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Abstract

The thesis covers two topics in string theory and quantum field theory. First, we realize metastable
vacua in various supersymmetric gauge theories. Specifically, we consider the Coulomb branch of any
N = 2 supersymmetric gauge theory, and perturb it by a superpotential and engineer a metastable
vacuum at a point. We also study its relation to Kahler normal coordinates and Fayet-Iliopoulos
terms. Having studied the metastable construction, we apply this to general gauge mediation. We
show how to compute the current correlators when the hidden sector is strongly coupled in specific
examples.

Next, we consider gauge/gravity dualities. We apply dualities to the investigation of various
strongly coupled field theories. In one example, we construct M-theory supergravity solutions with
the nonrelativistic Schrodinger symmetry starting from the warped AdSs metric with A/ = 1 super-
symmetry. We impose that the lightlike direction is compact by making it a nontrivial U (1) bundle
over the compact space. In another example, we show that, in a gravity theory with a Chern-Simons
coupling, the Reissner-Nordstrom black hole in anti-de Sitter space is unstable depending on the
value of the Chern-Simons coupling. The analysis suggests that the final configuration is likely to

be a spatially modulated phase.
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Introduction and Outline of Thesis

Supersymmetry extends the usual Poincaré symmetry by adjoining symmetries that relate bosons
and fermions. The Coleman-Mandula theorem [1] states that supersymmetry is essentially the only
possible extension of the Poincaré symmetry. Supersymmetry exhibits many virtues such as being a
possible solution to the hierarchy problem and to the gauge coupling unification, and it has captivated
high energy theorists for decades. In addition to being a viable model to describe nature above the
TeV scale, supersymmetric gauge theories have been analyzed in place of more realistic systems to
study physical phenomena such as confinement or chiral symmetry breaking, since supersymmetry
places additional constraints over the system and much more information can be inferred compared
to non-supersymmetric theories. The low energy effective theory of N' = 2 supersymmetric gauge
theory with SU(2) gauge was found by [2,3] and subsequent works extended this to more general
N = 2 supersymmetric gauge theories. See [4] for a review. For a class of N = 1 supersymmetric
gauge theories, Seiberg duality helps us examine some of the properties of the theories even when
the coupling is strong [5,6].

However, supersymmetry has to be spontaneously broken to describe nature, and it is natural
to think that supersymmetry is broken at the TeV scale to suppress the radiative corrections to the
Higgs boson mass. Although it is generally difficult to construct a dynamically broken supersym-
metric model, it was pointed out in [7] that what we need is only a metastable vacuum, as long as the
tunneling rate to supersymmetric vacua can be parametrically suppressed. That is, if the lifetime
of a metastable vacuum is longer than the age of the universe, there is no problem considering it as
stable in all practical purposes.

In part I of the thesis, we examine closely a class of supersymmetric gauge theories where
metastable vacua exist. We will find a general method to construct such theories and investigate
their properties. The models with metastable vacua can be used as a hidden sector for a realistic
supersymmetric model to describe particle physics. We discuss how to obtain information of the
supersymmetry breaking effect to the visible sector in several examples.

In part IT of the thesis, we turn to another interesting topic: gauge/gravity dualities. The original
and most concrete version is the correspondence between the AdSs x S° type IIB supergravity and

N = 4 super Yang-Mills theory. The initial observation was that there are two different descriptions
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of the low energy dynamics of D3-branes [8]. A more detailed prescription for the matching of the
two theories was made in [9,10]. In [10], the Kaluza-Klein spectrum of the supergravity theory
is matched to the BPS operators in the N/ = 4 Yang-Mills theory. Since then, numerous checks
have been made to support the correspondence between the two theories. Also, many additional
examples are found that have gauge/gravity dual pictures. For a comprehensive review of works on
gauge/gravity dualities, see [11].

In addition to understanding gauge/gravity dualities and searching for the evidence in support of
them, given the overwhelming evidence in favor of the dualities, another useful direction to pursue is
to use gravity theories to study some strongly coupled gauge theories. Being strong/weak dualities,
strongly coupled gauge theories correspond to classical solutions in gravity theories. Even though
we do not have full information of the gauge theories, a substantial part of the classical gravity
solutions can be determined. In this case, gravity solutions give us the properties of the universality
class of strongly coupled gauge theories. We counsider two applications of gauge/gravity dualities.
First, we will study field theories with nonrelativistic scale invariance, called Schrédinger symmetry
by constructing a supergravity solution in M-theory that has the required symmetry properties.
Then, we will consider gauge theories with chiral anomalies for some global U(1) symmetry, whose
corresponding gravity theories have a Chern-Simons coupling. We will show that, in some cases,
an inhomogeneous phase is favored over a uniform phase and investigate precise conditions for the

occurrence of such a phase.



Part 1

Metastable Vacua in

Supersymmetric Gauge Theories



Chapter 1

Introduction

Presently, all physical phenomena up to the TeV scale are well described by the standard model.
Despite its beautiful success, however, it is conceivable that a new theory has to exist beyond the TeV
scale. One reason is that we need a Higgs boson to break electroweak symmetry, and for the radiative
corrections to the mass of the Higgs boson not to give an unacceptable large contribution, the cutoff
scale should be of the TeV scale. This is called the naturalness problem, and one way to address
this problem is to consider supersymmetric gauge theories [12-14]. Usually, the mass of a boson
receives a quadratic divergence. In contrast, the fermion mass obtains only a logarithmic divergence
due to the fact that an additional chiral symmetry appears in the absence of the mass term. In
the presence of supersymmetry, the mass of a boson is related with that of its fermionic partner.
As a consequence, a quadratic divergence is absent from the Higgs mass under renormalization. In
addition to addressing the naturalness problem, supersymmetric gauge theories provide the lightest
supersymmetric particle (LSP) as a natural candidate for dark matter.

Of course, supersymmetry should be broken below the TeV scale to describe our non-supersymmetric
world. We can introduce supersymmetry breaking terms by hand and in this case, they should break
supersymmetry softly in the sense that quadratic divergences are absent [15-17]. But a better way
will be to break supersymmetry dynamically: without an artificial introduction of soft terms, they
are generated in the low energy effective theory dynamically. However, it is not easy to realize
dynamical supersymmetry breaking. For example, N = 1 supersymmetric gauge theories with mas-
sive and vector-like matter fields have supersymmetric vacua due to the nonzero Witten index [18].
Therefore, the models that realize dynamical supersymmetry breaking vacua are rather elaborate.

However, it was pointed out by [7] that we do not actually need a complete supersymmetry
breaking. Even though supersymmetry is restored at some moduli of the theory, it may be possible
that there exist metastable vacua whose decay rate to the supersymmetric state is extremely low
and practically zero. The metastable vacua have appeared previously in models of supersymmetry
breaking [19-21], and in a superstring setup [22]. The novelty in the discovery of [7] is that metastable

vacua occur even in very simple supersymmetric gauge theories. They found out that SU(N.)
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supersymmetric gauge theories with massive Ny hypermultiplets have metastable vacua for N.+1 <
Ny < 3N¢/2. Following their idea and techniques, various phenomenological models have been
proposed [23-31]. Moreover, one can construct supersymmetry breaking models in the context of
string theories as a low energy theories on D-branes [32-45]. We will later consider another way to
realize metastable vacua by studying the Coulomb branch of A/ = 2 supersymmetric gauge theory
perturbed by a small superpotential [46,47].

Realizing supersymmetry breaking is not enough for construction of a realistic model. Tree level
supersymmetry breaking is not attractive due to the constraint given by the supertrace [48]: quite
generally, the constraint predicts an existence of a supersymmetric partner lighter than its ordinary
partner particle. To circumvent the problem, we may assume that there exists a hidden sector where
supersymmetry is broken, but there is no direct tree level coupling between the hidden sector and
the observable sector, which contains observable particles and their superpartners. The observable
sector is usually a variation of the minimal supersymmetric standard model (MSSM).

There are several ways to realize the idea of the mediation between the two sectors. One is via
gravity; since it couples to the stress-energy tensor, it virtually couples to every field. The higher
dimensional operators are suppressed by powers of the Planck scale. One of such higher dimensional
operators give supersymmetric mass terms, called the py-term to the Higgs particles, so the u-term is
of the order of the supersymmetry breaking scale, which is of order 100GeV. This is one of the nice
features of this approach. However, in this approach, there is typically a significant flavor symmetry
violation. Note that the only place where the flavor symmetry is violated in the standard model is in
the Yukawa couplings. The problem is that the mechanism that breaks the flavor symmetry at some
higher scale may also introduce additional terms that break the flavor symmetry in supergravity
models and there is no obvious reason to prohibit that. Another problem for the flavor symmetry
is that it is not plausible that the ultraviolet theory has any kind of global symmetry. This comes
from the study of the string theory, which does not seem to possess exact global symmetries.

Another mediation mechanism is the gauge mediation. In this scenario, some of the hidden-sector
fields are gauged by the gauge group of the observable sector. As an example, in a simple model of
gauge mediation, there is a chiral superfield M in the hidden sector that obtains a nonzero F-term

expectation value by some dynamical supersymmetry breaking.
M=M+6’F, F#0. (1.1)

The hidden sector superfield M couples to the messenger chiral superfields ® and ® that are charged

under the gauge group of the observable sector via the interaction

Lint = /oﬂeM&mb : (1.2)
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In the case when the messengers ® and ® are weakly coupled in the hidden sector, the nonzero
F component of M splits the mass spectrum of ® and ® and it can be computed explicitly. This
splitting does not affect the mass spectrum of observable particles at tree level. However, since
they are charged under the gauge group of the observable sector, loop corrections to the masses
of observable particles contain Feynman diagrams with messengers, which means there are loop
corrections to the mass spectrum.

A similar consideration can be made in the case when there are no apparent messenger fields
and the hidden sector is inherently strongly coupled. In such general settings, a precise definition
of gauge mediation is proposed by [49], which states that a model is called gauge mediated if the
model decouples into the observable sector and the hidden sector when the gauge couplings of the
observable sector vanish. An attractive feature of this scenario is that the mediation automatically
respects the flavor symmetry since gauge symmetry is flavor blind. Also, the mechanism is highly
predictive in the sense that just a few parameters that determine the soft supersymmetry breaking
determine all parameters in the observable sector while, for example, the MSSM has 100 or more
adjustable parameters. However, unlike the gravity mediated models, there is no apparent way to
produce the p-term in this mechanism since the p-term is supersymmetric. This problem can be
handled in various explicit models, but we do not discuss this issue in the thesis. The definition
encompasses most models with the supersymmetry breaking sector and the messengers, and models
with direct mediation. Many of the physically observable effects mediated to the observable sector
can be encoded by the current-current correlators of the global symmetry of the hidden sector. This
allows us to extract the soft supersymmetry breaking terms even in the strongly coupled hidden
sector and we will see some of such examples [50].

The organization of part I is as follows. In chapter 2, we will review the basics of supersymmetric
gauge theories for later discussions. In chapter 3, we will show that, for a generic choice of a point on
the Coulomb branch of any AN/ = 2 supersymmetric gauge theory, it is possible to find a superpotential
perturbation which generates a metastable vacuum at the point. We will also study its relation to
Kahler normal coordinates and Fayet-Iliopoulos terms. In chapter 4, we consider general gauge

mediation and compute current correlators when the hidden sector is strongly coupled.



Chapter 2

Supersymmetric Gauge Theories

In this chapter, we present basic elements of supersymmetric gauge theories as a preparation for
later discussions. First, we introduce the superfield notation and construct N/ = 1 supersymmetric
gauge theories using superfields. Then we explain N/ = 2 supersymmetric gauge theories in terms of
N = 1 superfields and then introduce N = 2 superspace formalism for vector multiplets for abelian

gauge theories to discuss Fayet-Iliopoulos terms.

2.1 N =1 Superfields

In the four-dimensional flat spacetime, a nice way to realize supersymmetry is to introduce super-
space coordinates. These consist of the usual space-time coordinates z*, and additional fermionic
coordinates 0 and 4. The convention follows that of [51]. The supersymmetry transformation acts

on functions of the superspace by the operators

Qa:ifioﬂ.é'i@#,

00« ad 9.1
) ) (2.1)
Qd = *%4’29 ag‘dﬁﬂ,

which satisfy the anticommutation relation {Q,,Qs} = 2i0" .0, It is convenient to introduce the

supercovariant derivatives

9 .
— +ictadd“0, ,

D =

« ea
9 5 (2.2)
Da =~z — i0°0add),

which anticommute with @, and Q4 and have their own anticommutation relation {D,, Dy} =
—2i0t . 0.
A superfield is a function on the superspace with coordinates (z#,0%,604). Since fermionic co-

ordinates anticommute, a series expansion with respect to these coordinates always terminates at
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some finite order. Note that a sum or a product of two superfields is also a superfield. A general
superfield, however, contains too many degrees of freedom to describe a physical system. So we need

to impose some constraints on the superfield. One way is to impose the condition
Dy® =0 (2.3)

to a superfield ®. If we introduce coordinates y* = z* +ifc*6, this constraint is equivalent to saying

that ® is a function of only y# and 6 and not of 84. That is, the superfield ® has the expansion
Oy, 0) = Ay) + V20°¢a(y) + 070 F(y) - (2.4)

In terms of =, 6 and 6, this can be written as

7

ﬂ%auwa“é + 00F(x) . (2.5)

_ _ 1 .-
®(x,0,0) = A(z) + i05"00, A — Z929262,4 +V201)(z) —

We call a superfield ® that satisfies (2.3) a chiral superfield. Note that a product of two chiral
superfields is also a chiral superfield.

There is another kind of constrained superfield that will be used later. It is called a vector
superfield and a vector superfield V satisfies the relation V = V1. It is used to describe a gauge

field. For an abelian gauge theory, V transforms as
VoV+A+AT (2.6)

under the supersymmetric version of the gauge transformation. Here A is a chiral superfield. We

can choose a gauge, called the Wess-Zumino gauge, where V' takes the form
_ o 1 .-
V = —00"0A, +i0*0\ — 6?0\ + 502921) . (2.7)

Supersymmetry is broken by the choice of the gauge, but still there is an ordinary gauge symmetry
A, — A, +0,f for some function f(x). The supersymmetric version of the field strength in the
abelian theory is

1_
W, = —EDQDQV . (2.8)

W, satisfies Dy W3 = 0. That is, W, is a chiral superfield. In components, it is written as
Wo = =ida(y) +0aD = 5(0"6")aFyuy +67(0" 0N (2.9)

where the field strength F,, = 0,4, — 0, A,.
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For non-abelian gauge symmetry, the transformation law (2.6) is replaced with
o2V _, omiAT =2V A ’ (2.10)

where V' and A are Lie-algebra valued vector and chiral superfields, respectively. The field strength
is given by
1~
W, = gD2e2‘/Dae*2V : (2.11)

2.2 N =1 Lagrangians in Superfield Formalism

Using the chiral and vector superfields introduced in the previous section, it is possible to write down
a Lagrangian that has N' = 1 supersymmetry manifestly. By performing dimensional analysis or
direct calculation, it can be readily checked that the #? component of a chiral superfield, or the #2642
component of a vector superfield yields a total derivative under a supersymmetric transformation.

Therefore, for a chiral superfield ®, a general AV = 1 supersymmetric Lagrangian has the form
L= /d40K(<1>,<1>T) +/d20W(<I>) + h.c., (2.12)

where h.c. denotes the hermitian conjugate of its previous term. K (®,®T) is called the Kihler
potential and is a real function of ® and ®.

For a vector superfield V for an abelian symmetry, there is a corresponding chiral superfield W,
which is a field strength, as defined in (2.8). Using this, the kinetic term for the gauge field is given

by
1

£=ip

/d29W“Wa + h.c. . (2.13)

For a non-abelian theory, we only need an additional trace. In general, there is a f-term in the

Lagrangian of the form §e***° F},, F,,, and to account for this, it is better to use a complex coupling

4ri

e In this case, the Lagrangian for a non-abelian theory is

constant 7 = % +
1

L= S—ImTr/dZG TWEW,, + h.c. . (2.14)
T

2.2.1 R-symmetry

In supersymmetric gauge theories, there is sometimes a global symmetry called an R-symmetry. The
supercharges are in a representation of the R-symmetry. In N' = 1 supersymmetric gauge theories,
the supercharges are in U (1) representation: Q* has charge +1 and Q4 —1. This in turn implies that
the fermionic superspace coordinate @ (resp. ) has charge —1 (resp. +1) under the R-symmetry.

The superfields in the theory transform appropriately if there is an R-symmetry. Note that the
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superpotential W(®) has R-charge +2 as can be checked in (2.12).

2.3 N = 2 Lagrangian in N/ = 1 Superfield Formalism

We have seen that A/ = 1 supersymmetry has two kinds of superfields: one is a chiral superfield
and the other is a vector superfield. In this section, a Lagrangian that has A/ = 2 symmetry
will be described in terms of these A = 1 superfields. Note that in this case, the R-symmetry is
SU(2) x U(1): in addition to the U(1) R-symmetry that is manifest in N/ = 1 notation, there is an
additional SU(2) R-symmetry under which a pair of (Dirac) supercharges transform as a doublet.
Let ® be a chiral superfield and V' a vector superfield. Suppose both are in the adjoint representation
of the gauge symmetry. Then, combining them, we can construct an N' = 2 vector multiplet (@, V).
The N = 2 Lagrangian can be written as
L= %Im </ d%%wmwg + 2/d29d2§((I3T629V)aa§{();{))) , (2.15)
where a,b are indices for the adjoint representation of the gauge symmetry. F(®) is called a N' =
2 prepotential and is a holomorphic function of ®. Note that F(®) determines the Lagrangian
completely. A/ = 2 symmetry constrains the system very tightly so that this is the most general form
of the Lagrangian with only one N' = 2 vector multiplet, and the only effect of the renormalization
is to change the prepotential F(®).
However, there is another A/ = 2 multiplet, called a hypermultiplet, and this consists of a chiral
superfield Q and an anti-chiral superfield Q' in some representation of the gauge group. The N' =2

Lagrangian for hypermultiplets (Q;, Q*), where i denotes flavor symmetry index, can be written as
L= / 420420 (Q”e’QOi + Qiewégj) + / 420 (\@Q@Qi + mgQin) +he. . (2.16)

Note that, unlike vector multiplets, a mass term is allowed without breaking N' = 2 supersymmetry.

2.4 Supersymmetry-Preserving Vacua of N/ = 2 Abelian The-
ory with Fayet-Iliopoulos Terms
An abelian version of (2.15) of the ' = 2 Lagrangian of vector multiplets A; is written as
£=m [/ 440 F (A Al + %/ 020 Fy(AgWiwei | | (2.17)

where the gauge group is U(1)", i =1,--- ,n and F;,4,... = 04, 0;, - .. F(a;). It is not possible to add

an ordinary superpotential and still have N' = 2 supersymmetry. However, we can consider adding
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N = 2 Fayet-Iliopoulos (FI) terms to the Lagrangian and, in special cases, they can be written as
superpotentials. But it is more convenient to discuss the FI-terms in terms of the A" = 2 superspace
language to see explicitly that the theory with FI terms preserves the full A" = 2 supersymmetry in

an appropriate sense.

2.4.1 N = 2 Superspace and Superfields

We shall work in the N' = 2 superspace conventions of [52] with two anticommuting coordinates 0%

and 6%. The standard realization of N = 2 supersymmetry on this space is through the operators

Qu=-0 iohB)ad,,  On= 8; —i(0"0)ady , (2.18)

and their conjugates. A generic chiral N' = 2 superfield A can be constructed from two chiral N =1

superfields, ® and G, along with a chiral A" = 1 spinor superfield W,, as
A(5,0,0) = ©(§,0) + ivV20W (§,0) + 0°G(3,0) , (2.19)
where §# = z + i0oH0 + if0. The N =1 superfields admit further component expansions

O(7,0) = o(7) + V200(3) + 0°F () ,
Wali.0) = ~%all) + 0, (31D0) - § (00 ) - #6a(D). (220
G(§,0) = F(§) + V20n(§) + 6°C(3) .

Note that W, does not satisfy any constraints so it is not quite the superfield with which we are used
to constructing N’ = 1-invariant actions. In particular, F},, does not satisfy the Bianchi identity
and &, is not proportional to (o#d,\).

Let us now consider a chiral superfield Ap satisfying the additional reducing constraint
(D**Db) Ap = (EZE’”'*) Al (2.21)
This again admits an expansion of the sort (2.19),

Ap(§,0,0) = (4, 0) + ivV20Wp(7,0) + 62°Gp (3, 0) . (2.22)
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The corresponding A/ = 1 expansion, though, becomes

®p(7,0) = ¢p(H) + V20¢p () + 0°Fp(7) ,
- . - - Ty - B~
Wap(3,0) = —ida p(9) + 65 (53Dp(y) —5 (c"c"0)] F,“,D(y)> + 920268“)‘%@) , (2.23)
Gp(5,0) = Fp () +iv2 (00 0,1p(§)) — 0°0°6p(7) ,
with
0uFupp=0. (2.24)
Note that the reduced N = 2 superfield differs from the unconstrained one in several ways. In
addition to F},, p satisfying the Bianchi identity, the 6% component of W, p as well as the 0 and 62
components of Gp are no longer independent but instead are given by total derivatives of other com-

ponent fields. Finally, the bottom component of Gp is an auxiliary field, which is not independent

but instead set to the complex conjugate of the top component of ®p, denoted Fp.

2.4.2 FI Terms and Nonlinear Realization of N/ = 2 Supersymmetry

To describe N/ = 2 Lagrangian in terms of NV = 2 superfields, we introduce two types of N' = 2
chiral superfields:' a generic A = 2 chiral superfield A and a reduced A" = 2 chiral superfield Ap
which satisfies the constraint (2.21). Using A/ = 2 chiral superfields A;, the Lagrangian (2.17) is

written as, up to an overall factor,
1 - .
L= Im [/ d*0d*0 (F(A;) — A'Api) | . (2.25)
To write FI terms, we introduce vectors of auxiliary components for both A and Ap,

i(F-F) i (Fp — Fp)
Y=| F4F |. Yo=| Fp+Fp |, (2.26)
V2D V2Dp

where D and Dp are the usual 00 coefficients of A and Ap, respectively. The addition of the FI

terms to the original A/ = 2 action leads to

S = %Im [/ d*z d*0 d*0 (F(A;) AZ'ADi)] + %Re / d*z (EY'+ M'Yp;) . (2.27)

E; and M" are electric/magnetic charge vectors, respectively. We will first consider the case where

the third components in Y and Yp do not contribute to the action. That is, we consider the case

IWe use the notation of Antoniadis et al. [53]. See [54] for an SU(2)-covariant approach that is equivalent.
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where the third component of each E; and M? vanishes. Introducing n complex numbers e; and m?,

the vectors E; and M? is expressed as

Ime,; Im m?
E; =] Ree; | » M'=|Rem! | . (2.28)
0 0

In terms of the N = 1 superfield language, the addition of such FI terms is equivalent to the addition
of the superpotential

W = e;a’ + mlap; . (2.29)

To recover the N' = 1 version of the action, we note that integrating out Ap imposes the reducing
constraint on A, up to a subtlety involving m’ that we will address later.

The first term of (2.27) is manifestly invariant under the full N' = 2 supersymmetry. Indeed, in
the absence of the second term, it is straightforward to write (2.27) in components and demonstrate
that integrating out Ap when E; = M7 = 0 simply causes A to become a reduced N' = 2 chiral
superfield. The situation of vanishing F; and M/ is also one in which the action (2.27) clearly
preserves N’ = 2 supersymmetry because it is simply the top component of an A/ = 2 chiral superfield,
which transforms into a total derivative.

Written in component form, the FI terms in (2.27) are given by
1 . ) 1 . iy
5Re / 'z (BiY' + M'Yp;) = 5/ diz {Re (eF +éz-FZ) + Re (ZmFD)} . (2.30)

Because Fp is the #2 component of a reduced N' = 2 superfield, it is easy to see that it transforms
into a total derivative under the action of all N = 2 generators (2.18). This is not so for F' and F,

though, as there are two problematic non-derivative transformations
eQF = V2e¢ , €QF =\ 2en . (2.31)

If A were reduced, the &, would be proportional to (049, \), while 7, ~ (679,1),. In this case,
the RHS of (2.31) would consist of total derivatives and invariance of (2.30) would be assured. As
it stands, however, (2.30) is not preserved by either Q, or Q.

We can try to improve the situation by suitably adjusting the transformation law of Ap. In
particular, because Ap appears in (2.27) only via a term which is linear in both A and Ap, we
can try to absorb the terms on the RHS of (2.31) by suitably shifting the transformation laws of
component fields of Ap. Indeed, expanding in components we see that £ and n' appear in the AAp

term as

~ ) 1 . )
/ d%0 d%0 (—Aq’ADi) =...4+ §Im ()\D Zf?’ + ’(/JDiT]z) + ... (2.32)
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This means that the full action (2.27) can be made invariant under the full ' = 2 supersymmetry

if we modify the transformation laws of A\p and ¥p under Q and Q from
<€Q) AaD = \/ieaFD s (EQ) YaD = \@EaFD ) (233)

to

(eQ) Aap = V2 (Fp—ie) ,  (€Q)ap =2 (Fp—ie) . (2.34)

Because of the inhomogeneous terms now present in these transformation laws, the realization is no
longer linear. We can linearize one of the supercharges, though, by shifting Fp appropriately. In
particular, if we take Fp — Fp + i€ then the @ transformation of 1, p becomes linear. This can be
understood by noting that such a shift also effectively removes the e; F'* term from the action. On
the other hand, taking Fp — Fp — 1€ renders the Q transformation of A\, p linear. In this case, the
shift of Fp effectively removes the &;F' term from the action. Note that, while we have a choice
to linearly realize either supersymmetry, it is impossible to simultaneously do so for the full NV = 2
supersymmetry algebra. This implies that at most N’ = 1 supersymmetry can be realized in vacua
of the model (2.27). That such a nonlinear realization of a subset of supercharges is possible despite

the general arguments of [55] was first pointed out in [56].

2.4.3 Conditions for Supersymmetry-Preserving Vacua

To study the conditions for a given vacuum to preserve some fraction of the A' = 2 supersymmetry, it
is sufficient to look at the transformation laws of the fermions in (2.27). Grouping the supercharges
Q,Q and fermions 17, X into SU(2)r doublets Q; = (Q,Q)” and \I/]I = (7, M)T, we can write
these simply as i

€

QoW ~ery (MD) e (2.35)

x P

where?

(M(j))i: ;’j f: . (2.36)

Consequently, we see that a vacuum preserves the @ (Q)) supercharges when the expectation values

of the FJ (Fj ) vanish for all j. To compute these expectation values, we start by integrating out

DI I

2 y .
In general, M) will take the form (Fj Y

) but we have set D7 = 0 because we only consider adding electric

and magnetic F-terms to the theory.
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Ap. The relevant part in the Lagrangian (2.27) is

1 - 1 , ,
§ = ...—gm /d4xd29d29,4”,4m+ ;Re /d% (EY'+ M'Yp;)

1 . . .

o+ 5Re /d4m (iFp; (F7 = F7) + & (F+ F7) +2mi Fp, | . (2.37)
It is easy to see that the result is simply to set

FV = FI 4 2im? . (2.38)

The expectation value of F7 is then obtained by studying the F-term potential

1 . 1 R
5Im (FJTijk) + 5Re (éj(F] + FJ)> , (2.39)
and concluding that
== (7 )" (ex + mlr)
B . (2.40)
FI = — (ImTﬁl)] (6k + mgfgk-) .

Consequently, we see that vacua for which (e + 7m); = 0 preserve the @) supercharges while vacua

for which (e + 7m) = 0 preserve the Q supercharges.

2.4.4 Inclusion of D-terms

To this point, we have only considered the addition of F-terms to the theory. But one can also
consider the addition of D terms to the story. That is the third components of E; and M? in (2.28)
need not vanish. This situation has been discussed by [57] in the context of IIB constructions.

In general, FI-terms are characterized by the 2n 3-vectors Ej and Y7 of (2.28), which transform
under SU(2)r. With our choice of basis, non-vanishing D-terms correspond to Ej and/or l_/; having
nonzero third components.® Let us now suppose, for a moment, that a supersymmetric vacuum
exists. Using an SU(2) g rotation, we can change the original supercharges Q1 and @2 into another
set of supercharges Q) and Q) such that the @} annihilate the vacuum. Generalizing (2.36) along

with (2.40), the transformation matrix M is now given by

A | ~ I~
(MO = = (gt S0 et (2.41)

ex +mlme  —& — 5T

where & and &4, are real and generically nonzero. Since we assume that Q} annihilates the vacuum,

3In general, we will have nonzero D-terms for any choice of basis if E; and YJ are not all coplanar.
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1 )
the vector should be annihilated by (M(J))JK for all j. To that end, we want
0

&+ =0 and e +mlmp =0  forall k. (2.42)

The first condition cannot be satisfied, though, unless & = &¥ = 0 for all k since Im 7, is positive
definite. Therefore, in N/ = 2 supersymmetric language, a necessary condition to have a supersym-
metric vacuum is that the 2n vectors Ej and MY lie on a common plane. For SU(2) gauge theory,
this is always possible since there are only two vectors, but for higher gauge groups, generic FI terms

necessarily break all of the supersymmetry.
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Chapter 3

Metastable Vacua in
Supersymmetric Gauge Theories

In this chapter, we consider the Coulomb branch of A/ = 2 supersymmetric gauge theory, perturbed
by a small superpotential. Let us first recall the Seiberg-Witten theory, which is the low energy
effective field theory of a N' = 2 supersymmetric gauge theory possibly with hypermultiplets. For
U(N) gauge group, the D-term contributes to the potential of the form

Vp ~ Tr[®, 1] . (3.1)

Hence vacuum states are characterized by the condition and ® and ®' are simultaneously diago-
nalizable. For a vacuum state, let a;, ¢ = 1,..., N be the diagonal values of ® in an appropriate
basis. Not all the a; cannot, however, be distinct since there is the Weyl symmetry that permutes
a;, which means that physical quantities are a gauge invariant combination, such as u, = a7,
where r = 1,...,N. For SU(N) gauge group, the condition u; = 0 is imposed. For each distinct
set of u,., we have a distinct gauge inequivalent vacuum. The set of the gauge inequivalent vacua
is called the moduli space. The low energy effective Lagrangian is shown in (2.17), which we write

here again for convenience.

L= %Im [/ d*0 Fi(Ap) A" + %/ d*0 Fij (Ag) W W | (3.2)
where F; i, = 0;,0;, ... F(a;). The Lagrangian is completely determined by a holomorphic prepo-
tential F which depends on the moduli. Due to the holomorphy of the prepotential, its quantum cor-
rection is severely restricted, and it is possible to obtain an expression of the prepotential [2,3,58-60].

Viewed in A/ = 1 language, the scalar field ® is the lowest component of a chiral superfield. If
we add a superpotential for this chiral superfield, it will break N' = 2 supersymmetry to N’ = 1.
However, as long as the superpotential is very small, we may ignore its effect on the metric, or

on the Kahler potential, to the leading order. The simplest example of this kind will be the pure
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N =2 SU(2) gauge theory with the addition of a small superpotential W = A\Tr®? with small .
However, it was already shown in [7] that there are no metastable vacua in this setup. Hence we need
to consider more complicated superpotentials. Fortunately, we will see that there is a systematic
way to find a superpotential that generates metastable vacua. This follows from the fact that the
sectional curvature of the Coulomb branch moduli space is positive semi-definite.

In the next section, we show that a metastable vacuum can occur at a generic point on the
Coulomb branch with an appropriate choice of a superpotential. After developing the general frame-
work, we discuss the case of the SU(2) theory without matter multiplet [3] in detail to show how the
mechanism works. In this case, the potential can be drawn as a three-dimensional graph, where we
can see how a metastable vacuum is generated explicitly. The case of a general SU(N) gauge group
discussed in a similar fashion, but the calculation is more involved. This is considered in appendix

B.

3.1 General Consideration

In this section, we show how to construct metastable vacua in the Coulomb branch of an arbitrary
N = 2 supersymmetric gauge theory with gauge group G, possibly with hypermultiplets, by intro-
ducing a small superpotential. The key property of A/ = 2 gauge theory is that the metric for the

moduli space is (the rigid limit of) special Kéhler. The effective Lagrangian at the Coulomb branch

is generically V' =2 U(1)""k & supersymmetric gauge theory and is described by
1 1 . .
Lopp=Tm— [ / d*00; F(A)A* + 3 / d?00;0; F(A)WIW*I | | (3.3)
where ¢, = 1,...,rank G. We sometimes denote F;; by 7;;, which is the period matrix of the

Seiberg-Witten curve. The metric on the moduli space M is given by

0% F(a)
Oatdal

9;5 = Im7;; = Im (3.4)

Later in this section, we will show that this relation implies that any sectional curvature of the
curvature operator R is positive semi-definite. That is, for any given holomorphic vector field
weTM,

(w, R(v,v)w) >0, for alv € TM, and allpec M.

We call such curvature operator semi-positive.! The curvature is called positive if the equality holds
only when v = w = 0. In our case, the tensor (w, R(-,-)w) is strictly positive definite at almost

every point on the moduli space.

IThat the Ricci curvature of the Coulomb branch is positive semi-definite was noted in [61]. Here we are making
a stronger statement that the sectional curvatures are positive semi-definite.
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For a generic point in the moduli space where the curvature is positive, we can show that a
suitable superpotential exists that generates a metastable vacuum at the point. Of course, the
superpotential has to be small so that it does not affect the Ké&hler potential significantly. Suppose
we parameterize the moduli space using some coordinate system 2z (i = 1,2,...,rank G) near a

point p. We may introduce the Kihler normal coordinates z¢ [62,63] as
i 0 lrz 19 1k 1 iﬁLa n 19 0k 1 10) 4 3.5
=z +§ JETT ‘*‘69 (gL ) 2 22" + O (), (3.5)

where connections are evaluated at p and ' = 2 — x(p). The expansion is terminated at the cubic
order since higher order terms are not relevant for our purpose in this section. Then the metric in
the z coordinate system is

9i5(2,2) = gij + Ri}kfzsz+ 0(z*) ,

where ~ means evaluation at p. The inverse metric is given by
gij(z, z) = G4+ éiil—zkii—i— 0(z%) . (3.6)

Let us consider a superpotential

W =k;z". (3.7)

Note that there are global coordinates for the moduli space. For example, u, = tr(¢") are global
coordinates in N = 2 SU(N) gauge theory, and we can write down W in terms of u, by coordinate
transformation. The corresponding superpotential is then expressed by replacing w, with tr(¢"),
r=2,...,N. Note that we might have used exact Kahler normal coordinates, which means including
all orders in (3.5). In this case, the superpotential would not be defined globally in the moduli space,
and the corresponding singular points in the moduli space would change the following analysis. This
case will be considered more carefully in the next sections.

Suppose k; is so small that corrections to the Kéahler potential is negligible. Then the leading
potential is given by

V = gkik; + kik; RY 272 4+ O(2%) . (3.8)

If R is positive, the potential indeed gives a metastable vacuum at p. If R is semi-positive, there
could be some flat directions. However, if k; is not along the null direction of fi and the tensor
k; 153 Rij}éi has positive-definite eigenvalues, we get a metastable vacuum. Generically, these conditions
can be satisfied. For example, in the semi-classical region of the N' = 2 SU(N) gauge theory without
hypermultiplets, which we study in appendix A, we can make metastable vacua at any point. In
the examples studied in appendix B, there arise flat directions in k; because we choose a highly

symmetric point, which is not sufficiently generic. Even in these cases, we can find a superpotential
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to generate a metastable vacuum by choosing k; appropriately.

Now, let us prove the assertion that the curvature R is semi-positive. Since we are interested in
the local behavior, we can use a’ (i = 1,...,rank G) as coordinates in which the metric is given by
(3.4). In N' =2 SU(N) supersymmetric gauge theory, these a’ are the periods of a meromorphic
one-form describing the Coulomb branch. An important fact is that each 7;; is holomorphic. In

components, we want to show
ijmgmiRijkl—vkﬁi >0, for all v, w. (3.9)
Since 7;; is holomorphic,

Ry = —0r (9" 0kgjq)
= —(919")0kgjq (3.10)

= 979" OrgpnOgiq -
Plugging this into the LHS of (3.9),

W B gii g 97 Oy O gjqv* T = W D" G Oy gpn Opgiqv™ T a1l

= g7 (W Dy g;5) (0" 5 Oygnp) > 0, .
since g7 is positive definite. Therefore, (3.9) is satisfied. For a given holomorphic vector field w,
Pig = w? Okgjq is holomorphic, so its determinant is 0 only on a complex codimension one subspace
of the moduli space unless it is a constant. Thus, generically Pkgvk is nonzero for nonzero v, which
implies (3.11) is strictly positive for any nonzero v. We found that the curvature is semi-positive
and that the tensor w’ wmgmiRijkl— is strictly positive definite at almost every point on the moduli
space.

The superpotential W = k;z% can be expressed in terms of global coordinates of the moduli
space, such as u, = tr(¢") for SU(N), by coordinate transformation near the metastable vacuum.
Generally terms quadratic and cubic order in u,’s are needed (higher order terms are not relevant
for the metastability), and the superpotential would contain multiple-trace operators. On the other
hand, gauge theories realized in string theory often have superpotentials consisting of single-trace
terms only [64-66].2 To see when the superpotential can be chosen as a sum of single-trace terms,
let us consider N' = 2 SU(N) gauge theory. For SU(2), the situation is easy since any multiple-
trace operator can be expressed in terms of a single-trace operator. This is not the case when
the gauge group is SU(3). However, in this case, we can show that the superpotential W = k;z*

can be deformed in such a way that W turns into a single-trace operator without destabilizing the

2For discussion of theories with multiple-trace superpotentials, see [67].
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metastable point given by the bosonic potential V' = gij ainE;V‘V. To see this, let u = tr¢? and
v = tr¢? be the two coordinates for SU(3) and let v’ = u — ug and v’ = v — vg be the coordinates
centered at (ug,vp). We can express u; = tr¢® (i = 0,2,3,...,9) as polynomials of u' and v'.
They are all independent generically. To construct the superpotential that generates a metastable
vacuum at v’ = v’ = 0, we can ignore terms that are quartic and higher order in u’ and v’. Hence
u; span a 9-dimensional subspace of the 10-dimensional cubic polynomial space. But the missing
polynomial can be set to vanish by using deformation analogous to the one used in appendix B.1,
which does not disturb the metastability. For higher N, we have not been able to find out whether
it is possible to construct a single-trace superpotential that can generate a metastable vacuum at

a generic point in the moduli space. But at the origin of the moduli space, for any SU(N), the

1 (N-1)% 1
W= (NUN + 6]\73/\2Nu3N>

single-trace superpotential

for small coupling constant A produces a metastable vacuum, where A is the scale of the gauge

theory, as we show in appendix B.

3.1.1 SU(2) Seiberg-Witten Theory

We can apply our mechanism to produce metastable vacua when the Seiberg-Witten theory is
strongly coupled. Let us demonstrate this at the origin in pure N’ = 2 SU(2) gauge theory [3]. We
first construct an appropriate superpotential using the Kéahler normal coordinate near the origin
of the moduli space. Since all expressions for the periods and metric are given in terms of the
hypergeometric functions explicitly, we can easily determine the effective potential produced by
superpotential perturbation. Let u = tr¢? be the modulus of the theory. The elliptic curve that
describes the moduli space of the SU(2) Seiberg-Witten theory is

yQZ(Z‘Q—U)Q—A4.

The periods of the theory are given by

0 2 -1 -1 11
¢ = f(e2—el>7(e4_e3)TF (272,1,,2) )

du 2 (3.12)
%0 V2 (o) —enes—en) F (5501 |
au - 9 €1 €2)\€q €3 272a ) z ’
where
_ (e1 —eq)(es —e2)
(e2 —e1)(es —e3)’
and

e1=—Vu—A2, eas=+Vu—A2, es=vVu+AZ e =—/u+A2.
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The periods determine the metric in the a coordinate by

_Oap/du
~ Oa/0u

We are going to use the metric in the u coordinate. This can be expanded near the origin:

2

P = r(1 + su? + 5a* — tut) + O(u?) (3.13)

da
du

where 7 = 0.174A72, s = 0.125A~* , and ¢t = 0.0522A%,

We can use the Kéhler normal coordinate z given by (3.5) to choose a superpotential

1
W =mz, z:u—l—gsu?’,

for small, real coupling constant m. The corresponding effective potential is

2
m m
V=—-= —‘1+su2
9zz Gua

‘2

The graphs for the potential are drawn in Figure 3.1 in two different scales. Although the metastable
vacuum is visible when magnified near the origin, it can hardly be seen at the scale of the graph
on the right. The potential is almost flat near the origin, and the metastable vacuum is generated
by a tiny dip! Interestingly, this is not due to some small parameters of the theory. Actually, other
than the scale A, there are no additional parameters that we can put in the theory if we consider a

metastable vacuum at the origin. The near-flatness of the potential around the origin is generated

without fine-tuning.

w0 T ST
S
A

<oz
Eo o T
e

Figure 3.1: The appearance of a metastable vacuum at the origin. Note difference of scales.
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We can consider a more general superpotential

1

W:
mz+2

1
az? + §ﬁ23 . (3.14)
We have to set & = 0 to have a local minimum at z = 0. Using (3.6), the effective potential

V = g°% |OW/8z|* becomes
V = m?Rzz + mg""Bzz + mg"*$ZZ + constant + O(2>) ,

where R = R, = R"" = —¢"%"050, 10g gyz = 0.150A 2. In this case, it is straightforward to read

the range to have a local minimum at z = 0. We need
mR £ 2¢"“3 > 0.

Hence ‘%‘ < % = 0.0261A%. In the u coordinate system, 3.14 becomes
1
W=m [u—i— = (s—l—B) ug} +0(u) .
3 m

So, we want s + 3/m to lie between (0.125 — 0.0261)A~* and (0.125 + 0.0261)A~*. We can confirm
numerically that, precisely in this range, do we have a metastable vacuum at the origin.

We can consider also a superpotential that makes a metastable vacuum at some point other than
the origin. This is possible for any points because the curvature is positive everywhere except at the
two singular points, where it diverges. Also, for SU(2) case, any polynomial of u can be expressed
as single-trace form.

Now that we have found a metastable vacuum, we want to check its longevity. Notice that the
SU(2) Seiberg-Witten theory has only one dimensionful parameter A. In Figure 3.1, we have set it
to be 1. If we change this, the coordinate u in the graph scales. Therefore, by sending the scale A to
some limit, we may have a long-lived metastable vacuum at the origin. To see this, consider slices
of the potential around the origin. Cutting through the real and imaginary axes, the potential looks
like Figure 3.2:

We see that the characteristic feature of the graph is that it gets really flattened near the origin,
and the local minimum at the origin and the peak of the graph are almost of the same height. But the
distance between the origin, where the metastable vacuum is located, and the supersymmetric vacua
can be arbitrarily large by setting A large. In such a case, we use the triangular approximation [68]

instead of the thin-wall approximation [69]. The tunneling rate is proportional to e~ where

(Au/A)*

S ~
v,

(3.15)
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Figure 3.2: The real and imaginary slices of the potential through the origin, shown in two different
scales.

where Aw is the distance between the peak and the origin and, and V. is the difference of the
potentials between at the peak and at the origin. We insert A to make the u field of dimension
1. The distance Au is proportional to A%. V, is proportional to the mass parameter m in (3.14).
Therefore, we can make the bounce action arbitrarily large: we choose m and A such that m/A < 1.
This limit agrees with our assumption that we have added a small N' = 2-to-N = 1 supersymmetry
breaking term.

Since the superpotential W = m (u + %51;3) has a cubic interaction, it introduces supersymmetric
vacua when u = ug = :i:\/T/s. We have to consider the tunneling rate to decay into those vacua.
However, the distance from 0 to ug is also set by the scale A. Therefore, for sufficiently large A, the

decay process is arbitrarily suppressed.

3.1.2 Decay Rate of Metastable Vacua

In the previous subsection, we considered the decay rate of the metastable vacuum at the origin of
the moduli space of the SU(2) Seiberg-Witten theory. Extending the idea, let us estimate the decay
rate of metastable vacua constructed using the curvature for a general N' = 2 theory. We do not
have an explicit expression for the effective potential. However, we can make a general argument
that metastable vacua can be arbitrarily long-lived by choosing parameters appropriately. Note that
whenever there appears a massless monopole or dyon in the moduli space, the metric diverges. In
such a case, the effective potential vanishes and we get a supersymmetric vacuum at that point. The
set of supersymmetric vacua is a subvariety of the moduli space. Additionally, the superpotentials
introduce more supersymmetric vacua. Therefore, it is difficult to compute the exact tunneling rate.
But we can estimate its dependence on the scale A and the typical scale of k;. We consider the
most efficient path to go from the metastable vacuum to a supersymmetric one. We expect that the

shapes of such one-dimensional slices enable us to use the triangular approximation [68], just as in
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SU(2) case. Equation (3.15) in this case becomes

(Az)!

SN
Vi

(3.16)

Here AZ is the distance between the metastable and supersymmetric vacua in z coordinates, scaled
by some power of A to have a mass dimension 1, and V, is the difference of the effective potential
at the metastable vacuum and that at the supersymmetric vacuum. Since the metric of the moduli
space is determined by one dimensionful parameter A, (AZ)* is proportional to A*. If the coordinates
x in (3.5) has mass dimension n, the typical value of the potential goes like kZ?A?"~2(each x; might
have different dimensions, e.g., u,, = tr¢” for SU(N) case, but they can be made to have the same
dimension by multiplying A appropriately). Then the bounce action S scales like A6=2" /k2. As long

as this quantity is large enough, metastable vacua are long-lived.

3.2 Kahler Normal Coordinates and Fayet-Iliopoulos Terms

The construction described in the previous section makes use of the truncated Kahler normal coordi-
nates as shown in (3.5). That is, given a point ug in the moduli space M, we obtain globally defined
superpotentials that are metastable at ug generically. Such a truncation may not seem to impact
the physics to a great degree. Nevertheless, we will demonstrate that if one deforms the theory
by a superpotential built from exact Kéhler normal coordinates then the supersymmetry-breaking
vacuum at ug becomes instead a supersymmetry-preserving one.

In general, Kihler normal coordinates z* can be written in terms of special coordinates a’ along

the moduli space as [62,63]

oo
_ . . 1 . . _
2 =Ad + g7 (a0) Y — 010, Tjiy,(a0) Aa" A . Aa™ (3.17)
n=2
where
Ad' =a' —al. (3.18)

In contrast to the previous section, z* keep all higher terms of Aa’. In special coordinates, the

connections I'; take a particularly simple form

Jiiiz
1 1 1
jinia = 5;Fiinia = 501 Tjin = 505, 05,0D 5, (3.19)

where ap; = 0;F. This allows us to recognize the infinite series in (3.17) as a Taylor expansion of

ap; about the point af. In fact, we can easily sum the series and write the exact Kdhler normal
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coordinates z* as

: ; 1 " 1 G"ap(ao) i ; i
b= Ad — 2 Ag" Aa” ... Ad""
: “ +(7'07_'0> ;n!@a“~~3azn @ “

: >” (aDj(a) - aDj(aO) - TojkAak)

To — To

= Aai—i—(

1 "
< — > (ap j(a) — 7o jxa®) + const, (3.20)
T0 — 70

where 79;; = 7;j(ap). This means that, up to irrelevant constant terms that we shall hereafter drop,

the superpotential (3.7) is a specific linear combination of electric and magnetic FI terms

W =e;a’ + mlap;, (3.21)
where
1 Jk , 1 ji
e; = —kj ( — ) TO ki m' = kij < — ) . (3.22)
" \To — 7o "\ To — 7o
In particular the FI parameters satisfy
e; + mjﬁ)ij =0. (323)

We are therefore able to identify the theory with superpotential (3.7) as the classic model of partial
supersymmetry breaking first introduced by Antoniadis et al. [53].> In the next section, we will
study more closely how supersymmetry is realized at a.

While our focus is on deformed Seiberg-Witten theory, the structure considered makes a natural
appearance in flux compactifications of type II superstring theory [71-73]. In fact, it appears as a
geometric engineering limit of such a compactification, where the coefficients (e;, m*) of FI terms
W = ZZ e;a’ + mtap; are identified with the amounts of fluxes. The scalar potential constructed
from the superpotential W is invariant under the monodromy transformation of (a’, ap;) provided
the fluxes (e;,m?) are also transformed appropriately. Thus, the potential is single-valued if we
consider it as a function on the space of fluxes as well as on the Calabi-Yau moduli space. By
contrast, in the field theory limit, the fluxes are frozen and become non-dynamical parameters, and
the potential is multivalued in the Coulomb branch moduli space. This is caused since the field
theory limit defined at a generic point in the Coulomb branch breaks down at massless dyon points
because of the appearance of extra light particles at these points. It is exactly around each of these

singular points where W is multivalued in the field theory limit.

3For local supersymmtric theories, see [70].
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3.3 SUSY or non-SUSY at a}

As we have reviewed in section 2.4, the condition (3.23) at af implies that the vacuum at af is a
supersymmetric one which preserves the non-manifest Q supercharges. When the superpotential is
truncated as in the previous subsections, however, we break invariance under Q at the level of the
action and the a, then become supersymmetry-breaking vacua.

At first glance this might seem strange because the higher order terms of (3.17) that we neglect

when truncating do not affect the value of the scalar potential at 79, which is given by
V = ];‘7, (ImTal)ij kj = (ei + ijO ]ﬂ) (Im’TJl)ij (ej + mZTofj) . (324)

Because this quantity is manifestly positive,* our intuition suggests that a}) should be a supersymmetry-
breaking vacuum.

Tt is important to note, however, that having positive energy (3.24) is not sufficient for a vacuum
to be supersymmetry breaking because we are, in principle, free to shift our definition of energy by
a constant amount. It is the specific quantity that appears in the supersymmetry algebra which
matters and to determine this may require a bit more work. In the truncated theory, the situation is
actually pretty simple because there are vacua at the singular points in moduli space which preserve
the manifest ' = 1 supersymmetry. Setting the energy of these vacua to zero fixes any ambiguity
and leaves us with the result (3.24).

The theory with full superpotential (3.7), on the other hand, exhibits no such vacua. The reason
for this is that the superpotential is singular at the degeneration points. In fact, the full superpo-
tential is actually multivalued on the moduli space with branch points where the supersymmetric
vacua of the truncated theory would otherwise be. This change in the global structure of the theory
suggests that we have to reexamine our definition of energy. To do so, let us start with the N’ = 2
formulation (2.27). In the conventional approach, where the @, supercharges are linearly realized,
we shift Fp; — Fp; + i€; in the action (2.27) which effectively removes the FJ from the second

term of (2.39). In this case, the scalar potential is easily seen to be

V = (e; + mIiTy;) (Im T_l)lj (ej + mZng) , (3.25)

in accordance with our result for the energy (3.24) of the a}) vacuum above. That this quantity fails
to vanish at a simply means that the N’ = 1 supersymmetry generated by the @, is broken there.
On the other hand, to linearly realize the Qa supercharges, we saw before that it is necessary to

instead shift Fp; — Fp; —ie; in (2.27). This effectively removes the F/ from the second term of

4The combination of e; + m*7y 1; = 0 and Im 79 > 0 imply that e; + mFry; # 0.
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(2.39), leading to the scalar potential

V = (e; + mF7y) (Im 7~ ¢ 9 e; +mby,
() (e i) o0
=V +4Im (éim’) .
In other words, if we choose to linearly realize the A' = 1 supersymmetry preserved by the vacuum

at aj, the definition of energy (3.26) appropriate for that choice differs from (3.25) by a constant
shift.5 As expected, this suitably defined energy vanishes at aj.

3.4 Ciritical Points, Stability, and Non-supersymmetric Vacua

It should now be clear that the theory obtained by adding a superpotential (3.7) constructed from
exact Kéahler normal coordinates is significantly different from that obtained by truncating the series
(3.17). This also suggests that the vacuum structure away from a) may be fundamentally different
as well.

This opens up a new problem, though, namely to understand the full vacuum structure of theories

of the form (3.2) in the presence of superpotentials
W =e;a’ +mlap; , (3.27)

for generic choices of e; and m?. In this section, we will take some initial steps along these lines.
More specifically, we classify non-supersymmetric critical points, study the conditions for stabilizing
them, and demonstrate that, in the simple example of a rank two gauge group, one can engineer
stable vacua which break the full A/ = 2 supersymmetry in part of the perturbative regime by

choosing the e; and m? appropriately.

3.4.1 Stability Conditions and Supersymmetric Vacua

The principal object that controls the vacuum structure is the scalar potential constructed from
(3.27). To start, let us write it in a covariant manner with respect to the Kahler metric g;; of the
Coulomb branch

V = (V;W) g (V; W) . (3.28)

Critical points of this potential satisfy

ViV = (ViW) g7 (Vi V; W) =0, (3.29)

5From the analysis of section 2.4.3, we also see that it is the vanishing of V that is required for preservation the
corresponding N' = 1 supersymmetry.
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while stability is determined by studying the second partials

ViViV = (ViVilW) g7 (ViV,W) + (VW) g7 R (VW) (3.30)

Vo ViV = (VW) g7 (VY VW)

From this, we see that the easiest way to find critical points is to impose either V;W = 0 or

ViV;W = 0. For the former, it immediately follows from (3.30) that the resulting critical points

are stable. For the latter, the same is also true at generic points provided V,V;V ;W also vanishes
because the R™.;, term of (3.30) is positive (semi-)definite.

These two types of vacua are in fact nothing other than the supersymmetric ones we have

studied thus far. To see this, we simply evaluate V;W and V; VW in special coordinates, for which

g;; = Im 7;;. Because the only nonvanishing Christoffel connections are
I T (3.31)
and their conjugates, this is particularly simple and results in

Vz-W = €; + Tijm] s

1

(3.32)
V1V]W = 7272']7”” (ImT)nk (ek =+ %ksms) .

The supersymmetric vacuum that preserves @ is simply the V;W = 0 case while the supersymmetric
vacuum that preserves Q corresponds to V;V;W = 0. Note that there is no issue with stability of

the latter because V;V;V;W = 0 when (e + 7m); = 0.5

3.4.2 Non-supersymmetric Vacua

While it is comforting to see the supersymmetric vacua and their stability emerging naturally from
this framework, it is at the same time disappointing that the simplest ways to realize critical points
of the potential fail to yield anything new.

In principle, the mechanism by which new critical points of the potential can be found is quite
simple. We need a mixture of sorts of the supersymmetric and hidden supersymmetric cases where
g;jv;W and V;V;W are both nonzero but, in a suitable basis, have complementary components
vanishing so that the contraction in (3.29) is zero. Unfortunately, there is no apparent reduction
in complexity of (3.30) in this case so it is difficult to spell out simple conditions for a vacuum
constructed in such a manner to be stable.

To describe the idea more precisely, let us drop the covariant notation of (3.29) and (3.30) and

6Even though this second order analysis only guarantees stability when the positive semi-definite term involving
R";. I does not have any flat directions, we know from the fact that the (e + ¥m); = 0 vacua preserve an N' = 1

supersymmetry that the higher order analysis required when this condition fails must lead to stability.
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instead reexpress the various derivatives of V in special coordinates as

1 e
0V =~ FIFyyeF° (3-33)
and
1 ¥ 1 _1\mn Fe
0V = = F' | Fpgfe — - []:me (Im 7)™ Fyne + (p Q)} L
1 2 2i (3.34)
00,V = 4 [Fa?mm (Tm 7)™ oo F* + F*Fyam (Tm7~1)™" f,meb] :

where F® and F® are the auxiliary field expectation values of (2.40).

In general, rather than looking for stable vacua at fixed e; and m7, we will find it easier to
reverse our thinking and approach the problem in a manner analogous to our previous construction
in section 3.1. That is, we instead specify a point ug along the Coulomb branch at which we would
like to engineer a stable critical point and develop an algorithm for obtaining values e; and m’ that
do the job, if such exist.

To aid in this task, let us first use (3.33) and (3.34) to study the general structure of supersymmetry-
breaking vacua. The first thing to note is that the vectors F* and F® at such a vacuum can
never be parallel. The reason for this is that a critical point for which they are parallel satisfies

FP9;0,VF? =0 from (3.33) and (3.34) and

0,0,V 0,0,V \ [e ®F1

(ei¢F” e‘“”Fﬁ) o _ ,
858@‘/ &18]5‘/ €l¢Fq

= 2Re (e FP0,0,VF) (3.35)
where ¢ is a real phase. There is always a choice of ¢ for which this is negative so we see that such
a critical point can never be stable. Incidentally, this means that for real e; and m7, achieving a
metastable supersymmetry-breaking vacuum is impossible since F* = F in this case. Since neither
e; + Tijmj = 0 nor e; + ﬂ-jmj = ( is attainable either, the only possible minimum occurs when
the metric is singular. That is, when we have a dyon condensation point and the dyon charge is
proportional to (e;, m?), the effective potential vanishes at that point and we have a supersymmetric
vacuum there.

Let us now consider a coordinate transformation matrix Qii, under which Fgy. transforms as
.7:qf€ — l;’f’e' = qu@Qqq/fo/Qee/ . (336)

Because F* and F'* are not parallel, we can always perform a coordinate transformation Qii, so that
the only non-vanishing component of F* (F®) is the first (second) one. In this basis, F,12 = 0 for

all q.
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It should now clear how to engineer a critical point at ug that can potentially be stabilized.
Given F, we use a coordinate transformation (3.36) so that F412 = 0 for all g. Such a coordinate
transformation should generically exist because we have (N — 1)? degrees of freedom in Q to satisfy

only N — 1 conditions. With such a @, we then choose values of F'* and F as
0 £
F=Q ol F=Q . (3.37)

Once such a choice is made, we can generically solve (3.37) for the corresponding values of e; and
m? because this is a system of 2(N — 1) linear equations in 2(N — 1) variables.

Now that we have constructed critical points, we must turn to the question of their stability.
Given that we can actually engineer families of critical points parametrized by ¢ and &, one might
hope that there is enough freedom left over to achieve stability as well. Studying this issue is very
complicated in practice, though, so to demonstrate the principle in action we focus on the most
basic example we can find. It is clear that vacua of this sort cannot be generated when the gauge

group has rank 1, so we turn instead to the rank 2 case of SU(3) Seiberg-Witten theory.

3.4.3 An SU(3) Example

In what follows, we shall work exclusively in the perturbative regime a; > A, where the Seiberg-

Witten prepotential F appearing in (3.2) takes the approximate form [74-76]

.3 2
_ ¢ 2. | (a; —ay)
Flag) = - (ai—a)'In | =g (3.38)
1<)
We will henceforth set A = 1 and use the coordinate basis
T =ay—ai, y=as—as. (3.39)

In terms of these, the prepotential is given by a simple expression

F = ﬁ (z?Ina® +y°Iny® + (¢ +y)* In(z +y)?) . (3.40)
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The various derivatives we shall need when studying (3.33) and (3.34) are now easily evaluated. We

start with the period matrix

i [6+Inz?+In(z +y)? 3+ 1In(x +y)? (3.41)
T=— :
2 3+ In(z + y)? 6+ Iny? + In(z + y)?
and proceed to its derivatives
0 F. - 245 1 19) F, d ! ! (3.42)
xTij = Jxij = s Tij = [ SN ) .
R T W T R CERR S
and second derivatives
1 (reemeet
xTxiy — Z7T<.’17+ y)2 1 1 )
F 1 11
Tyij = W L) (3.43)
1 1 1
Fopii = ————
W i@+ y)? 4 2+2(£>+(£)2
y Y

In this simple example, we can set F,12 = 0 using a transformation of the form (3.36) with @

given by

0= —x z+y+(x+y)?—zy . (3.44)

r+y++/(z+y)? -2y -y

To find a choice of e;, m’ for which the potential has a critical point at (zg, o), we turn then to the

equations

r=ql®). F=q(°). (3.45)
0

where here ¢ and £ are nonzero constants that we are free to choose, @ is as in (3.44), and F, F are
given in terms of e;, m?, 1 as in (2.40). Given our result (3.44) for Q, (3.45) is equivalent to the
requirement

—x

F=—¢

r+y+(e+y)? -y —y

F=—¢ (3.46)

As mentioned before, we generically expect that it is possible to choose e;,m’ for any nonzero
choice of ¢ and ¢ such that (3.46) is satisfied at a fixed point (20, yo). From this point onward, we

will assume that the situation is indeed generic and take the existence of such a solution for granted.
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3.4.3.1 Stability

Engineering a critical point is one matter, but achieving stability is the real challenge. However, as
we will now demonstrate through a simple scaling argument, it is possible to take advantage of the
freedom to adjust ¢ and & to choose FI terms that engineer stable supersymmetry-breaking vacua
in part of the perturbative regime.

In particular, let us consider the regime y > x > 1. We will now show that if we choose ¢ and ¢
to be of order 1, the critical point constructed by solving (3.45) is always locally stable. Expanding

the Hessian
0,0,V 0,0,V
»% r%a (3.47)
0505V 0405V

at the critical point, it is straightforward to check whether the eigenvalues A\;...\4 of H are all

positive. In the limit mentioned above, H scales near infinite y as follows:

h1192 hi2y  hizy hia
h h h has

H— 21Y 22 14 y , (3.48)
hsly hai h11y2 h21y

hai haz  hipy  ha

where the h;; depend logarithmically on y (and on z, &, ¢). To leading order in y, the four eigenvalues
are
hi1haa — hi2ha1

huy® and SRR (3.49)
11

with multiplicity two for each. Since the matrix 9,0;V is positive definite from (3.30), the critical
point is locally stable.

To illustrate potential subtleties that can arise when studying stability, let us also consider a
second regime, namely x ~ y > 1. If we use r to denote the scale of x and y, the quantities

appearing in (3.34) behave at large r as

Fijke ~ r2, (3.50)

This means that 8,0,V ~ (¢ while 950,V ~ ¢?(Inr)~! +£2(In7)~! at large r. If we take ¢ and £ to
be of order 1 in this case, then the 9,0,V terms dominate and the Hessian necessarily has at least

one negative eigenvalue.
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Given the above scalings, though, one might naively think that stability can be achieved by taking
¢ to be very large, say ¢ ~ r for example, and £ to be small, as in ¢ ~ r~!, because this ensures
that the dominant contribution to the Hessian comes from éﬁé‘qV. This looks good for stability but

unfortunately 5ﬁ8qV has an obvious flat direction in this case proportional to F1 because
FOFgamF1=0. (3.51)

The corresponding zero eigenvalue is generically lifted by the next-leading contribution to the Hes-
sian, which comes from the off-diagonal term 0,0,V. This means that the leading correction to this

zero eigenvalue is, in fact, negative and our critical point is actually unstable.

3.5 Connection with Flux Compactifications

Until now, we have mainly focused on the field theory perspective of Seiberg-Witten theories de-
formed by electric and magnetic FI terms. Here we will briefly discuss the geometric realization
of the vacua that we have studied so far in the context of string theory compactifications in the
presence of NS and RR fluxes. In a series of papers [77-80], Seiberg-Witten theories were geometri-
cally engineered in Type ITA and IIB string theories compactified on Calabi-Yau manifolds in a rigid
limit of special geometry. For example, in type IIB, SU(N) Seiberg-Witten theory was realized on
a geometry constructed as a K3 fibration over a P! base. Near the singular locus of K3 over P,

the Calabi-Yau manifold becomes

2N
24 —— +2Wa,_, (21, u5) + 2235 + 222 = 0,
z

where W4 ,,_, (@, u;) corresponds to the characteristic polynomial of the Seiberg-Witten theory.
Non-vanishing NS and RR fluxes, H = Hgrp + 7stHng, generate a superpotential [81] and lift

the vacuum degeneracy in the Calabi-Yau manifold [73],

WGVW:/HAQ:/H/Qf/H/Q
B; A; A B;

= ea'+mlap, ,

where (A;, B;) = 0;; comprise a symplectic basis of three-cycles. Since the integrals of the holo-
morphic 3-form, 2, are naturally identified with the periods of Seiberg-Witten theory while turning
on generic fluxes yields a set of complex valued (e;,m?), we can realize the model treated here by
adding fluxes appropriately.

Supersymmetry-breaking in Calabi-Yau compactifications of this sort have also appeared in con-

nection with brane/antibrane systems in [72] and more recently in [57,82-87]. In particular, a notion
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of geometric transition involving gauge/gravity duality was generalized to the non-supersymmetric
setting, allowing configurations of branes and antibranes to be studied using the same sort of abelian
gauge theory with FI terms considered here. Because the vacua studied here have natural realiza-
tions on the flux side in this context, it would be interesting to follow the geometric transition in
reverse and study them from this perspective.

The flux realization of the model with FI terms also gives us a clear picture of how the potential
behaves near a singular point in moduli space. At such a point, a massless dyon with charges
(n¢,n™) emerges and the corresponding cycle v = n¢A; + n* B; shrinks. When we turn on generic
FlI-terms, the scalar potential diverges there for the simple reason that non-zero fluxes penetrate the
cycle

/H:nfei—n?mi;ﬁo,
.

and render infinite the energy cost associated with closing it up.
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Chapter 4

Current Correlators for General
Gauge Mediation

So far, we considered a general way to engineer metastable vacua by deforming N' = 2 supersym-
metric gauge theories by a small superpotential. One way to construct a realistic model is to use a
hidden sector to break supersymmetry and mediate its supersymmetry breaking effect to the visible
sector by the effect of gauge coupling. Gauge mediation has been an attractive mechanism for me-
diating the supersymmetry breaking effects. Meade, Seiberg, and Shih [49] presented a very general
definition of the gauge mediation mechanism that includes most models with the supersymmetry
breaking sector and the messengers, and models with the direct mediation. They also computed
several physical quantities such as gaugino and sfermion masses on a general ground. Many of the
physically observable effects mediated to the observable sector, which is sometimes taken to be a
variant of the Minimal Supersymmetric Standard Model (MSSM), can be encoded by the current-
current correlators of the global symmetry of the hidden sector. This allows us to extract the soft
supersymmetry breaking terms even in the strongly coupled hidden sector.

In this chapter, we provide methods to compute the zero-momentum current correlators in some
classes of strongly coupled gauge theories. The way we calculate the current correlators is to weakly
couple the system to some “spectator” gauge theory. Sometimes the coupled system is solvable,
in which case, by taking the decoupling limit, we are able to obtain useful information about the
current correlators.

We will review the idea of general gauge mediation of [49] briefly and then understand that the
correlators of the global currents essentially characterize a wide range of gauge mediation models.
Then we go on to the basic scheme of our computation of current correlators. To illustrate the

technique, we provide a number of computable examples.

1For an earlier work for gauge mediation with strongly coupled hidden sector, see [88].
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4.1 Review of General (Gauge Mediation

In this section, we briefly review the definition of the gauge mediation and the determination of the
effect of the hidden sector via current correlations in [49]. Following their definition, a model has the
gauge mediation mechanism if the theory decouples into the observable sector and a separate hidden
sector that breaks supersymmetry (SUSY) in the limit the observable sector gauge couplings «; all
vanish. In this setup, we may be able to compute various quantities in perturbation theory in the
gauge coupling «;, but the hidden sector may be strongly coupled. The information of the hidden
sector, however, can be parametrized by the current correlation functions in the hidden sector. In

the supersymmetric gauge theory, a global current superfield 74 has the component form
T =T 405" —i0j" — 00105, + %92%“8”]"4 — %é%a”aujf‘ - EHZ?DJA , (4.1)
and satisfies the current conservation conditions
D*JgA=D*J4 =0, (4.2)

with j,, satisfying 0* jlj‘ = 0. Here A is an index for the adjoint representation of the global symmetry

group. The current-current correlators have the following general forms:
(TA(@) TP (0)) = 697 Co(a*M?)
GAIEO) =~ 0, (5 Cuata®hr?) )
G2 0) =42 00” - 0,0, a0 )
GA@IBO) = 5P cap s Bun(a®M?)

where M is the characteristic mass scale of the theory. B;/, may be complex but all C, are real.

There could also be nonzero one-point function (J(x)), but it vanishes for nonabelian currents.

When supersymmetry is not broken spontaneously, we have the relations
Co = Cl/g = Cl s and Bl/2 =0. (44)
Since supersymmetry is restored in UV, whether SUSY is spontaneously broken or not,

lim Co(z>M?) = lim C jo(2*M?) = lim Cy (2> M?) , and lim By p(z?M?)=0. (4.5)
z—0 z—0 z—0 r—0
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We now gauge the global current by coupling it to a gauge field. The part of the original Lagrangian
for the gauge field is given by

L= iIm <7Tr/d202WaWa> +...
8

1 A A A 1 A A (46)
=-—DAD /\ oD A — — FO P4
292 g 4 27 pv + ’

where Im7 = 3—7; and we use normalization such that TrTATE = §4B. After integrating out the
hidden sector, its effect is determined by the current correlation functions. Here we will only consider

one gauge group and not a product of gauge groups, such as in the MSSM, for simplicity. Ignoring

higher derivative terms, the change of the effective Lagrangian is

1~ ~ - 1~ 1 -
OLef = §CO(O)DADf“ — C12(0)irA o O N — ZCl(O)Flﬁ,FA“” - 5 (MB s2(0AIN +ce) + ...
(4.7)

Here C, and B are Fourier transforms of C, and B, respectively:

C, (]\/[2’) /d4xe Ca(a?M?)

MBl/2< ) / d*ze'” Bl/g(x2M2). )

The gaugino and sfermion masses are also determined by the current correlation functions. The

gaugino mass at tree level can be read off from the change of the Lagrangian (4.7):
My = g*MB, 5(0) . (4.9)

When the one point function (J) is zero, the sfermion mass occurs at one loop. In this case, we
have to know the current correlation functions at the momentum of order M, the typical scale of

the hidden sector. The sfermion mass is then

m?; =glcos A, (4.10)

where ¢y is the quadratic Casimir of the representation of f under the gauge group and

A= /(;1;1)’4; (301 (Azjg) — 40 5 <Ap;2) +Co (f;)) . (4.11)

4.2 Basic Idea

In this section, we present the basic idea to compute the current correlators in non-supersymmetric

vacua, which encode the gaugino and sfermion masses. Schematically, the full theory can be written
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in the following form:

L = Lhid + Lint + Lrssm (4.12)

where Lp;q is the supersymmetry breaking hidden sector, Lyss5sns is the visible MSSM sector, and
Lint is the interaction between the two sectors, which transmits the supersymmetry breaking effects
to the MSSM. For simplicity, hereafter, we assume the observable sector is the MSSM. When we
integrate out Lp;q + Lint, we produce the soft terms that break supersymmetry in the MSSM
Lagrangian.

L— Lepp=Lrrssm +0Lsost - (4.13)

This can be done explicitly if the hidden sector is weakly coupled, but it is hard to do so for the
strongly coupled case in general.

However, we can circumvent the difficulties in certain cases. As we have reviewed in the previous
section, many of the parameters of the soft terms can be determined by calculating the current
correlation functions. To achieve this, we will replace the MSSM with another theory such that we
have control over the combined theory. That is, we are going to consider the following Lagrangian:

[:g, = Lhiad + ‘C;nt + L . (4.14)

spec

Here, if the gauge coupling constant ¢’ for the spectator Lagrangian goes to zero, the spectator fields

decouple. Supposing this new theory is solvable, we integrate out the hidden sector and obtain
‘cg/,eff = ‘C;pec + 5£soft . (415)

Now, by taking ¢’ small and extracting nontrivial terms, we get the desired soft terms for the original
theory.

In the following sections, we will be more specific and gauge the flavor symmetry of the hidden
sector. Suppose the hidden sector is a gauge theory with gauge group G; and global symmetry
group (o, and each field lives in the representation (4;, B;) under G x G3. Now by weakly gauging
G2, we get the theory with the product gauge group G1 x Gs:

L="Lg, + Lint+ La, . (4.16)

Let the dynamical scales associated with gauge groups G7 and Gy be A; and A,, respectively, and
g’ gauge coupling for the gauge group G5. We set the scale A; > As, so that we can treat the
gauge interaction for Gs to be very weak at the scale we probe. If we can integrate out the whole
Lagrangian (4.16) in this limit, we are able to extract information about the current correlation

functions of the flavor symmetry of the hidden sector. Note that this probe Lagrangian should not
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be confused with the Lagrangian for the real visible sector, although the structure is very similar.
Here, this is just a probe to extract the information of the hidden sector. In the next section, we
provide certain classes of examples in which we can follow this procedure.

Before we go on, let us briefly mention that we do not really have to gauge the full global
symmetry. It is actually enough to gauge any subgroup H of the global symmetry group G, because
the global currents are only sensitive to group theory factors. To see this, suppose the global current
for G is in a representation R. Let the generators of G be {T°} and H {t*}. The global current
correlators can be written as

(J(2)J"(0)) = f(x)o*" (4.17)

where we have omitted Lorentz indices. This is the only possible form by symmetry. The current

correlators come with the group theory factor
(J*(2)J°(0))a = f(x)Da(R)5 (4.18)

where Dg(R) is the Dynkin index of the group G in the representation R and we have omitted the
Lorentz indices. Now, let us decompose the representation in terms of the representations of the
subgroup H by R = @®;r; where r; is a representation of H. Then, the correlators we get by gauging

the subgroup can be written as
(J*(2) TP () = f(x) > Du(r:)s*’. (4.19)

Therefore, we can multiply the currents obtained by gauging the subgroup by the group theory

factors to get the desired current correlators.

(1) 7 (0)) ¢ = LT

T (J(x)J° . .

4.3 Examples

4.3.1 L =2 SQCD with a Superpotential

Here we will consider N' = 2 SU(N,) Seiberg-Witten theory with Ny hypermultiplets [2, 3] with
an appropriate superpotential as the hidden sector. This theory has U(N;) global symmetry. We
will weakly gauge the SU(Ny) part of the global symmetry. So the hidden sector is given by the
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Lagrangian

L=t {T (Tr/dZOW“Wa +2/d29d2§<1>T62V<I>)] +/d20W(<I>) + c.c.
s (4.21)

+ / 420420 (Q;e—WQa + CjaeraT) + / 420 (\/Ecjacbcga + MQaQa) Yec,

where a = 1,..., Ny and W(®) is a superpotential for the adjoint chiral superfield ®. Note that
M in the mass term MQaQa is proportional to the Ny x Ny identity matrix, which is of the most
general form to preserve SU(Ny) global symmetry. We will consider the Coulomb branch of the
hidden sector, whose special coordinates are denoted by a’ where i = 1,..., N, with > a’ = 0.
With a suitable choice of the superpotential W (®), the hidden sector can be in a metastable SUSY
breaking state. For example, we can use a Kéhler normal coordinate truncated at some finite order
as a superpotential to get a metastable SUSY breaking state at a generic point in the Coulomb
branch as we see in Chapter 3. Note that a’ may have nonzero F-component, which we denote by
F*. Our purpose is to compute the current-current correlators of the SU(N +) global current below
the typical scale of a’.

To achieve this, we gauge the flavor symmetry of the hypermultiplets. Since our purpose is to
calculate the current-current correlators, we need not gauge the flavor symmetry using the MSSM.
To facilitate computations, it is better to gauge the flavor symmetry by another N' = 2 SU(Ny) SW

gauge theory. So the total Lagrangian can be written as

8w
n /d29d2§ (Qfe—w—zv/@ n Qezv+2v/@)
+ / d?0 (\/icjama + MQaQa + ﬂcja@;be) +ce.

]_ — 7
+ 5 Im {T’ (Tr / d2OWOW! + 2 / d?0d*0" e~V @’)] :
us

£ =Lt [T <Tr/d20W“Wa +2/d20d29_<I>T62V<I)>} +/d29W(<I>) +ec

(4.22)

where primes denote similar multiplets in the SU(Ny) gauge theory and the trace in the last line is
over the flavor SU(Ny) indices. Also, in the second line, the first term may be explicitly expressed
as

QL (72, (ffwl): b, (4.23)

3

where 7,5 = 1,...,N. and a,b = 1,..., Ny. The gauge coupling of the spectator gauge theory is
assumed to be very weak, so 7/ = 4mi/g’? with ¢’ very small.

Treating the theory as N' = 2 SU(N,) x SU(Ny) SW gauge theory, the low energy effective



42

theory in the Coulomb branch is given by

1 - .
Ly =g Im [ / 420 (Fiy W W + 2Fi WO W/ + Fy W' W)

(4.24)
1 20127 (T =i _a

+ 4—Im d“0d 9(.7-'ia + Fam ) ,
T

where a and m? are eigenvalues of ® and ®’, respectively, and subscripts under F denote differen-
tiations. Note that the prepotential F depends both on @’ and m®. Usually, it is hard to compute
F for product gauge groups. However, using the fact that the spectator gauge theory is weakly
coupled, we may obtain necessary information out of Fy of the original N'= 2 SU(N,) SW theory.
To see this, note that the low energy effective theory of (4.21) is

1 . . _ .
Leps = 8?1111 l:/ dQGfoiijWgt + 2/d29d29.7:0ia1} ) (4.25)

where Fy(a) is the prepotential for N' = 2 SU(N..) SW theory. Let us consider the case where g’ goes
to zero. In such a limit, m® is treated as constant. Note that the dynamics of a’ in (4.24) and (4.25)
agree when F; = Fy; and m® ~ 0. The condition m® ~ 0 is necessary since we set all nonabelian
mass parameters to vanish in (4.25). It really means that the typical scale of m® is much smaller
than that of a’. That is, of the moduli space of the Coulomb branch of the product gauge group,
in the region where |a| > |m|, we may interchange F; and Fy; freely. Therefore, if our interest is to
consider the low energy effective theory whose typical scale of m is much lower than that of a, we
may use the prepotential of the original N' =2 SU(N,) SW theory to compute quantities.

In the Seiberg-Witten curve language, one can obtain the prepotential in this limit by taking
appropriate mass deformation of the curve, and regarding it as the moduli of the gauge theory. To see
this, let us compare (4.21) and (4.22). In the limit where the second gauge group SU(Ny) decouples,
the only difference is the term \/§Q~a¢>;be in the superpotential. The adjoint scalar component of
!, acts as a mass term for the hypermultiplets. Therefore, by identifying the massive deformation
parameter m¢ to be v/2m®, and computing the period integrals, we can obtain the prepotential F

and its derivatives in the limit of |m| < |al.

4.3.1.1 Calculation of 31/2(0)

From (4.24), we can read off the coefficients of D2, Xo#d, N, F, F'* and N'X of the spectator

gauge theory. Let us first consider the coefficient of \’\’. To show what is going on explicitly, let us
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write down the Lagrangian in terms of the component fields ignoring terms involving derivatives:

o 1 1 o
Lyp =0 FTFY 4 g DD e Fryse DTN o e DI

8v2r 8V2
+ ——Fr P p% — ——Frc FIV K 4 ce. (4.26)
167 167

) 1
+ ﬁf]JKL(l/JIT/JJ)(AK)\L) + W[FI — §W1J1/JI”L/1J + c.c.

Here I = (i,a) and the prepotential F has the superfields AY = (a’, m®) as its arguments. Note that
W, =0, and g;; = ﬁlm}' 77 is the metric for the product group gauge theory. After integrating
out the auxiliary fields F'7, we can read off the coefficients of A’ A7, which are given by

1

Froxg WA+ (4.27)
16m

If the hidden sector is very weakly interacting with the spectator gauge theory, ¢ “W, should nearly

be the same as (gf)j W;,0) where géj is the inverse metric of the original N' = 2 SU(N,) gauge theory.

To see this, note that among the components of the metric g7, gay is very large compared with g;;
and ¢, in the limit ¢’ — 0. From the expression

- . Jk

D el R I : (4.28)

Gaj  Yab gbk: gbc

we see that g% is much larger than ¢** and ¢%® and this is more so as g’ — 0. Also ¢% is the inverse
of g;;, which is the same as go;;, all in the limit ¢’ — 0. Therefore, gL, can be ignored compared
to g W;, and

g" Wy = (g W;,0) = (~F",0) . (4:29)

Next, we need to integrate out ¢ fields in (4.27). When we do this, we get

1

L=...—
167

(F'Fiap — (FijmF™) " FainFop FFF) AN + L (4.30)
where (F;j, F™)~" is the inverse of the matrix X;; = (Fi;jmF™) and we use the relation (4.29) in
our limit. There are two terms in the coefficient of A*XP. The first term is the usual one, but the
second is from integrating out the gaugino A’ in the hidden sector. However, when we gauge the
SU(Ny) flavor current, the second term can be neglected. The point is that, in the second term, F
is differentiated only once by m®. Note that Fq in the original N'= 2 SU(N,) SW theory depends

bme, .. .. Hence,

smoothly on the symmetric polynomials of m®’s, such as Zagb memp, Zagbgc m*m
when differentiated once, F( necessarily contains at least one factor of m® and so goes to zero when

|m|/]a| — 0. On the other hand, Fy itself or its second derivatives by m® need not vanish when m®
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is small. Since Fy; = F; in our limit, in the region of the moduli space where |a| > |m/|, the first
term dominates and we can safely ignore the second term. Therefore, when the hidden sector fields

are integrated out, we may say that the relevant gaugino mass term is

i
L=...— —FFF A\ + ... . 4.31
167 kab * ( )

Note that, if we gauged the U(Ny) flavor current, the prepotential would depend on ) m® and we
would not be able to ignore the second term in (4.30).

Next, we will look for a theory at the scale of |a| which gives the low energy effective theory
described above. That is, we hide all signals of the hidden sector into the gauge coupling of the
spectator gauge theory and consider N' =2 SU(Ny) SW theory

L= SLIm [TQ (Tr / POW' W, + 2 / d2ed2éq>’fe—2v’<1>')] : (4.32)
us

where 75 = 47i/g’? + 0*F; is the gauge coupling of the probe Lagrangian at the scale of |a.

This is a theory at the scale of |a|. We will go to the low energy effective theory in the Coulomb
branch where the superfield ®" has eigenvalues m®, a = 1,..., Ny(so >_m* = 0). Although |a| >
|m|, the coupling ¢’ is so small that one loop correction is enough when we consider the dynamics

at the scale of |m|. The prepotential at one loop is given by

2
_T2 a_meb L a __ ,.b\2 (ma_mb)2
F(m) = 5 Z (m N ) + i (m® —m”)*log — (4.33)
a a<b
and the low energy effective theory is

1 2 laayys!'b 20120 —a

L= S—Im A" OF o pW' W, +2 | d°0d"0F,m™| . (4.34)
0

Note that the §2 component of F is not corrected by the one-loop effect. So the gaugino mass term

is given by
1
L=...— —FXX\"+.... 4.35
& + (4.35)

Note that we use coordinates for the second gauge group such that Zjavzfl A% = 0. Comparing this
with (4.31), we obtain

1 )
F; <5ab - Nc> = §Fk5’:kab ) (4.36)

at m® = 0. Note that, since Fj, depends on the masses m® by the combination m® — 3", m?/Ne,

taking derivatives with respect to m, and my, Fkep in the right-hand side has the same index
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structure as that in the left-hand side. From (4.7),

= 1 ]
M B /5(0) <5ab - N) = S?Fk}—omb . (4.37)

It is instructive to actually calculate the gaugino mass using this formula in the semiclassical
regime. That is, we check the expressions in the case where the expectation value of the chiral
superfield ® of the hidden sector is much larger than the scale of the hidden sector gauge theory.
Additionally, we assume that the hypermultiplets @} and Q are massless: i.e., M = 0 in (4.22).
The chiral superfield ®;; has nonzero F-term Fg;; where ¢ and j are the gauge group indices for
the hidden sector. Note that we are in the Coulomb branch of the hidden sector. We use gauge
transformation such that (®;;) is diagonal with diagonal elements a;(>"a; = 0). Let F; be the
corresponding F-term of a;. We will calculate the gaugino mass in this setup. We start with the
Lagrangian (4.22) and go to the low energy effective theory at the scale of |m|, where (®') has
eigenvalues of m, with the constraint Y m, = 0. The a; dependent part of the prepotential F,
given by [89] with the constraint Y m, = 0 built in, is

P2y (- Z)

2

9 5 Ne
K2 oy (e —ay)?
+4w§(“l @) log = (4.38)
2
Sa ., X
_ L a; —m _ZG+M 2lo (a _mb_ia—i— m) +
st \" T TN TN & NE

where 7 = 47i/g?, 7/ = 4mi/g’®. A is the scale for the first gauge group and A” is some scale which

does not change the answer that follows. Then

7 1 1 1
" — i 4.
Frab = ~or p— <5zk Nc) (5ab Nf) ) (4.39)

after imposing tracelessness conditions. Since the scale of the spectator gauge theory does not enter

into the expression, we may set Forap = Frap. 10 the limit my — 0, we have, from (4.37),
Fy
MB E — 4.40
1/2 16772 ’ ( )

which gives the usual one-loop gaugino mass through (4.9)

-k (4.41)
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if we identify V2a;, with masses of the messengers(The F-term of V2ay, is \/iFk)

4.3.1.2 Calculation of C,(0) and Sfermion Masses

Using the same technique, we may compute Ca (p?/M?) at zero momentum. Note that the effect of
integrating out the hidden sector fields is to change the gauge coupling 7 to 72 as shown in (4.32).

Also, in this case, all C,(0) are the same. Using (4.7),
Co(0) = —Im (72(a) — 7') . (4.42)
T

When we go to the low energy effective theory, mo(a) gets renormalized. But since ¢’ is very small,
it is enough to consider only the one-loop effect. So 72(a) gets only additive renormalization of the

form log m, which is independent of a. Hence we have

agz(,f) <5ab - 11v> = Fieab - (4.43)
Integrating this equation, we are able to obtain 75(a), which then may be fed into (4.42) to get
C.(0). The additive constant is determined by noting that C,(0) goes to zero in the limit where
a — oo.

Since we are required to calculate C, (p?/M?) when p? /M? is of order 1, the information we have
just obtained is not enough to calculate the sfermion masses of the MSSM. Alternatively, we can
introduce a matter multiplet charged with respect to SU(Ny) and evaluate its low energy effective

action terms.

4.3.1.3 Generalization to Other Gauge Groups

Let us briefly comment on how the expressions (4.37) and (4.43) change for other non-abelian groups.
We start from (4.32). Let T4 be a basis of the adjoint representation of the flavor symmetry group
and H, be a basis of the Cartan subalgebra. The prepotential as a function of the N’ = 2 adjoint

chiral superfield ®' at classical level is given by
F(®') = = ——Traq(9?), (4.44)
where cqq; is the Dynkin index for the adjoint representation:

Traqj(TaTp) = cadjdan - (4.45)
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In the Coulomb branch, all massive modes are integrated out and @' is diagonalizable due to D-term

constraint. Hence ® = 3" m®H, and the prepotential above becomes

]__(a) _ 1 T2

EP ——Trog; (Ho Hy)m*m® = mm Zaaab, (4.46)
Cadj Cadj

where the summation is over all positive roots of the flavor group. Therefore A\ term in (4.34)

becomes

L= Z Qqop NN . (4.47)

471' Cadj

We now compare this with the A\ term in the low energy theory of the product gauge group (4.31).

Therefore

F, Zaaab w“dﬂ F*Frap . (4.48)

Since the 2 component of 7 does not receive corrections at one loop, this F, can be used to calculate

MBl/Q(O). That is, the part of A\ consisting of the Cartan subalgebra part in (4.7) is

~ 1
0Lesy=...— MB5(0) dlZaaab)\a)\b.,,. (4.49)
adg

Therefore the relation corresponding to (4.37) is
M By 5(0) Z%Oéb Cad_]F Fokab - (4.50)

Similarly, corresponding to (4.43), we have

O0t1q(a 1
6a(k ) > g = 3,7 CadiFokab - (4.51)

4.3.1.4 Hypermultiplet Condensation

It may be of interest to check whether the hypermultiplet bilinear Q.Qy develops a nonzero expecta-
tion value. The Lagrangian for the product SU(N.) x SU(Ny) gauge theory (4.22) has some terms

containing the F' component of ®':
1 _ -
L=...+ ﬁTI‘ (Fq;./F.:p/) -l—QaF@/abe-i-C.C.-i-... . (452)

Therefore we can calculate the expectation values of the bilinear Q,Q, by differentiating the partition
function with respect to Fg:. More precisely, we will calculate the traceless part of <QaQb> since
the source Fg is traceless. To get the effective Lagrangian for the spectator gauge theory, we start

with (4.26) and set all vevs for the fermions to zero. Then we integrate out the F' and D terms for
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the hidden sector. The equation of motion for D? sets D? = 0. The equation of motion for F? is

Fi = —giig,,F* — g'iw; | (4.53)
Plugging the result into the Lagrangian, we get

Lipp=—9"(gaiF* + Wi)(gF" +Wj) + g FOF" . (4.54)
Now we can read off the linear term in F'*:

/

i (4.55)
= = @R GoaiWiF + ...,

where the second line follows in the limit ¢’ — 0. But as we argued below (4.31), g;5 vanishes as
m® goes to 0 since we differentiate the prepotential F only once with respect to the second gauge
indices to get g;z. Therefore, the linear term vanishes and the hypermultiplet bilinear can have at

best an expectation value of the form

(Qa(0)@(0)) = h(a)das , (4.56)

for some function h(a). This does not break U(Ny) symmetry. Also, @ or @ cannot have nonzero
expectation values perturbatively in the superpotential W. The reason is that we have a U(1)
subgroup of SU(2) R-symmetry of N' = 2 theory even after including a superpotential if we assign
charge +2 to the superpotential. Since ) and Q have charge +1, it cannot be expressed as a series
in W. Therefore, although there could be hypermultiplet condensation, U(Ny) symmetry is still
preserved. Note that, if we gauged U(Ny) symmetry instead, the bilinear would be diagonal with
ath diagonal element gﬁ giaWj. In this case, this would not vanish when m® — 0. However, by
symmetry, g;z would be the same for all a for a fixed i. Hence the vev of the bilinear would be
proportional to the identity matrix, and U(Ny) symmetry would still exist. Of course, the answer
does not depend on which global symmetry we gauge. Therefore h(a) in (4.56) is determined and

we have, for any index c,
(Q4(0)Qy(0)) = ggggochﬁab ,for the metric go of U(Ny) . (4.57)

Note that we actually calculate (Q,(0)Qy(0)) at the scale of |m|. But (Qq(0)Q4(0)) both at the
scale of |m| and at the scale of |a| have the same form since when we go from the scale |a| to |m],
we receive only perturbative effects, and this does not change (Q,(0)Q5(0)).

Having derived the formula for the quark condensate (4.57), let us verify it in the semiclassical
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P

Figure 4.1: One loop diagram contributing hypermultiplet condensation.

regime. The leading contribution of ﬂQ;F&Q? to <QZQ£’> for small Fg, shown in Figure 4.1, is

Ni b\ Ao d4p Fz‘5g
20 = Z/ (2m)* (12 + (V2a:)?)?

L o L 2
1671_25(12;}7‘2102@(\/5(12) .

(4.58)

Note that the interaction is insensitive to the cutoff Ag. Let us compare this with (4.57). The

relevant part of the prepotential is similar to (4.38):

2w
F :gﬁ : (ai)2
] j (4.59)
z o (a;—ay)? i 2. (a; —mg)?
+E;(ai—aj) logT—S?%:(ai—ma) logT_i_._..

Note we do not impose the constraint ) m, = 0 since (4.57) is valid when gauging U(Ny) symmetry.

The metric component g;, at weak coupling is given by

3 N 1 1 (a; —mg)?
(0]
1672 " 1672 87 A

o = (4.60)

Let us go to the limit m® — 0. Then gfﬁWj = —F' and using (4.57),

1

Ak by ik _sb

6ZZF1€ log(\@ak)z . (4.61)
k
The result agrees with (4.58).

4.3.2 Geometrically Realized Models

As another controllable model, we study geometrically induced supersymmetry breaking configura-

tion in Type IIB string theory on As-fibered geometry. This has been studied in [87] somewhat in
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a different context. Consider As fibred geometry [66] defined by
22+ y? 2 (z—mi(t—a1)) (2 +ma(t —as)) = 0.

There are three singular points, ¢t = a1 2 and ag = (mya; +meaz)/(m1 +mz). Wrapping N, anti-D5
and Ny D5 branes on two S2s that resolve the singularities at t = a; and as respectively, we can
construct a supersymmetry breaking configuration. We do not wrap any brane at ¢ = ag, because
this can decay into a lower energy configuration. Our present setup does not have an unstable mode
as has been discussed in [90]. Therefore we can take field theory limit. Here we claim that as long
as the size of S? at t = a9 is much bigger than that at ¢ = ai, there is a field theory description
for this brane/anti-brane system. According to the conjecture proposed in [43,82,87,91], there
is a glueball description with respect to the hidden sector gauge group corresponding to a partial
geometric transition. Thus it is reasonable to claim that the low energy field theory description is

an interacting product U(1) x U(Ny) gauge theory. The kinetic term is

0F0,0(51)

/ d*0K (S1)®o®) + Im / d*0S,
a5

} +/d29 [T (S1)WoW,] +ce.+ ..., (4.62)

where . .. includes higher derivative terms and U(1) gauge kinetic terms. Fy ¢(S1) is the prepotential

for the geometry after the transition,

, S S 3
2miFo,0 = ?1 [log (mlj\?}) — 2} .

where Ag is a cutoff scale of this description. The superpotential terms are

0Fo,0

W = aS, + N.
ad1+ Negg

+ Wa(®,,51) . (4.63)

In application to phenomenology we will identify a subgroup of SU(Ny) as the standard model
gauge group. So the adjoint field @5 for SU(N;) gauge group should be integrated out by taking

mgy — oo. In the limit, the superpotential W5 becomes a relatively simple function,

WQ:/ [n;l(tal)Jr;\/m%(tal)Qlel dt.

Ao my

Our goal in this section is to compute the function 7(S1) and extract Cjs and B/, from it. In
the open string description we can say that this 57 dependence is generated by the bifundamental
matter. On the other hand, after the transition in closed string point of view, it is generated by
closed string modes. To extract the interacting part, we use the glueball description for U(Ny)

gauge group as well and assume that the glueball fields and U(1) C U(N;) gauge supermultiplet w,,
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are background fields. Following [92, 93], we use glueball description for evaluating the interacting
part even though the SU(Ny) theory is weakly coupled and is not confined. Turning on these
backgrounds modifies the geometry slightly. At the leading order of the modification, we read off

the kinetic term for the gauge group. The low energy description is given by

_ 0Fy 1 0F
= 1 495, 29= W /2 . .C. 4.64
L m(/d@SaSi+/d9265i85jwwj>+ d“OW (S;) + c.c., (4.64)

where W (S;) is Gukov-Vafa-Witten superpotential [81] generated by the flux. Solving the equation

of motion for F', we obtain the potential
1 _ _ = =
V= —|giaF? + OW|" — g F2F? — F20,W — F28,W, (4.65)
911

where we ignored U(1) gauge fields. The metric is defined by Im 0;0;F. Since we are interested in
coefficients of correlation functions By and C;, which are related to linear terms in Sz and F 2 we

can put these to be zero when we evaluate the minimum of the potential,

V(Sy = 0,F2 = 0) = |o,w|*
g11

To find the minimum it is useful to expand the prepotential Fy for As geometry as

oo
Fo=»_ " Fou(S),
b=0
where we ignored S; independent part, which can be combined with the classical action of SU(Ny)
and construct the one-loop running coupling constant. In the matrix model computation, Fy; are
contributions of diagrams with b boundaries, which are perturbatively calculable order by order.

With this expansion, the superpotential and metric become

8.7:070(51)

- = N,
W(Sz 0) a151 + N, 95,

+ Ny Fo,1(S1),

m 9*Fo.0
95,051

g11(S2=0) = 1
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In our setup, the disk and annulus amplitudes are exactly known [94-96],

A /A2 A 1
2’/T7;f0’1 = Sl<10g ! + >

2A / 45, 2
0 A + AQ -t

St
—— +...,
AO 2m1A2

~ S; log

1 4 1 4
2miFo 0 = - log <A+,/A2 - Sl) — ~log (2,/A2 -~ Sl)
2 miq 2 mq
S1
~ oAz +...,

where A = a; — as. With these expressions, we see that W (S = 0) reproduces the superpotential
in (4.63) in the limit my — oco and Sy — 0. At the leading order, the minimum of the potential is
given by

IN.| RANEA e omia
<Sl> el = (mle) ¢ T e, (466)
0

Note that Ny > 0 > N,. Since there is an exponential suppression factor, vev of Sy exists in physical
region, which we regard as a dynamical scale of the theory on the anti-D5 branes.
Expanding the potential (4.65) around the minimum we can read off coefficients of linear terms

in Sy which yield the gaugino mass term for SU(Ny) part,

21 s — 2miFy —|N ‘ 82.7:0’1 LN (9.7:0’2 B |F1|2 82}—0’1
Gy 1672 9508 a8, | |5, 32r%AT 05,08 | g,
1 [INe|+ Ny |
=~ F 4.
1672 { mA2 ! + 2imiAZA4 |’ (4.67)

where we supplied a dimensionful parameter A. In the field theory limit, we take the string scale
to be infinity, keeping the scale A finite which should be identified with the scale of S7 in (4.66) in
our model. The a, which is the size of P!, also has to scale appropriately [78].2 The vev of F* is

cut-off independent and a finite quantity in the limit,
F'=—g'oiW|, ~ BAY,

where the 3 is defined by 2iIméa; ~ Blog Ag,> which encodes geometric data of the P*. On the

2In the geometric engineering one focuses on the leading effect of the small parameter A/Ms;. Geometric quantities
scale with the small parameter, for example the potential scales V ~ (A/Mst)‘l. Thus the original string scale in the
potential cancels and it becomes field theory scale vacuum energy V ~ O(A%).

3Note that without loss of generality we can take the phase of A/Ag to be real. With this normalization, we
defined the S.
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other hand, another correlation functions can be read off from the linear term in F?2.

. _ —27mt @ - 8]:071
2miCi(0) = g 5Re [m( 75, )A FZ 4 [Ne|55= = 2Ny For2 -
~ 1 <Sl> —4 1 <Sl>
 Tom {Im(mN)A ReF"+(INl + NpRe D75 ) |- (468)

Finally let us comment on the diagrammatical computation of the gaugino mass. Although our
present geometric configuration does not include an unstable mode, we do not know explicitly the
UV Lagrangian for the brane/anti-brane system. Thus it is not easy to compute the correlation
functions studied above from matrix model computations directly. However, the flop of the S?
wrapping the anti-brane is a smooth process because its physical volume can never be zero [87,91].
The new geometry yields the brane/brane configuration. The world volume theory on the branes is

quiver gauge theory with a superpotential,
m m
Wsusy = TI'CT((IH —a1)® + TZ'ET(‘I’Q —a2)® + Q1292Q21 + Q21P1Q12.

Using this explicit Lagrangian and technology developed in [92,93,97,98], we can compute the non-
perturbative effect from perturbative Feynman diagram computations. In fact, explicit formulae for

Fo0,0, Fo,1 and Fp 2 have been perturbatively computed by this method.
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Chapter 5

Introduction

We have seen in Part I of the thesis that supersymmetric gauge theories play a vital role in con-
structing a realistic model for a theory above the TeV scale. But there are many known cases where
supersymmetric gauge theories are related to gravity theories. In the second half of the thesis, we
will discuss the understanding and applications of gauge/gravity dualities. The most well-studied
example is the correspondence between the AdSs x S° supergravity and NV = 4 super Yang-Mill
theory [8-10]. The correspondence can be thought of as an equivalence between the two descriptions
describing the low energy dynamics of N multiple parallel D3-branes in flat space in type IIB string
theory. The low energy limit can be equivalently thought of as keeping the energy scale fixed while
sending the string length I, = v/a/ to 0. On the one hand, the system is described by open strings on
the D3-branes and the closed strings in the ten-dimensional bulk. In the low energy description, the
D3-branes is described by N/ = 4 SU(NN) supersymmetric Yang-Mills theory and it decouples from
the free bulk dynamics described by closed strings. The gauge coupling constant becomes g%, = gs
where g is the string coupling constant. On the other hand, we may view the D3-branes as a source
of the energy-momentum tensor and consider its effect on the metric and other fields in supergravity.

The metric is then given by

ds® = f(r)" 2dx,da” + f(r)? (dr® + r2dQ3) ,

R4

(5.1)
for) =14+ —, R* = 4ng,0/° N,
r

where dz,dz* is the four-dimensional Minkowski metric and d2? is the metric for the unit five sphere.
Sending o’ to 0 and keeping the energy fixed means keeping U = #; fixed where R* = 4ng,No/ 2,

In that limit, the metric becomes

dU?
ds* = R? <U2 + Ude#dx“> + R%d02 . (5.2)
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That is, the near horizon region of the geometry becomes AdSs x S°. In the limit, the near horizon
dynamics decouples from the free bulk physics. Combining the two, it is natural to identify N =4
SU(N) supersymmetric Yang-Mills theory and the supergravity theory in AdSs x S°. Of course,
this argument is not rigorous since we do not treat string theory non-perturbatively. Moreover, the
supergravity description is valid when R > [, or g, N > 1, while the V' = 4 super-Yang-Mills theory
is perturbatively described when g% ,,N = gsN < 1 in the large N limit. Despite the difficulty,
there is overwhelming evidence that the correspondence is correct: for example, operators with
some amount of supersymmetry does not receive quantum corrections when the coupling constant
gs changes, so it is possible to compare these operators in two different descriptions [10,99].

Moreover it is believed that the essence of the correspondence does not depend on supersymmetry
[100], so it makes sense to discuss non-supersymmetric versions of the correspondence also. It is a
strong/weak duality, which makes it difficult to prove while beneficial to use. For example, we can
learn about a strong-coupling behavior of a field theory by studying classical solutions of its gravity
dual. Also, a gravity theory is lacking a UV definition, and the dual field theory may provide a way
to define the gravity theory rigorously.

If we assume gauge/gravity dualities, we can study the strong-coupling behavior of some field
theories by its classical dual gravity solutions. Even though we do not know an exact pair, sometimes
a classical gravity geometry is determined by symmetries of the corresponding field theory to a great
degree. Hence we can extract much information for a field theory if we assume the existence of a
gravity dual.

Along this line, we will consider a field theory with Schrédinger symmetry, which is a nonrelativis-
tic version of scale symmetry [101]. The Schrédinger symmetry is an extension of the nonrelativistic
Galilean symmetry [102,103]. Just as in the relativistic scale symmetry, there is a dilatation opera~
tor, by which time and space scale differently. However, unlike its relativistic counterpart, there is
only one special conformal operator. One of the most interesting physical examples with such sym-
metry is a set of fermions in an optical lattice with the magnetic field. The magnetic field induces
Feshbach resonances and the strength of attraction is tunable arbitrarily [104-107]. The interaction
of the fermion gas arises mainly through the binary s-wave collisions with the scattering length a.
When the attraction between the fermions is very weak, the fermions favor to form Cooper pairs,
forming a Bardeen-Cooper-Schrieffer (BCS) state. On the other hand, if the attraction is sufficiently
strong, two fermions form a bound state and the system is effectively described by the Bose-Einstein
condensation (BEC). In both the BCS and BEC limits, the system can be described as a weakly
interacting system with the interaction parameter akp, where kp is the Fermi momentum. As we
change the magnetic field strength, there is an intermediate regime, called the unitarity limit, where
the scattering length a becomes infinite. In this regime, we expect to see a nonrelativistic version of

scale symmetry, i.e., Schrodinger symmetry. Perturbation theory does not work well here since akp
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diverge, but the gauge/gravity correspondence may provide a useful technique to study the problem.

Another application of gauge/gravity dualities is to study phase transitions of field theories.
Finite temperature states in a field theory correspond to black hole solutions in the dual gravity
theory [108]. A non-zero charge density solution in the field theory can be realized by turning
on the chemical potential in the grand canonical ensemble. This corresponds to a charged black
hole solution in the gravity theory. An instability of a black hole signals a phase transition in the
corresponding field theory. The instability may occur due to charged or neutral scalar fields as
discussed in [109-111]. But a supergravity theory typically has Chern-Simons terms, and it may
cause an instability [112], which we will verify in Chapter 7.

Let us consider a five-dimensional gravitational system with the Maxwell field and its Chern-
Simons term. By the gauge/gravity duality, the system is dual to a four-dimensional gauge theory.
The effect of the Chern-Simons term can be analyzed as follows [10]. Suppose the geometry of the
gravity solution is of the form M x X where M is a five-dimensional space that asymptotes to AdS5
and X is some compact five-dimensional space. The Chern-Simons term appears in the gravity
action as

SCSZIC/ ANdANdA, (5.3)
M

where k is some constant. Since we are going to study the Maxwell field, we confine ourselves to
the consideration of abelian gauge group only, even though the extension to the non-abelian gauge
group is straightforward. Note that the space M, being asymptotically AdSs, has a boundary 0M,
which means that the action (5.3) is not gauge invariant: under the gauge variation 6 A = dA for a
zero-form A,

6Scs = k/ ANdANdA . (54)
oM

Note that the change dS¢g of the Chern-Simons action depends only on the values of the gauge field
on the boundary. From the view point of the boundary field theory, there is a U(1) global symmetry
corresponding to the U(1) gauge symmetry of the gauge field A in the bulk. The corresponding
global current J is coupled to an external source field A on the boundary. The change of the action
(5.4) can be thought of as the change of the action of the boundary theory. The global current J
couples to the external source field A in the form [ A, J*d*z. Under the change of the source field
§A,, = 9,A, this term changes by — [ Ad, J"d*z after partial integration. Therefore, we obtain the
relation 0,J" ~ kF A F, which tells us that the effect of the chiral anomaly of the global U(1)
symmetry is proportional to the coefficient of the Chern-Simons action k.

Given a gravity action with Chern-Simons term, we may consider a charged black hole solution.
There is the Reissner-Nordstrom black hole in a gravity theory without Chern-Simons term. The
additional terms in the equations of motion due to Chern-Simons term vanish in that background.

Therefore, we may think that the Reissner-Nordstrom black hole is still a valid solution in the
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presence of Chern-Simons terms. However, we will show later that the fluctuation analysis shows
that there are unstable modes, depending on the Chern-Simons coupling and temperature. Such an
instability is interesting since it exhibits a spatially modulated phase. In condensed matter physics, a
spatially modulated phase, called the Fulde-Ferrell-Larkin-Ovchinnikov phase, occurs when two kinds
of fermions with different Fermi surfaces condense with non-vanishing total momentum [113,114].
[115] studied a similar effect in QCD. Also, in finite density QCD, the chiral density wave studied
in [116,117] exhibits such a spatially modulated phase. In addition, the Brazovskii model [118]
generates a spatially modulated phase, and it has been applied to a variety of physical problems [119].
In this model, a non-standard dispersion relation is postulated so that the fluctuation spectrum has
a minimum at non-zero momentum. Gravity theories with the Chern-Simons term may provide dual
descriptions for these systems.

The organization of part II is as follows. In chapter 6, we construct M-theory supergravity
solutions with the nonrelativistic Schrédinger symmetry starting from the warped AdS5 metric with
N = 1 supersymmetry. We impose that the lightlike direction is compact by making it a non-trivial
U(1) bundle over the compact space. In chapter 7, we show that, in a gravity theory with a Chern-
Simons coupling, the Reissner-Nordstrom black hole in anti-de Sitter space is unstable depending on
the value of the Chern-Simons coupling. The analysis suggests that the final configuration is likely

to be a spatially modulated phase.
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Chapter 6

Supersymmetric Nonrelativistic
Geometries in M-theory

In this chapter, we are going to consider an example of gauge/gravity dualities applied to the study
of a strongly coupled field theory. We construct M-theory supergravity solutions with Schrédinger
symmetry starting from the warped AdSs metric with A" = 1 supersymmetry.

We first recall what Schrodiner symmetry is [120]. Let us start with the Galilean algebra in (1+d)
dimensions consisting of the particle number operator N, the Hamiltonian H, spatial momenta P;,

rotations M;; and Galilean boosts K;. The last symmetry acts on the spacetime as
t—t, x; — x; — vt , for some constant vector v; . (6.1)

An interesting feature of this algebra is that it is a subalgebra of the Poincaré algebra in 1+ (d+1)
dimensions. That can be most easily shown by introducing the light-cone coordinates 2+ = z94z4+1,
Then we consider a subalgebra of the Poincaré algebra that commutes with the lightcone momentum
P_, where tilde denotes elements in the Poincaré algebra. Then the following identification can be

made:

N=-P., H=-P,, P=P, Mjj=M;, Ki=DM,. (6.2)

Just as the Poincaré algebra can be extended to include scale symmetry generator D, we can add a
dilatation generator D to the Galilean algebra by the identification D = D + 2(z— 1)]\Zf _4 for some
number z, called the dynamical exponent. The commutation relation of D with other generators
are

[‘D?PZ]:_ZPZ [D7H]:_7’ZH1

(6.3)
D,Kj]=i(—1), [D,N]=i(z—2)N .

Note that, when z = 2, the particle number operator N commutes with all other generators. In that

case, we can extend the algebra further by adding a special conformal transformation generator C'
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that satisfies
[C,P]=iK;, [D,C] = 2iC [H,C]=1iD. (6.4)

The special conformal generator C' can be identified with —K_ in the Poincaré algebra. The final
algebra that contains D and C in addition to the Galilean algebra is the Schrodinger algebra.

Note that the Schrodinger algebra can be thought of as a subalgebra of the Poincaré algebra in
one higher dimension, such that its elements commute with the lightcone momentum P_. P_ is
identified with the particle number generator NV, which takes discrete values. Therefore, it is natural
that the direction associated with P_ in the gravity dual is compact. We impose this condition by
making it a non-trivial U(1) bundle over the compact space.

One motivation to consider M-theory supergravity to find a solution with Schrodinger symmetry
with non-trivial U(1) bundle is that the mass-deformed limit of three-dimensional ' = 8 maximally
supersymmetric gauge theory has a concrete description in M-theory supergravity [121,122]. Let us
first see what developments have been made in the understanding of the mass-deformed theory in
the field theoretic Lagrangian description.

The Lagrangian description of the maximally supersymmetric gauge theory in three dimensions
was found by Bagger and Lambert [123-125] (see also [126]), by developing the idea of [127]. However,
it was difficult to increase the rank of the gauge group. This is in some sense related to the fact that
the maximally supersymmetric M2-brane solution does not have an adjustable parameter. Later,
Aharony et al. [128] constructed N'= 6 U(N) x U(N) Chern-Simons-matter theory (ABJM theory)
that describes multiple M2-branes on the orbifold C*/Zj,, where k becomes the level of the Chern-
Simons action in the field theory. This orbifold provides us with an adjustable parameter, which
enables us to treat weakly coupled field theories in some limit. A mass-deformed version of ABJM
theory was considered in [129] and its vacuum structure was identified in [130]. Especially, in the
most symmetric vacuum, the system has SU(2) x SU(2) x U(1) x Zs symmetry. The mass term
breaks the relativistic scaling symmetry. However, there is a nonrelativistic limit of this theory that
has the Schrédinger symmetry [131,132].

Turning our attention to the gravity side, we can turn on an anti-self-dual four-form flux for
multiple M2-branes in flat space, which corresponds to adding a fermionic mass term to the field
theory. The four-form flux polarizes M2-branes into M5-branes [121,133] and the discrete set of
vacua of the theory has a one-to-one correspondence with the partition of NV, the number of M2-
branes [122]. For multiple M2-branes on the orbifold C*/Zj, we do not have a clear answer yet, but
expect that a similar kind of solutions with desirable properties may be found.

Note that the Chern-Simons-matter theory is a good model to study the nonrelativistic limit
since gauge fields are not propagating. Therefore, it is natural to seek for a supergravity solution

that corresponds to the nonrelativistic limit of the mass-deformed ABJM theory. Assuming the clas-
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sical analysis of the vacuum structure of the field theory is still applicable to the supergravity limit,
the solutions will have SU(2) x SU(2) x U(1) X Zy global symmetry and several additional U (1) sym-
metries corresponding to the nonrelativistic particle number symmetry, depending on which fields
to retain in the nonrelativistic limit [131]. In the most supersymmetric case, it has 14 supercharges.
Although we were not able to find a supergravity solution with the same number of supersymmetries,
we will present a class of supersymmetric solutions with the Schrodinger symmetry in two space di-
mensions in M-theory, and then consider a specific case with the same global bosonic symmetry of
the nonrelativistic limit of the mass-deformed ABJM theory.

The Schrédinger symmetry considered in [134,135]1 breaks the AdS symmetry explicitly due

dzt?

to the term —%%5

in the metric, where z is one of the two lightlike coordinates. Soon after,

the geometry was embedded in string theory [120,138,139]. The supergravity solutions with the

dat?

" in the metric and

Schrédinger symmetry does not have supersymmetry mainly due to the term —

the lightlike three form flux Hs that supports it. Supersymmetry can be recovered if the coefficient

+2
of df4

depends on the compact space [140]. However, in their case, the coefficient is necessarily
negative in some region of the compact space and the stability of the spacetime is not guaranteed.

This problem was remedied and supersymmetric solutions were obtained with negative coefficient of

dzt?
oy

by turning on some lightlike fluxes, which can be related either to a Killing vector that leaves
some Killing spinors invariant [141], or to the properties of the Calabi-Yau structure [142]. Also, it
is possible to explicitly break the AdS symmetry by adding a term dz*C to the metric where C is a
one-form that does not depend on the worldvolume coordinates [142,143]. There are also proposals
where the breaking occurs due to the fact that the lightlike direction is compact without explicitly
adding a term to the AdS metric [144,145].

In the following, we will explore supergravity solutions having the Schrodinger symmetry in M-
theory. As we mentioned above, we make the compact lightlike direction a non-trivial U(1) bundle
over the compact space. We begin with the N' = 1 warped AdSs solutions in M-theory given in [146],
and modify the geometry to obtain the Schrodinger symmetry. Initially the AdS5 solution has eight
supercharges and they reduce to two after the modification in general. However, there is a special
case when there remain six supercharges, which is the same number as in the DLCQ of AdS. After
general remarks, we specialize to a specific example with SU(2) x SU(2) x U(1) isometry. We consider
the Kaluza-Klein spectrum of the theory, and show that the non-trivial U(1) bundle structure of
the lightlike compact direction sets an upper bound for the nonrelativistic particle number for given
quantum numbers of the compact space. The initial motivation to consider a Schrédinger invariant
geometry with SU(2) x SU(2) xU(1) was to find a candidate theory for the dual of the nonrelativistic
mass-deformed ABJM theory. In line with this, we also provide a non-supersymmetric solution with

the same global symmetry briefly at the end.

1See [136] for an earlier discussion, whose relation is explained in [137].
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6.1 General Consideration

In this section, we will deform the supergravity solutions given in [146] in such a way that the

resulting solutions have the Schrédinger symmetry.

6.1.1 Warped AdSj5 solutions in M-theory

Before dealing with nonrelativistic solutions, let us describe the general N' = 1 supersymmetric
solutions of the supergravity limit of M-theory consisting of a warped product of AdSs and a six-
dimensional space considered in [146]. We summarize our supergravity notation in appendix C. The
metric is of the form

ds® = e [ds?yg, +dsiy] (6.5)

and the four-form flux lies along the compact six dimensions. The overall coefficient e is a warping
factor that depends on Mg. The authors of [146] obtained the most general condition for N' = 1
supersymmetry, and then specialized to a special case where the six-dimensional manifold Mg is
a complex manifold with a Hermitian metric. In this case, the supersymmetry condition becomes
significantly simplified and they can obtain many explicit solutions. Let us describe the manifold

Mg first. The metric of Mg is given by
. . 1 ~
dsfw6 — ¢ 0w [gij (z,y)dx'dr? + sec? C(y)dyﬂ + g cos? ((y)(dp + P)? . (6.6)

There is a four-dimensional Kéhler manifold My, whose metric is g;;dz’dz?. The complex structure
of the metric is independent of y and . % is a Killing vector of Mg and the y dependence of the
metric warps the spacetime. P is the canonical Ricci-form connection defined by the Ké&hler metric
g. That is, the Ricci form R = dP. P is independent of y and . ( is a function of y which is
implicitly defined by

2y = e sin ¢ . (6.7)

We fix the AdS5 radius to be 1. The four-form field strength is given by

N 1 N ~

F9 = —0,e"MV, + gdy A(dy+P)AL
o ) ) (6.8)
L= 3 cos? C4dP — 4e7 N |

where Vj is the volume form and J is the Kéhler form of M,. In addition to these, we have two

more constraints:

~ 2 ~
OyJ = ——ydP
y 3y )

0y log f = 3y ttan?( — 20y log cos ¢ .
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Given these conditions, the Bianchi identity and the equations of motion for F, 4(0), and the Einstein

equations are all satisfied.

6.1.2 Deformation to Solutions with Schrodinger Symmetry

Let us first write the AdS5 metric in a form that will be suitable for later analysis:

—2dztdr~ + dx? + dx3 + dr?
5 :

ds%gs, = (6.10)

r

The DLCQ of AdSs makes the z~ direction compact. The modification we do here is to make
2~ a coordinate for a U(1) bundle over the compact space. In the case when the U(1) bundle is
non-trivial, the lightlike direction is necessarily compact and breaks AdS5 symmetry down to the
Schrodinger symmetry.? Let us call the geometry Schs.

Note that making the lightlike direction compact makes it subtle to deal with the system in
the supergravity approximation. The situation gets better if we add large momenta along the
compact lightlike direction [120]. This will involve making a black hole solution that asymptotes
to the geometry that we give below. We will not consider such a finite temperature/finite density
solution here, but we note that the compact lightlike direction changes the causal structure of the
spacetime drastically. In particular, any two points in the geometry can be joined by a timelike
or lightlike curve: Suppose we want to connect some point P = (z*, 27, 2% r) to Q = (0,0,0,0)
using a timelike curve when z™ < 0. Due to the periodic identification, we can equally start at
P = (zF,2= — NAz~,z%,r) for some large N where Az~ is the period of the 2~ direction. For
large enough N, there is indeed a timelike curve connecting the points P and Q). This is a property
that is expected for the dual theory of a nonrelativistic system.

Note that we can also add a term proportional to 427 which does not break the Schrédinger

rt
symmetry. The coefficient depends on the compact space. Such a possibility was explored previously

in [140]. Specifically, we consider the following metric:

ds? = 2 [ds%ehs + ds%lﬁ] ,

det?  —2dxt(dz™ + A) + dx? + dx2 + dr?
ds%ch\r, = 7f(y) $4 + e ( vt ) j el ks 2 tar )
r r (6.11)

— 1 .
dsiy, = €N [dshy, +sec? C(y)dy®] + 5 cos® () (dw + P)?

dshy, = §ij(x, y)da'da? .

A is a gauge field on My and f(y) is some function that depends only on y. We need to determine

these two quantities. To support this geometry, we turn on the four-form field strength along the

2There was a paper [147] that also considers modification of the warped AdSs solutions of [146]. They added
dxt C component to the metric, where C is a globally defined one-form on the compact space, which means the U(1)
bundle corresponding to the the =~ direction is trivial.
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lightlike direction:

1 1
Fa=FO 4 (et Adr AdA = 558 (y)det Ady AdA (6.12)

We demand that A depends only on x?, and not on y: otherwise, the second term includes a part
proportional to dzt A dr A dy A 9,(dA), and then it is impossible to satisfy the equations of motion
for Fy. F4(0) is the original four-form field strength of the warped AdS; solution, and s(y) is some
function to be determined. By construction, dFy = 0. Just as in the original warped AdSs solution,

we also require Fy A Fy = 0. This requires

LAdA=0. (6.13)
Let us consider the equations of motion for Fy first. The dual seven-form F7 is given by

1 . N
Fr = s Fy =F{” + e —da™ A dwy A dwa Adr A AN [2X(y)dy A (di) + P) + 341

+ L?)(?i) dzt Adxy Adazg A dy A (dip + P) A #4dA (6.14)

s'(y)

Weﬁ)‘ cos® Cdat Adxy Adzg Adr A (dip + P) A #gdA

+

where F7(0) is the seven-form field strength of the corresponding warped AdSs solution. Since we
only consider the case when Fy A Fy; = 0, the equation of motion of Fj is satisfied when dF7; = 0.

This is satisfied provided

dA = +%,4dA |
dP N %,4dA =0, (6.15)
dAN%4L =0,
as well as
+12e52 N + 8s(y) + 9, (s (y)e® cos? () = 0. (6.16)

The last equation is satisfied when

s(y) = —2y if dA is self-dual ,
(6.17)
s(y) =2y if dA is anti-self-dual .

due to the relation (6.7). In the cases we are interested, y takes values between two roots of
cos¢ = 0. Since (6.16) is a second order differential equation and the coefficient of s”(y) vanishes
when cos ¢ = 0, the other solution necessarily blows up when cos ¢ = 0. Therefore, s(y) = 2y is the

regular solution we want. The third equation implies dA A J = 0. We will see presently that the
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dzt?

Einstein equations are also satisfied by choosing the coefficient f(y) of

appropriately. However,
it is possible that the coefficient can take both positive and negative values over the compact space
and, in the example that we consider in the next section, indeed this is the case. This is analogous
to the situation considered in [140], where the coefficient of T%dx” is a harmonic function, which
implies that it is necessarily negative in some region of the compact space. They show that there
is an instability of a field with sufficiently large particle number due to the unboundedness of the
Hamiltonian H (the conjugate momentum to z©). Supersymmetry cannot guarantee H is positive
since there is no dynamical supercharge. We expect a similar instability in our geometry unless
f(y) vanishes. However, as we will see in section 6.1.3, when f(y) = 0, there are two dynamical
supercharges and the Hamiltonian H is bounded by the condition {Q,QT} = H for dynamical
supercharges @ and Q.

To sum up, if there is a harmonic (anti)self-dual two-form dA that satisfies
dPANdA=0, JAdA=0, (6.18)

then we can construct a supergravity solution with the Schrédinger symmetry as described above.?
Note that A is a one-form on My and does not depend on y. Since 6yj = —%ydlf’ and P is
independent of y, if (6.18) is satisfied at one y, it is automatically satisfied for all y.

One case where a solution is easily found is when the manifold My is K&hler-Einstein and y and
1 give a CP! bundle over My. The isometry of CP! is broken to U(1) by the warping factor that
depends on y. In this case, dT:’7 the Ricci form, is proportional to J. Since dP is y-independent, J
factorizes into a y-dependent function and a y-independent form. Hence, given a harmonic (anti)self-
dual two-form dA with J A dA = 0, we can construct a Schrédinger solution. To do that, the
dimension of the second cohomology class has to be greater than 1, which means we cannot construct
our solution on CP3. However, there are cases when the dimension of the second cohomology class
is greater than 1, and we will consider such an example where the manifold My is S? x S2.

Given the above requirement, the Einstein equations are satisfied by choosing a suitable f(y).

3dA represents a non-trivial element of the second cohomology class H2(My). For this to be a non-trivial element
of H?(Mg), we need to assume a global structure of the six-dimensional complex manifold Mg. In the examples
of [146], Mg is taken to be a CP! bundle over the Kihler base My. Then the Gysin sequence 0 — H?(My) — H?(Mpg)
implies dA is also a non-trivial element of H2(Mg) as long as the orientability condition is satisfied.
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Let us first introduce the following vielbeins:

EO — A <l+f(y)rl2dz+—|—dx —|—A) ,

2
1 1
El = 6)\*dl’1 s E2 = 6)\*dIL'2 s
r r
1-— 1
E3 = (Mde+_(dx—+A)> ’
2 r (6.19)
E* = e)‘ﬂ
r )
1 .
EY = e P gecldy EY = geA cos((dy + P)
E' = e ¢t i=1,2,3,4,

where é' are vielbeins for the metric ds?\/[4 in (6.11). Knowing that the original warped AdSs solution
satisfies the Einstein equations of motion, all we need to check is the change of the component

Go3 = k3, Tp3 of the Einstein equation. This will be satisfied if

() + 0T () — 156 o () = 0. (6:20)

There are two linearly independent solutions and one obvious solution is f(y) = By for an arbitrary
constant (3. In the case when y and 1) combine to give topologically a two-sphere S?, cos( = 0 at
the two poles of the sphere, and we take the solution f(y) = Sy as the smooth solution. The other

solution diverges when cos({ = 0.

6.1.3 Supersymmetry

The Killing spinor equation is given by

1 1 1
6 = Dac = Vac+ = (TaF® —3F ) ¢ = dact wapcT P+ — (TaF@ —3F) ) e, (6.21)
where € is a Killing spinor and

1
F(4) — EFABCDFABCD

9

h (6.22)
FY =2 LA D]
We use A, B, ... for vielbein indices and M, N, ... for coordinate indices of eleven dimensions. Our

strategy is to divide the operator D4 into two: one is independent of 5 and A, while the other is
not. Then, given a Killing spinor € of the corresponding AdS solution, we impose the condition that
€ is annihilated by (3, A-dependent part. Let us denote by Ada the change of the derivative 04 due

to the presence of 3 and A, and similarly denote by Aw4 the change of the connection wpcT'BC.
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If we define a matrix A4, by B4 = A4, ,dzM, (AT)_lAMﬁM = 04. Then it is easy to see that the
only components that depend on 3 are (A7)~!;~ and (AT)~!, ", and those that depend on A are
(AT)~1 ;- Therefore, we keep Killing spinors of the AdS solution when it is independent of z~. We
will see later that the Killing spinors consistent with the compactification of ™ are all independent
of 7. Hence it does not give a new condition.

Next, let us consider the change of the connection Aw 4. They are given by

Awy = Awy = Awg = Awy = Awy =0,
Awy = Awg = B} (f sin (T + cos CFy) 't 4+ PF@ | (6.23)

Aw; = —® F,;TITT .

Here I't = I'°+4+T3 and F® is a product of gamma matrices %Fijfij where F' = dA and %Fijéiéj =F.

The change in the four-form field strength is
AF®W = % (—sin (T + cos (I'Y) ITFX) (6.24)

The condition that the differential operators Dy and Dj still annihilate a Killing spinor € of the AdS
solution imposes

Brte=0;, FPe=0. (6.25)

The second equation is satisfied if, for example, the manifold M, is Kahler-Einstein and the two-
form field strength F' is a (1,1)-form on My. To see this, let us decompose gamma matrices and
spinors into AdS; and Mg parts (note that we are looking for a Killing spinor of the original AdSs
geometry which survives after we change the metric to the Schs geometry). First, we decompose

the eleven-dimensional gamma matrices as

M=y"®rm,
(6.26)
Mm=1@r™,
where a = 0,...,4 and m = 1,...,6 are orthonormal indices for AdSs and Mg, respectively, and
T7 =Ti...T¢. They satisfy
{rYa?’Yb} = 727]ab s
(6.27)

{r™, 7"} =26™",

where n® = diag(—1,1,1,1,1). Note 72 = —1.
The Killing spinor € is decomposed as ¥ (z) ® e? &(y) for x € AdS5 and y € Mg. 1 satisfies the
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Killing spinor equation for AdSs:

1 1.
aa'(/) - zwabc’}/bclp = 51’}’@1/} . (628)

There are two types of Killing spinors of AdSs. They are given as (see, for example, [148])
W=rTEE L T = (i )Y (6.20)

where —i'yrw(jf = i’(/JOi. 1T generates a Poincaré supersymmetry and ¥~ a superconformal one. In
our case, the lightlike direction = is compactified. The coordinate ¢+ depends only on r, so ¥+

survives compactification. The coordinate )~ is position dependent, and to be periodic in xz~, it
should not have 2~ dependence. This is the same as requiring that y71, = 0. Hence half of the
superconformal supersymmetries survive compactification.
The Killing spinor equation D,e = 0 implies that £ has to satisfy
my o\ 1 73)\F(4) : —
T"Vin +ée o —irr | €=0, (6.30)
where F(()4) is a gamma matrix expression using 7™ constructed from the four-form field strength

(6.8). Let us multiply the above equation by F® where now F®?) is made up of 7™ matrices:
1
F® <vam)\ + 6e*i”AFg“) — m) £=0. (6.31)

From (6.15), we obtain L A F = L A % F = 0. This implies {F® L} = 0 since {r™" 174} =
2y™Pd — 45P4 . Also, since we assume My is Kihler-Einstein, [F(2), f;] is proportional to Fj; jjkfik,
which vanishes if F is a (1,1)-form. Now, we can simplify the expression (6.31) in the form QF)¢ = 0
where Q is some linear combination of gamma matrices. By examining the explicit expression, we
see that Q has determinant (1—4y?(\)?)%, which does not vanish. Therefore we conclude F(2¢ = 0.
The remaining constraints come from examining D;& = 0 for i = 61, ¢1, 02, ¢2. In the case FR¢ = 0,

they impose an additional condition
I (1+sin¢T* —cos¢T?)e=0. (6.32)

This is satisfied if ['te = 0.

In conclusion, a Killing spinor of the AdS solution survive if it satisfies I'"e = 0. Therefore, at
each point, a Killing spinor has to lie in some four-dimensional space. This does not necessarily mean
that there are four Killing spinors, since higher order integrability condition may not be satisfied. In

fact, a superconformal supercharge cannot satisfy I'"e = 0. To see this, note that a superconformal
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supercharge is represented in the Poincaré coordinates as in the second expression in (6.29). I'fe =0

translates into y7¢~ = 0, which is written as
vt [r% +ir~2(aly — 2ty — a2y Py =0. (6.33)

At x = 0, this implies v¢; = 0. Now, we move 7' to the right. Then, since {y*,7"} = 2, we
end up getting ¢, = 0, which means the only solution to this equation is the trivial one. Hence no
superconformal supersymmetries survive, which means there remain only two Poincaré supercharges
that are annihilated by 7.

When # = 0, there can be more supercharges since the first equation of (6.25) is trivial and
all we require is (6.32) as well as F(?)e = 0. We have already considered the case when I'te = 0.
Another possibility is that e is annihilated by the second factor. Under the decomposition, this can
be rewritten as

(I+£isin¢r; —cos(ry){ =0, (6.34)

depending on —iy" T = +opt.

Now, we will prove that (6.30) implies (6.34) with plus sign in the second term if M, is Ké&hler-
Einstein and F is anti-self-dual. FGF®)e = 0 implies 734%%¢ = —¢ if F is anti-self-dual. The indices
for Mg are such that {y,v, 01, 1,02, P2} — {1,2,3,4,5,6}. For a Kéhler-Einstein manifold My, L
is given by [146]

. cos? ((1 + 6y\) —ex) 2
L= (66)‘492 —4e ) J. (6.35)
Define J = %eﬁ)‘ AijTij where J = %jijéiéj, and define L similarly. Since J is self-dual,

{3,3) = (3456 1) | (6.36)
We can rewrite (6.30) as

1 ~
(63)\)\/ COS CTl + 63)\>\IT3456 + 67—12L — iT7> g =0. (637)

By multiplying by 77 (e3>‘/\’ cos (11 — €3N/ T3456 + %Tlgfl + z'7'7> to the left, up to an overall factor,
we obtain (6.34) with plus sign in the second term if we use (6.35), (6.36) and 73%%¢ = —e. That
implies that the corresponding Killing spinor in the AdSs part is a Poincaré supercharge. Therefore,
when 3 = 0, we have four Poincaré supercharges.

However, there should be additional supercharges that we might have overlooked when we an-
alyze (6.32). Indeed, if we keep all four Poincaré supercharges of the AdS solution, there are two

kinematical supercharges and two dynamical ones.* In this case, the commutator of the special

4For a related discussion about Schrédinger superalgebra, see [149-152].
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conformal generator C' and a dynamical supercharge @ produces a superconformal supercharge S:
[C, Q] ~ S. Therefore, there has to be a way to obtain a superconformal supersymmetry. To see how

it comes about, let us look at the expression for a superconformal supersymmetry in AdS5 space

[N

YT = (r% + ir*%x”'yu)wo* = |rz + ir*%(xi’yi —xtyT — x*7+)] Yo s (6.38)
with —iy"1), = —1y . Since 2~ is compactified, we demand y*1¢; = 0. If we set e = ¢~ @ egf(y)
with ¢~ as just given, (6.32) becomes

(1 +idsin¢r; —cos(ry){ =0, (6.39)

which we have already verified. Therefore, two superconformal supercharges that are constructed
from t; with vT+5 = 0 survive.

In this section, we have shown that, if M, is K&hler-Einstein and F' = dA is a harmonic anti-
self-dual two-form of type (1,1) on My, it preserves two Poincaré supercharges when 5 # 0. This
corresponds to the kinematical supercharges. If § = 0, we additionally have two dynamical super-
charges and two superconformal supercharges, adding up to six in total. The number of surviving
supercharges are the same as those of the discrete light cone quantization (DLCQ) of the AdS
solution. Note that the presence of the dynamical supercharges guarantees that the Hamiltonian
H (the conjugate momentum to the x* coordinate) is positive definite: {Q,QT} = H for dynamical

supercharges @ and Q.

6.2 Specific Example

Here we present a specific example of the above analysis. We consider the case when the four-
dimensional manifold My is S? x S? and y and 1 describes a CP! bundle, but warped by the
y coordinate. The symmetry of the six-dimensional compact space is SU(2) x SU(2) x U(1) x Zq
where the U(1) is related to % and Zs exchanges the two spheres. Such a solution may be interesting
since this is the symmetry of the nonrelativistic limit of ABJM theory [131,132]. Let us first consider
the warped AdS5 solution.

6.2.1 Warped AdSj5 solution before modification

This solution appeared in [146] as a specific example. The base manifold M, is S? x S? of the same

radius, and is a Kéhler-Einstein manifold. The six dimensional manifold Mg has SU(2) x SU(2) x
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U(1) symmetry and also a Z, symmetry that switches the two S2s. The metric is given by

dst) = e [dsgs, + dshy,]

—2dztdr~ + dx? + da3 + dr?

. r? (6.40)
ds3y, = ge_w‘(l —y?)(dO} + sin 07d¢7 + dO3 + sin 63dp3)

2 _
dSAdS5 =

1 A
+ e P sec? Cdy? + 3 cos? ¢(dy + P)? ,

where

P=A+4,,
A1 = — COSs 01d¢>1 s A2 = — COS 92d¢2 s
o 20 (041
2+cy+ 292’
0. =3yt —2cy® —6y* +1
cos” ( = .
(1—-9)?

The four-form field strength is given by
Fy = pr(y)wr Awa + pa(y)dy A (dip + P) A (w1 + wa) | (6.42)

where w; = dA; and

oyt —6y* —2cy — 3

443y + 12y + ¢ )
p2 y - 9(y2 _ 1)2

pl(y) - 18(y2 — 1) )

(6.43)

The coordinates ; and ¢; parametrize one S?, and 6, and ¢o the other S?. The period of 1 is 27
to have a smooth geometry. The coordinates y and 1) combine to give a S? fibration over S? x S2.
However, due to the y dependence here and there, only U(1) symmetry survives. Also ¢ is constant,
0 < ¢ < 4 and y runs between the two roots of the equation cos? = 0. Since cos?( > 0 for y = 0,

one root is positive and the other negative. It preserves 8 supercharges.

6.2.2 Transformation to Schrodinger Solution

Now we modify the geometry (6.40) according to section 6.1.2. We make 2~ a non-trivial U(1)

bundle over S? x S? with gauge field A = n(A; — As), where n is some integer. The metric is given
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ds?, = P [dsgen, +dsi]
dxt2 n —2dxt (dx™ + A) + dz? + da3 + dr?

r4 r2
) (6.44)
s}y, = §676>‘(1 —y?)(dO? + sin 02d¢? + dO3 + sin O3dp3)

dSZSCh{, = _/By

1 .
+ e % sec? Cdy? + 3 cos? ((dip + P)?
Note that dA is anti-self-dual, dA A dP = 0 and A does not depend on y. The four-form flux is

modified as follows:

Fy = p1(y)wi Aws + pa(y)dy A (dv + P) A (w1 + w2)
1 1 (6.45)
+ Znyr—gdx+ Adr A (w; — ws) — nr—Zdﬂc+ Ady A (w1 —ws)

Note that the solution exists for each ¢ € [0,4) and each integer n. Given the general analysis in the
previous section, the equations of motion for the four-form field and the metric are guaranteed to be
satisfied. Note that —3y, the coefficient of r%dx“, takes both positive and negative values over the
compact space. As mentioned in section 6.1.2, this signals an instability due to the unboundedness
of the Hamiltonian [140] unless we set 8 = 0.

Note that dA is an anti-self-dual two-form of type (1,1) in My. Hence, according to the argument
in section 6.1.3, there are two kinematical supercharges when 3 # 0, and six supercharges when
B = 0. The six supercharges consist of two kinematical, two dynamical, and two superconformal
supercharges. Especially, when 8 = 0, the Hamiltonian will be bounded below due to the presence

of the dynamical supercharges.

6.2.3 Solution with Plane Wave Boundary

In the previous sections, we use the Poincaré coordinate system for (deformed)AdSs. In general, the

AdS,,+2 metric in Poincaré coordinates is given by

—2dztdz™ + di? + dr?

2 _
ds* = - ) (6.46)
where & = (21,...,25—1). The boundary is RU™. There is another coordinate system in which the
boundary approaches the plane wave metric [144,145,153]. It is given by
—2d /+d 1= _ —*l2d 142 d—*/2 d 2
ds? = 200 dv —oTdr A dTTA AT e (6.47)

r
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The relation between the two coordinate systems is

+
zt =tanaz’"
o 1+
r=r'secx
6.48
= = 1+ ( )
T =T secx

+

8

_ 1
=z + E(r'Z + &%) tan o’

Note that 8% and 83, generate the same flow in different coordinates: both are related to the

number operator of the Schrédinger algebra. This also suggests that not much will change even if
the '~ direction is a line bundle over the compact space. That is, instead of (6.44), we may consider

the metric

als%1 = 22w [ds%c,15 + ds?vfa] ,

12 g (g (2 02 742 2 2 2
ds2,, = _5ydx4 n 2dxt(de™ + A) — (25 + x22)dx +dai +dag +dr® dat? (6.49)
r r
1 N
+ e~ sec? Cdy? + g cos? C(dip + P)? .
dat?

This and (6.44) are related by an obvious coordinate transformation. The first term —Gy

look troublesome at first, but actually —dff itself is invariant under (6.48). This form of the

T may

metric may be useful since the time direction in this coordinate system is associated to the harmonic
oscillator potential

Hype=H+C (6.50)

of the Schrodinger algebra. Here H generates the time translation in the Poincaré coordinates and

C is the special conformal generator.

6.3 Kaluza-Klein Mass Spectrum

The fact that the lightlike compact direction is a non-trivial bundle over the compact space has an
interesting consequence on the spectrum of the Kaluza-Klein states. We will show below that the
nonrelativistic particle number is bounded above by the quantum numbers of the compact space. It
seems at first a bit strange that there is such a bound. However, we can view the system from the
compact space point of view and consider the Kaluza-Klein particles charged under the momentum
conjugate to the £~ coordinate. Due to the non-trivial gauge field A, we can think that the Kaluza-
Klein particles are in a magnetic monopole background field. Then it is well known [154] that the
quantum numbers of the compact space of a wave function describing a Kaluza-Klein particle is

bounded below by the “electric” charge of the particle, which in this case means the U(1) charge
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along the z~ direction. The eigenstates are expressed as monopole harmonics. Below, we will follow
the classical analysis, but in a way that can be more easily applicable to our situation.

Let us first consider the three sphere S as a preparation. The metric is given by
ds%s = (dip — cos 0dg)* + d? + sin® 0dp? (6.51)

where 0 < ¢ <4rm, 0 <6 <7 and 0 < ¢ < 27. The manifest symmetry is SU(2) x U(1) of SO(4).

The Killing vectors are

L= sin(b% + cos ¢ {cotﬁ(9 + cscGa} ,

0¢ oY

0 0 0
Ly = cos¢p— — sin C0t¢9+CSCQ:| ,
: "o ¢[ 0¢ o (6.52)
L9
3 — a¢a

0

Ly=—.
Y= 5

They satisfy [L;, L;] = >, €ijxLr and [L;, Ly] = 0, which comprise SU(2) x U(1) Lie algebra. We
will construct a wave function ®(v, 0, $) carrying definite quantum numbers of SU(2) and U(1).
First, let us demand

Ly® = —imy® . (6.53)

Since 9 has period 4m, my, € %. For SU(2) part, the analysis is very similar to the standard angular
momentum analysis in quantum mechanics. For the [ representation of SU(2), let us consider the

highest state (I, m) = (I,1). It will be annihilated by L = L1 + iLy. It is easy to see that

. sin ¢ e .
Lie ™?f(0) =0 for f(@)( 3) sin' 9 . (6.54)

The wave function is then given by ®(v, 0, ¢) = e~™v¥e~™m® f(§). Since we want a wave function
not to diverge at § = 0 or 2w, |my| < l. By applying the lowering operator L_ = L; —iLs repeatedly,

we obtain a wave function with definite quantum numbers (my, [, m):

_my m
—imyd —im ov—L (1—u > odm 1 —u\™ N
Py tim =€ e ¢(1 —u*)7? ( ) i \ 15w (1 —wu”)", (6.55)

where u = cosf. Since ®,,, 1,—1— has to vanish for any k = 1,2,..., I £my has to be integral and

P

positive. In particular, [ can be half-integral since m,, can. The Laplacian of 53 is written as

A=L3+ L3+ 13, (6.56)
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which means the eigenvalues of the Laplacian A is (1 + 1) with [ € 2. That is, 1L(L + 2) with
LeZ.

In sum, for a given quantum number (I,m) of SU(2), the possible m, range from —I to | with
spacing 1. Of course, the fact that the possible values of m,, are finite for a given pair of (I, m)
is obvious since S3 has actually SO(4) symmetry and for a given value of the quadratic Casimir,
there are finite number of states. However, the analysis we have done shows that the finiteness
can be derived by using SU(2) x U(1) symmetry alone as well as the existence of a well-defined
wave function. For example, we would arrive at the same conclusion even though the coefficient of
(dip — cosOd¢p)? in (6.51) were different from 1.

Let us turn to the case we are interested in. The metric is given in (6.44). There are two sets of

SU(2) Killing vectors Lg % 3 and L( ) 2.3 satisfying [L((f), Ll()j)] =3 €abec0 L. Explicitly,

0 0 0 0
L(l) fsmqﬁl— + cos ¢ [00t918¢ + csc 6, (81/) +n>} ,

8 0
Lgl) = cos ¢1a—91 sin ¢ [cot 918751 + csc 6, (81/} + n)} ,
_ 0
L Yy
8 01

6.57
L(2) = sin ¢2i ~+ cos ¢o | cot By — 9 + csc by g ni ( )
ol 0w oz~ ’

o ) ) B
LgQ) = COS g —— — sin ¢y [cot 0y — 96, + csc by (3¢ "ax—ﬂ )

00
0

@)
="
P 0¢o

For each S2, the only change from the analysis of S is that % is replaced by % + n&%. Denoting
the quantum numbers for U(1), and U(1),- by my and N, respectively, then we have the following

constraints for given quantum numbers (I1,m1;la, mg) of SU(2) x SU(2):

=l <my +nN <1y,
(6.58)
—ZQ Smw—TLNSZQ .

In particular, N has to satisfy |[nN| <y + l5.
To see some implication of this result, let us consider the massive Klein-Gordon equation in

eleven dimensions:

1
ﬁaM(ﬁggMNaN@ —-m2®=0. (6.59)

Due to the warping factor, the Laplacian becomes a little complicated. The result can be written as

0?® , 020 ,0%0 0 300
—2X ) 2 5 7 -3\ M2® —0. .
‘ e +r? da? +r da2 T\l o 0 (6.60)
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We put all y dependence except the overall factor into a function M2, which is given by

0%o e 0 0P
—M2 :ﬂyax*2 —€2>\m2¢+ 7(1 —y2)267y |:(1 —y2)2 COS2 Cayil
(6.61)
9*® 3¢5 9*® 9*®
+9$€C2 48711)2 + 177y2 |:(A1 +A2)(D_23777[}2 —2n28132}

A; and Ay are the Casimir operators of the two SU(2) isometry groups, which are given by A; =
(Lgi))2 + (Léi))2 + (Lgi))2 using (6.57). For a wave function with definite quantum numbers of
SU(2)x SU(2)xU(1)y and definite particle number, this equation becomes an ordinary second order
differential equation in y. Note that the last term in (6.61) looks problematic since, by increasing
the momenta along the 1 and z~ directions, this part can be negative and large in absolute value.
However, this cannot happen since the quantum numbers m, and N are bounded. That is, from

(6.58), we have
Ll 4+ 1) +la(la+ 1) > 15 4+ 15 > (my +nN)? + (my — nN)? = 2m}, + 20> N> . (6.62)

It implies that the operator
82
oxr—2

0? 9
O:A1+A2_287d)2_2n

cannot have positive eigenvalues. Therefore, the last three terms in (6.61)(multiplied by e=2*) gives

(6.63)

positive contribution to the mass parameter M?2. That is, when 3 vanishes, the Kaluza-Klein mode
does not suffer an instability due to the violation of the Breitenlohner-Freedman bound.

If we solve (6.61) and get the spectrum of the mass parameter M, the scaling dimensions and
the correlation functions can be computed [134,135]. Let v = /M2 4 4. The scaling dimension A
of the corresponding operator in the field theory is given by A = 2+ v and the two point correlation

function of two such operators is given by

1 71'N12

(01, )02(0,0)) ~ 55, 0,60(0) 5z (6.64)

where A; are the scaling dimensions of @;. A =2 — v is possible if 0 < v < 1 [134,155].

6.4 Solution with No Supersymmetry

In the absence of supersymmetry, there may be many solutions with the symmetries we want. The
solution given here can be thought of as a deformation of the non-supersymmetric AdSs x CP3
solution in [156]. As such, the solution here does not preserve any supersymmetry. We simply state
the solution since it is straightforward to check that the solution satisfies the equations of motion.

We take the lightlike direction 2~ to be a non-trivial U(1) bundle over the compact direction. That
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is, an invariant combination is dz~ + nA where A is a gauge potential given below. For each integer

n there is a solution. The metric is given by

+2 —9drt — A 2 2 2 1
d32:—10n2dx4 n det(dz™ +n )2+dx1+dx2+dr L Lo
T r 2 6
do? e «
cls?\,G :m + f(a)sin? 5 cos? §(dx + cos 01dgy — cos Oadgs)?
+ cos? %(d@% + sin? 02d¢?) + sin? %(d&% + sin? 62d¢?) (6.65)
A =cosb1dgy + cosbadps + cos a(dx + cos 1ddy — cosBadds) ,
k
f(Oé) =1- . 4 .
sin® o

The parameter k is some constant and 8; € [0, 7], ¢; € [0,27] and x € [0,4n]. The four-form field

strength F} is given by

\/§ n
= — A -
4 16LU2 W2+\/§

1 1
—3dx+ Adr A wy + 12n—5dx+ Adxi Adxa Adr, (6.66)
r r

where wy = dA is proportional to the Kéahler form. Ng is a six-dimensional compact manifold. It
is a variant of CP3: When k = 0, Ng becomes CP3. k is fixed once we require the manifold Ng to
be smooth. If k = 0, Ng is smooth since it is CP?, in which case the global symmetry is SU(4). To
get reduced symmetry, we want to take non-zero k. For non-zero k, since f(«) is supposed to be
positive, o runs between the two roots of sin* o = k. Calling the roots +ag, near ag, the metric
becomes

ds® = tan ag [du2 + cos? a0u2(dx + cos 01d¢ — cos 92d¢2)2] + ..., (6.67)

where o = o + u?. Since x has period 4w, cosag = % to have a smooth geometry. Therefore,
k=2 and a € [ZF, 4F]. In this case, the surviving global symmetry is SU(2) x SU(2) x U(1) x Zs.
Note that this construction can be easily generalized to the case when the compact six-dimensional

manifold is Kahler-Einstein.
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Chapter 7

Gravity Dual of Spatially
Modulated Phase

In this chapter, we show that the five-dimensional Maxwell theory with a Chern-Simons coupling in
the Reissner-Nordstrom black hole geometry has tachyonic modes. This instability has an interesting
property that it happens only at non-vanishing momenta, suggesting a spatially modulated phase
transition in the holographically dual field theory.

In three dimensions, the Maxwell theory becomes massive when the Chern-Simons term is in-
cluded [157,158]. In higher dimensions, the Chern-Simons term starts with a higher power in gauge
fields, but it can contribute to quadratic fluctuations if there is a non-zero background gauge field.
We will show that the Maxwell theory in five dimensions with the Chern-Simons term becomes
tachyonic if we turn on a constant electric field. In contrast, a background magnetic field does not
cause instability, but it makes the gauge field massive as in three dimensions.!

Chern-Simons terms abound in supergravity theories, and charged black hole solutions in these
theories provide an interesting laboratory in which to study the instability and its implications since
these solutions carry background electric fields. The near-horizon geometry of the five-dimensional
extremal Reissner-Nordstrom black hole in AdSs is AdSs, x R? with the gauge field strength propor-
tional to the volume form of AdS;. The background electric field causes mixing of the gauge field
with the metric at the quadratic order, and we will take it into account in our stability analysis. We
find a critical value agy of the Chern-Simons coupling a above which the near-horizon geometry
becomes unstable for some range of momenta k in R3. Interestingly, the range excludes k = 0, i.e.,
the instability happens only at non-zero spatial momentum.

The Reissner-Nordstrom black hole solution in AdS5 gives a holographic description of a ther-

modynamic state in the dual conformal field theory at finite temperature T" and chemical potential

1To our knowledge, [159] is the first paper to point out that the Chern-Simons term in five dimensions induces
instability. They considered a system consisting of two non-Abelian gauge fields coupled to an adjoint scalar field
with a tachyonic mass as a holographic model of QCD and reduced it to four dimensions before studying its spectrum.
Though their setup and analysis are different from ours, the dispersion relation we derive in section 7.1 is related to
theirs. We will point this out at an appropriate place in section 7.1.
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T/u T = To(a)
0.1 -
(/) =0
0.05 () #0
0 i é > a/acrit

Figure 7.1: Critical temperature as a function of the Chern-Simons coupling «. The shaded region
indicates a phase with a non-zero expectation value of the conserved current J which is helical and
position dependent.

.2 We find that, for o > i, there is a critical temperature T,(a) below which the black hole
solution becomes unstable, as shown in Figure 7.1. The instability happens at a range of momenta,
which becomes wider as T' is lowered but never includes & = 0, as shown in Figure 7.2. We find
an interesting subtlety in the zero temperature limit; the unstable range is wider than the range
expected from the analysis near the horizon of the extremal black hole. It turns out that the near-
horizon analysis gives a sufficient but not necessary condition since there are unstable modes in the
full Reissner-Nordstrém solution which do not reduce to normalizable modes in AdSs x R3 in the

near-horizon limit.

T/n T/U
o Qi\zd ‘\ Ol/acrit =1.6
4 . \ 0.1+ B
. / T="1T,
’,// a T < TC
I/ 0.05F B -
005 unstable
modes
5 b .
1 > 3 > k/u 0 D 2 s M

Figure 7.2: The left figure indicates unstable regions for various values of the Chern-Simons coupling
«. The right figure is for a particular choice of the Chern-Simons coupling o = 1.6c,it- The critical
temperature T¢ is the maximum temperature with unstable modes. The figure indicates the unstable
range a for some temperature T' < 7. The range b is derived from the near-horizon analysis at
T = 0. Note that the actual range of unstable momenta is wider.

In the dual field theory in (3 + 1) dimensions, the instability of the Reissner-Nordstrém solution

can be interpreted as a signal of a novel phase transition at finite chemical potential where the charge

2 [160,161] studied the thermodynamic properties of the Reissner-Nordstrém AdS black hole. Its relation to Fermi
liquid is discussed in [162].
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=

current J(x) dual to the gauge field develops a position dependent expectation value of the form,

=

(J(z)) = Re (@e’), (7.1)
with non-zero momentum k. The constant vector 4 is circularly polarized as
kx i = +ilk|i, (7.2)

where the sign is correlated to the sign of the Chern-Simons couping as we will explain later. The
vacuum expectation value (7.1) is helical and breaks translational and rotational symmetries in three
spatial dimensions, while preserving a certain combination of the two. The configuration reminds
us of the cholesteric phase of liquid crystals.

We use the Maxwell theory with the Chern-Simons term coupled to the gravity in AdSs5 as
a phenomenological model of quantum critical phenomena in the spirit of [163,164]. To have an
explicit description of the field content and interactions of the dual field theory, we need to identify
a specific superstring construction where the instability takes place. We examined the simplest case
of the three-charge black hole in the type IIB superstring theory on AdSs x S® and found that the
Chern-Simons coupling of the low energy gravity theory barely satisfies the stability bound. More
specifically, when the three charges are the same, the effective Chern-Simons coupling « is only 0.4%
less than the critical value aqi; for the instability. There is a limit of an extreme ratio of charges,
where an effective « coincides with gt and the black hole becomes marginally stable.

This seems to indicate that if we survey a wider class of examples, we may be able to find a theory
with a Chern-Simons coupling large enough to cause an instability. Generally speaking, the Chern-
Simons coupling for a gauge field in AdS5 is proportional to the chiral anomaly of the corresponding
current in the dual conformal field theory [10]. In particular, for the type IIB superstring theory on
AdS5 times a toric Sasaki-Einstein manifold, the Chern-Simons coupling is determined by the toric
data, or equivalently by the combinatorial data of the quiver diagram for the dual gauge theory [165].
It would be interesting to find an explicit example where the Chern-Simons coupling exceeds the
stability bound. Or, one may try to prove that such theories are all in the Swampland [61, 166].

We should also point out that another type of instability of rotating charged black holes was
suggested in [167,168]. While the Chern-Simons term seems to play a role there, we have found
no obvious connection to the instability discussed here. Effects of the bulk Chern-Simons terms on
hydrodynamics of the dual field theories have been studied in [169-172]. In [173,174], dispersion
relations of hydrodynamic waves in the Reissner-Nordstrom geometry with the Chern-Simons term
are discussed. Since the authors of these papers relied on power series expansions around k£ = 0,
they did not observe the instability we found since the range of instability is away from k = 0 as

shown in Figure 7.2.
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This chapter is organized as follows. In section 7.1, we show that the five-dimensional Maxwell
theory with the Chern-Simons term is unstable in the presence of a constant electric field. The
metric is treated as non-dynamical in this analysis. In section 7.2, we turn on the metric fluctuation
and study the stability of the near-horizon geometry of the extremal Reissner-Nordstrém black hole
in AdSs. In section 7.3, we generalize the analysis of section 7.2 to the full Reissner-Nordstrom
solution. We solve the linearized equations around the black hole geometry and identify the critical
temperature Tt of the phase transition. We examine the onset of the phase transition and interpret
the result from the point of view of the dual field theory. In section 7.4, we show that the three-
charge black hole in the type IIB superstring theory on AdSs x S° is barely stable against the type

of instability we discussed.

7.1 Maxwell Theory with Chern-Simons Term

It is well known that the three-dimensional Maxwell theory with the Chern-Simons term is massive

[157,158]. The equation of motion for the 2-form field strength F' is given by
d*F + aF =0, (7.3)

where « is the Chern-Simons coupling constant. Applying d* to this equation and using the Bianchi
identity dF' = 0, one finds
OF = d*d*F = —ad*F = o*F.

Thus, the Chern-Simons term in three dimensions induces the mass |a| of the gauge field.

Surprisingly, we find that the Chern-Simons term in five dimensions can turn the Maxwell theory
tachyonic. In this section, we will demonstrate this by treating gravity as non-dynamical. Coupling
to gravity will be studied in the following sections. Consider the following Lagrangian density,

1 «
L= _ZV —gF[!]FIJ + gEIJKL]V[A[.FJK.FL]\/[7 (74)

with the equation of motion,
o
a5 (V=gF"") + §EUKLMFJKFLM =0. (7.5)

We use the almost positive convention for the metric g;; (I,J = 0,...,4). Choose a background
solution F(©) and linearize (7.5) around it by substituting F = F©) 4+ f in (7.5). The linearized
equation for f is given by

05 (v=gf’") + acVKEMEO) ¢ — 0. (7.6)
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If F(©) is magnetic, this equation is similar to (7.3); the fluctuation f;; is massive and the con-
figuration is stable. If F(©) is electric, on the other hand, (7.6) has tachyonic modes as we now
explain.
Suppose the five-dimensional space is flat R1*, regard it as the product R%! x R3, and use

i=2.3,4)

coordinates (z#=%1, y . Let us turn on a constant electric field in the z' direction,

0
F{9) = Be,u,

FO =0, FY=o. (7.7)

)

The equation of motion (7.6) is then,

aufw/ + 8lfw =0,
8“f,“- + 8jfji - 20[E67;jkfjk =0. (78)

Our e-symbol convention is such that eg1 = 1 and €234 = 1. By multiplying €;;,0; to the second

equation, we obtain

(8“6“ + ajé‘j) fi — 4aEeijk8jfk =0, (79)

where

1

fi = §€ijkfjk'

To derive (7.9), we used the Bianchi identities,
Oifuj = 0jfui = Oufijs €ijndifin = 20" fi = 0.
In the momentum basis e”’““’““kiyi, the operator €;;;,0; has eigenvalues £k and 0, where k = |E E

However, the eigenvalue 0 corresponds to f; ~ k;, which is prohibited by the Bianchi identity

kif; = 0. Thus, the linearized equation (7.9) gives the dispersion relation,’

(p0)2 — (p1)2 = k‘2 + 4aFk

= (k£ 2aE)* - 4a*E?. (7.10)

We find tachyonic modes in R in the range of 0 < k < 4|aE|.

3At this point, we should note that there is a similarity of this dispersion relation to eq. (17) of [159] if we set
my, = Mg, in the paper and interpret m% as being equal to (p1)2.
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It is instructive to compare this with the case when we turn on a constant magnetic field,

0 0
F?E4) == 4(3) =B

9

Fl(g) =0 (otherwise). (7.11)

By repeating the previous analysis, we find the dispersion relation,

()? = (91)? ~ (k2)? = (VTP + (Ra)? + 42 B2 + 2jaB])
In particular, when k3 = ks = 0, the equation gives p2 — p? — k3 = (4aB)?, reproducing the
topologically massive gauge field in three dimensions.

In the following sections, we will examine stability of the extremal Reissner-Nordstréom black
hole in AdSs. If the boundary theory is on R, the near-horizon geometry of an extremal black
hole takes the form AdS, x R? with an electric field proportional to the volume form of AdS,. In
such a configuration, the effective mass squared in AdS; is again given by the right-hand side of
(7.10). The configuration is unstable if —4a?E? violates the Breitenlohner-Freedman bound m% .
in AdSs, namely,

1
40¢2E2 > \m%F\ = p, (712)
r3

where 75 is the curvature radius of AdSs. If this inequality is satisfied, the instability happens for

non-zero momenta in the range,

1 1
2B [1 -4/l — ———— k<2laF| |1 1—-—= . Nl
2 ( 16a2E2r§> <k <2ab| ( * 16a2E2T§> (7.13)

It is interesting to note that the zero momentum k£ = 0 is excluded from the instability range.
Thus, the condensate of the gauge field happens for non-zero momentum in the R? direction of the
near-horizon geometry.

As we shall see in the next section, the value of « for the minimal gauged supergravity is such
that 4a?E? exceeds the stability bound as in (7.12). This, however, does not mean that extremal
charged black holes in the minimal gauged supergravity are unstable since we must take into account
the coupling of the Maxwell field to other degrees of freedom in the supergravity theory. We will

perform this analysis in the next section.

7.2 Coupling to Gravity

The background electric field causes mixing of the gauge field with the metric at the quadratic order,

and it modifies the stability condition. In this section, we will study stability of the near-horizon
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geometry of the extremal Reissner-Nordstrom solution in AdSs. It is a solution to the Maxwell theory

with the Chern-Simons term coupled to the Einstein gravity with negative cosmological constant,

12 1
167GsL = v/—g (R + - 462F1JF”> +

(%

3'€3€IJKLMAIFJKFLM. (714)

The curvature radius r5 of the AdS5 solution in this theory is equal to ¢. In the following, we will
work in the unit of £ = 1. This is also the Lagrangian density of the minimal gauged supergravity

in five dimensions [175]. In this case, supersymmetry determines the Chern-Simons coupling « as

1
o= EWe (7.15)

In this and next sections, we will treat (7.14) as a phenomenological Lagrangian with « as its

parameter.

7.2.1 AdS, x R3

Let us first consider the extremal black hole solution which is asymptotic to AdS5 in the Poincaré
coordinates. It describes the dual conformal field theory on R with non-zero chemical potential
and at zero temperature. The near-horizon geometry of the extremal black hole is AdS, x R? with
the metric

o —(dz")* + (da')?

ds? — di?. 7= (2.3 ) 1
5 12012 +dy, =",y y") (7.16)

Note that the curvature radius ro of AdSs is 1/4/12; the curvature is stronger near the horizon. The

electric field strength near the horizon is proportional to the volume form of AdSs> and is given by

E
F9 = E = +2V6. 7.17
01 12(,I1)27 \/> ( )

For the minimal gauged supergravity with « given by (7.15),

1
40°F? =8 > |m%p| = 2= (7.18)
2

Thus, if gravity is treated as non-dynamical, the gauge field fluctuation near the horizon violates
the Breitenlohner-Freedman bound for this value of a.

We decompose the metric g;; into the background g§0J) and the fluctuation hyy as gy = g%) +hry.
The indices are raised/lowered by using the background metric. Notice that g/’ = g/ ) — plJ 4
O(h?) so that g'7g;x = §;. In the presence of the background electric field F/S?,), the unstable

gauge field components f,;, fi; # 0 mix with the off-diagonal elements h;j of the metric perturbation
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through the gauge kinetic term,
1J _ 4 m(Opvy ip
FrgF77 = 4AF MR fi+ .. (7.19)

Thus, in the stability analysis, we have to take into account the mixing. One can think of hlf as
the Kaluza-Klein gauge field upon reduction on R3. Since we are considering a sector with non-zero
momentum & along R?, the Kaluza-Klein gauge field on AdS, has mass k2.

To examine the stability of the black hole solution, we can apply the standard linear perturbation
theory. In the present situation, however, there is a simpler way as we describe here. Suppose that
the momentum & on R? is in the y? direction. To derive the effective action for the Kaluza-Klein
gauge field hf_t in AdSs, it is convenient to reduce the Einstein action in (7.14) along the y>*
directions first. This gives rise to two gauge fields (h,/,hy’) (i = 3,4) on AdS; x R, with the

effective Lagrangian

Vo) (R+12)

1 . 1 .
N _gg(zl) _ Z (KZ K”w—i-*Kl

1 K 5 HgKiﬂ) + (terms not involving h,f, ho') |, (7.20)
i=3,4

where the gauge field strengths are
K;iw = aﬂhui - 8Vh;j’ KZLQ = 8ﬂh2i - a2h,uZ (/‘Lv v =0, 1, i= 3,4)

Upon further reduction in the y? direction with momentum k, the effective Lagrangian density for

the Kaluza-Klein gauge field is

_ (O) 1 . ) 1 . . -2
Eeff ==\ Y924 Z |:4K:LVKZH + 5 ‘6/14}1‘21 — Zk/’hlf‘ . (721)
i=3,4
We see that the off-diagonal elements h ui (2 = 3,4) of the metric fluctuation give rise to two massive
gauge fields of mass |k| on AdSy with hy' serving as the requisite Stiickelberg fields.
Let us dualize the Kaluza-Klein field strength wa on AdSs and write it as a function K; times
the volume form,
, K;
Kl = —"—.
0L 12(z1)2

The equations of motion for f; = %Eijk fijx and K; are derived from the Lagrangian density, which
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is (7.4) plus (7.21) with the coupling (7.19). They can be organized into the form,

(Oaas, +070;) fi — 4aEe;10; fr, + Feijr0; Ky = 0,

E DAdSzfi + (DAdS’2 + ajaj) Eijkaij =0. (7.22)
The effective mass m of these fields in AdSs can then be computed by solving

m? — k% — 4aEk FE
det =0, (7.23)
Em? m2 — k2

where k = £|k|. We find

m2:

(2k2 + E? 4+ 4aEk + \/E* + 8aE3k + 4(1 + 4a2)E2k2) . (7.24)

DN | =

Minimizing m? with respect to k and choosing the minus sign in (7.24), we obtain the lowest

value of m? as

E? (~64a° — 240 + 6a? — (160* + 402 + 1) + 1)
2 (402 +1)° '

Substituting E = 24/6 for the near-horizon geometry, we find numerically that the lowest value of

m? violates the Breitenlohner-Freedman bound if
|| > verit = 0.2896. . .. (7.25)
The value of a for the minimal gauged supergravity is

1
a=——=0.2887....
2V/3

Thus, the supergravity theory is stable against the fluctuation of the gauge field, but barely so (with
a margin less than 0.4%).

7.2.2 AdS, x S°

For completeness, let us consider the case when the boundary theory is on R x S3. The near-horizon
geometry is AdS, x S3. Let us denote the curvature radii of AdS, and S by ry and rs, respectively.

They are related to the electric field strength E and the cosmological constant A, which is —6 in the
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AdSy x R? limit, by

12
A=—-co5+ 5,
2ry - r3
2 4
B =5+ . (7.26)
ry T3

Note that, in the limit r5 — oo, where S% becomes R?, this reproduces E = £2+/6 in our unit.
0)

As in the previous case, we consider fluctuations of the metric g;; = gg 7 + hry and the gauge

field Fry=F I(?,) + fr7 from their classical values indicated by (©). We expand the Einstein equation,
1 1

Rrj—-g9rsR=

1
5 5 <FIKFJK - 491JFKLFKL) ; (7.27)

and the Maxwell equation modified by the Chern-Simons term,
vV —QVJFJI + %GIJKLMFJKFLM = 0, (728)

to the linear order in hyy and fr;.
The linearized equations for f;; and K;, where K is defined such that K(vol AdSs),, = 2V,

can be written as

(Oaas, + Ags) f —4aEd* f + EdK =0,

4
EQaas, f + <|:|Ad52 +Ags + TQ) dK = 0. (7.29)
3

These equations are similar to (7.22), except for the last term 7% in the second equation. Here

3

*

means the Hodge dual on S3. Since d* is hermitian when acting on the space of two-forms on S2,
decompose f into its eigenstate. Its eigenvalue is known to be k = +(n+2)/r3, where n = 0,1,2, ...
Since Ags = —(d*)? when acting on f satisfying the Bianchi identify df = 0, we can set Ags = —k?.

The mass m on AdSs then satisfies the determinant equation,

m2 — k% — 4aFk E
det =0. (7.30)
Em? m? — k? +4/r?
This can be solved to obtain
1 4 16  32ak 2
m? = = 2k + E® + daFk — — + \/E4+8aE3k+4+2‘+4E2 <k2+4a2k2— 2)] .
2 r3 T3 T3 T3

(7.31)
In the limit of r3 — oo, this reduces to the previous result (7.24).

We have numerically checked that, for a wide range of A and E, the Breitenlohner-Freedman
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bound is not violated in the minimal gauged supergravity, where o = ﬁ It is interesting to note

that, in the limit of A — 0 but with non-zero E, the lowest m? in (7.31) saturates the Breitenlohner-
Freedman bound [176], which is

E2
12

LI i(E2—2A) =

—_ == .32
47“% 12 (7.32)

7.3 Phase Transition and Critical Temperature

In the last section, we studied the instability of the near-horizon region of the extremal Reissner-
Nordstrom solution. This gives a sufficient condition for the solution to be unstable. However, as
we will see in this section, the condition turns out to be not necessary. To clarify the nature of
the phase transition and identify the critical temperature, we study linear perturbation to the full

Reissner-Nordstrom black hole in AdSs.

7.3.1 Geometry and Equations

The Reissner-Nordstrom black hole has the metric

1
H{(r)

ds? = —H(r)dt* + ——dr* +r%di? , 7= %y% ") . (7.33)

Note v/—¢(® = 3. The gauge field strength is given by

o _ @
FO) = dt ndr . (7.34)

The function H(r) is given by

H(r) = 1?2 {1 - (1 + ;) (%)4 + 3% (f)ﬁ] : (7.35)

where Q) = 72,uri.

The equation of motion coming from the variation of the gauge field a; is

(V=g O f1) + 9;(/ —g O f7') — 2a%eijkfjk -0, (\/ —g<0>ge“ph;> =0. (7.36)
In the black hole background (7.33), it becomes

r

H(T’) 8tfn- + &«(TH(’I’)f”‘) + %6]‘]"]2 — 2047%Eijkfjk + QKZ =0, (737)
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where K* = 9;h," — d,.h,'. By operating €;j10; on this equation, we obtain

H(r)

1
O fi+ 0, (H(r)rd, f;) + ;ARSfi - 4a%€ijkajfk + Qeijn0; KF =0, (7.38)

where f; = 2€;j5fr and Ags = 852 + 853 + 854.
To obtain the equation of motion that comes from the variation of the off-diagonal metric ele-
ments, let us use the Kaluza-Klein reduction in the presence of momentum k along the y? direction.

The effective Lagrangian has the form

1, . .1 , ,
Lepy =195 S [4721(}”1(“” + 5 |0uhs' ikhi’| . (7.39)

i=3,4

The 3 factor comes from the volume form on the R3 directions with coordinates 3. The equation

of motion coming from the variation with respect to the metric is given by
Oy (PP KV 4 12 (—ik) (0" hy' — ikh"") — Qe fi = 0 . (7.40)

Acting on the operator €q,939%%(?) %, we can eliminate the term containing 9*hy’. Using €q,.0, +

€u0a + €000, = 0 in two dimensions, we obtain

1 1 . . 1
fiewaggwo)ﬁaar%“m + K — Qaﬂ(g””(o)ﬁfm) =0. (7.41)

Further operating ¢;;,0; on the equation,
« 1 1% 1
dslg ﬁm)ﬁaa(r%ijkajf(’“)} + A€ 0 K + Q0,u(g” (O)T—?)&, fi)=0. (7.42)
More explicitly,

1 1
<_7«3H(7~)5t2 + &H(r)?ﬁg&) (FPeird; K* + Qfi) + AZacijrd K* = 0. (7.43)

We have two sets of equations of motion (7.38) and (7.43). To simplify them, let us perform the

following rescaling,

L A (7.44)
u T4+ Ty
and make the change of variables,
fl(’r) - (b(?“),
1
eijkBij — 3¢(’/‘), (745)

u
Vel
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and set ¢ = \/g‘r . The temperature T is
+

T="% (2 i ) . (7.46)

AT

With the rescaled variables, the Reissner-Nordstrom black hole is

1 - 1 1
ds 3 < (u)dt” + () du ) + uzda: , (7.47)
where
I:I(u) =1— (14 ¢*)u* +¢*u®. (7.48)

In these coordinates, the AdSs boundary is at u = 0 and the black hole horizon is located at u = 1.
Suppose that the fields ¢ and v have time dependence e~**!. Then the equations of motion for
the fields ¢ and v give the following set of ordinary differential equations,

2 ~
~w7¢ + ud, (H(u)u*18u¢) — k2 + 8V3agku®¢p — 2qu*p =0 ,
H (u)
2 i (7.49)
> (1/) — 6qu2¢) +u~to, [H(u)u?’au (u_2(1/) - 6qu2¢))] —k*p=0.
H (u)
Introducing a new function & = ¥ — 6qu’@, the equations can be written as
2 ~
d ¢+ udy (H(u)u10,0) — (k* + 8V3agku? + 12¢%u*)¢ — 2qu®¢c = 0,
H (u)
2 (7.50)

};}(u)g + udy (H (u)u=10,8) — 6gk*u’p — (k* — 8u? — 9u?q® + 12¢%u*)e = 0.

Interestingly, the two equations can be diagonalized by a u-independent matrix. That is, for some

linear combinations ¢; and ¢ of ¢ and £, we have

w2

m@(u) + w0y (H (w)u ™ 0ui(w)) — ks (u)pi(u) =0, (7.51)

where ¢ = 1,2 and

ki(u) =k? — 4v/3akqu?

— 22 (2 +¢%(2 — 6u?) F \/4 + 4¢* — 8v/3akq — 8V3kgda + ¢2(8 + k2(3 + 12a2))) ,
(7.52)
where #1(k2) chooses the minus (plus) sign on the right-hand side. Our numerical analysis shows

that only ¢2(u) can be an unstable mode. It is related to the fact that, in the extremal limit, ko

corresponds to the smaller mass-squared in (7.24) in the near-horizon limit.
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7.3.2 Numerical Analysis

To solve the equations of motion (7.51) numerically, we impose the in-going boundary condition

near the horizon v = 1, and then evolve the solution to u = 0, the AdS5 boundary. The asymptotic

2

behavior of ¢; near u = 0 is either ¢; ~ u® or constant. The former is normalizable and the latter is

non-normalizable. To find normalizable modes in the full Reissner-Nordstrom solution, we scan the

initial conditions and see when the fields vanish at u = 0.

k/p

> O[/acrit

Figure 7.3: For a given value of the Chern-Simons coupling «, there is a discrete set of momenta k
for which static solutions exist. The curves I and II indicate two of such momenta for each a. The
red curve is the lower end of the momentum range that violates the Breitenlohner-Freedman bound
near the horizon. Note that the red curve coincides with the curve II. However, there is another
curve I with a lower momentum. This means that the near-horizon analysis gives a sufficient but
not necessary condition for the instability. Both curves end at the same critical value of a.

First, let us consider the zero temperature limit (¢ = v/2) and search for static solutions (w = 0),
which signal the onset of an instability. The behavior of the fields near u = 1 can be found from

(7.51) as
b= (1—w) 3 Vo2 (14, (7.53)

where terms in ... vanish at v = 1. In the actual numerical calculation in this section, we include
several subleading terms to improve accuracy. For a given Chern-Simons coupling «, static modes
appear at discrete values of momentum k. The lowest two modes are plotted in Figure 7.3. As
mentioned before, only the second field ¢o has normalizable static solutions.

The two curves in Figure 7.3 are denoted as I and II. Both curves terminate at o/aeis = 1 and
k/pw = 1.52.... The critical value of the Chern-Simons coupling ae.it = 0.2896... is the one we
found from the stability analysis of the near-horizon geometry in the previous section. The curves
are supposed to extend over k/pu = 1.52... and come back to the right in a bell-shaped curves. The
upper branches of the curves represent the upper bounds of unstable modes. However, we have not
been able to plot them due to inaccuracy of our numerical computation.

We also found out a static solution at zero momentum. However, for this solution, the curl of
the off-diagonal metric component €;;,0; K* is constant on R3. This means that K* is linear in R3,

and the solution is not normalizable.
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We note that the curve II fits with the red curve which is at the lower end of the momentum
range that violates the Breitenlohner-Freedman bound in the near-horizon AdS; x R?® geometry.
As we saw in the previous section, the near-horizon geometry is unstable in this momentum range,
thus the full Reissner-Nordstrom solution should also be unstable. In fact the momentum range
that violates the Breitenlohner-Freedman bound is specified by xo(1) < —3, where ¢2(u) oscillates
infinitely many times as they approach the horizon as can be seen from (7.53). On general ground,
we expect an instability to occur in this range [177].

Interestingly, the instability condition k(1) < —3 of the near-horizon geometry is not necessary
for the instability of the full solution. This is because there is yet another curve I, located outside of
this momentum range. What happens is that the curve I corresponds to a normalizable perturbation
to the full Reissner-Nordstrom geometry, but the corresponding mode becomes non-normalizable in
the near-horizon limit. Our numerical analysis shows that the critical Chern-Simons coupling it
for the curve I is the same as that for the curve II, even though the value of a.y; was derived from
the near-horizon analysis.

To see that these static solutions indeed signal instability, let us turn on w with positive imaginary

part in (7.51). We impose the in-going boundary condition, which is

|w]

pi=e - (1—u)wll (1+..)), (7.54)

in the zero temperature limit and

[w]

¢ = (1 —w)i2? (1+..), (7.55)

at a positive temperature. Figure 7.4 shows the negative frequency squared as a function of the
momentum k at zero and finite temperature. It shows that the upper and lower curves in Figure
7.3 are boundaries of unstable modes.

The occurrence of instability by the Chern-Simons coupling is summarized concisely in Figure
7.1 and Figure 7.2. For each Chern-Simon coupling «, Figure 7.2 shows an unstable region in the
momentum-temperature plane. This is related to the curve I in Figure 7.3. The range of unstable
momenta never includes k = 0. The highest temperature with unstable modes is denoted as T¢(a).
Figure 7.1 shows this critical temperature as a function of a. Below the critical temperature T (),
we expect an instability and the charge current gets a position dependent expectation value of the

form of (7.1).
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Figure 7.4: Left: Negative frequency squared as a function of momentum k at zero temperature when
a = 1.60i;. Only positive —w? is plotted. The curves starting around 1 and 3 join to represent a
tachyonic dispersion relation for the unstable mode predicted by the near-horizon analysis. The curve
starting below 1 is also expected to be connected with another line in the higher momentum region
to form a larger bell-shaped curve, but the large momentum part is difficult to analyze numerically.
The zero momentum static solution does not extend to an unstable mode. Right: Negative frequency

squared as a function of momentum at temperature T' = 8.7 x 10~ 4.

7.3.3 Spontaneous Current Generation

The vacuum expectation value of the current J in the dual field theory can be evaluated by extracting
the asymptotic behavior of the corresponding gauge field toward the boundary of AdSs5. In the
absence of the Chern-Simons term, it is well known that <j ) is given by the normalizable part of
\/W fT evaluated at »r — co. The normalizable mode of f,; decays, but that effect is compensated
by the scaling behaving of the metric so that we find a finite limiting value in the low temperature
phase. The Chern-Simons term gives rise to an additional term of the form aype;ji fj,. However,
it vanishes at the boundary and does not contribute to the expectation value. Thus, the vacuum

expectation value of the current in the low temperature phase is given by 1/—g(® f7 evaluated at

the boundary of AdSs5. It takes the form,

(J(x)) = Re (@e’*) (7.56)

where the polarization vector @ obeys

k x @ = +i|k|i. (7.57)

From the analysis in the previous section, it is clear that we should choose the plus (minus) sign when
aF is positive (negative). Namely, the sign of the Chern-Simons coupling determines whether the
circular polarization of the current expectation is clockwise or counterclockwise. This configuration
breaks translational and rotational symmetries, but a certain combination of the two is preserved.

The polarization of the current is helical and reminds us of the cholesteric phase of liquid crystals.
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Since the gauge field mixes with the metric fluctuation h,; in the bulk, the corresponding compo-
nent Ty, of the energy-momentum tensor has a non-zero expectation value at the boundary. This is

expected since the non-zero current in the spatial direction means that there is a momentum density.

7.3.4 Spontaneous Breaking of Internal Symmetry

So far, we have considered the case when the gauge group in the bulk is U(1). Since the U(1)
current commutes with itself, its expectation value does not break the U(1) global symmetry on the
boundary.

To realize spontaneous breaking of an internal symmetry, one possibility would be to choose the
gauge group to be non-abelian. The Chern-Simons term can be written in five dimensions if there
is a symmetric tensor dgp. in the Lie algebra, such as in SU(n) with n > 3. Suppose we turn on
an electric field strength in a direction T in the Lie algebra. According to [178,179], the gauge
kinetic term can generate instability in directions in the Lie algebra that do not commute with 7.
This breaks the symmetry homogeneously. On the other hand, the Chern-Simons term can cause
a spatially modulated instability in directions where dgp. # 0 with T*. The competition of the
two effects would be decided by the relative strength of the gauge coupling and the Chern-Simons
coupling. It would be interesting to study such an effect in a more explicit manner to identify the

gravity dual of a spatially modulated phase with spontaneous breaking of an internal symmetry.

7.4 Three-Charge Black Holes in Type IIB Theory

The consistent truncation of the type IIB theory on AdSs x S° to the U(1)® gauged supergravity
in five dimensions was given in [180]. The bosonic action contains three gauge fields for U(1)3 and
three scalar fields X7, Xo, X3 subject to the constraint X; Xo X3 = 1, in addition to the metric. This
low energy theory admits the three-charge black hole solutions of [181]. Here we will examine the

stability of the near-horizon region of the three-charge black holes in the extremal limit.

7.4.1 Case with Equal Charges

Let us consider the case when the three charges are identical, which implies the scalar fields are
constant X1 = Xy = X3 = 1. In this case, both the Lagrangian and the black hole configuration are

symmetric under exchange of the three gauge fields F}, Fy, F3. It is convenient to take their linear



95

combinations as

F (Fy + Fo+ F3)

1
V3
1
F, = 7 (Fy 4+ wFs + w?F3)
F_ = € F| +W?Fy + wF3) . (7.58)
V3
They are eigenstates of the Zs permutation with eigenvalues 1 and w*!, where w = €27/3. In the
black hole geometry, the Zs invariant gauge field F has an electric component with E = 2v/6, and
FL = 0. Similarly, fluctuations of the scalar fields from X; = X5 = X3 = 1 can be organized into

+1 under the Zs permutation.

eigenstates with eigenvalues w
The Zs3 invariant sector is the minimal gauged supergravity with o = 1/2v/3. To the quadratic
order, the metric and the Zs invariant gauge field do not mix with other fields. Thus, the stability
analysis with respect to them is exactly the same as the one we performed in the previous section.
The three-charge black hole is barely stable in this sector, being within 0.4 % of the stability bound.
Since the gauge fields F.. have zero expectation value on the black hole geometry, the R com-

ponents of these gauge fields do not couple with other degrees of freedom in the quadratic order. It

is convenient to write them as

1
Fo=—(fM +if@).
With the standard normalization of their kinetic terms, the Chern-Simons term takes the form,

1 D (1 2) p(2
Lt (0160, o2 1), (7.59)

where a(li)

are the vector potentials for f[(? (i = 1.2). To the quadratic order, we can take the Zg
invariant F7; to be its background value F 1(3).
Since these gauge fields do not couple to other fields in the quadratic order, their linearized

equations of motion are

. 1 ,
% (V=gf") + —= \/ge”KMLFﬁ@ =0, (a=1,2). (7.60)

Comparing this with (7.6), we find o = +1/4v/3. Since F = 4+2/6 as in the previous example, the
mass squared is given by

—40’E? = 2. (7.61)

It is greater than the Breitenlohner-Freedman bound (m%, = —3 in our unit), and quadratic

fluctuations in these gauge fields are stable.
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7.4.2 Case with Non-Equal Charges

Next, let us consider the case when the three charges are different. The five-dimensional Lagrangian

is derived in [180],

167TG5£
1 1 1 1
=g (R — 5(a<;>1)2 - 5(aq>2)2 +4) Xt - 1 ZX;Q(F“)2> + 16”KLMF}JF}2<LA§’W .
(7.62)

X, are functions of the two scalars ¢; and ¢ subject to the constraint X7 X5 X35 = 1. The Lagrangian

admits AdS5 black holes parametrized by three charges q1, g2 and ¢g3. The metric is given by

dr? 9
- d0?
(h(r) o ) ’

Hor)=1+% ¢ =psinh®6,, a=123,
712

wl=

ds® = —(HyHyHs) "5 h(r)dt® + (H,HyH)

X, = H;'(H HyHs)5

hry=1-L5 4?1 H,H;
T
A, = (1—H;*")coth B,dt . (7.63)

This is the metric whose foliating transverse space is S3. If it is R? instead, the S® metric dQ% is

replaced by the flat metric and h(r) and A® are replaced with

h(r) = ’r% 2 H Hy Hy |
1—H!
Ay = ——2-dt. 64
sinh (3, (7.64)

Given the charges ¢q,, it may be possible to choose p such that the black hole becomes extremal.

That is, the inner and the outer horizons coincide. For the extremal case, the near-horizon geometry

is AdSy x S3 or AdSy x R3: if the horizon occurs at r = rg, for small p = r —rq, h(r) = %h”(ro)pZ.

Hence the geometry becomes
2 1 20 dp? L2
ay P az

%(HlHQHg)_%h”, and ay = (HngHg)_%ra2 for S® and aglng is replaced with the

where a; =
flat metric for R3. H, and h” are implicitly evaluated at r = r.
We want to analyze the linear fluctuations near the horizon in the extremal limit. Let F, =

Féo) + fo = FCSO) + da, and gr; = g9 + hry. If we focus on the fluctuations of the a; and Py
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fields only, we find that the linear fluctuations of the scalar fields ¢; and ¢ do not couple to them.
Therefore, we may use the background value of the scalar fields. In this case, we can derive the

equations of motion as in the previous case, and the result is

(Ag + A3)f! — X2E3d* f2 — X?Eqod* f2 + E1dK =0,
— X2F3d f1 + (Ao + A3)f? — X2E1d* 2 + E2dK =0,
— X3Eod* f* — X2E1d* f? + (Ao + A3) f> + E3dK =0,

By

E E
<7 Ao*fl + X—QQAQ*fQ + X—zAg*f?’ + (A + As +4ag)dK =0 . (7.66)
1 2 3

E, are the electric fields such that dA, = E,(H 1H2H3)_%dt Adr. The above four equations give a

mass matrix equation

m? —k? —E3X?k —ExX?k E;
—E3 X2k m?—k® —FX2%k E
det | 272 e 2 —0. (7.67)
—E2X32k’ —E1X32k‘ m2 - k’z E3
%mQ )%QmQ %’;mz m? — k? + 4asy

2 we obtain the mass spectrum.

Solving this equation for m

When two of the three charges are the same, we can analyze the mass spectrum analytically
for the AdSy x R geometry. In this case, only the ratio of the charges matter. Let the charge
assignments be (¢,) = (1,¢,¢9). Demanding f(ro) = f'(ro) = 0 at some r = 1y, we obtain the

relation ¢ = z(2x + 1) and pu = 4z(1 + x)3 where z = rZ. Let us parametrize the extremal solutions

in terms of . Then the various functions at the horizon are given by

Hy=z'(142), Hy = H3z =2(1+2z), HHyHs =427 (1+2)%, (7.68)
X, =2523,  Xo=X3=2"3g73, (7.69)
Ey=2526, Ey=FE3=252"5(1+42x)%, (7.70)
a1 =232 5(1+4z), A=-2352"5(1+4z). (7.71)

When the two charges are the same, there is a Zo symmetry exchanging the two charges. Since the
gravity is insensitive to this exchange, only the combination f2+ f3 couples to the metric component
and f? — f3 decouples. The decoupled mode is analyzed by considering the mass matrix in (7.67)
with the eigenvector (0,1, —1,0) for some m?. Due to the fact that E, = E3 and X5 = X3, the only

condition that we need to satisfy is

m? -k +E1 X2k =0. (7.72)
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E, X2

Therefore m? has the minimum value when k = 5

. . EZX3 4 1
, in which case m? = ——2 = —-23723. The

Breitenlohner-Freedman bound is —% = —2_%:3_%(1 + 4z). Their ratio is which is always

T
lower than 1. That is, the mass squared is always above the bound.

Of course, it is possible that there are other modes that go below the bound. But this turns
out not to be the case. To see this, let us evaluate the determinant (7.67) when the mass-squared
m? takes the value —ial, which is the Breitenlohner-Freedman bound. Then this is a function
of k and x. We can check that this function is always positive, meaning that the roots of the
determinant equation, which are the possible values of the mass-squared, are all greater than the
Breitenlohner-Freedman bound.

When all three charges are different, we have not been able to solve the equations analytically,
so we resorted to a numerical method. Given three charges, we first adjust the parameter p in
(7.63) so that it gives an extremal black hole. Then we evaluate the metric and the functions at
the horizon and solve the mass matrix equation (7.67) for m?. In both AdSs x S3 or AdSs x R?,
however, no unstable modes are found for a large range of the three charges. The bound is always
barely satisfied.

In this section, we studied stability of the three-charge black hole in the near-horizon limit. As we
saw in the previous section, the near-horizon analysis gives a sufficient but not necessary condition
for the instability at 7" = 0. However, the critical value of the Chern-Simons coupling is given
correctly from the near-horizon analysis. Thus, we expect that our conclusion in this section would

not be modified even if we perform the analysis in the full black hole geometry.
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Chapter 8

Conclusions

In this thesis, we first discussed metastable vacua in various supersymmetric gauge theories and ex-
amined the consequence when they play a role in the construction of realistic particle physics models.
Next, we applied the gauge/gravity duality technique to study strongly coupled field theories.

In Part I, we showed that there is a general method to construct a small superpotential of
the scalar field in the vector multiplet in the A/ = 2 supersymmetric gauge theories such that it
produces a metastable vacuum generically at any point in the moduli space in the Coulomb branch.
The superpotential is intimately related to Kéahler normal coordinates: the superpotential is a linear
combination of truncated Kahler normal coordinates to some finite order. We also observe that
when all orders of Kéhler normal coordinates are included in the construction of the superpotential,
the superpotential actually becomes a linear combination of electric and magnetic Fayet-Iliopoulos
terms. Hence a previously metastable point preserves ' = 1 supersymmetry if we include all higher
order terms of Kahler normal coordinates. The occurrence of supersymmetry is related to the fact
that Kéhler normal coordinates are not globally defined in the moduli space.

It is an interesting problem to see such a construction in string or M-theory setup. There are
several works [182,183] that attempt to realize the perturbed N = 2 supersymmetric gauge theories
by deforming M5-branes appropriately in M-theory. Especially, in [183], it was shown that the scalar
potential that results from a small superpotential perturbation of N' = 2 theory can be described
by the off-shell M5-brane worldvolume action. Being non-supersymmetric, the M5 configuration is
non-holomorphic, but it is still a harmonic embedding and they give a geometric explanation for the
stability of the M5 configuration.

In addition to developing a method to generate metastable vacua, we apply it to the construction
of realistic models. Following the definition of the general gauge mediation in [49], we computed
correlation functions and gaugino masses in various models. According to the definition, we are
interested in the properties of the system when the gauge couplings of the observable sector are
small. In that case, for computational purposes, we may replace the observable sector with some

‘spectator’ gauge theory. Then, sometimes the system can be solved even in strongly coupled regime,
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and we obtain correlation functions in this way.

Part II of the thesis was devoted to the study of gauge/gravity dualities. We studied the appli-
cations of gauge/gravity dualities to possible condensed matter problems. First, we consider a field
theory with nonrelativistic version of conformal symmetry, called the Schrédinger symmetry. In
search of a gravity dual of the nonrelativistic limit of the mass-deformed version of ABJM, we found
a supergravity solution in M-theory with SU(2) x SU(2) x U(1) x Zg global symmetry. However,
it turns out that the number of supercharges are at most 6, which is less than the required number
14 to be a proper dual of the nonrelativistic limit of the mass-deformed ABJM theory. Also, it was

+2 . . o
42— in the metric, which makes the =¥ direction

difficult to introduce a term proportional to —
timelike. The problem is mainly that it is difficult to keep the supersymmetry with this term. How-
ever, this term was considered in the paper [141,184] preserving some supersymmetries. A more
thorough analysis on M-theory solutions with Schrédinger symmetry is done in [185], where it was
shown that the most general M-theory solution with SU(2) x SU(2) x U(1) x Zs global symmetry
and N/ = 2 super-Schrodinger symmetry cannot have more than six supercharges. As discussed
in [185], the impossibility may be due to the fact that the gravity geometry may be singular, which
is the case for the level £k = 1 of ABJM theory with mass-deformation, and it cannot be resolved
by taking any limit. In that case, either nonrelativistic mass-deformed ABJM theory does not exist
quantum mechanically, or the duality does not work in the nonrelativistic limit. Or it is possible
that the ground state of the field theory may break some of the supersymmetries present in the
theory. The last possibility is supported by [186], who computed the Witten index and pointed out
that the classical analysis of nonrelativistic Chern-Simons-matter theories should receive substantial
quantum corrections when N/k > 1, which includes the parameter region where the supergravity

approximation is valid.

Figure 8.1: The configuration of the gauge fields in the spatially modulated phase

In the last chapter, we study five-dimensional gravity theories with Chern-Simons term, that
are dual to four-dimensional gauge theories with U(1) chiral anomaly. We show that if the Chern-

Simons coupling « is above some critical value a¢, there exists unstable modes above some critical
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temperature T («) that depends on a.. The corresponding phase is spatially modulated; some of the
gauge field components point along helical directions, as shown in Figure 8.1. It will be interesting
to investigate the final configuration of the instability. In addition to the works in Chapter 7 related
to the five-dimensional gravity theories with Chern-Simons term, there are recent studies in the
same theory with the addition of the magnetic fields [187-189]. It would be interesting to include
magnetic fields in our analysis and see whether a spatially modulated phase still exists, and in which

condition it is favored over the uniform phase.
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Appendix A

Semiclassical Consideration

Although it is very complicated to derive explicit geometric quantities for general points of the
moduli space of N'= 2 SU(N) supersymmetric gauge theory, there are simple expressions available
in the semiclassical region. This is the region where only perturbative corrections are enough.
For simplicity, we consider the case without hypermultiplets. Since there is a possibility that the
curvature is semipositive and the flat directions are not lifted for any choice of k; in W = k; 2%, it is
useful to see that this actually does not happen in this regime. In the semiclassical approximation, we
have to consider the region in which each A; in (3.3) is different from each other to prevent enhanced

gauge symmetry. The prepotential F(A) in (3.3) is given by, up to nonperturbative corrections [74]

)
2

T 'Aj 7 i j2
]—'(A)NQOZ<A¢ Z;V > +EZ(AFA]-)21og(AA72A).

i<j

Here A; are the coordinates of a point p in the moduli space. Of course, they are not independent
and subject to the constraint ), A; = 0. From this, it is straightforward to derive the various metric
and their derivative components. In particular, the curvature does not vanish and is of order O(g*).
Hence we see that the nonzero curvature is induced by the perturbative effects. The derivatives of

the metric are given by

1 1 Oi Oik — Oak
N _ ja 9 q )
OkYjq o < 7q jk; A — A, A - A A; — Aq)

If we contract this with a vector w’ at p,

; 1 wh — ™ wh — wl
= J L = _— g — —
qu w 3k;gjq o E (Ak — Am) §kq Ak —A(j 5 (Al)

m

where we implicitly omit terms whose denominators vanish. Note that this is precisely the expression

that entered (3.11). Pyg in (A.1), treated as a matrix, is nonsingular at least at one value of w?:
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N 1
Prg = o <5kq_ N) ,

which is non-degenerate (note that the vector (1,...,1) does not count). This implies Pyg is non-

When w! = A;

degenerate for generic choices of w’. In (3.11), g% is positive definite. So the equality holds only
when v = 0 for the above given w. Therefore, we can choose a superpotential to make a metastable

vacuum at any point in the semiclassical regime.
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Appendix B

Metastable Vacua at the Origin of
the SU(IN) Moduli Space

In section 2, we showed how our mechanism applied to the simplest case when the gauge group
is SU(2). We can extend this to the more general SU(N). For simplicity, we will consider the
SU(N) theory without hypermultiplet. Though it is hard to find an explicit form of the moduli
space metric for the SU(N) theory and compute its curvature, it turns out to be possible at the
origin of the moduli space. This result in turn determines the normal coordinates and hence the
superpotential which generates a metastable vacuum at the origin. Later, we consider a deformation
of the superpotential so that it becomes a single-trace operator.

Let u, = tr(¢"), ¢ =1,..., N. These parameterize the moduli space. They become u, =" (a;)"
at weak coupling where a; are the expectation values of the eigenvalues of the chiral supermultiplet.
It is more convenient to use the symmetric polynomials whose expressions at weak coupling are
given by

sr=(=1)" Z iy o .0, r=2,...,N.

i< <t

At strong coupling, these are defined by

rs, + Z Sp—alle =0, r=1,2,.... (B.1)

a=0

The moduli space are given by the elliptic curve [58,59]:
N
y? = P(z)? — A%, where P(x) = Z sqxN T (B.2)
a=0
At the origin of the moduli space, all s, = 0 and P(z) = 2. s¢ is defined to be 1 and s; = 0 for

SU(N) case.

We choose the basis cycles ; and (; such that their intersection form is (a;, 3;) = 6;5, i,j =
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aDiZf)\, CLj:%./\7 (B.3)
a; B

J

1,...,N —1. Then

where
N-1 da
A= N — a)sgaN = .
C;J( ) J

There is an overall constant in front of A which can be determined by examining the classical limit.

But it can be absorbed in the coefficients k., in the superpotential W = k,z“. So the exact coefficient

6)\ xN—a xN-‘,—l—(x
Bt (),
054 Y Y

is not necessary. Since

the differentials of ap and a are

. N—-«a . N—«o
aam:_]{x 7 %:_7{”3 . (B.4)
084 o« Y 084 8, Y

Since we are going to compute the connection and curvature at the origin, we also need expressions

for multiple differentiation. Differentiating the above equation with respect to sg,

D aN—e
~ P N=Bq
05,053 y3 ()z v
N o 3N—a—B—p (B.5)
= Sp 3 dx ,
p=0 y

where ~ means equality up to exact pieces. Differentiating once more,

N
_3gAN—a=p——p 3N—a—fB—y
: P(z)dz + x73dm .
Y

O3\

——— >~ ) s =
05005305 pz:(:) P Yo

These are general expressions. Now we consider the values at the origin of the moduli space. Using

the relations

23N—k Z3N—k—1 JNIN—k—1 (B.6)
d( 3 )—(3N—k:) 7—dv — = dzx |
Y Y
it follows that

92\ Nfoz—ﬁ+1:rN’a7'@d

~ x
0540 N ’
Sa058 Y (B.7)

Pr (et BH+y-2N-1)(N—a—-F—y+1aNoF
8saasgasy B N2 y
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When the moduli are set to the origin, the curve is given by y?> = 22V — 1. Here we set the
scale A of the theory to 1. We place the branches on the unit circle as follows [190,191]: The nth
branch lies along the angle 27 (2n — 2) to 2%(2n — 1). The o, cycle encloses the nth branch. The
~n cycle runs between n — 1 and nth branches (indices are modulo n). For example, when N = 4,

the branches are distributed as in Figure B.1.

a2

Figure B.1: The cycles «; and ~;, and the branches for the moduli s, = 0 when N = 4.

We choose the cycles 3, by
Bn= i (B.8)

i<n
Then the intersection matrix for ., and 3, are given by (ayn, Bn) = dmn. Since we are considering
the moduli space at the origin, the periods have many relations among each other. These eventually

determine all periods in terms of one function. Let us start with the period

Oapm :_?{ xN_adx
054 o, Y

2r(m—3%)/N ei()(Nfoz)eiO
= —2/ ——idf .
2an(m—1)/N VeXN0 1

By changing integration variables, we get the recursion relation

0apm+1 _ e%(N_a_H)aaDm .

asa asa
That is,
dapm — (N7a+1)(m71)aaD1
EN 0sq

and the same relations hold for their differentiations with respect to sz (resp. sg and s,) by replacing

a with a+ 3 (resp. o+ 3+ 7). Also, an analogous result can be drawn for a by using the cycle 3,
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n (B.8). Moreover, ap; and a; are related by

% = ef%(N a+1) Oap
(9Sa 88(1 ’
0%aq x 0%a
— o~ iR (N—a—p+1) D1
054,03 ¢« Dsa0sp (B-10)
3 3
76 % = eii%(Niaiﬁf"Y"’l) 6 ap1 ,
05005305, 05405305,
which can also be obtained by change of integration variables. So, let us define
w/N el iO(N—a+1)
h(a) =2 Y de ,
so that
8(1[)1
9 = —h(a) .
The rest are determined by the above relations.
The metric is given by
s= Ly (2ons 095 Oaj Oan,
9B = 5 —\ 950 055 0Osa 055 )
By substitution, we reach
9o = Aa,gh(@)M(B) ,
where
1 N—-1 1
Apj=n Ze (N—at1)(i-1)=(N=F+1)(j—1)+ 5 (N=5+1)]
R
= (B.11)
1 B [(N—at 1) (=)~ (N—B+1) (1)~ (N —at1)]
2 j=1

The summation can be done straightforwardly. This is nonzero only when o = 3 provided a, 3 < N.

Evaluating when o = 3, we get

When evaluating 9, 9,3, we get a very similar expression but with A 5 instead of A, 5. Since

a+7,

a+ v can be N + 1, in which case A, 5 is non-zero, it may cause a problem. But, fortunately,
such terms do not contribute by (B.7) . A, i~ +ta,3 1s nonzero when p+v+a = B+ 2N and we have

to take this into account.



108

The results of the computation are summarized as follows:

N _
I —— ;)|
b 6251117”(6\,_1)
_ 2 : W(B_l) _
97 =05 |n(B)| 2,
N-B+1 -
0,905 = — Sl e,

+o B . 3—
K Oéﬁ?smw

(N=B+1(B-2N—-1) =

apavgaﬁ = 6p+'y+a,5 9N sin ﬂ(%l) ‘h(ﬁ”
(8- 1) a2
1) 3 ——|h
T 0ptyta,ftaN 9N sin ﬂ(ﬁN_l) [h(B)]”, (B.12)
i _ (N—=fB—v+ 1)2 2
858795ﬁ _6ﬁ+'~/,ﬁ+6 2N sin W(ﬁw,l) |h(ﬁ + '7)‘ )
5 N—-—a+1
« ad
By =97 08915 = Oapty >
R =9°79" 959450~ 985 — 9" 050~ 955
N—a—6+1)2 | h(a+d 2 sin m(a—1) <
_ —(50(_;'_575_’_7( N2 ) El(a) ) in -rr(anE—l) for + 6> N
0 otherwise.

Let us try W = As, as our starting superpotential where A is a small coupling constant. Due

[e3%

to the curvature formula, R, ;-

for fixed « is a diagonal matrix with some zeroes on the diagonal

unless @« = N. Hence the only plausible case is W = Asy. In this case,

T 12

h(N + ) > ginz
N~§ 0% N2 ’ > (Bl?))

h(N)

. omw(6-1) "’
Sin - N

which is manifestly positive-definite.
The correction we need to add to make a normal coordinate is given by (3.5). Using the following

values

N

s = g MNP
Dasv-.5 = g MOV -
90a08IN —a—p.N = 28111; %WN)\Q ; |
Onowg s = s Dy

2siny N
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we have
1 N+1 (N —1)?
_ LN _ 3
W =Xz" = SN — ﬁ Z SaSp + W Z SaS3Sy + GT(SN) . (B15)
a+p=N a+pB+y=N
In the case N = 2, we have W = \u + i)\u?’, u = —S9, which is the superpotential that we used

to check the metastability for SU(2).

B.1 Deformation to a Superpotential with Single-trace Terms

The superpotential (B.15) is not a sum of w, where w, = tr(¢"). Actually, s, is given by the
implicit relation (B.1) and there are quadratic and cubic terms in s in (B.15). For N = 2 and 3,
the superpotentials are already of single-trace type because we have few independent coordinates
(s2,...,8n). For N = 2, it is trivial. Let us consider N = 3. Here, all J,g3 3 vanish since oo+ 3 = 3
cannot be satisfied both being greater than or equal to 2. Considering other terms also similarly,
the only terms we get are s3 and (s3)3. s3 = —u3/3 and (s3)% = —ug/3 up to cubic orders of uy and
ugz. But, for large N, this does not work. So we have to consider a deformation.

We will first consider a general deformation and apply this to our case. Given a superpotential

W = kqz%, consider a deformation of the form
W = ko2 + %2“23 + %zazﬁz"’ . (B.16)

We may add quartic or higher degree terms in z. This will not change the local behavior of the
leading potential near p, however. From the inverse metric (3.6), the leading effective potential is

given by

V= (ga3+Ra5p;\2925\) (ka +Oéaﬁzﬁ +ﬂaﬁﬂ{2527) (k5+5‘3[§26 +BS,{§72B2’_Y>
= ka/_ga + aagl_ﬂo‘zﬁ + &agkaz’é + ﬂaﬁ,yl_co‘zﬁﬁ + 5357/{52'@5’7 (B.17)
_ 5y o = .
+ (kpk;\Rp gy T Qap@ "y) P10,

where g"‘fé and g, are used to raise and lower indices. All tensors are evaluated at the origin. If we

demand a deformation leave the local minimum invariant, aqg should satisfy
Qapk? =0. (B.18)
Given such aqg, (B.17) becomes

V = kok® 4+ M,52°2° + Lap2®2 + L;52°%7 (B.19)
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where M,5 = kpl%gR’"saB + amd% and Las = k7B,ap. The second term is positive definite, so it
tends to give a local minimum at p. But the last two terms develop tachyonic directions. So, roughly,
when [3,,4 is smaller than the order of k,R” ~af schematically, we have a metastable minimum.

We now consider a specific deformation. Note that the last term of (B.15) can be converted into

2
- (Aé;v? (un)? to cubic order, and this is
(N -1)°
2 s,
GN3 UsN
to the same order.! So the last term is fine. That is, if we express usy in terms of us, ..., uy, we

have a term w7 (un)?, but all other terms are of quartic and higher orders.

To deform the first three terms of (B.15), note first that, from (B.1),

N—1
uny = —Nsy — Z SN—ala
a=1
N-1 a—1
=—Nsy — Z SN-a(—asqa — Z Sa—paUg) (B.20)
a=1 B=1
N-1 N—-1la-1
= —Nsy + Z QSN _aSa — Z Z BSN—aSa—pSs + O(s*) .
a=1 a=1 =1
Therefore,
1 1 1
FUN = TSN + 3 Z Sasg — 3 Z Sa835, +O(s) . (B.21)
a+pB=N a+pB4+y=N
We can invert (3.5) and get
o = 2 — 2gpi0,g 0P 4 O B.22
= 59 sgraz” 2" + O(2°) . (B.22)
We will consider a superpotential
W[ +(N_1)2 (B.23)
= NUN GNS U3N ) .

for small coupling constant A\. Note that we have set the scale A of the theory to 1.
This is indeed a sum of single-trace operators. We will see that this superpotential produces a

metastable vacuum at the origin. Note that (sy)® = —%usy + O(s*). Using (B.15), (B.21), and

I Actually, the chiral ring is modified due to instantons as discussed in appendix A of [192]. We will discuss this
effect later.
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(B.22), we can express W in terms of z%:
1-N
AT A p—— Z 2%2P

1 N+1 _
+ (3 N2 ) E 222P Y — E 9°°0, 95522 27 + O(2) .
a+B+y=N a+d=N

(B.24)

Referring to (B.16), the deformation corresponds to
1-N
_>\_1 aff = 7504
Qap N latBN

_ N +1 _
A" Bapy = <1 - 2]\[2) SotsirN =3 ON_5(a9"0v9p)5

5,p

(B.25)

where (---) in indices denotes symmetrization.
When we deform the superpotential W according to (B.16), the tree level potential is given by
(B.17) . From this, we see that deformations given by a.g and faz such that

OéagTC5 =0 5

ﬁaﬂ’y ]%’Y =0

(B.26)

leave the metastable vacuum at the origin of the effective potential. Since the metric is diagonal
at the origin, these amount to requiring aan = Bagn = 0. Note that ¢°? vanish unless § = p and
0,9pp vanish unless v + 8 = p. Considering all combinations of indices, aan = Bagn = 0.

As noted before, we also have instanton corrections on the chiral ring. Quantum mechanically

[192],
1

2m 1 P'(2)
. — AQNmi% 3N d
e = 3 ) g 7 Bt

where C' is a large contour around z = oc.

The m = 0 term gives the classical relation, i.e., usy = 5 (un)®+O(u?). The m = 1 term gives
the instanton correction. This changes the coefficients aqg and Gn3,. However, the relations (B.26)
are still satisfied since the additional contribution to ag (resp. fapy) occurs only when a4+ = N
(resp. a«+ B+ = N). We conclude that the superpotential (B.23) gives a metastable vacuum at

the origin.

B.2 Large N Behavior

The first and the second terms of (B.23) are both of order N~=! when expressed in terms of s.

Hence we may consider a deformation that eliminates the second term. This turns out not to be
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possible.

Since A is just an overall coeflicient, we can set it to —1 in the following discussion. Note that

usy is —N(2)3 in 2% coordinates to cubic order. Hence (B.25) change to

1-N
Qop = T5a+5,1\1 )
(B.27)
N+1 . (N —1)2 ’
Bapy = (1 - 2N2> Satpta,N — 30N —5,(a9°"Ds9p)5 — 5Nz OaNOsNOyN -
Since we have shown that a,n = Basn = 0 were it not for the additional term, we have
(N -1)°
/BaﬁN = _W(SQ,N(S,B,N .
Then L,g = gNNﬂaﬁN in (B.19) are all zero except when a = = N and
I __(N—l)2 sin %7
NS (R
Since h(N) ~ 1/N, this scales like N° for large N. But M,,; are given by, using (B.13),
MO‘B = RNI\LB =+ Oéfyaéz 3 = gNNRNNaB + 9780[»}@6&55
- =12 .
2312 [N A B (sin §)?
e |h(N)|4 sin W(BN_U (B.28)
1-N\? 2 sin =1 _
() T O b
¥

M, are diagonal and the second term vanishes when a = 3 = N. Therefore,

2(N—12|h@2N)? . =
Myy = in — .
IR @t TN

Since h(2N) scales like N=2, My y scales like N=2. Since Ly introduces saddle point behavior at
the origin along the N-th direction and My x5 is not large enough to lift it, the metastability could
not be maintained in the large N limit if we did not include the second term of (B.23) . Actually,
Lyn/Myx > 1/2 for all N(we have explicit formulae), so we cannot remove the second term of
(B.23) for any N.

The components of (B.13) is of order N=2 when v = § is near N and of order N~! when
~v = ¢ is near N/2. So although the metastable vacuum at the origin persists for any finite N, the
mechanism to make metastable vacua using the curvature becomes harder and harder to implement

as N increases in the current setup.
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Appendix C

Notation for the
Eleven-dimensional Supergravity

We mostly follow the notation of [193]. In the supergravity approximation of M theory, the La-

grangian is given by

Jp— [/dllx\/fg(R—;Fﬁ) —é/A3/\F4/\F4} : (C.1)

=52
2Kk7,

The quantity |F,|? is defined by

1 ,
|Fpl? = HngNl g™ N Pag o vy, - (C.2)
Indices M, N, ... run from 1 to 11 and denote coordinate indices. The metric is mostly positive.
The vielbein indices are denoted by A, B, .... The equation of motion for Ag is
dF, =0,
(C.3)

1
d*F4+§F4/\F4=0.
The equation of motion for the metric gy is
Gun = /‘fflTMN , (C.4)

where Gy is the Einstein tensor, and

T 2 6854,
MN = =g 6N

(C.5)
where S4, denotes the part of the action excluding the Ricci scalar term. Explicitly,

1 1 2
Tun = ——5 <'9MNFM1'”M4FJ\41...M4 - ‘FMM1A42M3FNM1MZM3> . (C.6)
12, \ 4l 31
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In terms of the gamma matrices,

11
—Tr(Ty FOTNyFW)

Tyn = ——5
MNT k2 32

where F4) = LFy/ v poTMNPQ. The eleven gamma matrices satisfy the relation
(14,18} — 2918

)

where 748 = diag(—1,1,...,1).
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