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Fary L

CHARACTERISTICS OF THE ROCKET MOTOR UNIT
BASED ON THE THEORY OF PERFECT GASES

(Accepted for publication by the Journal of
The Franklin Institute).

Introduction

Recently a descriptive survey of reaction
propulsion was presented by A. Ananoff)which gives a
- clear perspective of the progress that has been made
during the last twenty years. During this period a
number of investigators, among them Goddardzl Esnault-Pelterié?
bt GonpEr’h Riat® Busktnphen, Mricwms', Tegsipdnl o
and others have studied at length the general theory of
operation of the constant pressure rocket motor unit. HMost
of these authors have confined their analyses within the
bounds of the theory of perfect gases; there remain a num-
ber of important characteristics of this vropulsive unit
that can be usefully discussed within these bounds bvefore
a study, based on actual operating conditions, is made.

It is found that if the formulae expressing the
operation of the ideal rocket motor are transformed into
dimensionless form, a universal thrust diagram can be con-
structed borresponding to the fixed value chosen for the
ratio of the specific heats of the products of combustion._
From the diagram the thrust characteristics of the motor
unit can be determined for any divergent type nozzle when
the rocket is operated at an arbitrary altitude.

It must be realized that the results obtained on

the basis of perfect gas theory will be subject to some



alteration when the roles of such phenomena as vaporiza-
tion of the propellants within the combustion chamber,
variation of specific heats with temperature, dissocia-
tion of the products of combustion, heat losses, friction,
and turbulence are taken into account.

In this study the general formulae that appear
will be evaluated for the propellants liquid oxygen and
gasoline. This combination of propellants has been
accepted by most experimentors as the one that is most
favorable when all factors affecting the choice of pro-
pellants are considered. They have b=en chosen by Goddard,
who has made a large number of experiments with them, both

in static test stands and in flight.

General

The term, rocket motor, has been attached to a
device which liberates the available heat energy of cum-
bustion of a fuel and converts it into kinetic energy of
flow in the products of combustion. Two types of rocket
motors have been developed: (a) The oonstant pressure
rocket motor uses propellants such as gases, liguids, or
slow burning dry fuels, which are burned in a combustion
chamber at constant or nearly constant pressure. The
thrust force is delivered as long as propellants are
supplied to the motor. (b) The constant volume rocket
motor uses as a propellant a fast burning powder in the

form of single charges fed to the combustion chamber.



The duration of combus%ion is so short that the burning
process can be assumed to take vplace at constant volume
and the thrust force is an impulsive force (See Ref, 10).
In this paper no further mention will be made of the con-
stant volume rocket motor.

To obtein reaction propulsion from the two
propellants, liguid oxygen and gasoline, an apparatus
consisting of propellant tanks, feed system, mixture con-
trol, cowmbustion chamber, and exhaust nozzle are required.
The constant pressure rocket motor unit is made up of the
combustion chamber and exhaust nozzle. The thermal
efficiency of reaction propulsion must take into account
each component of the complete system. In the past it
has been common to regard the thermal efficiency of the
motor unit alone as the efficiency of the propulsive
system, which helps to account for the exceedingly favor-
able comparisons obtained with respect to other thermal
engines. The assumption that the motor efficiency is +the
principal propulsive parameter is justified if the
propellants are fed to the combustion chamber by pressure
cells that are charged before flight is begun. However,
the work required to charge the cells should not be
neglected if comparison is made with other types of heat
engines. If feed pumps must be used during flight, the
work necessary to operate them cannot be overlooked in
calculating the overall thermal efficiency of the system.

It is important to stress the significance of

the thermal efficiency of the motor unit in rocket



propulsion. If the reaction system is to be used to
nropel a sounding rocket, the overall thermal efficiency
of a system using pressure-cell feed can be replaced by
the thermal efficiency of the motor unit, especially if
the sounding rocket is to reach as high an altitude as
posgible. In this case the performance of the rocket will
not depend on the efficiency of the work done on the
ground, but only on the efficient transformation of +the
heat energy into as high an effective exhaust velocity as

posgible.

The Pronellants

The constant pressure rocket motor svstenm
appears to possess advantages over other forms of
propulsion in being able: first, to deliver a large
thrust, which can be varied with great flexibility:
second, to operate in vacuo as long as an oxidizer is
carried to burn the fuel, which is a characteristic of
all reaction propulsion systems.

The firet characteristic has caused the
suggestion to be made that the rocket motor be used to
improve certain phases of heavier-than-air performance,
such 28 take-off and climb. To deliver a large thrust
large gquantities of combustibles must be consumed-- a
requirement that practically eliminates the use of the
gaseous form of combustibles, as the supply tanks would
be excessively large and heavy. If the second character-

istic of the rocket motor is to be exploited in the



sounding rocket, performare studies show that it is
necessary that supply tanks be as small and as light
as possible. For these reasons liguid propellants are
the ones most likely to be useful.

The fuel used should have a high heat content
and reguire a minimum of oxidizer to burn it completely.
In other words, the heat content per pound of fuel and
oxlidizer necessary for its combustion should be high.

A liguid fuel can ve chosen from a number of
cheap, easily handled, =nd readily obitainable hydrocarbons.
Gasoline appears to be the most general choice. To burn
the fuel liguid oxygen is the most desirable oxidizer.

The characteristics of gasoline vary consider-
ably depending on the nature of the crude oil and the
process of preparation. Gasoline consists principally
of a2 mixture of three different series of hydrocarbons:?

a) Paraffins,

b) Naphthenes,

¢c) Aromatics,

For thermodynamic analysis it has been found
that gasoline can be closely represented by octane,
therefore this chemical formula will henceforth bhe used,
A value of 18,800 B.t.u./1b has been chosen for the

lower heat of combustion of the fuel.

Theory of the Rocket Motor with Perfect Gases

Throughout this analysis it is assumed that



the perfect gas relations apply to the processes encounter-
ed in the rocket motor unit, that is, the specific heats
of the products of combustion once chosen are considered
constant. Furthermore, it is assumed that none of the
heat liberated in the chamber is lost through dissocia-
tion or by conduction and radiation through the walls of
the chamber and of the nozzle or through friction, turbu-
lence, and condensation of the gases in the nozzle. The
heat of vaporization is also neglected.

On the basis of these assumptions the chemical

equation for the combustion process can be written:

To burn one pound of gasoline 2,51 pounds of
oxygen are reguired. The products of combustion consisi
of 3.09 pounds of carbon dioxide and 1.42 pounds of water
vapor. During this reaction the heat of combustion of
the fuel ig liberated and avpears in the form of increased
temperature in the products of combustion.

The specific heats of the products of cowmbustion
vary greatly with the temperature. 4 study of their
variation with temperature shows that their values in-
crease with the temperature. Since the gas is at high
terperature during most of its stay in the rocket motor,

a fairly low value of the ratio of Cp/Cy = & can be
expected. TFor the propellante oxygen and gasoline a
value of 1.2 has been chosen for & . TWurthermore it ig

assumed that the velues of C% and Cy, in B.t.u./mol/°F are



the same for both COz and HZO . Therefore for the

products of combustion 8(Qand HOwith €= 1.3
and B = 1.986 Bhu./mol[oF = 00658 Bt /Ib/F

L i °
e obtain CP =1L9/6 5_1—,u./mol/oF = 0.395 B.tu./lb./°F

C\/: 9930 Bfu/n’)(?l/dlj—; 0.329 B.i\u/’b/u,:'

The second law of thermodynamics gtates that
of a given guantity of heat applied to a working substance
only a part can be transformed into useful energy. Before
attempting to use the heat energy available in the gsso-
line 1t is, therefore, desirable first to determine the
maximum possible efficiency obtainable in the ideal case
of the engine. An aid to the understanding of the opera-
tion of a heat engine is found in discussing its cycle
of operations.

The diagram in Fig. la shows the components of
the reaction propulsion system. Consider a mass of
propellant, m, composed of gasoline and sufficient oxyegen
to burn it completely, flowing per second from the sunply
tanks at a. Between z and b' the pressure of the
propellants is increased and vanorization is completed.
At b' the propellants are fed into the combustion chamber
in the state 7@;, VZ/ and z;/ . From b' to ¢ the
mixture is burned at constant pressure and the available
heat of the gasoline is liberated. The state of the

products of combustion, (0O, and H,0, is determined by

(2% Ve ana 72 . 1% ¢ the burned gsses enter the



exhaust nozzle and the liherated heat is transformed
into kinetic energy of flow by an adiabatic expansion
process. The jet energy acquired will be egual to the
adiabatic drop in heat content of the products of com-~
bustion. If the expsnsion is complete, the state of
the gases at ¢ is determined by}%,b%dmﬂz; The re-
mainder of the cycle can be imagined %o be completed
by nature. The cycle is made up of two adiabatic pro-
cesses and two constant pressure processes (Fig.1lb).
The work done during the cycle is represented by the
area enclosed by ab'ce in the temperature-—entrony
diagram. The available heat liberated during the com-

bustion process is expressed by:

/—(P—_—mgc}?(ﬁ—@)= mgCi,AT (2)

where Fﬁ,=‘10wer heat of combustion of a unit weight
of propellant mixture, RB.t.u. per 1b., at con=-
stant pressure,
C?, = sgpecific heat constant of the products of
combustion at constant pressure,B.t.u.

per 1bh. per degree Fahrenheit,

T = tewmperature,® TF. abs.
For the proFeHaM‘s considered
A[=10,580 °F ()

Heat is rejected from e to a at constant pressure so that

HC:W\SCP (TC—"'TQ_) (4)

The ideal cycle efficiency is given by the relation

. = Work done in B.t.u. = H?'HG:/-?E:ZE (5)
Ti = weex available in P.€.4d. Hp -7



If it is essumed that /Jgq <K le and 75./ K 7c

so that ‘Z; and —a; can be neglected, then

‘7‘_: 72‘“72’
‘ 7 (8)

but the ideal gas law /'b//=/?7 gives

Te =2V ana Tt

a1 I (7)

Therefore, 7274/ // (8)
A

Since the expansion from ¢ to ¢ is adiabatic,

the following relation holds:

s &
b =Pl (9)

=/
J
and finally =/- / (10)
For the products of combustion of gasoline and
oxygen with y=/,2 (11)
it follows that 0./67

%ngg e

This relation for the ideal cyecle efficiency
shows that the efficiency increases with the expansion
ratio, i.e., with an increasing chamber pressure and a
decreasing back pressure. In Fig.2 the variation of the
ideal cyecle efficiency with the pressure ratio is shown.

The experimenter has found it more conveniens
to define a thermal efficiency 7@h of the rocket motor
unit in terms of the kinetic energy of the ocutflowing

products of cowbustion and the available heat energy of



the fuel, thus the familiar form is:

_ AW +vp,)c”
7‘/\ 2gw7;f/7,/ (132)

where A = mechanical equivalent of heat 1 ft.1b/B.t.u.

777 .6

= weight of fuel in lbs.burned per second

i " oxygen in lbs. used * "

" 3.3
]

= effective exhaust velocity, ft. per second
(The gquantity ¢ will be discussed later)

A%r— lower heat of combustion of fuel, B.t.u. per

ib. at constant pressure

In Fig.3 the thermal efficiency Z% is plotted
against the effective exhaust velocity ¢ for the ideal

oxygen=gasoline motor.

Ideal Trensformation of Available Heat Energy

The first correct treatment of the elementary
theory of the discharge of gases under high pressure was
published by Seint-Venant and Wantzel. The theory has
since been extended and applied in the de Laval nozzle.
The de Laval divergent nozzle converts the avalilable heat
energy liberated in the combustion chamber into kinetic
energy of flow of the exhaust gases. (See Ref.1ll1).

This conversion of energy is most complete when
an adiabatic expansion takes place in the nozzle. The
theory of the de Laval nozzle is so well known that the

formulae employed will not be derived. TFowever, the

10



formulae will be expressed in dimensionless form which
will make possible the construction of a2 universal thrust
diagram for the ideal rocket motor unit using any chosen
propellants. The diagram is universal in that from the
diagram constructed for the fixed value of ¢ the
propulsive characteristics of the motor unit with any

de Laval +type nozzle can be immediately determined.

In Fig. 4 a diagram of a divergent type nozzle
is shown with the notation used for its dimensions. The
rate of flow of the products of combustion under a
pressure 72 in the combustion chamber 1is controlled
by the existence of a critical pressure}% at the nozzle
throat. The throat is the narrowest cross-section through
which the gas flows. It is known that the rate of flow
of a gas through the throat will increase up to the vpoint
that the exit pressure reaches the critical vressure ail
the throat, thereafter the rate of flow will remain con-
stant. It will be assumed that the critical pressure al-
ways prevails in the throat. The ratio of the critical
pressure to the chamber pressure is given by:

r
v 2 \r-7

P | o (14)

If the critical vpressure vrevails at the throat,
the velocity of flow of the gas trrough it will be equal
to the sonic velocity of the gas corresponding to its
state in the throat. The velocity of flow through the
throat can also be expressed in terms of the conditions

in the combustion cheawmber:

29Rr7e
= 1 (15



The velocity of sound corresnonding to the
conditions in combustion chamber is expressed by the

relation: A, = ?3'272, (18)

so that eg. (15) can be written in dimensionless form:

Y~ [z
Oec Ve (17)

The rate of flow of ﬂropellams is given by:

_ 7/2- A / )2(1)‘—-1) //éc de
W= —7— (18)
l/t r+1 /37'

where 1@ — area of cross=section of the nozzle throat.

Ae the flow in the nozzle has been assumed to
follow an adiabatic vrocess, the following exvression can

be written for the conservation of energy:

A Ry
C}’C“'ZT;;*CP" (19)

so that the velocity at any cross-section is given Dby:

= /256, (1-Te/72)

(20)
or Zf;-( _ / =2 7~ ’
2 = V(- —7-;‘} (21)

]

also :g§ 1/3:77Z[> -] (22)

This eguation shows tha% the liberated heat
energy will be completely transformed into kinetic energy
of flow when the pressure at the exhaust section is zero.
Thus the ideal transformation of the heat energv is the
optimum when the rocket motor is operated in vacuo.

Heretofore it has been assumed that the gas flow-
ing through the exhaust nozzle has either been completely
expanded to the external pressure or that expansion has

not been completed so that the gas passes the exit cross-

&3



section at a pressure higher than the external vressure,

If, however, the expansion ratio 2;5 is too great, over-

expansion of the gesg will result éﬁd if the overexwansion
is continued a shock wave may occur.

It is possible that before overexpansion takes
nlace the jet will separate from the walls of +the noczzle,
in which case the most efficient transformation of the
available heat energy into velocity will not be effected.
It will be assumed that the jet does not separate; hence
overexpansion to some pressure below the external pressure
is possible.

Experiments with gases flowing at high velocity

in an expanding nozzle show that if overexpansion is con-

tinuved, when the external pressure;% is greater than zero,

at some pressure/e% a sudden change in the characteristics

of the gas flow will result. The flow characteristics
again reach a steady state after vassing through a narrow
transition layer. The thickness of the transition layer
is extremely swall so that it can be assumed that there

is a discontinuity in the flow characteristics. The
transition layer is known as a "sghock wave.' (For the
basis of this discussion and of the following analysis see
Ref.12).

If the divergence angle of the nozzle is small,
it can be assumed that the shock wave is a "plane shock
wave®, i.e., the change in flow characteristics takes
place across a plane perpendicular to the nozzle axis.

Denoting for all points on the inner side of

13



the wave the velocity, pressure, and mass density by
/ -
4; » 7@2 , and f%){?=;§L}9 and on the outer side by

%é R 7%i , and _ga s the equation of continuity can

e written:

s

7

O

=85 %5 = Ma (23)

2 2
wherefna~is the mags which crosses a unit area of the
shock wave per second. The equation for the conserva-
tion of momentum is

?_Sl—ﬁ%:ma(l/j;—@z) (24)

and the condition of the conservation of energy is

) Y. 2 .2y  Ma 7%' 5 25
B i) D (e B)

Making use of eq. (23) and eqg. (24) the energy

equation can be written in the form:

i Loty /B A
Z(/%’-I-/%Z) 5 @z) {8 ——@j) (26)

This relation 1s known as the Rankine-Hugoniot equation.

Solving for f%,/fga the eguation is obtained in the

forus R (o) ps, + (r+1) s,
5 (=1 p, + (741) P, (27)
From eg. (23):
d ySz 5/
an 2
t5, 27 / 5, ) et
B, s+l | as 2y, (29)
where
as = /&JA:: veloclity of sound corresponding to the
/ © conditions of the gas on %the inner side (30)

d of the shock wave.



Since an adiabatic process has been assumed up to the
point that the shock wave occurs, equation (28) can be

expressed in terms of the chamber pressure:

,/552 4 "’l
B //% ] oy (31)

By means of eqg. (31) the pressure 7%}
which the gas must be expanded to cause a shock wave with
the pressure ;%2 onn the outer side can be determined,
Further, the pressure 7%1 cannot exceed the external
pressure. For the rocket motor unit ;% cannot be greater
than the pressure/% that prevails at the altitude at
which the rocket is being operated. The value af/f% will
be the greatest when /%-z 7% is the atmospheric pressure
at sea level. Therefore at sea level the shock wave
will occur the closest to the nozzle throat. The cross-
section at which the shock wave first occurs will be
cédled the '"critical shock cross-section”,

To determine the area of the "eritical shock
cross-section” f;s s the pressure/ﬁb is calculated

B = Fo (this is done most easily graphically).

Then fﬁ*' is obtained from the relation:
Xs 7p z 3?02(rb0
X (;+/

b (2)YE[-(E)F (z2)

by putting 7/2‘,:755 and Py = /’DJ/ . Eguation (32) can be

derived from the eguation of state
£ w R Ty
=

Ux /bx (33)
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and the relations for an adiabatic exvansion.
*

It fﬁs is greater than the area of the exit
section %; , of the nozzle, the shock wave will occur
outside of the nozzle and the characteristics of the
flow in the nozzle are those corresponding to an adiabatic

*
expansion from the combustion chamber. If {;_ = fg
the characteristics of ﬁhe*ﬁlow will be effected at the
exit cross-=section. If éz</ég the gas will expand
further, disregarding the possibility of separation, and
give rise to a shock wave for which 7%Z<'7% so that
the gas will be compressed after the shock wave has been
passed. The compression of the gas cannot, however,
raise the pressure at the exit cross—-section abhove the
external pressure. With compression after the shock wave
the shock wave will occur closest to the throat when the
gas is just compressed to the external pressure at the
exit cross section. In Fig. 5 a diagram shows the
various regions discussed. (See Ref.1l1).

The characteristics of the flow in the region
following a shock wave can be determined by making use
of the relations for adiabatic compression., The velocity

*H
of flow at the exit section if fgz>”43 is simply

determined using the eguation of state:

Te
g = ve = 8
s e B, (34)

and the eguation for the conservation of energys




= 7- — U
Cf’—/; Ve c-"*‘z} c (35)

which gives upon evaluating e in ed, (34) from eqg. (38),
substituting eq. (18) for W , and remembering the re-—

lation for . ¢

2 Zac 72 /ﬁo - ZQCZ
T ey 2 iy, €T T T
Solving for Ué and writing it in dimensionless

form: y+ ! ;41 ’

(6'-{—!)2(&-!)1[‘ J’+/ oy 2 . >
Ve _ _ 7% _Z
— a"- - 2 a,,_'
G, ;:C (¥-1) f;;vc L

The solution of the quadratic relation (38) gives
for the second term a = sign. If the minus sign is
chosen, the velocity Ue , will be supersonic, which is
not possible in the flow with compression after the shock
wave., Therefore the positive sign has been retained,
which assures a subsonic flow.

The transformation of heat energy into kinetic
energy of flow and into pressure causes a force to act
in the direction opposite to the flow of the exhaust gases,
By ap@licatien of the momentum theorem to the flow
through the nozzle the following relation between the
pressure forces and the force due to the change in

momentum of the gases can be written:

fde - ///z;e-/oo)c/@ =fug=xdm

where p = absolute pressure acting on the walls of the

17



exhaust nozzle and combustion chamber, 1lbs. per sg. in.

6i5;=7 elementary surface area of the walls of the

exhaust nozzle and combustion chamber, sqg.in.

Zés(:: axial component of the exhaust velocity at

the

exit cross—-gection of the nozzle, ft. per sec.

C¥7n'= element of mass of propellant flowing through

the exilt section of the nozzle per second,

ner second.

The first integral is to he taken over the

glngs

whole surface area of the exhaust nozzle a2nd combustion

chamber, The second and third integrals are taken over

the exit section of the nozzle only.

The first integral corresponds to the thrust

of the rocket motor which is designested by F?=j§;‘!f;
and third integral is given by 0%-}%)%; , 80 that

Eo S dm +(pe-p) e

b 3

If it is assumed that the flow at the exit

section is uniformly radial* (see Fig.8), then

The wass of propellants flowing through a r

9

ing

/
of width Rd@ on the spherical surface 7@ is expressed

by

dm = Pz/;,d/;a,

(41)

Therefore, o

/Véxc/m = ZzzQ"eUéz/sM BOcos© d O (42)

7@ o

* I am indebted to Dr.H.S. Tesien for this analysis.

18



/
integrating and expressing R in terms of 4; 5

/ I— Cos 20l
/%;o/m::Pv‘?p-U“- _—
£ x €le "¢ 4(I—Cos°() (43)
e /

However, PM@%:=YH , the mass of propellant flowing

through the exit section per second, and if we write
)\ J]—cos ZO(

T 4(-cosk) s then

/ﬂgxdm = Am7p
3

Hence, the thrust of the rocket motor can be written

(44)

in the form:
F=xmuvg + (e ~7>,,)fe (45)
It is seen that only the mouwentum term is affected
by the angle of divergence of the nozzle. In Fig, 7
the variation of A with the nozzle angle o , is shown,
The small decrease in A wup to divergent angles of 35°
is worthy of notice as it may permit an efficient use of
shorter nozzles for a correct expaasioﬁ ratio. This makes
possible a reduction in the weight of the nozzle and in
the surface area of the nozzle through which heat losses
occur. Therefore an optimum nozzle for the rocket motor
will probably have a much larger divergent angle than is
usual in the design of the de Laval steam nozzle.
Eg.(30) for the thrust developed by a constant
pressure rocket motor is seen to consist of two partss
the first part can be called the "velocity thrusi® F;- )
and the second part the "pressure thrusth 5: , that is,
F=f,+F (46)

also
F=mc _(47)



where C =70 ﬁ‘{fk"]°) ﬁ; = effective exhaust
m

velocity.

The latter form is most generally used, as the
value of the effective exhaust velocity ¢ can be easily
calculated if the thrust delivered by the motor and the
rate of flow of combustibles are known. The thermal
efficiency fhh expressed by eq. (13) is evaluated in
terms of c.

The thrust delivered by an ideal rocket motor
unit can now be expressed for the regimes of flow dis-
cussed before and illustrated in Fig. 5. For the ceose in
which the area of the exit is smaller than 'ﬁé% the
thrust Fi for a motor whose nozzle is cut at any section

>
x o= ¥y » where X, is the throat location, is ob-
tained in dimensionless form from egs. (45), (18), and

(22) ¢ —

el I B (2 )

Ft 2{}2:');‘: ~ %c (48)

i - [Z (?%T)?:?" il 7’°] f, (49)

is the thrust that would be delivered by the motor unit

where

if the nozzle terminated at the throat, i.e., there ig no
divergent nozzle part.

%

If the exit area is equal or greater than ’6; 5

then a shock wave will occur and the thrust, F;s , 18

obtained in dimensionless form with respect to h%, from



egs. (45), (18), and (37):

'Y
,f A; }// ﬂ’*’ 2y~ —ji.J=
Y ﬂﬁ cﬁ + 20

344 7%
In Fig. a universal ideal thrust diagram

has been constructed for an ideal rocket motor unit for
Y=12 ang for A =1 . As the preceding theory
predicted, the efficiency and, therefore, the maximun
thrust corresponding to complete expansion to 7% in-
creases as the ratio 7276bc decreases. The curve of
maximum thrust is indicated by a dotted line.

The fact that over-expansion, if jet separation
does not occur, can seriously affect the thrust delivered
by the motor, is clearly evident. The possibility of a
shock wave occurring in the nozzle is remote unless very
low chamber pressures, of the order of 200 to 300 pounds
per sguare inch, are used when ;Q is large, or unless

the nozzle is built with much too large an expansion ratio

The diagram brings out ancother imvortant fact.
If a nozzle is designed to give the maximum thrust at
sea level then the thrust delivered at other altitudes,
where the external pressure is much lower, will be less
than the amount that can theoretically be obtained, If
on the other hand the nozzle is designed to give the

maximum possible thrust at a high altitude, then the loss

in thrust at lower altitudes may be so grest that operation

s}



of the rocket will be seriouslv impaired.

In drawing these conclusions it must be re-
membered that several simplifving assumptions have bheen
made. It is planned to extend this studv of the ideal
rocket motor to learn to what extent the effects predicted

will be valid for an sctual rocket motor.

To illustrate the use of the universal ideal
thrust diagram, the characteristics of the following

rocket motor unit will be determined:

#o = 1470 1b/sq. in.2bs.  d = throat diameter =1 inch
2, = 14.7 1b/sg.in.abs. ft = 0.786 sq.in.

f—p—" = 0.01 o = 15

7£ = 11,970 °F abs. A= 0.985

o= 1.2

Since ;a for this example differs from 1 by
only a small amount, the disgram in Fig., 8 for A=/ can
be used. From Pig. 8 it is found that the maximum
thrust along the curve fo /73c = 0.01 is obtained for

3

an expansion ratio of :

é £ =1/.85
po e
The thrust ratio corresponding to this expansion ratio is:

= [.336

-~

and eq. 49 gives FZ = /3595 Ib. s Ttherefore,

F=1865 lb.
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Conclusion

This analysis of the ideal constant pressure
rocket motor was made to bring out most of its operating
characteristics and to determine the relative importance
of various factors that affect its operation. The
assurptions introduced greatly reduced the complexity of
the methematical analysis. However, the main features
of operation of the actual constant pressure rocket motor
will still be the same as for the ideal motor, therefore,
the simple general theory vresented can be used as a
guide by the designer.

The author has been fortunate that during the
conduction of this study he has heen able to discuss many
of ite parts with Dr. Theodore de Kﬁrmén and esgpecially
with Dr. Hsue-shen Tsien. Also, anjéxpression of in-
debtedness is due to Kessrs. J.W. Parsons, A.M.0. Swith,
E.3. Forman, and J.W. Braithwaite- members of the rocket
research group of the Guggenheim Aeronautical Laboratory

at the California Institute of Technology.
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Fars 1. 33
CHARACTERISTICS OF THE ACTUAL ROCKET WOTOR
UTILIZING A GASEQUS PROPELLANT
by

¥, J. Malina, E. S. Forman, and J., W. Parsons
California Imstitute of Technology

The design of a succeseful liguid propellant rocked
motor has been handicapped by an insufficiency of experiw
mental information on its behavior. Predictions of its
characteristics have been made wainly on the basis of sim-
plified theoretical analyses and on extensions of resulis
borrowed from the investigations of turbines. This des-
cription of the status of the problem does not intend to
ignore the published results of motor tests carried out by
E. Sanger, R. H. Goddard, the American Rocket Society, and
R. C. Truax. Unfortunately, the results, as far as available,
are very small in number and for some of these the data is
difficult to explain. The experiments of Sanger appear to
be the most cowmplete, however, the method of presentation
obscures the faciors needed for the formulation of a rational
design theory. A. Africano, in 1938 set up some empirical
design formulae on the bhasis of the American Rocket Society
tests which were limited to chamber pressures in the neigh-
borhood of 200 1lb. per. sg. in.

The impatient desire to comnstruct a successful rocket
motor has no doubt contributed to the present impasse. Ex-
periments have been attempted on a motor reouiring the solu-

tion of many separate problems, e. g., propellant combinations,
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‘propellant supply and injection, chamber and nozzle design,
cooling and materials, weight reduction, etc.

The results described herein have been obtained after
an attempt had been made to simplify and reduce the number of
problems to a minimum. In brief, this was done by using
gaseous propellants burned in a motor of large combustion
volume and of sufficiently high heat capacity to permit
tests of 60 seconds or more. The nozzle dimensions were
chogsen %o permit low rates of propellant consumption., Every
effort was directed to designing a laboratory apparatus
that would give fairly accurate results as guickly and easily

as possible,

1. Description of the apnaratus and testing procedure.

Propellant

To.simplify the problem of propellant sunply and
injection and to assure more complete combustion a gaseous
propellant was used in all tests. The comvonents of the
propellant were gaseous oxygen and ethylene which were ob-=
tained in cvyvlinders at high pressure. The specifications

of the two gases are listed in Table I.

Motor

A cross section of the motor designed for the tests

'
is shown in Fig.l. A hollow steel cylinder of 1 wall

thickness encircles a graphite lined combustion chamber and

a copper nozzle block, which are held together by two steel
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end plates. The end-plates also served to make the unit
pressure tight.

The graphite liner had a wall thickness of 1" and
surrounded a combustion volume of about DG cubic inches.

The combustion volume was made large to improve cowmbustion.

The ozxygen and ethyvlene were injected into the com=
bustion chamber separately through injection nozzles opposite
each other, which directed the incoming gases toward the end
of the chamber copposite the exhsust nozzle. The mixture was
ignited by an ordinary automobile spark plug.

The burnt gases flowed from the chamber through a
convergent-divergent Laval nozzle machined in the exhaust
nozzle block (ef. Fig.l).

The combustion chamber was tapped for the measurementy

of the chamber pressure.

Test stand

The schematic diagram in Fig. 2 shows the arrange-
ment of the test stand. The oxygen cylinders were suspended
in a cradle hung at one end of & beam (Fig.3) and balanced
by a counterweight and tension coilspring on the other end.
The beam was free to see=saw on knife edges located as close
to the tank cradle as possible to reduce the amount of
counterweight. The free motion of the beam was restrained
by a coilspring under tension and was damped by a viscous

damper. The unbalance of the beam due to the loss of gas in



the tanks was measured by a dial gage operated by an extension
arm attached to the spring-suspended end of the beam. The

dial gage reading was calibrated to give the weight of gas used
during a test. A similar scele was used +to determine the
amount of ethylene used.

The gases were supplied to the combustion chamber
through pressure regulators and both the mixture ratio of
oxygen to ethylene and chamber pressure were governed by
varying the settings on the regulators., As a measure of
safety each line was provided with two check valves and
blow=cut valves.,

The measurement of the thrust developed by the motor
was accomplished as follows: The motor was supported on
tubes extending from a torsion member rigidly supported in
a steel frame (Fig.4). The motor weight was balanced by a
counterweight hung from a box beam built out from the
opposite side of the torsion member. The oscillation of the
motor about the torsion member was damped by a viscousg damper
attached to the box beam. An extension arm attached %o the
balance beam operated a dial gage which was cal ibrated %o
give the thrust delivered by the motor.

The instruments for measuring the thrust, chamber
pressure, weight of oxygen and ethylene used, the duration of
the test and all controls were mounted on a central panel
(Fig.5) . The operators were protected by a sheet steel panel

board, a wooden barricade arocund the motor, and & sandbag
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barricade around the propellant cylinders.
A record of the instruments was made by means of a
motion picture camera provided with a finger attachment for

-taking frames at any rate desired.

2. Experimental and Data Reduction Procedure,

During each run a photographic record of the thrust
gage, pressure gages, oxygen and ethylene weight gages and
stop watch was taken at intervals of 1 to 3 seconds., After
collecting the data from ﬁhe film it was plotted as shown in
Fig. 6., Before each test a calibration was made of the thrust
gage and of the two gas weighing scales by applying known
weights. A set of calibration curves is shown in Fig. 7.

To calibrate the apparatus as a whole a series of ex-
periments were made with oxygen alone and the results checked
with those obtained by A. Bartocci. (These results will Dbe
discussed in another section). These are called "coldthrust”
rung. The runs with cowbustion are called "hot thrust® runs.

Before commencing a cold thrust run thé regulator was
set to approximétely the chamber pressure desired with the
valve on the motor side of the regulator closed. Then the
valve wae opened and the chamber pregsure brought to the
desired value by manipulating the regulator. |

'A‘similar procedure was followed in the hot thrust
runs, separately for the two propellant components. The

mixture ratio was difficult to set before a run so that a
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technique was evolved of meking three tests at different
mixture ratios in the one continuous run. Each ftest had a
duration of about 30 seconds so that & continuous run lasted
about 80 seconds plus the time reguired to vary the mixture
ratio by reducing the flow of ethylene through the regulator.
The camera was stopped while the mixture was being brought

t0 & new value.

The ewerimentally determined guantities were:
F = thrust, 1b.

wezrate of flow of fuel, 1b/sec,

W= ¢ L L t  oxidizer, 1b/sec.
w=wetw, = rate of flow of propellant, 1b/ sec.
Pc = chamber pressure, 1b/sg.in., abs.

‘Pos atmospheric pressure, 1b/sq.in,

T, atwospheric femperature, °F.

t = time, sec.

Before and after each test the throat of the exhaust
nogzle was measured., The diameter of the exit section was
taken as constant as no change could be measured. The nozzle
dimensions are symbolized as follows (cf. Fig.8):

64 = diameter of the throat, in.

T, = area " " " s 80. 1in.
d, = diameter " " exit section, in.
f_ = area " H " " » S8g. in.

e
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n

Mm
fl

> & KlEe
I

expansion ratio

distance between throat and exit section

m

nozzle angle, degrees

)

nozzle entrance angle, degrees

From these the following basic quantities and

coefficiente were calculated:

c=é?zeffective exhaust velocity, ft/sec.
where g =32.2 ft/sec®

r=£§smixture ratio
2%
7:’4.(_‘;*__@_& = thermal efficiency, %
Z?’H'Pf
where
A-_1 = mechanical equivalent of heat
778
pr = lower heat of combustion at con-
: stant pressure, B.t.u./1lb. of
fuel
po/pc = pressure ratio

C - £ .
thrust coefficient

m

!
~
o
)]

W
sz 7~ =propellant flow coefficient, sec/ft. where
?ﬂ £75  vg = 1120 f£t/sec., velocity of sound
in air at standard conditions.

Cr_ ¢ = effective exhaust velocity, Tt/sec.
m
W= ME - 9= specific propellant consumption, 1b/sec./1b
f fls ¢ of thrust.



3. Exverimental Errors

T

The following table gives an estimate of the magni-
tude of the errors that entered into the more important

guantities observed:

TABLE 1II
Quantity Range of Measurement Probable
Maximum Error

Thrust 0= 10 1b, 3%
Chamber pressure
Low pressure gage 0=400 1b/sq.in. 2%
High n " 400-1000 1b/sq.in. 5%
Nozzle dimensions 2%
Rate of flow of
propellants 0.005 = 0.2 1b/sec, 5%

4, Discussion of bhasic cuantities and coefficients

The design of a rocket motor to meet certain
specifications, e.g., to deliver a thrust F, fora length
of time %, with a propellant supply W requires first, a
knowledge of the variation of thrust with the pressure
ratio PO/pc , the expansion ratio € , and the chamber
pressure p_ ; second, variation of the rate of flow of
pfapellant with chamber pressure Pes and the nozzle throat
aresa, ft .

On the assumption of a complete adiabatic expansion
through the exhaust nozzle with the critical pressure existing

in the nozzle throat and no heat losses in the combustion
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chamber the thrust can be written in the Torm:

P2 IGE S -B)T R

R. Uddenberg has suggested writing this expression

in the form:

F=Grt (2)

where CF“Z]//}%)’TZ’;—;—’; V/_/%"/? (3)

80 that(;is & function of f and 2% . This simplification
<

of the expression for the thrust of an actual motor by

forcing the thrust coefficient to account for the deviation
from an adiabatic process, for the under-or over-—expansion
of the jet and for the combustion efficiency seems almost
to0 great 1o expect reliability in predicting the thrust for
rocket motors of different size. However, at the present time
this method of presenting experimental data appears the best.
The dependence of the coefficient on the specific heat ratio
is equivalent to a dependence on the components making up
the propellant mixture and the temperature variation during
the process,

The expression for the thrusi indicates that tests
on a small scale made at the same value of 7%’&? should

give the same value of the thrust coefficient as resulting



on large scale. Factors tending to lead to a deviation are
(1) the difference in heat losses, (2) the sensitivity of
the expansion ratio of small nozzles 10 unavoidable small
changes in the throat and exit dimensions, (3) the differ-
ence in frictional losses in the nozzle, (4) the difference
in completeness of combustion in the combustion chamber,
The four factors can be grouped under combﬁstion gfficiency
and nozzle efficiency. Hence the usefulness of small scale
experiments is dependent on the poseibility of duplicating
large scale combustion efficiency and nozzle efficiency.
The rate of flow of propellants can be expressed
on the vasis of similar assumptions in the form:

¥+
(2 [
v= (h/) 1/;"77??64 (4)

If this is written in such a way that all but f%éf is
absorbed in a coefficient and the coefficient is expressed in
terms of mass and divided by Uy , the velocity of sound in

air at standard conditions, to make 1t dimensionless, then
w= C F4#
My 7 (5)

5!

_ 2 ey [y
where Cm‘ {PH) ;RTC v (6}

The evaluation of the goefficisnt in terms of mass

makes possible the calculation of the effective exhaust



velocity from the ratio of (g to Chq s Tthus

Cm (7)

The propellant flow coefficient is seen %o be a
function of the specific heat ratio ¥ , the gas constant R,
and the chamber temperature .723 It is to be noted that C}“
is independent of the pressure ratio and of the history of
the jet after the nozzle throat is passed. Therefore, the
Tlow coefficient is affected only by the combustion efficiency
and the entrance condition to the throat and the throat itself,

From an engineering point of view it is convenient to
use the specific propellant consumpition W_;’f,e A given appli-
cation of a rocket motor specifies the thrust required and
the duration of its action@. The total propellant supply
needed can then be immediately evaluated if the specific
propvellant consumpiion is known,

The merit of a rocket motor is determined by the value
of the effective exhaust velocity developed. This is equi-
valent to the statement that the provellant oénsumption for a
given thrust is lowest for a motor giving the highest exhaust
velocity. The merit of 2 rocket motor can also be evaluated

on the basis of the thermal efficiency.

M = A1+ nr) c?

The expression for the thermal efficiency in this

(8)

Torm brings out a factor that plays an important role in
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determining the guantities and coefficients characiterising
the rocket motor. This factor is the mixture ratio T o
The assignment of an exhaust velocity or thermal efficiency
without mention of the mixture ratio actually employed gives
very little information on the merit of a particular motor
design, Although the mixture ratio does not appear ex-
plicitly in the thrust and propellant flow coefficients it
nevertheless influences them, for it affects the chamber
temperature, the specific heat ratio and the heat losses.
The experimental results that follow will be pre-
sented in terms of the quantities and coefficients dis-

cussed above,

5. Results of the Cold Thrust Experimenis

The simplest method of checking the dependability
of the test stand was to make experiments without combustion
in the motor. The regulits of A. Bartoccli on the reactive
force of oxygen were available as a base of comparison so
that data was first obtained on motor characteristics with
oxyzen alone., The results of the cold thrust experiments
are listed in Table II.

The nozzle used in these experiments is illustrated

T3

in Fig. 9. The nozzle was machined from a block of graphite
and the same nozzle was ueed in all cold thrust tests as no
erosion was encountered.

The curves in Fig. 10 compare the variastion of the
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effective exhaust velocity with chamber pressure for three
exhauvet nozzle expansion ratios, The curve obtained for

an expansion ratio of 6.386 1is seen to fall correctly be-
tween Bartocci's curves for exvansion ratios of 1.88 and 10,

Fig. 11 shows the variation of the propellant flow
coefficient with the pressure ratio f%/%% - The critical
pressure prevailed at the nozzle throat for the whole range
of pressures, Bartocci's results for two different nozzle
throat areas are drawn in.As he did not give the value of
#, at which his experiments were made a value of 14.4 1b/sq.1n.
sg.in. was used. According to Eq.(4) the propellant flow
coefficient should be independent of the pressure ratio
after the critical vpressure is reached in the nozzle throat.
The deviation of the experimental resulits from the theoretical
prediction can be charged to the fact that the gas does
not enter the nozzle entrance from rest, the presence of
turbulence in the chember, and non-constancy of the chamber
temperature.

In Fig. 12 are plotied the values of the thrust co-
efficient obtained as function of the pressure ratio. The
dotted curve drawn in corresponds to Eq. (3) for ¥ = 1.4,
i.e., t0 an adiabatic and complete expansion in the nozzle.

The results of Bartocci's tests for expansion ratios
of 1.66 and 10.00 are included and again a value of 14.4 1Db.

sd.in. was assumed for f%e The effect of over—-expansion is



brought out by the decrease in the thrust coefficient with
incfeasiqg‘pressure ratio and increasing expansion ratio.
The expansion ratio of 6.26 used in the present tests is
theoretically correct for a pressure ratio if about 0.033
g0 that the Jet was over-expanded over the whole range.
The first author showed in Reference 8 that the thrust

should be markedly affected by over-—expansion.

6. Results of the Hot Thrust Experiments

The following problems were gelected for investiga-
tion under conditions of combustion of the gaseous oxygen-—
ethylene propellant: Variation of %he motor characteristics,
i.e., thrust, propellant consumpiion, and effective exhaust
velocity withs

1. Pressure ratio

2. Mixture ratio

3. Exhaust nozzle design

The results of the hot thrust experiments made 1o
determine these effects are tabulated in Table III and Table
IV,

In Fig. 13 drawings of the nozzles used are shown.
The graphite exhaust nozzle emploved in the cold thrust tests
was found unsuitable for the hot thrust runs as at chamber
pressures above 100 1b./sg.in. with an oxidizing mixture

excessive errosion was encountered. The use of a copper

block for the nozzle was found to be satisfactory. The
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high heat cavpacity of the copper block and its high heat
conductivity were, it is believed, factors that prevented
serious erosion,

The experimental values of Canand Ckbare plotted
against the chamber pressure in Fig. 14 and Fig. 15 res-
pectively., Curves have been faired in for various mix-
ture ratios. The fairing of the curves of comnstant wizture
ratio was somewhat arbitrary as the experimental points
had very large scatter. The scatter was probably due
mainly to wvariations in the state of combustion and also
to some extent to the difference in the motor wall temperature
from test o test. From these curves cross-plots has been
congtructed in Fig. 16 and Fig. 17 of'q&and(zhagainst
mixture ratio for various chawmber pressures,

In FPig. 18 the propellant flow ooefficient(;\has
been plotted against mixture ratio for various chamber
pressures. This set of curves was obtained from Fig. 16
and FPig. 17. It shows that the propellant flow coefficient
for a given chamber pressure is a minimum around the
theoretically correct mixture ratio of 3.42 and increases
more slowly on the rich side of the curve. The latter
effect is favorable to the life of motor materials which
in general cannot resist oxidizing flames. Furthermore,
C;,decreases with increasing chamber pressure as it should,

for the chamber temperature increases with increasing chamber



pressure due to decreasing dissociation, i.e., a greater
percentage of the available heat energy in the fuel is
liberated at higher pressures. In conjunction with
this effect more complete cowbustion should bring about
a lower value of the ratio of specific heats which Eq.
(6) shows will give a lower value of (.

The values of C; obtained experimen%ally for
the nozzles tested are plotted in Fig. 19, Fig. 20,
and Fig. 31l. The expansion ratios are 2.00, 2.45,and
5.38 respectively, The expansion remained constant for
the two larger expansion ratios, whereas for the smallest
it varied from 2.14 to 1.95 due to progressive erosion
in the nozzle throat.

Because of the inconsistent experimental values
a curve has been faired in for each case only for the
theoretically correct mixture ratio. The curves for the
three expansion ratics are combined in Fig. 23 and the

Po

variation afc;vﬁﬁh — for adiabatic conditions has

<
been plotted for three values of the specific heat ratio.
The experimental curves for the two higher expansion
ratios cress the adiabatic curves sharply at lower
pressure ratios, It isg doubtful that such low specific
heat ratios would exist if an adiabatic expansion was

approximated, It mayv be that duve to continued conm-

bustion after the nozzle fthroat is passed and to heat
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added to the jet from the nozzle walls the expansion

is closer to an isothermal process. Thus, a higher
pressure prevailed at the exit section of the nozzle
than adiabatic theory would indicate and a higher value
of the thrust coefficient resulted.

The effect of under—-expansion at the lower
pressure ratios is shown by the curve for an expansion
ratio of 2.00 and of over-expansion by the decrease in
the thrust ceeffioiegﬁ with increasing pressure ratio
for an expansion ratic of 5.&8,

In Fig, 23 values ofC;,abﬁained by other ex-
perimentors are plotted together with the curves of
Fig. 32 and an adiabatic curve for ¢ = 1.,2. As Po
was not given by the other experimentors a value of
14,7 1b./8g.in. was chosen. When data was available
the expansicn ratio was calculated and placed beside
the corresponding point in the figure.

On the basis of the faired results of C;,in
Fig. 19 for a mixture ratio of 3.42 and the values of
(:; in Fig. 32 for the three expansion ratios, the
variation of the effective exhaust velocity ¢ with

fa has been computed and plotied in Fig. 24. The
outside pressure/% has been taken as the standard

atwospheric pressure at sea level of 14.7 1b./sqg.in.

Since the effective exhaust velocity 1s directly
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proportional to the thrust coefficient and inversely
proporvional to the propellant flow coefficient it in-
creasges with decreasing pressure ratio and with increas-
ing chamber pressure. The importance of the exhaust
nozzle expansion ratio is clearly evident. An ex-
tropolation of the reiults te lower pressure ratios
verifies Séngers reported exhaust velocity of about
10,000 ft./sec. at a chamber pressure of about 1500
1b./sg.in,

The curves in Fig. 25, Fig.26, and Fig. 37
show the variation of the thermal efficiency with
vressure ratic for various mixture ratios for the three
exhaust nogzle expansion ratios. The curves have been
computed from Ra. (8) using Cm from Fig. 18 and CF
from Fig. 23 to determine the exhaust velocity C€ .
Since the curves:&n?C;Were faired in only for a mix-
ture ratio of 3.42 the effect of mixture ratio on that
coefficient is neglected in calculating the thermal
efficiency.

The dependence of the specific propellant con-
sumption en the pressure ratio is shown in Fig. 28 for

P, = 14.7 Ib./eq.in. andn=3.43

Conclusicn

There had been some doubt expressed when this

apparatus was constructed as to the usefulness of gas



propellant rocket experiments in predicting the character-
lstice of the liguid propellant rocket motor. The close
agreement of the results herein described with those obitain-—
ed with licguid propellants by other investigators seems,
however, to justify the development of this type of

testing technigue,

The measurement of the rate of flow of the
propellant componentspresented one of the most difficuli
problems, At first a Thomas type flow meter was tried.
Its calibration was found %o be uncertain in this set-
up and its use was dropped following an explosion in
the oxygen line. The explosion increased the respect
of the experimenters for gases at high pressure and led
to a careful re-design of the propellant supply lines,

Grateful acknowledgement is made to Dr. Theodore
von Karmen for his interest and clarifying suggestions,
and t0 Dr. E. E. Sechler and Mr. A.M.0O. Smith for their

2id in designing the apparatus.
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INTRODUCTION

N ATTEMPTING to reach altitudes above those
obtainable by sounding balloons, the rocket motor
may be utilized to propel a suitable body. In this
analysis a wingless shell of revolution will be considered
in vertical flight.

It was felt that, before entering into practical ex-
perimentation, it was desirable to have a preliminary
performance analysis based on simplified assumptions,
using the most recent data for air resistance at high
speeds. As a matter of fact, this analyis was completed
without the knowledge of a similar investigation.!
However, as this treatment is more general in discussing
the influence of the design parameters and more suit-
able for application to particular cases, the authors be-
lieve it is worth while to present the analysis.

The equations of motion for flight 4% vacuo have been
included to show the optimum performance and for
comparison purposes. After developing similar ex-
pressions for flight with air resistance, a series of calcu-
lations was carried out using the method of step-by-step
integration. The dimensions of the rocket chosen were
felt to be feasible for practical construction. The motor
efficiencies for the two cases were chosen to match
closely the reported results of R. H. Goddard? and
Eugen Sanger.?

The calculations have not been extended to further
cases, as the amount of labor that would be required
was not felt justified at the present time.

ASSUMPTIONS AND NOTATION

Throughout this analysis, the assumption will be
made that the rocket motor supplies a thrust of con-
stant magnitude for the period of powered flight.
This means that the rate of flow of combustibles and
the effective exhaust velocity remain constant. This
assumption is of a conservative nature, as theoretical
considerations show that the thermal efficiency of the
rocket motor and, therefore, the thrust, will increase
as the ratio between chamber pressure and exhaust
pressure increases.

It has been assumed that the acceleration due to
gravity remains constant. This assumption is also
conservative.

The following notation has been used for the quan-
tities involved:
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— | THRUST,F

Forces acting on a rocket in vertical
flight.

Fic. 1.

= thrust in Ibs.

mass of exhaust gases flowing per second

F/m = effective exhaust velocity in ft./sec.

initial weight of rocket, lbs.

instantaneous weight of rocket, Ibs.

weight of fuel and oxidizer carried, lbs.

Weo/ W, ratio of weight of fuel plus oxi-
dizer to initial weight of rocket

initial acceleration, ft./sec.?

instantaneous acceleration, ft./sec.?

acceleration of gravity, ft./sec.?

instantaneous velocity, ft./sec.

= velocity of sound, ft./sec.

altitude above sea level, ft

time, sec.

largest cross-sectional area of rocket, sq. ft.

drag due to air resistance, 1bs.

air density ratio

mass density of air at sea level
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In Fig. 1 the forces acting on the rocket in vertical

flight are shown.

Summing the forces:
Z Forces = 0= F — W — D — (W/ge 1)

The thrust developed by the motor is expressed by

F = mc @)
Then from Eqs. (1) and (2):
= (mc — W — D)g/W 3
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If the rate of flow of combustibles is constant during
powered flight, one can write:

W = W, — mgt 4)
At the start of the flight,
W=Wya=uaqa,V=0D=0 (5)
Then Eq. (3) becomes
= (mc — Wog/ W, (6)
and
m = Wyla, + g)/ceg (7

Eq. (3) can now be evaluated, using Eq. (4) and Eq.
(7), and for the acceleration at any instant

o= — g+ (@0 + ) _ g _D_
|- Hatg) L Hatg) Wi (8)
4 c

Frienr in Vacuo

With no air resistance, the third term of Eq. (8)
vanishes so that

— ﬂ/ - (ao + g)
d¢ 1 — .-t(ao + 2 Q)
c

Integrating Eq. (9) one has, for the velocity at any
instant:

=d_h= —g;—clog[l -M]_'"VD (10)
dt ¢

Integrating Eq. (10) one has, for the height at any

instant: ‘
_ c;) log [1_ E@?igl]+
[4

Vot + he (11)

The maximum acceleration and maximum velocity
will occur at the time that the fuel is exhausted. The
time at which thrust ceases is expressed, using Eq. (4),
by the relation

(1 - g')Wo = Wo - mgt,,

2
k=__;gﬁ+cz+< ¢

@ + g

(12)

Introducing Eq. (7) into Eq. (12), one obtains, for
the duration of powered flight:

t, = {c/(an + g) (13)
If, at the start of the flight, Vo = 0 and 4, = 0, then

= -g+a"+g
{

(14)

a’maz:.

Vings, = — c.[ gr:‘“
' ‘ +¢

Qq

+log (1 — s“)] (15)
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F1c. 2. Variation of hues.g/¢® with ao/g for various ¢ for

flight ¢»n vacuo.

The maximum height reached will be the sum of the
height at the time the fuel is exbausted and the height

.resulting from coasting. The height resulting from

coasting is given by the expression:

he = Vien?/28 (16)

Adding this to Eq. (11) and evaluating ¢, from Eq.
(13), the maximum height reached is

P zcj{[log(l — 0P ttleg(l

Eq. (17) shows that three parameters determine the
rocket performance in vacuo. They are ay, {, and ¢,
In Fig. 2 the variation of %, g/c? is plotted for various
values of ao/g and {. The importance of having a large
percentage of combustibles is clearly shown. The
initial acceleration, @, is important until values in the
neighborhood of 6¢ are reached.

FLIGHT THROUGH A RESISTING MEDIUM

Considering flight through the air, the drag of the
rocket can be expressed in the form

D = pV2C,A/2 (18)
which, substituted in Eq. (8), gives
(@ + 2) gpoo V2 Cpd

¢ 1 — tao + g) 2[1 _ ao +g)] W,
c

C

(19)

This is the fundamental equation for vertical rocket
flight. In addition to the performance parameters for
flight +n vacuo, the ratio C,4/W, also has important
significance in the construction of the sounding rocket.
As it appears in a term which reduces the acceleration of
the rocket, it should be as small as possible. A rocket
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F16.3. Variation of the drag coefficient, Cp, with V/V,.

of given initial weight should have as small a cross-
section as possible and be of a shape that minimizes
the drag coefficient.

As the density ratio, o, and the drag coefficient, Cj,
will be subject to great changes during flight, and are
difficult to express accurately analytically, two ways
of solving Eq. (19) are open. First, approximations
can be made for the variation of ¢ and C, to make an
analytic solution possible, or second, a step-by-step
method of integration of any degree of accuracy can
be applied. The first method is quite likely to lead to
extremely large errors, so that the second method
has been chosen.

The variation of ¢ with height was obtained from
references (4) and (5). The variation of C, with the
velocity of flight was taken from reference (6). It
has been assumed, due to the lack of information, that
the drag of the rocket was identical to the drag of a
shell without a jet issuing at its base. The wvariation
of the drag coefficient is reproduced from reference (6)
in Fig. 3.

To describe the rocket flight, the following equations
were used in the numerical calculations:

(@ + 2)
1 — tn(a")_*" g)
c

a’n=~g+

£8P0y, V2n —1 N CD A
2[1 ACH +g)} Wy (20)
¢

Vo= Vo1 + a,_,AL 1)
by = by + Voo At + (@, /2) (A0 (22)

where

At = time interval under consideration

n = number of the interval in the # steps of the

calculation

The acceleration during coasting is given by

F
a, = = (23)
"

where

F, = weight of the empty rocket plus air resistance
or ( £ 9 - ’
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F1c.4. Rocket performance for flight with air resistance,
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F16. 5. Rocket performance for flight with air resistance,
using a motor giving an effective exhaust velocity of
10,000 ft./sec.

a, =

. [g + pOUnVZ;L—-l g CDA] (24)

21 - ) Wo

In the following results to be presented, it was neces-
sary to select dimensions of what may be called a typical
sounding rocket. Therefore, the results will apply only
to rockets having the same value of the ratio C,d/W,.
For rockets with a different value of the ratio, this an-
alysis serves only as a guide to the performance to be
expected.

In Fig. 4 are shown the performance curves of a rocket
with ¢ = 5000 ft./sec., { = 0.70, and a, = 30 ft./sec.2,
The retarding influence of the air is made evident
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Fi16. 6. Effect of aq on altitude to be reached for several
performance parameter combinations,

by the decrease in the acceleration as the velocity of
sound is approached. The high density of the air at
the time the fuel was exhausted prevented the rocket
from coasting very high.

The performance curves shown in Fig. 5 are those for
an identical rocket, but with a much more efficient
motor which gives an exhaust velocity, ¢, of 10,000
ft./sec. For the same amount of thrust, the rate of
flow of combustible is much smaller, so that the period
of powered flight is greatly prolonged. This allows
the rocket to get over the hump of the drag curve,
and also to travel through less dense air. The velocity
at the end of the powered flight will thus be much
higher than before, causing the rocket to coast to a
much higher altitude.

In Fig. 6 the variation of altitude with the initial ac-
celeration is shown for the two cases. The importance
of a high value of the exhaust velocity, ¢, is clearly
evident. This shows that effort should be directed to
develop a motor of high efficiency before flight at-
tempts are made.

This figure also shows that there is a definite initial
acceleration corresponding to the maximum possible
height. This differs from flight 4% vacuo for which the
height reached continually increases with the initial
acceleration (see Fig. 2). A high velocity of flight
through the dense lower levels of the atmosphere causes
the combustibles to be rapidly ‘“‘eaten up.” The ad-
vantage to be gained by starting the rocket from a high
point is shown in the figure by the calculated height for
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a rocket started from an initial altitude of 10,000 ft.
The variation of maximum height to be reached with
the exhaust velocity, ¢, for flight i» vacuo and in air,
is shown in Fig. 7. This figure clearly illustrates the
amount of height lost due to resistance of the air.

Higher altitudes may be reached by using the step-
rocket. A rocket made up of three steps, respectively,
of 600, 200, and 100 1bs., the lightest being fired last,
with ¢ of 10,000 ft./sec., a, of 40 ft./sec.?, and ¢ for
each step of 0.70, starting from sea level, reaches a
calculated altitude of 5,100,000 ft. and a maximum ve-
locity of 11,000 m.p.h.

This analysis definitely shows that, if a rocket motor
of high efficiency can be constructed, far greater alti-
tudes can be reached than is possible by any other
known means.
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SUMMARY

In Part I of this paper an exact solution of the problem of
determining the height reached by a body in vertical flight in
vacuo propelled by successive impulses is presented. On the
basis of this analysis it is concluded that a rocket propelled by
successive impulses—the impulses being obtained, for example,
from rapidly burning powder-—can theoretically reach much
greater heights than is possible by sounding balloons and, there-
fore, further experimental research is justified. In Part II the
effect of the variation of the acceleration of gravity with height
‘above sea level on the flight performance of a sounding rocket
is analyzed. For a 1000 mile sounding rocket the decrease in
gravitational pull accounts for a 25 percent increase in the
maximum height reached over that calculated on the basis of a
constant gravitational acceleration. In Part III the funda-
mental performance equation for flight of a sounding rocket in
air is expressed in terms of dimensionless parameters and factors
and their physical significance is discussed. Finally, in Part IV
the theory of the preceding sections is applied to a specific case
of a sounding rocket propelled by successive impulses which are
supplied by a reloading type of powder rocket motor.

INTRODUCTION

N 1919, R. H. Goddard! published the historically

important paper which suggested the use of nitro-
cellulose powder as a propellant for raising a sounding
rocket to altitudes beyond the range of sounding
balloons. To determine the feasibility of this pro-
pellant, & series of experiments had been carried out
and it was found that a thermal efficiency of 50 percent
could be expected if the powder was exploded in a
properly designed chamber and the resulting gases
were allowed to escape at high velocity through an
expanding nozzle. In 1931, R. Tilling used a mixture
of potassium chlorate and naphthalene as propellant
and actually reached an altitude of 6600 feet. More
recently, L. Damblanc? made static tests with a slow
burning black powder and from these estimated that
a height of 10,000 feet could be reached using a two-
step arrangement. The results so far reported offer
an incentive to further analysis.

~ The propulsion obtained by the use of powder charges
in a rocket motor, which are supplied by a reloading
mechamsm, is referred to in this paper as propulsion
by successive impulses. This type of propulsion  is
essentially different from the type of propulsion made
available by a rocket motor which continuously burns
a combustible mixture at constant pressure. The
thrust of the latter rocket motor is nearly constant,
s inthe former case, du ) the rapidness of the

combustion of the powder charges, the propulsion
consists of a series of uniform impulses.

The effect of decreasing gravitational acceleratmn :
on the maximum height reached by a rocket has been
considered by A. Bartocci.* However, he assumes.
that the rocket itself has a constant acceleration during
powered flight. L. Breguet and R. Devillers* also
considered the effect of the variation of g. To simplify
the analysis, they assumed that the acceleration of the
rocket was equal to a constant multiple of g. Sin
the sounding rocket will be propelled by a neatl
constant thrust or a uniform rate of successive it
pulses, in Part II the authors have studied the proble
anew according to this mode of propulsion.

When the sounding rocket is ascending through th
air the maximum height reached is less than that
reached for flight i wacuo. Recently, studies haye
been made of the problem by W. Ley and H. Schaef
and by F. J. Malina and A. M. O. Smith.® On
basis of the latter study a group of new perform
parameters and factors have been isolated from t
general performance equation, and these are discuss
in Part TII.

NoraTIioN

Referring to Fig. 1, the following notation has e
used throughout the paper: !

w = weight of propellant and propellant comn-
tainer ejected per impulse, 1bs.

k = ratio of propellant container weight to_su
of container and propellant weight ejected
per impulse. :

A= (1 — k).

W, = initial weight of rocket, Ibs.
My = initjal mass of the rocket, slugs.
W, = instantaneous weight of rocket, 1bs.

{ = ratio of initial weight of propellants
initial total weight of a rocket propell
by constant thrust.

{1 = ratio of initial weight of propellants
initial total weight of a rocket prope
by successive impulses.

o= /N

# = number of impulses per second.

N

= total number. of impulses occurrmg duﬁ ng
- powered flight.
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FLIGHT ANALYSIS OF A SOUNDING ROCKET

time, sec.

interval between impulses, sec.

initial acceleration imparted to rocket,
ft. per sec.?

acceleration of gravity at the starting point
of flight, ft. per sec.?

acceleration of gravity above the starting
point of flight, ft. per sec.?

pellant, ft. per sec.

instantaneous velocity, ft. per sec.

velocity imparted to rocket by the rth
impulse, ft. per sec.

velocity at end of the rth interval, ft. per sec.

velocity of sound corresponding to atmos-
pheric conditions at the starting point of
flight, ft. per sec.

velocity of sound corresponding to atmos-
pheric conditions at height reached by
the rocket at time ¢, ft. per sec.

Mach’s number = v/z,.

velocity of rocket at start of coasting flight,
ft. per sec.

velocity of rocket at start of coasting flight
if g is constant and equal to g, ft. per sec.

altitude above sea level, feet.

height reached at the beginning of the 7th
interval, feet.

height reached at the end of the rth interval,
feet.

height traveled during powered flight, feet.

height traveled during powered flight, if g
is constant and equal to go, feet.

height traveled during coasting flight, feet.

height traveled during coasting flight, if g
is constant and equal to g, feet.

height traveled during powered flight and
coasting flight, feet.

height traveled during powered flight and
coasting flight, if g is constant and equal
to go, feet.

radius of earth, 2.088 X 108, feet.

drag on rocket due to air resistance, lbs.

drag coefficient of rocket.

drag coefficient of rocket at velocity of
sound.

drag-weight factor (discussed in the section
on the effect of air resistance).

mass density of air at the starting point of
flight, slugs per cu.ft.

ratio of air density at altitude to air density
at the starting point of flight.

absolute temperature of atmosphere at the
height reached by the rocket at time
i, °F.

absolute temperature of atmosphere at the
starting point of flight, °F.
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largest cross-sectional area of rocket shell,
sq.ft.

largest diameter of rocket shell, ft.

length of rocket shell, ft.

I

An approximate method of calculating the maximum
height reached by a rocket propelled by powder was
developed by R. H. Goddard.!
ysis a continuous loss of mass was assumed and the
problem was so stated, that a minimum mass of pro-
pellant necessary to lift one pound of mass at the end
of the flight to any desired height was determined.
However, if high-powered powder is used, the rate of
burning is so rapid that the propulsive action is in-
stantaneous.
impulse rather than by a constant thrust.

In the following analysis, it has, therefore, been
assumed that the propulsive force is an impulsive force,
i.e., the force acts for such a brief interval of time that
the rocket does not change its position during the
application of the force, although its velocity and its
momentum receive a finite change.
process of the propulsive unit takes place at constant
volume this assumption is justified. Further, a study
of interior ballistics of small arms reveals that the period
between the ignition of the powder charge and the
bullet’s arrival at the end of a two-foot barrel is of the
order of 14 ten-thousandths of a second.
are not restrained and their travel through the burning
chamber and the nozzle is of much shorter length, as
is the case for the rocket motor, even shorter periods of
duration of action can be expected.

Assuming that the propulsive force acts as an
impulse, then the motion of the rocket can be cal-
culated by Newton’s third law, which states that

To simplify the anal-

The rocket is thus acted upon by an

If the combustion

If the gases
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impulses between two bodies are equal and opposite.
Hence, equating the momentum of the exhaust gases
to the momentum imparted to the rocket, using the
quantities defined in the list of notation and referring
to Fig. 1, the following relation can be written for
flight in vacuo:

(w/go)c = (W,/g) v, 1)
. where
A=0—%) and W,= W, — rw (2)
or
whe 5‘1')\6( 1 )
Ay, = = 3
T We—rmw . N \I-ra//N ®)
wheje
& = wN/Wo = /N
During the interval between impulses, Af, the

velocity is reduced by the action of gravity so that
at the end of the rth interval, the velocity of the rocket
will be

v,/ = v, — gAl = v,/ + Ay, — g At 4)

Therefore ,
Se=p

v, = E Av, — g At (5)

s=1

Substituting for Av, from Eq. (3)

’ §=r
v, = fude L — 78 Al (6)
N se=1 1 —'S(III/ZV)
or
I
3’ = %M 1 — 78 A
where

s=7 1
S = —
' s;l—s(;x/N)

The height gained during each interval will be repre-
sented by the area under the velocity curve in the in-
terval, or

hr, - h’r = vrlAt + 172g0(At)2 (7)

Therefore, at the end of the Nth interval which is
the end of the powered flight, the height will be

Hy, = 3 /A + (N/2)g( Aty

y=1

Substituting for v,” its value in Eq. (6)

r=N g-ll)\c S=7 1 }
Hpy, = Al — At
"2 { N AT @y AT
—é—vgo(At)z
o (Y NA+1—7 SV
SO SV N7 S
- ; e 2o( )Z_;(r /2)
= ‘i‘_ll?\_c ALS, — 'Jggo(AtV (8)

where
A N+1~—7
S — D T
= 2 T o

r=1

The maximum height reached will.be the sum of the
height at the end of powered flight and the height
traveled during coasting or

Hmaon = HPO + -HCo = HPa + Vzmaz.u/zgo (9)

To calculate the maximum height one has first -to
evaluate the sums .S; and S;.* Noting that °

1 @
—_— = e—z{I—S(i’x'/N))d
1= s/ / ®

S; can be written in the form

s§=r

S = f 3—z2 (/M yody
0 s=1

ezrn’/N - e(r+1)§‘1'/N
= [ e’ 1 — ez!‘:'/N dx
x = Ny/&’', the above intergral becomes

v uwe"zvmz' (1 — en/)dy

—El—;ﬂ 1_‘3-”1’

@) G

where ¥(z) = (d/dz){log T'(2)}. (The reader is referred
to references 7 and 8 for detailed information on this
function.) Similarly, S; can be summed as

52=§{N—[§V}7—(N+1):lx |
() -]} o

Substituting Eqgs. (10) and (11) into Egs. (6) and (8),

and then into Eq. (9)

Hgny = 28 w2 E{Ci-— 1>\1f - N} (12)
2g0 n fll

Putting

Sl=

(10)

* The authors wish to thank Prof. H. Bateman for his sugges-
tion of this method of summing.
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It can easily be shown that when N = 1
V=5/(1-8"
so that Eq. (12) reduces to
g\
(1 - 1')

Also, as N =, ¥ — —log(l — &), thus Eq. (12)

reduces to

(12b)

N2

Hnaa:.n = —_—
2g0

(12a)

A2

_go

llog(l — &)
9

&

&+ log(l — &)
(ao/g0) + 1

Hmaz.o

The quantity ao can be considered as the initial accelera-
tion of the rocket if N — . It is interesting to notice
that Eq. (12b) is the equation obtained by Malina
and Smith (Ref. 6) for calculating the maximum height
of a constant thrust rocket, as expected.

Fig. 3 shows the variation of Hpu,go/N%? with
n\c/go for different values of §/ and for four values of
N. These curves show that when the total number
of impulses, N, becomes larger than 100, the maximum
height reached is imperceptibly changed by increasing
the number.

At this point it is necessary to discuss the similarity
existing - between a rocket propelled by successive
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TABLE 1

Successive Impulses

2,2
Hmax.‘):)\—e‘{l/z\lﬂ— 1 |:<{\‘,Z"1>\I"‘NJ}
2o nae/go L\(,
A 7
Ft. per Impulses I{maxm
Case Sec. &’ N per Sec. Feet
1 10,000 0.70 326 3 1,472,000
2 10,000 0.70 10 0.092 1,686,000
3 7,000 0.70 326 3 560,000
4 7,000 0.70 10 0.092 676,000
Constant Thrust
2
I-{maac.0 = C_ { l/2 [log (1 - §‘)]2 -
Lo
1
— 1 g (1—9 + s“}
ao/go + 1
Hmax.o
Cade C ¢ ag Feet
1 10,000 0.70 32.2 1,468,000
2 10,000 0.70 32.2 1,468,000
3 7,000 0.70 12.9 555,000
4 7,000 0.70 12.9 555,000

impulses and a rocket propelled by constant thrust.
The former loses not only the mass of the propellant,
but also the containers for the individual charges.
The difference in effect on the rocket between the
“propellant and its containers is that the propellant
has an effective exhaust velocity, ¢, while the ejected
containers leave the rocket without appreciable
velocity. The propulsive action, however, will remain
the same if the whole cartridge, that is, the propellant
charge and its container, is considered wholly as pro-
pellant, but leavingr the motor at a reduced effective
exhaust velocity Ac. The rocket propelled by constant
thrust loses only the mass equal to the propellant
carried; therefore, it can be said to be equivalent to the
“successive impulses” rocket if its effective exhaust
velocity and its total mass of propellant are equal,
respectively, to the reduced exhaust velocity and to the
sum of the masses of all the containers of the “‘successive
impulses” rocket. In other words, ¢ is equal to ¢ and
¢ is equal to {'. :

In Table 1 the heights for four cases have been cal-
culated to illustrate the effect of the exhaust gas
velocity and the total number of impulses given to a
rocket whose weight ratio, ' is 0.70. It will be
noticed that for flight 4n vacuo a greater height will be
reached if a smaller number of impulses is ‘employed.
The lower portion of the Table shows the ‘maximum
height reached by an equivalent “constant thrust”

rocket for the same four cases with the initial accelera-
tion given by Eq. (12¢). The close agreement between
the maximum height reached by wuse of successive
impulses, when the total number of impulses exceeds
100, and that reached by the use of constant thrust -
simplifies the solution of the problem of decreasing
acceleration of gravity with height, and enables pre-
diction for flight with air resistance to be based on the
results obtained for a rocket propelled by constant
thrust (cf. reference 6). These problems are con-
sidered in the following sections.

11

It is well known that the acceleration of gravity
decreases with the height above the earth’s surface
according to the following relation:

g = g[R/(R+ B)] (13)

At an altitude of 1000 miles the acceleration is only
0.64 times that at sea level. Therefore, for flights up
to such altitudes the assumption that g is approximately
constant is no longer valid. It was shown by Malina
and Smith® that a three-step rocket could theoretically
reach such an altitude. Thus it is interesting to see
how the decrease of g will increase the maximum height
reached by the rocket.

First, the effect on powered flight in vacuo will be
considered and then on coasting flight 4n wecuo. For
powered flight the analysis is based on the assumption
that the thrust is constant. However, the results ¢an
be applied to the case of propulsion by successive im-
pulses if the total number of impulses, N, exceeds 100
as was justified in the previous section.

The equivalent mass of gas flowing per second con-
tinuously for the case of successive impulses is

wn/gy = m (14)

Assuming that the rocket starts from rest at sea level,

the equation of motion » vacuo is

o _ e
iw ~ "o\t g) T

This is a non-linear differential equation which can-
not be solved by usual means. However, for all prac-

mce/ My

1= /oty 19

tical purposes the ratio /R during powered flight is
much smaller than 1, therefore, only first order terms o
in &/R occurring in the expansions need to be retained.’ : -

This approximation linearizes the equation to the form

d*h 2h
z =& ]?—1 +

The'solution of this equation with the initial condition
that 2 = O and dh/dt = O when ¢t = 0 is

MC/MQ

T tmjatye 19
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_ £o ¢ £ He—dy _ f e iz_‘_j_{_c}
h = {1 cosh g ¢ } 2\/2_———_g0/R{e ./s p e A p an

where £ =+/9g,/R My/m and u = 1 — (m/Mo)i. At the end of the powered flight, the time is
t = tp = Mo/m (18)
Therefore, the height at the end of the powered flight is

R [2g0 Mot ¢ IR { ) /f“‘” e~*dx g(l_;)/f“‘f)ezdx
= —_— — PR A —— — —
H 5 {1 cosh ® + 3 % ¢ A — — ¢ A = (19)

If the hyperbolic cosine term and the integrals are expanded and only first order terms in 1/R are retained in
consistency with the linearization of Eq. (15), the equation reduces to

4
Hy = - {%(—?}) + 58 (TN 4 oL~ ptog1 — ) + o+

1(:8g;€ <W0> {6(1 — )¥og(l — ) + ¢(11¢2 — 15¢ + 6)}

= o+ B (VL £ 00 - gt — ) + r1e — 13+ 0] - (2} (20)

2

Differentiating Eq. (17), and substituting the relation of Eq. (18), the maximum velocity at the end of
powered flight is

= ‘/Rg" 200 Mot _ € f pa-p [TV edx o 070 edx
Viar, = — 5 sinh B T 51° : : Te E : e

Again expanding and retaining only first order terms in 1/R, Eq. (21) reduces to

- {(%") f+ gL (%")3} = {oroga -0 + & (%)3 |26 — sy1051 = 1) + 21 e}

= Vinasy — g"(W]"{/ w)? {§3g°(2V°/ ) 4 ¥ [2(1 — DYog(l — ) + % — 3;2]} (22)

Vinaz.

It is seen that the second terms of Eq. (20) and (22) are the corrections to be applied to Hp, and Vi, to
account for the variation of the acceleration of gravity. Since both corrections are first order approximations
they can be expected to apply approximately also to the case of successive impulses, even when the total number
of impulses is less than 100.

The coasting height reached by the rocket due to its veloaty at the end of powered flight can be obtained
by equating the increase of potential energy during coasting flight to the kinetic energy at the end of powered

flight. Thus,
1 Hp+He dh
—_ sz = gy f -—
2 Ime w0+ W/RF
1

-1
Hy = (H, + R){l _ Ve }
2¢ [R/(Hp + R)1X(H, + R)
Putting Vie..?/220[R/(Hp + R)]* = H,, which is the coasting height obtained by assuming a constant

gravitational acceleration of the value equal to that at the height Hy, i.e., the height where coasting starts, then
Eq. (23) can be written

or

(23)

Ho = @+ B {r— 57 7~

Upon expanding the second term, this equation becomes,

H, Cao H Co 2 H Co 8
HG_H00{1+<HP+R>+<HP+R + .HP+R>+.-‘ (24:)
This equation shows that if the coasting flight starts from sea level, and if the maximum height reached is
about 1000 miles, the increase due to the decrease in g is over 25 percent.
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III

When the sounding rocket is ascending through the
atmosphere instead of 4% vacwo, air resistance comes
into play, causing the acceleration of the rocket to be
reduced, which decreases the maximum height reached.
Since air resistance increases with the air density and
with the square of the flight velocity, it is desirable
to keep the rocket from ascending too rapidly through
the lower layers of the atmosphere where the air density
is high. For this reason the optimum initial accelera-
tion will no longer be infinite as shown by Eq. (12b).
For the case of constant thrust Malina and Smith® have
found that the optimum acceleration is around 30 ft.
per sec.> For a total number of impulses greater than
100, the difference between propulsion by successive
impulses and by constant thrust is very small, so one
may expect the above optimum value of initial accelera-
tion to hold for both cases of propulsion.

The actual amount of reduction in maximum height
due to air resistance can be calculated by the method
of step-by-step integration, if fair accuracy is desired.
This integration is carried out by using the funda-
mental equation for vertical rocket flight which, as
given in the previous paper (Ref. 8) is

dth _ - _ (42} + o _
A L T,y
Zopoov? Crd 25)
9 [1 _ Hao + go):l We
c

The significance of the ratio Cp4 /W, was discussed
in that paper.® Greater significance can, however, be
attached to the various terms in the equation if it is
transformed into the non-dimensional form

s (3o
LA SIS £0 _ N T/AGT
c \go ¢ \go
(26)
where
&’CD*Avsoz
2
l\ = — e
Wy

In Eq. (26) appear two types of significant quantities.
First, quantities, called “factors,”
for any given family of rockets, and second, two quan-
tities called “‘parameters,” one of which is characteristic
for a given family of rockets but changes in value
along the flight path, and one which depends on the
physical properties of the atmosphere. Thus there
are the following factors:

ratio of initial acceleration to g ~ ‘‘initial
acceleration factor,”” a motor characteristic.

ao/g =

which are constant

¢ = exhaust velocity in ft. per sec. ~ “exhaust
velocity factor,” a motor characteristic.
= “drag-weight factor.”
= ratio of weight of combustibles to total
initial weight of the rocket ~ “loading

factor.”

e

The first two factors, t.e., the “‘initial acceleration
factor” and the “exhaust velocity factor,” determine
the characteristics of the propelling unit for a given
family of rockets while the “drag-weight factor” and
the “loading factor” determine the physical dimensions
of the rockets. The “drag-weight factor” is a ratio
of the drag of the rocket at sea level when traveling
with the velocity of sound to the initial weight of the
rocket. Since for any given family of rocket shapes
the only terms in the factor which can be varied are
the maximum cross-sectional area, 4, and the initial
weight, W, it is clear that if the initial weight is doubled
then the cross-sectional area must also be doubled to
keep the factor the same. The “loading factor” needs
to be discussed in some detail as it does not appear
explicitly in Eq. (26). Eq. (26) is a differential equa-
tion of the flight path which is satisfied at every point
along the flight path. The loading factor { comes in
only when this equation is integrated and the limits
of integration are put in. For example, consider two
rockets with identical performance factors and parame-
ters, with the exception that one has a ¢ of 0.90 and
the other has a { of 0.50. The flight path of the two
rockets will be identical up to the time that 0.50 times
the initial weight of the rockets is used up as com-
bustibles. At this point the rocket having a { of 0.50
will begin to decelerate while the one having a ¢ of 0.90
will continue to accelerate until the remaining com-
bustibles are used up. It is thus seen that the value of
¢ controls the maximum height reached.

The two performance parameters are:

¢T /Ty ~ physical properties of the atmosphere
called the “atmosphere parameter.”
Cp/Cp* ~ aerodynamic properties of the rocket called
the ‘“form parameter.”

The ‘“‘atmosphere parameter” for the earth’s atmos-
pheric layer will, of course, be the same for all rockets
if standard conditions are assumed and its value de-
pends only on the height the rocket has reached above
the starting point of the flight. The “form parameter”
is determined by the shape of the curve of Cp against
B. This curve will be altered chiefly by the geometrical
shape of the shell although it is also effected by the
change in skin friction coefficient due to the change in
Reynolds Number. As long as the rocket belongs to
a family that has the same geometrical shape, which
implies the same nose shape and the same I/d ratio,
that is, the ratio of the length of the shell to the maxi-
mum diameter, the “form parameter’” can be assumed
to remain constant.
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Fic. 4. Height reached in air at the end of powered
flight and maximum height reached versus the exhaust
velocity, ¢, for ¢ of 0.50 and 0.70.

It is thus seen that the performance curves calculated
"ffior a typical rocket will also hold for a whole family of
rockets determined by the values of the ‘“factors’” and
of the “parameters” of the typical rocket and the
design of a rocket to meet certain prescribed require-
ments is greatly simplified. FPurthermore, for a good
design of rocket form the variation of Cp/Cp*, the form
parameter, at the same values of B is small. Also,
the deviation from standard atmospheric characteristics
cannot be very large. Then, in view of the fairly
accurate but not exact basic assumption of constant
thrust, it is justified to use the same data for these two
parameters for all cases. Thus, the performance
problem is further simplified and depends only upon the
four performance factors a¢/go, ¢, A, and {.

v

The use of the results of the analysis developed in
the preceding parts of this paper is illustrated in this
section by the calculation of the performance of a
rocket propelled by successive impulses, e.g., a powder
rocket. The performance of the powder rocket can be
predicted from the results obtained for an equivalent
rocket propelled by constant thrust, provided the
powder rocket is acted upon by more than 100 impulses.

In making use of the equivalence existing between
the two methods of propulsion it is necessary that the
following quantities discussed in Part I and Part IIT
be identical for the two cases: initial acceleration
fdctor, ao/ge; exhaust velocity factor, ¢, for constant
thrust and ¢ for successive impulses; drag-weight
factor, A; loading factor, ¢, for constant thrust, and
¢/ for successive impulses; atmosphere parameter

oT/Ty; form parameter, C,/C,*; and slenderness
ratio l/d.

For the example the following characteristics of the
powder rocket are assumed:

PowpeErR ROCKET

Ws = 85 Ibs. ¢ = 7000 ft./sec.
{1 = 0.658. e = 6580 ft./sec.
weight of powder per shot &/ = {1/N = 0.70.
= (.108 Ibs. d = 0.75 ft.
weight of cartridge = V = 3.34.
0.007 Ibs. Cp/Cp* ~ Fig. 3 of

M = (.115 1bs. per shot. reference 6.
k = 0.06. I/d = 10.68.
A= (I — k) = 0.94. ol /Ty ~ standard at-
no= 7. mosphere, starting point
N = 518. —sea level.
EquivaLENT CONSTANT THRUST ROCKRET
Wn = R5 Ibs. A = 3.34.
¢ = 0.70. Cp/Cp* ~ Fig. 3 of

reference 6.

I/d = 10.88.

oT/Ty ~ standard at-
mosphere,starting point
—sea level.

¢ = 6580 ft./sec.
ae = (&'nie/N) — g.
= 30.0 ft. per sec.?

d = 0.75 it.

The data for the equivalent rocket are now complete
and it is found from Fig. 4 that H,,,, = 162,000 feet.

This is the maximum height reached by the rocket
assuming that the acceleration of gravity does not
vary with height. This assumption was shown in the
preceding section to be practically valid for maximum
heights up to about 800,000 feet.

Since the sounding rocket at the end of powered
flight does not reach heights at which the acceleration
of gravity is appreciably decreased, the heights cal-
culated by Malina and Smith® can be used. In Fig. 4
the height at the end of powered flight is plotted against
the exhaust velocity ¢ for { = 0.70 and 0.50 for flight
with air resistance. If the height at the end of powered
flight is subtracted from the.maximum height reached,
the coasting height is obtained. This height may be
perceptibly affected by the decreasing acceleration of
gravity. Using Eq. (24) the corrected coasting height
can be calculated. For a sounding rocket propelled
by constant thrust of the same dimensions as above
but with an exhaust velocity of 12,000 ft. per sec. it
is found from Fig. 4 that

Hyor, = 1,270,000 feet
From Fig. 4
Hp = 265,000 feet
so that '
He, = Hyeey — Hp = 1,005,000 feet

Using Eq. (24) the corrected coasting height is

1,005,000

Hp = 1,005,000[1 Attt
¢ 2.008 X 108

:] = 1,010,000 feet
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So that the maximum height with the coasting height
corrected for decreasing acceleration of gravity is
Hyppe,, = Hp + H¢ = 265,000 + 1,010,000 =
1,275,000 feet
ConcLusioN

This study shows that a sounding rocket propelled
by successive impulses can theoretically reach heights
of much use to those interested in obtaining data on
the structure of the atmosphere and extra-terrestrial
phenomena if a propelling unit gives an exhaust
velocity of 7000 ft. per sec. or more.

The possibility of obtaining such exhaust velocities
depends upon two factors: first, the ability of the
motor to transform efficiently the heat energy of the
fuel into kinetic energy of the exhaust gases, and,
second, the amount; of heat energy that can be
liberated from the fuel. In an actual motor which
burns its fuel at constant volume by igniting a powder
charge in the combustion chamber the ratio of the
chamber pressure to the outlet pressure drops from a
maximum at the beginning of the expansion to zero
at the end of the process. It is not possible to design
a nozzle that will expand the products of combustion
smoothly during the whole process. Therefore, the
attainable efficiency must be less than that of a corre-
;zsponding “constant pressure” motor which has a mixture
““of combustibles, e.g., gasoline and liquid oxygen, fed
continuously into the combustion chamber at a con-
stant pressure equal to the maximum pressure of the
“constant volume” motor. However, very high maxi-
mum chamber pressures (up to 60,000 1bs. per sq. in.
can be developed in a motor using constant volume
burning, while the chamber pressure of a motor using
constant pressure burning is limited to much lower
‘pressures by the difficulty of feeding the combustibles.
Therefore, the efficiency that can be obtained from
motors using either of these processes should not be
very different. As to the heat that can be liberated
per unit mass of fuel, the present fuel, such as nitro-
cellulose powder for a constant volume motor, is much
lower than the liquid combustibles such as gasoline
and oxygen for a constant pressure motor.

These considerations indicate that the attainable
exhaust velocity of a ‘‘constant volume” motor for
propulsion by successive impulses will probably be
lower than that of a “constant pressure’” motor for
supplying a continuous thrust. This is the reason why
many experimenters abandoned the ‘‘constant volume”
motor and turned to the “‘constant pressure’”’ motor,
the so-called liquid propellant motor. Theoretically,
this defect of the “constant volume’” motor can be
compensated if a small total number of impulses (cf.
Fig. 3) is used. However, the use of few impulses is
of doubtful practical value because the resulting ex-
treme accelerations will be harmful to instruments
carried and will necessitate a heavier construction of
the rocket. :

However, even with the lower exhaust velocities of
the “constant volume’ motor it is shown by the analysis
in this paper that with the exhaust velocity of 7000
ft. per sec. obtained experimentally by R. H. Goddard?!
it should be possible to build a powder rocket capable
of rising above 100,000 feet. Thus it seems to ‘the
authors that a rocket propelled by successive impulses
has useful possibilities and further experimental woilk -
is justified. :
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