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INTRODUCTION
This thesis is a small contribution to the ambitious goal of understanding some
of the more complex flows that are found in nature, namely, flows of fluids with
a microstructure. There is a great diversity of such flows: suspensions, emulsions,
polymeric solutions, ..., each exhibitting phenomena not found in the flow of ho-
mogeneous Newtonian fluids. A bit of this diversity has been incorporated in this
thesis: The first part of it is on some aspects of non-Newtonian fluid flow, and in
the second part Brownian motion involving interfaces between Newtonian fluids is

studied.

Given the large amount of effort devoted recently to thenumerical simulation
of non-Newtonian fluid flow, the absence of mathematical proofs that any of the
standard computational methods for solving the equations will converge except for
nearly Newtonian flows seems somewhat disturbing. While there is evidence that
investigators may have overcome the so-called “high Weissenberg-number problem,”
at least in specific cases, confidence in the numerical solutions would undoubtedly
be increased by a rigorous mathematical foundation for the numerical algorithm.
The first, and in many cases nontrivial, step towards this is to prove that a solution
actually exists. In the first part of this thesis, a proof of existence without restriction
on the parameters is given for a particular modified finitely extendible nonlinear
elastic dumbbell model. A physical basis for the modifications is given.

For numerical computation, the issue of stability of a flow is also an important
one, as the small errors introduced by discretization are essentially perturbationsin
the flow, which, if they grow too fast, can make convergence impossible. An energy
method calculation is given here for the same FENE dumbbell model considered

in the existence proof (except for the modifications) to show that for any flow in
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a bounded domain, at small enough Reynolds number and high enough Deborah
number, all disturbances will remain bounded. While the estimate found for the
highest Reynolds number and lowest Deborah number for guaranteed stability may
be very conservative, the result is nevertheless useful in that it shows that if there
is an instability, it must occur at a critical Reynolds or Deborah number.

While the Brownian motion of a rigid particle has received much attention in
the literature, and the Stokes-Einstein diffusivity of a rigid particle is a result al-
most as well-known as the Stokes drag law, the Brownian motion of systems that are
more complex hydrodynamically has only recently begun to be investigated. Most
recent work on such systems has been for systems with rigid boundaries, e.g., sus-
pensions of rigid spheres. In this thesis, the case of deformable fluid-fluid interfaces
is considered. Since the understanding of the behavior of clusters or suspensions of
particles can only follow an understanding of the behavior of a single particle, the
two cases considered here are a drop in an infinite fluid, and an isolated particle
in the presence of an approximately planar interface. Expressions for statistical
quantities, such as the velocity autocorrelation, of the particle and drop motion are
derived. In the case of the interface, the nature of its effect on the particle’s be-
havior, beyond the obvious fact that it changes the particle’s mobility, is explored.
Similarly, the surface-tension dependence of the drop’s motion is investigated.

Finally, in a slight digression, the problem of high-frequency oscillatory Stokes
flow around two spheres, with specified velocity at their surfaces, is reduced to an
infinite system of algebraic equations for the (frequency-dependent) coeflicients in
a spherical harmonic expansion of the solution. This is expected to be useful for
computations of such flows where better accuracy than an approximate solution

obtained by the method of reflections is desired.
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CHAPTER I

Existence of Solutions for all Deborah Numbers
for a Non-Newtonian Model

Modified to Include Diffusion

Chapter I consists of the text of a paper

submitted to Journal of Non-Newtonian Fluid Mechanics
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INTRODUCTION

The question of existence of solutions and convergence of numerical methods for
models proposed to describe non-Newtonian fluids has become particularly relevant
on account of significant difficulties that have been encountered in computational
studies. There is evidence that at least part of the problem may be due to intrinsic
flaws in the model, namely, that they allow as mathematical possibilities phenomena
that are physically unreasonable. In this paper, it will be shoWn by examining the
conditions needed for a mathematical proof of existence, that attention can be drawn
to the specific terms in the constitutive equation that could give rise to unphysical
behavior. This should not be surprising, since the definition of “existence” generally
has built into it a restriction to classes of functions that are physically reasonable.

Only constitutive equations of the so-called “molecular” type that come from
simple “dumbbell” models will be considered here. Bird et al. [1] discuss these
models and their derivation in detail. In particular, the following (nondimension-
alized) model (used by Chilcott and Rallison [2] in their numerical calculations of

flow past a cylinder and sphere) will be used:

Reuw-Vu=-Vp+ Viu+ ‘%V (f(R)A);

u-VA:A-Vu—}—VuT-A—i%z—)—(AnI); (1.1a,b)

where

1
f(R) = —F%7;
e
and R? is the trace of A. Here, u is the velocity, Re is the Reynolds number, c is the

(1.2)

dumbbell concentration, D is the Deborah number, and A =< rr >, where r is the
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end-to-end vector for a dumbbell and the brackets denote an ensemble average. The
Deborah number D = 7/T, where 7 is the polymer relaxation time, and T is the
characteristic time scale of the flow. This is a FENE (finitely extendable nonlinear
elastic) dumbbell, meaning that the two beads are connected by a spring that can
be stretched by the flow, and which exerts a restoring force tending to bring the
dumbbell back to its equilibrium extension. The words “finitely extendable” refer
to the fact that the spring coefficient f(R) becomes infinite as R approaches L,
(L being an adjustable model parameter) so that the (average) dumbbell extension
can never exceed L. It has already been pointed out by Rallison and Hinch [3]
that without this feature of finite extension, there are certain flows in which the
dumbbell would extend to infinite length, a clearly nonphysical phenomenon. If it
was attempted to prove existence of solutions for the equations of motion based upon
such a model, (or derivatives such as the Oldroyd model, which can be derived from
a dumbbell model with a constant spring coeflicient), it would immediately be clear
that the possibility of infinite extension is an obstacle, since all currently available
methods of proof require a prior: estimates guaranteeing that all possible solutions
lie in a compact subset of some reasonable function space, so that sequences of

approximate solutions will converge to an element in that space.

While the need for a bound on the extension of the dumbbell has been rec-
ognized for some time by non-Newtonian fluid mechanicians, there are two other
potential flaws in models such as the one above that seem not to have received
much notice yet. It is the purpose of this paper to draw attention to them and to
show that, once they are corrected, the existence of a solution can be guaranteed
independent of the Deborah number. While no proof is provided here that solutions

in some Sobolev space fail to exist without the modifications to the model suggested
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here, it is certainly true that none of the currently available methods to prove ex-
istence can be applied successfully. Our point of view is that this is an indication

of problems with the model rather than any inadequacy of available mathematical
theory. Undoubtedly it is possible to come up with a sufficiently generalized def-
inition for a solution (i.e., the solution would be sought in a function space with
sufficiently relaxed continuity and boundedness properties) that existence could be
proved regardless of physically unrealistic aspects of the model. Since this would
mean that the solution might be physically unrealistic, however, this seems to be
a much less useful approach than modifying the model to disallow any undesirable

behavior, and then proving existence.

One of the problems with the model in (1.1) is brought to light in one‘ of the
essential steps of an existence proof, namely, getting an a prior: estimate on A in
the Sobolev space in which a solution is sought, which means that the components
of A, as well as all their first-order partial derivatives, should be Lebesgue-square-
integrable (which implies a certain degree of smoothness and boundedness). How-
ever, a constitutive equation of the type given in (1.1) is really just an ordinary
differential equation giving the derivative of A along a streamline. If a physically
reasonable value of A is prescribed as an upstream boundary condition for a stream-
line, and the velocity field is not too pathological (this will be made more precise
later by requiring that u lie in a Sobolev function space so that it and its first- order
derivatives are square-integrable), then the terms on the right- hand side of (1.1b),
which determine u - VA (the derivative of A along the streamline), will integrate
to give bounded and continuous values of A along the streamline. If the streamline
is closed, the constitutive equation is like an eigenvalue equation for u, since the

value for A obtained by integrating along the streamline must equal the value at
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the starting point of the integration. In this case it is less clear what conditions on
u are necessary to ensure that VA will be bounded. In any case, it is natural to
ask the following question: Is there any limitation on the derivatives of A normal
to a streamline? Is it possible to construct solutions in which A is discontinuous

across streamlines?

DISCONTINUOUS SOLUTIONS

We begin by showing that discontinuous solutions can definitely be constructed for
the case where the inlet conditions are allowed to be discontinuous. A very simple
example is provided by uniform flow with a constant velocity U in the z direction.

In this case the equations reduce to

0A _ _f(B) 1.
UVor =—"5 (A-D; (2.1)
0=-Vp+V-A. (2.2)

It is evident upon examination of (2.1) that an asymptotic solution for A as z — oo
for any initial condition at z = 0 is simply A — I. Thus, sufficiently far downstream
from any initial condition, the distribution for A will approach arbitrarily closely
to being continuous. Nevertheless, if a discontinuity is specified for A at z = 0, a
discontinuity of decreasing magnitude, at which VA = oo, will exist for all finite
z. To demonstrate this behavior, (2.1) can be solved directly. Any solution of
(2.1) for A that is independent of y will satisfy (2.2). It is convenient to solve for
¢ = R? = TrA rather than for A itself. For this purpose, (2.1) can be rewritten in

the form
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i 1

(=3, (2.3)

dz D
1“2?

which,kif (o denotes the value of { at z = 0, may be integrated to give

eXP( rA Co)) (f __2) ~ﬁ~e p[ DmU} - (24)

Since the solution depends only on z, it is clear that two solutions with different
inlet conditions may be pieced together at some value of y, at which there will
be a discontinuity in A. Equation (2.2) indicates that the pressure must also be
discontinuous at this value of y. It may be seen from (2.4) that for any choice
of inlet condition other than the equilibrium A = I,R? = 3, the discontinuity
persists infinitely far downstream, though its magnitude decreases with increasing
z. Although viscosity tends to smooth velocity gradients, it does not necessarily
smooth gradients in A, since these can exist without a velocity gradient.

The question remains as to whether it is possible to construct a solution with a
discontinuity in A for smooth inlet conditions. Consider Equations (1.1), this time

including time dependence, in the sense of generalized functions:

2V (F(R)A)

D

Re (%%4-11 Vu) =-Vp+ Viu+

%é-i-u VA=A -Vu+VvuT A——f(—’fl(A——I). (2.5a,b)

First, for a steady solution to have a jump in A, so that VA will behave like a
delta function, there must be a jump in Vu and/or p, since the delta function must
be matched by another delta function in (2.5a). To show that the jump in A must

necessarily be across a streamline, note that if the term u - VA had delta-function
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behavior, it could not be balanced by any other term in (2.5b) (since only first
derivatives of u appear in (2.5b)). However, for an unsteady solution, if the position
of the discontinuity were allowed to move (analogous to a travelling shock wave),
the u-VA term in (2.5b) could possibly be balanced by the time-derivative term, so
that a jump would not necessarily have to be in a direction normal to a streamline.

To derive conditions, analogous to the Hugoniot relations for shock waves, that
a discontinuous solution must satisfy, the problem must be reformulated in “weak
form.” These conditions will actually be derived here only for the steady case,
although how to extend this derivation to the case of a moving discontinuity will
be obvious. As shown above, in the steady case, only the momentum equation has
discontinuous terms, so it is not necessary to deal with the constitutive equation
to derive jump conditions. The weak form of the momentum equation is, in index

notation,

/; [——Re ujg-g]l:gbi +pgf: — gz; g;ﬁ; - %f(R)Ajig-;% dx =0, (2.6)
where this is to hold for all divergence-free test function vectors ¢ with compact
support. Here, V denotes the flow domain, and S will be used to denote the
discontinuity surface, V* and V~ will designate the two regions on either side
of the discontinuity, and “+” or “-” will denote values of quantities in the limit
of approaching the discontinuity surface from the V' or V= sides, respectively.

Within regions VT and V™, this weak form can be rewritten as

J J

o J[remions oo i (632) - % (rmase) o



I-9

Op | PPui, | c Of(R)Aji
[/++/—} [_‘b‘am T 022 D bey P (2.7)

If the differential form of the equation (i.e. Equation (2.5a)) holds within V* and

V', then the second two integrals are zero. The divergence theorem may be applied

to the first two integrals, so that only boundary terms from along the discontinuity

surface result, giving

[S+ péij — Oui _ 2 f(R)Aji|¢in - dS

Ocr; D
[ Ou; 1. _
+/— poi; — 522 — %f(R)Aji q')mj -dS . (2.8)

Here, n; denote components of the outward-pointing normal to the region, so that

clearly n;' =-n;. Since this equation is to hold for all test functions ¢, it must be

that at all points on the surface of discontinuity

+ —
{— [-p&-j + Ql + —c‘f(R)Aji:I + {-p6i,- 1 + %f(R)Aji }nf =0. (2.9)

Ocr; D Oz;
These are the jump conditions for steady flow. How to extend this derivation to
the unsteady case by integrating by parts in the time ¢ should also be clear. The
velocity of the surface of discontinuity will appear when the time derivatives of
integrals over the domain are taken. Again, this is analogous to the derivation of
the Hugoniot relations for inviscid shock waves.
It remains a challenge to prove or disprove the existence of discontinuous solu-
tions satis{ying these jump conditions without having discontinuous initial or bound-
ary data. There certainly seems not to be any obuvious reason that such a flow field

could not exist. The condition (2.9) demonstrates that even velocity-gradient jumps
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are not disallowed for a fluid of type (1.1), although viscosity is present. By com-
parison, jump conditions allowing for discontinuous velocity gradients can not be
derived for the steady Navier-Stokes equations, because there is no deviatoric stress
term in the momentum equation that can balance the delta-function behavior of
the viscous term.

The uniform flow example given above at least demonstrates that a solution
with discontinuous A can exist if the boundary data are allowed to be discontin-
uous. The question that now arises is what such discontinuous solutions mean (if
anything) physically. The flow variables that jump across the discontinuity in the
particular example above are the components of A. However, A is the second mo-
ment of the distribution of extension and orientation of the dumbbells, so that a
jump in A means a sudden change in this distribution. This is not physically rea-
sonable: clearly, dumbbells (if they are to model, and therefore behave like, polymer
molecules) on either side of a streamline are not completely independent of each
other; Brownian motion will continually move them across streamlines, and thus
smooth any discontinuities in A. This is an important effect that is missing in all

differential constitutive equations so far proposed.
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MODEL MODIFICATION

It turns out that this effect fails to be included ir: most models because of the “local
homogeneity” approximation made in their derivation. To see how this assumption
eliminates Brownian motion of dumbbells across streamlines from the model, one
can consider Phan-Thien’s [4] derivation for the dumbbell model as an example.
Phan-Thien’s analysis starts with the stochastic differential equations governing
the positions R; and R, of the two dumbbell beads. The equations are stochas-
tic because a Brownian (random) force on each bead is included. After changing
variables to R(¢), the center-of-mass of the dumbbell, and R, the end-to-end vector
for the dumbbell, the stochastic differential equations become (neglecting inertia

associated with the mass of the beads):

(R — tu(R)) = £)(1); (3.1a)
6k8

P (L(RY) R = £(2). (3.10)

(R +

(Phan-Thien’s “internal viscosity” term has been omitted here.) Here, ¢ is the hy-
drodynamic resistance of one dumbbell bead (assumed constant); u is once again
the velocity; L is the velocity gradient (a function of R(?) in general); k is Boltz-
mann’s constant; § is the absolute temperature; NV is the number of sublinks in a
dumbbell; a is the length of a “sublink”; and x(R) is the spring law. The important
thing to note here is that there are two Brownian forces: f(°)(¢) acts on the center
of mass, and f(¢) acts on the end-to-end vector; the two forces are uncorrelated.
Clearly, the first of the two gives rise to motion of dumbbells across streamlines
(without changing their orientation or extension!). It should be noted that one

approximation has been made in writing (3.1b), namely that the difference in the
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velocity field experienced by the two beads of a single dumbbell has been assumed
to be L(R(9)) . R rather than u(R;) — u(R4). In other words, while the Equations
(3.1) allow for the fact that the velocity field may change in a nonlinear way over
distances comparable to the size of an ensemble of dumbbells, it is assumed that it
can be linearized on the length scale of a single dumbbell. The Fokker-Planck equa-
tion corresponding to the stochastic differential equations can be derived, following

Phan-Thien [4], as

3 9 (k8 8P o 8{2]998(;5
ot _BREC){% OR ul )¢} Tor\E om:
6k6

Here, “¢(R(?),R,t) is the probability density function of the vector Markovian
process (R(c), R).” The constitutive equation is the second moment of this equation,
and is thus obtained by multiplying by RR, and integrating over R, the integration
corresponding to an average over an ensemble of dumbbells. A few integrations by
parts are necessary to make all the terms look like expectations; consequently, some
surface terms are obtained, since the integration is over a finite range of possible
values of R, but they are omitted because the probability density is assumed to
go to zero as the two extremes of a maximally extended dumbbell (R — L) and a
completely collapsed dumbbell (R — 0) are approached. After these manipulations,

the result is

8A kb, 80
—a—t——-2§VA—-u-VA+ EI

12k6

—WN(R)A +L-A+A.LT, (3.3)
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where the terms have been written in the same order as their antecedents in the
Fokker-Planck Equation (3.2). Here, gradients with respect to the center of mass
position R(¢) have been written as V, since the variable R(?) in (3.1), (3.2) cor-
responds to the position variable x in (1.1b). The only approximation made in
obtaining this moment equation is the usual “preaveraging” assumption made in
replacing the expectation of the nonlinear spring force by its value at the expecta-
tion of R. If the above-mentioned assumption of linearization of the velocity on the
length scale of a single dumbbell had not been made, some preaveraging assumption
would be needed for the last term in (3.2) also, and there would be some correction
to the last two terms in (3.3). Apart from this, no assumption of constancy of the
velocity gradient over the averaging region has been made. If the Deborah number

is defined as

. ENa?
D = TR (3.4)
and the usual assumption is made that the isotropic term
8k6
—1I 3.5
¢ (3.5)
should be replaced by
k(R)I
D ? (3-6)

so that the quiescent state will correspond to an equilibrium value of A = I, then
it can be seen that equation (3.3) is almost identical to (1.1b) (in the steady case).

The one difference is the presence of the term
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ké
QZVZA’ (3.7)

which originates in the Brownian motion of the center of mass of the dumbbell. In
other words, Brownian motion should give rise to a diffusion term in A, in addition
to its other effect (namely, the Brownian force along the connector which turns out
to prevent the dumbbell from collapsing to zero length by giving rise to an isotropic
term). Since both these effects arise from the same cause, it is inconsistent to include
one and not the other, which, in fact, is what is done. This diffusion effect is lost
in derivations such as Phan-Thien’s because the local homogeneity assumption is
taken to imply that the probability density ¢ can be factored into two parts, one
a function of R only, and the other a function of R{(®) only. This gives rise to two
separate Fokker-Planck equations [4], one having gradients in R only, and the other
having gradients in R{(®) only. It is from the former that the constitutive equation
is derived; thus all dependence on position is lost except the dependence implicitly
left in the velocity gradient in the terms L- A and A LT, There is no need to make
this factoring assumption, however, as has been shown above.

A relevant question at this point is the magnitude of the spatial diffusion term
relative to other terms in the equation for A. Let U and d denote typical velocity and
length scales for a flow. Then, the magnitude of the diffusion term, the coefficient

of which is essentially a Stokes-Einstein diffusivity, can be estimated as

k6 L
—— 3.8
o & (3.8)
(where the hydrodynamic resistance has been estimated by pa, with p being the
solvent viscosity, and the magnitude of A has been estimated by the upper bound

for its trace, namely L, the maximum extension). On the other hand, the convective
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derivative term u- VA in the constitutive equation can be estimated as UL/d. The

ratio is then

k6
pad?U’

(3.9)

If typical values of § = 10?°K, p = 107? dyne/cm -s, @ = 107* c¢cm, U = 1 cm/s,
d = 10 cm are taken, and it is recalled that k ~ 10~ ®erg/K, the dimensionless ratio
is then on the order of 101!, because Boltzmann’s constant is so small (in other
words, because the Brownian diffusivity of a dumbbell is small). Thus, the diffusion
term will be negligible except in regions of extremely high gradients of A. However,
in such a region, it plays an essential role in tending to smoothen the distribution
for A.

It is significant that such a diffusion term should be included in the constitutive
equation, because this actually results in a change of the apparent type of the
equation from hyperbolic to parabolic. Much attention has been given recently [5]
to the implications of apparent hyperbolicity of the constitutive equation, such as
possible loss of evolution, and difficulties in both proving the existence of a solution
and proving convergence of numerical approximate solutions. However, the present
analysis suggests that the constitutive equation should really be unambiguously
parabolic (this is ensured when the highest-order derivative term is a diffusion term).

The presence of the diffusion term obviates the issue of whether the absence
of “inlet” conditions in regions of closed streamlines will necessarily cause the flow
to be nonunique in those regions. (The flow may of course be nonunique for other
reasons, depending on the flow parameters; this would be expected since the Navier-
Stokes equations do not have unique solutions at higher Reynolds numbers.) As

mentioned above, the constitutive equation without the diffusion term is like an or-
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dinary differential equation for A along a streamline, indicating that it is necessary
to specify the value of A at one point on each streamline. This is straightforward
only if there is a clearly defined surface on which the desired value of A is known
(like a boundary condition) and through which all streamlines pass exactly once.
Not all flows will have this property. Some may have closed eddies; the exact lo-
cation of these and the conditions in them would be unknown until the entire flow
is computed. There may be nonuniqueness of A in these eddies. However, with
the diffusion term, boundary conditions for A are evidently necessary on the entire
boundary of the domain (just as u must be specified on the entire boundary of the
domain when the Navier-Stokes equations are to be solved), and it should not be
necessary to know anything about the geometry of the streamlines to specify correct
boundary conditions for a well-posed problem. On the other hand, specifying appro-
priate values of A (or possibly its normal derivative) on all the boundaries, including
solid ones, rather than just at the “inlet” boundary, may itself be a problem, at
least temporarily, since very little work has been done to determine anything about

the distribution of dumbbell (macromolecular) configurations near solid walls.

The absence of this important diffusion term is not the only problem that
arises in proving the existence of solutions for the FENE model, Equations (1a,b).
Another problem is that it seems to be impossible to prove mathematically that
terms involving the spring-law f(R) remain bounded in all flow conditions (because
f(R) becomes unbounded as R — L), since it cannot be assured that R is somehow
prevented from getting arbitrarily close to L. (Examination of the existence proof
given later in this paper will show that bounding these terms is essential for proving
existence.) From a qualitative physical point of view, the existence of an unbounded

force (i.e. R — L and f(R) — oo) exerted by the fluid on the spring (and vice versa)
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in some region seems implausible. In order to balance the spring force, an extremely
large velocity gradient would be required. Moreover, it is generally believed that
the kinematics of a flow will be modified in regions of high stress, so this type of
singularity, in principle allowed by the constitutive model, never actually occurs.
Unfortunately, this implausibility argument does not constitute a mathematical
proof, and it is necessary for the existence proof to modify the model in such a
way as to explicitly limit the maximum magnitude of the spring force. There is no
question that the spring force should be bounded, since realistically a dumbbell,
which corresponds in some sense to a polymer molecule, should not be able to
withstand an infinite force trying to pull it apart. The question is whether the
bound on the spring force is already implicit in the model or whether it must be
explicitly built in as a modification. Since this question cannot be answered with
complete certainty, the (perhaps redundant) modification will be made.

The modification proposed here corresponds to the introduction of a “breaking
function” g(R) that simply “turns off” the dumbbell contribution to the bulk stress
in the momentum equation, and the stretching and rotating of the dumbbell in the
constitutive (moment) equation, whenever R exceeds some finite threshold value
R; that may be placed as close to L as desired. One possibility, which is chosen
here, is for the function g(R) to equal 1 for all R less than R;, and to ramp rapidly
down to zero in the range Ry < R < R,, where R; is still less than L. It should be
noted that this is to a large extent an arbitrary choice; however, the existence proof
given below will not work for a discontinuous g(R) (for example, if g(R) suddenly

dropped to zero at R = R; ). The model becomes

1
Reu-Vu=-Vp+ Viu+ —D—V -(g(R)cf(R)A);
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u-VA =g(R)|A-Vu+VuT A - f—(g—)-(A —I)| + VA (3.10a,b)

(where € has been used to denote the nondimensionalized coefficient of the diffusion
term). By this somewhat artificial mechanism, it can be guaranteed that the spring
force does not exceed some finite threshold value. The function g(R) is denoted
here as the “breaking function” because one interpretation of the resulting model
is that g(R)c is the dumbbell concentration, which goes to zero in regions where R
exceeds its threshold value at which the spring force f(R) starts to become greater
than the maximum force that can be exerted on the dumbbell before it breaks.
To continue with this interpretation, once dumbbells break in a certain region,
they should cease to affect the flow (which is ensured because the deviatoric stress
term is “turned off” in the momentum equation), and they should also cease to be
affected by the flow (hence the factor g(R) in the constitutive equation). In any
region where g(R) is less than 1 (i.e., dumbbells are breaking), there will still be
convection and diffusion of (unbroken) dumbbells into the region, so the convective
and diffusive terms are retained without modification in the constitutive equation.
It is not claimed here that the above interpretation is rigorous; it should merely be
viewed as providing an intuitive justification. Of course, the model (3.10) may seem
somewhat simplistic, since, strictly speaking, if dumbbells are allowed to break, a
conservation equation for the dumbbell concentration should also be included. In
addition, it would perhaps be more realistic to allow a dumbbell to break into two
smaller dumbbells rather than to consider it to essentially vanish when it breaks.
However, the goal here is to find the simplest model that can be expected to give
reasonable results, rather than to try to include every possible effect. In this spirit,

it is conjectured that since the regions where the spring force will tend to be very
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large will be only a very small fraction of the entire flow domain (and perhaps
nonexistent, since the threshold force can be chosen at any arbitrarily large, but
finite value), the change in dumbbell concentration that is due to breaking will not
be very significant, so that no conservation equation will be included here. This
conjecture could be verified a posterior: by looking at a numerical solution to this
model and seeing how large the regions are where g(R) # 1 (if, in fact, there are
any) relative to the size of the whole domain. (In a numerical study, it will probably
be desirable to choose the arbitrary upper bound on the spring force based on how
large a number can be reasonably handled on the computer - a consideration that
has no bearing on proving that the solution exists.) As a final comment we would
only reiterate the following point: If the interaction between dumbbell stretching
and local modifications in the flow is such that an unbounded spring force can never
be obtained in a “real” flow, then the introduction of a mathematical bound on the
spring force is superfluous, and the function g(R) will play no role in the behavior
of the model (3.10). If, on the other hand, an unbounded spring force is possible
with the original FENE model (1.1) (and this would be unexpected and interesting),
then g(R) is essential to any proof of existence of solutions for arbitrary Deborah
number D.

It will now be shown that a solution to the modified model (3.10) with appro-
priate boundary conditions can be guaranteed for a bounded domain, independent

of the Deborah number.
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FUNCTION SPACES

Before giving the existence proof, the function spaces in which the problem is to
be formulated must be introduced. This is necessary to make precise the notion of
“existence.” It is also necessary to know exactly what Sobolev spaces the functions
lie in, since Sobolev embedding theorems will be used later to get estimates on the
norms of certain functions. The notation and déﬁnitions of these spaces are taken in
large part from Ladyzhenskaya [6], and are just reviewed briefly here. The domain
Q0 on which a solution is to exist will be assumed to have a Lipschitz-continuous
boundary. To begin with, the space L2(2) will be needed. This is the space of all
scalar functions on ) that are Lebesgue-square-integrable. The inner product on

this space is defined by

(u,v)r, =/(;u-vdx (4.1)

and the norm is given by
lullz, = v (u,u)L, - (4.2)
Once this space has been defined, the Sobolev space W} () can be defined by

Ju

Oz;

W, (Q) = {u tu € Ly(Q) and € Lz(Q)} (4.3)

with the inner product

Ou Ov
(v, v)wy = <(‘9;:, 5‘;) . (4.4)

and the norm
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fullws = (wu)s (4.5)

which make it a Hilbert space. Note that for a bounded domain, the other obvious

choice of inner product,

du Ov
(u':'v)VVzl = ('lL,”l))L2 + (5;:, _8;;)[,2 ’ (4'6)

is equivalent to this one by Poincare’s inequality. Now define the space W21 to be
the closure of the set of all infinitely differentiable functions with compact support
in . It can be shown that this is a subspace of W;(Q).

Since only incompressible flows will be considered here, the velocity field will

be divergence-free. It is therefore convenient to work with the space

JOQ) ={ueW}QP:V-u=0,} (4.7)

where derivatives are interpreted in the generalized sense. The superscript “3”
refers, of course, to the fact that u is a vector function with 3 scalar components.

This space will be given the inner product

[u,v]; = ‘/{; Vu: Vvldx (4.8)

and the norm

(4.9)

ull; = [u,u)?

Let H(f) denote the completion of J(Q) in the metric generated by this norm.

Its inner product and norm will be the same as for J, and will be indicated by a
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subscript H instead of J. (In fact, for the bounded domain (2 to be considered here,

the spaces H(Q) and J(Q) are the same.)

The variable A that appears in the constitutive equation will lie in the space

(wipe (4.10)

which will hereafter be denoted by H'. (Of course, only 6 of the 9 components of A
are actually independent, so the space [Wzl]6 could be used instead; however, this

would not affect the results in any significant way.) It is also convenient to define

H'"=HxH' |, (4.11)

which will be the space where the full solution vector

(X) (4.12)

(the 3 velocity components and the 9 components of A) will lie. The inner product
on these compound spaces will be defined as the sum of the inner products on the

component spaces:

[A7 X]H' = Z [Aijyxij];}v21 ’ (4'13)
i,J

[(Z) ’ (i)}H = [w,¢lm +[AxXw (4.14)

and as usual the norms will be defined by

|Alar = [AAl7 (4.15)
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(ool (FOROV) (4.16)

Finally, the space L4(2) of all scalar functions whose fourth powers are Lebesgue

integrable will be needed; its norm is

olz, = ( /ﬂ v4dx>%. (4.17)

At times 1t will be convenient to consider the velocity u as a member of

[Ls(Q))° (4.18)

and the tensor A as a member of
[La(Q)]°. (4.19)

FORMULATION

The existence proof given here is similar in many ways to Ladyzhenskaya’s [6]
presentation for the Navier-Stokes equations. As in her version of the proof (due
originally to Leray), it is first necessary to reformulate the problem to allow for weak
(i.e., generalized) solutions, rather than to leave the problem as a boundary-value
problem for a system of differential equations. This is the purpose of this section.
Continue to consider the stationary case, and for simplicity, a bounded domain with
the flow driven by an external forcing function F(x), with no slip at the boundary
(u = 0) and the dumbbells at equilibrium at the boundary (A = I). Of course, for
most engineering purposes, flows driven by specified (nonhomogeneous) boundary

conditions are of interest; it should be noted that the proof given below can be
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easily modified to include such a case (as Ladyzhenskaya does for the Navier-Stokes
equations).

The model formulated as a system of differential equations thus becomes

Reu-Vu=—-Vp+ Viu+ —11-)-V -(g(R)cf(R)(B + 1)) + F(x),
f(R)

u-VB:g(R) B-Vu-{-VuT-B+Vu+VuT——-—-5—B +6sz,
(5.1a,b)
V-u=0, (5.2)
which are to hold in the domain ), with boundary conditions
u=0and B=0on 00 , (5.3)

where a slight change of variables to B = A — I was made in order to make the

boundary conditions formally homogeneous. As above,

R?=TrA=TrB+3 , (5.4)
and
1
f(B) = —% > (5.5)
L2

and the particular choice of the polymer-breaking function g(R) will be (with Ry <

L):
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g(R)=1 ifR< R,

R—-R, .
=1 - — < R<L
1 Rz—Rl 1fR1_R_R2
=0 ifR; <R. (5.6)

To use functional-analytic methods, the model must be reformulated in a generalized

sense. The idea is to look for solutions

(;) (5.7)

in the space H" (defined above), but such solutions may not have derivatives defined
at every point. So, in standard fashion, the inner product of the equations is taken

with an arbitrary element

(%) (55)

of H", and this is integrated over the domain Q. This results in:

/n{ [Reu-Vu+ Vp— Viu— %V (g(R)ef(R)B +1))] - ¢
+[u-VB - g(R)B-Vu+Vul -B+ Vu+Vu” - i%?'—)B] —eV?B] : X}dx
—/ F(x) - ¢dx =0 , (5.9)
Q

which should hold for all

(i) € H". (5.10)
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As written, it is not obvious that these integrals exist except for certain (]‘;) in H"
that are smooth enough. This is fixed by a few integrations by parts (and using the

fact that u and ¢ are divergence-free):

/{—Reuu:v¢+Vu:v¢T+ %g(R)f(R)B :Vé—B:(u-Vy)
Q
+g(R)[~B-vu—vuT-B—vu—vuT+f—(l—)@B] :x-l—eVAEVXT}dx

—/F(x)-¢dx=0 , ‘ (5.11)
Q

where the notation convention

) O0B;; Ox;
vB- Z i CXi .
-VX ZJ: Oz Oz (512)
is used. Now recall that
/ﬂ VB vxT = Z [Bij,xij]wzl = [B, x|y - (5.13)

and

/Vu voT = Zanz 06i _ [, ¢y - (5.14)
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EXISTENCE PROOF

Now that the problem has been properly formulated, the actual proof of existence
of solutions can be given. The proof will be in several steps; to assist in following
the proof, the steps will first be outlined briefly here. A familiarity with Ladyzhen-
skaya’s presentation for the Navier-Stokes equations is helpful here, since this proof
is similar in outline. Step 1 involves viewing the weak formulation of the problem
obtained in the previous section as a linear functional on the test functions. It is
shown that this linear functional is bounded by deriving an estimate for its norm.
Step 2 invokes the Riesz Representation Theorem to rewrite the action of the lin-
ear fﬁnctional on a vector function as the inner product of another (unique) vector
function with it. The unique vector function thus defined by the linear functional
must be shown to be completely continuous. This makes Step 3 possible, which
involves rewriting the problem again, this time as an operator equation, with a
solution corresponding to a fixed point of the operator. To assure existence of a
fixed point (the desired solution!) the Leray-Schauder theorem is used; this is Step
5. Before this, however, some a prior: estimates satisfied by all possible solutions
must be derived; this is Step 4.
So to begin with Step 1, note that for a fixed (;) € H", the integral

/(){'Reuu:Vqﬁ%-%g(R)f(R)B:ng —B:(u-Vy)

defines a linear functional of (i) € H'". It will now be shown that this is a bounded
linear functional, by estimating each of the terms. In deriving the estimates, fre-

quent use will be made of the following two inequalities, valid for any space in which
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W2(Q) or a subspace of W() is dense:

/v4dx§4</ vzdx>2 (/ Vv-Vdex>2 , (6.2)
Q Q Q

/ vidx < 1 Vo Voldx . (6.3)
Q H1 Ja

Both these inequalities are proved by Ladyzhenskaya [6]; the latter is generally
known as Poincaré’s inequality, and p; is a constant depending on the domain. In
all that follows, K will be a generic designation for a positive constant; i.e., it will

not always be the same constant.

/ Reuu : Vodx
Q

cor [fore] [ 4]
< Rez {/ﬂ u‘idxr [/ﬂ ujfdx] : Kl olla

%57

< KljulZlelle - (6.4)

The fact that g(R) < 1 and that g(R) = 0 if R > R, will be used in some of the

following estimates.

[ FomsmB - Veix| <

55 [ atmsmns 3| o

<5 Lm| [ me] [ 58]

< K|Bllalélla (6.5)
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aX” dx

Bl]uk

>,

1,5,k

<3 /lB”uk] dx] [/ﬂ

1.7)

<[ 1Bsitax] [ [ uttan] il

i,J,k

'/QB:(u-vx)dx

3X ji

2 1
Oz de 2

i

<216 / ]Bwlzdx [/{;VBij'vBijdx]%[/f; ]uklzdx]g

B4,k

3
x /Vuk-Vukdx] Klxla
Q

< > 16K||B|larl|ull# x|
i,k
< KBz llullzllxlla (6.6)

/ g(R)B - Vu: xdx| < ;/ ,Ja il d
<> [[1oras] [/ it ]| [/(32%) ax]
< 316K B sl
< K[Bllwlullalxls - (6.7a)
The estimate
[ s(®vuT B xax| < KlullulBllarliclie (6.78)

follows in a very similar way to the previous estimate. Analogously to (6.7a,b), the

estimates
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fﬂ o(R)Vu : xdx| < K|ju]lzrlx] ar (6.8a)

and

l/ g(R)VuT : xdx
Q

< K|lullallx|la (6.8)

can be obtained. Finally,

[ RB xax| < FEE S [l

8827 [ [ ]

< f(Rz)

5 KlBlallxla - (6.9)

So the entire functional is estimated by

/ﬂ {~Rewn: Vo + Sg(R)f(R)B: V4~ B: (u-Vx)
+g(R)[-B-Vu-vuT-B+ f—-(l—j@B] : X}dx
< Kl[ull%lélz + KIB|allla
+ KBl el sl + KBzl e
+ Kllulal Bl lxla + Klulallxla
+ Kllulalixllz + KBl

< &) 1

for a fixed () € {H"}.
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By the Riesz representation theorem, the functional can therefore be written

as

[M (;) ’ (i)]H ’ (6.11)

where M is a unique (9-component) element of H" depending nonlinearly on (;) S
H'". This completes Step 1.

The next step, (Step 2), is to show that the operator taking (g) to M (g) is
completely continuous on H". By definition, the operator is completely continuous

if for any sequence

()

in H" such that

(5) = (3) (6.13)

weakly in H", it follows that

ot (5w ) -2 (5)

So consider a weakly convergent sequence and estimate the inner product

ul™ ™ &
2 (5 ) =2 (50) (D),

=~ +{II)-(III)-(IV)— (V)= (VI)—-(VII)—-(VIII), (6.15)

— 0. (6.14)

’HI'

where
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(I) = / Reul™u(™ : Vpdx —/ Reu™u(™ : Vedx , (6.16a)
Q Q

(1) = [ SoR)FR™)B™ s Vadx — [ Sa(RO)FROBM : Tax,
(6.160)

(ITI) = fn B ; (ul™ . Vy)dx — /ﬂ B™ ; (u™ . Vy)dx , (6.16¢)
(IV) = /:2 g(RT)BI™ . wul™ ; ydx — /; g(RENB™ . vu™ : ydx , (6.16d)
(V):/Qg(R(m))Vu(m)T-B(m) :de——/s;g(R("))Vu(”)T-B("):de, (6.16¢)
(VI) = /Q G(RED)Vul™ : ydx — /ﬂ G(REYVu™ : ydx (6.167)

(VII) = / g(R(m))Vu(m)T :xdx — / g(R("‘))Vu("')T : xdx (6.169)
o o

m m (n) (n)
(VIII):/Qg(R( )g(R( ))B(m):xdx—/ng(R g(R JB™ : ydx. (6.169)
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These eight terms are estimated using Hélder’s inequality, the two inequalities
(6.2) and (6.3), and integration by parts. For example, the necessary steps for term

(I) are shown in detail below; first it is rewritten as

| (I):/Reu(m)(u(m)—u(”)):ngde
Q
+/Reu(”)(u(m)—u(")):v¢dx : (6.17)
Q

and then it is estimated by

(D) < Rez/ - ) 22 8¢z
+ReZ/ (n)) 3<75z
< Re [ [ 47 647 - f7) dx]z[/ <§j¢;>2dxﬁ

+R€Z[/f; u (m) _ugn))[2 /'(&bz
< Re;[/ﬂ (ugm))‘ldx] i [‘/S; (ugm) _ ug-n))‘ldx] [/ (gf;) dx]
# [ e [ 66 -y ad] [ [ (G8)ax]

< Re K Hu(m)“ Hu(m) —u

[La(Q)]2 {L4(n)13“¢”H

+ Re K llu(”)

Jul™ — ™ (6.18)

- - P

Similarly, term (II) is first rewritten as two integrals:

(II) = Ic)— / g(RNF(R™)(B(™ — BM)Vgdx
Q
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+jc§ / (g(RINF(R™) — g(RNF(RM)B™ : Vodx . (6.19)
Q

In estimating (II), use is made of the fact that g(R)f(R) has an upper bound of
f(Rz) (recall that for R > R; the dumbbells have all broken, so that g(R) = 0).

(D) < 55(Ra) [ (B~ B™) s Vi

D /ﬂ | (G(RI)F(RT) = g(RE)F(RM)) B : Vo dx

< K”B(m) — B(n)l‘[L4(Q)]9Il¢I|H

+ K[|g(R™) F(R™) = g(BR™)F R, oo B pacaye 12l -

(6.20)
By rewriting term (III) as
(III) = / (B —B™) : (ul™ . Vy)dx
Q
+/ B™ (™ - ul) x)dx (6.21)
Q
it is clear that
I(IIT)] < KHB(m) - B(n)l][L4(ﬂ)]9”u(m)H[L4(ﬂ)]3]|XHH’
+K ”B(n)H[L.,(Q)]g ”u(m) - u(n)“[L.,(n)]BHX”H' (6.22)

Now rewrite Term (IV) as

(IV) = /9 [g(R(™) — g(R™)]B™ . vul™ : xdx
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4 /ﬂ g(R™)[B™ — BM] . vul™ ; ydx
+ /; g(R™BM . (Vul™ — vu™) : ydx
= (IVa) + (IVb) + (IVe). (6.23)

Now the finite extensibility of the dumbbells will again be used; this means that R
is bounded by R, (and certainly by L !). Since R* = TrA = T'rB + 3, the diagonal
components of B are therefore bounded. Since the equations are frame-invariant
(this concept is discussed in detail in [7]), the off-diagonal components of B are also
bounded. (This fact could have been used earlier in any of the estimates involving
B, but it may be useful to make it clear exactly where the finite extensibility is

really needed.) Consequently,

(@Va)l < K[|g(R™) = g(B™)| oy 0™ Xl pacaye (6.24)

To estimate (IVb), use the fact that g(R) < 1 always:

V) < KB —BO ooy - (629)

Term (IVc) is somewhat more involved, since an integration by parts is necessary:

(n)
— (n)y p{n) a“k _ Oy
(1ve)= [ om)BP (G - G

B™M) _(n), (m n
:/h(R("))—aT—T(—————)-BE-)(uSC — M) xridx
N 81:] J

0B ) (m
/ g(R™) 8:1;3 (w{™ — ul™) xridx
7

n n n 6sz
+ [ o®NBP WM - ul?) P (6.26)
Q J
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where for convenience h(R) denotes the derivative of g(R) with respect to R? rather
than R. Note that h(R) is bounded except at R = 0 and R = R, (where it is
discontinuous), but since it is defined everywhere except on a set of measure zero,
it exists as a generalized derivative, and its points of discontinuity can be ignored
as far as the integrals are concerned. Again, by using the fact that all components

of B are bounded, it should be clear that

Vo)l < KIBla]|a™ =™, oIz
-+ K“BHH' Hu(m) _— U(n)][[L4(Q)]3 IIXII[L4(Q)]9

+ KHu(m) - u(n)]][L4(Q)]3’lX|]H’ . (6.27)

Term (V) can be handled in a very similar way to term (IV), and the result is the
same as for (IV). Terms (VI) and (VII) take fewer (analogous) steps to estimate

than (IV) and (V), because their integrands do not contain the B factors; thus

(VD),(VII) < K [g(R™) - Q(R(n))“m(n)”u(m)”HHXH[M(n)}e
+K|[u™ o™ slixla (6.28)

Finally, term (VIII) is rewritten as

v = [ R
Q
. /Q (g(R<m)g(R(m)) _Q(R(n))lf(R(n)))B(n);de, (6.29)

from which the estimate
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(VIID)| < K ||g(R™)F(R) = g(R)FER™M)]| oy IB™ iz acaye Ixlizecane

+ K HB(m) - B(n)H[Lz(Q)JQHXH[L2(Q)]9 (6.30)

is easily obtained, where again the fact that g(R)f(R) is a bounded function has

been used.

All the above estimates of the eight integral terms can be put together to

obtain:

[ (5em) = (30) - ()],

<K ,l“(m)! al™ — (™
- |

[La(2)]? [L.;(n)]st)”H

LK “u(n)l al™ — (™

[La()]? [Lg(nns“é”ff

+ X HB(m) - B(n)H[L.,(Q)PH‘?SHH
+ K [lg(R)F(ERT™) = g(R™)FE)| 0 1Bz gape 2] e
+ K B = BO L e [0 1y caye XL

+ K B e[0T = u ™

La(0) L4(Q)]3“X”H’

+ K Hg(R(m)) - g(R(n))“L,,(n)“u(m) HH“XH[L.;(Q)]Q
+K |B™™ - B(n)l![L4(Q)]9“u(m)HHHX”[L,;(Q)]B

+ K [Blze][u™ — ™| oralxllizaaye

+ K [|Blla [[a™ — u™| - oslixlizacae

+ K Ju™ —u™| o lixle

+ K [lg(R™) = g(BR™)|| o [1u™ [l Xl 2,y

+ K [u™ -~ “(n)ll[,—,4(n)]3”XHH'
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+ K [|g(R™)F(R) — g(B)FE) 4 o 1B e Ilizacare

+K B ~B™||  ovolxlizaaye (6.31)

To simplify this, note first that u(™ and u(™ are bounded in [L4(Q)]® and in H,

and that B(™) and B(") are bounded in [L4(Q)]° and in H'. Then note that

Iz Ixlizaore » e and gl < [(O)],, - @)

This allows the inequality to be rewritten as

1o (sim) 22 (500 )- ()],
<K [”u(m) - u(n)H[L.,(n)]3

+|Bt™ — B(n)“[Lg(Q)]Q

+g(R) () — (RO FED)| )

+ [lg(B™) = g(R™)| 0]

x H i “H . (6.33)

Now by choosing

(m) (n)
(i) =M (g(m) - M (;(n)> , (6.34)

1t is clear that

(m) (n)
HM(;(m)) - M(;<n)) “H <K [ut™ = u™p oy
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(m) _ mn)
+K ||B B 4 cane
+ K [lg(R) f(RT) = g(R™)F(R™)| 0

+K [|g(BR™) = g(R™)| 1.0y - (6.35)

At this pbint, recall the fact (a proof of which is given by Ladyzhenskaya [6]) that if a
sequence is weakly convergent in Wzl, H, H', or H", then it is strongly convergent
in [L4(Q)]?, where ¢ = 1,3,9,12, whichever is the appropriate dimension of the
space. In considering the behavior of this expreséion as n and m — oo the fact that
g(R)f(R) is a bounded and continuous function of R should be noted; this implies

that if

{ R} (6.364)

is a strongly convergent sequence, then

{o(rO) (R} (6.360)

is also strongly convergent. From these remarks and the above inequality, it is clear

that

(==

ulm (m)
HM(B(m))) - M(g(m) HH - (6.37)

as m,n — oo. This concludes the proof that the operator M is completely contin-
uous, and thus completes Step 2.
At this point, the statement of the problem is:

Find (z) € H" such that
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[M(;) (i)}H + [u, 8l + €[B, x]u

- f F(x) - ddx = 0 (6.38)
Q

holds for all (i’) € H", where M is completely continuous as a function of ( 5 ). Now
comes Step 3, the reformulation of the problem as that of guaranteeing existence
of at least one fixed point of a certain operator. For a reasonable forcing function
F(x), the Riesz representation theorem can again be applied to assure existence of

an element F in H' such that

/nF(x) pdx = Kf)‘)’ (i)]H : (6.39)

Note that

[, 8] + €[B, Xl = [(;) (i)}H ., (6.40)

Clearly, it is possible to define a new operator 1\7[(1‘;), which is also completely

continuous, such that

(. (- (D], - e

Thus the problem becomes:

Find (5) € H" such that

e(3) (5] 13D ()]

_Ki)’(i)]m:o (6.42)

holds for all (;’:) € H", which can be restated as:



I-41

Find (g) € H" such that

- /u u F
M(B)+(B)_(O) =0 (643)
which is equivalent to looking for a fixed point of the completely continuous operator
F - /u
(5) -M(g)- (6.44)

This completes Step 3. By the Leray-Schauder theorem, at least one fixed point

will exist if it is true that all possible solutions of

(3)=>[(5)-"(3)] 645

for A € [0,1] lie in a bounded subset of H". This equation can be rewritten as

- /u u F
AM(B)+<B>—A(O) = 0. (6.46)
That all possible solutions are bounded in this space will now be shown (Step 4,

the derivation of a priori estimates).

First, take the inner product of (6.46) with

(f(;)1>' (6.47)

The first term of this is

A1(2), (o) e =2 [ {3+ (e v0s)

+g(R)[-B-Vu-VuT.B+ f—%R-)—B] : f(R)I}dx
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=2 [{~@ +3i@ys. vE

—2g9(R)f(R)B : Vu

. g(R)[l];(R)]z (R + 3)}dx . (6.48)

By noting that (R? + 3)[f(R)]?VR? = Vg(R), where ¢(R) is some function, and by
then integrating by parts, recalling that u = 0 on the boundary, and that V.-u =0,

it can be shown that

fn{—(R2 + 3)[f(R)u- VRz}dx = 0. (6.49)

The next term in the inner product is

[(;)’ <f(?z)1>]H,. = A vB V(f(R)T)dx
= /ﬂ VR?.Vf(R)dx

- / [F(RPVR? - VR%dx, (6.50)
Q

and the last term in the inner product of (6.46) with (6.47) is zero by orthogonality.

The result is the following equation, which must hold for all possible solutions:

2 /Q [—29(3) F(R)B: Vu+ —’i(R—)[]];ﬂf)“—)f—(}z2 + 3)] dx

+/[f(R)]2VR2 -VR¥dx =0 . (6.51)
Q

Equation (6.51) will be used soon. Now take the inner product of (6.46) with ().

The first term is:
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() ()] = f e wui v

+ Zg(R)F(R)B : Vulax , (6.52)

where once again the first term in the integrand integrates to zero on account of

continuity and the fact that u = 0 on the boundary. The next term is

() @ (= [ 7o Vuix = uln), (6.59

and the third term is, of course, A[F, u]y, all resulting in the equation

,\L Z9(R)f(R)B : Vudx + [(;) (:)]H — A[F, u]z = 0. (6.54)

Substitute (6.51) into this to get

() (2], 05 [ LRI

+35 [(FRIPVR - VRdx = AP, ular (6.55)

which, recalling that g(R) = 0 if R > R,, and that the domain Q was assumed

bounded (with some finite volume Vq ), gives

[(5). ()], + 5 [1rmpve . vRzax

0/'\o 2D Jq
c R,)]?
< LU g oyve 4 AKIFmlaln . (656)

By definition, [u, u]y = ||ull}; and, since f(R) > 1,
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[ HRPVR . VR > (R B,
55 [[FRIF VR VRMx > 5 (B, Ry

C
=55 1B vz (6.57)

from which it is clear that ||ul|y and []RZHW; are bounded. As mentioned above,
the pointwise bound on R? = TrB+3 implies that all components of B are bounded
pointwise. To get a bound on B in H' from the bounds on u in H and R? in W}

which have just been obtained, take the inner product of (5.1b) with B to get

0= / g(R)B - Vu: Bdx +/ g(R)VuT .B : Bdx
Q Q

10 I
-/n B Bdx + LVB.Bd , (6.58)

which gives
1Bl < Kijull + 2B 0 r2y0s, < Kl +const,  (6.59)

the desired bound. Thus, the Leray-Schauder theorem can be applied (Step 5) to
assure existence of at least one fixed point. Since it was shown earlier that a fixed
point corresponds to a weak solution of the original problem, this completes the
existence proof. It should be possible to extend the methods that Ladyzhenskaya

(6] uses for the Navier Stokes equations on unbounded domains to this problem.
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CHAPTER II

Criteria for General Stability
of Bounded Flows

of a Non-Newtonian Fluid
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Serrin [1] has given stability criteria for general solutions to the Navier-Stokes
equations. He was able to obtain these because the presence of the viscosity term
makes it possible to place an upper negative bound on the rate of growth of the
energy integral for sufficiently low Reynolds number. While many flows of interest
are at a higher Reynolds number than his results apply to, it is nevertheless useful
to know that a large class of flows are stable if they are sufficiently slow. One of
the implications of this result is that it implies the existence of a critical Reynolds
number associated with the onset of instability for a quite general class of flows.

Given the interest in non-Newtonian flows and their stability, it would clearly be
useful to know if a similar stability result can be obtained for low enough Reynolds
number and (possibly) some range of Deborah number. It will be shown here that
criteria similar to Serrin’s criteria for universal stability can be derived for a FENE
dumbbell model used by Chilcott and Rallison [2] to describe non-Newtonian fluids.

The equations for this model are

Re (%—Ij +U. VU) =-VP+ VU + %v [f(R)A], (1)
V-u=0, (2)
%é——*—U-VA:A-VU—F(VU)T-A—L(Di)(A—I)-i-eva, (3)

where the spring force f(R) is given by

1

1_R2/L2’ (4)

f(R) =
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with
R?=TrA, (5)

so that the force becomes infinite at the “maximum extension” L. The use of a
finitely extendible dumbbell model will be shown to be critical to the derivation of
these criteria, as without the bound on the moment of the end-to-end displacement
vector, certain integrals cannot be bounded.

The assumption will thus be made that the presence of the nonlinear spring
term, which tends to contract the dumbbells more and more strongly as they ap-
proach their maximum elongation, will keep the dumbbell “lengths” R < L. This
assumption should in no way restrict the physical meaning of the results here. For
indeed, if it was possible to achieve a solution to the equations that violated this
inequality, starting with initial conditions that did not, it would mean that the
equations allowed completely meaningless behavior (from a physical standpoint).
If R exceeds L, the spring force changes sign, corresponding to a force tending to
push the two ends of the dumbbells apart!

Since the goal here is to present a mathematical proof of stability, it is desirable
to justify this assumption from a mathematical standpoint also, especially since
the constitutive equation does not correspond ezactly to the original model of a
dumbbell in a flow with certain stochastic forces acting on it. The assumption
of preaveraging is made in deriving the constitutive equation, so that while it is
clear that an actual dumbbell cannot overcome an infinite spring force with the
result that its beads fly apart, it is not entirely clear that all possible solutions of
the equations of motion will satisfy R < L. Therefore, some comments will now
be made to provide some (mathematical) justification for the assumption that the

average length of the end-to-end vector R in the FENE dumbbell model (1) cannot
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exceed L, the value of R at which the spring force becomes infinite.
It is convenient to speak in terms of generalized function solutions. If R exceeds
L anywhere in the flow doinain, there will be some streamline or streamsurface on
one side of which f(R) > 0 and on the other side of which f(R) < 0, and on which
f(R) = oo. Thus, around this surface, f(R) will behave like the function §'(x —x,),
where § is the Dirac delta function, and x, is any point on the surface. This implies

that the term

1
—I—D—V . [ f (R)A]

in the momentum Equation (1) will behave like §"(x — x,). The only term that
could possibly balance this is VZu, and this would mean that the velocity u itself
would behave like §(x — x,). However, this would leave the term u-Vu as an even
stronger singularity (actually not definable in terms of generalized functions) that
could not be balanced by anything. From this argument it appears that the model
equations do not admit solutions with R < L in part of the domain (there will
always be such a region if physical boundary or initial conditions are imposed), and
R > L in the rest of the domain.

Following Serrin, consider an undisturbed flow with velocity v, pressure ¢, and
moment tensor B (with trace $?), occupying a region of space V, with a prescribed
velocity on its boundary §. The flow perturbation will be denoted by u , p, A, R®
for the velocity, pressure, moment tensor, and its trace, respectively. The equations

for the total flow are

Re-a—';l- +Rea—v

T T + Re(u+v)-V(u+v)
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= —V(p+9)+ V'ut VSV [f(R + S)(A + B (6)
JA OB ‘
—a—t—%——ét—-l-( u+v)-V(A+B)
— (A+B)-V(u+v)+ (VI + )7 (a+B) - LEX s 51 (7

Re%—{—Rev Vv——Vq+V2V+ —V - (f(§*)B); (8)
%?+u.VB=B-Vu+(Vu)T- f(sz)(B I). (9)

Subtracting Equation (8) from (6) gives

Re%{ 4+ Reu-Vu+ Reu:-Vv + Rev-Vu

1 2 2 1 2
SV-U(R +5°)(A+B) - 5V-(f(S)B) . (10)

=-V(p)+ Viu+
In a slight deviation from the usual approach to stability analyses, where Equation
(9) would be subtracted from (7), and the resulting difference used, here only equa-

tion (7) will be used. In fact, only the trace of (7), given by the following equation,

will be used.

2 2
B(Raj“"s D (utv) V(R +57) =

f(R? + §?

2A :Vu+2B:Vu+2A:Vv+2B:Vv-— D )(R2+52—3) . (11)

If the inner product of u with Equation (10) is taken, and the result is integrated

over the entire flow domain, the following is obtained:
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Re O
—z—b—t/\;u-udV

+Re/u-(Vu)-udV—f—Refu-(Vv)-udV+Re/v-(Vu)-udV
v v v

=—/u-V(p)dV+fu-V2udV
1% v

1 2 2 1 u. . 2
+5/vu.(v.{f(R + S%)(A + B)))dV D/v V-(f($H)B)dy . (12)

Regardless of what boundary condition the flow must satisfy at the boundary S,
the disturbance flow must satisfy u = 0 on the boundary. This, and the fact that
V - u (continuity) can be used when some of the terms in (12) are integrated by

parts to give

Rea/u-udV+Re/u-(Vv)oudV
1%

2 9t v
= ——/ Vu: VudV
v
_‘113 /v F(R* + S*)(A + B) : (Vu)dV + '113/\1 u-V[f(§*)Blay . (13)
Now multiply (11) by
1
S5 IR + 5%, =

and integrate over the entire fluid domain, to get

L 2 2?.(&:9_2_) 1 2 2 ) 2 2

_ L 2 L G2)94 - ._L/ 2, 62)9B :
—2D/vf(R +5)2A.VudV+2D vf(R + 5%)2B : VudVy
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/ f(R* + 8%)2A : VvdV +55 / f(R* + §%)2B : Vvdy

~55 @+ s B st (15)

If the second integral on the left side of (15) is integrated by parts, the result can

be seen to be zero by first noting that

f(R? + S*)V(R? + §%) = Vg(R? + S?), (16)
where
g(R +§%) = ~=Inf1l - (R* + 57}, (17)

and then using continuity again. This leaves

1 dg(R? + §%)
/ f(R?* + S%)2A : VudV + __._./ f(R* 4 §%)2B : Vudy
/ f(R? + S*)2A : VvdV +55 / f(R? + 8%)2B : Vvdy

—%/\jf(Rusz)m—;S—)(R“rSz—?») : (18)

Now, Equation (18) and Equation (13) are added together to give

Re 8 1 0 2 2
> 51 u udV+2D(")t/ g(R* 4+ §%)dV

:-Re/u-(Vv)-udV—/Vu:VudV
v v

+e /v u- V[f(S%)B]dv
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+—1——/ f(Rz+S2)A:Vvdv+lff(R2+52)B:dev
D J, D Jy

~§%Lf(R2+Sz)mf(RJS J(m2 157 -3) . (19)

The various terms in (19) will now be considered. First, as shown by Serrin [1],
if —m is a lower bound for the eigenvalues of the matrix Vv (the velocity gradient

of the undisturbed flow), then

u-(Vv)-u> —mul. (20)
This allows the term
—-—/ Vu: Vudy (21)
v
to be bounded above by
m / u?dy. (22)
A%
The term
/ Vu:VudV (23)
v

can be bounded below by a Poincare inequality if it is assumed that the domain ¥V

is bounded; as shown by Serrin,

/ Vu: VudV > ad™? / u?dV, (24)
v v

where



I11-9

3+V13
o= ————7 ",

5 (25)

and d is the maximum distance between any two points in the flow domain.

The next term to be bounded is

<|[| F(R*+S*)A:Vvdy

W1

+

/ f(R*+S*)A : VvdV / f(R?+S5%)A : Vvdy
1% V2

< f(3 + Q)L (9]VV|maz) + L*(9|VV|maz) ,  (26)

/ F(R? + S%)|dv
V2

where |VV|mez is an upper bound on the components of the base-flow velocity

gradient over the entire domain. Similarly,

< f(R*+ S*)B : Vvdy

1%

f(R*+5%)B : VvdV
V2

+

/ f(R*+S*B : Vvdy
\%

< F(3+ @)L (91VVImas) + L*(91VV|maz) - (27

/ F(B? + S?)|dv
Va2

Here, the assumption that the components of A and B are bounded by L? has been

used.
Next, let ¢ be an arbitrary number greater than 0, and divide the flow into two

regions: Vi, where R? + §% < 3+4, and V,, where R? + 5% > 3+ q. Then note that

2—15/;f(32 +52)ﬂ5’g—‘g)(1{2 + 52— 3)
> 5%2— /v [f(R2 + 52)}241) - 51172-/\)1(3 +9)f(3 + q)dV. (28)

Finally, observe that
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1 ) 2
D /‘.}f(s )B Vudy <.._.....lf(5’ )[maz/ qu[dV (29)

With all the above estimates, Equation (19) gives

Re 0 10 5 5
) Bt/ dV+2D8t/ g(R* 4+ §%)dV

SRead"zfude——ad_Z/ude
v A%

F51V - [7(5)B]lmas / [uldv

+2L*(9|VV|maz) |f(R? + S*)|dV

Va
o RS K (CEDTCEE D

Now the Schwarz inequality will be used:

fvpdv < V(/\;pde)% (31)

for any function p, where V is now also used to denote the volume of the domain

V. Let p = |u| = u; the result is

/Iu]dV<V(/ 2dv> , (32)

which, when substituted into (30) gives

Re 0 1 2 2
5 Bt/u udV—}—ZDat/ g(R* + S§°)dV

SRead’Z/ude—ad’z/‘ude
1% 1%
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+ 51V 75)Blnaey ([ ude)%

1
2

+2L*(9| V¥ maz)V [/ [F(R* + 52)]2@7]
V.
-L [f(R2 + 52)] PO / (B+q)f(8+q)dV . (33)
2D? J,, 2D )\,
The left-hand side of this equation is the time derivative of an “energy” for the

system. This “energy” will be denoted by E = F; + E,, where

Ei=— [ u-udV; (34)

_ 1 2, o2 .
B = 55 [ (B + 5%y, (35)

Then (33) can be written as

8E<[2a 20 9

9t = | &2 " Re &2 + Re D]V'[f(SZ)B]]mawv}El

1
2

+2L%(9|VV|maz) M [f(R? + 52)]24))]

L /V (122 + 52)]2dv

L (34 )f(3+ gV + 2£(3 + )L (9] V¥ mas)- (36)

+2D2

From this equation it should be clear that if the Reynolds and Deborah numbers

satisfy

g_a_ 2a n 2
d? Red?  RelD

|V [£(5%)BllmazV <0, (37)
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the flow will remain bounded, even though it cannot be proved from this that it
actually goes to zero. This is because with this condition the terms on the right-
hand side of (36) that dominate at large values of E; and E; are negative. Growth of
the disturbance can therefore not continue unbounded. For small enough Reynolds
number and large enough Deborah number, this condition can be satisfied for any

bounded base flow in a bounded domain.
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CHAPTER III

Brownian Motion
of a Slightly Deformable Drop
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The Brownian motion of a drop in another fluid is of interest in such appli-
cations as emulsions or liquid-liquid extraction. There is reason to believe that its
motion when subjected to small random forces that are due to fluctuations in the
surrounding fluid may be somewhat different from a solid particle. A solid particle
in an infinite fluid will undergo translational and rotational diffusion because of
its Brownian motion. The particle, being solid, has a finite number of degrees of
freedom (three for translational, and from zero to two for orientation depending on
its degree of rotational symmetry). In the case of a sphere, this diffusivity is given
by the Stokes-Einstein result. For a particle of arbitrary shape, there will be both
translational and rotational diffusivities. Essentially, the diffusivity will still be the
amount of thermal energy associated with a degree of freedom divided by the mo-
bility of the particle associated with that degree of freedom. However, translation

and rotation become coupled for a particle of arbitrary shape.

The case of a deformable drop is yet more complicated because there are an
infinite number of degrees of freedom. “Rotation” does not have a well-defined
meaning in this case. While it is possible to define an “angular velocity” of a drop by
integrating the vorticity over its volume, this will not be done here, since it does not
relate directly to the motion of the surface. Instead, the motion of the surface will
be divided into center-of-mass translation and deformations of the surface that leave
the center of mass fixed. While for a rigid particle the Stokes-Einstein diffusivity
can be derived using the simple equilibrium argument first presented by Einstein [1],
it is not clear whether this method can be generalized to the case of a deformable

body.

To investigate how the differences between drops and rigid particles affect Brow-

nian motion, a single drop in an infinite fluid will be considered here. Its diffusivity
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and velocity-autocorrelation function will be calculated, as well as the correlation
functions associated with its deformation, in terms of the density, viscosity and
surface tension. Gravity will be neglected here even though the drop density will
not necessarily be assumed to be the same as the surrounding fluid density. As
in other physical problems (such as suspensions) where the geometrical configu-
ration changes with time, a distinction must be made between “short-time” and
“long-time” diffusivities. In this analysis, the diffusivity to be calculated will be
short-time in the sense that the drop will be assumed not to have moved far from
its initial position over the averaging time interval, but long-time insofar as the
diffusivity will not be a function of the drop conﬁgﬁration, but rather will be the
result of an average over all possible configurations of the drop weighted in some
appropriate way according to their probabilities.

A key step in the understanding of Brownian motion is the determination of
a fluctuation-dissipation theorem, which relates the fluctuation variables to macro-
scopic properties. The fluctuation-dissipation theorem for the drop will show how
the random thermal energy of the fluid molecules gets partitioned between transla-
tion of the center of mass of the drop and deformation that is centrally symmetric.
Its derivation is a two-step process: first, correlations of the fluctuating variables at
equilibrium must be determined using thermodynamics; then, the time-dependent
hydrodynamic problem must be solved to obtain correlations of the fluctuating vari-
ables at different times, up to a constant that must be determined by comparison

with the equilibrium results.
EQUILIBRIUM RESULTS FROM THERMODYNAMICS

As stated above, the first step in deriving the fluctuation-dissipation theorem

is to determine how the energy is partitioned among the various spherical harmonic
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modes at equilibrium. In choosing the fluctuating variables, it is convenient to
decompose the deformation into spherical harmonic modes. The drop shape will be

described in spherical coordinates (r, 8, ¢) by

r=a+n(0,¢,t), (1.1)

where

=Y m(06,t)=Y Y aT(t)P™(cosh)e™™? . (1.2)

n=0 n=0 m=—n
It will be assumed here that 7 is small relative to the drop radius; in other words,
when nondimensionalized with respect to a, n will be of order ¢, with ¢ << 1. Since
7 includes not only deformations of the drop shape relative to a sphere, but also
center-of-mass translations, it is important to justify the assumption that enough
Brownian events occur before the drop has moved even a small fraction of its radius
to allow meaningful statistical analysis. Einstein [1] estimates that a 0.001 mm rigid
Brownian particle in water will move 0.8 microns in a second. Chandrasekhar [2]
states that a Brownian particle will experience about 102! collisions in a second.
Clearly, the drop will not have to move far before such quantities as a diffusivity
will be well-defined.

Since the objective here is to study Brownian motion of a drop (with no
mass transfer) at constant temperature, a canonical ensemble is the natural choice
from the statistical mechanical viewpoint. (The canonical ensemble consists-of a
large number of systems, each with a fixed volume, temperature, and number of
molecules.) According to standard statistical thermodynamic theory, the choice of

ensemble determines which form of energy (e.g., internal, Gibbs, Helmholtz) ap-
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pears in the probability distribution for the states of the system. As shown in Hill
[3] for a canonical ensemble at equilibrium, the probability of a certain interface
configuration is related exponentially to the energy associated with it:
E(n)

Pln] < ezp[~—=7], (1.3)

where & is Boltzmann’s constant, and T is the absolute temperature, and the ref-
erence state with respect to which the energy will be measured will be taken as the
spherical (undeformed) state. The energy can be considered to be a function(al) of

the al’*, since the set of values of these coefficients completely describes 7n:

En(6,¢)] = E[{a;'}]. (1.4)

The energy associated with a certain state (i.e., a certain shape and center-of-
mass velocity) of the drop consists of two parts: potential energy associated with
surface tension, and kinetic energy if the center of mass of the drop has a nonzero
velocity. As mentioned earlier, gravitational potential energy will be ignored. More-
over, it will be assumed that the kinetic energy associated with deformation rates
is negligible; this is consistent with the assumption to be made later for the time--
dependent hydrodynamic problem that the Reynolds number of the flow is very
small. By thermodynamics, the potential energy associated with a certain deforma-
tion is equal in magnitude to the work done against surface tension in isothermally
and reversibly deforming the drop from the undeformed state (which is chosen as
the reference state) to that particular deformed state . (When the drop is deformed
reversibly, work is done only against surface tension; there is no viscous dissipation,
because the process occurs “infinitely” slowly.) By the definition of surface tension,

the work done in isothermally increasing the drop surface area by d A4 is just
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W = 764, (1.5)

where v is the surface tension. So it is necessary to calculate § 4 for a given defor-

mation 7. For convenience, define a function I by

H(Ta 9, ¢) =r—a-— "7(9, ¢) ’ (16)

where a is the radius of the drop in its spherical state. Then the deformed drop

surface is the solution to II = 0, and the unit normal to the surface is given by

vl
so that
1a,67 &n
€r — ree 58 — €4 r3ind 8
n(r,6,4) = — @ﬁf’z - (1.8)
[1 + r_z(ao) + rzainzo(&p) J

Now consider a point (a + 1(6, ¢), 8, ¢) on the surface, and the element of area
dA within d@ and d¢ of this point. If the surface element were on a sphere of radius

a + 7, the area element would be

dA' = (a + n)*sinddbde. (1.9)

However, since the surface element is in general tilted (i.e., n # e,), this is just the
projected area; the actual area is
dA' dA'
dA = = , (1.10)

cosa n-e,

where o is the angle between the surface normal and e,. Thus,
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o) +
08 7'2 szn29

= (a + n)zsinﬁdﬁdq‘}[l + %( ( ) ]% (1.11)

with » = a + 1. The deformation will be assumed to be small, say of O(e), (large
amplitude or rapidly varying deformations are very improbable since the probability
goes exponentially like the energy). Therefore, this expression will be approximated
for small 7 by the terms up to O(e?) (the reason for carrying the approximation to

this order will become clear below):

1., 0n.2 1
39) + 2s51n20

(%)2] sinfdodg.  (1.12)

The change in area AA is, of course, the integral of this over the ranges of ¢ and 6,

dAz[a +2an+n + - (

minus the area of the undeformed spherical drop, 4wa®. However, the fluid inside

the drop is assumed to be incompressible, leading to the condition

V=-nd, (1.13)

where V is the drop volume, which is also given by

7 T p27  pa+7
V =/ / / r? sinfdrdpdf | (1.14)
o Jo Jo

which, if the r-integral is done, results in

™ 2w 3
V= / / @) inodgds. (1.15)
0 0 3

This expression can also be approximated for small 1 as

T op2m
V= gvras -{-/ / a’nsinddids, (1.16)
o Jo
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from which the incompressibility condition

™ 27
/ / nsinfdfdd = 0 (1.17)
o Jo

is obtained. This simplifies the expression for the area change to

A4 = //“ E a”) 28m20(g¢)]sin6d6d¢. (1.18)

To evaluate the change in surface area, the expression for 77 in terms of spherical

harmonics is substituted into this formula for the area change:

A4 = / / S i i ; [PI™l(cos8) PM(cosh)

n=0 m=-—n j=0 -
_l_dPTLml(cosé) dP]! l(c:osﬁ)
2 de dé

mk .
e ele'(cosﬁ)P! (cos8)] - M9 5insdeds. (1.19)

The integration with respect to ¢ can be easily done since

2n
/ MR ds = on8,, i (1.20)
1]

(where § is, of course, the Kronecker delta), so that

Z apa;™ [P‘ml(cosﬁ)P‘ l(cos&)

AA:QW/Wi

ﬁM§

n=0 —-n j=0
14dpP™ [(co.sH) P[ I(cc».sé?)
+ 2 dé do
|m| im|
232n29P (cos8)P;™ (cosO)] sind db. (1.21)
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In evaluating the portion of this integral associated with the derivatives of the
associated Legendre polynomials, it is helpful to make the change of variables z =

cos§ and then integrate by parts (for m > 0):

“ de(co.sg) dP;n(COSG) .
= " 0
I [) 70 7 sinb d
' dpmdP 2
= Tn 77 12 d
/;1 de dz (1-2") da

dP™q1 1 d dPm
. pm w2 J _ m 2 J
= P? [(1 z*) = ]“1 [—1 P = ((1 z°) 7 )d:c. (1.22)

Since the P]* are associated Legendre polynomials, and satisfy the differential equa-

tion

d AP m? o
E[(l-—z ) - ]——[n(n-i—l)*-l__mz]Pn (), (1.23)

the remaining integral in (1.22) can be expressed in the form

2

1
myf - m m
I.—_/ Py [_7(]+1)— 1—:1:2]Pj dz. (1.24)
-1
Now by changing variables from z back to cosé and substituting the result into the

expression for AA,

o0 n [> o]

AA =27 Z Z Z apa;™ [/: Pl™l(cos 0)Pj[m!(cos 6) sinf d6

n=0 m=-n j=0

+ %—j(j%—l)/ Pl™l(cos §)P™(cos 6) sing db (1.25)
0

is obtained. Finally, using the orthogonality property of the associated Legendre

polynomials
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T oolm m . 2 (n+m)!
‘/O‘v Pl ](cosg)Pj' [(co.sO) sind df P — njs (1.27)
the expression (1.25) can be expressed in the form
oo n
_ n(n + 1) 2 (n+|m|)!
= mazm[1 ] 1.2
A4 = 2w}, Y, ale 1+ 55 o+ 1(n— |m]). (1.28)
n=0 m=—n
Since 1 must be real, it follows that
ay =ap™" (1.29)
(with the overbar denoting complex conjugation), and consequently,
aTa;™ = |aT |2 (1.30)

To get the constraint on the a]* imposed by imcompressibility, the decomposition

for 77 in spherical harmonics is substituted into the incompressibility condition:

n 27 s n o 2r
/ / nsinfdode = > > a7 / / Pl™l(cos8)sinfe™? dod¢ ,
1] ) 1] 0

n=§ m=-—n

= 4ma), (1.31)

which implies that a) = 0. Henceforth, the n = 0 harmonic will not even be
included in the complete decompositions, since this dilitational mode is disallowed
by incompressibility. This completes the calculation of the component of the energy
associated with surface tension.

Now the other component of the energy, the kinetic part, will also be expressed

in terms of the al*. It will be assumed here that the kinetic energy is due entirely
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to the purely translational motion of the drop. This is actually only a good ap-
proximation for a high-density, high-viscosity drop. Otherwise, the kinetic energy
associated with the motion of the surrounding fluid and the circulation inside the
drop must be included. If a more generally valid solution is desired, so that these
other components of the kinetic energy must be included, it is useful to note that
whereas in principle this kinetic energy could be obtained by integrating % pu? over
the fluid volume, it is much easier to deduce it by looking‘at the unsteady force on
the drop needed to “accelerate” any of its modes an,m,(t) from the stationary state
to a quasi-steady motion. In this unsteady force, there will be a term analogous to
the “added mass” term in the unsteady force on a rigid particle, which will represent
the force needed to overcome the fluid inertia, rather than the viscous dissipation.
From this force term, it should be possible to deduce the kinetic energy of the fluid
associated with quasi-steady motion of a mode, just as it can be deduced from the
added mass term in the unsteady drag on a rigid particle that the kinetic energy of
the fluid in which a particle is translating with steady velocity U is just %mAUz,
where m 4 is the added mass. Since this requires knowledge of the time-dependent
response of the system, it will not be considered in this section.

Since the translational kinetic energy is -;—mDU - U, where mp is the mass of
the drop, and U is the velocity of the center of mass of the drop, first the center of
mass X must be expressed in terms of the a7'. By definition, the center of mass X

is

X = / xdV, (1.32)
D

" 4mal
where the integral is over the drop volume. This can be rewritten (using spherical

coordinates) as
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7" 27w patn(8,9)
/ / / r [cosﬁez + stnfcosge, + sin@sinqﬁey]

~ 4mad
x r?sind dr df do. (1.33)

Since the deformations are assumed to be very small, and only the O(€) approx-

imation is sought here, this expression can be linearized in 7 (after the trivial

r-integration is done) to give

3 / / + a®n [cosﬁez + sinfcospe, + sinGSinqﬁezJ
= dra b=

X sin8dfde. (1.34)

Clearly, the ‘1—4 term integrates to zero, since if the sphere were undeformed its

center of mass would be at the origin. Thus,

/ / n(é, ng co.sHez + sinfcosde, + smﬂszngbez] sinfdfdg. (1.35)
p=

Since orthogonality relations are known for the spherical harmonics P(cos §)e™?,
it is convenient to express cos §, sin 8 cos ¢, and sin § sin ¢ in terms of surface spher-

ical harmonics:

cos § = P} (cos 8); (1.36)

sinf cos ¢ = ——;-Pll (cosb) [ei¢ + e‘“ﬂ; (1.37)
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1 . ,
sinfsing = -—;Pll(cos f)[e® — 7] , (1.38)
i
so that the integral (1.35) can be rewritten as

3 /ﬂ /-27r x n m] s
= - ay P/ (cos 8)e'™
B oo Sy 2 2 (cos 6)

n=0 m=-n
[Plo(cos fle, — %Pf(cos 6) [eid’ + €_i¢]ez - %Pll(cos 9)[ei¢ - e—ié]ey]

x sin §d0ds. (1.39)

Doing the ¢-integration (using (1.20)) gives

X= 4r _/:0 ; 2 [anPn(COS 6) P, (cos e,
- %(‘1;1 + al)Pl(cos8) P} (cosh)e,

1
- é—t(a;'l - ai)Pé(cosé)Pf(cosﬂ)ey] - sinfdf, (1.40)
i

and then doing the §-integration (using (1.27)) gives

_3 2 o 4L 1t L g
X = 47l’27r [3alez—(3)2(a'l +a’1)ex—“(3)2i(a’1 "‘al)ey]° (141)

It is convenient now to write the number a]*, which in general is complex, as

ary =br+1icr, (1.42)

where b7 and ¢} are real, so that

o = (B7)* + (ei)? (1.43)
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where both b7 and ¢]' are real numbers. Then (1.41) simplifies to

X =ble, — 2bje, + 2cje,. (1.44)

Thus, the velocity of the center of mass of the drop is

dX  dbs dbi del
=—=—"e,—2—e, +2—e,, .
T TR TR TR (1.45)
and the kinetic energy of the drop motion is
1 dbl 2 dbi\ 2 dely?
B = gmo| () +4(F) +4(T) ] (1.49)

At this point the probability distribution for interface deformations (described

by {al*(¢)}) can be written (using (1.28)) as
Pl{a7}] = Nexp{_;%[%l?_[(%)z +4(%)2 _'_4(%}_)2}

2y Y d,’?[(bZ‘)zwL(cr’?)z]J} ; (1.48)

n=0m=-—n

where

(1.49)

nn 4l _2_(ntfm)

d 2[1+ 2 2n+1 (n — |m|)!

n

and N is a normalization constant, chosen so that if P is integrated over all possible

values of {a]'}, the result is 1. Note that the independent variables

{dm},{cm}, n=0,1,2,...; m=-n,...,0,...,n (1.50)

db® db! dcl
o d o d (1.51)
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can be thought of as coordinates in phase space, with (1.50) being the position
coordinates (configuration space) and (1.51) being equivalent to coordinates in mo-
memtum space. It can be seen from Equation (1.48) for the probability distribution
function that it can be factored into functions each of which depends on only one of
the b or c7' or their time derivatives. In fact, the probability distribution is just

the composite of independent Gaussian distributions; i.e., the spherical harmonic

modes (and their time derivatives) of different order and degree are independent.
Hence, if particular values of m and n are chosen, the probability distribution

for &7 alone is

2
P(b™) = Npom e:cp[w*g—g—df 62, (1.52)

where N, , is now a normalization constant for this distribution only. (This nor-
malization constant is chosen so that this probability integrated over all possible
values of b (i.e., all real numbers), gives 1.) The same equation holds for ¢7* by just
replacing b7 with ¢} in (1.52), from which it follows that b]* and ¢ will have the
same autocorrelations. In the following section, a fluctuation-dissipation theorem
for the drop will be derived; for this, the equilibrium autocorrelations of the 4™ and
¢y will be needed. They are computed by noting that the probability distribution

has the general form

P(z) = Nexp[—qz?], (1.53)

where ¢ is some constant, IV is the normalization constant, and z stands for one of

the ™ or ¢™. Thus, the expectation of z? is simply
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* zlexp[—qz?] d= 1
<z?>= f“;‘; 2] = —, (1.54)

Sl expl—qz?] dz 2g

This shows that the expectations of b]'b and c['c]* are given by
miimy\ __ /.m . m\ __ 471-7 m -1
<bnbn> - <Cnc'n.> - (ann>
T n(n+1)71-1 1, (n = |m])!

= 1 i Gl LA 1.55
47r7[ T3 | @ D my (159

with d7* as given above. This relation holds for all m,n except m = 0,n = 0, since
incompressibility necessitates b) = c§ = 0. Note that this shows the qualitatively
correct dependence on T', v, and n, m: as the temperature goes up, the mean-square
fluctuations should increase; as the surface tension goes up, the fluctuations should
decrease, and they should also decrease as m and n increase, since larger n and/or
m correspond(s) to smaller wavelength, i.e., higher energy, deformations. For zero
surface tension, the fluctuations become infinite, as expected, since the drop loses
its integrity in this limit.

The equilibrium autocorrelations for the center-of-mass velocity components

will also be needed, and these are calculated similarly:

(0) — _D ijoy2 .
P(bl)_Nemp{ Z2.(89) } (1.56)
'0'0 _ KT
< biby >= D’ (1.57)

and similarly for ] and cj:

T
4dmp

< BBl >=<élél >= (1.58)
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This is, of course, just the familiar form of equipartition that holds for the velocity
of a rigid particle, too.
THE TIME-DEPENDENT PROBLEM

The fluctuation-dissipation theorem gives the autocorrelations of the param-
eters specifying the interface configuration (b7 and c¢') at different times. The
equilibrium results calculated in the previous section are needed to get the abso-
lute magnitudes of the correlations, but to obtain the time-dependent part, it is
necessary to solve the time-dependent hydrodynamic problem. This consists of de-
termining the flow field due to a (stochastic) forcing that is assumed to model the
Brownian fluctuations. The Brownian (thermal) energy, which is of the magnitude
of kT for each degree of freedom, will be assumed to cause only small fluctuations
in the drop shape. With the assumption that the interface deformations due to fluc-
tuations are small in amplitude, it is possible to expand the boundary conditions
about the spherical state, and still work in spherical coordinates (i.e., a domain per-
turbation). It will also be assumed that the Reynolds number for the fluctuating
velocity field is small, so that the equations for fluid motion inside and outside the

drop are the unsteady Stokes equations. Thus, for the interior flow

ou’ . .
pl@i = —Vp' + 1 V?u®, (2.1)
t
Voui=0, (2.2)

where p; is the pressure, u’ is the fluid velocity, and p;,u1 are, respectively, the

density and the viscosity of the fluid inside the drop; similarly, for the exterior flow,



II1-18

ou®
P2 ot

= —Vp° + p;VZiu® (2.3)

V.ou=0. (2.4)

(The subscripts “i” and “o” refer to inside and outside, respectively.) For a time-
independent flow with boundary conditions to be applied at a sphere, Lamb’s [4]
general solution, involving spherical harmonics, is a natural choice. Lamb discusses
brieﬂy the general solution for the time-dependent case, and Yang [5] has expressed
this solution explicitly in vector notation. If the velocities (and pressures) are

Fourier-transformed according to

i(w) = ziw / " u(t) etdt (2.5)

— 00

u(t) = /'°° i(w) e *'dw , (2.6)

-_0
(the same formulas hold for the pressure by replacing u with p), then Yang’s form

for the general solution in spherical coordinates (7,8, ) is:

g 1 ; ;
= Z 5 Vpy, — ¥n(h1m)V x (rx;)
n=1 1

+[(n + Dpn—1(har) = n¥ni1(ha7)hir?| Ve,

+ n(2n + 1)ppi1(har)hipir| (2.7a)

=) ph, (2.78)
n=1
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for the inside flow, and

o | 1, )
o E.__: R Py T ¥alhar)V X (03)

+[(n + 1)pn_1(har) — ntppia(hor)h3r?| Ve,

+ n(2n 4+ L)Pns1(her)hipnr| (2.8a)
ﬁo = Zﬁi(n—kl) ’ (286)
n=1

for the outside flow, where

Pry $ns Xns Pns Xn
are general spherical harmonics of order n (the specific choice is determined from

the boundary conditions), and the

PZ(n+1)

are spherical harmonics of order —(n + 1). The functions ¥, and f, are defined by

falz) =i \/g (1) B (0 (2.9)

u(z) = \Em*(n+%)1(n+%)(z) , (2.10)

where

(2)
Hn+%(m)
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are Hankel functions of the second kind of order n + %, and

J(n-&-%) (:E)

are Bessel functions of the first kind of order n + % The symbols A; and hs are an

abbreviated notation for

wpy

hy = : (2.11)
H1

hy = 2E2 (2.12)
H2

with the positive branch of the square root function being taken.

While Yang (5) presented this solution in dimensional form, it will be found
convenient later to work with dimensionless variables here. To avoid introducing
any additional complications in the notation, the same symbols will be used below
for the nondimensional velocity, pressure, and spherical harmonics as were used
in Yang’s solution above. Since henceforth everything will be dimensionless, there
should be no confusion. The characteristic velocity used to make u dimensionless is
kT /uza?; the characteristic pressure is k7'/a®; the interface deformation 7 and the
position variables are nondimensionalized by a; the characteristic time is pya®/kT;
the spherical harmonics ¢, are nondimensionalized by kT'/uza, and the spherical
harmonics X» by kT /u2a®. The outside (i.e., subscript 2) fluid parameters are used
in the nondimensionalization, so that later on, when limits of the inside viscosity
going to zero and to infinity are taken (to compare with the cases of a bubble

and a rigid particle), none of the dimensionless variables will become infinite just
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because of the way they were nondimensionalized. With this, the general solution

in dimensionless form becomes

i = Z [zé — ¥4/ ’Q—ar)v x (rxk)

n==

(2 zQa 1o
[0+ Dpnns (1 527) = mibns (1 550) (55072 vl
Qa | 10a,
+ n(2n + V)gpni( Tr)( 3 )go;r} , (2.13a)
=>_rh, (2.13b)

for the inside flow, and

o0

1
e Z [mfo_(n+1) - fn(mr)v X (rXZ)

+[(1 4+ 1) fama (Vi) = nfuia (ViOr)(i0)r* ] Vi3

+ n(2n + 1) fos1(ViQr)(EQ)p2r | (2.14a)
Zp  (nt1) » C(2.14b)

for the outside flow. Here, the dimensionless parameters that appear are

a=—, 2.15a
] ( )
H1
= —, 2.15b6
H2 ( )
kT
B = zpz, (2.15¢)



T = '%—, (2.15d)
and the dimensionless variable
wpqa®
Q=— (2.16)
H2

To determine the particular choice of the spherical harmonics py,n, Xn ap-
pearing in the general solution (2.13),(2.14), boundary conditions must be invoked.
The boundary conditions to be applied at the interface (r =1 + n(6,¢,t)) for this

time-dependent problem are continuity of tangential velocity,

tut=t-u (2.17a)

where t denotes either of two independent unit vectors tangent to the surface; the

kinematic condition

T o __ 677
n-w = n-u’ o= o, (2.17b)

where n is the outward normal to the interface; continuity of tangential stress,

t-n-o'=t-n-o°% (2.17¢)

and finally, continuity of normal stress,

n-n-o' — n-n-0° = T'V.n+y(4,d1). (2.17d)

The function y(0, ¢,t) which appearsin (2.17d) represents the random normal stress
on the interface caused by collisions of fluid molecules with it (nondimensionalized

by kT'/a®). It is convenient to decompose y also in spherical harmonics,
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y(0,6,t) = > _ yn(t) Z Z Yy (t)PI™ (cosf)e™?. (2.18)
n=0

n=0 m=-n

Such a decomposition is always possible for a continuous function of § and ¢;
it is being assumed here that an individual realization of the stochastic function
y is the average, on some length-scale intermediate between the drop size and the
mean free path of the fluid molecules, of the force per area caused by fluid molecules
impinging on the surface, so that this assumption of continuity of y is reasonable.

Since the flow is driven only by this random normal stress, the velocity and in-
terface deformation, and also the pressure (apart from the term that is independent
of 8 and ¢) are of the same order as y, namely, O(¢). (The §- and ¢-independent
part of the pressure would be present even if there were no flow and the drop were
perfectly spherical; it Bala.nces the surface tension term for the constant curvature
of a sphere.) Hence, if the boundary conditions (which are actually to be evaluated
at » =1+ 7n) are expanded about r = 1, the corrections (due to the displacement
of the interface by 7) are of O(€?) and are thus negligible for the O(e) problem
being solved here. In other words, the boundary conditions can simply be applied
at r = 1 with no changes, the only exception being the surface tension term I'V - n.

For this term, it is necessary to determine V - n to first order in 7. The result is

1[ cosf dn 9% 1 9%y

IS | on H.O.T. .
Ven o= 2-gint S 0ae T on sinzaaqsz] +H0 (2.19)

2
The first member in the right-hand side of (2.19) is the 8- and ¢-independent term

mentioned above, and it can be ignored, since it is part of the trivial O(1) solution
(corresponding to a completely quiescent fluid and a perfectly spherical drop). Since
the boundary conditions will be imposed by requiring all terms of each degree of

surface harmonic to balance, it is desirable to simplify the surface tension term
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S.T.Term =

o

..  cosd B, 0%y 1 8%
7;{277” sind 90 T 067 T s5in?8 9g? ] e

appearing in the normal stress condition so that it appears as a sum of surface
spherical harmonics, rather than a sum of various derivatives of spherical harmonics.
The associated Legendre polynomials P;* in the surface harmonic expansion (1.2)

for n satisfy (1.23), which, if the change of variables z = cos # is made, becomes

m2

2 pm m
d®*P™(cosf) cosl dP*(cos 8) I [n(n +1) — ._...5.0.} P'(cos8) =0. (2.21)
sin

de? sin @ df

Since by (1.2)

n

Mo = Z a™ Pl (cosh)e'™?, (2.22)

m=—"7

it follows that

i o dzP,]Lm](co.sG) cosf dP,ILm[(cosG)
o O d6? sinf 6
( (n41)— 12 )P'm'( 8)| ™ =0 (2.23
+{n(n + —T3g)Pn cosf)|e =0, .23)
which can be rewritten as
89,  cosb Oy, 1 0%,

+n(n + 1), + = 0. (2.24)

062 sinf 66 sin28 O¢?

From (2.24) it is clear that the surface tension term (2.20) can be rewritten as

S.T.Term =

b |
NE

[2 — n(n +1)]fn. (2.25)

n
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Since only the O(e) approximation of the flow field is being computed here, it
is consistent to ignore the higher-order corrections to the unit vectors, which change

the boundary conditions only at O(e?®):

n=e,+ HO.T. (2.26a)

OT.
¢ = { e+ H.O (2.260)

ey + H.O.T.

For application of the stress boundary conditions, it is convenient to use Brenner’s

[6] result that (after nondimensionalization),

R r, [6u w7 1 o

er-0® = —2p+ [ G- — |+ -V(r- ), (2.27a)
; r; out  u'y A ;

er-0' = ——p +/\[ar - T_-{-TV(r-u). (2.27b)

It can be shown (as done by Yang in dimensional form) that

—-Q2(ViQr)V x (rx2) + Ry (Viir) Ve,
2n+1) ., -~ o o
..( . ) $2(Vifr)por — P-—(n+1)r] (2.28a)

for the exterior flow, and

r =t S L E Doy

19/
2 x () + By

—Q:z( T)VSOn
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(2n + 1) ( r)(,pn ] - pir} (2.28b)

for the interior fiow, where

Qn(2) = =2 fat1(2) + (n — 1) ful2), (2:29¢)

RY(2) = n2* frra(2) 402 faa(5) = (n+1)2 ful2) +2(n+1)(n—1) faoi (2), (2:208)

5°(z) = nz® fria(2) + n2® foii1(2), (2.29¢)

Q:z(z) = —2%hn11(2) + (n = 1)pn(2), (2.30qa)

Rp(2) = 12 Pnt2(2) 4122 Pns1(2) = (n+1) 2 Pa(2) +2(n+1)(n—1)¢pn-1(z), (2.300)

Si(2) = n2t*tppya(2) + nzihpyi(2). (2.30¢)

Since the general solution is in terms of Fourier-transformed variables, the next
step is to Fourier-transform the boundary conditions. The only change from the
boundary conditions in time given above is that the velocity, pressure and stress

are replaced by their Fourier transforms, and

on
Bt



is replaced by

Now, the general solution will be substituted into the boundary conditions in order
to obtain algebraic equations for the arbitrary spherical harmonics that appear in

it. First, the kinematic condition gives

n==0 n==1
1§ Q2 1Y Aot
N [(n+1)‘¢n—1( z/\ar) __n¢n+1( zAar)z/\arz] (;in
+ n(2n + L)gpnya ( z_f;gr) KS}/\E ;r} , (2.31a)

and

- . . 0?2
V4 — v/ 212 En
+ [(n +1)fn-1 ( er) N fnt1 ( er) (ZQ)r?] .
+ n(2n+1)fn+1(\/iﬂr> (iQ)cp‘;r} , (2.310)
which gives the two equations ( to be satisfied for n = 1,2, 3,...)

182

ke L

+ [n(” + 1)tpn—1 ( @> +n(n + 1)%%3171:,1“ ( LQ—QC-H ot

3 3 ) (2.32a)

r=1

and
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i, (n+1

8 M = "’;ﬁ”‘P—(n‘{‘])

+[n(n + 1) fa1 (ViQ) + n(n + 1)iQfrr1 (ViQ)] 95, (2-328)

r==1
By the methodology developed by Brenner [6], the condition of continuity of tan-

gential velocity at the drop surface will be satisfied by requiring that

Oul, Gu?l ‘
7"‘5‘;‘ = 87‘ 9 (233)
r=1 r=1
and
r-Vxu =r-Vxu’ (2.34)
r=1 r==]

Similarly, the condition of continuity of tangential stress at the drop surface will be

satisfied by requiring that

d(e, e, ot) ; _ Oler-e.-0°) o g
7 o —rV . (er-0") =r g —rV.-(e,-0%) , (2.35)
r=x1 r=1
and
r-Vx(e -ot) =r-V X (ep:07) (2.36)
r=1 r=1

It can be shown that Equations (2.34) and (2.36), which imply that there is no

torque on the drop, necessitate that

Xn = 0; (2.37a)



x2 = 0. (2.37b)

Equation (2.33) leads to the conditions (for » = 1,2,3,...):

n(:fz;l)p’i‘
+ [n(n ~ Dt Do (3 52) — i+ 1) S0 (152
i+ 17 5% (1 5) 1) (52) s i?a)}oi
_(n+1)(n+2) 5
0 P_(n+1)
+|n(n = D(n+ 1) fac1 (Vi) — n(n + 1)(EQ) F (Vi)
+n(n + 1)(6Q) fasa (ViQ) — n(n + 1)(iﬂ)2fn+z(x/i—ﬁ)J e5 (2.38)

Before applying the tangential stress condition, it is useful to note that

—V-(er-0*)+ V. (e-0°) =e.[V-(6° —c')] + (Ve,) : (¢° — o*)

r=1 r=1
i 3 o i 1 o i
)= (" =) + serer: (07 — oY) (2.39)
r=1
It is also useful to note that
e, -le -(a‘o— i [2(n+1 (n+2) ° + Ro( 'L'Qr)mpfL
roT U (ZQ)T P_(n+1) n ”

n=1



I11-30

2n+1 ) . o )
_( — )Sn(v Qr)pnr — P-(n+1)"'}

2(n—1)n ; ; iQa  npt
‘*“{’\[ @@ar Pr T E(Y

(2n -{— 1)

Sy T)son ] -pfﬂ‘},

(2.40)

since this expression appears in both the tangential and the normal stress conditions.

Equation (2.35) leads to the conditions (again for n =1,2,3,...):

2xn(n — 1){n —2) . ; ;
Qo

= [n(n o () 2B (/%)

dr

—(2n +1)(n — 2)St (\/1—%—;?) —(2n + 1)%\/:;_)]

2n+1) .o, -~ o o
_L?___)Sn(v Qr)plr — p_(nH)T]

2(n +1)(n+2)(n+3) 0° o o
= - P2 i1y + (P + 1)P2 (ns1) = 3PZ (npy)

r=1

+ [n(n _ )R (Vi) + n (\/ﬁ")

—(2n+1)(n— 2)52(Vifr) — (2n + 1)

_{/\[2((’:9) +Rt(\/m )""’”

d5°(\/zﬁr):l
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_—(277,7'—2{— 1)5%(\/ ZQTar)son ] —pir} _ (2.41)
Here,
d}zcl)z(Z) = —2n(n+2)(2n+1)2fnt1(2) + (2n+1)*2fa(2) = (20 + 1)z faei(2), (2.42)
and
dS§Z(Z) = —2n(n + 2)(2n + 1)z fat1(2) + n(4n + 3)z2fn(2) — nzfa1(z), (2.43)

and similarly for the inside flow with the superscript “o” replaced by “i,” and the
functions f(z) replaced by (z). In deriving these expressions from (2.29) and

(2.30), the recursion relation

2 fura(2) = (2 + 1) fa(2) = faa(2), (2.44)

which also holds for ¥,(z), was used. Also, extensive use has been made of the fact

that the derivatives of the functions f,, and ¥, satisfy the relations

fal2) = —2fnia(2); (2.45a)
Pn(2) = —2¢nta(2). (2.45b)

Finally, the normal stress condition gives

1of 2(n+2
e X ) e

+R2(ViQr)Ve?,
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__Qﬁégillsg(vﬁ?%ﬁwir—-P3<n+nr]
ren L g{x[igyﬂ—;lwz
+Rf,(\/@7‘)vson

(Qnr+ 1)5;( -2—9-37')% ] —p;r}

r
2

Nk

2= n(n+ 1}in+ D Jn, (2.46)

n=1

which gives the equation

[mn+nm+2)
(Q)r

S o (Vi) — 8 ]

2(n—-1)n ; . [10a  net

+{/\[an RS
(2n+1) (\/ r)enT -p }

= -——-g—[2 - Tl(n + 1)]’771 + .@n- (2'47)

-(n+1) + R;, (\/——7')

T

All of the above conditions are to be applied at » = 1. The above equations
were simplified by making repeated use of the property of any spherical harmonic

function S,, of order n that

9on _ on (2.48)
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The Equations (2.32a), (2.32b), (2.38), (2.41), and (2.47) constitute 5 equations

from which the desired relation between the interface deformation (or other flow

variables) and the random normal stress is to be obtained. (There are two more

equations, that determine ,, but these are independent of the five, and thus are

not needed here.) The 5 equations are
AR T i B
= Apr, + Ben,

i - -
—?nn = Cp2 i1y + De7,

Ep} + Fpl, = Gof + Hp® (14,

I-Pi + J.‘P; = Iz’po—(n—i-l) + igofw
and
Mp;, + Ny + Op° 11y + Pt = Qfin + fin.

In these equations, A, B, ... are given by

i-
an(n+1)¢n-1( 7-;-S-}\—E!-)—}-n(n—k1)(i—%z\-?i)t/m«;-l( i(;_a>,

D= n(n + l)fn-1(\/7:—ﬁ) +n(n + l)iﬂfn-{-l(m)’

(2.49a)

(2.495)

(2.49¢)

(2.494)

(2.4%¢)

(2.50a)

(2.508)

(2.50¢)

(2.50d)
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E =n(n—1)(n + 1)pn_ ( %) — n(n +1)(n + 2)’Qa¢n+1 ( ”;0‘) (2.50¢)
- n(n-1)
F = P (2.50f)

G =n(n—1)(n+ 1) fa_1(ViQ) = n(n + 1)(n + 2)(iQ) frr1 (Vi) (2.509)
(n+1)(n+2)

=t (2.50h)

LU . (2.50)

J=a {zn(nm(mrz)z (52) i (W) 2n(2n+1)(n+1) (5 )%(W )
+2n(n+ 1)(n — 1o “ﬁ“)] (2.507)
go2ntDmt2? 3, (2.50k)

182

I-= {Qn(n +1)(n +2)%iQ frs1(ViQ) — 2n(2n + 1)(n + 1)(iQ) f(ViQ)

+2n(n + 1)(n — 1)2fn_1(\/iﬁ)] (2.500)
M= 2)‘";3; DY (2.50m)

N = —2\n(n+1) [(n + 2)(’Qa)¢n+1 (\/m) (n = 1)%n_1 (\/;f;_a)}
(2.50n)

_2(n+1)(n+ 2)
iQ

13 = 277'("’ + 1) [(n + 2)(iﬂ)fn+1(\/i__) - (n - 1)fn—1(\/7:—§)] ’ (2'5OP)

0= +1, (2.500)

and finally,
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Q = -g-[z —n(n+1)]. (2.50¢)

This system of equations can be rewritten in matrix form:

4 0 B 0 Pr 0
0 ¢ 0 D =[P 0
F -B E -G o0 on | =0 (2.51)
I -k J -L o 5 0
M O N P -Q Tin 9n

The desired result is the solution to this linear system of equations for the flow
variables in terms of the imposed random normal stress y. The solution for the

deformation can be written as

where é}z(ﬂ) is the “transfer function” which, when multiplied by the input, gives

the output. It is given by:

GL(Q) = =, 2.53
n(92) 03 _E-970) (2.53)
where
. |FE G| _|F -HE
R=-C/1I J -L|-D/I -K J
M N P M O N
:_c"'[“(fﬁ-z-I;N)—E'(fPH";M)_é(izx“r—fz\Zf)]
—D| - F(RE +JO)+ H(IN - Jit) + E(I0 + K1), (2.54)
. |- E -G| _|F -O -G
S=4|-K J -L|-D|I -K -I
M N P M O P



—é[ﬁ(_feﬁ+ié)+ﬁ(fﬁ+zm—é(io”u%zx?_r)’; , (2.55)
and
¢ o D o ¢ D
I'=A-H -E -G/ +B\F -H -G
_kE J -I i -k -I

+B|-C(~FL+GI)+ D(-FK + A)]. (2.56)
The solutions for the other flow variables, which are needed in the calculation given

below for the O(e)? correction to the diffusivity, can also be written in terms of

transfer functions:

Py = G7%(Q)in; (2.57)
@l = G (Q)dn; (2.58)
P (nt1) = GO (Q)gn; (2.59)
05 = G Q). (2.60)

The transfer functions appearing here are given in Appendix 1.

With this solution to the time-dependent problem, it is now possible to ob-
tain the fluctuation-dissipation theorems for the fluctuating variables 7, or more
precisely, for the time-dependent coeflicients b, ,, and cn m, and to compute the
diffusivity and velocity autocorrelation of the drop. Up to this point, the Fourier

transform has been used, primarily because Lamb’s and Yang’s general solutions
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are given in Fourier-transformed variables. However, it should be noted that the
variables such as particle velocity involved in the Brownian motion of the drop do
not go to zero as t — oo. This is of course why the particle has a diffusivity. In
such a case, the Fourier transforms will exist in the usual sense only for {2 having
a nonzero positive imaginary component. This raises subtle points in inverting the
transforms if the Fourier inversion formula (2.6) is to be used. The integrals will
not ekist in the usual sense and will have to be interpreted as generalized func-
tions, which do not follow the usual rules of multiplication and differentiation. For
this reason it is convenient to convert to Laplace transforms at this point, which
can be done very simply. (Hauge and Martin-Lof [7], in their treatment of a solid
Brownian particle, use Fourier transforms, and they also point out that it is more
straightforward to convert to Laplace transforms before inverting.) To switch to
Laplaqe transforms, consider everything to be motionless before ¢ = 0 (as pointed
out by Hinch [8] in his treatment of a solid particle, this does not result in any loss

of generality), and define the Laplace transform
. 1

X(s) = 5= /0 " emx(t)dt = X(Q) o (2.61)

(where X () is of course the same Fourier transform as defined in (2.5)) for which

the inversion formula is

X(1) = = f T ok (s) ds. (2.62)

i —100
In this inversion formula, v is chosen so that the path of integration is to the right
of all the poles of X(.s) For a system initially at zero (i.e. the Brownian drop at the

origin with zero velocity and acceleration, and motionless surrounding fluid), the
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transfer function for Laplace-transformed “input” and “output” variables is related

to that for Fourier-transformed variables by

G(s) =G(Q)|__, (2.63)
with

7(Q) = G(Q) §(Q); (2.64)

i(s) = G(s) §(s). (2.65)

Now the diffusivity of the drop will be computed. The diffusivity is the 3 x 3
tensor defined by
lim d

D= f oo dt S X()X(t) > . (2.66)

Since, as observed above, the spherical harmonic modes decouple to first order, and
only the first-order problem is being done here, the diffusivity will be diagonal.

Furthermore, by symmetry, it must be that

Dyo =Dy, =D,,. (2.67)

Therefore, only the calculation for D, need be done here. From (1.44),

Irm d 072310
= — b .
D,, ¢ o oo < by()by(t) >, (2.68)

and from (2.44), 71 = G1(Q)J:. From (1.2),
m==1

f = Z &;nPllm‘(cosﬁ)eimqs, (2.69)

m=—1
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and from (2.18),

m=1
7= Z g}i“Pllmi(cos@)eim‘#. (2.70)

m=-—1

Because of (1.29), af = b?; all this may be combined to give

B() = G1(@). (2.71)

In terms of Laplace transforms this is

B(s) = Cl(is)3?. (2.72)

In the expression (2.55) for D,,, b? rather than 5(1] appears, so the inverse Laplace

transform must be taken according to (2.62):

0 1 THie stio0
bi(t) = z e’*b,(s) ds, (2.73)
24

—100

where v is any positive real number; substitution of this into (2.68) gives

lim d

:t—ﬁoo_c-i—t_

~-+ico Y+ico . .
D.. <~—/ / e’”e”tG}(isl)Gi(isz)g}f(sl)3}?(32)d51d32>.
~—1ico y—ico
(2.74)
The assumption will be made that the random normal stress that the drop
surface experiences changes on a much faster time scale than the macroscopic drop
deformation, since it is caused by a large number of microscopic events (namely,

collisions of fluid molecules). Thus, for the calculation here, the random normal

stress will be assumed to have essentially zero autocorrelation time:
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<y(8,¢,)y(0,¢,t + 1) >= C,é(7), (2.75)

where Cy is some constant (which will be determined below from the equilibrium

autocorrelations.) Thus, specifically,

< yg(ga b, t)yg(e, $t+71)>= C;’O‘S(T)° (2.76)

Note that in (2.74), the term

Ry =< 31 (s1)31 (s2) > (2.77)

appears (since the expectation operator <> can be commuted with the integrals).

Substituting the formula for the Laplace transform into this gives

-—---—--—1 = = 81Ty ,— 82T
Ry = <(27r)2 A ‘/0‘ e e %2 zyg(ﬁ )yg(—rz) dry d7'2>
o= 1 = = —81T1 ,—8272 0 0
T (2m)? /0 /(; € € <yl(7'1)y1 (7'2)> dry dr, (2.78)

which, using (2.76), becomes

1 < * —~§1Ty —827T 1,0
(2W)2.A /; e g™ %2 ’C'y §(r1 — 12) dry dm2

1 [= o]
— e—sl're—-—sz‘rcl,o dr
(2m)* /o Y
01,0
_ y
—(2m)2(s1 +s2)

R, =

(2.79)

Substituting this into (2.74) gives
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lem d vhico  pytico s1t 82t Alys N1/ C;’O
D=, oo'éi[" /w-oo L e Gl (i) G (is2) +32)dslds2}.
(2.80)

—ioo

The time derivative may be commuted with the integrals, resulting in the simpler

expression

1,0

Ii y+ico y+ioo C
D.. m /' / et sztgl(zsl)G (152)(2 E dsldsz] (2.81)
v

*t—>oo

These integrals can be evaluated by residue calculus. Here 4 is any real positive
number; i.e., the transfer functions é’} should have poles only in the left half-plane
for physical reasons. Since when n = 1 the coeficient Q = 0 by (2.50q), it is clear
from (2.52) that é’} has a simple pole at the origin. Assume that the other poles
of é’% are simple, and denote them by r;, with ¢ = 0. Then doing the s; integral

gives

1,0

p..= " [—(2m') /:Hmz mitesatR; Gl(zsz)((; g dsg] (2.82)

1t — o0 —ioo

i

where R; is the residue from the i-th pole (except for the exponential term); i.e.,

R; = (51— )G (is1). (2.83)

Similarly, doing the s, integral gives

D _ lim I:...(Q .)22287';15 rth,R._CL,Ojl (2 84)
zz — m - 7 € : 1(271')2 ) .

t— oo
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Now clearly, in the long-time limit, all the terms from poles r; with negative real

part will go to zero. Thus, only the terms for ¢ = 0 and j = 0 will remain, giving

1,0

(2 )?

The constant C;'° in (2.85) is as yet unknown and will now be determined from

D.. —[ (214)2(Ro )? ] (2.85)

the equilibrium correlation (1.57). From (2.72) it is clear that

70 - N
b= s 80 = s GL(is) 32(), (2.36)
where the dot over a variable indicates its time derivative. By again using the

inversion formula (2.62), this implies

Yy+ico pytico
< BB (2) >= / / e*e’ s, 5, G (151)GL(is2)7 (s1)7° (32)d31d32>
y— —ico
(2.87)

which by manipulations very similar to those done in calculating the diffusivity, and

in particular by using (2.79), can be reduced to

S0 /,170 YHIOO YFIO e ent 51 A1 Cy”°
b1 (1)b; (1) >= — S1teo2 Gi(i81)G5 (1 ds1dss.
< by(t)by(2) ‘/;_ico »/;-ioo e’** e’ s18,G(1s1) 1(232)(271')2(31 o) s1dss

(2.88)
What is needed, for comparison with the equilibrium correlation derived in Section

1, is the long-time limit of this. If the s; integral is considered first, there will be

residues from the poles of é% and from the simple pole at s; = —s5. It can be
shown, however, that only the residue from s; = —s; survives as ¢ — co. Thus,
. . Y+ic0 . . c1,0
< B (1)Bi(t) >= (2m')/ $2G1(1s)G(~1s) == ds. (2.89)
y—to0 (277)2
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Combining (1.57) and (2.89) gives

: -1
E] &BT . ’Y+‘LOO 2 . ead .
c,’ = -_77—1}3—(27”) ,:[,—ioo szG}(zs)Gi(—zs)ds} (2.90)

for the coeficient in the autocorrelation of the component of the random stress, 3.

From (2.85), the diffusivity is then

. -1
T 4100 . R
D,, = —-@-—-(Qm’) [/ szGi(is)G}(—is)ds} (RO)Z], (2.91)
mp y—ico
where
Bm ...
Ry = ., OsGl(zs). (2.92)

The transfer function GA% appearing in (2.91) can be simplified to

v B Num
G = 1Q) Denom’ (2.93)
where
102 72 1 1 24 12«
Num = 24~/—\-fz¢2 - —)‘ffﬂﬁz + [2165(1 Y + Y T)]fo¢2
72 12
*{ﬁfo% - m‘fu*/)o; (2.94)
A—1 } .
Denom = 36:) 3 fatbo + 362 fatpy — 1810 faehg
1) A—-1 A-1 1Q0o
—[s6% + 4325 fivo + [1440 5= + 185 fodhs — T20foths.  (2.95)

In the above, the arguments of all the functions f, are vi{}, and the arguments of

all the functions %, are 4/i2a/A. The functions involved in these expressions are
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e—23

fo(z) =

z ’
—iz 1 t
Ale) =[5+ 2]

fae) = [ 2 - S+ 3

y

o) = e 815515

z z8 z7?

and

sinzT

Yo(z) =

3
T

—xzcosT + sinz
b

Yi(z) =

3

2

—3Jzrcosx + 3sinx — rsinze

3

Pa(z) =

x5

z3cose — 6z?sine — 15zcosz + 15sinz

’lﬁ3(23) = 7

T

The velocity-autocorrelation function for the drop is also of interest.

long-time limit, this approaches the function

< BBt + 1) >= iCy” ‘/’H.i e 3G (i5) G (—is)ds
1{2)by = 1 1
v

(271" —i00

(with C)° given in (2.90)), which depends only on the time difference 7.

(2.96a)
(2.96b)
(2.96¢)

(2.964d)

(2.97q)

(2.975)
(2.97¢)

(2.97d)

In the

(2.98)

For the higher-degree spherical harmonic modes, n = 2,3,..., the equilibrium

correlation gives < b]'b > rather than < bmb™ >, so the calculation of Cpm™ is

slightly different. Thus,

y+ico py+ico
< b (t)oy (L + 1) >= —/ / e*1te®2(tF7)
Y

y—ico —100
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I
i o

Gr(is1 )é}%(zsz) (2m)%(s1 + s2)

dsldsz, (299)

which for ¢t — oo and 7 = 0 gives the following expression,

. ~-+i00 ~+ico R . gmm
m ymym(e) >= — / / G (45) G (—is)—L—ds,  (2.100)
Y

1 — o0 y—ico Jy—ico (2m)

which, by comparison with the equilibrium correlations (1.55), gives

nm _ KT n(n+1)71-1 1, (n —|m|)!
¢y = 47y [1 T ] (n+3) (n + |m])!
Yt+ico py+dico ) -1
; [ / N / GAs)GA(—is) (;r) dsJ . (2.101)

The time autocorrelation of the amplitude of the n, m mode is then (for long times)

Y+ ioo y+ico R R n,m
< BT+ 7) >= —i / / &7 CL (i) CL (—is) L —ds,  (2.102)
Y—ico y—100 (27!')

with C7»'™ given by (2.89), and the transfer function G1 given by (2.45). This is the
fluctuation-dissipation theorem for the deformations; it relates the autocorrelation
of the deformation amplitudes to the macroscopic properties of surface tension,
viscosity and density. It is interesting to note that as the surface tension becomes

very large,

. 1 2
Gnl®2) ~ "0 TR-nr+1)]

(2.103)

which is independent of 2. Thus, as the surface tension becomes large, the time
dependence of the autocorrelations of the amplitudes of the higher-order harmonics

approaches a delta function.
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FIRST CORRECTION TO CENTER-OF-MASS MOTION DUE TO
FINITE SURFACE-TENSION

Since the spherical harmonic modes decouple to O(¢) (where e denotes some
measure of the magnitude of the deformation), to get any dependence of the mean-
square displacement on surface tension, the O(e?) problem must be considered.
In the O(e?) boundary conditions, products of the O(e) quantities appear. These
products must be expanded in spherical harmonics, and in general the product of
an n-th order harmonic with a j-th order harmonic will have a first-order term,
no matter how large n and j get. Every order of harmonics in the O(e) solution
will thus contribute to the O(e?) first-order harmonics; i.e., every term in the O(e)
solution will contribute to the center-of-mass motion. While the complete second-
order solution could be written out in terms of the Clebsch-Gordon coefficients for
the expansion of products of associated Legendre polynomials, this is hardly worth
doing in a treatment that is asymptotic and therefore approximate anyway. What
is of more interest here is just an approximation of the effect of surface tension on
the drop center-of-mass motion. The probability of a deformation corresponding
to a spherical harmonic of order n decreases with increasing n, and the rate of
decrease becomes rapid as the surface tension increases (corresponding to a very
“stiff” drop.) Thus, to get an approximation to the effect of surface tension for the
case of large surface tension, all the harmonics beyond the N-th one in the O(e)
solution could be assumed to be zero for purposes of calculating the O(€?) solution.

The minimum value of N to get any dependence on surface tension is 2.

Let the various flow variables have the expansions

eu’ + v+ ... (3.1a)



I11-47

ep + €2g" + ... (3.1b)

en+ 26+ ... (3.1¢)
ex' + €2+ ... (3.1d)
et + 2B+ . (3.1¢)
ot + 250 + ... : (3.1f)

and similarly for the outside solution, with the superscript “i” replaced by “o0.” The
time-dependent hydrodynamic problem solved in Section 2 was of course the O(e)
problem, involving u®,u®, 7, etc. The procedure that will be used here to calculate
vi,v®, etc., is that outlined in Brenner’s 1964 paper [6].

First, it is useful to note that the unit vectors normal and tangent to the surface

have expansions

On
tg:&g-}-ﬁ'é“aer:ee*FtZ;; (3.2a)
1 0on
ty = e, = s :
p e¢+esin06¢e es +t; (3.2b)
on 1 On '
er —eoy e—esinead)ed,—e,‘—{—n. (3.2¢)

Next, the expansion of the surface-tension term is needed. It was shown above (1.8)

that

NS CEY R S B3
~ U LY rsind o¢
n(f,4) = [1+_1_(8(577+626))2+ 1 (3(6’7'*'626))2]% r=1 .
72 LY rZsin2é a¢

From this it follows that
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8*n  cosf On 1 &%y
+2n <77 + 862 * sin 6 6 + sin 8 @) ) (3.4)

The O(¢€)? deformation ¢ has a surface harmonic expansion, just like 7:
£=) & (3.5)
It was shown earlier that each surface harmonic satisfies

R cosl O,  8%*hy, 1 &,
[27711. + — . P)
sind 06 062 sin?d 0¢

|=2-n(+D]i.  (36)

which is just a consequence of Legendre’s equation. Of course, the same equation
holds with ¢ substituted for n. With this, the expression for V - n can be simplified

to

Ven=2+4¢) (-)2-n(n+1)n.

+ o (3.7)

+é Z —[2-n(n+1)lén + Z 20.([2 = n(n + 1)] = 1)nm

m=0

The kinematic velocity boundary conditions are

. ou’ )
i 1 2 D
[er +en'] - [eu + € (n 5 +v)]

ou®
_ n, o 2 o
= [e, + en’] [eu +e (77 o -}-v)}
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i A
= —,-6;[577 + €€ (3.8)

where all functions of r in this condition (as well as the conditions to be given
below) are to be evaluated at r = 1, since the correction for the interface being at
r =1+ en+ €2¢ + ... has already been made to O(e?). Continuity of velocity gives

the conditions

) au’ , du®
z 2 1y o 2 o
eu’ + ¢ (n o )—-eu +e€ (77 o ) (3.9)
Collecting the O(e?) terms in these equations gives for the O(e?) kinematic condi-

tions:

i

du i tod
o (B )

= e, (naau ) +n'-u’ = -%2-5; (3.10)

and for the O(€?) continuity of velocity conditions:

Bui+ i 8u°+ o 311
Tor TV T TV (3.11)

The stress boundary conditions are given by

da' Oo°
(e, + en’) [w 25 ena 2+€n6r]

[e o]

=(er+en'){6y+r[ Z —n(n+ 1)

+¢ Y (*[2 —n(n+ Dl + Y a2 - n(n +1)] - 1)%)} } (3.12)

Collecting the terms of O(¢)? in this gives
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i adz o 80'0
e [_E Ty +2 +n6rJ

+n'- [-—-ai + a"]

= e, I’ [Z (—[2 —n(n+ 1)), + Z 2m([2 —n(n+1)] — l)nm)J

m=1

+n'{y+I‘[—i[2~—n(n+l)]nn] } (3.13)

n=]

These conditions may be rewritten as

. . i'
— -0 -uf (3.14)

er'Vo+—lB—é=—er"l]E-—-n -u°; (3.15)
. ou® fu’
i 0 . .

vi—v (vl 5 (3.16)

—e.-Tite, -2°+er1‘2([2—n(n+1)]5n)

n=1

= n'{y+F[-§:[2—n n+1)]n ”

n==1

dot do° 2 =
+ ep- 77; — e, - 778 + eI ZZZnn —n(n+1)] = 1)nm

n=1m=1

—-n'- [—0‘ + ao]; (3.17)

to emphasize the fact that the right-hand terms are known, and the left-hand terms,

which involve the unknown O(e)? flow field, have the same structure as the O(e)
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boundary conditions. For convenience, the right-hand sides of (3.14) and (3.15) will
be denoted by the scalars V' and V°, respectively; the right-hand-side of (3.16) will
be denoted by the vector W; and the right-hand side of (3.17) will be denoted by

the vector T. Thus, the boundary conditions at » = 1 become

oY

er v+ 5 E=V(8,9); (3'1,8)

e VO + %Z-é — Vo6, 4) ; (3.19)

vieve =W ; (3.20)
~e,.-Zi+er-2°+erfg<[2~n(n+1)]€n) =T, (3.21)

where

V8, ¢) = Z V: = —e, 778_1: ~n'-u ; (3.22)
n=1 r=1
e owe .,
Voo, é) = Z Ve =—e,-q 5, o u ; (3.23)
n=1 r=1
du® Ju’
W(b,¢)=n—p-—n5 B (3.24)
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dot Oo° = -
terms - —er o +erf1;n;2nn([2 —n(n+1)] = 1)9m
—n'. [—o*i + cr°] (3.25)
r=1

The O(e)? flow field has the same form of expansion as the O(¢) flow field:

o0

“f’*—-ZLQ Ve, —a(yf S520)V X (EL)

n==1

et 1)%_1(\/"_—9-9-7») i (1) 52r) (22 v

+ n(2n + 1)thn41 ( Z-{-}\—ar) (ZQ—OL)@1 } ; (3.26a)
S (3.260)
n=1

for the inside flow, and

o |1, : .
V= z [;ﬁvq—(n-}»l) — f2(ViQr)V x (rE;,
n=1

+ (0 + D fama (Vi) = nfns (ViOR)(i0)r2] VS5

+ (20 + 1) frg1 (ViQr)(52)82r | ; (3.27b)
Zq (mi1) - (3.27b)

Similarly, the O(e€)? stress on the (undeformed) sphere surface has the same form

of expansion as the O(¢) stress does:
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[eo)

o 1 2(n+2)_ ,
e 3% =~ > [_—(_i?ij_vqn-(n—{-l)

n=1
—Q2(ViQr)V x (rZ72) + R2(ViQr)VE?

(2n+1)
—

S2(Vifir)8%r — ¢ H)r} (3.28)

for the exterior flow, and

- 2(n—1)_ ;
er-EZZ;ZI{A[ETm—&‘)"vqn

Qi B2V x (1) + B v e

2’”'1)5’“/ P)®ir] —gir } (3.29)

Now these general solution expansions will be substituted into the boundary

for the interior flow.

conditions. This step is very similar to what was done above for the O(e) solution,
so only the resulting equations will be given here. The kinematic conditions become

(for n =1,2,3,...):

%z'én + z—gzq; + [n(n + 1)"/’1%—-1 ( zf/l\a> + n(n + 1) ¢n+1 (W}] (I’n = Vri?
(3.30)

and

i . (n+1)

@ (may T [P0+ 1) faca (ViQ) + n(n + 1)iQfn i1 (Vi) 3 = V2.
(3.31)
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Continuity of tangential velocity gives

n(n -1)
1Qa n

+ [n(n —1)(n+ 1)pn—1 ( Lf;?—) —n(n + 1)2Qa (@)
7 2 ()t (2 e (]|

(n+1)(n+2),
) q—(n+1)
- [t = 0+ 1) (V) =+ ) VD
+n(n +1)2(G0) far1 (Vi) = n(n + 1)(iﬂ)2fn+g(\/z’_ﬁ):l i =—-rV . -W, (3.32)
and
1Qa \ _; T i
—n(n + 1)¢n( : r)EL 4 n(n + 1) fa(ViOr)E, =1 VW, (3.33)

Continuity of tangential stress leads to the conditions (again for n = 1,2,3,...):

22n({n -1 -2
( )(n )qn~nqn
1Qa

+A [n(n . 2)R;(\/’T~%_-‘-”-') + nde‘(:fi: )
/[0 asi (v 501,
—(2n +1)(n — 2)S;, (\/:_X——r) —(2n+ 1)———(17_—] o,

2(n+1)(n+2)(n+3) , o
SOV e

r=1
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—A|n(n - 2)R?, (\/—-) dR%(d\:{ﬁr)

—(2n +1)(n — 2)82(ViQr) — (2n + 1)

n

w—r)}

r=1
= —rV - T; (3.34)
and
i o o (. /TNt
—n(n + 1)Qn( ;) r) Z, +n(n+1)Q0(Vir)Z,, =1 - VT. (3.35)
Finally, the normal stress condition gives
2n+ )(n+2) , e
[ (ZQ)T 9_(n+1) — Rn( ZQT) r
L@rtl) Y NBO . L 0
2 L 8(ViQr)®%r + q_(n+1)r]
2(n — : zQa n<I>z
_{A[ (zﬂ)ar g~ Ba
2 + 1
a1l g / | +dir }
N -
+-2-[2 ~n(n+ 1)}, =e,-T. (3.36)

Clearly, it is necessary to have the surface harmonic expansions of V¢, V°,
—rV-W,r-VXxW, —rV.T,r-Vx T, and e, - T, which involve the O(¢) solution,
to be able to solve these equations for the O(¢) flow variables. However, since what
is of interest here is only the contribution of the O(¢) solution to the diffusivity, only
¢ (the O(€*) deformation) has to be solved for. Since the two equations involving

¢ and Z2 decouple from the five equations involving qu,qf'_(n+1), ®: 82, and £,
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exactly as happened in the O(e) problem, these two equations can be dispensed
with. It is therefore not actually necessary here to expand r- Vx W andr-V x T

in surface harmonics .

These surface harmonic expansions may be written as

Vi= i VZ, (3.37a)
n=1

Ve = i Ve, (3.37b)
n=1

—-rV - W - 0, (3.37¢)

—rV . T = i T, (3.37d)

n=1
e, T = i T?, (3.37¢)
nz=l

where the expansion terms are calculated in Appendix 2. The five equations may

then be written in a way completely analogous to the O(e) calculation, as

Vi ig-gn - Aqi + Bai, (3.384)
Ve~ fgén = Cq%(ny1) + DO, (3.38b)
E®:, + Fql, = G®+ He® 11y, (3.38¢)

Igh+ 7%, — Kq® i1y — LB =T, (3.38d)

and
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Mq, + N®}, +0g° (1) + PO2 = Qén + T, (3.38¢)
which in matrix form is

—i$) i

0o ¢ 0 D = 92 (nt1) Ve
F -B E -G o 3 =10 (3.39)
I -k 7 -1 o || % e
M O N P -0Q n T,
The solution to this system is
1 ,
bn = 2 [A1Vi — M0V + AGTS — AT, (3.40)
A
where Ag, ... are the determinants
A o B o =
o ¢ o D =8
Ao = 12’ _.[:{ 1«:7 —C:? o |; (3.41a)
I -k J -L 0
M O N P -@Q
0 G 0 D
F -H E -G
Ay = 1‘: —‘;k {- —:L ; (3.416)
M O N P
4 0 B 0
F -H E -G
Ap = i —!? i ___-z H (3.416)
M O N P
A 0 B 0
0o ¢ 0 D
Az = F:, —ﬁ E’ __.'C:, ; (3.41d)
M O N P
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A 0 B 0
o ¢ o D

M=lp H B -G (3.41e)
I -k J -

It is helpful to note that the determinant Ag was already computed for the O(e)
problem.

From Appendix 2,

I/'11:,0(69 QS) =

oo oo ]
Z Z Z Z fji’l (n’m’ja k;Q)'f]j,kP:',,,m + f{i’z(n,m’j) k; Q)’?j,lc‘?il,m; (342)

n=1j=1m=-—nk=—j

Vio(8,9) =

2 2 n
Z Z Z Z HO,l(n,m)j,MQ)ﬂj,kP;,m + H0,2(n,m,j,k;ﬂ)nj,k<p;’m; (3.43)

n=1 j=1 m=-n k=~—j

T¢, =
00 oo n 7 )
Z Z Z Z {H3(n’ m1j7 k, Q)nj,krln,m -+ H4(n, m,j, k, Q)T)j,k:l)n,m
n=1 j=1m=—-nk=—j
+£Ii’5’f]j,kpi’m + Hi,snj’k(jozz,m
+H 0 40% (na1)m + fI°’6nj,ksoi,m}; (3.44)

le,o = Per . T =

r=1

oo n 7
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+HH 0 kP m + H 05000 m + H 04 0,m (3.45)

where the transfer functions H (which are functions of n,m,J, k,{},) are given ex-
plicitly in Appendix 2. Consider now only translation in the z-direction, which
corresponds to the degree 1, order 0 surface harmonic. The O(¢) displacement £ o

in the z-direction is:

oo n 7

IS

n=1j=1m=—n k=—j
{A1 [ﬁi’l(n,m,j,k; Q)0 kPl + H22(n,m, 5, ks Q)m',wi,m]
— 82 [ B (n,m, 5, 5 Q35+ T2 (0,1, 5,85 Q)15005, 1]
+Az [ﬁ3 (n,m, 7,k Q)0 6Mn,m + ﬁ4(n, m, 3, k5 Q)15 kGn,m
+H 0P + B 05105 m
+ﬁ°’5?7j,kp‘.’.(n+1),m + ﬁo’%j,k@%,m]
—Ay [H T3k (ms1)m T HOP N5 0% m
+H 0 kPl + HY ik, + H gnj,wn,m] } (3.46)

From Section 2, the O(¢) flow variables are given by

Mnym = G mn,m; (3.47a)
Phm = G2lnfin,mi (3.475)



ITI-60

pi’—(n-*—l),m = é;’,zmgn,m; (3476)
0l = G Gnms (3.47d)
Py = é?z’,ingn,m; (3.47¢)

where the transfer functions G are given there. By using this, the O(e)? displace-

ment can be expressed as

[ <IN o] g J
o= 20 D D Gnm( @)
n=1 j=1m=

0 —nk=—j

sm

{c @6 @) [Al(n,fz)ﬁ"’l(n,m,j,k;ﬂ) & B D, m, 15 0)
—Ay(n, Q) H" (n,m, ], k; Q)]

+Gi5 ()G () [Al(n, QA (n,m, 5, k; Q) + As(n, QY H* (n,m, j,k; Q)
—Admﬂ)ﬁ“(n,m,j,k;n)}

+G22,()G) () {—Az(n, Q) H (n,m, 5,k; Q) + Ag(n, Q) H (n,m, j, k; Q)

—A4(n,ﬂ)ﬁ°"’(n,m,j,k;m]

+Ci’fgfn Q é'l-k Q)| —Az(n,Q Ho? n,m,J,k; Q) + Az(n,Q HoS n,m,j,k;Q
k] J’
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—Ay(n, O H> (n,m, j,k; Q)J
G (VG () [ A (n, QB (nym, 5,5 Q) = Aaln, Q) (nym, 5, ks Q)]
+G3 L(Q)As(n, Q) H (n,m, 5, k; Q)} : (3.48)

It is convenient to define a new transfer function G¢(n,m;Q) so that

10() = 5~ ZZ 3 X Gl i (54, (3.49)

The mean-square displacement due to the deformation &; o(2) is

: y+ioco py+ico co oo 7 J
< €1,0€1,0 >=timooﬁ5./‘y_ioo /; ) ALZZ E Z
Ge(n,m;is1)Ce(n,m;is2) < Gn,m(251)35.5 (151 )n,m (151551 (352) > (1120 ds, ds, .
(3.50)
(Note that since the expectation of odd powers of ¥ is zero, because § is assumed
Gaussian, there is no O(¢)® contribution to the mean-square displacement consisting
of the expectation of products of O(¢) flow variables with O(e)? flow variables.) This
expression includes the contributions from harmonics of all degrees. As pointed out
earlier, it is not really necessary to include contributions from all the higher-degree
modes, since the probability weighting of a mode 7, , decreases significantly as
n and m increase. Thus, to obtain a good approximation, the summation could

be truncated to include only the contributions from the first- and second-order

harmonics.
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It can be seen from this expression that this first correction to the mean-square
displacement will include surface-tension dependence, since it includes autocorrela-
tions of y, m for n greater than 1, and these were shown earlier (in the equilibrium
calculation, as well as in the transfer function) to depend on surface tension. Since
it is assumed that the random stress y can be modelled by Gaussian white noise,

the autocorrelations of a product like

< Gn,m(181) 75,5 (251 )Tn,m (151)J5,6(152) > (3.51)

can be obtained by adding all possible pairwise correlations:

< Gn,m(181)05,6(251) >< Tn,m(181)75,6(i52) > +
< Gn,m(181)Tn,m(181) >< 5 x(181)75,k(is2) > +
< Gn,m(181)05,6(182) >< Jn,m(181)75,1(151) > - (3.52)

Since, just as in the O(e) calculation, the determinant Ay appears in the numerator,
evidently the poles of the transfer function éf(n,m;is) will be the same as those
for the transfer function G of the O(e) calculation in Section 2.
DISCUSSION

The above analysis has given general expressions for a number of statistical
quantities related to the Brownian motion of the drop. Expressions for the mean-
square displacement and deformations have been found for small times, when the
drop has not moved or deformed much relative to its initial position and shape,
but there have nevertheless been enough collisions to make averaging meaningful.
Fluctuation-dissipation theorems for the spherical harmonic coefficients describing

the drop motion have been given.
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It is also interesting to consider what has been learned in a more qualitative
sense. Before doing any calculations, a number of arguments could have been put
forth as to how the deformability of the drop might affect its mean-square displace-
ment. The molecules of the surrounding fluid impinge upon the drop and thereby
transfer energy to it; it might be reasoned that some of this Brownian energy causes
center-of-mass translations, whereas the rest of it gets “consumed” in deforming the
drop in a centrally symmetric way. This would suggest that the diffusivity of a drop

would decrease as surface tension decreased, all other things being equal.

Another viewpoint involves a consideration of the effect of mobility. The
asymptotic analysis of Taylor and Acrivos [9] for the steady sedimentation of a
slightly deformed near-spherical drop gives a positive first correction in Weber num-
ber for the drag force on the drop; given that the diffusivity of a solid particle is
the ratio of k7' (Brownian energy) over the steady drag, it seems reasonable to con-
jecture that the diffusivity of a drop will also depend on the steady drag and will

therefore be less for a deformable drop, since the drag force on it will be greater.

On the other hand, statistical mechanical theory predicts that a certain amount
of thermal energy will be associated with each degree of freedom, regardless of how
many degrees of freedom there are. Each translational degree of freedom gets energy
kT /2, whether there be one, two or three; in other words, the viewpoint that there
is a fixed amount of thermal energy which must somehow be distributed among
all the modes of motion seems not to be appropriate. In light of this, it might be
reasoned that the addition of deformational modes simply gives more ways in which
energy can be transmitted from the surrounding fluid molecules to the drop, and
that therefore there will be more motion, i.e., higher diffusivity. This argument can

be summed up as: “more modes means more energy means more motion.”
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Examination of the quantitative results obtained in the previous sections indi-
cates that this last line of reasoning is the most appropriate. If the surface tension
becomes infinite, the quantity Q also becomes infinite, from which it can be seen
from Equation (2.53) for the transfer functions that é},} — 0 unless n = 1. This, of
course, just reflects the obvious fact that a drop with infinite surface tension will
not have the higher-order harmonic components of the flow field associated with
deformation, and therefore will not have any O(e) correction to its mean-square
displacement. Changing the surface tension does not. affect the O(¢) mean-square
displacement at all (this can be seen from the fact that Q=0forn= 1). Thus, all
other things being equal, a drop with finite surface tension compared to a drop with
infinite surface tension will have a larger mean-square displacement. (The O(e) cor-
rection to the mean-square displacement can, of course, take on only nonnegative

values.)

It is not unreasonable that the change in mobility due to deformation should
not be the factor determining the trend in the surface-tension dependence of mean-
square displacement, since it has been shown by Happel and Brenner [10] that the
average mobility of a slightly deformed sphere with deformation of O(e) is, at least
to O(e), exactly the same as the mobility of the sphere with the same volume as
the deformed particle. Since the net random force on the drop should take on
all directions with equal probability, it should be the average mobility that affects
the mean-square displacement, and this average mobility is at least approximately
independent of surface tension.

The above comments have been with regard to the mean-square displacement,

rather than the diffusivity, because if the classical definition of diffusivity is used,

namely, that it is one-half the infinite time limit of the rate of growth of the mean-
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square displacement, the O(¢) correction will be zero in all cases, because the trans-
fer functions go to zero as 2 — 0. However, it is important to note that this
infinite-time limit may be “too long,” first in the sense that the particle displace-
ment may become too large for the small-displacement analysis used in deriving the
transfer functions to be still valid, and moreover, that the particle may move signifi-
cantly due to the relaxation of its deformations (represented by the O(¢) correction)
before the surface-tension independent diffusivity “wins out”, as it evidently will,

eventually.
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Appendix 1 of Chapter 3

In this appendix, the linear system of equations

—iQ ;

(4 0B 05 Pl 0
0 ¢ 0 D || Pnm 0
F - E -G o0 4 =10 (A1.1)
I -K J -L 0 n )
M N P -Q n Yn
is solved to give
P = G Q) (A1.24)
ok = G (Q)fn; (A1.25)
PL(nt1) = G () (Al.2¢)
05 = G (Q)gn, (A1.2d)
where the transfer functions G are given by
5 i
S
A ¢ 0 D -
G*( ) =gn| . . . B |; Al.3a
W= g ¢ 1-3e)
-K J -L 0
i B iQ
A B (3 -—E
0 0 D -%
G Q) =—fn| - - ; A1.3b
W=TE e o 2
I J -L 0
4 0 o -%
2 o ¢ D -&
G Q) =G, | - - - B Al.3c
() =9 Foof -G o (A1.3¢)
I —-K - 0
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A 0 B —9
X 0o ¢ o0 -2
GP(Q) = —9n| - .- B A1.3d)
Q) =-9 Fo-B B o0 (
I -K J o
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Appendix 2 of Chapter III
In this appendix, the P}(cos#) = cos# component of the surface harmonic expan-
sions of the following quantities will be determined: V¢, V°, —rV . W, r- V x W,
—rV - -T,r-V x T, and e, - T, where

i N — i du’ P .
V(9,¢)_;Vn_——er-n5r —n'-u U (A2.1)
Ve(8,¢) = i Ve=—e u? _ n'-u’ ; (42.2)

? "‘n:1 n reT] 87‘ r=1, .

ou° du’

W(l,¢)=n—p-~15" B (A2.3)
T(9,¢) = n'{y +T| - 2[2 —n(n+ 1)]77n] }

n=1
o’ 997 4 el i‘ S 2 (12 1) -1
+er:n ar €r -7 r €, nzln; Mn([2 = n(n+1)] — )m
—-n'- [-o‘i + ao] (42.4)
r=1

(Throughout this appendix, all quantities are to be evaluated at r = 1, even if this
is not explicitly indicated, unless they appear inside an r-derivative, in which case
they are first to be differentiated and then evaluated at r = 1.) These expressions
all involve products of spherical harmonics.

Expansion of V? and V°

Recall that
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i e ”}_% Qo [iQa | iQa ,10¢%
Ur = ;{iaﬂ or + [(n+1)¢n_l< A r) = ¥ ( A ) A r] or

+ n (2n+1)¢n+1<\ Hle )i?\a ir} (A42.5)

and that x% = 0. From this it follows that

ol K n(n=1)
- Or _Z{ Qo Im

=1 n=1

+ [n(n + 1)(n — D)pn—1 ( if;ar> —n(n + 1)(\/@7') 1/)n( i&}ar)
27 (4 5 s ( 5) =00 () (52

(A2.

3 -

6)

Next, note that

zi_aﬂi 1 dn

—-n -u*= 80u9+§;1—§'8j¢;u¢ (A27)
By recalling that
ai - 1 9p},
Yo = nz__:l{iaﬂr 06
iQa iQa \iQa ;11 8¢,
[ (4 52) () G2 1 0
(A2.8)

4 N 1 9
Yo = Z{zaﬂrszn@ 09

n=1
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+ {(n + 1)Yn-1 (ﬁr} — ntpa1 (\/X/Z\Zr) iS/Z\arz] ngne 5{;?, }

(42.9)

where again the fact that x = 0 has been used), it follows that
k3

Vi0,6) = S Vi= —er o
n=1

+n(n + 1) ( iS/)\a 7‘) Prt1 ( z'S/Z\aT> —n(n+1) (\/@T) 2¢'n+2 (\/’LEX";T)} 90:1}

i=1 n=
1Qa Qo \ iQa ,11 dek
0 (4 5) = (52 )
1 | 0 | = 1 dpt.
+sin6’ Lz___:l —5745]—] :L;:l{ taQrsinf ¢

s (f5) s (5 S i 5} a0

Consider the various products appearing in this expression:

L ;  On;0p,  On; Op}, 1 dn; ok, 1 9n; 0yt
ann? nn‘Pm 89 89 3 aa 89 I sinze a¢ a¢ 3 Sin20 a¢ a¢ .
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Only the order 1, degree 0 (i.e., P{ = cosf) terms in their surface harmonic expan-

sions are desired here. These are given by:

7 n
Poiph = >, > nikPhmli(n,m,j,k)

k=—jm=-—n

J n
= 3 > ik Bkl Simt1 + bm =€ i), (A2.11)

k=—jm=—n

O Ol _ ; -
Poi o= 2 2. MikPhmla(nmiik), (42.12)

k:-——j m=—n

1 008, ; .
sin?f 9 0o Do 2 Mikphmls(n,m, g, k), (A2.13)

k=—Fjm=—n

where

K 2w
Ii(n,m, j, k) = / / ij(cos 8)e'*? P™(cos 8)e*™? cos 0 sin 8dpdb; (A2.14)
o Jo

27 8Plc 9 m ]
I(n,m,j,k) -/ / (COS etk op, ég;os %) '™ cos §sin dgpds; (A2.15)

(ik)e**® P™(cos 8)(im)e'™? cos 6 sin Odpde,
(A2.16)

™ 27 1
I3(n’m7j’k)= / / )
0 0 Sinn

and where, for convenience, P denotes the operator that projects a function of
8,4 onto its P} component. By taking advantage of the following properties of

associated Legendre polynomials:



III-72

m _(n_m+1) m (n+m)
cOos GPn (COS 9) - an_{_l(cos 9) m ( -08 9) (A217)
m m 2 (n+m)!
/0 P(cos §) P (cos §) sin §df = é,, mMigm 1 En m;' (A42.18)
it can be seen that
2w ™ . .
Ii(n,m, j, k) =/ / Pl™l(cos B)e‘m‘ﬁP}kl(cos 8)e**? cos 0 sin d6
o Jo
2n—m+1) (n+m+1)!
=2 57n — fyn
Ok o T 1) (20 + 3) (n — m + 1)!5” 1
4 2(n+m)  (n+m-1!
Crn+1)(2n—-1)(n—m—1) "1
= 6ma_kgg,m5]‘)n+l + 5m1“k<Z,m6j,n—1' (Az"lg)

Similar general expressions can be derived for I; and I3. Thus,

Vi, 0(0 ¢) = ZZ Z Z {Uy,kfl (n m,],k)[ (nﬂ;l)Pi,m

+<n(n+ 1)~ s (4 227) = nn 1) (422 (4/1225)
ot 2 s )t o2 .

. 1
+77j,kI2(n7m3.7> k) [ ;

p
ally” ™™

o e (50 < s () B
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1
; P
aQlrt ™™

it D (1 550) —-nmﬂ(\/;i%——gr) if\-‘f]lsom” (42.20)

By a similar procedure, it can be shown that

+77]',kI3 (n:maja k) [

‘/10,0(9’ ¢) = Z Z Z Z {nj,k-[l(n’m7j)k) [(n = :3](2 = 2)p0_(n+1),m

n=1 j=1 m=-—n k=—j

+(n<n+1><n 1) s (V) — i 1)) (V)

+n(n + 1) (ViQ) far1 (ViQ) = n(n + 1)(ViQ 2fn+2(\/m-)) P;,m}

. 1 o
+77j,k12(n7 LW R k) [{&ap—(n+1),m

[l 4 01 VD = s

N I T
+77j,kI3 (77,, m, 7, k) [mp_(n_i_l),m

[0+ 1) s (Vi) — mfaa(ViR)(i9)] soz(nﬂ),m} } (42.21)

As discussed earlier, what will be determined here is only the O(e?) contribution to
the diffusivity due to interaction of the n = 1 and n = 2 modes of the O(¢) solution.
Therefore, the above (complete) sums giving V7 ; and V;?, will be truncated so that

n and j take on only the values 1 and 2. It is convenient to rewrite these truncated

expressions as
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Vli,o(g’ ‘fb) =
SN0 D EY (nym, 5, ks Qmaph m + B (0, m, 5, ks Q) k0 i (42.22)
Vlo,o(g, 9{’) =

J

2 2 n
SN N B nma ks ikl m + HOR (1 my 5, B Q)75,k05 s
n=1 j=1 m=

-7 k:-——-j
(A2.23)
where the transfer functions H are given by
. 1
HL’I(”? m,j) k; Q) = :OA—Q [n(n - 1)Il(n7m7j, k) + 12(77” m7j7 k) + I3(n7m7j’ k)}a
(A2.24)

ﬁi’z(n, m,j,k; ) =

Ii(n,m,j,k) (n(n +1)(n = 1)tpn— ( E%f‘t‘) —n(n + 1)( T)¢n( ——):—-)
)

17 (4 52 o (/52) =t 0 (52

$1y(n,m,5,8) (0 1 (1 52) = mtbos (1 52)°

+I3(n,m,j,k) [(n + 1)¢pn—1 ( i(/l\a) — NYnt1 ( z'(;a) ffl/\_cz_}; (A42.25)

(n+D)(n+2)

HoY(n,m, j, k; Q) = L(n,m, j, k) P (nt1),m

. 1 . 1
+I2(n7m7.7:k):&ﬁ + Is(n, m’],k);-;“ﬁ; (A2.26)
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I}O’z(n,m,j,k;ﬂ) =
Ii(n,m, j, k) (n(n +1)(n = 1) fama (ViQ) — n(n + 1)(ViQ) fa(V3iQ2)
+n(n + 1)*(ViQ) fapr (ViQ) — n(n + 1)(iﬂ)fn+z(\/55))

2,5, B) [ (04 1) fama (VI) = mfaia (Vi)iQ)]

+Is(nm, 4, ) (0 + 1) fams (VER) = nfasa (VIR)Q)| (42.27)
Expansion of —rV .- W |
Recall that
fu®  du’
W = o .
(6,6) =n—5- =1 _ (A2.28)
After some manipulations, it can be shown that
du’ 7] 1 . 10ul
V. =—(V.u")+-V.u" +-—TF .
(Br> Br( u)—{-rVu—{—r or’ (42.29)
and similarly for u®. Since by continuity V-u* = V.u° = 0,
10w 108ui du®  du
——V-W-—-?](; or —;8r)+vn.(6r - 57')' (42.30)
The O(e) tangential velocity boundary condition was that
out Ou?l
Zr - . 9.
or . or _1’ (42.31)

this can be used to simplify to
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Ou? _ Ou ) (A2.32)

= (-

r=1

Since the unit vectors in spherical coordinates do not depend on r, this can be

rewritten as

_ 01 Oug Oul 1 on uy  Oul,
—V.W__‘-@O { or  Or } + sinddd | or  or |’ (42.33)

Since the condition of continuity of tangential stress at » = 1 was imposed on the

O(¢) solution,

ole| =0t o (A2.34)
which is equivalent to
ouby  wl  10ul _Oug  ug 10w}
or r ' r 08 __1— or r +r oo - (42.35)
By the continuity of the O(e) velocity field on the sphere surface r =1,
b =ug A2.
Ug 1 Ug et (A2.36)
which implies
oul Ju?l
70 = 58 (A42.37)
r=1 r=1
From all this it can be deduced that
ouly  Ouf
5 = B (A2.38)

and similarly, using the continuity of stress in the ¢ direction (o,4), that



II-77

dul,  Ous

p _ 9Us
5 o (A2.39)

so a further simplification can be made to give
-V -W =0. (A2.40)

Expansion of —rV - T

—V Ty =~V - {n"[y +T (~ i[z —n(n+ 1)]%)}

n=1

o't do® 2 =
+ er '77’87 —€r '77—5; + erPZ Z 2nn([2 = n(n + 1)] - )0

n=1m=1

—n'- {—-—ai +a°]}

On account of the length of this expression, it is convenient to rewrite it as the sum

(A2.41)

r=1
of several separate terms:

—rV Tlpmi =11 +72+73+74 + 75, (A2.42)

where

m=-V.|n [y + F(— 2[2 —n(n + 1)]%;)]} ; (42.43a)
T .n%ii]; (42.430)

==V [~e,- ’760(; o (42.43¢)

re= =9 [0S0 S 20af1 — (0 + Dl (42.434)

n=1m=1
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Ts = —V - [n' . ai] +V. [n' . 00] . (A2.43€)
Consider first 74:
n==[y+1(= 2= n(n-+ Dinn)] v w
~v]y+r(- ip —n(n+1)m)] 0. (A2.44)

The first correction to the surface unit normal vector, n', was given above as n' =

bn

18
54€6 + sine-é%eqb’ so that

L0y 1 1 o
Von= = sin 6 06 (Smeaﬁ) + sin 8 0¢ (sinﬁ aqb) (42.45)

By using Legendre’s equation again, this can be rewritten as

Ven'l=r ==Y (G + s, (A2.46)
=1

so that

n J

Pr = Z Z Z Z { [yn,m - F[2 - TL('I’L + 1)]77n,m].7(] + 1)77j,kI1(n,m,j, k)

n=1 j=1 m=-—n k=—j

- [yn,m - r([z —n(n + 1)]nn,m)]77j,k12(n,m’j’ k)

— [y,,,,m - I‘([2 —n(n+ 1)]nn,m)}nj,k13(n,m, 5, k)}, (A2.47)

where as before P denotes the operator that projects a function onto its cosé

component. Next, expand 72:



Je, o Je,. - o Be,. o
m==V-| 5 | =-v =~ (V) (A2.48)
Recall that
ep 0t =— Z {2(”' P
" (zQ)a P
+R;,(4/ Z—532\37‘)%%
2n + 1 ; .
- Lsi( T)son } pnr}, (A2.49)
from which it can be shown that
e, i) = 2(n—-1)(n-2)_ ;
ar Z{A[ (i0)ar? Pn
=1
; Qa . n - 2 i dRz \/ m—a’"
+Rn( A 7‘) 7'2 Pn "V‘pn
(2n+1)(n——2)5i( m_a) ; _(2n+1)d5§(\/i95‘*7') ) }__Ei
7‘4 n A /\ r Sonr 7‘3 d’l‘ Sonr rp'n,e"' )
' (A2.50))

which in turn gives

O(er - ot)
Or

4n —1)(n —2) |

1Qo I

Vv -

e

r=1 n=1

) 0 dR! (\/ 27) dsz Hap)y
+CQMn—mRu ) +n(n-3) wzk o

1l dS:L( Q'Qg,,.)
2%t It (204 1)n — 2] —— 2

([n- (2n +1)(n — 2)]5,(
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253/ %) | .
+n+ 1)— L2 ok | (1) -

(A2.51)
Putting this together gives

{T]j,kpfz,m l:(— 4>\(n —zé)a(n - 2) - n(n + 1)) Il(ns m)jv k)
+>‘2(n —1)(n -2

) - 2(n—1)(n—-2) :
(iQ)ar2 I'Z(n)ma]a k) + A (iﬂ)ar2 IS(n7m7.7ak):'

. [0 dR,(y/58r)  dRi(
+nj,kso;,m/\[(—2n<n~2>fz;< ) Hnln = 3)———"—"+n

zﬂa )

dr?

220+ [t (20 4 1)(n - 2)] —— 2 ”(”
dZSi ﬁ‘lr
+(2n + 1)——”2—712—3—-——)-) Ii(n,m,j, k)

. : _ deL\/mar
+<R;( /zf;z\aT)n 2+ ( X )

2 dr )12(n’m,j7k)

zQa n—2 dez( “}\ar) .
( w( T) T o Ii(n,m,j,k)| ¢- (42.52)
Similarly,

—n—-(2n+1)n - 2)]5;(

{nj,kpi(n—{-l),m [("' 4(77' + 2)(77' + 3)

- —n(n—}—l))[l(n,m,j,k)
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+2(n + izz(n +3)

2(n i ig)(n + B)Is(nv myj?’“)]

I2(n,maj7k)+

dRS(Vi8dr) dzR;(\/iQr)
+n
dr dr?

+m,wg,m[(—zn<n—zm<m tnn—3)

—[n = (2n +1)(n = 2)]S2(ViQ) + [n + (2n + 1)(n - e

+(2n+l)w) L(n,m, B+ ((n_z)R;(\/m)+if%{@) Io(n,m, 5, )

dS3(viQr)

dr?

+ (m — 2)RS(VAD) + i@%—‘?—l) Is(n,m,j,k)] } (42.53)

Next, expand 74:

Pry = —PV - [erl“ i f: 2nn[1 = n(n + 1)]%']

n=1 j=1
= —’P2 T i i2n 1 —n(n+1)n;
or n=1 j=1 " !
=—PT > > 20l —n(n+1)|(n+j+ 2)7a1;

n=1 j=1

o oo n J
= -T Zl S k}_: 2[1 = n(n+ D)(n + 5 + 2)7n,mnie L1 (nym, 5, k). (A2.54)

n=1j=1m=-nk=—j

Next, expand 75:

5 =~—V- [n'-o'i] + V. [n'-a"’]
=0’ [V (0° = o)) + (V) : (o° = o) . (42.55)

By the condition of continuity of stress that was imposed on the O(¢) solution,

0° — o' =0 at r = 1. Now by the equations of motion,
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V.o°— V.o = ~%[ﬁ° — ], (A2.56)
so that
.Q i ’
75 =n'- fﬂ—[a* -0 . (A2.57)

A

By continuity of velocity at 7 = 1, which was imposed on the O(e) solution, [G* —
1°] = 0. Moreover, all 8 or ¢ derivatives of this difference will also be zero at r = 1.

Since n' has only components in the 8 and ¢ directions, it follows that 75 = 0. So,

finally,

) n J
Tlavo = Z Z Z Z {ﬁs (n7m>j’k;ﬂ)77j,k77n,m + fIﬂn,m,j, k;Q)le,kgn,m

n=1j=1m=-nk=-j
+HY ;10 + HO 0008
+Eo'577j,kp?.(n+1),m + ﬂ°’6nj,ksoi,m}, (A2.58)

where

11 (ny m, 5, ks Q)
= —P[z - n(n + 1)][.7(.7 + 1)Il(n’m7j,k) - IZ(namaj’k) - I3(n3m9j’k)]

—2I'll —n(n+1D)|(n+ 7+ 2)1(n,m,7,k); (A2.59a)

A (nym, 3, k3 Q) = (G + DI (n, m, 5,k) — In(n,m, j, k) — Is(n,m, 5,k); (42.59)
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i _ [(_4/\(n ~U(r=2) n(n + 1)) Ii(n,m, j, k)

1Qa

2(n—1)(n —2) Sy 2n=1)(n—2) 1
+A (iQ)ar2 I2 (ny m,7, l«) + A (iQ)arz I3(’n, m,J, k)} ; (A2596)

+n

B dRi(y/92r)  d2Ri(y/8er)
96 — [(_gn(n - )R;( ZQa) +n(n—3) i 2 dr? :

z' iﬂar
o Cn 1 =208 00 ot o 1) -2 2
dr?

( ( ) + dr IZ(namaJ’k)

r2

454/ 52 r)
+(2n +1)— 52— | Ii(n,m, 5, k)

T s dR/T
(Rz( ifla | - 2, (dr > ))Ig(n,m,j,k)] (A2.59d)
o’ — {:(__ 4(n + 332(71 +3) —n(n + 1)) Ii(n,m,j,k)
+2(n + 332(77. + 3)I2(n,m,j, B) + 2(n + 3?2(71, +3) Ii(n, m’j’k)jl : (A2.59€)

an(F r) , ER(Vifr)
dr?

A% = [(-—Qn(n — 2)R%(V4Q) + n(n — 3)

~[n—(2n+1)(n - 2)]52(Vi) + [n + 2n+ 1)(n — 2)]@:%—{@
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+(2n1) R0 °(*/«"') ) Li(n,m, j, k)4 ((n—z)R;(\/iﬁ)#i-m(T—{ml) L(n,m,j, k)

+ ((n - 2)R;(\/{§) dRo (d\/—r) ) I3(na m7j7 k)} : (A259f)

Expansion of e, - T

dot 3
—(%———er e - +I‘222nn( —n(n+1)] — 1)gm

n=1m==1

e, T =nle.-e,-

—e.-n' [_ai 4 (,o] (A2.60)

r=1

All components of the stress tensor o are continuous across the boundary except

the (r,7) component. Since n' has only § and ¢ components,

n'- [—o-i + a"’J = 0. (A2.61)

With this, and the fact that the unit vector e, does not depend on r, (A2.60) may

be rewritten as

Oen-e.-0' Oen.-e,-0°
er'T=77[ - . ]

or or
+T> 05 2pa(2 = n(n +1)] = 1) : (A2.62)
n=1m=1 r=1

which, using (A2.49) and the companion equation for the outside region, becomes

r=1

e,-T

—_{% > - {2(71 e (n * 2) P2 (nt) T RE(Vilr) gon

n=1
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_(2n+1)

72

2n—Un ;5 pi 10 inen
+[/\[ (tQ)ar P+ B A ) 7

n [iQa .
(i,,,i}ls’(\/ o T)son] PL?’]}

5°(/3Qr)e?, —po_(n+])7']

+T Z Z 2n:([2 = n(n 4+ 1)] = 1)nm

n=1m=1 r=1
so that
TPy = Pe,-T| =
’ r=1
0o oo n J
7ot . 70,8 .
D00 00 D B sy T HO 00 m
n=1j=1m=—nk=-~—j
FHY 5 10h o + HY 05008 0+ Ho1j k00 m,

where

2(n 4+ 1)(n+2)(n+3)
192

0o = [ +n+1]I1(n,m,j,k);

He® = [—n%n — 2)RY(VARD) + n L/)
dS3(Vir)

+(2n 4+ 1)(n — 2)S2(ViQ) + (2n + 1) -

Ny 2n(n — 1)(n — 2) )
0L7T o .
H» = [ 0 n} Ii(n,m,j,k);

}Il (nvm,jy k),

(A42.63)

(A2.64)

(A2.65a)

(A2.65b)

(A2.65¢)
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- dRi ( iﬂar)
nig |2 ; 1Qa n A
HY = [ n*(n — 2)Ry( B T) R
. [in dSi(y/%8er) ,
+(2n +1)(n — 2)8i(4/" ;”r) +(2n + 1)-—-—3—3—— Li(n,m,j,k); (A2.65d)

B® =T2([2 — n(n + 1)] = DIy(n,m, j, k). (A2.65¢)
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CHAPTER IV

On the Effect of a Fluid-Fluid Interface
on the Brownian Motion of a

Solid Particle
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While the Brownian motion of a rigid particle in an infinite fluid has been
studied initially by Einstein [1], and subsequently via a dynamic approach by Hinch
[2], Hauge and Martin-Lof [3], Zwanzig and Bixon [4] and others, more general
situations have begun to be considered only more recently. The case of clusters
or suspensions of rigid particles has been investigated by numerous researchers,
(Russell [5], Brady and Bossis [6], Felderhof and Jones [7], Brenner, Nadim and
Haber [8],) and wall effects have also been considered (e.g., Gotoh and Kaneda
[9].) However, Brownian motion in systems with free fluid interfaces seems to have

received comparatively less attention.

Each additional rigid particle introduced into a multiparticle system adds a fi-
nite number of degrees of freedom (the coordinates of the particle). Rigid particles
have only translational and rotational degrees of freedom, and since the kinetic en-
ergy associated with each is well-known (depending only on the mass and moments
of inertia), it is clear how Brownian energy is distributed to each of the modes.
When more than one particle is present, the time-dependent system response will
depend on the configuration, so the challenging problem is how to average properly

over the different configurations to obtain the mean motion of a particle.

The case of a rigid particle near a fluid-fluid interface is somewhat different,
in that the interface introduces an infinite number of degrees of freedom, since it
can take on an infinite number of different configurations. While this may also be
true of an unbounded suspension, the behavior of one particle in a suspension is
influenced by the detailed configuration of only a finite number of particles in its
vicinity, beyond which the remaining particles affect it only in some averaged way,
with their detailed configuration not being important. In contrast, even the portion

of the interface that is near enough to the particle to influence it significantly can
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take on an infinite number of configurations. Also, the interface can “store” energy
in potential form because it has surface tension. 't is natural to ask how the effect
of this interface on the Brownian motion of a particle differs from the effect of other
rigid Brownian particles placed in the proximity of the particle.

In his thesis, Yang [10] studied this problem of the Brownian motion of a rigid
particle in the presence of a fluid-fluid interface. His results seemed to indicate that
the interface affects the motion of the particle only insofar as it changes its mobility.
Since his work forms a good starting point for consideration of this problem, it
will be summarized briefly here, along with some discussion that will attempt to
elucidate the physical meaning of his results.

Yang assumed that the complete fluid fluctuations could be modelled by con-
sidering the flow to be driven by a random force on the particle and a random

normal stress on the interface. The governing equations then became

ou’?

Pigr = =V + Vi (1.1)

V.ouw =0 (1.2)

(where j=1,2, the particle is in fluid 2, y;, ¢ = 1,2 is the viscosity of fluid i, and
pi, 1 = 1,2 is the density of fluid i) with boundary conditions of continuity of

velocity at the interface

u! = u?, (1.3)

the kinematic condition
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i _ On
ut= = (1.4)
(where 7 is the displacement of the interface from the plane z3 = 0), the two

conditions of continuity of tangential stress,

t-p[Vul + (Vu)T] = t - pe[Vu? + (Vu?)7T] (1.5)

(where t is either of two independent vectors tangent to the interface), the normal

stress condition

—p* +1-p1 [Vu +(Vu )T+ p? —n-py[Vu? +(Vu?)T] = 7V-n+(Ap)gn+y (1.6)

(where n is the normal to the interface, v is the surface tension, Ap is the density
difference between the two fluids, g is of course the acceleration of gravity, and
y is the random normal stress on the interface, assumed by Yang to model the
fluctuations); and finally, the no-slip condition at the surface of the particle, |x —

X[:a,

uw? =U. (1.7)

Here, X denotes the particle position, U denotes its velocity, and a is its radius.

The particle motion is described by the “Langevin equation”

mp 22 +BOU =Frue  (=F()+AQ)) (18)

where the right-hand side is the force on the particle due to the random fluctuations.
As discussed below, Yang assumed that this can be divided into the “indirect” ran-

dom force F(t) due to the flow created by the random normal stress y acting on the
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fluid-fluid interface, and the “direct” random force A(t) due to the random thermal
motion of the ﬁujd molecules in the immediate vicinity of the particle. This separa-
tion is of course artificial, since in fact there are random driving forces throughout
the entire fluid. Nevertheless, it seems reasonable to focus on the Brownian forces
acting in the immediate vicinity of the interface if what is desired is to determine
whether the deformability of the interface (which introduces extra macroscopic de-
grees of freedom) affects the Brownian motion of the particle in some way beyond

just the obvious fact that it changes the particle’s mobility.

Since the position of the particle boundary varies with time, the complete
problem is nonlinear in the unknown particle position. Yang’s investigation was
a first approximation in the case that the motion of the particle is negligible on
a length scale characterizing the flow field caused by interface fluctuations. The
problem becomes linear in the particle position in this case, since the hydrodynamic
force on the particle is calculated with the assumption that the particle remains at a
fixed position. This will be referred to below as “Assumption 1.” His analysis also
assumed that the fluctuations could be modelled by having only a random normal
stress at the boundaries. This will be referred to henceforth as “Assumption 2.”

In later sections, the effect of weakening these assumptions will be considered.

With these two assumptions, Yang could consider the particle diffusivity to
consist of two separate contributions: one from the “direct” random force A(?), and
the other from the “indirect” force F(x,t) created by the motion of the interface.
This is possible because these two forces are uncorrelated, and the problem is now
linear. (That is, the force on the particle as a function of time is a linear functional
of the random normal stress. If the variation of the force with the particle’s change

of position were taken into account, then this relation would be nonlinear.) In the
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actual problem (without Assumptions 1 and 2,) the diffusivity cannot be separated
into two parts in this simple way, because of (a) the hydrodynamic interaction
between the particle and the interface, and (b) the fact that the force created by
the interface motion is a function of position as well as of time, and the particle’s
position is changing. With Assumption 1, the Langevin equation becomes
dU

mp— +B(!)[U] = F(x, ”lxzxm +A(1), (1.9)

and with Assumption 2, it becomes

mp%l +B(4)[U] = F(x, 1)

+A(D), (1.10)

x=
where X is the initial position of the particle (assumed for simplicity to be (0,0, d).)

The force F in (1.10) is the hydrodynamic force on the particle due to the
flow field created by interface fluctuations. The interface fluctuations arise, in turn,
from the random normal stress y (appearing in (1.6)) that is assumed to model the
thermal forces. The autocorrelation of F is needed to get information about the
particle motion from the Langevin equation, and the autocorrelation of y is needed
to get the autocorrelation of F'. The important assumption that is made about y is

that it has an essentially zero correlation time:

<yt)yt+71)> x§(t—r1). (1.11)

This is the assumption that the time scale on which the random stress varies is
much smaller than the time scale on which the interface fluctuates. Information
about the spatial (equilibrium) correlations of y must come from statistical thermo-

dynamic considerations, via the usual assumption that the probability of a certain
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configuration is related to the energy of the configuration by

[7(xs)]

Pln(xs] = exp [— EK)BT , (1.12)

where xp is Boltzmann’s constant, and T is absolute temperature. Since this is
an equilibrium calculation, the energy here is due to surface tension and gravity.
Yang found the equilibrium correlations of  (Fourier-transformed in the two spatial

directions of the interface) to be

kT 1
2m {(Ap)y —7k- k’}

< n(k,t)nk',t) >= 5k + k). (1.13)

Here, k and k' are wavevectors, Ap is the density difference across the interface,
and « is the surface tension. It can be seen from this that the deformations with
the highest amplitude on average are the ones with the longest wavelength. This
makes Assumption 1 more plausible, since the wavelength of the deformation is also
the length scale characterizing spatial variations in the flow.

In calculating this force, Yang neglected the hydrodynamic interaction between
the particle and the interface. In other words, he solved the hydrodynamic problem
of Equations (1.1) and (1.2), subject to the boundary conditions (1.3), (1.4), (1.5)
and (1.6), with no particle present. By assuming that the interface deformation is
small, it is possible to linearize the nonlinear surface tension term in (1.6), and also
to apply the boundary conditions at the undeformed interface to get a first-order
approximation to the flow field. Since the problem is linear, with boundary condi-
tions on a plane, it is convenient to Fourier transform in the two space directions
tangent to the plane of the undeformed interface, as well as in time. The wavevector

is denoted by k, and w is the frequency. Yang’s calculations lead to the following
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velocity field in fluid 1 (which occupies z3 > 0):

wD(k, 23, w) :{@l(k,w)e*’ws + wl(k,w)e—ms}ﬁ(k,w); (1.14)

and in fluid 2 (which occupies the region z3 < 0; the particle is in fluid 2):

w®(k, z3,w) =[@2(k,w)e-’“3 + wz(k,w)e—ms}ﬁ(k,w). (1.15)
Here,

= (k* - i“—’)l/z- 1.16

a1 = ) 3 ( . a)
fon1/2
= (k2 =2}, :
o = ( Vz) ; (1.165)
_twry(k 4 a1) + va(a — k)[—2k%v1 (A — 1) + iwl] )
@, (k,w) = 10k — 1) + (b — o) ; (1.17a)
twAvy(k + az) + vi(ar — k)[2k%v2 (X — 1) + iw]
®,(k = ; 1.176
2(k,w) va(k — 1) + Mk — a2 ; (1.17)
_ —2v112k? (A = 1)(a1 — k) — 2lwky,
Uy (k,w) = (b —an) - Mk = o) : (1.18a)
2 — —— -

‘I’z(k,w) _ 21/1V2k ()\ 1)(&1 k) 21kaV2 ) (1181))

Vl(k - al) + )\(k - az)

The solution for the interface deformation is
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. _ 9k, w)
ik, w) = Hrew)’ (1.19)
where
Hi(k,w) = 3,‘5— [p2@2(k, ) + p121(k,)]
= 2(p2 — p1) [k"I’Z(k,w) + az‘I’z(k,w)]
- [(Ap)g + 7k2} : (1.20)

By comparison with his equilibrium correlations (1.13) for the deformation, Yang

finds that the spatial autocorrelation of the random normal stress is

kT 6(k + k')§(w + w')
oo ds
(27")2 [(Ap)g - 7k * k'] —c0 ﬁ[(k,s)ﬁl(kly“s)

< ylk,w)y(k',w') >= (1.21)

It is noteworthy that the k-dependent factors in (1.21) outside the delta function
will cause a “spreading out” upon taking inverse Fourier transforms, so that in
physical space, the random stress will not be delta-correlated.

The force on the particle is then determined from the flow field by using the
unsteady Faxen’s Law for a rigid particle in Fourier-transformed form. These hydro-
dynamical calculations for the force give F(k, z3,w), i.e., the force Fourier- trans-
formed in the two space directions z3,z2. By Assumption 1, which says that the
particle does not move far before many Brownian events have occurred, the force
on the particle at all times can be approximated by the force at the particle’s initial
position. Thus, it is necessary to express F at the fixed point X, = (0,0, d), which

can be taken without loss of generality to be the initial position of the particle, in
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terms of this Fourier-transformed solution. This is done using the inverse Fourier

transform:

F(Xo,w) = / F(k,d,w)e**odk = / / F(k,d,w)dk;dk;. (1.22)
k —o0 4 —oo

Thus the Fourier-transformed Langevin equation for particle motion due only to

interface fluctuations is

—iwmpU + B(w)[U] = /:oo [_“’ F(k, J,w)dkldkl. (1.23)

By the usual methods of linear response theory, this Langevin equation can be used
to get the particle velocity autocorrelation in terms of the force autocorrelation.
The force autocorrelation has been related to the random stress autocorrelation
via the Faxen’s Law and the hydrodynamical results given above. Thus, Yang was
able to compute the particle velocity autocorrelation. The particle diffusivity, if
defined as the infinite-time limit of the rate of growth of the mean-square particle
displacement, can be obtained from

i

m
D= " s OWRU(d;w,—w), (1.24)

where Ry is the particle velocity autocorrelation. Yang found this limit to be zero.

A number of questions arise on consideration of Yang’s analysis. If some hy-
drodynamic interaction between the particle and the interface were to be included,
would this change the result that the diffusivity is zero? Even if the diffusivity (in
the classical sense) is zero, does the mean-square particle displacement continue to

grow with time in some sort of anomalous diffusion, or does the particle remain in
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some finite region for all time? Is the time limit ¢ — oo “too long” in the sense that
for some time interval, the mean-square displacement will grow diffusively, but that
after a very long time it will level off? What happens if Assumption 1 is weakened,
i.e., if the particle moves significantly relative to the length scale characterizing the
flow field created by interface fluctuations before a meaningful diffusivity can be de-
fined? What happens if Assumption 2 is dropped? For instance, what if there are
random tangential stresses at the interface in addition to normal stresses? Finally,
why do the normal stresses on the surface have a finite length scale for autocorre-
lation? Their physical origin is the collisions of fluid molecules with the surface, so
that no correlation would be expected between the stress on nearby points on the

interface. Each of these questions will be addressed below.
The Spring Analogy to Surface Tension

First, consider the question of whether using a better approximation to the
hydrodynamic interaction between the interface and the particle could change the
result that the interface fluctuations (“independent” of particle motion) do not give
rise to a particle diffusivity. (For example, when the force on the particle due to the
random flow field is computed, instead of using a Faxen’s Law for an infinite fluid,
a Faxen’s Law that takes into account the presence of the interface could be used.)
It will be shown here that the answer is definitely “No” as long as Assumption 1 is
retained. With Assumption 1, it is possible to use the technique of linear-response
theory which is the standard method for dealing with hydrodynamic fluctuation
problems. Without Assumption 1, the problem cannot be linearized, so it becomes
a nonlinear stochastic differential system, for which very few techniques of solution
are available. (The nonlinearity arises because the force depends on the particle

position in a nonlinear way, and it is the particle position that is to be solved
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for.) The Langevin equation without Assumption 1 takes the form of a differential
equation driven by a stochastic field. This is equivalent to the problem that arises
in stochastic quantization of field theory, for which perturbation methods (i.e.,
expansion about the initial position) have been developed and used extensively by
physicists. It is unfortunately still an open problem as to how to deal with the
case where the particle position changes by more than just a small amount relative
to the length scale of the field it is placed in (the field in this case being the flow
field created by the interface motion). Thus, only the perturbation method will
be discussed below, and it is hoped that it will at least help in the qualitative
understanding of how Assumption 1 affects the result.

The Fourier-transformed particle Langevin equation will be considered again:

dU

mp— + B()[U] = / ” / Bk, d,w)dkdks + A(2), (1.25)

and the way it is used to relate the particle velocity to the random stress will
be reviewed. First, the particle velocity must be related to the random normal
stress on the interface, for which the autocorrelations in space and time are known.
Yang obtains this relation through several hydrodynamic calculations. In terms
of Fourier-transformed variables, these relations take the form of multiplication by
“transfer functions.” First, the particle velocity is related to the force on the particle:

(this comes from the Fourier- transformed Langevin equation)

Ay(w)U =F, (1.26)

where Hy includes the particle inertia and the unsteady particle mobility. Then the

force on the particle is related to the flow field generated by the interface motion,

via the unsteady Faxen’s Law:
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B = Hran(@)i(0,0,d,w) = Hras(w) / a(k, d, w)dk, (1.27)
k

where the fact that the particle position is approximated as (0,0,d) for all time
has been used. The undisturbed fluid velocity d(k, d,w), which, unlike the particle
velocity f](w) (but like the force I;‘(k, T3,w))is Fouriér-transformed in zy,z, as well
asin ¢, (it being a function of space as well as of time,) is in turn expressed in terms
of the interface deformation (the relation coming from solving the Stokes equations

in the two fluids for small deformations):

t(k,d,w) = Hpion(k,d,w)i(k,w); (1.28)

and finally, the interface deformation is related to the random normal stress on the

interface by the so-called “interface susceptibility”:

~

Hf(k7w)ﬁ(kaw) = ﬂ(k,w) (1'29)

Combining all these relations gives:

. N 1
Hras(w /H vu(k, d,w) =gk, w)dk. 1.30
Faz(w) | Hn ( w)HI(k,w)y( w) (1.30)

1
Hy(w)

U=
Yang assumed that the diffusivity of the particle is the limit as w — 0 of the Fourier
transform of its velocity-autocorrelation function. Consequently, it is clear that if
any of the factors (or “transfer functions”) in the above equation go to zero as
w — 0, the diffusivity will also be zero. Now consider the factors, one by one.
First, the function Hy clearly tends to the finite limit 6wpa, the steady drag on

a solid sphere, as w — 0. Similarly, the factor Hro, goes to 6rpa, by the steady

Faxen’s Law for a rigid particle. These two statements can in fact be combined into
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one: At very low frequency, a neutrally buoyant particle placed in a zero-Reynolds-
number flow field will move with the undisturbed fluid velocity. Consider next the
function Hy, which determines how much interface deformation there is for a given
imposed normal stress. Clearly, this is finite even in the zero- frequency limit. A
constant normal stress will cause the interface to deform until the surface tension
force balances the imposed force. Finally, consider the function H flow- Here is the
key to the matter. As the rate at which the interface is deformed goes to zero, the
flow field in the fluid caused by the interface motion goes to zero, at least in the case
of an infinite planar interface considered by Yang. In the limit as the interface just
remains fixed in some deformed state, there is no flow at all. In other words, the
function ﬁﬂow — 0 as w — 0. This is why the diffusivity is zero. This also makes it
clear that including more sophisticated hydrodynamics will not change this result.
Hydrodynamical interaction between the interface and the particle will not change

the fact that Hyipw — 0.

Why is forcing a particle via a fluid medium different from forcing it directly?
Clearly, the direct random force on the particle A(t) gives rise to a diffusivity similar
to the Stokes-Einstein result but with the mobility modified from 67 ua to something
else because of the presence of the interface. In contrast, F, the “indirect” force, will
not. It turns out that the essential difference is due to the fact that the interface,
when idealized as infinite, “can’t go anywhere.” Surface tension (and gravity) act
as a spring, pulling it back towards its initial position. This analogy will now be

pursued to get a better understanding of the situation.

Instead of an interface, consider another large solid particle, free to wander
around, that is acted on by a random force. As above, consider only the particle’s

motion due to the motion of this larger particle, and not the motion due to the force
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A(%) that acts directly on the particle. Landau and Lifshitz [11] have determined

the unsteady mobility of a particle in a viscous fluid (at zero Reynolds number):

. 2 2R .
Fry = [67:-#}2(1 +R, /g—:'-) — iw(3TR?) —’—L:-f’—(l + 5 /%)JU, (1.31)

where Fjyq is the hydrodynamic force on the particle, U is the particle velocity, R is
the particle radius, u is the fluid viscosity, p is the fluid density, and the circumflex

indicates that the variables have been Fourier-transformed according to

U(t) = /_m U(w)e ™t duw, (1.32)

and similarly for Fryq. For convenience, rewrite this relation as

Frya = G1(w)U. (1.33)

The large particle’s motion is thus described by the Langevin equation

—iwmU = G (w)U + F, (1.34)

where F is the (“direct”) random force on the particle, and my, is the mass of the

large particle. This can be rewritten as

~

F

U=— — (1.35)
—wwmp — G1(w)

Landau and Lifshitz also give the velocity field in the fluid generated by the sphere’s

motion as (with 7 being the spherical coordinate of distance from the particle cen-

ter),
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N z 2 ikr 1 .y _ikr 1 ae'tr
u=U,e, - [Ae (r-ik)—}—B}—kr,‘,azke (r—-ik) 2
1 . ikry"
——1kAe'"" U, (1.36)
r
where
2
k=(1+14)/ 5, (1.37)
pw
__3B _anr
4= 22_ke , (1.38)
B = .1_2._3_( i _ 3 ) 1.39
2 kR kZRZ (1.39)
Write this relation as
i = Gy(r,w)- 0. (1.40)

Finally, there is an unsteady Faxen’s Law that gives the force on the smaller sphere
in terms of its velocity and the flow field that it is placed in. (This flow field will be
taken as the field generated by the motion of the bigger sphere. Hydrodynamic in-
teraction between the two spheres is being neglected here, as it will not qualitatively
affect the result.) Clearly, if the sphere is neutrally buoyant and sufficiently small,
this relation can be approximated by just having the small sphere move affinely with
the fluid (i.e., with the undisturbed fluid velocity at its center). This is certainly

true in the limit as w — 0. Combining all this gives
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U,=1u = Ga(rs,w) - U = Ga(rs,w) - («)

r=r, —[iwmyg + G1(w)] (1.41)

Here, U, denotes the velocity of the smaller sphere, and r, denotes its position in
the spherical coordinate system centered at the larger sphere. It follows from this
and linear response theory that

~

_Ga(rs,w) Ry, (1.42)

w + él (w)

I

where Ry, denotes the Fourier transform of the autocorrelation of the small sphere’s
velocity, and Ry denotes the Fourier transform of the autocorrelation of the (ran-
dom) force on the large sphere. Now within the framework of this calculation, Rp

should be given by the fluctuation-dissipation theorem given in, for example, Hinch

[2]:

A _ 1 kT
F= 27 6muR’

(1.43)

(The 1/2x factor is the Fourier transform of the Dirac delta function.) Also, the

diffusivity of the small sphere should be given by

lim
D= " Ry (1.44)

w-—0 g

(this is shown in Hinch [2] among other sources.) Thus,

1 kT
27 6muR’

G2(r87f‘7)
[twmp, + G1(w)]

lim

D=

w—0

(1.45)

To see that the limit in (1.45) is nonzero, note that by (1.31) and (1.33),
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G1(w) — 6muR (1.46)

as w — 0; also, it is clear that the flow field generated by the large sphere’s motion

will tend to the Stokes solution for steady motion of a sphere in this limit, so that

3R R3]1 [3R 3R3]x3x”. (1.47)

4 + 4_7'3- 4r,  4r3 ] g2

Ga(rs,w) — [

s s
The main point that is illustrated by all this is that the small sphere has a nonzero
diffusivity due only to the motion of the large sphere driven by a random force
directly on the large sphere.

It was pointed out above that while the effect of the interface on the small
particle’s diffusivity should be qualitatively similar to that of many particles (or
even just one) undergoing Brownian motion and thereby creating flow fields, the
interface is not free to move an indefinite distance from its initial position. To
model this feature, to the simplified case of a single large particle considered above,

a spring tending to bring the large particle back to its initial position will be added.

The spring force will be given by

Fopr = kX, (1.48)

where k is a spring constant, and X is the position of the large particle. Thus, the

Langevin equation of the large particle is changed to

k

1w

U+ G1(w)U + F, (1.49)

—twwmpU = —

so that the expression for the diffusivity is changed to
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Ii Ga(rs
p= "™ GZ(T ) __| L AT (1.50)
w—0 [ime + Gh(w) + %_} 2r 6 R
If this is rewritten as
li Gy (r,
p. lm ’ w 2(7:,&:) ’ 1 kT ’ (1.51)
w = 0| [iw2my + wGy(w) + ik] | 2T 6mp R

and the fact that Gy and G, go to a finite nonzero limit as w — 0 is reca,llevd, it
becomes clear that adding the spring makes a significant difference: The diffusivity
of the small particle is now zero! In fact, the diffusivity of the large particle is
also zéro for the same reason, namely, that the transfer function giving the large
particle velocity in terms of the random force on it goes to zero as w — 0, because
of the spring force. This is entirely analogous to the fact that Hyjo,, — 0 in the
same limit, as observed above in the discussion of Yang’s analysis with a fluid-fluid
interface instead of a large particle on a spring. Like the interface, the large particle
cannot roam away farther and farther as time passes; instead, it approaches a finite
mean-square displacement from its initial position.

Is the particle “trapped” or does it diffuse anomalously?

The fact that the diffusivity in the classical sense is zero does not necessarily
mean that the mean-square particle displacement stops growing at long times. It
means only that the rate of growth is slower than linear in time. The limiting
behavior of the particle velocity autocorrelation at long times will now be considered
in more detail, to determine whether the particle diffuses anomalously, or whether
its mean-square displacement actually reaches a finite limit at large times.

There is another reason for considering the long-time w — oo limit more closely.

The arguments made above that the particle is “trapped” because surface-tension
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acts like a spring pulling the interface back do not hold if the interface simply
undergoes rigid-body translation and if gravity effects are not present (Ap = 0.)
Gravity is clearly also analogous to a spring force, because any displacement from
the equilibrium flat state will give rise to a gravitational force tending to restore
the interface to its flat state, and the larger the displacement, the larger the force
(it is actually a linear relationship). Surface tension only exerts a restoring force if
the displacement is not uniform, i.e., if the curvature becomes nonzero. If the entire
interface were displaced by a constant distance, there would be no restoring surface
tension force. Thus, if gravity were considered to be absent from the problem,
it would seem that infinite wavelength disturbances (kK — 0) might give rise to a
nonzero diffusivity. In fact, when there is no density difference between the two
fluids, the interface becomes unstable, and the equilibrium average amplitude of

zero-wavevector (infinite-wavelength) disturbances becomes infinite.

When the limit as w — 0 of the velocity-autocorrelation function (which is an
integral over the wavenumber vector k), is taken in Yang’s analysis, there seems
to be an implicit assumption that the limit commutes with the integral, i.e., that
the integrand is uniformly continuous. A close examination of the integral reveals
that taking the limit is not such a simple process. In fact, it can be shown that the
major contribution to the integral comes from the neighborhood of k = 0, where
the integrand is not uniformly continuous. This makes sense physically, since the
limit w — 0 corresponds to taking the limit of long time, and in this limit only
the infinite wavelength disturbances should survive. This may be compared with
the calculation of transport coeflicients via linear-response theory in Kreuzer [12],
where both the limits k — 0 and w — 0 must be taken, and it is found that the

w limit must be taken efter the k limit to insure getting a nonzero result. In the
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case of diffusion, this corresponds to the fact that if k is not allowed to go to zero
first, the particle is confined to a finite region, and thus in infinite time, since its
mean-square displacement can’t grow beyond this finite region, it will not diffuse.

This suggests that the limit is singular, and should be examined more carefully.

So first, a change of variables must be made to make the integrand uniformly
continuous. Second, the integrand itself contains another integral over a dummy
variable which is a function of k. After the change of variables is made to insure
uniform convergence, it also becomes a function of w. Thus, its asymptotic expan-
sion as w — 0 must also be determined. At this point, it is important to note
that it is necessary to go through these steps for two reasons: First, it must be
determined whether the limit of the integral giving the diffusivity is really zero. It
will be shown below that there is a factor in the integrand that tends to a delta
function at k& = 0 in the limit w — 0. This factor when integrated would give a
finite result even though it goes to zero for all nonzero k. Whether or not the limit
of the integral is still zero will thus depend on the asymptotic behavior of the other
factors in the integrand. Secondly, even if the asymptotic behavior is still & w?,
where p is positive, so that the diffusivity really is zero, it is of interest to know
the value of p, so that it can be determined whether the mean-square displacement
of the particle continues to grow in time even if slower than a diffusive rate (i.e.,
anomalous diffusion), or whether it asymptotes to a finite limit, so that the particle

essentially never leaves a bounded region around its initial position.

If the mean-square particle displacement asymptotes to Dt?, where ¢ is a pos-
itive number, and D is a diffusion coefficient (in a general sense), then the case
g = 1 corresponds to the usual definition of diffusion, in the sense that Yang uses

it. However, all other strictly positive values of ¢ correspond to so-called anomalous



IvV-22
diffusion, in which the mean-square particle displacement still grows in time, but
not at a linear rate. In particular,if 0 < ¢ < 1, then the diffusion coefficient as Yang
calculates it, meaning the time derivative of the mean-square particle displacement
(in the long-time limit), will be zero even though the mean-square particle displace-
ment is growing tn time. Therefore, to obtain a more complete understanding of
the particle motion, the exponent p, discussed above (from which the exponent ¢
can be determined), will be calculated here, since it is not given in Yang’s thesis.
Yang used the following expression for the diffusivity,

lim
T

D - (U(w)U(-w)), (1.52)

w—0

and if the velocity autocorrelation function he obtained (i.e., with Assumptions 1

and 2) is substituted into this, the result is

lim k=eo [ 6rusa w i
= e (] e
D w—0 k=0 { m [1 ta 21/2( Z)]

x [@z(k,w)ek%(—iel +e3) + Wi (w) Ty (k, w)e?® (“’k“? e + e3>]

3 : .
- 2—’@”{3-‘5’1 [@z(k,w)e(kma)(—-iel + es) + Wo(@)Ts(k,w)e™™ (—2e; + eg)] }

k
6rpza —Ww .
x {T[”’“ ]

-G
x [(I)z(k,—w)ek“(-—ie] +es) + Ws(—-w)\llg(k,—w)e"‘”’a( e +e3)}

s
2ma pan [sz(k, —w)elkas)(—ies + es)

+ Wv(——w)‘I’Z(ka —-w)e&zms (..%el + es)] }
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y kT
(27!') [(Ap)g +7k2}HI(k w HI(k w) f-co Hi(k, w)HI(k —@)

kdk, (1.53)

where some of the quantities appearing here have been defined earlier in (1.16),

(1.17), (1.18), and the rest are given by

_— 2 ﬁ"_ 1/2.
&1 = (k + V1> ; (1.54a)
L (2, iw\1/?
&y = (k + V2> : (1.54b)
Sln(a ‘;’;
W, (w) (1.55)

sin(a -’;‘;ﬁ - (a\/%—‘;’-) cos (a %

Wy(w) = — . (1.56)
(=)
Since the derivation of this expression (which is just Equation (1.24) with all the
transfer functions explicitly written) is given in Yang’s thesis, it will not be repro-
duced here. Since this integral is cumbersome, it is convenient to consider only the
special case where the two fluids, though immiscible, have the same density and
viscosity. The integrand simplifies considerably in this case, and there is no reason
to suspect that the qualitative behavior in this case is any different from the case
of general density and viscosity ratios (except perhaps when they take on extreme
values).

In this special case, the expression for the diffusivity reduces to (with only the

(1,1) component shown here)
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Dy =

2 iw 1/2
6rpa kgT lim [ Gkas “J(k "T)
m v w—0 Ji—

where

* ds
Fk) = /—-oc Hi(k,s)H1(k,—s)’

and Hy is now given by just

2w?por 2
RS A

Hi(k,w) =

Now it should be clear that the terms

3 /
- (-2)"

(1.57)

(1.58)

(1.59)

(1.60)



IV-25
are the reason why the integral is not uniformly convergent in this form. When
k and w both go to zero, these terms vanish, but the order to which they vanish
is unknown until what is generally called a “distinguished limit” is specified, i.e.,
the relative rate at which k£ and w go to zero. Thus, taking the w limit inside the
integral in this form is clearly not legitimate. This difficulty can be removed by

making the change of variables suggested by the form of the terms, namely, letting

k= wu, (1.61)

so that the diffusivity is now expressed as

. r (42 ;i)l/z
6rpa kT lim *° leﬁuzs wku v

Dy; = ¥2 w—0 Jro u“‘(uz—%y/z
sin{a /%) w(u?-4% s .
V) o(w -
B bt )]

-1
7wu3} wudu (1.62)



IV-26
Now the limit may be commuted with the integral. As mentioned earlier, it is
necessary to find the asymptotic expansion of the inside integral F(y/wu) as w — 0.

This is done in Appendix 1, where it is shown that

F(E)~k™%%  k—0, (1.63)
which implies that
F(y/wu) ~ w84 w — 0. (1.64)

If the other terms in the integrand are carefully expanded, it is then found that
the entire integral goes like w?/4. Thus, the particle is not undergoing anomalous
diffusion; its mean-square displacement asymptotes to a finite limit as ¢ — oo. It
remains essentially in a finite region. It is worthwhile to recall that this result is
for the (unstable) case where the density of the two fluids are the same. Curiously,
the instability does not affect this calculation; even the fact that infinite-wavelength
deformations have infinite average amplitude when Ap = 0 is not enough to keep
the particle moving outwards. If there was a density difference, the mean-square
displacement would grow even more slowly at large times.

The reason why infinite wavelength disturbances are not giving rise to a nonzero
diffusivity can be traced back to the equilibrium calculations. The interface displace-
ment 1(x,) has a mean- square equilbrium value, because the potential energy due
to surface tension (or gravity) has, after linearization, quadratic terms in the in-
terface displacement. Loosely speaking, this means that the interface will continue
indefinitely to wiggle a small amount around its initial plane. For the interface

actually to diffuse, the (absolute) interface displacement (i.e., the average value of
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n(x,) over the surface, a measure of how far the interface has left its initial plane),
which may be denoted by A, would have to keep growing in time. This would be
the case if there were a term quadratic in dh/dt (rather than quadratic in %, as the
gravitational energy is), in the potential energy expression. That this is so is clear
by comparison with a particle, which diffuses because equipartition gives it a mean
square energy of kT'/2 for each translational degree of freedom and it has three de-
grees of freedom corresponding to its kinetic energy mU? /2. No such kinetic energy
can be assigned to an interface if it is idealized as infinite, because it is not possible
to associate a mass (or inertia) to its rigid-body motion. Alternatively, if the kinetic
energy associated with its rigid-body motion is taken to be the kinetic energy of
all the fluid that it sets in motion, this energy would be infinite, and therefore the

equilibrium correlation of dh/dt would be zero.

These considerations make it clear that the case of an infinite interface is dif-
ferent from the case of a very large drop. It might be thought that to a very small
particle near the large drop, the drop interface might cause the same effects as
an infinite interface. This is not so, because the drop has translational degrees of

freedom, and thus will diffuse, causing the small particle to diffuse, as shown above.

It is also necessary to take into account the fact that in any real physical
situation to which this analysis would be applied, the interface would not be infinite,
but rather, the fluid would have boundaries. Suppose the two fluids were in a
container. If the contained had a fixed volume and were entirely filled with the
fluids, then the interface could not shift over by a constant amount because that
would violate incompressibility. Even if the container were open and the top surface
were free (at atmospheric pressure) since the volume of the lower fluid is constant,

the average absolute interface position would have to remain constant. This makes
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it clear that in such a situation the interface has no translational degrees of freedom.
The only way that the interface could nevertheless give rise to a diffusivity of the
small particle is if the transfer function referred to above as H¢jo, did not have
to go to zero as w — 0, i.e., in the steady limit. Above, it was stated that this
function must always go to zero, but that was for an idealized infinite interface,
where there are no boundary conditions, so there is always a solution to the problem
of finding the interface shape to support any applied steady normal stress. For a
finite interface in a container, there are boundary conditions, namely, that the
interface must meet the container walls at the contact angle, which is a property
of the fluids and wall material. If there were no steady solution to the problem
of finding the interface shape to balance a given applied normal stress with these
boundary conditions, then H ¢, would not have to go to zero as w does. Now it
is known [13] that certain container shapes do not allow such a steady solution,
for instance, containers having triangular cross sections. These nonexistence results
are for the full nonlinear problem, however. It should be noted that in the above
discussion it has been assumed that all displacements were small enough so that
the equations (and in particular the curvature term in the surface tension force)
could be linearized, so that linear response theory could be used. The nonexistence
results may not carry over to the linearized case. This would mean either that
solutions would always exist for the magnitude of normal stress associated with
random fluctuations, or that solutions actually would not exist in some containers,
but it could not be proved that this leads to a nonzero diffusivity using linear
response theory. A nonlinear stochastic system would have to be solved. This could

be very difficult.

None of these considerations change the essential observation that care must be
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taken in idealizing an interface as infinite, as the results may not even be meaningful
qualitatively. The actual nature of the boundaries, even if they are far away, may
need to be known. It was pointed out earlier that taking into account fluid inertia
(the part involving the square of the velocity, not just the part with acceleration)
might change the above results, since then there would be kinetic energy associ-
ated with steady interface motion. This could be done analytically by finding an
asymptotic solution for small Reynolds number. As a final comment, it would also
be interesting to see whether allowing the fluids to be slightly compressible would

change the results qualitatively.
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SECTION 2: AN ALTERNATIVE CALCULATION WITH A WEAK-
ENED ASSUMPTION 1

It has been shown above that with Assumptions 1 and 2, the mean-square
displacement of the particle asymptotes to a finite value as { — oo, rather than
continues to grow at some rate slower than /% (since its motion is not diffusive). If
the force field the particle is placed in were white noise, the particle would definitely
diffuse. Thus, the nature of the autocorelation of the force field must be such as
to systematically tend to move the particle back right after it has pushed it out.
Yang explains this in terms of the interface creating wavelike disturbances, with the
particle essentially going around in circles. However, with Assumption 1, the fact is
being neglected, that once the force field has pushed the particle away from its initial
position, the particle now experiences the force at its new position. Even though an
infinite time limit is being taken, so that loosely speaking the particle has plenty of
opportunity to stray from its initial position, the force in the Langevin equation is
still being evaluated at its initial position! It certainly seems reasonable to question
whether the fact that the probability distribution for the particle position stops

spreading after a very long time is perhaps just an artifact of this assumption.

It was mentioned earlier that there is an available technique for dealing with
the Langevin equation with a weaker assumption than Assumption 1. If the force
can be expanded in a convergent Taylor series about the particle’s initial position,
then a type of approximate solution can be found, by a perturbation method that
is very popular with physicists working with quantum field theory. The method is
explained in Bern’s thesis [14], and by Abrikosov et al. [15] among undoubtedly
many other references. The perturbation scheme can be carried out efficiently to

a large number of terms by using the “diagram technique,” in which lines stand
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for Green’s functions; dots, crosses or other symbols for functions; and loops for
autocorrelations (see Appendix 2 or [14]). While it may be necessary to use many
terms to get a good approximation, what is mostly of interest here is the issue of
whether using this method will qualitatively change the long-time behavior of the
particle-position probability distribution. Will its mean square position now tend

to infinity? Will it grow at a diffusive rate?
The scheme is set up as follows. First, expand the force in the Langevin

equation about the particle’s initial position Xy:

dU
mp—-+ B()[U] = F(x,1) _—
= F(Xo,t) -+ GVF(XQ,t) . (X — Xg)

+ E€VVEF(Xg,t): (X = Xo)(X = Xg) +... .(2.1)

Then look for a solution of the form

X(t) =X® 4 X® 4 2x0C) | (2.2)

Then by the usual procedure of collecting terms of each order in ¢, the following

equations are obtained:

mp

2xM { dXM(t)

dt? dt } =F(Xo,?)

22X dX (1)
_ Lx®
mp = + B{ }_VF(Xg,t) (XM ~ X,)
d?xX®) dX3)(t)
aX() _ x®
mp = + B{ }._VF(Xo,t) X

+ VVF(Xo,1) : (X — X)(X® - X,)

..... (2.3)



Iv-32

These equations have to be solved for the X(*) in terms of the force F at X, (and
its derivatives). Of course, what is actually known about F is the Fourier transform
of its autocorrelation function. Thus, the solutions of these equations can only be
used to get the autocorrelation of X, which is what is desired to determine the

diffusivity. The fact that all these equations are of the form

2% () @) ,
d;; + B{%ﬁl} = £f(), (2.4)

mp

where £(?) is the forcing function on the right-hand side, will be exploited. Take the

Fourier transform of this “generic” equation:

[—wzmp — zwl;’} X = £ (2.5)

where B is the unsteady mobility operator in Fourier space. It is just a multiplicative

operator in this space, whereas it is a functional in time. From this it is easy to get

X = — (2.6)

and the Fourier inversion formula now gives

. o0 £() .
XO(4) = / f —e T . (2.7)

—oo [~w?mp — iwB]

These are the formulae to be used for solving the equations. From them, it is evident

that



Iv-33

o (2) _ 1 =T ik B (1)
e ———=] /_ ) [ ) (k1 B (k1 B, 25, 0) X (P ()
+ iky Fj(k1, k2, 23, ) (2.8)
d . >(1)
-+ EgFj(kl,kz,mhw)[X:; (UJ) - d]dk]dkz
1:3:(1
Now by noting that
0 = —iwx?, (2.9)
it is clear that
< UP0P (W) >
1 1

[—w?mp — iwB(w)] [~w'imp — iw' B(w")]

) < L] EE—T

.{iklﬁ‘j(kl,kz,d,w) / / By (kY kY, d,w)dk) dk

+ ik F(ky, k2, d,w) / / By (R kY d,w)dk! dk!
4 dFJ(k:ti,mk;Z’daw) s [/ / Fl(kil’kél,d,w)dkildkg - d:} }dkldkz

oo oo 1
/;oo ./_oe [—w?mp — iw! B(w')]

.{ikgﬁj(k;,k;,d,w') / / By kY d, W) dR!" dR

+ ko (k) kY, dyw') / / By (B kY d, o' YdEY dEY!

z3=d [/ / Fy(kY' Ry, d,w)dRY" dRY' — d]}

dF;(ky, ko, d,w')
+
d£83
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dk;dk;> : (2.10)

This expression is expanded into 27 terms in Appendix 3. It will not be necessary
to deal with all these terms to answer the question of whether including these
terms as first corrections to the velocity autocorrelation will allow the particle to
“escape” from the bounded region it is essentially confined in to first-order. It is

only necessary to observe that the terms are all of the general form

({5,’)‘2’@(“)//’% < B, Fiy > x //ki4 < Fi, Fyy >, (2.11)

with the i1,12,... being general indices. Here, Q(w) — constant as w — 0. This is

to be compared with the first-order approximation, which is of the form

Q(w)// < F,F;, >. (2.12)

It will be recalled that this latter expression behaved like w/* as w — 0. If the
asymptotic expansion of this integral for the first-order approximation, discussed at
length earlier, is reexamined, and, in particular, if it is recalled that the variable &
was changed to /wu to make it possible to approximate the integrand uniformly,
it is found that the behavior of the above generic correction term can be found by

inspection to be
;13 (ws/‘*)z (\/5)2 =W/, (2.13)

Here, the factor

&)
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comes from the fact that by the first-order calculation, integrals of < FF' > are
known to behave like w"/4, and the second-order terms look like < FF >< FF >
(hence the squaring). The factor (ﬁ)z is present because there are now the two
additional factors kk in the integrand, and the change of variables gives a factor \/w
for each factor k. The asymptotic behavior w’/? of the Fourier-transformed velocity-
autocorrelation function means that correcting for the fact that the random forcing
changes with position does not cause the particle to undergo any sort of diffusion,
normal or anomalous, at least under the assumption that the forcing is only a weak

function of position.
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SECTION 3: AN ALTERNATIVE CALCULATION WITHOUT AS-
SUMPTION 2

While it may seem reasonable at first glance to model the fluctuations using
Assumption 2, namely, by putting only a random normal stress at the interface
and a random force directly on the particle, in actuality there are fluctuations
throughout the entire fluid. Moreover, there could be tangential as well as normal
stresses at the interface. The discussion earlier about how motion of the particle
due to interface fluctuations is limited by the fact that surface tension acts like a
spring pulling the interface back was valid for fluctuations driven by normal stresses
only. A fluid element on the interface is free to move infinitely far in a tangential
direction; there is no “spring analogy” for motion driven by tangential stresses.
Thus, it is interesting to consider how alternatives to Assumption 2 could change
the particle behavior.

A classical finding of Landau and Lifshitz [11] is that the fluctuations in an

infinite fluid are driven by a random stress tensor s with strength

2
< sij(x,tl)skm(x',tz) >= 2kT,u6(x—x')5(t1—t2) [5ik'5jm+5im6jk““'3_5ij5km] . (3.1)

Hinch [2] has shown by applying a generalized Langevin analysis that for a rigid
particle in an infinite fluid, the “correct” (i.e., Stokes-Einstein) diffusivity, and the
“correct” (i.e., in agreement with simulations) velocity autocorrelation long-time
tail can be retrieved if the fluctuations are modelled as driven by a random stress
throughout the fluid, with the same correlation as (3.1). Therefore, in the present
work, the calculation of the diffusivity will be redone using this random stress

instead of only the normal stress at the interface. In comparing the calculation to
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be done below with Yang’s approach of putting the driving random forcing only on
the interface and the particle surface, it should be remembered that even though
the particle will not be introduced in the calculation of the fluctuating velocity
field here, since the random forcing is distributed throughout the fluid, some of that
forcing corresponds to what was assigned to the particle surface by Yang. (This is
just a consequence of the artificiality of Assumption 2, which puts all the forcing at
the boundaries.) |

The strategy will be first to calculate the random flow field assuming there is
a planar interface, but no particle. Then the particle will be placed in this flow
field, and its motion will be calculated as if there is no interface (except insofar
as it generates the flow field). In this respect the calculation will be done just as
in Yang’s thesis, except, of course, that the random flow field will be different as
discussed above.

Thus, for the first step of the calculation, the equations of motion will be

Hu(®

5 = —vp® £ Av2u® 4 v . s (3.2a)

a4

v.u® =y, (3.2b)

for fluid 1 (occupying z3 > 0); and for fluid 2 (occupying z3 < 0),

ou®

at = ——Vp(z) -+ Vzu(z) + V- 5(2)1 (330’)

S

V.u® =o. (3.3b)
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Here o = p1/p2 is the density ratio of the two fluids, and A = p1/p2 is the viscosity
ratio. The equations have been nondimensionalized, with the characteristic velocity
taken to be kT /L%y, the characteristic stress and pressure k7/L?, and the charac-
teristic length L (this is arbitrary; there is no length scale inherent in this problem
until the wavelength of the interface disturbances is specified). S = p,kT/Lu? is
a Strouhal number. The tensor s is the random stress of (3.1). The boundary

conditions at the planar interface z3 = n(z1,z2) are the kinematic conditions

u®.n=u®.n= =, (3.4a)

continuity of tangential velocity

u® .t =u® g (3.4b)

continuity of tangential stress

At-n- [Vu(l) +(Vu(1))T] +t-n-sM =t.n. [Vu(z) +(Vu(2))T} +t-n-s? (3.4c)

where t is either of two independent unit vectors tangent to the interface; and

finally, the normal stress condition

_p(l) + An - 11 - [vu(l) _+_ (vu(l))T + s(l)} + p(z) —n-n- [Vu(z) + (Vu(z))T + 5(2)]

=TV -n+gn. (3.4d)

Here, I' = vL?/kT is a form of the reciprocal Capillary number, with v being
the surface tension, and 8 = (p2 — p1)gL*/kT is a dimensionless measure of the

gravitational force tending to restore the interface to its flat state.
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Now Fourier transform these equations and boundary conditions according to

= Gnyr

/ / / ’U(X, t) CXP[’i(—kl.’El - k2m2 + zwt)]dml d$2dt, (35&)

v = / / / ﬁ(kl, kz,:c3,w)exp[i(k1x1 -+ kz:l:z - wt)]clkldkzdw, (35b)
— 00 -0

where v stands for any of the variables u(?, p(9,s(9, with ; = 1,2. The equations

(3.2) become, for fluid 1,

(1) _

—twSatl,

. ~(1)
—-waau

—waa"( ) =

)

ik D +/\(dd 8 - k2ol

3

W, 4.
ki) + ikl + o -as

Cl2 1)
—ikp) + A — k2 — k2)a
(d 2 2)

d
+ k1803 + ks 80 + Z:Z'Aglz)’

dd “(1)+A(—i——k2 k) ~(1)

L3 dz

d
(1 (1
+zk13 +zk23g3) -+ :l;; g3),

o d .
iklﬁ(ll) + zkzugl) + ———ugl),

dIB3

(3.6a)

(3.65)

(3.6¢)

(3.6d)
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with the same equations holding for Fluid 2, if & and A are set equal to 1, and the
superscript “(1)” is replaced by “(2).”

Equations for the pressures p(*) and p(*) can be obtained by using continuity
to eliminate the velocity. Taking ik; times Equation (3.6a), plus tk; times (3.6b),
plus a—j; of (3.6¢) gives

(k25D — (iks 250 — L)
(ik1)"p* — (ik2)"P 5D
dz3
- 4,
+tk2 [Zk] S( ) ’Lkzg(l) + "ig(l):[
22 dwg 32
d (1 d
+dw3 [zkls( )+zk s( )—f— 2—3- (3)] =0, (3.7)

which can be rewritten as

d*pM) (1) _ (1
— = ¢,
e Pt =g (3.8)
where ¢, = k? + k3, and
A _ o [ip. 2@ 4o 20 € (@)
¢V =ik, [zklsn + k2837 + Too% }
3
(1) 0, 4
+Zk2 [zkls -+ ’Lkz 890 + E'— 32 ]
T3
d .. (1 d .
+-CEI3_3 [Zk1813) + ‘Lkz ( ) —{— ‘d“*‘;- (3)] (3.9)
Similarly, the equations for the velocity can be rewritten as
424 . (1)
s B clﬁ,gl) = rgl), (3.10a)
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dz,&(l) a L
dmé - clug ) = Tg ), (3.100)
dz‘ﬂ,(l) (1 1
d—:r,%— — clug ) = rg ), (3.10¢)
with
wS
1= k2 4 k2 — ”“’A 2 (3.11a)

and the same equations hold for the components of 4(?), with the superscript (1)

replaced by (2), A and « set equal to one, and ¢; replaced by

cy = kf - kg — 1w S. (3.118)

All these equations have the form

2
£ = 7 (3.12)

which has the general solution

z y
u(:c):e"‘/E”/ ez‘/‘;y/ 'r(z)e"‘/zzdzdy
0 0

+ aeVe® + be"‘/zz,

(3.13)

where a and b, which appear in the homogeneous solution, are arbitrary constants
(determined by boundary conditions). The convention will be taken in the following
that /- always stands for the positive branch. From this it is clear that the solutions

are
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z y
13(1)::6_ CP”"'/ 382‘/6;3’/ q(l)(z)e‘ ‘»?*dzdy
0 0

A'le‘/g“ + AjeVer2s, (3.14a)

1 i Y
ﬁg ) = e~ cncsf 62\/6—1—3;/ rg )(z)e—‘/c_‘zdzdy
0 0

+ A'ze\/c_“83 4 Aje~vVer®s, (3.145)

T3 Y
ﬂgl) =e Cixa/ eZJETy/ rgl)(z)e_ “1Zdzdy
0 0

+ Alever®s + AzeVerTs, (3.14¢)

T3 v
ﬁgl) =e" Cl“/ ez\/g;y/ rgl)(z)e—ﬁzdzdy
0

0
+  Aleverms +  AgeVErTe (3.14d)

and similarly for the pressure and velocity in fluid 2, if the superscript (1) is replaced
by (2), and ¢; is replaced by c;, and the constants A;, A} are replaced by B;, B}

for 2 = 1,2,3,4. Here, the quantities » have been defined for convenience by

'I:kl R 1r. ~(1 . ~(1 d A1)]
rgl) = Tp(l) -3 _zklsgl) + zkzsgl) + dze sgl)_ ; (3.15a)
1 'Lkz N 1 r. (1 . ~{1 d ~(1 )
rg ) = Tp(l) X _Zkls:(lz) + zk23g2) + Esgz)‘ ; (3.150)
dp 1 1 d ]
1 A1) g A(2 (1)
Tg ) — o X[ k13§3) + zk28§3) + ‘XZZ;;S% . (3.15¢)
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The constants 4;, A}, B;, B! are to be determined from the boundary con-
ditions (3.4). Although the boundary conditions are in general nonlinear, only the
first linear approximation for small flow and small deformation is sought here. Thus,
the terms appearing in the boundary conditions, which are evaluated at z3 = 7,
are written as Taylor-series expansions about z3 = 0. Since only the first approx-
imation is desired, it is easily verified that only the first term in the Taylor series
must be retained; i.e., the terms are evaluated at z3 = 0. The interface deforma-
tion appears only in the linearized surface tension and gravity terms of the normal
stress condition, and in the right-hand-side of the kinematic condition. Thus, the

kinematic conditions (3.4a) become

W @ 9
Uy v = uy e (3.16)
After Fourier-transforming, this becomes
alM = 4 = —iwf. (3.17)
273=0 23:0
Substituting (3.14d) into this gives
As+ Ay = By + By = —iwn. (3.18)

Now consider the conditions of continuity of tangential velocity (3.4b). To first

order, they are

ugl) = ugz) ; / (3.19a)

z3=0 z3=0

ne =u®P| (3.195)

3
z3=0 z3=0
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and after Fourier-transforming they become

aM =a®| (3.20a)
z3=0 2:320
aM = a{® (3.200)
z3=0 1:3:0
Substituting (3.14b,c) into these gives
A; + Ay = By + BY; (3.21a)
As + Ay = By + Bs. (3.21d)
Continuity of tangential stress (3.4¢) implies
(1) (1) (2) (2)
)\aus + Aau—l + S:(lé) _ aU3 8u1 i Sg? :
6331 z3=0 84123 za=0 z3=0 a.’Bl z3=0 8333 23=0 z3=0
(3.22a)
and
8 (1) (1) 5 (2) (2)
6332 z3=0 81!3 T3==0 z3=0 (9(132 r3=0 (9333 z3=0 za=0
(3.22b)
These Fourier-transform to
da{V 4l

ik Aal) + A +33(0); (3.23q)

Ay s (2)
©3=0 drs lzs=0 +315(0) =45 +

z3=0 dms z3=0

and
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{2
das? A(2)

d’ll(l)
=z 3 = +359 (3.23h)

ik Aalh + A + 50 = ikyal? +

z3=0 d$3 z3=0 z3=0 d:c3 z3=0

and substitution of (3.14b,c,d) into them gives

iki AAL + iky A Ay + /G AL — /a4, + 332(0)
= ik1 By + iky By — \/c2 B + \/c2 By + .§1 )(0), (3.24a)

and

ihaAAq + ik A A} + eI AAL — e A A + 532(0)
= 7:sz4 + Zsz; — \/E_z—Bé —+ \/2.2.33 -+ 823)(0) (324b)

The last boundary condition is the normal stress condition (3.4d), which to first

order is
au(l) Bu(z)
_ (1) Pt (2) _ OY, (1) _ 2
P rz3=0 + (9.’133 z3=0 +P z3=0 8:1:3 Ty +833 z3=0 %33 z3=0
n  8n
_r[b-;—l- + 5—-2—] + Bn. (3.25)
This Fourier-transforms to
dal? dil?
5 A2 5(2) _ 4Ys ~(1) 0 A(z) 0
P z3=0 + d.’B3 z3=0 +P z3=0 d:c3 z3==0 ( ) ( )
= —I‘[(ikl )2 + (ikz)z]ﬁ + 8. (3.26)

Substitution of (3.14d) into this gives
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— Ay /AL — /1A Ag+ B ++/S3 By — /e By +355(0)— 52 (0) =

T(ki+k3)H+B7.
(3.27)

Thus, the boundary conditions provide 7 equations, namely, (3.18), (3.21),

(3.24), (3.27), for determining the 17 unknowns A;, 4;, Bi, Bi, 1 = 1,2,3,4 and

7, all of which are, of course, functions of the transformed variables w, kj,k;. Ten

additional conditions come from the continuity equation and from the requirement

that the low should not grow exponentially in fluid 1 as 23 — oo, and in fluid 2 as

z3 — —o0. Two of these conditions are immediate: Clearly, 4} = 0 and B} = 0, so

that the homogeneous pressure field doesn’t increase exponentially. To derive the

remaining conditions, it will be convenient first to rewrite the general solutions for

the velocity field. First, by substituting the solution (3.14a) for the pressure into

Equations (3.15), the following is obtained:
ke z3 Yy
r§1) - f_l[e—s/f?ﬂa‘/ e%ﬁh/ q(l)(z)e~ 22 dzdy +
A 0 0
1. . . d
Y [zklsg? + ik 857 + g;‘sgll)} ;
3
. z3 Yy
rgl) = 3——];3 [e— CP"’“/ 62\/5;;3,/ q(l)(z)e" ?*dzdy +
0 0

1 (1 d .1
3 [zkls + zkzsgn) + E g;]

(1) d -3 e 2,/Cpy Y (1) — /%
73 ::———[e » A e“ver i ¢ (z)e”Vridady +

Ale"ﬁ“]

(3.284)

Ale_\/c_l’“:{

(3.28b)

A e"\/c_””**}
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1 1 d
m—/\-{zklsgs)+zk s 4 g glg] (3.28¢)

The continuity conditions will involve only the homogeneous parts of the solutions
(i.e., the parts involving the unknown “constants” 4;, B;, A}, B}, as opposed to the
parts involving the stress field s). Use the letter w to denote this homogeneous part

of the velocity field. Then it is clear from (3.14b,c,d) and (3.28) that

T3 k
af? = e [T v [TI8 e sy
0 0

+ A;e\/—c_f:cs + Aje~Ver®s, (3.290,)

By
+  ALeVFrTs 4 fgemVEres, (3.29%)

z3 ik
ﬁigl) =e_‘/ET”3/0‘ ez‘/ay‘/0 241 [A1e CP‘]e_‘/ETZdzdy

Adz
+ Al eveizs | g emVer%s, (3.29¢)

3 d
'ngl) = e“‘/c_{zs‘/ e2Very / 1a [A1e Cf’z] e VerEdzdy
0 0

The integrals in these equations can be evaluated to give

~(1) _ ik1 4, (e_\/c—;” _ e—\/aza)
)

“1 Aler — ¢p
1k1 4y
MWW
+ AyeVEiTs 4 dyem VAT, (3.30a)

( c1z3 __ e—\/cﬁcs)
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tho Ay
Aler — ¢p)
kg Ay
T el + )
+ AleVer®s 4 AgeVEres,

wgl) - e~ VP _ o~ 01:7:3)

(e c1Z3 — e~ clms)

'lf)(l) — \/EZ_’AI e~ V%3 _ o~ 611:3)
8 Aley — ¢p)
\/E;Al (e\/c—ll’s _ e—\/a_za)

- 2 Va(Ve + /5)
+ AleViTs 4 A emVErTs,

(3.300)

(3.30¢)

This time, the corresponding equations for the flow in fluid 2 will be given explicitly,

since they differ from those in fluid 1 in a less obvious way:

T3 Yy
Tf}gz) — e"\/azs / 62\/6_21’/ iky [Ble‘/a;z} e—\/é—;zdzdy
0 0

+ BaeVei®s B;e—‘/c_”s;

T3 Yy
@§2> =e” 6233/0 ezﬁy/(, iky [316‘/c_"z] eV dzdy

-+ Bge‘/&;’:3 4 Bge—‘/'gzs;

T3 Y
u*:ff):e‘ m*”/o 62\/631/0‘ il—[Ble\/c_"z]tfz_\/c—z_zdzdy

dz

Cc2Z I —/c2z
+ Byev©®®  B,e” VT3,

(3.31a)

(3.31b)

(3.31¢)
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Integration gives

wgz) _ zlel (6‘/6—"23 e 6233)
(Cp —¢c2)
1k1 By
2/ee — /e
+ Bge‘/c_"“ -+ B;e—‘/‘szs;

@ = _ tky By (e s e-\/c—ﬂs)
2 (Cp —¢c2)
B thko By (e\/c—m
T 3/a(/e - V)

+ Bge‘/‘:—;“’3 + B;e—‘/c_ﬂs;

1&(2) — \/qu (e\/t_:';zs - e'-\/azs)
: (ep —c2)
_ ‘\/C—IIB]' (e\/c—;a::g
N TN
+  ByeV©®s 4 BlemVerTs,

) (e\/c—z_ﬂs _

e_‘/‘z‘”')

- e—\/c_zzs)

_ e—ﬁm)

(3.32a)

(3.325)

(3.32¢)

From the fact that the homogeneous velocity solution should not grow expo-

nentially at infinity, it is now immediately clear that

S ik Ay _
W W
e ik Az
-

“aval/a+ /o)

(3.33q)

(3.33b)
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Vo Ve , .
Ay = IWANCEINCA) (3.33¢)

and similarly,

k1 B
B, = it ; 3.34
272, /e2(\/C2 + +/Cp) ( @)
k2 B
B = L : 3.34b
27 2. /e (/e + /Cp) ( )
J&B
B = ‘p (3.34¢)

EENCVCENG)

Now impose the continuity requirement on the homogeneous velocity solution:

d ~(1)
ik o + ikl + B — o, (3.35)
d:l:3
and similarly for fluid 2, which gives
?:k]_ A.2 + ik2A3 - \/aA‘; (336(1,)

cp cp \/C_P N
+[—A(c1 -—cp) + 2)\\/51—(\/5'1'.*_ \/E—I;) + 2/\(\/0_1+\/c—15)]A1 = {; (3.36b)

’ilez + 7:sz3 -+ \/C—2B4, (3366)

P~ /5T 1,
+[2\/E;(\/c—p—\/zg)]31“0' (3.36d)

Now all the 17 equations determining A;, 4}, B;, B. (: = 1,2,3,4) and 7 have
been derived. Since they are scattered throughout the above text, they are collected

for convenience in Appendix 4.
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The solution to this system of 17 algebraic equations is given in Appendix 5,
since it is quite cumbersome. At this point the solution for the fluid velocity field is
fully known in terms of the imposed random stress field. However, what is actually
of interest is the velocity autocorrelation. From Appendix 5 it is evident that the

velocity autocorrelation will involve not only terms like

< sij(k1, k2, z3,t)skm kg, k3, T5,1') > (3.37)
appearing inside three-dimensional integrals, for Equation (3.1) can be used, but

also terms like

< sij(k1, k2,0, 8)skm(ky, k3, 0,1") >, (3.38)
(which arise because of the boundary conditions at z; = 0) appearing inside two
dimensional integrals. If (3.1), which has a three-dimensional delta function, were
substituted for these, the integral would formally give infinity, the value of the
delta function when its argument is zero, because the range of integration would
include the point where k; = %k} and k; = k}. Of course, in actuality the stress
field has a finite but macroscopically very small length scale, say L,, over which it
has a nonzero autocorrelation. Equation (3.1) holds on macroscopic length scales
over which L, can be approximated by zero. Thus, the delta function is only an
approximation, and the real function has a finite height at zero. This height cannot
be obtained without some further manipulations, however, since the coeflicient in
(3.1) gives only the area under the function. The way to evaluate terms like (3.38)
will now be described.
The desired autocorrelations, of the general form of Equation (3.38), are all of

stress components at the interface, so instead of working with all components of s,
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only components of n-s will be considered. To do this, it is first helpful to rewrite
the desired autocorrelations, which are of Fourier-transformed variables, to show

explicitly the transform integrals:

< n-s(ks,k2,0,t)n-s(ky, k;,0,¢') >

o0 oo .
= / / n- S(ml,332,O,t)ez(k121+k232)d(v1d$2
z1=—00 Jza=—c0

(e o] o0
/ / n - s(z},zh,0,t)eFiithasd) go! dol . (3.39)
zi=—oc0 Jzh=—o0

L

1=
To the order of approximation here, the interface is the plane z3 = 0, so that the
integrals here are over the surface that has e3 as unit normal. Thus, the divergence

theorem can be applied, to give

<n-sM(ky, ky,0,8)n - sV (k) KL, 0,2) >
- </ / A [s(l)(ml, T, :1:3,t)ei(klzl'*'k?”z)]dmldmzda:s
z1==—c0 Jry=—0c0 v z3=0

R o oo . 1 ! ] ]
/ / v. [s(l)(;c'l,:c'z,:cé,t')e’(kl’“l'*'k?z?)]d:c'ldm;dmg>, (3.40a)
i=—oo Jzi=—oc0 JzL=0

for Fluid 1, and

<n-sP(ky, kg, 0,8)n-s@ (k] EL,0,¢) >

o oo 0 .
= / / / v [S(z)(wl,mg,123,t)ez(k131+k222)]d$1d(Egd:Bg
Ti=—00 Tp=—00 TI==— OO

R o 0 . LA LA
/ / / V-[5(2)(3:'1,;0'2,:cg,t')e’(k1”1+k222)]dm'1d:c'zda:g , (3.400)
z z z o0

[ [
1= (= 2 (e o]

[
3=
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for Fluid 2. In these expressions, even though the stress field s(1) in Fluid 1 exists
only for 0 < z3 < oo, and the stress field for Fluid 2 exists only for —o0 < z; <
0, in writing these stress fields as the inverse Fourier transform of their Fourier
transforms, for mathematical convenience, they have been imagined as extending
to the entire space, so that complications of half-space Fourier transforms would
not have to be introduced. For this purpose this extension is legitimate; however,
the physically correct domains had to be used in applying the divergence theorem.

By using the linearity of the expectation operator, (3.40a) can be rewritten as

<n- s(l)(kl,kz, 0,¢)n - s(l)(k'l, k3,0,¢) >

- Jl;lz—oo J::z—-—oo n/;_—;—-ﬂ / =—-oo/ = - 00 -/a: =0

[ei(kl”1+k2z2)ei(k'1”'1+k’2212)<V csW(zq,29,23,8)V - s (2], :c'z,:cg,t')>

+<(z’k1e1 +ikoes) - sM(zy, 22, 23, 1) (kL &1 + ikLes) - s(l)(w'l,w'z,mg,t')>}
dzidzodrsdzdzhdzy, (3.41)

and similarly for Fluid 2. By the usual methods of linear response theory, the

autocorrelation

<V - sO(zy,20,23,8)V - s (), zh, 2}, t')> (3.42)

can be determined in terms of the known autocorrelation (3.1), which does not

involve any derivatives. For convenience, rewrite (3.1) as

(l)(x t)s(l) (x',t") >
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= Ofnblx —x)o(t — ¢), (3.43)
where [ = 1,2. Then,
853 (x,1) 8sDu (', 1)
2 7 mn ) _ (l) "
< Bz, Bz: ) = = Ol (d1)8(d2)5(ds) (3.44)

(where, for brevity, d = (d;,d2,d3) = x' —x is introduced), with similar expressions
where the partial derivatives with respect to z; are replaced by derivatives with

respect to z2, or z3, and

) !
<35ij (x, 1) Bstn(x + d, ¢ )> — oW §'(dy)8'(d2)6(ds), (3.45)

Oz Oz, ijmn
with similar expressions where the partial derivatives with respect to (z;,z2) are
replaced by derivatives with respect to (z1,z3), or (z2,z3). From this it follows that

the (j,n) component of the tensor (3.42) is
<V . s(l)(ml,wz, z3,t)V - s(l)(m'l,m'z,x;,t')>jn =

— [ O 1n8" (d1)8(d2)6(ds) + Oy, 8(d1)8" (d2)8(ds ) + O a,6(d)8(d3)6" (ds))

1jin

—C{ i (d1)6'(d2)6(ds) — C51,6'(d1)86(d2)8'(ds) — Cf25,,6(d1)8'(d)8'(ds)

172n
—C391n8'(d1)8'(d2)8(ds) — Cf 25,8 (d1)8(d2)6'(ds) — OS2, 6(d1)8" (d2)8'(ds). (3.46)

3jln

Substituting (3.46) and (3.43) into (3.41) gives

<n- S(l)(klv k2,0’t)n . S(l)(k:,la k;7 O,t') > jn

oo oo oo oo oo oo . o
=/ / / f / / ez(k121+k2z2)ez(k121+k2x2)
z1=—00 Yzo=—00 Jz3=0 Jai=—o0 Jzh=—o00 /=0
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—C,.8"(d1)5(d2)8(ds) — CL, 6(d1)8" (d2)6(ds) — C{h8(d1)8(d2)8" (ds)

1jin

~C{0,,8'(d1)8'(d2)6(ds) — OS,,8'(d1)6"(d2)8(ds) — Oy, 8(d1)'6(d2 )6 (ds)

152n 173n

—C§P1n6'(d1)8(d2)8'(ds) — C535,6(d1)8' (d2)6"(ds) — €S2, 6(d1)8' (d2)8'(ds)

3jln

+(ikaiky Oy, + ikaiky Oy, + ihaiki CSD, + ihaiky O30, )8(x — x')

1j1n
§(t — t")dz1dzrdzyday dz,dzy. (3.47)

If it is assumed that the fluid is homogeneous, then the correlation coefficients,
Ci(;znn’ which depend on temperature and viscosity, are independent of z3. In this

case, all terms in the integrals involving §'(ds) or §"(d3) , when integrated by parts,

will give zero contribution. The rest of the integrals cancel, showing that

<n-sO(ky, ks,0,8)n - sO(k, k5, 0,8') >jn=0. (3.48)

On the other hand, if the fluid is not homogeneous, and the ngnn depend on

z3, the distance from the interface (corresponding to either the viscosity, or the

temperature, or both, varying in the z3 direction), then

< n-sWO(ky, ks, 0,0)n - sO(kL, k5, 0,) >

oo do®
=/ {—jﬁﬁ&h+mwwﬁwa
223:0 :U3
(1) ngl-)l
— IR 6y + ky)8(ke + Ry) + — 226 (ks + K )8(Rz + k3)
dzs dzs

g ict)
— 20 (kg + k)6 (ko + Ey) + —L (kg + k) (k2 + k)
d$3 sz
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§(t — t")dzydzodzsda’ dzydzy. (3.49)

An interesting thing that has been recovered here is the observation made by Bren-
ner [17] that an interface between two homogeneous fluids can be modelled as a
finite region of rapid change in fluid properties rather than a (zero-volume) plane of
discontinuity. The nonzero contributions to the integral in (3.49) will then come en-
tirely from the small region of rapidly varying viscosity between the two bulk fluids.
For the normal stress (j = 3,n = 3), the integral in (3.49), which depends on how
rapidly the viscosity varies in this finite region, is accounted for in some lumped
way by the surface tension and is therefore definitely nonzero. It corresponds to
the autocorrelation (1.21) for the random normal stress on the interface, which
was derived by modelling the interface as a discontinuity, with its own inherent
properties distinct from the bulk (namely, surface tension), and having a random
Brownian stress in ad