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Chapter 6

Application to normal collision
between two particles

The liquid effect on a particle-wall collision process has been studied by investigating the relation
between the coefficient of restitution of a collision and the particle impact Stokes number. When
there is another solid sphere existing in the flow field instead of the solid wall, the normal collision
process between the two spheres show different particle behaviors since the influence of the target
sphere on the surrounding flow field is different especially when the target sphere is not fixed in
its initial position. Yang & Hunt (2006) performed particle-particle collision experiments with two
spheres hanging in a glycerol-water mixture. They defined a binary Stokes number by considering
the hydrodynamic effect on the two approaching spheres and found that the coefficient of restitution
of a particle-particle collision has a similar dependence on the binary Stokes number to the relation
between e and St found in immersed particle-wall collision process.

In the previous chapters, a normal collision process between a solid sphere and a solid wall in

a liquid environment has been simulated using the fast immersed boundary method. The proposed
contact model that incorporates both the liquid-solid interaction with the wall-effect correction and
the solid-solid elastic force predicts the dependence of the coeflicient of restitution on the particle
impact Stokes number accordant with the empirical trend. A normal collision between two spheres
also generates an axisymmetric flow field. The numerical method described in Chapter 3 can be
used to solve for the flow field and the coupled particle dynamics as the impact sphere approaches

the target. After modifying the liquid-solid interaction and the elastic force terms by considering
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the effect of the target sphere, the contact model is applied to simulate a normal collision process
between the two spheres. The coefficient of restitution calculated from the simulations are compared
with Yang & Hunt (2006)’s experimental results. Unique particle behaviors for a particle-particle

collision process at small Stokes number are represented.

6.1 Immersed particle-particle normal collision

To complement previously investigated particle-on-wall immersed collisions, Yang & Hunt (2006)
investigated liquid-immersed head-on particle-particle collision processes, which provide good ref-
erence for the current simulations. This section briefly introduces the experiment setup and the
definition of the coefficient of restitution and the Stokes numbers for a particle-particle collision
process employed in Yang & Hunt (2006).

The normal particle-particle collision experiment performed by Yang & Hunt (2006) is shown
schematically in figure (6.1). Two spheres were suspended by thin strings as two pendulums in a
viscous fluid. A wide range of impact conditions were achieved by changing the release angle, the
solid materials and the liquid. A typical result of the trajectories of the two particles is shown in

figure (6.2).

Figure 6.1: Schematic experiment setup from Yang & Hunt (2006)

The impact and rebound velocities of the two spheres, U;1, U,1, U2 and U,.o, are taken as the

slopes of the fit lines (in a least-squares sense) of the trajectories over a time interval from 10 to 15
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Figure 6.2: The trajectories of the two particles from Yang & Hunt (2006).

ms. The effective coefficient of restitution for such a binary collision is defined as:

Url - Ur2
_ 6.1
e Lh _ Ch ( )

in analogy with the conventional definition for a binary dry collision.
The binary particle Stokes number for the colliding sphere was defined as:

m*(Us1 — Us2)

Stp =
B 6mpa*?

(6.2)

in which the particle pair is characterized as a single particle with effective mass m* = (1/m; +
1/m2)~" and reduced radius a* = (1/a1 + 1/az)~" that moves at an approach velocity U,y =
(Ui1 — Ui2). In analogy with the single-particle Stokes number that is the ratio of the particle
inertia to the liquid viscous effect, the binary Stokes number represents the ratio of the available
momentum in the solid phase to the viscous dissipation calculated by multiplying an effective viscous
force 6mpua*U,,) with a forcing duration a*/U,,. When the two spheres have the same size, the
binary Stokes number can be written as:
2p,

Stg = ——Re 6.3)
9p; rel (
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Figure 6.3: Comparison of the inter-particle and the particle-wall immersed collisions. The figure is
taken from Yang (2006).

where pf = (1/p1+1/p2) " is an effective solid density and Re v is the relative Reynolds
h » 1 1 L ffecti lid densi d R DU, /v is the relative R, 1d

rel =
number. The relation between the binary Stokes number and the relative Reynolds number is
consistent with the conventional definition, St = (p,/p1)Re/9.

The functional relation between the effective coefficient of restitution and the binary Stokes
number obtained from their experiments follows the empirical trend found for particle-wall collisions,

as shown in figure (6.3). Collisions between different solid materials including steel, glass and delrin

were marked with different indicators. Detailed discussion of this figure can be found in Yang (2006).

6.2 Modification of the contact model

To simulate a normal collision between two particles as described in the previous section with the
current numerical method, the pendulum motion in the vertical direction is neglected so that the two

spheres are assumed to move horizontally along the line across their centers and the surrounding flow
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is axisymmetric. The assumption is appropriate since the simulation focuses on a collision process
only from 30 ms before contact to 30 ms after contact. The displacement in the vertical direction
during this time period is less than 0.015D as found from the experimental data of Yang (2006).

The sphere motion in the horizontal direction is described by the equation:

AV, ~ ~
mp,m—tn = fSL,m + fss,m (64)

dt
where m = 1 and m = 2 stand for impact sphere and target sphere, respectively; fSL,m and fss,m
are the liquid-solid interaction and solid-solid elastic force terms proposed for the contact model in

the form of equation (4.14) and equation (4.19) as:

fSL = H(%L)Jzﬂm + [1 - H<5iSL>]fSIMa (6'5)

fss = F((si)edwo- (6.6)

SSs
However, when the fixed target wall is replaced by a movable sphere, the hydrodynamic forces
and the elastic force change correspondingly. To apply the above contact model, the analytical
expressions for frx and W, are modified to accounting for the geometry and movability effect of

the target sphere.

6.2.1 Liquid-solid interaction with the target sphere effect

In a particle-particle collision process, the existence of a target spherical particle affects the liquid-
solid interaction force exerted on the impact sphere. However, the influence is different from the
wall effect since the surrounding fluid can pass around the target particle and the movability of the
target particle further complicates the coupled evolution of the flow field. Thus, Yang’s formulas
for the hydrodynamic forces with a wall effect, equations (4.4), (4.8) and (4.11) in Chapter 4 are
modified as:

fD,m = —6mpanUn (0™, Re:n}h)a (67)
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~ 1 dU,, 3 Urel AW (6**)
m = -3 m 1 o T - m m L& T .
fan, 5Mum[L 4+ 3W(8)] == + 21 mUn— = =5 (6.8)
¢
_ du,,
fH,m = —GW/LamKH((S**)g/Q/ %K(t - T)dTv (69)
0

where the subindex m = 1, 2 stands for the impact sphere and the target sphere; ** = h/a* is the
gap between the two spheres non-dimensionalized by the reduced radius a* = (1/a; +1/a2)~!, which
replaces 6* = h/a used in the original wall correction term; U,.,] = Uy — Uy is the relative velocity of
the two spheres ; Re,, ;, = hU,]/v is the gap Reynolds number. The correction terms A(6**, Rey, ),
K (6**), W(6**), and dW (6**)/do** depend on 6** in the same manner as given in equations (4.3),
(4.12), (4.6) and (4.7). The effect of the target sphere converges to the wall correction form when
the radius ao increases to infinitely large.

The analytical result is compared with a simulated result in which the trajectories of the particles
are prescribed with an experimental result from Yang (2006). As shown in figure (6.4), the analytical
and the simulated results match each other for moderate gap and deviate with diminishing gap after
0 < 0.05D, which is similar to the result found in a particle-wall collision. Thus the modified

formulas for the hydrodynamic forces are adopted in the liquid-solid interaction term as:

0

- ~ 1) ~
fSL,m = H<6_SL>fTIIR,m + [1 - H((S_S;L)]fsm,ma (6'10)

where fTHR,m = f D,m+ f AM,m + fmm and fsmm is the simulated force on the corresponding particle
with indicator m. The same Heaviside function defined by equation (4.15) as shown in figure (4.9)
is employed to blend the theoretical result and the simulated results in a manner similar to that
described in Chapter 4. The non-dimensional parameter Jg,, is conservatively taken as 0.1D.

Thus, the hydrodynamic forces exerted on the two spheres are calculated directly from the
simulation when the gap between the two spheres is still large; the analytical results start to be
counted as the impact sphere approaches the target and fswn = %fTHR’m + %fsmm at § = 0.1D;
when the two sphere are about to collide, the hydrodynamic forces are taken as the values calculated

from the analytical expressions.
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Figure 6.4: Comparison between the analytical and simulated results for the hydrodynamic force in
a particle-particle collision
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6.2.2 Elastic effect between two spheres

To modify the elastic force W, in the solid-solid interaction term (equation 4.19), the Hertz elastic
contact theory is considered for a normal contact between two elastic spheres as shown in figure

(6.5). The pressure distribution on the contact area is:

Figure 6.5: Schematic of a contact between two elastic spheres

r° 1/2
P=P,(1- b_2) (6.11)

with P, = 2E* (a%)l/ ? where b = v/a*¢ is the radius of contact area, a* is the reduced radius and &
is the indent depth. The impact force can be calculated by integrating the pressure over the contact
area:

b 2
4 12 4
W= / Py(1 — S\ 29mrdr = - B*D? ( ° ) = B Vared, (6.12)
o b2 3 3

a*

This result is the same as the impact force for a elastic sphere contacting with a solid wall given in
equation (4.16) except that the radius of the sphere a in (4.16) is replaced by the reduced radius
a*. Thus, the maximum elastic force between the two spheres is solved using the same approach as

discussed in Chapter 4:

4, 15m*U13el 8/5
Wor = 3B\ Tggeas (6.13)

where the reduced mass, m*, reduced modulus E* and reduced radius a* are used together with the
relative velocity U]

The solid-solid interaction term in the contact model for a particle-particle collision is modified
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to the form:

~ 1)
fss = F(g)edwogp (6.14)

where, the function F (5%) is defined the same as equation (4.20) in particle-wall collision model as
shown in figure (4.11).

Thus, when the gap between the two spheres is greater than dgs, the elastic interaction between
the two spheres is irrelevant; when the gap decreases below the threshold value, dsg, an elastic-like
force increases from zero exponentially to the dry collision value for § = 0. The non-dimensional

parameter dgs is determined in the following section.

6.3 Simulation and results

With the above contact model, the normal collision process between two sphere with different binary
Stokes numbers are simulated. The resulting trajectories of the impact and rebound particles are
compared with the experimental data of Yang & Hunt (2006) so that the non-dimensional parameter
dss is calibrated by choosing the value that presents the best fit to the experimental trajectory. The
effective coefficient of restitution calculated from the simulations with different solid materials and
different initial conditions is compared with the experimental results. The special dynamic behaviors
of the two particles in a collision process with small binary Stokes number are obtained accordant

with the observation in the experiments.

6.3.1 Simulation setup

Yang & Hunt (2006) measured the trajectories of the impact and target particles in their immersed
head-on collision experiments. For an example, the result of a collision event named ’gg3462’ from
Yang & Hunt (2006) is plotted in figure (6.6).

To compare a simulation for a normal particle-particle collision to the experimental results, the
simulation is set up as follows. Three-level multi-grid computation domains are employed with the

two particles with identical radius placed along the axis of symmetry. The first-level domain is
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Figure 6.6: The trajectories of the

impact and target spheres from Yang & Hunt (2006).

Figure 6.7: First level computation domain for a particle-particle collision.
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shown in figure (6.7). According to the available experimental data, the impact sphere starts from
an initial velocity, V7,; the target sphere has a zero initial velocity. The motion equation of the two
spheres is:

AV,

mp,m? = fs;L,m + fss,m (6-15)

where m = 1,2, fSLM and fss’m are given in equation (6.10) and (6.14) as the modified contact model

described in the previous section. The equation is non-dimensionalized with L, = D, the diameter

of the spheres, and t, = D/V, as:

AV,
Tm? = fSL,m + fss,m- (616)
where 7,, = pp.m/p1 is the density ratio. The Navier-Stokes equations for the flow field non-

dimensionalized with L, = D and t, = D/Vj, have a non-dimensional parameter, Re = V;,D/v,
that is determined by the initial condition and the material properties given in the experimental
data. For the case given in figure (6.6), the two spheres are both glass spheres and the diameter of
the spheres is 12.7 mm corresponding to 148 pixel in the image. The liquid properties are given as
u = 0.004 Pa-s and p; = 1112 kg/m3. The initial velocity is 0.110 m/s. Thus, the input Reynolds
number for the simulation is Re = 249. The elastic properties of the spheres can be found in Yang
(2006). The dimensionless time step in the simulation is 0.001 and the CFL number is less than 0.5
for every time step.

The trajectories calculated from the simulation vary with different dss. For the three values of
dgs used in the simulations, dss = 0.017, 0.024 and 0.030, a larger value of d¢s produces a smaller
relative velocity between the impact and target spheres after collisions. After comparing with the
experimental results, this dimensionless parameter is calibrated as dss = 0.024, which produces the
best fit as shown in figure (6.8). Compared with dss = 0.017 for a particle-wall immersed collision
process, the threshold value dgs for a inter-particle collision process is larger. That can be explained
by the fact that the minimum distance achieved during a particle-particle collision process is larger

than the value for a particle-wall collision because of the geometry difference and the movability of
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Figure 6.8: Trajectories from the simulations and the experiment

the target.

6.3.2 Unique behaviors of two spheres colliding in a liquid

Yang & Hunt (2006) observed unique behaviors of the two colliding spheres in a liquid environment
when the binary Stokes number is small. The target sphere moves prior to contact when Stp
ranges from 2 ~ 10 since the pressure front building up in the interstitial liquid layer transmits the
momentum of the impact sphere to the target sphere. After contact, the two spheres stick together
and move with identical velocity, which Yang and Hunt called ‘group velocity’, Ug. Such a pre-
collision target motion does not occur in a dry collision process in which the surrounding medium
effect is negligible.

The current simulation can represent the pre-collision target motion and the after-collision group
motion as shown in figure (6.9). Two simulations are run to compare the different liquid effect as
the liquid viscosity changes. The two glass spheres are placed at the same initial positions with 0.2D
distance between each other in the two cases and the impact sphere has the same initial velocity.

In figure 6.9(a), the liquid viscosity is g = 0.089 Pa-s and the impact particle Reynolds number is
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12. The target sphere has a slight displacement before the impact sphere reaches it. After contact,
the two spheres move with a group velocity Us = 18 mm/s. When increasing the liquid viscosity
to = 0.480 Pa-s, the velocity of the target sphere increases as the impact sphere approaches. The
momentum of the impact sphere is transmitted to the target by the interstitial liquid. Finally, the
two spheres move at a group velocity Us = 4.5 mm/s even there is no contact and the distance
between the two spheres stays at 0.07D. The binary Stokes number for the two cases are Stg = 10
for figure 6.9(a) and Stp = 0 for 6.9(b). The coeflicient of restitution for these two cases are both

zero although the spheres are still moving after collision.
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6.3.3 The effective coefficient of restitution

Simulations with different material properties and initial conditions are run to obtain normal head-
on collisions with a wide range of binary Stokes numbers. The limitation of the numerical method
restricts the particle Reynolds number to be less than 300 to obtain an axisymmetric flow filed. The

effective coefficient of restitution is obtained based on the slopes of the trajectories as

Url - Ur2
Ui —U;

e=—

where the slopes are obtained as shown in figure (6.2) with time interval 10 ms. The binary Stokes
number is calculated as the definition in equation (6.2) as:

St = =
B 6mpa*? 9p¢

Reyq)

where

DU.
Repe) = - [ el

with the relative velocity Urel = Ui — U2 determining the difference between the slopes of the two
impact trajectories. The input parameters for the simulation and the results of e and Stp are listed
in Table (6.1). Steel and glass spheres are used as impact or target sphere in the different runs so
that the reduced density pj = (1/p1 +1/p2)~" has different value as the result of the combination

of different materials.

run | p(cP)  pi(gem™3)  pi(g-em ) Vig(ecm-s™') Rer, Stp e comment
1 4.1 1.11 7.78 8.4 264 197 0.87 steel-steel
2 4.1 1.11 3.83 9.6 294 104 0.75 steel-glass
3 4.1 1.11 2.54 8.0 249 59  0.68 glass-glass
4 43.0 1.20 7.78 11.3 33 22 0.33  steel-steel
5 43.0 1.20 3.83 8.7 26 7.5 0.00 steel-glass
6 43.0 1.20 2.54 7.0 22 2 0.00 glass-glass

Table 6.1: Simulations for head-on collision between two spheres.
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Figure 6.10: Coeflicient of restitution as a function of binary Stokes number

The calculated coefficient of restitution is presented as a function of the binary Stokes number and
compared with the experimental data of Yang & Hunt (2006), as shown in figure (6.10). For binary
Stokes numbers ranging from 50~200, the effective coefficient of restitution varies from 0.68 to 0.87
within the range of the experimental results. At Stp = 22, the coefficient of restitution is e = 0.33
much less than the computations for larger Stg. When the binary Stokes number is less than 10,
the relative velocity between the target and impact spheres is zero so that the effective coefficient
of restitution is zero. The dependence of ¢ on Stp is consistent with the empirical trend. The
experimental data scatter over a wide rang for 5 < Stp < 30, which was explained in Yang & Hunt
(2006) as a sphere impacting at lower Stokes numbers is sensitive to the sphere surface roughness,
the roundness and the disturbances in the ambient flow yielding a larger error bar. The uncertainty
of experiments in calculating velocity leads to errors in calculating e and St and for low Stokes
numbers, e increases with large slope with increasing St so that even small error makes the data
scatter in a wide range. The current simulation results provide a good estimation for the effective
coefficient of restitution for immersed collisions within this lower binary Stokes number range.

Thus, it is concluded that the modified contact model appropriately incorporates the geometry
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and movability effect of the target sphere so that it captures the essential contact mechanism for

particle-particle collisions in a viscous liquid environment.



