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Abstract

In this thesis we re-examine two established ideas in theoretical physics: Lorentz invariance
and cosmic inflation.

In the first four chapters, we (i) propose a way to hide large extra dimensions by coupling
standard model fields with Lorentz-violating tensor fields with expectation values along the
extra dimensions; (ii) examine the stability of theories in which Lorentz invariance is spon-
taneously broken by fixed-norm ‘aether’ fields; (iii) investigate the phenomenological prop-
erties of the sigma-model aether theory; and (iv) explore the implications of an alternative
theory of gravity in which the graviton arises from the Goldstone modes of a two-index
symmetric aether field.

In the final chapter, we examine the horizon and flatness problems using the canonical
measure (developed by Gibbons, Hawking, and Stewart) on the space of solutions to Ein-
stein’s equations. We find that the flatness problem does not exist, while the homogeneity
of our universe does represent a substantial fine-tuning. Based on the assumption of unitary
evolution (Liouville’s theorem), we further dispute the widely accepted claim that inflation

makes our universe more natural.
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Chapter 1

Introduction

1.1 Spontaneous Violation of Lorentz Invariance

Ever since Einstein’s theory of special relativity, the Lorentz symmetry — the invariance of
the laws of physics under boosts and rotations — has been a guiding principle for physicists
in the formulation of physical theories. In recent years, however, there has been a resur-
gence of interest in the idea of spontaneous violation of Lorentz invariance through tensor
fields with non-vanishing vacuum expectation values. The phenomenology of these so-called
‘aether’ theories is exceedingly rich, and constitutes the subject of investigation in the first

four chapters of this thesis.

1.1.1 Chapter 2: Aether compactification

In 1921, Kaluza proposed a unified theory of gravity and electromagnetism by extending
general relativity to a five-dimensional spacetime. This raised an imminent question: Why
don’t we see the extra dimension? Five years later, Klein offered a solution: The extra
dimension is compactified on a manifold of a sufficiently small size, so that the Kaluza-Klein
excitations become very massive and thus difficult to excite. Since then, extra dimensions

have become an essential ingredient in the construction of many physical theories (especially
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so after string theory has become a central part of mainstream theoretical physics), and
considerable effort has been devoted to search for them in experiments.

More recently, the development of braneworld scenarios, in which Standard Model fields
are confined to a brane embedded in a larger bulk, opens up the possibility that extra
dimensions can actually be much larger (even infinite in size). This way, extra dimensions
can be large and yet evade detection, simply because we cannot get there.

In Chapter we propose an alternative way to hide large extra dimensions based
on Lorentz-violating tensor fields, without invoking branes. To illustrate the scheme, we
consider a scenario in which a single vector ‘aether’ field acquires a vacuum expectation
value along an extra dimension that is compactified on a circle. Interactions with the
aether modifies the dispersion relations of other fields, thereby increasing the mass of their
Kaluza-Klein excitations, without having to make the extra dimension small. A unique
signature of this scenario is the possibility of completely different spacings in the Kaluza-
Klein towers of each species of scalars, fermions, and gauge bosons. In general, fermions
will experience greater mass enhancement than bosons, while gravitons can be naturally
less massive.

Chapter [2| was completed in collaboration with Sean Carroll, and has been published as

[].

1.1.2 Chapter 3: Instabilities in the aether

All realistic physical theories must be stable. This is the motivation behind our analysis
in Chapter |3 in which we examine the stability of ‘aether’ theories in which a fixed-norm
vector field acquires a vacuum expectation value and violates Lorentz invariance sponta-

neously. The potential instability of such theories originates from the fact that the metric
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has an indefinite signature in a Lorentzian spacetime. In the spirit of effective field theory,
we restrict our attention in this chapter to theories in which the kinetic term is at most
quadratic in derivatives. The nonzero vev of the aether is enforced by a Lagrange multiplier
constraint.

We first examine the boundedness of the Hamiltonian of the theory and find that, for a
generic kinetic term, the Hamiltonian is unbounded from below. The sole exception is the

sigma model, which has the kinetic term,
1
Ly = —5(@“41,)(8“14”). (1.1)

If the vector field takes on a timelike vev, the model has a globally bounded Hamiltonian,
and is guaranteed to be stable.

The unboundedness of the Hamiltonian alone, however, does not necessarily imply an
instability, as the dynamical degrees of freedom might not evolve along the unstable direc-
tions. This leads us to perform a linear perturbative analysis about constant background
configurations. We find that there are only three choices of kinetic terms for which linear
perturbations are non-negative in energy and do not grow exponentially in any frame: the

Maxwell (L = —3FMF,), scalar (Lg = £(0,A4")?), and sigma-model Lagrangians.

1.1.3 Chapter 4: Sigma-model aether

Chapter [4 is an extension of the previous chapter, and contains an analysis of the phe-
nomenological properties of the timelike sigma model, which is the only stable aether model
found in Chapter [3] In the presence of gravity, the theory contains five massless degrees

of freedom. If modes are superluminal, then the theory is tightly constrained by limits
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from gravi-Cherenkov radiation. For a unique choice of parameters, all modes are sublu-
minal, and limits on the PPN preferred frame parameter places strong constraints on the
parameters of the theory.

In a Friedmann-Robertson-Walker background dominated by a cosmological fluid, we
find that the aether evolves dynamically to be purely timelike in the rest frame of the
background fluid. In the presence of a non-expanding extra dimension during a deSitter
expansion phase, we show that it is possible for the aether to have a nonzero component
along the extra dimension. However, this component will decay away when the cosmological
evolution is dominated by a perfect fluid with w > —1.

Chapters [3|and [l were done in collaboration with Sean Carroll, Tim Dulaney, and Moira

Gresham, and they are published in [2] 3].

1.1.4 Chapter 5: Lorentz violation in GGoldstone gravity

According to Goldstone’s theorem, the excitations arising from the spontaneous violation
of a continuous symmetry are massless. This opens up the possibility that the photon and
graviton, whose masslessness is traditionally associated with gauge and differomorphism in-
variance, are instead Nambu-Goldstone bosons of spontaneously broken Lorentz invariance.
Kraus and Tomboulis examined this possibility in the case of the photon and concluded
that this is viable. In Chapter 5] we generalize their analysis onto the case where Lorenz
invariance is broken spontaneously by a two-index symmetric tensor. We demonstrate that
if the vev breaks all the generators of the Lorentz group, six Goldstone modes emerge,
and two linear combinations of which have properties that are identical to the graviton in
general relativity at lowest order.

Integrating out the massive degrees of freedom in the theory yields an infinite number
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of Lorentz-violating radiative correction terms in the low-energy effective Lagrangian. We
examine a representative subset of these radiative corrections and find that they modify
the dispersion relation of the Goldstone graviton modes such that (i) their phase velocity is
anisotropic, and (ii) they oscillate test particles in their vicinity longitudinally (in addition to
the transverse motion as predicted by general relativity). If the phase velocity is subluminal,
then gravi-Cherenkov radiation becomes possible, and observations of high-energy cosmic
rays can be used to constrain the radiative corrections.

The discussion presented in Chapter [5| was completed in conjunction with Sean Carroll

and Ingunn Wehus, and has been published in [4].

1.2 Inflation

Cosmic inflation, a period of accelerated expansion in the very early universe, has by now
been accepted by most cosmologists as a cornerstone of the standard Big Bang paradigm. It
is heralded as an elegant solution to a host of problems in cosmology (the flatness, horizon,
and monopole problems). Quantum fluctuations during the inflationary era are believed
to seed the large-scale structure of our universe today, and the nearly scale-invariant and
Gaussian primordial power spectrum predicted by inflation is found to be in remarkable
agreement with a large number of experimental probes.

In the last chapter of this thesis, we challenge the purported role that inflation plays in

solving the flatness and horizon problems.

1.2.1 Chapter 6: Unitary evolution and cosmological fine-tuning

Despite its numerous successes, some cosmologists became concerned about the purported

ability of inflation to solve the flatness and horizon problems. They came to the realization
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that, if inflation is highly unnatural itself, it cannot possibly be used to make our fine-
tuned current condition more natural. After all, the requirements of having a fairly uniform
patch dominated by potential energy over a region larger than the corresponding Hubble
length and the slow-roll conditions that guarantee at least 60 e-folds of expansion are very
finely tuned conditions. This led Gibbons, Hawking, and Stewart to introduce a canonical
measure on the set of classical universes in phase space (the GHS measure) to calculate the
probability of inflation. The measure derives from the Hamiltonian (symplectic) structure
of general relativity, and has the nice properties that it is (i) independent of the choice of
time-slicing, (ii) is always positive, and (iii) respects the underlying symmetry of the theory.

In Chapter [] we examine the flatness and horizon problems using the GHS measure.
To our surprise, we find that in minisuperspace the measure diverges when the curvature
vanishes. The moral of the lesson is that caution must be exercised in the discussion of the
naturalness—in particular, we should consider initial conditions using a mathematically
well-defined measure rather than relying on intuition. Following our analysis of the flatness
problem, we generalize our calculation by including perturbations to quantify the fine-tuning
involved in the horizon problem, and find that the homogeneity of the observable universe
does correspond to a highly fine-tuned condition.

Under the assumption of measure-preserving evolution, we argue that it is impossible
for inflation to make our universe more natural. The Liouville theorem forbids inflation
(or, in fact, any dynamical process) from evolving a large number of initial conditions to a
small number of final states. By formal time-reversibility and entropy arguments, we know
that there exists an overwhelming larger set of wildly inhomogeneous initial conditions that
can evolve into our current state, as compared with the smooth initial conditions that give

rise to inflation. Consequently, if inflation is to offer a satisfactory explanation for why our
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universe is natural, it must be accompanied by a corresponding theory of initial conditions
that favor these smooth states.

Chapter [6] was coauthored with Sean Carroll.



Chapter 2

Aether Compactification

2.1 Introduction

If spacetime has extra dimensions in addition to the four we perceive, they are somehow
hidden from us. For a long time, the only known way to achieve this goal was the classic
Kaluza-Klein scenario: compactify the dimensions on a manifold of characteristic size ~ R.
Momentum in the extra dimensions is then quantized in units of R~!, giving rise to a
Kaluza-Klein tower of states; if R is sufficiently small, the extra dimensions only become
evident at very high energies. More recently, it has become popular to consider scenarios in
which Standard Model fields are localized on a brane embedded in a larger bulk [5] [6] [7) [§].
In this picture, the extra dimensions are difficult to perceive because we can’t get there.
In this chapter, we consider a new way to keep extra dimensions hidden, or more gen-
erally to affect the propagation of fields along directions orthogonal to our macroscopic di-
mensions: adding Lorentz-violating tensor fields (“aether”) with expectation values aligned
along the extra directions. Interactions with the aether modify the dispersion relations of
other fields, leading (with appropriate choice of parameters) to larger energies associated

with extra-dimensional momentumE] We should emphasize that we have no underlying rea-

! After this work was completed, we became aware of closely related work by Rizzo [9]. He enumerated
a complete set of five-dimensional Lorentz-violating operators that preserve Lorentz invariance in 4D, and
calculated their effect on the spectrum of the Kaluza-Klein tower. In contrast, our starting point is the
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son for choosing any particular values of the relevant parameters; in particular, obtaining
very large mass splittings requires unnaturally large parameters. Mass splittings that are
different for different species are, however, generic predictions of the model.

This scenario has several novel features. Most importantly, it allows for completely
different spacings in the Kaluza-Klein towers of each species. If the couplings are chosen
universally, the extra mass given to fermions will be twice that given to bosons. There will
also be new degrees of freedom associated with fluctuations of the aether field itself; these
are massless Goldstone bosons from the spontaneous breaking of Lorentz invariance, but
can be very weakly coupled to ordinary matter. There is a sense in which the effect of
the aether field is to distort the background metric, but in a way that is felt differently by
different kinds of fields. The extra dimensions can be “large” if the expectation value of the
aether field is much larger than the inverse coupling. In contrast to brane-world models, we
expect no deviation from Newton’s inverse square law even if the extra dimensions are as
large as a millimeter, as the gravitational source will be distributed uniformly throughout
the extra dimensions rather than confined to a brane. The model has no obvious connection
to the hierarchy problem; indeed, hiding large dimensions requires the introduction of a new
hierarchy. New physical phenomena associated with the scenario deserve more extensive

investigation.

2.2 Aether

For definiteness, consider a five-dimensional flat spacetime with coordinates 2 = {z#, 2°}

and metric signature (—+ 4+ ++). The fifth dimension is compactified on a circle of radius

expectation value of a dynamical aether field, and its lowest-order couplings to ordinary matter. The
modified dispersion relations we derive recover in large measure Rizzo’s phenomenological results.
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R. The aether is a spacelike five-vector u%, and we can define a “field strength” tensor
Vb = Vaup — Vpug . (2.1)

This field is not related to the electromagnetic vector potential A, or its associated field
strength Fpp = VA, — VyA,, nor will the dynamics of u® respect a U(1) group of gauge
transformations. Rather, the aether field will be fixed to have a constant norm, with an

action

S = M*/d‘r’x\/—g

1 ab a 2
_ZV"”V — Muqu® —v*) + Z Ll . (2.2)

The L;’s are various interaction terms to be considered below, and M, is an overall scaling
parameter. Note that A is not a fixed parameter, but a Lagrange multiplier enforcing the
constraint

uug = v2. (2.3)

We choose conventions such that u® has dimensions of mass. The equation of motion for

u®, neglecting interactions with other fields for the moment, is
VoV 4+ 07200 Vvl = 0, (2.4)

where we have used the equations of motion to solve for A. Any configuration for which
Vi = 0 everywhere will solve this equation. In particular, there is a background solution
of the form

u® = (0,0,0,0,U) ) (25)
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so that the aether field points exclusively along the extra direction. We will consider this
solution for most of this chapter.

Constraints on four-dimensional Lorentz violation via couplings to Standard Model fields
have been extensively studied [10, 1), 12, 13]. The dynamics of the (typically timelike)
aether fields themselves and their gravitational effects have also been considered [14], 15,
16l [17, 18] 19, 20, 21, 22], 23]. More recently, attention has turned to the case of spacelike
vector fields, especially in the early universe [24, 25].

The particular form of the Lagrangian (2.2) is chosen to ensure stability of the the-
ory; for spacelike vector fields, a generic set of kinetic terms would generally give rise to
negative-energy excitationsﬂ This specific choice propagates two positive-energy modes:
one massless scalar, and one massless pseudoscalar [25]. For purposes of this chapter we
will not investigate the fluctuations of u® in any detail. Although the modes are light,
their couplings to Standard Model fields can be suppressed. Nevertheless, we expect that
traditional methods of constraining light scalars (such as limits from stellar cooling) will

provide interesting bounds on the parameter space of these models.

2.3 Energy-Momentum and Compactification

A crucial property of aether fields is the dependence of their energy density on the spacetime

geometry. The energy-momentum tensor takes the form

1
Ty = VacVs* = 3 VeaV ' gab + v tattyucVa Ve (2.6)

2The stability of acther theories turns out to be a very tricky issue; for more details see Chapter
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In particular, T,; vanishes when V,; vanishes, as for the constant field configuration in flat
space ([2.5). The non-vanishing expectation value for the aether field does not by itself
produce any energy density. In the context of an extra dimension, this implies that the
aether field will not provide a contribution to the effective potential for the radion, so the
task of stabilizing the extra dimension must be left to other mechanisms.

When the background spacetime is not Minkowski, however, even a “fixed” aether field
can give a non-vanishing energy-momentum tensor. In [I7] it was shown that a timelike
aether field would produce an energy density proportional to the square of the Hubble
constant, while in [24] a spacelike aether field was shown to produce an anisotropic stress.
We should therefore check that an otherwise quiescent aether field oriented along an extra
dimension does not create energy density when the four-dimensional geometry is curved.

Consider a factorizable geometry with an arbitrary four-dimensional metric and a radion

field b(x?) parameterizing the size of the single extra dimension,
ds* = g (v)dztdz” + b(z)?da?, (2.7)

where = here stands for the four-dimensional coordinates . In any such spacetime, there

is a background solution

u? = (0,0,0,0, b&) : (2.8)

It is straightforward to verify that this configuration satisfies the equation of motion (2.4]),

as well as the constraint ([2.3]), even though V_; does not vanish:

Vis = Vi = vV,b. (2.9)
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We can then calculate the energy-momentum tensor associated with the aether:

(u) U2 1 o
T#y == biz Vubvl,b - §gw,vgbv b
W = 0

" 1
T = 2 <VUV”b—2VUbV"b>. (2.10)

The important feature is that TCE;;) will vanish when Vb = 0. Aslong as the extra dimension
is stabilized and the aether takes on the configuration ({2.8]), there will be no contributions
to the energy-momentum tensor; in particular, neither the expansion of the universe nor

the spacetime geometry around a localized gravitating source will be affected.

2.4 Scalars

We now return to flat spacetime (gqp = 7qp) and consider the effects of interactions of the
aether on various types of matter fields, beginning with a real scalar ¢. We impose a Zo

symmetry, u® — —u®. The Lagrangian with the lowest-order coupling is then

1 1 1
Ly=—=(00)? — ~m*¢* — —uu"0,¢0, 2.11
¢ 2( ) 59 Qﬂiuu 09, (2.11)
with a corresponding equation of motion
0a0"¢ — m*¢ = 15200 (uu0p) . (2.12)

Expanding the scalar in Fourier modes,

o a . PR
& o it — ikt tiksa® (2.13)
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yields a dispersion relation
— kukt =m® 4+ (14 a}) k3, (2.14)

where

Qp =v/ g . (2.15)

Note that with our metric signature, —k, k* = w? — k2.

This simple calculation illustrates the effect of the coupling to the spacelike vector field.
Compactifying the fifth dimension on a circle of radius R quantizes the momentum in that
direction, k5 = n/R. In standard Kaluza-Klein theory, this gives rise to a tower of states
of masses m% - = m? + (n/R)?. With the addition of the aether field, the mass spacing

between different states in the KK tower is enhanced,
2 2 2y ()2
- 1 (f) . 2.16
mac =m" + (1 +ay) 7 (2.16)

The parameter oy is a ratio of the aether vev to the mass scale u4 characterizing the
coupling, and could be much larger than unity. If the vev is v ~ My, and the coupling
parameter is p1g ~ TeV, the masses of the excited modes are enhanced by a factor of 10%°,
The extra dimension could be as large as R ~ 1 mm, and the n = 1 state would have a
mass of order TeV. Admittedly, we have no compelling reason why there should be such a
hierarchy between v and p at this point, other than that it is interesting to contemplate.

We will examine the effects of aether compactification on gravitons below, but it is al-
ready possible to see that we should not expect any small-scale deviations from Newton’s

law, even if the extra dimensions are millimeter-sized. Unlike braneworld compactifications,
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here the sources are not confined to a thin brane embedded in a large bulk; rather, light
fields are zero modes, spread uniformly throughout the extra dimensions. Therefore, the
gravitational lines of force do not spread out from the source into the higher-dimensional
bulk; the sources are still of codimension three in space, and gravity will appear three di-
mensional. There is correspondingly less motivation for considering macroscopic-sized extra
dimensions in this scenario, as they would remain undetectable by tabletop experiments.

One may reasonably ask whether it is appropriate to think of such a scenario as a “large”
extra dimension at all, or whether we have simply rescaled the metric in an unusual way.
In the Lagrangian alone, the effect of the aether field is simply to modify the metric
by a disformal transformation, g% — ¢ + u%ub. There is a crucial difference, however, in
that the interaction with the aether vector is generically not universal. Different fields will
tend to have different mass splittings in their Kaluza-Klein towers. Indeed, we shall see
that while the splittings for gauge fields follow the pattern of that for scalars, the splittings
for fermions are of order a* rather than o, and the splittings for gravitons do not involve a
mass scale p at all. Thus, aether compactification is conceptually different from an ordinary
extra dimension.

Finally, we point out that if we have not imposed the Zs symmetry, the lowest-order
coupling becomes p~'u®d,¢. By integration by parts, this is equivalent to —u~!(9,u®)¢,

which vanishes given our background solution for u® in ([2.5).
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2.5 Gauge Fields

Consider an Abelian gauge field A,, with field strength tensor Fj;. The Lagrangian with

the lowest-order coupling to u?® is

1 1
EA::—ZF@F”b—é—iu%fgﬂF@FM, (2.17)
Ha
with equation of motion
D, Fb = 172 (ucubaaFm - ucuaaaFcb) : (2.18)

We can decompose this into b = 5 and b = v components in the background ({2.5)):

9. F" = 0, (2.19)
OuF" = —(1+4a%)05F, (2.20)

where
as=uv/pa. (2.21)

We can take advantage of gauge transformations A, — Aq + OgA to set A5 = 0. This
leaves some residual gauge freedom; we can still transform A, — A, + 8,}, as long as
dsX = 0. In other words, the zero mode retains all of its conventional four-dimensional
gauge invariance.

ikt +ikszd

Choose A5 = 0 gauge, and go to Fourier space, AY x €’e , where €” is the
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polarization vector. Then (2.19) and (2.20]) imply

kskuet = 0, (2.22)

[kukt + (1 + a%)k?] € — kK'kye = 0. (2.23)

When k5 = 0, we obtain the ordinary dispersion relation for a photon. When ks is not zero,

(2.22)) implies k e = 0, and the dispersion relation is
— kukt = (1+a?)kz. (2.24)

Precisely as in the scalar case, the Kaluza-Klein masses are enhanced by a factor (1 + a?%),
although there is no necessary relationship between a4 and «a4. The same reasoning would

apply to non-Abelian gauge fields, through a coupling u®u® Tr(Gq.Gy°).

2.6 Fermions

Next we turn to fermions, taken to be Dirac for simplicity. Given the symmetry u* — —u®,

we might consider a coupling of the form u®uby,1. But because u®u’

is symmetric in
its two indices, this is equivalent to uaublﬁ'y(avb)w = uulpgap) = v24h1, so this interaction

doesn’t violate Lorentz invariance.

The first nontrivial coupling involves one derivative,

- T 7 i a 7
Ly = ithy dath — mapnp — 2t uP Py, O (2.25)
P
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leading to an equation of motion

iV Ot — map — M%u“u%abw =0.
P

Going to Fourier space as before, we ultimately find a dispersion relation

2 1
— k%4 — M—Q(u‘ll’fa)2 - Mjuaua(ubkb)Q =m?.
Y (4

Plugging in the background ({2.5) and defining

=0/

we end up with

— Ky =m® + (14 o,)?k3 .

(2.26)

(2.27)

(2.28)

(2.29)

Although the form of this equation is identical to the scalar and gauge-field cases, it is

quantitatively different: for large o the enhancement goes as o rather than o2. If (in the

context of some as-yet-unknown underlying theory) all of the mass scales p are similar, we

would expect a much larger mass splitting for fermions in an aether background than for

bosons.

Similar to the scalar case, if we do not impose the Zy symmetry, we are led to consider the

following two lower-order couplings: u,¥y*1) and %u‘%@aw. Following the same procedure

as before, the first term leads to the dispersion relation

— ku k= m? 0?4+ k2 4 2vks = m® + (v + ks)?.

(2.30)
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As usual, coupling to u® enhances the mass spacing of the KK tower, but now the spacing
will depend on the direction of the 5th-dimensional momentum as well as its magnitude.

Meanwhile, the second term leads to the dispersion

—k k" = m?—2maks + (1 + a?)k? (2.31)

= (m — aks)® + k2, (2.32)

where o = v/p. Interestingly, if (1 4+ a?)/a < 2mR, this coupling results in a reduction in
m? for small n. However, it can be checked that these negative mass corrections are never

sufficiently large to lead to tachyons. For n large, the mass spacing is enhanced, as usual.

2.7 Gravity

The aether field can couple nonminimally to gravity through an action

2
Mpl a,b
7R+ aguu’Rey| (2.33)

S = M*/d%\ﬁ—g

where M, is the 4-dimensional Planck scale and o is dimensionless. The gravitational

equation of motion takes the form

7 Wab s (2.34)

where G, = Ry — %Rgab and

Wab = Rcducudgab + V.V, (Ubuc) + vcvb (uauc)

~VVa(uu?)gap — VeV (uqus) - (2.35)



20

Now we consider small fluctuations of the metric,

Gab = Nab + hab - (236)

The choice of background field u® = (0,0,0,0,v) spontaneously breaks diffeomorphism
invariance, so not all coordinate transformations are open to us if we want to preserve that
form. Under an infinitesimal coordinate transformation parameterized by a vector field,
% — 7% = 2% + £%, the metric fluctuation and aether change by hep, — hap + 0a€p + HWéa
and u* — u® 4 95£*. Therefore, we should limit our attention to gauge transformations
satisfying 05£* = 0. We can, for example, set h,5 = 0. We then still have residual gauge
freedom in the form of £#, as long as 05£* = 0. This amounts to the usual 4-d gauge freedom
for the massless four-dimensional graviton.

Taking advantage of this gauge freedom, we can partly decompose the metric perturba-

tion as

hss = @, (2.37)

where 77“”5“,, = 0. In this decomposition, l_z#,, represents propagating gravitational waves,
U represents Newtonian gravitational fields, and @ is the radion field representing the
breathing mode of the extra dimension. The zero mode of this field is a massless scalar

coupled to matter with gravitational strength; in a phenomenologically viable model, it
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would have to be stabilized, presumbably by bulk matter fields. The Einstein tensor becomes

1 _ _ —
G = [_aAaAhW — Bl + 0,0 M, (2.38)

+0,0Mhy, — 20,0,V — 9,0,

_ <apaaﬁpa — 20,\0M 4 302V — 8A8A<I>> UW} ;

1 _
G = 5 (0:0M . — 30,05 ) . (2.39)
1 _

G = 5 (—8”6"]1,)0 n 36@@) , (2.40)

and ([2.35) is
W = v (02hu — 30200, — 020n,,) | (2.41)
W'ug) = U28H85‘I), (2.42)
Wss = —20%(2020 + 020). (2.43)

We have already argued that there will be no macroscopic deviations from Newton’s law
on the scale of the extra-dimensional radius R, because the zero-mode fields are distributed
uniformly through the extra dimensions. However, we can also inquire about the Kaluza-
Klein tower of propagating gravitons. To that end, we set ® = 0 = ¥ and consider transverse

waves, OVL,\M = 0. The gravity equation 1} becomes

1 - agv? -
— —0:0°hy, = 2 02h,, . (2.44)
2 SEETVE R
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This implies a dispersion relation

2
— Kkt = (1 + 290 ) K2 (2.45)

As before, there is an altered dispersion relation for modes with bulk momentum. However,
the dimensionless coupling a4 appears directly in the Lagrangian, rather than arising as a
ratio & = v/p. It is therefore consistent to imagine scenarios with cy ~ 1, while the other
«;’s are substantially larger. In that case, KK gravitons will have masses that are close to
the conventional expectation, m ~ n/R, even while other fields are much heavier. In the
scenario with a single extra dimension, the underlying quantum-gravity scale MgG = M, Mf—,
will still be substantially larger than a TeV, and we do not expect graviton production at
colliders; but such a phenomenon might be important in extensions with more than one

extra dimension.

2.8 Conclusions

The presence of Lorentz-violating aether fields in extra dimensions introduces novel effects
into Kaluza-Klein compactification schemes. Interactions with the aether alter the rela-
tionship between the size of the extra dimensions and the mass splittings within the KK
towers. With appropriately chosen parameters, modes with extra-dimensional momentum
can appear very heavy from a four-dimensional perspective, even with relatively large extra
dimensions.

A number of empirical tests of this idea suggest themselves. The most obvious is the
possibility of KK towers with substantially different masses for different species. While

scalar and gauge-boson mass splittings follow a similar pattern, fermions experience greater
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enhancement, while gravitons can naturally be less massive. In addition, although we have
not considered the prospect carefully in this chapter, oscillations of the aether field itself are
potentially detectable. Their couplings will be suppressed by the mass scales u;, without
being enhanced by the vev v; nevertheless, searches for massless Goldstone bosons should
provide interesting constraints on the parameter space.

Our investigation has been phenomenological in nature; we do not have an underlying
theory of the aether field, nor any natural expectation for the magnitudes of the parameters
v, i, and ay. The possibility of a hidden millimeter-sized dimension requires a substantial
hierarchy, v/u; ~ 10'%; even in the absence of such large numbers, however, interactions
with the aether may lead to subtle yet important effects. It would certainly be interesting
to have a deeper understanding of the possible origin of these fields and couplings.

Numerous questions remain to be addressed. We considered a vector field in a single
extra dimension, but higher-rank tensors in multiple dimensions should lead to analogous
effects. It would also be interesting to study the gravitational effects of the aether fields
themselves in non-trivial spacetime backgrounds. The idea of modified extra-dimensional
dispersion relations in the presence of Lorentz-violating tensor fields opens up a variety of

possibilities that merit further exploration.
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Chapter 3

Instabilities in the Aether

3.1 Introduction

The idea of spontaneous violation of Lorentz invariance through tensor fields with non-
vanishing expectation values has garnered substantial attention in recent years [12}, 14 [15]
16, 17, 18, 19, 25, 26, 27, 28, 29]. Hypothetical interactions between Standard Model
fields and Lorentz-violating (LV) tensor fields are tightly constrained by a wide variety of
experimental probes, in some cases leading to limits at or above the Planck scale [12), 17,
30, 311, 32, 33}, 34].

If these constraints are to be taken seriously, it is necessary to have a sensible theory
of the dynamics of the LV tensor fields themselves, at least at the level of low-energy
effective field theory. The most straightforward way to construct such a theory is to follow
the successful paradigm of scalar field theories with spontaneous symmetry breaking, by
introducing a tensor potential that is minimized at some nonzero expectation value, in
addition to a kinetic term for the fields. (Alternatively, it can be a derivative of the field
that obtains an expectation value, as in ghost condensation models [23] 35, [36].) As an
additional simplification, we may consider models in which the nonzero expectation value

is enforced by a Lagrange multiplier constraint, rather than by dynamically minimizing a



25

potential; this removes the “longitudinal” mode of the tensor from consideration, and may
be thought of as a limit of the potential as the mass near the minimum is taken to infinity.
In that case, there will be a vacuum manifold of zero-energy tensor configurations, specified
by the constraint.

All such models must confront the tricky question of stability. Ultimately, stability prob-
lems stem from the basic fact that the metric has an indefinite signature in a Lorentzian
spacetime. Unlike in the case of scalar fields, for tensors it is necessary to use the spacetime
metric to define both the kinetic and potential terms for the fields. A generic choice of
potential would have field directions in which the energy is unbounded from below, lead-
ing to tachyons, while a generic choice of kinetic term would have modes with negative
kinetic energies, leading to ghosts. Both phenomena represent instabilities; if the theory
has tachyons, small perturbations grow exponentially in time at the linearized level, while
if the theory has ghosts, nonlinear interactions create an unlimited number of positive- and
negative-energy excitations [37]. There is no simple argument that these unwanted features
are necessarily present in any model of LV tensor fields, but the question clearly warrants
careful study.

In this chapter we revisit the question of the stability of theories of dynamical Lorentz
violation, and argue that most such theories are unstable. In particular, we examine in detail
the case of a vector field A, with a nonvanishing expectation value, known as the “aether”
model or a “bumblebee” model. For generic choices of kinetic term, it is straightforward
to show that the Hamiltonian of such a model is unbounded from below, and there exist
solutions with bounded initial data that grow exponentially in time.

There are three specific choices of kinetic term for which the analysis is more subtle.
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These are the sigma-model kinetic term,
]' v
Lr = —iauAya”A , (3.1)

which amounts to a set of four scalar fields defined on a target space with a Minkowski

metric; the Maxwell kinetic term,
1 "
Li = —ZFW,F , (3.2)

where F,, = 0,A, — 0, A, is familiar from electromagnetism; and what we call the “scalar”
kinetic term,

1
L = 50,47, (3.3)
featuring a single scalar degree of freedom. Our findings may be summarized as follows:

e The sigma-model Lagrangian with the vector field constrained by a Lagrange multi-
plier to take on a timelike expectation value is the only aether theory for which the
Hamiltonian is bounded from below in every frame, ensuring stability. In Chapter
[4, we examine the cosmological behavior and observational constraints on this model
[3]. If the vector field is spacelike, the Hamiltonian is unbounded and the model
is unstable. However, if the constraint in the sigma-model theory is replaced by a
smooth potential, allowing the length-changing mode to become a propagating degree
of freedom, that mode is necessarily ghostlike (negative kinetic energy) and tachy-
onic (correct sign mass term), and the Hamiltonian is unbounded below, even in the
timelike case. It is therefore unclear whether models of this form can arise in any full

theory.
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e In the Maxwell case, the Hamiltonian is unbounded below; however, a perturbative
analysis does not reveal any explicit instabilities in the form of tachyons or ghosts.
The timelike mode of the vector acts as a Lagrange multiplier, and there are fewer
propagating degrees of freedom at the linear level (a “spin-1” mode propagates, but
not a “spin-0” mode). Nevertheless, singularities can arise in evolution from generic
initial data: for a spacelike vector, for example, the field evolves to a configuration in
which the fixed-norm constraint cannot be satisfied (or perhaps just to a point where
the effective field theory breaks down). In the timelike case, a certain subset of initial
data is well-behaved, but, provided the vector field couples only to conserved currents,
the theory reduces precisely to conventional electromagnetism, with no observable
violations of Lorentz invariance. It is unclear whether there exists a subset of initial
data that leads to observable violations of Lorentz invariance while avoiding problems

in smooth time evolution.

e The scalar case is superficially similar to the Maxwell case, in that the Hamiltonian is
unbounded below, but a perturbative analysis does not reveal any instabilities. Again,
there are fewer degrees of freedom at the linear level; in this case, the spin-1 mode
does not propagate. There is a scalar degree of freedom, but it does not correspond
to a propagating mode at the level of perturbation theory (the dispersion relation is
conventional, but the energy vanishes to quadratic order in the perturbations). For
the timelike aether field, obstacles arise in the time evolution that are similar to those
of a spacelike vector in the Maxwell case; for a spacelike aether field with a scalar

action, the behavior is less clear.

e For any other choice of kinetic term, aether theories are always unstable.
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Interestingly, these three choices of aether dynamics are precisely those for which there is
a unique propagation speed for all dynamical modes; this is the same condition required to
ensure that the Generalized Second Law is respected by a Lorentz-violating theory [38, [39].

One reason why our findings concerning stability seem more restrictive than those of
some previous analyses is that we insist on perturbative stability in all Lorentz frames, which
is necessary in theories where the form of the Hamiltonian is frame-dependent. In a Lorentz-
invariant field theory, it suffices to pick a Lorentz frame and examine the behavior of small
fluctuations; if they grow exponentially, the model is unstable, while if they oscillate, the
model is stable. In Lorentz-violating theories, in contrast, such an analysis might miss an
instability in one frame that is manifest at the linear level in some other frame [32] 40, [41].
This can be traced to the fact that a perturbation that is “small” in one frame (the value
of the perturbation is bounded everywhere along some initial spacelike slice), but grows
exponentially with time as measured in that frame, will appear “large” (unbounded on
every spacelike slice) in some other frame.

As an explicit example, consider a model of a timelike vector with a background config-
uration flu = (m,0,0,0), and perturbations da* = e“e*i“’te”g'f, where e is some constant

polarization vector. In this frame, we will see that the dispersion relation takes the form

w? = v2k2. (3.4)

Clearly, the frequency w will be real for every real wave vector /3, and such modes simply
oscillate rather than growing in time. It is tempting to conclude that models of this form
are perturbatively stable for any value of v. However, we will see below that when v > 1,

there exist other frames (boosted with respect to the original) in which k can be real but
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w is necessarily complex, indicating an instability. These correspond to wave vectors for
which, evaluated in the original frame, both w and k are complex. Modes with complex
spatial wave vectors are not considered to be “perturbations,” since the fields blow up at
spatial infinity. However, in the presence of Lorentz violation, a complex spatial wave vector
in one frame may correspond to a real spatial wave vector in a boosted frame. We will show
that instabilities can arise from initial data defined on a constant-time hypersurface (in a
boosted frame) constructed solely from modes with real spatial wave vectors. Such modes
are bounded at spatial infinity (in that frame), and could be superimposed to form wave
packets with compact support. Since the notion of stability is not frame dependent, the
existence of at least one such frame indicates that the theory is unstable, even if there is no
linear instability in the aether rest frame.

Several prior investigations have considered the question of stability in theories with
LV vector fields. Lim [I8] calculated the Hamiltonian for small perturbations around a
constant timelike vector field in the rest frame, and derived restrictions on the coefficients
of the kinetic terms. Bluhm et al. [42] also examined the timelike case with a Lagrange
multiplier constraint, and showed that the Maxwell kinetic term led to stable dynamics on
a certain branch of the solution space if the vector was coupled to a conserved current.
It was also found, in [42], that most LV vector field theories have Hamiltonians that are
unbounded below. Boundedness of the Hamiltonian was also considered in [43]. In the
context of effective field theory, Gripaios [44] analyzed small fluctuations of LV vector fields
about a flat background. Dulaney, Gresham, and Wise [25] showed that only the Maxwell
choice was stable to small perturbations in the spacelike case assuming the energy of the

linearized modes was nonzeroH Elliot, Moore, and Stoica [31] showed that the sigma-model

!This effectively eliminates the scalar case.
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kinetic term is stable in the presence of a constraint, but not with a potential.

In the next section, we define notation and fully specify the models we are considering.
We then turn to an analysis of the Hamiltonians for such models, and show that they are
always unbounded below unless the kinetic term takes on the sigma-model form and the
vector field is timelike. This result does not by itself indicate an instability, as there may
not be any dynamical degree of freedom that actually evolves along the unstable direction.
Therefore, in the following section we look carefully at linear stability around constant
configurations, and isolate modes that grow exponentially with time. In the section after
that we show that the models that are not already unstable at the linear level end up having
ghosts, with the exception of the Maxwell and scalar cases. We then examine some features

of those two theories in particular.

3.2 Models

We will consider a dynamical vector field A, propagating in Minkowski spacetime with

signature (— + ++). The action takes the form
Sy = /d%; (L +Ly), (3.5)

where L is the kinetic Lagrange density and Ly is (minus) the potential. A general kinetic

term that is quadratic in derivatives of the field can be written?]

v 2 14 ArAY
Lx = =19, Av)(0"A") = B2(0,A")" = B3(0Av)(0"AY) = Ba— 50 Ap) (0 A7) . (3.7)

2In terms of the coefficients, ¢;, defined in [16] and used in many other publications on aether theories,

Cq

B = Toram?

(3.6)

where G is the gravitational constant.
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In flat spacetime, setting the fields to constant values at infinity, we can integrate by parts

to write an equivalent Lagrange density as

AHFAY

1
[’K = _iﬁlFuyFuV - 6*(8MA”)2 - ﬁ4?(aMAP)(aVAp) ) (38)
where F),, = 0,A, — 0,A, and we have defined
Be = D1+ P2+ Ps. (3.9)

In terms of these variables, the models specified above with no linear instabilities or negative-

energy ghosts are:
e Sigma model: 51 = [,
e Maxwell: 8, =0, and
e Scalar: g1 =0,

in all cases with G4 = 0.
The vector field will obtain a nonvanishing vacuum expectation value from the potential.
For most of the chapter we will take the potential to be a Lagrange multipler constraint

that strictly fixes the norm of the vector:

Ly = MAFA, +m?), (3.10)

where A is a Lagrange multiplier whose variation enforces the constraint

AFA, = Fm?. (3.11)
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If the upper sign is chosen, the vector will be timelike, and it will be spacelike for the lower
sign. Later we will examine how things change when the constraint is replaced by a smooth
potential of the form Ly = —V(4,) x £(A,A* £ m?)% It will turn out that the theory
defined with a smooth potential is only stable in the limit as £ — oo. In any case, unless we
specify otherwise, we assume that the norm of the vector is determined by the constraint
(13.11]).

We are left with an action

4 1 % AV ArAY p o 2
Sa= [ dw|-5sFuwF — Bu(0,AM)* — By — (0,A,) (0, AP) + N(AM A, + m?)
(3.12)
The Euler-Lagrange equation obtained by varying with respect to A, is
B1OF" + 3,0V 0, A" + BuGY = —AAY, (3.13)
where we have defined
1
G'=— [AA(aAAU)FUV + A%(O\AYDy AY 4+ AY030,AV) | . (3.14)

Since the fixed-norm condition (3.11)) is a constraint, we can consistently plug it back into
the equations of motion. Multiplying (3.13) by A, and using the constraint, we can solve

for the Lagrange multiplier,

1
A=t (BOF" + B0 A" + BiG”) A, (3.15)
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Inserting this back into (3.13]), we can write the equation of motion as a system of three

independent equations:

A AV v v v
Q, = (npy + 722 ) (B10,FH + 3,0V 0, AM + B4G”) = 0. (3.16)

The tensor an:I:m_QApA,, acts to take what would be the equation of motion in the absence
of the constraint, and project it into the hyperplane orthogonal to A,,. There are only three

independent equations because A”Q), vanishes identically, given the fixed norm constraint.

3.2.1 Validity of effective field theory

As in this chapter we will restrict our attention to classical field theory, it is important to
check that any purported instabilities are found in a regime where a low-energy effective field
theory should be valid. The low-energy degrees of freedom in our models are Goldstone
bosons resulting from the breaking of Lorentz invariance. The effective Lagrangian will
consist of an infinite series of terms of progressively higher order in derivatives of the fields,
suppressed by appropriate powers of some ultraviolet mass scale M. If we were dealing
with the theory of a scalar field ®, the low-energy effective theory would be valid when the
canonical kinetic term (9®)? was large compared to a higher-derivative term such as

L

VE (0°®)2. (3.17)

For fluctuations with wavevector k#* = (w,E), we have 0® ~ k®, and the lowest-order
terms accurately describe the dynamics whenever \l_ﬂ < M. A fluctuation that has a low
momentum in one frame can, of course, have a high momentum in some other frame, but

the converse is also true; the set of perturbations that can be safely considered “low-energy”
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looks the same in any frame.
With a Lorentz-violating vector field, the situation is altered. In addition to higher-
derivative terms of the form M~2(9?A)?, the possibility of extra factors of the vector ex-

pectation value leads us to consider terms such as

1
Lo = ANO°A)". (3.18)
The number of such higher dimension operators in the effective field theory is greatly reduced
because A, A" = —m? and, therefore, A0, A" = 0. It can be shown that an independent
operator with n derivatives includes at most 2n vector fields, so that the term highlighted
here has the largest number of A’s with four derivatives. We expect that the ultraviolet

cutoff M is of order the vector norm, M ~ m. Hence, when we consider a background

timelike vector field in its rest frame,

AM = (m7 07 07 O) ’ (319)
the £ term reduces to m~2(0?A)?%, and the effective field theory is valid for modes with

k < m, just as in the scalar case.

But now consider a highly boosted frame, with

A, = (mcoshn, msinhn,0,0). (3.20)

At large 7, individual components of A will scale as e, and the higher-derivative term
schematically becomes

1 6 2 2
Ly~ —e nl(92A4)2. (3.21)
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For modes with spatial wave vector k = ]E\ (as measured in this boosted frame), we are
therefore comparing m~2e5" k* with the canonical term k2. The lowest-order terms there-

fore only dominate for wave vectors with

k< e 3, (3.22)

In the presence of Lorentz violation, therefore, the realm of validity of the effective field
theory may be considerably diminished in highly boosted frames. We will be careful in
what follows to restrict our conclusions to those that can be reached by only considering
perturbations that are accurately described by the two-derivative terms. The instabilities
we uncover are infrared phenomena, which cannot be cured by changing the behavior of the
theory in the ultraviolet. We have been careful to include all of the lowest order terms in

the effective field theory expansion—the terms in ([3.8)).

3.3 Boundedness of the Hamiltonian

We would like to establish whether there are any values of the parameters (i, (s, and
(B4 for which the aether model described above is physically reasonable. In practice, we
take this to mean that there exist background configurations that are stable under small
perturbations. It seems hard to justify taking an unstable background as a starting point
for phenomenological investigations of experimental constraints, as we would expect the
field to evolve on microscopic timescales away from its starting point.

“Stability” of a background solution Xy to a set of classical equations of motion means
that, for any small neighborhood Uy of X in the phase space, there is another neighborhood

Uy of Xg such that the time evolution of any point in Uy remains in U; for all times. More
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informally, small perturbations oscillate around the original background, rather than grow-
ing with time. A standard way of demonstrating stability is to show that the Hamiltonian
is a local minimum at the background under consideration. Since the Hamiltonian is con-
served under time evolution, the allowed evolution of a small perturbation will be bounded
to a small neighborhood of that minimum, ensuring stability. Note that the converse does
not necessarily hold; the presence of other conserved quantities can be enough to ensure
stability even if the Hamiltonian is not bounded from below.

One might worry about invoking the Hamiltonian in a theory where Lorentz invariance
has been spontaneously violated. Indeed, as we shall see, the form of the Hamiltonian for
small perturbations will depend on the Lorentz frame in which they are expressed. To search
for possible linear instabilities, it is necessary to consider the behavior of small perturbations
in every Lorentz frame.

The Hamiltonian density, derived from the action via a Legendre transformation,

is

0Ly
M= 5o,y Pote — £ (3.23)
B %Fé + BL(00A:)? — B1(0iA0)* + B.(0:A:) — Bi(D0Ao)”
AjAk A0 A0
+ 54W(8j14p)(8k14p) — 4 — (B0A,) (B0 A), (3.24)

where Latin indices i,j run over {1,2,3}. The total Hamiltonian corresponding to this
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density is

H:/d3azH

= /d3$(51(3uz4i3uz4i — 0, A0, Ao) + (B1 — Bi) (00 A0)* — (0:A4:)?]

Aofo (B0 A,) (8o AP)) . (3.25)

58k 9, 4,) (0,4) — B4

m m

We have integrated by parts and assumed that 0;A; vanishes at spatial infinity; repeated
lowered indices are summed (without any factors of the metric). Note that this Hamiltonian
is identical to that of a theory with a smooth (positive semi-definite) potential instead of
a Lagrange multiplier term, evaluated at field configurations for which the potential is
minimized. Therefore, if the Hamiltonian is unbounded when the fixed-norm constraint
is enforced by a Lagrange multiplier, it will also be unbounded in the case of a smooth
potential.

There are only three dynamical degrees of freedom, so we may reparameterize A, such
that the fixed-norm constraint is automatically enforced and the allowed three-dimensional
subspace is manifest. We define a boost variable ¢ and angular variables 6 and 1, so that

we can write

Ao = mcosh ¢ (3.26)

A; = msinh ¢ f;(6, ) (3.27)
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in the timelike case with A, A" = —m?, and
Ao = msinh ¢ (3.28)
A; = mecoshofi(0,1) (3.29)

in the spacelike case with A, A" = +m?. In these expressions,

f1 = cosfcos (3.30)
fo = cosfsin (3.31)
f3 =sind, (3.32)

so that f;f; = 1. In terms of this parameterization, the Hamiltonian density for a timelike

aether field becomes

(t)
7:72 = By sinh® ¢0,, f;0, fi + $10,00,¢ + (B1 — Bi) [(O0¢)? sinh® ¢ — (cosh ¢ f;0;¢ + sinh ¢, f;)?]

+ Bysinh® ¢ [(f;0,0)* + sinh® ¢(£;0; £1)(f;0;.f1)] — Ba cosh® ¢ [(Do$)* + sinh? ¢(o f)?] ,

(3.33)

while for the spacelike case we have

(s)
7;2 = [ cosh® ¢80y, fi0, fi — Br0ud0ud + (B — Bx) [(808)” cosh? ¢ — (sinh ¢ fi0;¢ + cosh ¢ f)?]

— ﬁ4 COSh2 ¢ [(fﬁ,gb)Q — COSh2 (ﬁ(fzazfl)(fja]fl)] + ﬁ4 sinh2 gb [(60¢)2 — COSh2 (ﬁ(aon)Q] .

(3.34)

Expressed in terms of the variables ¢, 8,1, the Hamiltonian is a function of initial data

that automatically respects the fixed-norm constraint. We assume that the derivatives
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0y A, (to, ) vanish at spatial infinity.

3.3.1 Timelike vector field

We can now determine which values of the parameters {(1, (s, 84} lead to Hamiltonians
that are bounded below, starting with the case of a timelike aether field. We can examine

the various possible cases in turn.

e Case One: (; =, and (4 =0.

This is the sigma-model kinetic term (3.1). In this case the Hamiltonian density
simplifies to

HO = m?8, (sinh? ¢, f;0, f; + 0uub) - (3.35)

It is manifestly non-negative when (3; > 0, and non-positive when 3; < 0. The sigma-
model choice #; = B, > 0 therefore results in a theory that is stable. (See also §6.2 of
[28].)

e Case Two: ) <0 and 34 =0.

In this case, consider configurations with (9o f;) # 0, (9;f;) = 0, 9,¢ = 0, sinh? ¢ > 1.
Then we have

H® ~ m?B, sinh? ¢(dy f;)2. (3.36)
For (3 < 0, the Hamiltonian can be arbitrarily negative for any value of (.

e Case Three: 3 > 0, B, < 1, and (B4 = 0.

We consider configurations with 9, f; = 0, f;0;¢ # 0, do¢p = 0, cosh? ¢ > 1, which
gives

HE ~ m?(B, — 1) cosh? ¢(fi9;0)>. (3.37)
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Again, this can be arbitrarily negative.

e Case Four: 8, >0, 8« > 1, and (4 = 0.

Now we consider configurations with 0, f; = 0, f;0;¢ = 0, dy¢ # 0, sinh? ¢ > 1. Then,

HO ~ m?(8y — B.) sinh? ¢(8o)?, (3.38)

which can be arbitrarily negative.

e Case Five: (4 #0.

Now we consider configurations with 9,,f; # 0, d,¢ = 0 and sinh? ¢ > 1. Then,

HY ~ m?By [sinh® $(f;0: f1)(fxOk f1) — sinh? ¢ cosh? ¢(8o f;)?] (3.39)

which can be arbitrarily negative for any nonzero (4 and for any values of 81 and (..

For any case other than the sigma-model choice §; = (., it is therefore straightforward to
find configurations with arbitrarily negative values of the Hamiltonian.

Nevertheless, a perturbative analysis of the Hamiltonian would not necessarily dis-
coverthat it was unbounded. The reason for this is shown in Fig. [3.1} which shows the
Hamiltonian density for the theory with 5y = 1, B, = 1.1, in a restricted subspace where
Oy = 0.¢ = 0 and 0 = ¢ = 0, leaving only ¢, 9;¢, and 9,¢ as independent variables. We
have plotted H as a function of 0:¢ and 9,¢ for four different values of ¢. When ¢ is suffi-
ciently small, so that the vector is close to being purely timelike, the point 0;¢p = d,¢ = 0
is a local minimum. Consequently, perturbations about constant configurations with small
¢ would appear stable. But for large values of ¢, the unboundedness of the Hamiltonian

becomes apparent. This phenomenon will arise again when we consider the evolution of
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¢ =1.2¢crit

Figure 3.1: Hamiltonian density (vertical axis) when $; =1, 5, = 1.1, and 0 = ¢ = 0y¢ =
0.0 = 0 as a function of 0;¢ (axis pointing into page) and 0,¢ (axis pointing out of page)
for various ¢ ranging from zero to ¢ = tanh™'y/B1/8,, the value of ¢ for which the
Hamiltonian is flat at 9,¢ = 0, and beyond. Notice that the Hamiltonian density turns over
and becomes negative in the 0;¢ direction when ¢ > ¢epit.

small perturbations in the next section. At the end of this section, we will explain why such

regions of large ¢ are still in the regime of validity of the effective field theory expansion.

3.3.2 Spacelike vector field

We now perform an equivalent analysis for an aether field with a spacelike expectation
value. In this case all of the possibilities lead to Hamiltonians (3.34]) that are unbounded

below, and the case 31 = (8, > 0 is not picked out.

e Case One: ; <0 and 34 = 0.

Taking ((%gb) = O, 8]]01 = O, 80fl 75 0, we find

H®) ~ m?B; cosh? (9o fi)2. (3.40)

e Case Two: 31 >0, B, < 1, and (4 =0.
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Now we consider 0, f; = 0, 9;¢ # 0, Jp¢ = 0, giving

HE ~m? [~$19;00:6 + (B — 1) sinh? (f;0:0)%] - (3.41)

e Case Three: 3 >0, B, > 1, and (B4 = 0.

In this case we examine (0p¢) # 0, 0, fi = 0, 0;¢ = 0, which leads to

HE) ~ m?(By — B,) cosh? ¢(8y)>. (3.42)

e Case Four: (5, # 0.

Now we consider configurations with 9, f; # 0, 9,¢ = 0 and sinh? ¢ > 1. Then,

H) ~ m?By (cosh? ¢(£:0; 1) (fxOkfi) — cosh® psinh? ¢(dof;)?) - (3.43)

In every case, it is clear that we can find initial data for a spacelike vector field that makes

the Hamiltonian as negative as we please, for all possible 31, (4, and (.

3.3.3 Smooth potential

The usual interpretation of a Lagrange multiplier constraint is that it is the low-energy
limit of smooth potentials when the massive degrees of freedom associated with excitations
away from the minimum cannot be excited. We now investigate whether these degrees of
freedom can destabilize the theory. Consider the most general, dimension four, positive

semi-definite smooth potential that has a minimum when the vector field takes a timelike
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vacuum expectation value,

V= %(AHA“ +m?)?, (3.44)

where £ is a positive dimensionless parameter. The precise form of the potential should not
affect the results as long as the potential is non-negative and has the global minimum at
A AP = —m2.

We have seen that the Hamiltonian is unbounded from below unless the kinetic term

takes the sigma-model form, (0,4, )(0"A”). Thus we take the Lagrangian to be

1
L=~ (0uA) (0" A") ~ %(ANA“ +m2). (3.45)
Consider some fixed timelike vacuum A, satisfying 4, A* = —m?. We may decompose

the aether field into a scaling of the norm, represented by a scalar ®, and an orthogonal

displacement, represented by vector B,, satisfying A#B“ = 0. We thus have

w=A,——"—+B,, (3.46)

where
AN A, A
B, = <77/w + i ) A” and @ = = +m. (3.47)
With this parameterization, the Lagrangian is
1 1 v E 2\2
L= 5(8,;@)(8“@) — 5(8MBV)(8“B ) — Z(Zm@ + B, B! — &%)~ (3.48)

The field ® automatically has a wrong sign kinetic term, and, at the linear level, propagates
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with a dispersion relation of the form

w3 = k* — 2em?. (3.49)

We see that in the case of a smooth potential, there exists a ghostlike mode (wrong-sign
kinetic term) that is also tachyonic with spacelike wave vector and a group velocity that
generically exceeds the speed of light. It is easy to see that sufficiently long-wavelength
perturbations will exhibit exponential growth. The existence of a ghost when the norm of
the vector field is not strictly fixed was shown in [31].

In the limit as £ goes to infinity, the equations of motion enforce a fixed-norm constraint
and the ghostlike and tachyonic degree of freedom freezes. The theory is equivalent to one

of a Lagrange multiplier if the limit is taken appropriately.

3.3.4 Discussion

To summarize, we have found that the action in leads to a Hamiltonian that is globally
bounded from below only in the case of a timelike sigma-model Lagrangian, corresponding
to 81 = B« > 0 and 4 = 0. Furthermore, we have verified (as was shown in [31]) that if the
Lagrange multiplier term is replaced by a smooth, positive semi-definite potential, then a
tachyonic ghost propagates and the theory is destabilized.

If the Hamiltonian is bounded below, the theory is stable, but the converse is not
necessarily true. The sigma-model theory is the only one for which this criterion suffices to
guarantee stability. In the next section, we will examine the linear stability of these models
by considering the growth of perturbations. Although some models are stable at the linear

level, we will see in the following section that most of these have negative-energy ghosts, and
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are therefore unstable once interactions are included. The only exceptions, both ghost-free
and linearly stable, are the Maxwell and scalar models.

We showed in the previous section that, unless 8, — 81 and (4 are exactly zero, the
Hamiltonian is unbounded from below. However, the effective field theory breaks down
before arbitrarily negative values of the Hamiltonian can be reached; when (3, # (31 and/or

B4 # 0, in regions of phase space in which H < 0 (schematically),

H~ —m?e!?(00)2  where  © € {¢,0,9}. (3.50)

The effective field theory breaks down when kinetic terms with four derivatives (the terms
of next highest order in the effective field theory expansion) are on the order of terms with

two derivatives, or, in the angle parameterization, when

m?et91(90)? ~ 89 (90)*. (3.51)

In other words, the effective field theory is only valid when

29100 < m. (3.52)

In principle, terms in the effective action with four or more derivatives could add positive
contributions to the Hamiltonian to make it bounded from below. However, our analysis
shows that the Hamiltonian (in models other than the timelike sigma model with fixed norm)
is necessarily concave down around the set of configurations with constant aether fields. If
higher-derivative terms intervene to stabilize the Hamiltonian, the true vacuum would not

have H = 0. Theories could also be deemed stable if there are additional symmetries that



46

lead to conserved currents (other than energy-momentum density) or to a reduced number
of physical degrees of freedom.

Regardless of the presence of terms beyond leading order in the effective field theory
expansion, due to the presence of the ghost-like and tachyonic mode (found in the previ-
ous section), there is an unavoidable problem with perturbations when the field moves in a
smooth, positive semi-definite potential. This exponential instability will be present regard-
less of higher-order terms in the EFT expansion because it occurs for very long-wavelength

modes (at least around constant-field backgrounds).

3.4 Linear Instabilities

We have found that the Hamiltonian of a generic aether model is unbounded below. In this
section, we investigate whether there exist actual physical instabilities at the linear level—
i.e., whether small perturbations grow exponentially with time. It will be necessary to
consider the behavior of small fluctuations in every Lorentz frameﬂ not only in the aether
rest frame [32, 40, 41]. We find a range of parameters [3; for which the theories are tachyon-
free; these correspond (unsurprisingly) to dispersion relations for which the phase velocity

satisfies 0 < v2 < 1. In we consider the existence of ghosts.

3.4.1 Timelike vector field

Suppose Lorentz invariance is spontaneously broken so that there is a preferred rest frame,

and imagine that perturbations of some field in that frame have the following dispersion

3The theory of perturbations about a constant background is equivalent to a theory with explicit Lorentz
violation because the first-order Lagrange density includes the term, AA*§A,,, where A" is effectively some
constant coeflicient.
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relation:

v 2 =k - k. (3.53)

This can be written in frame-invariant notation as

(072 = D) (t"ku)? = Kk, (3.54)

where t# is a timelike Lorentz vector that characterizes the 4-velocity of the preferred rest
frame. So, in the rest frame, t* = {1,0,0,0}. Indeed, in the Appendix we find dispersion

relations for the aether modes of exactly the form in ([3.54) with t* = A*/m and (A.27)

2 _ D
B — Ba

(3.55)

[

and (A.25)

2 _ D
B —Bs

(3.56)

v

Now consider the dispersion relation for perturbations of the field in another (“primed”)
frame. Let’s solve for k| = ', the frequency of perturbations in the new frame. Expanded

out, the dispersion relation reads

W21+ (02 = 1)(E0)?) + 2 (02 = DR — K E + (02 = D)) =0 (3.57)

where i € {1,2,3}. The solution for o’ is:

—(v™2 = DOVE + /Dy,
R A e (T PR '
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where

D(t) =K. ];l + (1)_2 . 1) ((tl0)2]_€'/ . E/ B (t/ik£)2> . (359)

In general, " = coshn and t" = sinhnn’, where 7;7* = 1 and n = cosh™! v is a boost

parameter. We therefore have
Dy = KoK {1 + (v72 -1) [cosh2 n — sinh?7n (- l%’)ﬂ } , (3.60)

where &' = k'/|F’]. Thus Dy is clearly greater than zero if v < 1. However, if v > 1 then
D ;) can be negative for very large boosts if K is not parallel to the boost direction.

The sign of the discriminant D(;) determines whether the frequency W' is real- or
complex-valued. We have shown that when the phase velocity v of some field excitation is
greater than the speed of light in a preferred rest frame, then there is a (highly boosted)
frame in which the excitation looks unstable—that is, the frequency of the field excitation
can be imaginary. More specifically, plane waves traveling along the boost direction with
boost parameter v = coshn have a growing amplitude if 42 > 1/(1 —v=2) > 0.

In Appendix we find dispersion relations of the form in for the various massless
excitations about a constant timelike background (t* = A*/m). Requiring stability and thus

0 < v2 < 1 leads to the inequalities,

b1
5o =1 (3.61)

0<

and

B
Gog <t (3.62)

0<

Models satisfying these relations are stable with respect to linear perturbations in any
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Lorentz frame.

3.4.2 Spacelike vector field

We show in Appendix [A] that fluctuations about a spacelike, fixed-norm, vector field back-

ground have dispersion relations of the form

(V2 = 1)(s"ky)? = —k k", (3.63)
with s# = A% /m and
o2 = Pt b (3.64)
b1
and
v2:51;54. (3.65)

In frames where s#* = {0, §}, v is the phase velocity in the § direction.
Consider solving for k{, = «’ in an arbitrary (“primed”) frame. The solution is as

in (3.58), but with v=2 — 2 —v? and t* — s’*. Thus,

2_1 IOIik{i Ds
p_ (T DTS £ /D) (3.66)

w = 5

1+ (1 —02)(s9)2

where

Dy =K -F — (@ —1) [(5'0)212’ K (8?2 (3.67)

In general, s = sinhn and s” = coshn i’ where 7;7° = 1 and n = cosh™' v is a boost

parameter. So,

Dy = KK {1 —(*=1) [SinhQn — cosh? 7 (71 - E’)Q} } , (3.68)
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which can be rewritten,
D@y:@-ﬁ{#+41—v%amﬁnﬁ—«ﬁ%ﬂﬂ}. (3.69)

It is clear that Dy is non-negative for all values of 1 if and only if 0 < v? < 1. The theory
will be unstable unless 0 < v? < 1.
The dispersion relations of the form (3.63]) for the massless excitations about the space-

like background are given in Appendix [Al The requirement that 0 < v? < 1 implies

o< ith (3.70)
b1
and
0§&;@§1. (3.71)

Models of spacelike aether fields will only be stable with respect to linear perturbations if
these relations are statisfied.
The requirements (3.62)) or (3.71]) do not apply in the Maxwell case (when ., = 0 = (),

and those of (3.61) or (3.70)) do not apply in the scalar case (when 51 = 0 = f34), since the

corresponding degrees of freedom in each case do not propagate.

3.4.3 Stability is not frame-dependent

The excitations about a constant background are massless (i.e., the frequency is proportional
to the magnitude of the spatial wave vector), but they generally do not propagate along
the light cone. In fact, when v > 1, the wave vector is timelike even though the cone

along which excitations propagate is strictly outside the light cone. We have shown that
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such excitations blow up in some frame. The exponential instability occurs for observers
in boosted frames. In these frames, portions of constant-time hypersurfaces are actually
inside the cone along which excitations propagate.

Why do we see the instability in only some frames when performing a linear stability
analysis? Consider boosting the wave four-vectors of such excitations with complex-valued
frequencies and real-valued spatial wave vectors back to the rest frame. Then, in the rest
frame, both the frequency and the spatial wave vector will have nonzero imaginary parts.
Such solutions with complex-valued k require initial data that grow at spatial infinity and
are therefore not really “perturbations” of the background. But even though the aether
field defines a rest frame, there is no restriction against considering small perturbations
defined on a constant-time hypersurface in any frame. Well-behaved initial data can be
decomposed into modes with real spatial wave vectors; if any such modes lead to runaway

growth, the theory is unstable.

3.5 Negative Energy Modes

We found above that manifest perturbative stability in all frames requires 0 < v? < 1. In
Appendix[A] we show that there are two kinds of propagating modes, except when 3, = 34 =
0 or when 1 = B4 = 0. Based on the dispersion relations for these modes, the 0 < v? < 1
stability requirements translated into the inequalities for G, (61, and (4 in f for
timelike aether and f for spacelike aether. We shall henceforth assume that
these inequalities hold and, therefore, that w and k for each mode are real in every frame.
We will now show that, even when these requirements are satisfied and the theories are
linearly stable, there will be negative-energy ghosts that imply instabilities at the nonlinear

level (except for the sigma model, Maxwell, and scalar cases).
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For timelike vector fields, with respect to the aether rest frame, the various modes
correspond to two spin-1 degrees of freedom and one spin-0 degree of freedom. Based on
their similarity in form to the timelike aether rest frame modes, we will label these modes
once and for all as “spin-1” or “spin-0”, even though these classifications are only technically
correct for timelike fields in the aether rest frame.

The solutions to the first-order equations of motion for perturbations 64, about an

arbitrary, constant, background flu satisfying A“AM + m? = 0 are (see Appendix Al):
54, = [k, () = (b (3.72)
where either,
qu(k) = ia”k’ﬂ:ﬁ:ewpa and Gk, k" + ﬁ4(A’;:j)2 =0 and oA, =0 (spin-1) (3.73)
where o are real-valued constants or

ALA, .
oo (mo 2 250 and (B (0 (5 00) LR R =0 (spin)

where « is a real-valued constant.

Note that when 81 = (4 = 0, corresponding to the scalar form of , the spin-1
dispersion relation is satisfied trivially, because the spin-1 mode does not propagate in this
case. Similarly, when 8, = (4 = 0, the kinetic term takes on the Maxwell form in and
the spin-0 dispersion relation becomes fluk” = 0; the spin-0 mode does not propagate in

that case.
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The Hamiltonian (3.25)) for either of these modes is

1= [ @ {5107 + F-B) + (- (@0)? + @h )] g+ (51 = 6Pt + ki) |

(3.75)
where kg = w = w(k) is given by the solution to a dispersion relation and where a* = A*/m.
One can show that, as long as 81 and 34 satisfy the conditions or that guarantee

real frequencies w in all frames, we will have
q,q" >0 (3.76)

for all timelike and spacelike vector perturbations. We will now proceed to evaluate the

Hamiltonian for each mode in different theories.

3.5.1 Spin-1 energies

In this section we consider nonvanishing (4, and show that the spin-1 mode can carry

negative energy even when the conditions for linear stability are satisfied.

Timelike vector field. Without loss of generality, set
A, = m(coshn,sinhnn), (3.77)

where n - n = 1. The energy of the spin-1 mode in the timelike case is given by

2X T Bysinh(2n) (7 - k)vVX
B1 — Bacosh’ n

H = /d3k(E~ k)dq" : (3.78)
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where

X =0 {ﬂl + B4 [( k)? sinh? 1) — cosh? 77} } . (3.79)

Looking specifically at modes for which 7 - k = +1, we find

(3.80)

o / BB [251081 = 52) F B sinh(2n) /i (B —64)] |
f1 — Bacosh™n

The energy of such a spin-1 perturbation can be negative when |34 sinh(2n)| > 21/81(81 —
Thus it is possible to have negative energy perturbations whenever 34 # 0. Perturbations

with wave numbers perpendicular to the boost direction have positive semi-definite energies.

Spacelike vector field. Without loss of generality, for the spacelike case we set
A, = m(sinhn,coshnn), (3.81)

where 7. - 7 = 1. The energy of the spin-1 mode in this case is given by

- /d3 E /2 2X F 04 sinh(27‘7)(f21 CE)WX ’ (3.82)
p1 — Basinh”n
where
X =4 {ﬂl + By [( k)2 cosh? i — sinh? n} } . (3.83)
Looking at modes for which 7 - k= +1, we find
- /dg iR 201 (51 + Ba) F Ba Sin]f'l(%;) B1(B1 + Ba) (3.84)
f1 — Basinh®n
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Thus, the energy of perturbations can be negative when |84sinh(2n)| > 2+/51(51 + Ba).

Thus it is possible to have negative energy perturbations whenever G4 # 0. Perturbations
with wave numbers perpendicular to the boost direction have positive semi-definite energies.
In either the timelike or spacelike case, models with G4 # 0 feature spin-1 modes that can
be ghostlike.

We note that the effective field theory is valid when k < e=3"lm, as detailed in
But even if 7 is very large, the effective field theory is still valid for very long wavelength
perturbations, and therefore such long wavelength modes with negative energies lead to

genuine instabilities.

3.5.2 Spin-0 energies

We now assume the inequalities required for linear stability, (3.62) or (3.71]), and also that
B4 = 0. We showed above that, otherwise, there are growing modes in some frame or there

are propagating spin-1 modes that have negative energy in some frame. When 3, # 0, the

energy of the spin-0 mode in (3.74) is given by
H = 251a2/d3k (a,k?)? (&(E) (41— (1= B1/B.)a2] +w(k) ao(1 — 51/5*)@1{;1-) (3.85)

for A,A* £ m? =0 and a, = A,/m.

Timelike vector field. We will now show that the quadratic order Hamiltonian can
be negative when the background is timelike and the kinetic term does not take one of
the special forms (sigma model, Maxwell, or scalar). Without loss of generality we set

aog = coshn and a; = sinhnn;, where n-n = 1. Then plugging the freqency w(E), as defined
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by the spin-0 dispersion relation, into the Hamiltonian (3.85)) gives

2X + (1 — (1/f.) sinh 2n(7 - k)vVX
1+ (Bi/B. — 1) cosh®n
where
X =1+ (81/B« — 1)[cosh®n — (- k)? sinh? ). (3.87)
If -k = 0, the energy can be negative. In particular, if 7 - k =1 we have
L (1 — ) sinh 274/ .
H= Bla2/d3k(dpk:p)2 pPi/Be £ (L= 1/B.) sinh 2/ 61/ s | (3.89)
1+ (81/B« — 1) cosh”n

Given that 81/08 —1 > 0, H can be negative when |sinh 2n| > 2+/61/0./(51/B« — 1).

We have thus shown that, for timelike backgrounds, there are modes that in some frame
have negative energies and/or growing amplitudes as long as 81 # (s, 1 # 0, and (3, # 0.
Therefore, the only possibly stable theories of timelike aether fields are the special cases
mentioned earlier: the sigma-model (8; = (i), Maxwell (5, = 0), and scalar (5 = 0)

kinetic terms.

Spacelike vector field. For the spacelike case, without loss of generality we set ag =
sinhn and a; = coshnn;, where 7.- 7 = 1. Once again, plugging the frequency w(k) into the

Hamiltonian (3.85]) gives

(3.89)

H = ﬁ1a2/d3k (C—kap)Z [—QX + (1 — (31/0x) sinh 2n(n - ]{;)\/X] |

1+ (1~ f1/B.) sinh®n

where

X=1+01-p01/8s) [sinh2 n— (7 - k)% cosh? 77}. (3.90)



57

Upon inspection, one can see that there are values of 7 - k and 1 that make H negative,
except when 3, = 0 (Maxwell) or 8; = 0 (scalar). Again, the Hamiltonian density is less
than zero for modes with wavelengths sufficiently long (k < 6*3"7|m), so the effective theory

is valid.

3.6 Maxwell and Scalar Theories

We have shown that the only version of the aether theory for which the Hamiltonian is
bounded below is the timelike sigma-model theory Lx = —(1/2)(9,A,)(0*A"), correspond-
ing to the choices 81 = (s, B4 = 0, with the fixed-norm condition imposed by a Lagrange
multiplier constraint. (Here and below, we rescale the field to canonically normalize the
kinetic terms.) However, when we looked for explicit instabilities in the form of tachyons or
ghosts in the last two sections, we found two other models for which such pathologies are
absent: the Maxwell Lagragian

1
L == FwF™ (3.91)

corresponding to B, = 0 = (4, and the scalar Lagrangian
1 2
Ly = 5((%14“) , (3.92)

corresponding to 31 = 0 = B4. In both of these cases, we found that the Hamiltonian is
unbounded belowﬁ but a configuration with a small positive energy does not appear to run
away into an unbounded region of phase space characterized by large negative and positive
balancing contributions to the total energy.

These two models are also distinguished in another way: there are fewer than three

“Boundedness of the Hamiltonian was considered in [45).
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propagating degrees of freedom at first order in perturbations in the Maxwell and scalar
Lagrangian cases, while there are three in all others. This is closely tied to the absence
of perturbative instabilities; the ultimate cause of those instabilities can be traced to the
difficulty in making all of the degrees of freedom simultaneously well-behaved. The drop
in number of degrees of freedom stems from the fact that Ag lacks time derivatives in the
Maxwell Lagrangian and that the A; lack time derivatives in the scalar Lagrangian. In
other words, some of the vector components are themselves Lagrange multipliers in these
special cases.

Only two perturbative degrees of freedom—the spin-1 modes—propagate in the Maxwell
case (cf. and when (., = 0 = (84). The “mode” in is a gauge degree of
freedom; at first order in perturbations the Lagrangian has a gauge-like symmetry under
§A, — §A, + 9,¢(x) where A*9,¢ = 0. As expected of a gauge degree of freedom, the
spin-0 mode has zero energy and does not propagate. Meanwhile, the spin-1 perturbations
propagate as well-behaved plane waves and have positive energy. We note that the Dirac
method for counting degrees of freedom in constrained dynamical systems implies that there
are three degrees of freedom [42]E| The additional degree of freedom, not apparent at the
linear level, could conceivably cause an instability; this mode does not propagate because
it is gauge-like at the linear level, but there is no gauge symmetry in the full theory.

In the scalar case, there are no propagating spin-1 degrees of freedom. The spin-0
degree of freedom has a nontrivial dispersion relation but no energy density (cf. ,
, , and when 51 = 0 = (4) at leading order in the perturbations. Essen-
tially, the fixed-norm constraint is incompatible with what would be a single propagating

scalar mode in this model; the theory is still dynamical, but perturbation theory fails to

®For a discussion of constrained dynamical systems see [46].
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capture its dynamical content.
Each of these models displays some idiosyncratic features, which we now consider in

turn.

3.6.1 Maxwell action

The equation of motion for the Maxwell Lagrangian with a fixed-norm constraint is
O = —2)\AY . (3.93)

Setting A, A" = Tm?, the Lagrange multiplier is given by

1
)\ == iTerAua”Flw . (394)

For timelike aether fields, the sign of A is preserved along timelike trajectories since, when
the kinetic term takes the special Maxwell form, there is a conserved current (in addition

to energy-momentum density) due to the Bianchi identityﬂ
0= 0,(0,F") = —20,(\A"). (3.95)

In particular, the condition that A = 0 is conserved along timelike A” [I5, [42]. In the
presence of interactions this will continue to be true only if the coupling to external sources
takes the form of an interaction with a conserved current, A, J* with 9,J* = 0.

If we take the timelike Maxwell theory coupled to a conserved current and restrict

to initial data satisfying A = 0 at every point in space, the theory reduces precisely to

5Tf A > 0 initially, then it must pass through A = 0 to reach A < 0—but X = 0 is conserved along timelike
trajectories, so A can at best stop at A = 0.
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Maxwell electrodynamics—mnot only in the equation of motion, but also in the energy-
momentum tensor. We can therefore be confident that this theory, restricted to this subset
of initial data, is perfectly well-behaved, simply because it is identical to conventional
electromagnetism in a nonlinear gauge [21, 43}, [47].

In the case of a spacelike vector expectation value, there is an explicit obstruction to
finding smooth time evolution for generic initial data. In this case, the constraint equations
are

— A2 + A;A; = m? and 818ZA0 — 8081/11 = —2)\Ap. (396)
0

Suppose spatially homogeneous initial conditions for the A; are given. Without loss of

generality, we can align axes such that

Au(to) = (Ao(to), 0,0, As(to)), (3.97)

where — A2 + A2 = m?. If A;A; # m?, the equations of motion are

ouF*, =0. (3.98)
The v = 3 equation reads
0?As
OpuFts =— 92 = 0, (3.99)
whose solutions are given by
As(t) = As(to) + C(t — to), (3.100)

where C' is determined by initial conditions. Ag is determined by the fixed-norm constraint
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Ayg = £/A3—m2. If C # 0, Ay will eventually evolve to zero. Beyond this point, Aj
keeps decreasing, and the fixed-norm condition requires that Ay be imaginary, which is
unacceptable since A, is a real-valued vector field. Note that this never happens in the
timelike case, as there always exists some real Ag that satisfies the constraint for any value
of A3. The problem is that Ag evolves into the ball A? < m?, which is catastrophic for the
spacelike, but not the timelike, case. An analogous problem arises even when the Lagrange
multiplier constraint is replaced by a smooth potential.

It is possible that this obstruction to a well-defined evolution will be regulated by terms
of higher order in the effective field theory. Using the fixed-norm constraint and solving for

Ay, the derivative is
A;

9, Ag = 0,4, (3.101)

As AjA; approaches m?, with finite derivatives of the spatial components, the derivative of
the Ay component becomes unbounded. If higher-order terms in the effective action have
time derivatives of the component Ay, these terms could become relevant to the vector field’s
dynamical evolution, indicating that we have left the realm of validity of the low-energy
effective field theory we are considering.

We are left with the question of how to interpret the timelike Maxwell theory with intial
data for which A\ # 0. If we restrict our attention to initial data for which A < 0 everywhere,

then the evolution of the A; would be determined and the Hamiltonian would be positive.
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;/d% <;F§ + (804;)? — (9;Ao) > (3.102)
5 [ @ (35 + Fukos —2(0140) o ) (3.103)
;/d?’x (;Fl + FoiFoi +2A00; on> (3.104)
% / Bz ( >+ FoiFoi — 4)\A%>, (3.105)

which is manifestly positive when A < 0. However, it is not clear why we should be restricted

to this form of initial data, nor whether even this restriction is enough to ensure stability

beyond perturbation theory.

The status of this model in both the spacelike and timelike cases remains unclear. How-

ever, there are indications of further problems. For the spacelike case, Peloso et. al. find a

linear instability for perturbations with wave numbers on the order of the Hubble parameter

in an exponentially expanding cosmology [48], 49].

For the timelike case, Seifert found a

gravitational instability in the presence of a spherically symmetric source [50].

3.6.2 Scalar action

The equation of motion for the scalar Lagrangian with a fixed-norm constraint is

0”0, A" = 20A". (3.106)

Using the fixed-norm constraint (4, A* = Fm?), we can solve for the Lagrange multiplier

field,

1
o3 A0 A" (3.107)
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In contrast with the Maxwell theory, in the scalar theory it is the timelike case for which
we can demonstrate obstacles to smooth evolution, while the spacelike case is less clear.
(The Hamiltonian is bounded below, but there are no perturbative instabilities or known
obstacles to smooth evolution.)

When the vector field is timelike, we have four constraint equations in the scalar case,

A2~ A A =m? and  9;(0,A") = 2)\A;. (3.108)

Suppose we give homogeneous initial conditions such that Ag(tp) > m. Align axes such
that,

Ap(to) = (Ao(to), 0,0, A3(to)) , (3.109)

where A3(tg)? = Ao(tg)? — m2. Note that, since A3(tg) # 0, we have that A = 0 from the
v = 3 equation of motion. The v = 0 equation of motion therefore gives,

d%Ag

o =0. (3.110)

We see that the timelike component of the vector field has the time-evolution,

Ao(t) = Ao(to) + C(t — to). (3.111)

For generic homogeneous initial conditions, C' # 0. In this case, Ap will not have a
smooth time evolution since Ay will saturate the fixed-norm constraint, and beyond this
point Ag will continue to decrease in magnitude. To satisfy the fixed-norm constraint, the
spatial components of the vector field A; would need to be imaginary, which is unacceptable

since A, is a real-valued vector field. This problem never occurs for the spacelike case since
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there always exist real values of A; that satisfy the constraint for any Ag.
Again, it is possible that this obstruction to a well-defined evolution will be regulated

by terms of higher order in the effective field theory. The time derivative of Ag is

SN (3.112)

s = Ay~

As AgAg approaches m?

, with finite derivatives of Ag, the derivative of the spatial com-
ponent A3 becomes unbounded. If higher-order terms in the effective action have time
derivatives of the components A;, these terms could become relevant to the vector field’s
dynamical evolution, indicating that we have left the realm of validity of the low-energy
effective field theory we are considering.

Whether or not a theory with a scalar kinetic term and fixed expectation value is viable

remains uncertain.

3.7 Conclusions

In this chapter, we addressed the issue of stability in theories in which Lorentz invariance

is spontaneously broken by a dynamical fixed-norm vector field with an action

1 AMAY
S = / d*z <—2ﬂ1FWFW — Bu(0,AM)? — 547@14,))(6”#) +A(AFA, + m2)> ,

(3.113)
where A is a Lagrange multiplier that strictly enforces the fixed-norm constraint. In the
spirit of effective field theory, we limited our attention to only kinetic terms that are
quadratic in derivatives, and took care to ensure that our discussion applies to regimes

in which an effective field theory expansion is valid.
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We examined the boundedness of the Hamiltonian of the theory and showed that, for
generic choices of kinetic term, the Hamiltonian is unbounded from below. Thus for a generic
kinetic term, we have shown that a constant fixed-norm background is not the true vacuum
of the theory. The only exception is the timelike sigma-model Lagrangian (81 = B4, 54 =0
and A*A, = —m?), in which case the Hamiltonian is positive-definite, ensuring stability.
However, if the vector field instead acquires its vacuum expectation value by minimizing
a smooth potential, we demonstrated (as was done previously in [3I]) that the theory is
plagued by the existence of a tachyonic ghost, and the Hamiltonian is unbounded from
below. The timelike fixed-norm sigma-model theory nevertheless serves as a viable starting
point for phenomenological investigations of Lorentz invariance; we explore some of this
phenomenology in Chapter

We next examined the dispersion relations and energies of first-order perturbations
about constant background configurations. We showed that, in addition to the sigma-model
case, there are only two other choices of kinetic term for which perturbations have non-
negative energies and do not grow exponentially in any frame: the Maxwell (8, = 84 = 0)
and scalar (41 = B4 = 0) Lagrangians. In either case, the theory has fewer than three
propagating degrees of freedom at the linear level, as some of the vector components in
the action lack time derivatives and act as additional Lagrange multipliers. A subset of the
phase space for the Maxwell theory with a timelike aether field is well-defined and stable, but
is identical to ordinary electromagnetism. For the Maxwell theory with a spacelike aether
field, or the scalar theory with a timelike field, we can find explicit obstructions to smooth
time evolution. It remains unclear whether the timelike Maxwell theory or the spacelike

scalar theory can exhibit true violation of Lorentz invariance while remaining well-behaved.
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Chapter 4

Sigma-Model Aether

4.1 Introduction

Models of fixed-norm vector fields, sometimes called “aether” theories, serve a useful purpose
as a phenomenological framework in which to investigate violations of Lorentz invariance
at low energies [12, 14} 15, 16} 17, 18, 19]. For a recent review, see [34]. In Chapter [3 we
argue that almost all such models are plagued by instabilities. For related work on stability
in aether theories, see [25] 29] 30, 31, 40} 42} [45] [48].

There is one version of the aether theory that is stable under small perturbations and
in which the Hamiltonian is globally bounded when only two-derivative terms are included

in the action. This model is defined by a kinetic Lagrange density of the form
et 1
L5 = =5 (V) (VA7) (4.1)

where A, is a dynamical four-vector aether field. (The spacelike version has an unbounded
Hamiltonian and is unstable.) We refer to the theory defined by this action as “sigma-
model aether,” due to its resemblance to a theory of scalar fields propagating on a fixed

manifold with an internal metric, familiar from studies of spontaneous symmetry breaking.
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The aether theory is not identical to such a o-model—in particular in curved space where
covariant derivatives act on the vector—but the nomenclature is convenient.

Even though this theory is stable, it has an important drawback. It is conventional
in aether models to give the vector field an expectation value by means of a Lagrange

multiplier, which enforces the fixed-norm constraint

A AP = —m? (4.2)

We take m? to be positive and use a metric signature (— + ++), so that this defines a
timelike vector field. Despite the convenience of this formulation, it seems likely that a more
complete version of the theory would arise as a limit of a theory in which the expectation
value is fixed by minimizing a smooth potential of the form V(4,) = £(4,A* + m?)2. As
we showed in [2], any such theory would be plagued by ghosts and tachyons. As far as we
can tell, therefore, the sigma-model aether theory cannot be derived from models with a
smooth potential.

Nevertheless, as it is the only globally well-behaved example of any of the aether theories,
examining the dynamics and experimental constraints on this model is worthwhile. We
undertake such an investigation in this chapter.

First we examine the degrees of freedom in this theory, taking into account the mixing
with the gravitational field. There are three different massless modes, of spins 0, 1, and 2 in
the aether rest frameE Demanding that none of the modes propagate faster than light fixes
a unique value for the coupling of the vector field to the Ricci tensor. We use experimental

constraints on the preferred frame parameters o2 in the Parameterized Post-Newtonian

!The lack of rotational symmetry in frames other than the aether rest frame make classification of modes
by spin in such frames impossible. But the aether rest frame has rotational symmetry, which allows for the
spin classification with respect to this frame.
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(PPN) expansion to limit the magnitude of the vacuum expectation value, m. The spin-2
mode can propagate subluminally for some values of the vector field/Ricci tensor coupling;
in such cases very tight restrictions on the vacuum expectation value, m, due to limits from
vacuum Cherenkov radiation from gravitons come into play.

Finally, we consider the cosmological evolution of the vector field in two different back-
grounds. We study the evolution of the timelike vector field in a general flat-Friedmann-
Robertson-Walker (FRW) background and find that the vector field tends to align to be
orthogonal to constant density hypersurfaces. In a background consisting of a timelike
dimension, three expanding spatial dimensions, and one compact (non-expanding) extra-
dimension, we find that the vector field can evolve to have a nonzero projection in the
direction of the compact extra-dimension if the large dimensions are de Sitter-like. We take
this as evidence that a timelike vector field with the Lagrangian that satisfies the aforemen-
tioned theoretical and experimental constraints would not lead to any significant departure

from statistical isotropy.

4.2 Excitations in the Presence of Gravity

We would like to understand the experimental constraints on, and cosmological evolution of,
the sigma-model aether theory. For both of these questions, it is important to consider the
effects of gravity. But whereas the flat-space model with a kinetic Lagrangian of the form
is unique, in curved space there is the possibility of an explicit coupling to curvature.

The full action we consider is

A

- 4. L _1 AV o poAv 2 m 2
S—/d:n\/ g[lﬁwGR 2(VHA,,)(VA)+2RWAA +2(AHA +m)| . (4.3)
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Here, A is the Lagrange multiplier that enforces the fixed-norm constraint , «a is
a dimensionless coupling, R, is the Ricci tensor and R is the curvature scalar. Note
that, given the fixed-norm constraint, there are no other scalar operators that could be
formed solely from A, and the Riemann tensor R”,,,. By integrating by parts and using
R, AFAY = AY[V,,, VA, this curvature coupling could equivalently be written purely in
terms of covariant derivatives of A,; the form has the advantage of emphasizing that
the new term has no effects in flat spacetime.

In [2] we showed that the sigma-model aether theory was stable in the presence of small
perturbations in flat spacetime; the possibility of mixing with gravitons implies that we
should check once more in curved spacetime. The equations of motion for the vector field
are,

— V,VFAY = MAY + aRM" A, (4.4)

along with the fixed norm constraint from the equation of motion for A. Assuming the fixed

norm constraint, the equations of motion can be written in the form
1
<g‘”’ + 2A”A”> (V,VPA; + R, AP) = 0. (4.5)
m

The tensor (¢°% + A,A,/m?) acts to take what would be the equation of motion in the
absence of the constraint, and project it into the hyperplane orthogonal to A,,.

The Einstein-aether system has a total of five degrees of freedom, all of which propagate
as massless fields: one spin-2 graviton, one spin-1 excitation, and one spin-0 excitation.

Each of these dispersion relations can be written (in the short-wavelength limit) in frame-

1 — 2 zzl#k“ 2
e = (1) (B »

invariant notation as,
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Figure 4.1: Aether rest frame mode phase velocities squared, v?, minus the speed of light in
units of 87Gm? as a function of a. The solid line corresponds to spin-0, the small dashed
line to spin-1, and the large dashed line to spin-2. Only for &« = —1 do none of the modes
propagate faster than light (v? — 1 > 0).

where v is the phase velocity in the aether rest frame. The squared phase velocities of the

gravity-aether modes are [16],

2 1
1 - 81Gm2(1 + )

v ~ 14 81Gm?(1 + a) (spin-2) (4.7)

s 2—-81Gm*(1+a)(l—«)

~1 4 2 1 2 in-1 4
2(1 - 87Gm2(1 + a)) +4rGm~(1 + a) (spin-1) (4.8)

9 2 — 8rGm?

- ~ 14 167Gm” in- 4,
V= A srGmi( 1 0) 2+ SrGmE( —2a)) = LT I67GmIa (spin-0) - (4.9)

where G is the gravitational constant appearing in Einstein’s action. The approximate
equalities hold assuming 8mGm? < 1E|
These squared mode phase velocities minus the squared speed of light are plotted in

Fig. [A1] as a function of a. It is clear that the only value of « for which none of the modes

>The relationship between the parameters in Eq. [.3) (o, m?) and those in [I6] (c1, ¢z, 3, c4) is:

c1 = 8rGm?, —¢2 = ¢3 = a8TGm”, cs =0. (4.10)
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propagate superluminally (v? > 1) is

a=-1. (4.11)

We therefore have a unique version of a Lorentz-violating aether theory for which the
Hamiltonian is bounded below (in flat space) and that is free of superluminal modes when
coupled to gravity: the sigma-model kinetic term with an expectation value fixed by a
Lagrange-multiplier constraint and a coupling to curvature of the form in with a = —1.
In what follows, we will generally allow « to remain as a free parameter when considering
experimental limits, keeping in mind that models with a # —1 are plagued by superluminal
modes. We will find that the experimental limits on m are actually weakest when oo = —1.

Before moving on, however, we should note that the existence of superluminal phase
velocities does not constitute prima facie evidence that the theory is ill-behaved. There are
two reasons for suspecting that superluminal propagation is bad. First, in [2], we showed
that such models were associated with perturbative instabilities: there is always a frame
in which small perturbations grow exponentially with time. Second, acausal propagation
around a closed loop in spacetime could potentially occur if the background aether field were
not constant through space [I7, [3I]. But in the presence of gravity, these arguments are
not decisive. There now exists a scale beyond which we expect the theory to break down:
namely, length scales on the order of Mp_l 1 Perhaps there is some length scale involved in
boosting to a frame where the instability is apparent (or, equivalently, in approaching a
trajectory that is a closed timelike curve) that is order M, ol L

Again, in a background flat spacetime with a background timelike aether field A# = con-
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stant, the dispersion relations have the generic form

(072 = ) (t"ku)? = Kk, (4.12)

where t,, = flu /m characterizes the 4-velocity of the preferred rest frame. The velocity v? is
given by Eqgs. (4.7)—(4.9). In a boosted frame, where t* = (— coshn, sinhnn), the frequency

is given by

—(1 —v %) sinhncoshn(k - ) + \/1 — (1 — v=2)(cosh? 5 — sinh? n(n - k)2)

kS

k| N 1—(1—-v"2)cosh?y - (413)
Let us parametrize the boost in the standard way as,
cosh?n = ! 0< 3 <1 (4.14)
1— /2
Then
w _ vk i) £ VI o - 4 21— 0 B s

i v

There is a pole in the frequency at % = v2.

The pole is physical if v > 1 and, (in the
limit as 7 - k — 0) as 3 passes through the pole (5% — 32 > v~2), the frequency acquires
a nonzero imaginary part, which corresponds to growing mode amplitudes. (The frequency
becomes imaginary at some 32 < 1 as long as 71 - k # 1.) The time scale on which the mode

grows is set by 1/Im(w). In frames with a boost factor greater than the inverse rest-frame

mode speed, 3 > v~!, the time scale on which mode amplitudes grow is maximal for modes
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with wave vectors perpendicular to the boost direction (7 - k= 0) and is given by

Taax(B) = ——— = F Y222 hen 21 (4.16)
[Im(w)| V1-p2

We generically expect the linearized gravity analysis that led to the propagation speeds
in Egs. f to be valid for wave vectors that are much greater in magnitude than the
energy scale set by other energy density in the space-time—generally, the Hubble scale, H.
Thus the analysis makes sense for \/;|_1 < H7! and (as long as 1 — 32 is not infinitesimal)
there will be instabilities on time scales less than the inverse Hubble scale and (unless
(3% — v~2 is infinitesimal) greater than M;ll.

Thus, not only could superluminal propagation speeds lead to closed timelike curves
and violations of causality, but the existence of instabilities on an unremarkable range
of less-than-Hubble-radius time scales in boosted frames indicates that such superluminal
propagation speeds lead to instabilities. If v > 1, it appears as if instabilities can be accessed

without crossing some scale threshold beyond which we’d expect the model to break down.

4.3 Experimental Constraints

We now apply existing experimental limits to the sigma-model aether theory, keeping for
the moment « as well as m? as free parameters. Direct coupling of the aether field to
standard model fields fits into the framework of the “Lorentz-violating extension” of the
standard model considered in [I2]. Such couplings are very tighly constrained by various

experiments (for a discussion of experimental constraints, see [32]). The relevant limit from
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Cherenkov radiation in [3I] translates t0E|

—81Gm*(1 + ) <1 x 10715, (4.18)

Limits on PPN parameters give some of the strongest constraints on a and m? when a ~
—1 (since the constraint in Eq. (4.18) is automatically satisfied). The preferred frame

parameters must satisfy |a1| < 107* and |ag| < 1077 [33]. We have the limits [34],

|| ~ |4a2(87TGNm2)] <107* and || =~ | (o + 1)(87TGNTI’L2)| <1077, (4.19)

where Gy is the gravitational constant as measured in our solar system or table-top exper-

iments. This gravitational constant is related to the parameter in the action G by,

G

Gy = ——
N T 4nGm2

(4.20)

If we require that all modes have phase speeds v that satisfy v? < 1, then we must have
a=—1and

StGym?* < 1074 (4.21)

All relevant constraints (allowing modes to have larger than unity phase velocities) are
summarized in Fig. Constraints from big bang nucleosynthesis [I7] are significantly

weaker than the PPN and Cherenkov constraint above.

3[31] uses the same parameters as in [I6, [34], thus the translation between our parameters and the
parameters used in [16] [34] 1] is (as stated in a previous footnote),

c1 = 8rGm?, —c2 = c3 = a87Gm?, cs =0. (4.17)
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Figure 4.2: Parameter space allowed (shaded region) by constraints from Cherenkov ra-
diation and PPN. The strongest constraint in the a < —1 region is from Eq. , and
for most of the o > —1 region the strongest constraint is from the second inequality in
Eq. . The plot on the right is a blowup of the small range of o for which the first
constraint in Eq. is strongest—when a = —1 to within a couple of parts in 100.

4.4 Cosmological Evolution

We now turn to the evolution of the sigma-model aether field in a cosmological background.
It is usually assumed in the literature that the aether preferred frame coincides with the
cosmological rest frame—i.e., that in Robertson-Walker coordinates, a timelike aether field
has zero spatial components, or a spacelike aether field has zero time component. Under this
assumption, there has been some analysis of cosmological evolution in the presence of aether
fields [24], 25| 51, [52]. Cosmological alignment in a de Sitter background was considered in
[53]. Evolution of vector field perturbations in a more general context, including the effect
on primordial power spectra, was considered in [I8], [54].

Here, we relax the aforementioned assumption. We determine the dynamical evolution
of the aether alignment with respect to constant density hypersurfaces of flat-FRW back-
grounds, assuming that the aether field has a negligible effect on the form of the background
geometry. Unlike Minkowski space, a Robertson-Walker metric features a preferred frame
in which the density of the cosmological fluid is the same everywhere. We will show that

a homogeneous timelike vector field tends to align in the presence of a homogeneous cos-
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mological fluid such that its rest frame coincides with the rest frame of the cosmological
fluid.

Take the background spacetime to be that of a flat Friedmann-Robertson-Walker (FRW)
cosmology,

ds® = —dt* + a(t)*(da” + dy® + d=7). (4.22)

We take the equation state of the cosmological fluid to be pfyiq = wpfiuia- The Friedmann
equation then implies a(t) = t2/30%%) for w # —1, and a(t) = e* (with H constant)
for w = —1. We assume that m?/M3 is small, so that the back reaction of the vector
field on the FRW geometry will be small, and the evolution of the vector field will be well
approximated by its evolution in the FRW background.

Suppose the vector field is homogeneous. This is a reasonable assumption given that the
background spacetime is homogeneous and therefore should only affect the time evolution
of the vector field. We may use the rotational invariance of the FRW background to choose
coordinates such that the x-axis is aligned with the spatial part of the vector field. Then,
without loss of generality, Ao = mcosh(¢(t)) and A, = ma(t)sinh(¢(t)). In this case the

equations of motion reduce to,

¢"(t) + 3H(t)¢ (t) + (H*(t) + o H'(t)) sinh(26(t)) = 0, (4.23)

where H(t) = a/(t)/a(t). Expanding to first order in the angle ¢ we have for w # —1,

¢ + <(2)t> ¢ + <8 ;(?fg)jt;”)) ¢ =0. (4.24)

It is a simple exercise to show that ¢ behaves as a damped oscillator for all —1 < w < 1
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and o < ﬁ For the case of a constant Hubble parameter (w = —1),

p(t) = Ae 1t 4 Be2HE, (4.25)

One can see even for large ¢(t) that |¢(t)| generically decreases when —1 < w < 1 and

a < because, since sinh(¢) = —sinh(—¢), the essential features of the full equation

_2
3(1+w)
mirror those of the linearized equation.

We conclude that a timelike vector field will generically tend to align to be purely
timelike in the rest frame of the cosmological fluid, thereby restoring isotropy of the cos-

mological background. We do not examine the case of a spacelike aether field, since that is

perturbatively unstable.

4.5 Extra Dimensions

Consider now the evolution of the vector field in a background spacetime with metric,

ds* = —dt* + a(t)*(dz* + dy* + dz*) + dr’. (4.26)

This metric is the local distance measure for a spacetime in which the infinite spatial
dimensions expand as a usual flat FRW metric, for general equation of state parameter w
as discussed in the previous section, and a compact extra dimension with coordinate r does
not expand. A scenario in which a spacelike aether is aligned completely along the compact
fifth extra-dimension was considered in [IJ.

The equations of motion are once again,

(g% + A A Jm?)(V, VP Ay + aR e AP) = 0. (4.27)
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and A, A* = —m?2. Consider homogeneous configurations where, without loss of generality,

Ap =mecoshé(t), Ay =a(t)msinh¢(t)cosb(t), Ay =A, =0, and A, = msinh ¢(t)sinf(t).
(4.28)

The v = 0 equation of motion (Eq. (4.27)) reads,
1
<2(5 —cos20)(H*(1 + ) + aH') — 2aH? cos® 6 — (9’)2> sinh 2¢+6H ¢’ +2¢" = 0. (4.29)

When 62 <« H?, we can treat 6 as being essentially constant and then the above equation
determines the evolution of ¢. Numerical simulations indicate that ¢ decays to zero, what-

ever the value of 0, if —1 < a < . One can see the decay of ¢ (given the bounds on

2
3(1+w)
a) explicitly by expanding about ¢ = 0 and 6 = constant when ¢ is small.

If H is constant (i.e., the non-compact dimensions are de Sitter-like ) and the vector field

is aligned entirely along the spacelike dimension and the compact dimension (so § = 7/2),

then the equation of motion for ¢(t) is,
¢"(t) + 3H' (t) + 2(1 + a)H?%sinh(2¢(t)) = 0, (4.30)
the solution to which is
P(t) = Ape o2 L A_emo-HY2  where oy =3 (1 +4/1 - g(l + a)) (4.31)

when |¢(t)] < 1. If 1 + a > 0 then ¢ decays to zero. If « = —1, ¢ decays to a (generically
nonzero) constant, and ¢ can grow with time if & < —1. It is interesting to see that, for

the case where no perturbative modes propagate superluminally—the case where « = —1—
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the fixed-norm vector field can evolve during a de Sitter expansion phase so that it has a
nonzero component in the compact fifth dimension while otherwise aligning so that isotropy
is restored in the rest frame of the cosmological fluid. However, when the Universe enters a
phase of expansion where a(t) = 2/304+w) and w is strictly greater than —1 (and less than

1), then the component of the vector field in the fifth dimension will decay away.

4.6 Conclusions

We investigated the dynamics of and limits on parameters in a theory with a fixed-norm

timelike vector field whose kinetic term takes the form of a sigma-model. We argued in

Chapter [3] that such sigma-model theories are the only aether models with two-derivative

kinetic terms and a fixed-norm vector field for which the Hamiltonian is bounded below.
In the presence of gravity, the action for sigma-model aether is:

Sa = / d*z/—g [11%

1 no v A
torgl ~ g (Ved) (VHIAY) & G R AR A + S (A, 40 +m¥) | (4.32)

We showed that the five massless degrees of freedom in the linearized theory will not propa-
gate faster than light only if & = —1 and we argued that faster-than-light degrees of freedom
generically lead to instabilities on less-than-Hubble-length time scales. In this special case
a = —1, the vacuum expectation value, m?, must be less than about 10_4Mg, where M), is
the Planck mass, in order to comply with limits on the PPN preferred frame parameter, as.
Relaxing the a = —1 assumption, we summarized the strongest limits on the parameters
{a,m} (from gravitational Cherenkov radiation and the PPN preferred frame parameters)
in Fig. [4.2

We also showed that the aether field tends to dynamically align such that it is orthogonal
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to constant density hypersurfaces for the theoretically and experimentally relevant portion
of the parameter space. The dynamics forces the rest frame of the aether and that of the
perfect fluid dominating the cosmological evolution to coincide. Finally, we showed that
the dynamics allows for the possibility of a nonzero spatial component in a non-expanding
fifth dimension during a de Sitter era. FEven a spatial component in a non-expanding
fifth dimension will decay away during non-de Sitter eras, e.g., in a matter- or radiation-
dominated era. We take this as evidence that aether fields with well-behaved (semi)classical

dynamics will not lead to any significant departure from isotropy.
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Chapter 5

Lorentz Violation in Goldstone
Gravity

5.1 Introduction

The existence of massless particles is conventionally explained by the requirement to pre-
serve gauge symmetries. In the case of electromagnetism, the masslessness of the photon is
required so that local U(1) gauge invariance is maintained; in the case of general relativity,
the masslessness of the graviton has its origin in diffeomorphism invariance.

In 1963, Bjorken proposed an alternative viewpoint: the photon can be a Goldstone
boson associated with the spontaneous breaking of Lorentz invariance [55, 56, 57, 58, 59].
The idea was subsequently generalized and applied to the case of gravity by Phillips and
others [60, [61], 62, [63], [64].

In ordinary Maxwell electrodynamics, gauge invariance reduces the four components of
the vector potential A, down to the two propagating degrees of freedom of a massless spin-1
particle. Gauge invariance forbids a potential V'(A,,), which keeps the photon massless and
prohibits a longitudinal mode, and it also forbids kinetic terms such as (9,A*)?, which
would allow a spin-0 mode to propagate. In the Goldstone approach, there is no gauge

invariance, and the vector field acquires a vev via a potential. Regardless of the form of the
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vev, there are always three massless Goldstone excitations, all of which would propagate for
a generic choice of kinetic term. To avoid the extra degree of freedom, we can choose the
Maxwell kinetic term, even though it is not required by gauge invariance. Then two linear
combinations of the Goldstone modes have exactly the same properties as the photon in
electromagnetism. The remaining longitudinal mode is auxiliary, and does not propagate, so
that the theory is indistinguishable from electromagnetism in the low energy limit. (In the
presence of Lorentz violation, Goldstone’s theorem no longer ensures one propagating mode
for each broken symmetry generator.) This identification can be overturned by radiative
corrections, since there is no gauge invariance to protect the form of the propagator.

The graviton case is similar, except that now it is a symmetric two-index tensor that
acquires a vev. A propagating massless spin-2 particle has two degrees of freedom. Because
the Lorentz group has six generators, there are sufficient degrees of freedom in the Goldstone
bosons to reproduce the graviton. However, we will see that this is not automatic, as in the
photon case; whether we get the correct Goldstone modes to recover the transverse-traceless
oscillations of conventional gravitons will depend on the choice of vev. The case where all
six generators are broken was examined by Kraus and Tomboulis in [62], where they also
discussed how such a modified theory of gravity can possibly evade the cosmological constant
problem.

Recently, Kostelecky and Potting examined in detail the scenario in which a symmetric
two-index tensor acquires a vev via a potential [65]. With a kinetic term quadratic in
derivatives and preserving diffeomorphism invariance, they found that, just as in the photon
case, two linear combinations of the resulting six Goldstone bosons obey the linearized
Einstein’s equations in a special gauge (which they termed the ‘cardinal’ gauge), while the

remaining four linear combinations do not propagate. Together with four additional massive
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modes, they account for the ten degrees of freedom contained in the two-index symmetric
tensor. By requiring self-consistent coupling to the energy-momentum tensor, they also
demonstrated that the theory can be used to construct a nonlinear theory via a bootstrap
procedure (analogous to the way in which general relativity is obtained from the linearized
theory). We expect the massive modes to be near the Planck scale, outside the low-energy
theory, so the nonlinear theory is equivalent to general relativity with conventional coupling
to matter.

Kraus and Tomboulis [62] pointed out that these massive modes nevertheless have a
crucial effect: integrating them out introduces an infinite number of radiative-correction
terms to the low-energy Lagrangian, which can change the theory in important ways. Since
these corrections are not controlled by gauge invariance, in general they will modify the
dispersion relations of the Goldstone modes. At higher order, therefore, the Goldstone
bosons arising from Lorentz violation can, in principle, be distinguished from the graviton
in linearized general relativity.

In this chapter, we examine some of these correction terms and study their effects on
the properties of the Goldstone bosons. (The terms we consider are those that are most
straightforward to analyze, but their impacts should be generic.) We find that, for a general
vev, these terms modify the dispersion relations of the Goldstone modes in such a way that
their speed of propagation is anisotropic. If the speed is subluminal in some directions, gravi-
Cherenkov radiation by cosmic rays becomes possible. Observations of high-energy cosmic
rays thus allow us to constrain these higher-order radiative corrections. These corrections
also effect the polarization tensors of the conventional gravitons, leading to longitudinal
oscillations in the motion of test particles, in addition to the conventional transverse + and

x patterns predicted in general relativity. This could lead to novel experimental tests of
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the theory, although we do not know of any constraints on this phenomenon from currently
available data.

Another difference between Goldstone gravity and general relativity is that the former
predicts the existence of other massless particles in addition to the two conventional massless
spin-2 polarizations. This is reminiscent of the photon case, in which a longitudinal mode
(in addition to the two transverse modes) becomes dynamical in the presence of the radiative
corrections induced by integrating out the massive modes. Analogously, we expect that there
should be four longitudinal Goldstone bosons that can become dynamical. The polarization
tensors of these modes can be written as a sum of eight symmetric tensors constructed from
k, and the vev. By imposing the four cardinal gauge conditions, we can relate these eight
coefficients, leaving four independent parameters for the four Goldstone modes.

In the next section, we briefly review the case of Goldstone photons, including the effects
of radiative corrections as emphasized in [62]. We then carry out an analogous analysis for
gravitons, showing how radiative corrections bring to life new massless modes. In Section
we concentrate on the two modes of the graviton, demonstrating that they propagate
anisotropically in the presence of a generic vev and considering some experimental limits
on the corresponding parameters. In Section [5.5| we examine models where the vev doesn’t
completely break the Lorentz group, and gravitons are only partially constructed from
Goldstone bosons, or they originate from residual diffeomorphism invariance. Appendix [B]
describes the relationship between different patterns of symmetry breaking and the modes

corresponding to gravitons.
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5.2 Goldstone Electromagnetism

5.2.1 Photons as Goldstone bosons

Before we delve into the graviton case, we first discuss the scenario in which the photon
arises as a Goldstone boson of spontaneous Lorentz violation, commonly known as the
‘bumblebee’ model [62, [66]. We will see below that the graviton case mirrors the vector
case.

We consider the Lagrangian for a vector field A,
1 L -
L= *Zf,uuf - V(Aua au)’ (5'1)

where A, = fl” +a, and f,, = 0,A, — 0,A, = O,a, — Oya, is the corresponding field-
strength tensor. The potential V gives 4, a vev A, (with 9,4, = 0), thereby violating
Lorentz invariance spontaneously. For a thorough analysis of the case for which flu is
spacelike, see [62].

We consider here the usual Maxwell kinetic term, which by itself preserves gauge invari-
ance, as our aim is to have a theory that reproduces electromagnetism at lowest order. The
stability of theories with more generic kinetic terms was considered in [2].

The Goldstone boson fields can be constructed from the vev by the action of spacetime-

dependent infinitesimal Lorentz transformations,

a, = —0,"(v)A,. (5.2)
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Here, ©,, is an antisymmetric tensor of the form

0 B/ B2 B3

-6 0 b5 —b

B2 —03 0 6

B3 6 —6; O

where 3; = ;%> are the infinitesimal rapidities corresponding to boosts, and ; = fe*e*®
are the infinitesimal angles corresponding to rotations. Note that the three Goldstone modes
a,, are orthogonal to the vev Au- The remaining length-changing mode (parallel to flu) is
massive.

We can consider vevs f_lu that are timelike or spacelike. When it is timelike, without
loss of generality we can boost to a frame in which only Ag # 0. This breaks the original
SO(3,1) to SO(3), preserving rotational invariance. From Eq. , the three Goldstone

bosons come from the three broken boost generators, and are given by

CLM = _@MO (54)
0

_ | (5.5)
B2
B3

Each choice of the vev corresponds to a particular gauge in electromagnetism. Having
a timelike vev is equivalent to the Coulomb gauge, in which we set the scalar potential
to zero (Ag = 0). That is, the physics of the theory is completely equivalent to that of

free Maxwell electrodynamics, but with a particular gauge condition imposed. This gauge
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choice is compatible with the transverse condition (k,A* = 0) that we usually impose in
electromagnetism. Together these are consistent with the Lorenz gauge, making a timelike
vev a natural gauge choice to describe a free photon. For example, if we want to describe
a photon moving in the x; direction, we can just set A; to zero.

If instead fl“ is spacelike, we can rotate axes such that only Az # 0. This reduces the
SO(3,1) symmetry that we begin with to SO(2, 1), resulting in three Goldstone modes (one

boost and two rotations):

a, = —O,3 (5.6)
B3
02

_ (5.7)
—0,
0

Having a spacelike vev is equivalent to imposing the axial gauge (§-a@ = 0), where §'is a
unit spatial vector. In order to describe a photon that propagates in a direction orthogonal
to AH, a,, is necessarily unbounded somewhere at spatial infinity. There is thus a question
whether the Lorentz-violating theory, as an effective field theory, is capable of describing
a photon in the axial gauge. Since the field value can be large, we should, in the spirit of
effective field theory, retain higher-order kinetic terms in the Lagrangian. We won’t pursue

this issue in this chapter.



88

5.2.2 Radiative corrections and dispersion relations of the Goldstone

modes

As we have seen, the vev 4, always leads to three Goldstone bosons, which can be classified
into two transverse modes and one longitudinal mode. The transverse modes satisfy the
condition k#a, = 0. With the kinetic term in , they satisfy the dispersion relation
k*k, = 0, and thus propagate isotropically at the speed of light. Hence, they have the right
properties to be identified as the photon.

The remaining longitudinal degree of freedom is orthogonal to the two transverse modes.

This allows us to specify its polarization as

(A%a) 5 (5.8)

longitudinal) __ k. —
R AP AB K

€
At lowest order, this longitudinal mode does not propagate, and corresponds to the pure-
gauge mode in electromagnetism.

As we will see later, this way of decomposing the Goldstone modes into transverse and
longitudinal degrees of freedom will be highly similar in the graviton case. Expressing
the longitudinal mode in the basis k, and Au makes it automatically orthogonal to the
transverse modes.

As was pointed out in [62], we expect that there would be higher-order radiative correc-
tion terms induced in the low-energy effective Lagrangian as we integrate out the massive
fluctuations of A,. These terms will in general modify the dispersion relations of the Gold-

stone bosons. If we restrict our attention to only two derivatives, there are seven such
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terms, which are listed in [62] and which take the form:

f1(A%0, A, 0" A”

f2(A?)9,A,0" A*

f3(A%)AF A%, A, 00 A”

f1(A%)A” A0, A, 0, AF (5.9)
f5(A?)AY A%9, A, 0" A,

fo(A?)A* AY A%0,0, Ay

fr(A?)AFAY A% AP, A, 0, Ap

where f;(A?) are scalar functions of A*A,,. This list exhausts all possible such terms, since
AFA, is a constant. The situation will be different in the two-index case, where infinitely
many such terms can be generated in the effective Lagrangian, as we will discuss later.

If we assume that flua“ is small, the first three terms in dominate over the rest.

They modify the dispersion relations of the two transverse Goldstone bosons to

(14 d1)k"ky, + da(AFk,)* = 0, (5.10)

where d; and do are undetermined coefficients and are presumably small. The additional
term implies that the phase velocity of the two transverse modes is anisotropic.
Meanwhile, in the presence of these radiative corrections, the longitudinal mode becomes

dynamical and has the dispersion relation

Pk, + ds(A,k")? =0, (5.11)
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where d3 is an undetermined coefficient.

5.3 Goldstone Gravity

5.3.1 Gravitons as Goldstone bosons

The analysis of spontaneous Lorentz violation via a symmetric two-index tensor is in many
ways similar to the vector case that we previously discussed. In particular, we will focus
on a model called ‘cardinal gravity’, introduced recently by Kostelecky and Potting [65].
They showed that when a two-index symmetric tensor acquires a vev which breaks all six
generators of the Lorentz group in Minkowski spacetime, two linear combinations of the
resulting Goldstone modes have properties that are identical to those of the graviton in a
special (cardinal) gauge in linearized general relativity. We have included our own version
of this argument in Appendix

As in the photon case, higher-order radiative correction terms resembling will
generically appear in the low-energy effective Lagrangian as we integrate out the four mas-
sive modes to extract their contribution to the low energy physics. In the two-index case,
there are infinitely many such terms. In this chapter, we will focus on a representative sub-
set of these terms, and examine their resulting Lorentz-violating effects on the Goldstone
modes. For example, in the presence of these higher-order terms, two linear combinations
of the six Goldstone modes that are to be identified as the graviton will now propagate at
different phase velocities in different directions. In addition, the four remaining linear com-
binations that are originally auxiliary will now become dynamical, just like the longitudinal

mode in the vector case.
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We begin with the Lagrangian

£ = %[(%’3"”)(&/’3) — (0uh*7)(0,h%)

1 - . 1 S
51 (0l (O hpe) — 50 (0uh) (O h)]

+(radiative corrections) — V (hy, h*), (5.12)

where h" is a symmetric two-index tensor field defined on a spacetime with Minkowski
metric 7,,,. In analogy to the electromagnetic case, we have chosen the linearized Einstein-
Hilbert kinetic term, which by itself preserves diffeomorphism invariance (iNlW — il,w +
9(uy), for some vector &#).

As in the vector case, the field ilw, acquires a vev H,,,, via the potential V. The Goldstone

modes that result are given by acting spacetime-dependent infinitesimal Lorentz transfor-

mations on this vev [66, [67]:
hyw = —0,“Hpy — 0,%Hyq, (5.13)

where }NZW = H,y + hy and O, is as defined in (5.3). Unless stated otherwise, from now
on we assume that H,, breaks all six generators of the Lorentz group, and thus gives rise
to six potential Goldstone bosons.

Note that in the form of ([5.13)), the Goldstone bosons automatically fulfill four condi-
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tions, dubbed ‘cardinal’ by Kostelecky and Potting in [65]:

" ew = 0 (5.14)
H"ep = 0 (5.15)
HMoH €y = 0 (5.16)
H'HogH e = 0, (5.17)

where h,, = ew,e"kaxa. Since we could diagonalize H,,, via an appropriate orthogonal trans-
formation, there can be at most four such independent constraints, one for each eigenvalue.
Contracting €, with terms of higher order in H,, (e.g., H“O‘Ha/gHme) also yields zero,
but the resulting constraints are not independent.

The cardinal conditions are very similar to that (A,a* = 0) in the vector case, but now
there are four orthogonality conditions instead of one. They can be viewed as ‘directions’
along which the massive modes reside (just as the length-changing mode of the vector is
parallel to the vev). There are thus in general four massive degrees of freedom in the theory.

Kostelecky and Potting demonstrated that the cardinal gauge is attainable for generic
k* in general relativity. In Appendix [B] we derive necessary and sufficient conditions under
which the cardinal gauge is a valid gauge choice.

Starting with the ten independent components in 5, imposing the four cardinal gauge
conditions reduces that to six, which is exactly the right number to accomodate the six
Goldstone modes. The situation becomes more complicated when the vev does not break
all six generators. In that case, there are fewer Goldstone bosons, as well as fewer gauge

conditions. However, there might also be residual diffeomorphism invariance. The theory

can contain massless excitations that originate from spontaneous Lorentz violation and/or
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diffeomorphism invariance.

As in the photon case, it is most convenient to decompose the six Goldstone modes into
two linear combinations that are transverse, and four other orthogonal linear combinations.
The two transverse modes obey the linearized Einstein’s equations and have the dispersion

relation

k', = 0, (5.18)

corresponding to masseless particles propagating isotropically at the speed of light. These
can therefore be identified as the graviton. The remaining four modes are auxiliary and do
not propagate. At this order, the theory is thus equivalent to linearized general relativity

in the cardinal gauge, if we treat the massive modes as absent at low energies.

5.3.2 Radiative corrections and dispersion relations

Corrections to the effective field theory arise from integrating out the massive modes. As in
the photon case, the resulting radiative-correction terms induce additional Lorentz-violating
effects when iz,w acquires a vev. As before, we restrict our attention to only terms that
are quadratic in derivatives of h,,. We will demonstrate that these terms will modify
the dispersion relations of the two transverse linear combinations that correspond to the
graviton. We also argue that, just as the longitudinal mode in the vector case, the four
remaining Goldstone modes become dynamical.

There are four types of kinetic terms that are independent of H,,,. The terms and their
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corresponding contributions to the equation of motion are as follows:

Dphyw O = 20h,, (5.19)
ouh"o,h  — 0,0,k 4 1, 0,0,h"° (5.20)
OuhP?0pht s — 20,0507 ) (5.21)
Oyhot'h  — 21, 0h. (5.22)

Each of these terms already appears in the Lagrangian (5.12), with specific numerical co-
efficients. The corrections will change the value of these coefficients, generically leading to
violations of diffeomorphism invariance.

At linear order in H,, we have the following possible kinetic terms, and their contribu-
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tions to the equation of motion:

H0phpe0ph?”  — 2H*P0,,05h, (5.23)

HP0Phap0hgy —  2H(,?8),)0 hpo (5.24)

wl

H0,hapd,h?°  —  H,W0%0°hops

+H0,0,hag (5.25)
H®30phae0”hP®  — 2H(,"Oh,,, (5.26)
H3,ha5dh  —  H,,Oh+ (H*Dhog)nu, (5.27)

H 0ahgo0ph" = H"0a0"hgy)

+HP 9,1 0ahs)) (5.28)
HP0ahg,0°h  —  H,*0a0))h

+(H 07 Oaho )T (5.29)

H9,hdgh — 2H"P0,d5h1,, - (5.30)

Unlike the photon case, there are infinitely many radiative correction terms that can be
generated at higher orders in the vev. Assuming that H,, is in general small compared to
the background metric, we will focus only on those that either do not depend on, or those
linear in, H,,. We will later discuss a possible experimental test to constrain H,, .

We first consider the four auxiliary modes. In the form of (5.13)), they obey the four
cardinal gauge conditions . They are also orthogonal to the two transverse degrees of
freedom that correspond to the graviton,

e €y sy = 0 (5.31)
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Together, these are six conditions that reduce the ten independent components of e,(ﬁ,“z) to

four degrees of freedom. In analogy to (5.8) in the photon case, we can express these four
modes in terms of the wave vector and the vev as
efﬁ/ux) = blnm/ + bZH/u/ + bSHuaHau

by H o HP Hp,, 4 sk, ki,

+1)6H(u|a/€ak|,,) + b7H(MaHaﬂk5k‘l,)

+b8H(u|aHaﬁH/37k’yk‘y), (5.32)

where the eight coefficients b; are constrained by imposing the four cardinal gauge conditions
- . This leaves four independent coefficients for the four modes.

The basis polarization tensors e,(ﬁ,m) are chosen so that the conditions are auto-
matically satisfied. At lowest order, these four modes do not propagate (as is demonstrated
in Appendix . However, in the presence of the radiative correction terms, we expect that
they become dynamical, similar to the longitudinal mode in the vector case. There will
now be a contribution from , which adds the term k#k, to their dispersion relation.
We do not pursue the calculation of the dispersion relations of these auxiliary modes in

this chapter. The method to do so can be found in [62], in which the dispersion of the

longitudinal mode in the photon case is computed.

5.4 Anisotropic Propagation

Now we consider the effects of the radiative correction terms on the two transverse prop-
agating linear combinations, which will be the main focus of this chapter. We will not be

considering all of the terms, however, as the task of diagonalizing the resulting equations
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of motion is highly nontrivial. Rather, we focus on a number of representative terms and
see what are some of the Lorentz-violating effects typical in this theory. This will provide a
guide on how we can experimentally differentiate the theory from general relativity, given

that the two theories are identical at lowest order.

5.4.1 Dispersion relations

Of the four terms (5.19) — (5.22)), only the first term modifies the dispersion relation, which
becomes

(1+ c1)k"k, =0, (5.33)

where ¢; is some undetermined constant. In the absence of other terms in the dispersion
relation, this correction is immaterial. We can divide by 1 4+ ¢; and obtain the usual
ktk, = 0, so excitations propagate isotropically along the light cones.

If we also incorporate the radiative corrections that are linear in H,,, the equations
of motion are still easily diagonalizable except for Eq. and Eq. . We will
thus focus on the effects of the other six terms. The polarization tensors of the transverse

Goldstone modes remain unchanged, but their dispersion relations are now modified:

kukt — coH Kk, = 0, (5.34)

where ¢y is some undetermined coefficient that is expected to be small.
As in (5.10)), the effect of the additional term in the dispersion relation is to make the

phase velocity of the transverse modes become anisotropic for a generic vev. The phase
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velocity is given by the ratio of the frequency w and magnitude of the momentum £k,

w

k]

v =

—1— %nuﬂwny, (5.35)

where n, = (1,7) and 7 = k/|k).

Note that in the case where H,, can be written as t,?,, where t* is timelike, we can
always boost to a frame in which the speed of the graviton is isotropic, and the dispersion
relation has the form

—

w? + 0%k -k =0, (5.36)

where the propagation speed is different from the speed of light. H,, = t,t, thus defines a

preferred rest frame, in which ¢, = (1,0, 0,0).

5.4.2 Motion of test particles

We now want to investigate how the modified dispersion affects the motion of test particles in
the presence of the transverse Goldstone modes. Consider nearby particles with separation

vector S*. The geodesic deviation equation of the test particles is

D2
Tt = Rl U UPSY, (5.37)

where R, is the Riemann tensor, 7 is the proper time, and U* is the four-velocity of the

test particles. The notation % = %VM denotes the directional covariant derivative.

To first order, we can set U* = (1,0,0,0). Likewise, we can replace the Riemann tensor
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by its linearized version and the proper time 7 by t. Eq. (5.37)) then becomes

2
5;2 St — RO o (5.38)
where
1
Rfl,ll/)po = 5(8,0th;10' + aaauhl/p - 80'auhup - apap,hyg-)- (539)

For simplicity, we assume that the transverse modes propagate in the z direction, so
that k# = (w,0,0,k). Note that w # k, since the dispersion is no longer k*k, = 0. As is

shown in Appendix [B| (B.24)), the polarization tensor of the two transverse modes is

Poo p1o P20  —DPoo

po hy  hx  —pio
Puv = s (540)

P20 hx —hy —p2o

—Poo —P10 —P20 Poo

where hy, = puyeikaxa. The constants pgg, p1g, and peg can be determined by imposing
the cardinal gauge conditionsE Because we do not start from a diffeomorphism-invariant

formulation, we do not have the gauge freedom to set these coeflicients to zero.

In Fourier space, Eq. (5.38) becomes

1
w2t = 5(&)229“0 + ko ktpoo +

kewp” o + wktpos)S°(0), (5.41)

Tn Appendix [B| we give an explicit formula for poo, p1o, and pao in terms of components of H,,. The
constants as they appear in are of the form k(,§|,). They are therefore just gauge modes, so they are
not physically observable if the theory is diffeomorphism invariant (as in general relativity). In Goldstone
gravity, however, diffeomorphism invariance is broken, so the cardinal gauge mode components po:1 and po2
in and can actually effect the motion of test particles, once radiative corrections are included.
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where S*(z#) = SH(0) + 6S*(x*), and S*(0) = S*(t = 0,Z = 0) is the initial position of

the test particle.

With hy,, o eFu®” the zeroth component of Eq. (5.41)) reads

1
w2ssY = §(w2poa+kgk0pgo

+k‘awp00 + wkopog)SU(O)

= 0, (5.42)
which is identically zero. There is no deflection in the time direction, as expected.
For p =1, we have
1
wisst = §(w2h+51(0) + w?hy S?(0)
+(—w? + kw)po1.53(0)). (5.43)

If the dispersion relation is simply k#k, = 0, the last term is zero. However, with the

modification cH*”k,k, in the dispersion, w # k, and

68t = 1[h+sl(o)+hX52(o)

|

C
—SQ(Hgg + Hoo + 2H03)p01s3(0)]. (5.44)

Following the same procedure, the u = 2 equation reads

1
68 = §(hX51(0)—h+52(0)

—%Z(H33 + Hoo + 2Ho3)po25°(0)). (5.45)
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The first two terms in (5.44]) and ([5.45)) correspond to the usual + and X polarizations.

However, both §S! and §5? are now also functions of the longitudinal separation S3(0).
Similar to Eq. (5.42)), the 1 = 3 equation is normally identically zero. However, because
of the modified dispersion, we have

553 = —%Z(Hoo + Hss + 2Ho3)(po1.S*(0) + poaS2(0)). (5.46)

Thus, the test particles will also undergo longitudinal oscillations. Notice that the amplitude
of the oscillation is a function of the transverse position of the test particles. Hence the
motion is not uniform along z.

Similar to the graviton in general relativity, the two transverse modes have two polariza-
tions (conveniently labelled + and x here). The novel feature is that now both polarizations
are accompanied by transverse oscillations that depend on longitudinal separation, and lon-

gitudinal oscillations that depend on transverse separation.

5.4.3 Experimental constraints

If the speed of gravity vgraviton is less than the speed of light, ultra-high energy cosmic rays
will be able to emit ‘gravi-Cherenkov radiation’. This is analogous to the way in which a
light source emits Cherenkov radiation in a medium. The fact that we observe ultra-high-
energy cosmic rays puts a limit on the effectiveness of gravi-Cherenkov radiation, thereby
placing a stringent lower bound on the propagation speed of the Goldstone modes (if they
are to be interpreted as the graviton). We will use this to constrain the magnitude of the
correction term co H*"k,k, in the graviton dispersion relation .

In [68], it was found that, if gravi-Cherenkov radiation occurs, the maximum travelling
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time of a cosmic ray is

M3
tmar = (n — 1)2]33, (547)

where p is the final momentum (when detected on Earth) and n = Vcosmic/Vgraviton is the
refractive index.

Using estimates in [68], this translates to
n—1~ %Qn#HWn,, <2x10715. (5.48)

The speed of the Goldstone graviton can thus only be very slightly less than the speed of

light.

5.4.4 Corrections to the energy-momentum tensor

The correction to the dispersion relation also has an effect on the energy-momentum tensor
of the transverse Goldstone modes.

We define the energy-momentum tensor to be

1 1

2 1 o (2 1
o = s (RO = 3 R ). (5.49)

where R,(f,z [h9)] is the parts of the expanded Ricci tensor that are i**-order in the metric
perturbation, while A’ is the j**-order expansion of the field huw. Hence, R,(f,z [h9)] is of
order (%9,

As t,, is not diffeomorphism invariant, we should average over several wavelengths to

obtain a reasonable measure of the energy-momentum. Imposing the cardinal conditions
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obeyed by the transverse Goldstone modes, Eq. (5.49)) simplifies to

]' rans g
) = e g ke e (5.50)

With the modification to the dispersion relation of the gravitons, k, changes as k, —

ku + $ Hyu k" up to first order. The energy-momentum tensor ) becomes

t =) + h2 + h%)H,ok“H, k" (5.51)

16G(

The flux of energy and momentum carried by the transverse Goldstone modes are therefore
anisotropic, depending on H,,,,. This makes sense, as the modes propagate at different phase
velocities in different directions.

It has been estimated that the energy flux due to a typical supernova explosion at cos-
mological distances is approximately 10~'%erg/cm?/s. Given the experimental constraint
from gravi-Cherenkov radiation on the size of coH,,, the corrections are undetectable with

current technologies.

5.5 Vevs That Do Not Break All Six Generators

5.5.1 Gravitons are not necessarily Goldstone

For vector fields, an expectation value along with the Maxwell kinetic term naturally leads
to photon-like Goldstone modes, regardless of the form of the vev. We start out with four
degrees of freedom in the vector A,. The direction parallel to the vev is a massive mode,
while the three orthogonal directions are the massless Goldstone excitations. We can further

form two linear combinations of the Goldstone modes, such that they are transverse and
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obey the dispersion relation k#k, = 0. The longitudinal mode does not propagate.

A similar story holds in the graviton case, as long as all six generators of the Lorentz
group are broken, giving rise to six Goldstone bosons. (See Table 1 for a comparison
with the photon case.) In this case, diffeomorphism invariance is also completely broken,
and the counting proceeds analogously. We start with ten degrees of freedom in h,.
The four cardinal gauge conditions define four ‘directions’ along which the massive modes
live. This leaves six degrees of freedom for the six Goldstone bosons. Imposing the four
transverse conditions k*h,, = 0 leaves us with two linear combinations that obey the
dispersion relation k#k, = 0. The remaining four longitudinal modes are auxiliary and do
not propagate.

This particularly straightforward case is the one that we have been focusing on so far.
In this section, we will explore what happens when not all six generators are broken by
the vev. In this case, there can be residual diffeomorphism invariance in the theory. The
Lorentz-violating theory might still contain two massless modes to be interpreted as the
graviton, which now originate from diffemorphism invariance rather than Lorentz violation
(so they are more like the gravitons in general relativity). This can never happen in the

photon case, because the vev always completely breaks gauge invariance.
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5.5.2 An example: Three Goldstone bosons only

We now wish to examine in detail a theory whose vev gives rise to three Goldstone modes

only. Consider the Lagrangian

L= %[(@ﬁ“”)(@uﬁ) — (9uh"7)(Dphl)

1 - - 1 o
+§77W(auhpa)(6vhpa) - 5"7W(6uh)(6vh)]

AR Ry — m?), (5.52)

where, for simplicity, we choose the potential to be a Lagrange multiplier instead of a
smooth potential. This fixes the length of iLW = H,, + hyy. The corresponding equations

of motion are

QuupaGpa = 07 (5.53)
where

wa = %<acrauhau + affa#hJV B 8”8”h

—Dhyy — Nuw0pOxhP> + 1, 0R) (5.54)

is the usual linearized Einstein tensor, and Quups = MupMve — #HWHM is a projection

operator. Thus, is essentially Einstein’s equations projected onto the hypersurface

orthogonal to H*”. Note that we do not consider radiative corrections in this section.
Since the equations are linear, it is more convenient to switch to Fourier space (0, —

ik,,), turning the differential equations into algebraic ones, which can then be written as a
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9 x 9 matrix equation. Assume that m? > 0 in ((5.52)), one possible vev that minimizes the

potential is

10 00
0000
0000
0000

which leads to three Goldstone modes (three boosts):

Goldstone) __
S ) =

0
—b
— 2
—f3

b
0
0

0

—[2

0

—f3

0

(5.55)

(5.56)

As we demonstrate in Appendix [Bf (where we give the most general polarization tensor of

a graviton propagating in the z direction), it is impossible for a graviton to have all vanishing

spatial components. Thus, no linear combinations of these three Goldstone modes in (/5.56))

can possibly behave like the graviton.

Nonetheless, the theory does contain two massless degrees of freedom, as we now demon-

strate by directly solving the equations of motion. The first-order fixed-norm constraint

H,,h"" = 0 (essentially the second cardinal gauge condition) implies that hgg = 0. The

linearized equations of motion in momentum space are then



K34+ k2 —kiko —kikg 0 koko
—kika k¥ + k2 —koks —2kgko kok1
—kiks —koks k7 4+ k3 —2koks 0
0 —2koks  —2koks 0 0
kokz kok1 0 0 k2 — k32
koks 0 kok1 0 koks
—2kok1 0 —2koks  2(—kZ + k3) 0
0 koks koko —2kok3 k1ks
—2kok1  —2koka 0 2(—k2 +k2)  —2kiks
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koks

kok1
0
koks
k2 — k?
—2k1 k3
k1ko

0

2(—k2 + k2)

2(—kj + k1)

—2kok
0

—2kgks

0
—2k1 ks
0

0

koks

koko
—2koks

kiks

k1ko

kg — ki

—2kok
—2kgko
0
2(—k§ + k3)
—2k1 ko
0
2(—k2 + k2)
0

0

ha2/2
ha3
hsz/2

(5.57)

Without loss of generality (since rotational invariance is preserved), we align axes such

that k# = (w, 0,0, k). The equations of motion ({5.57)) have three zero eigenvalues, which is

consistent with the fact that there are three residual gauge degrees of freedom. Meanwhile,

there are two eigenvalues w? — k2, and setting them to zero yields the dispersion relation

—w? + k%= k*k, = 0. The corresponding eigenvectors have polarization tensors

Puv =

and

Puv =

(5.58)

(5.59)

These are exactly the + and x polarizations of a graviton propagating in the z direction in

general relativity. Thus, the theory does contain two massless gravitons, but they do not
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arise as Goldstone bosons of spontaneous Lorentz violation.

Photon Graviton
Number of Goldstone Modes 3 6
Equivalent Gauge Conditions Temporal or Axial Cardinal
Number of Gauge Conditions/Massive Modes 1 4
Number of Transverse Modes 2 2
Number of Longitudinal Modes 1 4
Kinetic Term Maxwell FEinstein-Hilbert

Table 5.1: Comparison between Goldstone Photons and Gravitons

The origin of these massless excitations are more appropriately associated with residual
diffeomorphism invariance. With the chosen ground state (5.55), the Lagrangian remains
invariant under the transformation h,, — hy, +0,&, + 09, for three independent functions
& (corresponding to the three zero eigenvalues of the equations of motion). This guarantees
the lack of mass terms for the components h, and hy in the Lagrangian.

Furthermore, the simple vev gives only two, rather than four, cardinal gauge
conditions. There are thus fewer massive ‘directions’ in spacetime. Of the four conditions
in , only two are independent. Since H,, o H,,H?, < H,,H"" H,, the last two
gauge conditions in are equivalent to the second. There are thus two, rather than
four, massive modes.

Let’s compare this theory with the one that we have been considering in earlier sections.
Before, the vev broke both Lorentz invariance and diffeomorphism completely. There are
four cardinal gauge conditions, which implies that there are four massive modes. The
remaining six degrees of freedom correspond to the six broken generators of the Lorentz
group. Two linear combinations of the six propagate, while the remaining four are auxiliary.
Together, they add up to the ten degrees of freedom in h,,.

In contrast, the theory that we consider in this section has a vev that breaks diffeomor-

phism invariance only partially. There are three remaining pure gauge modes. Because the
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vev preserves rotational invariance, only the three boost generators are broken, resulting in
three Goldstone modes; none of them propagates, however. There are also only two massive
modes, as the vev gives rise to only two independent cardinal gauge conditions. Together
with the remaining two massless excitations that are identical to the graviton in general
relativity, they account for the ten degrees of freedom that we started with in h,,.

The possibilities are thus far richer in the graviton case than the photon case. In the
former, there are three possibilities: the vev can break three, five, or six generators of the
Lorentz group (We only discuss the first and the last case in this chapter.) When there are
fewer than six Goldstone bosons, it is possible that the theory has residual diffeomorphism
invariance, which can also result in massless excitations with the right properties to be

interpreted as the graviton.

5.6 Conclusions

Recently, Kostelecky and Potting [65] examined in detail a scenario in which a symmetric
two-index tensor acquires a vev via a potential. Two linear combinations of the six resulting
Goldstone modes are dynamical and have properties identical to those of the graviton in
general relativity. Because they originate in spontaneous symmetry breaking, this would
provide a natural explanation for why the graviton is massless, without the need to invoke
gauge invariance.

It was pointed out in [62] that, if we view the theory as an effective field theory, we
should integrate out the massive modes, which would generate an infinite number of ra-
diative correction terms in the low-energy effective Lagrangian. These terms are covariant
in form, but involve the vev H,,, thereby inducing additional Lorentz-violating effects. In

this chapter, we examined the phenomenological properties of a subset of these radiative
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correction terms. In particular, we showed that they modify the dispersion relation of the

two dynamical degrees of freedom, which becomes

Kkt — coHM Kk, = 0. (5.60)

This implies that the phase velocity of the dynamical modes is in general anisotropic.
Another interesting consequence of the modified dispersion is that test particles
in their vicinity would be deflected differently from those near the graviton in general
relativity. They would undergo both transverse and longitudinal oscillations that depend
on the longitudinal and transverse separation, respectively.

We also investigated the relationship between different forms of the vev H,, and the
corresponding Goldstone modes. Unlike in the photon case, for gravity there exist vevs for
which there are not enough Goldstone modes to construct the conventional graviton — the
gravitons may exist, but not as broken-symmetry generators acting on the vev.

Our analysis of the radiative-correction terms is by no means complete. For one thing,
we have left out their effects on the four remaining Goldstone modes that become dynamical
when they are present. Also, we only discussed terms that are linear in H,, and ignored
higher-order corrections, which we believe to be sub-dominant, since Lorentz invariance has
been verified to great accuracy at low energies. However, it is conceivable that the higher-
order corrections would lead to interesting effects in addition to those that are discussed
in this chapter, so they certainly merit further investigation. Finally, it would also be

worthwhile to check whether the presence of the radiative corrections destabilize the theory.
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Chapter 6

Unitary Evolution and
Cosmological Fine-Tuning

6.1 Introduction

Inflationary cosmology [69} (70, [71] has come to play a central role in our modern understand-
ing of the universe. Long appreciated as a solution to the horizon and flatness problems, the
success of inflation-like perturbations (adiabatic, Gaussian, approximately scale-invariant)
at explaining a multitude of observations has led most cosmologists to believe that some
implementation of inflation is likely to be responsible for determining the initial conditions
of our observable universe.

Nevertheless, our understanding of the fundamental workings of inflation lags behind
our progress in observational cosmology. Although there are many models, we do not have
a single standout candidate for a specific particle-physics realization of the inflaton and its
dynamics. The fact that the scale of inflation is likely to be near the Planck scale opens
the door to a number of unanticipated physical phenomena. Less often emphasized is our
tenuous grip on the deep question of whether inflation actually delivers on its promise:
providing a dynamical mechanism that turns a wide variety of plausible initial states into

the apparently finely tuned conditions characteristic of our observable universe.
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The point of inflation is to make the conditions of the hot, dense, smooth Big Bang seem
natural. One can take the attitude that the initial conditions of the universe are simply to
be accepted, rather than explained — we only have one universe, and should learn to deal
with it, rather than seek explanations for the particular state in which we find it. In that
case, there would never be any reason to contemplate inflation. The reason why inflation
seems compelling is because we are more ambitious: we would like to understand why the
universe seems to be one way, rather than some other way. By its own standards, the
inflationary paradigm bears the burden of establishing that inflation is itself natural (or at
least more natural than the alternatives).

It has been recognized for some time that there is tension between this goal and the
underlying structure of classical mechanics (or quantum mechanics, for that matter). A
key feature of classical mechanics is conservation of information: the time-evolution map
from states at one time to states at some later time is invertible and volume-preserving, so
that the earlier states can be unambiguously recovered from the later states. This property
is encapsulated by Liouville’s theorem, which states that a distribution function in the
space of states remains constant along trajectories; roughly speaking, a certain number of
states at one time always evolves into precisely the same number of states at any other
time. In quantum mechanics, an analogous property is guaranteed by unitarity of the time-
evolution operator; most of our analysis here will be purely classical, but we will refer to
the conservation of the number of states as “unitarity” for convenience.

The conflict with the philosophy of inflation is clear. Inflation attempts to account for
the apparent fine-tuning of our early universe by offering a mechanism by which a relatively
natural early condition will robustly evolve into an apparently finely-tuned later condition.

But if that evolution is unitary, it is impossible for any mechanism to evolve a large number
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of states into a small number, so the number of initial conditions corresponding to inflation
must be correspondingly small, calling into question their status as “relatively natural.”
This point has been emphasized by Penrose [72], and has been subsequently discussed
elsewhere [73| (74, [75], [76, [77, 78, [79], [80, BI]. As long as it operates within the framework
of unitary evolution, the best inflation can do is to move the set of initial conditions that
creates a smooth, flat universe at late times from one part of phase space to another part;
it cannot increase the size of that set.

As a logical possibility, the true evolution of the universe may be non-unitary. Indeed,
discussions of cosmology often proceed as if this were the case, as we discuss below. The
justification for this perspective is that a comoving patch of space is smaller at earlier times,
and therefore can accommodate fewer modes of quantum fields. But there is nothing in
quantum field theory, or anything we know about gravity, to indicate that evolution is
fundamentally non-unitary. The simplest resolution is to imagine that there are a large
number of states that are not described by quantum fields in a smooth background (e.g.,
with Planckian spacetime curvature or the quantum-mechanical version thereof). Even if we
don’t have a straightforward description of the complete set of such states, the underlying
principle of unitarity is sufficient to imply that they must exist.

It seems clear that inflation does something. If nothing else, the conditions required to
begin inflation (a patch of space dominated by potential energy over a region larger than
the corresponding Hubble length [82]) are algorithmically simple; they are easy to specify,
in contrast with a wildly inhomogeneous early universe with conditions delicately tuned
so that the inhomogeneities would smooth out as it evolved forward in time. It may very
well be that, while proto-inflationary initial conditions are an extremely small subset of the

space of all possible initial conditions, they are nevertheless what is naturally produced in
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some theory of quantum cosmology or multiverse dynamics. We argue that this is the best
way to understand the role of inflation, rather than as a solution to the horizon and flatness
problems.

This chapter has two goals. First, we use the canonical measure on the space of solutions
to Einstein’s equations developed by Gibbons, Hawking, and Stewart [73] to quantify the
amount of fine-tuning involved in the flatness and homogeneity of the universe. Second,
we attempt to clarify what is “nice” about the initial conditions required for inflation, in
contrast with those of the conventional Big Bang cosmology. We do this by studying how
classical trajectories leave the domain of validity of classical physics by entering a regime
where quantum effects are necessarily important. A history of the universe, extrapolated
into the past, will ultimately reach a point of Planckian curvatures where we should put a
cutoff on our ability to describe it classically. But there is more than one kind of cutoff,
depending on which quantity first reaches the Planck scale: the Hubble parameter, the
background energy density, or the size of perturbations. Inflation acts to divert trajectories
(evolving toward the past) so that they hit the perturbation cutoff before the Hubble cutoff;
therefore, all inflationary trajectories starting at the Hubble cutoff (with sub-Planckian
perturbations) lead to smooth universes at late times.

Along the way we encounter a surprise: the flatness problem doesn’t exist. Considering
the measure on purely Robertson-Walker cosmologies (without perturbations) as a function
of spatial curvature, there is a divergence at zero curvature. In other words, curved RW
cosmologies are a set of measure zero. This divergence has been noticed previously [73], [80],
but was characterized as a feature that arose at large scale factors, rather than small
curvatures. We argue for the most straightforward interpretation of the result: the flatness

problem does not exist, as almost all solutions are spatially flat. Our intuition to the
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contrary is due to choosing an ill-defined measure on the space of initial conditions.

This divergence has no physical relevance, as the real world is not described by a per-
fectly Robertson-Walker metric. Nevertheless, it serves as a cautionary example for the
importance of considering the space of initial conditions in a mathematically rigorous way,
rather than relying on our intuition. We therefore perform a similar analysis for the case of
perturbed universes, to verify that there is not any hidden divergence at perfect homogene-
ity. We find that there is not; any individual perturbation can be written as an oscillator
with a time-dependent mass, and the measure is flat in the usual space of coordinate and
momentum. The homogeneity of the universe represents a true fine tuning; there is no
reason for the universe to be smooth.

The lesson of our investigation is that the state of the universe does appear unnatural
from the point of view of the canonical measure on the space of trajectories, and that no
choice of unitary evolution can alleviate that fine-tuning, whether it be inflation or any
other mechanism. Inflation can alter the set of initial conditions that leads to a universe
like ours, but it cannot make it any larger. Inflation does not remove the need for a theory

of initial conditions, it simply brings that need into sharper focus.

6.2 The Evolution of Our Comoving Patch

Ever since Isaac Newton, the paradigm for fundamental physics has been information-
conserving dynamical laws applied to initial data. A consequence of information conserva-
tion is reversibility: the state of the system at any one time is sufficient to recover its initial
state, or indeed any state in the past or future.

Both quantum mechanics and classical mechanics feature this kind of unitary evolution ]

!The collapse of the wave function in quantum mechanics is an apparent exception. We will not address
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In the Hamiltonian formulation of classical mechanics, a state is an element of phase space,
specified by coordinates ¢%(t) and momenta p,(t). Time evolution is governed by Hamilton’s

equations,

oo
_8pa? pCL_ aqa7

~a

q

(6.1)

where H is the Hamiltonian. In quantum mechanics, a state is given by a wave function
|1(t)) which defines a ray in Hilbert space. Time evolution is governed by the Schrédinger
equation,

H|T) = i, | ), (6.2)

where H is the Hamiltonian operator, or equivalently by the von Neumann equation,

op = —i[H,p], (6.3)

where p(t) = [¢(t))((t)| is the density operator. In either formalism, knowledge of the
state at any one moment of time is sufficient (given the Hamiltonian) to determine the
state at all other times. Even though we don’t yet know the complete laws of fundamental
physics, the most conservative assumption we could make would be to preserve the concept
of unitarity. Even without knowing the Hamiltonian or the space of states, we will see
that the principle of unitarity alone offers important insights into cosmological fine-tuning
problems.

Although the assumption of unitary evolution seems like a mild one, there are challenges
to applying the idea directly to an expanding universe. We can only observe a finite part

of the universe, and the physical size of that part changes with time. The former feature

this phenomenon, implicitly assuming something like the many-worlds interpretation, in which wave function
collapse is only apparent and the true evolution is perfectly unitary.
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implies that the region we observe is not a truly closed system, and the latter implies
that the set of field modes within this region is not fixed. Both aspects could be taken
to imply that, even if the underlying laws of fundamental physics are perfectly unitary, it
would nevertheless be inappropriate to apply the principle of unitarity to the the part of
the universe we can observe.

In this chapter we will take the stance that it is nevertheless sensible to proceed under the
assumption that the degrees of freedom describing our observable universe evolve according
to unitary dynamical laws, even if that assumption is an approximation. In this section
we offer the justification for this assumption. In particular we discuss two separate parts
to this claim: that the observable universe evolves autonomously (as a closed system), and

that this autonomous evolution is governed by unitary laws.

6.2.1 Autonomy

We live in an expanding universe that is approximately homogeneous and isotropic on large
scales. We can therefore consider our universe as a perturbation of an exactly homogenous
and isotropic (Robertson-Walker) background spacetime. Defining a particular map from
the background to our physical spacetime involves a choice of gauge. Nothing that we
are going to do depends on how that gauge is chosen, as long as it is defined consistently
throughout the history of the universe. Henceforth we assume that we’ve chosen a gauge.
The map from the RW background spacetime to our universe provides two crucial ele-
ments: a foliation into time slices, and a congruence of comoving geodesic worldlines. The
time slicing allows us to think of the universe as a fixed set of degrees of freedom evolving
through time, obeying Hamilton’s equations. At each moment in time there exists an exact

value of the (background) Hubble parameter and all other cosmological parameters.
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our comoving patch =
("the observable universe”)

fcomoving
: worldlines

observability
cutoff surface

Figure 6.1: The physical system corresponding to our observable universe. Our comoving
patch is defined by the interior of the intersection of our past light cone with a cutoff surface,
for example the surface of last scattering. This illustration is not geometrically faithful, as
the expansion is not linear in time. Despite the change in physical size, we assume that the
space of states is of equal size at every moment.

The notion of comoving worldlines, orthogonal to spacelike hypersurfaces of constant
Hubble parameter, allows us to define what we mean by our comoving patch. If there is a
Big Bang singularity in our past, there is a corresponding particle horizon, defined by the
intersection of our past light cone with the singularity. However, independent of the precise
nature of the Big Bang, there is an effective limit to our ability to observe the past; in
practice this is provided by the surface of last scattering, although in principle observations
of gravitational waves or other particles could extend the surface backwards. The precise
details of where we draw the surface aren’t important to our arguments. What matters is
that there exists a well-defined region of three-space interior to the intersection of our past
light cone with the observability surface past which we can’t see. Our comoving patch, X,
is simply the physical system defined by the extension of that region forward in time via
comoving worldlines, as shown in Figure [6.1

Our assumption is that this comoving patch can be considered as a set of degrees of
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freedom evolving autonomously through time, free of influence from the rest of the universe.
This is clearly an approximation, as an observer stationed close to the boundary of our patch
would see particles pass both into and out of that region; our comoving patch isn’t truly a
closed system. However, the fact that the observable universe is homogenous implies that
the net effect of that flux of particles is very small. In particular, we generally don’t believe
that what happens inside our observable universe depends in any significant way on what
happens outside.

Note that we are not necessarily assuming that our observable universe is in a pure
quantum state, free of entanglement with external degrees of freedom; such entanglements
don’t affect the local dynamics of the internal degrees of freedom, and therefore are com-
pletely compatible with the von Neumann equation . We are, however, assuming that
the appropriate Hamiltonian is local in space. Holography implies that this is not likely to

be strictly true, but it seems like an effective approximation for the universe we observe.

6.2.2 Unitarity

Autonomy implies that we can consider our comoving patch as a fixed set of degrees of
freedom, evolving through time. Our other crucial assumption is that this evolution is
unitary (reversible). Even if the underlying fundamental laws of physics are unitary, it is
not completely obvious that the effective evolution of our comoving patch evolves this way.
Indeed, this issue is at the heart of the disagreement between those who have emphasized
the amount of fine-tuning required by inflationary initial conditions [72, 76, 78, [79] and
those who have argued that they are natural [77, 81].

The issue revolves around the time-dependent nature of the cutoff on modes of a quan-

tum field in an expanding universe. Since we are working in a comoving patch, there is a
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natural infrared cutoff given by the size of the patch, a length scale of order A\ir ~ aH L
where a is the scale factor (normalized to unity today) and Hp is the current Hubble pa-
rameter. But there is also an ultraviolet cutoff at the Planck length, Ayy ~ Lp =1/ V87G.
Clearly the total number of modes that fit in between these two cutoffs increases with time
as the universe expands. It is therefore tempting to conclude that the space of states is
getting larger.

We can’t definitively address this question in the absence of a theory of quantum gravity,
but for purposes of this chapter we will assume that the space of states is not getting larger
— which would violate the assumption of unitarity — but the nature of the states is
changing. In particular, the subset of states that can usefully be described in terms of
quantum fields on a smooth spacetime background is changing, but those are only a (very
small) minority of all possible states.

The justification for this view comes from the assumed reversibility of the underlying
laws. Consider the macrostate of our universe today — the set of all microstates compatible
with the macroscopic configuration we observe. For any given amount of energy density,
there are two solutions to the Friedmann equation, one with positive expansion rate and
one with negative expansion rate (unless the expansion rate is precisely zero, when the
solution is unique). So there is an equal number of microstates that are similar to our
current configuration, except that the universe is contracting rather than expanding. As
the universe contracts, each of those states must evolve into some unique future state;
therefore, the number of states accessible to the universe for different values of the Hubble
parameter (or different moments in time) is constant.

Most of the states available when the universe is smaller, however, are not described

by quantum fields on a smooth background. This is reflected in the fact that spatial in-
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homogeneities would be generically expected to grow, rather than shrink, as the universe
contracted. The effect of gravity on the state counting becomes significant, and in particular
we would expect copious production of black holes. These would appear as white holes in
the time-reversed expanding description. Therefore, the overwhelming majority of states
at early times that could evolve into something like our current observable universe are not
relatively smooth spacetimes with gently fluctuating quantum fields; they are expected to
be wildly inhomogeneous, filled with white holes or at least Planck-scale curvatures.

We do not know enough about quantum gravity to explicitly enumerate these states,
although some attempts to describe them have been made (see e.g., [83]). But the point is
that we don’t have to know how to describe them; the underlying assumption of unitarity
implies that they are there, whether we can describe them or not. (Similarly, the Bekenstein-
Hawking entropy formula is conventionally taken to imply a large number of states for
macroscopic black holes, even if there is no general description for what those individual
states are.)

This argument is not new, and it is often stated in terms of the entropy of our comoving
patch. In the current universe, this entropy is dominated by black holes, and has a value of
order Sx(tp) ~ 10194 [84]. If all the matter were part of a single black hole it would be as
large as Sx(BH) ~ 10'22. In the radiation-dominated era, when inhomogeneities were small
and local gravitational effects were negligible, the entropy was of order Sy;(RD) ~ 1088 . If
we assume that the entropy is the logarithm of the number of macroscopically indistinguish-
able microstates, and that every microstate within the current macrostate corresponds to
a unique predecessor at earlier times, it is clear that the vast majority of states from which
our present universe might have evolved don’t look anything like the smooth radiation-

dominated configuration we actually believe existed (since exp[10%4] > exp[10%¥]).
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This distinction between the number of states implied by the assumption of unitarity and
the number of states that could reasonably be described by quantum fields on a smooth
background is absolutely crucial for the question of how finely-tuned are the conditions
necessary to begin inflation. If we were to start with a configuration of small size and very
high density, and consider only those states described by field theory, we would dramatically
undercount the total number of states. Unitarity could possibly be violated in an ultimate

theory, but we will accept it for the remainder of this chapter.

6.3 The Canonical Measure

With these considerations in mind, we turn to a quantitative examination of the space of
solutions in classical general relativity. Despite subtleties associated with coordinate invari-
ance, GR can be cast as a conventional Hamiltonian system, with an infinite-dimensional
phase space and a set of constraints. In classical mechanics the state of the system is de-
scribed by a point v in a phase space I', with canonical coordinates ¢* and momenta p,.
The index a goes from 1 to n, so that phase space is 2n-dimensional. Evolution according

to Hamilton’s equations (6.1]) is generated by a Hamiltonian phase flow with tangent vector

M9 M D
© Opa0g®  9q® Op,’

(6.4)

where ‘H is the Hamiltonian.
Phase space is a symplectic manifold, which means that it naturally comes equipped

with a symplectic form, which is a closed 2-form on I':

w:dea/\dqa, dw =0. (6.5)

a=1
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Here T" is 2n-dimensional, where n is the number of coordinates ¢®. The existence of the

symplectic form provides us with a unique measure on phase space,

_1\n(n=1)/2
g VT (6.6)

n!

This is the Liouville measure, a 2n-form on I'. It corresponds to the usual way of integrating

distributions over regions of phase space,

/ fn)Q = / F(g® pa)dad"p (6.7)

The Liouville measure is conserved under Hamiltonian evolution. If we begin with a

region A C T', and it evolves into a region A’, Liouville’s theorem states that

/AQ://Q. (6.8)

The infinitesimal version of this result is that the Lie derivative of {2 with respect to the
vector field V' vanishes,

LyQ=0. (6.9)

These results can be traced back to the fact that the original symplectic form w is also
invariant under the flow:

Lyw =0, (6.10)

so any form constructed from powers of w will be invariant.
In classical statistical mechanics, the Liouville measure can be used to assign weights

to different distributions on phase space. That’s not equivalent to assigning probabilities
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to different sets of states, which requires some additional assumption. However, since the
Liouville measure is the only naturally-defined measure on phase space, it is natural to
assume that it is proportional to the probability in the absence of further information;
this is essentially Laplace’s “Principle of Indifference.” Indeed, in statistical mechanics we
typically assume that microstates are distributed with equal probability with respect to the
Liouville measure, consistent with known macroscopic constraints.

In cosmology, we don’t typically imagine choosing a random state of the universe, subject
to some constraints. When we consider questions of fine-tuning, however, we often consider
what a randomly-chosen history of the universe would be like. In other words, we implicitly
assume a measure on the space of solutions to Einstein’s equations, with respect to which we
can argue that a certain class of solutions (such as spatially flat universes, or universes that
are approximately homogeneous on large scales) are unnaturally finely tuned, suggesting
some deeper explanation than random chance. The assumption of some sort of measure
is absolutely necessary for making sense of cosmological fine-tuning arguments; otherwise
all we can say is that we live in the universe we see, and no further explanation is needed.
(Note that this measure on the space of solutions to Einstein’s equation is conceptually
distinct from a measure on observers in a multiverse, which is sometimes used to calculate
expectation values for cosmological parameters based on the anthropic principle.)

Gibbons, Hawking, and Stewart (GHS; [73]) showed how the Liouville measure on phase
space could be used to define a unique measure on the space of solutions (see also [74] [75),
80]). In general relativity we impose the Hamiltonian constraint, so we can consider the

(2n — 1)-dimensional constraint hypersurface of fixed Hamiltonian,

C=T/{H="H.}. (6.11)
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C=I'/{H=0}

Figure 6.2: T is the phase space of the system. C' is the constraint hypersurface of constant
Hamiltonian (here chosen to be zero). M is the set of all classical trajectories in C, and ¥
is a transverse surface through which each trajectory passes only once. Physical quantities
should be independent of the choice of surface.

For Robertson-Walker cosmology, the Hamiltonian precisely vanishes for either open or
closed universes, so we can take H, = 0. Then we consider the space of classical trajectories

within this constraint hypersurface:

M=C/V, (6.12)

where the quotient by the evolution vector field V means that two points are equivalent if
they are connected by a classical trajectory. Note that this is well-defined, in the sense that
points in C' always stay within C', because the Hamiltonian is conserved. The construction
is shown in Fig. |6.2

As M is a submanifold of I", the measure is constructed by pulling back the symplectic
form from I" to M and raising it to the (n — 1)th power. GHS constructed a useful explicit

form by choosing the nth coordinate on phase space to be the time, ¢" = t, so that the
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conjugate momentum becomes the Hamiltonian itself, p,, = H. The symplectic form is then

w=w-+dHAdE, (6.13)
where
n—1
w= Z dpa A dg”. (6.14)
a=1

The pullback of w onto C' then has precisely the same coordinate expression as (6.14]), and
we will simply refer to this pullback as @ from now on. It is automatically transverse to the
Hamiltonian flow (w(V') = 0), and therefore defines a well-defined symplectic form on the

space of trajectories M. The associated measure is

We will refer to this as the GHS measure; it is the unique measure on the space of trajectories
that is positive, independent of arbitrary choices, and respects the appropriate symmetries
[73].

To evaluate the measure we need to define coordinates on the space of trajectories. We
can choose a hypersurface ¥ in phase space that is transverse to the evolution trajecto-
ries, and use the coordinates on phase space restricted to that hypersurface. An important
property of the GHS measure is that the integral over a region within a hypersurface is
independent of which hypersurface we chose, so long as it intersects the same set of tra-
jectories; if 571 and Sy are subsets, respectively, of two transverse hypersurfaces 31 and o

in C, with the property that the set of trajectories passing through S; is the same as that
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/SIQZ/SQQ' (6.16)

The property that the measure on trajectories is local in phase space has a crucial

passing through So, then

implication for studies of cosmological fine-tuning. Imagine that we specify a certain set
of trajectories by their macroscopic properties today; e.g., cosmological solutions that are
approximately homogeneous, isotropic, and spatially flat, suitably specified in terms of
canonical coordinates and momenta. It is immediately clear that the measure on this set is
independent of the choice of Hamiltonian. Therefore, no choice of Hamiltonian can make
the current universe more or less finely tuned. No new early-universe phenomena can change
the measure on a set of universes specified at late times, because we can always evaluate
the measure on a late-time hypersurface without reference to the behavior of the universe
at any earlier time. At heart, this is a direct consequence of Liouville’s theorem.

Gibbons and Turok interpreted the measure as the flux of a divergence-free “magnetic
field,” which is thereby converted into a surface integral [80]. The magnetic field is a one-
form given by the Hodge dual (defined on the (2n — 1)-dimensional constraint hypersurface

() of the two-form @ raised to the (n — 1) power:
B=xc(@)" L. (6.17)

In components, where i € {1,---2n — 1} is a coordinate label on C,

1 o N
B = meijljz--~jzn_2(W)jm2 (@)jsga (@) jan_2jon_1 - (6.18)

The magnetic field B is divergenceless (from dw = 0), and parallel to the evolution vector V.
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The integral of B projected into a hypersurface in C' is independent of deformations of the
hypersurface, and is equal to the integral of Q. Hence, given some transverse hypersurface

3} in C representing M, the measure can be written in either of two forms,

u:/ﬁ:/Bini, (6.19)
X b

where n' is a unit vector in C' orthogonal to ¥.. With this formalism established, we can

apply the measure to cosmological spacetimes.

6.4 Flatness

In this section, we evalute the measure on the space of solutions to Einstein’s equations in

minisuperspace (Robertson-Walker) cosmology with a scalar field. The metric is given by

2

1— kr?

ds®* = —N2dt? + d*(t) + r2dQ? (6.20)

where the spatial curvature parameter k can be normalized to —1, 0, or +1 (so that a(tp)
is not normalized to unity). N is the lapse function, which acts as a Lagrange multiplier.

The energy density of the scalar field ¢ is
1 '2
p= 58 +V(9). (6.21)
The Lagrangian for this system is

1 .
L =-3N"'aa* + 3Nak + 5N*laf”gﬁ — Na®*V(¢), (6.22)
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where we have chosen units where 8w(G = 1. The canonical coordinates can be taken to
be the lapse function N, the scale factor a, and the scalar field ¢. We can do a Legendre

transformation to get the conjugate momenta,
pNn =0, pa=-6N"taa, py=N"'a3p. (6.23)
The Hamiltonian is then given by

2 2
N[ _Pa P53 _
H=N ( 1% + 53 +a’V(9) 3akz> . (6.24)

Varying with respect to N gives the Hamiltonian constraint, H = 0, which is just the
Friedmann equation,

H? =2 (py+pv+ 1) (6.25)

Wl

where we have defined

Py =59, pv=V($), p=-375. (6.26)

Henceforth we will set N = 1, and we are left with a four-dimensional phase space,

I'={¢,pg,a,pa}, (6.27)

with the canonical measure

w = (dpq A da + dpy N dd)| =0, (6.28)
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which is just the Liouville measure subject to the constraint that H = 0. To enforce the
constraint, we can use the Friedmann equation to eliminate a from the measure, which

yields

o= \/ sk . (6.29)
V1 d2/2 - 3H2

Upon substitution into (6.28]), the measure simplifies to

5/2 , . : : :
w = llkl (V - ¢27§ — 3H2> (;(V — ¢* —3H?)dd Ndg + (V' + 3H$)dH A dp + ¢pdH A d¢> :

(6.30)

The corresponding magnetic field is

B:(B B, B )—1( 3k )5/2 (—q'ﬁ V' + 3H¢ —1(V—¢2—3H2)>
P o) & H ‘k| 3H2—V—¢2/2 ) ) 3 .
(6.31)

We are now left with a three-dimensional reduced phase space, and a two-dimensional

space of trajectories. The measure is defined by choosing some transverse surface ¥, and

integrating the B-field dotted into an orthogonal one-form n;.

p= / Bin'. (6.32)
b
One possible choice of the transverse surface X is to fix the Hubble parameter,

S {H=H,}. (6.33)
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The measure evaluated on a surface of constant H is then

b=, Budbds o
_ 1 —3k 5/2 .2 , ,
N /H:H* k] (3H3 V- q52/2) (V= ¢ = 3H,)dpds . (6.35)

It is convenient to rewrite this by changing variables from (¢, qﬁ) to (p i pk), and using the
Friedmann equation (6.25). For simplicity, we will look at the potential V(¢) = m?¢?/2,

although our results don’t depend on this choice. The measure then becomes

33/2 <k>5/2 3p4 + Pk
= - dp:d 6.36
“Z ol S, \on ) pg PR — py — peyi2 (6:50)

It is clear that the integrals over both p b and pg diverge. The divergence with respect
to p occurs at large values, and is easily regulated by limiting our attention to densities
smaller than some fixed number. With respect to curvature, however, there is a divergence
as

pp — 0, (6.37)

/

where the integrand goes as pi 2. We might imagine regularizing this divergence by removing
a region of size € around p; = 0, and letting ¢ — 0. We would find that all of the measure
is dominated by nearly flat universes, in the following sense: Let p(a,b) be the measure

obtained by integrating over all values of p b less than the cutoff, and values of p; with

a < pr < b. Then we have

p(a,b)
m =
e—0 fi(€, a)

(6.38)

for any b > a > 0. (An analogous conclusion holds for negative curvatures.) In other words,
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solutions with pp # 0 are a set of measure zero.

There is a straightforward interpretation of this result: the flatness problem does not
exist. If we were to somehow imagine randomly choosing a Robertson-Walker universe,
it would be spatially flat with probability one. We feel that this interpretation is the
most sensible one, even though it runs counter to the conventional presentation of the
flatness problemﬂ The usual statement of the flatness problem notes that even a very small
deviation from flatness at early times grows into an appreciable amount of curvature at
late times. While this is true, it only becomes a “problem” when we presume a measure —
in particular, some approximately-flat measure over values of the curvature parameter on
some initial-condition surface in the early universe. The lesson of the GHS measure is that
this reasonable-seeming intuition is wrong; the correct measure is very far from flat, and is
strongly concentrated on precisely flat universes.

Notice that the hypersurface H = H, intersects all trajectories exactly once if k& < 0.
However, our conclusion remains valid even for closed universes, since the divergence pl:‘r)/ 2
is present in all three components of . In principle, one can imagine deforming the
H = H, surface to one that intersects all trajectories exactly once, and the divergence
still remains. Alternatively, we could have chosen to eliminate p, or py instead of a in the
measure. In this case, since %(qgas) = V’a3, the transverse surface ¢a® = constant would
intersect all trajectories once, as long as the potential V' for ¢ is monotonic. However, the

physical meaning of this transverse surface is less intuitive, so we use instead the H = H,

surface in our analysis.

2This divergence was noted in the original GHS paper [73], where it was attributed to “universes with
very large scale factors” due to a different choice of variables. This seems to be beside the point, as any
open universe will eventually have a large scale factor. It is also discussed by Gibbons and Turok [80],
who correctly attribute it to nearly-flat universes. However, they advocate discarding all such universes as
physically indistinguishable, and concentrating on the non-flat universes. To us, this seems to be throwing
away almost all the solutions, and keeping a set of measure zero.
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We should be clear about the implications of this result. The real world is not perfectly
Robertson-Walker. If there are super-Hubble-radius perturbations (which are not sup-
pressed, according to the analysis in the next section), in any one patch the measured value
of the curvature parameter will deviate from unity. However, we draw the lesson that it is
worthwhile doing a careful analysis of cosmological fine-tuning using a well-defined measure

on the space of histories, as the results can differ substantially from a naive analysis.

6.5 Homogeneity

We now generalize our previous analysis of minisuperspace cosmology by including scalar
perturbations to examine the horizon problem. Although the horizon problem is usually
formulated in terms of the absence of causal contact between widely separated points in
the early universe, for our purposes we can think of it as the statement that perturbation
modes with large wavelengths have small amplitudes. While the set of all perturbations
defines a large-dimensional phase space, we can keep things simple by looking at a single
mode at a time. We will find that, in contrast with the surprising result of the last section,
the measure on perturbations is just what we would expect.

To calculate the measure for scalar perturbations, we need to first compute the corre-
sponding action. For the cases pertinent to our discussion (background domination by a
perfect fluid or a scalar field), the calculation of the action has already been done in [85],
which we will follow closely below. After obtaining the action, we can isolate the dynamical
variables and construct the symplectic two-form on phase space, which can then be used to

compute the measure on the set of solutions to Einstein’s equations.
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6.5.1 Action for a perfect fluid background
We will first calculate the measure for the solutions of scalar perturbations to Einstein’s
equations for a flat FRW background filled with a perfect fluid. The metric for this setting
is

ds* = a*(n) [~ (1 + 2¢)dn? + 2B ;dndx® + ((1 — 24);; + 2E ;)dx'dz’] (6.39)

where ¢, 9, E;;, and B; are scalar perturbations to the metric. In this section, we will be
using the conformal time 7 in addition to t. Derivatives with respect to n are denoted by
the superscript .

Up to second order in the perturbations, the gravitational part of the action is

S8, = 5 [ dlaad(-602 1200+ ) — 90 +)?
—2¢i(2¢; — ;) —4H(¢ +)(B — E') s + 4HY' E 4
—4)/(B = E') ;i — AHY ;B ; + 6H*(¢ + ) E 3
—4HE (B — E') j; + 4AHE ;B j; + 3H*E%; + 3H* B B;)

+total derivatives, (6.40)

where H = a//a (while H = d/a). The dynamical quantity for hydrodynamical matter
is £%(2%), the deviation of test particles from their trajectory in the unperturbed FRW

universe. From this we can compute the matter part of the action,

1 3 1
508, = [ dlal;pe® + p(5u* ~ 360 + 0B — VB + 3 Eub

1 1 ... . .
~EijBij + 5BiB) + (0 +p) (567" + B + 6€)

1 .
—§c§(p +p)(3Y — Ei — fj’i)2]a4 + total derivatives, (6.41)
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where ¢, is the adiabatic speed of sound in the fluid; 8 = H? — H’; and p and p are the
unperturbed energy density and pressure of the fluid. Combining (6.41)) with (6.40)), we

obtain the total action quadratic in the scalar perturbations,

525 = 695, +69s,

= % / d'w(a®(=6[y" + 2Hey + (H* — £ 5)¢7]

S

—A(Y' + HP)(B — E') ii — 2, (2¢.; — )

+20(¢" + B,)(€" + B) — 28¢2(3¢ — Eji — €5+ —)?)

c2¢?
+total derivatives. (6.42)
We now introduce the Mukhanov-Sasaki variable v:
! (¢0 — 229) (6.43)
V= — — 2z1)), .
\/i v

where z = a3'/2/Hc, and ¢, = —2a (¢’ + Ho) /(cs8'/?) is the velocity potential of the fluid.
Using constraints obtained by varying (6.42)) with respect to ¢, ¢, and E ;;, the action takes

on the simple form
(2) 1 4 2 2 2"y g
0SS = 3 d*z | v — cjvv; + —v” + total derivatives | . (6.44)
z

This is the just the action for a scalar field with a time-varying mass. The fact that the
we can express the action in terms of the Mukhanov-Sasaki variable v alone implies that

there is only one dynamical degree of freedom present. The momentum p, conjugate to v
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is simply v/, and the Hamiltonian is given by
2 "
H= % - (csk2 + Z) v2. (6.45)
z

6.5.2 Action during inflation

We now repeat the calculation for the case where the background is filled with a canonical
scalar field S instead of a perfect fluid. The gravitational part of the action remains the

same. The scalar-field contribution to the action is
1 )
Ss = d4x\/—g <23;QS’°‘ — V(S)> . (6.46)
Expanding all quantities to second order in the perturbations, we have

s@g — 5(2)Sgr 468
= ;/QQ[_Gw/Q _ 12]f[¢¢/ _ 2¢,i(2¢,z’ . %) . Q(Hl i 21{[2)¢2
+((5Sl2 — (5871(5871 - ‘/73302582) + 2(3/((;5 + 37/})/58 o 21{3&%568)

+4(B — E') i(S68/2 — ' — H¢)] + total derivatives. (6.47)

As before, we introduce a gauge-invariant quantity analogous to the Mukhanov-Sasaki
variable,

v=a(dS + (S'/H)Y). (6.48)

In terms of v, the action (6.47) simplifies to

"
628 = 2/ (v’2 —v,v,; + =02 + total derivatives> , (6.49)
z
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where z = aS'/H. Similar to the perfect fluid case, the action is just that for a scalar field

with a time-varying mass, only that we now have ¢ = 1.

6.5.3 Computation of the measure

Given the actions and , we can straightforwardly compute the invariant mea-
sure on phase space. One caveat is that now the Hamiltonian is time-dependent, so the
carrier manifold of the Hamiltonian has an odd number of dimensions. We can retain
the symplecticity of a time-dependent Hamiltonian system (which requires an even num-
ber of dimensions) by promoting time to be an addition canonical coordinate ¢"*! = ¢.
The conjugate momentum is then the negative value of the Hamiltonian, p,+1 = —H.
We can then construct an extended Hamiltonian Hy = H(p, q,t) + pny1, which is explic-
itly time-independent, and from which we can derive the original Hamiltonian’s equations
(¢ = OHy/Op; and p; = —OH/Iq"), plus two additional trivial equations { = 1 and
H = OH/ot.

With ¢ promoted to a coordinate, the time-dependent Hamiltonian system also comes

equipped naturally with a closed symplectic two-form, now with an additional term:

w=Y _dpy Adg* — dH Adt. (6.50)

a=1

The invariance of the form of Hamilton’s equations ensures that the Lie derivative of w
with respect to the vector field generated by H. vanishes. The top exterior power of w
is then guaranteed to be conserved under the extended Hamiltonian flow, and can thus
play the role of the Liouville measure for the augmented system. The GHS measure can

then be obtained by pulling-back the Liouville measure onto a hypersurface intersecting the
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trajectories and satisfying the constraint Hy = 0.

In our case, the original system, with coordinate v and conjugate momentum p,, is
augmented to one with two coordinates v and 7, and their conjugate momenta p, and
—H. The extended Hamiltonian, Hy = p2/2 — (c2k? — 2" (t)/2(t))v? — H, is explicitly time-
independent (identically zero), and its conservation is analogous to the Friedmann equation
constraint in the analysis of the flatness problem. Using , the GHS measure wggg for

the perturbation is

wgHs = dpy Ndv— (dH A dn)|H:p%/2—(c§k2—z”(t)/z(t))v2
2 "
= dpv/\dv—d<p2”— <c§k2+z) v2> A dn
z
7
= dpy, A dv — py(dpy, A dn) + 2v <c§k‘2 + Zg) dv A\dn. (6.51)

One convenient hypersurface in which we can evalute the flux of trajectories is n =
constant. As dn = dt/a is always positive, this surface intersects all trajectories exactly
once. The flux of trajectories crossing this surface is unity, the coeflicient of the first term
in . This implies that all values for v and p, are equally likely. There is nothing in
the measure that would explain the small observed values of perturbations at early times.
Hence, the observed homogeneity of our universe does imply considerable fine-tuning; unlike

the flatness problem, the horizon problem is real.

6.6 Tracing Perturbations Backwards

Having established that the nearly homogeneous nature of our present universe represents
a true fine-tuning problem, we turn to the relationship of inflation to this problem. Before

delving into a general discussion, in this section we address a specific calculation: the
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evolution of perturbations backwards from the present day to the early universe. This
will help us understand the difference between universes with and without inflation; in
particular, how trajectories intersect cutoff surfaces defined at the Planck scale.

For the purpose of illustration, we will consider a highly-simplified picture, in which we
compare the evolution of the energy density of perturbations in two scenarios — one where
the universe is matter-dominated throughout its history and another where the universe
undergoes a period of inflation prior to matter domination. Our analysis in this section

draws on results from [86] and []7].

6.6.1 Relation to Planck-scale cutoffs

All of our discussion has been in the context of classical general relativity. We know that such
a description can’t be valid in all regimes; in particular, in cosmology, physical quantities
will inevitably reach the Planck scale at some early time. This can be accounted for by
imposing appropriate cutoffs, denoting boundaries of the phase space past which classical
gravity no longer applies. In a smooth background, either the Hubble parameter or the
energy density could reach the Planck scale; in principle we could also consider spatial
curvature, but according to the Friedmann equation it will always be sub-Planckian if
the Hubble parameter and the (positive) energy density are sub-Planckian. If we restrict
ourselves to flat universes, a single cutoff when H = mp; suffices. For perturbations, the
classical equations fail when the gauge-invariant energy density 5~p becomes larger than m‘};l.

We therefore have two separate cutoff surfaces, for the Hubble parameter and for the
perturbations. A universe that looks like ours at late times will, when evolved backwards
in time, intersect one or the other of these surfaces. An important feature of inflation is

that it changes which surface is relevant. Without inflation, trajectories typically hit the
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Hubble parameter cutoff long before they hit the perturbation cutoff; with inflation, they
typically hit the perturbation cutoff first.

To see this explicitly, we derive equations to evolve scalar perturbations in the cur-
rent universe backwards in time. Although the canonical variables in the measure are
the Mukhanov-Sasaki variable v and its conjugate p,, we will focus instead on the gauge-
invariant energy density 5~p, since its physical meaning is much clearer. In terms of v and

Do, 6~p for a perfect-fluid background can be expressed as

~ 1
op = D [(flgl + fi9s + figaha — fag1 — fgg2h1) v+ (—fi92 + f291)pv} ’ (6.52)
where
2 2 72
fi = =S5+ 3H), (6.53)
6 -
fr = —5H, (6.54)
2a H /2
NG 7 6.55
R <61/2c5 " He, ) (6.55)
2a
NG I 6.56
P V261/2¢, (6.56)
hi = —(2k*+2H + (1+3c3)H?), (6.57)
hy = =3(1+c)H. (6.58)

For simplicity we assume that the perfect fluid is matter rather than radiation, although

qualitatively similar results would be obtained for a more detailed calculation. In this case

(6.52)) simplifies to

~ 14583
op = = (20 — npy). (6.59)

Likewise, we can relate 5~p during inflation, which can be calculated using (6.70) and
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(6:89), to v and p,:

s fohi\ ¢ 2 fo fohr\ &
o= |:<f1 a h2> 2k2a z + hz:| v |:<f1 a hg) 2k:2a] Do, (6.60)

where f1, fo are as defined above, and

= “(T*fz) (6.61)
hy = f; (6.62)

6.6.2 Evolution of perturbations in a matter-dominated universe

For the case in which the universe is matter-dominated throughout its history, the scale

factor and Hubble parameter are given by

D72

: (6.64)

]
Il

IS}
I
S N

where tg is the age of the universe.

The evolution of perturbations is most easily described by considering the gauge-invariant
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form of Einstein’s equations. We first define the following gauge-invariant quantities:

b = - %[Q(B _ By, (6.65)
Vo= o+ C;I(B _E), (6.66)
op = op—p(B-E), (6.67)
sp = dp—p(B-E). (6.68)

(6.69)

In terms of these variables, Einstein’s equations become

— kKU - 3H(V + HY) = —a*p (6.70)

U+ 3HY 4+ 2H + HHY = ~a’p, (6.71)

where we have used the fact ® = ¥ (due to the absence of anisotropic stress) to simplify
the equations.

Combining these two equations and considering only adiabatic perturbations, we have

U’ +3(1+ ) HY + 2E*V + (2H' + (1 + 3¢2)H*)V = 0. (6.72)

For non-relativistic matter (¢; = 0), this equation simplifies to

6
qf”+5\1ﬂ = 0, (6.73)
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which admits the solution

U=a + % = by + by HO/3 (6.74)

where a1, as, b1, and by are constants of integration.
Using (6.70]), we can now solve for the gauge-invariant energy density of the perturbation

op,

- 2 [k? _ . o
a a
= 20 k?>HY? — 205k>H® — 6by H? + 9by H''/3, (6.75)

Of the two modes present, we are interested in the growing mode (terms with coefficient

b1):

Spg = —2by(K*H*? +3H?)
3HZ  (op(Ho) \ (o ( H\Y? | 0o
- k2+3H§< ; (g ) +3H), (6.76)

where Hj is the current Hubble parameter.

6.6.3 Evolution of perturbations in a matter-dominated universe pre-

ceded by inflation

For perturbations during inflation, we choose a model of inflation in which the inflaton is

a canonical scalar field S in a potential that has the form of an exponential, so that all



144

relevant quantities can be calculated analytically. In particular, the potential for the S is
V(S) =ge ™, (6.77)

where g and \ are constants.

With this potential, the background scalar field S obeys

_ 1 242
S:Am<%§it> (6.78)

where the slow-roll parameter € = —H /H? = \2/2, and

= 2 2eH
S = SV (6.79)
This potential leads to power-law inflation, with a o t/¢, and H = 1/et.
The parameter z as defined above is given by
S a8 2t/
p=22 80 _ 2 s, (6.80)

H H A

Perturbations during inflation are, again, most simply described by the gauge-invariant

form of Einstein’s equations. We introduce the following gauge-invariant variables

u g 7:f7 (6.81)
1 11 p\ /2

— Z=4/=Z(14+% .82

)= ! \/;( +p) , (6.52)

where p and p are the energy density and pressure of the background.
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Using these gauge-invariant variables, two of Einstein’s equations simplify to

(6.83)

(6.84)

where z and v have been defined in (6.49) and (6.48]). Note that we have switched back to

the conformal time 7. For the exponential potential, as ¢ and a run from zero to infinity,

n = —e/(1 —e)t~179/¢ increases from negative infinity to zero.

Combining the two equations yields, in Fourier space,

Defining U = u/6, (6.85)) becomes

/
U + Q%U’ + kU =0,

which has the solution

U = (=kn) 255 [e3 see (<km) + )

(6.85)

(6.86)

(6.87)

where c3 and ¢4 are integration constants, and J,(z) is the Bessel function of the first kind

of order a.

—1 .
Applying the initial condition that ¥ — nT-ce™ ™" at very large —kn (which can be
ymng n

obtained from solving Einstein’s equations in the WKB approximation), ¢4 = ic3, implying
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that

U = dy(—kn) -9 Han_1se (—kn), (6.88)

2(1—e¢)

where Han, (x) is the Hankel function of order a, and ds is a constant of integration. The
scalar perturbation ¥ then becomes
S

S = ]. _ _1T€
OU = daS—(~kn) 7 Han e (—k), (6.89)

v=2
2

where dy is a constant and S is given in . The gauge-invariant energy density of the
perturbation ({52 can now be calculated by substituting ¥ and ¥’ into . We omit the
explicit expression here, as it is very lengthy, and not particularly illuminating.

To describe the evolution of perturbations for a matter-dominated universe preceded by
inflation, we can match solutions obtained in this section with those found in Section [6.6.2

In particular, at the transition, a, H, and (SN,O have to be continuous.

6.6.4 Results

Our results are shown in Fig. 3, which extrapolates a set of trajectories backwards from the
present day to the early universe, both with and without inflation. For the universe that
is entirely matter-dominated, the trajectories reach the H = mp; cutoff before intersecting
the 5~,0 = m‘},l cutoff, while the opposite is true for the universe that inflated prior to the
matter-domination era. It is important to keep in mind that, although the trajectories
intersect the Placnkian cutoff surface very differently in these two scenarios, the number of
trajectories contained in each band are identical by Liouville’s theorem. Inflation merely
diverts the trajectories, rather than increasing the number of states that evolve into our

current universe.
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-30/

—40
Figure 6.3: Log plot of the energy density of perturbation versus the Hubble parameter in a
universe that is matter-dominated entirely (lower curve), and a universe that first undergoes
inflation and then becomes matter-dominated (upper curve). The wavenumber shown here
is 1075%mp;. Energy densities in the range of 107122 to 10~ 2'mp; today (Hy = 10~mp;)

are plotted. For the upper bands, inflation ends at H; = 10~ 3mp;. The slow-roll parameter,
€, is chosen to be 0.1. This corresponds to A = 2.24, and results in approximately 70 e-folds.

This result will seem more familiar if we turn it around: to obtain a universe with
small perturbations at late times, in a purely matter-dominated cosmology we would have
to start with extremely small perturbations when the Hubble parameter is near the Planck
scale. With inflation, in contrast, we can start with the Hubble parameter at the Planck
scale and any sub-Planckian value of the perturbations. (In our classical analysis, any such
perturbations will be inflated to incredibly small values; in the real world, we expect that

the observed perturbations are due to quantum fluctuations.)

6.7 What is Inflation Good For?

We have used the invariant measure on cosmological solutions to Einstein’s equation to
quantitatively investigate the amount of fine-tuning required to explain the initial conditions

for our universe. Interestingly, we find that a careful analysis makes the flatness problem
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disappear; in the context of purely Robertson-Walker cosmologies, the measure diverges on
flat universes. In the case of deviations from homogeneity, however, we recover something
closer to the conventional result; in appropriate variables, the measure on the phase space
of any particular mode of perturbation is flat, so that a generic universe would be expected
to be highly inhomogeneous.

Now let’s turn to the implications of this analysis for inflation. As we have discussed, the
assumptions of unitarity and autonomy when applied to our comoving patch imply that any
set of states at late times necessarily corresponds to an equal number of states at early times,
as implied by Liouville’s theorem. The situation is illustrated in Fig. [6.4 The diagram
portrays the space of states for our comoving patch, foliated into slices corresponding to
states with specific values of the Hubble parameter. As long as we restrict our attention to
approximately Robertson-Walker universes, this is a valid description. For realistic values of
the cosmological parameters, the Hubble parameter evolves monotonically in time, so that
time evolution moves states through the foliation without doubling back. Furthermore,
within this approximation trajectories that start with the same Hubble parameter at an
initial time with have equal Hubble parameters at all times, since they share identical
background cosmologies.

Liouville’s theorem then implies that a given number of states on one slice through phase
space will evolve into an equal number of states at any other time. In the figure we illustrate
this schematically for two different choices of Hamiltonian: both have exactly the same field
content and general form of the action, but in one there is a scalar field potential that allows
for inflation, while in the other the corresponding potential does not support inflation. The
canonical variables and the invariant measure on phase space will be the same for these two

models, so they can be directly compared. It is clear that, assuming unitary evolution for
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universes
like ours
\
\ late
universe

space of inflationary
states, I, trajectories
for our
comoving states with
patch - fixed Hubble
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non- )
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potential i | potential
'y "
- '),’ early
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Figure 6.4: T' is the space of states for the system defined by our comoving patch. For
universes that are approximately Robertson-Walker, it can be foliated into subspaces of
states with particular values of the Hubble parameter. Liouville’s theorem implies that the
choice of Hamiltonian does not affect the volume of a region of phase space as it evolves
through time; this is illustrated schematically in the case of two theories with the same
number of degrees of freedom, but different scalar-field potentials. Even with a potential
that allows for inflation, the fraction of universes that actually inflate is very small. (This
depiction is not to scale.)

our comoving patch, the different choice of scalar potential can only deflect the trajectories
in some overall way. It cannot serve to focus or spread the trajectories, which would violate
Liouville’s theorem. Therefore, whether or not a theory allows for inflation has no impact
on the total fraction of initial conditions that lead to a universe that looks like ours at late
times.

Moreover, even with a Hamiltonian that permits inflation, the vast majority of cosmo-
logical solutions do not pass through an inflationary phase [74] [76], [80]. This is easily seen
by imagining collapsing universes; it is extremely unlikely that a thermal plasma of fields
will “anti-reheat” into a coherent inflaton field that then rolls slowly up its potential. Even

if we restrict to the minisuperspace approximation, most trajectories roll quickly down the
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potential or start at the bottom of the potential, rather than the 60 or more e-folds of
slow-roll phase that is required.

It is sometimes claimed that inflation is an “attractor” (see e.g., [88]), which would seem
to be at odds with this picture. It is a basic feature of Hamiltonian mechanics that there
are no attractors for closed systems; attractors only occur for systems with dissipation.
Inflation appears to be an attractor if we only consider the behavior of the scalar inflaton
field, without including gravity; the scalar sector by itself is dissipative due to Hubble
friction. If the entire phase space is considered, it follows immediately that there are no

attractors.

6.7.1 The universe is not chosen randomly

This basic argument has been appreciated for some time; indeed, its essential features were
outlined by Penrose [72] even before inflation was invented. Nevertheless, it has failed
to make an important impact on most discussions of inflationary cosmology. Attitudes
toward this line of inquiry fall roughly into three camps: a small camp who believe that the
implications of Liouville’s theorem represent a significant challenge to inflation’s purported
ability to address fine-tuning problems [76}, [78 [79] [80]; an even smaller camp who explicitly
argue that the allowed space of initial conditions is much smaller than the space of later
conditions, in apparent conflict with the principles of unitary evolution [77, [81]; and a very
large camp who choose to ignore the issue or keep their opinions to themselves.

We would like to stake out a judicious middle ground. On the one hand, we believe that
unitary evolution is to be respected, even at early times when the vast majority of states
are not described by quantum field theory on smooth spacetime backgrounds. Therefore,

inflation does not increase the fraction of states that evolve into reasonable universes; it
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merely alters their trajectories. On the other hand, the way in which the trajectories are
altered by inflation is extremely suggestive. Even though the number of states that undergo
inflation is much smaller than the number that do not, even when we restrict attention to
trajectories that evolve into universes like the one we see, the character of those states is
very different. We believe that the benefit of inflation is not that it makes universes like ours
more numerous in the space of all possible universes, but that it provides a more reasonable
target for a true theory of initial conditions, from quantum cosmology or elsewhere. (This
is a possible reading of [77, 81], although those authors seem to exclude non-smooth initial
conditions a priori, rather than relying on some well-defined theory of initial conditions.)
We have mentioned that, in the space of all trajectories that pass through states similar
to our universe today, ones that include a period of inflation are a very small fraction. But
it should be noted that something similar (although not quantitatively as strong) could
be said about ordinary Big Bang cosmologies. Given the coarse-grained features of our
universe today — the spatial geometry, distribution of matter and radiation, and so on
— the overwhelming majority of microstates with those features did not arise from much
smoother earlier states. This holds true even if the coarse-grained description includes our
specific observations along our past light cone, such as the temperature anisotropies of the
cosmic microwave background. Given only this information and no additional assumptions
about the microstate, far more trajectories describe universes in which the apparent ho-
mogeneity of early times arises as a conspiracy of accidental cancelations between different
effects, rather than an actually smooth early state. At the level of cosmological perturba-
tions, this arises from the fact that we simply discard the decaying solution of every single
mode; keeping them would admit universes that were more inhomogeneous in the past,

and smoothed out to our present state. More generally, this can be seen by considering
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universes like ours that are collapsing rather than expanding; we would generically expect
inhomogeneities to grow during the collapse. Most universes that look like ours today are
simply time-reversed versions of such solutions, describing long series of thermodynamically
unlikely coincidences.

However, we can admit that such universes seem bizarre to us. If we picked a trajectory
for the universe randomly according to the canonical measure, most would never look like
our present universe. Of those that did, only a very small minority would start smooth and
evolve in what we think of as the conventional matter. However, those that do start smooth
have a certain advantage over the others: we can easily say which ones they are, simply by
referring to their macroscopic features at early times. (Namely, “they start smooth.”) In
contrast, the majority of initial states that grow into our universe today show no signs of
being ready to do so at early times; there is no way to know which ones they are. The fact
that they will ultimately smooth out is hidden in extremely subtle correlations between a
multitude of degrees of freedomﬂ It seems much easier to imagine that an ultimate theory
of initial conditions will produce states that are simple to describe rather than ones that
feature an enormous number of mysterious and inaccessible correlations. In other words,
it’s true that a randomly-chosen universe like ours will begin in a wildly inhomogeneous

state; but there’s good reason to think that our universe was not chosen at random.

6.7.2 Inflation as an easy target

Given that we need some theory of initial conditions to explain why our universe was not

chosen at random, the question becomes whether inflation provides any help to this unknown

3For a more familiar example, consider a glass of water with an ice cube that melts over the course of an
hour. At the end of the melting process, if we reverse the momentum of every molecule in the glass, we will
describe an initial condition that evolves into an ice cube. But there’s no way of knowing that, just from
the macroscopically available information; it looks just like a regular glass of water.
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theory. We would like to suggest that it does, in two familiar ways: the required initial
state does not need to be as big, or as smooth, as in conventional Big Bang cosmology.

First, inflation allows the initial patch of spacetime with a Planck-scale Hubble param-
eter to be physically small, while conventional cosmology does not. If we extrapoloate a
matter- and radiation-dominated universe from today backwards in time, a comoving patch
of size H ! today corresponds to a physical size ~ 10726 Hj ~ 10347711311 when H = mp;. In
contrast, with inflation, the same patch needs to be no larger than the Planck length when
H = mpy;, as emphasized by Kofman, Linde, and Mukhanov [77, 8I]. If our purported the-
ory of initial conditions, whether quantum cosmology or baby-universe nucleation or some
other scheme, has an easier time making small patches of space than large ones, inflation
would be an enormous help.

The other advantage is in the degree of smoothness required. At the end of the previous
section we calculated that a perfect-fluid universe with Planckian Hubble parameter would
have to be extremely homogeneous to be compatible with the current universe, while an
analogous inflationary patch could accommodate any amount of sub-Planckian perturba-
tions. While the actual number of trajectories may be smaller in the case of inflation, there
is a sense in which the requirements seem more natural. Within the set of initial condi-
tions that experience sufficient inflation, all such states give us reasonable universes at late
times; in a more conventional Big Bang cosmology, the perturbations require an additional
substantial fine tuning. Again, we have a relatively plausible target for a future theory
of initial conditions: as long as inflation occurs, and the perturbations are not initially
super-Planckian, we will get a reasonable universe.

These features of inflation are certainly not novel; it is well-known that inflation allows

for the creation of a universe such as our own out of a small and relatively small bubble
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of false vacuum energy. We are nevertheless presenting the point in such detail because we
believe that the usual sales pitch for inflation is misleading; inflation does offer important
advantages over conventional Friedmann cosmologies, but not necessarily the ones that are
often advertised. In particular, inflation does not by itself make our current universe more
likely; the number of trajectories that end up looking like our present universe is unaffected
by the possibility of inflation, and even when it is allowed only a tiny minority of solutions
feature it. Rather, inflation provides a specific kind of “nice” set-up for a true theory of

initial conditions — one that is yet to be definitively developed.
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Appendix A

Solutions to the Linearized
Equations of Motion

We start by finding the solution to the equations of motion, linearized about a timelike,
fixed-norm background, A,. Then, showing less details, we find the solutions to the equa-
tions of motion linearized about a spacelike background. Finally, we put the solutions in
both cases into the compact form of f. Our results agree with the solutions
for Goldstone modes found in [44].

The equations of motion for a timelike (+) or spacelike (—) vector field are ([3.16]),

QN = (nlu/ + Arl:lj;{l/> (51(%8%4” + (ﬂ* - ﬂl)ayaﬂAP + 54GV) = 07 (Al)

where G is defined in (3.14)) and A*Q,, = 0 identically.

Timelike background. Consider perturbations about an arbitrary, constant (in space
and time) timelike background A,, = A, that satisfies the constraint: A, A* = —m?2. Define

perturbations by A, = fl“ + 0A,. Then, to first order in these perturbations, A“Qu =0

identically, and n* [1“5141, = 0 by the constraint. We can define a basis set of four Lorentz
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4-vectors n®, with components

ng =A,/m, niL ; ie{1,2,3}, (A.2)
such that
n“”nfjng =P, (A.3)

The independent perturbations are da® = n"njdA, for a = 1,2,3. (8a® is zero at
first order in perturbations due to the constraint.) It is then clear that there are three
independent equations of motion at first order in pertubations (assuming the constraint)

for the three independent perturbations,
6Q = nl, (810,070 A" + (B — 1)0” 0,0 AP + ﬁ4n2n23“8p5A”) =0, (A.4)
where 7 € {1,2,3}. We look for plane wave solutions for the dA:
SA, = / d*F g (k) (A5)
Since n*¥ ng(SAV =0, at first order,

Qu = cjns, where  j € {1,2,3}. (A.6)
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The equations of motion become the algebraic equations:

0= (ﬁlkpkpnf,nj” + (B« — ﬁl)nfjk”nik“ + ﬁ4ngn2k“kpnfjnj”) cj

= (Bikpk?0" + (B, — B1)ni K nd k" + BaninOkF kP57 ) ¢;

— A
= MYe;.

The three independent solutions to these equations are given by setting an eigenvalue of

the matrix M to zero and setting ¢; to the corresponding eigenvector. Setting an eigenvalue

of M equal to zero gives a dispersion relation,

Brkok? + Ba(nfk*)? =0,

with two linearly independent eigenvectors,

(e2); = €2ijnfbk“ ; (e3)i = 631’3‘”&%'

The second eigenvalue of M gives the dispersion relation,

Bukipk? + (B — B1 + Ba) (nSkH)? =0,

with corresponding eigenvector,

i
= nuk“.

(A.10)

(A.11)

(A.12)

(A.13)
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Spacelike background. The first-order linearized equations of motion about a spacelike

background are:

Q" = nl (519,076 A" + (B, — $1)0" 0,0 A + BannPoFOP5A”) = 0 (A.14)

where a € {0,1,2} and where, similarly to the timelike case, we have defined the set of four

Lorentz 4-vectors, nj;, to be

ni =A,/m and ny; a € {0,1,2} (A.15)
such that
n“”nz‘nf =P, (A.16)

The independent perturbations are da® = n*nj 04, for a = 0,1,2. (8a® is zero at first
order in perturbations due to the constraint.)

Again we look for plane wave solutions of the form in (A.5)). But now, since n“”niéAl, =
0, at first order,

Qu = Cay, where  a € {0,1,2}. (A.17)
The equations of motion become the algebraic equations:
= (ﬁlkpkpnﬁnb” + (B« — ﬁl)nﬁk”nZk:“ + ﬂ4nin2k“k¢pn$nb”) Ch (A.18)

= (ﬁlk‘pk”nab + (B — 51)n’jk”n2k” + ﬁ4nznik‘“k”n“b) h (A.19)

=M%,  a,be{0,1,2} (A.20)
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Two independent solutions correspond to the dispersion relation (a € {0,1,2})

Bikok? + Ba(ndk*)? =0, (A.21)

with corresponding eigenmodes

(e1)a = €atpsnbk (e2)a = €apasni k. (A.22)

The third solution corresponds to the dispersion relation

Bukok? — (B — 1 — Ba)(npkH)? =0, (A.23)

with corresponding eigenmode

Cq = naank:“. (A.24)

General expression. We can express the solutions in the timelike and spacelike cases in

a compact form by using the orthonormality of the nj;, (A.3), along with (A.2)), (A.15), and

the fact that[T]

eagpanfjn’f = euya/gngng. (A.25)

Then plugging (A.6) and (A.17) into (A.5) yields the solutions,

5A, = / d*k g, (k)et” (A.26)

!This follows from the invariance of the Levi-Civita tensor,

o, B 7,0 _
€afysNuNyNpNg = €uvpo

plus orthonormality, (A.3).
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where either,

AT Ak ,
qu(k) =ia k:pﬁeu,,pg and B1k,k” + B4 = =0 and a4, =0, (A.27)

where o are real-valued constants or,

T 7 2
A“A”>k” and ﬂ*kpk”iw*—ﬁlim)(f“”k“) —0, (A28)

m2

=1ix +
qu (mw m

where « is a real-valued constant. The reality of the a’s follows from the condition, g, (k) =

q;,(—k), that holds if and only if 64, in (A.5) is real. In (A.28), the “+” sign corresponds

“_»

to the timelike background and the sign to a spacelike background.
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Appendix B

Additional Properties of the

Goldstone Modes

B.1 Polarizations of Goldstone Modes

We enumerate here the Goldstone modes that arise when a symmetric two-index tensor

acquires various forms of vacuum expectation values. Linearity implies that the Goldstone

mode corresponding to a general vev is a superposition of these modes.

B.1.1 Time-time

Let’s first consider the case where only the 00 component of H,, does not vanish. In that

case, the three boost generators are broken, and we therefore have three Goldstone modes.

1000 0

00 00 —b1
H,u,u: _>h/_w:

00 00 —[s

00 00 —f3

b
0
0

0

—[a

0

—f3

0

(B.1)

Obviously, this choice of the vacuum expectation value preserves rotational invariance.

Hence, none of the # modes is excited.
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B.1.2 Time-space

Now consider the case where one of the 0i components is nonzero. This breaks all three

boosts, but only two of the three rotation generators. There are thus five Goldstone modes.

0100 —26; 0 05 —6
1 000 0 =281 =B —Pfs
H,, = — Ry = . (B.2)
00 00 05 —fB2 0 0
00 00 —0y —fB3 0 0
0010 —2By —03 0 01
00 00 -0 0 =B 0
H,, = — by = (B.3)
1 000 0 =61 —2B82 —fs
00 00 61 0 -85 0
0001 —203 6 —6; 0
00 00 65 0 0 -5
H,, = — Ry = (B.4)
00 00 -6 0 0  —0f

1 000 0 —p1 —fB2 —203
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B.1.3 Diagonal space-space

Now consider the case where one of the diagonal spatial elements does not vanish. This

breaks one of the three boosts, and two of the rotations.

0000 0 -5 0 0
01 00 -6 0 63 —6,
H,, = — hyy = (B.5)
00 00 0 s 0 0
00 00 0 —6 0 0
00 00 0 0 —fB 0
00 00 0 0 —63 0
Hy,, = — hyy = . (B.6)
00 10 —Bs —603 0 61
00 00 0 0 6, 0
00 00 0 0 0 —p3
00 00 0O 0 0 0
Hyy = = hyw = (B.7)
0000 0O 0 0 —6
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B.1.4 Off-diagonal space-space

Finally, we consider the case in which one of the off-diagonal spatial components is non-zero.

This breaks two boosts and all rotations.

p =

0010

—>h#V:

—)huyz

—[2
—b

—f3

—b

—f3
—2

—[2

—203

01

—B33
205

0,

02

—04

1 0
0 01
205 —09
-0 0
il
-0 0
0 03
03 —20,
—PBs  —P2
0y  —0s
—260;1 0
0 264

(B.10)

Notice that not all ten modes are independent. We can, for example, perform a rotation

to diagonalize the three modes in [B.1.4] so that they become a linear combination of the

modes in [B.1.3
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B.2 Proof That Gravitons Can Be Goldstone Bosons

We present here a proof that when all six generators are broken, two linear combinations
of the resulting six Goldstone bosons have properties that agree with those of the graviton
at lowest orderEI The propagating Goldstone modes obey the dispersion relation k*k, = 0,
the transverse conditions k*h,, = 0, and the four cardinal gauge conditions.

First consider the most general vacuum expectation value

d e f g
e a h 1
Hy, = , (B.11)
f hb g
g v J c

where the ten constants a, b, ¢, d, e, f, g, h, i, j are presumably determined by the
potential V in . This choice of the vev might seem unnecessarily complicated (as it
can be simplified by boosts and rotations). However, as will be shown below, Eq.
will simplify our analysis later on.

This vacuum expectation value gives the following Goldstone excitations:

'During the preparation of this manuscript, we became aware of the recent work by Kostelecky and
Potting [65], in which they gave a proof that a version of this Lorentz-violating theory of gravity is identical
to linearized gravity in the cardinal gauge.
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hoo = —2ef1 —2fB2 — 2903 (B.12)
hot = —(a+d)By —hP2 —ifs+ gbs — f03 (B.13)
hoa = —hB1— (b+d)B2 — jBs — gbh + el (B.14)
hos = —if1 —jP2— (c+d)Bs+ f01 — eby (B.15)
hiy = —2ef1 + 2ifs — 2h6s (B.16)
hae = —2fB2 —2jbh + 2h0s3 (B.17)
hss = —2g833+ 2j61 — 2i0 (B.18)
hia = —fB1—ef2—ib1+ jb2+ (a—0b)0s3 (B.19)
his = —gf1 —ef3+ hb1 + (c —a)b2 — jO3 (B.20)
has = —gB2— B3+ (b— )01 — hOy + ibs. (B.21)

We would now like to demonstrate that it is possible for the Goldstone modes resulting
from a completely general vev to have a polarization tensor that agrees with that of a
graviton (in GR) propagating in the z direction in some gauge. In general relativity, we have
the freedom to add to any solution of the linearized Einstein’s equations the pure gauge

mode k,§,y. Therefore, the familiar + and X polarizations in the transverse-traceless

gauge,
00 0 0

Wi = O e e 0 gtk (B.22)
00 0 0
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are not the most general form that the graviton in general relativity can take.

For a graviton propagating in the z direction, we have k* = (w,0,0,w). If we set
N _ _ _ ot (gauge)
§u = - (=poo, —po1, —Po2, —po3), the polarization p, of the most general gauge mode

e )
hﬂauge) = p&gyauge) e*er™ can be written as

Poo DPo1 DPo2 (pos - poo)/ 2
(gauge) Po1 0 0 —Po1
paIY = 7 (B.23)
D02 0 0 —Po2
(po3 — poo0)/2 —po1  —Po2 —Ppo3

where pog, Po1, Po2, and pp3 are constants. Thus, the most general form that the graviton

can assume in GR is the sum of (B.22) and (B.23)

Poo Po1 Po2  —Poo

( z po1 hy  hx  —pm e
hugyenera) _ etkaz® (B24)

P2 hx —hy —po2

—Poo —Po1 —Po2 P00

Note that because the Goldstone modes are all traceless, we have also set pgg = —po3 above.
We now want to see if the polarizations of the Goldstone bosons resulting from the most

general vev (B.11)) can be matched onto (B.24)).

2Here, we are restricting ourselves to graviton solutions of the form e?*¢*” . If we relax this assumption,
it is conceivable that there are other possible functional forms. This is analogous to electromagnetism in the
axial gauge, in which A, ze™*a®" is needed to describe a plane-wave photon in the z direction. Thus, the

field becomes unbounded at spatial infinity, and it is questionable whether our effective theory is valid.
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To match (B.11)) onto (B.24)), we have to satisfy the following conditions:

hoo = —hos
hor = —ha1
hoe = —hso
hoo = has. (B.25)

These four conditions leave in the six Goldstone modes two degrees of freedom, exactly the
right number to describe the graviton, which has two polarizations.

At this point, it is convenient to define new fields by linearly combining the Goldstone



modes:

My

My

M
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—(hoo + hss3)

(2e +9)B1+ (2f +J)B2+ (29 + ¢+ d)Bs
— 10, + by

—(ho1 + ha1)
(a+d+g)p1+hp2+ (i +e)bs
—hO1 — (g+c—a)fs+ (f +j)b3
—(ho2 + h32)

hB1+ (b+d+g)B2+ (J+ f)Bs
+(g+c—0)01 + hty — (e + )03
—hoo + h3s

2ef1 + 2f B2 + 2561 — 2i0

hi1 = hy

—2ef1 + 2109 — 2h05

hi2 = hy

—fB1 —efa —ib1 + jba + (a — b)05.

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

In this new basis, the physical degrees of freedom are made very transparent: M5 and Mg

are the usual + and x gravitons. The four conditions (B.25) now become M; = My =

Mz = M, = 0.
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These six linear equations relating the two bases can be written as a matrix equation

Al =M, (B.32)

where ¢ = (61, B2, B3, 01, 02,603) and M = (My, My, M3, My, M5, Mg) are the Goldstone
modes in the original basis and new basis, respectively. This gives immediately the con-
straint det(A) # 0, since otherwise the matrix A is singular and the new basis spanned by
M is incomplete.

To express hy, in the new basis spanned by M , we first invert Eq. to solve for

¢'= A~'M, which can then be substituted into Eqs. (B.12)) — (B.21)).

B.2.1 The two transverse linear combinations of the six Goldstone modes

We now proceed to show that two linear combinations of the Goldstone modes (M5 and Mg)
obey the dispersion relation k*k, = 0 and are transverse to the momentum (k*h,, = 0).

Setting all M; = 0 except for Ms5, all the conditions in (B.25) would be satisfied, and

we have

5 5 5 5

Coo Co1 Co2  —Coo
5 5

) o1 1 0 —cq

h o = M, (B.33)

5 5

Co2 0 -1 —c3y

—Co 1 —C <o
which has exactly the form of (B.24)) if hx = 0. Mj therefore corresponds to the + polar-

5

;; are computed straightforwardly using Egs. (B.12))

ization of the graviton. The constants ¢
- (B.21)).

Similarly, if we turn off all the M;’s except Mg, all the conditions (B.25)) are satisfied,
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and the polarization tensor of the Goldstone mode Mg becomes

080 081 082 _Cgo
6 6
€01 0 L =
hl8) = Mg, (B.34)

6 6 6 6
—Co 1 —C%2 oo

which agrees with if h, = 0, and therefore represents the x polarization. As before,
the constants C?j are computed using Eqs. - . Note that because M5 and Mg
are nonzero, it is in general impossible to set all c?j and c?j = 0. That is, no choice of H,,
corresponds to the transverse-traceless gauge conventionally used to describe the graviton.

Because the kinetic terms in the Lagrangian of our theory are those in the Einstein-
Hilbert action, the equations of motion of these Goldstone modes (valid for all six modes

M;_) to leading order are simply given by the linearized Einstein equation in vacuum

05 Oyh7 s + O 0,h” ) — Oy — 1, 0,00h*7 = 0. (B.35)

Substituting the + mode, Eq. (B.33)), into Eq. (B.35)) and setting the 4-momentum to



k* = (w,0,0,k) gives

2Goo
2Go1
2Go2
2Go3
2G11
2G12
2G13
2Gao
2Go3

2G'33
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= k(w—Fk) =0

= ck(w—k)=0

= (w2 — k:2) —(w— k:)cho =0

= w(k—w)=0

= —(w2 — kz) — (w— k)QCgo =0

= Gk —w)=0

(B.36)
(B.37)
(B.38)
(B.39)
(B.40)
(B.41)
(B.42)
(B.43)
(B.44)

(B.45)

In general, c;-r’j do not vanish and Egs. (B.36) — (B.45)) imply that w = k. That is, hfy)

propagates along the z direction at the speed of light, as expected.

If instead we substitute the x mode (Eq. (B.34))) into Eq. (B.35) and again set the

4-momentum k* = (w, 0,0, k), we obtain the same equations, except that now

2G11 = —(w — k‘)cho =0
2G12 = (UJ2 - kz) =0

2G22 == —(w - k)2680 == O,

(B.46)
(B.47)

(B.48)

and cg’j — c?j in (B.36) — (B.45). Clearly, the solution is still w = k. Thus, hS, also
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propagates along z at the speed of light.

Finally, the fact that these modes are transverse can be shown by direct computation:

kuhggyeneral) — k#(hgg_i_pziugeeikama)
Low
= §k (k,ugu + kuglu)
S
- 5( gu + Ky fu)

= 0, (B.49)

since the graviton obeys k2 = 0 and the gauge modes are traceless (i.e., k&t =0).

In summary, we have shown that there are two special linear combinations (M35 and Mpg)
of the six Goldstone modes that have a polarization tensor identical to that of a graviton
in general relativity; obey the normal dispersion relation k2 = 0; and are transverse to the

momentum k*.

B.2.2 The remaining four linear combinations

In this section, we demonstrate that the remaining four linear combinations do not prop-

agate upon imposing the equations of motion. The four remaining modes (M; to My) are



given respectively by

h(2)

B3

&)

where c}j, c%j, c?j, cglj are constants determined by Eqs. (B.12]) — (B.21).
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0(1)0 C(1)1
c(1)1
6(1)2
0(1)3 _0(1)1
0(2)0 0(2)1
0(2)1
0(2)2
_Cgo €13
Cgo 081
081 0
082 0
—Cgo _Cgl
Co o1 Che
g, 0 0
032 0 1
€03

0(1)2 063
0 —c(l)1
0 0(1)2

_0(1)2 0(1)0
€2 —Coo
0 cis
0 0(2)2
€02 C%o
€2 —Coo

0 —cgl
0 633
033 Cgo
Cos
—ci3
€23

4 4 4 4
€13 Ca3 Cpo — C33

M47

(B.50)

(B.51)

(B.52)

(B.53)

Again, using the linearized Einstein’s equations, the mode M; (B.50) has the following



equations of motion:

2Goo

2Go1

2Go2

2Go3

2G11

2G12

2G13

2Goo

2Go3

2G'33

175

—(cbow? 4 2kchzw + clok?) =0
cdik(w—k)=0

ceok(w—k) =0

chow? + 2kchaw + cgok? =0

chw(k —w) =0

chow? + 2kchaw + clok? =0

cow(k —w) =0

(B.54)
(B.55)
(B.56)
(B.57)
(B.58)
(B.59)
(B.60)
(B.61)
(B.62)

(B.63)

In general, the constants cilj do not vanish and the only way to satisfy all these conditions is

to set w = k = 0. This mode therefore does not propagate. It is straightforward to repeat

the analysis for the other three modes, and it can be shown that their equations of motion

lead to w =k = 0.

This analysis is thus in agreement with that by Kostelecky and Potting [65]: in this

Lorentz-violating theory, only two linear combinations of the six Goldstone modes propagate

and obey the dispersion relation k, k" = 0 and the transverse condition k,e*” = 0. Also,

because of the form ([5.13) of the Goldstone modes, the cardinal gauge conditions are all

satisfied. The four remaining linear combinations do not propagate. Thus, at lowest order,

the theory contains two propagating modes with properties identical to the graviton in
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linearized general relativity.

B.3 Proof of the Necessity of Breaking All Six Generators

to Get Goldstone Gravitons

We now discuss a systematic way of determining the number of Goldstone modes that result
for a given vev. We construct a 10 x 6 matrix N where each row corresponds to one of the
ten components of h,,, and each column corresponds to one of the six generators of the

Lorentz group (6; and 3;, i € 1,2,3).

—2Ho1 —2Hp2 —2Hp3 0 0 0
—(Hoo + h11) —Hiz —His 0 Hos —Ho2
—Hiz —(Hoo + H22) —Has —Hos 0 Hox
—His —Ha3 —(Hoo + Hs3) Hoz —Ho1 0
—2Hop 0 0 0 2H;3 —2H19
N— . (B.64)

—Hoz —Ho1 0 —Hiz Hag Hi1 — Hao
—Hos 0 —2Ho1 Hiz Hss — Hi1 —Hos

0 —2Hp2 0 —2Ho3 0 2H19

0 —Hos —Hoz Hoa — Hss —Hio His

0 0 —2Ho3 2H23 —2H13 0

The entries N are the coefficients of the ¢; and 3; in the ten components of h,,. The rank of
this matrix is the number of Goldstone modes. The possible ranks of this matrix are three,
five, and six. This is different in the vector case, in which the rank of the corresponding
4 x 6 matrix is always three, consistent with the fact that there are always three Goldstone
modes.

We found in Appendix B that a necessary and sufficient condition for the theory to

contain two linear combinations of the Goldstone modes is

det(A) # 0, (B.65)
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which is equivalent to Rank(A) = 6. Since the rows of A are just linear combinations of
those of N, the rank of the former is necessarily less than or equal to the latter. Thus, for
vevs that do not break all six generators, the number of Goldstone modes < 6, implying

that

Rank(N) < 6 (B.66)
= Rank(A) < 6 (B.67)
& det(A) =0, (B.68)

violating the condition (B.65]). This implies the lack of two linear combinations of the Gold-
stone modes that behave like the graviton in general relativity. However, as was discussed,
it is still possible that the theory contains massless excitations that behave like the graviton;

they are just not Goldstone in origin.
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