

the fluid particles are accelerated, causing an additional inertial drag 

on the train. During the initial moments of a train's acceleration from 

rest in a tube, simple compression waves raise the pressure in front 

of the train, and simple expansion waves decrease the pressure behind 

it, causing thrust and suction respectively at these two ends. The 

waves reflect from the tube ends and interact with the train's forward 

and rear ends affecting the pressure and drag. Viscosity. which is 

the cause of frictional drag, has the effect of attenuating the strength 

of the pressure waves propagating through the tube, thus decreasing 

their effectiveness. Consequently wave drag and frictional drag are 

coupled and in general may not be studied separately. 

The problem of a train entering a tube at finite velocity is of 

interest. In this case a sharp drag increase is experienced as the 

tube stagnant air is suddenly met. The sudden motion caused by the 



entering train results in the propagation of a weak shock wave down 

the tube, raising t he pressure and producing a sudden air flow at 

stations along the tube. A similar but les s severe result occur s as 

a train pas se s a vent shaft. 

Previous work in this field includes both experimental and 

theoretical efforts. Reference (1) describes experiments performed 

in a water tunnel to Ineasure forces on models intended to simulate 

vehicles travelling in tubes. In this case the models were at rest with 

respect to the tube wall. Water was preferred to air as a working 

fluid, since the lower kinematic viscosity of the former allows the 

experiments to be conducted at Reynolds number closer to those 

attained in full-scale operations. The experimental portion of the 

work reported in references (2, 3) consists of measuring the velocity 

and thus the drag coefficient of spherical and cylindrical models 

dropped through vertical tubes submerged in different test fluids 

(water, glycerin, and others). The tubes used were 4-ft. long and 

the Reynolds number, based on model diameter and absolute velocity, 

varied from 1. 0 to 5Xl0
5

• Similar experiments are described in 

reference (4). However I a longer tube was used (12 -ft. ) and higher 

Reynolds number s were achieved (2. 5 xl 06 ). Reference (5) des cribe s 

experiments for measuring the drag and air flow resulting from the 

motion of a small-scale train in a small-scale tunnel (300 ft. long, 

I-ft. diameter). The geometry of the model vehicle was similar to 

the corresponding full-scale geometry. Also, it was possible to con­

trol the vehicle I s velocity profile (an electric motor was the source of 

power driving the vehicle). However, as the experiments were 
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conducted in air, full scale Reynolds number was not approached. 

An experimental program has be e n conducted at the Jet Pro­

pulsion Labor a tory i n Pasadena (7,8) for the purpose of obtaining 

information about the aerodynamic characteristics of vehicle s travel­

ling in tunnels under primarily equilibrium conditions. A family of 

Z-in. diameter vertical tubes of lengths 3Z-ft., 70-ft., lZO-ft. was 

constructed. Train models were launched through the tubes, using 

gravity as a constant source of propulsive force. Using the three 

facilities, data were obtained for a wide range of Reynolds number. 

The lZO-ft. facility had the capability of operating with either open, 

restricted, or closed-end test sections. The ability to operate it at 

ambient pressures from O. 1 atm. to 50 atm., made it possible to 

gather data at Reynolds number as high as 4Xl0
6• Besides air, COZ 

and Freon-lZ were used in the experiments. 

Theoretical work in the field includes the studie s of references 

(Z, 3) which deal with the laminar steady flow that exists when a semi-

infinite cylinder move s at constant velocity in an infinite concentric 

tube. Saj ben (9) use s an incompre s sible, one -dimensional fluid model 

to study the dynamic characteristics of vehicles moving in long finite 

tubes. Reference (11) is an attempt to divide the solution into two 

parts: a short time solution for the flow, steady in a coordinate sys-

tem fixed in the initial waves produced by a vehicle IS sudden motion; 

and a long time solution, steady in a vehicle -fixed coordinate system. 

Only infinitely long tubes are considered. The previous work is con-

tinued by Hammitt in reference (13). In (14) the wave and friction 

effects are decoupled. On that basis the problem of a vehicle moving 
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in a finite tube is solved. Strom. (15,16) uses a com.pressible, un­

steady one -dim.ensional m.odel to des cribe the flow in the far-field in 

a tube of finite length . 

In the present work, a m.ore detailed and realistic form.ulation 

of the pr oblem is presented. This include s investigating the problem 

during and after the boundary layer growth period. The effect of vents 

is studied. The problem. of a train entering a tunnel at finite speed is 

investigated. 
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II. THE PROBLEM OF A VEHICLE ACCELERATING 

FROM REST IN AN UNVENTED TUBE 

A. Formulation of the Problem 

A vehicle accelerating in a tunnel from rest, causes compres­

sion and expansion wave s to propagate in the tube ahead and behind the 

vehicle respectively. The waves accelerate the tube air. The air flow 

at a particular cross section may be considered one-dimensional and 

inviscid immediately after the arrival of the initial wave at that position. 

However, the non-slip condition at the tunnel wall causes a boundary 

layer to develop. At a specific position, its thickness increases with 

time until it completely fills the tunnel cross section (see Appendix B 

for a rough estimate for the boundary layer growth). The waves propa­

gating from the vehicle, eventually reach the tunnel ends where they 

are reflected towards the vehicle. 

To investigate the problem at hand, the flow field is divided into 

a near -field and a far -field. The near -field includes the annular region 

between the vehicle and the tunnel, the nose region which extends a 

few vehicle diameters ahead of the vehicle (see Appendix A), and the 

base regionwhichis also assumed to extend a few diameters behind the 

vehicle (see Figs. 1, 3). The far -field consists of the rest of the flow 

region in the tube. 

1. The Far -Field 

To describe the flow in the far -field during and after the period 

of boundary layer growth, two sets of equations are required. 

a. Boundary Layer Growth Period 

Figure (2) represents the flow during the boundary layer growth 
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period. It indicates the notation used for describing the inviscid core 

and the boundary layer. 

* * As the flow in the tube is aLmost parallel, u »v, the pres-

* sure variations in the r direction are negligible compared to those in 

* * >:c"*2 the x direction (the change of p / p U acros s the boundary layer is 

~< ),'< 2 
of order (6 /L ) ). Therefore the pressure is assumed constant at 

each cross section. The flow Mach numbers involved are small 

~( 

enough (M"-' 0.05) to make the density variation in the r direction 

negligible (6T /T across the tunnel is of order M
2

). Therefore, the 

density is assumed constant for each cross section. A similarity 

profile is as sumed for the boundary layer velocity distribution. 

We now define 

* ~c * * u (x ,r ,t 
,,~~ )'.c * 
U (x ,t ) 

1 
J f(T])dT] 

o 

= f(T]) , * 
'n- L 
'1- * 

6 

In our analyses the flow in the tunnel is assumed to be axisymmetric. 

The continuity and x-momentum equations are respectively 

a ** a *** a *** ~< (p r ) + -* (p r v ) + -* (p r u ) = 0 
at ar ax 

(l) 

a * * * a * (p r u ) + -* 
at ar 

*):<~c* a *)«*2 
(p r u v ) + (p r u ) 

ax* 
a * * a * * = - -*(r p ) + -* (r 1" ) 

ax ar 
(2 ) 
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We introduce the following dimensionles s quantitie s: 

* * x r 
x = * 

, r = 
W* L 

* * u v 
u = * 

v= --*, 
V KV 

0 0 

* * a --L a = ~ p = 
* a Po 0 

* V >:~ 

M 
0 K: 

W 
= --~'c- , = ~ 0 a L 

0 

where 

>:< 
L is the tube length 

* W is the tube radius 

*. V 1S the maximum vehicle velocity o 

* * 

~'c >:~ 
a t 

o t = ---:--
* L 

V = 

p = 

T = * T 

* a , 
o Po' Po are the values of sound speed, air density and pressure 

in the initial undisturbed state. Equations (1). (2) rewritten in 

dimensionless form are 

a a a at (pr) + Mo ar (prv) + Mo ax (pur) = 0 

a 0 0 2 at (pru) + Mo a;:- (pruv) + Mo ox (pru ) 

= 
1 a 

yM ox (rp) + 
o 

M o 
K: 

o 
or (rT) 

(3) 

(4) 

The flow is assumed to be inviscid uniform flow with u = U (x, t) for 

o ~r ~ R(x,t) = 1 - o(x,t). The momentum equation becomes 

(5 ) 
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Here 
o 

ox 

In addition the core -flow is assumed to be isentropic (no shock waves 

or very weak shock waves, if they exist, are assu~ d). Hence the 

density and pressure variations are related by 

dp = ..E- dp 
'YP 

The effect of the boundary layer on the core flow is through the 

continuity equation, which yields after integration acros s the tube: 

where 

A A 

pt +M(1-!31)pU +M(1-!31)Up o x 0 x 

-M !3'pU5 = 0 o 1 x 

13
1 

- 2(1-1
1

)5 - (1-21
2

)5
2 

d!3 l - d8 = 2(1-11 ) - 2(1-2 12 )5 

(6 ) 

(7) 

The equation for the boundary-layer growth is obtained by integrating 

the momentum equation with respect to r from R to 1: 

A A I 

+ M 0 (13 1 + 4 13 2 ) P U U x + 2 M 0 13 2 

2M 
o 

= - -K- To (8 ) 

where 
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By introducing the isentropic relation (6) into Eqs. (5), (7) and (8) 

we obtain 

+ [) 
x 

= 0 

Pt+yM pU +M Up = 0 o x 0 x 

(9) 

(10) 

(11 ) 

Here U(x, t) is the average velocity at a cross section. It is related 

to the cor e velocity U (x, t) by 

U = U 
1 - f3 1 

Equations (9) - (11) are three equations in the three unknowns U, p, o. 

Proper combinations of the three equations may be taken, and lead to 

the following system of equations: 



-10-

UU x 

Pt+yM pU +M Up = 0 o x 0 x 

= 
K 171' UR' 

P 1-'1 

This system is of the form 

or 

where 

w(a) + C(a) w (a) = f (a) 
-t -x 

(a) 
~t 

= A (a) w (a) + f (a) 
-x 

(13 ) 

(14) 

(ISa) 

(ISb) 



(a) w 

= 
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2 M 'r o 0 

K P 1/1' 

o 
2M 'r (l-~l) 

. 0 0 

c(a} is the m.atrix whose elem.ents are the coefficients of the com.-

ponents of w (a) in equations (12}-(14), and 
-x 

= 

Boundary and initial conditions are required to solve the above equa-

tions. The initial conditions are those of the undisturbed state 

U(x, 0) = 0 

p(x, O} = 1 

o(x,O} - 0 

At the tube exit the condition of constant pres sure is satisfied 

p(L,t) = 1 

(16a) 

(16b) 

(16c) 

(17a) 

At the tube entrance the condition of zero boundary layer thickness and 

the adiabatic ener gy equation are satisfied 

o(O,t) = 0 

p(O,t) 
p(O,t} 

where p(O, t) 

+ Z:l. M 2 U(O t}2 = 1 2 0 I 

= p(O, t} 1 /1' (isentropic relation) 

{17b} 

(17c) 
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b. Fully Developed Flow Period: 

The boundary layer continues its growth and it eventually 

fills the tube cross section (provided the cross section considered 

is far enough from the rear tube end). When this happens, a new set 

of equations is used to describe the flow. Besides continuity and 

momentum, the equation of energy is also considered. If we neglect 

* the v velocity, the governing equations are: 

continuity: 

a * * a (* * *) -* (r p ) + - r p u = 0 
* at ax 

(18 ) 

x -momentum.: 

a ( * * *) + a ( * * *2) - r p u 
ax* 

r p u 
at* 

a (r * p *) a (r*1"*) = -
ax* 

+ -* ar 
(19) 

energy: 

':l *2 ':l *2 
u [* * * u u * * * ~c U . 

at * r p (h + -2-) ] + ax * [r p u (h + -2- ) ] 

a (r * q *) + a (* * *) = 
ar * 

- ru1" 
* ar 

a * * + 
at * 

(r p ) (20) 

equation of state: 

* * * p = p R T (21 ) 
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Eliminating T from the energy e quation and writing the equations in 

dimens ionles s form, they become 

0 0 
(r P u) 0 at (r p) + M o ox = 

0 
(r pu) + M 

8 2 
at 0 

ax (r p u ) 

1 0 M 
0 0 = - I'M ox (r p) + -K- ar 

0 

o [ 1 p.. 
at r p (1'-1 P 

2 
+ M2 ~)J 

o 2 

(r T) 

0 1 + M2 
2 

+ M -[r pu(- p.. ~ ) ] 
o ox 1'-1 2 p 0 

M3 
0 

M3 
0 0 (r q) + _0_ (r u T) = - -K- a; ar K 

1 0 
+ I' at (r p) 

where * / ~~ *3 
q = q Po V 0 

Let U (x, t) be the velocity at the tube centerline, and let 

u(x, r l t) = g(r) 
" U(x, t) 

Define 
1 

El - f r g(r)dr 
0 

1 
2 

E2 - f r g (r )dr 
0 

1 
3 

E3 - f r g (r)dr 
0 

Assuming the pressure and density do not vary with r at a specific 

(22 ) 

(23) 

(24) 

cross section, and integrating equations (22) -(24) across the tube, we 

get 
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,. ,. 
E1 P t\ + E1 U Pt + 2 Mo E2 P U Ux 

M 
o T 

K 0 

1 ,.2 ,. ,. 
')'(')'-1 )M Pt + Mo E2 U Pt + 2 Mo E2 P U Ut 

o 

2 ,. 2 2,.2 ,. 
+ -1 E1 U P + [-1 E1 P + 3 M E3 P U ] U ')'- x ')'- 0 x 

2M2 
+ M 2 E U3 

P = - ~ qo o 3 x n, 

Introducing the average velocity 

,. 
U(x,t) = 2 E1 U(x,t) 

and taking proper combinations of equations (25)-(27) we arrive at 

the following set of equations 

2M T 
o 0 

K P 

+ ')'!Y:l2 M 3 (J + J - 2 J 2)U 3 
2 a 3 2 2 px 

-2 '){')'-1) M3 
o = (q + J 2 T U) 

o 0 

(25 ) 

(26 ) 

(27) 

(28) 

(29) 

(30) 
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where 

JZ 

Z E
Z 

-
(ZE

I 
)Z 

J 3 

Z E3 
-

(ZEI )3 

The above equations constitute a system of the form 

(b) + C(b) 
"Y:t 

(b) 
w 
-x = (31a) 

or 

(b) 
"Y:t = A(b) w (b) 

-x + (31 b) 

where 

[:l (b) 
= w 

ZM 1" 
0 0 

K P 

f(b) 3 
= -Z y(y-l) M 

0 
(q + J Z 1" U) K o 0 

o 

C(b) is the matrix whose elements are the coefficients of the com­

ponents of w (b) in equations (Z8)-(30), and 
-x 

= _ C(b) 

The above equations never apply to the flow at the tube entrance 

(0 = 0 at x = 0). We therefore need only to consider the tube exit. 

There the condition of constant pr es sur e is satisfied 

p(L, t) = 1 (3Z) 
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2. The Near - Field 

The near -field flow (see Figs. 1, 3) which surrounds the vehicle 

is of a very complex nature. In this region boundary layer s extend 

from both the vehicle and the tunnel surfaces. A detailed theoretical 

analysis of the boundary layers in the annular region and the wake 

behind the vehicle is a complex task. Experimental investigations 

dealing with the tube -vehicle problem are mainly interested in esti­

mating the drag experienced by bodies moving in tubes. This is done 

by measuring the body1s velocity profile (in case of a body propelled 

by its own weight) or by other methods which do not involve a detailed 

study of the flow in the near-field. With no data available for the flow 

in this region, we make simplified but reasonable assumptions to model 

the flow there. The three sub -regions composing the near -field are 

discussed below. 

a. The Nose Region 

The nose region flow is that occurring between stations (l) and 

(2) in Fig. (3). Noting that this region extends for a small distance 

in the X -direction (see Appendix A) over which the velocity is a rapidly 

changing function of X, it is clear that the changes in flow variables 

with respect to time are negligible in comparison to corresponding 

changes with respect to the space coordinates, provided that no abrupt 

changes (e. g. impulsive motion) occur. In vehicle fixed coordinates, 

the pressure gradient on the nose surface is negative in the flow direc­

tion, indicating that no separation occurs. Also the friction effect 

over such a short distance is negligible. In light of the above arguments, 

it is reasonable to use a frictionless, compressible, quasi-steady 



-17-

form_u1ation (in vehicle fixed coordinates) to describe the flow in the 

nose region. We therefore relate the flow at stations (1) and (2) by the 

equations of continuity, the adiabatic ener gy equation and the is entropic 

relation. They are respectively 

(33a) 

= L'-::l M 2 (V-U' )2 + P2 
2 0 2 P2 

(33b) 

(33c) 

where v - V(t) 

u. - u(x. (t), t) 
1 1 

p. - p(x. (t), t) 
1 1 

p. - P (x. (t), t) 
1 1 

a vehicle cross sectional area = 
tube cross sectional area 

b. The Annular Re gion 

This region extends between stations (2) and (3) as seen in 

Fig. (3). Although the flow here is of a complex nature, simplifica-

tions may be introduced when noting the following. In this region the 

annular gap between the vehicle and the tube is small compared to the 

tube diameter. The flow speed relative to the vehicle sur face is in 

genera11arger than the flow speed in the far-field. The above factors, 

in addition to the fact that boundary layer s extend from both the vehicle 

and tube surfaces, indicate that the time required for the effect of 

viscosity to be felt across the annular gap is small with respect to 
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the corresponding time in the case of far -field flow. We therefore 

do not consider an invis cid r egion (corresponding to the far-field 

inviscid core) in the annular region. Moreovel~ the flow in this region 

is represented by a one dimensional compressible model with friction, 

governed by the following equations of mass, momentum and energy. 

where 

£.e. + M 
a 

(pU) 0 
ax = at 0 

a 
(pU) 

a 2 1 £E. = R at +M ax (pU ) + M 
0 ')I 0 ax AM 

1 E. 
;t [p ( 

M2 u
2

] a ~ 1 E.+M2 
')1-1 + -) tM - pU(-

p 0 2 0 ax ')1-1 p 0 

RAM 

1 
')I 

== -

£E. = R 
at AE 

MofTA pU\U\ 

K(I-0) 

2M3 
o 1 

M 
+---2 

K 
f J0 p(V - U) \ V - U \ vh 1-0 

-K- 1-0 

M3 
o 

+ -K- fvh J0 p(V-U)\V-U\V 
1 - 0 

u2 

""2 

Here fvh and fT A are the vehicle and tube friction factors in the 

annular region. 

(34) 

(35) 

)] 
(36 ) 

Proper combinations of equations (34) -(36) lead to a system of 

the form 

or 

(c) 
~t 

w (c) 
-t 

+ 

= 

. (c) 
w 
-x = 

w (c) + f(c) 
-x 

(37a) 

(37b) 
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where 

[:] w (c) = 

f (c) 
1 RAM/p 

f (c) = f (c) 2 
= y(y-1)(R AE - Mo RAMU) 2 

f (c) 
3 

0 

A(c) == _C(c) 

and 

MU 
1 

0 
0 yM p 

0 
(c) 

yM P MU 0 C = 
0 0 

M P 0 MU 
0 0 

Using the trans formation 

t 
X = x - ! M V (t I )dt I 

o 0 

T = t 

equations (34) -(36) are rewritten in vehicle fixed coordinate s. 

££. ..£.. -aT + Mo ax (p U) - 0 (38) 

(39) 

(40) 
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is the flow velocity in vehicle fixed coordinate s. 

In previous studies the flow in the annular region was assume d 

to be quasi-steady in vehicle fixed coordinates. Such an assumption 

negle cts the time d e rivativ e s in equ a tions (38) - (40), reducing them to 

steady state equations in vehicle fixed coordinates. 

(41 ) 

d 
dX (Mo 

(42 ) 

(43) 

The ar gument given to justify the quasi-steady assumption for situations 

in which the vehicle length, LVh« L, the tube length, is that the time 

required for the near-field to adjust to steady state after a pressure 

perturbation is much shorter than that required by the far-field . 

However, this argument is not a convincing one. 

As will be explained later, the solution to our problem is 

obtained numerically. The far-field is divided into a net with spacings 

b:.t and b:.x in the t and x directions respectively (M is less than b:.x but 

of the same order). Let us now consider two cases of vehicles accel-

erating in tubes. In the first, (case (a» (Fig. (4b» the vehicle length 

L h «b:.x and L h « L. In the second, (case (b» (Fig. (4b» the 
v a v a 

vehicle length Lvh b """' 6.x and Lvh b« L. At the time interval 

t I < t < t the vehicle s are as sumed to be travelling with constant n- n 

velocity V 1. At time t a velocity increment 6. V is as sumed, so 
n- n n 

that the vehicles move with a velocity 
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Vn = Vn _l + I::. V 
n 

in the titne interval tn < t < t n +l • The velocity incr e m e nt I::. V 
n 

causes pressure waves to propagate through both the far- and near-

fields. In case (a), at time tn+l many pressure waves will have 

passed through the annular region, and the disturbance will have been 

weakened considerably. It is therefore reasonable to make the quasi-

steady assumption. However, in case (b) at time tn+l the pressure 

wave will have travelled approximately one length LVhb through the 

annular region. In this case it is not justifiable to make the quasi-

steady near -field as sumption. A rough estimate to compare the un-

steady terms (first two terms in eq. 39) to the frictional terms 

(right hand side of eq. 39) in eq. (39) may be obtained by integrating 

the equation over the vehicle I s length. The rat e of the variation of 

p is small with respect to the rate of velocity variations. We there-

fore neglect variations in density. This leads to the following ex-

pression for the ratio of the force required to accelerate the air in 

the annular region to the force required to overcome the wall friction. 

unsteady forces = 
frictional for ces M f 

au 
v 

aT 

tc(l~a) [-U\U\+Ja (V-U)\V-U\J 

Here fTA and fvh are assumed to be equal, and 

The above ratio may be rewritten as 

* * W (1-0) au 
v unsteady forces 

frictional for ces = ~'<2 
V f 

--* aT 
o 

1 

[-U \ U \ +Ja (V - U) \ V - U \ J 
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from. which we m.ay conclude that an increase in the values 

* of f and V lead to an increase in the frictional term.s, while 
o 

an increase in the vehicle's acceleration causes an increase in 

* the unsteady term.s. For V = 100 ft. /sec., f = 0.02, CJ = 0.65 
o 

2 
and a vehicle acceleration of 5 ft / sec the above ratio O. 1. 

c. The Base Region 

Although experim.ents investigating t he flow in this region 

have not been conducted, we rely on the results of experim.ents 

having som.e aspects in com.m.on with this flow to construct a 

sim.plified m.odel. 

In vehicle fixed coordinates (Fig. 3) the flow goes through 

a sudden enlargem.ent in cros s sectional area at station (3). 

Unsteady flows in pipes with cross sectional area changes were 

investigated by Benson and his co -worker s (Reference (17)). 

Though their geom.etrical configuration is diffe rent from. that 

under consideration, their results are of interest. 

Their experim.ents were conducted on flows in pipes of 

sm.all diam.eters ("-' 2"). They found that quasi-steady conditions 

m.ay be assum.ed at the regions of sudden area change. In 

steady flow it was found that the location of the pressure re-

covery plane increases with the upstream. pressure and velocity. 

For tube area ratios of O. 25 and 0.56 the recovery planes were 
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respectively in the neighborhood of 5 diamet er sand 3 diameter s 

downstream of the enlar gen1.ent area. This distance in the 

unsteady case was found to be 35 to 50 percent of the corre-

sponding steady state case. Although the flow close to the 

enlar gement area is thr ee -dimensional and the one -dimensional 

equations do not accurately predict the pres sure there, this 

region is not long (few tube diameter s). Comparing their ex-

perimental results with theoretical results based on one­

dimensional flow, Benson and his co-authors concluded that 

the region of three-dimensional flow (downstrealTI of the enlarge-

ment) may be neglected when calculating the overall wave action, 

and for these calculations the plane of recovery may be fixed 

in the plane of the enlar gement. 

Other experiments of interest deal with the flow near the 

base for bodies of revolution in free air (References (18)- (21»). 

Measurements indicate that the pressure on the base of a body 

in free air is approximately constant. It is proportional to the 

dynamic pressure of the outside flow, and it depends on the body 

length, shape, and its surface conditions. Measurements of 

base pressure for different bodies indicate that the value of the 

base pres sure coefficient (defined as the differ ence between base 

and ambient pressure divided by the dynamic pressure) is in 

the neighborhood of -0.2. In reference (20) Chevray studied 

the wake behind a six-to-one spheroid for Reynolds number equal 

to 2. 75 X 106• His measurements indicate that beyond a distance 
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of 2D (where D is the maximum body diameter) downstream of 

the body the pres sure varies negligibly with r. At 18D downstream 

of the body, the maximum velocity deficit in the wake was about 

10 percent. 

Though the above experimental results do not apply to the 

problem under consideration, enough similarities between the flows 

involved in the two cases lead us to rely on the above results for 

some of the assumptions we make for the base region under consider-

ation. We define a base pressure coefficient 

We assume that the flow is quasi-steady between stations (3) and (4) 

in vehicle fixed coordinates (see Fig. (3». Moreover we assume 

that the length of the base region is small compared to the tube 

length. The flows at stations (3) and (4) are related through the 

equations of continuity, momentum and adiabatic energy. They are 

respectively 

(44) 

(45 ) 

(46) 

d. Vehicle Drag 

The aerodynamic resistance experienced by a vehicle travel­

ling in a tube includes the skin friction drag which basically results 
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fro:m the frictional forces between the fluid and the vehicle surface 

in the annular region. The pressure drag is the result of pressure 

forces on the vehicle (nose and base). 

The average flow velocity U in the annular region is generally 

negative. Therefore the relative velocity between the flow and the 

vehicle surface is larger than its corresponding value for an uncon­

fined vehicle. Consequently, the skin frict ion drag is generally 

greater for a vehicle when travelling in a tube than when travelling 

in free air. Moreover, we note that in the case of vehicles travel­

ling in tubes, the frictional forces acting on the fluid in the annular 

region contribute to the pressure drag, as the pressure in this 

region causes a corresponding drop in the base pressure, and there­

fore a higher pressure drag. 

3. The Contact Surface 

Part of the flow passes through the near-field before it enters 

the far -field behind the vehicle (the fluid between the vehicle and the 

contact surface in Fig. 1). Wben in the near -field, friction acts on 

the flow. Therefore, after it beco:mes part of the· far-field, the 

isentropic relations initially assu:med to relate the pressure and 

density there do not apply. Moreover the flow passing through the 

wake beco:mes :mixed and :may no longer be described by the inviscid 

core :model. The flow in the wake region is co:mplex. However, 

representing it by the fully developed :model is a better approxi:mation 

than the inviscid core :model. We therefore assu:me that a dividing 

surface exists in the rear far-field (referred to as the contact sur­

face). It divides the fluid which passed through the near-field fro:m 
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the rest of the rear far -field. It is assuITled to be travelling with 

the average flow velocity, with equal pressure a nd average flow 

velocity on both its sides, but a change in density. The governing 

relations at the contact surface are therefore given by 

dxct 
cit 

U ct t 

= 

= 

= 

U 
ctr = U ct 

Where ( ) ct denotes condition s at the contact sur face and ( ) ct t' 

) t respectively denot e flow conditions upstreaITl and downstreaITl c r 

of the contact surface. 

4. The Unsteady Flow Equations 

The far-field unsteady flow equations (15a, 31a) and the near-

field unsteady flow equations (37a) are all of the forITl 

'£t + C ~ = f 

where 

(a) 
w (far -field boundary layer growth period) 

w - w(b) (far -field fully developed flow) 

w(c) (near -field annular region) 

Similar definitions apply to C and 1.. In each of the above three 

cases ITlatrix C has three real distinct eigen values, indicating that 

the equations we are dealing with are of hyperbolic type and ITlay be 

transforITled to characteristic coordinates. The characteristic 
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directions at a point are obtained by finding the eigen values of the 

matrix C. Solving the equation 

IC-AII = 0 

or 

where K l' K
2

, K 3 are the corresponding coefficients for the former 

equation, we get 

where 

= 2~ 'J - "3 
e K 1 

cos - --
3 3 

'II -- c-a cos e + r-;:;;- slon ~ ~ 
II. - ..J - "3 "3 '" -u 3 - 3 

e = {J-( £.)2 _ ( a )3 } 
-1 2 3 

tan _ ~ 
2 

= 1 (3 K K 2 ) 
"3 2 1 

= 

AI' All' Am respectively correspond to the right going, intermediate 

and left going characteristics . The corresponding eigen vectors are 

obtained by solving the equation 

[C - AkJ T ! k = 0, k = I, II, III 

where [ JT denotes the transpose of a matrix. The unsteady flow 
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equations may now be written in characteristic coordinates 

k = I, II, IU (48a) 

along the corr e sponding characteristic curves 

dx 
ill = k = I, II, III (48b) 

In the case of the one-dim.ensional unsteady equations used 

to describe the near -field flow in the annular region, sim.ple expres-

sions are obtained for the characteristic directions and for the flow 

equations along them.. They are 

along 

along 

along 

yM
o 

JPP dU + ~ = I'M JPP"p f (c) + f (c) 
dt dt 0 1 3 

~ _ 2P. :!.£. = f(c) 
dt p dt 3 

dx 
ill = A.U = UM o 

_ 'V M C-:-pp dU + ~ 
I 0 'V'PP cit dt = - I'M JPP f (c) + f(c) 

o 1 3 

dx rP 
cit = A.lII = U M 0 - ...; ~ 

Sim.ilar expressions m.ay be obtained for the far-field charac-

teristic equations. However, the nonuniform. velocity profile assum.ed 

there, leads to m.ore com.plex equations. The sam.e assum.ption 



-29-

causes a slight change in the characteristic directions when com-

pared to those of a uniforITl flo w . If we aSSUITle the function f( fl ) 

(previously u sed to define the velocity similarity profile) is of the 

forITl 

the n for large n (n is of order 10 for flows under consideration) we 

find that 

AI = MoV + If + O(~) 
n 

{ M U [1 + O( !.) J (boundary layer growth period) 
o n 

All = 
MoV[l + O(~)J (fully developed flow) 

n 

AIII = MV -If + 0(_1 ) 
0 2 

n 

AI' AlII correspond to the pressure waves travelling in the upstreaITl 

and downstream directions, and All corresponds to the fluid particle 

path. 
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B. Method of Solution 

1. The Far - Field 

The set of far -field equations we are dealing with is of 

the form. 

= A w + f -x 
(49 ) 

and may be suitably solved u s ing the Lax-Wendroff method which 

is of second order accuracy. The x-t diagram is divided into 

a net, with uniform spacings 6. x, 6t in the x and t directions 

respectively. Solutions are obtained at the nodal points (Xy t
n

+ I ) 

(points marked x in Fig. 5) where 

x. = 
J 

j 6. x 

tn+l = 2 6. x + n 6. t n = 0, 1, ••• , N. 

The condition j 8 I
n

+
1 

is satisfied only if the four nodal points 

(x., t +1)' (x. I' t ), (x ., t ) and (x'+ I ' t ) lie in the same far-field 
J n J- n J n J n 

sub-region (forward far -field or rear far -field ahead of contact 

surface or rear far-field behind contact surface). w(x., t +1) which 
- J n 

we denote by~' n+1 may be represented by Taylor's series in t, in 

terms of w j , n and its derivatives. Using this expansion (neglecting 

terms of order 6.t 3 ) and the governing equation (49) leads to the 
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following representation of ~j, n+l in terms of w j , n and its x-deriva-

tives. 

J',n+l J',n 
w = w 

The vector it and the mth column of matrix At are evaluated by 

= f [Aw + iJ -w -x 

where matrices f and (A* ) are respectively the Jacobians of 
-w m w 

f and A* with respect to w. When performing numerical calcula-
- m -

tions, the x-derivatives are approximated by difference quotients. 

This gives 

w 
j, n+l 

where 

v -
-0 

~l -

~Z -

~Zl -

+ !::,t Y.1+ 
!::,tZ 

= v -Z-::!Z -0 

~,n 

j+l, n j-1 n 
Aj, n 

w -w ' 
+ f j , n 

Z !::'x 

~Z1 + ~Z2 + ~Z3 

p,), n {Ai+i, n 

j+l,n j,n 
w -w 

t, x Z 

w j , n _ wj-1, n 

t,x } 
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J"+l,n j-1 n 
w - w ' 

~22 
2 6 x 

~ +l, n _ w j -1, n 

~23 
26x 

th J n where the m colurnn of matrix At' is given by 

[ 

j+l,n j-1,n 
(A )j, n = (A )j, n "n ~ . - Y!. 

*m t *m w AJ, 
- 26x 

+ t. nJ 

" 1 
AJ -2' n denotes 

etc. 

In choosing the net spacings & and 6x, we are limited by the 

stability condition, which requires that I A I < : for each eigen value 

A of A. 

In Fig. (5) nodal points (xj' tn+l) marked 0 fall close to the 

contact surface or to the near -field far -field inter face. In such cases 

the information is not known at the appropriate nodal points in the 

previous time step. Therefore the solution is not obtainable through 

the use of the above finite difference method. The methods of char-

acteristics are applied. 

The Method of Characteristics: 

The unsteady flow equations were written in characteristic 

form in equations (48). For the purpose of nume rical calculations 

the equations are approximated by 

nk(w}' [':!!.j, n+l_':!!.k (t t )f(-)] 0 k ·1 II III ~ n+l-k-~ = =" (50a) 
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Xj - ~ = (tn +l - t k ) Ak(~) 

w = 2 

k = I, II, III (50b) 

and wk denotes the solution at the point (~, t
k

) which is obtained by 

linear interpolation between points at which the solution is known 

(see Fig. 6a). Equations (50) reduce the problem of finding the 

solution ~j, n+l at point (xj' tn+l) to solving a set of algebraic non­

linear equations of the form 

where 

w 

j, n+l 
w 

~I 

The above system is solved by iteration. Newton's method 

is used. A big advantage of this method is the fact that the conver-

gence is of second order (i. e . the error in any iterate is proportional 

to the square of the previous error) provided the initial iterate W(o) 

is sufficiently close to the root W of the equation 

9('1) = 0 

This method involves the calculation of the Jacobian 9w of G with 

respect to Y!. as the V+l iterate is given by 
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We point out that the approximate equations (50a, SOb) are of 

second order accuracy. Therefore their use is consistent with using 

the Lax-Wendroff method which is of the same accuracy. 

Solution at the Boundarie s : 

The solution at the nodal points falling on the boundaries x = 0 

and x = L is obtainable by satisfying the boundary conditions in addition 

to the far -field characteristic equations (48), where k = III (see Fig. 

6b) in the case of the boundary x = 0 and k = 2, 3 (s ee Fig. 6c) in the 

case of the boundary x = L. The characteristic equations are written 

in their approximate form (50). Combined with the appropriate 

boundary conditions a nonlinear system of algebraic equations is 

obtained 

g(~) = 0 

where 

[ ~o, n+l 1 
W -

xIII 

(at boundary x = 0) 

w 
J, n+l 

W - xI (at boundary x = L) 

xII 

and again each set is solved by iteration. 

Solution at the Contact Surface: 

To find the position of the contact surface and the flow vari-

abIes on both it s sides at time t l' the conditions of pres sure equality 
n+ 

and the equality of average flow velocity on both its sides are satisfied. 
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In addition (see Fig. 6d) its position at tin'le t 1 is determined by 
n+ 

Xs (tn +l ) -xS (t n ) 

6t 

U(x (t +l), t ~l) + U(xS(t l, t ) s n nT n n 
= 2 

and the far-field equations are satisfied along characteristics la, lI
a 

behind it and lIb, IUb ahead of it. The above equations and conditions 

form a set of nonlinear algebraic equations. Solving them by iteration 

the position Xs (t
n

+1) of the contact surface and the flow properties on 

both its sides at time t 1 are determined. 
n+ 

Solution for Flow Caused by Init ial Waves: 

The two strips shown in Figs. (5) and (7) represent the flow at 

stations along the tube for a very short period after the arrival of the 

initial wave. In these regions U «1. We let 

a = 1 + M a o 

where a« 1. Then the governing equations for the first approximation 

are 

2 .... 
-013'6 y::y- at + (1+f3

1
)U

x 1 x 

,. 2 
Ut + ')1-1 

a = 0 
x 

2 M 1" 
K 0 0 

Recognizing that 

and 

We combine these equations to obtain 

2 
(U + ')1-1 a)t + 

2 
(U + -- a) = 

')1-1 x 

= 0 

2 
-M1" 
K 0 0 
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i3 1 . 2 
M { 1 -i3l U)t = T 

K 0 0 

(U 
2 i\ (U 

2 a) 2 M 1" - y-l = y-l x K 0 

or 

d 2 - 2 
along 

dx 
1 (51 ) ill (U + -- a) = - M T ill = y - l K 0 0 

d i3 1 U) 
2 

along 
d x 0 (52 ) ill ( = - - M T cit = 1 -i3 K 0 0 

1 

d 2 
a ) 

2 
a l ong 

dx 
-1 (53) {U- - = M T cit = dt y-l K 0 0 

Consider points (a), (b) (Fig. 7) lying on a line ~; = -1 and points 

(b), (c) lying on a line 
dx cit = 1. From equations (51) and (53) the 

solution at point (b) is approximated by 

where 

U
b = 

a
b = 

'T . . = 
1J 

6t .. = 
1J 

U 
c + T 

1:'..:.l 4 U c 

'1".+1". 
1 J 

2 

t. - t 
1 j 

a M 
c 

+ T ('1" cb tltbc + '1"ba tI t ba ) y-l 

a 
1:'..:.l 

M 
+ _c_ o 

'1" ba tI t ba ) + 2 -K- ('1" cb tlt bc -2 

In the regions of initial waves, for typical values of our problem the 

last term in the above expres sions for U
b 

and a
b 

is ne gli gible with 

respect to the first two terms. Therefore the friction term is neglected 

when determining the flow properties. The one dimensional acoustic 

equations are used 
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cit (U + y-l a) = 0 
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dx 
along cit = 1 

dx 
along dt = -1 

Then the boundary layer thickness is determined using the equation 

= 

2. The Near -Field 

The vehicle length is assumed to be of order 6x or less. 

Therefore to find the solution at points (xl (t
n

+
l

), (x2 (tn + l ), t n + l ), 

(x3 (tn +l)' tn+l) and (x4 (tn +l)' tn+l), the following equations are to be 

simultaneously satisfied. The nose equations (33), the base equa­

tions (44)-(46), the far-field equations along characteristics ra
, lIb, 

lib (see Fig. 6e) and the near -field equations along characteristics 

(Il
a

, rIl
a

, r
b

). The characteristic equations are written in their ap-

proximate form (50) and again the problem is reduced to solving a 

set of nonlinear algebraic equations of the form 

where W= 

~(xl (tn+l)' t n +l ) 

~(x2(tn+l), tn+l) 

~(x3(tn+l)' tn+l) 

~(x4(tn+l)' tn+l) 

xa 
r 
~a 

~b 

~b 

~b 



-38-

This is done by iteration. 

If the contact surface is close behind the vehicle, the near-field 

solution and the solution at the contact surface are found simultaneously 

(see Fig. 6f). For cases in which the near-field is treated as quasi-

steady in vehicle fixed coordinates, the near-field unsteady equations 

are replaced by the steady equations (41 )-(43), which are approximated 

by the use of finite quotients. 

C. Numerical Calculations and Results 

1. Choice of Parameter Values 

A number of parameter s are involved in the vehicle -tube 

problem. We discuss them below. 

The Flow Velocity Profile: 

Turbulent flows in rough pipes have a velocity profile which is 

less uniform than corresponding flows in smooth pipes. In reference 

(25) it is seen that the velocity distribution across a rough pipe is very 

well represented by a power formula, where the exponents are 1/4 

6 or 1/5 at Reynolds number 10 • Available experimental data for 

velocity profiles in tubes usually deal with incompre s sible steady 

flow. For our unsteady calculations we rely on such available data 

and study the effect of its variation on the solution of the problem. 

Therefore we assume that the flow similarity profile is represented 

by a power law. 
1 

u 
f(Tl ) Tl

n = -,. (Boundary layer growth period) 
U 

1 u 
,. = g(r) - (1- r)n 
U 

(Boundary layer £ills tube cross section) 
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Logarithmic profiles are often used to represent the velocity 

distribution across a tube cross section. However, the fact that it 

and the power profile are very close to each othe r and noting that the 

equations we are dealing with are obtained by inte grating the flow 

equations across the tube, we expect that the effect of using a log-

arithmic profile instead of a power profile would be negligible. 

Friction at the Tunnel Wall: 

For turbulent flow in smooth pipes the friction factor 

,. 
o 

f = 1 2 
"2pU 

is a decreasing function of the Reynolds number. For rough pipes 

it is a function of the Reynolds number. However, at high Reynolds 

numbers (above 10
4

) curves in reference (25) reveal that the variation 

becomes small. In our problem we are dealing with rough tunnels 

and as the flow Reynolds number is higher than 10
4 

except for a 

negligible period, the tunnel friction factor is assumed to be constant 

for a specific example. The effect of its variation on the problem 

solution is studied in different examples. We may point here that 

the friction factor was found to be about 50% larger in unsteady flow 

in smooth pipes than its corresponding value for steady flow (Ref. 17). 

Other Parameters: 

In the examples below the vehicle is assumed to begin its 

motion from rest at x = O. 3. It is assumed to accelerate at a constant 

value of 5 ft/sec
2 

until it reaches a final speed, after which it travels 
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at constant velocity. The paraITleter value s given below are a repre­

sentation of vehicle -tube systeITls and unle s s otherwise specified they 

are used in the calculations. 

Tube length = 10, 000 ft 

Vehic1e length = 300 ft 

Vehicle radius = 6ft 

Blockage ratio = 0.65 

Tube friction facto l" = 0.02 

Vehicle friction factor = 0.02 

Base pres sure coefficient = -0.15 

Vehicle acceleration 5 ft / sec 
2 

= 

Vehicle final speed = 100 ft/sec 

Initial vehical position x= O. 3 

n {for flow velocity profile} = 6 

Heat transfer through the tunnel wall is neglected (tunne l wall is 

assuITled to be insulated). 

2. Results 

a. General Obse rvations and Dis cus sion 

The travelling tiITle of the vehicle in the tube is divided into 

three distinct periods. Period (A) is that in which the vehicle accel­

erates. During this period the vehicle ITlust provide the force required 

to accelerate the far -field air colUITln in addition to the for ce required 

to overCOITle the frictional forces experienced by the far-field air. 

These forces appear as a drag force acting on the vehicle. During 

this period a large pressure drop is observed along the near -field. 
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As the vehicle reaches its final velocity the aerodynamic forces acting 

on it are reduced, as the aerodynamic drag becomes essentially the 

force required to overcome the frictional forces experienced by the 

far -field flow. The drag component resulting from accelerating the 

air disappears . Period (B ) is that period beginning when the vehicle 

reaches its final velocity. In this period a transition occurs from the 

conditions required to accelerate the far -field air and overcome the 

frictional forces to new conditions only requir ed to overcome the 

far -field frictional forces. Period (C) follows period (B). In this 

period the flow conditions approach s teady state conditions. However, 

steady state is never reached. In (C) the variations occurring in the 

values of drag and other properties is small with respect to the vari-

ations occurring in periods (A) and (B). 

Fig. (10) shows the variation of pressure with time at the 

forward and rear far-field, near-field interfaces (xl (t) and x 4 (t» and 

the forward and rear ends of the annular region (xZ(t) and x
3

(t»). 

Initially the pressure at all the above stations has its undisturbed 

value p • 
o 

As the vehicle accelerates (period A) the pressure values 

at the two forward stations (xl (t) and X z (t)) increas e with time while 

the corresponding values at the rear stations (x
3

(t) and xZ(t») decrease 

with time. The gap between the pressure values at the forward and 

rear stations continue s to increase until the acceleration period comes 

to an end. The flow velocity in the annular region is negative (Fig. 

(lZ). Its magnitude increases with time (relative to both the tunnel 

and the vehicle) during the acceleration period. Therefore the pr es-

sure drop due to friction in the annular region increases during the 
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period (A) as observed above. At the end of this period the m.agni-

tude of the flow velocity in the annular region decreases slightly 

(period B). the n it approach es a constant value (period C). A corre-

sponding slight pressure drop is observed betwe en the annular region 

ends (B), aft e r which differences in pres sure at the near -field sta-

tions approach constant values (period C). 

As the vehicle approaches the forward tunnel end the lengths 

of the air colum.ns ahead of it and behind it respectively decrease 

and increase with tim.e. This causes a corresponding increase and 

decrease in the pressure drop in the rear and forward far-fields re-

spectively. Cons equently. a continuous drop occur s in the near -field 

pressure as the vehicle approaches the tube end. This is observed 

m.ore clearly in Fig. (11) which shows the pressure variation along 

the tunnel for different tim.es. (The steeper pressure gradient at 

* t = 20 sees. is due to the additional inertial forces during the accel-

eration period.) 

In Fig. (10) it is seen that the largest contribution to the pres-

sure drop in the near-field occurs in the annular region. As will be 

seen later this causes a m.ajor part of the drag experienced by the 

vehicle. Fig. (12) which depicts the velocity variation with tim.e at 

the four near -field stations reveals that the flow in the tunnel ahead 

and behind the vehicle m.oves with a sizeable velocity ('"'-' 0.5 of the 

vehicle velocity). The fri ction for ce s experienced by the air colum.n 

in the tube m.ust be overcom.e by the vehicle which is effectively push-

ing this colum.n and therefore appears as additional drag. The nega-

tive flow velocity in the annular region is also of sizeable m.agnitude 
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("" 0.5 of the vehicle velocity). This causes a large relative velocity 

between the vehicle and the air surrounding it, increasing the skin 

friction drag on the vehicle. 

The effect of the above observations on the drag experienced 

by vehicles travelling in tubes becomes clear by examining the 

drag coefficient curves of Fig. (13). For CD the maximum vehicle 

* 0 velocity V is used as the normalizing velocity 
o 

= 
Drag 

1 >:c »c2 
(2 Po V 0 ) X (vehicle c. s. area) 

F C h hI ' * d h 1 or D t e instantaneous ve ic e veloClty V is use as t e norma -

izing velocity 

Drag 
1 >:< :i~2 

(2 Po V ) X (vehicle c. s. area) 

During the acceleration regime the drag increases monotonically 

(curve for CD ). It reaches its maximum value at the maximum 
o 

velocity, then it decreases gradually and approaches a constant value. 

The drag coefficient CD is seen to decrease monotonically with time 

throughout the vehicle's journey. As the unsteady effects diminish 

it is seen that the value of the drag coefficient is close to 15. This 

is a large value when compared to the corresponding CD value of 

approximately 2 for the vehicle when travelling in free air . 

It was mentioned above that although steady state conditions 

are approached in period (C) they are never reached. This is clear 

from Fig. (13) which shows a slight continuous decrease in drag 

throughout period (C), and fr o m Fig. (12) which shows a slight 

continuous increase in flow velocity throughout period (C). (Note the 

increase in flow velocity reduces the pressure drop along the annular 
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region and therefore causes a corr e spondin g reduction in the vehicle 

drag). The reason that steady state conditions are not reachable is 

due to the friction forces acting on the far -field flow . It is well known 

that the velocity of steady state flows in pipes with friction increase 

continuously as t h e end of the pipe is approa ched. So even if we 

assume that the far -field is in steady flow, the fact that the vehicle 

moves along the far field indicates that flow properties at the vehicle 

will continuously change. 

* The drag forces D acting on a vehicle travelling in a tube 

are divided into a skin friction drag D; and a pressure drag D;. The 

* pressure drag D is further divided into three components. For the 
p 

* flow conditions resulting from the vehicle's motion in the tube, D 
pa 

is the pressure drag which would result if there were no friction 

forces in the annular region (i. e. if there were no pressure drop along 

the vehicle length). * * D band D are the drag components resulting 
p pc 

from the pressure drop in the annular region due to the frictional 

forces on the tunnel wall and the vehicle surface respectively. For a 

vehicle travelling in a tube the total drag experienced 

where D* 
P 

* * * =D +Db+D pa p pc 

However, for a vehicle travelling in free air the corresponding drag 

-l{< -* -* D = DF + D 
P 

where -* -~'< 
D = D 

P pa 
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Therefore when a vehicle travels in a tube two additional components 

* * D band D are added to the drag 
p pc 

component s 

* * over a comparison of DF and D pa 
- >~ 

to DF and 

* * DF and D • More-pa 
_>!c 
D reveals that each 

pa 

of the former two is greater than its corre sponding c o mponent ex-

perienced in free air . * -* DF is expected to be higher than DF because 

the flow velocity in the annular region is negative. Therefore, the 

relative velocity between the vehicle and the surrounding flow is 

greater for a vehicle travelling in a tube than the corresponding case 

of travel in free air. Consequently the frictional forces are greater 

for the first case than the second, and 

* -* When comparing D and D we note that the base pressure in both 
pa pa 

the confined and unconfined cases is respectively given by 

* * +l * * *)z 
PB = P2 CpB Pz (V U 2 2 

and 

-* -* +t * V*Z 
PB = Pz C

pB Pz 

recognizing that 

* U z < 0 

C pB < 0 

* * 
Pz < PI 

-* -* * 
Pz = PI = Po 

leads to the conclusion that 

< 



and therefore 

D* > 
pa 

-* D 
pa 
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Fig. (14) shows the contribution of each of the components 

discussed above t o the tota l drag of the vehicle. It is seen that the 

pressure drag cont ribution to the total drag is larger than the skin 

friction drag contribution. It is also seen that the pressure drop in 

the annular region due to the vehicle friction composes a major part 

of the pres sure drag. 

b. Effect of the Paramet ers on the Solution 

In this section solutions for different parameter values are 

obtained. The effect of varying the parameter values on the solution 

is discus sed. In each case only one parameter is allowed to vary; the 

rest retain the values given above. In Figs. (15)-(22) the effect of 

changing the parameter values on the drag coefficient is shown. 

Tables (1 )-(3) respectively show the effect of parameter changes 

on the flow pressure, velocity and the relative values of the drag 

components at the beginning of the period (C). In general it was 

observed that this period begins at a time close to 30 seconds after 

the vehicle begins its motion. Therefore unles s otherwise specified 

the values in the tables are those for t * = 30 seconds. Calculations 

made for obtaini ng the curves of Fig. (17) assumed a quasi-steady 

near -field as sumption. All other Figs. were calculated taking the 

unsteady wave effect into account in the near -field calculations. 

The difference between both cases is discussed later. 
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Blockage Ratio: 

The blockage ratio has a strong effect on the flow properties 

and the drag (Fig. 15). An increase in blockage ratio results in an 

increase in the magnitudes of both the far -field and the near -field 

flow velocities. The increased far-field flow velocity requires larger 

forces to be exerted by the vehicle, both to accelerate the air and 

overcome the frictional forces. This appears as a drag increase. 

The lar ge (in magnitude) annular ve locity accompanied by the small 

annular cross sectional area results in large pressure drops which 

* contribute greatly to the pressure drag D • 
P 

The blockage ratio value strongly affects the value of the total 

drag experienced by the vehicle and the relatiy e values of the drag 

components to the total drag. The rise in the annular region pressure 

drop for large values of cr increases the ratio of the pr es sure drag 

* * components due to annular pressure drop (D band D ) to the total 
p pc 

drag. This is increased from 41. 1 % for a blockage ratio of 0.45 to 

* 76. 1 % for cr = O. 8. However, the skin friction drag component DF 

is affected in a reverse manner (D~/D* = 45.5% for cr = 0.45 and 

* * t1 DF/D = 16.770 for cr = 0.8). As the blockage ratio decreases the 

"b" f * d * d d h " h contrl uhons 0 D b an D continue to ecrease an t ey vanlS 
p pc 

completely as cr -+ O. As expected a large blockage ratio severely 

increases the total drag. (For cr = 0.45 and cr = 0.8 the maximum 

values for CD respectively are'" 10 and 35). 
o 

Vehicle Length: 

An increase in the vehicle length causes a corresponding in-

crease in the resistance experienced by the air flow in the annular region. 
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The effect of this is to reduce the magnitude of the flow velocity 

ther e, and consequently increase the far -field flow. The reduced 

near-field flow tends to decrease the pressure gradient in the 

annular region, and therefore the pres sure drop. However, the 

increased vehicle length has the reverse effect. It tends to increase 

this pressure drop because of the increased area of the frictional 

surface. The latter effect is the dominant and it causes an in-

* ~'<: crease in the contribution of both the drag components DF and D • pc 

The total additional drag experienced by a long vehicle as compared 

to a short one is essentially the force required to overcome the 

increased frictional forces acting on the higher far-field velocity. 

Fig. (16) compares the drag coefficient CD for different vehicle 
o 

lengths. As seen, the maximum value of CD increases from 15 to 
o 

26 for an increase of vehicle length from 150 ft. to 600 ft. Table (3) 

shows that the base drag ratio to total drag is increased as the 

vehicle length is reduced. 

Tube Length: 

The resistance experienced by the far -field flow increases 

with the tube length. Therefore the far-field velocity decreases as 

the tube length increases. Consequently the magnitude of the flow 

velocity in the annular region increases with the tube length. This 

produces an increase in the annular region pressure drop and conse-

quently a larger drag is experienced by the vehicle. 

Fig. (17) shows the drag coefficient curves for three different 

tube lengths of 5, 000 ft., 10, 000 ft. and 20, 000 ft. For the first two 

tubes the vehicle begins its motion at x = O. 3. For the longest tube 



the motion starts at x = O. 15. (Since the initial vehicle position for 
:>\, 

each of the two longer tubes is x :..; 3, 000 ft., this choice allows us 

to compare the effect of the position of the forward tube end on the 

solution.) As expected the curves indicate the increase in drag with 

tube length. It is interesting to compare the wave effect in the three 

cases. All three curves coincide for approximately the initial three 

seconds of motion. Until that t i me the solution is the same as that for 

an infinite tube, since the initial waves reflected from the tube ends 

have not yet reached the vehicle in any of the t hree cases. At ap­

* proximately t = 3 sees. the compression wave reflected from the 

rear tube end arrive s at the vehicle for the 5, 000 ft. tube cas e. This 

causes a reduction in the slope of the drag curve compared to the 

* corresponding slopes for the two longer tubes. At t ""'"' 7 seconds 

the expansion wave reflected from the forward tube end arrives at 

the vehicle. This causes an additional reduction in the slope of the 

drag curve. The curves corresponding to the longer tubes coincide 

* until t ""'"' 14 sees. Until that time the s olution is the same as that 

for a semi-infinite tube, since the initial compression wave reflected 

as an expansion wave from the far tube end has not yet reached the 

vehicle. * At t ""'"' 14 sees. this wave reaches the vehicle in the 

medium length tube . Only then does a difference occur between the 

slopes of the curves corresponding to the two long tubes. The re-

flected wave has a stronger effect for the 5, 000 ft. tube than for the 

10, 000 ft. tube. This is due to the attenuating effect of fricti on on 

the wave strength. The third curve (20, 000 ft. tube) has a different 

profile from the first two. This is due t o the fact that the reflected 
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expansion wave arrives at the vehicle after the end of the a cceleration 

period. Therefore, at the end of acceleration the flow properties 

at the vehicle b ehave as if the tube is semi-infinite. And the argu­

ment previously used for the drag reduction at the end of period (A) 

applies here no longer. Although the rate of drag increase is reduced 

at the end of period (A), a continuous rise in the drag is observed. 

This is due to the fact that a vehicle in a semi-infinite tube must 

continuously supply the force required to push a fluid column con­

tinuously increasing in length with tiITle. Therefore, although the 

drag for ce due to accelerating the far -field air column vanishes at 

the end of the accelerating period, a force is required to overCOITle 

the frictional forces on a continuously increasing frictional surface 

area. This caus es the continuous increase in drag until the reflected 

expansion wave reaches the vehicle. 

For a semi-infinite tube we expect the solution to behave in 

the following ITlanner. Initially as the vehicle accelerates, COITl­

pression and expansion waves respectively propagating ahead of the 

vehicle and behind it, cause the air in the tube to flow and a pres sure 

gradient occurs. After the vehicle reaches a steady velocity the 

growing coluITln of air flow in the far -field results in larger frictional 

for ces. This tends to produce a rise in the far -field pr es sure drop 

along the tube. An equal pressure drop occurs in the near -field 

(see Fig. 11). However, for this to happen an increased flow velocity 

(in ITlagnitude) ITlUst occur in the near-field. This iInplies a reduced 

velocity in the far-field, and consequently a reduced pressure 

gradient there. This continues until the near -fiel d pres sure drop 
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reaches its maximum value which occurs as the far -field velocity 

approaches zero. As this happens the pres sure gradient along the 

far -field approaches zero. The far -field pressure upstream of the 

vehicle approaches the ambient pressure, while the pressure down-

stream of the vehicle approaches a constant v a lue exceeding the 

ambient pressure by the pressure jump along the near-field. For 

the case of zero far-field flow the value of CD (for our example) 
o 

is approximately 70. (This is calculated as suming incompres sible 

flow). 

Vehicle Skin Friction Factor: 

An increase in the vehicle roughness (skin friction) causes 

a corresponding increas e in the resistance experienced by the air 

flow in the annular region. The magnibtlde of the flow velocity there 

is reduced while an increase occurs in the far-field velocity. Also 

an increase in both the near-field pressure drop and the drag forces 

occurs. These are the same observations made for increasing the 

vehicle length. Tables (1)-(3) and Figs. (16), (18) reveal the strong 

similarity between the effect of vehicle length and the vehicle skin 

friction on the solution. We note that an increase in the value of 

either is equivalent to an increase in the total skin friction force 

acting on the vehicle surface, and therefore the similarity in their 

effects. 

Tube Skin Friction Factor: 

Increasing the tube roughness (friction factor) has the same 

qualitative effects on the pressures, velocities and drag as those 

produced by an increase in tube length. Fig. (19) gives the drag 
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coefficient curves for three different values of fT' It is interesting 

to note that as the value of fT is increased the two periods (B) and 

(C) become less distinct from each ot her. The reason for that is 

that for large values of fT the major part of t he vehicle drag during 

the acceleration period is due to the frictional forces acting on the 

far-field flow and not to accele r ating that flow. Therefore, when 

the acceleration comes to an end n o s u bs t antial reduction occurs in 

the drag. 

Bas e Pres s ure Co efficient : 

FroIn Fig. (20) and Tables (1 )-(3) we see that varying the 

value of the base pressure coefficient C
pB 

from -0.075 to -0.30 

causes only small corresponding variation in the solution. For the 

vehicle length considered (300 ft. ) only about 10% of the total drag is 

due to the nose-base effect. The major portion of the drag is due to 

annular frictional forces. However, the contribution of the nose-

base effect increases as the vehicle length is decreased (20% for 

150 ft. long vehicle). 

Maximum Vehicle Velocity: 

In our examples we assumed that the vehicle travels at a 

constant acceleration (5 ft. /sec
2

) during period (A). The initial 

* increase in slope of the curves for Uland U 4 (t < 10 sees) in 

Fig. (12) indicates that the far -field flows with an increasing accel-

eration initially. For the rest of period (A) the acceleration be­

comes nearly constant. This is approximat e ly 3 ft/sec
2

• During 

* the acceleration period, for V = 75 ft/sec, 100 ft/sec, 150 ft/sec., 
o 

~'* ~,* the respective values for U
1 

(t )/V (t ) vary between 0.27, 0.32, 
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o. 39 at the middle of this period to O. 39, 0.45, 0.50 at the end o f 

it. The far -field velocity continues to increase during period (B) 

and as shown in Table (2), VI reaches the values 0.46, 0.48, 0.51 

* at the end of that p e riod for the above given values of V. The 
o 

velocities UI' U z, U
3

, U 4 at the end of period (B) (see Table 2) do 

not vary appreciably with changing the maxi mum_ vehicle velocity. 

* * * * Therefore, the velocities VI' V 2 , V
3

, V 4 increase in magnitude 

with the vehicle's final velocity. Correspondingly the pres sure drop 

in the annular region and the total drag increase as the final vehicle 

speed is increased. 

Fig. (2I a ) compares the drag coefficient CD fo r different 

* 0 
values of V. It is seen that the lower values for CD (the max-o max 

o 
imum value of CD ) correspond to the higher final v ehicle velocities . 

o 
This may be explained in the following manner. Let us consider the 

flow for times lar ge enough so that we may assume that the flow 

acceleration in the tube is constant (= s e*) where 8* is the vehicle's 

acceleration and S is a constant. The flow in the far -field is approx-

imated by an incompressible flow with velocity 

u* 
F = * * * C

1 
+ S 8 t 

* where C I is a constant. During the acceleration period, the drag 

experienced by the vehicle is proportional to the forces required to 

accelerate the far-field flow in addition to the frictional forces 

* d UF 
acting on that flow. The former force is proportional to ~ 

*2 the latter is proportional to V F • 
dt 

We therefore conclude that 

and 
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* * s e t ~'< * s e L 

* V o 

2 * >l< 

) 
S e L 

+ S + C 2 V*2 
o 

V *2 
o 

where C
2 

is a constant. Therefore higher values of CD max corre­
,', 

spond to lower value s of y"'. 
o 

o 

Comparing the slopes of the CD curves in period (C) we find 
o 

that it increases in absolute value as V >:~ increases. This is due to 
o 

the higher far -field flow velocities (and therefore Mach number) 

. * corresponding to the hlgher Y values, and therefore the greater 
o 

effect of compressibility which leads to the increased slope. In 

Fig. (21 b) in all three cases, the drag is normalized by the inter-

mediate final speed (100 ft/s e c). This figure allows us to obtain a 

better idea about the effect of the velocity on the drag. 

It is of interest here to point out the scaling laws and the 

dimensionless similarity parameters related to the train-tube 

p roblem. Let us assume that a vehicle travels in a t ube of length 

* * * Its acceleration is given by 9 and its final speed is Y • 
o 

We 

n ow consider a small-scale model which is geometrically similar 

to the above full-scale tube-vehicle system. We assume that the 

friction coefficients for the model surfaces are equal to th e corre-

sponding full-scale coefficients. We are at liberty to choose the 

>:< 
model tube length L (and thus the model size) and the final vehicle 

m 
• >:< 

veloclty of the model V • For both the solutions of the model 
om 

and the full-scale system to be similar, the value of the model's 
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* vehicle acceleration e in the period 
m >:c e >:< 

Lm m 

(A) must be chos en such that 

* * L e 
the similarity parameter ( >:C2) and ( 

V V 
>:c2 ) 

o m o 

Mor eover, the scaling of the time follows the relation 

t 
s 

~'c = t m 

* V o m 
>:< 

L m 

= * t 

V* 
o 

--;:z 
L 

In addition to the above (in order to achieve the same compres sibility 

effect) the equality of Mach num.bers must be satisfied 

where ( 

M 
o = 

* * V V 
o om 

* = * a a 
0 o m 

) indicates model properties. If the above scaling laws 
m 

are satisfied, the curves for CD m vs. ts and CD vs. t s 
coincide. 

Here 
o 0 

D* 
m 

* >!~ t p V X (model vehicle c. s. area) 
om 0 m 

In investigating various aspects related to the problem of 

vehicles travelling in tubes, experiments are conducted using small-

scale equipment. In order that the information obtained from such 

experiments be useful and applicable to full-scale systems, the 

above (scaling) conditions must be satisfied. The equality of the 

Reynolds number was not mentioned here, since we assumed that 

the sur face friction coefficients are equal in both the model and 

full-s cale systems. This can be approximately achieved by a proper 

choice of the model surface roughnes s. Otherwise the modell s 

Reynolds number must be controlled by such methods as pressuri-

zation and the employment of gases other than air. To achieve 
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the equality of Mach numbers, a small - scale model may be used 

:{( * >.'< 
in air with the same V value (V = V ). However, the model 

o 0 m 0 

acceleration is required to exceed the corresponding full-scale 

acceleration. If the model is operated at lower velocities, a 

working gas other than air must be properly chosen. We may add 

that for cases where the compressibility effects are not of signifi-

cant importance (e. g. low vehicle velocities), the condition of 

Mach number equality may be neglected. 

Far -Field Velocity Profile: 

It is seen from Fig. (22) that the velocity profile has a 

negligible effect on the solution. 

the form 

= 
1 

f(f]) = f] f] 

The velocity profiles were of 

n=4,6,10 

For the case n = 4 the boundary layer began to fill the tube 

at approximately 17 seconds from the beginning of motion. 

For the case n = 10 the corresponding time was approximately 

12 seconds. It is therefore also concluded that the difference 

between the solution using a potential core formulation or 

just as suming the flow is fully developed to begin with is 

negligible. 
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c. Comparison of Different Flow Models 

Except for the tube length comparison, all the above examples 

were calculated using an unsteady near -field formulation. At the 

initial instant s of the motion ("'-' 2 seconds ) the flow in the annular 

region is assumed to be inviscid and the friction effect there is 

neglected. Aft er this period the full equations are solved taking 

account of both the friction and wave effect. 

The Quasi-Steady Near Field Assumption: 

Fig. (23) compares the unsteady near -fi eld solution to the 

quasi -steady near -field solution for a vehicle 600 ft. long. It is 

seen that both solutions give almost identical results except for the 

initial moments of the motion where the frictional forces in the near­

field are weak and the wave effect is dominant. This leads to the 

conclusion that except for a small initial period the frictional effects 

in the annular region are much stronger than the wave effects, and 

therefore the latter may be neglected (quasi-steady near -field 

assumption). It is also clear that the initial difference in the re­

sulting solution does not affect the solution at later times. 

The Slug Theory: 

This theory assumes a one-dimensional incompressible 

uniform flow formulation for both the far -field and the near -field. 

This formulation leads to an ordinary differential equation solvable 

numerically. 

Fig. (24a) compares our solutions to that obtained by the slug 

theory for pararneters of standard values. The overestimation of 
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drag predicted by the slug theory during period (A) is due to the 

instantaneous and abrupt changes that take plac e in the far -field 

(infinite sound speed). For exam.ple, the whole far -field air 

colum.n is abruptly accelerated unlike the com.pres sible solution 

in which the accele rated colum.n increas es its length gradually. 

The underest im.ation predicted in Fe riod (B) is also due to the lack 

of waves. In period (C) the slug theory predicts a constant value 

for the drag (i. e . steady state is actually achi e ved). This is due to 

the assum.ed incom.pressibility of the flow. The im.n.ortance of com.­
a (U~~ fa;;) 

"b"l"t . "th U*f * f I >:< press1 1 1 "y 1ncreases W1 a o ' T' -I, ----:-;,J.:--- An inc l' e a s e 
at'" 

in the wave effect occurs as the latter two quantities increase. For 

low values of the above 

theory. The quantities 

quantities, it is ade5l,uate to use the slug * ),< * * a(u fa 0) 
U fa and oJ. are related to the o 'I' at 

param.eters discussed above. For exam.ple, increasing the value 

* of V increases the flow Mach num.ber, while an increase in cr, o 

* * * L h' f h results in a corresponding increase in both (U fa ) and v v 0 

a(u* fa *) 
o 

* at 
Fig. (24b) is an exam.ple for the increased disagreement 

between the com.pressible flow solution and the incom.pressible slug 

m.odel in the case of a long tube (20, 000 ft. ). 
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III. THE PROBLEM OF A VENTED TUNNEL 

A. Formulation of the Proble m 

Vent s are usually found in train tunnels. The vent effectively 

reduces the tunne l length and thus the aerodynamic resistance exper-

ienced by the train is reduced. We consider here a tunnel with one vent 

along its length. The flow through the vent depends on its position rela-

tive to the vehicle. When the vent is ahead of the vehicle the vent pres-

sure (inside the tube) is higher than the ambient pr es sure p. This 
o 

pressure difference results in an outflow through the v e nt, which con-

tinues until the train approaches the vent. As the vent becomes in the 

annular region, a gradual reduction in its pressure occurs. The flow in 

the vent is reversed after its pressure becomes equal to ambient, as the 

lower pressure results in an inflow through the vent. 

Experiments were conducted at DSI (Reference 6) to study steady 

flow in vented tubes. From this investigation coefficients and constants 

found to be appropriate for describing vent flow were defined. In the 

following equations subscript (a) denotes flow conditions upstreamofthe 

vent and subscript (b) denotes conditions downstream of the vent. 

\ c 6pso 

1 P a - P ~ 2 = ( K~ 
Z Pa Uvt M y C " . o L\ pSI 

- K~ 

(54a) 

(54b) 

I 

where 

U -U 
a b 

U
vt = 

IT
vt 

U -U 
a b (l - IT) 

IT
vt 

(vent in far -field) (55a) 

(vent in annular region) (55b) 
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O"vt - vent cros s sectional area divided by tunnel cros s 

sectional area 

The constants 

K = 1. 05 o 

K. = O. 965 
1 

The values of the coefficients C and C" . depend on the geoITletry 
6pso DpSl 

at the vent shaft. For existing subway vent shafts, their values var y 

between 5. 0 and 15. O. 

The experiITlents showed that for inflow and outflow through 

the vent, there is respectively a pressure drop and rise between 

stations (a) and (b). This agrees qualitatively with pressure changes 

predicted by Bernoulli1s equation for the case of inviscid flow. The 

ITlagnitude of the difference between the pressures at stations (a) and 

(b) was found to be equivalent to the pressure drop over a few tunnel 

diaITleters and is neglected here. We therefore aSSUITle that 

= (56) 

The flow at the vent is quite cOITlplicated and the invis cid cor e and 

boundarylayer forITlulationdoes not apply there. Moreover, the results 

obtained in Part (II) indicate that the flow velocity profile has a negligible 

effect on the soluticn and that the invis cid cor e and boundary layer forITlu­

lation ITlay be replaced by a fully developed flow forITlulation froITl the be-

ginning ofthe ITlotion with no noticeable error resulting. Therefore, in 

order to study the effect ofthe vent we shall as SUITle that the flow is fully 

developed and uniforITl at any cros S section. We also use the relation 

= (57) 

The quasi-steady near-field assuITlption is used for calculations in 

this section. 
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B. Method of Solution 

The san'le methods of solution used in the problem of an un-

vented tube are used here. The only additional feature here is the 

solution at the vent it self. The vent flow is related to the flow in the 

tube through the far-field equations along characteristics I, II, III 

(see Fig. 8). The characteristic equations are written in their ap-

proximate form (50) and when combined with the above equations 

governing the vent flow, the problem for finding the flow variables 

at the vent is reduced to solving an algebraic system of equations 

where 

w = 

w(x,t+l ) - a n 

This is solved by iteration. 

If the vehicle is close to the vent as shown in Fig. (8) at time 

t z' then the vent and near-field equations are solved simultaneously. 

At time t3 the vent is in the near-field and therefore the vent flow is 

related to the far-field indirectly through the far-field equations along 

the characteristic curves leading to the vehicle as shown in the 

figure. 
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C. Numerical C a lculations and Results 

1. Choice of Para meter Values 

To demonstrate the vent effect on vehicles travelling in tubes 

a numerical example is given. Except for the value of n, the values 

of the parameters are the same as those given on page (40). (The 

flow is assumed to be uniform here. Therefore n -t 00). In addition 

the following vent parameter s are as sume d 

Vent position Xvt = 0.6 

O"vt = O. 75 

Ct, . = 7 
pSI 

C t,pso = 7 

2. Results and Dis cus sion 

Figs. (25)-(27) show the variation of the pressure, flow 

velocity and the drag coefficient with time for the case of a vehicle 

travelling in a vented tube. Before the vehicle reaches the vent, the 

above properties change with time in a similar pattern to that ob-

served for an unvented tube. However, a reduction in both the 

annular region pres sure drop and the drag experienced by the 

vehicle occurs due to the vent. The pressure at the vent is greater 

than the ambient pressure. Therefore an outflow occurs through the 

vent and the flow velocity Vb after (downstream) the vent is les s than 

the flow velocity V before (upstream) the vent. As the vehicle pas ses a 

the vent a change in the flow properties occurs. The relatively slow 

flow ahead of the vent is suddenly compressed causing a compression 

wave to travel down the tube. This is reflected as an expansion wave 

at the forward tube end. While the vent is in the annula r region, a 
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continuous drop in its pressure occurs. At some point this pressure 

becomes equal to ambient. Then as it continues to decrease, the 

vent flow is reversed and th e velocity downstream of the vent ex­

ceeds that upstream. The pres s ure at the v ehi cle's forward end 

continues to increase until the reflected expansion wave reaches the 

vehicle. After that the normal pattern for the variation of p res sure 

with time in an unvented tub e i s observed here. 

Fig. (27) shows the variation of the drag coefficient with time. 

In addition to the initial drag increas e which is due to the acc eleration 

of the air in the tube, a sudd en increase in drag as the vehicle's 

forward end passes the vent is observed. As the vent comes into 

the annular region, its venting effect is gradually reduced until its 

pressure becomes equal to a mbi ent. At that point there is zero vent 

flow and the maximum drag is experienced. As the vehicle continues 

its motion by the vent, the pressure drop at the vent produces an 

inflow and the venting effect is felt again. This causes a reduction 

in the drag until the rear end of the vehicle pas ses the vent. An 

increase in drag is then observed. This is the same increase which 

would occur if the tube were semi-infinite. The fact that the tube is 

of finite length is not felt until the reflected expansion wave reaches 

the vehicle and causes a drop in its drag. 

In Fig. (28) the drag coefficient for a vehicle travelling in a 

vented tube is compared with the corresponding drag coefficient for 

a vehicle travelling in an unvented tube. The vent effect is seen to 

reduce the drag to 78% before the vent is reached and to 70'% after the 

vent is passed. However, at the vent itself the drag exceeds that of 
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an unvented tube. The reason for the increas ed reduction in drag 

after the vent is p a s sed is that for our example the tube length after 

the vent is les s than its length befor e the vent. Therefore, the tube IS 

effective length is reduced after the vehicle passes the vent. 

In the same figure a comparison is made between the present 

solution and that obtained by the slug theory. In addition to the 

observations previously made about the slug theory solution in the 

case of an unvented tube, this theory predicts an extra large drag 

as the vehicle passes the vent. There i s also an abrupt decrease in 

drag after the vent is passed. Both of these observations are due to 

neglecting the wave effect in the slug theory. 
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IV. THE PROBLEM OF A VEHICLE 

ENTERING A TUNNEL AT FINITE SPEED 

A. Form.ulation of the Problem. 

A vehicle approaching a tunnel causes a slight disturbance to its 

air just before the nose enters the tunnel. A s the nose enters the flow 

is continuously com.pressed until the nose is com.pletely in the tunnel. 

As shown in Appendix (A) the influence of the nose is not expected to be 

felt in the tunnel until it becom.e s very close. The nose itself is short 

and the tim.e required for i t to com.plete its entry is short. The m.anner 

in which the air is com.pressed in this short initial period ("'-' O. 2 seconds) 

depends on the geom.etry of the nose. However we have not been con-

sidering such details in this study, and recognizing that the change of 

pressure with respect to the undisturbed pressure is sm.all ("'-' 0.1) we 

can conclude that replacing the continuous com.pression wave by a shock 

wave would give negligible error (the entropy increase for a weak shock 

wave is of the third order with respect to its strength). 

Determ.ining the Inititial Shock Strength 

The initial shock strength is determ.ined when the vehicle nose 

is com.pletely inside the tube and station (2) (the beginning of the annular 

region) is at the tube entrance (see Fig. 9b ). The equations governing 

the flow properties behind the shock wave are 

U 
2 ~: (1 - :;) (58) = z y+l 

1 
(21' 

2 - Y + 1) (59 ) Pz = y+l c 
s 

1 
(60) Pz = U 

1 z M - c 0 
s 
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where c is the dimensionless shock speed s 

c 
s = 

c 
s 
* 
~ 
a 

o 

and variables with subscript z indicate properties immediately b ehind 

the shock wave. The shock wave is assumed to be close to the vehicle 

and flow properties behind the sho ck are matched to those at station (1). 

= 

Conditions at station (1) are governed by the nose region relations 

(equations 33a, 33b, 33c) in addition to the condition 

P2 = 1 (61 ) 

The above shock relations and the nose region equations combined 

with condition (61) are solved for the initial properties behind the shock, 

the initial shock speed and the flow properties at station (2). 

Interaction Between the Shock Wave and the Characteristics: 

As the shock propagates down the tube with a speed less than that 

of the characteristics behind it, an interaction between the shock and 

the characteristics is expected. This produces changes in the shock 

strength and consequently its velocity. The new shock strength is found 

by determining the pres sure on the characteristic curve at the point of 

its intersection with the shock. The new shock velocity is calculated 

from equation (59) • 
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The Near -Field: 

As the vehicle proceeds into the tunnel equations (37) governing 

the flow in the annular region are applied between stations (2) and the 

tunnel entrance. After the whole vehicle completely enter s the tunnel, 

the base region equations (44)-(46) are applied in addition to the nose 

and annular region equations. 

The Far -Field: 

The far -field flow is governed by the same far -field equations 

derived for the problem of a vehicle accelerating in an unvented tube. 

B. Method of Solution 

The same methods of solution used in the problem of an unvented 

tube are used here. The only additional feature here is the solution as 

the vehicle enters the tube. Fig. (9a) at time tl shows the near -field 

and far -field characteristics along which the corresponding flow equations 

are solved in combination with the equations governing the flow in the 

nose region. At time t2 in the same figure the vehicle is completely 

inside the tube and the characteristic curves are also shown in this case. 

C. Numerical Calculations and Results 

In the numerical examples of this section a vehicle is as sumed 

* to be travelling at a constant speed V. It enter s the tunnel at time 
o 

* t = O. Unles s otherwise specified the same geometrical parameter s 

given on page (40) are as sumed here. 
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Results and Dis cus sion: 

Fig. (29) shows the pr e s sur e variation with time at the 

four stations xl (t), x
2

(t), x
3

(t) and x
4

(t). The initial pressure rise 

ahead of the nose is due to the shock wave. As the vehicle pro-

ceeds into the tunnel a continuous increase in the pressure at the 

two forward stations Xl (t) and x 2 (t) is observed. This is due to 

the increasing length of the annular region and therefore the in-

crease in the pressure drop along it. As the base enters the tube, 

the annular pressure drop continues to increase, however at a 

lower rate than the initial period. This increase is due to the 

serni-infinite tube length effect which results in a velocity drop 

in the tube and an increase in the magnitude of the velocity in the 

annular region. , The pressure ahead of the vehicle continues to 

increase until the expansion wave reflected from the tube's forward 

end arrives at the vehicle. Then the pressure drops and a pattern 

similar to that of period (C) in the problem of a vehicle accelerating 

in an unvented tube is observed here . 

In Fig. (30) the pr es sure di stribution is shown along the 

tube at different times. * * At t = 4 sees . and t = 8 sees. the shock 

wave is propagating towards the tube ' s forward end . It is clear 

that its strength is not noticeably affected as it propagates down 

the tube. 
~~ 

The curve for t = 12 sees. shows the pressure distri-

bution in the tube, as the reflected expansion wave propagates 

towards the vehicle. 

The drag variation follows a similar pattern to the pressure 

variation ahead of the vehicle. In Fig. (32) an initial large drag is 
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observed due to the initial compression of the air at the tube's 

entrance. The drag increases at a high rate until the vehicle is 

completely in the tube. After that the drag continues to increase 

at a lower rate, until the reflected expansion wave arrives at the 

vehicle, reducing the drag to the values observed in the final period 

(C) of a vehicle accelerating in an unvented tube. 

In Fig. (32) a comparison is made between the solution for 

the entry problem and the slug theory solution for the same case. 

The latter solution does not include the shock wave which is part 

of the compressible solution. The vehicle is assumed to accelerate 

all the air column in the tube instantaneously as it enter s the tube. 

This causes the sharp increase in drag predicted by the slug theory. 

Unlike the compressible solution, the fact that the tube is of finite 

length is felt instantaneously. Therefore a sharp drop in the drag 

is observed immediately after the vehicle completes its entry into 

the tube. 

Solutions obtained in this section assume nonsteady near­

field flow. They were compared to the solution as suming the near­

field to be quasi-steady and no noticeable difference was found. 

Effect of the Parameters on the Solution: 

Tables (4) and (5) show the effect of changing the values of 

the parameters on the pressure and the drag. 

Blockage Ratio: 

Increasing the blockage ratio has two effects which contribute 

to increasing the value of the maximum drag experienced by the 

vehicle. The initial shock wave strength increases with the blockage 
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ratio, indicating a corresponding increase in the initial d l. 

Moreover, the l arge pressure drop in the annular r egion c a 

high blockage ratio vehicle causes the rate of drag variatio n to 

increase with blockage ratio during the initial uns teady periods 

* * t < t. (see Fig. 29). Therefore, the value of t h e d r ag before the 
J 

vehicle is affe cted by t he expansion wave is much larger for high 

blockage ratio vehicles as compared to low blockage ratio vehicles. 

Vehicle Length : 

The l e n gth of the vehicle does not affect the value of the 

shock strength. * * However, the initial period 0 < t < t. (see Fig. 29) 
1 

in which the drag increases at a very steep rate is prolonged and 

* * thus contributing to alar ge maximum drag value at t = t .• 
J 

Tube Length: 

The length of the tube does not affect the initial drag value 

* )!< or the value at t = t. (in the example s given here) . However, an 
1 

increase in the tube length causes an increase in the value of the time 

* t. at which the reflected expansion wave arrives at the vehicle. 
J 

Therefore, the increased length of this period in which the drag in-

creases at a positive rate results in a corresponding increase in 

the maximum drag value . 

Other Parameters: 

The drag increases with the vehicle skin friction factor as a 

result of the increase in the annular region pressure drop. An 

increase in the tube skin friction coefficient also caus e s an increase 

in drag. as the flow in the tube experiences higher rE' ;;i s tance 

which must be overcome by the vehicle. The value o f : ~~e base 
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friction coefficient is seen to affect the drag slightly. An increased 

velocity results i n a stronger shock wave and a higher dra g . How-

ever J the value of the drag coefficient CD drops as the velocity 
o 

increa ses. 
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V. CONCLUSIONS 

Vehicles travelling in tunnels experience drag forces which 

are much higher than those experienced in free air. The Inajor drag 

component results from the annular region pressure drop which is 

primarily due to the frictional forces on the vehicle surface. The 

nose-base contribution t o the drag is small. However, it increases 

in importance as the vehicle length decreases. The blockage ratio, 

vehicle length, tube length, tunnel and vehicle skin friction and the 

vehicle velocity affect the drag experienced by the vehicle strongly. 

For vehicles of lengths considered here (~ 300 ft. ) the drag is a weak 

function of the base pressure coefficient. The flow velocity profile 

in the far -field has a negligible effect on the solution. 

For vehicles accelerating from rest, the wave action in the 

near -field is strong only for a small period of the initial motion 

('" 2 seconds). As the vehicle velocity increases, a flow with nega-

tive velocity of large magnitude relative to the vehicle cause s a large 

pressure drop in the annular region due to the large frictional forces 

there. The frictional effects in the annular region become dOlninant 

and the wave effects become negligible. 

The wave effects in the far-field are more important than in 

the near -field. The effect of compres sibility in the far -field flow * ~~ * * ~ a(u fa ) 
increases with the quantities U fa f L'" 0 

0' T" * at 
The effect of including the boundary layer and potential core 

formulation on the solution is negligible. Therefore, a fully devel-

oped flow formulation since the beginning of motion may be as sumed. 
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Except for the period in which the vehicle passe s a vent 

and a following period whos e duration depends on the length of the 

tube portion downstream of the vent, the flow properties at the 

vehicle and the drag e:>""Perienced by it follow a similar pattern to 

that of an unvented tube. How ever, their value s indicate a decrease 

in the tube effective length, resulting in a reduction of drag. At the 

vent itself the vehicle suddenly experiences a large drag when it 

meets the slow moving air in the forward section of the tube. 

The slug theory overestimates the sharp dra g inc rease ex­

perienced at the vent and underestima tes the drag in the period 

immediately following. This is due to the infinite speed of sound 

assumed in that theory. 

The solution for the problem of a vehicle entering in a tube 

at finite speed can be divided into three distinct periods. In the first 

period a sudden increase in the vehicle's drag is observed due to the 

propagation of a shock wave down the tube as the nose enters the 

tube. This is followed by an increase in drag at a high rate until the 

vehicle is completely in the tube. In the second period the drag 

continues to increase at a lower rate. The drag increase here is 

due to the semi-infinite tube length effect. In the third period the 

reflected expansion wave reaches the vehicle producing a drag re­

duction. Then a pattern similar to that of the final period of a vehicle 

accelerating in a:!l unvented tube is observed here. 
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The slug theory predicts an overestimated v a lue for the drag 

in the initial period. This suddenly drops giving an underestirre.ted 

value in the second period. The slug theory in the third period gives 

a closer estiITlate to the true drag. 
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TABLE 1 

Pressure Values at the Beginning of Period (C) t 

Perturbed Value of Perturbed PI P2 P3 P4 
Parameter Paran'leter 

None 1. 0368 1.0255 0.9676 0.9725 

CJ 0.45 1.0102 1.0032 0.9850 0.9894 

CJ 0.80 1.0946 1. 0812 0.9359 0.9392 

* Lvh 150 ft. 1. 0261 1.0116 0.9723 0.9784 

* Lvh 600 ft. 1. 0510 1. 0427 0.9624 0.9661 

L * tt 5, 000 ft . 1. 0183 1. 0101 0.9721 0.9755 

L * ttt 20, 000 ft. 1. 0798 1. 0639 0.9733 0.9803 

fvh 0.01 1.0283 1. 0146 0.9718 0.9776 

fvh 0.04 1.0495 1. 0410 0.9611 0.9649 

fT 0.01 1. 0215 1.0131 0.9748 0.9784 

fT 0.04 1. 0615 1. 0476 0. 9569 0.9630 

C
pB -0.075 1.0366 1. 0252 O. 9670 0.9726 

C
pB -0.300 1.0371 1. 0260 0.9687 0.9722 

V* tt 75 ft/sec 1. 0220 1. 0153 0.9821 0.9849 
0 

V'i.( ttt 150 ft/sec 
0 

1. 0626 1.0394 0.9133 0.9239 

1 
(velocity 1/4 1.0368 1.0255 0.9676 0.9724 -

n 

profile power) 1/10 1. 0368 1.0255 O. 9676 0.9725 

t * Values correspond to t = 30 sec. in general 

tt * Values correspond to t = 25 sec. 

ttt * Values correspond to t = 40 sec. 
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TABLE 2 

Flow Velocity Values at the Beginning of Period (C) t 

Perturbed lva1ue of Perturbed U1 U2 U3 U4 Parameter Parameter 

None 0.4801 -0.4970 -0.5868 0.4455 

0 0.45 0.2711 -0.3318 -0.3573 0.2552 

0 0.80 0.6964 -0.5313 -0. 7652 0.6465 
* 

0.4096

1

-0. 7042 0.3811 Lvh 150 ft. -0. 7715 
* 600 ft. Lvh 0.5558 -0.2763 -0.3882 0.5147 

L * tt 5, 000 ft. 0.5552 -0.2783 -0.3273 0.5359 

L * ttt 20, 000 ft. 0.3943 -0.7489 -0.9048 0.3347 

ivh 0.01 0.4263 -0.6550 -0.7263 0.3969 

ivh 0.04 0.5490 -0.2961 -0.4058 0.5085 

iT 0.01 0.5464 -0.3037 -0.3571 0.5255 

iT 0.04 0.4288 -0.6474 -0.7968 0.3723 

CpB -0.075 0.4790 -0.5003 -0.5908 0.4444 

CpB -0. 300 0.4824 -0.4904 -0.5788 0.4475 

V * tt 75 ft/sec 0.4649 -0.5360 -0.5908 0~4437 a 

V* ttt 150 it/sec 0.5106 -0.4206 -0.6126 0.4375 a 
1 

(velocity 1/4 -n 0.4800 -0.4973 -0.5871 0.4454 

profile power) 1/10 0.4802 -0.4968 -0.5866 0.4455 

t, tt, ttt have the same meaning as in Table 1. 



Perturbed 
Param.eter 

None 

a 

a 
>.'< 

Lvh 

L* 
vh 

L* tt 

L)j: ttt 

fvh 

fvh 

fT 

fT 

CpB 

C
pB 

V* tt 
0 

V* ttt 
0 

1 
(velocity -n 
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TABLE 3 

Ratio of the Drag Com.ponents to the Total Drag 

at the Beginning of Period (C) t 

Value of Perturbed * * * ~t: * * DF/D D /D Dpb/D 
Param.eter pa 

0.278 O. 111 0.078 

0.45 0.455 O. 134 0.033 

0.80 O. 167 O. 072 0.094 

150 ft. 0.239 O. 195 O. 100 

600 ft. 0.310 0.067 0.033 

5, 000 ft. 0.289 O. 117 0.039 

20, 000 ft. 0.267 O. 111 O. 111 

0.01 0.224 o. 176 0.100 

0.04 o. 320 0.060 0.040 

0.01 0.300 O. 114 0.041 

0.04 0.244 0.094 0.106 

-0.075 0.255 0.100 0.078 

-0.300 0.278 o. 128 0.072 

75 ft/sec 0.278 o. 111 0.078 

150 ft/sec 0.278 0.100 0.078 

1/4 0.278 O. 111 0.078 

profile power) 1/10 0.278 O. 111 0.078 

t, tt, ttt have the sam.e m.eaning as in Table 1. 

* D /D 
pc 

* 

0.533 

0.378 

0.667 

0.466 

0.590 

0.555 

0.515 

0.500 

0.580 

0.545 

0.556 

0.539 

0.522 

0.533 

0.544 

0.533 

0.533 



Perturbed 
P arameter 

None 

a 

a 

L*vh 

L* vh 

L* 

L * 

fvh 

i
vh 

fT 

iT 

C
pB 

C
pB 

V~< 
0 

V* o 
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TABLE 4 

t Pressure Values for the Entry Probleln 

Value of Perturbed p(x
1 
(0),0) p(x1(t.), t. ) 

Parameter 1 1 

1. 026 1. 06 9 

0.45 1. 011 1.027 

0. 80 1. 052 1. 119 

150 ft. 1. 02 6 1. 054 

600 ft. 1. 026 1. 090 

5, 000 ft. 1. 026 1. 06 9 

20,000 ft. 1. 026 1. 069 

O. 01 1. 026 1. 058 

0.04 1.026 1.083 

0.01 1. 026 1. 065 

0.04 1. 026 1. 078 

-0.075 1. 026 1. 069 

-0.300 1. 026 1. 069 

75 it/sec 1. 016 1. 046 

150 ft/sec 1. 053 1. 123 

t Refer to Fig. (29) for notation. 

p(x
1 

(t.), t .) 
J J 

1. 087 

1. 029 

1. 183 

1. 065 

1. 112 

1.077 

1. 101 

1. 071 

1. III 

1. 075 

1. 109 

1. 087 

1.088 

1.054 

1. 178 
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TABLE 5 

Drag Coefficient Values for the Ent r y Problem t 

Perturbed Valu e of Pe r turbed CD (0) CD (ti ) CD (t.) 
ParaITleter Paralneter 0 0 o J 

None 5. 664 18. 319 23.769 

a 0.45 3.425 9.960 10. 636 

a O. 80 9.933 26.464 42.881 

L~< 
vh 150 ft. 4. 664 13.897 17.457 

L* vh 600 ft. 7.664 24.235 31. 017 

L* 5,000 ft. 5.664 18.319 20.597 

L* 20,000 ft. 5. 664 18.319 27.787 

fvh 0.01 4.664 14. 623 18. 187 

fvh 0.04 7.664 22.711 31.660 

fT O. 01 5.664 17. 475 20.728 

fT 0.04 5. 664 19.680 28. 683 

C
pB - O. 075 5.589 18.257 23. 642 

CpB -0.300 5.814 18.322 24.010 

V* 75 ft/sec 5.935 21. 232 25. 367 0 

V* 
0 

150 ft/sec 5.274 14.596 22.317 

t Refer to Fig. (29) for notation. 
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Fig. 4a 

P 
I>c ~t 
!>I' 

Fig. 4b 

Fig~ 4 Sketch of the Effect of the Vehicle Length 
on the Quasi-Steady Near- Field Assum.ption 
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t 

L---------------~~----~~--------------------------~--_. .. x 

Fig. 5 Methods of Solution 

+ Linearized solution 

o Solution by characteristics 

x Lax-Wendroff method 

t::. Boundary conditions and characteristic equations 

• Near -field equations and characteristic equations 

o Contact surface relations and characteristic equations 
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t 
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Fig. 6b 

Fig. 6£ 

Fig. 6 The Characteristic Curves 
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t 

~--------------~----~----------------------------~-x 

Fig. 7 The Initial Wave Region 
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t 

x 

Fig. 8 x-t Diagram for a Vehicle Travelling in a Vented Tube 
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K-------------------------------~----_._x 

Fig. 9a x-t Diag ram for a Vehicle Entering a Tube 

2 1 

L-. ____ -..: __ ) I z J ... Shock w a ve 

Fig. 9b The Position for Determining the Initial Shock Wave Strength 
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APPENDIX A 

Potential Solution of the Steady Tube - Vehicle Problem: 

Using a point source and a point sink on the axis of a cylindrical 

tunnel, Lamb (Ref. lA) solved the problem of a body (the Rankine 

"Ovoid") placed in a cylindrical wind tunnel. His solution is in terms 

of an infinite series involving Bessel functions. The convergence of 

the series is slow as the body is approached and becomes unsuitable 

for calculations close to the point sources. Watson (Ref. 2A) ex-

pressed the previous series in a new form which is convergent for 

* x and r values satisfying the condition 

222 
r + (x-x) < 4 W 

s 

r , x are respectively the radial and axial coordinates . The source 

position is given by (x , 0) and W is the radius of the tunnel. We 
s 

are interested in finding the flow properties in the vicinity of the body. 

However, as the distance between the point source and the point sink 

placed on the x-axis is in general great enough so that Watson's series 

may not be applied, we consider solving the problem by using a distri-

bution of ring (band) sources and sinks on the tube wall. 

We are considering axially symmetric flow. We therefore 

deal with the Stokes' stream function t. In terms of this stream function 

the axial and radial flow velocity components are respectively given by 

1 Qi u = r ar 

1 ti v = --r ax 

* Symbols in this Appendix represent dimensional quantities 
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Fig. (IA) represents a ring source of radius RR and width 

Xo xl with its axis coincident with the x-axis. Consider a point 

(x, r) lying on the circumference of disc (c) having radius rand 

centered at point (X, 0). The value (2rrt) at point (x, r) due to the ring 

source is equal to the volumetric flow rate discharged through disc (c). 

This flow rate is found by considering the contribution of the line 

sour ce abo The total dis char ge due to the ring is then found by 

integrating the contributions of all such elements comprising the 

ring. The following expressions are obtained. We represent the 

ring source strength density «ft 3 /sec)/ft2) by P. 

t· - t(x, r; Xo' xl' RR' P) = rlng 

'fring == (x, r; x o' xl' RR' P) = 

R 2 \x-x \ 
P --R. {_ rr s 

rr 4 RR 
I E}S=1 

+k 
s 5=0 

}
S=l 

F I 

s=O 

r-R - R 



where 
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v(x,r;xO,xl,RR'P) = 

~jRR {k (x-xs ) [RR -r _ FJ}S=l 
41T r s r RR +r rf s = 0 

2 
a 

F 

E 

IT 
s=1 

2 
(r + RR) 

s=1 

k F} I 

S s=O 

(elliptic integral of the first kind) 

(elliptic integral of the second kind) 

(elliptic integral of the third kind) 

{ cp} s=O := cp I evaluated at s= 1 - cp I evaluated at s=O 

The corresponding expressions for the stream function and the velocity 

components at a point (x, r) due to a point source of strength Q at 

point (x, 0) are 

Q 
- ~(X, r; x s ' Q) = - 41T 

X-X 
S 



u(x, r; x ,Q) = 
s 

v(x, r;x , Q) 
s = 

Q 
41T 

Q 
41T 
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x - x s 

r 

and for a uniforITl flow with velocity u = -u 
00 

t(x, r) = -u 
00 

u = u 
00 

v = 0 

2 
r 
T 

We aSSUITle 2n ring (band) sources of equal width are located 

on the tube wall which is of radius W (see Fig. 2A). In addition a 

source and sink of strengths ±Q are sYITlITletrically located on the 

x-axis with respect to the plane x = O. To find the ring source den­

sities p(i) and the point source strength Q, n+l linear algebraic 

equations need to be solved. n equations represent the condition that 

a single streaITlline coincides with the tube wall at n different points. 

The final equation specifies the vehicle's radius in the plane x = O. 

The equations are given by 

2n 

~ 
i=l 

(i) t· +t +t·k=O r1ng sour ce S1n 

2n 

~ 
(i) 

t ring + tsource + 
i=I 

at (x., W), j = 1, 2, ••• , n 
J 

2 uoc t sink = r -2-

at (0, R ) 
v 

The body surface is that at which 

'it = 0 
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The pressure p at a point is given by 

2 + 2 u v 

U
2 

00 

Figure (3A) depicts the body shape (the surface r = RB(x) 

satisfying the relation \jt = 0) resulting when the blockage ratio 

2 
(R / W) = O. 7. In this case the point source and the point sink were 

v 

located on the x -axis with respective coordinates 5 and -5. Both 

figures (4A) and (SA) which depict pressure and velocity variations 

acros s the tube indicate that the effect of the body on the uniform 

flow in the tube extends only a short distance ahead of the body. 
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APPENDIX B 

A Rough Estimate for the Boundary Layer Growth in the Tube 

An idea about the time required for the boundary layer to fill the 

tube is obtained by considering a simple flow model. An incompressible 

flow is as sumed to begin its motion from rest in an infinitely long tube. 

A boundary layer extends from the wall in the y-direction (see Fig. IB), 

decreasing the radius R * (t)(t) of the uniform inviscid core with time. 

The velocity distribution u *(r *, t *) in the boundary layer is related to the 

1\ * 
core velocity U(t ) through the relation 

* * * u (r , t ) 
,..* ~~ 
U (t ) 

= * 
11 = ~ 

o 

where 0* is the boundary layer thickness, and 

* y = W* * r 

*. W is the tube radius 

* * The average flow velocity U (t ) is assumed to be known. 

We introduce the following dimensionless quantities 

r 

u = 

* r 

W* 

* u 

U: 

x = 

= 

* x 

W* 

* T 
-*-*2 
Po Uo 

* * * where U is the final value for U (t ). o 

t = 
U* 

* 0 
t W* 

The momentum equation in dimensionless form is 

a a "7(' a -
(r u) = - (r U) + ar (r T) 

aT aT 

(t) Starred symbols represent dimensional quantities. 



where 
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Integrating across the tube we get 

T -:.r (W. t) 
o 

13
1 

- 2(1-1
1

)0 - (1-212)0
2 

d 13 1 f3l' == """'d"6 = 2 (1-11) - 2(1-212 )0 

1 
II - f f(71)d71 

o 
1 

12 == f f(71)d71 
o 

Substituting the relation 

... 
U = U 

1 - 13 1 

into equation (1 B) we get 

= 
-13

1 
U

t
(1-13

1
)-2 .T

o 
(1 - (3

1
)2 

u 13 ' 1 

(IB) 

The above equation is integrated numerically for a few examples. 

The average flow velocity U*(t *) is assumed to increase with a constant 

. * * accelerahon e for t < 20 seconds. after which the flow is assumed 

* to Inove with the final average velocity U • The velocity profile f(71) 
o 

is as sUIned to be of the form 

and the wall is assumed to have a friction factor 



= 

* 

* ,. 
o 

I * *2 Z P U 

We take W = 8 ft. 
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Figures (2B), (3B), (4B) respectively show the rate of boundary 

layer growth for different values of the parameter s * e , n, fT' It is seen 

from the se estimate s that the time required for the boundary layer to 

fill the tube is of order 20 seconds. This is comparable to the period 

of vehicle acceleration in which the maximum drag is experienced. It 

seems, therefore, of importance to investigate the effects of the boundary 

layer growth period. 
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