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Abstract

I merge the standard Principal Agent model with a CAPM-type financial market, to study the
interactions of contracts and financial markets. I prove existence of equilibrium in two models, a
more general economy allowing for hidden type and action under generic mean variance preferences
and a hidden action economy with Markowitz mean-variance preferences. I study economies for
which markets have an insurance effect on compensation contracts. I show sufficient conditions for
lower variance to obtain in large economies, even with asymmetric information. In this context I
show the effect of markets’ size on efficiency. I also study moral hazard economies, for which I prove
existence of a unique pure strategy equilibrium, and I show that financial markets negatively affect
the equilibrium returns of firms. In the final chapter I study the efficiency of securities issued under
symmetric information. I find that small markets and low correlation of firms’ returns generate
inefficiency. I also show that the assumption of symmetry or independence is crucial to obtaining

the insurance results in the previous Chapters.



Chapter 1

Contracts and Aftermarkets -
Hidden Type

1.1 Introduction

Labor compensation is arguably the most relevant expense for a corporation. In the US, for example,
more than 60% of the payment to factors group in the 2008 GDP was in fact to labor. Since the stock
of a company is a claim to its profits, the firm’s decisions on workers’ compensation affect the returns
of its stock. In the aggreagate this affects financial markets. By the same token, diversification
opportunities offered by markets should influence the design of compensation packages. In view
of this consideration it is rather surprising that the economic and financial literature has devoted
relatively little attention to these interactions.

Here I address two questions:
e How does the existence of asset markets affect the design of compensation packages?
e How does asymmetric information inside firms affect aggregate risk?

The answer to the former question depends on preferences of individuals and on the distribution
of returns of companies. The market provides provides insurance and diversification opportunties to
risk averse principals, allowing them to reach a higher utility and eventually changing equilibrium
compensation. I show that in large markets with symmetric information and independent returns,
the compensation packages offered are always less risky. A weaker version of this result applies

to the asymmetric information case. The answer to the latter question is that, under the same
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assumptions as above, the constraints created by asymmetric information will induce securities
that are at least as risky as those issued under complete information. Since this will turn out to be
the case for every firm in the economy, it will be the case that this type of asymmetric information
implies excessive risk also at the aggregate level. I reach these conclusions constructing a model of
firms in financial markets. Each firm is formed by an owner and a worker. The skill of workers are
initially unobservable. This is the only source of information asymmetry in the model. I address the
effect of contracting inside firms on financial markets, and the effect of markets on firms’ efficiency.

I do not study the effects of asymmetric information in markets, but rather the effects of
asymmetric information inside firms on markets. This marks the first difference from the Gen-
eral Equilibrium works on insurance markets, starting from the seminal paper of Rothschild and
Stiglitz . Another important difference is that, in those papers, the fact that some individuals are
risk neutral and act as firms is usually an assumption with the notable exception of Dubey and
Geneakoplos, where individuals endogenously form pools to share risk. In this work there are many
risk averse investors, who access financial markets to trade away part of the risk they are exposed
to. Traditionally, the assumption of risk neutrality of a principal is motivated by the existence of
diversification opportunities. The present work also enquires when the usual motivation, the oppor-
tunity to trade risks on a financial market, actually provides a justification for the risk neutrality
assumption and its implications.

A strand of the finance literature looks at asset pricing in the presence of delegated portfolio
management (for a survey, see Stracca, 2003). An example of the approach typical in these papers
can be seen in Ou Yang’s paper. These studies look at the effects on prices and returns of the classical
informational asymmetries phenomena. Moral hazard and adverse selection are largely studied in
a CAPM or APT setting, in which a representative principal delegates his investing decisions to
an agent. In this literature inefficiencies take the form of deviations from the non-delegated case
equilibrium. These deviations can take the form of changes in asset prices and optimal portfolio
composition. Besides the different object of interest, the perspective in these works is in a sense
opposite of the one taken here. There we have informed parties trading, whereas in the present
work it is the uninformed parties accessing markets.

A branch of the general equilibrium literature focuses on the organization of firms and the
employment choices of infividuals. Rahman (2005a, 2005b), Ellickson, Grodahl, Scotchmer and
Zame (1999, 2001, 2005) and Zame (2008) separately study economies where agents form team or
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clubs, which can have different functions such as production or consumption. While none of these
models includes financial markets, some of them allow for asymmetric information. Their approach
is very general, firms and contracts are both endogenously determined. However, this generality
makes it hard to derive any predictions on the shape of contracts.

Finally, the works technically closest to mine are those by Magill and Quinzii (2005) and Par-
lour and Walden (2009) who use models which bear some similarities to this one. As in the present
chapter, they take firm formation as an exogenous process, abstracting from labor market consid-
erations, and they allow for contracts inside firms and financial markets across firms. However they
use their model to study economies with hidden action. I address the problem of moral hazard in
a separate chapter.

The paper is constructed as follows. In Section 2 I introduce the problem and an example. In
Section 3 I present the model. In Section 4 I define the notion of equilibrium. In Section 5 I prove
existence of equilibrium. In Section 6 I provide sufficient conditions for compensation to be closer

to a wage when principals access markets.

1.2 A Simple Example

In this example, I show how markets can affect contracts in a very simple setting. Markets provide
diversification for principals. This diversification opportunity makes Principals insure agents more
than in a standard P-A model.

There are four individuals, with identical preferences over random variables, U(X)F (,u X, O'g() =
wx — % (u?X + 03() with b = % . Two of them, the Principals, own an identical technology. Two of
them, the Agents, have the skills to operate the technology. Their skills are private information at
the contracting stage. Both agents have the same reservation utility of @ = 1.

The skills of agents are identified as average returns. The performance of one agent is stochas-
tically independent from the performance of the other. The mean returns for an agent is given by
i =2, pup, = 3 and the variance is 07 = o7 = 1.

Each principal designs a menu of two linear contracts to offer to the agent he is going to be
randomly matched with. A linear contract is a function of the form y = a+ S, and is characterized

by a pair («, 8) Principals will receive y, = —a + (1 — 8)z, the agent will receive y, = o+ Sz.
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1.2.1 Standard Principal-Agent Model: No Market

The problem of principals is going to be:

1 1
max §F (om + Bupm, By osr) + gF (ar + Brpr, BroL)

ang,Bu,orn,BL

subject to IRy,ICy,IR;,ICT

The solution to a standard P-A model with linear contracts is to offer a menu of these two

contracts:

Yy = 1.17

ym = —.65+ (.64) x

1.2.2 Principal-Agent with Financial Markets

Now suppose that the Principals can trade their claims on the asset market. The objective function
of principals is now different, because it includes the outcome of markets. With mean-variance
preferences the asset market equilibrium is determined by a few simple equations, which can be

substituted in the objective function.

The outcome of the CAPM market:

e The market portfolio will be characterized by mean and variance

- pymrr(an, Bu,ar,Br) = ar +ag + Bty + Buty

- otrxr(am, B, an, Br) = Byta (1 —tu) + fEto(1 —tr)
e Equilibrium shares will be

- Market Portfolio:

Oy =01 = %
- Riskless asset:

0F = (=i + (1= Bi)ts — §(1 = Bu)’of;—
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—ag+(1-Bu)tu—2(1—Bu)’oy—ar+(1—-BL)t—2%(1-BL)%0%
2

The Principals’ problem when Markets are available will be:

1 + 1 - 1 -
max —F||qm — g TAL ) —pnkr (om, Br,ar, Br) , oy (ovm, Br, @, Br)
an,Bm.aL,Br 2 2 2 4

1 + 1 — 1 —
§F KQL - QH2(1L> + iﬂMKT (OéLvﬂLﬂH,ﬂH) 710%/[KT (O‘LvﬂLvaHaﬂH):|

subject to

IRy, ICy, IR, ICY,

The optimal contracts in this setting will be

yMET 47

yMET — 43 + (54)

1.2.3 Insurance Effect

An important feature exhibited by this example is that optimal contracts are different when asset
markets are present: they are more similar to wages. In this example the returns are independent,
so that the market offers diversification opportunitie. In this case these are sufficient for principals

to offer safer contracts to agents and achieve a higher expected utility.
However, this is not always going to be the case. Consider an economy identical to the above,

but in which agents reservation utility is equal do % These are the resulting contracts.

e The equilibrium contracts without markets:

Yn = —1.42 + (737)

Yy = .53



e The equilibrium contracts with markets:

yp = —1.44 (.65)x

Yy = .42+ (.06)x

In this case type L gets a riskier contract when markets are present. Why is this the case? In

the rest of the paper I will give sufficient conditions for the insurance effect to obtain.

1.3 The Model

1.3.1 Primitives

There are 2N individuals. All individuals have identical preferences. They all have quadratic utility

on outcomes, in the form u (z) = x — %xQ. Hence their preferences over random variables can be
represented by the function
U (X) = Elu(X)]
b
E(X)-ZE(X?
(X) - 2B (X?)
b 2 b
E(X) - §E(X) - §Var (X)

N individuals are Principals, and N are Agents . There are N firms. Firm n is formed by
Principal P, and Agent A,. Principal n owns a productive technology X,, Agent n is a skilled
worker, whose skill ¢,, is drawn from from a distribution F' with finite support {1,...,T}.

The profits of firm n are described by a random variable X,, ; . In other words profits depend

on technology and skill.

1.3.2 Timeline

Initially firms are identical in terms of internal organization. The Principal owns the firm. Her

technology and the Agent’s work are necessary for creating profits. Their position differs because
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while the technology is public, the Agent’s skill is his private information.

1. Each principal n will design a mechanism M,, = (A4,,C,), in which the agent can chooose

an action a,, out of set A, . Depending on the agent’s actions in the mechanism, he will be
compensated with a contract C' € C,,. A contract comprises of shares of the company (1 — )
and a transfer —a,, . A contract C), is hence represented by a pair (o, 8n) € R x [0,1] and
it will be a function of the action taken by the agent C), (a,). If he does not work he will
get a reservation utility of w > 0 and there will be no profits. From now on, I will slightly
abuse notation and indentify an agent’s choice of action in a mechanism, with the resulting

contract.

. Once the shares/wage decisions have been taken, production starts, and agents’ skills will

become public.

. Finally principals can trade their claims to profits o, + 3,X;,, on a market, in which a

riskless asset L is also available in zero net supply.

4. After trading takes place, all uncertainty is realized. Compensation and securities pay off.

When | Who | What | Knowing What
0 P, M, CMN
1 A, | C,e A, | CMN,t(n),M,
2 P, O, CMN, t

Table 1.1: Timing

1.3.3 Strategies and Payoffs

Let 7 be the set of possible realizations of workers’ skill values and let t = (¢1,...tx) be its generic

element, distributed according to F = (F1, ..., Fiy)

Let C be the vector of contracts across the economy.

C={C}™ | = {am B},
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Let 0 = (6%]6%) be the portfolio held by an agent. 6 is a N-dimensional vector of positive
holdings of the N risky assets, whereas 6 is the position an investor holds in the riskless asset.
The ex-ante utility from a portfolio € fixing the matching t and the contracts Cy, is given by

U3 (0,C,t) =U (8- (fi(t,C)[1),0%Q (t,C) %)

Pn

Demand 6 will depend on available assets (and hence con contracts C' and their prices q (but
prices are also a function of contracts).
Agents payoffs depend on the action chosen and on the technology of their principal and on

their type t:

Ui, =U(Cp,ty)

A Principal’s exzpected utility when mechanisms are M, the resulting contracts are C (M) and

he hOldS portfolio 9 1S
(’11371 (I”Iv C () ,9) - / LIBDn (07 C (I'I) at) F (t)
T

1.4 Equilibrium

1.4.1 Description

Because individuals take their decisions at each stage looking at the final payoffs, Equilibrium is
more easily described starting from the final stage of the game.

Asset Market At this stage the realized skills are observed. There is no asymmetric infor-
mation. Principals hold one unit of a security equal to their share of returns in their firm, and
a riskless asset is available in net zero supply. The solution concept used here is that of Arrow-
Debreu Equilibrium. Since securities payoffs are determined by contracts C and by agents’ skills t,
the equilibrium portfolios and prices will be function (8, q) (C,t),

Contracting, Agents’ turn Each agent A,, observes the mechanism he is offered, M,,, and he
knows his own type and the technology of the principal. This is all the payoff relevant information,

so every agent is facing a choice between lotteries, and he is not interacting with any other individual,
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except of course P,. They pick an action maximizing Uf‘n(~). Their strategies will be functions
ap (M, t0).

Contracting, Principals’ turn Each principal offers designs a mechanism, without knowing
the skills of any agent. However they correctly forecast the strategies of each agent, and the outcome
of asset markets, for any possible mechanism. In other words, they can forecast the equilibrium
path for all profiles of mechanisms M and types t . Principals at this stage play a game against
each other. A mixed strategy for P, is a lottery on possible mechanisms, M,, € A (My).

The flow of decisions is described schematically below, and the information available at each

stage is summarized by the argument of the strategies.

M C
- CMt)) = —=[0,9](C;t)

Based on this timeline we can write the utility in the first stage in this form:

Vo (N IML) = By, (U, (VM ., € (81N, 8,0 (C (31N, ) ) )|

Note that t is a random vector and U};n defined above includes an expectation with respect to

its distribution F .

1.4.2 Definition
An Equilibrium consists of

e A trading strategy 67 for each Principal n and prices ¢* € RV*1 such that [0*,¢*] (C,t) is
an Arrow-Debreu Equilibrium for the symmetric information asset market taking place after
contracting. Each principal is endowed with one unit of one asset so that the endowment of

principal n is w,, = [0,0, ..., 1,...,0,0] with 1 being in the nth position.



10

0 (C*,t) € arg max U} (6,C*,t)

N+1
OcRrY
s.t.

q" (C*,t)-0(C",t) < g, (C",t)

> 6n=1[1n0]

neN

e For each agent A,, a strategy C (M}, ¢ (n)) such that

O 2
Cn (My,t(n)) € arg max Ui (C,tn)

e For each principal P,,a lottery ]\Zf; of deterministic mechanisms such that

supp [11;] € arg max V;'(M,|MZ,)
S

n

1.4.3 Result

To prove existence of equilibrium I need the following result, the mechanism design classic, “cus-
tomized” for this setting in which principals compete with each other..

Let an instance of the previously described economy be G, and the set of its equilibria E(G).
Consider now an economy G7which is identical in all respects, but where principals are restricted
to offer to agents menus of contracts of size |T, instead of designing general game forms. I am
going to show that £(G) = & (GT). In this way the strategy space of the Principals at the first

stage will be finite dimensional.! The space of P,’s strategies is going to be MlnT 5

Proposition 1. The unrestricted menus economy G and the restricted menu economy G, have

the same equilibria: € (G) = € (GT)

Proof. £(G) C £(GT) Consider an equilibrium e = (1\71, C,0, q) now construct a strategy profile e’

and show it is an equilibrium for GT: Let a menu M, of |T| contracts offered in € (GT) be made

In this model, T is finite.
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of contracts {(yn)},cr:

Yy (t) = Cn (Mna t)

For agents, it is an optimal action to choose the contract y (t). Suppose not. Than it would be

the case that for some #/
Uy(t),t)>U(y(t),t) =U(Cn (My,t),1)

By construction C,, (M,,t')" played in M, yields the same payoff as y (¢’), which contradicts C),
being an equilibrium strategy.

The above described menus are optimal for every principal. Suppose not, then for some principal
p there is a |T| sized menu M’ such that

Vo (M'MT,) > V,, (M) = v;; (m1)

The equality follows by construction, and since n could have offered M’ in the unrestricted economy,
this would contradict € being an equilibrium.

E(GT) CE(G)

Consider an equilibrium e”: the agents equilibrium strategies CT are simply the equilibrium
strategies of the real economy, restricted to the domain of |T'| sized menus. Moreover, M7, are
equilibrium strategies also in the unrestricted game. Suppose it was not the case, then for some n

there is an unrestricted mechanisms lottery M such that
Vo(MMT,) > V(M)

Note that V,, (M |1\~/Ifn) can be attained by n by offering a lotteries of restricted menus M'”
made of the following contracts y':

Yn(t) = Cn (M, 1)

This implies
Vi (M'|MT,) > V(M)

which contradicts M” being an equilibrium for GT O
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The utility function of a Principal is continuous in the contracts chosen by each type of Agent
so it is continuous in CT . To make it continuous in the contracts offered by Principals’ it has to
be that these contracts form Incentive Compatible menus. In other words, menus must come from
as subset of CT such that C' is always chosen by agent 1, C? is always chosen by agent 2, and so
on. To achieve this the menu in a contracts must satisfy incentive compatibility constraints.

We can be sure that we can restrict attention to these menus because all and only the equilibria
of the original unrestricted game are obtained in a game where Principals are allowed to offer only

an incentive compatible menu of T' contracts. I will call this economy, G'¢.

Corollary 2. The restricted menus economy G and the IC economy G”, have the same equilibria

£(GT) = £(GT)

Proof. £(GT) C £(G'®) The contracts in the direct revelation menus in the proof of Theorem 1
are Incentive Compatible by construction.

E(GTY) C £(GT) This part of the proof goes as the second part of the proof in Theorem 1: any
outcome that a principal can achieve by menus of size T' can be achieved by incentive compatibles

menu of size T O

1.5 Existence of Equilibrium

1.5.1 Assumptions
1.5.1.1 Monotonic Preferences

It is well known that Mean-Variance Preferences are not monotonic. This of course can cause prob-
lems for the existence of an equilibrium. In a standard CAPM setting, monotonicity of preferences
is solved by imposing a bound on the variance aversion of every individual. I will require agents to
not be satiated if they owned every return in the economy, regardless of state. I will then show that
this implies they will not be satiated in the asset market of the later stage. It is possible to show
that if preferences are monotonic for given returns (u,€2), they will be monotonic for the returns

induced by any contracts in that economy, («a + Su, 8Q5).

Definition 1. Let X be a generic Random Variable on the state space S = (s1, ..., Sg) taking values

(x1,...,x5). We say that U(X) is monotonic if % > 0, Vi.
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Lemma 3. Consider the preferences induced by the utility function
b
U@sz@j—ﬁequ+Vw@ﬂ)
They are monotonic on a set of variables X defined on a finite state space S, if

b<min %75

Proof. The proof amounts to checking (by differentiating) under which conditions on a the utility

function is increasing. O

Definition 2. Preferences are monotonic for the entire economy if b < m
This definition amounts to stating that if an agent owned the entire returns available to the

economy, he would still not be satiated. 2

Lemma 4. If preferences are monotonic for the entire economy with assets characterized by returns

(1, Q2), then they will be monotonic on all feasible portfolios for any contracts (cn, Bn),cy -

Proof. For preferences to be monotonic for all feasible portfolios it has to be that

1
b< min —————————
O Xnss D ey OnXn (5)

Where the min is taken across portfolios 6 such that 6,, € (0,1) and outcomes X, (s).

So that the lemma can be restated as

max Z O (an + BnXn(s)) < Z 0, msaxXn(s)
neN neN
Note that the solution to the maximization on both sides is going to be reached at the aggregate
market portfolio ( 6, = 1 for all n) so that the previous is equivalent to

Claim 1

max Z (an + BnXn(s)) < Z mngn(s)

neN nenN

2The definition is equivalent to the less stringent b < as long as no firms are perfectly correlated

1
maxs ., Xn(s)
‘pmn' 7é I,Vm,n
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To prove this, note first how

Claim 2
max ay, + BnXn(s) < max X, (8),Yn, an, Bn
Suppose by means of contradiction
an, ay,, By s.t. max —ay + (1-08n)Xn(s) <0
Which in turn implies
0> —an+(1=0n) E(Xn) = E(=an+ (1= pn) Xn) > EU (—an + (1 = Bn) Xn)

However EU (—a, + (1 — 3,,)) has to be greater than zero in equilibrium, so that

0> EU (o + (1= B,) X)) >0

which is impossible. This proves Claim 2

It follows from Claim 2 that

S

Zan + B max X, (s) < ZmaxXn (s)

n

Finally

Z mfuxXn (s) > Z (ozn + Bn msaxXn (s)) > max Z (an + BnXn (5))

nenN neN neN
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1.5.2 The existence result

Theorem 5. If preferences are monotonic for the entire economy then there exists an equilibrium

in the CAPM contracting economy.

Proof. T am going to use a well known fixed point result by Glicksberg (1952) to show that there is
an equilibrium in the first stage of the game, given that the asset market develops as predicted by
the CAPM model.

I need to show that

1. The strategy space A(MMV) is a convex, compact subset of a locally convex Hausdorff space.

2. The best response correspondence of all principals is upper hemi-continuous, convex valued,

and nonempty.

For the first part note that the space of Incentive Compatible menus MMV is a subset of a
Euclidean space. It is closed because it is defined by a finite number of weak inequalities, and it is
bounded because the larger set of feasible contracts are bounded. Hence it is compact.

The space of lotteries (identified with Borel probability measures) over these Menus is of course
convex. It is also compact with respect to the weak* topology. This space of probabilities is a
subset of the space of continuous functions C(M™M"), which is locally convex (and Hausdorff) with
respect to the weak* topology.?

For the second part, convexity of the best response correspondence follows from preferences on
random variables being represented by expected utility. I will use Berge’s Maximum theorem to
show that it is non empty, compact-valued and upper hemi-continous.

To apply the maximum theorem to individuals’ best response, it has to be that constraints vary
continuously with other principals’ strategies, and that the payoff function is continuous in one’s
own actions.

First note how the constraints correspondence is constant with respect to other principals strate-
gies, and is therefore continuous. Also note how the constraints correspondence maps to the space
of Borel probability measures on menus, which is a Hausdorff space as noted above.

We also need to make sure that the payoff function of a principal is continuous in menus. To

do this we need to show that

3For a treatment of these and other results on weak topologies, and also to see the theorems of Berge and
Glicksberg, see Aliprantis, Border (2005)
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1. Payoffs at the market stage are a continuous function of the contracts chosen by agents.

2. The contracts chosen by agents are a continuous function of the menus offered.

Claim 1 By Lemma 4, if the preferences are monotonic for (u, 2), they are going to be monotonic
for the asset markets resulting from all possible contracts C. Under the present assumptions a

4

CAPM equilibrium exists once contracts are chosen.®* Because in such equilibrium the price of

a security can be expressed as ¢, = ay + Bnpin — % ( 202 + Em;énpmnﬁmﬁnaman) The indirect
utility from a contract profile in the CAPM function is continuous in contracts.

Claim 2 Recall that we can restrict attention to Incentive Compatible menus. If a principal
makes a small change to the menu he offers while remaining in this set, every type of agent ¢ ,
will still find it optimal to pick the contract intended for him, C;. Hence any small change, will
correspond to a small change in the contract picked by each type of agent.

We can conclude that the indirect utility for a principal facing type ¢ is a continuous function
of the menus offered.

Taking expectation with respect to F over these indirect utilities yields a continuous functional
on the domain of lotteries on IC menus.

By the maximum theorem the best response correspondence of each player is now UHC and

compact valued, which implies that the game best response is as well.

By Glicksberg’s theorem there is a fix point, which is an equilibrium by construction. O

1.6 The Insurance Effect of Markets

Throughout this section I will consider the case of firms whose returns are independent.

1.6.1 Utility from Markets

The point of this section is incorporating the outcome of markets in the principals’ utility functions.
First consider again what the final holdings are in equilibrium. Every individual will hold the same

risky portfolio, an equal fraction % of the aggregate endowment, and will spend the rest on the

4In the literature briefly reviewed by Nielsen (1990), one can find many sufficient conditions for the existence of
CAPM equilibrium, most of them deal with the possibility of satiation of preferences. Things are particularly simple
when returns are bounded (which includes this model): monotonicity and local non satiation are guaranteed by a
low enough risk aversion
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riskless asset (or short it if their remaining endowment is negative). With this in mind the mean
and variance of the portfolio held by the agent is readily computed as a function of contracts. For

a general principal 7 we have that
e The holding of riskless asset is ¢; — % > jep

e The mean of the risky portfolio is 3 > jen (aj + Bjng)

. . . . 1 2 2
e The variance of the risky portfolio is = > jen Bjo;
Since q; = o + Bip; — % 202, we have that the mean of the portfolio simplifies to
b b
ai""ﬁiﬂi_ﬁﬂggf"_m Hes
JEN

. . . . 1 2 2
and the variance is of course the variance of the risky part sz > jeN Bio;
So that if U (e, 8;) = F (ozi + ﬂi,ui,ﬁigaf) is the utility a principal obtains from contract a, 3

when no markets are available, markets will change this into

uM (i, Bi) =

FM (o + Bipi, Bio?)

b o o b 2 o 1 2 2
F 04i+5i#z’—ﬁ»810i +WZBJ‘UWWZBJ‘%
JEN JEN

Lemma 6. If the principals are allowed to trade their claims, they will act as if their utility functions

were

EUM (04, 8;) =

EFM (i + Bittiiis 57074,

b b 1

2 2 2 2 2 2

EtF Q5 + Biﬂi)ti - N io-i,ti + N2 jUj7tj’ 7N2 Z jo-j,tj
JEN JEN

The partial derivatives of these functions are given by
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8FM( 2) _6j 1 _E 2 | b 52 Z]ENO']
g U op \"T O NTT T NZ —~ I N?
OFM oF b b o b .
2 (ﬂu 12) =— [Ll——g?_i_ Q’Z]EN J N
o Ou N N JEN ’ N2 N2 N
oF i b 2+i 2 2 jen 7 b
do? M TN TN TN ;
and so that
b Z'ENU2‘
UM (017;/81)7 w | Hi — 01,24»72 O.jZ’JiQJ
N N JEN N
b b Z‘GNUQ'
Bi 1y M (Y ) 1’ 3 j? 3
N N JEN N

b b Y ien s b b
28,07 | | i — w02+~ S o2, ZIEN T <_)+

N7 T N2 N2 N2 N
JEN
b b 2 2jen ;| 1
Foe\mi-noit g 200 = | w2

JEN

whereas the partial derivatives without markets are

Ua, (o, Bi) =F, (o + 6iﬂiaﬂi201’2>

Us, (a;, Bi) = (ozl ~+ Bi s, ZUZ) + 2510 F, (Olz + Bipis, 37 2 2)
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1.6.2 First Best

Theorem 7. When information is complete and symmetric, the variance of optimal contracts is

smaller in a large market than without markets. There is a number of principals N such that
B < B (N), WN>N

Proof. Consider the problem of a principal.

T
max Y U (ar, Bilt)

(O‘tnBt)$:1 t=1

s.t. U(—Oét,l - ﬁt‘t) Z ﬂ, Vit = ]., ..T

Which can be broken into 7' separate problems

max U (ay, B¢|t
(at,Bt) ( ’ 6t| )

st. U (—Oé,f7 1-— Bt|t) >u

Note that

U (, Bilt) = F (s + Bopae, B20?)

U (=i, 1= 4ult) = F (=ou + (1= B s (1= ) 07

Dropping the type subscripts for convenience, we can proceed to solve an individual problem

max F’ (a + Bu, [3202)

(,

st. F (fonr (1—8)pu (1 75)202) >
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The first order conditions for this problem amount to

OL
= Fula+ B 320%) = AF, (—a+ (1= B) . (1= ) 0*) =0
55 = HE (0 B, 50%) + 230 s a4 By, 5%0°) +

B (—a+ (1 =B (1= B 0*) +2(1 = B)o*Fps (—a+ (1= B (1= B)*?)| =0

Solving for the optimal contract we have that

_ NUM

M *
= DEN

where

NUM = F,e (704 +(1-B)p1-pB)> 02) F, (o + Bu, B%0?)
DEN = Fy2 (—a+ (1= 8) s, (1 = 8)° 0*) Fy (o + B, 520%) +

Fa'2 (OZ + 5#; 5202) F,u (—Oé + (1 - ﬁ) My (1 - 5)2 02)
Similarly we can “break” the problem with markets in smaller optimizations like the following.

max FM (a + B, 6202)
(O{,B)

st. F (—a+ 1-8)u (1 —5)202) >7

The first order conditions for this problem amount to

M
83% :FL]LV[ (a+ﬁ/‘aﬁ202) —AFlﬁV[ (—a+(1_5)ﬂ’(1_5)202) -0
aLM

B

)\ [MFdW (—a+(1—ﬂ)u,(1—5)202) +2(1—pB)oFM (—a+(1—ﬁ)u,(1—ﬁ)202>} =0

pEM (a+ Bp, B20%) + 2B0°F (o + Bu, B%0°) +

Solving for the optimal contract we have that

_ NUMy
~ DENy

ﬁ*
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where

NUM,; = F,e (—a F(A-f)u(1—pB)> 02) FM (a+ Bu, 6%0%)
DENy = Fye (—at (1= B) i, (1 = B 0*) 2 (0 + By, %0%) +

FM (a+ B, 820%) Fy (—a+ (1= ), (1= ) o)

By the considerations from Section 1.6.1, we note that, since F % gets arbitrarily small as NV

gets large (% — % and ﬁ are arbitrarily small for large enough N, so is F% ) . B* is arbitrarily

close to 1 in a large economy. Which concludes the proof. O

1.6.3 Ordering Types

To solve a risk sharing principal agent problem with multiple types and asymmetric information, I

will need to adapt methods use in the contract theory literature.® I will require that, for any firm,

the type space is 'ordered’ in the sense of Single Crossing Property (ie: any two indifference curves
from any two types will cross only once). The following cumbersome notation means exactly this.
Given a firm, agents can be ranked (by the slopes of their indifference curves). The ranking need

not be the same in every firm.

Let SCP (n) = (1(n),2(n), ..., T(n)) be a function from N to T such that i (n) # j (n),Vi(n),j (n) €

1,..T,Vn .

Definition 3. An economy satisfies Single Crossing Property if and only if there is a function SCP,
as defined above such that types ((,ul(n)), Jl(n)) s ey (MT(H), O’T(n))) satisfy Single Crossing Property
for allm . That is, if

Uy (—a, 1 — Blt(n)) - Us (—a, 1= Blt(n) + 1)

U (-, 1= Blt(n)) = Ui (—a,1—Blt(n) +1)

Vt,p, o, B

In the case of quadratic utility, SC P amounts to

5Similar techniques are used in the literature on second order price discrimination. See for example Maskin and
Riley, 1984 and Stiglitz, 1980
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bio? (1 —B) ber10741 (1= B)

— > —
M T (ma) b 1= B) ~ T Ty (—a) — beyapiess (- B)
Proposition 8. The following cases® imply SCP:
e Agents have the same mean and different variance

o Agents have different mean and the same variance

e Agents generate the same outcomes, but the probabilities of success are different.

The proof amounts to the algebra necessary to verify the definition.

The following two facts will come handy for the proving Theorem 11
Fact 9. V¢, (o, 8),U (—a,1 = B|t) > U (—a, 1 = Blt + 1)

Fact 10. Vt < 5,V (o, 8),(o/,8) : B < B

U(—a,(1=B)[t) = U(=a/,(1=B)[t) > U(=a,(1 = B)|s) = U (=a, (1= )| 5)

1.6.4 Second Best

Theorem 11. If types satisfy Single Crossing Property and markets are large enough, the variance

of the average contract is smaller when markets are present.

Proof. The strategy of the proof is to show that -at an optimum- all types shares’ ( (1 — ) ) are

bounded by the share of the “best” type, t = 1. And that the share of this type become small for

large enough market.

A generic principal’s problem is given by

T
max Z U (ag, Belt) f (1)

(ae,B0) 71 51
U (704157 1- ﬂt't) > U (70425’, 1- Bt/|t) ) Vt,t/ € {17 7T}

(IR)

(IC t t")

61t is to be noted that, although it is not formalized in the general model, SC'P holds also if agents are distinguished

by their risk aversion, and the following results would still apply
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SCP and IC constraints imply by usual arguments that yield that 8* (s) > 8* (t),Vs < t €
{1,...T}. This imply that 8; < 8, Vt

Now we have to solve for the contract of type 1. To do this I show that the IC}5 constraint will
always be binding, and that this is enough to attain the result.

The first thing to do is to reduce the set of relevant constraints.

Fact 9 implies that

U(—ay, 1= Bie|t) > U (—ou, 1 — BT)

This together with IR holding for type T and IC holding for type t with respect to the contracts
of type T, implies that IR holds for type t.

In other words, if

U(—aT, 1-— BT|T) >u

U(—ap, 1= Bift) > U (—ar,1 - prlt)

we will also have that

U(—O(t, 1-— Bt‘t) Z u

We can hence solve the problem without worrying about any of the IR constraints except that
of type T .
We can also infer that IC;_;; will be binding at an optimum for any ¢. Suppose that it were

not binding,

U(*Oét_l, 1-— ﬁt—l‘t — 1) > U(*Oét, 1— ﬂt|t — 1)

Since we are at an optimum it has to be that the IC' constraints are satisfied
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U(—ay, 1= Beft) > U (—ag, 1 — Blt) ,Vk

By Fact 10 it has to be that

U(—ag, 1= Bels) >U (—ag, 1 — Bils) ,Vk > t,Vs < t

Consider an alternative incentive scheme, which gives less transfer —ay to all types s lower t.
Because their IC constraints for contracts Cy, with k > t ( ICs ) are not binding, we are increasing
the maximand while remaining in the admissible set of contracts, which contradicts the original
scheme being an optimum.

This and SCP imply that constraints /Cy ;1 will not be binding.

It also implies that no other IC constraint will bind at the optimum. Fact 9, IC;_1 4, and I1C; 441
imply that ICy_; ¢4 is satisfied with a strict inequality.

This means that the only relevant constraints for determining the optimal 5, are in the form

U(*Oll, 1 — Blll) = U (70[2, 1 — ﬂg|1)

I now have to solve a much simpler problem

T
max Z U (ay, Belt) f (2)

(a:Be)iy 1=
st. U (—OéT, 1-— ﬁT|t) =u (IR)

U (—th, 1-— Bt't) = U(—O[t+1, 1-— ﬁt+1|t), Vit € {]., ,T - ].} (IC tt +1)

The only first order conditions involving «; and ; are given by
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F, (+ B, 820%) = AF, (—a+ (1= B) (1= ) 0?) =0
a1 (1F, (a+ By, B20%) + 2802 F,e (o + B, F20%)) +
A [pFu (—a+ (1= B (1= B ) +2(1 = B Fpe (—a+ (1= )1, (1 = ) 0*) | =0

Which yield an expression for 1 identical to the first best case.

gt — NUM,y,
V'™ DENy

NUMy = Fpe (~a+ (1= B) i, (1 = )2 0*) B (o + B, 0%)
DENy = F,» (—a +(1=B)p, (1—p8)> 02) FAJLV[ (o + Bu, 5202) +

Y (0t B, 8°0%) Fy (—at (1= B) . (1= B)* o)

Solving for 5 we obtain a formula similar to the first best case. Just as in the first best case
we can observe that §* is arbitrarily close to 1 in a large economy, since F % can again be made
arbitrarily small by choosing an appropriately large N.

This bound allows us to reach the result

Claim: 3, f (1) 8, > X2, £ (£) B4(1)

Let ¢ be the bijection satisfying SCP for all matches.

The claim is equivalent to

DD rwBL=Y B (n)

n t

Note that

¥n,t, 3N s.t. LV (N),VN > N
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and naturally

This implies

and

oM >SS f()BLYN =N
n n t

which concludes the proof.

1.6.5 Effects on Welfare and on Asset Markets

As it is usually the case, asymmetric information entails a loss of efficiency.

Corollary 12. Under the assumptions of Theorem 11, the equilibrium is inefficient compared to

the complete information case.

Proof. It follows from the fact that IRy and IC7r_; 1 are both binding that at least the contract
of type T is Pareto dominated by the complete information solution of Theorem 7.

O

Let Ay (N) = B (N) — Bt (N), where 8 (N) is the first best solution. I will use this as a

measure of inefficiency.

Corollary 13. For any principal-agent pair, there is a number N, such that any market with

N > N traders induces more efficient contracts, A, (N) < Ay (1)
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Proof. The proof again leverages on the fact that both first and second best contracts are arbitrarily
close to 1 for a large enough markets. The claim is trivially satisfied for 3** (N) (the second best
solution, with markets), since it is a Pareto Efficient Contract by construction. For g%* (N),t > 1
consider A, (N) = B (N) — B! (N), where B! (N) is the first best solution with markets. Since
Bt (N) and B (N) both go to one as N gets large, there must be a N such that A, (N) < A, (1)
for all N > N. O

1.7 Conclusion

This chapter integrates a model of principal-agent interaction with asset markets. Principals and
Agents are randomly matched. Each pair produces random returns, whose distribution is known
only to the agent at the contracting stage. Every Principal offers a menu of contracts to the Agent
he is matched with, and the Agents make their pick. What marks the difference from the standard
contracting model is that Principals have access to an asset market on which they trade their shares
of returns.

I present a general framework and define a notion of equilibrium. I prove a revelation principle
result, to simplify the study of firms’ structure and prove existence of equilibrium. Under standard
assumptions of contract theory, I study the interactions of financial markets on contracts. The
existence of markets, induces less risky compensation for agents. In a large market diversification
opportunities multiply, and contracts become less and less risky.

Contracting inside firms induces inefficient aggregate risk in an economy, however the size of
this inefficiency is reduced by a large enough market. As noted this is a limiting result and it leaves
the open question of the behavior in small markets.

Two extensions of this model seem particularly interesting. The first one is studying the effect
of correlation of firms returns (systemic risk) on the screening problem and the loss of welfare. The
second one is studying the effect of financial markets on the labour market, in particular on the

matching of workers’ with firms.
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Chapter 2

Contracts and Aftermarkets -
Hidden Action

2.1 Introduction

It is well known that financial markets can favor the efficient allocation of resources to production
and the sharing of risk. Less is known about their effects on incentives, for those who have limited
access to markets. In this chapter I propose a stylized model of firms and financial markets, to
capture these effects. The concern here is how different access to markets can affect the incentives
to production.

This chapter relates to two branches of economic theory. The literature on Walrasian economies
in presence of Moral Hazard issues, and the literature on endogenous securities. I will discuss the
fit of my work in these literatures, but first I am going to relate my work to two recent papers,
which are particularly relevant to the discussion.

Parlour and Walden (2008) construct a model based on CAPM where workers are also the
dispersed owners of the firms in the economy. Their assumptions and their main object of interest
are opposite of mine. By assuming workers are the only traders, and cleverly constructing a simple
shock that cannot be traded away on markets, they mostly analyze the effects of moral hazard on
financial markets. I am on the other hand more interested in the effect of financial markets on
contracts. For this reason I cannot take firms as abstract risk neutral principals at the contracting
stage. In fact Risk Neutrality corresponds only to a special case (firms with independent returns).

Magill and Quinzii (2005) ask a different although related question. What set of securities is
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needed, for risk sharing and incentives to coexist? They study several cases, distinguished by the
amount of information available for contracting, and for each case characterize the set of securities
which allow (constrained) efficiency. In this chapter securities are determined in equilibrium, but
they are chosen out of a very simple set. In the future it would be worth describing the endogenous
choice of complex securities, to study the efficiency of financial engineering, in terms of incentives
and risk sharing, but this is out of the scope of this chapter.

There is by now a vast literature on moral hazard in general equilibrium settings. Helpman and
Laffont (1975) and Prescott and Townsend (1984) are among the first to tackle the topic. Their
works are concerned with efficiency in exchange and production economies, in which individuals
can exert a costly, unobservable payoff relevant action. These papers are the first in a long, but
not large, series of works, which extend the study of efficiency to more general economies. My
work is different in that I include financial markets, and I trade off some generality for more precise
comparative statics results.

A strand of the asset pricing literature looks at asset pricing in the presence of delegated portfolio
management (for a survey, see Stracca, 2003). An example of the approach typical in these papers
can be seen in Ou Yang’s paper. These studies look at the effects on prices and returns of the classical
informational asymmetries phenomena. Moral hazard and adverse selection are largely studied in
a CAPM or APT setting, in which a representative principal delegates his investing decisions to
an agent. In this literature inefficiencies take the form of deviations from the non-delegated case
equilibrium. These deviations can take the form of changes in asset prices and optimal portfolio
composition. Besides the different object of interest, the perspective in these works is in a sense
opposite of the one taken here. There we have informed parties trading, whereas in the present
work it is the uninformed parties accessing markets.

In Section 2 I present the model. In Section 3 I define the notion of equilibrium. In section
4 T show existence and uniqueness. In section 5 I analyze the effect of markets on production.
Section 6 concludes. The appendix discusses issues concerning Markowitz preferences, when used

in a dynamic contest.
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2.2 The Model

This stylized model is meant to capture certain features of interactions within firms and across firms
in financial markets. It is helpful to introduce first the model of a single firm, and then proceed to

define how they interact.

2.2.1 Primitives

A generic firm ¢ is constituted by a principal-agent pair p;,a;. Each of these firms i generates
random returns. All individuals have identical Mean Variance Preferences over random variables

in the familiar form !

Agents have a reservation utility, . Agents choose a costly action (which can be interpreted as
the effort put into production) e; from the interval E = [e,€]. The cost of effort is a continuous,
strictly increasing real valued function ¢ (e).

The returns of a firm X; (e;) depend stochastically on the effort level of the agent employed.
Because of the assumptions on preferences, I can restrict my attention to the mean and the variance

of the firm’s returns, and express them as a function of effort levels.

A contract C; is a contingent agreement on how to split returns between the Principal and the
Agent forming firm ¢. I impose the restriction that these sharing rules be affine. If X is the random

variable describing the profits of the firm, an admissible rule describing the principal’s and agent’s

INote that all the analysis in this paper would apply to the CARA /normal framework, except that conditions for
existence would be less demanding.
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share must be of the form:

X, =—a+(1-p)X

7

Xp, =a+BX

with @« € R and 8 € [0,1].

A contract C; amounts to a pair «;,3;. In a binary setting this imposes the restriction that
both shares be increasing in firm’s returns.

Now consider that there are N firms. Let e = [e; (Ci)],;<y be the vector of efforts, and
C = [Ci]; ;< y be the vector of contracts in each firm .

The joint distribution of the vector of firms’ profits X (e) = [X; (e;)], <;< 5 firms’ profits will be

uniquely determined by the effort levels across firms.

pa (e1)

pN (en)

Qi () = pjx (ej, €x) 0 (€5) ok (ex)

I will denote this vector and matrix as p(e) and Q (e).

Principals will have access to a financial market where they can trade their claims to profits and
a riskless asset available in zero net supply.

The risky assets available can be described by a random vector, X, (e, C) = [Xp, (€;,Ci)], ;e ny =
[ai + BXi (e)]1<icn

Because of our assumption on preferences, from now on I will simply identify the principals’

shares with the vector of means u (C, e) = o+ By (€) and the variance-covariance matrix Q (C,e) =

B'S(e) B .

2.2.2 Timeline

I will consider here the case of “hidden action”. In other words, the two parties cannot write

contracts on the actual effort level. The conditions for existence trivially imply the conditions for
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existence when effort is observable.

CMN will denote the primitives of the game that are common knowledge at every stage, which

are:

e The vector of means and the variance-covariance matrix of payoffs as a function of effort levels

()

e The preferences of individuals (the variance aversion parameter b).
e The reservation utility of agents w.

The economy reaches its equilibrium in 3 stages.
1. Each Principal p; designs a contract C; = (a;, 5;). C; is the set of all possible contracts for
firm 4. At this stage every principal knows CMN.

The profile of offered contracts is C' = {C4,...,Cy} € C =TIV |C;

2. Each agent a; chooses his effort level, based on the contract C;.

A strategy of an agent in firm 4 is a function of contracts mapping to possible effort levels.

ei:Ci—>E

e; - Cl = €; (Cl)

The strategy profile of all agents can be written as a vector of functions e = [e; (C;)]; ;<5 Of

contracts offered.

3. Before uncertainty is realized, principals trade their claims to returns on an asset market,
where a riskless asset L is available in zero supply. At this stage principals can observe all
contracts and make conjectures on the level of effort and hence the distribution of returns of

all firms. Every principal j will form some beliefs yg on the effort level e; . 'yf (e;]C;) is the
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cumulative distribution function induced by the beliefs on firm ¢ under contract C; . Principal

7 holds 9;- shares of firm ¢ and the price of the stock of firm ¢ is ¢;

This table summarizes the choices each individual faces at a given time, and the information

available to them.

When | Who | What | Knowing What
0 Di C; CMN
1 a; e; CMN, C;
2 Di 0; CMN, C

Table 2.1: Timing

2.2.3 Payoffs

Let 6 be the portfolio held by an agent. Let 8 = (0r|0r) Where 0 is an N-dimensional vector of
positive holdings of the N risky assets, whereas 6, is the position an investor holds in the riskless
asset.

The ex-ante utility from a portfolio 8 fixing the contracts C' and effort choices e, is given by
b /
g - (.u (07 6) |1) - 50}%9 (Cv 6) Or

However principals don’t observe the efforts e so they evaluate utility of portfolios based on

contracts C' and the beliefs they induce v (:|C)

Upi (C7 87 ’7) =

0 [ wic.emarele) -3 [ ( R (C) O + (mc,e)—[Eu(c,e))Q) a7 (€[C)

Note how the squared term is always positive. This will pose a problem, but in equilibrium

beliefs will be degenerate and the term will be equal to zero.
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Demand 6 will depend on available assets and their prices (but prices are also a function of
contracts).

Agents payoffs depend on the effort chosen and the contract in place.
b o
Ua; (Ciyei) = i (Cyy €5) — 50 (Ciyei) — c(ei)

2.3 Equilibrium

2.3.1 Description

Because individuals take their decisions at each stage looking at the final payoffs, Equilibrium is
more easily described starting from the final stage of the game.

Asset Market Principals hold one unit of a security equal to their share of returns in their
firm, and they all have the same information. Because all individuals have the same beliefs the
solution concept used here is that of Arrow-Debreu Equilibrium. The equilibrium portfolios and
prices will be based on expected payoffs induced by C. They will be a function (8, q) (C, v (e|C)).

Contracting, the Agents’ turn Each agent a; observes the contract he is offered, C;, and he
knows his own type and the technology of the principal. This is all the payoff relevant information,
so every agent is facing a choice between lotteries, and he is not playing against other players. They
simply choose an effort level maximizing U,, (-). As noted their strategies will be functions e; (C;).

Contracting, the Principals’ turn Each principal designs a contract. They correctly conjec-
ture the action of each agent, and the outcome of asset markets, given contracts. They can forecast
the equilibrium path for all possible strategy profiles. Hence, this stage can be seen as a game
principals play against each other. I will focus on equilibria in pure strategy equilibria (and show
their existence).

The flow of decisions is described schematically below, and the information available at each

stage is summarized by the argument of the strategies.

C—e(C)—=0(C,q(C),v(e]C))

The utility in the first stage can be written as:
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Vo (C) = Up, (C,0 (7 (e]C)) ;7 (e]C))

2.3.2 Definition

An Equilibrium consists of

e A trading strategy 6} for each Principal p; and prices ¢* € RY such that [0*,¢*] (C,~) is
an Arrow-Debreu Equilibrium for the asset market when contracts are C' . Each princi-
pal is endowed with one unit of one asset so that the endowment of principal p; is w; =

[0,0,...,1,...,0,0] with 1 being in the i-th position.

07 (C,v (e|C)) € arg max U,, (C,0;,v (e|C))
0;€RY !

such that

q" (C,7(e|]C)) - 0; (C,y (e|C)) < ¢" (C,y (e]C)) - w;
> 07 =[1n]0]

ieEN

e Beliefs v* (e|C') such that

supp (vF) C argmax U,, (Cy, &;)
e, eEE
e For each agent a; a strategy e} (C;) such that

¢; (Ci) € argmax Us, (Ci, ei)

e For each principal p;, a contract C} such that

C; €arg max Vi (Cy,C%))

=Up, ((C5,C%) ;7" (e]Cy,C%,) 07 ((Cs,C%5) v (e] Gy, CE)))
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2.4 Existence of Equilibrium

2.4.1 Assumptions
2.4.1.1 Monotonic Preferences

It is well known that Mean-Variance Preferences need not be monotonic. This could pose problems
for the existence of equilibrium. In a standard CAPM setting, monotonicity of preferences is solved
by imposing a bound on the variance aversion of every individual. Because I restrict attention to
linear contracts, it is possible to show that, if preferences are monotonic for given returns, they will

be monotonic for any prevailing contracts.

Definition 4. Let X be a generic Random Variable on the state space S = (s1, ..., $m) taking values

(@1, ., zpr). U(X) is monotonic if % > 0, Vi.

Lemma 14. Consider the preferences induced by the utility function
b
UX)=EX)- iVar(X)
They are monotonic on a set of variables X defined on a finite state space S, if

b < min
X,s \xs — ,th|

Proof. The proof amounts to checking (by differentiating) under which conditions on b the utility

function is increasing. O

Lemma 15. If preferences are monotonic for all feasible portfolios in an economy with assets char-

acterized by returns (u,Q2), then they will be monotonic on all feasible portfolios for any contracts
(aia Bi)ieN :
Proof. For preferences to be monotonic for all feasible portfolios it has to be that

1

<
| max ZieN iz — Zz‘EN m
1

7|maXZieN O (5 — p;) |

b
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Where the max is taken across portfolios 6 such that 6; € (0,1) and outcomes z; € supp (X;). Note
that

Do bil(—ai+ (1= B wi — [~ai + (1= i) )]

1EN

=Y 6 (1= Bi) i — (1= Bi) i)
1EN
1EN

I claim that

max | Y 0; (1= 6;) (2 — ) | < max | Y 0; (@ — i) |

i€EN 1EN

Note that the solution to the maximization on both sides is going to be reached at the aggregate

market portfolio so that the previous is equivalent to

max| Y (1 - i) (2 — i) | < max| Y (25— pi) |

1EN 1EN

Since it will also be the case that at the maximum all the z;’s chosen will be greater (or smaller)

than the p;’s so that

maXZ(l—ﬁiH(xi—Mi)\ SmaXZI(xi—m)l

ieN ieN
Observing that 8; € [0, 1] concludes the proof O

Assumption 1. For a given set of assets, for every individual i, their risk tolerance parameter b;

lies on the interval (O,B), where b = minx g m

This ensures that everyone’s preferences will be monotonic.

2.4.1.2 Cost and Productivity of Effort

The purpose of the following assumptions is making sure that the only randomness in the economy

is due to the uncertainty of firms’ returns. Markowitz preferences are dynamically inconsistent and
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introducing further randomizations (such as some individual playing a mixed strategy) is undesirable
in many ways. 2 Moreover, if only one effort choice is optimal for an agent, then principals can
correctly infer the equilibrium effort by observing contracts. To achieve this I need each agent’s

objective function to be concave in effort for any possible contract («, f3).

Assumption 2. 1. The cost function of an agent c(e) is strictly increasing and strictly convez.

2. The effect of effort on the mean distribution of returns is such that utility is strictly increasing

and concave in effort, the effect on the variance is strictly decreasing and convez for all (O,B)

ou 0u

had i el

Oe >0, Oe? — 0
o2 0202
B <0, o2 >0

8. Moreover, I require the effect of effort on the variance to be bounded relative to the effect on

mean returns.

He > ‘Ug|

|Mee| > |Uge|

Note how the first set of conditions implies that

Opxe) éao_.%((e)
Oe 2 Oe
Puxe) §32‘7§<(e) -0
Oe? 2 Oe?

>0

Lemma 16. Under Assumptions 1 and 2, the solution to the agent’s problem, e* () is
e unique

o continuous

2See Appendix
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e decreasing
e concave

Proof. Note how e* (a, 3) solves

b
max —a + (1~ §) ple) — 5 (1 - B)* *(e) — c(e)
The First Order Conditions of these problems amount to
b 2 o
(1= B)uele) = 5 (1= F) oele) —ce(e) =0

Uniqueness. 1t follows from Assumption 2 that this derivative is a strictly decreasing function on
E = [e,€]. To see this note that by, Assumption 2, concavity is guaranteed for any risk tolerance

parameter in the interval (O,B) . This implies that the assumptions for derivatives will also be true

for

b
e— 51— ;
pe =5 (1= P)og
for B between 0 and 1. This and the fact that cost is convex imply uniquness of the solution.
Continuity. for 8 in [0, 1) follows from the implicit function theorem. When 8 = 1 the optimal
effort is e .

Monotonicity and Concavity. Applying the implicit function theorem to the FOCs we obtain
that

de* pe —b(1—pB)o?
B (1—B) pree — 51— B)’ 02 — Cee

2
% _ 5 (1= 9) 0202 + pecpte = b (1= ) o2epre ~ beeco? _

862 ((1_5),“/66_ 3(1_5)2 035_066)2

<0
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Corollary 17. In equilibrium, principals correctly conjecture the equilibrium effort of agents.

v (€ilCi) = 1,6 > ef (Cy)
= 0,61' < 6? (CZ)

This follows immediately from the definition of equilibrium and Lemma 16. By doing this, I am
removing one potential layer of randomization. The objective function of a principal at the first

stage will be.

Up, (C,0,77) = 0 - (n(C,e™ (C)) 1) = g%ﬂ (C,e™ (C)) Or

Lemma 18. The best response of a principal is single valued.

Proof. The proof amounts to showing that every principal is maximizing a strictly concave function
on a convex set. Once the reaction function of the agent in incorporated in his individual rationality
constraint, the resulting set need not be convex. However, by substituting the I R constraint in the
objective function, I define a simple maximization problem on § in [0,1] . By Assumption 2.3, the
resulting maximand is a strictly concave function.

Let’s start by studying the sign of the second derivative with respect to 8 of the objective
function of a generic principal ¢. To make the proof more readable I abuse notation and suppress

all the 7 subscripts.

b

b b b
8% 6#66 - <N - 2JV2> 20'36 - (N N2> ;pmﬁjaj BOece | +

b 9 2 b
635 /Blue - (N 2N2> /8 (N N2> ;pzyﬂ]f)’] /80'6 +

b b\
_Q(N_2N2>U
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If (Z i Pig ﬁjcrj) is positive, it follows from Assumptions 2 and 1 that the addend on each line
is negative. If the coefficient is negative we can observe that (% - %) (Zj;ﬁi pijﬁjoj) is smaller
than 1, by Assumption 1. This together with Assumption 2.3 implies that all the addends are
negative as desired.

Let’s now study the second derivative of the IR constraint reducing it to

(=l

6% |:(1_B):uee_2(1_5)2U§e_cee:| +
€sp [(1—/3)%—’;(1—@%2—%} +

~2e5 [pe = b(1 = B) o]
By Lemma 16

/‘e*b(lfﬂ)gz
(1_/8)/%6_%(1_6)202@_066

€g =

Substituting the first term with eg [pe — b (1 — ) 02|

b
epp |(1=B)ne — 5 (1 —B)* 02 —co| +
—eg [pe —b(1 = B)o?]
The last term is problematic because it is positive.

Substituting for « in the objective function, we have V () defined on [0, 1] The derivatives of

this function will be given by

o'V _0'U | 0MIR
apk — apk " ap

Adding the last term of a;éQR to the next to last term of ‘327%
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b b
o\ 2|2 (5 - e et 2 (= ) ( St || = vttt ) -
J#i

1 1
€p He—4{(N—2N2>5+(1—5)]b0’ _2<N N2> ;Pmﬂj% Oe

The term multiplying eg needs to be positive. Inspecting the expression, it is clear that the
“worse” possible scenario is when g = 0 and (Z i Pi Bjaj) takes the lowest possible value (the
largest negative value). As noted above (& — %) (Zj# piijO']) is smaller than 1.

A sufficient condition for this expression to be always positive is

fte +bo? +boe >0

But this is implied by Assumption 2.3 . The second derivative of V' is hence negative, which

concludes the proof. O

2.4.2 Existence

Theorem 19. If the mean-variance preferences are monotonic for an asset market economy char-
acterized by the mean vector u and variance-covariance matrix €2 then there exists an equilibrium

in the CAPM contracting economy.

Proof. Because the Markowitz preferences are not expected utility -and they also fail to satisfy
the ’betweenness axiom’ (see Dekel, Safra, Segal (1991) -the best response correspondences of
individuals would not be convexified by allowing for lotteries. This makes using the fixed point
theorems by Glicksberg or Kakuthani impossible. 1 will instead show that the game can be reduced
to a one-shot game in which principals have a continuous best response function function and apply
Brouwer’s fixed point theorem.

Principals’ Turn: Asset Market. Principal utility will be given by the CAPM analytical solution.
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Dien G n Dien Mi _bhrom

N N 2 N2

Up, = qi —
As noted earlier prices and returns ¢, u, ) are all continuous functions of contracts C and efforts

Agent’s Turn: Effort Choice. By Lemma 16 effort levels e are continuous functions of contracts
C, hence the final utility of a principal can be described as a continuous function of contracts C' .

Principals’ Turn: Contract Design. By Lemma 18 the Principals’ problem is equivalent to a
strictly concave optimization so that their best response function is always unique. By the maximum
theorem it is also continuous.

The strategy space C is a rectangle, which is a convex, compact subset of R2V .

This satisfies the hypotheses of Brower fixed point theorem. There exist a fix point C* which
determines uniquely equilibrium efforts, beliefs, prices and portfolios. C*,e*,~v*, 0% ¢* form an

equilibrium by construction.

2.5 The Insurance Effect of Markets - Moral Hazard

Consider the following special case. Individuals are identical in the sense that they all have
Markowitz type of Mean-Variance preferences, and they all have the same risk tolerance coeffi-
cient. Technologies have different variances (denoted by o? and different correlation coefficients
pij). The mean returns of firms are determined by the effort of agents e;, specifically p;(e;) = e;.
2

Cost is quadratic c(e;) = §

2.5.1 First Best Equilibrium

For the purpose of having a benchmark for optimal risk sharing and optimal effort, let’s have a look

at the first best (observable action) case.

2.5.1.1 No Markets

A Principal and an Agent agree on an action and a (random) payment.
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b
max o+ fe — §ﬁ202

a,B.e

such that faJr(l*ﬂ)e*g(l*ﬂ)QUQ*

The optimal solution, action and contract is

1

C
* *\ b2 71
(Oé?B)_( SJ +u72>

Proof. Substitute for « in the objective function to obtain

mas U(B,e)= (1= B)e— 2 (1= 5)? o = L2~ 4 e — L2o?

which yields the first order conditions

ou
% :a(l_ﬂ)JQ—a/BO'Q =0
ou
% =1—ce=0
Which give the solution. O

2.5.1.2 Financial Markets

Now I consider the case of many firms. To do this I solve the optimization problem of an arbitrary
principal, who has now access to a financial market. The form of the utility function follows from

similar considerations as in the hidden type case seen in Chapter 1..

Lemma 20. Principal i behaves as if his utility function were
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o; + Biei+
b b 2 9
+<2N2‘N) ot

b b
+ (NQ - N> ;Pijﬂiﬂjai(fj
j#i

Proof. Using the CAPM pricing formula, the riskless share of principal from firm i

b
ai+ Bipi — ~ | Bio? + D puBiBioio | +

N I#i
djen i+ Bin b
—=i= N TNz Z 207 + Zl)jkﬁjﬁlﬂj%
JEN k#j

Each principal holds a fraction of the aggregate portfolio, in particular he holds a random

variable from which he gets utility

djen it B b )
N =~z | 2o Biof +2D  piwBibrojon

JEN k#j
Because utility is linear in mean, and the riskless asset has variance zero, adding the two and

simplifying obtains the claim.
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max UMET (a;,8;) =

o + fieit
b b\ oo
*(mpN)i@+

b b
+ <N2 - N) ;pijﬁiﬂjgiaj

st. —a;+(1—p5i)e; — g(l—ﬁi)202—§e? >u (IR)

The optimal solution, action and contract is

eMKT _

Q olr

N—
BMET _ P = (5) X PiiBioio;
1

2+ (B o

Proof. Substitute for a; in the objective function to obtain

b

max UMET (1 B)e; — 2 (1= 8;)° 0% — ce? — T+ Breit

Bisei 5 2"
b b 9 9
+<mm‘w>@%+
b b
+ <N2 - N) Zpijﬁjamj
J#i
which yields the first order conditions
QUMKT 9 b a2 9 b b
o8 =a(l-p)o; — (NQ - N> Bioj — <N2 - N> ;Pijﬂzﬂjgﬂ' =0
VED)
QUMKT
2976 =1—-ce=0
Which give the solution. O

The key observation is that the optimal action stays the same, but the first best contract changes.
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As noted in the case of hidden type economies, the effect of markets is that principal acts as if they

were less risk averse. This changes the optimal risk sharing.

To better understand the effects of markets, let’s focus on the special case in which all technolo-

gies are identical and so are their correlation coefficients.

0; =0; =0,V ]

Pij = P, Vi, j
The symmetric solution in this case is
N— 2
1 + 2]]\(]g1
So that in equilibrium
BMKT _ N?

~ N24+2N —1+p(N2—-2N +1)

Note how, unless there is perfect correlation, in equilibrium, a principal always take more risk than

in the no the market case (,Bi = %) In fact the equilibrium contracts will be identical to the no

market case only if technologies are perfectly correlated (p =1) .

Vp < 1,

N2 1
BMET 1

N2+2N—1+NZ—2N+1 2

2.5.2 Second Best Equilibrium

2.5.2.1 No Markets

Let’s now turn to the more interesting case of unobservable actions. How do markets affect the
equilibrium actions and returns? Here the decisions on risk sharing and effort are interdependent.

Again let’s first look at a firm “in isolation”
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b
max o+ e — §ﬁ202

a,B,e
such that — a+ (1 — B)e — 3(1 — B)20? — 562 >7 (IR)
e €argmax —a+ (1—p)e— g(l — B)%0?* — géQ (1IC)

To simplify the problem let’s start by solving the problem of an agent facing a given contract

(@, B) -

max —a+ (1—pB)e— g(l — B)%0? — gez

Because Individual Rationality can be optimally attained with the transfer «, the optimal action

e can be obtained from the first order condition of the agent problem.

(1-p)—ce=o0

Plugging e* = # back into the Principal’s objective function and the agent’s IR constraint

yields the following problem

A I
n;%x a—|—ﬁ< . > 2,80

2 2
such that —a+ M — g(l - B)%0? - M

> 7
c 2¢c “ (IR)

The solution to this problem is



49

bo?
b= 5T
2b0’ +Z
bCO’Z—I—%
e= —+—¢
2b02 + 1

Proof. Again substituting « results in

_ b _ 2 b _ 2
rg%x5<1 Cﬂ) —55202-#%—5(1—5)202—%—*

Differentiating with respect to 8 gives the first order condition

—2bBo? + bo? — é =0
c
The solution follows immediately from this and the fact that e = % O

Note how 8 < % . Risk sharing is distorted to give the proper incentive to the agent. Note that
B > 0, so that e < % Because there is a trade-off between incentivizing the agent and optimally
sharing risk between two risk averse individuals, the first best cannot be achieved.

I am now going to analyze how markets affect this tradeoff.

2.5.2.2 Financial Markets

Consider the market with many principals from the previous section, except now the action in each

firm is unobservable.
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max UMET (q;, 8;) =
o + Bieit
b b 9 9
* <2N - N) pioit
b b
+ <N2 - N) ;szﬁjaﬂj
V)

st —ai+(1—Bi)e — g (1-8)0?—Ze2>u (IR)

c
2
C .2

e; €argmax —a+ (1—p)e— g +(1-B)%0* - ¢ (IC)

The solution is now

ﬁMKT _b (Uf - (]\]]\721) Zj;ﬁi pijﬁjOiO'j)
I C =S FE

7 c

In the symmetric case

GMKT _ bo2N?
bo? (N2 42N = 14 p(N —1)°) + &2

The solution differs from the first best case because of the NTz term added to the denominator.
So the equilibrium securities will be less risky than in the first best case. Moreover as observed for
the non market case, the equilibrium effort is lower than at the optimum. Because SMXT is again
increasing in IV, the equilibrium effort and hence returns are decreasing N.

In a fully symmetric case this result holds for every firm. This will not be the case if we drop
the assumption of symmetry. However, the result will still hold in the aggregate in an economy
where firms marginal distributions are identical, but not their conditionals. In other words I al-
low for different p;; coefficients in the variance covariance matrix. This means that while every
firm is identical when there are no markets, they are ez-ante different in terms of diversification

opportunities they face (and offer). This can be interpreted as the existence of different “sectors”.
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Proposition 21. Consider an economy with identical marginal distributions characterized by mean
e;, variance o2, cost of effort § e2. The aggregate output with markets is lower than the aggregate

output without markets.

wN ef >uN M

with the inequality holding strictly unless p;; = 1,Vi, j

Proof. Claim 1.
N er >3V M — =N pr<2N pM

To see this note that

After estabilishing the above inequality. Observe that under the assumptions

1
B =
gM 1- uxj#mjﬁM
' L+ Cb0'2 + 2?/21
I need to prove that
N—
Nl 1 < Nll_ N2 ];ﬁlpl]ﬁ
i= 1 = Hi= 1
2 cbo? 1+ cbo’2 + N2

Claim 2.
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ABYCHED AT AR

1
Eivlﬂ >Ez 12J¢1N p’UﬁM

2
Note that the denominator of S can be rewritten as 2 + CbGQ — (ngzl) . The first inequality

amounts to

N < N B e 121 1zﬁézpmﬁ
= .2
2437 2+ 52— (%) 2+ - (Y]
N(N-1) LA SN X0 8]

1 N—1)\2 1y N71220<:>
(2+W_(T_))(2+W) 2+ g0 — (55)

Simplifying the last inequality

1
N(N-1)- <2 + CbO_Q) S Bjipii By

Claim 2 immediately follows.
To conclude the proof, suppose by means of contradiction that the proposition did not hold, by
Claim 1, ¥, 85 > ©N  8M | By claim 2 this implies that ¥, 85 < 2N 1EJ¢ZN lp”b’
Then it should be that
ZzN:IZj?él

1
N — pl]/B >E 1/BM

This can be rewritten as

1

wN, (1 Sigin 1P )5M<0
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which is impossible since p;; < 1,V%,j

O

Financial Markets change the terms of risk sharing inside firms. Unlike the first best case, this
has an effect on the equilibrium action, because it is exactly risk providing incentives for the agent
to exert some positive effort. As the relative terms of risk sharing change, we move further away
from the case in which the agent is risk neutral and optimal effort is obtained.

In this case, it seems markets reward firms for variance against returns, but that is not exactly
the case. Markets reward firms for providing opportunities for hedging and diversification in specific
states of the world.

To get a better intuition for this result, suppose there is a state space S = {SUN, RAIN}

Consider a principal owning the an ice cream factory. Her firm returns can take two values,
T 4+ e > x + e respectively, in state SUN and in state RAIN . The security she is selling to
the market will return o + 87 + Be and « + Sz + Se. When designing an incentive contract she is
playing with 3 variables «, 3, e. When markets are not available, the underlying state representation
does not matter, the solution o, 5*, e* will be some tradeoff between risk sharing and incentives
(increasing 8 decreases e and viceversa . However consider now what happens if there is another
firm, whose securities return o/ + 8’ + B¢’ when the state is RAIN and o’ + 8’z + B¢’ when the
state is SUN. Because both principals are risk averse and there is now more return available in
state RAIN, the owner of the ice cream factory will want to design a security generating more

return in state SUN. Let’s consider what happens to returns in each state when she increases the
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3 components of her contract

A«

RAIN : A«

SUN : A«

Ap

RAIN : ABx + Afe
SUN : ABT + Ape
Ae

RAIN : Aep

SUN : Aef

Note how [ is the only component of the contract which has a different effect in different states,
and specifically it provides more exactly where needed: in state SUN. On the other hand, the
agent, who does not access markets, values equally returns in equally likely states (risk aversion
would make returns in RATN more valuable, if anything). Because markets change the relative
value of returns in difference states for principals, the solution under markets will exhibit different
risk sharing SMET > 3* and consequently lower equilibrium effort eM &7 < e*,

Understanding this effect allows one to construct an example in which contracts and firms’
output are affected in the opposite way as described above.

Consider an economy with two types of firms (50 of each kind). The low variance firms have
variance .25, the high variance firms have variance 1. They are perfectly positively correlated
pi; = 1,Vi,j. Risk aversion is .2, cost of effort is .5 . The average output without markets is given
by %. Numerical evaluation yields an average output 2.11 .

In chapter 3 I discuss extensively how this particular distortion of risk sharing can occur even
in a simple first best setting. The key intuition is that the low variance firm has a comparative

advantage in providing returns in the low state, where the other firms are obtaining an even lower

performance.
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2.6 Conclusion

This chapter integrates a model of principal-agent interaction with asset markets. Each pair/firm
produces random returns, whose distribution depends on agents’ efforts. Every Principal offers a
contract to the Agent he is matched with, and the Agents choose their costly action. What marks
the difference from the standard contracting model is that Principals have access to an asset market
on which they trade their shares of returns. This assumption is meant to capture the limited degree
of access to financial markets, available to the average worker, who cannot entirely insure his labor
risk.

I present a unified framework for which I define a notion of equilibrium and prove its existence
and uniqueness. Under standard assumptions of contract theory, I study the interactions of financial
markets on contracts.

On one hand, Moral Hazard inside firms induces suboptimal aggregate risk in an economy.
On the other hand, introducing markets for principals, has ambiguous effects. If the marginal
distributions of returns of firms are identical, markets will induce lower production levels. I construct
an example, where asymmetry of marginal distributions and high degree of correlations induces
riskier compensation packages in certain sectors and a positive effect on aggregate output.

Interesting directions for the future include making welfare comparisons with the case where
workers can (at least partially) access financial markets, and making the decision of entering markets

endogenous in a non trivial way (making access costly).

2.7 Appendix

2.7.1 Preferences

Markowitz preferences cannot be represented by expected utility. That is they cannot be represented
by a linear functional in the space of mixtures. As a result they do not satisfy the independence
axiom or -equivalently, but more significantly in this context- they are not “dynamically consistent”.

Furthermore they pose a threat to equilibrium existence.
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Consider two random variables X; and X5. We will have that

U(X1)=E(Xy) — gVar(Xl)

U(XQ) = E(Xg) — gVa’l‘(Xg)

Now consider a mixture with probability p of X; and X5. which we will call Y If individuals’

preferences were “linear”, we would have that.
Ugpu(Y) = pU(X1) + (1 — p)U(X2)

Note that if a “linear” decision maker is indifferent between two random variables, he will also

be indifferent between any mixture of them. Now compare with a Markowitz Individual

U(Y) > B(Y) - Var(Y) =

PUCX) + (1= pU(Xs) — § (B (X0 = (V) + (1 - p) (X, — B(Y))?)

He would choose any of the two RV he is indifferent to above any mixture of the two. This
implies that his best response correspondence is not convex in the space of mixtures, unless it is
a singleton, which makes it impossible to use Kakutani’s fixed point Theorem.® To address this
issue, I make sure that the model of Chapter 2 and 3 admits an equilibrium in pure strategies.

As noted in the literature, it is possible to construct sequences of choices in between which some
uncertainty is resolved, such that the agent makes plans he would not stick to. In this paper, this
would lead to contracts which are not efficient as soon as they are signed even in a first best setting
with symmetric information.

Here is an example of this issue. Consider a standard principal agent problem with two types
of agents. The type of the agent is known as soon as principals and agents are matched

If Mean-Variance Preferences had a linear representation, the principal’s problem would look

like this

3This also implies that these preferences fail to satisfy Between-ness as in Dekel (1986). This renders also other
methods for proving existence ineffective
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a o 2}
max a1 + — =pjoy| +
(@175170!2»52)/) [ ! 61/1’1 251 !

(1—-p) [042 + Bopo — %BSJS}

a
s.t. IRt Loy + (1 - Bt)ﬂt - 5(1 - /Bt)20'f/2 Z u

However the actual problem will look different because the wvariance of a mizture is not the

convex combination of variances:

a
max P[Oél + B — (5%‘7%"‘(041 +51M1)2)} +
(a1,B1,02,82) 2

(1-p) [042 + Bapiz — % (5503 + (a2 + 32#2)2)} +
5 o (a4 Bun) + (1= p) (s + fapa))”

a
sit. IRy :—ay+ (1 — By)pe — 5(1 - /Bt)20t2 >0

To see the dynamic inconsistency, let’s turn this into a numeric example.

,LL1—3,01—].

1

N2:2,J%:§
1
P=3

The random portion of optimal contracts in the first case are given by 8 = %, Bo = %, which

are exactly the same that the principal would offer to each type if he knew which type is the agent

he was dealing with.

11

The Markowitz principal’s solution is instead 31 = .467, B2 = .539, to which he would prefer 3, 5

as soon as uncertainty is resolved. Note that this Pareto improving renegotiation is not induced
by voluntary information revelation from the agent, but simply by uncertainty resolving. Similarly,

but more complicated, examples could be constructed for the model in this paper. *

4To read more on the topic of dynamic non-expected utility preferences, Machina (1989)
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Chapter 3

A Few Observations on Security
Design with Symmetric
Information

3.1 Introduction

In this chapter I study symmetric information economies. I am going to discuss several issues arising
from the different risk sharing possibilities introduced by financial markets. I will study economies
without any informational frictions, in which inefficiencies will arise from strategic behavior.

In Section 3.2 T study the extent to which the results obtained under complete information in
Chapter 1 and 2 can be generalized. It turns out that some of the assumptions made in those
chapters are crucial to obtain an insurance effect. In particular the role of uncorrelated returns and
the symmetry of firms will become clearer.

In Section 3.3 I will analyze the behavior of principals in designing securities, when they do not
act fully competitively. I will study how the number of traders affects efficiency of securities issued.

In Section 3.4 I look at a large market, I consider N identical productive units, but I depart
from the assumptions I made so far, by allowing one firm to be a merger of several productive units.

I will describe the effects of market power on both large and small firms.
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3.2 Markets Make Contracts Riskier

In Chapters 1 and 2 first best risk sharing follows a simple pattern. More diversification oppor-
tunities for principals imply less risky contracts for agents who do not access markets. However 1
will show here that need not be the case under more general assumptions. The insurance results of
Chapter 1 were possible because of the independence assumption. In Chapter 2 they were possible
because of the symmetry assumption (every firm had the same mean and the same variance). The
following examples show that enough positive correlation among firms returns, and enough differ-
ence in the variance of returns will induce some firms to pay workers with more risky contracts

than they would without markets. Surprisingly this can be the case even in a large economy.

3.2.1 A Small Market

Consider a model similar to that of Chapter 2. A firm constitutes of a principal and an agent, but
no action is needed for production. Principals will only need to compensate the agent to the point
in which their participation constraint is satisfied. This will be achieved with a contract which
induces optimal risk sharing plus some transfer.

The problem of a Principal who does not have access to markets is given by

b 2 2
max a+ﬂu—§6 o°,

such that —a+ (1 —8)u — g(l —B)** > (IR)

The optimal contract will induce symmetric risk sharing in equal parts. The only notable
difference from the First Best section of Chapter 2 is the lack of action e and its cost. This does
not affect the optimal 3 as the first order conditions are the same as in Chapter 2.

Let us first see what happens in a small market. Consider two firms. Both firms will have mean

returns g. One firm has variance 2 and the other has variance o2, with > > ¢?.

Proposition 22. There are values of p,7,0 , with p € (0,1],7 > o defining two firms economies

for which the low risk firm offers riskier contracts when markets are introduced.
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Proof. The problem of the Principal in the low risk firm.

max UMKT (Q, ﬁ)

1.
—a + 5y — b5 ~ TbpBBoT,
b
such that —a+ (1—8)pu— 5 (1 —é)2g22 > . (IR)

And the problem of the principal in the high risk firm.

max UMET (E,B)
_ . 1. _
=+ — S35 ~ JbpBpae,

such that fEJr(lfB)ufg(lfB)QEzQzﬂ. (IR)

From Chapter 2 we can derive the optimal contracts given the other firm contracts.

40 — pfT
=%
—~ 4o —pPo
fo——.
o]
And solve for equilibrium contracts.
« 280 —4pc
= 490 + p%c’
—+ 280 —4pa
495 + p%5
* 1. 20
Note how j <§1fg<7_’;20. O

Similarly to Chapter 1 we have a case in which asset markets induce a riskier contract. One
could be tempted to conclude that Markowitz preferences suffer from the same issues as quadratic
expected utility does, as noted in Chapter 1 in markets with a small number of agents. It will turn

out it is not the case, and in fact large markets can actually exacerbate this phenomenon.
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3.2.2 A Large Market

Consider an economy with NV firms. All firms have the same mean returns p. A fraction v of firms
have variance 32 and 1 —+ have variance o2, with @ > ¢2.! In this simple setup it is easy to relax
one or both the assumptions from the other chapters. p controls the degree of correlation across
firms. The difference in the variances controls how similar are the marginal distribution of returns

for each firm.

Proposition 23. There are values of v, p, 7,0 with~y € (0,1),p € (0,1],5 > o such that in a large

economy low risk firms offer riskier contracts when markets are introduced.

Proof. A generic Principal’s problem

max UZ-MKT (v, Bi)

=a; + Bip

b b 9 9
+<2N2‘N)Wi

b b
+ <N2 - N> ;Pijﬂiﬂjm‘%,
V)

b
such that —oa; +(1—8;)p— 5(1—51-)202 > . (IR)

From which we get the following condition for optimal contracts

N-1
BMET :Jz‘z - (% )Z#i pijBjoio;
[ 0_1'2 4 (2]1\\/'];1) O_iQ )

Looking for a symmetric equilibrium we can write the optimal contracts as functions of other

contracts for both types of firms.

LOf course v should be rational and yN should be always an integer. This can be easily obtained by defining
an initial economy by two integers g and h with g firms with high variance and h firms with low variance, and
then replicating them. However, in this section I am interested in the behavior of large economies in which the two
approaches yield the same results.
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o? = M [(N = 1) (1 =) pBo® + (N = 1) 1pBa0]

b= 02 + 271 o? 7
T =N (N = 1)ypf5” + (N — 1) (1 — ) ppaT]
ﬂ - 52 4 2]]\\[[;162

I am considering large economies so I will look at the contracts as N — oo, 2

a— (1—7v)pBa—~pBa
o )
7 —pBo — (1 —7v)pBa

g

ke
|

|
Il

Solving the system we first obtain contracts for one type as a function of the other type.

g 2= vpBo
= act+t(1=7)p’
- o —(1—7v)pBa
T+ypo
And finally the equilibrium contracts
g=2-0(@—0)
= a(l+p)
2% (I-=9)p@—0)
g (1+p)
We can now observe that
1 2vp _
é < 5 < g < mg.

?Because the problem is strictly convex, and the assumptions of the Maximum Theorem are satisfied, best
responses are continuos functions of others strategies and of the asset market equilibrium (which is also a continuous
function of strategies). Hence taking limits on N and then solving for equilibrium corresponds to taking the limit of

the sequence of equilbria.
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Note how this is never satisfied if p = 0 and always satisfied when p = 1 (since we assumed all

along that 7 > o). O

An interesting fact is that in the limit, every worker gets exactly the same compensation package

(ie: the same random variable).
Corollary 24. —a + (1 - g) X=—-a+ (1 - B) X

Proof.

)

(1_5)g:pg+7(5—g) _pet+p(@—0)
— 1+p 1+p
po—(1=-7(@—-g) pz+p(@—0)

1+p 1+p )

(1-5)

qQl

We can conclude that agents obtain contract with the same standard deviation, and hence variance.
Because agents are pushed to their IR constraint, if contracts have the same variance, they will
also have the same mean. Because we are working with binary random variables it is enough to
show that the compensation packages have the same mean and variance, to show that they are

identical. O

We have seen in Chapter 1 that small markets do not necessarily induce less risky contracts,
what is striking is that this can be the case also for large markets. By setting v = % we have
a replica economy of the initial two firms example. We can see that for certain parameters the

contracts in the large economy will be even riskier than in the two firms case.

Proposition 25. Vp > 1,35, such that

B(2)> lm §(N).

Proof. The claim amounts to showing that there are variances such that
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Some algebra shows that this boils down to

o< %p2—4p+%1 o
SN CTR ey oy e
2P+ p*—5p

The fraction on the right side is strictly positive, which allows us to conclude that we can find

parameters satisfying our claim if and only if p > 0. O

How do markets (small and large) induce principals to behave as if they were more “risk averse”?
A good intuition for this comes from thinking of two perfectly correlated technologies (p = 1) with
different variances. In this case we can think of two states of the world L and H, with the returns
of both types of firms being higher in H. The low variance firms have higher returns in L and lower
in H than high variance firms do. Because of this they have an advantage in providing returns
in state L. Markets make sure that this advantage is exploited by giving incentives to these firms
to issue lower variance securities, compared to the share of profits they would keep for themselves
when markets are not present. When correlation is not perfect, this effect still persists but to a

lesser degree.

3.3 Number of Traders and Efficiency

It is a relevant question, which I did not tackle so far, weather the securities issued are efficient in
the case of symmetric information. When Principals design securities their utility functions take
into account the effect they have on the value of other securities, which will ultimately affect their
holding of the riskless asset. I will study this problem within a model of identical firms in which I
will let the number of firms vary.

In the symmetric examples from Chapter 2, all principals are identical ex-ante and after the
contracting stage equilibrium. They end up with identical securities, and hence with 0 holdings of

risky assets. I am going to show that outcome is non efficient.



65

max UZ»MKT (i, Bi)
= oy + Bitts
b b 9 9
* <2N - N) pios

b b
+ <N2 - N) ;Pijﬂiﬁjamj

such that —a; 4+ (1 — ;) s — g (1-8)%0? > (IR)

The optimal contract is

P — (5h) Xy pisBioio;

ol + (3=) o

o2 —
MKT ?
Bi =

In the symmetric case 0; = 0; = 0, pi; = p, Vi, J

The first order conditions for a symmetric equilibrium is in this case

12
1+ 211\\1[;1

From which the equilibrium contracts
BMKT _ N?

- N2+4+2N —1+p(N2—-2N+1)

To see this, consider a different game, in which each principal designs a piece of the aggregate

endowment to be equally split, and no riskless asset transfers take place.?

3A straightforward way to generalize this to the asymmetric case, would be to let individuals design securities and
then give them unconditionally the transfers, and the fractions of aggreagte portfolio, they would have had received
had they traded on the market
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max Ui (ai7 ﬁz)

N N
1 b
N E (i + Bipi) — <2N2> E Biof +2 E pijBiBjoio; |,
i=1 i1 i
b
such that —a; 4+ (1 — 8;) s — 3 (1- Bi)Q a? > . (IR)

BF is the solution to this problem.

Noi =3 2 pijBio;

E _
b= (N+1)o;

Note how, once we fix other players strategies, we can already observe how the best response
induces riskier share for a principal than in the market case. This is because in the market setting
a principal takes into account the effect of her actions on market prices. She takes the pricing
mechanism as given, but because she can determine the characteristics of her security, she can
influence prices of all securities, and hence other traders’ endowments. Again let’s focus on the

symmetric case, in which case the equilibrium will be

N

= N p (N o)

Lemma 26. The contracts induced by Bg give every individual a higher utility than those induced

by Bar

Proof. Without loss of generality assume that w =0

Claim

bN (1 p)+ pN?
OéE+ﬁEM—2 N2
b N (1— p)+ pN?
ap +Bup— 5 N2

Bpo® >

2 2
BMO- .
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We can substitute the « ’s from the reservation constraints to obtain

b b N (1—p)+pN?
(1= Be)n— o (L= Bp) 0?4 B — SV F PN g o
b b N (1-p)+pN?
(1= Ba)pp— 5 (1= Bu) 0” + B — ( p)g P B30”
2 2 N
Rearranging and expanding we obtain
b 9 2 bN(1-p)+pN? 2
D) (6E_ ﬁE)U ) N2 Bro” >
b bN (1—p)+pN?
T T A R S

(1—p)N + pN? + N?
2N2

bo® | (Be — Bum) — (8% —B3)| =0.
| |

We can divide by 8 — B and simplify IV in the fraction above to obtain

ho? [1_ (1-p)+0+p N

N (Be + 5M)] > 0.

which boils down to

2N — [(1— p) + (N + L+ p(N — 1))] (85 + Bur) = 0.

Some tedious algebra shows that (8g + Bar) is equal to

21+ p)N2+3(1—p)N —(1+p)
(NI D+p(N—1)(N?+2N 1+ p(N2 2N+ 1))’

So that we have
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2(1+p)N?+3(1—p)N —(1+p)

bo? |2N —
7 N242N —1+p(N2—2N+1) |~

Multiplying and observing that the denominator is positive, we have left to show that the

following polynomial is positive

2(14+p) N3 —6pN2 —5(1 —p)+ (1+p).

This has to be the case because it is positive for N = 2, and it is an increasing function of N (

its derivative is in fact 6 (1 + p) N2 — 12pN —5(1 — p) ). O

Good news come from the fact that imy_ .o S = imy 00 By = As N gets large the

1
14+p°
difference between the efficient allocation and the market outcome gets smaller.

Unfortunately, It is also straightforward to see that 8 > By <= p < 1,VN < oo. This
means that markets do better when we have little use for them, when firms returns are perfectly

correlated.

3.4 Large firms

In this section I study the equilibrium property of economies in which one firm is large relative
to the market. I consider N identical productive units, each with returns characterized by mean
u, variance o2, and pairwise correlation coefficient p. Consider a large number of firms N. One
principal owns vN productive units, and the remaining (1 —y) N constitute separate firms.*

The first tedious step is to write the quantities relevant for the principal utility functions. Firms
are going to be of two types: one large firm and many small firms, I will look for a symmetric
equilibrium, in which all small firms issue the same contracts/securities. The large firm will issue
a security characterized by «, 5 and the small firms’ by «;, 8; (or a;, 8; when I need to distinguish
among them).

The mean and variance of the aggregate endowment

4 Again, it would be proper to have K units owned by a firm and the remaining N — K being individual firms.
This however would lead to a more complicated notation whose effects become negligible as N and K get large.
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a+ Bu+ Ba; + i = YN (a+ Bp) + (1 =) N (o + Bip)

(8181 [BI8] = YN0 + (1 —7) NBio” + 2y°N?pB°0” + 2 (1 — 4)* N*pBio” + 2y (1 — ) N*pBp;0°.
The price of the security issued by the large firm is

gy = YN (o + Bp) — [YNB? +292N?pp% + v (1 — ) N?pBBi] 0.

_ b
(1-7N

The price of a security issued by a small firm ¢ is

Qi:ai+ﬂiﬂiiﬁ[51‘2+(177)Np6i2+7Np55i]02'

Note that the covariance of the productive units within the large firm are counted twice. This
is because they are part of the variance of the security issued, and this is what marks the difference
with the smaller firms. The large firm partially internalizes the effects of contracting inside the
single unit on asset prices.

The average price needed to compute the riskless asset holding is

Sqi 1
b e N (e B+ (=)
(lyl)zN2 (v (NB? +2yN?pB% + (1 =) N?pBB:) + (1 —7) (NS} + (1 —~) N?pB} + vN?pBB;:)] -

With this in mind we can construct the utility function of the principal of the large firm and

drop the parts where 8 does not appear as they are not relevant to the solution.
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Uy (o, 8) = YN (a + Bp)

b b
: ((1 N 2(1—7)? N2) AT B

b b 2 2
B ((17)]\[_ (1_7)2]\,2) (v(X =) N?pBB;) o°.

For optimization purposes, we can divide this function by v/N and use this objective function.

U, B) (a+Bp)

b b
_ ((1—7)N - 2(17)2N2> (8% +2yNppB?) o®

_ b b - o
<(1—7)N (17)2N2><<1 7) NpBp;) o®.

This is the utility function for a principal in a generic small firm i, also trimmed of parts

irrelevant to the optimization problem.
Ui (ai, Bi) = o + Bip

_ b _ b 522
T-N 201-~7n2 )"

- <(1 _bV)N e _’3)2 N2> (YNpBBi + (1 =) NpBiBj) -

From the usual procedure of substituting a and «a; from the agents’ IR constraints, we obtain

the optimal contracts as a function of others’.

- 1= (1= ) o8
142 (<1fw>N - 2<1fi>2N2> (1+9Np)

gr = N - (N =) [yNpB + (1 —7) NpBi
v N2 +2N —1 '
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As N gets large we have

(A=A ~-pbi)
(L=7)+2p

B = 1 —pB

1+ (l=n)p

B = :
Solve for B yields

g = (1—1p)
L+ (L=7)p+p® + 125

We can now draw some conclusion on the contracts.

Proposition 27. The large firms offers riskier contracts than in the symmetric case. Small firms

offer less risky contracts.

B < BT < By

Proof. We know from Chapter 2 or Section 3.3 that 3°Y™™ is equal to ﬁlp

Part 1. 5 < ﬁlp.

We want to show that

(1—p) P
L+ (L= p+r02+15p  14p

expanding this yields 12_—77 > 0, which is true Vv € (0, 1).

Part2.ﬂi>ﬁp.
Since ﬂi:% and B < ﬁ it has to be the case that
1- 75 1+p— 1+(1- 1
5> o _ tp—p _ +(d-7)p

1+(1=7)p A+pA+A=7p) (A+p)A+A-7)p) 1+p
This concludes the proof. O

I conjecture that similarly to the case of a small number of trader- this equilibrium is inefficient
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and Pareto-dominated by an allocation with the securities induced by 8 = ?11) and the same

transfers as the riskless asset holdings of this equilibrium.

3.5 Conclusions

In this chapter, I study some implications on the design of securities and contracts.

In Section 1 I look at what seems an“anomaly”. Even when markets are large, diversification
opportunities do not necessarily translate to those who do not access financial markets. In Section
2 I look at inefficiencies induced by a small market on security design. A reassuring feature of this
inefficiency is that its size becomes negligibly small with market size. A less reassuring feature
is that it is larger when more diversification opportunities are available, which is exactly when we
need financial markets. In Section 3 I consider the case of a firm that is large relative to the market,
and the properties of equilibrium securities. I finalize the study of efficiency in this setting.

This chapter tackles important questions on financial markets. More work needs to be done in
terms of generalizing the phenomena exhibited here, to better understand how relevant they are to
the real economy. Another important question, also in light of recent economic event, is weather
firms (or financial institutions) choose an efficient amount of diversification in equilibrium. This
would amount to making the p;’s coefficients endogenous. This is better suited to a model in which

there is competition on the “agents” side, a direction I intend to pursue.
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