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ABSTRACT
Wakes of simple bodies (discs, strips) were investigated using
an electrostatically accelerated stream of argon ions and electrons.
Typical conditions are: beam ion energy is 80 eV, ion density is

107108 cm‘3

, electron temperature 1-3 eV, ion thermal speed very
small compared to mean ion velocity. The dimensionless parameters
closely approximate satellite flight conditions, with the exception of
the electron-ion temperature ratio, which is near unity in flight and
large in these experiments.

The dependence of principal near wake features (such as the
1ai‘ge ion current peak on the centerline behind the body) on the shape
of the body was investigated systematically. All trends can be ex-
plained qualitatively by recognizing the dominant role of those portions
of the sheath where the free stream ion velocity is tangential to the
body.

The far wake of a strip (downstream of the ion current peak)
displays a decaying radial distribution on the scale of the body size,
somewhat similar to what is expected from a neutral gas. For axial
symmetric models, the far wake displays a small structure on the
scale of the ion current peak. The evolution of these disturbances
is qualitatively explained by a simple, linearized two fluid theory.
These features are initiated by the interaction of the inwardly deflected
ion streams behind the body. At least in certain regions of the flow
field, this interaction involves two-humped ion distribution functions,

which may play a role in the further development of the far wake.
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Abstract (Cont'd)
The effects on the simulation of varying the vacuum chamber

background pressure was also examined in detail.
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I. INTRODUCTION
This study is an experimental and theoretical investigation of
disturbances generated in the ionospheric plasma by artificial satel-
lites, using a simulated, laboratory plasma environment. The
motivation for the work stems from interest in microwave scattering
from such disturbances, which is a potential diagnostic tool for

(1,2)

satellite identification. The satellite-plasma interaction is also
of interest in the design and interpretation of ionospheric plasma
property measurements carried out using on-board instruments,
Finally, but perhaps most importantly, the flow of collision-free
plasmas is a basic problem of plasma dynamics which justifies an
examination in its own right,

The properties of the ionospheric plasma have been explored
and described in great detail. (2,3) The characteristics relevant to
this study are reviewed in Table 1.1. This investigation is concerned
with the part of the ionosphere between 200 and 500 km above the
Earth's surface. At these altitudes, neutral particles are mostly O
and N, with densities of 0[109 cm—3] . The charged particle density
is 0[106 cm-3] , heavy particle temperature is O[ 1000°K], while
the electron temperature may range from the ion temperature up to
roughly twice that value. The Earth's magnetic field is approxi-
mately 0. 3 gauss, and typical orbital speeds are 8 x 10% m/sec. In
this region the ion-ion and ion-neutral mean free paths are hundreds
of meters, so that close collisions between particles can probably be
ignored, except perhaps far downstream from the body. In case of

large orbiting manned space platforms, however, collisions may



well play a significant role.

The ion gyro radii are several meters, while electron radii
are only a few centimeters., Direct magnetic effects in the vicinity
of the satellite are probably small, but they may be significant
farther downstream in the wake, at distances comparable to the
length traversed by an ion in the streamwise direction during one
ion cyclotron period. The electrons are closely coupled to the field
lines and may exert additional influence on the ions through space
charge created electric fields, Magnetic effects are specifically
excluded from the present investigation in the interest of concen-
trating on the case of pure electrostatic interaction.

Solar radiation gives rise to photoemission of electrons,
depending upon the work function, geometry and other variables
characterizing the satellite. These effects were neglected in this
study, since no appreciable photoemission occurred in the experi-
ments.

Below about 700 km, orbital speeds are much greater than
the ion thermal speeds so that the ion flow around the satellite is
hypersonic. On the other hand, the electron thermal speed is much
larger than the satellite speed and therefore orbital bodies can be
considered to be virtually at rest with respect to the electron fluid.
The electron Debye length is of the order of a centimeter which is
much smaller than most satellites, While the Debye length may be
comparable to or smaller than antennae or booms attached to certain

spacecraft, this case was not examined.
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The dimensionless parameters governing this class of prob-
lems are well established. (2-4) The definitions and their values
under ionospheric and laboratory conditions will be discussed below.

(a) The electron-ion temperature ratio Te/Ti is roughly
between one and two in the ionosphere and much larger than unity
in the present experiments. This is the only parameter in the purely
electros‘tatic problem which is not simulated well. The probable
effects caused by temperature ratio variation will be discussed in
Chapter V.

(b) A speed ratio is defined as the ratio of the relative speed
between body and plasma to the ion acoustic wave speed:
S = U/[—MIS— (T + Ti)]%' This parameter is O[10] in both cases, i.e.,

i

much larger than unity. In the experiment, Te/Ti >> 1, so that the

N

wave speed is given by (%z— Te) to a good approximation. The speed

ratio plays a role very similar to that of the Mach number in conven-
tional gas dynamics.
(c) The intensity of the body-plasma interaction is measured
by the ratio of body-plasma potential difference to the ion kinetic
2eq
. _ M .
energy based on relative speed: o = (- MLU2 ), where P s the body

i
(model) potential relative to the plasma. Since P M is expected to be

negative, @ > 0. Only conducting bodies were tested so that the poten-
tial was always constant over the surface. In flight, the net current
to the satellite must clearly be zero, so that it assumes a moderate,
floating potential, corresponding to 0 < @ << 1. In the experiments,

P yp Was controlled, allowing the exploration of the range 0 <a < 0. 7,

which clearly includes quite strong interactions.
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(d) The geometry of the body is characterized in units of
Debye length. Two parameters were used as a gross description
of the body shape: L/h, the normalized streamwise body dimension
and a/h, the normalized transverse dimension. In case of axial-
symmetric bodies, a should be taken to be the largest body radius.
As mentioned before, a/h and L/h are both large in most flight
situations. For the bodies investigated, a/h >> 1, while L/h varied
from less than one to O[10], for reasons that will be made clear
in the thesis.

(e) The presence of a magnetic field introduces the ratios
of ion and electron gyro radii to the body radius: Ri/a, Re/a, in
addition to a specification of the field direction. Since simulation
of magnetic effects was not attempted, these need not be discussed
further.

(f) The ratios of all relevant mean free paths to the body
radius are all much larger than unity for actual satellites. The
s.hortest mean free path in the present experiment (ion-neutral
charge exchange) was approximately 15 m, so that the collision-free
nature of the flight was well simulated.

The various governing parameters and the inequalities obeyed
by them in flight or in the laboratory are summarized in Table 1. 2.
The flight conditions given are appropriate for the 200-500 km
altitude range.

It is clear from this discussion that the simulation is good,
although not complete, since the possibly significant Te/Ti ratio and

the magnetic field effects are not reproduced. Many of the results
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obtained are thus relevant to but not quantitatively characteristic of
an actual ionospheric event. This is of no great concern, since the
intent of this investigation was to gain a basic understanding of the
mechanisms involved in this class of flow fields. This objective
necessarily requires a separate examination of various factors in
a way that involves the least possible amount of coupling among them.
From this viewpoint, elimination of temperature ratio, magnetic
field and photoemissive effects represents a simplification of the
problem statement.

The experimental apparatus is a plasma wind tunnel in which
the flow around stationary models can be examined. A plasma beam
is generated by an electron bombardment ion engine which discharges
into a vacuum chamber. This beam is composed of nearly mono-
energetic argon ions and Maxwellian electrons. Most of the models
used were brass discs of various diameters and thicknesses, although
spheres and long strips were also tested for comparison. The wakes
were probed with a spherical Langmuir probe.

The structure of the wakes of wide (a/h >> 1) bodies has been
explored qualitatively before. Fig. 1.1 is a schematic of such a
wake for the idealized case of a parallel free stream, drawn on the
basis of the available, concurring experimental evidence.

Ions which strike the body will be adsorbed (neutralized). If
@> 0, those ions which miss the body but pass through the Debye
sheath region will be deflected toward the axis behind the model. If
the model is axialsymmetric, a strong ion density peak will occur

on the axis in the area where the ions are focused. In this region,
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the density can be much greater than in the free stream. This large
density disturbance decays farther downstream and spreads out in a
wavelike fashion.

The wake is thus characterized by several regions. Immediate-
ly behind the model is a shadow region, from whichthe ions swept out
by the model are missing. Downstream of this void is a region ofhigh
density which we call the peak region, downstream of which is thepeak
disturbance. Since ions are deflected toward the axis by the model, a
rarefaction wave is formed, which propagates into the free stream
at the '"Mach' angle as in hypersonic gas dynamics. The domain
bounded by this wave front on the outside and by the void and peak
disturbance regions at small radii is characterized by reduced ion
density and will be referred to as the defect or deficit region.

An alternate, somewhat looser subdivision of the entire wake
pattern is to decompose it into near and far wakes, the dividing sur-
face being a plane, perpendicular to the axis, somewhere in the
vicinity of the peak.

The problem of plasma flow around satellites has been sub-

(1-17)

jected to extensive theoretical, observational!” 1829) 414 1ap-

-28)

oratory experimen’cal(21 study. The related theoretical papersare

far too numerous to be discussed here in detail. A good review

(3)

of the literature until 1966 has been given by deLeeuw. Ingener-

al, the studies leanheavily towards numerical solutions of the Vlasovand
Poisson's equations, concentrating mostly onthe near wake region.

(7

From the recent literature, the work of Maslennikov and Sigov
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considers conditions reasonably representative of the present experi-
ment. Their results show the shadow and peak regions, in qualitative
agreement with observations of Skvortsov and Nosachev. (25)

Laboratory experimental studies to date have all been carried
out using electrostatic ion accelerators of some type. They all
produced conditions similar to the present experiment, although
several workers used relatively high background pressures and
the results must have been influenced by collisions between beam
ions and background atoms. With minor variations, they all found
the same general wake pattern, as shown on Fig. 1. 1.

The most recent and comprehensive experimental investi-
gation is that of Hester and Sonin. (27, 28) They presented the
first detailed study of bodies small compared to the Debye length,
including the far wake region. They were also the first to notice
the wavelike behavior of the peak disturbance behind large axial
symmetric bodies.

The contributions of the present work lie in several areas.

(a) The first attempts in this series of experiments were
troubled by ion-atom charge exchange collisions. This fact led to
an extensive investigation of the production of low energy ions by
this mechanism as well as to their effects on both an undisturbed
beam and the wakes of bodies. These effects are now reasonably
well understood, and have been eliminated from all wake data
reported here, except from those intended for the illustration of
such effects. This investigation deviates from the main thrust of

this thesis; nevertheless, it is of some value and is described



separately in Appendices 1 to 3.

(b) An important conclusion of this paper is that a simple
two-fluid theory should provide a reasonably good description over
most of the wake structure, excepting the region of the high ion
flux peak. This conclusion is based on our experimental results;
nevertheless it is expected to apply over a much wider range of
parameters.

There are strong reasons why the two-fluid theory would
not be expected to be true in the region of high ion flux. These
reasons can probably be best explained in terms of the nature of
the ion distribution function in the various wake regions.

In the free stream and the deficit regions the ions are cold,
practically monoenergetic. In terms of velocity space, this means
that the representative points are clustered closely around the
point corresponding to the mean ion velocity. In the limit of zero
ion temperature the trajectories of individual ions are identifiable
with the streamlines of the ion fluid and the kinetic and fluid
descriptions are, for all practical purposes, equivalent. The
fluid model should be applicable in these areas.

The peak disturbance region is initiated by the interpene-
tration of the inward directed ion streams. In two dimensional
flows, the representative points in velocity space congregate into
two distinct groups, while in axial symmetric flows they cluster
around a circle which lies perpendicular to the axial direction.
Streamlines and trajectories are no longer identical and the de-

tails are no longer amenable to a fluid description.
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It is not understood how this initial, grossly nonequilibrium
configuration develops farther downstream. Since fluid models are
not expected to hold if the distribution function is far from Max-
wellian, one would not expect a moment description to be valid. It
is therefore a surprising result, that the predictions of a fluid theory
are reasonably close to the experimental results even in the peak
disturbance region.

The reasons for this are not clear. One possible explanation
may be the following: The distribution function that is expected to
exist within the peak is suspected to be unstable. It is thus con-
ceivable that an instability wipes out the initial distribution and
causes the ions to relax to some near-Maxwellian distribution,

This in turn could be described by a crude fluid model. This pos-
sibility was not investigated.

The applicability of the fluid model raises the hopes for
successful analytical treatment of the problem within this frame-
work.

(c) The ion flux peak behind the body is the most important
feature of the near wake. Its location, width and magnitude largely
determine the character of the far wake. In view of its importance,
a detailed parametric study was carried out correlating the location
and size of the peak with most parameters listed in this introduction.
The results were found to agree reasonably well (within a factor of
two or better) with a very crude theory. The theory was built
around the supposition that the most important factor in determining

the ion trajectories in the near wake is the electric field in the sheath
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near to those parts of the body which are tangential to the ion stream
(i. e., its contours as seen when looking downstream).

(d) Since the flow is hypersonic, the hypersonic analogy of
continuum fluid mechanics was adopted to describe the far wake.

In this analogy, the steady state, two-dimensional problem is trans-
formed to a time dependent one-dimensional problem. The conditions
presented by the near wake become the initial conditions of the
transformed problem, the evolution of which is to be predicted.

The linearized version of the equations was solved by the
Fourier transform technique for a variety of initial conditions,
selected to approximate radial distributions measured shortly
downstream of the peak. The solutions are wavelike in nature,
and the details depend strongly on the shape of the initial ion density
perturbation.

Due to some complexities present in the experiments but not
built into the theory, the predictions were not exactly reproduced
by the experiments. The relevant scales and trends were, however,
in sufficiently good agreement to show the basic correctness of the
theory.

The experimental apparatus and diagnostic techniques are
described in Chapter II. Chapter III is devoted to the properties of
the plasma beam generated by the apparatus. An unusual effect of
the Earth's magnetic field on the electron temperature distribution
in the beam is mentioned. The near wakes of wide models are dis-

cussed in Chapter IV, and the far wakes in Chapter V. Chapter VI
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is concerned with the effects of charge exchange collisions on the
wakes. Results and conclusions are summarized in Chapter VII

and some suggestions for future work are presented.
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II. APPARATUS AND PROCEDURES

The intent of this investigation was to produce a plasma beam
which would simulate the ionosphere and to use this beam for the
study of the charged particle wakes of satellites.

Ideally, a parallel, collisionless beam with no stray magnetic
fields is desirable. At first, we attempted to achieve tﬁis end using a
completely electrostatic source which employed no magnetic fields.
This source had the disadvantage that in the pressure range within
which it was able to function, a large number of low energy ions were
produced by charge exchange collisions between the beam ions and the
background atoms. To overcome this problem, a second generation
ion engine was built, utilizing a small confining magnetic field which
was capable of operating at considerably lower background pressures,
thereby virtually eliminating low energy ions.

This chapter presents a description of this second generation
source, along with the vacuum chamber in which it operates. The dis-
cussion includes the diagnostic equipment and methods, as well as
the description of the models used. The original source was used
only in the investigation of the effects of charge exchange collisions
(see Chapter VI). It is described in Appendix I.

The facility consists of an ion source, a vacuum chamber and
pumping equipment, a model suspension system, and a probe actuator.
A schematic of the system is shown in Fig. 2.1. The source is com-
pletely enclosed in the vacuum chamber with electrical and cooling
water feedthroughs on the chamber end wall. The models are sus-

pended from a rod which goes through a port at the top of the chamber.
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The probe actuator is manipulated from outside the chamber and has
three degrees of freedom, so that the probe can be placed anywhere
within about 13 cm of the chamber centerline. The pumping system
is attached to ports in the bottom of the chamber. Since the beam
is sensitive to the Earth's magnetic field, compensating coils are
mounted outside the chamber. A photo of the facility is shown in
Fig. 2.2. The various components of the facility will be discussed
in more detail in the succeeding sections of this chapter.

II.1. The Ion Source

The source used in the wake investigations is an extremely
simple electron bombardment ion engine designed with the help of the
existing technology.(35-38)

A cross-sectional diagram of the source is shown on Fig. 2. 3.
It is similar to those used by Clayden and Hurdle (24) ana Hester and
Sonin.(27) Fig. 2.4 is a photograph of the engine with the front end
partially removed. Argon is admitted at the rear end near the anode
and is ionized by electrons emitted from the filament on the axis.

The electrons are slowed in their migration toward the anode and
thus kept in the source region longer by an axial magnetic field. This
field is on the order of 20 gauss at the ion grid and increases in mag-
nitude toward the rear of the source. At the model position the
fringing field is negligible.

The plasma in the source tends to stay approximately at anode
potential, and the ions formed are essentially thermal. Those ions

which enter the sheath region next to the ion grid are accelerated

toward the grid. The ions which go through the grid form the beam.
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In order to maintain a stable beam, neutralizing electrons
must be added to the ions issuing from the grid, which can be done
in two ways. The conventional way is to immerse a hot electron
emitting filament in the beam downstream of the grid. In this case
the beam electrons will be close to Maxwellian at a temperature close
to that of the hot filament. For a tungsten filament, this method gives
a maximum electron temperature of about 1/4 volt. This mode of
operation typically results in high speed ratios: S a28-30.

A circuit diagram for the engine utilizing this method of
neutralization is given in Fig. 2.5. The optional screen grid shown
in Fig. 2.3 is used, and the ion grid can be biased as much as 600
volts negative with respect to the anode. The plasma potential can
be adjusted by varying the ion grid bias with respect to ground (power
supply #4 of Fig. 2.5) or by adjusting the neutralizer filament bias
(power supply #6). This mode will be referred to as the high mode
since it results in extremely high ion speed ratios or "Mach' numbers.

Since the ion speed ratios generally associated with satellites
in the ionosphere are considerably lower than those achieved by the
high mode, it is desirable to either lower the beam energy or to
raise the electron temperature.

This can be accomplished by using high energy electrons,
escaping from the source, for neutralization purposes. Electrons
with kinetic energies in excess of the accelerating potential can
clearly leave the interior of the source and experience shows that
they indeed do if the conditions are appropriate, such as the ones

shown on Fig. 2.6. In this mode of operation the ion grid is at the
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same potential as the enclosing can, and the optional screen grid is
removed. No external neutralizer filament is necessary. This con-
figuration was capable of producing electrons with temperatures up to
4 volts and speed ratios as low as 7, which justifies the designation
"low mode,'" to be used in the rest of this thesis. This mode of
operation appears to be first described by Hester and Sonin. (27, 28)
The source of Fig. 2.6 differs from theirs only in that one end of the
cathode filament was connected to the can, while the other end could
be either positive or negative with respect to the can. Since this
results in the cathode filament being approximately the same voltage
as the ion grid, the net gain of kinetic energy needed by the electrons
to escape from the source is much less than the accelerating poten-
tial. The resulting electron distribution is quite close to Maxwellian
(at least in the axial direction) at temperatui'es from one to four volts.

The electron temperature can be controlled by varying the
internal source parameters such as the cathode current or the mag-
netic field strength. The chamber plasma potential can be varied by
changing the grid or can bias.

In this mode the ion accelerating potential is automatically
equal to the anode to cathode potential which can be as low as about
40 volts. Typical power supply settings for both the low and high
modes are listed in Table 2. 1. For the low mode, these settings
generally resulted in a speed ratio of about 10.

Since the low mode more closely approximates conditions in
the ionosphere, we generally run the source in this mode. Typically,

the beam energy is about 80 eV and the electron temperature about
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1.5 volts. At a background pressure of about 10-5 torr, the beam
density at the model position is then about 108 ions/cm3.

Since the source orifice is 2.5 cm in diameter, and our
pump is over 40 cm in diameter, a pressure difference of greater
than two orders of magnitude can be maintained between the source
and the chamber. This enables the source to operate stably down
to 5X10.6 torr chamber background pressure. There is also a pro-
vision to bleed argon directly into the chamber without going through
the source. Using this provision, conditions in the source (including
pressure) can be kept almost constant, while the chamber background
pressure is varied over almost two orders of magnitude up to 5x10°
torr, allowing the investigation of the effects of high background
pressure and charge exchange collisions.

IOI.2. Chamber and Vacuum System

The source described in the last section is housed completely
in a stainless steel vacuum chamber 50 cm in diameter (Figs. 2.1,
2.2). The upstream end wall of the chamber contains all the source
power and cooling water feedthroughs. The engine is mounted on this

end wall and has no other connections with the chamber; thus it is
easily accessible for inspection or alteration.

The chamber itself is divided into a source section and a test
section. The source section is mounted on casters and can be easily
moved to provide access to the test section. The test section has
several ports to accomodate a variety of equipment. Besides the
various model, probe and vacuum gauge ports, there are two windows

for viewing the test apparatus, and three large ports in the bottom of
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the chamber. Two of these are connected to the diffusion pump
system, and the other is used for electrical feedthroughs.

The downstream end wall contains the feedthrough for the
probe actuator. The driving mechanism for this actuator is mounted
outside the chamber and attached to the end wall.

The pump system consists of an Edwards F1605 40 cm oil
diffusion pump, a Freon refrigerated baffle, a 40 cm butte rfly valve,
and an Edwards HISC1500, 2000 #/min mechanical forepump. The
system can nominally handle an argon flow rate of 12, 000 4/sec at an
operating pressure of 10—5 torr, and produces an ultimate pressure
0f 107 torr. The 15 cm pump shown in Fig. 2.1 was installed for
the original system and was not generally used with the second gener-
ation source. The forepump of this system is utilized, however, in a
procedure that allows fast opening and closing of the vacuum system,
often needed to carry out minor modifications on the equipment en-
closed. In this procedure, the 40 cm butterfly valve is used to iso-
late the large diffusion pump from the vacuum chamber. The pump
can thus be kept hot while the chamber is opened to atmosphere. Using
the forepump of the inoperative 15 cm system, the chamber can again
be pumped down while the 40 cm diffusion pump is still hot. When the
pressure is sufficiently low, the butterfly valve can be opened again.
With this procedure, the source can be operated approximately .ZO
minutes after closing the chamber. The ultimate background pressure
with the source argon turned off is usually low enough to take reliable
data (10—6 torr) within an hour of sealing the system.

Pressures in the chamber are measured with a CVC GIC-110A
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ionization gauge below 1073 torr and with a McLeod gauge or a CVC
thermocouple gauge above 1072 torr.

The beam proved to be sensitive to the Earth's magnetic field,
which was perpendicular to the chamber axis (see Chapter III. 2).
To alleviate this problem, two pairs of compensating Helmholtz coils
were added outside the chamber. The coils are capable of reducing
the field in the test chamber from 0. 3 gauss to 0. 05 gauss, which is
sufficient to eliminate the magnetic anomalies.
II. 3. Models

All models used in this investigation were mounted on a shaft
approximately 23 cm from the accelerating grid. of the source. The
shaft was inserted through a port in the top of the vacuum chamber
and could be moved up and down or rotated while the chamber was
under vacuum. The models were all conducting bodies, and their
surface potentials were controllable by using a D.C. power supply.

Most models used are bodies of revolution, which fit naturally
into the axially symmetric beam. Since the speed ratios in these
experiments are rather high, the shape of the models was thought to
be of no great importance: all bodies were expected to sweep out
ions from the plasma stream according to the frontal area. This
consideration led to choosing discs as the principal shape to be inves-
tigated, even though they are clearly not realistic representations of
existing satellites. The studies showed that the radial and axial
dimensions of the body influence the wake in markedly different ways.
These dimensions are very sharply defined for discs, so that in

retrospect, the choice of discs proved to be a useful one.
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Fig. 2.7 is a schematic of a ""thick' disc and of the coordinate
system used in discussing the discs. By ''thick' disc, we mean one
with length, or thickness, I, much greater than the Debye length.
Typically the '"'thick'' discs had L. = 1. 27 c¢m and a diameter of about
2.5 cm. The "thin'" discs were much thinner than a Debye length,
usually I. = 0. 013 cm.

All models were made of brass except where some insulation
was necessary; in which case teflon or vacuum epoxy was used as an
insulator.

The experiments with the discs indicated the need for other
models, two of which were used. To determine the effects of axial
symmetry, a 'two-dimensional' model was needed for comparison,
so the "thin" strip of Fig. 2.8 was constructed. For reasons to be
explained later, a spherical model with a thin ring around its circum-
ference tangent to the flow direction was also constructed. This ring
could be biased separately from the rest of the model as shown in
Fig. 2. 9.

Wakes of all the models were studied for a broad range of
body potentials. The sphere of Fig. 2.9 was examined with various
combinations of different potentials. The results will be described
in Chapters IV, V, and VI.

II. 4. Instrumentation

The principal tools of this study were various types of electro-
static probes. The probes were mounted either through a port ata
fixed distance behind the model or on the three-degree-of-freedom

probe actuator. The actuator was fitted with a phone plug socket so
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that probes could be changed easily.

The actuator was designed for a cylindrical coordinate system
and could move the probe from about 18 cm from the source axially
to 70 cm from the source. The radial travel is approximately 13 cm
and the probe can cover an arc of over 300°.

The probe used in the earlier studies was a simple guarded
Langmuir probe (Fig. 2.10). For essentially all the wake studies,
however, an unguarded spherical probe was used (Fig. 2.11). Various
other Langmuir probes and a resonance probe were also utilized. A
more detailed description of the Langmuir probes follows. The reso-
nance probe studies were conducted by M. Sajben. A description of
his resonance probe work can be found in Appéndix 2.

II.4.1. The Langmuir Probe

The Langmuir probe is an extremely useful multipurpose
probe. In this investigation, it was used for the measurement of ion
flux both in the freestream and wake regions, and for the determina-
tion of electron temperature. The probes and associated circuitry
are shown in Figs. 2.10 and 2.11. The guarded probe was used in
the earlier work, and the unguarded spherical probe was used with
the low pressure source. There is considerable literature (39, 40) on
the use and construction of Langmuir probes, so we will not go into
great detail here.

Since these probes are basically used as flux measuring
devices, an important difference between the guarded and spherical

probes must be mentioned. By its geometry, the guarded probe

measures only one component of the flux at a time; i.e., the front
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face measures only NiUZ' The spherical probe measures the total
ion flux at a given point, Ni | Ul. Thus in the near wake region close
behind a model, the guarded probe may give a false impression of
the total ion flux. More than a few model radii behind the body, how-
ever, the flow is almost axial, and little difference exists between
the indications of the two probes.

The Langmuir probes were used in two different modes. To
determine the speed ratio, S, one must first find the electron temper-
ature. The probe can be used in one mode to accomplish this, or it

can be used in a second mode to measure ion flux or ion density.

The Temperature Mode

In the first or temperature mode, the probe is placed in a
fixed position, and the current collected is plottedragainst probe
potential, resulting in the characteristic curve. Fig. 2.12 is a
typical probe curve taken with the spherical probe. From this curve
one can obtain the probe floating potential, the ion saturation current,
the plasma potential, and the electron temperature.

From the probe characteristic, there are two ways to find the
electron temperature. Both involve the assumption that the electrons
are Maxwellian and that their density at any given point varies as
exp(eCP/KTe)- The first method involves replotting the probe char-
acteristic on semilog paper. This is the commonly used method

(39)

described by Chen. The second method is the tangent method

described by Sonin(40) and shown in Fig. 2.12.

For simplicity, temperature will be given in volts (p) instead

of degrees _e_%. The ion current, plasma potential, and floating
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potential are found in the standard manner.(39’ 40)

Ion Flux Mode

The second mode of operation of the Langmuir probe is used
when measuring ion flux as a function of position as in wake measure-
ments. In this mode, the probe potential is set to a sufficiently
negative value to reject essentially all electrons, but not so low as to
interfere with the beam. Typically, for a floating potential of +5
volts, the probe is set at -10 volts. The moseley plotter can plot
ion flux versus any position coordinate (R, ¢, Z). The position coordi-
nates are fed into the plotter through a potentiometer -power supply
system in which the potentiometer resistance is a function of probe
pos.ition. These plots are found in abundance in later chapters.

In this mode, the current per area collected by the front
collector of the probe in Fig. 2.10 is interpreted as the axial ion
flux. This should be a good approximation for the highly hyper-
thermal ions in the free stream. For the spherical probe (Fig. 2.11),
the flux is taken as the current divided by the area swept by the
sphere. No cofrection is made for fringing effects of the probe field
since these are small.

The ring shaped collector in Fig. 2.10 gives an indication of
radial ion fluxes which arise partly because low energy ions are pro-
duced by charge exchange collisions and partly because fast ions may
have some radial velocity.

The beam ion density can be calculated as the ratio of ion
flux to beam ion velocity. The beam ion energy can be obtained from

the difference between plasma and ion source anode potentials. The
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velocity can then be found from the energy. This method of finding
beam ion density may be slightly in error when the probe curves do
not saturate, but the effects are not large and the exact values of
density are not nearly so important as the relative values from one
point to another. Since the ion density measurements are dependent
on the ion velocity, the possibility exists that these measurements
may be in error in the near wake region. The probe accurately
measures flux, but in the wake region velocities may differ from
free stream velocity, thus a cross sectional trace of the wake at a
constant axial position will give a good picture of the relative fluxes
but not necessarily of the densities.

The velocity of ions in the wake region is affected by their
interaction with the model. From our experiments,it does notappear
to be grossly in error to assume that this interaction results mainly
in changes in direction. Since the flux variations are very large in
the near wake and the speed variations small, the density trends can
be found with reasonable accuracy by assuming a constant speed equal
to the free stream speed throughout the wake.

In general the Langmuir probe is a useful instrument to
establish trends. It can give an accurate representation of the rela-
tive magnitudes as a function of position of the quantities it is used
to measure. Flux and density ratios are probably accurate to a few
percent, while absolute magnitudes are more uncertain. Ion flux
measurements are probably not accurate to more than + 204, and
electron temperatures may be off by 504. Electron temperature

ratios, however, are probably accurate to +154.
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III. THE PLASMA BEAM

III. 1. Properties of the Beam

The ion source is capable of generating an ion beam with
energies from 50 to 100 eV in the low mode, and from 80 to 500 eV
in the high mode. In the low mode, at the model position and at 10"5
torr, the beam density is about 108 ions /cm3, independently of energy
in the low mode. In the high mode, it is less by about 50%, due to the
blocking effect of the extra grid. For pressures lower than 10-5 torr,
the low energy ion density is estimated to be lower than 5% of the total
ion population. For higher pressures the slow ion density increases
rapidly. A discussion of the effects of high background pressure,
collisions, and slow ions on the beam is presented in Appendix 3.

In the low mode, electron temperatures can be varied from
1 to 5 volts, 1.5 volts being average. With a typical beam energy
of 75 eV, an ion speed ratio of about 10 is normal. In the high mode,
the electron temperature is approximately . 2 volts; and the beam
energy is usually set at 100 eV, resulting in a speed ratio of nearly
30. The electron temperature and plasma potential decrease slightly
toward the downstream end and the walls of the chamber. The plasma
potential is usually about 5 to 10 volts above ground at model position.

The source makes use of a confining magnetic field to con-
strain electrons. This fringing portion of this field decreases to the
level of the Earth's field within a few centimeters of the grid. The
Earth's field has a strength of about 1/3 gauss perpendicular to the
beam direction, but with the compensating coils mentioned in Chapter

II, the fields in the test section of the chamber can be reduced to less
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than 0. 05 gauss.

The beams have been found to approximate a flow from a
point source. The ion flux decreases as II(Z-ZO)2 from an effective
origin, ZO’ upstream of the model. (Z0 is negative). Thus a plot of
1//J as a function of Z along the chamber axis is approximately a
straight line, where J 1is the probe current in the ion flux mode.
This straight line can be extrapolated to zero to give the effective
origin., Fig. 3.1 shows several of these plots for various values of
beam energy in the low mode. It appears that the effective origins
are close to the orifice but vary slightly with beam conditions. Typi-
cal beam profiles are shown in Fig. 3.2 for several values of Z. This
figure is for a beam energy of 54 volts but is typical for all beam
energies in the low mode.

The source flow nature of the beam can also be shown in
another way. For a truly source-flow-like beam the current should
decrease as l/z2 along straight lines from the effective origin, where
z is the distance from the origin. Fig. 3.1 showed that this was
true for a particular line. Fig. 3.3 is a replot of the first four pro-

files of Fig. 3.2. On Fig. 3.3, J is normalized by multiplying by
r2 + (Z --ZO)2

2
ZO

thus the normalized J is plotted against tan—l(—z{—z ) For a source-
0

. r is replaced by the angle measured from the axis;

flow beam all the curves in Fig. 3.2 should collapse into one curve in
Fig. 3.3. Using an effective origin of 8" the curves are seen to
collapse quite well, indicating that the beam can indeed be character-

ized as a source flow. The deviation in the Z = 10 curve is due to the
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sensitivity of the transformation to small variations in J at large

Z. values.

111.2. Effect of the Earth's Magnetic Field

In the early studies using this beam, the electron temperature
was found to vary by as much as a factor of two as a function of angu-
lar position, while the electron density was reasonably independent of
the azimuthal angle. This effect was eventually traced to the Earth's
magnetic field and was reduced by the addition of compensating
Hélmholtz coils around the outside of the chamber. It is believed
that the effect is due to the fact that the magnetic field deflects the
low temperature electrons more than the high temperature ones as
they escape from the source. This effect could have been missed
completely if electron temperatures had been measured on only one
chamber diagonal; i.e. if the probe had only been moved horizontally
across the beam. It is possible that this effect may be present in
other experiments of this type.

The temperature variation with the compensating coils turned
off was generally confined to a wedge shaped region of about 100
degrees. The temperature would be nearly uniform outside of this
region and within it would increase to as much as twice the outside
temperature. The position of this wedge was rotated by about 60
degrees by reversing the polarity of the confining magnetic field of
the source.

Fig. 3.4 is a plot of electron temperature as a function of
azimuthal angle at about 25 ¢m from the source. The temperatures

were taken at a radius of 5 cm with the compensating coils on and off.
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In this case the beam energy was about 70 eV, and the conditions
were typical of those used for taking data. In some cases, the varia-
tion of Te was larger than that shown in Fig. 3.4, but the location of
the high temperature region was generally between 350° and 90° if
the confining magnetic field was not anti-parallel on the beam. A
smaller temperature variation was also noted at 210°.

111.3. Repeatability

In this investigation, the power supply voltages and chamber
pressures could be reproduced within a few percent. The resulting
beams, however, were dependent on several other hard to control
factors, mostly on the state of the surfaces of the various filaments.
Beam properties such as electron temperature and ion flux would
change by as much as 504 as the source heated up. After these initial
transients, however, the beam properties could be kept constant
within 5% for several hours.

As the cathode or neutralizer filaments gradually evaporated,
small corrections had to be made to keep the electron emission
constant. The time scale for making these corrections was much
longer than that for taking data, so there was no problem in keeping
the beam steady for any given set of conditions.

From day to day, beam conditions could be reproduced within
about 10% if no modifications were made on the source. If, however,
any filaments had been changed or the source had been cleaned of
tungsten deposifs, beam conditions could be expected to vary by as
much as 20% from previous runs at the same power supply settings.

However, by readjusting the settings and monitoring the beam with
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the Langmuir probe, good repeatability could be obtained.

Wake repeatability is dependent not only on the beam but also
on the model. The gross features of the wake are easily repeatable,
but the structure in the region immediately behind the model is highly
dependent on the model-probe alignment. Fig. 3.5 shows two sets of
traces of the near wake of the same disc taken under approximately
the same conditions. One set of traces was among the first obtained
and the other was among the last. In between, the filaments were
changed several times, and a few minor modifications were made.
The beam structure and the gross wake features are seen to be quite
similar, but in the Z/a = 2 traces, the peak at r/a = 0 is seen to be
much higher in one case than in the other. This is due to the fact
that the probe was not perfectly aligned with the model in the low
peak case: a very small excentricity is sufficient to produce the
variation shown.

Fig. 3.6 is a continuation of Fig. 3.5 for the far wake. Again,
the gross features of the wake are repeatable, but the fine structure
is better defineci in one case than in the other. This difference may
be due to a slight change in beam alignment with the chamber axis.
The probe always moves on a line through the chamber axis while the
beam and thus the wake in the far wake region may be slightly off
center. The far wake fluxes were repeatable within 104 from day to
day, provided the source was not modified.

One should remember that although the wake structure is
repeatable and the ratios of measured quantities can be found within

a few percent, the absolute values of the measured quantities may be



-29.
as much as 50% off. For the purposes of this thesis, however, such

accuracy is acceptable since we are mainly interested in the ratios.
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IV. INVESTIGATION OF THE NEAR WAKE
This chapter presents the results of our study of the near
wake region for various conducting models. The investigation was
limited to models which are negative with respect to the plasma.
The wakes were studied both for models which were slightly negative
and for models highly negative with respect to the plasma potential.
The parameter o = -cpM/coB gives one an idea of the extent to which

a model is negatively biased. is the potential of the model with

M
respect to the plasma potential, % Pp is a measure of the kinetic
energy of the beam and is the potential drop through which the beam
ions were accelerated, i.e. the difference between the anode and the
plasma potentials. Typically @ =0.05 is considered small since an
unbiased satellite will float at an « of this order. When a model

is biased such that the potential dfop through the sheath is of the
order of the beam ion energy, the model can be expected to exert

a large influence on the nearby ions, and thus o = 0[1] is considered
large.

The models used are symmetric about a flow axis or about a
plane parallel to the flow. Tﬁey were spheres, discs and strips
aligned perpendicular to the flow (see Chapter II-3). The discussion
which follows assumes such symmetry. Any radial dimensions or
coordinates mentioned are perpendicular to the flow direction and, in
the case of the strip, are perpendicular to the long axis. The radial
dimensions of all bodies were much larger than the Debye length; the
thicknesses in the flow direction, however, varied from much smaller

to much larger than the Debye length. The problem of small body size
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to Debye length ratio is of interest for satellite antennas, but as far
as the overall satellite wake is concerned, the main contribution
comes from the large body and not its small appendages.

The experimental results presented in this chapter were
obtained at a background pressure sufficiently low that charge ex-
change collisions and low energy ions were not a problem. Some
results for higher pressures will be presented in Chapter VI. The
results presented here are for cold ions (Ti/Te << 1) and negligible
magnetic field.

IV. 1, Description of the Near Wake

Fig. 4.1 shows a cutaway view of a typical wake. The body
is a thin conducting disc of diameter large compared to the Debye
length, which is aligned perpendicular to the stream at Z/a = 0
(Fig. 2. 7). The model potential is slightly negative relative to the
beam. The curves plot ion flux versus radius at various distances
behind the model.

It is easy to see that the wake can be divided into the charac-
acteristic regions described in Chapter I. Immediately behind the
body is a swept region from which the ions are almost completely
excluded. Farther downstream along the centerline is a flux peak
which is actually greater than the free stream flux. This peak
gradually decays, giving rise to wavelike disturbances in the process,
which spread out radially farther downstream. We define the part
of the wake upstream of and including the peak as the ''near'’ wake
and the region downstream of the peak as the '"far'" wake. The reason

for this division becomes clearer when one examines closer the
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characteristics of the near and far wakes.

The early data suggested that the near wake structure was
basically determined by the interaction of the ion stream with the
sheath near those parts of the model where the stream velocity is
tangent to the surface (Fig. 1.1). Judging from the inward movement
of the ""'walls'" of the shadow region, the innermost ion trajectories
between the sheath and the observed peak on the axis appeared to be
relatively straight.

Based on these early observations, a simple theoretical
model was constructed concerning the structure of the near wake of
a negatively charged body. In order to have a guideline for the pre-
sentation of the experimental results, this model will be described
next. The experimental results will then be examined in light of this
model.

For bodies of diameter or width large compared to the Debye
length, the sheath spreads out only a small fraction of the body width
from the body (Fig. 1.1). The ions arriving at the body at a large
radius are deflected toward the axis very slightly. Those ions which
pass through the sheath are deflected more strongly. The ions
which just miss the model will continue toward the axis behind the
body, accelerated inward still more by the potential gradient between
the beam and the void behind the body. These first ions to reach the
axis form the flux peak which is the predominant feature of the near
wake. For axisymmetric bodies, there is a focusing effect, and the

peak can be quite large.
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Due to the very high ion Mach number, beam ions do not
enter the shadow region. It is populated by electrons only, hence
there is a net negative space charge and a potential gradient which
will tend to deflect ions farther inward. In the case of highly negative
bodies, the extent to which the electric field in the void contributed
to the total ion deflection does not appear large. A theoretical
estimate of the magnitude of this electric field, supporting this claim,
is given in Appendix 4.

If this picture is correct, the parameters which determine
the size, shape, and position of the flux peak are those which define
thé size of the body and those which determine the strength of the
body-beam interaction. If the body is highly negative, the ions
deflected by the sheath will acquire an inward directed kinetic energy
comparable to the beam energy and the peak will be close to the body.
If the body is less negative, the peak will be farther downstream.
Thus, the ratio of body potential to beam energy, @, is an important
parameter. Since the deflection of ions continues as long as the ions
travel within the sheath, the streamwise length or thickness (L) of
the edge will be important. A longer body will tend to deflect an ion
more than a shorter one since the ion will be subject to the body's
field longer. For the larger a/h values of this study, an individual
ion will not notice the transverse curvature of the models; thus, all
other parameters being the same, an individual ion would be deflected
through the same angle by either a disc or a strip of the same thick-
ness. The peak for a wide body will be downstream of that for a less

wide body, though the deflection angle should be about the same if
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the other parameters are. The electron temperature and thus the
beam speed ratio, S, should be relatively unimportant in the near
wake, at least for the large S values of these experiments (S ~ 10).

These assumptions are based on the conditions that the edges
of the bodies are parallel to the stream direction and that the bodies
are negative with respect to the plasma. If the model is held at
plasma potential, a small peak may still form because energetic
electrons will scatter into the swept region behind the body and
generate a potential gradient which diverts the ion beam. This peak
will be much weaker and farther downstream than in the case of a
negative body. For other bodies such as spheres which have no
definite edge parallel to the stream, some effective edge length can
probably be defined since those portions of the sphere that are tangent
to the beam are assumed to have the greatest effect on the wake.

It is possible to bias one part of a satellite with respect to
another, and a satellite with a negatively biased ring tangent to the
ion stream is feasible. This negative ring enables a satellite which
is ordinarily at a moderate floating potential to behave as if it were
highly negative. An arrangement of this sort could be used to actively
manipulate the wake of a given satellite, if this is desired (Appendix5).
An examination of the cold ion wakes of highly negative bodies is thus
not a purely academic question.

IV.2. The Effects of Body Potential on the Near Wake.

In this section the variation of the near wake of a thin disc as
a function of body potential will be considered. Figs. 4.2 and 4. 3

depict the wake of a slightly negative thin disc. As with all wakes
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discussed in this chapter, the far wake figures are presented together
with those of the corresponding near wake. However, discussion of
the far wake portion will be postponed until Chapter V. A compre-
hensive list of the parameters of the various wakes, electron temper-
ature, speed ratio, etc., can be found in Table 4. 1.

There are several features which characterize the near wake
of a thin disc (Fig. 4.2). Immediately behind the disc, the flux drops
to zero. The sharp drop of ion flux at r/a =1 on the top curve
(Z /a=0) is not perfectly vertical only because the probe radius is
finite (rp/av~ 1/10). Progressing downstream, the ''walls'' of this
flux well move inward, acquiring a less steep slope in the process.
Before the deflected ions reach the axis, a very small flux peak is
noticeable on the centerline. This '"peak' in the Z/a=2 curve may be
due to the very small amount of low energy ions still present in the
beam. At Z/a=6, the first deflected ions have reached the centerline.
Because of the focusing effect of the axial symmetry, the peak is
significantly greater than the free stream flux at the same axial
position. More will be said about the significance of the peak structure
when we discuss the far wake.

Increasing the magnitude of the disc charge has a dramatic
effect on the near wake. Fig. 4.4 presents traces of ion flux versus
distance along the axis behind the model for various values of the
body potential to beam energy ratio, @. The flux labeled by F. S. on
the ordinate indicates the free stream flux at the model position. As
the negative bias of the disc is increased, the peak moves forward,

and the focusing is greatly increased. The flux peak for the a = . 66
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case is about 4 times the free stream flux at the model position.
Ions which originally passed through the body sheath farther away
from the body continue to reach the centerline for several model
radii downstream.,

Figs. 4.5 and 4. 6 depict the radial traverses for the a = . 66
case. The first trace (immediately behind the model) in Fig. 4.5
indicates the large effect that a high value at @ has on the wake. This
trace shows a very noticeable effect outside of the shadow region,
(r<a), which was not present in Fig. 4.2. This indicates that the
model exerts some upstream influence; i. e., the sheath is fairly
thick, and some ions are deflected before they reach the disc. Pre-
sumably, the ions that are missing outside the shadow region at
Z/a = 0 have already been deflected into the disc.

The strong deflection focuses the ions on the axis within two
radii of the disc. The Z/a = 2 case in Fig. 4.5 shows that this
focusing can be extremely sharp. The width of the peak is approxi-
mately the same as the probe diameter, indicating a sharpness in
excess of the resolution in the diagnostics. The measured flux is
approximately 7 times the free stream flux at Z/a = 2, while the
actual peak must be even more. A slight change in the alignment of
the disc with respect to the probe will reduce the peak flux by a factor
of 2 or 3. This sensitivity suggests a very precise method of aligning
a satellite with its flight path utilizing a small disc in front of the
satellite.

Most of the effects of body potential on the wake shown by the

disc are present in wakes of other bodies as well. The extreme
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magnitude of the peak for large values of o is a result of the axial

symmetry and should not be expected for irregular bodies.

IV. 3. Effect of the Body Shape and Size

The main body features which determine wake shape are the
degree of symmetry of the body, the width (a/h) and the streamwise
length (L/h). If the model is not symmetric about a flow axis, the
ions will not be focused on the centerline, and the peak structure will
not be so well defined.

The case of a thin strip, aligned perpendicular to the axis
is a good case in point (Fig. 2.8). The strip is symmetric about a
vertical axis. Thus, the ions should be focused on a plane behind the
strip, not on a line. This focusing, in effect, is really just an addi-
tion of two beams and not of an infinite number as in the case of the
disc. If the assumption that the deflection of an ion is determined
mostly by the interaction with the body sheath is correct (at least
for highly negative bodies), then strips and discs of the same width
and thickness should generate peaks the same distance downstream
under the same conditions. However, the strip peak should be much
weaker than that of the disc.

Fig. 4.7 clearly demonstrates these effects. Flux is plotted
along the centerline behind the models. The peaks for the disc are
8 to 10 times larger than the strip peaks, yet the positions are the
same for both the highly negative and the slightly negative cases.
The fact that the slightly negative peaks coincide indicates that the
effects of the shadow region as well as the edge effects are similar

for the two models.
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Figs. 4.8 and 4. 9 are transverse (x/a) plots of the ion flux
behind the above strip for various distances downstream. (See Fig.
2.8 for definition of axes.) The strip was highly negative, and the
beam conditions were similar to those of Figs. 4.5 and 4. 6. The
absence of axial symmetry in this wake is evident from the relation-
ship of the peak to the rest of the wake. In Figs. 4.5 and 4. 6, the
peak is the predominant feature near the body serving as an initial
condition for the far wake. In Fig. 4.8, the wake upstream of the
peak is similar to the disc case, but the peak itself is weak and small
compared to the deficit in which it is centered. This tiny peak is
soon ''swallowed' by the deficit, and the predominant initial condition
for the far wake is a '"hole' or ion deficit rather than a flux peak.

It should be noted here that Hester and Sonin(27) have found
the peak to be dominant for small cylinders (a/h << 1), which are also
two-dimensional and somewhat comparable to strips. Thﬁs, at least
for the two-dimensional cases of rods or strips transverse to the
beam, there is a width above which the defect, rather than the peak,
is the dominant initial condition for the far wake. This type of critical
width may also exist for axial symmetric bodies. The models tested
in the new beam ranged from 20 to 40 Debye lengths in diameter, and
the peaks dominated. Hester has also presented some data for very
wide spheres (a/h = 40) where the peak remained predominant .(28)
However, it is possible that no one has yet tested a body sufficiently
large to exceed the critical a/h so the question is still open.

The relationship of the peak to the far wake structure will be

discussed in somewhat more detail in Chapter V.



-39-

The effects of changing disc diameter are rather straightfor-
ward. Some of the data from the first generation beam (not p resented
here) indicated that the peak position moved back linearly with an
increase in model radius.

The effect of changing model thickness is also as expected.
Once a model is thinner than a Debye length, making it even thinner
makes no difference. The sheath determines the wake structure and
is no different for a model 1/10 or 1/100 of a Debye length. Making
a thick model (L/h>1) thicker does change the sheath. Figs. 4.10,
4.11, and 4. 12 indicate the effect on the wake of a thick model. The
model is a disc 2.5 cm in diameter by 1.27 cm thick. L/h is about
13 at model position. Axial distances are measured from the down-
stream side of the model (Fig. 2.7). As demonstrated by Fig. 4. 10,
an ion will remain in the sheath region longer for a long model; thus
it will be deflected inward more, and the peak will be upstream of
that for a thinner model. Figs. 4.11 and 4. 12 show radial traces for
the highly negative thick disc. Except for the peak position, the
features are identical to those of the thin disc.

The wakes of some other models not discussed here are shown
in Appendix 5.

IV. 4. Effect of Electron Temperature

It was mentioned earlier that the peak position should not be
dependent on electron temperature. This expectation is borne out
i)y Fig. 4.7 which shows the wakes of a strip and a disc in beams of
nearly identical energies, but at electron temperatures differing by

a factor of approximately two. The peak positions are seen to be the
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same. It is probably generally true that the electron temperature
does not affect the near wake structure, as long as Te/Ti >>1 and
@ is not very small. If the body is floating (¢ small) then the electric
field of the shadow region is not negligible, and some temperature

effects may exist.

IV.5. A Crude Theory to Predict Peak Position

Assuming that the electric fields in the sheath near the edge
of a model cause much larger ion momentum changes than the fields
either ahead of or behind the body, we have developed a very crude
theory which predicts the approﬁmate position of the ion flux peaks
behind large discs or strips.

Fig. 4.13 illustrates the simplified conditions on which the
theory is based. The sheath is assumed to be thin compared to both
the radius and the thickness (I.) so that most of the radial accelera-
tion of the ions takes place in a thin layer within a few Debye lengths
of the body. Ions arriving farther away are not greatly influenced by
the body, and those approaching too close are absorbed on the sur-
face. Ignoring .the existence of axial fields near the corners, a purely
radial electric field is postulated for '~L < Z < 0. The exponential
decay for the sheath is chosen purely for convenience. The ions are
assumed to maintain a constant axial velocity throughout the inter-
~action with the model. Having postulated the electric fields, the ion
trajectories can be easily calculated, including the one which just
clears the disc or strip and intercepts the axis at Z = Zp . Since the
fast ion flux is zero along the axis up to this point, Zp is identified

as the location of the ion current peak. The details of the calculation
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are presented in Appendix VII. The resulting equation for the peak

position is as follows:
-1
Z /a = L/h [Y_Tan(Y_/2 . : (4. 1)
D (¥, Tan(v /2)]
where Yp is given implicitly by:
Yp = (L/h) Je Cos(Yp/Z) (4. 2)

The general trends given by Eq. (4. 1) are shown in Fig. 4. 14.
The experimental curves are compared with data obtained from both
the first and second generation beams using discs of several sizes
at several values of a. The theoretical results, crude as the theory
is, are in rough agreement with the data for thick bodies. Agreement
cannot be expected for thin bodies since the axial extent of strong
electric fields is roughly L. + 2h and not L. as assumed here. It fol-
lows from the model, however, that in the limit of small L/h, the
dependence of Zp /a on L/h should be weak, as indeed is shown by the
data. The theory could probably be stretched to include thin bodies
by defining an effective thickness, but it is hardly worth the effort.
It should be noted that the ltheory overestimates Zp for small values
of . A probable reason for this behavior is that in this case the ion
deflection due to gradients in the void region is comparable to the
deflection caused by the sheath region (Appendix 4). The resultant
‘ZP is less than the prediction, which neglects the effects of the
void region.

The importance of this theory lies not in its accuracy, but in

its ability to predict nearly all trends shown by the data, and thereby
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strongly supporting the validity of the physical model on which it is

based.
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V. THE FAR WAKE

The experiments provided ample evidence that the electro-
static potential is very nearly constant downstream of the peak, i.e.
in the far wake region. Since the flow is collisionfree, simple
energy considerations dictate that the absolute value of the velocity
of any ion be approximately constant. The ion temperature is very
close to zero, so that the same applies to the mean velocity of the
ions. The result is that the deviation of the ion mean velocity from
a uniform freestream value is primarily in the direction perpendicular
to the freestream velocity. If the perpendicular variation is O(e),
then the streamwise variation is O(ez).

The same situation exists in hypersonic continuum flows,
where it has been shown (34) that this ordering of the perturbation
velocities leads to an analogy between steady two-dimensional and
unsteady, one-dimensional flow. An observer moving with the free-
stream velocity will see an unsteady flow that is principally a function
of the transverse coordinate, streamwise variations being negligible.
Axial distance from the body corresponds to time and the growth of
the wake is replaced by a temporal evolution of some initial density
and velocity distribution. These initial condiﬁons in our case are
generated by the near wake mechanisms, to which this analogy does
not apply. The initial conditions, therefore, must be looked upon
as specified in the statement of the timne dependent problem. 1In the
present study, they have been chosen to simulate the radial distri-
butions of density and velocity, as measured shortly downstream of

the peak region.
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The description adopted here is a two-fluid model, describing
the ions and electrons separately. It is clear that all details con-
cérning velocity distributions are lost. In particular the two-humped
structure of the ion distribution function in the peak region is not
reflected in any way, even though such a distribution must exist owing
to the inter-penetration of two distinct ion streams at that location.

As it turns out, the two fluid model gives a qualitatively
correct description of the far wake features. This may be construed
to indicate that the ions are somehow relaxing to a single-humped
velocity distribution. The details of such a process were not investi-
gated. The subject clearly deserves further study, since it consti-
tutes the perhaps least understood feature of the entire wake pattern:
the transition from a near wake flow, characterized by individual
ion trajectories, to a far wake which can be apparently well described
by a fluid model.

As will be shown in Sect. V.1, the governing equations that
result from the fluid model imply that the far wake is wavelike in
nature. This means that most of the factors which affect the near
wake will affect the far wake only through the initial conditions that
they present. The body parameters, for example, determine the
shape of the initial conditions and have no further effect on the flow
field downstream. The experimental examination of the far wake
will therefore be confined to the effects of various initial conditions
and of collective parameters which affect the wave properties such

as electron temperature, ion temperature, and ion density.
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The theoretical studies will concentrate similarly on the
effects of various initial conditions. The ion density and electron
temperature are normalized out of the problem through the Debye
length and the ion plasma frequency. We have not studied the effects
of ion temperature directly, but the effects can be inferred from the
results of other authors who dealt with similar problems.

Since the theory gives some insight into the results of the
experiments, we will first develop the theory for both the one-
dimensional (time dependent) case of the strip and the cylindrical
case of the disc wakes. The development of the wake for initial
conditions similar to those of the experiments will be examined. The
experimental results will then be presented in light of the theory.

For the near wake, distances were scaled with the body size.
For the far wake, one would expect that the representative scaling
factor is the Debye length or some width characteristic of the initial
condition, such as the width of the ion flux peak. In the theory, we
will indeed scale with the Debye length, but the original scaling
(model size) will be retained for convenience when discussing the
experiments.

V.1. A Theory for the Far Wake

V.1.1. Development of the Theory

In this section we are going to develop a linearized theory for
the time dependent development of an initial disturbance in a plasma.
The plasma consists of cold ions (Ti = 0) and hot electrons. The
electrons will be assumed to possess a Maxwellian velocity distribu-

tion and negligible mass. The theory will be developed for both the
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one-dimensional and axial symmetric cases along the lines suggested
by L. Lees(33) and used by Jack Hill.(32) Since the one-dimensional
case is slightly more simple, it will be examined first. The develop-
ment of the cylindrical case is similar and will follow with less detail.
We will start with the following equations which are consistent with

the above assumptions:

IN;
Cont1nu1ty: —W + '3_}.{ (va) = 0 s (5. 1)
N.e

. oV oV _ i
Momentum: Ni 5t + NiV 5% = Mi E , (5.2)

. oK _ e
Poisson: EE = -3-6- (Ni-n) (5. 3)

Maxwellian _ ey )
electrons n - NiOexP (KTe ’ (5. 4)
E - _9%%9 (5. 5)
0x : :

Ni is the ion density, n is the electron density, and V is the ion
velocity in the x direction normal to the axis. The remaining vari-
ables are defined on pagexiii. The definitions are consistent with
those used for the experimental studies.

Assuming small perturbations, and a uniform unperturbed

potential, Pq of zero, the variables can be written as:
+n’ V=v
= eQ )

Nio ¥ NiO(KTe

If we substitute these variables into the above equations, utilize

appropriate derivatives of Eqs. 5.4 and 5.5, and drop the products
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we are left with:

5t " Noax = O ’ (5. 6)
KT ’
v e dn
Now T "M, & (5.7)
€, KT 2 ,
o0y _ 0 e 9 n
and (N -n ) = —N-—.' > __Z (5. 8)
i0 e 0x
Eliminating v between Eq. 5.6 and Eq. 5.7 gives
BZN' KTe 8Zn' _
2" ™ z- = 0 (5. 9)
ot i Ox

We can now see that the natural scaling factors for the far

wake are the Debye length, h, and

1f we define: £ = x/h,

and T = wpit

Eqgs. 5.8 and 5. 9 then

(N’-n”)
5] 'rz
Substituting Eq. 5.11
2
)
3 e”
9°N’ 9N’

the ion plasma frequency, w e
KT ¢ p
where h = —ﬁ——e—g
i0 e
N, ez
where ¢ . = i0
’ pi Mieo
become
2 ,
= -2z : (5. 10)
9 g
2
0 n
= = (5.11)
9g

into Eq. 5.10, operating on the result with

, and substituting Eq. 5.11 again, one finds

E)'r7 ) 8?_

For convenience, define N =

4.
o N =0 (5.12)
0E 9~
4
N and obtain the equation for small
i0

disturbances in a plasma of this sort as:
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2 2 4
81\; 9" N 9N -0 (5.13)

ar 9 € 9 1% 8

Eq. 5.13 can be solved by using Fourier transforms. The

transformed density is given by:

= 1 @ _ikg
N(k, 1) = [ e N(E, T)dE . (5.14)
Jen -
If this transform is applied to Eq. 5.13, it gives
2 = 2
2N+ E N = o0 . (5.15)
9T 1+k

The solution of Eq. 5.15 is

N(k 1 = N(k, 0) Cos(wT)+ zd ﬂ%%k——‘?l Sin(wn | (5. 16)
73
where w = —kT
1+k

Using Eq. 5.6 and the definition of the transform; the density deriva-

tive in Eq. 5.16 can be written as a function of the initial velocity

distribution:
1 9N(k, 0) 1 1 P ik 1 av(E, 0)
c_o_———a'r, :-.—0-3———-—-f e €~a—€—’ dg (5.17)
KTe
where c = v . Inverting the transform, the solution for
i
the perturbation density is:
i ikg
N(g, 1) =— [ N(k, 0)Cos(wne'  >dk +
A2 -00
(5.18)

aN(k, 0)

1 . i
f w a1 Sinlwr)e e

4
F
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Thus the solution can be found for any initial density and
velocity distribution. If the initial conditions possess a simple
enough transform, then Eq. 5.18 can be integrated relatively easily
on the computer. The details for several types of initial conditions
for both the one-dimensional and cylindrical cases are carried out
in Appendix 7. We have concentrated on initial conditions which
simulate those seen experimentally, but several others are also
examined. We will look at some of the results after deriving the
cylindrical equations.

Writing Eqs. 5.1 through 5.5 in cylindrical coordinates as a
function of r and t only and then following almost the same procedures

as before, we end up with:

2 2
9 1 8 BNJ 1 8[8]\!] 9°N

—_— — 4 = = — - =0 . S‘I
a,rz[p dp (pap) p 3o ° Bp 8,? (5.19)

where p = r/h, and other quantities are defined as before. Here, r
is equivalent to x in the one-dimensional equations. In this case, the
solution is found using Bessel JO transforms defined by:
oo
Nk, 1) = {) N(p, 7)J o(kp) pdp . (5. 20)
Transforming Eq. 5.19, the result is an equation identical to Eq. 5. 15

with the solution given as:

ON(k, 0) 1

N(k, r) = N(k, 0)Cos (1) + 3 by Sin(gr) . (5.21)

Inverting the transform gives:
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— .
N(p,T) = [ Nk 0)J4(kp)k Cos(wr)dk +
0 (5. 22)
w —
1 aN(k, 0) w. 2k
fo L —NB(—T’——) Sin(iwr)k I (kp)dk where ¢f = >

The initial yelocity distribution enters through the continuity equation

as before:
N _  _(v/c) _ B(v/c)
ar P dp
to give:

ON(k, 0 ® v(p, 0 1 8v(p, 0
For = L e gguenap + [ G e 5 0cppap

(5. 23)

V.1.2. Application of the Theory

Given any small initial density or velocity distribution, the
behavior of this type of plasma as a function of time can now be
predicted. In practice, however, the solutions for initial density
disturbances are easier to obtain than those for initial velocity dis-
turbances. In both Eq. 5.18 and Eq. 5.22, the first integral is

dependent upon the initial density distribution only. The second

integral in both equations is dependent on 8—1\;—(1;—’—9—)- . From the
continuity equation, one can show that Q%Q;’—O—) can be written in

terms of the initial velocity distribution. Thus the first integral of -
both equations is dependent only on the initial density and the second
integral only on the initial velocity distribution. Since the two inte-
grals are independent and additive, the behavior of density pertur-

bations and velocity disturbances may be studied independently.
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For the 1-D case, there is some justification for ignoring the
initial velocity distribution and concentrating only on the density
disturbance generated by the ion deficit. The experiments have
shown that the peak region has little effect on the far wake. From
Figs. 4.8 and 4. 9, it appears that the two streams which form the
peak merely cross without much interaction and then continue out-
wards, eventually to be overshadowed by the mainstream at the edge
of the shadow region. Farther downstream, the x velocities are
due essentially to the beam spreading and probably have no effect on
the details other than widening the deficit slightly.

In the disc case, radially inward velocities must have some
effect because of the extremely high ion densities along the axis that
they create. The experimental results (Section V. 2) indicate that
the inward directed ions interact with one another and probably remain
in the vicinity of the axis. If this were not the case; the use of aver-
age velocities in this theory would not be valid because the problem
would be one of an infinite number of interpenetrating streams. At
present, the mechanism by which the inward directed streams inter-
act is not understood.

In this chapter, we will present results for the development
of initial density disturbances which simulate those seen in the ex-
periments. The effects of an inward directed initial velocity distur-
bance will also be examined for the one-dimensional case and the

results extrapolated to the cylindrical case.
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V.1.3. The One-Dimensional (Strip) Case

Let us look at an initial ion deficit, described by the following

cosine distribution:

5—1\%2—0-’— = -ACosT 2 0o<|g|=b
! (5. 24)
= 0 b<|g]

where b is given in Debye lengths, and A is taken to be 1 for con-
venience. Actually, the theory is only valid for A << 1; but the solu-
tion is linear, and changing A will merely change the solution by the
same factor. Fig. 5.1 shows the solution as a function of the normal-
ized time, T, for several values of 7. Since the solution is symmetric
about § =0, only the £ > 0 half is shown. The curves represent only
the perturbation densities about NiO’ accounting for the negative densi-
ties shown in the figures. It should be noted that since the equations
are linear, the solutions given here for various initial conditions can
be added or subtracted to give new solutions. The negative of the
above deficit solution is the solution for a wide density peak.

Fig. 5.1 shows the evolution of a disturbance that is large
compared to the Debye length (b = 20). One can see that the theory
predicts no fine structure. The deficit merely splits, and two solitary
waves, each about the same length as the original deficit, propagate
out at the wave speed.

Though the disturbances of width on the order of a few Debye
lengths were unimportant in the experimental strip wakes, it is inter-
esting to consider the predictions of the theory for narrow initial

density distributions. Figs. 5.2 and 5. 3 show the development of
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disturbances described again by the cosine function of Eq. 5. 24,
taking b 3 and 1 respectively. One can see that for initial distri-
butions closer to the Debye length, considerably more detail develops.
The disturbance again splits, but now dispersive wave trains propa-
gate outward. The leading wave propagates at the wave speed, but
the succeeding ones are slower. Again the size of the waves is of
the same order as the original disturbance. It is also noteworthy
that as the original disturbance (b) gets smaller, the leading wave
becomes less important and the bulk of the structure shifts toward
€=0. Intheb = 20 case, the only waves of any importance are the
leading waves. In the b = 3 case (Fig. 5.2), a wave train develops,
but the leading waves are still the largest. In the b = 1 case (Fig. 5.3),
however, the leading waves become weaker with time, and the newly
formed part of the train near £ = 0 appears more important. At § =0
one should see density oscillations at about the ion plasma frequency
for the small b case. This resuilt agrees with the observations of

(

Hester and Sonin 27) for the wakes of very small cylinders.

The reaéon for this type of behavior becomes clearer if one
looks at the original disturbance. The density distribution at 7= 0
contains the full spectrum of Fourier components. Each component
is added with a certain weighting factor to give the require distribu-
tion. For the b = 20 case, the original disturbance is made up
mostly of long wavelength components and the contribution of the
short wavelength part of the spectrum is small. For this type of

dispersive wave, the long wavelength components propagate faster

than the short ones. Thus in the b = 20 case, the long wavelength
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component, which is most of the total, propagates outward leaving
very little of the short wave component to follow. Inthe b =1 case,
the long wave part is small, yet it still moves fast and makes up the
wavefront. The short wave component propagates very slowly, thus
most of the disturbance remains near the origin, and the leading wave
is almost negligible.

V.1.4. The Cylindrical (Disc) Case

In the cylindrical case, the counterpart of the cosine initial

distribution is the Bessel function distribution given by:

'
NN(g, 0) = A JO(al p/b) r<b
.0 .
1 (5. 25)
= 0 r>>b

where a, is the first root of Jo(p), and A is again taken as unity.
The results are similar to those of the one-dimensional case with a
few expected differences due to the axial symmetry.

For wide disturbances (b = 20) as in Fig. 5.4, a smooth cylin-
drical wave spreads out with very little fine structure behind it. Due
to the axial symmetry the wave decays as it spreads. The long wave-
lengths characteristic of the b = 20 waves indicate that in the case of
the disc wakes, the deficit should have little effect on the fine struc-
ture due to the peak, except for a possible effect on the overall density
levels near the origin.

Again, as the initial disturbance gets narrower, the importance
of the wavefront diminishes. Inthe b = 3 case of Fig. 5.5, the wave-
front still propagates at the wave speed; but by 7= 10w, it is almost

indistinguishable. Oscillations at the origin which produce waves of
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about the same wave length as the original disturbance are still in

evidence.

V.1.5, Effect of the Initial Velocity Distribution

Though we were unable to examine easily the effects of an
initial velocity distribution in the cylindrical case due to computer
time limitations, we were able to study some simple distributions
for the one-dimensional case. For two streams with relative veloc-
ities below the ion acoustic speed, there will be an interaction, and
a definite effect is noticeable in the linearized case we have worked
with. The experimental velocity distribution (Section V.2), not in-

cluding that due to the beam divergence, was simulated with:

v
- —CO—Sln(TTB'g) lgl < 5

v
L, 0)
(5. 26)

= 0 le |>p

Using b = b, B =25, and vo/c = 1, the results shown in Fig. 5.6 are

obtained. The results are as one would expect. The inward velocity
causes a sharp increase in the density near € = 0 for small times.

The velocity distribution also steepens the wavefront and forms a
deficit at larger values of & . At later times, the added peak caused
by the inward velocity decays, and the end effect is to raise the density
level of the outward propagating wave train slightly and to steepen the
wavefront. It does not seem unreasonable to extrapolate this result

to the cylindrical case and to guess that the effects will be similar,

and that the density increase at & = 0 for small times will be larger

due to the axial symmetry.
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V.1.6. Effects of Non-Zero Ion Temperature

No independent investigation of ion temperature effects was
made in the framework of this study. However, a considerable
amount of information is available on this subject from the literature.
Closely related theoretical work was done by R. J. Mason at Bell
Laboratories on the structure of ion-acoustic fronts in collisionless

(29, 30) His acoustic waves are directly comparable to the

plasmas.
solutions given by our far wake theory, and his results are similar
to ours and to Jack Hill's.(3z) He has taken into account the electron
to ion temperature ratio, Te/Ti’ and has found that for .Te/Ti as low
as 5, almost all the fine structure in his waves is damped out in a
very short time. This result probably means that much of the fine
structure seen in the theoretical wake structures would not exist if
we had assumed Te/Ti = 0(1), as is the case in the space envoron-

ment.

V.1.7. Transformation to Steady State

In order to compare the theory with the experiment, we must
replace T in the theory with the corresponding distance, behind the
initial disturbance. This process is complicated by the density varia-
tion with distance. Ordinarily the relation between T and distance

would be given by:

T = w_.t

AZ - , .
» w ;(Z-Z )/U (5. 27)

where U is the beam velocity and Zp is the experimental peak (or other

initial condition) position. Assuming the beam to be a perfect source
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flow, the ion density varies as the inverse square of the distance

from the origin of the beam. Thus:

Ny 12]
€ M, Z+|Z 1 ’ (5. 28)
o™ 0

where lZOl is the distance from the apparent source to the model.
The subscript zero indicates experimental values at the model position,
Z = 0. The relationship of T to Z is postulated to be given by:

_ dz .
dT = wpi(z) T Integrating:

1
| ft fz eZNio ° 1z,
= .dt = dzZ/U 5.29
p
i lzgd  z+lzgl 1zl z+l|zl
or T = wpiO T Ln ] = %S Ln ,
zp+|z0 0 Zp+|ZO|

where Zp is the experimental peak (or other initial condition) position.

Thus:
z +|z .| Th S |z, |
z/a = 2O |0 }_ 0 , (5. 30)
a lzol a

For large Z (the far wake regién) the density does not vary much
across the wake,  and h can be assumed independent of r; thus p is

converted to r/a by:

r . ph , (5. 31)
a a

where h is the local Debye length given by:

Z+\Z
____i__g;i_. (5.32)

RANEN

V.2, Experimental Study of the Far Wake

In this section, the experimental results will be given for



-58-
various initial or boundary conditions as presented by the near wake.
The effects of the collective plasma properties (Te, S, etc. ) will
be examined, and the experimental results will be related to the
theory wherever possible. As in Chapter IV, the models used are
discs and strips. The wakes of some other models are presented
in Appendix 5.

V.2.1. Effects of Electron Temperature and lon Density

If the experimental far wakes are truly wave phenomena, the
observed characteristic lengths and times should scale with the collec-
tive parameters of the plasma. Electron temperature and ion density
are expected to affect the structure of the far wake through the rele-
vant time and length scaling factors they define. The theory predicts
that the problem can be transformed to a time dependent one and that
the experimental wake structures for identical normalized initial con-
ditions should be the same at a given normalized time after the initial
disturbance. This transformation is dependent on the beam speed and
the square root of the ion density. If the beam velocity is held con-
stant, a factor of 4 decrease in free stream ion density will decrease
the normalized time, T, equivalent to a distance, Z, by a factor of 2.

The electron temperature comes into the problem through the
Debye length. If for a given peak shape, the electron temperature is
lowered by a factor of 4, and the ion density remains constant, then
the peak is expected to double its width in transformed, normalized
coordinates.

The experiments are complicated by the divergence of the

beam and the varying Debye length over the span of the far wake, but
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the data are clear enough for the general trends to be established
and compared with the theoretical model.

Fig. 5.7 shows the far wake of a thin disc in a geam generated
using the high mode of the source. The beam velocity is only 5%
higher than that in Fig. 4.6, but the freestream ion density is almost
a factor of 4 lower. The electron temperature in Fig. 5.7 is 1/6 that
in Fig. 4.6, making the speed ratio 31 as opposed to 11 but keeping
the Debye lengths within 204 Table 5.1 compares the parameters of
Fig. 5.7 with those of Fig. 4.6.

The curves for the high speed ratio case were taken at the
same axial stations as those of Fig. 4.6, yet at the Z/a = 30 station,
the S = 31 peak is still well formed while the S = 11 peak has split and
started propagating outward.

This behavior is not surprising in light of the theoretical
results. In terms of scaled variables, both of the initial peaks are
about the same size and would in theory be expected to behave simi-
larly as a function of time, T. This is indeed the case. Transforming
to time dependent coordinates as shown in Section V. 1.7, the Z/a = 30
position of Fig. 4.6 is equivalent to 3 plasma periods (T = 67) after
the initial peak (Z/a = 6), while the Z/a = 30 case of Fig. 5.7 corre-
sponds tolonly 1.6 plasma periods (7= 3.2 m).

From Table 5.1, the Z/a = 30 curve of Fig. 5.7 should really
be comparable to Z/a of about 17 on Fig. 4.6. The resemblance here
is closer, though the S = 31 curve lacks the detail of the S = 11 curves.
Nevertheless, the comparison does show that the theory is relevant

to the problem at hand.
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Some differences between the S = 31 and S = 11 curves must
be expected due to the different natures of the sources, beams and
initial conditions, but it should be noted that the lack of detail in the
S = 31 curves may be due to ion temperature. If one assumes that the
ion temperature is about the temperature of the operating source, say
400°K, and the electron temperature is measured at . ZV(ZZOOOK) then
Ti/Te is 18%. This is within the range where ion temperature damping
can be expected.

V.2.2. Dependence of Far Wake on Initial Conditions

In order to understand the evolution of the far wake, one must
first know the upstream boundary or initial conditions presented by
the near wake. It has been noted previously that the far wake is wave-
like in nature,(27’ 28) but the waves which result from the peak distur-
bance have been poorly understood. The confusion is due in some
part to a poor understanding of the upstream conditions and of the
medium into which the waves propagate.

Since the beam energy is approximately constant over the far
wake, the flux measured by our probe corresponds to ion density.
During this discussion we will refer to measurements of ion density.
These are ;eally the flux measurements previously discussed.

In this investigation, two basic types of upstream conditions
have been generated. The one studied most has been the axial
symmetric wake dominated by a density peak. The other is the wake
of a strip, dominated by the dénsity deficit or shadow region, but in-
cluding a small density peak on the axis, The Z/a = 6 curve on Fig.

4.2 can be taken as typical of the axial symmetric initial conditions.
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The strip initial condition is the Z/a = 2 curve of Fig. 4. 8.

Both of the above initial conditions result from the same sort
of body-stream interaction, yet in the axial symmetric case, the
peak is dominant. This is a strong indication that symmetry is im-
portant and should be considered in the study of the far wake. It
should also be noticed that in both cases, the actual interface between
the wake region and the free stream is at the outer edge of the ion
deficit. Thus any waves formed as a result of the peak will propagate
into a region already disturbed by the ion deficit.

The upstream density distribution is straightforward and can
be obtained directly from Figs. 4.2 and 4.8. The radial velocity
distribution, v(r, Z) or v(x, Z), which represents the initial velocities
in the analogous time dependent problem, is harder to find. Fig. 5.8
shows the radial velocities for fhe two flux distributions selected as
sample initial conditions, and for two curves downstream of the initial
conditions. The velocity curves were obtained by a crude integration
of the continuity equation. For the axial symmetric case, continuity
gives:

r 3(NiU)

rN, (r)v(r) = -é r —s——dr

a(N,U)
The —5—— term for a given r at Z/a = 6 was taken to be:

NiU(r, ZJ]a =6) - NiU(r, Z/a = 4)

2a
e WmZa) (LS TD Gy s
c roy 4 NiU(r’ Z/a)

For the strip case we get similarly:
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3(N.U)
(x,Z/a) _ x Oy S
S = ('{) 5Z dx) NU(x Z/a)

One should notice that in both cases, there is an appreciable inward
directed velocity in the disturbed region. Moving outward, this
velocity decreases and then shifts to an outward velocity, eventually
reaching the free stream condition given by the diverging beam.

Let us examine the development of the wake farther down-
stream (or at a later time, depending on the point of view). In the
axial symmetric case of Figs. 4.2 and 4. 3 the edge of the deficit
spreads out, theoretically at the wave speed relative to the diverging
beam. The exact speed is hard to define, because as a result of the
axial symmetry, the deficit quickly becomes small and the edge ill=
defined. The peak, on the other hand, appears to be reinforced be-
cause of the inward velocity in the center region and the focusing
effect of axial symmetry. The peak eventually splits and a disturbance
moves outward. It has been noted by Hester and Sonin that the leading
edge of the peak disturbance did not necessarily propagate at the
wave speed relative to the diverging free stream. As shown in Fig.
5.8, this disturbance does not propagate into the free stream but into
a previously disturbed region with a velocity distribution which may
effect the disturbance.

From Figs. 4.6 and 4. 12 one can see that changing the height
of the peak slightly varies the fine structure of the peak disturbance,
but basically the large peak decays into a series of small ripples. In
the cases observed, we have not seen more than two ripples, but the

results of Section V.1 suggest that more would develop if we went
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farther downstream. The wave length of the observed ripples is of
the order of half the peak width, about 5 to 10 Debye lengths.

It is interesting at this point to look at the theoretical predic-
tions for the conditions of Fig. 4.6. Fig. 5.9 shows the result for
a simulated peak with b = 10. No initial velocity distribution is in-
cluded. The curves are marked both in terms of T and p and with
Z/a and r/a. The values of Z/a and r/a are found for the conditions
of Figs. 4.5 and 4.6. The T = 0 curve is associated with the Z/a = 6
curve of Fig. 4.6. The density scales on Fig. 5. 9 should be related
to the free stream density at the given Z/a.

Comparing Fig. 5.9 to Fig. 4.6, it is easy to see that the
theoretical densities near r/a = 0 are much too low. This discrepancy
is an indication of the non-linearity of the experimental situation
(AN large) and of the importance of the initial velocity distribution.
The linear theory does, however, appear to be valuable for predicting
the qualitative nature of the wave structure resulting from the peak,
i. e., the spreading of the disturbances and the amount of fine struc-
ture to expect.

The amount of structure seen in the experiments is in quali-
tative agreement with the theory, and the fact that only two oscilla-
tions are observed in the Z/a = 30 curve of Fig. 4.6 is due to our
inability to probe very far downstream. The theory indicates that
what we have called the far wake is really only the beginning of it.
We have only been able to probe about the equivalent of three plasma
periods (T = 6w) of the peak disturbance region. In the absence of ion

temperature and a decaying beam, much more structure should be
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present farther downstream.

Fig. 5.9 also predicts that with no initial velocity perturbation,
the wave lengths of the leading waves resulting from large disturbances
should be on the order of the original disturbance size. The observed
oscillations are smaller, and this difference may also be due to the
initial velocity disturbance or to nonlinearity resulting from the
large magnitude of the peak.

We have experimented with other axial symmetric models
which have produced peaks slightly different from those of the discs.
The results, shown in Appendix 5, are similar to those of the discs,
but the fine structure of the far wake is changed slightly due to the
changes in initial conditions.

The far wake of the strip is quite different from that of the
axial symmetric models. Without axial symmetry, the size of the
deficit is not so rapidly reduced,and the defect edge remains distinct
far downstream. Since the edge of the deficit is propagating into the
free stream, it should, in theory, move outward at a speed given by
the wave speed plus the outward component of the beam speed in a
coordinate system moving with the axial component of the beam
speed. The slash at x/a = 3.1 on the Z/a = 4 curve of Fig. 4.8
indicates the edge of the deficit at Z/a = 4. The circles on the suc-
ceeding curves of Fig. 4.9 indicate the position to which the edge
should have progressed using the above speeds. In calculating the
theoretical edge, the beam was assumed to have a source flow struc-
ture, although in fact it slightly deviates from source flow. This ef-

fect is slight, however, and the wave front prediction (the circles)
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should not be much in error. The position of the circle on the

Z/a = 6 curve was calculated using the following approximate formula:

__s_ (Z /a=6) __gE(z/a =4) + Za[ ;flze |(Z/a=4) +é:]

where the quantity in brackets is approximate for small angles. The
rest of the edge positions were calculated similarly. As one can see,
the agreement with the theoretical edge is quite close.

In the disc case, the very high ion density of the peak gives
rise to the possibility that the ions in the peak region interact by
some mechanism and lose their inward directed motion. By con-
tinuity considerations, this results in the continued importance of the
peak farther downstream.

In the strip case, the peak formed by the two converging ion
streams is apparently not sufficiently lé,rge for the ions to interact
much with one another. The Z/a = 4 curve on Fig. 5.8 indicates
that immediately after the peak, the average radial (x) velocity of
the ions near the center of the wake is outward as opposed to inward
in the disc case. This indicates that the two ion streams cross through
each other with little interaction and are soon lost in the ""walls'' of
the ion defect, leaving the deficit as the main characteristic of the
far wake.

In this case, there was no wave structure associated with the
peak. It is possible, though, that a wave pattern might develop with
a wave length on the order of the deficit size. The one-dimensional
theory predicts that for large deficits the defect splits, and two waves

of half the magnitude and of the same wave length as the original
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disturbance spread out. For a disturbance of the width of that shown
in Fig. 4.9 (~ 60h), the splitting takes a normalized time of about

T = 7w. With our apparatus this is slightly farther downstream than
we could probe. The Z/a = 30 curve of Fig. 4.9 might possibly show
this structure if the beam density were not too low for proper resolu-

tion.
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Vi. EFFECT OF BACKGROUND PRESSURE
ON THE SIMULATION OF SATELLITE WAKES
It was mentioned in Chapter I that charge exchange collisions
generate an appreciable number of low energy ions if the background
pressure is too high. In the beginning of this study, it was not at all
clear how low the neutral background pressure has to be to make the
slow ion effect negligible. This question has been raised by several

(24, 26, 27) In order to determine the importance

workers in the past.
of slow ions and the effect they may have had on earlier data, the
dependence of the wake structure on background pressure was ex-

plored experimentally.

VI.1. Effects of Background Pressure on the Near Wake Structure

Keeping the pressure and other source parameters constant,
we examined the wake of a thin, (L/h << 1), 2.5 cm diameter disc at
various values of test section background pressure by bleeding ar‘gon
directly into the test section. Appendix 3 demonstrates that high back-
ground pressure causes a high density of slow ions. The effect of
these slow ions on the wake is shown in Figs. 6.1, 6.2, 6.3, and 6. 4.
Fig. 6.1 shows the near wake of a thin, highly negative disc for vari-
ous pressures. The traces are the usual plots of ion flux versus
radius for various distances behind the model. The gross features
of this near wake are affected very little by the variation of background
pressure from 10-5 to 10.4 torr. The fine details of the wake struc-
ture, on the other hand, are almost totally smoothed out by slow ions

at the high pressures.
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Fig. 6.2 will be discussed in the section on far wakes.

Figs. 6.3 and 6.4 are traces of ion flux along the axis behind the
same disc. Current is plotted versus distance behind the body for
various pressures and for two values of body potential.

From Fig. 6.3, one can see that for highly negative values of
body potential, the slow ions make little difference in the position of
the flux peak. The peak moves downstream about 10%with a factor
of ten pressure rise. The wake also fills in slightly in front of the
peak, indicating the presence of slow ions in the swept region. Close
to the body, there may be more slow ions present that the probe
measures. The body is more negative than the probe and would tend
to draw the slow ions away from the probe.

Slow ions in the near wake will reduce the negative space
charge and the electric field in the void with it, causing the peak to
move downstream. As evidenced by Fig. 6.3, this effect is slight
for highly negative bodies, and the body sheath is primarily respon-
sible for the near wake structure. Thus, observations of the near
wakes of highly negative bodies at high pressures are probably valid
for low pressures as well.

For slightly negative bodies, the slow ion and collision effects
are much more pronounced. Peaks are generally farther downstream
in this case. Since the body is near plasma potential, the sheath
effects are not as strong. Any potential gradients in the swept region
have proportionally more effect on the nearby ion stream. Thus,
changes in the swept region near the body should have a much larger

effect on peak position and structure than would be the case for
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highly negative bodies.

Fig. 6.4 dramatically bears out this reasoning. For the 1072
torr case, the near wake of the slightly charged disc has the charac-
teristic ion shadow near the disc and the ion peak following farther
downstream. The curve for 10.5 torr lacks the indications of slow
ions, as do similar curves taken at pressures as low as 5><10"6 torr
(not shown here). For the original beam, described in Appendix 1,
we have estimated the ratio of slow to fast ions at 10-5 torr to be less
than 1 to 20, while at 10_4 torr the ratio climbs to 2 to 1 (Appendix 3).
For the narrower second generation beam used here, the ratios should
be less than half of those for the wide beam.

An increase in pressure to 5)(10°5 torr raises the slow ion to
fast ion ratio (Ns/Nf) to about % (Appendix 3). Large numbers of
slow ions are scattered into the near wake close to the disc, partially
filling in the shadow region. Potential gradients in the swept region
are reduced, the focusing of the beam ions is lessened, and the peak
weakens and moves downstream.

Further increase in the background pressure to 10-4 torr
raises Ns /Nf to about 1, and the peak structure is all but destroyed.
The near wake is completely dominated by slow ions, and only a hint
of a peak is noticeable at Z/a ~11 as opposed to Z/a ~ 5 for the 107>
torr case.

From this examination of the effects of pressure on the near
wakes, we can see that slow ions are very important in the wakes of

bodies at or near the plasma potential. They do not, however, influ-

ence greatly the near wake of highly negative bodies.
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It is known that an ion to electron temperature ratio (Ti/Te)

(29,30) 1 e

as high as 15% will severely damp waves in a plasma.
ionosphere, Ti/Te is of the order of 1, and damping of the fine struc-
ture of satellite wakes should be expected, especially in the far wake.
The slow ions in our experiments at higher pressures have an effect
analogous to that of ion temperature since they represent a '"broaden-
ing"' of the ion distribution function. It might be possible to take
account of them by defining some effective ion temperature. A high
percentage of slow ions at the higher pressures would correspond to
high values of Ti/Te.

It should be recognized that ion temperature damping is a
purely collision=free phenomenon, whereas the slow ions are formed
by close collisions between ions and atoms. However, since all the
ion mean free paths are much greater than the body radius, collisions
may be neglected per se, and only their result, that there is an aver-
age ion temperature greater than zero, need be taken into account.

In any case, the data at high pressures are expected to give some in-
sight into the effect of ion temperature.

VI1.2. Effects of Background Pressure and Slow Ions on the Far Wake

As mentioned in Chapter VI. 1, an appreciable number of
charge exchange collisions will take place between the beam ions and
the background atoms if the vacuum chamber background pressure is
too high. These collisions form slow ions which change the ion distri-
bution function from a single delta function into a more spreadout,
bimodal shape and thus interact with the wake in a way which approxi-

mates the eifects of ion temperature.
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Figs. 6.1 and 6.2 best illustrate the effects of these slow ions
on the far wake. The initial conditions for all three cases shown on
Fig. 6.2 are approximately the same. All have fairly large peaks,
although the deficit next to the peak in the 10-4 torr case is somewhat
filled in by slow ions. The ion speed ratio, S, the electron tempera-
ture, and Debye lengths are approximately the same for each case;
thus, any given distance behind the model corresponds to the same
time after the initial condition for all three cases.

From Fig. 6.2, the effect of the slow ions on the far wake is
clearly a damping of the wavelike disturbances which are present if
Ti/Te 2 0. In the 10-5 torr case, the peak splits, and a distinct
wave structure propagates radially outward. As the pressure is in-
creased, the peak merely decays, and the fine structure is wiped out.
In Fig. 6.2, the Z/a = 30 curve of the 1074 torr case exhibits no fine
structure, as if the peak did not exist at all. We surmise that the
effect would be similar for a collisionless beam with Ti of the order
of Te' This result is in agreement with the predictions of R. J. Mason

(Chapter V. 1. 6) on the effects of ion temperature.
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VII. CONCLUSION

In this investigation the flow of a ""hypersonic' plasma past
various large models has been studied. The experimental conditions
approximately simulate those experienced by satellites about a meter
in diameter between 200 and 500 km above the Earth.

The structure of the wakes of models in this type of flow has
been shown before in a qua.lita.ti\}e fashion. The characteristic fea-
tures of the wake such as the void region, the peak region, and the
wavelike peak disturbance, have been observed in the past, but the
parameters affecting this structure have not been well understood.

In this investigation, the essentially different nature of the
near and far wakes has been demonstrated, and the parameters
governing the structure of each have been identified. A crude theo-
retical model has been advanced which predicts certain features of
the near wake and gives some insight into the experimental results.
The hypersonic analogy was used for the first time in the theoretical
study of the far wake, and the results of the near wake study were
used to define the initial conditions for the time dependent problem.

The structure of the near wake is described using the body
potential and the size of the body as characteristic scales. The sheath
region near the body is a region of relatively large electric fields
which result in significant deflections of individual ion trajectories.
The electric field in the sheath at the edge of the body controls the
axial extent of the near wake region in the case of large body poten-
tials. The electric field associated with the ion-free shadow region

behind the body becomes of comparable importance for small
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(floating) body potentials only.

The degree of symmetry of the model has also been found to
be an extremely important factor in the formation of the wake fea-
tures. For axial symmetric bodies, the peak disturbance is found
to dominate the far wake, while for strip models, the peak distur-
bance is insignificant compared to the ion deficit.

When appropriately scaled and transformed to the analogous
time dependent problem, the structure of the far wake appears to be
dependent on the collective properties of the plasma and on the initial
conditions presented by the near wake. The far field is shaped
chiefly by the propagation of dispersive waves. Distances are scaled
with the Debye length and times with the ién plasma frequency. The
beam velocity enters through the transformation, and the other factors
affecting the near wake enter only through the initial conditions pre-
sented for the far field.

Certain details of the fine structure of the experimental wakes
were not accurately predicted by the theory, but this appears to be a
result of the simplifications and linearizations necessary to obtain a
solution. The experimental results, however, confirmed the general
trends predicted by the theory for both the cases of the strip and the
axial symmetric models.

Previously, the effects of charge exchange collisions and the
resulting low energy ions have been ignored or assumed non-existant
in this type of experimental investigation. An important contribution
of this study has been the analysis of the effects of collisions and low

energy ions on the proper simulation of satellite wakes in the
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ionospheric plasma by exploring the effects of chamber background
pressure. The analogy between the effects of low energy ions and
ion temperature has also been noted.

The understanding of satellite wakes is still far from complete.
The effects of a magnetic field on the wake structure have still not
been determined. In the ionosphere, the electr’ons are closely
coupled to the field lines, and magnetic effects may be important.
The structure we have observed experimentally may well be modified
by electrical interactions between the ions and the constrained elec-
trons.

The effects of finite ion to electron temperature ratio are still
not well understood. An experimental investigation of Ti/Te is diffi-
cult since it is hard to produce either hot ions or cold electrons so
that the ratio may be raised. A theoretical study, however, is not
at all unreasonable.

In addition to the study of the effects of magnetic fields and
finite Ti/Te’ more study of the peak region behind axial symmetric
models is needed. It is suggested that there may be an instability
mechanism which destroys the inward directed motion of the ions in
the vicinity of the flux peak. It is this mechanism which enables one
to examine the far wake from a continuum point of view, since it
randomizes the velocity differences between the ion streams and
develops a single, nearly Maxwellian ion distribution function down-
stream of the peak. This instability mechanism is not understood at
present, but presumably is analogous to the much investigated ion

counterstreaming instabilities.
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This study has been limited to models much smaller than the
ion-ion or ion-neutral mean free path. For extremely large satellites
or space stations in the lower part of the ionosphere, collision effects
may take on more importance. Note that this problem is different
from the jon-neutral collisions examined in the present study where
the neutral mean velocity with respect to the body was abproximately
zero. In the real case, ions and neutrals possess a common, large
mean velocity the simulation of which would require a completely new
technique.

In future studies, the experimental simulation can be improved
by using a source with a larger orifice providing a more uniform beam.
The simulation can be even further improved when investigating the
effects of a parallel magnetic field because the field can be used to
shape the ion flow and produce a more parallel beam.

Since one reason for the study of satellite wakes is to get a
better understanding of radar returns from satellites, a comparison
of the experimental and theoretical results with actual radar returns
would be valuable. Unfortunately, information on actual radar

returns is in short supply in the open literature.
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Figure 2,10 Guarded Langmuir Probe and Associated Circuit,
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THIN DISC N '
2a =2.54cm _lr
¢M = -48V i
¢B = 72V {
1
| J
1
Z/a=0 |
1
1 i —L«-O(O)
FO(1)
L i i { o(2
8 6 2 o) (2)

4
r/a
Figure 3.5 Comparison of Two Disc Wakes Taken Under Ap-
proximately the Same Conditions at Different Times.
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— ! i 1 0(20)
Z2/a=30 , ==\
g i i i 0(30)
8 (3 4 2 0)

Figure 3. 6 Continuation of Figure 3. 5.
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2a=2.54 cm
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S=l12
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L | i
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Figure 4.2 Near Wake of a Slightly Negative Thin Disc.
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THIN DISC

20=2.54 cm | _
éM = —9V

¢ = 7IV

kTe/e =| -
S =12

a=.13 | \
a/h(Z/6=0) =2| A A -

o/h(Z/a=30)=8.5/
Z/a=10 —

' | I ‘ 0(10)

Z2/a=14 - —

‘ ' | ' 0(14)

Z/a=20 -_ -

L ' ’ ' 0(20)

' ' i ' 0(30)

Figure 4.3 Far Wake of a Slightly Negative Thin Disc.
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THIN DISC
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¢M =—-48V T
¢ =72V
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a/h(Z/a=30)=6.5

0(0)

i i i 1 ol(i1)
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L i ] i
8 6 9 2 00(2)

r/a
Figure 4.5 Near Wake of a Highly Negative Thin Disc.
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THIN DISC
2a=2.54 cm
¢g =—48V
¢g =72V
kTe/e =1.2

S =l
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l ' ‘ . o(14)
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ﬂ L L L 0(20)
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| i i i

8 6 49 2 00(30)
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Figure 4. 6 Far Wake of a Highly Negative Thin Disc.
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FREE STREAM——a, 7 -
THIN STRIP
WIDTH =2.54cm -
¢M =-50V
¢B =70V -
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a/h(30)=3  Z/a=0
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L i i i
8 6 4 2 00(4)
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Figure 4,8 Near Wake of a Highly Negative Thin Strip.
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SEE FIG. 4.8 iy
FOR DATA
N
Z/a= 6
J
ﬂ : I 0(6)
Z/a=10 _
| ! ! ! o(10)
Z/G=I4 /'o\-_:
L ' “ 1 ol4)
Z/g=20 — O —:-—\_ 5
i | “ ‘ 0(20)
2/a=30
i i B i
8 6 4 2 00(30)
x/a

Figure 4.9 Far Wake of a Highly Negative Thin Strip.
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THICK DISC
2a=2.54cm
L=127cm
¢M=-48V
¢B=72V
kTe/e=1.7V
S$=9

a=.67
a/h(0) =13
a/h(30)=4.5
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TO I3 UNITS—»
Z/a=0 I
10(0)
Z/a=| 1
i 1 i —40(1)
TO 10 UNITS —
2 /0= /\/ |
i L i 10(2)
Z/a=4 .
f | 1 0(4)
6 r/a 2 0)

Figure 4.11 Near Wake of a Highly Negative Thick Disc.
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MODEL: 2.54 c¢m DIA. X 1.27 ¢cm THICK DISC
¢M=—48V
¢B z 72V 1
'SEE Fig. 4.11 FOR OTHER DATA
-
/\J J
Z2/6=6
‘ ! ‘ i 0(6)
\J\
Z2/0:10 —
L “ ! L 0(10)
j-\
Z/a=l4 — —
‘ | | “ 0(14)
Z2/6=20 —
‘ ﬁ E ' 0(20)
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Figure 4.14 Comparison of Theoretical and Actual Peak Positions.
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ONE DIMENSIONAL CASE
COSINE DISTRIBUTION b=20

Figure 5.1 Theoretical Development with Time of Wide One-
Dimensional Disturbance (2b/h = 40).
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ONE DIMENSIONAL CASE
COSINE INITIAL DISTRIBUTION (b =3)

Figure 5.2 Development of a One-Dimensional
Disturbance (2b/h = 6).
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v=10mr
| i i ] i
O 30 40 50 60
P
=207
i i i
IO 20 30 60 70 80
P

CYLINDRICAL CASE
Jo DISTRIBUTION, b=20

Figure 5.4 Development of a Wide Cylindrical
Density Disturbance (2b/h = 40).
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Figure 5.5 Development of a Cylindrical
Density Disturbance (2b/h = 6),
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i i

30

T=57"

ONE DIMENSIONAL COSINE INITIAL DENSITY
DISTRIBUTION, SINE VELOCITY DISTRIBUTION

Figure 5. 6 Development of a Cylindrical Density Disturbance
with Zero and Non-zero Initial Velocity Perturbation.
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THIN DISC
2a=2.54 cm DIA.
¢M =—52V
éB =98V
kTe/e =.20V
S =3|
a=.53 J
a/h(0)=2i
a/h(30)=10 |
2/a=6
L i ! i 10(6)
Z/6=10 — — -
L | . ! 10(10)
Z/a=14
' I L i 0(14)
2/a=20 ~ :
| i i i
0(20)
Z/a:30 , — |
i i i i
0(30)
8 6 r/a 2 0

Figure 5.7 Far Wake of a Highly Negative Thin Disc for S = 31.
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STRIP DISC
SEE Fig. 4.8 FOR DATA SEE Fig.4.2 FOR DATA
J,v/c
-
Z2/6=6
v/c . 2
o(e)
4 r/a 2
-1-2
-4 -4
J,V/C /\/—“ J,V/C
Z/6=8
v/c P /e 42
i i i
0(4) \.._.__,.10(8)
q %/a 2 o) 4 r/a 2 ¢)

Figure 5.8 Radial Ion Velocity and Axial Flux Profiles for the
First Far Wake Traces of a Thin Disc and a Thin Strip.
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Z/a =6, Fig. 4.6)

-5 N
P 20 IIO 0) 0
2l 1 o)
r/a Slo
t=mw (Z/a=9) I N
P 120 '|I0 o,
r/a 2! 4 o)
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P 30 20 /o/l-\—J o
r/a 2! Al 05

=47 (2/0=20.7)

£ 0 o oy N

e ? \Q\.i
» | -5

=67 (Z/a=3i.3)

P 20; 10}

—=-5

CYLINDRICAL CASE
Jo INITIAL DISTRIBUTION, b =1i0

Figure 5.9 Theoretical Development of the Far Wake for an
Initial Condition Similar to the Z/a = 6 Flux Profile of Figure 4. 6,
Radial velocities are assumed to be zero at 7 = 0.
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THIN DISC
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Figure 6.3 Effect of Background Pressure on the Wake of a Highly
Negative Thin Disc (Axial Traces).



-128-

THIN DISC
2a=2.54cm
¢M=—8V
bg =72V

B | kTe/e=1.2V
P=10"% TORR S=11
- | _s a=ll
, 10™° TORR
ny \ —5x 1075 TORR
J ,
/
o) { i { { |
0 6 12 18 24 30
Z/a

Figure 6. 4 Effect of Background Pressure on the Wake of a
Slightly Negative Thin Disc (Axial Traces).
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APPENDIX 1

First Generation Ion Source and Beam

The original ion source differed from the standard Kaufman
type ion engine(35) in that it was designed to operate without the use
of any containing magnetic field.

It was similar to the ones used by Meckel(ZI) and by Pitts and
Knechtel.(zz) A schematic drawing of the ion source, associated cir-
cuitry and the vacuum system is shown on Fig. A.1.1. All components
were made of non-magnetic materials, mostly stainless. steel.

The ion energy was variable from 60 to 600 eV, although most
measurements were made at 100 eV, corresponding to a velocity of
22 km/sec in the case of the argon gas used. The ion density of the
beam was adjustable f‘rom 3x107 to 3x1 08 ions/cm3, as measured on
the axis 35 cm downstream of the accelerator grid. At the model
position, about 23 cm from the source grid, the beam density varied
less than 15% within a radius of about 5 cm from the chamber axis;
it then decayed gradually toward the chamber walls., Thus there was
a fairly large area of uniform flow, and relatively large models could
be tested. The beam energy for this source could be varied from 60
to 600 eV, although 100 eV was generally used.

Neutralizing electrons were supplied by hot tungsten filaments
located downstream of and near to the accelerator grid. The electron
temperature could be varied from 1.5 to 6 volts by adjusting the bias
of the neutralizer filament. The electron temperature and plasma
potential both decreased slightly going downstream and radially out-
wards from the axis. The temperature variation was usually within

204 and the plasma potential within a few volts.
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was generally within 3 or 4 KTe/e of the grounded grid.

The plasma potential and floating potential were strongly
dependent on neutralizer filament temperature which determined the
amount of electron emission. When the beam was properly neutral-
ized, the plasma potential was of the order several volts.

The source had a large accelerating grid (30 cm diameter)
which made it possible to test quite large bodies (7.5 cm diameter).
Because of the large grid area, the source had to be operated at the
chamber background pressure. The engine could operate stably down
to around 1. 5X10"4 torr in argon, but the most frequently used set of
conditions was at about ZXIO—4 torr background pressure and 100 eV
beam energy.

Most of our early data were taken at the conditions mentioned
above, but upon analyzing the data, the effects of low energy ion pro-
duction became apparent, as did the need for much lower background
pressures.

Since the electrostatic probe is mostly sensitive to fast ion
flux, a good indication of the beam ion-neutral atom mean free path
could be found by measuring the flux decrease as a function of Z.

For relatively short mean-free-paths, most of the decrease is due
to the scattering of beam ions. At the usual operating conditions,
the ion-atom free path was found to be about 25 cm which was on the
order of the wake dimensions. At first this did not appear to be too
great a problem. However, rough calculations soon indicated that
because of the large radius of the chamber and the short mean free

path, a high density of collision-produced low energy ions was likely.
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This estimate was soon confirmed using the resonance probe, and it
was necessary to go to a lower background pressure to eliminate the
undesirable slow ions. This source was housed completely in the
50 cm diameter stainless steel vacuum chamber described in Chapter
II. The chamber was identical to that used with the modified source
but did not include the extension to accomodate the 40 cm pump (see
Fig. A.1.1.

The original pumping system consisted of a 15 cm CVC diffu-
sion pump, a liquid nitrogen baffle, a 15 cm gate valve, and a
300 L./min Welch mechanical forepump. This system could nominally
handle a flow rate of 1,400 L/sec at our normal operating pressure
of 2x10™% torr and would normally provide an ultimate pressure of
10'6 torr. With no leaks and a thorough cleaning, an ultimate pres‘-

sure of 3xl 0_8 torr has been achieved.
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Figure A.1.1 First Generation Plasma Beam Source and Chamber.
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APPENDIX 2

The Resonance Probe

The resonance probe work connected with this investigation
was performed by M. Sajben. Since it is an important part of the
study, a short description of the probe and techniques follows. This
description is taken from Ref. 26.

The density of low energy ions can be determined through
independent measurement of electron density, by the following method.
The Langmuir probe measures the flux of the fast directed ions,
while low energy ions contribute little to the collected current unless
their densities are much greater than the fast ion densities. If one
assumes charge neutrality in the beam and finds the fast ion flux
(and thus fast ion density) from Langmuir pfobe measurements, then
the slow ion density can be found by subtracting the fast ion density
from the electron density: Ns =n_ - Nf. This method will fail if the
slow ion density is small compared to the electron density.

The independent electron density measurements were per-

formed using the resonance probe technique first proposed by

(41) f42)

Takayama and his co-workers, later refined by Harp, Crawfor
and many others. The method is based on the fact that the RF admit-
tance of the plasma sheath - plasma system has a maximum at a
frequency near the electron plasma frequency. Further information
von this technique can be found in Ref. 42. One of the probes and the
circuit used in this experiment are shown onvFig. A.2.1. Cable

capacitance effects were compensated for by using an exact duplicate

of the probe in a completely symmetric arrangement, so that the
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imbalance current measured by the two Tektronix CT-2 transformers
represented the true plasma RF current. The electron density was
computed from the resonance frequency using Harp's Theory for

(42)

spherical resonance probes.
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APPENDIX 3

Effects of Pressure and Collisions

We have mentioned that at the operational pressures of the
large source described in Appendix I, collisions and the formation
of slow ions are important considerations. We have also mentioned
that at pressures of around 10-5 torr, well within the range of the
second generation source, low energy ions are no longer a problem.
The following is a short justification of these statements.

The large beam was normally operated at a pressure of 0. 24
which is a sufficiently high pressure to warrant an examination of the
effects on the experimental results of collisions between beam ions and
background neutral atoms. At 100 eV ion energy the argon ion-argon

atom resonance charge transfer cross section is 28X10_16 cmz, (43)

and the elastic momentum transfer cross section is .‘?.OXIO_16 sz.(44)
The corresponding mean free paths are of the order of the test section
length, and thus a large fraction of the beam ions will suffer some type
of collision before reaching the end of the vacuum chamber.

The resultant density variation in the axial direction is not in
itself particularly troublesome. Since the characteristic length scale
of decay is much longer than the body size, it is certainly not expected
to influence directly the structure of the near wake. The resultant
secondary ions, however, contribute to the space charge, tend to
attenuate electric fields, and thereby influence the motion of the fast
ions. Secondary ions were presumably present in the experiments of

Meckel(z” and Pitts, (22) while Clayden and Hurdle (24) were apparently

the first to estimate and indirectly measure their density.
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The secondary ion density can be estimated for an axial
symmetric, uniform, parallel beam, provided that the beam radius

is much less than the mean free path. Such an estimate was carried

(26

out by M. Sajben ) and is included here.

For the above conditions, the axial decay of the beam can be
neglected for the purposes of a rough approximation, and the mass
balance for a cylindrical control volume of radius r can be written

as

N, UN Qrzn = N u 2nr (A.3.1)
n s s

f

where N Nn and Ns are the beam, background neutral and secondary

f’
ion densities respectively, Q is a collision cross section further
specified below and u is the radial component of the mean velocity

of secondary ions. Letting A E(NnQ)-I, we can write

Ns(r) Ur
N = Zus T3 (A. 3.2)

f
The key problem is clearly the correct determination of u_. Clayden
assumed u, = (KTe/Mi)%, which seems to imply that the scattered
ions were accelerated across a radial potential difference of KTe/e.
Since we found our beams to be very nearly field free, che secondary
ion motion in our case must be governed by the scattering process
directly. The beam particles are deflected by the target atoms
according to the differential cross section for elastic collisions and
travel along straight lines afterwards. Since the mean free path is
large compared to the beam radius, most of them will leave the

beam without additional encounters with background neutrals. If the

angles of deflection and the charge transfer probability are both
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known as functions of the impact parameter, u_ can be calculated in
a straightforward, although laborious way, using a first collision
theory. In what follows we shall restrict ourselves here to the
estimation of lower and upper limits for u_, using two simple collision
models.

In order to obtain a low estimate for NS, we seek a high ap-
proximation for u_, which requires a model having relatively large
cross sections for large deflection angles. The hard sphere model
is appropriate for this purpose, since its differential cross section
in the laboratory frame varies as Cos 6, while real ion-atom cross
sections typically have a sharp peak at small 6 values.(45) The esti-
mate will also be lowered by neglecting charge exchange reactions
altogether and considering the effects of elastic deflections only.
Detailed first collision calculations, not described here, show that

in this case the secondary ion density on the axis is obtained by the

formula:
.NS(O) _ URNnQe _ 7 R (A, 3. 3)
Nf ' - 2(U/w) -2 >‘e T

min
where R is thé beam radius and Qe is the momentum transfer cross
section. This formula is similar to and made feasible by Eq. A. 3. 2.
A high estimate is obtained if we assume that the neutral
atoms gain no momentum in a collision, but will lose an electron to
ions passing within a distance given by (QC /Tr)% where Qc is the charge
exchange cross section. The secondary ions produced by this mech-

anism would possess a Maxwellian distribution at the neutral atom

temperature, Tn' Detailed calculations, omitted here, show that the
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secondary ion density on the axis is then given by

NS(O) 1 URNch 1 U R 8. 3.4)
N T 2w 1 727 D \ e
f 8KT \2 8KT c
max n n
( ™ > ™M

n
where QC is the differential cross section for charge exchange at the
beam energy.

For the experimental conditions, the two limits given differ
by a factor of approximately 24. This ratio may be reduced through
the use of more realistic differential cross sections, if necessary.
However, the consideration of the lower limit alone is sufficient to
point out that rather stringent requirements must be placed on the
highest permissible pressure if one wishes to keep the secondary ion
concentration low. Prescribing 5% secondary ion fraction, it is
quickly found that the mean free path must be at least 31 times the
beam radius!

From these estimates it is clear that substantial secondary
ion densities had to exist in our first experiment.

Verification of this fact was obtained through the resonance
probe measurements performed by M. Sajben (Appendix 2). Fig. A.2.1
shows the measured electron densities on the axis, 51 cm from the
accelerator, normalized by the fast ion density. Despite the scatter,
the data indicate a roughly linear relation between the pressure and
secondary ion density, bounded by the two limits given in Eqs. A. 3.3
and A.3.4. It may be concluded that secondary ions cannot be ignored
in an argon beam of this size unless the test section pressure is well

below 10-5 torr. For the smaller beam of the low pressure source,



-140-
10-5 torr should be sufficiently low for secondary ions to be ignored.
This has been confirmed by our measurements and is in agreement

with the results of Hester and Sonin.(27)
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APPENDIX 4

Estimate of the Relative Magnitudes of the

Electric Fields in the Void and Sheath Regions

For a crude estimate of the ratio of the field in the void to the
field in the sheath, assume the sheath field (Es) is on the order of
‘QM' /h and the void field (EV) is approximately IvaI/a, where va is

the potential on the axis in the void region. Thus:

12| ~ lcq_\,ﬂ_ (A.4.1)

s h
lo_|
and \EVI ~ — . (A. 4.2)

The potential on the axis of a cylindrical volume filled with Maxwellian
electrons is known exactly (Ref. 46). Using this value as an estimate

for the void region, we have

lo | ~ (KTG) M[}(%)z] : (A. 4.3)

e

(Eq. A. 4.3 overestimates lcpvi .} One finds

lE | 2 om|g@)?
—v. .3 [8 h ] . (A. 4. 4)

For the slightly negative case of Fig. 4.1,

e Py
a/h = 21 and —R—,-f; = g, Thus
IE_| n 55
v

~ = 0.0212 << 1
|l | 21x9
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e®
For a floating body, —K?—M is approximately 3 and the above
e

ratio would be about 0. 06.

The ratio of the inward momentum due to the void and the
sheath can also be estimated. The momentum change in the radial
direction should be approximately proportional to the radial field
strength times the time for which an ion is in this field. If the beam
speed stays approximately constant, this time will be proportional
to a characteristic length for the field. An ion is in the sheath field
for a distance of about L + 2h and is in the void field for a distance

on the order of a model radius. Thus:
A(MiV)S ~ ES(L+2h) (A. 4.5)
and AM.V) ~ E a . (A. 4. 6)
1 v v

The ratio of the radial momentum changes due to the void and the

sheath is then given by

smvy o |E |

a
.____.___A(Miv)s ~ . (A.4.7)

|[E | L+2n
S

For a floating thin disc where a/h =21 and L/h<<1,

A(M_iV)V
ARLVTC ~ 0-06 (11) = 0.66
i’s
eCpM
For a highly negative thickdiscwhere a/h = 21, L/h =10 and ®T =50,
e
AM.V)
iy 21, _
T~ 0.0038 (T3) = .0066

Thus the effect of the electric field in the void region on the

wake is comparable to that of the field in the sheath region only for
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very weakly charged bodies. The estimates given here apply to the

disc case; similar results can also be obtained for the strip case.
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APPENDIX 5

Wakes of Segmented Sphere and Screen Models

Segmented Sphere

This appendix describes the wakes of two models not discussed
in the text. The segmented sphere i.s shown in Fig. 2.9. The ring
around the center of the model can be biased separately from the rest
of the sphere. This model was used to show that it may be possible
to modify the wake of a real satellite by means of onboard power
supplies.

Fig. A.5.1 contains axial probe traces behind the sphere for
three different model conditions. The strongest peak is obtained when
all surfaces of the sphere afe biased highly negatively (@ = . 66). The
weakest peak results if all parts of the model are connected together
and the assembly is at floating potential (o = .11). The third wake is"
for the ring biased 40V negative with respect to the rest of the model
but the model as a whole is floating. It is clear from Fig. A. 5.1 that
the peak position and strength can be influenced by biasing one part of
a model or satellite with respect to another. The radial traces for
this model were similar to those at the thick disc. Figs. A.5.2 and
A.5.3 show radial traces for the model floating. . The traces for the
other two cases were similar, except for the variations in peak posi-
tion.

Screen

The screen model was approximately the same size as the thin

disc model, but it was made of brass screening identical to that used

in the ion grid of the source. The screen was much thinner than a
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Debye length and had about 70% open area. The gri'd spacing was
approximately 0.5 mm. This model was included to demonstrate
that the fine structure of the far wake is affected by variations in the
conditions presented by the near wake. Figs. A.5.4 and A.5.5 show
radial traces at the wake at the slightly negative screen. Note how
the complicated upstream condition (Z /a = 8) generates a quite
complicated far wake structure. The last trace on Fig. A.5.5is a

repeat at the Z/a = 30 curve enlarged five times.
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Figure A.5.2 Near Wake of a Floating Sphere.
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Figui-e A.5.3 Far Wake of a Floating Sphere.
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Figure A.5.4 Near Wake of a Slightly Negative
Thin Disc-shaped Screen.
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Figure A.5.5 Far Wake of a Slightly Negative
Thin Disc-shaped Screen.
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APPENDIX 6

Details of the Near Wake Theory of Chapter IV

The following is a more detailed derivation of the crude
theoretical results for peak position presented in Chapter IV.5.
This theory applies to a conducting strip or disc with a radius or
width much larger than the Debye length and with: a >> L >> h.

Fig. 4.13 shows the geometry of the interaction of the beam
jons with the disc. We assume that all interaction between the beam
ions and the disc takes place in the shaded region. The Z velocity
(U) of the ions remains constant throughout the interaction, and any
jons which hit the model are absorbed. Since all the model dimen-
sions are much greater than the Debye length and most of the beam-
model interaction is close to the body, the body can be assumed
locally flat and any transverse curvature can be ignored. We also
assume that once an ion leaves the shaded region it travels in a
straight line. To find the peak position we must know the radial
velocity, v, of the ion which just misses the body‘at Z =0.

The ion motion is governed by the following momentum equa-

tion:
t

My = jeEdt (A.6.1)
0

where M is the ion mass and v is the radial velocity. Since U is

constant we can rewrite this as:

0
_ dr _ ., dr - dz
Mv = MG =Mg U= j ¢ E S (A.6.2)
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The potential in the interaction region is defined by:

® = @y expl- T) (A. 6. 3)
Thus: E = -9 - IM (- =2 (A. 6. 4)
' T dr h SFPLT T 0
and: &
dr M dz
Mv = MU = [Le 2 exp| - 52 ] (A. 6. 5)

to find v we must solve for r(Z).

The solution is found as follows: differential Eq. (A.6.5) to

get:
2 ey
dr M -
M—U = —=r—=—exp| - —
dZZ Uh
or
2 eCp
dr r-a
- exp[ ] (A. 6. 6)
az®  myt Zh
M
-
Next let 9% = th
EALS et 3Z ~ \ en,
d dr d , 2
a_z_.&_zga;(q,) (A.6.7)
d 2 -
or 00 = [ a] (A. 6. 8)
Integrating:
2
\y = o expE ] + const. (A° 6~ 9)
; = dr | 'z = dr _ -
Since v = dt—Oat Z =-L, dZ—\}:—O

at r =r,, where r, is the initial radius of the ion entering the

shaded interaction area of Fig. 4.13. Thus:
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dr BT T
\y = -a—z- = exp[— ] (A(). 10)
Rearranging:
-a dr
exp[— 2 = T
h (exp[-(r-ryh]-1)?
r.-a r dr
or ﬁexp[- 3 L ](Z+L) =j 1 (A.6.11)

r, (expl-(r-r,)/h]-1)

To evaluate the integral, let r-r, = r’ to get:

%o ar’ T dr
J. - 1 = 1 (A.6.12)
0 (exp[-r‘/h]-1)2 r. (exp[—(r ~r. )/h] 1)2
-.r,
Then let exp(—l—l- ) =y to give:
dr’ = -h dy
y
Substituting into the integral and using Dwight #192. 11(47)
e'(r'ri)/h . e-(r-ri)/h
-h‘r —-—dz—l— = —h[z tan-l(y-l):"_] ' (A. 6. 13)
1 yly-1)2 1

Substituting the right side of (A. 6. 13) for the integral in (A. 6.11) and

rearranging, we obtain:

r = r,-2Zhbn [Sec{ M}] (A. 6. 14)

For convenience we define:

s G emfor ]

Then r = r, - 2h in [Sec B(Z+L)] (A.6.14a)

The radial velocity of an ion in the interaction region is then given by:

= =5 = -2hBtan[B(Z+L)] (A.6.15)

al<
o
N
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The ion will leave the interaction region with the radial velocity
given by setting Z = 0 in Eq. (A.6.15).
It is easy to see that for any OMm and L, there will be é. mini -
mum r, for particles to enter the wake. All ions with r, less than
this r ... will hit the model. 0, min. is found by setting r(Z=0)= 0.

0, min
Thus from (A. 6. 14)

Fo, min = 2P2hn [Sec(B,L)] (A.6.16)
. _Ja ro-a
where: [30 = 5y exp| - Sy

or

exp[r—g%;i = Cos{(expl:rg;la]) @L} (A.6.17)

The peak position is the point where an ion starting at L0 min hits the
axis. This point is given by

v(r.=r0, Z=0)
Z Ja = 1 (A. 6.18)
P u

If we define Yp =21, BO, then from (A.6.17) we get an implicit equa-

tion for Y_:
p’

Yp = (L/h),\ﬂz—Cos(Yp/Z) (A.6.19)

and from (A. 6.15) and (A. 6.18)

_ 1
z,/a = L/hLY, tan(¥_/2)]

This analysis assumes that the sheath is very thin compared
to the model dimensions and that model curvature can be ignored. To
show that this is indeed the case, it is useful to look at a few values

of R for various values of @ and L/h. The following table lists

0, min
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a few such values:

L/h a ro, min/h
5 .1 . 44
10 o1 1.04
15 .1 1.55
100 .1 4. 74
5 .5 1.18
10 .5 2.14
15 .5 2.78
100 .5 6.3

One can see from the table that ry rnin/h~ is always small compared

to L./h and a/h.
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APPENDIX 7

Some Details of the Far Wake Solutions of Chapter V

Inthis appendix, we willpresent some of the details of the specific

solutions for N given in Chapter V.1. To find N(p, 7) or N(§, ) for

any given initial condition, one must evaluate Eq. 5.18 or 5.22. To

9 N(k, 0)
R

do this, one must first find N(k, 0) and 5 The integrals given

in Eqs. 5.18 and 5.22 can then be calculated on the computer. We
will derive N(k, 0) and %g_— (k, 0) for the various initial conditions -
presented in Chapter V.1 and also for some step function initial

density distributions. The step function results for N will be pre-

sented at the end of this appendix.

One Dimensional Case

Let us first look at the one-dimensional cosine initial distri-

bution used for Fig. 5.4. N(&, 0) is given by Eq. (5.24):

N(E, 0)

Cos (%B) 0 <|gl <b
(A.7.1)

In this case v(§, 0) = 0, so using Egq. (5.A17) the second integral of
Eq (5.18) is zero. Since N(g, 0) is symmetric about § = 0 we can

write from Eq. (5.14)
' o
— _ 73 ]
N, 0) = /2 j; N(E, 0) Cos (k ) dE (A. 7.2)

From (A. 7.2) it is also clear that N(k, 0) is an even function and Eq.

{5.18) can be written

.
N(E, ) = )/ % fo N (k, 0) Cos {w(k)T }Cos (k&)dk (A. 7. 3)
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——

kZ
where (k) = >
1+k

Substituting (A.7.1) into (A. 7. 2) and evaluating the integral we get:

/ b _;(.:.9.5_{;12._}1}_ (A.7.4)
1— - kb2

This leaves Eq. (A.7.3) as

Cos kb

N(E, 1) = b_f Cos {w(k) T} Cos k Edk (A.7.5)

TfT - %
This can be evaluated on the computer for various values of §, T, and
b to give the results shown in Figs. 5.3, 5.4 and 5.5. Forb =5
this also gives theA"without” curves of Fig. 5. 9.
To get the "'with'' curves of Fig. 3.29, we must add the effects
of an initial velocity distribution and thus must include the second
integral of Eq. (3.2.18). For Fig. 5.9, we assumed an initial

velocity distribution given by Eq. (5. 32) of:

25,0 = - Zsinmz)  |5|<p
- (A.7.6)
= 0 HEY:
Using Eq. (5.17) and the fact that Q—‘%-gé——m is even, we get:
%é—l%(l:}-g-)-=+)/— wBCIZCOSTrECoskEdE
Vo ' (A.7.6a)
= Vom -—[3 k S1n1]: E
™ -

Thus using Eq. (5.18) and the fact that —lu—, _88_1_\1_ (k, 0) is even with

respect to k:
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[s o)
NEm=b[ Soekb
0 2.2

m
El

Cos(w(k)t) Cos (k E)dk

(A.7.7)

v o ]/ 2
+2-2p [ L1tk - sin(k)Sin(wnCos(ke)dN
0 w° - k%

The integrals in Eq. (A.7.7) are integratedon the computer to give
the results shown in Fig. 5. 9.

While looking at the one-dimensionai solutions it is interesting
to work out the case of a step function initial distribution with an
initial velocity. We have examined the solution for an initial distri-

bution given by:

N(E,0) = 1 0<|g| <b
(A.7.8)
= 0 le|>b
Using Eq. (A.7.2), N(k, 0) is given by:
= - 2 Sin kb
N(k, 0) = /—Tr- — (A.7.9)
Since N(k, 0) is even, we can use Eq. (A.7.3) to get
00 }
2 .
N(E, 1) = z J‘ Cos (wT) C;)(s(kg) Sin(kb) dk (A.7.10)
0

Figs. (A.7.1) and (A.7.2) show N(€, T) for b = 3 and b = 20. It is
worth noting that the small disturbance in the b = 3 case develops
much like the cosine b = 3 case of Fig. 5.4. The b = 20 case also
develops similarly to the cosine b = 20 disturbance of Fig. 5.3, but

there is a considerable amount of small wavelength disturbance
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superimposed on the step function disturbance. This is probably
due to the fact that the step function initial disturbance is actually
composed of superimposed disturbances of all wavelengths.

Cylindrical Case

The solutions for the cylindrical case are given by Eq. (5.22).
Since we did not examine initial velocity distributions in cylindrical
coordinates, we are only concerned with cases where the second
integral of Eq. (5.22) is zero. For the results shown in Figs. 5.6,

5.7, and 5.8, we assumed a Bessel function initial distribution given

by:
N(p,0) = J. (&) o <b
’ 0lb
(A.7.11)
= 0 p>b
where a, is the first root of JO' N{p, 0) is then given by:
_ b al
Nip,0) = | Jo(5 p) Joke) pdp
0
albz
= kTT_Z Jo(kb)J'l(al) if al/b;é k (A.7.12)
b -y
2
_ b 2 . -
= 5 [Jl(al)] 1fozl/b-k
N(p, T) is then given by Eq. (5.22) as
co
Np,n = | (Sgelen)olkelk 412 5 k) 3 (@) )ak , (A.7.13)
0 "o -k b

where w = 7k2/1+k

When /b = k, the integrand is given by:

2
Cos (wT) Jo(kp) l—)—z- [Jl(a’,)]z ,
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where @, = 2.4048 and Jl(al) =.5191. Eq. (A.7.13) was integrated
numerically to give the results in Figs. 5.6, 5.7 and 5. 8.

We have also worked out the step function case in cylindrical
coordinates. The disturbances resulting from the step function
initial distribution compare to the Bessel function disturbances in
much the same way as the one-dimensional step function results
compared to those at the cosine distribution. The initial distribution

N(p, 0) is given by:

N(p, 0) = 1 o <b
(A.7.14)
= 0 0>b
This gives:
Nk, 0) = 41'2— T, (kb) (A.7.15)
and ©
N(p, T) = f b J, (kb) T, (kp) Cos (wrdk (A.7.16)
0

The results of Eq. (A.7.16) for b =3 and b = 20 are given in Figs.
A.7.3and A. 7.4,
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