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ABSTRACT 

An experimental investigation of the nonlinear vibrations of 

cylindrical shells was undertaken. An aluminum shell was vibrated 

by means of an induction shaker. An optical device was used to 

obtain radial displacement measurements. Several modes of vibra­

tion were studied in detail. Various nonlinear effects were observed. 

These included nonlinearity in the driven mode frequency response 

curve, the participation of the companion mode, and the participation 

of axis ymmetric response at twice the driven frequency. The 

experimental results indicated only a softening type nonlinearity. 

The response of the companion mode was significant in several of 

the modes studied and was of a more complex nature than was pre­

dicted by previous theoretical work. 
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NOMENCLATURE 

DEFINITION 

amplitude of driven mode response 

amplitude of companion mode response 

Young's Modulus 

shell thickness 

induction vibrator current 

shell length 

number of half wave in axial direction 

number of full waves in circumferential direction 

shell radius 

axial displacement 

circumferential displacement 

radial displacement 

maximum radial displacement 

axial coordinate 

circumferential coordinate 

radial coordinate 

nonlinearity parameter 

percentage of critical damping 

phase angle of driven mode response 

phase angle of companion mode response 

perturbation parameter, 
2 

w~ (1- y2) P~ 

Poisson's Ratio 

density 

w /R m 
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Nomenclature (Continu~d) 

DEFINITION 

frequency, 

linear resonant frequency 
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I. INTRODUCTION 

The study of the nonlinear vibrations of cylindrical shells 

has taken on some degree of importance over the past decade. Use 

of shell structures in ae rospace applications is broad. Shell struc­

tures in such applications may be subjected to relatively high 

frequency loading, either aerodynamic or mechanical. This creates 

the need for an understanding of the dynamic behavior of structural 

shells subject to time dependent loading. 

Analytical work in the field of nonlinear cylir.drical shell 

vibrations has been abundant over the past twenty years. Experi­

mental work on the other hand has been surprisingly limited. This 

work was undertaken in an attempt to fill the gap in experimental 

results and thus to provide a basis for comparison of the many 

existing approximate analytic solutions to the problem. 

Nonlinear behavior arises in cylindrical shell vibrations 

on account of the relatively large contribution of the nonlinear terms 

in the strain displacement relations. 

The most common starting point for an analysis of cylindri­

cal shell vibrations is the well-known Donnell equations. Most of 

the theo retical wo rk on the subject has begun with the study of these 

equations. The nonlinear terms in Donnell's equations have con­

siderable effect on the nature of the response. Nonlinear effects 

are manifested primarily in three ways: (l) the nature of the 

response-frequency relationship in the vicinity of the linear resonant 

frequencies, (2) the participation of the so-called companion mode 

which is 90 degrees out of spatial phase with the excited mode, 
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and (3) the existence of an axisymmetric response at twice the driven 

frequency. 

The linear solution indicates that there will be a standing wave 

vibration in conformity with the external excitation. For a point 

sinusoidal excitation the circumferential mode shape will be a cosine 

form with an antinode at the location of the point force. This mode 

will be referred to as the driven mode. 

The nonlinearity in the driven mode response occurs in the 

dependence of the resonant frequency on the amplitude of the forcing 

function. If the resonant frequency increases with increasing forcing 

function amplitude the nonlinearity is of the hardening type. If the 

resonant frequency decreases with increasing forcing amplitude the 

nonlinearity is of the softening type. This is the first nonlinear 

effect referred to above. 

The second nonlinear effect was first observed in experimen­

tal results for flutter tests at supersonic speeds (Ref. l). These 

results indicated a traveling wave response. This is not predicted 

by linear theory. This phenomenon may, however, be explained 

by the inclusion of a response mode 90° out of spatial phase with 

the driven mode. This mode will be referred to as the companion 

mode. Fig. 1 shows the mode shapes of both the driven and com­

panion modes. 

The third nonlinear effect referred to is the occurrence of 

response at twice the driven frequency. This response is axisym­

metric in nature and serves as a mechanism to relieve the membrane 

stresses which large amplitude driven mode vibrations create in the 
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shell. This response will be referred to as the axisYITlITletric ITlode. 

The earliest work on the probleITl of nonlinear vibration is 

that of Reissner (Ref. 2). Subsequent work has been carried out by 

Chu (3), CUITlITlings (4), Nowinski (5), Evensen (6), Dowell (7), 

Matsuzaki and Kobayashi (8,9), Mayers and Wrenn (10), and Bleich 

and Ginsberg (11). These works are sUITlITlarized by Chen (12). 

The ITlain siITlilarity of ITlost work prior to that of Chen's is that the 

analysis was conducted based upon SOITle assuITlption of the spatial 

dependence of the vibration ITlode. In addition, the results obtained 

appeared to be sensitive to details of the analysis. 

Chen's (Ref. 12) work is the ITlost recent and the ITlost gen­

eral. Of the previously ITlentioned works all but two (10,11) eITlployed 

a Galerkin procedure to analyze the response based on Donnell's 

equations. Chen investigated the response starting with Donnell's 

equations but used a perturbation technique. Thus his results are 

independent of an assuITled ITlode shape. Chen's work will be dis­

cussed in SOITle detail in the next section. His work will provide 

the basis for cOITlparison with the experiITlental results. 

The experiITlental work is, as was stated befo re, sOITlewhat 

liITlited in this field. Matsuzaki and Kobayashi (9) investigated 

the response of a thin cylind rical shell with claITlped ends. They 

found only softening nonlinearities in the driven ITlode response. 

COITlpanion ITlode participation was observed but not studied in detail. 

Olsen (13) investigated the response of an electroplated 

copper cylinder which was to be used in flutter experiITlents. His 

driving force was provided by an acoustical driver. Only one 
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mode was investigated. Softening behavior was observed for that 

mode. In addition his results indicated that companion modes and 

axisymmetric modes may have been participating in the response. 

No data for these modes were obtained. 

Chen (12) did experimental work in conjunction with this 

analysis. He us ed the same test specimen as was employed in this 

work and the same driver as employed by Olsen (13). His experi­

ment was limited primarily to the study of one mode of vibration. 

He found a softening nonlinearity in the driven mode response. He 

also observed and obtained data for the companion mode. No inves­

tigation of the axisymmetric modes was made. 

The present work was undertaken to perform a complete 

study of several modes of vibration. A driving system was devel­

oped which would produce significantly higher amplitudes than had 

been attained in previous investigations. A thorough study of both 

axisymmetric and companion modes as well as driven modes was 

undertaken. 

Before proceeding with a discussion of this work and its 

results the analytical results of Chen's work will be reviewed. 
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II. RESULTS OF CHEN'S ANALYSIS 

Chen's analysis begins with the use of Donnell's shallow shell 

equations. The coordinate system and shell characteristics are 

shown in Fig. 2. The boundary conditions studied were the classi-

cal simpl y- supported conditions (SSl /SSl ). 

Chen employed a small perturbation method. He used maxi-

mum radial displacement over the shell radius as a small parameter 

E and expanded the nondimensional frequency}..., radial displacement 

w, forcing function F, and tangential displacements u and v as power 

series in E. 

The zeroth and 1 st order equations in E were solved explicitly. 

The second order equations were not solved but the frequency response 

curve was obtained from the so-called secular terms whose spatial 

dependence corresponded to the driven mode. 

The form of the solution for the radial displacement for a 

point sinusoidal fo rcing function was found to be: 

w'" A cos (wt + 0a) cos nisin m1T ~ 

driven mode response 

+ B sin (wt + 0b) sin nisin m1T r, 

companion mode response (1) 

+ E{[A2+B2] [C
1

+C 3 cos 2m1Tr,] 

- [A
2

cos(2wt + 2oa )-B
2 

cos(2wt + 2ob)][C2+C4 cos2m1Tr,J} 

axisymmetric mode response 

+ prismatic mode response 

+ boundary layer terms and higher order terms 
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where A and B are the aITlplitudes of driven and cOITlpanion ITlode 

responses respectively, 0a and 0b are phase angles associated with 

driven and cOITlpanion ITlodes, n is the nUITlber of full waves around 

the circuITlference of the shell, ITl is the nUITlber of half waves along 

the axis of the shell, and C
l 

through C 4 are functions of the ITlode 

nUITlbers ITl and n and the characteristics of the shell. The forITl of 

the response indicates that there will be both a driven and a cOITlpan-

ion ITlode response and also an axisYITlITletric response which will be 

proportional to the squares of the driven and cOITlpanion ITlode re-

sponses. 

The nature of the driven ITlode and cOITlpanion ITlode response 

is deterITlined by the frequency response relationship derived froITl 

the second order equations in Eo If the cOITlpanion ITlode is not par-

ticipating in the response, B = 0, then the frequency response 

relationship is given by 

[ 
2 h 2 w 2]2 2 2 

(11 -1) + (-) ~(~) + Y 11 = 
R A. h o 

(2) 

where 11 is w/w (W o 0 
= linear resonant frequency froITl the zeroth 

2 
= w~ (l-}) PER, 'Y is a function of the daITlping, o rde r equations), A. 

o 

G is the forcing function aITlplitude, and a is a function of shell 

geoITletry and ITlode nUITlber. 

Figure 3 is a plot of Eq. (2), for the specific shell parameters. 

The curve shows a softening type nonlinearity. The response jUITlpS 

associated with this nonlinear behavior will occur along the vertical 

dashed lines depending on the direction in which the frequency is 

being changed. 
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The so-called backbone curve shown in Figure 3 is the free 

vibration response. The relationship fo r this curve may be obtained 

by setting G and y equal to zero in (2). This produces: 

h 2 w 2 
= 1 _ (_) ~ ( m) 

R ~ h 
(3 ) 

o 

The parameter a determines the type of nonlinearity and the degree 

of nonlinearity of the driven mode response. As ~ is always 
o 

positive, the type of nonlinearity depends on the sign of a. For 

a hardening nonlinearity a is negative, for a softening nonlinearity 

a is positive. The degree of nonlinearity also depends on a. Figure 
2 

4 shows the value of the "nonlinearity parameter, 11 (i): for the 
o 

various modes of vibration of the test specimen used in this work. 

Clearly the analysis indicates that either a hardening or a softening 

nonlinearity may occur, depending upon the mode of vibration 

excited. 

In the event that the companion mode is participating in the 

response, the frequency response relationship is considerably more 

complex. Results for a specific case may, however, be obtained 

nume rically. Figure 5 shows responses fo r t};le driven mode and 

the companion mode for a specific case. Both the response with 

and without companion mode participation are shown. Both curves 

represent possible responses of the shell. The actual response 

would have to be determined by a stability analysis. Clearly the 

companion mode will affect the driven mode response only in the 

vicinity of n = 1. 
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Chen's analysis indicated further that the companion mode 

would only participate in the response if vibrations in the driven mode 

exceeded a certain amplitude. 

This implies that the companion mode will participate only 

if the forcing amplitude is above a minimum value. This value 

depends on the specimen and the mode being studied. The results 

of Chen's analysis will be referred to throughout the discussion of 

the experimental results. 
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III. EXPERIMENTAL SETUP 

The experimental setup is shown schematically in Figure 6 

and pictorially in Figure 7. The test specimen, a thin aluminum 

shell, was vibrated with an induction vibrator. This vibrator applied 

an oscillating force in the radial direction to the surface of the speci­

men. A fibre optics probe was used to measure radial displacement. 

A detailed dis cus sion of each of these components and their as so­

ciated equipment follows. 

3. 1 Test Specimen 

The test specimen was a thin-walled aluminum shell with 

the dimensions shown in Figure 8. A photograph of the specimen 

is provided in Figure 9. The shell material was aluminum alloy 

6061 T6. It was manufactured from a seamless tube by first machin­

ing the inner diameter, expanding the tube thermally, mounting it 

on a steel mandrel and machining the outer diameter and end ring. 

The shell was removed from the mandrel by reheating the assembly. 

The specimen was previously used in the experimental work 

by Chen (Ref. 12). At that time the thickness was measured accu­

rately and found to vary no more than.±. 4% from the mean at any point. 

In addition a scan of the shell shape was made using the apparatus 

developed by Arbocz and Babcock (Ref. 14). A plot of the shell im-

pe rfections is shown in Figure lO. The plot shows a maximum 

deviation from a perfectly cylindrical shape of approximately one 

half the thicknes s of the shell. 

As shown in Figure 8 the shell includes integral end rings. 

These rings model the simple support boundary conditions. The 
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rings were designed based on the program developed by El Raheb 

(Ref. 15). The natural frequencies of the actual shell were compared 

to those of the modeled simply-supported shell (see Figure 11) and 

found to va ry from predicted results by at most 9. 160/0 for the modes 

stu die d in this work. Table I also shows this comparison. 

The support plate for the specimen is shown in Figure 9. 

The shell rested on two 0 rings which placed a mininmm restriction 

on the displacement of the shell. A few thousandths clearance was 

allowed fo r the interio r 0 ring to insure that the motion of the shell 

was unimpeded. The support plate was mounted securely onto a 

large circular plate which also included the support mechanism for 

the probe. This in turn was bolted firmly to a square 1/4" thick 

plate which was in turn clamped onto a Ii" steel plate, all of which 

insured that there would be no coupling between the vibrations of 

the shell and the support system which was essentially rigid. 

3. 2 Induction Vibrator 

The induction vibrator circuit consisted of the vibrator itself 

and an audio amplifier and oscillator which provided the current for 

the vibrator. Two digital frequency counters were used to monitor 

the oscillator frequency and an ammeter was used to monitor the 

vibrator current. 

The vibrator itself is shown schematically in Figure 12 and 

pictorially in Figure 13. The vibrator consisted of 2 magnets: a 

permanent doughnut magnet and an electromagnet mounted axially 

ins ide the doughnut magnet. The doughnut magnet had a steel end 

plate and an axial shaft which connected the core of the electromagnet 
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to the end plate. The shaft was threaded to allow adjustment of the 

electromagnet along the axis of the doughnut magnet. The field 

strength at the face of the doughnut magnet was approximately 1500 

Gauss. The electromagnet consisted of approximately 300 turns of 

#30 copper wire about a laminated soft iron core. Additional hard­

ware served to contain and direct the fields as shown. 

Development work on the induction vibrator was done by 

Edgell and Rife (Refs. 16 -18). Their work indicated that force 

obtained varied as the current in the electromagnet. For a detailed 

discussion of the principles involved the reader is referred to the 

work cited above. In short, the principle of operation is this. 

The sinusoidal current in the electromagnet induces an 

oscillating magnetic field which permeates the specimen. As this 

field changes, due to a varying driving signal, eddy currents are 

generated in the specimen. These currents in turn produce a mag­

netic field which is then attracted or repulsed by the local pole of 

the permanent magnet. As the current in the electromagnet changes 

sign the direction of the eddy currents and hence their fields changes 

sign. An alternately pushing and pulling forcing function directly 

proportional to the electromagnet current results. Deviations from 

this simple picture occur because of the coupling effect of the eddy 

currents on the electromagnet. Because the field is not precisely 

symmetric lack of symmetry in the forcing function may result. 

Several attempts were made to measure the force applied to 

the specimen. It was desirable to determine both the magnitude of 

the forcing function as it varied with current and the linearity of the 



-12-

forcing function itself, or lTIore explicitly how lTIuch it varied frolTI a 

true sinusoid. The lTIost successful attelTIpt involved the suspension 

of an alulTIinulTI disc as a test specilTIen. A disc of the salTIe thickness 

as the shell and of Ii inches outer dialTIeter was suspended frolTI four 

lTIonofilalTIent lines located sYlTIlTIetrically and under equal tension. 

It was possible to adjust the position of the disc independently along 

the three norlTIal axes. 

The induction vibrator was tested by vibrating the disc over a 

range of frequencies frolTI 200 cps to 700 cps. This range was between 

the natural frequency of the suspended disc systelTI and the lowest 

lTIode of the freely suspended disc itself. The displacelTIent o~ the 

center of the disc was lTIeasured with an optical probe. Analysis of 

the resultant signal gave the data in Table II. Table II gives the COlTI­

ponents of the displacelTIent signal for the first three harlTIonics at 

various vibrator frequencies and currents. The results show that the 

resultant displacelTIent was cOlTIposed in all cases of at least 93% 

driven frequency. This is a significant deviation frolTI a perfect 

signal as this lTIay lead to a larger fraction in the variation of the 

forcing function alTIplitude in the higher harlTIonics of the driven fre­

quency. It is felt that these results lTIay not, however, accurately 

reflect the behavior of the forcing function. The effect of acoustical 

dalTIping, nonuniforlTIities in the support of the disc and disc resonance 

frequencies lTIay have affected the results. In addition, the frequency 

analyze r which was us ed to lTIeasure the relative alTIplitudes of the 

various cOlTIponents of the displacelTIent signal was les s accurate than 

desired. This is indicated by the fact that for certain of the lTIeasured 
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frequencies and currents the sum of the percentages of the first three 

harmonic components exceeds one hundred per cent. 

Figure 14 shows the variation of the amplitude of the displace­

ment with current for a given frequency, 600 cps. This result indi­

cates that the amplitude of the oscillation of the disc, and hence the 

forcing function, varies linearly with current. 

The forcing function magnitude was calculated for the various 

mod es and currents studied. This calculation was bas ed on the 

as sumption that at the frequency obse rved, 600 cps, the disc re­

sponded as a freely suspended disc. The results of this computation 

are given in Table III. These magnitudes should be considered only 

as approximate values. Results will be presented in terms of induc­

tion vibrator current which is a directly measured quantity. 

It was observed that a significant heating of the shell occurred 

due to the eddy currents. In order to minimize any effects this would 

have on the response of the shell, air flow was introduced through 

the base plate of the induction vibrator. The flow of air over the 

surface of the shell reduced. the heating problem to a minimum and 

had no observable effect on the behavior of the specimen. 

The exact area over which the forcing function acted, as well 

as the spatial distribution of the forcing function, is uncertain. The 

largest circumferential mode number studied was ten. This corres­

ponds to a half wavelength on the surface of the shell of 1. 26 inches. 

This was deemed sufficiently large compared to the size of the 

electromagnet core (. 5 in. ) to prevent significant destruction inter­

ference in the forcing of the various modes studied. 
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3. 3 Photo Optical Probe 

The displacement measuring device was an MTI fibre optics 

probe. The probe had a frequency response limit well above any of 

the frequencies at which the shell vibrated. Its linear range extended 

over approximately. 055 inches, well over that required for the dis­

placements observed. The probe had the further advantage of being 

unaffected by the oscillating magnetic field originating from the 

vibrator. 

The probe had a diameter of 1/8". It was mounted exterior 

to the shell so that it could be adjusted circumferentially and axially. 

The ability to rotate the probe circumferentially was provided by the 

mount of the probe which consisted of a ring bearing that rotated 

around the specimen. The circumferential position of the probe 

could be Ill.onitored on the x a..xis of an xy plotter through a po:e::t:ion"l-

ete r circu~t. 

The RMS voltage of the probe was monitored directly with a 

Ballantine RMS meter. In addition a 2 channel oscilloscope provided 

a visual display of the probe output. The output could also be plotted 

as the y axis of the plotter referred to above. This gave a plot of 

displacement amplitude vs. circumferential position. This type of 

output was used primarily to identify modes and to locate maximums 

(antinodes) and minimums (nodes). A signal analyzer was employed 

to separate out the harmonic components of the displacement signal. 

A typical calibration curve for the probe is shown m Figure 

18. Note that a maximum output of 1 volt is shown. Due to the non­

uniform reflectivity of the shell the probe had to be readjusted to this 
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maximum whenever its position was changed. Without this adjustment 

changes of up to .±.. 1 volt could occur depending on the position. This 

was deemed unacceptable for general purposes and the probe was 

readjusted whenever it was moved. Ten separate calibration curves 

showed a variation in slope of no more than +2% about the mean, 

provided this readjustment was made. 

In certain cases, however, it was necessary to scan the shell 

circumfe rentially to obtain meaningful data. This was neces sary 

when a shift in nodal line position occurred. Data from the scan were 

than used. This method of obtaining results is described below. The 

nodal line shift phenomena will be dis cus sed in detail in the results 

section. The source of data will be noted when applicable. 

The normal method of taking data was to locate a node or 

antinode with the probe using the xy plotter. The probe was then 

adjusted and a frequency-amplitude test conducted, amplitude data 

being obtained from the Ballantine. When it was necessary to scan, 

the mean square displacement vs. circumferential position was 

plotted by the xy plotter. The plots were used as the source of 

measurement of amplitude. This latter technique was significantly 

les s accurate and was employed only when neces sary. 
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IV. RESULTS OF THE EXPERIMENTAL INVESTIGATION 

Response in the vicinity of several separate modes oLvibra­

tion was investigated. As each mode was unique in some fashion the 

results from each mode are discussed individually. A summary is 

then presented. 

4. 1 m = l, n = 6 Mode 

This was the most easily excited mode and the one in which 

the highest level of response could be obtained. It was primarily 

this mode that was investigated by Chen in his experimental work. 

In general the results are similar to his although certain significant 

discrepancies were noted. This mode is significant because it 

clearly demonstrated all of the nonlinear effects predicted by Chen's 

analysis. 

The driven mode response indicated a strong softening 

behavio.. The driven mode responses for two different excitation 

levels is shown in Figures 16 and 17. A jump phenomenon was ob­

served in each case. As the frequency was increased the slope of 

the frequency- response curve approached the vertical. The response 

was unstable at this point and a jump to a higher value of displace­

ment amplitude occurred. A decrease in frequency subsequent to 

the jump resulted in continued increase in displacement amplitude 

until a jump decrease occurred. 

An increase in the amplitude of driven mode response was 

observed in the vicinity of the linearized natural frequency. This 

increase appears to be due to the participation of the companion 

mode in the vibration. One will notice that there are two curves 
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in Figures 16 and 17 in this vicinity. The lower curve reflects the 

data obtained from a stationary probe. The upper curve reflects 

data from scanned xy plots of the displacement amplitude. It was 

necessary to use this method in this vicinity due to a nodal line shift 

associated with the incidence of the companion mode participation. 

The upper curve reflects the true maximum or antinodal 

value. In Chen's wo rk nodal line shifts were not compensated for 

in this manner. His results do indicate, however, that such shifts 

did occur. This phenomenon would have gone unnoticed here had it 

not been for an apparent jump phenomenon in the companion mode 

at high smplitude. Since such high amplitudes were not attained in 

Chen's work there was no incentive for a careful check of nodal 

line location. The scanned data indicate that the effect of companion 

mode response on driven mode response is much higher than the 

stationary results shown. Indeed a significantly higher amplitude. 

occurred than would have otherwise been observed. 

Away from the region of companion mode response the nodal 

lines return to their original position. The stationary values of 

displacement are again accurate. 

Chen's results are similar to the stationary probe data with 

one important exception. He observed a drifting phenomenon in the 

same region in which the companion mode effect was obs erved in 

this work. This phenomenon was not observed although amplitudes 

considerably higher than those observed by Chen were attained. It 

is believed that this drifting phenomenon may have been associated 

with the nodal line shift discus sed above. It is also pos sible that 
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this phenomenon may have been due to lack of rigidity in the support 

system as substantial changes in this were made. Chen also observed 

a rotation of the shell itself at high amplitude. No such phenomenon 

occurred he reo This is believed to have been due to eccentricity in 

the forcing function created by the acoustic driver employed by Chen 

or again due to a lack of rigidity in the support system. 

The companion mude response for a stationary probe with 

i =0.5, 0.7 amps is shown in Figure 18. The response curve for 

i=0.7 indicates the apparent jump phenomenon which led to the dis­

covery of the nodal line shift. Both response curves indicate a 

higher amplitude than that obtained by s canning the shell. Figure 19 

shows the scanned data for i=O. 7 for both the driven and companion 

modes. This superposition of the two modes of response indicates 

the effect of companion mode participation on the driven mode. 

Figure 20 shows similar data from another test. The two tests 

indicate a slight shift in the natural frequency of this mode. Such 

shifts were observed frequently in the results and are believed to 

be the result of small rotations of the shell or variations in the deg ree 

of cooling caused by the air flow induced over the shell. These 

shifts are a small fraction of the natural frequency and do not seem 

to qualitatively affect the results. Figure 21 shows the scanned 

companion mode and corresponding driven mode response for i = O. 5. 

The result here is similar to that of i=O. 7 although at a lower 

amplitude. 

An axisymmetric vibration at twice the driving frequency 

was observed in each mode to some extent. This response was 
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strongest for ITl = 1, n = 6. Results were obtained for that ITlode 

only. These are presented in Figure 22. The response which occurs 

at twice the driven frequency is siITlilar in behavior to that of the 

driven ITlode. A siITlilar degree of nonlinearity including a jUITlP 

phenoITlenon was observed. 

4. 2 ITl = 1, n = 4 

This ITlode showed an alITlost linear type of frequency response 

curve in the range of forcing function aITlplitudes investigated. As 

shown in Figure 23, however, a cOITlparison of peak response for 

i =0.43 and i =0.53 indicates a slight softening behavior in the driven 

ITlode. In addition the location of w also indicates that this is the case. 
o 

No cOITlpanion ITlode was observed for this vibration. Chenls theory 

indicates a strong softening behavior (Figure 4). This was not the 

case. It is possible that the approxiITlations of shallow shell theory, 

including the neglect of inplane inertia, ITlay not be valid for such a low 

circuITlferential ITlode nUITlber. A cOITlparison of natural frequencies 

of the actual shell with those predicted by Donnell l s linear theory 

(Figure 11) shows the greatest discrepancy of the ITlodes studied for 

this ITlode. This will perhaps give rise to a discrepancy with results 

based on the shallow shell theory assUITlptions. 

4. 3 ITl = 2, n = 7 

The ITl = 2, n = 7 ITlode shows a fairly strong softening non-

linearity in the driven ITlode (Figure 24). The data indicate no in-

crease in aITlplitude in the vicinity of the linearized natural frequency, 

W , as was the case with ITl = 1, n = 6. In fact no cOITlpanion ITlode 
o 

participation was observed at any of the forcing function aITlplitudes 
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tested. The softening behavior clearly becoITles stronger with in­

creased aITlplitude. A response at twice the natural frequency was 

observed but no quantitative results were obtained for that cOITlponent. 

Chen's work indicates a softening nonlinearity of the saITle order as 

for ITl = l, n = 6 (Figure 4). A cOITlparison of ITl = 2, n = 7 at i = 0.45 

to ITl = 1, n = 6 at i=O. 5 shows very siITlilar behavior in degree of 

nonlinearity. 

4. 4 ITl = 2, n = 8 

This ITlode again showed a softening behavio r in the driven· 

ITlode. This ITlode was chos en for a detailed investigation of the 

growth in cOITlpanion and driven ITlodes with increase in aITlplitude 

of forcing function. Figures 25 and 26 show the results for driven 

and cOITlpanion ITlodes respectively for a wide variety of signal cur­

rents. The cOITlpanion ITlode shows no shift in the location of the 

highest response froITl that of the linear natural frequency while the 

driven responses do show a shift. This is a result of the fact that 

cOITlpanion ITlode data were taken in all cases under precisely the 

saITle conditions. Slight variations in shell position, pressure of 

cooling air and so on ITlay have affected the results for the driven 

ITlode which were obtained over a span of several days. In spite of 

these shifts, the data clearly indicate the growth in nonlinearity of 

driven ITlode with forcing function and the growth in aITlplitude of 

both driven and cOITlpanion ITlodes. 

The driven mode response indicates a clear softening nonlin­

earity even at the lowest aITlplitudes. For i=O. 25, the lowest case 

for which a jump occurs, there is a distinct decrease in amplitude 
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just before the jump to lower amplitude with decreasing frequency. 

The fact that such a decrease does not occur at any of the 

observed high amplitude jumps, in this or any other ITlode, indica'tes 

that the frequency response curve shape predicted by Chen is accu­

rate in this sense (Figure 3). 

The increas e in d riven mode respons e in the vicinity of the 

companion ITlode participation is observed for this ITlode also, par­

ticularly at higher amplitudes. No attempt was made to obtain 

scanned data in this case. This effect may therefore be slightly 

larger than the results show. The companion ITlode results indicated 

a clear, nearly linear type growth with current. Some COITlpanion 

ITlode participation was observed at even the lowest aITlplitudes 

investigated. Chen's work indicated that the companion mode oc­

curred only at higher values, above SOITle limiting value of forcing 

amplitude. This did not appear to be the case for this mode. 

4. 5 m = 2, n = 9 

The m = 2, n = 9 ITlode was the most difficult to study because 

of the nodal shifts which occurred throughout the frequency response 

curve. This made it necessary to use scanned data throughout. 

The ITlode was deeITled of sufficient iITlportance, however, to sacrifice 

both tiITle and accuracy in making an investigation, as this was the 

only ITlode that gave any evidence of a hardening type behavior. 

Figure 27 shows the driven mode response for a stationary 

probe. The slight jump observed indicated a weak hardening behav­

ior. An investigation of the scanned data indicates that in spite of 

the nodal shifts involved this is close to the correct shape. 
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Figure 28 shows one of four sets of data taken from the scans. The 

scatter of this data indicated the reduced accuracy of this technique. 

All four sets of scanned data, however, showed behavior within the 

scatter of each scan. They indicate as shown that the actual maxi-

mum occurs at the point of the jump phenomenon. This implies a 

true hardening type behavior. However investigation of the companion 

mode (Figure 29) reveals that the companion mode has a maximum 

in the vicinity of the jump and in fact experiences a jump itself at 

that point. The companion mode is associated with the linear fre-

quency of vibration of the shell. Thus its maximum should, for a 

hardening nonlinearity, occur below the frequency at which maximum 

occurs for the driven mode. This was not the result here. This 

response has not been adequately explained. It did not arise due to 

any interaction with another mode and the phenomenon was repeat-

able. Chen's analysis does predict a strong hardening nonlinearity 

for this mode. This does not, however, seem to fully explain the 

nature of the response. 

4.6 m = 2, n = lO 

This was the highest n number studied. As shown in Figure 

30 the d riven mode respons e indicates a weak softening type nonlin-

earity. The growth with increased current indicates little or no 

shift to the left with increasing amplitude. The near vertical slope 

on the left side of the curve, however, is indicative of softening 

behavior, as is the location of w. This behavior may be so weak o 

that over the range of forcing functions studied no large shift in the 

frequency of the maximum response should occur. Although the 
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response curves are near vertical no jUITlp phenoITlenon was ob­

served. This ITlode is predicted by Chen to be strongly hardening. 

Again this was not the case. The unusual shape of the curve for 

i =0. 5 in the vicinity of the ITlaxiITluITl is unexplained. No cOITlpanion 

ITlode was observed for this ITlode. 

4. 7 ITl = 1, n = 7, 8 

The discussion of these ITlodes has been postponed until last 

due to the fact that they display a behavior that has not been consid­

ered theoretically for the nonlinear vibrations of shells. This is 

the interaction that occurs when two ITlodes are very close in fre­

quency. In this case the difference in frequency was 3. 8 cps with 

n = 7 at 528. 0 cps and n = 8 at 524.2 cps. As Figure 31 indicates 

the response-frequency behavior is quite cOITlplex. 

As frequency is increased froITl below 510 cps the response 

is siITlilar to any of the ITlodes discussed so far. At 522.2 cps, how­

ever, a jUITlp occurs to a region in which a beating phenoITlenon 

takes place. Once beating has been initiated a change in frequency 

over the range froITl 521. 0 cps to 522.6 cps will result in continued 

beating with a peak to peak variation as shown in Figure 31 of 

approxiITlately O. 2t. The beat frequency was 1. 66 cps. As the 

end of the beating region is approached the beat aITlplitude decreases. 

If frequency is decreased below 521. 0 cps a stable region is entered 

which extends to 519. 8 cps. A further decrease in frequency results 

in a jUITlP down in aITlplitude to the level of response previously 

encountered. If frequency is decreased following this jUITlp the beat­

ing region is reentered. It should be noted that the region of ITlarginal 
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instability is evident in this region. A disturbance of the shell causes 

os cillations which occur at the beat frequency and either decay or 

grow to a maximum depending on the frequency. The smallest oscil­

lations in the unstable region will develop rapidly to the maximum 

amplitudes shown in Figure 31. The observances of both an appar­

ently stable response below the beat response and the beat response 

occurring at a higher amplitude is particularly notable. 

An increase in frequency above the region of beating results 

in a continued increase in amplitude until another jump increase 

occurs at 524.6 cps. This jump was followed by behavior common 

to other softening modes previously discussed. The behavior below 

527. 2 was distinctly m = l, n = 8, while that above 527. 2 was dis­

tinctly m = 1, n = 7. 

The response curve indicates that both modes are strongly 

softening. The beat phenomenon is of interest in that it was observed 

for no other modes, although certain others were quite close in fre­

quency. For other mode pairs One of the two would dominate the 

response. This was observed for m = 2, n = 10 and m = 2, n = 11· 

which are only 6.5 cps apart. m = 2, n = 11 could be excited only 

at very low amplitudes when approached from above in frequency. 

The case here, however, shows a much stronger interaction. 

4. 8 Summary of Results 

The nonlinear effects observed were in general those pre­

dicted by Chen. The greatest discrepancy with predicted behavior 

is the lack of any definitely hardening behavior m any of the modes 

at which it was predicted. These included(m = 2, n = 8),(m = 2, n = 9), 
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and(m = 2, n = 10). The driven mode response was softening with 

the exception of m = 2, n = 9, about which no definite conclusion can 

be drawn. Jump phenomena were observed for several modes. 

Magnitude of jump s increased with increase in forcing function and 

frequency of jump s decreased, in general, with increased amplitude. 

The participation of strong companion mode response was 

observed in certain modes. It was observed that nodal line shifts 

occurred when the frequency was in the vicinity of the companion 

mode response frequency. Whether this is the result of shell im-

perfections or is a result of the ideal behavior of the shell could 

not be determined. The companion mode had the effect of inc reasing 

driven mode response when it was participating. 

Axisymmetric response at 2W was observed to some degree 
n 

in all the modes studied. This appears to be strongly related to 

the driven mode response as Chen's analysis predicts. Results for 

this mode show behavior exactly parallel to the driven mode behavior 

and approximately proportional to the square of the driven mode 

amplitude. 

A strong interaction between adjacent modes was observed 

in one instance. This produced a beating phenomenon and a complex 

frequency response curve involving three separate jump phenomena. 
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V. CONCLUDING REMARKS 

Although the existing theory cOITlpares favorably with the 

experiITlental results in that the predicted nonlinear effects were 

observed, it does not appear to adequately explain all of the phe­

nOITlena observed. 

The lack of any observable hardening ITlode is the ITlost sig­

nificant discrepancy with existing theory. Also the cOITlplex nature 

of the response of the cOITlpanion ITlode as to when it does or does 

not participate is unexplained. The iITlperfect nature of any lab­

oratory arrangeITlent is certain to have an effect on the results. 

It is not felt, however, that the origin of such significant qualitative 

discrepancies ITlay be found in these deviations froITl the ITlatheITlati­

cal ITlodel. 

A beating instability ITlay occur in the vibration of circular 

cylindrical shells provided two ITlodes of vibration are close enough 

in frequency to one another. This instability ITlay result in deflec­

tions well above those caused by the response of a single ITlode. 

An iITlportant area for further experiITlental work is in the 

developITlent of a highly accurate ITlethod £0 r calibrating a non­

contacting driving device. Exact cOITlparisons with analytical 

results would be ITlade possible by such a developITlent. 

To conclude, it would appear that, although significant 

progress has been ITlade in the developITlent of a theory for non­

linear cylindrical shell vibration, ITlore progress will have to be 

ITlade before the physical response of such shells is accurately 

predicted in all cases. The inclusion of such observed phenoITlena 
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as nodal line shifts and the effect of shell im.perfections in the analy­

sis would facilitate such a com.parison. It is hoped that this work 

will provide a basis for com.parison with any further progres s. 
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TABLE I 

COInparison of Measured Natural Frequencies 

In = 1 

n w w 
e 0 

4 973.2 1069.4 

6 589.8 558. 1 

7 528.0 486. 1 

8 524.2 488. 1 

In = 2 

n w w 
e 0 

7 1404.0 1378.69 

8 1202. 6 1148.21 

9 1083. 2 1014. 93 

10 1029.1 963.23 

w = observed value of natural frequency (cps) 
e 

to COInputed 

E 

9. 01 

5.68 

8.63 

7.43 

E 

1. 98 

4.73 

6.73 

6.84 

w = calculated valve based on Donnell's approxiInation (cps) o 

E = w 
o 

x 100 
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TABLE II 

Results of Disc Tests 

w. i w % 
1 0 

208 0.675 208 98. 0 

416 O. 05 

624 O. 01 

304 o . 70 304 100. 0 

608 4.0 

912 0.85 

417 o . 68 417 95.0 

834 5.0 

1251 1.5 

600 o . 3 600 95.0 

1200 1.6 

1800 1.3 

600 0.4 600 94.0 

1200 2.2 

1800 3. 0 

600 o .5 600 94. 0 

1200 2. 7 

1800 3.8 

600 o . 6 600 95. 0 

1200 6.5 
" 

1800 4. 7 
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TABLE II (Cont' d) 

w. i 
1 

700 0.4 

700 O. 5 

700 O. 6 

w. = oscillator frequency, cps 
1 

i = signal current, rms amps 

w = displacement component frequency o 

w 
0 

700 

1400 

2100 

700 

1400 

'2100 

700 

1400 

2100 

% = displacement component pe rcentage 

0/0 

94.0 

3. 6 

2. 3 

93. 0 

4. 2 

3. 0 

93.0 

8. 0 

5. 0 
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TABLE III 

Forcing Function AInplitude 

In n i aInps £, Ibs 

I 6 O. 5 0.20 

O. 7 0.27 

1 4 0.43 O. 17 

O. 53 0.21 

2 7 0.25 O. 1'0 

O. 35 O. 14 

0.45 O. 18 

2 8 O. 10 0.04 

O. 15 0.06 

0.20 O. 08 

O. 25 O. 10 

O. 30 O. 12 

O. 35 O. 14 

0.40 O. 16 

0.45 O. 18 

2 9 0.45 O. 18 

2 10 O. 30 O. 12 

0.40 O. 16 

0.50 0.20 

1 7 O. 60 0.24 

1 8 0.60 0.24 
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