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Abstract

We investigate topological quantum field theories (TQFTSs) in two, three, and four dimensions, as
well as holomorphic quantum field theories (HQFTSs) in four dimensions. After a brief overview of
the two-dimensional (gauged) A and B models and the corresponding the category of branes, we
construct analogous three-dimensional (gauged) A and B models and discuss the two-category of
boundary conditions. Compactification allows us to identify the category of line operators in the
three-dimensional A and B models with the category of branes in the corresponding two-dimensional
A and B models. Furthermore, we use compactification to identify the two-category of surface
operators in the four-dimensional GL theory at ¢ = 1 and ¢ = ¢ with the two-category of boundary
conditions in the corresponding three-dimensional A and B model, respectively.

We construct a four-dimensional HQFT related to A/ = 1 supersymmetric quantum chromo-
dynamics (SQCD) with gauge group SU(2) and two flavors, as well as a four-dimensional HQFT
related to the Seiberg dual chiral model. On closed Kéhler surfaces with h>° > 0, we show that
the correlation functions of holomorphic SQCD formally compute certain Donaldson invariants. For
simply-connected elliptic surfaces (and their blow-ups), we show that the corresponding correlation

functions in the holomorphic chiral model explicitly compute these Donaldson invariants.
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Chapter 1

Introduction

Topological quantum field theories (TQFTs) are the latest chapter in the long and fruitful discourse
between mathematics and physics. Developed in the late 1980s, the hallmark of these quantum
theories is metric independence; correlation functions only depend on the differential and topological
structure of the spacetime manifold. TQFTs therefore generate topological invariants on nontrivial
spacetime manifolds.! Many interesting topological invariants have been formulated in the TQFT
framework, including Donaldson invariants of four manifolds [38], Gromov-Witten invariants of
symplectic manifolds [39], and the Jones polynomials of knots [40].

The realization of topological invariants in the TQFT framework has been beneficial for both
mathematics and physics. Mathematicians were able to leverage robust techniques from quantum
field theory to compute, as well as generalize, important topological invariants [6], [41], [43]. Physi-
cists were able to use exact results from mathematics to test dualities between strongly coupled
quantum field theories and weakly coupled quantum field theories [34], [17].

On complex manifolds with a Hermitian metric, there is a generalization of TQFTs known as
holomorphic quantum field theories (HQFTSs) [41], [14]. HQFTs are independent of the underlying
Hermitian metric, and therefore generate invariants of the complex manifold. Many interesting
invariants have been formulated in the HQFT framework, such as the elliptic genus [41], and the
chiral de Rham complex [16], [44] of Calabi-Yau manifolds.

This thesis describes some progress in understanding TQFTs in two, three, and four dimensions,
as well as HQFT's in four dimensions. Chapter 2 is brief review of cohomological TQFTs and HQFTs,
outlining the construction and properties of these theories. Chapter 3 provides some background
on category theory and its application to TQFTs in two, three, and four dimensions. We construct
two-dimensional (gauged) A and B models in Chapter 4 and discuss the category of branes. Chapter
5 discusses three-dimensional analogs of the (gauged) A and B models and the 2-categories of branes.

We utilize these results in Chapter 6 to describe the two-category of surface operators in the GL

1We employ a common abuse of language and refer to invariants at the level of the differential structure as
topological invariants.
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theory at t = ¢ and t = 1. Chapter 7 introduces the holomorphic twist of A/ = 1 supersymmetric
SQCD with N, = 2, Ny = 2, as well as the holomorphic twist of the dual chiral model. Correlation

functions in both theories are computed and shown to agree in accordance with Seiberg duality.



Chapter 2

Cohomological TQFTs and HQFT's

2.1 Supersymmetry

In the early 1970s, a remarkable new symmetry was proposed relating boson and fermions [11], [36].
The spin-statistics theorem tells us that this “supersymmetry” must change the spin properties of
fields, nontrivially extending spacetime Poincaré symmetry. Nahm classified supersymmetric exten-
sions of Poincaré algebra in dimensions greater than two [28], building on Coleman and Mandula’s
remarkable theorem classifying symmetries of a quantum field theory with nontrivial S-matrix [7].

The generators of supersymmetry Q2 transform as spinors of the Lorentz algebra M.,
(M, Q2] = (M) 03,
and are invariant with respect to translations P,
[P, Q4] =0.
The anticommutation relations among the supersymmetry generators have the form
{Qa.QF} = 13" Put €5’ 2,

where Fﬁg " C’éBBi are numerical coefficients, and Z; are central charges. The Coleman-Mandula
theorem tells us that generators of internal symmetries commute with the Poincaré subalgebra and

central charges, so the only possible commutation relations are
T 041 = (T)2 0B
71, Q5] = (T1) Q0

Internal symmetries that act nontrivially on the generators of supersymmetry are known as R-

symmetries.
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While it is not immediately apparent, supersymmetry offers tremendous phenomenological and
theoretical benefits. Supersymmetric extensions of the Standard Model have robust solutions to
important phenomenological issues, such as the hierarchy problem [8], gauge coupling unification,
and dark matter. On the more theoretical side, supersymmetry gives us a quantitative window into

various nonperturbative phenomena in strongly coupled quantum field theories.

2.2 Twisting

Consider a supersymmetric quantum field theory on a nontrivial spacetime manifold. The super-

symmetry variation of the action is

55 = / e G (V,E) G
M

where the variational parameter &, is a spinor on M, V,, is the covariant derivative, and G*“ is
the supercurrent. Since most manifolds do not have covariantly constant spinors, supersymmetry is
generically lost.

In the late 1980s, Witten developed a novel procedure that preserves some supersymmetry on an
arbitrary spacetime manifold [38], [39]. This “twisting” procedure replaces the original spin group
of the supersymmetric theory with an isomorphic subgroup in the direct product of the spin group
and R-symmetry group,

Spin(n) — Spin’(n) C Spin(n) x Gr.

For suitable supersymmetric theories, we can choose Spin’(n) so that at least one supercharge @
transforms as a scalar. The corresponding supersymmetry is then present on an arbitrary closed
manifold.! Since the twisting procedure changes the spin properties of fields, the original action S
is no longer Lorentz invariant. However, there exists a Lorentz invariant action S identical to the
original action S on Euclidean spacetime R™. It is natural to choose S as the action for the twisted
theory.

Johansen generalized the twisting procedure to complex manifolds [14]. The restricted spin group
of the supersymmetric theory on a complex manifold (with a Hermitian metric) is replaced with an

isomorphic subgroup in the direct product of the restricted spin group and R-symmetry group,
U(n) = U'(n) CcU(n) x Gg.

For supersymmetric theories with a nontrivial R-symmetry group, we can choose U’(n) so that at

least one supercharge () transforms as a scalar. The corresponding supersymmetry is then present

1On manifolds with boundary, there are constraints on the boundary conditions necessary to preserve the symmetry.
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on an any closed Kéhler manifold. While the original action S is not invariant under U’(n), there
exists an invariant action S identical to the original action S on Euclidean spacetime C™. It is

natural to choose S as the action for the twisted theory.

2.3 BRST Cohomology and Metric Independence

Let us highlight some properties of the scalar supersymmetry @ in the twisted theory. As with any

symmetry generator, correlation functions of @-exact observables vanish,

({Q,0}) =o.

Furthermore, it follows from the twisted super Poincaré algebra that the action of @) on observables

is nilpotent in the absence of central charges,

{Q.{Q.2}} =0

These observations imply that @ acts as a BRST operator, so we can define “physical” observables
to lie in the @-cohomology [38], [39]. We refer to the twisted theory with physical observables living
in the @-cohomology as the cohomological twisted theory.

The cohomological twisted theory is topological if the terms of the action S involving the space-

time metric g are Q-exact [38], [39],

S(9) ={Q,V(9)} + Su,

where S; only depends on the differential structure of the spacetime manifold. This decomposition
ensures that correlation functions of metric-indepedent physical observables O are invariant with

respect to infinitesimal deformations of the metric,

9(0)

§Q/D<I> O exp(=5(g))

—/ch 0{Q, 5,V (g)} exp(—S(g))

_ / Do {Q,05,V(g)} exp(—S(g))

_<{Q’ O(sgv(g)}>

=0.

Similarly, a cohomological twisted theory is holomorphic if the spacetime Hermitian metric h
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only appears in Q-exact terms of the action S [14],
S(h) ={Q,V(h)} +5.,

where S, only depends on the complex structure of the spacetime manifold. This decomposition
ensures that correlation functions of metric-indepedent physical observables O are invariant with

respect to infinitesimal deformations of the Hermitian metric,

52(0) = / DB O exp(~3(h))
_ /D<I> O{Q, 6,V (h)} exp(~S(h))
__ /D<I> (Q, 08,V (h)} exp(~5(h))
=—({Q, 05,V (h)})

=0.



Chapter 3

TQFTs and Category Theory

3.1 Categories

In the mid 1940s, Eilenberg and MacLane introduced categories to capture the notion of equivalence
found in various mathematical structures (groups, topologies, etc.). A category consists of “objects”
and “morphisms”. Each morphism f is associated to two objects; a “domain” A and a “codomain”

B. The standard notation for morphisms is
f+A— B.

The collection of all morphisms with domain A and codomain B is denoted by Hom(A, B). Mor-
phisms are required to be closed under “composition”; given a morphism f € Hom(B,C) and a
morphism g € Hom(A, B), the “composition” of f and ¢ is a morphism h € Hom(A,C). The
standard notation for composition is

h=f-g.
Composition is required to be an associative operation,
(f-9)-h=f-(g-h),

where f € Hom(C, D), g € Hom(B, C), and h € Hom(A, B). Finally, each object B in the category

must have an “identity” morphism 1p : B — B such that
f : 1B = f7

for all f € Hom(B, C), and
Ip-g=y,

and for all ¢ € Hom(A, B).
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Mappings between categories that preserve the category structure are known as functors. A
functor F from category C to category C' maps any object A in C to an object A" in C’. Similarly, F’
maps any morphism f: A — B in C to a morphism f’ : A — B’ in C’ with the appropriate domain
and codomain,

F(f) : F(A) — F(B).

In addition, the functor F' preserves composition of morphisms,

F(f-9)=F(f) Flg),

and maps the identity morphisms in C to the appropriate identity morphisms in C’,

F(lA) = 1F(A)~

A 2-category is an extension of a category where we introduce “2-morphisms” that give each
collection of morphisms Hom(A, B) the structure of a category; the objects in each Hom category are
morphisms and the morphisms in each Hom category are 2-morphisms. Furthermore, any morphism

f: B — C in the 2-category is a functor between the appropriate Hom categories,

f :Hom(A, B) — Hom(A, C),

f :Hom(C, D) — Hom(B, D),

with the identity morphism going to the identity functor. Finally, we require that the action of
morphisms and 2-morphisms commute.’

As we shall see in the following sections, the categories and 2-categories that appear in TQFTs
have additional structure. One universal feature is that these categories and 2-categories are C-
linear; the collection of morphisms Hom(A, B) and 2-morphisms Hom(f, g) forms a complex vector
space that we will denote by Vap and Vy4, respectively. Notice that the composition axiom gives

Vaa and Vyy the structure of an associative algebra, which we shall call the endomorphism algebra.

3.2 The Category of Boundary Conditions in Two-Dimensional

TQFTs

In this section, we will show that boundary conditions in a two-dimensional TQFT have the structure

of a category, [9]. Objects of this category are boundary conditions, and morphisms are local

1We only provide the definition of strict 2-categories in this thesis. Generally, one encounters weak 2-categories in
TQFTs, where the associativity and identity axioms are relaxed to associativity and identity up to isomorphism.



9

observables O 4p sitting at the junction between an interval with boundary condition A and an

interval with boundary condition B, (see Figure 3.1).

A \
\

\

1

\

® Op € Vag 1

1

/

1

B /

Figure 3.1: Morphisms correspond to local operators at the junction of two boundaries.

Consider two local observables O 45 and Opg¢ sitting at the appropriate junctions between intervals
with boundary conditions A, B, and C (see Figure 3.2). Composition of morphisms comes from
contracting the interval B (a trivial operation in a TQFT), fusing the local observables. Since the
order of contraction is irrelevant in TQFT, composition is associative. Finally, the trivial local

observable realizes the identity morphism for each boundary condition.

. o
N N
A \\ \\
\ A \
\ \
[ ] OAB \ \
\ \
\
B | — [ ] OAB 'OBC 1
I
/ /
[ ] OBC ! /
/7 C /I
C // //
. .

Figure 3.2: Composition of morphisms

Note that conformal transformations about the junction give us a one-to-one correspondence
between local observables O4p and states in the TQFT on Ry x I with boundary conditions A
and B on the oriented interval I. So Hom(A, B) forms a complex vector space Vap. Furthermore,
when A and B are the same boundary condition, composition gives Hom(A, A) the structure of an

associative algebra.

3.3 The 2-Category of Two-Dimensional TQFT's

In this section, we will show that the collection of two-dimensional TQFTs has the structure of a
2-category. The objects of the underlying category are two-dimensional TQFTs and morphisms are
defect lines A on the boundary between the worldsheet of TQFT X and the worldsheet of TQFT
Y, (see Figure 3.3). Consider defect lines A and B between the worldsheet of TQFTs X, Y, and Z
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(see Figure 3.4). Composition of morphisms comes from contracting the worldsheet of TQFT Y (a
trivial operation in a TQFT), fusing the defect lines. Since the order of contraction is irrelevant in
TQFTSs, composition is associative. Finally, the trivial defect line realizes the identity morphism for

each two-dimensional TQFT.

Figure 3.4: Composition of morphisms

From the previous section, we know that the collection of defect lines between a pair of two-
dimensional TQFTs forms a category as well. The objects of this category are defect lines and
the morphisms are local observables at the junction between two defect lines. The category of
two-dimensional TQFTs therefore extends to a 2-category; the objects in this 2-category are two-
dimensional TQFTs, the morphisms are defect lines between the worldsheets of two-dimensional

TQFTs, and the 2-morphisms are local observables at the junction of defect lines (see Figure 3.5).

Figure 3.5: Elements in the 2-category of two-dimensional TQFTs
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Since the order of contraction is irrelevent in TQFT's, the composition of morphisms and 2-morphisms

commute (see Figure (3.6).

Figure 3.6: Composition of morphisms and 2-morphisms commute.

Notice that defect lines in Hom(X, X) close under composition, giving this category a “tensor”

product,
Hom(X, X) ® Hom(X, X) — Hom(X, X).

Categories with an additional tensor structure are called a monoidal category.

3.4 The 2-Category of Boundary Conditions in Three-Dimensional
TQFTs

Boundary conditions in a three-dimensional TQFT also form a 2-category. The objects of the
underlying category are boundary conditions and the morphisms are line observables at the junction
between boundary conditions. Consider line observables A and B sitting at the appropriate junction
between boundary conditions X, Y, and Z. Composition of morphisms comes from contracting the
region with boundary condition Y (a trivial operation in a TQFT), fusing the line observables A
and B. Since the order of contraction is irrelevant in TQFTs, composition is associative. Finally,
the trivial line observable realizes the identity morphism for each boundary condtion.

From the previous sections, we know that the collection of line observables between a pair of
boundary conditions forms a category as well. The objects of this category are line observables and
the morphisms are local observables at the junction between two line observables. The category of
boundary conditions in a three-dimensional TQFT therefore extends to a 2-category; the objects
in this 2-category are boundary conditions, the morphisms are line observables at the junction of

boundary conditions, and the 2-morphisms are local observables at the junction of line observables.
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By excising a tubular neighborhood about a line, we find a one-to-one correspondence between
line observables on R? and boundary condition on S! x Ry x R. Furthermore, we can compactify S!
(a trivial process in a TQFT) to obtain a two-dimensional TQFT with the appropriate boundary con-
dition. The category of line observables in a three-dimensional TQFT is therefore equivalent to the

category of boundary conditions in the two-dimensional TQFT obtained from S! compactification.?

3.5 The 2-Category of Surface Observables in Four-Dimensional

TQFTs

In this section, we will show that surface observables in a four-dimensional TQFT form a 2-category.
The objects of the underlying category are surface observables and the morphisms are line observables
at the boundary between surface observables. Consider line observables A and B sitting at the
appropriate boundaries between surface observables X, Y, and Z. Composition of morphisms comes
from contracting the worldsheet of surface observable Y (a trivial operation in a TQFT), fusing
the line observables A and B. Since the order of contraction is irrelevant in TQFTs, composition
is associative. Finally, the trivial line observable realizes the identity morphism for each surface
observable.

From the previous sections, we know that the collection of line observables between a pair of
surface observables forms a category as well. The objects of this category are line observables and
the morphisms are local observables at the junction between two line observables. The category of
surface observables in therefore extends to a 2-category; the objects in this 2-category are surface
observables, the morphisms are line observables at the boundary of surface observables, and the
2-morphisms are local observables at the junction of line observables.

By excising a tubular neighborhood about a plane, we find a one-to-one correspondence between
surface observables on R* and boundary conditions on S* x R, x R?. Furthermore, we can com-
pactify S (a trivial process in a TQFT) to obtain a three-dimensional TQFT with the appropriate
boundary condition. The 2-category of surface observables in a four-dimensional TQFT is therefore
equivalent to the 2-category of boundary conditions in the three-dimensional TQFT obtained from

S compactification.

2Note that some information is lost in the compactification process; the braided structure of the monoidal cat-
egory of line observables in a three-dimensional TQFT is not captured by the category of boundary conditions in
corresponding two-dimensional TQFT.
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Chapter 4

Two-Dimensional TQFTs

4.1 N =(2,2) Nonlinear o-Model

We begin this chapter with a review of N' = (2,2) nonlinear o-models. The bosonic fields o are a

map from the worldsheet R? into a Kahler target manifold X,
o € Map(R?, X).

The fermionic fields ¢+ and 1 are sections of the spin bundle S+ on R? valued in the pullback of

the holomorphic tangent bundle X and antiholomorphic tangent bundle T X, respectively,

Py € F(J*TX ® Si),

V. €T(0"TX ® 54).
The dynamics of the o-model are governed by the action

S= [ & (gﬁaﬂaiaﬁ? —ig ;0 (Dy +iDs) 3t
R2
.= . i i kI
+ g0 (D1 — iD2) W, — Ry 0t 0l 3, ),
where g;; is the Kéhler metric on X, R;5;; is the Riemannian curvature on X, and

Duwzt = aﬂwjt + F§kau0j¢ftv

with I‘; i is the Levi-Civita connection on X.
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It is not difficult to see that the action respects the following supersymmetry transformations,

o' =&l — €y,
Sl = i€, (01 — i02) 0" + E_Thl Wk,
o, = i€ (01 +i02) 0" + & Tl P,
o7 =€, — &0,
5@3 = i€y (01 —id)T + Z,Fégz!?@i,
5P, = —i€_ (01 + o)7 + E DL
At the classical level, the N' = (2,2) nonlinear o-model also possesses U(1)g rotational symmetry,

U(1)y vector R-symmetry, and U(1)4 axial R-symmetry. With respect to these symmetries, the

fields and supercharges transforms as shown in the tables below,

Field [ UDg [ UML)y [ UML)
o 0 0 0

YL 1 -1 1

A -1 -1

7 0 0 o |
o 1 1 -1
o, | —1 1 1

Table 4.1: Charges of fields in A/ = (2,2) nonlinear o-model

U)e [ UMy [ U[)a
Q- 1 -1 1
Q.| -1 -1 -1
Q_ 1 1 -1
Q.| -1 1 1

Table 4.2: Charges of N' = (2,2) supercharges

In the quantum theory, the axial R-symmetry is potentially anomalous,

Indp= o c1(TX).
R2

The anomaly vanishes if and only if ¢;(T'X) = 0, so U(1) 4 is a symmetry if and only if the Kahler
manifold X is Calabi-Yau.

4.1.1 A-Model

The A-model is constructed by twisting the U(1)g rotational symmetry by the U(1)y vector R-
symmetry of the N' = (2,2) nonlinear o-model [39], [41] (see Table 4.1 for the charges of fields in
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the N = (2,2) nonlinear o-model),

E—E+V.
Field [ U)g [ U(1)a
ol 0 0
X! 0 1
2 -2 -1
[ 0 0
P 2 -1
X 0 1

Table 4.3: Fields in A-model

The bosonic fields o are a map from the worldsheet X into a Kéahler target manifold X,
s Map(E, X )

The fermionic fields x, ¥ are scalars on X valued in the pullback of the holomorphic tangent bundle

TX, antiholomorphic tangent bundle TX, respectively,

X € F(U*TX),
XeT(0'TX).

The fermionic fields p, p are a (0,1)-form, (1,0)-form on ¥ valued in the pullback of the holomorphic
tangent bundle 7X, antiholomorphic tangent bundle T X, respectively,

peT(*TX @ Q%),

7€ (0*TX © Q).

We construct the action for the A-model by writing the action of the A/ = (2,2) nonlinear

o-model (4.1) covariantly in terms of the twisted fields,

S4 = / d?z (gijf)zai(“)gﬁj —l—gi;agoif)zﬁj
b
. i iy~ i kgl
+igi;P. Dzx’ +igipi DX — ingmgx’CPixl)'

The BRST charge is
Qa=Q-+ @4-’

which is a scalar after twisting (see Table 4.2 for the charges of the N' = (2,2) supercharges). The
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BRST variations follow from the corresponding supersymmetry transformations (4.2),

do' = €x',
ax' =0,
0ps = 2i€0:0" + ETjpplx’",
65" = €X',
0pL = 2i€0. + €L plx",
5% = 0.
Notice that the p and p variations are only nilpotent on-shell. It will be convenient to introduce

auxiliary bosonic fields P, P which are a (0,1)-form, (1,0)-form on ¥ valued in the pullback of the
holomorphic tangent bundle 7X, antiholomorphic tangent bundle T X, respectively,

Pel(c"TX ® Q),

PeT(o"TX QM)
We require that P, P satisfy the following on-shell constraint,

Pl =2i0z0" + T, plx",

3 o (4.4)
P, =2i0.5" + T plx",
so that we can write the BRST variations as
so' = &X',
5x" =0,
opz = £z,
§PL =0,
' ) (4.5)
do' = &X,
op. = ¢P.,
X' =0,
§P. = 0.

z

It is not difficult to construct an action equivalent to original A-model action (4.3) that enforces the
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on-shell constraints on the auxiliary fields (4.4) and respects the BRST symmetry (4.5),

Sa = / d Z{QA, gmsz + g”Psz—lgupza o' —ig;pld.o

] ) _ (4.6)

Za,;gi;y pgﬁ; + Zakgﬁxkp%ﬁi} + / d?z (gijazalagﬁj — gigazazazﬁj).
b

Notice that this action is BRST exact up to a topological term.

Local observables in the A-model are elements in the BRST cohomology on smooth functionals
of scalar fields, o?, & , x%, and Xg. It is not difficult to see that the BRST cohomology is isomorphic
to the de Rham cohomology of X, with x mapping to (1,0)-forms on X, ¥ mapping to (0,1)-forms

on X, and Q4 mapping to the exterior derivative,

Xi — d,zi7
YZ — dz;,
Qa ——d.

Now consider a worldsheet ¥ with boundary 0%. Taking the variation of the action, we have the

following boundary terms,

552 = / (gﬁéai A *dﬁj + gﬁ&fj A *do’
()

(4.7)
+ ig;5p (6)( +T%607X%) +igizp (6x +F45 )
Let L be the submanifold of X determining allowed classical variations of ¢ on the boundary,
olox € Map(0%, L). (4.8)
We can determine the allowed classical variations of x and x using BRST symmetry,
(x +X)los € T(¢*TL), W)

—(Jx+ JX)|ox €T (c*TL).

where J is the complex structure on X. Given the allowed classical variations (4.8), (4.9), and the
boundary variational terms (4.7), we see that the following boundary conditions are necessary for

the classical theory to be well-defined,
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xdolos € D(0*NL @ Qby),
(p+7)los €T (0" NL ® Qps),

—(Jp+Jp)los €T(c*NL @ Qby,).

Finally, we require that the normal component of the BRST current vanish on the boundary to

preserve BRST symmetry,

*j|ag = 9;j (Xi /\*653 —i—*gai /\Yj)‘az
)

595 (X' A do? —do' A )|ox = 0.

1 , . o
— §g¢j(XZ A xda? + *xdo* A X])|32 —

This constraint is met if and only if the Kéahler form w vanishes when restricted to the tangent

bundle of TL and the normal bundle N L,

w|TL = Oa

w|NL =0.

The submanifold L must be isotropic and coisotropic, and therefore a Lagrangian submanifold of X.

As we discussed in Chapter 3, boundary conditions of a 2d TQFT form a category. Extending
our analysis to including a gauge field on L and taking into account potential anomalies in the U(1) 4
axial R-symmetry, it is possible to show that objects in this category include flat vector bundles on
special Lagrangian submanifolds of X with a unitary connection [42], [29]. The Fukaya category of
X, F(X) encapsulates precisely this information [23], however it is known that F(X) is a proper
subcategory of the full category of A-branes [15].

4.1.2 B-Model

The B-model is constructed by twisting the U(1)g rotational symmetry by the U(1)4 axial R-
symmetry of the N' = (2,2) nonlinear o-model with a Calabi-Yau target manifold [41] (see Table
4.1 for the charges of fields in the A' = (2,2) nonlinear o-model),

E— E+ A
The bosonic fields o are maps from the worldsheet ¥ into a Calabi-Yau target manifold X,

s Map(E,X).



Field [ U1)g | Uy
ot 0 0
pL 2 -1

2 -2 -1
7 0 0
P 0 1
X 0 1

Table 4.4: Fields in B-model

The fermionic field p is a 1-form on X valued in the pullback of the holomorphic tangent bundle
TX

)

pel(c"TX ® Ql).

The fermionic fields ¥ and ¥ are scalars on ¥ valued in the pullback of the antiholomorphic tangent

bundle TX,

We construct the action for the B-model by writing the action of the N' = (2,2) nonlinear

o-model (4.1) covariantly in terms of the twisted fields,

Sp = / d?z (gi;azaiaﬁi + 9;;0:0'0.57
by
.= S Sy | i kIl
—195¢" Dzp}, —igi;X’ D2ps + gngzpzp'ii/f xl)-
The BRST charge is
Qp = @7 + @Jra

which is a scalar after twisting (see Table 4.2 for the charges of the N' = (2,2) supercharges). The

BRST variations follow from the corresponding supersymmetry transformations (4.2),

dot =0,

§pl = 2i€d, o',

Spl = 2i€dz0",

55 = —€(%' + %),
5 =~

0Y = €L X"
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These BRST variations suggest that we make the following field redefinitions,

where the fermionic fields 77 and @ are scalars on ¥ valued in the pullback of the antiholomorphic

tangent bundle TX and the holomorphic cotangent bundle 7 X, respectively,

7€ (o"TX),

eT (" T*X).

The action written in terms of 77 and  is

&z/ﬁ%@ﬂuwﬁﬁﬂﬁﬂ@#+%%¢m#
by 4.10
i i i i —j i i 11*752'1@ ( )
- §9iD2Pz + 59001 + §9z'Dsz - ZRijkem pipz)a
and the BRST variations are
dot =0,
Spl = 2i€d. o,
SpL = 2i€0;a",
5 ) (4.11)
o =&,
o7’ =0,
80; =0

It is not difficult to see that the B-model action is BRST exact up to metric independent terms,

_ 2 { 14 —7 1 K _7
Sp = /Ed z {5( - igijpzafo—j - igijpzazo—j)
i i1,
— SBiDspl 4+ S0:D.p — L R D ook |
2 Pzt 5 Pz — g R0 pzpz

Local observables in the B-model are elements in the BRST cohomology on smooth functionals
of scalar fields, o?, EE, ﬁ;, and ;. It is not difficult to see that the BRST cohomology is isomorphic
to the Dolbeault cohomology on antiholomorphic forms valued in exterior powers of the holomorphic
tangent bundle, with 7 mapping to (0,1)-forms on X, § mapping to holomorphic vectors fields on
X, and @ mapping to the Dolbeault operator,
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Line observables can be realized as a one-dimensional theory coupled to the B-model [1], [18].
Assuming that the line operators preserves the U(1)y vector R-symmetry, the state space V in
the quantum mechanical theory has a Z-grading. The coupling between the B-model and quantum
mechanical theory determines a smooth Z-graded vector bundle E on X with fiber V. The generator

of BRST symmetry determines an antiholomorphic, flat superconnection V =90+ A on E,

Vis=0,

for all s € T'(E). Conversely, we can construct a line observable given an antiholomorphic, flat

superconnection V = 0 + A on a Z-graded smooth vector bundle E over X,

A : 104 ,
0(7)—Tr73exp{[yzaﬁido = 551" }

Flatness of the superconnection ensures that this line observable lives in the BRST cohomology.
As we discussed in Chapter 3, line observables of a 2d TQFT form a category. A theorem

by Block [5] identifies antiholomorphic, flat superconnections on smooth Z-graded vector bundle

over X with objects in the bounded, derived category of coherent sheaves on X, D’(X). There is

considerable evidence that D¥(X) is the full category of line operators in the B-model [9].

4.1.3 Mirror Symmetry

For many Calabi-Yau manifolds X, there exists a “mirror” Calabi-Yau manifold X such that the
N = (2,2) nonlinear o-model with target manifold X is dual to the N’ = (2,2) nonlinear o-model

with target manifold X , [24]. The mirror map acts as an involution on the (super)charges,

A+—V

)

Q- —Q_.

This mirror map restricts to a duality between the A-model on X (X) and the B-model on X (X).
The isomorphism of local observables implies that the Hodge number on X and X have the following

relation,
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hP(X) = h"P9(X).

The isomorphism of line observables implies Kontsevich’s homological mirror symmetry conjecture

[23] (with a suitable generalization of the Fukaya category),

D'(X) = FU(X),

DY(X) = FO(X).

4.2 N =(2,2) SYM Theory

In this section, we review N = 2 supersymmetric Yang-Mills theories. This theory consists of an
adjoint complex scalar field ¢, four adjoint Weyl spinors Ay, A4+, and an gauge field A, with the

following action,

2
9" Jr2 (4.12)

+ 095D, + X (o] + % [5.0] + 1[6,8))

s=1 [ & Tr(FfQ —iA_(Dy + iD2) M- +iXy (D1 —iD2) Ay

where D is the gauge covariant derivative,
D,®=0,P +i[Au, <I>].
It is not difficult to see that the action respects the following supersymmetry transformations,

- - - -
JA; = §§+>\+ + §§+/\+ =58 A = o6,

2 2
1- 1 - 1. 1
04z = S+ T g 58 A+ .557)\7’
SA_ = —i&_Fiy— & (D1 —iDy) ¢ — %g_ [6,9),

SAy = i€y Fio + € (Dy +iDs)d + ;‘g [0,9], (4.13)
oA~ = —i€_Fiz €, (D1 = iD2)3 + 5€_[6,9].
Ay = i€ Fio +E_(Dy +iDy)p — %& [6,9],
6 = —if A — i€ Ay,
8¢ = —i€ . —iE_ Ay,
This theory possesses U(1)g rotational symmetry, U(1)y vector R-symmetry, and U(1) 4 axial R-

symmetry. With respect to these symmetries, the supercharges transform as shown in Table 4.2 and
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the fields transforms as shown in the table below,

Field [U(L)g [ Uy [ U(1)a

A, 2 0 0

A -2 0 0

A 1 1 1

Ay -1 1 -1 |,
A 1 —1 -1

P -1 -1 1

é 0 0 2

¢ 0 0 -2

Table 4.5: Charges of fields in N' = (2,2) SYM theory

4.2.1 A-Type Gauge Theory

The A-type gauge theory is constructed by twisting the U(1)g rotational symmetry by the U(1)y
vector R-symmetry of the AV = (2,2) SYM theory (see Table 4.5 for the charges of field in the
N = (2,2) SYM theory),

EFE—-FE+V.

Field | U)g | U(1)a
A, 2 0

Az -2 0

¥z 2 1

n 0 -1 ,
Xzz 0 -1

b | -2 1

0] 0 2

) 0 -2

Table 4.6: Fields in A-type gauge theory

This theory consists of an adjoint complex scalar field ¢, an adjoint fermionic scalar field n, an
adjoint fermionic 1-form v, an adjoint fermionic 2-form y, and a gauge field A. The BRST charge
is

Qa=Q-+Q,,

which is a scalar after twisting (see Table 4.2 for the charges of the N' = (2,2) supercharges). The
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BRST variations follow from the corresponding supersymmetry transformations (4.13),

0A =&y,

on = €[¢, 9],
0 = i€Dg,
ox = ¢&F,

dp =0,

5 = &n.

Notice that the variations are nilpotent (up to gauge transformations) except for x,

§2A =i& 16D,
§°n = &i& b, m),
8 = &8, v,
§°x = &1&DY,
5%¢ =0,

5% = &1& (0, 6]

It will be convenient to introduce an auxiliary bosonic 2-form P in the adjoint representation. We

require that P satisfy the following on-shell constraint,

P=F, (4.14)
so that we can write the BRST variations as
0A =&,
on = &[o, 9],
o =i€Dg,
ox = &P, (4.15)
6¢p =0,
6 = &n,
5P = &[0, x].

It is not difficult to construct an action equivalent to original A-model action that enforces the

on-shell constraints on the auxiliary fields (4.14) and respects the BRST symmetry (4.19),
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SA:gié{QAJwAﬂEH4xAﬂP—2F—*%MﬁD} (4.16)

We now construct the category of branes for the A-type gauge theory with gauge group U(1) [21].
Neumann boundary conditions require that xF' and xd¢ vanish along the boundary, while A and ¢
are free along the boundary. BRST-invariance requires xx and the restriction of *t) vanish on the
boundary, while 7 and the restriction of ¥ remain unconstrained. The algebra of BRST-invariant
observables on the Neumann boundary is spanned by powers of ¢, the algebra O of holomorphic
functions on C. One can construct a more general boundary condition by placing additional degrees
of freedom on the boundary which live in a vector space V graded by the U(1) 4 charge. The BRST
operator gives rise to a degree-1 differential 7' : V' — V which may depend polynomially on ¢. Thus
we may attach a brane to any free DG-module M = (V ® O,T) over the graded algebra O. The
space of morphisms between any two such branes M; = (V43 ® O,T1) and My = (Vo ® O,T5) is
the cohomology of the complex Homep (M7, M), which agrees with the space of morphisms in the
category D®(C).

In the A-type 2d gauge theory one may also consider the Dirichlet boundary condition which
sets ¢ = 0 on the boundary and requires the restriction of the gauge field to be trivial. One might
guess that it corresponds to the skyscraper sheaf at the origin of C, and indeed one can verify that
the space of morphisms from any of the branes considered above to the Dirichlet brane agrees with
the space of morphisms from the corresponding complex of vector bundles on C to the skyscraper
sheaf.

Another way to approach the problem is construct an isomorphism between the A-type gauge
theory and the B-model with target C. From the physical viewpoint, an isomorphism between two-
dimensional TQFTs X and Y is an invertible topological defect line A between them. In the present
case, there is a unique candidate for such a defect line. Recall that a B-model with target C has a
bosonic scalar o, a fermionic 1-form p, and fermionic O-forms 6 and £. The BRST transformations

read

0¢ =0,
3¢ =1,
on =0,
50 =0,
0p = do.

The field o has ghost number 2, the fields p has ghost number 1, and the fields n and 6 have ghost
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number —1. The action of the B-model is

1 _
S=—=6[ prxdb+ [ 6Adp.
2 I Ma

Obviously, the ghost-number 2 bosons ¢ and ¢ must be identified on the defect line, up to a numerical
factor which can be read of the action. Similarly, the fermionic 1-forms ¥ and p must be identified,
as well as the fermionic O-forms § and 7. Finally, one must identify xx and §. BRST invariance
then requires xF' to vanish on the boundary, which means that the gauge field obeys the Neumann
boundary condition.

Note that this defect line is essentially the trivial defect line for the fermionic fields and o. Since
the zero-energy sector of the bosonic U(1) gauge theory is trivial, the invertibility of the defect line
is almost obvious. Let us show this more formally. First, consider two parallel defect lines with
a sliver of the A-type 2d gauge theory between them. The sliver has the shape R x I, where R
parameterizes the direction along the defect lines. The statement that the product of two defect
lines is the trivial defect line in the B-model is equivalent to the statement that the U(1) gauge
theory on an interval with Neumann boundary conditions on both ends has a unique ground state.
This is obviously true, because the space-like component of A in the sliver can be gauged away by
a time-independent gauge transformation, and therefore the physical phase space of the U(1) gauge
theory on an interval is a point.

Second, consider the opposite situation where a sliver of the B-model is sandwiched between two
defect lines. We would like to show that this is equivalent to the trivial defect line in the A-type 2d
gauge theory. The sliver has the shape S x I. For simplicity we will assume that the worldsheet with
a sliver removed consists of two connected components. Each component is an oriented manifold
with a boundary isomorphic to S!, and the path-integral of the A-type 2d gauge theory defines a
vector in the Hilbert space V corresponding to S'. Any topological defect line in the A-type gauge
theory defines an element in V* ® V' ~ End(V). We would like to show that the B-model sliver
corresponds to the identity element in V* ® V. First we note that V can be identified with the
tensor product of the Hilbert space of the zero-energy gauge degrees of freedom and the Hilbert
space of the zero-energy degrees of freedom of o and the fermions. As mentioned above, the defect
line separating the A-type 2d gauge theory and the B-model acts as the trivial defect line on o and
the fermions, so in this sector the statement is obvious. As for the gauge sector, the corresponding
Hilbert space of zero-energy states is one-dimensional, so the B-model sliver is proportional to the
identity operator. The argument of the preceding paragraph shows that its trace is one, so the sliver

must be the identity operator.
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4.2.2 B-Type Gauge Theory

The B-type gauge theory is constructed by twisting the U(1)g rotational symmetry by the U(1)4
axial R-symmetry of the ' = (2,2) SYM theory [21] (see Table 4.5 for the charges of the fields in
the N' = (2,2) SYM theory),

E— E+ A
Field | Uz | Uy
A, 2 0
Az -2 0
P, 2 1
¥z -2 1
3 0 1
Czi 0 -1
6. | 2 0
6. | 2 | 0

Table 4.7: Fields in B-type gauge theory

This theory consists of an adjoint bosonic 1-form ¢, an adjoint fermionic scalar 3, an adjoint
fermionic 1-form %, an adjoint fermionic 2-form ¢, and a gauge field A. We construct the action for

the B-type gauge theory by writing the action of the N' = (2,2) SYM theory (4.12) covariantly in
terms of the twisted fields,

S:—giz/ﬂ (FA*F+Dx ¢ AxD* ¢ —2iC A¥Dp — 23 ADx 1)) , (4.17)
>

where D is the covariant derivative with respect to the connection A, D is the covariant derivative
with respect to the complexified connection A = A +i¢, and F is the curvature of the complexified

connection. The BRST charge is
QB = @— + @+7

which is a scalar after twisting (see Table 4.2 for the charges of the N' = (2,2) supercharges). The

BRST variations follow from the corresponding supersymmetry transformations (4.13),

0A = e,

o =0,

03 =1ixDx* o,
0¢ = —iF,

0p = iex.
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Notice that the 8 variations are only nilpotent on-shell,

620 = —*x D * 1.

It will be convenient to introduce an auxiliary bosonic scalar P which satisfies the on-shell constraint

P =%Dx*, (4.18)

so that we can write the BRST variations as

0A = e,

S =0,

n=b (4.19)
8¢ = —iF,

6¢ = i€,

0P =0.

It is not difficult to construct an action equivalent to the original B-type gauge theory action (4.17)

that enforces the on-shell constraint (4.18) and respect the BRST symmetry (4.19)
1 ) = .
S = —g—Q/E {QB,Tr(zCA*f+zBA*(P—2*D*¢))}.

Notice that this action is BRST exact up to a topological term.

Local observables are typically BRST-invariant, gauge-invariant scalar functions of fields. There
are no nontrivial local observables of this kind in the B-type gauge theory. However, there are
nontrivial BRST-invariant local disorder operators which are defined by allowing certain singularities
in the fields. For example, one can require the connection 4 to have a nontrivial holonomy around
the insertion point. Such local operators are analogous to Gukov-Witten surface operators in 4d
gauge theory. More systematically, to determine what kind of local operators are allowed one
can reduce the 2d gauge theory on a circle and study the space of the states of the resulting 1d
TQFT. In the present case, this 1d TQFT is a gauged sigma-model with target G¢. From the
2d viewpoint, the target space parameterizes the holonomy of A. BRST-invariant wave-functions
are holomorphic functions on G¢ invariant with respect to conjugation, characters of G¢. More
generally, one may consider non-normalizable wavefunctions, such as delta-functions supported on
closed Ge-invariant complex submanifolds of G¢. For example, the identity operator can be thought
of as a delta-function supported at the identity element, while Gukov-Witten-type local operators

are delta-functions supported on closed conjugacy classes in G¢.
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There are also BRST-invariant and gauge-invariant line observables, the most obvious of which
are Wilson line operators for the complex BRST-invariant connection A. To define them, one needs
to pick a finite-dimensional graded representation V' of G and consider the holonomy of A in the
representation V.

The category of branes for this 2d TQFT is the category of finite-dimensional graded represen-
tations of G [21]. To see this, consider the Neumann boundary condition for the gauge field, that is,
leave the restriction of A to the boundary free and require the restriction of x¢ to vanish. BRST-
invariance then requires ¢ and the restriction of * to vanish on the boundary. Since the gauge
field A on the boundary is unconstrained and BRST-invariant, we may couple to it an arbitrary
finite-dimensional graded representation V' of G. That is, we may include into the path-integral
the holonomy of A in the representation V. Thus boundary conditions are naturally labeled by
representations of G. Given any two irreducible representations V; and V5 one can form a junction
between them only if V; and V5 are isomorphic (because there are no nontrivial BRST-invariant
local operators on the Neumann boundary). Further, if V3 ~ V5, the space of morphisms between

them is Homg(V3, Va) (for the same reason).

4.3 Gauged B-Model

We now couple the B-type gauge theory to a B-model [21]. Let X be a Calabi-Yau manifold that
admits a G-action preserving the Calabi-Yau structure. The infinitesimal action of G is described
by a holomorphic vector field V! with values in g* (the dual of the Lie algebra of (). Consider the

following modification to the BRST transformations of the o-model fields,

sol =0,
6o’ = e,
st =0,
86; =0,

This is a covariantized version of the usual B-model BRST transformations. The appearance of the
covariant derivative Do! means that o is now interpreted as a section of a fiber bundle over M, with
typical fiber X which is associated to a principal G-bundle P over M. Since the connection A is
BRST-invariant, these BRST transformations still satisfy 62 = 0.

To construct a BRST-invariant action we take the usual action of the B-model and covariantize
all derivatives. The covariantized action is not BRST-invariant, but this can be corrected for by

adding a new term proportional to 8;V((), where ( is the fermionic Ad(P)-valued 2-form which is
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part of the B-type 2d gauge theory. The full matter action is

S = é (gljpl /\*ﬁaj) —|—/

) 1 i
(—zGIV’(C) +60,Dp" + QRﬂKLé’meKnL) :
M- M-

Here g;7 is the Kéahler metric, R is its curvature tensor, and the covariant derivative of p includes

both the Levi-Civita connection and the gauge connection:
Dp' = dp' + T do’ oK + VYV, VI(A)p!, YV V=0,V 4T VE.
The covariant derivative Do’ is defined so as to make the bosonic part of the action positive-definite:

Do

<~
Il
U
Q\
\
<
=
=
Il
b
\
3
Il
\
=

Since the category of branes for the B-model with target X is D’(Coh(X)), a natural guess for the
category of branes for the gauged B-model is D% .(Coh(X)). We will now describe a construction of
the boundary action corresponding to an equivariant complex of holomorphic vector bundles on X.
Let E be a graded complex vector bundle over X with a holomorphic structure 0¥ : E — E@Q%*(X),
(0F)? = 0, and a holomorphic degree-1 endomorphism 7 : E — E, FT = 0 satisfying 72 = 0. To
write down a concrete boundary action we will assume that we are also given a Hermitian metric
on each graded component of E, so that OF gives rise to a connection V¥ on E. We will denote the
corresponding connection 1-form by w and its curvature by F'¥. We assume that we are given a lift
of the G-action on X to a G-action on the total space of F which is fiberwise-linear and compatible
with 0F, T, and the Hermitian metric. Infinitesimally, the Lie algebra g acts on a section s of E as
follows:

(f,s) = f(s) = VI(HVEs + VI(/)VEs + R(f)s, feq.

Here VF = d + w, and R is a degree-0 bundle morphism R : E — E ® g*. The condition that the
G-action commutes with V¥ implies

VER = LvFE.

The condition that the G-action commutes with 7" implies
VIVET +[R,T] = 0.
Consider now the following field-dependent connection 1-form on the pull-back bundle ¢* E:

N = wrdo! + wpdo” — R(A) + plnjFlEj + o' VET.
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With some work one can check that its BRST variation satisfies
ON = d(wm’ +T) + N, wm’ + 7).

Therefore the supertrace of its holonomy is BRST-invariant and can be used as a boundary weight
factor in the path-integral associated. By definition the boundary action is minus the logarithm of
the boundary weight factor.

Let us consider a ghost-number zero boundary observable O in the presence of a such a weight
factor. It is an element of End(F) depending on the fields o,n and of total degree zero. More
invariantly, we may think of it as a section of End(E) ® Q%*(X). The BRST-variation of the

boundary weight factor in the presence of O is proportional to
n'VEO 4+ [T, 0).

Hence BRST-invariant boundary observables are sections of End(E) @ *(X) which are annihilated

by 0% and commute with 7. Further, a BRST-invariant O it is gauge-invariant iff it satisfies
VIVFO +[R,0]=0

Together these conditions mean that O represents an endomorphism of the equivariant complex
(E,0F,T) regarded as an object of DY, (Coh(X)). It is also easy to see that such an observable
O is a BRST-variation of a gauge-invariant observable iff it is homotopic to zero. In some cases
this implies that the category of branes in the gauged B-model of the kind we have constructed
is equivalent to D} _(Coh(X)). This happens if any G-equivariant coherent sheaf on X has a G-
equivariant resolution by G-equivariant holomorphic vector bundles. Such an X is said to have a
G-resolution property. An example of such X is C" with a linear action of G, or more generally
a smooth affine variety with an affine action of G. Note that for a general complex manifold X
the resolution property may fail even if G is trivial. But for trivial G the cure is known: one
has to replace complexes of holomorphic vector bundles with more general DG-modules over the
Dolbeault DG-algebra of X [5]. These more general DG-modules also arise naturally from the
physical viewpoint [1], [18]. We expect that for any complex Lie group G with a complex-analytic
action on X a (G-equivariant coherent sheaf on X has a G-equivariant resolution by these more

general DG-modules. This would imply that the category of B-branes for the gauged B-model is
equivalent to D¢ _(Coh(X)) [21].
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Chapter 5

Three-Dimensional TQFT's

5.1 A-Model

We begin this chapter by constructing a three-dimensional analog of the A-model [22]. The bosonic

field o is a map from spacetime M into a Riemannian manifold X,
o € Map (M , X )
The bosonic field 7 is a 1-form on M valued in the pullback of the tangent bundle T'X,
Tel(c"TX ® Ql).
The fermionic fields n and § are scalars on M valued in the pullback of the tangent bundle T'X,

nel(c"TX),

B e F(J*TX )
The fermionic fields 1 and x are 1-forms on M valued in the pullback of the tangent bundle T X,

Y eT(oc"TX ®Q),

x€eT (" TX @ Q).

It is convenient to introduce an auxiliary a scalar P and auxiliary 1-form P valued in the pullback

of the tangent bundle T'X,

Pe I‘(J*TX),

PeT(c*'TX ® QY.
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The BRST variations of these fields are

o' = &n',
o7t = f(W 1k:77 T )
o' =0,

0t = &( Ryarnnt T h),
§(P' — Tiyap 8°),

Sx' = &(P' — knjx'“),

%Rﬂclﬂj Ul - Fékﬂjpk),

(
=&(
(
=&(
(

=E(SRxIn™ nt — Tl PP,

and the action for the A-model is
S = 7/ {Q,gijxi A * (Pj —2(do? —*DTj)) + i B Ax (P — Q*D*Tj)} ,
M
where g;; is the Riemannian metric on X, « denotes the Hodge star on M, and

Dt =dr' + F;kdaj ATF

Dx7i=dx*t! +F§kd0j A*Tk,

with I‘;k the Levi-Civita connection on X. In addition to BRST symmetry, there is a U(1) ghost
number symmetry where 7, ¥ have charge 1, 3, x have charge —1, and the bosonic fields are
uncharged.

Local observables in the A-model are elements in the BRST cohomology on smooth functionals
of scalar fields, o and 7. It is not difficult to see that the BRST cohomology is isomorphic to the de
Rham cohomology of X, with n mapping to 1-forms on X and @) mapping to the exterior derivative,

ni — dxi7

Q —d.

This theory admits line observables as well. The most obvious are obtained by picking a vector
bundle on non-simply-connected Riemannian manifolds X with a flat connection and considering
the holonomy of the pull-back of this connection via the map o. We refer to such line operators as
Wilson lines.

Finally, we consider boundary conditions of the A-model. The most obvious boundary condition
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is to require the restriction of 7 to the boundary to vanish and to impose the free boundary condition
on ¢ and the normal component of 3. If the boundary is given by the equation 23 = 0 and the

metric near the boundary is taken to be Euclidean, these boundary conditions read
T=714=0, O7i= 030" =0.

These conditions on bosons are compatible with BPS equations and therefore are a candidate for a
BRST-invariant boundary condition. The conditions on fermions are then uniquely determined: on

the boundary we must have

with all other fermions unconstrained. We will call this the N boundary, to indicate that o satisfies
the Neumann condition.

A complementary boundary condition is to require o to map OM to a particular point on X, the
Dirichlet boundary condition. BRST invariance uniquely determines the boundary conditions on all

other fields. Namely, we must have
Ta=0, 0371 =031 =0, n'=9i=0, xi=x4=0.

We will call this the D boundary, to indicate that o satisfies the Dirichlet condition.

We may also consider boundary conditions intermediate between N and D conditions. Let us
pick a closed submanifold Y € X and require ¢ to map dM to Y. We also impose the Neumann
condition d30° = 0 on the components of o normal to Y. BRST-invariance then uniquely determines
the boundary conditions for all other fields. In particular, the components of 7 and 75 normal to Y
and components of 73 tangent to Y satisfy the Neumann condition, while the components of 7 and
To tangent to Y and components of 73 normal to Y satisfy the Dirichlet condition. Thus we get one
boundary conditions for each submanifold Y of X.

Boundary conditions for the 2d A-model can be deformed by a flat abelian gauge field. Similar

possibility exists in 3d: one may add to the action a boundary term of the form

z/ 0" B, (5.1)
oM

where B is a closed 2-form on the submanifold Y. This is in fact the most general deformation pos-
sible. To classify boundary deformations systematically, one considers a BRST-invariant boundary
observable O with ghost number two. A deformation of the action can be obtained by integrating

over OM the descendant O?), which is a 2-form of ghost number zero satisfying

03 = g0 500 = q0.
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In our case boundary observables are BRST-invariant functions of o and 7. Since ¢ on the boundary
lies in Y and 7 is tangent to Y, one may identify the space of boundary observables with closed
differential forms on Y. Ghost-number two observables are precisely closed 2-forms on Y, and the
corresponding deformation of the action is of the form (5.1).

In the 2d case one can consider adding boundary degrees of freedom, leading to flat vector bundles
over Y (which is Lagrangian in the 2d case). Similarly, one can consider adding boundary degrees
of freedom in the 3d A-model. Such boundary degrees of freedom are described by a 2d TQFT
“fibered” over Y. For example, one may take a family of 2d A-models parameterized by points of
Y. We leave the construction of the corresponding boundary action for future work.

As an example, consider the N condition. This condition sets the components of 7 tangent to
the boundary to zero. Thus the only bosonic fields in the effective 2d TQFT will be 0% and 74 = \°.
The BPS equations reduce to

do' = «D)".

This equation looks very much like a holomorphic instanton equation, suggesting that the effective
2d TQFT is an A-model. In fact, one can rewrite the above equation as a condition for a map
® = (0, ) from the worldsheet ¥ to TX to be pseudoholomorphic, provided we choose a suitable
almost-complex structure on T'X. This is the almost-complex structure defined by the condition

that its +i eigenspace is spanned by tangent vectors of the form

0 ; 0 0
R 0
R VIRV
In matrix form the almost-complex structure is
' 1

J =
—1—(TA)? —-TA

where T'\ is a matrix with elements F;k)\k. This almost-complex structure is not integrable, in
general.

We conclude that the effective 2d TQFT is the A-model with target TX ~ T*X. This means
that the category of boundary line operators on the N boundary is equivalent to the Fukaya-Floer
category of T*X. Wilson lines correspond to the case when this Lagrangian submanifold is X itself

embedded into T* X as the zero section.

5.2 Rozansky-Witten Model

We review the Rozansky-Witten model in this section [30], which is a three-dimensional analog of

the B-model. The bosonic fields ¢ are maps from spacetime M into a hyperkahler target manifold
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o € Map (M , X )
The fermionic fields x are a 1-form on M valued in the pullback of the holomorphic tangent bundle
TX,
X €D(0"TX ®Q'),
and fermionic fields 77 are a scalar on M valued in the pullback of the antiholomorphic tangent
bundle TX,
7€ (0" TX).
The action for the Rozanksy-Witten model is
_ - _ -1 . _
SRW = / (gzgdaz A *d&ﬂ — gi}XZ A *DTIJ + §Ql]X1 N DXJ
M

(5.2)

1 . , .
+ gQinilmxz AxXEAXEA nm),

where g;; is the Kéhler metric on X, €2;; is the holomorphic symplectic form on X, R‘,ilm is the

Riemannian curvature on X, and
DR’ = dif’ + T do? 7",
Dxi = dXi + Fékdaj A Xk,

with F; k> F%E the Levi-Civita connection on X. It is not difficult to see that this action respects the

following BRST transformations,

dot =0,
oo = &7’
ox' = do',
)

Notice that the action is BRST exact up to a metric independent term,
mw = | Q, 953X Axde ¢+ SQuix" AVXT 4 G Qi Ry X AXTAXCATT ).

Local observables in the Rozansky-Witten model are elements in the BRST cohomology on
smooth functionals of scalar fields, o?, EE, and ﬁ{. It is not difficult to see that the BRST cohomology

is isomorphic to the Dolbeault cohomology on antiholomorphic forms, with 77 mapping to (0,1)-forms
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on X and ) mapping to the Dolbeault operator,

N dz,

Q «—— 0.

Line observables in the Rozansky-Witten model are in one-to-one correspondence with boundary
condition of the two-dimensional theory obtained by compactification on a circle [18]. The compact-
ification of the Rozansky-Witten model on a circle is simply the two-dimensional B-model, therefore
the category of line observables is the bounded, derived category of coherent sheaves on X, D?(X)
[18].

Classical boundary conditions in the Rozansky-Witten model correspond to complex Lagrangian
submanifolds of X [18]. Additional boundary conditions come from coupling a two-dimensional B-
model to the boundary. This class of boundary conditions are labelled by a Calabi-Yau fibration over
a complex Lagrangian submanifold. The complete 2-category of boundary conditions is discussed in

detail in [18].

5.3 B-Type Gauge Theory

In this section we describe the B-type gauge theory in three dimensions, [3]. The theory consists
of a gauge field A, an adjoint bosonic 1-form ¢, an adjoint fermionic 2-form ¢, an adjoint fermionic
1-form A, and two adjoint fermionic scalars p, p. Furthermore, it is convenient to introduce an

auxiliary adjoint, bosonic scalar field P. The action for this theory is

- 1 _
§$=—53 Tr(]—'/\*}' — P AK(P = 2d40) — 20C Axd g\ — 25 Axdih — 262 A dAC)
e Ms
where A, A are the complexified connections A+i¢ and F, F are the corresponding field strengths.
Notice that there this theory possesses a U(1) ghost number symmetry where p, A have charge 1, ¢,

p have charge —1, and the bosonic fields are uncharged. The BRST variation of the fields are

SA = €N,
5 = i€\,
SA =0,

8¢ = —itF,
5p =0,

8p = itP,

oP = 0.
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The action is BRST exact up to a metric independent term,

S = —2%2 s {Q,T‘r(i(/\*}_'+iﬁ/\*(P— 2df4¢)) —l—/MTr(p/\dAC)}.

Local observables in this TQFT are gauge invariant functions of p, which correspond to elements
in the exterior algebra A®(g) invariant with respect to the adjoint action. It is known that the
algebra of G-invariant elements in A®(g) is isomorphic to the de Rham cohomology of the Lie group
G, so the spectrum of local observables in simply the de Rham cohomology of the gauge group.

Line observables can be realized as a one-dimensional TQFT coupled to the B-type gauge theory.
Assuming that the line observable preserves the U(1) ghost number symmetry, the state space in
the quantum mechanical theory has a Z grading. Endomorphisms of V' are naturally graded as
well. Let us denote the degree one endomorphism that generates the BRST symmetry in this
theory as T(®) € End(V) and the degree zero endomorphisms that generate the gauge symmetry
as R, (®) € End(V), where ® represents the fields in the topological gauge theory. Since p is the
only BRST invariant scalar field in the TQFT, it is natural to assume that T" and R, are simply
functions of p. Nilpotence of BRST generator implies that

T(p)* = 0.

Furthermore, since the gauge symmetry preserves grading, R, is p-independent. Finally, since the

gauge symmetry d, and BRST symmetry 0 commute, 1" and R, must satisfy the following relation,

0= [69(f)75]

o OT
=110 5

+ [f*Ra, T

where f € g. To construct the line observable associated to the triple (V, T, R), we apply the descent
procedure to T to get a connection 1-form on the graded vector bundle with fiber V. By definition,

the descendant connection A is defined by the equation
SN =dT + [N,T).

Using these relations and the fermionic equations of motion, we find

i _. 0T
N=—*xF'—+ A"R,. 5.4
2¢? 0p° + (54)
The supertrace of the holonomy of A along a curve v in M is therefore a BRST invariant, gauge

invariant loop operator in the topological gauge theory. The holonomy itself defines a line operator
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[21].

Line operators in any 3d TQFT form a braided monoidal category. The subcategory formed by
line operators described above is the G-equivariant derived category of DG-modules over the DG-
algebra A®(g) (with zero differential). To see this, consider a local operator inserted at the junction
of two Wilson lines corresponding to the triples (V1,T1, R1) and (Vz2,Ts, R2). Since we are looking
for BRST-invariant operators, one may assume that it is a function O of p valued in Hom¢ (V1, Va),

or in other words an element of Homc(V1, Vo ® A®(g)). The BRST-operator acts on O by
00 =T,0+ 0T}

where the sign is plus or minus depending on whether the total degree of O is odd or even.
Gauge transformations act on O in the obvious way and commute with the BRST operator. The
space of morphisms between the line operators is the cohomology of § on the G-invariant part of
Homg(Vy, V2 @ A®(g)).

The monoidal structure is obvious on the classical level and given by the tensor product. There
can be no quantum corrections to this result since the gauge coupling e? is an irrelevant parameter.
The braiding is trivial for the same reason.

There exist yet more general line operators. To see this, we may use the dimensional reduction
trick and identify the category of line operators in the 3d theory with the category of branes in
the 2d theory obtained by compactifying the 3d theory on a circle. One can show that reduction
gives a B-model with target G¢ coupled to a B-type gauge theory with gauge group G [21]. From
the 3d viewpoint, G¢ parameterizes the holonomy of the connection A along the compactification
circle. The gauge group G acts on G¢ by conjugation. As explained in Section 4.3, the category of
branes for this TQFT is the equivariant derived category of coherent sheaves DY _(Coh(Gc)). Line
operators considered above correspond to coherent sheaves supported at the identity element of G¢.
Physically, this follows from the fact that the gauge field A is nonsingular for such line operators, and
therefore the holonomy along the circle linking the line operator must be trivial. More generally, one
may also consider Gukov-Witten-type line operators for which the conjugacy class of the holonomy

of A is fixed.

5.4 Gauged A-Model

Suppose now that X admits an action of a compact Lie group G. We will now show how to couple the
3d A-model with target X to the A-type 3d gauge theory with gauge group G [22]. The latter theory
is the dimensional reduction of the four-dimensional Donaldson-Witten theory [38]. Its bosonic fields

are a gauge field A, a scalar field ¢ in the adjoint representation of G, and a complex scalar field o
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(also in the adjoint representation). Its fermionic fields are a pair of 1-forms A and X and a pair of

0-forms p and p. The BRST transformations of these fields before coupling to topological matter

are
0A = A, (5.5)
0N = —d 4o, (5.6)
o¢ = p, (5.7)
op = o, (], (5.8)
0o =0, (5.9)
do = p, (5.10)
0p = [o, 0], (5.11)
O\ = «F — d 4, (5.12)

where d4 is the covariant derivative with respect to A and & = —o'. These BRST transformations

satisfy 62 = d,4(0) modulo fermionic equations of motion, where §,(c) is the gauge transformation
with the parameter 0. To write down an action it is convenient to introduce an auxiliary bosonic
1-form H and redefine

SA=H, 6H =0, ).

The action is then chosen so that the equations of motion for H set H = xF' — d4(. A suitable

action is

1 < _
Syauge = —@5/M Tr [A Ax(H — 2(+F — daC)) + A A *dAa} .

The group G is assumed to act by isometries on the target manifold X of the 3d A-model.
Infinitesimally this action is described by a vector field V = V#(¢)d; on X with values in the dual
of the Lie algebra g of G. By definition, an infinitesimal gauge transformation of ¢’ corresponding

to an element a € g is

dg(a) ¢' =V(a).

Gauge transformations of fields taking values in ¢*TX involve derivatives of V?, for example:
Sg(a)n’ = n"VeVi = T4V (a)n® = n 0,V (a).
Gauge-covariant derivatives of fields are defined accordingly,

D¢’ = d¢' +V'(A), Dy’ =dy' +Tlyde/n" + "0, Vi(A),
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where A is the gauge field.
To couple the 3d A-model to the A-type 3d gauge theory we modify the BRST transformations

for matter fields so that 62 = §,(o) on all fields. The modified transformations are

st =n', (5.13)
o' = Vi(o), (5.14)
57t = i — F;knj7k7 (5.15)
S = % LT+ TRV () — T gk, (5.16)
53" = P' =T B¥, (5.17)
§P — %Rzljnlnjﬁk ~ Tl PP 4 35V, Vi (o), (5.18)
ox' = P' — F;knjxk7 (5.19)
JP' = % Riggn'n’x"* = Tl P+ XFV,. VY (o). (5.20)

The action of the gauged 3d A-model is the sum of Sy4uge, @ BRST-exact matter action
S = —(5/ [gijxi A x (Pj —2 (D¢’ — *Drj)) + 95 B A x (P — 2D*Tj):| ,
M
and a topological term
top = / d(gijT'D¢’) = / 9i;DT' D’ — / gi; TV (F),
M M M

where F' = dA + A N A.

5.5 Gauged Rozansky-Witten Model

In this section, we couple the B-type gauge theory to a Rozansky-Witten model whose target X
has a G-action compatible with the hyperkédhler structure [21]. Let V,, a = 1,2,--- ,dim G, be the
vector fields on X corresponding to the generators of the G-action. Let py4, p—, and pg be the
moment maps corresponding to the holomorphic symplectic form €2, the antiholomorphic symplectic

form €, and the Kihler form .J, respectively,

djiya = —iv, (), (5.21)

d,u—a = 77:V(1, (Q)a (522)

dpza = iv, (7). (5.23)
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where iy (w) is the interior product of the form w with the vector V. The BRST variation of the

fields are

SA = ¢, sl =0,
5o =igx,  dol =gn’,
SA=0, snl =0,

8¢ = —itF, ox' =¢Da’,

op = i+,
6p = il P,
6P =0,

where Dol = do! + A*VI. The action for this gauged Rozansky-Witten model is

S = (L1+ Lo+ L3+ Ly),
M3

with
L1 = —%5%(2{ N+F +ip A+(P — 2%y — 262,u3)>,
Lo = 5(ngXI /\*@aj),
L5 =5(5Tr(p Awp) ),
Ly=Tr(pAdaC) +iTr(Qrx" ACVT) + %Q,JX’ ADx’

1 _
+ EQuRi(LMXI A AXE AM,

where Dx! = dx! + T4 do? A x5 + A0, VEN T + AL VE A X

(5.24)

(5.25)

(5.26)
(5.27)
(5.28)

(5.29)

Local observables in the gauged Rozansky-Witten model are BRST and gauge invariant functions

of p, 0!, o1, and n’, which correspond to elements in the cohomology of A(g*)®0%*(X) with respect

to the following nilpotent operator,
§=ipi Ty + (-1)*0x,

where T, are a basis for g and ¢ is the degree of the element in A(g*).

(5.30)
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Chapter 6

Four-Dimensional TQFT's

6.1 N =2 Linear oc-Model

We begin this chapter by discussing N/ = 2 linear o-models. The bosonic fields ¢ are maps from
Euclidean spacetime, R*, into the hyperkihler target manifold HYV (which is isomorphic to C?V after

a choice of complex structure),

¢ € Map(R*, H").

The fermionic fields ¢ and ) are sections of the spin bundle S and S_ on R* valued in the pullback
of the holomorphic tangent bundle THY and antiholomorphic tangent bundle THY, respectively,

Y el (¢"THY ® S4),

Y eT(¢"THN ® S_).
The dynamics of the o-model are governed by the action

S= [ du (5i38#¢i e +i6i5@j5“8uz/)i).
R4
The left action of quarternions on HY corresponds to SU(2)r R-symmetry, while the right action
of quarternions on H” gives rise to an additional SU(2)x symmetry. Let us introduce the following

notation to make the SU(2)z x SU(2)x action on HY manifest,

I 27—-1 I 27I—-1
¢11/ = ¢ ) ¢1/ = 1/) )

I 27 I 21
¢12/ = ¢ ) 1/)2/ = 'l/) ’

I —2T —1'T  —2I-1
¢21' =—9 , (0 =) )

—2I—-1 —2'T

by =0, o =57
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where SU(2)x acts on the unprimed index and SU(2)x acts on the primed index. Using this

notation, we can write the action in a form that is manifestly SU(2)g x SU(2)x invariant,
1 1y . — /I_
S = » d*z <26U6“bea Yorgl 0,0y + i1 59" a"@uzbg,). (6.1)
It is not difficult to see that the action respects the following supersymmetry transformations,

5¢£a’ = \/ﬁgawil + \/ieabea’b/gbql_}bllv
Sul, = V3o E D, 0l (62)
(5@‘1 I = ’L’\/iEabGG,b/ 5’“£G8M¢)£b/.

With respect to the SU(2); x SU(2)g rotational symmetry, SU(2)gr R-symmetry, and SU(2)x

symmetry, the fields and supercharges transforms as shown in the tables below.

Field SU(Z)L SU 2)R SU(Q)R SU(Z)X
L 1 1 2 2

Yl 2 1 1 2

! 1 P 1 2

Table 6.1: Charges of fields in A/ = 2 linear o-model

Field SU(Q)L SU(Q)R SU(Q)R SU(?)X
Raa 2 1 2 1

—da

Q 1 2 2 1

Table 6.2: Charges of N' = 2 supercharges

6.1.1 Linear A-Model

The linear A-model is constructed by twisting the SU(2)[, rotational symmetry of the N' = 2 linear
o-model by the diagonal subgroup of the SU(2)g x SU(2)x symmetry (see Table 6.1 for the charges
of fields in the A/ = 2 linear g-model),

SU(Q)L — SU(2)L/ <ISU(2)R X SU(Q)R X SU(Q)X

where G <G x G x G is the diagonal subgroup.



Field SU 2)L SU(?)R
1
1
1
1
2

Table 6.3: Fields in the linear A-model

The bosonic field ¢ is a map from spacetime M into the Riemannian manifold RY,
o € Map(M,R"Y).

The bosonic field 7 is an antiselfdual 2-form on M wvalued in the pullback of the tangent bundle
TRN

)

TE F(U*T]RN ® 927).

The fermionic fields n, ¥, and x are a scalar, antiselfdual 2-form, and 1-form on M, respectively,

valued in the pullback of the tangent bundle TRY,

n € L(c*TRY),
¢ eT(o*TRY ® Q°7),
x € D(c*TRN @ Q).

We construct the action for the linear A-model by writing the action of the ' = 2 linear o-model

(6.1) covariantly in terms of the twisted fields,
1 NV S . , v —
S = /M d*z (461J8"018M0J + 0150 T, OATHN T 4 55,%8* n’ — 617 x 0" ) (6.3)

The BRST charge is
QA = EaaQaa

which is a scalar after twisting (see Table 6.2 for the charges of the A" = 2 supercharges). The BRST

variations follow from the corresponding supersymmetry transformations (6.2),

do! = Ve,
5Th = V2,
on' =0,
I— _
6 [ 72 07

X}, = V260,07 — 22'\[2&9”7}{;.
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Notice that the y variation is only nilpotent on-shell. It will be convenient to introduce an auxiliary

bosonic field P which is a 1-form on M valued in the pullback of the tangent bundle TRY
PeT(o*TRY ® Q).

We require that P satisfies the following constraint on-shell,
Pl =id,o! —2i0"7), . (6.4)

so that we can write the BRST variations as

o' = V2",
I—

or, [Ll/ = fgwuyv

sn' =0,

(6.5)

sl =0,

6Xu = \/§§P/£

5P, = 0.

It is not difficult to construct an action equivalent to the original linear A-model action (6.3) that
enforces the appropriate constraint on the auxiliary field (6.4) and respects the BRST symmetry
(6.5),

1 1 , g
s= [ o (Sansprin - Lot o0 i)

. (6.6)
) . v
+ 561JX£8#77J — W0y Xu O’ )
Note that the action for the linear A-model is Q-exact,
1 ) N
S / d4 75]])(“[}3] — 27\/?(5[.])(“[ (28#0"] — 27,8 TA{V )} (67)

6.1.2 A-Model

The linear A-model has a covariant extension to arbitrary Riemannian target manifolds. The bosonic

field o is a map from spacetime M into a Riemannian manifold X,

o e Map(M,X).
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The bosonic field 7 is an antiselfdual 2-form on M valued in the pullback of the tangent bundle T'X,
TeT (" TX ® Q7).

The fermionic fields 7, ¢, and x are a scalar, antiselfdual 2-form, and 1-form on M, respectively,

valued in the pullback of the tangent bundle T'X,

nel(c"TX),
Y el (" TX ®0*7),

x €T(c*TX ® Q).

We construct the action for the A-model by making the linear A-model action (6.6) covariant

and adding the appropriate curvature terms,

1
S = / d'z ( grs PP — 2gUP“ (0,07 —2iD 7)) + gUxMD“

2 (6.8)

. vJ— 1 v
— g1y X, D" = g Ricar, (0™ ™ = it 9,0t )>,

where

v, I— _ qu_J— VJK
DTW—a Tow +11 G000 T

Drpl = orpl 4+ F{,Ka“a‘]n

DY = 0"y +Thd o gl
The appropriate extension of the BRST variations are

5o’ = ¢,

5 = E(Whw = Thxen”757),

onl =0,

50t = 6(Rhucwmionn ~ Thien”wlS").
5X,€ f(P —Thgn Xf),

5P,f 5( RJKLXZUKWL FJKTIJP:(),

(6.9)

where we have scaled the fields relative to the linear A-model to remove awkward factors of /2.

Note that the action for the A-model is Q-exact,

S = /d4 Q, gux‘”P 29ux (zaqu—%D”T,f;)}. (6.10)
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6.2 N =4 SYM Theory

In this section we review N = 4 supersymmetric Yang-Mills theory. This theory consists of adjoint

complex scalar fields ¢ 45, adjoint Weyl spinors A, and a gauge field A, with the following action,

1 < 1 1
S = Tr( — ~F " — M6 DyAa — ~ DPAB Db ap +ig—¢T P A4, Ap]
R4 4 4 \/§
1 <A < 1
L A B 49 tAB ,tCD )
+19\/§¢A3[ AP+ 169 [paB, dcp] [¢1HF, 1]
where the R-symmetry index A = 1,---,4. The complex scalar fields are antisymmetric in the

R-symmetry indices,

$AB = —PBA

and satisfy the following reality condition,

1
S4B = §€ABCD¢CD.

It is not difficult to see that the action respects the following supersymmetry transformations,

§A, = i€ao, N + €45, a
SAa = 0" EAF +ig[dap, 0P éc — iV20"EP Dydan
oA = G EAF, +ig[otP, ¢pc] €€ — iV25"¢p Dot P
0pap = V2405 — V26pAa + V2eapcpEC NP
SOHAB — \2EANB — \J2EBXA £ /2eABC e .

This theory has SU(4)g R-symmetry as well as SU(2), x SU(2) g spin symmetry. With respect
these global symmetries, the supercharges transform as shown in Table 6.4 while the fields transform

as shown in Table 6.5 .

SUM)w | SUR)L | SUQ2)r
QA 4 1
Q4 4 1 2

Table 6.4: N = 4 supercharges and their transformation properties

6.3 Geometric Langlands Theory

The bosonic fields in the GL-twisted 4d theory are a gauge field A, (a connection on a principal
G-bundle P over a 4-manifold My), a 1-form ¢,dz* with values in Ad(P), and a O-form ¢ with
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Field SU(4)R SU 2)L SU(Q)R
A, 1 2 2
AMa 4 2 1
aAa 4 1 2
$an 6 1 1

Table 6.5: Fields in A/ = 4 SYM theory and their transformation properties

values in the complexification of Ad(P). The conventions are the same as in [17]; in particular,
real adjoint-valued fields are regarded as anti-Hermitian, and the covariant derivative in the adjoint
representation takes the form d4 = d + [4,:]. The fermionic fields are a pair of Ad(P)c-valued
1-forms 1 and 1, a pair of Ad(P)c-valued O-forms 1 and 7, and an Ad(P)c-valued 2-form x. The
fields A and ¢ have ghost number 0, the fields 1) and ¢ have ghost number 1, the fields 7,7, and y
have ghost number —1, and the field o has ghost number 2. The BRST transformations are

0A =iy + 1)),
36 = i(ty — ),
do =0,

do =i(n+1tn),

51 = dao + t[p, 0]
5 = tdao — ¢, 0],
on =tdy¢ + [0, 0],
61 = —dy¢ + 1[5, 0],

= LENF 16,6+ wdad) +

1-1¢
2

ox (e(F — 316,0]) — dad).

Here t takes values in C|J{oo}, & = —o T, * is the 4d Hodge star operator, and d* = xd*. For t # 4i
the action can be wriiten as a BRST-exact term plus a term which depends only on the topology of

the bundle P:

R
S=10 V——,/ Tt F AF, (6.11)
My ™ J My
where
0 Amit?—1
U= —f — .
27r+ e? t2+1

Here 0 is the theta-angle of the 4d gauge theory and e? is the gauge coupling. The explicit form of
V can be found in [17].
The simplest surface operators have been introduced by Gukov and Witten [12]. They are
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disorder operators corresponding to a codimension-2 singularity in the fields of the form
d
A=ads, ¢=p8" —~do.
r

Here « is an element of a maximal torus T of G, and (3,7 are elements of the Lie algebra t of T.
For simplicity, let us assume that the triple («, 3,v) breaks G down to T. Gauge transformations
which preserve T form the Weyl group W; the triplet («, 3,7) is defined up to the action of W on
T x t x t. All fields other than A and ¢ are nonsingular.

The surface operator depends on an additional parameter 7 taking values in the torus
Hom(Acochar, U(1)). Here Acochar is the lattice of magnetic charges Hom(U (1), T). Equivalently, as
explained in [12], n can be thought of as taking values in ©T, the maximal torus of the Langlands-
dual group. The parameter 7 arises as follows. First, note that the above singularity in the fields
breaks the gauge group down to T. Thus if D is the codimension-2 submanifold on which the surface
operator is supported, the restriction of the gauge field to D has a first Chern class ¢1|p taking values

in Agochar- Given n we can insert into the path-integral a phase factor

n(ei(D)).

This factor depends only on the behavior of the gauge field on D and can be regarded as an 7-
dependent modification of the surface operator defined above.

Gukov-Witten surface operators are BRST-invariant for arbitrary ¢, but their properties depend
on t. We will see below that there are many other surface operators. In what follows we will focus
on the cases t =i, t = 1, and ¢t = 0. The first two cases are exchanged by S-duality (at zero #-angle)
and play a prominent role in the physical approach to the Geometric Langlands Program [17]. The
last case is self-dual and is the most natural starting point for understanding Quantum Geometric

Langlands Duality [19].

6.3.1 Compactification at t =i on a Circle

In this section we show that the GL-twisted theory at ¢ = ¢ compactified on a circle is equivalent to a
gauged version of the Rozansky-Witten model. For nonabelian gauge group, the precise determina-
tion of the target space of this model is rather subtle: naively, one can perform the compactification
by simply requiring all fields to be independent of the coordinate x* of the circle, and reducing the
field Ay + i¢4 of the GL-twisted theory to a gc-valued scalar 7 in three dimensions. As we will
see in detail, in this case one obtains a gauged Rozansky-Witten sigma model with target T™gc,
where the gauge group acts on the base by the adjoint representation and the fiber by the coadjoint

representation. However, the coordinate 7 for the base is subject to global identifications, due to
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the possibility of performing z*-dependent gauge transformations with nontrivial holonomy around
the compactification circle. Therefore, we should regard 7 as merely a local coordinate on the true
target space of the theory, which we conjecture to be the cotangent bundle T*Gc.

Let us see how the naive reduction works in detail. The bosonic fields in the GL-twisted theory
are a 4d gauge field A, an adjoint-valued 1-form ¢ and an adjoint-valued complex O-form ¢. The
fermionic fields are a pair of 1-forms ¢ and 1/;, a pair of O-forms n and 7, and a 2-form Y, all
adjoint-valued.

It was observed by Marcus [25] that, precisely at ¢ = =44, the action can be expressed as the
sum of a BRST-exact piece and a BRST-inexact fermionic piece (by contrast with the situation for
t # +i, where the only BRST-inexact term is a purely bosonic term depending on the topology
of the gauge bundle). It is convenient to work with the complexified connections A = A + i¢ and
A= A —i¢ as well as the covariant derivatives d4, d 4 and curvatures F, F with respect to these
connections. We set the theta angle to zero, and place the theory on a four manifold M. The action

for GL-twisted theory at ¢t = ¢ reads

S = /M4(£1 + L)

where

1 _ -

Ly = ~5a2 ] Tr{(x+ —ix ) AxF +d g0 N*(yp — i)
i . . x
+ 5= i) A x(ilo, 0] - dag) |
i . > .
Lr=+ Tl"{(x+ —ix7) A (dA(w — i) — [\ —ix ,0])}
Here, * is the 4d Hodge star and d%¢ = xd * ¢.
We now take M, to be the product manifold M3z x S! with product metric, where M3 is a three

manifold and the coordinate z* ranges from 0 to 27 (the circumference of the S'). We require fields

to be independent of x*, thereby obtaining an effective 3d theory on Mjz. It is useful to label the



fields of this 3d theory as follows:

A(gd) - A|M37
B = ¢,
A(3d) = (A + Z¢)|M3

A(3d) = (A - 7’¢)|M3

A=i (¥ +0) s
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o5 _ /3,
7= (A4 +i¢4),
n° = V2i(n+if),
0 = 2i (Yu + i)

X7 = % (?ﬂ—i@) |ns)

C=—=i(x" —ix ) |me, X =*x(X" —ix7) Ins,

PZ%(W—“@;),
.1 .
p=n—1).

Henceforth, we drop the superscripts (3d) and take d 4 to refer to covariant derivatives with respect
to these 3d fields. We have written x for the 3d Hodge star and d%¢ = *d4 x ¢. In summary, we
have the following bosons: a 3d gauge field A, a 1-form ¢, and a pair of complex O-forms o and T,
all adjoint-valued. We have the following fermions: a pair of 1-forms x” and x?, a 1-form A, a pair
of O-forms 1™ and 7, another pair of O-forms p and p, and a 2-form ¢, all adjoint-valued.

In addition, it is useful to introduce an auxiliary, adjoint-valued O-form P in order to make the

BRST variations nilpotent off-shell; P-dependent terms in the action are chosen to ensure that its

equation of motion is

P:@@—%@id+ﬁyu

The dimensional reduction of the BRST variations are as follows

SA =),
¢ = i,
5\ =0,
8¢ = —iF,
op = [r,0],
5p=iP,
5P =0,

We have 62 = 0 identically, without need to resort to a gauge transformation. After an overall

6o =0,
ot =0,
5o =n"
r=n"
o’ =0,
" =0,
ox% =dyo,
Ox" =dyr.
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rescaling, the dimensional reduction of the action is as follows

S= [ (Li+ Lo+ L3+ Ly)
M3
where

1 ; = . .
El:—@6Tr{z(/\*.7:—|—zp/\*(P—2df4¢+z[a,a]+Z[T,T])}

1 - _ g _
£2:—@6Tr{x A*d 4T + x /\*dAO'}

1 -
£3=—@6Tr{p/\*[7',0]},

Ly= g Tr{ixT ANdax? — (N (dAp+ X7, 7] — [xT,Cf])}-

The BRST-inexact piece L4 is metric-independent, as befits a topological field theory. We have the
correct field content for a gauged Rozansky-Witten sigma model. The target space is parameterized
by gc-valued scalars o and 7, both of which are acted on by the gauge group in the adjoint repre-
sentation. Since o has ghost number 2, we may identify the target space with T%[2]gc, where [2]
indicates that the fiber coordinate sits in cohomological degree 2 (here, we are using the negative-
definite quadratic form Tr to coordinatize the fiber g& by a gc-valued scalar). The G-invariant

symplectic form on the target space can be read off the term L4 of the action and is proportional to
Q) = Trdodr.

Additionally, the G-invariant Ké&hler form on the target space can be inferred the term Lo of the
action and is proportional to

J = %Tr(dad& + drd7).

The moment maps s, iy, it of the G-action with respect to symplectic forms .J, Q, and Q are

proportional to the following quadratic functions of the coordinates:

s =~ (7,01 4 [7,7)
By = Z‘[O—aﬂ
n_ = —i[g, 7|

After rescaling the fields p, o, 7, n%, 07, x°, and x” by factors of €2, and adjusting the relative
normalization of the BRST-inexact and BRST-exact terms (which normalization does not affect the
properties of the theory), one finds that the action and variations above reproduce those of a gauged

Rozansky-Witten model.
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6.3.2 Surface Operators at ¢t =i with an Abelian Gauge Group

As explained in [12], at ¢t = ¢ varying the parameters § and n changes the surface operator only by
BRST-exact terms. Thus Gukov-Witten operators depend on a single complex parameter a — 7.
But there exist much more general surface operators. To study them systematically, it is convenient
to use the fact that surface operators in the 4d TQFT are in 1-1 correspondence with boundary
conditions in the 3d TQFT compactified on a circle. The advantage of the 3d viewpoint is that the
problem of classification of boundary conditions is more familiar. In particular, for t = ¢ the 3d
TQFT that one gets is a gauged version of the Rozansky-Witten model, so we can use many of the
results of [18] where boundary conditions for the Rozansky-Witten model have been studied.

In this section we consider the case G = U(1). Reduction to 3d amounts to declaring all fields
to be independent of the z* direction which is periodic with period 2. The reduced theory has the
following bosonic fields: a 3d gauge field A, a 1-form ¢, a complex 0-form o, and a pair of 0-forms
Ay and ¢4. More properly, one should work with a U(1)-valued scalar exp(—2wA4) which represents
the holonomy of the gauge field along the compact direction. This field is invariant with respect to

x*-dependent gauge transformations
Ay Ay +im, meZ.

The fermionic fields are 1-forms 1, 1;, X, X, and 0-forms 7, 77, ¥4, 1/;4.
At t = i it is convenient to combine A4 and ¢4 into a complex 0-form 7 = Ay + i¢4, or more
properly into a gauge-invariant C*-valued scalar exp(—277). Then 7 and ¢ are BRST-invariant. We

also define the complex 3d gauge field A = A + i¢ which is BRST-invariant and the corresponding
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curvature F = dA. The BRST transformations of other fields are

S(A— i) = 2i(¢ + i),

60 = i(n + i),
o7 = —2i(ta + itha),
5 = do
6 = ido,
0y =0,
51hy =0,
on = id* ¢,
o1 = —d* ¢,
ox =F,
5% = dr.

Here d* = xdx and * denotes the 3d Hodge star operator.

These BRST-transformations are nilpotent off-shell. One can make them nilpotent on-shell by
introducing a suitable auxiliary field, as discussed in the Section 6.3.1. The 3d action contains both a
BRST-exact metric-dependent term and a BRST-closed metric-independent term. Its explicit form
is given in the Section 6.3.1.

The analysis of boundary conditions in the 3d theory is greatly facilitated by the observation that
this 3d theory decomposes into two independent sectors, the Rozansky-Witten model with target
T*C* and a topological U(1) gauge theory. Let us discuss these two 3d TQFTSs in turn.

The fields of this model are a subset of the fields of the 3d theory listed above. The bosonic
ones are the C*-valued scalar h = exp(—2n7) and the C-valued scalar o. The fermionic ones are the
0-forms w4 + iths, n + i) and the 1-forms ¢ — ip, Y. The RW model can be defined for any complex
symplectic target space X, and T*C* is a special case with the symplectic form dr Ado. It is shown
in Section 6.3.1 that the correct 3d action arises from the 4d action of the GL-twisted theory upon
reduction.

For a general X the RW model has Zs ghost number symmetry, but as explained in [18] when
X is a cotangent bundle one can promote it to a U(1) ghost number symmetry by letting the fiber
coordinates have ghost number two. This agrees with the fact that ¢ has ghost number two already
in the 4d theory. To emphasize that the fiber coordinate has ghost number two we will denote the
target manifold T*[2]C*.

According to [18] the simplest boundary conditions in the RW model correspond to complex

Lagrangian submanifolds of X. If we want to preserve ghost number symmetry, these Lagrangian
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submanifolds must be invariant with respect to the rescaling o — A20, A € C*. This requires the
Lagrangian submanifold of T*C* to be the conormal bundle of a complex submanifold in C*. This
means that a (closed) C*-invariant complex Lagrangian submanifold is either the zero section o = 0
or one of the fibers of the cotangent bundle given by 7 = 7y. The zero section boundary condition
plays a special role and will be denoted X in this subsection.

More general boundary conditions correspond to families of B-models or Landau-Ginzburg mod-
els parameterized by points in a complex Lagrangian submanifold. As mentioned in [18] and ex-
plained in more detail in [20] it is sufficient to restrict oneself to the case when the Lagrangian
submanifold is the zero section ¢ = 0. One can describe these boundary conditions more alge-
braically as follows. Recall that the category of boundary line operators on the boundary Xg is a
monoidal category which we denote Vx, x,. Given any boundary condition X one may consider the
category Vxx, of boundary defect lines which may separate X from Xy. This category is a mod-
ule category over the monoidal category Vx x,. It was proposed in [18] that this module category
completely characterizes the boundary condition X. Concretely, in the case of the RW model with
target T*[2]C* the category of boundary line operators Vx, x, is equivalent to D?(Coh(C*)). One
way to see it is to reduce the RW model on an interval with the boundary condition Xy on both
boundaries. The resulting 2d TQFT is a B-model with target C*, and its category of branes may
be identified with D®(Coh(C*)). The 2d viewpoint does not allow one to determine the monoidal
structure, but one can show that it is given by the usual derived tensor product [18, 20].

It was further argued in [18, 20] that the 2-category of boundary conditions for the RW model
with target 7*[2]C* is equivalent to the derived 2-category of module categories over D®(Coh(C*)).
That is, it is the 2-category of derived categorical sheaves over C* as defined by B. Toen and
G. Vezzosi [32]. This provides an algebraic description of boundary line operators and their OPEs
for all boundary conditions.

There are two different topological gauge theories in 3d which can be obtained by twisting N = 4
d = 3 super-Yang-Mills theory. The first one is the dimensional reduction of the Donaldson-Witten
twist of N = 2 d = 4 super-Yang-Mills theory. The second one is intrinsic to 3d and has been first
discussed by Blau and Thompson [3]. We will refer to them as A-type and B-type topological gauge
theories respectively. The reason for this terminology is that the BPS equations in the former theory
are elliptic, as in the usual A-model, while in the latter theory they are overdetermined, as in the
usual B-model. The definition and some properties of the B-type 3d gauge theory (for a general
gauge group) are described in the Section 5.3. In this subsection we only deal with the abelian case.

Consider the 3d bosonic fields A, ¢ and the fermionic fields @ + i), x, 1 — i, Ya — iths. It is
easy to check that their BRST transformations at ¢ = i are exactly the same as for the B-type 3d
gauge theory. The action has a BRST-exact metric-dependent piece and a BRST-closed metric-
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independent piece:

1 1 - « 1 .7
S = _@5 . (X/\*j’-'— 5(17—277) A xd ¢> + 52 /Ma(w ithy)dx.

In principle we should gauge-fix the theory and modify the BRST operator appropriately; we leave
this as an exercise for the reader.

As in any gauge theory, the most natural boundary conditions are the Dirichlet and Neumann
ones. The Dirichlet condition requires the restriction of A 4 i¢ to the boundary to be trivial. In
addition, one requires ¢3 (the component of ¢ orthogonal to the boundary) to satisfy the Neumann
condition d3¢3 = 0. BRST-invariance then fixes the boundary conditions for fermions: the restriction
of the forms v + i@/;, x and 7 — 7 to the boundary must vanish, The Neumann boundary condition
leaves the restriction of A to the boundary unconstrained but requires the restriction of the 1-form
*F = xdA to vanish. In addition ¢3 must satisfy the Dirichlet boundary condition, i.e. it must take
a prescribed value on the boundary. In the Neumann case BRST-invariance requires the restrictions
of the fermions xy, 13 + 2@3 and 14 — iz@; to vanish. Note that in the Dirichlet case the gauge group
is completely broken at the boundary, while in the Neumann case it is unbroken.

The Dirichlet condition does not have any parameters, while the Neumann condition seems to
depend on a single real parameter (3, the boundary value of ¢3. On the quantum level there is

another parameter: we can add to the action a boundary topological term

].'

0 —.
OMs 27

In fact, both parameters are irrelevant, in the sense that topological correlators do not depend on
them. The irrelevance of the parameter 6 follows from the fact that the above topological term is

BRST-exact and equal to
0

—4 X-

27 M3
To see the irrelevance of the parameter §, note that to shift 5 we need to add to the action a
boundary term proportional to

03¢3.

8M3
Since ¢1 and ¢9 vanish on the boundary, this is also BRST-exact and proportional to
§ (n — i1).
OMs
Following the same line of thought as in [18], one can try to describe the 2-category of boundary

conditions in this theory by picking a distinguished boundary condition Xy and characterizing any

other boundary condition X by the category Vxx, of defect line operators between X and Xy. That



58

is, one attaches to any boundary condition X a module category Vxx, over the monoidal category
VxoXo-

An obvious guess for the distinguished boundary condition is the free (Neumann) one since it
leaves the gauge group unbroken. To determine the category of boundary line operators Vx,x, for
this boundary condition, one may reduce the 3d theory on an interval and study the category of
branes in the resulting 2d TQFT. In the Neumann case, reduction on an interval gives the following
result: the bosonic fields are the gauge field A and the 1-form ¢, the fermionic ones are the 0-form
n — if, the 1-form 1 + #¢) and the 2-form y. This is the field content of a B-type topological gauge
theory in 2d, see Section 4.2.2. It is easy to check that the BRST transformations of these fields are
also the same as in the B-type 2d gauge theory. The category of branes for this 2d TQFT is the
category of graded finite-dimensional representations of G = U(1), see Section 4.2.2 for details. This
is because the only boundary degrees of freedom one can attach are described by a vector space which
carries a representation of the gauge group. The monoidal structure cannot be determined from 2d
considerations, but it easy to see that it is given by the usual tensor product. Indeed, a brane
corresponding to a representation space V is obtained by inserting the holonomy of the complex
connection A = A + i¢ in the representation V into the path-integral. From the 3d viewpoint
this means that the corresponding boundary line operator is the Wilson line operator for A4 in the
representation V. On the classical level, the fusion of two Wilson line operators in representations
V1 and V5 gives the Wilson line in representation V3 ® Vs, and clearly there can be no quantum
corrections to this result (the gauge coupling e? is an irrelevant parameter).

To summarize, the monoidal category Vx,x, is the category of graded finite-dimensional repre-
sentations of C*, or equivalently the equivariant derived category of coherent sheaves over a point
which we denote D2.(Coh(e)). We propose that the 2-category of boundary conditions is equivalent
to the 2-category of module categories over D(%*(Coh(o)). To give a concrete class of examples of
such a module category, consider a Calabi-Yau manifold Y with a C* action. The corresponding B-
model can be coupled to the boundary gauge field and provides a natural set of topological boundary
degrees of freedom for the 3d gauge theory. The corresponding category of boundary-changing line
operators is the C*-equivariant bounded derived category of Y which is obviously a module category
over D%, (Coh(e)).

It is fairly obvious how to combine the two models. The most basic boundary condition in the
full theory is o = 0 in the RW sector and the free (Neumann) condition in the gauge sector. We will
call this the distinguished boundary condition. The bosonic fields which are free on the boundary
are the C*-valued scalar h = exp(—277) and the restriction of the complex gauge field A = A + i¢.
More general boundary conditions involve a boundary B-model or a boundary Landau-Ginzburg
model fibered over C* and admitting a C*-action. The fibration over C* determines the coupling to

the boundary value of 7, while the C*-action determines the coupling to the boundary gauge field
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As in the RW model, we can give a more algebraic definition of the set of all boundary conditions
in the full theory. This description is also useful because it suggests how to define the 2-category
structure of the set of boundary conditions. We consider the monoidal category of boundary line
operators for the distinguished boundary condition. This is the category of branes for the 2d TQFT
obtained by reducing the gauged RW model on an interval. Since the reduction of the B-type 3d
gauge theory gives the B-type 2d gauge theory, and the reduction of the RW model gives the B-model
with target C*, the effective 2d TQFT is the gauged B-model with target C*, where the gauge group
U(1) acts trivially. As described in Section 4.3, the corresponding category of branes is equivalent
to D2.(Coh(C*)). The monoidal structure cannot be determined from the 2d considerations, but
it is easy to see (given the results for the RW model and the B-type gauge theory in 3d) that it is
given by the derived tensor product.

Every boundary condition gives rise to a module category over this monoidal category. It is
natural to conjecture that the converse is also true, every reasonable module category over this
monoidal category can be thought of as a boundary condition for the full 3d TQFT. For example,
we may consider a family of Calabi-Yau manifolds parameterized by points of C* such that each
model in the family has a C* symmetry. The corresponding module category is the C*-equivariant
derived category of the total space of the fibration. This gives us a conjectural description of the
2-category of surface operators in the parent 4d gauge theory.

Let us describe how Gukov-Witten surface operators fit into this picture. Such operators depend
on a complex parameter hy = exp(—2n(a — i7)) taking values in C*. From the 3d viewpoint, hg
determines the boundary value of the scalar h = exp(—2n7) in the RW sector. The other scalar o is
left free. Thus the boundary conditions for the RW sector correspond to a Lagrangian submanifold
of T*[2]C* given by h = hg (the fiber over the point hg). The gauge sector boundary conditions
are of Neumann type and have no nontrivial parameters.There are no boundary degrees of freedom.
From our algebraic viewpoint we may describe this as follows. In the usual RW theory the fiber
over h = hg corresponds to a skyscraper sheaf of DG-categories over C* whose “stalk” over hg is
the category of bounded complexes of vector spaces. We may denote it D?(Coh(s)). Including
the gauge degrees of freedom means working with a sheaf of categories with a C* action. Thus we
simply consider a skyscraper sheaf of categories over C* whose “stalk” over hg is the category of
C*-equivariant complexes of vector spaces D2..(Coh(e)). The monoidal category D&.(Coh(C*)) acts
on it in a fairly obvious manner: one simply tensors an object of D%.(Coh(e)) with the (derived)
restriction of an object of D.(Coh(C*)) to the point h = hy.

The category of morphisms between two different skycraper sheaves of categories is trivial (the set
of objects is empty). This corresponds to the fact that two different Gukov-Witten surface operators

cannot join along a boundary-changing line operator. But the category of line operators sitting on a
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particular Gukov-Witten surface operator (the endomorphism category of a Gukov-Witten surface
operator) is nontrivial. Its most obvious objects are Wilson lines for the complexified gauge field A,
which are obviously BRST-invariant. Such operators are labeled by irreducible representations of
C*. One might guess therefore that the category of surface line operators is simply the category of
representations of C*, or perhaps the category of C*-equivariant complexes of vector spaces which
we denoted D2. (Coh(e)) above. However, this naive guess is wrong, which can be seen by inspecting
BRST-invariant local operators which can be inserted into such a Wilson line operator. From the
abstract viewpoint they form an algebra (the endomorphism algebra of an object in the category
of line operators). It is clear that any power of the field o gives such an operator, so the algebra
of local operators on a line operator is the algebra of polynomial functions of a single variable of
ghost number 2. In what follows we will denote the line parameterized by o by C|[2] to indicate that
o sits in degree 2; thus C[2] is a purely even graded manifold. On the other hand, the algebra of
endomorphisms of an irreducible representation of C* is simply C.

To determine what the category of line operators is it is convenient to take the 2d viewpoint
and reduce the 3d theory on an interval with the Gukov-Witten-type boundary condition on both
ends. Let 23 denote the coordinate on the interval. Gukov-Witten boundary conditions eliminate
the complex scalar h (which is now locked at the value hg) and the field ¢3 but keep the complex
scalar o and the gauge field A. Thus the effective 2d theory also has two sectors: the B-model with
target C[2] and the B-type 2d topological gauge theory. According to Section 4.3, the corresponding
category of branes is equivalent to the C*-equivariant derived category of C[2]: its objects can be
regarded as C*-equivariant complexes of holomorphic vector bundles on C[2] (with a trivial C* action
on C[2]).

This answer is independent of the parameter hg = exp(—27(a—1i7v)) of the Gukov-Witten surface
operator. In particular, we can choose the trivial surface operator hy = 1, in which case we should
get the category of bulk line operators in the GL-twisted theory at t = 1.

It is not difficult to see that this answer for the category of bulk line operators agrees with the
computation of the endomorphism algebra of a Wilson line explained above. Indeed, an insertion
of a Wilson line does not put any constraints on o and does not add any degrees of freedom, and
therefore should correspond to a trivial line bundle over C[2]. Its fiber carries a representation of
C* determined by the charge of the Wilson line. The endomorphism algebra of such an object of
Dg.(Coh(C[2])) is simply the algebra of polynomial functions on C[2].

It is now clear that the category of line operators contains objects other than Wilson lines. For
example, we may consider a skyscraper sheaf at the origin of C[2], whose stalk at the origin is

a complex line V' carrying some representation of C*. There are two different way to define the
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corresponding line operator. First, we may consider a free resolution of the skyscraper:
V-2l 0 —-V®O0,

where V[—2] means V placed in ghost degree —2, O is the algebra of polynomial functions on C[2],
and the cochain map is multiplication by ¢. The shift by —2 is needed so that the cochain map
has total degree 1. The existence of such a resolution means that we can realize the “skyscraper”
line operator as a “bound state” of two Wilson lines both associated with the representation V' but
placed in different cohomological degrees. The corresponding bulk line operator is obtained using
the formulas of Section 4.3, where the target of the gauged B-model is taken to be C[2], the vector
bundle E on C[2] is trivial and of rank 2, with graded components in degrees 1 and 0, and the bundle
morphism 7T from the former to the latter component is multiplication by . In accordance with the

Section 4.3, we consider a superconnection on ¢*F of the form

N 1 nA. ) 0 ’
5 —i) nA

where n € Z is the weight with which C* acts on V. The bulk line operator corresponding to the
skyscraper sheaf at the origin of C[2] is the holonomy of this superconnection along the insertion
line £.

Another (equivalent) way is to take seriously the fact that the skyscraper sheaf is localized at
o = 0 and require the field o to vanish at the insertion line £. To make this well-defined, one needs to
excise a small tubular neighborhood of ¢ and impose a suitable boundary condition on the resulting
boundary. This condition must set ¢ = 0 and leave the components of A tangent to the boundary

¢ unconstrained. BRST-invariance determines uniquely the boundary conditions for all other fields.

6.3.3 Surface Operators at t =i with a Nonabelian Gauge Group

To generalize the preceding discussion to the nonabelian case we need to understand the 3d TQFT
which is obtained by compactifying the 4d gauge theory on a circle. This is less straightforward
than in the abelian case, because requiring the fields to be independent of the z* coordinate is not a
gauge-invariant condition. One can try to avoid dealing with this issue by first fixing a gauge such
that A4 does not depend on z*. This works in the neighborhood of A4 = 0, when the holonomy of
A along S' is close to 1. But in general the condition that A4 is z*-independent does not fix the
freedom to make x*-dependent gauge transformations. For example, suppose A, is proportional to
an element p € g which satisfies

exp(2mp) = 1.
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Such p are precisely those which lie in the G-orbits of the cocharacter lattice of G. Then the gauge

transformation

g(z*) = exp(pa?)

shifts A4 by w:
A4 —> A4 + M.

Such a gauge transformation in general makes other fields 2*-dependent.

It is shown in Section 6.3.1 that the naive reduction procedure which requires all fields to be
independent of z* gives the gauged Rozansky-Witten model with target 7*[2]gc ~ gc x gi[2], where
the gauge group G acts on the base g and the fiber g*[2] via the adjoint and coadjoint representations,
respectively. The symplectic form is the canonical form on the cotangent bundle. The true target
space of the reduced model is T*[2]G¢ which contains an open neighborhood of the origin in 7*[2]gc
as an open subset. We conjecture that the 3d theory is the gauged Rozansky-Witten model with
target T*[2]Gc, basically because it is the only obvious possibility.

Let us consider some boundary conditions in the gauged Rozansky-Witten model with target
T*[2]Gc. The most natural boundary condition in the gauge sector is the Neumann condition,
which preserves full gauge-invariance on the boundary. In the matter sector one has to pick a G-
invariant complex Lagrangian submanifold of 7*[2]G¢ which is invariant with respect to the rescaling
of the fiber. Such a Lagrangian submanifold can be constructed by picking a G¢-invariant closed
complex submanifold of G¢ and taking its conormal bundle. For example, one can take the whole
G, and then the Lagrangian submanifold is given by o = 0. We will call the resulting boundary
condition in the gauged RW model the distinguished boundary condition. It is an analogue of the
NN condition in the abelian case.

Another natural choice of a G-invariant Lagrangian submanifold is the conormal bundle of a
complex conjugacy class in G¢. In order for the submanifold to be closed take the conjugacy class
to be semisimple. This boundary condition is a nonabelian analogue of the ND condition. The
corresponding surface operator is a semisimple Gukov-Witten-type surface operator. Indeed, fixing
a semisimple conjugacy class of exp(—2m(As+1i¢4)) is the same as fixing a semisimple conjugacy class
of the limiting holonomy of the complex connection A + i¢ in the 4d gauge theory. More generally,
if the conjugacy class is not closed, one needs to consider the conormal bundle of its closure.

It is easy to analyze boundary line operators for these boundary conditions. Reducing the 3d
theory on an interval with the distinguished boundary conditions we get a B-type 2d gauge theory
coupled to a B-model with target G¢. The gauge group acts on G¢ by conjugation. According to
Section 4.3, the corresponding category of branes is equivalent to D,_(Coh(Gc)). The monoidal
structure cannot be deduced from the 2d considerations, but the same analysis as in the usual RW

model shows that it is given by the derived tensor product.



63

In the Gukov-Witten case we need to fix a semisimple complex conjugacy class C in G¢. Let N*C
denote the total space of its conormal bundle in 7*G¢. Concretely, it is the space of pairs (g, o),
where g € C and o € g¢ satisfies Tro g~ 1dg = 0 for any dg tangent to C at g. The fiber coordinate
o has cohomological degree 2; to indicate this we will denote the corresponding graded complex
manifold N*[2]C. Reduction on an interval in the Gukov-Witten case gives a B-type 2d gauge
theory coupled to a B-model whose target is N*[2]C. Its category of branes is Dg_(Coh(N*[2]C)).
The monoidal structure is given by the derived tensor product.

It is interesting to consider the special case of a Gukov-Witten surface operator corresponding to
the trivial conjugacy class in G¢ (the identity). This is the trivial surface operator, so the category
of 3d boundary line operators in this case can be identified with the category of bulk line operators
in the 4d TQFT. The conormal bundle of the identity element is simply the dual of the complexified
Lie algebra g¢; the group G¢ acts on it by the adjoint representation. Thus the category of 4d bulk
line operators is equivalent to Dg_(Coh(gz[2])). In other words, it is the Ge-equivariant derived
category of the graded algebra @,Sym”g where the pt? component sits in cohomological degree 2p.

In view of this result it is interesting to consider local operators sitting at the junction of
two Wilson loops in representations V7 and V5 of G. The corresponding objects of the category
DY, (Coh(gg[2])) are free modules over 2 = @,Sym”g[2] of the form Vi ®c A and Vo @ 2, with
the obvious G¢ action. The space of morphisms between them is the space of Ge-invariants in the

infinite-dimensional graded representation
VoV

Indeed, a BRST-invariant and gauge-invariant junction of two Wilson lines should be an operator
in representation Vi* ® Vs constructed out of the complex scalar o taking values in gc. The space
of such operators in ghost number 2p is Homg (Sym”g, V" ® V3), where Homeg denotes the space of
morphisms in the category of representations of G. Summing over all p we get the above answer.
As in the abelian case, the above examples do not exhaust the set of objects in the 2-category
of surface operators. For example, in [45] more complicated surface operators have been considered
which involve higher-order poles for the complex connection A = A + i¢. By analogy with the
Rozansky-Witten model we propose that the most general surface operator at ¢t = i (or equivalently,
the most general boundary condition in the 3d theory) can be defined as a module category of
the monoidal category of boundary line operators for the distinguished boundary condition Xg. As
explained above, this monoidal category is Dgc (Coh(Gg)). Concretely, this means that the most
general surface operator can be obtained by fibering a family of 2d TQFTs over G¢, so that the
G action on the base (by conjugation) lifts to a G¢ action on the whole family. For example, one

may consider a complex manifolds X which is a fibration over G¢, so that fibers are Calabi-Yau
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manifolds, and one is given a lift of the G¢ action on the base (by conjugation) to a G¢ action on
the total space.

Given any surface operator X, one may construct a module category over Dgc (Coh(Gg)) by
looking at the category of line operators sitting at the junction of X and the distinguished surface
operator Xy. This category is the category of branes in the 2d TQFT obtained by compactifying the
3d TQFT on an interval, with the boundary conditions on the two ends given by X and Xy. Equiv-
alently, one may compactify the 4d TQFT on a twice-punctured 2-sphere, with surface operators X
and X inserted at the two punctures.

For example, if we consider a surface operator defined, as in [45], by a prescribed singularity in
the complex connection A, and take into account that the distinguished surface operator is defined
by allowing the holonomy of A to be free, we see that the space of vacua of the effective 2d TQFT
is the moduli space of connections on a punctured disc with the prescribed singularity at the origin.
Let us denote this moduli space M. If in the definition of M we divide by the group of gauge
transformations which reduce to the identity at some chosen point on the boundary of the disk, then
M is acted upon by G¢ and is fibered over G¢ (the holonomy of A along the boundary of the disk).
It looks plausible that the effective 2d TQFT is the B-model with target M coupled to a B-type
gauge theory with gauge group Gc. Its category of branes is a module category over D2, (Coh(Gc)).

C

6.3.4 Surface Operators at ¢ = 1 with an Abelian Gauge Group

For t = 1 the 4d TQFT compactified on a circle also decomposes into two sectors (gauge and
matter), but the analysis of boundary conditions is less straightforward because neither sector has
been studied previously. For this reason we will restrict ourselves to the abelian case, which is fairly
elementary.

The gauge sector consists of a 3d gauge field A, a real bosonic 0-form ¢4, a complex bosonic

0-form o, a fermionic 2-form x = %Xijdxidxj , a fermionic 1-form ¢ + ¢, and fermionic 0-forms
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thy — g, n + 7. Their BRST transformations read

SA = i(s + 1)),
8pa = i(tha — ba),
o =0,
60 =i(n+1),

(¢ + ) = 2do,

8(1hs — ¥4) =0,

6(n+1) =0,

5x = F + *dgs.

On-shell they satisfy 62 = 2id,(c), where d,4(0) is a gauge transformation with the parameter o.

The action is BRST-exact:

1 1 -
Sgauge = =550 (XA*(F+*d¢4) + —(¢ + ) /\*dU).
26 M, 2

The matter sector consists of a real periodic scalar Ay, a real bosonic 1-form ¢, fermionic 1-forms

P — 7]1, p = Yiadz’, and fermionic O-forms 1y + 7,Z~14, 1 — 7. Their BRST transformations read

6 Ay = i(3ha + ),

3¢ = i(y — ),
(¢ — ) =0,
(ths +1P4) =0,
S5p = dAy + xdo,
6(n —1) =2d"¢.

On-shell they satisfy 62 = 0. The matter action is also BRST-exact:

1 D
Smatter = _@ 4] " (p A\ *(dA4 + *d¢) + 5(7} - 77) A xd ¢> .

The gauge sector is the dimensional reduction of the Donaldson-Witten 4d TQFT [38] down to
3d. Above we have called this theory an A-type gauge theory. However, this by itself does not teach
us very much, since boundary conditions in this theory have not been discussed previously. Without
adding boundary degrees of freedom, the only choices are the Dirichlet and Neumann boundary

conditions for gauge fields, with BRST-invariance fixing the conditions on all other fields.
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Let us begin with the Dirichlet condition which says that the restriction of A to the boundary
is trivial. Since 0% = 2id,(c), this makes sense only if o also vanishes on the boundary. BRST-
invariance then requires 7 4+ 77 and the restriction of the 1-form 1 + zZ to vanish. The fermionic
equations of motion then require the restriction of x to vanish, and the BRST-invariance implies
that ¢4 must satisfy the Neumann condition d3¢4 = 0, where we assumed that the boundary is given
by z3 = 0.

The Dirichlet boundary condition has the property that it has no nontrivial local BRST-invariant
boundary observables. Indeed, the only nonvanishing BRST-invariant 0-form is 4 — 154, but it is
BRST-exact. To analyze boundary line operators, we use the dimensional reduction trick and
compactify the 3d theory on an interval with the Dirichlet boundary conditions. The only bosonic
fields in the effective 2d theory are the constant mode of ¢4 and the holonomy of A along the interval

3. That is, the bosonic fields are a real scalar and a periodic real scalar. The

parameterized by x
effective 2d TQFT is therefore a sigma-model with target R x S!. In fact, it can be regarded as an
A-model with target T*S'. The easiest way to see this is to note that the path-integral of the 3d

theory localizes on configurations given by solutions of the Bogomolny equations
F + xdgy = 0.

Upon setting all fields to zero except Az and ¢, and assuming that they are independent of 2?3, this
equation becomes

dA3 + *d¢4 = 0,

where * is the 2d the Hodge star operator. This is an elliptic equation which can be interpreted as
the holomorphic instanton equation, provided we declare A3 + i¢4 to be a complex coordinate on
the target. Since the action of the 4d theory is BRST-exact, so is the action of the 2d model. This
agrees with the well-known fact that the action of an A-model is BRST-exact if the symplectic form
on the target space is exact.

The category of line operators on the Dirichlet boundary is therefore the Fukaya-Floer category
of T*S! whose simplest objects are Lagrangian submanifolds equipped with unitary vector bundles
with flat connections. Since this category arises as the endomorphism category of an object in a
2-category, it must have a monoidal structure, which is not visible from the purely 2d viewpoint. In
fact, we do not expect the Fukaya-Floer category of a general symplectic manifold to have a natural
monoidal structure. We will argue below that the monoidal structure is induced by the mirror
symmetry which establishes the equivalence of the Fukaya-Floer category of T*S! with D®(Coh(C*))
and the monoidal structure on the latter category. For now we just note that the base S' has a
distinguished point corresponding to the trivial holonomy of A on the interval. The fiber over this

point is a Lagrangian submanifold in 7%S! and is the identity object with respect to the monoidal
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structure. The distinguished point allows us to identity S* with the group manifold U(1).

Now let us consider the Neumann condition for the 3d gauge field A. This means that the gauge
symmetry is unbroken on the boundary and the restriction of the 1-form %xF vanishes. Then the
Bogomolny equation requires ¢4 to have the Dirichlet boundary condition ¢4 = a = const, and by
BRST-invariance 4 — 1, must vanish at 2® = 0. Fermionic equations of motion imply then that
3 + 13 vanishes as well, and since 5(vs + 1[)3) = 2030, the field o satisfies the Neumann condition.
Finally, the restriction of the 1-form xy to the boundary must vanish, in order for the fermionic
boundary conditions to be consistent. Indeed, if #! is regarded as the time direction, then (xx)z is
canonically conjugate to ¥3 + 13, so if one of them vanishes, so should the other. Similarly, if 22 is
regarded as time, then (xx); is canonically conjugate to 13 + 1173 and therefore must vanish too.

In the Neumann case the space of BRST-invariant local observables on the boundary is spanned
by powers of the field o. To determine the category of boundary line operators one has to reduce
the 3d gauge theory on an interval with the Neumann boundary conditions. The bosonic fields of
the effective 2d theory are the 2d gauge field and the constant mode of the scalar o, the fermionic

ones are the 0-form 7 + 7, the 1-form 9 + v, and the 2-form y. Their BRST transformations are

SA =i +1),

5o =0,

60 =i(n+17),
6(n+1) =0,
5(vp + 1) = 2do,

5x = F.

This 2d TQFT can be obtained from the usual N = (2,2) d = 2 supersymmetric gauge theory
by means of a twist which makes use of the U(1)y R-symmetry. Since this is the same R-symmetry
as that used for constructing an A-type sigma-model, we might call this TQFT an A-type 2d
gauge theory. As far as we know, its boundary conditions have not been analyzed in the literature
previously. It is shown in Section 4.2.1 that its category of branes is equivalent to the bounded
derived category of coherent sheaves on the graded line C[2]. 1 Again, the 3d origin of this category
means that it must have monoidal structure. Here it is given by the usual derived tensor product of
complexes of coherent sheaves. The trivial line bundle on C[2] is the identity object. From the 3d
viewpoint, it corresponds to the “invisible” line operator on the boundary.

As mentioned above, the Neumann condition depends on a real parameter a, the boundary value

of the scalar ¢4. On the quantum level there is another parameter which takes values in R/27Z. It

IThis category is equivalent to the U(1)-equivariant constructible derived category of sheaves over a point [2].
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enters as the coefficient of a topological term in the boundary action:

F

3=0 2T '

0

Thus overall the Neumann condition in the gauge sector has the parameter space R x S! ~ C*.

We may impose either Dirichlet or Neumann condition on the periodic scalar A4. Let us discuss
these two possibilities in turn.

If A, satisfies the Dirichlet condition, then BRST-invariance requires the 1-form ¢ to satisfy the
Neumann condition. This means that the components of ¢ tangent to the boundary are free and
satisfy 03¢1 = 03¢ = 0, while the component ¢3 takes a fixed value ¢35 = a on the boundary.
BRST-invariance also requires the following fermions to vanish on the boundary: 4 + 1/34, P3 — 1/;3,
p1, p2- The real parameter a together with the boundary value of A4 combine into a parameter
taking values in S! x R. These parameters are actually irrelevant, in the sense that topological
correlators do not depend on them. To see this, note that shifting the boundary value of A4 can be

achieved by adding a boundary term to the action of the form

/ 0y Ayl — / (8p3 — (D1 — Dad)) %
3=0

z3=0

We see that up to a total derivative this boundary term is BRST-exact, hence does not affect the
correlators. A similar argument can be made for the boundary value of ¢s.

The reduction on an interval with the Dirichlet boundary conditions gives rise to a 2d TQFT
whose only bosonic field is a real 1-form ¢. Such a 2d TQFT has not been considered previously,
but it is closely related to an A-model with target T*R. To see this, consider an N = (2,2)
supersymmetric sigma-model with target C (with the standard flat metric). This model has a U(1)

symmetry which acts on the target space coordinate Z by
Z 7,

One can add a multiple of the corresponding U(1) current to the standard R-current, thereby defining
a new R-current. When performing the A-twist, we can choose this modified R-current instead of
the standard one. If Z has charge two with respect to the modified R-symmetry, after twist Re Z
and Im Z will become components of a 1-form. We will call the resulting 2d TQFT the modified
A-model.

Apart from the bosonic 1-form ¢, the modified A-model has a fermionic 1-form ¢ — ¢ and a pair

of fermionic O-forms 7 — 77 and p (the latter comes from the component p3 of the 1-form p in 3d).
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Their BRST transformations are

8¢ = i(y — ),
5 — ) =0,
(n — 1) = 2d"¢,

5p = *dé.

Here * is the 2d Hodge star operator, and d* = xdx.
To understand the category of boundary line operators in 3d, we need to describe the category
of boundary conditions for the modified A-model. This is fairly straightforward. A natural class of

boundary conditions is obtained by imposing on the boundary

(ad + b* @) |om, = 0.

The special cases b = 0 and a = 0 correspond to the 2d Dirichlet and Neumann conditions. Since
the theory obviously has a symmetry rotating ¢ into ¢, it is sufficient to consider the Neumann
condition *¢| = 0. BRST-invariance requires the restriction of x¢) and p to vanish on such a
boundary. It is easy to see that there are no nontrivial BRST-invariant boundary observables (the
only BRST-invariant fermion v is BRST-exact), so there is no possibility to couple boundary degrees
of freedom in a nontrivial way. This implies that the category of boundary conditions is the same
as for a trivial 2d TQFT, the category of complexes of finite-dimensional vector spaces. We may
denote it D’(Coh(e)).

There is an important subtlety here related to the fact that the scalar A, is periodic with period

1. When reducing on an interval, this means that there are “winding sectors”, where
/dw383A4 =n, néEw.

This winding is constant along a connected component of the boundary and does not affect the 2d
theory in any way. We may incorporate it by introducing an additional integer label on each bound-
ary component which serves as a conserved boundary charge. This is mathematically equivalent to
saying that the category of boundary conditions is the category of C*-equivariant coherent sheaves
over a point D%, (Coh(s)). Objects of this category are complexes of finite-dimensional vector spaces
with a C*-action, such that the differentials in the complex commute with the C* action. Morphisms
are required to preserve the C*-action, having zero C*-charge.

If A, satisfies the Neumann condition 034, = 0, then BRST-invariance requires ¢ to satisfy the

Dirichlet condition. That is, the restriction of ¢ to the boundary must vanish, and ¢3 must satisfy
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03¢3 = 0. This boundary condition does not have any parameters.

The reduction on an interval gives rise to the A-model with the bosonic fields A4 and ¢3. This
can be seen, for example, by looking at the 3d BPS equation dA4 + xd¢ = 0 and restricting to field
configurations where ¢, = ¢o = 0 and A, and ¢35 are independent of 23. For such field configuration
the BPS equation becomes the holomorphic instanton equation with target S* x R ~ C*. From
the symplectic viewpoint, C* with its standard Kahler form is isomorphic to 7%S'. Thus the
category of boundary line operators in this case is the Fukaya-Floer category of 7*S!. Since this
category arises as the category of boundary line operators in the 3d TQFT, it must have a monoidal
structure. Although the category appears to be the same as in the gauge sector with the Dirichlet
boundary condition, we will see that the monoidal structure is completely different and is induced
by the equivalence between (a version of) the Fukaya-Floer category of T7*S! and the constructible
derived category of S! [27]. In particular, the identity object (the invisible boundary line operator)
is different and corresponds to the zero section of T*S' with a trivial rank-1 local system. This
illustrates the fact that a monoidal structure on branes in a 2d TQFT depends on the way this 2d
TQFT is realized as a compactification of a 3d TQFT on an interval.

6.3.5 Electric-Magnetic Duality

We are now ready to describe how the 4d electric-magnetic duality acts on various boundary con-
ditions described above. Since for both gauge and matter sectors one can have either Dirichlet or
Neumann conditions, there are four possibilities to consider.

From the 3d viewpoint, 4d electric-magnetic duality amounts to dualizing the 3d gauge field A
into a periodic scalar, and simultaneously dualizing the periodic scalar A, into a 3d gauge field. It
is easy to see that electric-magnetic duality applied to the A-type gauge theory gives the Rozansky-
Witten model with target T%[2]C*, it maps the A-type gauge sector to the B-type matter sector.
Similarly, it maps the A-type matter sector into the B-type gauge theory (with gauge group U(1)).
In other words, electric-magnetic duality reduces to particle-vortex duality done twice.

The dual of the Neumann condition for a periodic scalar is the Dirichlet condition for the gauge
field, and vice-versa. We will use this well-known fact repeatedly in what follows.

The first possibility is the Dirichlet condition in both gauge and matter sectors at ¢ = 1. The
Dirichlet condition in the A-type gauge sector maps into a boundary condition in the Rozansky-
Witten model with target T*[2]C* which sets ¢ = 0 on the boundary and leaves the complex scalar
7 free to fluctuate. The Dirichlet condition in the A-type matter sector is mapped to the Neumann
condition in the B-type gauge theory. Note that the Dirichlet condition in the A-type matter sector

has two real parameters taking values in S' and R. The former one is mapped to a boundary
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theta-angle, a boundary term in the action of the form

0 ES =40 i
w3=0 27 w3=0 2T
The latter parameter is the boundary value of the field ¢3. Both of these parameters are irrelevant,
as discussed in Section 4.

As discussed above, the category of boundary line operators in the A-type 3d gauge theory is the
Fukaya-Floer category of T*U(1). On the other hand, the category of boundary line operators in
the Rozansky-Witten model is D®(Coh(C*)), as explained in [18]. These categories are equivalent,
by the usual 2d mirror symmetry.

Let us recall how 2d mirror symmetry acts on some objects in this case. The trivial line bundle on
C* is mapped to the fiber over a distinguished point of the base S'. This distinguished point allows
us to identify S with the group manifold U(1). More generally, we may consider a holomorphic line
bundle on C* with a d-connection of the form

_ dz
d+i Z, rec.
V4

We will denote such a line bundle £). Gauge transformations can be used to eliminate the imaginary
part of A\. They also can shift the real part of A by an arbitrary integer. Thus we may regard the
parameter \ as taking values in R/Z ~ S*. Mirror symmetry maps L) to a Lagrangian submanifold
in T*U(1) which is a fiber over the point exp(2mi\) € U(1).

Applying mirror symmetry to the obvious monoidal structure on D?(Coh(C*)) given by the
derived tensor product we get a monoidal structure on the Fukaya category of T*U(1). The trivial
holomorphic line bundle on C*, which serves as the identity object in D*(Coh(C*)), is mapped to
the Lagrangian fiber over the identity element of U(1). If we consider two Lagrangian fibers over
the points exp(2miA1), exp(2miAz) € U(1), their mirrors are line bundles £y, and £,. Their tensor
product is a line bundle £y, ), whose mirror is the Lagrangian fiber over the point exp(27wi(A; +
A2)) € U(1). Clearly, this rule for tensoring objects of the Fukaya category makes use of the group
structure of U(1). It is a convolution-type tensor product.

Another natural class of Lagrangian submanifolds to consider are constant sections of T*U (1),
submanifolds given by the equation ¢4 = const. These submanifolds are circles and may carry a
nontrivial flat connection. Thus such A-branes are labeled by points of R x U(1) ~ C*. The mirror
objects are skyscraper sheaves on C*. The derived tensor product of two skyscrapers supported at
different points is obviously the zero object. The derived tensor product of a skyscraper with itself
can be shown to be isomorphic to the sum of the skyscraper and the skyscraper shifted by —1. That
is, it is a skyscraper sheaf over the same point whose stalk is a graded vector space C[—1] @ C.

Applying mirror symmetry, we see that the tensor product of a section of 7*U (1) with itself must
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be the sum of two copies of the same section, but with the Maslov grading of one of them shifted by
—1. We do not know how to reproduce this result without appealing to mirror symmetry, computing
the product of boundary line operators in the A-type gauge theory.

As discussed above, the category of boundary line operators in the A-type matter sector is the
category of branes in a somewhat unusual 2d TQFT which is a modification of the A-model with
target T*R. It was argued above that this category is equivalent to D2.(Coh(e)). This agrees with
the B-side, where the reduction on an interval gives a B-type 2d gauge theory.

Putting the gauge and matter sectors together, we see that the DD boundary condition on the A-
side is mapped to what we called the distinguished boundary condition on the B-side. The category
of boundary line operators for such a boundary condition is the C*-equivariant derived category
of coherent sheaves D%, (Coh(C*)) with its obvious monoidal structure. On the A-side we get a
graded version of the Fukaya-Floer category of T*U(1) where a flat vector bundle over a Lagrangian
submanifold has an additional integer grading and morphisms are required to have degree zero with
respect to it. This grading arises from the winding number of the periodic scalar Ay.

We can also interpret the duality in 4d terms. Indeed, it is easy to see that the DD boundary
condition on the A-side arises from a 4d Dirichlet boundary condition at ¢ = 1, while its dual on
the B-side arises from the 4d Neumann condition at ¢ = ¢. Thus electric-magnetic duality exchanges
Dirichlet and Neumann boundary conditions in 4d, as expected. The surface operators corresponding
to such 4d boundary conditions can be interpreted as follows: we excise a tubular neighborhood of
the support of the surface operator and impose the 4d boundary condition on the resulting boundary.
In a TQFT, such a procedure gives a surface operator (there is no need to take the limit where the
thickness of the tubular neighborhood goes to zero).

This condition is the distinguished boundary condition on the A-side, since the gauge group
is unbroken on the boundary, and the periodic scalar Ay is free to explore the whole circle. It
is mapped by electric-magnetic duality to the Dirichlet boundary condition for the B-type gauge
theory and the boundary condition in the RW model with target C* which fixes the C*-valued scalar
7 and leaves o free. Note that both the Neumann boundary condition in the A-type gauge theory
and the corresponding boundary condition in the RW model have a parameter taking values in
C*~RxU(1).

Let us compare the categories of boundary line operators. The category of boundary line opera-
tors in the A-type gauge theory is the bounded derived category of coherent sheaves D®(Coh(C|[2])).
The category of boundary line operators in the RW model is also D’(Coh(C[2])). The category of
boundary line operators in the A-type matter sector is the Fukaya-Floer category of T*S!. The
category of boundary line operators in the B-type gauge sector is D®(Coh(C*)). Their equivalence
is a special case of the usual 2d mirror symmetry.

But there is more: we expect that the categories of boundary line operators are equivalent as
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monoidal categories. This is easy to see directly for the RW model with target C* and A-type gauge
theory with gauge group U(1). Indeed, in both cases typical objects in the category of boundary
line operators are complexes of holomorphic vector bundles which can be represented by Wilson
line operators on the boundary for some superconnection on the pull-back vector bundle. In the
classical approximation, fusing two such boundary line operators corresponds to the tensor product
of complexes, and there can be no quantum corrections to this result.

It is more complicated to compare the monoidal structures for the other pair of dual theories
(B-type gauge theory and A-type matter). We will not attempt to do an independent computation
on the A-side but instead describe the monoidal structure on the B-side and then explain what it
corresponds to on the A-side.

Note that since C* is a complex Lie group, the category D?(Coh(C*)) has two natural monoidal
structures: the derived tensor product, and the convolution-type product. The former one does not
make use of the group structure, while the latter one does. The identity object of the former one is
the sheaf of holomorphic functions on C*, while for the latter structure it is the skyscraper sheaf at
the identity point 1 € C*. It is the latter monoidal structure which describes the fusion of boundary
line operators on the B-side. Indeed, the 3d meaning of the coordinate on C* is the holonomy of
the connection A + i¢ along a small semi-circle with both ends on the boundary and centered at the

boundary line operator (see Figure 6.1). Skyscraper sheaves correspond to boundary line operators

Figure 6.1: A skyscraper sheaf corresponds to a boundary line operator for which the holonomy of
A +i¢ along a small semi-circle around it is fixed. The dot marks the location of the boundary line
operator, which we view here in cross section.

for which this holonomy is fixed. In particular, the skyscraper sheaf at 1 € C* corresponds to
the “invisible” boundary line operator for which this holonomy is trivial. By definition, this is the
identity object in the monoidal category of boundary line operators.

Mirror symmetry maps a skyscraper sheaf on C* to a Lagrangian submanifold of 7%S"' which is
a graph of a closed 1-form a on S*. Topologically this submanifold is a circle and is equipped with

a trivial line bundle with a flat unitary connection. The moduli space of such an object is C*: for
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A € C* the phase of A determines the holonomy of the unitary connection, while the absolute value
determines the integral of o on S!. Thus the identity object on the B-side is mirror to the zero
section of T*S! with a trivial flat connection. To describe the monoidal structure on the A-side it is
best to recall a theorem of Nadler [26] according to which (a version of) the Fukaya-Floer category
of T* X is equivalent to the constructible derived category of X. Recall that a constructible sheaf
on a real manifold X is a sheaf which is locally constant on the strata of a Whitney stratification of
X; such sheaves can be regarded as generalizations of flat connections. Objects of the constructible
derived category are bounded complexes of sheaves whose cohomology sheaves are constructible. The
constructible derived category has an obvious monoidal structure arising from the tensor product of
complexes of sheaves. The sheaf of locally constant functions is the identity object with respect to
this monoidal structure. According to [27, 26], this object corresponds to the zero section of T*S?!
with a trivial flat connection. This suggests that the monoidal structure on the A-side is given by
the tensor product on the constructible derived category. It is easy to check that this is compatible
with the way mirror symmetry acts on the skyscraper sheaves on C*.

We can try put the gauge and matter sectors together. On the B-side, we have the B-model
with target C* x C[2] whose category of branes is D’(Coh(C* x C[2])). On the A-side, we have an
A-model with target T*S" tensored with an A-type 2d gauge theory with gauge group U(1). One
could guess that the corresponding category of branes is a U(1)-equivariant version of the Fukaya-
Floer category of T*S'. More generally, one could guess that the category of branes in an A-model
with target T*X tensored with the A-type 2d U(1) gauge theory is a U(1)-equivariant version of
the Fukaya-Floer category of T*X. It is not clear to us how to define such an equivariant Fukaya-
Floer category mathematically. Given the results of [27, 26], a natural guess is the equivariant
constructible derived category of sheaves on X. As a check, note that when X is a point, the U(1)-
equivariant constructible derived category is equivalent to D°(Coh(C[2])) [2]. As mentioned above
and explained in Section 4.2.1, this is indeed the category of branes for the A-type 2d gauge theory.
The monoidal structure seems to be the standard one (derived tensor product). On the B-side, on
the other hand, the monoidal structure is a combination of the tensor product of coherent sheaves
on C[2] and the convolution product on C*.

Next consider the boundary condition on the A-side which is a combination of the Dirichlet
condition in the gauge sector and the Neumann condition for A4 in the matter sector. It is dual
to the Dirichlet condition for the B-type gauge sector and a boundary condition for the RW model
with target T*[2]C* which sets o = 0 and leaves the complex scalar 7 = A4 + i¢4 free to fluctuate.

On the B-side reduction on an interval gives a B-model with target C* x C*, therefore the category
of boundary line operators is D’(Coh(C* x C*)). On the A-side reduction gives an A-model with
target T*U(1) x T*U(1), therefore the category of boundary line operators is the Fukaya-Floer

category. The two categories are equivalent by the usual 2d mirror symmetry. The monoidal
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structure is easiest to determine on the B-side. It is neither the derived tensor product, nor the
convolution, but a combination of both. This happens because the two copies of C* have a very
different origin: one of them arises from a 3d B-type gauge theory, and the other one arises from
the Rozansky-Witten model with target T*[2]C*.

Finally we consider the boundary condition on the A-side which is a combination of the Neumann
condition in the gauge sector and the Dirichlet condition for A4. This is the case which corresponds
to the Gukov-Witten surface operator at ¢ = 1. Indeed, the Dirichlet conditions for Ay, ¢4, and ¢3

mean that the holonomy of A is fixed, while the 1-form ¢ has a singularity of the form
d
B —Aad,
T

where —+ is the boundary value of ¢4 and ( is the boundary value of ¢3. The boundary value of A4
is the Gukov-Witten parameter cv. The Neumann condition in the gauge sector also depends on the
boundary theta-angle which corresponds to the Gukov-Witten parameter 7. As explained above,
the boundary values of A4 and ¢3 are actually irrelevant. This agrees with the results of [12], where
it is shown that at ¢ = 1 the parameters a and [ are irrelevant. Thus the true parameter space of
the surface operator on the A-side is C*.

Electric-magnetic duality maps the DD condition to the Neumann condition for the B-type gauge
theory and the boundary condition in the RW model which fixes 7 and leaves o free to fluctuate.
The latter boundary condition depends on the boundary value of the field 7 = A4 + i¢4. From the
4d viewpoint this boundary value encodes the Gukov-Witten parameters o and . These are the
relevant parameters at ¢ = 4, as explained in [12]. The Neumann boundary condition in the B-type
gauge theory also has two parameters (the boundary value of ¢3 and the boundary theta-angle)
which correspond to the Gukov-Witten parameters § and 7. But as explained above and from a
different viewpoint in [12], these parameters are irrelevant at ¢t = i.

Let us compare the categories of 3d boundary line operators, which from the 4d viewpoint are
interpreted as categories of line operators sitting on Gukov-Witten surface operators. On the B-side
reduction on an interval gives a B-model with target C[2] tensored with a B-type 2d gauge theory,
therefore the category of boundary line operators is D.(Coh(C[2])). On the A-side reduction on
an interval gives an A-type 2d gauge theory tensored with a modified A-model with target T*R. Its
category of branes is a modification of the category of boundary conditions for the A-type 2d gauge
theory where the space of boundary degrees of freedom has additional integer grading coming from
the winding of the periodic scalar A4, and morphisms are required to have degree zero with respect
to it. Since branes in the A-type 2d gauge theory can be identified with objects of D®(Coh(C][2])),
the category of boundary conditions in the combined system is equivalent to D%.(Coh(C[2])), in

agreement with what we got on the B-side.
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By analogy with the Rozansky-Witten model, one may conjecture that the 2-category of surface
operators at ¢ = 0 can be described in terms of module categories over the monoidal category of
boundary line operators for the distinguished boundary condition (the NN condition). We have
argued above that this monoidal category is the U(1)-equivariant constructible derived category of
S1, where the U(1) action on S! is trivial. It is probably better to think about it as a sheaf of
U(1)-equivariant monoidal DG-categories over S'. To each surface operator we may associate a
sheaf of U(1)-equivariant module categories over this sheaf of U(1)-equivariant monoidal categories,
and we conjecture that this map is an equivalence of 2-categories. Gukov-Witten-type operators
correspond to skyscraper sheaves on S*.

Electric-magnetic duality then implies that there is an equivalence between this 2-category and

the 2-category of coherent C*-equivariant derived categorical sheaves over C*.

6.3.6 Surface Operators at t = 0 with an Abelian Gauge Group

The 3d theory again decomposes into the gauge and matter sectors. Let us start with the gauge
sector. The bosonic fields are a gauge field A, a periodic scalar A4, and a complex scalar o. The
fermionic fields are two O-forms 7 and 4, a 1-form 3 and a 2-form x,. Thus subscript + in-
dicates that x4 originates from the self-dual part of the 2-form x in four dimensions.The BRST

transformations are

0A =i,
0Ay = i)y,
5 = do,
dhy = 0,
oo =0,
0G = i,
on =0,

6X+ =F+ *dA4.

The field content and BRST transformations are the same as in the A-type 3d gauge theory, the
main difference being that the bosonic scalar A, is periodic. The action of the gauge sector contains,

apart from a BRST-exact term, a topological term

2T
Stop = —z /M FAdA,. (6.12)
3

Note that it is the periodicity of A4 that makes this topological term nontrivial in general.



7

The above topological term term comes from the dimensional reduction of a topological term in

4d
—L/F/\F
2¢2 '

Here we assumed that the 4d theta-angle vanishes and that the coordinate z* has period 27.

In the matter sector the only bosonic fields are a 0-form ¢4 and a 1-form ¢. The fermionic fields
are a pair of 0-forms 7 and 14, a 1-form 1, and a 2-form y_ which arises from the anti-self-dual part
of the 2-form x in four dimensions. The matter content and BRST transformations are the same as
for the t = 1 matter sector, except that the periodic scalar A, is replaced with a non-periodic scalar
¢4. The matter action is BRST-exact.

As for t = 1, we may consider either Dirichlet or Neumann conditions for the gauge field, and
then BRST-invariance determines the rest. The category of boundary line operators is determined
by compactifying the theory on an interval with the appropriate boundary conditions and analyzing
branes in the resulting 2d TQFT.

In the Neumann case the effective 2d TQFT is the A-type 2d gauge theory, just as for t = 1. As
explained above, its category of boundary conditions is equivalent to D®(Coh(C[2])).

In the Dirichlet case the effective 2d TQFT is a topological sigma-model with two bosonic fields,
Ay and the holonomy of the 3d gauge field A along the interval. Both are periodic scalars, so the

target of the sigma-model is T2. The BPS equations reduce to a holomorphic instanton equation
dAg + *dA4 = O7

which means that we are dealing with an A-model with target T2. Its category of branes is the
Fukaya-Floer category of T2, which is fairly nontrivial (and by mirror symmetry equivalent to the
bounded derived category of coherent sheaves on an elliptic curve). The A-model depends on the
symplectic form on T2 which can be read off the topological piece of the action (6.12). Setting A;

and A, to zero and reducing on an interval of length 27 it becomes

— 472

2
€ M,

dAs N dAy.

We may regard this expression as an integral of the pull-back of a symplectic 2-form

4 2
dea:/\dy
e

on the 2-torus with periodic coordinates x,y, both with period one. The symplectic area of this
2-torus is 472 /e?.
We do not know how to describe the monoidal structure on this category arising from the fusion

of boundary line operators.
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As for t = 1, we may consider either the Dirichlet or Neumann conditions for the scalars ¢3 and
¢4 (BRST-invariance requires them to be of the same type). In the Dirichlet case reduction on an
interval gives the modified A-model whose only bosonic field is a real 1-form ¢ in two dimensions.
As discussed above, the category of branes is the same as for a trivial TQFT. It is equivalent to
DP(Coh(s)). Unlike in the t = 1 case, there are no “winding sectors”, since the scalars ¢3 and ¢4
are not periodic. So the category of boundary line operators in this case is D?(Coh(e)), with its
standard monoidal structure.

If ¢3 and ¢4 satisfy the Neumann condition, then the restriction of the 1-form ¢ to the 2d
boundary must vanish. Reducing on an interval, we get an A-model whose only bosonic fields are
¢3 and ¢4, namely an A-model with target T*R. Its category of branes is the Fukaya-Floer category
of T*R. Since this should be thought as the category of boundary line operators in a 3d TQFT, it
should have a monoidal structure. Since the only difference compared to the ¢ = 1 matter sector
is the noncompactness of ¢4, we expect that after we apply the equivalence of [26], this monoidal
structure becomes the standard monoidal structure on the constructible derived category of R.

The DD boundary condition corresponds to a surface operator such that the 1-form ¢ has a fixed
singularity of the form

d
B — b,
'

while the holonomy of the gauge field A is allowed to fluctuate, and the scalar field o vanishes at
the insertion surface. To define such an operator properly, one has to excise a tubular neighborhood
of the insertion surface and impose suitable conditions on the newly created boundary.

Since the matter sector in the Dirichlet case does not have interesting boundary conditions, the
category of boundary line operators is the same as in the gauge sector, the Fukaya-Floer category
of T? with the symplectic area & = 472 /e?. From the 4d viewpoint, this is the category of line
operators on the surface operator.

Electric-magnetic duality maps the DD condition to itself. Indeed, it does not affect the matter
sector, while in the gauge sector it maps the periodic scalar A, into a gauge field and maps the
gauge field to a periodic scalar. Since in the DD case A, satisifies the Neumann condition, the dual
gauge field satisfies the Dirichlet condition. Contrariwise, the Dirichlet condition for the gauge field
is mapped by duality to the Dirichlet condition for the new periodic scalar. The only effect of duality

is to replace e? with 472 /e2. Therefore the symplectic area of the T2 is also inverted:

472
66— 6 =—.
G}
The Fukaya-Floer categories of two tori whose symplectic areas are related as above are equivalent

by the usual T-duality. Moreover, we expect that the monoidal structure (which we have not

determined!) is preserved by T-duality.
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The NN condition corresponds to the surface operator such that A has a fixed singularity of the
form

adb,

while the singularity for the 1-form ¢ is allowed to fluctuate. To define such a surface operator
properly, one has to impose suitable conditions on a boundary of a tubular neighborhood of the
insertion surface.

Upon reduction on an interval with NN boundary conditions on both ends, we get a 2d TQFT
which is a product of an A-type 2d gauge theory and an A-model with target T*R. Its category of
branes is an equivariant version of the Fukaya-Floer category of T*R. It was conjectured above that
it is equivalent to the equivariant constructible derived category of R, with the standard monoidal
structure (derived tensor product).

Electric-magnetic duality maps the NN condition to itself, for the same reason as in the DD
case. It acts trivially on the category of line operators, because the bosonic fields which survive the
reduction on an interval (that is, o, ¢3, and ¢4) are not involved in the duality.

The DN condition corresponds to a surface operator such that both A and ¢ are allowed to
have fluctuating singularities, while o has to vanish at the surface operator. Upon reduction on an
interval with DN boundary conditions on both ends, we get a product of an A-model with target T2
and an A-model with target T*R. Its category of branes is the Fukaya-Floer category of T? x T*R.
Electric-magnetic duality maps the DN condition to itself. Its action on the category of line operators
amounts to a T-duality on 72 (duality acts trivially on the matter sector). The monoidal structure
(which we have not determined) must be preserved by T-duality.

This case corresponds to the Gukov-Witten surface operator where the holonomy of A is fixed,

and the 1-form ¢ has a fixed singularity of the form
d
3 ~ae.
,

Reduction on an interval with ND boundary conditions gives a 2d TQFT which is a product of
an A-type 2d gauge theory and a modified A-model whose only bosonic field is a real 1-form. Since
there are no interesting boundary conditions in the latter theory, the category of boundary conditions
in this case is the same as in the former theory. That is, it is the U(1)-equivariant constructible
derived category of sheaves over a point, or equivalently D®(Coh(C[2])) [2]. This is therefore the
category of line operators sitting on the Gukov-Witten surface operator. The monoidal structure is
the standard one (derived tensor product).

In particular, since the trivial surface operator is a special case of the Gukov-Witten surface
operator, we conclude that the category of bulk line operators in the GL-twisted theory at ¢ = 0
is D’(Coh(C[2])). In 4d terms, this can be interpreted as saying that all bulk line operators can
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be constructed by taking a sum of several copies of the trivial line operator and deforming it using

the descendants of the BRST-invariant field o and its powers. This agrees with the results of [19],

where it was argued that neither Wilson nor ’t Hooft line operators are allowed at ¢ = 0.
Electric-magnetic duality maps the ND condition to itself. It acts trivially on the category of

line operators since the field ¢ is not involved in the duality.
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Chapter 7

Four-Dimensional HQFT's

7.1 N =18SQCD with N, =2 and N; =2

We begin this chapter with a review of A/ = 1 SQCD with gauge group SU(2) and two flavors.
This theory consists of four squarks ¢%, quarks 9%, and auxiliary fields G* in the fundamental
representation of SU(2), a gaugino A, in the adjoint representation of SU(2), and an SU(2) gauge
field A,, with the following action,

1 1. e it v
S = \/R4 d4$ {thr( - iFﬂ Fp{y - QZATO'HVH)\) + @tr(ﬁﬂ pF#UFo-p)
1
- L oVt + GLG+ VB (4wt ) - Ll T )}
N

where T are the Pauli matrices.
Viewing Euclidean spacetime as a complex manifold with Kéhler metric, this theory has a U(1)r
R-symmetry, U(1) x x SU(2)x spin symmetry, SU(4)p chiral symmetry, and U(1) 4 axial symmetry.
With respect to these global symmetries, the supercharges transform as shown in Table 7.1 while

the fields and their conjugate transform as shown in Table 7.2.

Ur | UM)x | SU@2)x
Qa 1 0 2
Q' -1 -1 1
Q? -1 1 1

Table 7.1: N/ = 1 supercharges and their transformation properties
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[N}

Field U(l)R U(l)x SU(Q)X SU(4)F U(l)A
q° -1 0 1 4 1
a 0 0 2 4 1
Ge 1 0 1 4 1
ab 1 0 1 4 —1
Pit 0 -1 1 4 ~1
Pi2 0 1 1 4 ~1
Gl ~1 0 1 4 —1
A, 0 —1 2 1 0
A; 0 1 2 1 0
Ao -1 0 2 1 0
Af1 1 -1 1 1 0
A2 1 1 1 1 0

Table 7.2: Fields in A/ = 1 SQCD and their transformation properties

7.2 Holomorphic SQCD with N, =2 and Ny = 2

Holomorphic SQCD is constructed by twisting the U(1)x spin symmetry of N' = 1 SQCD by a
combination R’ of the U(1)g R-symmetry and U(1)4 axial symmetry,

X - X+TR. (7.2)

The U(1)r symmetry alone is unsuitable for twisting; it suffers from gauge and gravitational anoma-

lies. The following combination of U(1)g and U(1)4 symmetry is free of gauge anomalies,
R' =R+ A. (7.3)

Furthermore, we can eliminate the gravitational anomalies with a suitable choice of path integral
measure.

The easiest way to construct an appropriate path integral measure is to augment SQCD by
an N = 1 SYM theory with gauge group U(1)5. The U(1)grs symmetry of the augmented theory
is anomaly free. Since SQCD and the SYM theory do not interact, correlation functions of the
combined theory factor into SQCD correlation functions and SYM correlation functions. We can
therefore construct an anomaly-free measure for SQCD from any nontrivial correlation function in
the SYM theory. The action for the SYM theory is

-n/

1 1o A it vo
S — /R4 A {g/Qtr(_ 1F/u F;:Iu _Z/\/TUuaH/\/> + 647.‘-2“(6“ pFLDFép)}, (7.4)

where the gaugino \, is in the adjoint representation of U(1)°, and Aj, is a U(1)° gauge field. With

respect to the global symmetries, these fields and their conjugate transform as shown in Table 7.3.



Field U(l)R U(l)X SU(Q)X SU(4)F U(l)A
Al 0 —1 2 1 0
AL 0 1 2 1 0
N, -1 0 2 1 0
hur 1 -1 1 1 0
N2 1 1 1 1 0

Table 7.3: Fields in SYM theory and their transformation properties

Performing the holomorphic twist (7.2) with the anomaly free U(1)gs symmetry of augmented

theory, we find that the twisted fields transform as shown in Table 7.4.

Field [ U)r | U)x | SUQR)x | SU@)r | U)a
¢ —1 0 1 4 1
X2 0 1 2 4 1

a 1 2 1 4 1
i 1 0 1 4 ~1

ol 0 -2 1 1 ~1
ol 0 0 1 4 ~1

Gl, | -1 -2 1 i ~1
A, 0 -1 2 1 0
A; 0 1 2 1 0
Gi —1 -1 2 1 0
of 1 0 1 1 0
wls 1 2 1 1 0
H 0 0 1 1 0
Al 0 -1 2 1 0
A 0 1 2 1 0

! —1 -1 2 1 0
o't 1 0 1 1 0
wik 1 2 1 1 0
H 0 0 1 1 0

Table 7.4: Fields in holomorphic SQCD + SYM and their transformation properties
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Writing the action for the theory covariantly in terms of the twisted fields, we have

. 1 i . ,L'f' .
S = /X dtz {g2tr( = h(hT Fg)" + 4FiaFis + 20hh 61 V36 + il (VaGa = V2G1) )

+ %tr(F 11852 — FiaFip + F1§FT2) + 200"V qf V5q® + ihh f Fyjq°
4] a 0 a o1 L, 1 .
—ihh JVWZX; - 50112 (Vix§ — Vax§) — ZGZlZGiQ _ Zﬁhh jq(kixj
1 1 o
_'QhTTa N | T a *hQTTa ’
iv2hololq +22\/§pa12w12q + <ho (¢} Tq%)

- 1 1 - - i
S = /X d*z {g/Qtr( - §h(h”Fi’3)2 + 2F, FY5 + ihh" o"10;¢] + %wg (n¢h — 8241))

7_/
+ 472-“<F1/1F2/§ — FlyFy5 + F1/2F1/2)}
where h;; is the Kahler metric, h = det h;;, and 7 = % — %, T = ‘;’f; — % are the complexified

gauge coupling constants. The supersymmetry variations of the twisted fields (with respect to the

scalar supercharge) are

8q% =0, SA; = i€G, OA; = €G],
oxf = 20v/26Vig", 64; =0, 5A; =0,
§GY, = 2ikw! g 5¢ =0, ¢l =0,
NGy X a T £1ij b9 47 0 T rt F1j !
—2iV28e7 Vx4, dpl = —EhVF + 1596 Te" - T, 0¢t = —ChEG,  (7.6)
Sql = V2Eal, 5w11L§ = —4€Fys, 5w% = —4EFY5,

5%’:[112 = ﬁgGllQ’
Sol =0,

6GT , = 0.
Notice that the ¢! and ('t variations have two undesirable properties; they explicitly depend on

the Hermitian metric and they are not off-shell nilpotent. We remedy these problems by introducing

auxiliary fields H, H' in the adjoint of SU(2), U(1)> which take the following values on-shell,

Y 1, tT e T
H=1ih"Fj+-97q,Tq"- T,
) 4 (7.7)
H' = ih" F;.

With these auxiliary fields, we can write the supersymmetry variations of ¢! and ¢’ in a metric
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independent form,

Ol = igH,
) (7.8)
ST = ifH'.
For these variations to be nilpotent, we require that
0H =0,
(7.9)
SH' = 0.

It is not difficult to construct an action equivalent to (7.5) that enforces (7.7) and respects the

supersymmetry variations (7.6), (7.8), (7.9),

[ I WH? 4 2hH (ihT Fe + 22 T - T) + AF 1o Fis + 2ihhil o1~

= /s z gjtr(— + 2hH (i it 9 %ta ) +4F12Fy3 + 2ihh¥ 91V 5¢;
~

%tr

271

- i 1 1
- zhh”ViaZX;—? - 5,02;12 (Vixg — Vaxy) — ZGILHG%E - Zﬁhh Jq:;CiX?

+iwl (V16 — VQQ)) n (FHFQQ ~ FloFys + F12F12> +2hhIV g1 Vig"

(7.10)
—iv2hol ol +i

Lo T a

2\/§pa12wiiq 9

U 4 1 1 2 (147 ! ’ ot oy 743 1t /

§ = [tz Zgte( = ShH? + hH' (W Fj) + 2F}yFlp + ihh 195
X g

-

Wb (0ncs — 0sc)) ) +

912 tl”(F1/1F2/2_Fl/2F1/2"'I*ﬂ{zFl/z)}

47

Using the supersymmetry variations, we can show that the twisted action is Q-exact up to a topo-

logical term,

= = 1 . . T 1 - a
S = /X d*z {Q, g—Qtr(zhgaTH — 22h¢7(2h3Fi3 + fg2qqu : T) - Flgw%§>

4
i 1 ;
— —=hhIV iy — —=pl G+ — [ w(FAF 11
NG Vige X5 4\@:%112(;’12}Jr 477i/X r(FAF) (7.11)
~ _ 1 -~ /
S’:/ d*z:Q, /2tr(ih<p’TH’—Qihgp'T(ih”F{j) —F{Qw%> —|—L/ tr(F' A F').
X 29 8mi b'e

It follows that correlators of metric independent physical observables (i.e., supersymmetric observ-

ables) are invariant with respect to infinitesimal deformations of the Kéahler metric,

5 (0) = — /D«b O(6,S + 8,5") exp(—S — 5')
= —/Dfl) O{Q,~-~}exp(f§f§’) (7.12)
- 7/1)(1) {Q,0-- }exp(—S — &) =0.



86
7.2.1 Observables

Having constructed the holomorphic theory, we must now find physical observables on closed Kéhler
sufaces.! From the supersymmetry variations, we see that the gauge invariant physical observables

in the SQCD sector of the theory are the glueball, mesons, and their descendents,

Goy(m) = / tr(CAC) AT
Gay(n) = | tx(FAC) A,
9(2)(6) =

J,
J,

M (0 :/X<qa’q>
0= Jdwe
n=J A

tr(FAF) Ae
(7.13)

q,xb>}A9,
(G"a") = (" x") + (a" G} A .

where 7, 1), e are Dolbeault harmonic (0,2), (0, 1), and (0,0) forms, v, , f are Dolbeault harmonic

(2,2), (2,1), and (2,0) forms, and ( , ) : C? x C? — C is the skew-symmetric map
(v,w) = 7vw;. (7.14)
The gauge invariant physical observables in SYM sector of the theory are the left chiral gluinos

Q):/XCII/\&

gﬁ)&% :/ o N,
X

and their descendents,
(7.15)
where I = 1,2,--- .5 indexes the U(1) factors of the gauge group and p, ¥ are Dolbeault harmonic

(1,2), (1,1) forms. If we restrict the path integral to the trivial U(1)® bundle and eliminate the

constant mode of the auxiliary field H’, there are two additional gauge invariant physical observables,

q)/I(v) :/ QOITI/\’U,
X

(7.16)
@(f)= [ At
X
Notice that gé{)(ﬁ‘) vanishes after imposing this restriction, since
/ F'IA9=0 (7.17)
X

1The restriction to closed manifolds is necessary for the descent procedure.
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for the trivial U(1)® bundle. While such a modification to the path integral seems peculiar, the

additional observables are necessary for nontrivial correlation functions.

7.2.2 Correlation Functions

Our final task is to compute correlation functions in the holomorphic theory. We begin by identifying
certain selection rules for nonvanishing correlation functions. Notice that there is a one-to-one
correspondence between fermionic zero modes of the twisted SYM action and gauge invariant physical
observables in the SYM sector (after restricting the path integral to the trivial U(1)® bundle and
eliminating the constant mode of H’). Nontrivial correlation functions in the holomorphic theory

therefore have the form

5

(II{ T o T *"@ I 9'0)}0secn). (7.18)
I=1 N peB2) vEB(2:2) FEB2.0)
where B9 ig a basis for H®9 (X) and Oggep is an observable in the SQCD sector.
Additional selection rules come from the U(1)g, SU(4)r, and U(1)4 symmetries. Recall that
the path integral measure is invariant under the SU(4)r symmetry, but has nontrivial U(1)z and

U(1) 4 charge,

R(DP) = —8x + 4n, (7.19)

A(D®) = +8x — 4n, (7.20)

where x is the holomorphic Euler characteristic of X and n is the instanton number of the SU(2)
bundle. So correlation functions of the form (7.18) vanish unless Oggcp is SU(4)p invariant with

the following U (1) and U(1)4 charge,

R(Osqcp) = 3x — 4n,
N (7.21)

A(Osqcp) = —8x +4n.

We now evaluate correlation functions satisfying these selection rules. The path integral over
twisted SYM fields simply introduces normalization factors necessary for the twisted SQCD theory
to have a well-defined path integral measure. To evaluate the path integral over twisted SQCD
fields, we employ the following localization technique: the saddle point approximation about fixed
points of any Grassmann symmetry is exact [41]. From the variations (7.6), (7.8), and (7.9), we see

that the bosonic fixed points with respect to supersymmetry are field configurations satisfying the
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following equations,

Viq® =0, (7.22)

7 1
ih" iz + EQQQZ?QQ T = 0, (7.23)
Fiy =0, (7.24)

where we have eliminated the auxiliary fields G5, Glu, and H. Unfortunately, the moduli space of
solution to these equations is not well understood.
For closed Kéhler surfaces with h?%(X) > 0, we can arrive at a simpler moduli space by adding

twisted mass terms for the matter fields,

~ 1

8= [ ats{ - Jmana(1Gta ) + 0. Gha) = ) + (3D |
X . (7.25)

St = /X d4z{ - Zm%b«Glua qZ> + (gl GIT)12> + (o, 9212> - <p212,02>) }7

where mg, € H>(X) is the twisted mass. Notice that these terms respect the holomorphic nature of
the theory; they preserve supersymmetry and they do not introduce any dependence on the Kéhler
structure. The twisted mass terms have two other important properties; gm has U(1)4 charge 2

and gmf is Q-exact,

~ ~ 1 .
Syt = /X d*z {Q7 —mm%b«dgma qZ) + <q;7p;£12>) } (7.26)

Sme=%m1 | the properties

Treating the addition of these terms as an insertion of the observable e~
above show that correlation functions satisfying the selection rules are unchanged by the twisted
mass terms. These terms do however change the moduli space of bosonic fixed points, adding an
additional constraint equation,

Map12q” = 0. (7.27)

Choosing the twisted mass to be nondegenerate outside the canonical divisor, the moduli space of

solutions to equations (7.22), (7.23), (7.24), and (7.27) is simply the moduli space of instantons M,

q* =0, (7.28)
Wiz =0, (7.29)
iz = 0. (7.30)

Taking the supersymmetry variation of equations (7.29), (7.30), we see that fermionic moduli cor-
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respond to (0,1) forms on M,

hiIV5¢ = 0, (7.31)
Vily — Vali = 0. (7.32)

So correlation functions reduce to superintegrals over the antiholomorphic cotangent bundle of M.
Notice that Q corresponds to the Dolbeault operator 0 on M.

For an SU(2) bundle with instanton number n, the complex dimension of the moduli space is
dime¢ M = 4n — 3x. (7.33)

Comparing this expression with the form of the U(1)4 and U(1)r gauge anomalies, we see that
observables with U(1)4 charge p and U(1)g charge —¢ become Dolbeault harmonic (p,q) forms
on M. Performing the Gaussian path integral over quadratic fluctuations and the path integral
over fermionic moduli, we find that the saddle point approximation realizes the Donaldson map
o HP1(X) — HP9(M). Correlation functions in the holomorphic theory on closed K&hler surfaces
with h%? > 0 are therefore Donaldson invariants. The relevant Donaldson invariants have been
computed for simply-connected elliptic surfaces (and their blow-ups) [10]. Using these results, we find
that all correlation functions vanish on surfaces with A%° > 1. For simply-connected elliptic surfaces
with 229 = 1 (and their blow-ups), the nonvanishing correlation functions (up to normalization of

the observables) are

2

{ 11:[51 {0727 ()} (610(m) (conaMih )M @) (carcaGior (MM (1M (1)
(cabeaGio)(m)ME (1)Gio0) (MM (£)) . (9e(©) l4>

(201 +12+5) (l2421345) . .
:(/ U) (12+213+5)!(/7T/\f) i (ly + 1y + 13+ 4)4 x
X X

A(l1+la+13+4
A(1+2+3+)’

(7.34)

where A is the strong coupling scale of SQCD,

At = e2miT, (7.35)
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7.3 N =1 Chiral Model

In this section, we review the A/ = 1 nonlinear o-model into the following hypersurface,
6
M= {zA eCt: Y (4 = A4}, (7.36)

A=1

where A is a complex parameter. It will be convenient to realize this theory as a linear o-model with
the constraint (7.36) imposed by auxiliary fields. This linear o-model consists of six mesons ¢*,
mesinos 14, and auxiliary fields F4, as well as an auxiliary scalar field ¢, auxiliary Weyl spinor

¥~ and auxiliary scalar field FX. The action for the chiral model is
s= | di {5AB( — 0/6140,6" — W5 0,8 + FIAFP) 4 FAOLW + FXoxw
— %wAwBaAaBW — XX W + FTAG,WT + FTIXox Wi (7.37)
T T N
where the superpotential W has the form
W= éqﬁx (5AB¢A¢B - A4). (7.38)

Viewing Euclidean spacetime as a complex manifold with Kéhler metric, this theory has a U(1)g
R-symmetry, U(1)x x SU(2)x spin symmetry, SO(6)r flavor symmetry and U(1) 4 axial symmetry.
With respect to these global symmetries, the supercharges transform as shown in Table 7.5 while

the fields and their conjugate transform as shown in Table 7.6.

Ur | UQ)x | SU@2)x
Qa 1 0 2
QF -1 -1 1
Q? -1 1 1

Table 7.5: N = 1 supercharges and their transformation properties

7.4 Holomorphic Chiral Model

The holomorphic chiral model is constructed by twisting the U(1)x spin symmetry of the N = 1
model by the U(1)g R-symmetry,
X —-X+R (7.39)



Field U(l)R U(l)X SU(?)X SO(G)F
o1 0 0 1 6
A 1 0 2 6
FA 2 0 1 6
ot 0 0 1 6
Al -1 -1 1 6
A2 -1 1 1 6
Ffa -2 0 1 6
»x -2 0 1 1
X -1 0 2 1
FX 0 0 1 1
AR 2 0 1 1
PpitX 1 -1 1 1
Ppi2X 1 1 1 1
FfX 0 0 1 1

Table 7.6: Fields in the chiral model and their transformation properties

The U(1)g symmetry seemingly suffers from gravitational anomalies, however with a suitable choice
of path integral measure we can eliminate these anomalies. The simplest way to construct such
a measure is to augment the chiral model by an N' = 1 SYM theory with gauge group U(1)°.
The U(1)g symmetry of the augmented theory is anomaly free. Since the chiral model and the
SYM theory do not interact, correlation functions of the combined theory factor into chiral model
correlation functions and SYM correlation functions. We can therefore construct an anomaly free
measure for the chiral model from any nontrivial correlation function in the SYM theory. The action
for the SYM theory is

-n/

1 1 0
= 4 vl g vo
S = /R4 d*z {g/Qtr( — ZF’# F;W —i)N 01‘8“/\’) + 647T2tr<e“ pF;:uFép>}’ (7.40)

where the gaugino X, is in the adjoint representation of U(1)%, and Al isa U(1)% gauge field. With

respect to the global symmetries, these fields and their conjugate transform as shown in Table 7.7.

Field | Ul)r | U(Q)x | SU(2)x | SU@4)r | U(1)a
Al 0 —1 2 1 0
Al 0 1 2 1 0
N, -1 0 2 1 0
UL 1 -1 1 1 0
N2 1 1 1 1 0

Table 7.7: Fields in SYM theory and their transformation properties

Performing the holomorphic twist (7.39) of the augmented theory, we find that the twisted fields

transform as shown in Table 7.8.
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Table 7.8: Fields in the holomorphic chiral model + SYM and their transformation properties

Writing the action covariantly in terms of the twisted fields, we have

S = / 4tz {5AB<2hh”8 3140508 — ihh' ;014D —% A (01xZ — 05X P)

J

R— A 1 L oa
- ZFlTZ F{%) - ZFE[@AW]Q - ZFl)gIQaXW +xa X5 [0408W] ,
1 A 1 _ix
+ 4X1 X1228A6XW 4X2 X1216A8XW 4F1T2 [aAWT] 13 4F1Tz128XWT

(7.41)
1 N 1
— ZUTApJ{;B [aAfbgWT]ii ~1 TA,OL——@ OxWT + p12 OTXOAa WT}
- 1 1
S = /X d*z {9/2‘51‘( - EhH'2 +hH'(ihV Ff) + 2F{, F{; + ihh" ¢'T9;¢]
: o
+ 50h(016h — 0u6D)) + T n (FluFly — FlaFiy + Flaf) }.

and 7/ = 4% _ 2 g the complexified gauge coupling

where h;; is the Kéihler metric, h = det h;3, 77 " on

constant. The supersymmetry variations of the twisted fields (with respect to the scalar supercharge)

are
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st =0, Sp75 =0, SAL = i€,

SxA = 2iv2E0;0%, xS = 2iV2E0:67%, 0A; =0,

OFf = —2iv/2€€ ;x4 OFSs = —2iV2E€7 D\ 3y, 8¢ =0,

$614 = V3Eo™, ol = VaEol, 5 =i, (142)
oply = V2R, 0plos = V2F (s, dwily = —4EFf;,

sott =0 sol =0, SH' =0.

TA X _

SFi =0, SFIX. =0.

Notice that the terms in the twisted action that depend on the Hermitian metric are Q-exact,

~ 1 1 1
S = /X d*z { - 1F{; [04W], — Zngﬁaxw + fo‘ng [0408W ],
1 1 ~ 1
+ ZX{‘X{ggaAaXW - ZXIQAX{(QiaAaXW + {Q, 5AB( G

1 1 = 1 -
— TApBY _ A . TX t
4\/5/’12 Fu) 4\/§P12 [0aWT] 15 4\/§p12128XW }}

: o1 -
o 4 . . 2714 /-I—
5= /X o {Q’ 29" tr(zhgo'TH’ — 2"t (ih jFi/E) - F1/2WT§>} * 8w -/X w(FAF).

hhi19;614x %
(7.43)

It follows that correlators of metric independent physical observables (i.e., supersymmetric observ-

ables) are invariant with respect to infinitesimal deformations of the Kéhler metric,

Sn(0) = — /D(I) O(648 + 6,5") exp(—5 — §)
=— /D@ 0{Q, - }exp(—S — ) (7.44)

:—/D@{Q,O-u}exp(—g—g’):O.

7.4.1 Observables

Our next task is to construct physical observables on closed Kéhler sufaces.? From the supersym-
metry variations, we see that the physical observables in the chiral model sector are the mesons, the

auxiliary scalar ¢X, and their descendents,

2The restriction to closed manifolds is necessary for the descent procedure.
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(0) / ¢A A v,

M0 = [t ne.
Miy(H = [ PANT,
X(O)(?T):/XszAm
X(n(??):/XXXM?,

Xo)(e) = /XFX/\e

where v, 0, f are Dolbeault harmonic (2,2), (2,1), and (2,0) forms and 7, 7, e are Dolbeault
harmonic (0, 2), (0,1), and (0,0) forms.

(7.45)

The gauge invariant physical observables in SYM sector of the theory (restrict the path integral
to the trivial U(1)® bundle and eliminating the constant mode of the auxiliary field H') are the

g)=/XC”AQ,

o (v) = / ¢ Ao, (7.46)
X

Q/I _ 11
(f) /X WA T,

gluinos,

where I = 1,2,--- 5 indexes the U(1) factors of the gauge group and p is a Dolbeault harmonic

(1,2) form.

7.4.2 Correlation Functions

Before computing correlation functions in the holomorphic theory, let’s identify some selection rules
for nonvanishing correlation functions. Notice that there is a one-to-one correspondence between
fermionic zero modes of the twisted SYM action and gauge invariant physical observables in the
SYM sector (restricting the path integral to the trivial U(1)® bundle and eliminating the constant

mode of H'). Nontrivial correlation functions in the holomorphic theory therefore have the form

( H { IT g6 II @@ ]I Q”(f)}OCM>, (7.47)
I=1 * peB(1.2) veB(2.2) FeB2.0
where B(9) is a basis for H"9(X) and O¢)y is an observable in the chiral model sector. Additional

selection rules come from the U(1)g and SO(6)r symmetries; correlation functions of the form (7.47)

vanish unless O¢ s is SO(6)p invariant with the following U (1) charge,
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R(Ocwm) = —5x, (7.48)

where x is the holomorphic Euler characteristic of X.

Now let’s evaluate correlation functions satisfying these selection rules. The path integral over
twisted SYM fields simply introduces normalization factors necessary for the twisted chiral model
to have a well-defined path integral measure. To evaluate of path integral over twisted chiral model
fields, we use the following localization technique: the saddle point approximation about fixed points
of any Grassmann symmetry is exact [41]. From the variations (7.42), we see that fixed points with

respect to supersymmetry are field configurations satisfying the following equations,

0i0% =0,
Dy =0, (7.49)
7.49

[8AW] 12 0,

OxW =0.

where we have eliminated the auxiliary fields F{%, FITQA , ngﬁ, and Ff;% The moduli space of

solutions to these equations is the hypersurface H (7.36),

$15 =0, (7.50)
¢t eH. (7.51)

For Kéhler surfaces with h%9(X) > 0, we can simplify this moduli space by making the following

perturbation to the superpotential,

W = dapmApP. (7.52)

where m? € H?9(X). This perturbation introduces are two additional terms to the action,

~ 1

8Sm = — /X d'z J6apmiyF, (7.53)
~ 1

8 == [tz Joanmig FIY. (7.54)

Notice that the §5,, has U(1)g charge 2 and 5§m¢ is Q-exact,

~ _ 1
68, + = — /X d*z {Q,méABm%‘pJ{f}. (7.55)

Treating these additional terms as an insertion of the observable e 5m e’gmf, the properties above

show that correlation functions satisfying the selection rules are unchanged. This perturbation does



96

however change the moduli space of fixed points. For closed Kéhler surfaces with h2°(X) > 1, there
are generically no solutions to the perturbed saddle point equations. So all correlation functions
in the holomorphic theory vanish on such surfaces. For closed Kihler surfaces with h?°(X) = 1,

solutions to the perturbed saddle point equations are

YA /\277’7/64
Or =t ——rp,
04BMH My (7.56)
v 2\/6apmamB
Por = ¢%f12,
where f0 € H?0(X) is the normalized basis element and m* = m{ f°. Performing the Gaussian

path integral over quadratic fluctuations and summing the contribution from each saddle point,
we find that the nonvanishing correlation functions (up to normalization of the observables) on

simply-connected Kihler surfaces with h%9(X) = 1 are

<f[{<1>'f () } (o) (s Miby 3B () (Banitioy ()M, (PIME ()
(0450 (MM (X0 (IME (1) (K@) )

(211 +12+5) (I2+213+5)
:(/ v) (12+2l3+5)!(/7mf) eIy 4+ 1y + 13 +4) x
X X

A4(ll+lz +l3+6)

(7.57)

7.5 Seiberg Duality

Seiberg proposed that the low-energy effective description of N/ =1 SQCD with gauge group SU(2)
and two flavors is the A/ = 1 chiral model discussed in Section 7.3 [31]. This implies that holomorphic
SQCD with gauge group SU(2) and two flavors is equivalent to the holomorphic chiral model. The

mapping of observables under this duality is
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Normalizing the measure of the holomorphic chiral model by A~4X, we find that correlation functions
in these theories agree precisely under the duality map, providing a highly nontrivial test of Seiberg’s

conjecture.
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