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ABSTRACT 

The interaction between a rarefied flowing plasma and an ex-

ternally impos ed nonhomogeneous magnetic field is studied experi-

mentally in a collisionless plasma wind tunnel, where a collisionless 

plasma beam is directed through a current loop. The collisionless 

plasma is generated by an electron bombardment engine. Nominal 

values of ion flow speed, number density, electron temperature and 

magnetic induction of the loop are U ,....10
4 mis, N,.... 5 X 10

71 cc, 

kT ,.... 0.2 eV and B ,.... 10 Gauss, respectively. 
e 

Due to lack of probe theories in the presence of nonhomogeneous 

magnetic fields and failure of conventional Langmuir probe methods, 

a new, simple method of diagnostics is developed. This method em-

ploys two probes of different geometry and obtains information on the 

ion density and flow speed from the ion-saturation region of the probe 

characte ristic. 

Radial density profiles in the wake of the current loop mapped 

by the "two-probe" method indicate annular density "peaks" at certain 

radial positions. 

In order to understand this non-uniform "pinching" process, a 

theoretical analysis is attempted. It is found that the experimentally 

observed phenomenon can be qualitatively described by the collision-

less two -fluid equations, but turbulent "friction II is required to improve 

the two-fluid model. A heuristic turbulent model is used, and evidence 

of turbulence in the flow field is also obtained through measurements 

of the fluctuating probe currents. 
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I. INTRODUCTION 

The purpos e of this res earch is to investigate the flow of 

rarefied plasmas, in particular the interaction of a collisionless 

plasma with an externally imposed magnetic field. 

The motivation for this work stems from interest in finding a 

correct model that can adequately predict collisionless plasma flows 

in the presence of applied magnetic fields in a plasma wind tunnel. 

The plasma wind tunnel, a laboratory plasma environment, 

is a us eful apparatus in which experiments can be performed on plasma 

flows under carefully controlled conditions. On the one hand, it can 

be used as a simulation device to study space plasma flows and re-

lated problems. On the other hand it can be used to study basic 

problems in plasma dynamics. It is in the latter sense that the in-

vestigation has been carried out. 

A plasma is described as " collisionless," if colliSions, inter-

action between charged particles in the classical sense, are unimpor-

tanto Research on collisionless plasma flows was motivated by the 

space age. Plasma wind tunnels were constructed to simulate space-

craft motion in the ionospheric plasma, and investigations on stream-

ing plasmas, body-plasma interaction and satellite wakes were per-

(1 -6) 
formed. Although so:m.e approxi:m.ate analYSis on satellite wake 

structures, which take into account the influence of geo:m.agnetic field 

have been published,(7 -9) without exception all collisionles s plasma 

wind tunnel experi:m.ents available have been conducted in the abs ence 

of an applied :m.agnetic field.* 

* Blumenthal (4) us ed Hel:m.holtz coils to co:m.pensate for the Earth's 
:m.agnetic field in a localized region; in all the other experiments, 
the Earth's :magnetic field effect was simply neglected. 
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The present work is an attempt to examine a specific con-

figuration of collisionless plasma flow with applied magnetic fields. 

It concerns itself with the execution of an experimental program by 

means of which the interaction (i. e. magnetic field effects on plasma 

flow) can be observed. and the formulation of a physical model which 

will explain and predict such interaction. If the latter objective can 

be satisfactorily achieved. besides gaining some insight into a better 

understanding of collisionless plasmas, it will establish the dimen-

sionless parameters of this class of problems. and it would lead to 

important scaling laws which would be of value in designing future 

laboratory experiments. 

In the present investigation some exploratory experiments 

were performed by apply~ng a magnetic field to the flow of a collision-

less plasma in a plasma wind tunnel. Due to the axially symmetric 

nature of the plasma beam. the simplest experimental configuration 

involving magnetic fields would be axisymmetric flow through a cir-

cular current loop. 

S I (10-13)" t" t" thO ty f I evera papers 1nves 19a 1ng 1S pe 0 p asma-

magnetic -field configuration have been published. However. the 

type of plasma production devices used in the experimental programs 

consisted of a pinch tube.(lO) coax plasma gun(ll) and arc jets.(12, 13) 

The plasmas produced by these devices have some common charac-

teristics: 

i) The charge particle number density is relatively high 

13 15 (N= 10 Icc ..... l0 Icc). Although one speaks ofa 1I1owdensityll 

plasma. the plasma gas is still collision dominated. 
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ii) Becaus e the ionization and acceleration of the plasma are 

achieved through electrothermal means, the ions and electrons have 

temperatures of the same order. 

iii) Becaus e of the low degree of ionization, collisions between 

charged particles and neutral atoms are usually not negligible. As a 

cons equence of the ion-neutral momentum transfer collisions, the 

flow of the neutral background gas is usually important. 

Theoretical investigations (12, 14) using the one-fluid model 

with generalized Ohm1s law were carried out under the assumptions 

of small magnetic Reynolds number, small interaction parameter, 

small Hall parameter, and no "slipll between ions and neutrals. 

In a collisionless plasma wind tunnel, the plasma is usually 

produced by an electron bombardment ion engine provided with elec-

tron neutralization of the ion beam. The charged particle number 

density is characteristically low, N = 105 Icc,..." 109 Icc, depending on 

specific ion source and vacuum pumping facilities. The plasma is 

Ilcollisionless II in the sense that all the collisional mean free paths 

are long compared to the tunnel dimension or some other character-

istic length of the experiment. Another feature of the electron-

bombardment-ion-engine produced plasma is that the electron tem-

perature is usually much higher than the ion temperature. Thus the 

assumption of Ilmonoenergetic ions and thermal electrons II is an often 

used simplification. 

The nominal values of ion density, ion mean speed, electron 

temperature and magnetic field in the present experiment are: 

7 4 
N "'" 5x10 Icc, U"'" 10 m/s, kT "'" 0.2 eV. and B"'" 10 Gauss. e 
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The test facilities, which include the vacuum. system., the 

plasm.a production apparatus and the instrum.entation of the experi

m.ent, are described in Chapter II. Because of the lirn.itations of 

conventional Langm.uir probe diagnostic m.ethods as well as the lack 

of probe theories in the presence of non-hom.ogeneous m.agnetic fields, 

a sim.ple "two -probe" m.ethod is henceforth developed to m.easure ion 

density and current in a way that circurn.vents the difficulties of con

ventional diagnostic m.ethods as well as the com.plications introduced 

by a non-hom.ogeneous m.agnetic field. 

The experim.ental results are contained in Chapter III. The 

perform.ance characteristics of the plasm.a source are thoroughly 

studied, and a standard plasm.a beam. is established as a basis for 

com.parison for the cas e when m.agnetic field is applied. The result 

of a strong interClction can be observed from. the fact that the radial 

profiles of ion current collected by the Langm.uir probes display 

distinct peaks at certain radial positions. 

In Chapter IV a theoretical analysis is attem.pted in order to 

find a m.odel that can adequately describe the observed phenom.ena 

as well as provide us with som.e further understanding of rarefied 

plasm.a flows. With certain assum.ptions based on physical argu

m.ents, the collisionless two-fluid m.odel can provide us with a first

order approxim.ation that can qualitatively describe the experim.ental 

observations. It is found that turbulence, hypothesized to result from. 

electron-ion two stream. instability, is required to im.prove the two

fluid m.odel. Although evidence of turbulence is observed in the flow 

field, the lack of basic understanding lirn.its the us e of it to a sim.ple 
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heuristic model. The turbulence model being used is based on ele

mentary physical arguments. and it is applied in the same spirit as 

the Prandtl mixing length assumption is used in the turbulence of 

ordinary fluids. 

Chapter V contains a summary of the results of the present 

investigation. with some discussions and concluding remarks. as well 

as several suggestions for future research which might resolve the 

questions raised by the present investigation. 
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II. DESCRIPTION OF EXPERIMENTS 

II. 1 Test Facilities and Instrumentation 

The plasma wind tunnel is a steady-state flow facility which 

consists of a vacuum chamber in which a plasma generating source 

operates, and instrumentation by which the proper functioning of the 

plasma wind tunnel is controlled or monitored. 

II. 1. 1 The Vacuum System 

The stainless steel 50 cm inner diameter vacuum. chamber 

consists of three separate sections (Fig. 2.1) which are bolted to-

gether and vacuum-sealed by O-rings. 

The first section, hen c e referred to as Cl, houses the 

plasma production device. C 1 is mounted on casters and can easily 

be moved for plasma engine servicing or to provide access to the 

second section. 

The second section, C2, is the meter long test section. On 

the top of the test section there are ports for ins erting models, fixed 

probes and ionization tube. On the sides, there are two 6 -inch diam-

eter ports and a 1. 75 -inch diameter port. The larger po rts have 

been us ed for high electric current feedthroughs and connection to a 

small diffusion pump. The smaller port is connected to a Welch duo-

seal mechanical pump (Model 1397). This is us ed as a roughing pum.p 

-3 and produces an ultimate pressure of 10 torr. 

The third section, C3, is a T-section to which the main 

vacuum pum.ps are connected. The main component of the pumping 

system is an Edwards F1605, 16-inch five stage diffusion pump on 

"\'~,,ch is set an Edwards 16-inch chevron baffle which is cooled by a 
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Tecums ek (Model No. CA T4CHTK) freon refrigeration unit. A 16-

inch stainless steel spacer is set on the chevron baffle on which is 

set an Edwards 16-inch QSB16 high vacuum quarter swing butterfly 

valve. The butterfly valve can disconnect the vacuum chamber from 

the diffusion pump by a quarter swing of a lever. An Edwards ISC 

1500 Rotary Piston Vacuum Pump serves as the backing pump of the 

system, it has a nominal speed of 1415 liters per minute and produces 

-2 
an ultimate vacuum of better than 10 torr. The diffusion pump has 

a nominal baffled speed of 3000 liters per second and produces an 

ultimate vacuum of 10-7 torr. 

The equipment us ed for pressure measurements of the vacuum 

system consists of a CVC Type GIC-llOA Ionization Vacuum Gauge 

which is connected to two CVC Cat. GTC -004 thermocouple gauge 

-3 
tubes for pressure measurements above 10 torr, and also connected 

-3 to a CVC GIC -028 miniature ionization tube for pressures below 10 

torr. The locations of the tubes are shown in Fig. 2. 1. 

II. 1. 2 Plas ma Production 

The plasma beam is produced by extraction and electrostatic 

acceleration of argon ions from a plasma source. The ion stream 

emerging from the source can be neutralized either by an external 

thermionic emitter immers ed in a stream, or by high energy electrons 

escaping from the source. 

II. 1.2. 1 The Electron BombardITI.ent Ion Engine 

The plasITI.a source used in this experiment is a modified 

version of what is usually known as a Kaufman (15) engine. Variations 

of this type of ion engine have been used by several authors (3-6) in 
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collisionless plasma wind tunnel work. 

The working principle of this plasma source derives essen

tially from the classical magnetron discharge. Electrons, emitted 

by a thermal filament (cathode) at the center of the ionization chamber, 

are accelerated toward a concentric cylindrical anode, but are pre-

vented from reaching it directly by an externally applied magnetic 

field, which causes them to spiral axially in the chamber until they 

collide with a neutral atom. Depending on the collision cross sections 

of the neutral atom, and the electron energy distribution, some of 

these collisions produce electron-ion pairs (ionization by electron 

bombardment!), which themselves may participate in subsequent 

collisions. The extraction and acceleration of ions is effected by 

two grids, a screen grid and an ion grid, placed at one end of the 

ionization chamber. The screen grid and the other end of the cham

ber wall is kept at cathode potential to prevent axial loss of electrons 

from the dis charge region. Ions which wander clos e to the screen 

grid are preferentially extracted and accelerated through the ion 

grid, which is usually bias ed at a potential lower than the cathode. 

The plasma source of the present experiment is a modification 

of the pI asma source originally built by Blurnenthal.(4) The construc-

tion is shown schematically in Fig. 2. 2. The ionization chamber is a 

22 cm long thin walled (4. 75 rom) cylinder with a 25 cm outer diam-

eter. On one end wall of the ionization chamber is a brass cathode 

filament holder (Fig. 2.3) which supports the electron emitting 

thermal filaments. On the other end there is a thin (2 mm) circular 

plate with a 2.5 cm diameter hole at the center. This plate is 
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fastened on to the ionization chamber by four s crews, so that it is 

easily removed to provide access to the cathode holder. A nozzle 

is attached over C" 2.5 cm diameter hole. This nozzle supports 

the screen grid, the ion grid, and the neutralizer filament. The 

* nozzle is machined out of Mykroy. Inside the ionization chamber, 

a 21.5 cm diameter cylindrical anode is supported from the chamber 

walls by insulating ceramic spacers. All the cylinders and end walls 

mentioned above are made of stainless steel, and the grids are cut 

out of fine mesh (0.186 mm spacing) stainless steel screen. Tungsten 

wires of 0.25 mm diameter are us ed for the cathode and neutralizer 

filaments. The confining magnetic field is produced by two coils of 

gauge 10 anodized aluminum wire wound around anodized aluminum 

mandrils which are attached outside the ionization chamber. The 

ionization chamber is supported from a back plate by ceramic spacers 

and fastened in place by copper strips which are tightened by turn-

buckles. The back plate is securely bolted to the end wall of CI, 

where all the electric, cooling water and argon gas feedthroughs are 

located. 

II. 1.2.2 Neutralization of the Ion Beam 

If no provision for neutralization of the ion beam were made, 

the ion engine would acquire a negative potential at a rate propor-

tional to the emitted ion current and inversely proportional to the 

capacitance of the ion engine. This charging up of the ion engine 

* Mykroy is a glass -bonded mica material classified as a ceramo-
plastic. It has the qualities of being a machineable insulator, 
non-outgassing, non-magnetic, and arc resistant. 
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would eventually stall the beam. Also, the positive space charge 

potentials within the unneutralized ion beam would caus e the beam 

to reflect upon itself, (16, 17) and in a more picturesque description, 

eventually "explode". 

In lab experiments, ion engines are kept at fixed potential 

relative to ground, hence the beam stalling problem usually does 

not aris e. It is mainly for the sake of obtaining a plasma beam 

rather than an ion beam, or the fear of an ion beam reflecting upon 

its elf, that neutralization is applied. 

In the present case, neutralization is achieved by the thermi

onic emitter immersed in a beam: the neutralizer filament, a thin 

tungsten wire, is strung across the diameter of the Mykroy nozzle 

opening. The typical situation that ensues from such a setup is that 

while the ion engine emits a beam of ions with little spread in velocity 

in comparison to their directed motion the thermionic emitter (i. e. 

neutralizer filament) liberates electrons with a broad distribution of 

velocities and a mean speed much higher than that of the ion beam. 

The neutralizer filament is biased positive relative to the ion grid 

so that thermally emitted electrons do not migrate upstream into the 

ionization chamber, but are retained in the stream. This mode of 

operation results in a plasma beam with electron temperature of the 

order of the neutralizer filament temperature (Te,.,., 2000-30000 K). 

A method first us ed by Hester and Sonin (5) to obtain higher 

electron temperatures in the plasma beam is to draw the electrons 

from the ionization chamber its elf. In this mode of operation, the 

neutralizer filament is not used, but the source cathode potential is 
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biased slightly negative with respect to the ion grid so that electrons 

would es cape out of the ionization chamber and hence neutralize the 

ion beam. The power circuit diagram of the plasma beam generator 

is shown in Fig. 2.4. 

II.2 Instrumentation of Experiments 

The electrostatic plasma probe. commonly known as the 

Langmuir probe. is used as the diagnostic tool for the present exper

iment. The probe is mounted on a phone plug and is ins erted into the 

socket of the probe actuator. which can move the probe axially. radi

ally. and azimuthally. Fig. 2.5 shows the experimental configuration 

and the coordinate system. The probe actuator has two sockets and 

is wired to accommodate at least two probes. so that a comparison 

of probe characteristics of different types of probes can be made 

under the same plasma flow conditions. Except for the azimuthal 

movement of the probe actuator, which requires manual cranking. 

both the axial and radial motions are powered by electric motors. 

The model us ed in the experiment is a current loop. This 

loop is 10 cated 23.5 cm downstream of the Mykroy nozzle and placed 

in the plasma beam such that the axis of the loop coincides with the 

centerline of the plasma beam. 

II. 2. 1 The Langmuir Probe 

The electrostatic plasma probe is a piece of metallic electrode, 

which is immersed in a plasma. The probe is connected across a 

variable DC power supply to a reference (usually grounded) electrode. 

The probe circuit is shown schematically in Fig. 2.6. The current 

flowing to the probe is measured as a function of the applied probe 
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potential; this cur rent to voltage relation is called the pro be " char-

acteristic". Under certain conditions, the plasma parameters, i. e. 

electron density, electron temperature and plasma potential, can be 

deduced from the probe characteristic. 

Compared to other plasma diagnostic methods such as micro-

wave and spectroscopic techniques, the electrostatic plasma probe 

is experimentally the simplest to use. It also has the distinct advan-

tage over other plasma diagnostic techniques of being able to make 

local measurements. Almost all other techniques give information 

(of p1a~ma parameters) which is averaged over a large volume of 

* plasma. 

In the following the conventional method of obtaining the plasma 

parameters from the probe characteristic will be briefly reviewed. 

The objective is to examine the conditions under which the conventional 

method of measurement is still applicable. The various theories of 

Langmuir probes will not be described here, since they may be re

ferred to in the original papers by Langmuir and his co -workers, (19) 

and in the review articles by De Leeuw,(20) Chen,(21) and Schott,(22 

A new, simple method is derived to measure plasma parameters 

when the conventional method fails. 

* With the advent of high-intensity lasers, light scattering experi
ments of plasmas are possible (ref. 18). The 90-degree scattering 
technique offers a method of measurement with high spatial reso
lution, since the size of the volume in which the information is 
averaged is equal to the intersection of the incident and scattered 
beams. 



-13-

II. 2. 1. 1 Tbe Conventional Method of MeasureInent in the 

Abs ence of Magnetic Fields 

a. Maxwellian Electrons 

For the sake of simplicity, we consider th.e characteristic of an 

idealized plane probe (Fig. 2. 7a)~ Following normal convention, the 

electron current will be plotted positive on a probe characteristic, and 

the ion current will be plotted negative (Fig. 2.7b). When the probe is 

bias ed positive beyond the plasma potential (<T>p1), the region is called 

the electron-sheathed operation region or the region of saturation 

electron current (A). If the probe is biased negative relative to the 

plasIna potential, the electrons are collected in a repelling electric 

field, and the electron current falls off as the probe potential decreases. 

This is called the retarding-field region (B). Finally, when the probe 

potential is bias ed so negative such that all the electrons are repelled, 

one obtains the ion-sheathed operation region, or the region of ion 

saturation current (C). 

If the electrons are in thermal equilibrium, the electron velocity 

distribution function is Maxwellian, then the electron density in the 

retarding-field region is governed by the Boltzmann's law: 

[ 
-e(<T> -1> ) ] 

n = N exp pl pr 
e k T 

e 
(1 ) 

where N is the electron number density in the undisturbed, quasineutral 

plasma. The electron current density flowing to the probe is then the 

random electron current density: 
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J = ~n ec e 4 c 

l - r-e(gipl-gipr)] 
= "4 e c N exp L k T 

e 

(2 ) 

I 

where c = (SkT /nm )2 is tl1e average speed of the electron (see 
e e 

Appen<lix A). Equation (2) is exact if the plasma has no mean motion 

relative to the probe collecto r surface: otherwis e, the mean motion 

would contribute an extra term to the electron current density besides 

the randOlTI current. In most cases, however, the mean motion of the 

plasma (hence the electrons) U is lTIuch smaller than the electron 

average speed c so that equation (2) is m;ually a very good approxi-

mation. 

The electron temperature is measured in the following way: 

assuming that the plasma potential is constant (which is u!=:ua;.ly true), 

then taking the logarithm of equation (2) and differentiating with respect 

to the pro be potential ip ,we obtain in the transition region 
pr 

(i. e. ip <ip]): 
pr p. 

d gi 
pr 

e 
= kT 

e 
(3 ) 

It is obvious from equation (3) that the slope of a ip versus en j plot 
pr e 

will yield the electron temperature T e. If the plasma potential ip pI 

can be found from the probe characteristic, then with T and Q 1 
e p 

known, we can find the electron density N from equation (2). Hence 

all the plaslTIa paralTIeters are found. 

In order to lTIeasure the plaslTIa potential directly, the probe 

has to be biased to the extent that saturation of electron current 

occurs. Depending on probe geolTIetry and the ratio of sheath 



thickness to probe size, 

not always flat (21) (i. e. 

-15 -

the region of saturation electron current is 

j still grows with ~ ), hence the location of 
e pr 

the "knee" (i. e. the bend between regions B and A on the probe char-

acteristic) is often quite am.biguous. Therefore, this is not a very 

accurate m.ethod of measuring the plasma potential. The greatest 

objection in using this method, however, is due to the fact that when 
( 

the probe is bias ed above the plasm'a potential, too many electrons 

are depleted from the plasma, hence the plasma is es s entially dis-

turbed. In a plasma without mean motion, the theoretical value of the 

ratio of electron saturation current to the ion saturation current is 

of the order of the square root of the ratio of ion mass to electron 

mass; fo r an argon plasma, this ratio is 271. If the plasma is flowing 
1 1 

at 'lbypersonic" speeds (i.e. U» (kT 1m. )2, but U « (kT 1m )2) the 
e 1 e c ' 

plasma will be essentially disturhed if too many charged particles of 

one species are depleted from the plasma. To set a criterion, one 

compares the current collected by the probe (I) to the current that 

would ideally be swept up by the probe if only one species were present 

(i. e. I.d 1 = N \e \UA). An arbitrary upper limit (ten or fifty, say) is 
1 ea 0 

then set for this ratio I/Ld I' beyond which the plasma is considered 
1 ea 

to be es s entially disturbed. 

It is clear from the above mentioned reasons, that region A 

of the probe characteristic is seldom us ed in exper:i.mental work. In 

most cas es, even the higher portion of region B (near the plasma 

potential) has to be avoided. 

In order to find the plasma potential from the probe character-

istic without biasing the probe past the "knee" into region A, a 
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commonly used lY,ct-aod is to evaluate the plasma potential from the 

floating potential (9rr ) and the clec~:ron temperature. This method 

is based on the fact that, in a stationary plasITla of therrrlct.l electrons 

and cold ions, t1~ e ions ITlust streaIll into the sheath bourJ.dary with an 

1 
energy greater than -ikT. This is known as the sheath criterion 

e 

•• '1 d· d b 'r 1 d L . (19c) R -. 1 l' orlglnalJ.Y i.S covere y on <:s an angITlUlr. el1nea ana YS1S 

of LangITluir's results was first carried out by BohITl(23) who found 

that a rrrinirnuITl ior. e~lergy is requi red fo r the forITlation of an ion 

sheath. BohITl's analysis was extended by AJlen, Boyd and Reynolds!24) 

In botL inves~iGations, tL.e method of approxilnation used a sheath edge. 

Bernstein and Rabinowitz (25) progres s ed further by refonnulating the 

probleITl ancl performing a detailed analysis of the orbits of the at-

traded particles about the probe; th·~ir method was cOITlpletely s elf-

consistent and required no a p:dor5 separi(.tion of the plasITla into 

quasineutral and sheath regions. Extensions of Bernstein and 

Rabinowitz' work were carried out by LaITl, (26) who perforITled an 

aSyITlptotic analysis in the liITlit of large probe size to Debye length 

ratio (i. e. ~» 1) and assuITling ITlono-energetic ions, and by 

LafraITlboise.(27) who carried out extensive nUITlerical calculai.ions 

for a wide variety of probe size to Debye length ratios and poly

energetic, Maxwellian ions. Although in modern probe theories,(25 -2 7) 

the ion current was found to be dependent not only on the electron 

teITlperature, but also on the ion teITlperature and the probe potential, 

all modern approaches prove the qualitative validity of LangITluir 

and BohrrJ.'s sheath criterion. 
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To understand the physics of the sheath criterion, we consider 

a probe biased negativ" relative to plasm.a potential. Let V = qi - ~ I pr p 

denote the relative probe potential. Under the action of the probe 

electric field, ions will be accelerated toward the probe and electrons 

will be repelled. For a given temperature of the repelled particles, 

electrons in this case, the majority of the particles has kinetic energy 

larger than ~. kT (see Appendjx A). Therefore, in the "pre-sheath" 
e kT 

of the probe potential field where I V I < i __ e, quasineutrality can 
e 

still be approximately maintained while the ions are being accelerated 
kT 

and gain kinetic energy. When Iv I increases beyond i __ e , the 
e 

number of repelled particles will decrease sharp]y such that charge 

neutrality is destroyed and an ion sheath is formed. The position 
kT 

where I Vi = i __ e is interpr eted as the sheath edge. In the limit of 
e 

a very thin sheath (i. e. ; -+(0), ions enter the sheath with a kinetic 

energy of i kT , hence the velocity with which they hit the probe is of 
e 

1 

order (kT /2 m.)2. A probe potential field with sheath formation is 
e 1 

shown schematically in Fig. 2.8. 

We will consider a simple example of how the plasma potential 

is obtained from the floating potential and the electron temperature 

by using the sheath criterion. Assume that the plasma has no mean 

m.otion, the electrons are Maxwellian and the ions are cold. We will 

use, for the sake of demonstration, the most widely used formula for 

ion current given by Allen, Boyd and Reynolds: 

1 

1. = 0.61 (kT ImJ2 
1 e 1 

(4) 

Note that the ion current is independent of the probe voltage; this 
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result is a cons equence of using the approximation of a sheath edge. 

By definition, the floating potential is the probe voltage bias ed 

such that the ion current is just equal to the electron current, so that 

no net current is collected by the probe. Therefore, at the floating 

potential if>£l' we obtain from 1. = I : 
1 e 

kT i 8kT i --e(if> l-ili£l)-
O. 61 (_e_) = % ( __ e) exp I P I 

m. m I.. kT .... 
1 e e 

Taking the logarithm of (5), we obtai.n, for an argon plasma (i. e. 
1 

(m./m f2 = 271): 
1 e 

iii pI = if> 11 + 5. 07 
kT 

e 
e 

(5 ) 

(6 ) 

In summarizing this section, we point out the fact that in all 

known probe theories, the electron velocity distribution function is 

as sumed to be Maxwellian. This is therefore the one and only 

stringent condition under which conventional method of measurement 

is applicable. Next we note the fact that conventional method of 

measurement us es the retarding field region and the ion saturation 

region of the probe characteristic. 

b. Non-Maxwellian Electrons 

If the electron velocity distribution function is not Maxwellian, 

none of the Langmuir probe theories are valid, hence the common 

methods of extracting information of plasma parameters from probe 

characteristics cease to be useful. This fact was first noted by 

Druyvesteyn (28) in 1930. Consequently, he devised a method to ex-

tend the usefulness of Langmuir probes in the case of non-Maxwellian 

electrons. 
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Druyvesteyn developed a theory which showed that for planar, 

cyEnd.dcal. and spherical probes. the electron speed distribution 

function could be obtained from the probe characteristic as follows 

(see Appendix B. a): 

F(w) = 
4 m V 

e (7) 

where F(w) is the isotropic speed distribution function (see Appendix 

A). V is the probe potential relative to plasma, A is the collector 

area and I the probe electron current. 
e 

An ingenious technique was devised by Sloane and MacGrego;29) 

in 1934 to circmnvent the inherent unreliability of graphical differen-

tiation of the probe characteristic. This method involved superim.-

posing a small a-c voltage on the d-c probe potential. which causes 

the d-c probe current to increase by an amount which is proportional 

to the second derivative of the probe characteristic (see Appendix B.u): 

V
2 

I = I(V) + ~ 
p 4 (8) 

where I is the d-c probe current with a-c voltage imposed on the d-c 
p 

probe potential. I(V) is the probe current without a-c voltage pertur-

bation and V is the magnitude of the perturbing a-c voltage. 
o 

The Druyvesteyn method with sorne extensions, and variations 

of the Sloane and MacGregor technique have been used in many exper-

iments. 

It has been shown by many investigators.(30 -38) that the elec-

tron velocity distribution function. particularly in low pressure 

plasmas. is commonly not only far from being Maxwellian. but quite 
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often, not even isotropic. 

Although Druyvesteyn's method is an essential progress in 

probe theory, one should note the following inadequacies: 

i) Since F(w) depends on V (equation 7), the inaccurate determination 

of the plasma potential (~pl) will shift the F(w) curve in velocity. 

ii) The probe measures total current, hence the ion current has to 

be subtracted in order to obtain the electron current. If the ion 

current does not saturate, then the behavior of ion current with 

respect to probe voltage has to be known a priori in order to use 

equation (7) correctly. 

II. 2. 1.2 Probe Theories in Magnetic Fields 

The pres ence of a magnetic field modifies the motion of the 

charged particles, especially in the electric field of the probe. Two 

main difficulties follow as a cons equence: 

i) The presence of B introduces an anisotropy in space, hence the 

problem becomes at least two-dimensional; partial differential 

equations replace ordinary differential equations. 

(ii) Becaus e only collisions can produce diffusion acros s lines of 

force, there is ess entially no "collisionless" theory in cas e 

B f 0, even if the plasma is not collision-dominated. 

Therefore, it is hardly surprising that very few papers have 

been published on probe theory when a magnetic field is present. This 

is in stark contrast to the enormous amount of literature published 

on probe theory for the case B = O. 

In 1936, Spiwak and Reichrude1 (39) investigated the collection 

of electrons in a weak magnetic field with cylindrical probes. 
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One unrealistic assumption of their theory is that the magnetic field 

beyond a certain radius was 5 et to zero and the velocity distribution 

at this boundary was as sumed known. This is, of cours e, a different 

form of the sheath edge approximation. 

Bickerton and von Engf'l (/10) considered the problem of plane 

probes parallel to B using the sheath edge approxim.ation (in the 

Langmuir sense). The plaI,e was considered infinite so as to avoid 

the two dimensional difficulty. Bertotti (41) considered the pl; n':.-: J?l'obe 

perpendicular to B. He reduced the probleIYl to a one-dirnensional one 

by assuming an unspecified anomalous diffusion process and considered 

collection only along B. His results are in contradiction with an 

available experimental results. 

Prior to Bickerton and von Engel, and Bertotti, Bohm, Burhop 

and Massey(42) developed a satisfactory analysis of probe theory in 

magnetic fields by establishing trans vers e and longitudinal fluxes using 

macroscopic equations. They found in qualitative agreement with 

experiments a decrease of probe current in the transition region (of 

the probe characteristic) with increasing B. They also observed the 

effect of magnetic field orientation on the electron current collected by 

the probe. 

Sanmartin (43) m.ade significant progress by performing an 

asymptotic analysis of the Langmuir probe in a strong magnetic field 

for the probe radius luuch larger than electron cyclotron radius and 

Debye length but not larger than either ion cyclotron radius or mean 

free ['ath. He assUllled that hoth ion and electron species were :tv1.ax-

wellian in the undisturbed plasma and have nearly equal ten1peratures. 
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He feund that the electric potential, wilich is not confined to a sheath, 

controls th\) diffusion far from. the probe; inside the magneiic tube 

bounded by the probe cross sect·on, the potential overshoots to a 

large va" .. e befure decaying to plasITla potential. As a cons equence, 

the current at the transition rcg~on does not vary exponentially, the 

ITlagnitude is sharply reduced, and the knee at plasITla potential dis-

In all the probe theories for B 1= 0, the ITlalD eITlphasis has 

been on the electron current collecte(l by the probe, 1. e. on the tran-

sition and electron current saturation regions of the probe character-

istic. The ion current has been assuITled to be weakly affected by the 

ITlagnetic field. This is true if the ion cyclotron radius is rrlUch larger 

than the probe size. 

II. 2. 1. 3 Probe Theories and the InveTs e Problem 

It has been noted by lTIany experimentalists that, contrary to 

the tremendous amount of sophisitication applied to the probe theories, 

the method of measurement is handled in a rather crude fasr.cion. This 

disparity is due to the fact that all probe theories are treated as Iidirect 

problems,11 i. e. a plasma of known properties is postulated, the plasma 

par2meters (if> l' T and N) are then freely "lAsed to construct the neces
p e 

sary characteristic s cales in the normalization scheme; the non-

dimensionalized probe characteristics thus calculated cOEtain the plasma 

parameters in a variety of combinations in all of the dimensionless 

variables. 

T".1.e cX'.2erimentalist faces an Ilinverse problem ll of measuring 

a dimensional current-voltage characteristic from which he hopes to 
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deduce the unknown plasma parameters. Because of the free use of 

plasma parameters in the direct problem and hence its cons equences, 

a comparison with experiment usually involves an extremely tedious 

process of cross plotting and reduction of dimensionless variables 

to real variables, for each as sumed set of values of the plasma 

parameters. In some cases, it is not known a priori whether the 

probe theory is the appropriate one to use or not. In many instances, 

the numerical solution' (e. g. curve fitting) is so complicated that 

curves other than the ones given (i. e. calculated cases in probe 

theories) are difficult and expensive to obtain.(21) 

It has been demonstrated,(44) however, that it is possible to 

apply a comparable degree of sophistication to the invers e problem. 

The method is to replace the variables of the direct problem with a 

new, experimentally convenient set of variables (in which each dimen

sionless quantity contains only ~ plasma parameter), "inverting" 

the direct problem, and presenting the results in master plots once 

and for all. The principle of the inversion is applicable to a wide 

variety of probe theories. It was also suggested that the "inversion" 

could be best carried out by the theoretician himself, since he is by 

far the most familiar with his own theory and is usually also in posses-

sion of related computer programs which is necessary to generate 

required information for the inversion process. It seems that there 

is much to be gained by the relatively small additional effort of in-

verting a given theorYA since presentations in such experimentally 

convenient forms will certainly transform the more sophisticated 

theories into cornmon working tools. 
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II. 2. 1.4 A Langmuir Probe Method of Density and Velocity 

Measurement of Collisionless Plasma Flows in 

Non-homogeneous Magnetic Fields 

In diagnosing the flow field of an electron-bombardment engine 

generated plasma flowing at hypersonic speeds, the transition region 

of the probe characteristic is not always reliable, since a low pressure 

plasma does not necessarily guarantee a Maxwellian, isotropic veloc-

ity distribution function for electrons. A non-homogeneous magnetic 

field is an additional complexity to the problem. 

It is shown here that under certain conditions, Langmuir probes 

can be us ed to measure density and velocity of a flowing plasma in a 

non-homogeneous magnetic field. For the obvious reasons given in 

previous sections, the A and B regions of the probe characteristic 

cannot be us ed in the plasma stream, hence one has only the region 

of saturation ion current to work with. 

Assume that the ions are cold and mono-energetic with flow 

speed much larger than the ion acoustic speed, i. e. U» a., the probe 
1 

is biased sufficiently negative such that all the electrons are repelled, 

and the magnetic field is not strong enough to affect region C of the 

probe characteristic. 

For a cylindrical probe with probe radius smaller than the 

Debye length, the collection of ions with probe axis normal to flow is 

orbital motion.1imited(l9, 42) (Fig. 2.9). This means that the ion 

cur rent is limited by the "absorption radius" and not the sheath thick-

ness, which can be infinitely large. The orbital motion limited cur-

rent j s (s ee Appendix C): 
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2e(g) l-g) }Ji + p pr 
2 

m. U 
1 

where A = 2r L is the projected probe area. 
p p 

(9 ) 

For a probe with probe size much larger than the Debye length, 

the collection of ions is simply given by the "swept area" concept 

(Fig. 2.9) of Clayden.(45} In the limit of infinitesimally thin sheaths 

(i. e. S -+ 00 , where S is the probe size to Debye length ratio), and 

hypersonic flow (i. e. M» 1, where M is the ratio of the flow speed 

to ion acoustic speed), the ions collected are simply thos e that are 

being swept up by the probe; since the sheath is very thin, all the ions 

that pass through it are collected. Also because of the hypersonic 

assumption, the contribution of the ion current due to the "sheath 

criterion II is negligible. Hence the swept area concept ion collection 

is given by: 

I = NeAU flat-guarded (10) 

where A is the probe area of the plane probe normal to the flow direc-

tion, or the projected probe areas of spherical or cylindrical probes. 

If s is large but not infinite, then equation (10) should not be 

us ed for spherical or cylindrical probes; for plane probes, equation 

(10) can be used with confidence if guards (Figs. 2.6, 2.9) are pro-

vided to eliminate fringing effects of the probe potential field. 

In an experimental situation. the probe areas, the probe bias 

and the currents collected are known. Equations (9) and (10) still 

contain three unknowns, namely g) pI' Nand U. 

The third equation is supplied by the energy cons ervation for 
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ions. i. e. the accelerating potential of the ions (generated in the 

electron-bombardment ion engine) is the difference between the 

plasma potential in the source and the local plasma potential in the 

stream: 

(11 ) 

It is known that in low pressure discharges. the plasma poten-

tialof the discharge ~PL, S is almost equal to the anode potential 

~ A.(4 7. 48) This fact has been used in earlier investigations (4, 5) 

where it was assumed that: 

(12 ) 

In the present investigation, extensive Langmuir probe meas-

urements were made in the source to determine how the plasma poten-

tial varied with the anode potential; it was found that PPL, S was approx

imatel~ 8 to 12% lower than ~ A for a wide range of anode potentials; 

hence, in what follows, the appropriate source plaslna potential will 

be used instead of ~A. 

Substituting equation (11) into (9), we have for the orbital 

motion liInited current the following expression: 

(13) 

Equation (13) now contains only one unknown: the ion number density 

N. N is also the electron density because of plasma quasi-neutrality 

in the free stream. 
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If N is evaluated from equation (13), then upon substitution of 

this value into equation (10), we can find the flow speed U. 

This method is of special value when a weak, non-homogeneous 

magnetic field is pres ent. Since the trajectories of the electrons are 

disturbed at weaker magnetic fields than the ions are, the effects of 

magnetic fields will first be noticed in the electron current to the 

probe. Therefore, with a least amount of disturbance in the plasma 

stream (since only region C of the probe characteristic is 1."3~d). and 

without relying on the electrons being Maxwellian or isotropic, the 

density and velocity of a collisionless plasma in hypersonic flow can 

be measured. 

II. 2. 1.5 Calibration of Probes 

a. Thin Sheath 

In order to check the swept area concept of ion collection, a 

comparison of probe characteristics for different probes is made under 

the same flow conditions. Fig. 2.10 shows that for a flat guarded 

probe, the ion current changes approximately 4% per 10-Volt probe 

bias, hence for practical purposes, we can consider that the ion current 

ess entially "saturates "; for the spherical probe, the ion current is 

seen to grow with increasing negative bias of probe; this is due to the 

thickening of the sheath with increasing negative bias of probe, and 

hence, in the lack of guards, collecting more and more particles from 

the fringing portion of the probe electric field. 

The sheath criterion (s ee II. 2. 1. la) is checked in the following 

way: In order to eliminate the effect of mass motion of the plasma, 

the collector surface is aligned parallel to flow direction, the collector 
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is provided with a flush mounted guard to insure that particles do not 

overshoot the collector. The guard length is computed in Appendix D 

using the Bohm (23) nlOdel. If the sheath criterion were the correct 

model. then the ion current should saturate to a value given approxi

mately by equation (4). Fig. 2.10 shows that this is not the case 

becaus e the ion current does not tend to saturate. The cons equence 

of this result is that equation (6) cannot be us ed to determine the 

plasma potential in the stream from the floating potential of the probe 

cha racte ris tic. 

b. Thick Sheath 

The theory of orbital motion limited ion current collection is 

tested by thin cylindrical probes (usually fine tungsten wires) of large 

length to diameter ratios: LID,..., 0(10
2

). so that end effects are negli

gible. Note that end effects become important if the cylinder axis is 

not perpendicular to flow direction. 

If the probe is biased sufficiently negative such that all the 

electrons are rejected. then the total current collected by the probe 

is just the ion current given by equation (13). from which the ion 

density can be evaluated easily. 

When the probe is us ed for relative measurements. i. e. the 

probe is moved in space but fixed in voltage. it is necessary to know 

that the bias of the probe is sufficiently negative so that equation (13) 

is really valid. since equation (13) is. in a sense. an asymptotic theory 

for large negative bias. How negative is "sufficiently negative " ? To 

answer the question is to find the range of validity of the asymptotic 

theory. From equation (13). it can be seen that the ion density is 
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1 

proportional to the slope of the probe current vs. (ipPL, S - ippr )2, which 

should be a constant. 

From. region C of a thin wire (i. e. thick sheath) probe char-

acteristic (Fig. 2. 11. a), the m.easured probe current is plotted against 

the square root of the difference between the source plasm.a potential 

and the probe potential in Fig. 2. 11. b. The region of validity of equa-

tion (13) is found from. this plot (Fig. 2. 11. b) when the curve asym.p-

totes into a constant slope which passes through the origin. ;,eturning 

to the probe characteristic in Fig. 2. 11. a, we find that for ip < -15 
pr 

volts, the orbital m.otion lim.ited ion collection theory is valid, hence 

at any point on the probe characteristic (in the valid region), the ion 

density can be easily obtained from. equation (13). 

Figures 2.12. a and b show a sim.ilar exam.ple, but for a dif-

ferent condition of the plasm.a generating source: the neutralizer fila-

m.ent bias is increased. which increases the floating potential (see 

III. 1); this has the effect of enlarging the region of validity of equation 

(13) (com.pare Figs. 2.Il.a and 2.12.a). The probe current vs. 
I 

(ip PL, S -ip pr)2 plot (Fig. 2. 12. b) shows an experim.ental curve which 

asym.ptotes well into a straight line passing through the origin (com.-

pare with Fig. 2. 11. b). 

Figure 2. 13 shows the result of attem.pting to enlarge the region 

of validity of equation (13) by sim.ply biasing the probe to very negative 

potentials. The result is negative. It is seen that for probe potentials 

less than about -35 Volts. electrons begin to em.it from. the collector 

surface due to ion bom.bardm.ent. This caus es an apparent ris e in 

probe ion current and hence invalidates equation (13). 
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c. Magnetic Fields 

The influence of a non-homogeneous magnetic field on the probe 

characteristic is shown in Fig. 2.14. Radial traces of ion current 

are recorded with the flat guarded probe biased at a constant negative 

potential; trace "a" is taken when the magnetic field is not turned on, 

trace "b" is taken when B = 10.9 Gauss (see next section). As the 
o 

probe moves radially outward from the centerline of the plasma beam, 

it moves into a magnetic field of increasing magnitude and changing 

orientation (~is perpendicular to the probe surface at r = 0; with 

increasing radius, the angle between B and the probe surface decreases). 

In Fig. 2. 14, note that the electron cur rent in the transition 

region of the probe characteristic is reduced; also the qualitative 

effect of the magnetic field orientation on the electron current(42) is 

observed: the reduction of the electron current is more pronounced 

when the magnetic field is more parallel to the probe. 

However, the region of ion saturation current of the probe char-

acteristic is not affected by the magnetic field at all. This indicates 

that the method as outlined in II. 2. 1. 4, which requires the us e of only 

region C of the probe characteristic, is truly a suitable method when 

magnetic fields are present. 

d. The Hybrid Probe 

Figure 2.15 shows the construction of a hybrid probe: a flat 

guarded probe for thin sheath ion collection and a thin wire probe for 

thick sheath ion collection. 

The theory outlined in II. 2. 1. 4 can be used for this hybrid 

probe when the ion cyclotron radius (based on flow speed) is much 
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larger than the probe radius, and when al1 th e tests performed in the 

previous sections (a, b, and c) indicate that the method is valid. 

The probe is used in either of the two modes: 

i) probe characteristics: in this mode the probe is held in fixed 

position and the probe voltage is swept. 

ii) relative measurements: in this mode the probe voltage is fixed 

and the probe is moved in space. The probe bias is usually 

negative so that ion current is col1ected; this mode is sometimes 

called the ion current mode. In what follows, the probe bias in 

this mode is always within the range of validity of equation (13). 

II. 2. 2 Model 

The model used in this experiment is a current loop. The 

construction is shown schematically in Fig. 2. 16. It consists of ten 

turns of 2. 54 mm diameter anodized aluminum wire. The coil thick-

ness is about I cm and the nominal diameter of the coil is 11.5 cm. 

The coil is calibrated by measuring the z-component of mag-

netic induction (B ) along the axis of the loop (i. e. r = 0) with a Hall 
z 

effect gaussmeter probe. Such measurements are made for different 

nominal field strengths B (the value of B on the coil plane) and up to 
o z 

three radii along the loop axis. 

The results coincide with the theoretically calculated values. 

This is shown in Fig. 2. 17. Note that in this figure the theoretical 

curve is plotted beyond three radii. Measurements were, however, 

not made beyond three radii becaus e the magnetic field strengths were 

of the order or below the earth IS magnetic field. 
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III. EXPERIMENTAL RESULTS 

III. 1 Performance Characteristics of the Plasma Beam Generator 

From the power circuit diagram of the plasma beam generator 

as shown in Fig. 2.4, it is obvious that the performance of the plasma-

beam generator depends upon D1.any variables such as the anode poten-

tial (q, A)' dis charge potential (q,D)' ion grid potential (q, G), neutralizer 

filament current (IN. F.)' confining magnetic fie 1 d s t r eng t h (B c) 

and geometry. A theoretical analysis of the perfo rmance cil<J.racter-

istics is therefore almost impossible. 

An experimental study has been car ried out, at least to find 

the main paralnetric dependences for the operation (and existence) of 

a plasma beam. This is done by systematically varying one of the 

above mentioned parameters while keeping the rest of the parameters 

fixed. The main conclusions are described in the following sections. 

III. 1. 1 Effect of the Neutralizer Filament 

i) Without neutralizer filament: 

* 

* The Hester and Sonin method of neutralizing the ion beam 

does not always produce a stable plasma beam for the present 

source configuration. When a stable beam is produced, the elec-

trons are definitely not Maxwellian; this can be seen from the 

kinks on the retarding-field region of the Langmuir-probe char-

acteristic (Fig. 3. 1). 

The cathode potential is biased slightly negative with respect to 
the ion grid so that electrons can escape out of the ionization 
chamber and hence neutralize the ion beam. 
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ii) With neutralizer filament on, the electrons appear to be 

Maxwellian from looking at the probe characteristic (Fig. 3. 1); 

but upon checking a.en j vs. ip plot, it is found that the curve 
e pr 

is not exactly a straight line. However, the "average" slope of 

the curve is of the order of O. 2 Volts. Hence it will be as sumed 

that the electrons are "nearly" Maxwellian with a temperature of 

0.2 eV, which is also approximately the temperature of the 

neutralizer filament. 

III. 1. 2 The "Optimum" Beam Condition 

With neutralizer filament on, two conditions have to be satisfied 

for the plasma beam to exist: 

i) (ipA-ipD) ~ipN.F. 

with beam ion current increasing with (ip A -ip D) approaching ipN. F •• 

When (~A -~D) is larger than ipN. F.' the beam "decays" with in

creasing (ip A- ipD) until there is finally no beam at all (Figs. 3. 2a, b). 

ii) The neutralizer filament current must be larger than a specific 

value (depending on ip A' ~D' ~N. F.' IC. F.' Bc and geometry). The 

range of IN. F. is very narrow. An attempt has been made to 

correlate this with one dimensional theory,(l6, 17) but was un-

successful. 

III. 1. 3 Floating Potential 

It has been obs erved that the neutralizer filament bias ~ 
N. F. 

affects the floating potential of the probe characteristic ~ fl directly. 

As a matter of fact, ipN. F. ~ 'l?fl' This can be seen in Fig. 3.1, where 

the floating potential is approximately 11 volts; in Fig. 3. 3, where 
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P fl is approximately 24 volts; and in Fig. 3.4, where Pfl changes with 

PN • F.' for all other variables fixed. The fact that Pfl """ PN . F.' even 

in the presence of external magnetic fields, can be seen in Fig. 2.14. 

Ill. 1.4 Effect of the Screen Grid 

The us e of a screen grid is optional, since the ion grid, if 

biased appropriately relative to anode and cathode potentials, can 

perform the functions of both extracting and accelerating the ions out 

of the ionization chamber. The reason for having a screen gnu was not 

so much as to screen out the electrons and extract the ions, but rather 

for the sake of fixing the distance between the ion emitting plane 

(5 creen grid) and the plane of the accelerating electrode (ion grid). 

This distance, z , would then be us ed in predicting the one -dimensional 
a 

space-charge limited ion current drawn from the source. This space-

charge limited ion current is known as Child's law: 

1 2-. _ 4E:o(2e)2 (qiA- iliG)2 
Ji - 9 m. 2 

1 Z 

(14) 

a 

Experiments reveal, however, that the screen grid has a large block-

ing effect such that the ion number density in the test section is re-

duced by almost an order of magnitude as compared to the cas e without 

a screen grid. Furthermore, for definite ranges of anode potential, 

the ion current (without using screen grid) is observed to be linearly 
3 

proportional to (ip A - ip G)"2, hence Child's law is satisfied for that certain 

range of anode potential; this is shown in Fig. 3.5 for a grounded ion 

grid. 

In case it is of interest, the distance between the effective ion-

emitting plane (fictitious 'Iscreen-grid" plane) and the ion grid: 
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z can be found from. equation (14) by noting that: a
eff 

Ill. 1. 5 The Confining Magnetic Field 

The axial field of the confining m.agnet is calibrated along the 

centerline of the ionization cham.ber. Fig. 3.6 shows the fringing 

portion of this field in the test s eci.ion, for various values of m.agnet 

coil current 1
M

, It is found that 1M has to be larger than O. :) Amp 

for a dis charge to initiate, and the beam. ion current increas es with 

increasing 1M' though not linearly. In operation, 1M is set to be less 

than 3.5 Amp to keep the fringing portion of the confining field below 

half a Gaus s at m.odel position. 

III.2 Properties of the Plasm.a Beam. 

III. 2. 1 General Description 

The radial profiles of the beam. are recorded with the hybrid 

probe operating in the ion current m.ode at different downstream. sta-

tions. Beam. sym.m.etry is checked by taking radial profiles for differ-

ent azim.uthal angles; this sym.m.etry is best achieved with the us e of 

the cathode filam.ent holder as shown in Fig. 2. 3. 

Upon evaluation of U and N by the m.ethod outlined in II. 2. 1.4, 

it is found that the ion velocity is practically constant, and the density 

falls off like one over distance squared, i. e. the beam. is source-like, 

the ion stream.lines are straight. The ion stream. velocity is of the 

order of 10
4 

m./ s and the ion num.ber density at the m.odel position 

(z = 23.5 cm.) is approxim.ately 5 X 10
7 

particles/cc. The electron 

temperature is of the order of 0.2 eV. 
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III. 2. 2 Source-like Flow 

An example of finding the source-like nature of the beam is 

shown in Figs. 3.7 to 3.9. Figure 3.7 shows the radial profiles of 

the ion current, measured at different downstream stations (ref. 

Fig. 2.2 for exact location of z = O). Since U is found to be constant, 

the profiles are also density profiles. If the beam is source-like, 

then the plot of l/J'f': (I is the probe ion current at r = O) vs. z 
o 0 

should be a straight line; this is shown to be true in Fig. 3. 8, where 

the effective origin of the source is also determined by extrapolating 

the straight line down to where llJI: = o. If the flow is truly sourceo 

like, then the probe ion current should decreas e like 1 IC 2 along every 

ray C = ~ (z-z }2 + r2 emanating from the effective origin. From the 
o 

equation of conservation of current, it can be shown that for a source-

like flow, the C 21 vs. r / (z-z ) plots for different downstream current 
o 

profiles should all collaps e into one curve, provided that the beam 

spread is not too large so that a profile trace taken along a tangent 

can approximate the profile trace taken along the arc. This result is 

shown in Fig. 3. 9. where the general tendency of collaps e of data 

points onto a curve is evident and hence source-like flow is indicated. 

One notes from Fig. 3.9 a very gradual broadening of profiles with 

increasing z, which is probably due to radial ambipolar diffusion. 

It is interesting to note that the beam profiles in Fig. 3. 7 

are "similar " • in the sense that if I is normalized by I , and r is o 

normalized by the half-width of the profile rHo W.' then all profiles 

collaps e into a single curve (Fig. 3. lO). 
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The properties of the plasma beam are essentially unchanged 

with the m.odel ins erted into position, except for the fact that the coil 

sweeps out the portion of the beam that it obstructs, creating a deficit 

region in its Ilwake" (Fig. 3.11). If the model was not floated, but 

biased highly negative relative to plasma, then ion acoustic waves 

could be created in the wake/
4, 5) for a floating model, the deficit 

region remains deficit throughout the wake, being filled in gradually 

as it progresses downstream. 

III. 2. 3 Beam Spread 

It is also found that the beam spread, characterized by the 

beam half-width (H. W.), is inversely proportional to Mach number 

(M = U la.). This is shown in Fig. 3. 12 where the bearr~ spread angle, 
1 

defined as 2 tan -1 ( H. W'), is plotted against 11M. Note that the elec
z-z 

o 
tron temperature is as sum.ed to be 0.2 eV for the evaluation of the 

Mach numbers. 

Ill. 2. 4 Slow Ions 

Before the plasma beam is turned on, the vacuum system is 

pumped down to approximately 3 X 10-
7 

Torr to insure that impurities 

are kept at a minimum; the plasma beam operates at a background 

-5 -5 pressure of 1. 2 X 10 Torr (in any case not more than 2 X 10 Torr) 

so that the background ion density (1lslowll ions) is less than 416 of the 

stream ion density (llfast ll ions). (5) 

III. 2. 5 Characteristic Length and Time Scales 

The characteristic length and time scales, i. e. collision mean 

free paths and mean free times (1 Ico1J.ision frequency), of the plasma 

beam are calculated in Appendix E. Maxwellian electrons of 
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temperature kT e = 0.2 eV and an electron number density of N = 5X 10 7 

particles / cc are assumed for all the calculations. It is found that: 

i} The as sumption of "therrnal electrons and cold ions II for the 

plasma is valid throughout the plasma wind-tunnel test section, 

becaus e the residence time of the plasma in the test section is 

much shorter than the equipartition time. 

ii} Since electron-ion collision frequency is much larger than the 

electron-neutral collision frequency, collisions between particles 

are predominantly Coulombic; hence by definition, the plasma 

is strongly ionized. 

iii) Since all the collision mean free paths are much larger than the 

model or test facility, the flow of the plasma is "collisionless" 

in the s ens e that the flow is not collision-dominated. 

III.3 Flow with Magnetic Field 

III. 3. 1 General Des cription of the Wake 

When the magnetic field of the current loop is turned on, the 

most direct indication that the magnetic field has interacted with the 

plasma is a noticeable change in the radial profile of the plasma beam, 

which is obs erved in the wake of the current loop. 

The results are seen in Fig. 3. 13, where the traces of radial 

profiles recorded with both the flat guarded probe and the thin-wire 

probe are shown. The traces are taken behind the coil at downstream 

stations separated by one coil radius (5. 75 cm.) apart. At every sta

tion, the beam profile for the case of no magnetic field (broken line) 

is superim.pos ed on the beam profile with magnetic field turned on 

(solid line), thus the effect of the m.agnetic field on the plasma beam. 
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can be easily visualized by comparison of both profiles. 

One notes that the profiles recorded by the flat guarded probe 

are very similar to the profiles recorded by the thin-wire probe, 

except for a scale factor in the probe current. Since the thin-wire 

probe measures density and the flat guarded probe measures ion 

current, which is a quantity proportional to density times flow velocity, 

the above mentioned similarity of the profiles recorded by different 

probes means that the effect of the magnetic field on the plasma beam 

is manifested mainly in a change in the radial distribution of ion 

density. Also, a 5-15% decrease in flow speed is observed. 

The general effect of the magnetic field on the plasma beam 

is a non-uniform focusing of ions. One notices a slight focusing of 

ions in the center. which gives rise to wavelike disturbance and decays 

within two to three radii downstream. The most notable effect is. 

however. a focusing of ions in an annular region of radius less than 

the coil radius. This annular "peak" is very long-lived. As can be 

seen from Fig. 3. 13. the solid -line profile (B :f 0) is squeezed in 
o 

radially as compared to the broken-line profile (B = 0). the peak is o 

formed downstream of the coil; as the beam broadens downstream. 

this peak broadens and decays slowly. Far downstream where the 

magnetic field of the coil has no effect at all. the beam radial profile 

tends to a squared shape. 

III. 3. 2 Upstream Beam Profiles 

Beam profiles upstream of the coil have also been recorded. 

Fig. 3. 14 is a repres entative result. It is seen that the profiles up-

stream of the coil are hardly perturbed by the presence of a magnetic 
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field, an "interaction" of plasma and magnetic field is only noticed in 

the wake of the model, i. e. the above mentioned annular peak forms 

only after pas sing the current loop. 

III.3.3 Effects of Magnetic Field Strength 

The obs ervations as noted in the preceding sections indicate 

that there is a "pinching" effect, i. e. an inward deflection of ions, 

mostly on that part of the plasma clos e to the current loop, as the 

plasma flows past the loop. 

The effect of the magnetic field strength of the current loop 

on the "pinching" of the plasma beam is seen in the near wake beam 

profiles in Fig. 3.15. a. One notes that the ion "peak'! gets sharper 

with increasing field strength. Also, with increasing field strength, 

the "peak" position is pushed radially inward (note that a "peakletll 

outside the coil is pushed radially outward with increasing field 

strength); this is shown in Fig. 3. 15. b. 

Figures 3. 16 and 3. 17 are repetitions of the same experiment, 

but with different flow speeds. 

Comparing Figs. 3.15 to 3. 17, one notes that for a given mag

netic field strength of the current loop, the "pinching" is stronger 

(i. e. the peaks are sharper as well as pushed further away from the 

coil) for the plasma beam with the slower flow speed. 

The reason for the peaks being sharper for lower flow speeds 

can be qualitatively explained: From Fig. 3. 12, note that the slower 

beam has a wider beam spread. This ITleans that a slower beam has 

more particles at the coil vicinity than a faster narrow beam. Since 

it is the pJasITla near the current loop that is deflected the most, it is 
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obvious that the saITle llp inch 11 effect would give ris e to a higher density 

peak if there were ITlore particles to pinch. 

To check out the above idea, very nar row beaITls are produced 

such that the coil does not block the plasITla beaITl at all. In these cases, 

no annular peak has been obs erved. Fig. 3. 18 shows a typical result. 

What is the ITlechanisITl for producing the annular peaks; why 

are they pushed further away froITl the current loop at stronger field 

strengths and/or lower flow speeds? SOITle analysis is required to 

answer these questions. This will be the theITle of Chapter IV. 
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IV. THEORETICAL ANALYSIS 

IV. 1 Preliminaries 

The most general approach to treat the dynamics of collision-

less plasmas is to use the kinetic equation with self-consistent electric 

and magnetic fields. However, this approach is usually burdened with 

formal complications so that it is very difficult to us e except in 

special simple cas es. 

Macroscopic equations, generated by taking moments of the 

kinetic equation for each species result in the two-fluid equations; 

furthe r simplifications of the two -fluid equations result in the one

fluid equation and the generalized Ohm's law (ref. e. g. Spitzer(49». 

Fluid equations are frequently used to describe collisionless plasmas, 

despite the fact that the fluid concept is not easily justified in the 

abs ence of collisions.(50, 51) However, this approach has been found 

to yield results that are quite reasonable in many respects.(52-53) 

The approach using the fluid equations is often known as the '!Jlydro-

dynamic" approximation. 

It should be pointed out, however, that in order for a body of 

gas particles to be treated as a fluid, the randomizing effects of 

collisions in the clas sical s ens e, or some comparable process, must 

be important. Collisions in a field-free rarefied plasma are princi

pally accumulated small angle deflections due to distant encounters, 

rather than single large angle deflections.(49) If Coulomb collisions 

were the only important process, then the hydrodynamic approxi

mations should not be valid in describing phenomena with typical 

length scales much smaller than the collision mean free path. 
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However, there are other ITlechanisrns present in the plasma that 

might take the place of randomizing collisions. For example, in the 

presence of a magnetic field, "collisions II can occur through long-

range magnetic forces,(50) or if turbulence is present, charged parti

cles can be scattered by the fluctuating electromagnetic fields,(54, 55, 56) 

giving rise to effective "collisions II. The efficiency of such processes, 

how eve r, is not exactly known. 

In the following, the collisionless plasma will be. described 

by the fluid equations, if only as a heuristic ITleans of obtaining quali-

tative results. 

A dis cus sion of SOlne relevant parameters of the pres ent in-

vestigation is given in Appendix F. It is also shown in the same 

Appendix that the one-fluid model together with generalized Ohm's 

law is not an appropriate approximation for collisionless lab plasmas. 

IV.2 The Two-Fluid Model 

IV. 2. 1 The Governing Equations 

The plasma in this model is assumed to consist of two species: 

electrons and singly ionized ions. Each species is repres ented by its 

mean density and velocities, the dynamical equations are just the 

steady-state continuity and momentum equations (subs cript indicating 

species) : 

'i/. (N. U.) = 0 
1 -1 

(15 ) 

'i/. (N U) = 0 e -e (16 ) 

N. m. (U .• 'i/) U. = N. e (E + U. X B) - 'i/. ,I,. 
1 1 -1 -1 1 - -1 - '::1 

(17) 

N ITl (U • 'i/)U = -N e(E + U X B) - 'i/. '¥ e e -e -e e - -e - =e (18) 
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where ~ is the pressure tensor and the electromagnetic fields satisfy 

the self-consistent steady-state Maxwell equations: 

'Vx B = ~ e (N. U. - N U ) o ~ -~ e -e (19) 

'VXE = 0 (20) 

'V. B = 0 (21 ) 

'V.E = _1 (N. - N ) e 1 e 
(22) 

0 

IV. 2. 2 As s umptions 

In order that the above system of equations (15) to (22) be 

further simplified, the following assumptions are made: 

i) Using cylindrical coordinates (z, r, cp) (see Fig. 2.5), it 

is reasonable to assume azimuthal sym.metry, i. e. = 0, for the 

given flow configuration. 

ii) The plasma is assumed to be quasi-neutral, i. e. N. ~N • 
1 e 

This approximation is valid for length scales larger than the Debye 

length. The quasi-neutrality of the plasma does not preclude the 

presence of the very small space charges necessary to produce E; 

however, the condition 'V. E ~ 0 is not impos ed (ref. Davis, Lust and 

Schluter(58». We will let N denote the particle density subsequently. 

iii) Cold ions and thermal electrons are assumed, i. e. T.« T • 
1 e 

This is a condition that aris es as a natural cons equence from the type 

of plasma generator being used (ref. II. 1. 2. 2). As a further simpli-

fication, electrons are assumed to be Maxwellian and isotropic, so 

that the pressure tensor becomes a scalar, and the electron pressure 

is sim.ply p = NkT • 
e e 



-45-

iv) The m.agnetic Reynolds num.ber is sm.all, so that the in-

duced m.agnetic field can be neglected com.pared to the im.pos ed m.ag-

netic field. Although this approxi:m.ation is usually true for laboratory 

plasm.as, the above as sum.ption can be readily justified a posteriori. 

v) The average flow velocities in the z (stream.wis e) and 

r (radial) directions are approxim.ately equal for both species, but the 

azim.uthal velocities (swirl) are assum.ed to be different, i. e. 

U. 
-J. 

U -e 

= 

= 

(u , u , u.rrJ z r J.'t' 

(u u u ) z' r' e cp 

It can be seen from. the m.om.entum. equations, that by assuming equal 

stream.wis e and radial velocities for both species, we get 

u. m. 
..2:S2. 
u ecp 

O(_e) 
m.. 

J. 

as a cons equence. 

IV. 2. 3 System. of Reduced Equations 

Under the assum.ptions of the previous section, and using the 

fact that m../m. »l (m.. 1m. ~ 73, 000 for argon ions), one obtains, 
J. e J. e 

from. sim.ple order of m.agnitude argum.ents, the following system. of 

equations (subscripts z, r, c.p denote the respective com.ponents in 

cylindrical coordinates): 

Continuity : 

--a a (Nru ) + --a a (Nru ) = 0 r r z z 
(23) 
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Ion momentum: 

( au au ) m. u _.Eo + 
z 

eE u ar = 1 Z az r z (24) 

( au au 
m. u -f- + u a: ) = eE 

1 Z Z r r 
(25 ) 

Electron momentum: 

1 
ap 

0 e(E - u B}- e 
= N az z ecp r (26) 

2 op u 
1 ~ -e(E + u B} e -m = -N -or e r r ecp Z 

(27) 

au au u u 
( eeo + eeo + r r ecp) = - e (u B -u B ) me U z ---az- u r ~ Z r r Z 

(28) 

Before proceeding further, one notes that if the plasma were 

"cold ", i. e. T = 0 (s 0 that the pres sure gradient term will be abs ent), 
e 

then the above system of equations (24}-(28) can be derived from the 

Lagrangian of each species. This means that the particle formulation 

and the fluid formulation are equivalent, in the limit of a cold plasma. 

This is derrlOnstrated in Appendix G. The important conclusion from 

this sorrlewhat trivial demonstration is to note that in the cold plasma 

limit, equation (28), in its integrated form, is simply: 

u ecp = 
eA 
--..SQ 
m e 

where Acp is the vector potential of the magnetic field. Also froITl 

(29) 

u. = -eA/ITl., the conclusion drawn froITl order of ITlagnitude arguITlents 
lcp 1 

that u. /u ,.., O(ITl /ITl.} is found to be correct, and that the neglect of 
lcp ecp e 1 

ion rnoITlentuITl in the systeITl of equations is justified as an acceptable 
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FroIn equation (29), one gets an idea of how u 
ecp 

should be scaled. 

The systeIn of equations can be physically explained as follows: 

Far away froIn the Inagnetic field, the heavy-particle (ions) Inotion is 

Inodified by the electric field due to the electron pressure only. As 

the ions streaIn into the Inagnetic field region, it does not "s ee" the 

field because it is relatively weak. However, the electrons, being 

"dragged" into this field by the heavy ions, interact strongly with the 

Inagnetic field, resulting in a tendency to separate froIn the ions. 

This creates a space charge and hence electric field, which in turn 

Inodifies the Inotion of the heavy-particles. 

IV. 2. 4 NondiInensionalization and Further SiInplification 

In order to obtain the paraIneters of the flow and facilitate 

c o Input ation, the systeIn of equations are non-diInensionalized as 

follows: 

""* /U (30-1) u = u 
z z 

u = u lu (30-2) 
r r 

eB 
u = uecp/( 2In° R) (30-3) 

ecp e 

~ = B IB (30 -4) 
r r 0 

13 = B /B (30-5) 
z z 0 

""* r/R (30-6) r = 

""* z/R (30 -7) z = 

N = N/N (30 -8) 
0 
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* where V is the stream. speed of the undisturbed plasm.a, R is the 

radius of the current loop, B is the value of the m.agnetic inductance a 

B on the coil plane, and N is the density on the axis at the coil plane. 
z a 

The norm.alization of u is based on equation (29). Noting 
ecp 

that from. the definition of the vector potential 

¢ A· d t = !'ilXA.ndS =! B·ndS - - s - -

we have 
2 Br 

Acp 2m- ""'" B7r r , and hence Acp ""'" 2 

Elim.inating E and E from. equations (24) to (27) using the 
z r 

above nonnalizations (30 -1 to 8), and as sum.ing T = const. so that 
e 

'ilp can be written as equal to kT 'il N, we get (tildes on norm.alized 
e e 

quantities are now dropped in the following equations): 

o a 
0 a (Nu r) + a (Nu r) = z z r r 

(31 ) 

au au 
1 1 aN z 

+u 
r 

Su B u a;:- ~ = - M2 az z r ecp r N 
(32) 

au au u 
1 aN r +u r (eco ) 1 u -az- ~ = Su ---B --

N or z r ecp 2r z M2 
(33) 

au au u u 
~ +u ~ 

r esp 2(u B - u B ) u = -z az r or r z r r z 
(34) 

where S = 2 
2 m. m.. U 

e 1 

is the interaction param.eter, and M = Via. 
1 

is the flow Mach number based on ion acoustic speed. 

* 

In the lim.it of a cold plasm.a, the pressure gradient term.s in 

The reason for placing the m.odel (current loop) sufficiently far 
away from. the source now becom.es apparent. If this were not so, 
the plasrrla condition would be changed at its source when the 
m.agnetic field is turned on. Then there is no way of rrleasuring 
the stream. speed of the undisturbed plasm.a, since V

B
= 0 :f VB>O. 
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equations (32) and (33) would not be present. and hence the equations 

of motion are uncoupled from the continuity equation. On the other 

hand. allowing the electrons to be thermal. but if the flow is hyper-

sonic, i. e. M» 1. the pressure gradient term would be negligibly 

sIrulll. unless the density gradients in (32) and (33) become large to 

2 
the order of O(M ). 

With U - 10
4 

m/s. kT - 0.2 eV. the Mach number is M - 10. 
e 

Hence, in the abs ence of especially steep density gradients, the pres-

sure gradient term would contribute about 1% to the ion momentum 

equations. which is negligibly small. 

IV. 2. 5 Results of Computation 

The system of equations (31) to (34) is simplified by neglecting 

the pressure gradient terms. This uncouples the momentum equations 

from the continuity equation. as noted in the previous section, and the 

solution of this simplified system would give the ion trajectories (see 

also Appendix G). 

The initial values of the velocity components are given at the 

plane of the nozzle edge (i. e. Z = -4.2. Z is the axial distance from 

the coil plane, normalized by coil radius). The velocity component 

on the jet centerline is U, the velocity components of any other position 

are given by u = Ucos 9 and u 
z r 

= Usin9, where 9 is the angle between 
o 0 

the jet centerline and a vector which has its origin at the effective 

source point (ref. III. 2. 2) and passes through the point in considera-

tion at the nozzle -edge plane. 

The induced magnetic field is neglected (ref. IV. 2. 2). The 

expres sion for t:l~' vector potential of the impos ed magnetic field can 
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be found in Lamb;(59) and the expressions for the components of the 

magnetic field Band B are given in Appendix H. 
z r 

The system of equations (32) to (34) is numerically integrated 

on the com.puter, and a typical computer plot is shown in Fig. 4. 1. 

Only the ion trajectories that stream within the coil (1. e. r /R < I) 

are plotted. The coordinates are strained, so that the cros s 5 ection 

of the coil is oval instead of circular. The ion trajectories upstream 

of t-lH~ coil (Z < 0) are seen to be hardly affected by the magndic field, 

but are strongly deflected inward upon passing the coil, and the 

" pinching" is the strongest fo r particles nearest the coil. If one 

imagines a collector (probe) at say Z = 0.5, moving radially outward, 

then it would register a peak as it hits the envelope of cros sing tra-

jectories because particles corning from "other trajectories," so to 

speak, are also collected; beyond the envelope, the probe moves into 

a vacuum region and thereby collects nothing. Qualitatively, this 

des cribes the obs ervations. It has been experimentally obs erved that 

upstream profiles are hardly changed by the magnetic field, radial 

profiles downstream of the coil have annular density peaks, and there 

is also a sharp drop of density outside (radially) of the peak. The 

broadening of thes e peaks is probably due to diffusion caus ed by the 

density gradient; however, since this occurs in thin layers (ref. IV.2.4}. 

it can be neglected as a first approximation. The important fact is 

that the interaction parameter does describe qualitatively how the 

plasma is being pinched near the coil edge. Although the trends are 

correct (1. e. the "pinching" effect is increased for stronger fields 

and/or smaller plasma slow speeds), the pinching as calculated by 
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this collisionless model is too strong (compare Fig. 4.1 and the curve 

for B = 5.45 Gauss in Fig. 3.15. b). 
o 

It might also be noted that the inclusion of the pressure gradient 

term would just broaden the density peak, but would not essentially 

change the position of where the peaks occur. 

Inclusion of collisions (electron-ion Coulomb collisions) would 

lead to some improvement of the situation. Since the collision term 

in the Boltzmann equation would in effect be a friction term in the 

electron momentum equation (ref. e. g. Schluter (61 \ which in the 

pres ent cas e would decreas e the swirl velocity of the electrons, and 

as a consequence diminish the Lorentz force; therefore, the inclusion 

of a friction term would reduce the interaction (i. e. pinch). 

A measure of the importance of this friction is obtained by comparing 

the collision frequency to the "convection time" defined as R /U (R is 

the length scale of flow, and U is the characteristic speed; therefore, 

R/U is a characteristic time scale of the experiment). If v . R/U« 1, 
el 

then the collision term becomes negligibly small. In the present case, 
v.R 

the flow is approximated to be "collisionless," but actually, ~ is of 

the order of a few percent. However, inclusion of classical Coulomb 

collisions is not going to change the results too much. 

IV. 3 A Heuristic Model 

IV. 3. 1 A Heuristic Turbulent Two -Fluid Model 

In summarizing the previous sections, it is concluded that a 

resistivity is required to inhibit the electron currents in the plasma. 

However, since resistivity is proportional to the collision frequency, 

the resistivity tends to zero in the limit of a collisionless plasma. 
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A similar difficulty is encountered in the problem of collision-

(55 62 63) " less plasma shocks, " where for a g1ven shock structure 

the dissipation provided by classical collisions * is less than the dissi-

pation required to make the shock. Here, as in ordinary fluids, where 

viscosity inhibits the bulk flow and provides the dissipation mechanism, 

resistivity is required to inhibit electrical current that results from 

the relative streaming of electrons and ions, and to provide the dissi-

pation mechanis m which results in heating the particles. In a collision-

less plasma, the "resistivity" or some other equivalent dissipative 

mechanism is postulated to result not from classical collisions, but 

from the interaction of plasma particles with the turbulent wave fields. 

Turbulent wave fields develop as a result of one or more in-

stabilities of an initial "laminar" state. In th e pres ent cas e, the in-

st ability mechanism is most likely to be due to electron-ion two-stream 

" t b"l"t (64-67)" th 1 t" "1 1 "ty btl t Ins a 1 1 y, S1nce e re a lve SWlr ve <V:l e ween e ec rons 

and ions is very large, i. e. u »u". ecp lcp 

As with all instabilities, linear analysis does not answer the 

question of how the system will behave eventually if an unstable situa-

tion is brought about. It is therefore conjectured that the streaming 

particles los e their streaming energy to the turbulent wave field, which 

in turn scatter the particles in a random fashion and thereby has 

the effect of heating the particles (crudely, one can say that bulk 

motion has been converted to random motion). 

:« 
By classical collisions, we refer to momentum-transfer collisions 
between particles, e. g. binary collisions, Coulomb collisions, 
etc. 
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The problem of constructing a model for a turbulent friction 

term (i. e. "resistivity") hinges on understanding the basic mechanisms 

by which the energy transfers from the streaming particles to the 

turbulent wave field, and the efficiency of scattering of particles by 

this field. In the total absence of such knowledge, it seems reasonable 

to assume in the electron momentum equation, a phenomenological 

friction between the electron diamagnetic drift and the ions of the 

following form: 

- v(u - u. ) (35) ecp lcp 

This form is known as the "resistive dissipation" model, (55) It con-

tains essentially a "collision frequency" due to particle collisions with 

the turbulent wave field. One notes a striking similarity between equa-

tion (35) and the friction term due to classical collisions in the two

fluid equations as derived by Schliiter.(61) However, a classical col-

lision frequency is used in Schluter's case and the form can be for-

mally derived, whereas in the "resistive dissipation" model used in 

a collisionless plasma, the "collision frequency" V is unknown. In 

actual computation, v is left as a free parameter adjusted to fit the 

experimental observations. 

A formal derivation of the turbulent "collision" term is given 

in Appendix I, It is also shown that under certain assumptions, the 

turbulent collision term gives rise to terms like n'E' and u'x B' in 

the momentum equations, which is analogous to the Reynolds stress 

(u'v' etc.) terms in the turbulent momentum equations of ordinary fluids. 

Unless the terms n'E' etc. are measured and the correlations known, 
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a simple heuristic model is the only means of providing some quali-

tative results. 

IV. 3.2 Results of Computation Using the "Resistive Dissipation" 

Model 

The system of equations is essentially the same as before 

(IV. 2. 5), with the exception that the expression given by (35) is added 

to the right hand side of equation (28). Since u. «u • this simpli-lcp ecp 

fies to the following nondimensionalized form (ref. equation (34»: 

au au 
u ~+u ~= 

z az r ar 

u u 
r esp _ 2(u B -u B }-F u 
r z r r z ecp (36) 

where F = V~ is the "turbulent collision frequency" V normalized 

by the convection time. As mentioned in the previous section. F is a 

free parameter that can be adjusted to fit the experimental obs ervations. 

!tis found that F ..... O(l)is required, i. e. 'Vtu b I t/v I . I ..... 0(102}. 
r u en c aSSlca 

Typical results are shown in the computer plots of Figs. 4.2. a 

to c. When the friction term becomes of the same order as the inter-

action parameter, the strong "pinching" situation is essentially im-

proved (compare Fig. 4. 1 to Fig. 4.2. a). Further slight improve-

ments are made pos sible by scaling F with the magnitude of the 

magnetic field; in doing so, it is postulated that the turbulent collision 

frequency is in some way proportional to the imposed magnetic field, 

since it is this field which gave rise to the two-stream instability in 

the first place. The results are shown in Figs. 4.2. band c. 

Density and hence cur rent profiles can be computed from 

equation (31) when the velocity field is known. This means that the 

cur rent profiles can be obtained when the ion trajectories have oeen 
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computed. 

An example of this is shown in Fig. 4.3. a where the ion 

trajectories are calculated for the case B = 0, and the computed 
o 

current profiles are shown in Fig. 4. 3. b. The initial conditions of 

the current profiles were obtained from the data shown in Fig. 3.15. a 

(B = 0 case). Recalling from Section III. 2. 2, we know that since the o 

undisturbed flow is source -like and the profiles are Ilsimilar II 

(ref. Fig. 3. 10), if we have a profile at any downstream station, 

we can always compute its shape at the nozzle edge, i. e. at Z = -4.2, 

which is the starting point of the computation. 

A typical pinched cur rent profile is obtained for the cas e of 

Fig. 4.2. c; the current profiles are computed with the same initial 

condition as the cas e above, and the computer plot is shown in Fig. 4.4. 

As expected, there is a density (cur rent) peak downstream of the coil 

position where the ion trajectories are pinched close together. A 

comparison with experimental observations (Fig. 3.15) shows that 

the correspondence is at best qualitative. 

It should be noted that the turbulent model provides us only 

with a qualitative picture. Although the finer details are lacking, the 

main features can definitely be identified, and the trends are correct. 

In the lack of experimental knowledge of turbulence (e. g. the 

efficiency of scattering of particles from the turbulent wave fields, 

etc.), further computer experiments with a heuristic model are not 

very meaningful, since the results so obtained usually have no general 

validity. The most one could hope for in using a heuristic model is to 
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gain som.e insight and understanding of the m.acroscopic phenom.ena. 

In this s ens e, the m.odel is som.ewhat succes sful. 

IV.4 A Posteriori Check on the Turbulent As sum.ption 

Since turbulence has been appealed to in order to obtain a 

heuristic m.odel, it is necessary to inquire whether there really is any 

turbulence in the flow at all. 

In order to check this assum.ption, spectrum. m.easurem.ents of 

the fluctuating probe currents are m.ade with the use of a wave analyzer 

(Hewlett Packard 3590A). 

In Fig. 4.5, the spectrum. of the RMS fluctuating probe current 

is plotted. It can be seen that as the m.agnetic field is increas ed, 

broad-band noise is introduced at higher and higher frequencies. 

In Fig. 4.6, the strength of the current coil is held constant 

at 21. 8 Gauss and the position of the probe is varied radially and 

axially. All lengths in Fig. 4.6 are norm.alized by the coil radius. 

In Fig. 4.6. a when the probe approaches the coil, although 

the m.agnitude of the m.agnetic field is increased, the broad-band 

noise decreases. This m.ight be explained by noting that the density 

drops sharply in the radial direction (ref. Fig. 3. 13 Thin-Wire Probe 

Profile). Furtherm.ore, the position at r = 1 just behind the coil is 

the "shadow·· region where there are no particles at all. If we recall 

that the turbulent wave field has to gain its energy from. the stream.ing 

particles before it can scatter the particles random.ly, then we m.ight 

argue that, as the density of the stream.ing particles decreas es, the 

turbulent wave field has less particles from. which to gain energy, 

therefore resulting in a IIweakerli turbulence. 
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In Fig. 4.6. b, it CZtn be seen that when the probe approaches 

the coil from upstream the broad-band noise increases to a maximum 

at Z = 0; when the probe moves downstrearn away from the coil, the 

broad-band noise 6ecreases. Since the magnetic field is symmetric 

(if the induced fields are small, see Appendix J), and the flow is 

source-like (i. e. the upstream particle density is higher than the 

downstream particle density), for symmetric positions upstream and 

dov/J..,~.ream of the coi~~ t"I' .Jrobe at the upstream station [7J1" .• ;r] record 

more broad-band noise than at the downstream station. However, 

this is not the case when one compares the curves Z:~ -0.5 to Z = 0.5, 

and also Z = -1 to Z = 1. This offs et can be explained by the fact that 

since the plasma is flowing, the "turbulence ll is convected downstream. 

In conclusion, it can be stated that aLthough the brief spectrum 

survey does not provide us with any further clues as to how a turbulent 

model should be constructed, it does serve the purpos e of proving its 

existence, and hence justifies the us e of turbulence for obtaining a 

heuristic model. 
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v. CONCLUSIONS 

The main theme of the pres ent investigation is to study the 

flow of rarefied plasmas. in particular the interaction of a collision

less plasma beam with an externally imposed magnetic field. 

The sim.plest experimental configuration is used: 

an axisymmetric flow through a circular current loop. This has two 

cons equences. first the magnetic field is localized. second the mag

netic field is axisymmetric but spatially non-homogeneous. 

The localization of the magnetic field in such an experiment 

is important. since otherwise there would be no "flow at infinity'l 

where the plasma is not affected by the field and hence can be used as 

a reference. The spatial non-homogeneity is not really desirable. 

however it is a price paid for having experimental simplicity and 

"localization lJ of the magnetic field. 

A major obstacle to the diagnostics problem is that conven

tional Langmuir probe methods fail if the plasma electrons are not 

Maxwellian. and that there is no adequate probe theory for B :f O. 

Both of thes e difficulties are encountered in the pres ent investigation. 

To that end. a "two-probe" method is developed to measure ion density 

and current (thereby velocity can be derived) in the ion-saturation 

region of the probe characteristic, which is both insensitive to whether 

the electrons are Maxwellian or not. and also to weak magnetic fields. 

This method works for t~ypersonic II plasma flow with "cold II ions. 

Prior to studying the interaction problem. the performance 

characteristics of the plasma source are thoroughly investigated. and 

interesting experimental results are discovered. such as optimum 
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beam condition, floating potential dependence on neutralizer filarrlent 

bias, bean'l spread dependence on flow speed, source-like flow and 

"similarityll profiles, etc. Most of thes e results have proven to be 

very valuable information for studying the interaction problem. 

Using the 'itwo-probe'l rrlethod of diagnostics, the flow field 

is carefully A~lapped for different flow speeds and magnetic field 

strengths. It is seen that the inte raction manifests its elf in a pinching 

of the plasma particles at certain locations in the near wake or ,,1 1e 

cur rent loop. A theoretical rrlodeli~lg of the problem is car ried out 

in an attempt to find the governing parameter. The one-fluid theory 

with the generalized Ohm's law is found to be unsuitable for describing 

a collisionless laboratory plasma. The two-fluid theory provides us 

with an interaction parameter which has the correct trends, i. e. the 

stronger the applied magnetic field and/or the smaller the flow 

velocity, the stronger the llpinching. '1 It is shown, however, that 

turbulent friction is required to improve the collisionless two-fluid 

model. The turbulent friction is repres ented by a crude resistive 

dissipation model, which is nevertheless physically plausible and also 

mathematically simple to us e. 

Finally, the existence of turbulence in the flow field is also 

demonstrated from spectrum measurements of the fluctuating probe 

currents. 

The results of the pres ent investigation have rais ed some 

interesting questions which may be resolved in future res earch wo rk. 

The foremost question concerns the plasma diagnostics 

problem. The IItwo-probe" rrlethod developed within the framework 
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of this research was designed to bypass the difficulties of the conven-

tional Langmuir probe method (ref. II. 2. 1. I), and therefore no infor

* mation on the electron temperature was available. However, since 

the effect of turbulence is suppos ed to result in heating up the electrons, 

it would be beneficial if the electron temperature could in some way 

be measured. For this purpose, microwave or spectroscopic methods 

might provide some answers. If experimental simplicity and local 

measurements are desired, further res earch in developing probe 

theories is required. 

Another question concerns the failure of the theory to des cribe 

the wave-like disturbance in the center part of the beam and the 

breaking up of the sharper annular "peaks .11 Both of thes e phenomena 

are suspected to be ion acoustic waves,(4, 5) and they are not described 

by the simplified theory becaus e the electron pressure gradient term 

was neglected. The reasons for neglecting V'p are given in IV. 2. 4. 
e 

It should be emphasized that a reasonably good first approximation 

has been achieved by the simplifications, and that finer detailed im-

provements could be carried out in future research. 

From the cursory survey of the spectrum of the fluctuating 

probe current, it may be concluded that the turbulence level is not 

only a function of the imposed magnetic field strength, but also a 

function of the number density of charged particles. The latter is 

physically reasonable, and has been explained in IV. 4. However, in 

the computed examples of the present investigation, the turbulent 

friction was assumed to have only B-field dependence, but density 

* This is used in a broader sense to mean the energy distribution 
of electrons. 
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dependence was not included because of computational convenience 

(the momentum equations would not be uncoupled from the continuity 

equation). The main reason, however, is that it would not be mean-

ingful to elaborate too much on a simple heuristic model. 

With the experience gained from the pres ent investigation, 

some ideas for future research are advanced in the following para-

graphs. 

The problem could be studied over again by employing a cleaner 

geometry. This can be obtained by using a larger plasma beam, all 

except the uniform center portion is blocked out, and this uniform 

beam is allowed to stream through a dimensionally matched current 

loop. In this way the effect of the interaction could be more clearly 

visualized and computation of the problem would also be simplified. 

Further details such as the effect of pressure gradient terms should 

be included in the computations, and the effect of different temperature 

ratios (if one could obtain different electron temperatures and measure 

them in a magnetic field I) should also be investigated. This is im-

portant since the temperature ratio essentially determines whether 

ion-acoustic waves (67) are damped or not, and also, at least theoreti-

cally, determine the critical drift speed (between electrons and ions) 

for two-stream instability.(66) 

A more interesting problem to examine would be that of turbu-

lence, which is, of cours e, a vast and difficult subject. Theoretical 

considerations (54,68) are mostly confined to the study of "weak" tur-

bulence (loosely described by the situation when the energy density 
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associated with the turbulent wave field is much smaller than the 

particle kinetic energy density), which allows for perturbation

theoretic treatments. However, in most practical cas es, the turbu

lence one encounters is not weak but strong. In the lack of systematic 

methods for des cribing strong turbulence, it might be beneficial to 

use the analogy with ordinary fluids and to apply a phenomenological 

approach. It is essential that fluctuating quantities are measured 

and correlations obtained, from which some insight might be gained 

in constructing improved heuristic turbulent models. 
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APPENDIX A 

a. The Average S:)eed of Ma)...'Wellian particles 

If f is a Ma)","'wellian velocity distribution function, then the 

number of particles per unit volume in physical space (hence referred 

to as the num.ber ']ensity) with peculiar velocities V in de (unit volume 

in velocity space) is: 

(A-I) 

in spherical coordinates. 

The number density with peculiar speeds between Wand W + dW 

is obtained by ir.tegrating (A-I) with respect to e and cp; this gives: 

2 22 m22 m 1 3 (tJ 
41TfW dW = (1T) N (kT) W exp - 2kT dW (A-2) 

Therefore, the probability of finding a particle with peculiar 

speed between Wand W + dW is: 

(A-3) 

F(W) is also known as the isotropic speed distribution function. 

The average speed is defined as: 

co 

C == (W) - ~ J W(4nfW
2

)dW (A -4) 
o 

which, upon evaluation using (A-3) gives: 

(A-5) 
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b. The percentage of Maxwellian particles with energies greater than 

1. kT 
~ 

The total number of particles per unit volume is: 

00 

N = S F(W)dW 
o 

(Ar6) 

The number of particles in unit volume with energies greater 

than tkT is, using (A-3): 

00 00 2 

n = S F(W)dW = If N(~ )1: J W 2 
exp( - ~~ )dW 

W . W . mIn mIn 

1 2 1 
where '2 m W . = '2 kT mIn 

1 

Normalizing W with (kT)'2 in (A-7) and evaluating: 
m 

00 

n = 2N J 
1 

1 2 2 --x x e Z 

= O.8014N • 

dx 

(A-7) 

Hence, with ~ Qoo 80~, we conclude that the "majority" of the 

particles have energies greater than t kT. 
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APPENDIX B 

a. Derivation of the Druyvesteyn (28) formula for a flat probe: 

If f(~ is the electron velocity distribution function outside of 

the sheath edge (i. e. in the undisturbed plasm.a), the electron current 

collected by the probe is: 

(B-1) 

where A is the probe area. 

If f(~) is isotropic, then writing (B-1) in spherical coordinates, 

denoting w as the velocity normal to the probe surface and integrating 

over the azimuthal angle cp from 0 to 21T, we get 

where 

and 

00 8* 

Ie = e A J 21T w
3 

f dw J cos 8 sin8 d8 
w . 0 

nun 

J2ev w ---min - m 
e 

* 8 is determined by: 

v = ~pl - <l>pr 

1 2 2 * 2: mw cos e = eV • 

(B-2) 

\ 

I (B-3) 

Noting that 411W
2

f is the isotropic speed distribution function 

F(w) and using (B-3). we obtain: 

1 2
m
eV)dw -2 (B-4) 

w e 

Differentiating (B-4) twice with respect to V, we arrived at the 

Druyvesteyn formula: 
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(B-5) 

b. The a-c potential perturbation ITlethod of Sloane and MacGregor(29) 

In the following, ion current saturation is assumed. 

If a sITlall a -c potential is superiITlpos ed on the d-c probe 

potential, then the d-c probe current increases by an aITlount pro-

portional to the second derivative of the probe current with respect 

to the relative probe voltage V. 

This can be shown as follows: 

If the probe voltage is: 

= V + v 

where V is the d-c probe voltage 

v = V cos wt is the a-c probe voltage 
o 

and V« V 
o 

(B-6) 

(B-7) 

then by expanding the probe electron current in the Taylor series, we 

have: 

2 
Ip = I(V

p
) = I(V+v) = I(V) + vI'(V) + ~I I"(V) + --- (B-8) 

where I is the total current with a-c potential perturbation and I(V) 
p 

is the total current without a-c perturbation. Substituting v = V cos wt o 

into (B-8), we get: 
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y2 y4 
Ip = ~(y) + ~ III(y) + 6~ III"(y) + --- ] 

+ [odd derivatives of IJcos wt 

+ [even derivatives of IJcos 2 wt a-c probe current 

+ ---

y2 
For sufficiently small Y such that III» ~ I'll I the d-c probe o 16 I 

current is: 

I = I(Y) + 
P 

(B-9) 
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APPENDIX C 

Derivation of the orbital Inotion liITIited ion current collected by a 

cylindrical probe 

The absorption radius is evaluated fro In cons erving the ion 

angular InOInentUlTI and energy: 

pU = r v 
p 

(C-l) 

1 u2 1 2 
- eV zIn = z Ini v (C-2) 

where p is the absorption radius, U is the flow speed far away froIn 

the probe, r is the probe radius, v is the tangential velocity with 
p 

which the ion hits the probe, and V is the relative probe potential 

equal to <t> 1 - <P. • p pr 

Solving for p froIn Equations C-l and C-2: 

(C-3) 

The current collected by the probe is 

I = NeUA 

where A is now the projected area of the probe which is enlarged by 

the absorption radius: 

'A = 2 pL (C-5) 

where L is the length of the probe. 

Hence froIn equations C-3 to C-5, we find 
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(C-6) 

where A = 2 r L is the projected area of the probe. 
p p 
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APPENDIX D 

Com.putation of the Guard Length for the parallel-to-flow collector 

Consider a one-dim.ensional m.odel in which the x and y 

coordinates are parallel and perpendicular, respectively, to the flow. 

At the sheath edge, the velocity norm.al to the collector surface 

is 

v(y ) = p:f-o s m.. 
1 

kT 
where <Po = i -;! is assum.ed (Bohm.'s sheath criterion). 

Inside the sheath, the norm.al velocity is: 

v(y) =f2e(f" 
..Jm': 

1 

y<y. <\:»<\:> s 0 

Hence the traj ectory of a particle is given by: 

§.Y.= 
dx 

v 
U = 

(D-l) 

(D-2) 

(D-3) 

The integrated plasm.a-sheath equation for Maxwellian electrons 

and space charge lim.ited flow (i. e. ~ I = 0) supplies a relation 

(23f <\:>=<\:>0 
for <\:> as a function of y (ref. Bohm. ): 

(D-4) 

where 

~ = ~ ~ I 

<1:>0 

X 
e <1:>0 

~ 1 = kT 2 
e 
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and E! is the perm.ittivity of vacuum. 
o 

Note that the space charge limited flow condition contradicts 

the sheath criterion. But it is used by Bohm as an approximate 

boundary condition. 

Multiplying (D-3) and (0-4), inverting, and using the definitions: 

INez = W 
E! m.. p. 

o 1 1 

/kTe = a. 
m. 1 

1 

a. 
1 

AD = W p. 
1 

U 
a. = M 

1 

we get the equation 

where 

and 

dX 
dr 

x = ...x.. • .!... 
AD M 

F(~, X) = {JT-

ion plasma frequency 

ion acoustic speed 

Oebye length 

mach number 

The boundary condition for equation (0-6) is obtained as 

(0-6) 

follows: When the particle has traversed the guard length in the flow 

direction, it should have dropped to the collector surface, which is 

at the wall (or collector) potential. Hence the boundary condition: 

when t = i wall ' 
x-x - Guard Length (D-7) 
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The integration of equation (D-6) under the boundary condition 

(D-7) is carried out on the computer. The actual computation is done 

backwards by starting from X = 0 with ~ = ~wall' and terminating the 

numerical integration when ~ = 1.05. The absolute value of X at the 

termination point is taken to be the normalized guard length. 
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APPENDIX E 

Mean Free Paths and Characteristic Times of the Plasma Beam 

-5 
With a background pressure of 10 Torr and room tempera-

ture of 3000 K, the neutral particle number density is: 

N =-R. 
n kT = (E-I) 

For kT = 0.2(eV), assuming the electrons are Maxwellian, e 

the most probable speed of the electrons is 

2kT t 5 
g = ( __ e) = 2. 65 X 10 (m / s ) 

e m 
(E-2) 

e 

Using OM = 0.3 X 10-
20 

(m
2

) as a collision cross section for 

Argon, (48) the electron-neutral collision frequency is: 

V en 
= N ° g = 2. 55 X 10

2 
(s ec -1) 

n m e 

the electron-neutral mean free path is: 

3 
A = 1 / (N ° ) = 1. 04 X 10 (m) en n m 

The Debye length for kT e = 0.2 (eV) .and electron (or ion) 

number density N = 5 X 107(I/cc) is: 

e: kT !. o e Z 
AD = ( 2) 

Ne 
= 0.47 (rom) 

(E-3) 

(E-4) 

(E-5) 

The impact parameter for a 900 -deflection of Coulomb collision 

is: 
2 e 

2 = 
4ve: m g o e e 

(E-6) 
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hence the Coulomb logarithm is 

Using the definition: 

e = 

the electron-ion collis ion mean free time is: 

3 

(3k T /m )2 
e e 

= 
-5 4.53 X 10 (sec) 

1.43 N e 

the electron-ion mean free path is: 

A . = g '1' . = 8. 58 (m) e1 e e1 

(E-7) 

(E-8) 

(E-9) 

With v . = 1/'1' . one finds from (E-3) and (E-8) that (v./v »>1; 
e1 e1 e1 en' 

this means that the collisions are predominantly Coulombic. Hence 

by definition, the gas is very strongly ionized. In what follows, the 

plasma will be considered as fully ionized. 

The plasma flow is considered to be "collisionless J " in the 

sense that the collision mean free paths (E-4) and (E-8) are much 

larger than the dimension of the body it is flowing past (the current 

coil diameter is 11.5 cm); as a matter of fact. the mean free paths 

are even much larger than the length of the test section of the plasma 

wind tunnel. which is 1 (m). 

With a flow speed of l04(m/s). the residence time of the plasma 

in the test section is: 
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(E-IO) 

The equipartition time * for ions assumed to be at room tem-

perature, is: 
2 3kTe 3kT. % 

e: m m. (__ + __ 1) 
o elm m. 

'I' eq = 
e 1 = 1.2(sec) (Erll ) 

Comparing (E":IO) and (E-ll), one concludes that the assump-

tion of thermal electrons and cold ions is valid throughout the test 

section, since the equipartition time is many orders of magnitude 

larger than the residence time. 

* If electrons and ions in a plasma are both Maxwellian but at 
different temperatures, then the temperatures approach each 
other according to the equation: 

dT 
e 

Cit = 
1 

T eq 
(T. - T ) 

1 e 

where T is the characteristic time scale for equipartitionof energ)C. eq 
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APPENDIX F 

Discussion of Some Parameters of the Prob1em 

The interaction parameter (S). defined as the ratio of Lorentz 

force to inertial force. is obviously the most important parameter 

in the pres ent investigation. 

The magnetic Reynolds number (R
M

). obtained from AInpere1s 

law. is a measure of the induced magnetic field compared to the total 

magnetic field.(57) From another point of view. RM compares the 

rate of macroscopic motion of the plasma fluid with the rate of mag

netic field diffusion. Hence if RM is very small. the magnetic field 

diffuses into the plasma in a tinle much shorter than the character

istic time for the motion of the flow field. diffusion is dominant and 

an imposed field will hardly be affected by plasma currents. In 

lab created plasmas. the magnetic Reynolds numbers are usually 

small. 

In the absence of an impos ed elect ric field. and neglecting 

pressure gradient terms. the steady state generalized Ohm's law 

is: 
B 

J = a E' - H J x (F-I) 

where a is the scalar conductivity. E' is the electric field in a co

moving frame (i. e. E' = U X B). and H is the Hall parameter. defined 

as the ratio of electron cyclotron frequency to electron-ion collision 

frequency. Using the fact from equation (F-l) that the end point of 

the J vector always lies on a sphere whose south pole coincides with 

the origin and its north pole with the end point of a EI. one can easily 
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see that J scales like aU B for small values of H, and J scales like 

I H aU B for large values of H. 

\J X B \ JBL 
Since S - "'" 

P U
2 (F-2) 

\pU.V'U\ 

\b \ gJ L (*) 
and RM - -- ,.,; (F-3) 

\B\ 
B 

where L is a characteristic length scale of the plasma, we note 

that as the collision frequency decreas es (all other variables fixed), 

H becomes very large, and hence J becomes very small. Hence, 

unles s L is sufficiently large (e. g. astrophysical cas e), Sand RM 

would tend to zero in the collisionless limit. Therefore, since L 

is usually small in laboratory situations, the one -fluid model is not 

a suitable approximation for the des cription of collisionles slab 

plasmas. 

(*) B = B + ~ where B = impos e field, b = induced field. 
-0 -0 -

From A.1np~re '5 law: V' X b = J.L~ hence b ,..., J.LJ L. 
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APPENDIX G 

Particle Eguations of Motion 

The Lagrangian of a charged particle in an electromagnetic 

field is: 

1 2 
L = 2" m u - q ip + q ~. A (G-l) 

where ~ is the velocity vector, m is the mass and q is the charge 

of the particle. ip is the electric potential due to charge separation 

of electrons and ions and A is the vector potential of the magnetic 

field. 

Using cylindrical coordinates, and assuming azimuthal sym

B 
metry (i. e. Bcp = 0) for the electromagnetic fields, the Lagrangian 

becomes: 

1 ( • 2 0 2 2 _" 2 ) ) _" ) L = 2" m r + z + r '+' - q ip (z, r + q r,+, Acp (z, r (G-2) 

The equations of motion in the z and r directions are readily 

obtained from the Euler-Lagrange differential equations. 

d BL BL 
From dt (Bi ) - Bz • 

Bip BA 
noting that - - E and -.::se = Bz - - z Bz - B 

r 

we get: 

From 

we get: 

dz (E m- - q dt - . z - u B ) cp r 

..!i. ( BL) = aaLr' noting that aaipr = 
dt ar 

(G-3) 

E and.!. 2.. (r A ) = B , 
r r ar cp z 

2 
u co = m - + (J{E + u B ) • r r cp z 

(G-4) 

In the cp-direction, we obtain an integral of motion becaus e 
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oL 
the Lagrangian is not a function of cp, hence 3cp = 0, and the Euler-

Lagrange equation becomes: 

(G-5) 

As suming the constant of integration of (G-5) to be zero, i. e. particle 

has no swirl velocity (r~) when there is no magnetic field, then 

from 
2 

mr $ + qr A = 0, we get: cp 

qA 
ucp =-~ (G-6) 

If one favors the differential form instead of an integral of 

motion, equation (28) (ref. IV. 2. 3) can be easily recovered from 

(G-5) by writing it out in detail and noting that: 

dz + .1... 
dt or 

dr 0 + u .1... 
dt = U z 8Z r or (G-7) 
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APPENDIX H 

The Magnetic Field of a Circular Current Loop 

Using the expression given by Lamb,(59)* the vector potential 

of a circular current loop, normalized by R B 12 (ref. IV. 2.4) is: 
o 

with 

where 

and 

Since 

and 

~ = v,rlr 

1 v,r = 11" (r
1
+r

Z
) (K(X)-E(X)} 

2 Z Z 
r

1 = z + (r-l) 

Z Z (r+l )2 r Z = z + 

K, E are the complete elliptic integrals of the first 

and second kind. 

B z 
= ~ + a~ = 1 

r or r 
av,r 
or 

B 
r = 1~ 

r az 

(H-l) 

(H-2) 

(H-3) 

(H-4) 

it is necessary to evaluate av,rlar and av,rlaz. Carrying out the 

differentiations, one obtains: 

1 r +r { } 
B = 1 Z (r-X)[K(X)-E(X)]+E(X)X(X2 -ZrX+1) _1-2 

z 11" r r 1 r 2 I-X 

r
I
+r

2 fi«X)- I+~ 
(H-5) 

B 1 
E(X)] (H-6 ) = r 11" r r l r 2 1.. I-r 

* The expression given by Lamb is the stream function t of a circular 
line vortex. Becaus e of the difference of his definition of v,r and the 
definition of the vector potential B = 'i7X A, the expression for the 
vector potential is A = t/r. - -



-81-

For very small r, i. e. for values near the axis, Acp' B z and 

B are obtained from Jackson, (60) rewritten in cylindrical coordi
r 

nates and normalized according to IV. 2. 4, they are: 

Acp 
0.5R 

= 
(1 +z2 +r2 +2r)3 /2 

(H-7) 

2 2 
r « 1: B = 

2+{2z -r ) + r 
z 2(1+z2+r 2+2r )5/2 

(H-8) 

B 
1. 5 zr 

= 
(1+z2 +r2 +2r)5/2 r 

(H-9) 
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APPENDIX I 

Derivation of the Turbulent Collision Term 

Using a statistical approach, we start with the Boltzmann-

Vlasov (i. e. collisionles s) equation {steady state is as sumed without 

los s of generality}: 

v. af + ..9- {E + v X B}. af 
ax m - - - ov = 0 (1-1 ) 

where f is the species velocity distribution function, q is the charge 

and m is the mass of the species partj de, and E, B are the electric 

and magnetic fields which satisfy the self-consistent Maxwell equa-

tions. . * Defining f to cons1st of an ensemble averaged quantity and a 

quantity which fluctuates about the average, likewise for E and B, 

we get: 

f = 7 + fl , E = E + EI - -' B = B + BI (I-2 ) 

Substituting {I-2} in {I-l}, ensemble averaging the equation. we 

get: 

v. ~ of + m (E + v X B). ov = (~) 
at turbo colI. 

where the turbulent collision term is defined as: 

= ..5L (EI + V X BI). 8£1 
m - - Bv 

(I-3) 

{I-4} 

* The turbulence is assumed to be stationary, the ensemble average 
of a quantity is defined as: 

1
. T/2 
1m f 

T .... 00 -T 12 Q = Q dt • 
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The turbulent collision term is different from its classical counter-

part in that it allows for momentum and energy transfer back and 

forth between the fluctuating wave field and the average particle dis-

tribution, therefore it does not conserve the local momentum and 

energy density of the plasma particles; another important property of 

(~ ) is that it does not caus e the plasma to relax to a Maxwellian 

distr~·b~tion, as does a clas sical collision term. (55) 

Momentum equations, generated from taking moments v[ first 

order in velocity of the "turbulent" Boltzmann-Vlasov equation result 

in the following: 

a 
-<:)- (Nmu. u.) = 
U X. 1 J 

J 

a 
- <:)- p .. + Nq(E. + €"k u. B k ) 

uXj 1J 1 1J J 

+ III (~ ) m vi dv 
t. c. 

(1-5 ) 

where N. u and p .. are the mean density, mean velocity and mean 
- 1J 

pressure tensor obtained from f. 

The last term on the right hand side of (1-5) is clearly the 

"friction II term due to turbulence. It can be readily shown in a formal 

manner that the electrons are scattered by the turbulent wave field 

more than ions are because of its small mass (recall m./m :::>< 73, 000 
1 e 

for argon plasma), so that to a first approximation, the friction term 

is only important in the electron momentum equations. 

The turbulent friction term can, be further evaluated. Under 

the following as s umptions : 
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i) E' and Blare not functions of velocity space v. 

ii) £1 is isotropic 

iii) liIll f' = 0 
V -+ 00 

it can be shown that: 

and liIll V fl = 0 
V -+ 00 

III (£i.) IllV. dv= -q(n'E' +Nu'XB') at 1 t. c. 
(1-6 ) 

The siIllplest turbulent Illodel to us e is the "resistive dissi

pation" Illodel (55) (subs cripts denote electrons or ions): 

(1-7) 

where \I is an effective "turbulent collision frequency." 
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APPENDIX J 

A Posteriori Justification of the SITlall RM AssuITlption 

FroITl the problem under consideration, the only currents are 

those due to the swirl of electrons: 

since u. /u «1. lCP ecp 

,; -Ne u ecp 

The induced field has a vector potential acp that satisfies 

where IJ. is the perITleability of vaCUUITl. 

Since u ecp has its largest value in the collisionless case 

(J -1) 

(J -2) 

(i. e. no turbulent friction), an upper bound of u ecp is given by (ref. 

G-6): 

eA 
U = ~ 

ecp ITl 
e 

where Acp is the vector potential of the applied ITlagnetic field. 

FroITl (J-2), using (J-3) and (J-1), one obtains 

R 2 N 2 J.l. e 
ITl e 

where R is the length scale of the experiITlent (coil radius). 

(J -3) 

Hence frOITl the definition of the ITlagnetic Reynolds nUITlber, 

one obtains: 

ITl 
e 

(J-4 ) 
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With R = 5. 75 cm and 
7 

N = 5 X 10 Icc 

Hence t h e a s sumption that the induced field can be neglected compared 

to theimposed field in IV. 2. 2 (iv) is justified. 
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