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Abstract
A subset of R is called smooth if the integral of its characteristic function is
smooth in the sense defined by Zygmund. It is shown that such a set is either trivial

or its boundary has Hausdorff dimension 1. Sets are constructed here which are as

close to smooth as one likes but whose boundaries do not have dimension 1.

It was conjectured by T. Wolff that if B is Blaschke product in the Little
Bloch class, its zeroes accumulate to a set of dimension 1. This conjecture is proven

here.
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I. Statement of Two Theorems.

In this paper I prove two theorems, the first about sets which I will call

“smooth,” and the second about the singularities of Blaschke products in the Little

Bloch class.
First I need a few definitions.

Zygmund [8, pg. 43] defined a function F as uniformly almost smooth on an

interval I (or in class A) if F is continuous and satisfies

(1) lim sup{ F(X+h)+F}fx_h)_2F(x):0<h<€andx+hel

€—0

and X——hEI}:M<oo.

I will denote the limit on the left hand side of (1) by S(F). If S(F) = 0,
Zygmund called such a function uniformly smooth, or in class A4. In this paper the
words “smooth” and “almost smooth” should be understood to mean “uniformly

smooth” and “uniformly almost smooth.”

I will call a measure g on I smooth or almost smooth if its integral,
F(x) = p[0,x]

is smooth or almost smooth. Let s(u) = S(F). If J C I, bisect J into two intervals,

denoted by J+, J—, as shown in Figure 1.
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Figure 1.
Then if p has a continuous integral,
+ -
; w@") = r( )|
2 s = lim su 2
(2) (n) = lim) Jgpl 7]
0<|Jl < e

For any measurable set A, define the measure N by

/lA(E) = ]A n E]’

where |-| denotes Lebesgue measure.
Trivially, from (2), s(pp) < 1.

Define A to be a smooth set if 1N is a smooth measure.

I am going to prove in section Il the following theorem, conjectured by

T. Wolff.
Theorem 1. If A C [0, 1] and A is a smooth set, then either |[A| = 1 or |A| = 0 or

the boundary of A has Hausdorff dimension equal to 1.

The following well-known fact is suggestive of Theorem 1.
Fact 1: If p is a positive almost smooth measure on [0, 1], and E is a set such that

#(E) > 0, then E has Hausdorff dimension equal to 1.

I will prove the fact from the following lemma, which will also prove useful

later.

Lemma 1. Let p be a positive measure on [0, 1] and assume there exist constants C,
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a such that for all intervals I C [0, 1], g (I) < C|I|*. Then if E C [0, 1] and pu(E) >

0, then E has Hausdorff dimension at least a.

. . ll(E) z ﬂ(Ij) a
Proof. Let {Ij} be a covering of E by intervals. Then 0 < ol < C < E]Ij[ .

Therefore E has Hausdorff dimension > a. O

From a theorem on the modulus of continuity of smooth functions (see [8, pg.

44]), one can deduce for any almost smooth p that

(3) u(1) = 0 (11| logl—}l) as |l — 0 .

From Lemma 1 and (3) the above fact follows. I will now show how to

deduce (3) directly.

Let My = u {0,1] and let

2 + _
P i) [n(37) — (I ).

Let Mg = max (2M, My).
For 1 <i<2" let K¥ = [(i—1) 270 j27M,

It’s easy to see by induction that

ﬂ(K?) (n+1)

Mg
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Let I be any interval contained in [0,1] and let n be the smallest integer such

that I contains some K?. Then there are four intervals,

n n n :
Kj’ Kj+1’ Kj-+—2’ Kj+3’ which cover 1.
p® _ 1 3 n (n+1)Mg
N S[K‘J?Ikgo “(Kj+k) s4 2
Noting n + 1 = 0 (log {%l), (3) is proven. O

Fact 1 and Theorem 1 suggest the following question:

Does there exist € > 0 such that if s(uA) < €, then |A| = 1 or |[A| = 0, or

the boundary of A has Hausdorff dimension 17

I will provide specific examples in section III which will show that the answer
is “No.” I will also show in section III that smooth sets exist, using a construction
due to Kahane [4]. His construction was originally used to give an example of a

smooth positive singular measure.

The second theorem I prove in this paper, as I mentioned, regards Blaschke
products in the Little Bloch class. A function f, analytic on the unit disk

D = {|z| < 1}, is said to be in the Little Bloch class (denoted by By)) if it satisfies

lim sup (1 —r) |f’(rei6)[ = 0.
r—1 o< 9<2r

The Little Bloch class is a subset of the Bloch class, B, of analytic functions

satisfying



sup (1 = |z]) If'(2)] < o .
z€D

The norm usually associated with the Bloch class is
Iflls = I£0)] + sup_ (1 — |z]) [f(2)] .
z€D

Under this norm BO is the closure of the space of all polynomials.

Functions in the Bloch class and almost smooth measures arise in the context
of extending the theory of uP spaces to domains other than the unit disk. If Qis a
domain and ¢ : D — Q is conformal, we can define EP(Q) as the space of analytic

functions f such that
p
sp [ @I [dz] < oo,
r<l1
I
where I'} is the image under ¢ of the circle of radius r.

If Q is bounded by a rectifiable Jordan curve C and f € EP(Q), f has
nontangential limits at almost every point of C, and the boundary function lies in

Lp(C). ¢'(z) is the form
¢'(z) = S(2) F(2),

where S is a singular inner function and F is an outer function in i I S(z) =1, Q

is said to be of Smirnov type.



-6-
It is known (see [2, pg. 173]) that a domain is of Smirnov type if and only if

for 1 < p < o0, every f € EP(D) has boundary values lying in the Lp(C) closure of

the polynomials.

The question arose as to whether all domains bounded by rectifiable Jordan
curves are Smirnov. Keldysh and Lavrentiev [5] were able to show, using a
complicated geometric construction, that domains not of Smirnov type exist. Duren,
Shapiro, and Shields [3] showed that finding a domain not of Smirnov type is
equivalent to finding an almost smooth positive singular measure g, and that the

singular factor S(z) appearing above is of the form

LT
— e + z
S(z) = exp (—a/ T du(t))
0

where a < 0. Using techniques like those used earlier, one can show that such an S

must lie in the Bloch class.

In section V, I will prove the following theorem about Blaschke products in
BO:
Theorem 2. Let B be an infinite Blaschke product in BO’ with zeroes {z,,}. Let S be
the singularity set of B on the boundary of D. (That is, the set of accumulation
points of {zp}). Then S has Hausdorf{f dimension 1.
Remark: Using Frostman’s Lemma, this result can be extended to inner functions

which are not constants or finite Blaschke products.

At first glance it would seem that Theorems 1 and 2 are unrelated. I wish to
demonstrate that the boundary behavior of a Blaschke product in BO shares some

similarities with the behavior of the characteristic function of a smooth set.



A theorem due to Zygmund (see [2, pg. 75]) states:
Theorem A.

Let F(z) be analytic on D = {|z| < 1}. Then F''(z) = 0 (1—;|z|> if and only
if F can be extended continuously to {|z] < 1} and g(8) = F(eig) lies in A,.
F''(z) = o (1_—1—|—z—|) if and only if F can be extended continuously to |z| < 1 and g()
is smooth. Thus, if f is in BO’ any primitive of f, say F, satisfies the hypothesis of
Theorem A. Suppose, in addition, that f is bounded on the unit disk. Then it is well
known that rlin f(reig) exists for almost all , and that f is the Poission integral of

its boundary values. Furthermore,

2w

(5) lim, / Ii(rel?) — (ei?) | do = 0
r—
0
I now claim that dA(8) = f(eig) df is a smooth measure under these
conditions. As above, let F be a primitive of f, g(8) = F(em) lies in A,.

g(9) = g(0) + /f(z) dz, where v is the path shown in Figure 2, consisting of two

Y
radial segments of length é and one circular arc concentric with the unit circle.

Figure 2.

As § — 0, then integral over the radial segments goes to zero (f is bounded) and the
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0
integral over the circular arc tends to g(8) — g(0) = / f(elt) ie't dt because f(re't)
converges in Ll(dﬁ) norm to f(elt). g(#) is smooth (b%ng the boundary values of F)

SO
du(6) = 1(el?) el 49

is a smooth measure. We want to show e_lgdp(O) is smooth.

X XO+h
}1_; / e_lgdﬂ(e) _ / e—ledu(g) <
xg—h 0
X Xogt+ h
Lotem e Oano) + 4 [ e e Oano) +
Xo—h XO
X X0+h

==
o
U
el
(=]
Q.
=
—~
o)
—
|
o
I
(=]
Q.
=
—~
o+
~

As h — 0 the first two terms vanish uniformly in X because el? is Lipschitz
and dp is an absolutely continuous measure. The third term vanishes uniformly by
the uniform smoothness of du(6). Hence the integral of the boundary values of f is a

smooth function, as is the integral of the characteristic function of a smooth set.



II. Proof of Theorem 1.

Lemma 2. Let C, € be fixed constants, 0 < € < C < 1. Let {(jj}oo be collections
=0
of pairwise disjoint intervals with the following properties:
a) @ contains at least one interval of non-zero length.

b) IfI € Qj_+_1 then 3 J € (jj such that I C J, and [I| < € |J|.

c) IfJ e Gj, then

s I >ClI .
€941
1C

Let Ej = U {I|l € GJ} and let E = N Ej' Then E has Hausdorff dimension of at

least

_log C
log € °

log C

Remark: Let a (C,€)=1— fog €

Then a(C, €) increases to 1 as C increases to 1 with € fixed, and
a(C, €) increases to 1 as € decreases to 0 with C fixed.
Remark 2: When I prove Theorem 1, I will only need the special case € = 1/2.

However, to prove Theorem 2, I will need the general power of Lemma 2.

The proof proceeds by creating a sequence of measures, K5 on (0, 1), and then
finding the limit, in some sense, of the ,uj’s, which T will call p. Next it is shown that

p#(E) = 1 and that for all intervals J C [0, 1], # (J) < A |J|¥, where A is a constant
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depending on C and €, and « = a(C, €). Once this can be done, Lemma 2 follows

immediately from Lemma 1.

We can assume without loss of generality that G, = {[o, 1]}.

Let E. = U1
J  Ie4G.
J
Let pq = Lebesgue measure on [0, 1].
. o . #5(1)
The yj’s will be defined inductively. Let DJ-(I) denote, for any interval I, Rl

Suppose H_1 has already been defined. Define s as that positive measure

such that
i If D.(1 Dj_l(J) d
(]) I € gJa J( ) - ) ,I(, an
KEGJ-
KCI

(ii) For all measurable subsets W C [0,1],

“j(w) :IEGJ- Dj(I) IWniIl .

In other words, K is that measure whose restriction to any I € (jj is simply a
constant multiple of Lebesgue measure, the constant being determined by (i).
Furthermore pj(ch) = 0. One can see that for all j and all T € gj, Dj(I) < c .

This follows from (i), (c), and induction.

J

Observe from (b) that |I] < €. Also, by construction, for all m,
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(6) m@ = 54, (D

I next take the “limit” of the pj’s, which I will call p.

Let F : [0,1]] — R by Fy(x) = ([0, x]).

Ifx e Eﬁ, |Fk+1(x) — Fy(x)| = 0. This follows from (6) applied to each of

the intervals of gk lying to the left of x.

Suppose I € G, has endpoints a and b, and x € I. Both Fk+1(x) and Fk(x)

lie between F (a) and F| (b). Therefore,

Fy 100 = FL(l < (D) = D) 1] < (§)5

00
Since kEO(E/C)k converges, it follows easily that the F| ’s converge uniformly
to some continuous monotonic function, F, with F(0) = 0 and F(1) = 1. Let p be
the Borel measure such that u[0, x] = F(x). It is clear that for any interval I,
w(l) = lim  p.(I), and if I € G;, p(I) = p.(I). Therefore pu(E.) = p.(E.) = 1. Since
jmoo 1 j j j AN
E. C E. forall j, 1 = lim p(E.) = p(nN E.) = p(E) (here using a basic property
j+1 J j—o00 J j oy
of finite measures). Our proof will be complete if we can show that for all intervals
K C [0, 1],

_log C
log €

(7) w(K) <3CIK[% a =1

. ' . i1
First, choose j such that e’ > K| > €J+ .
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Let F be the collection of all I € Qj+1 such that I N K # 0.
J+1

Each I € ¥ satisfies |[| < € < |K].

A little thought shows, then, that

Y |I] < 3 |K|. Therefore,
Ie¥F

—(j+1 3
pK) < T <3k e Ot S
IeF
(7) will be proven if we show that
—log C
(8) c<ik €
J . . _ log K| . log C
€ > K| :>Jlog€210g|l(|:>3§———log€ = —jlog C < —logelog|l{|:>
_ _ I
c™ < |K]| log C/log E’ which completes the proof of Lemma 2. a

I will use Lemma 2 to prove a stronger version of Theorem 1.
Theorem 1'. If 0 < |A] < 1, A C [0, 1], and s(np) < €, then the Hausdorff

dimension of 0 A is at least

log 2 (1—€)
log 2 )

Proof:

Notice that if 7 is a linear function and s(u, ) < €, then S(HT(A)) < €. This follows
pa (D) _ Kr(A) (r(D)
L Im(D]

since Assume |0 A| = 0, as otherwise J A has dimension 1.
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Also, since

|Al = JA| = [int(A)],

we can assume A is open. 0 < |A| < 1 then implies that there are intervals I and J
_ 1. X + h
such that p, (I) = 0 and py (J) = 1. If h = min ([I|, ]J]), g(x) = Ki d/lA(t)
is continuous, and takes on all values from 0 to 1. Letting K be an interval,
. ﬂA(K) 1 . . .
therefore, on which KT = 5 and letting 7 be the linear map taking K onto the
interval [0, 1], we obtain B = 7(A) N [0, 1] with |B| = 1/2. Without loss, assume

|A] = 1/2.

In fact, the same argument can be carried further to assure that

2 + -
sup S ladT) —upa(I7) < € .
1cfo,1 [MMEA A
pa(E
Let D(E) = ‘?T(l) for any measurable set E such that |E| > 0.

Claim 1. Suppose I C [0, 1] is an interval such that D(I) = 1/2. Then there exists a
collection of disjoint intervals J, C I such that D(J;) = 1/2, [J] > (1 — €) 1], and
such that |J;| < % [1] for all i.

Proof of Claim 1. Bisect I into I+, I-. If D(I+) = D(I—) = 1/2, the claim is true,
so assume otherwise. Without loss of generality, assume D(I~) < 1/2. We know

from (2) that
(9) DOI-) > 5 —€/2 .

Claim 2. There is an interval J(l) C I— of maximal length with the property

D(J(l)) = 1/2 (I don’t claim J(l) is unique).
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First, there must be, by (9), some interval B C I— with D(B) = 1. T will only
assume that B C I~ is some interval with D(B) > 1/2. Let B = (b, by). The map

f(x, y) = D((x, y)), restricted to the domain U

is a continuous function. Also, U is a connected domain, so f(U) is connected.

D(B) > 1/2. D(I7) < 1/2,s0 1/2 € f(U). V = {(x, y) € : f(x, y) = 1/2} is a
compact subset of RQ, so g(x, y) = y — x attains a maximum somewhere on V, say
(xl, yl). Letting J1 = (xl, yl), Claim 2 is proven.

Notice that if, instead of U, we restrict f to the domain
U= {(x,y) | x €T—,y € I=,x < by, y > by},

the same argument shows that if D(B) > 1/2 and B C I—, then there is some

interval K, B € K C I—, such that D(K) = 1/2.

Neither endpoint of J(l) lies in the interior of I— N A. Otherwise we could

extend J(l) to an interval B on which D(B) > 1/2, and then by the above note, to a K
on which D(K) = 1/2, contradicting the maximality of J(l). Let Li be the
components of I\.](lJ which contain more than one point, and which intersect A, so
that D(Li) > 0. D(Li) < 1/2, as otherwise D(J(l) U Li) > 1/2, and again we

contradict the maximality of J(l).

We can find another interval inside Li, say Ji, maximal with respect to the

property
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DU =1/2 .

As before, neither endpoint of Ji liesin ANI—.

We continue the process. Let L% be a component of I—\J(l) u (llJJi) which
has more than one point and satisfies D(L%) > 0. We create Jé’s inside each L.é
maximal again with respect to the property D(Lé) = 1/2. This process may or may
not stop in a finite number of iterations. That is, there may exist a stage k, at which

for all Lll\:’ [Lll{ NnAl=0.

If the process stops, we have a finite collection of J}’s, and they must cover
A N I—. Otherwise, there would be a component L of I\(g Jj]) such that D(L) > 0,
so we can continue the process. If the process never stops, I claim that the J‘ii’s still
cover A N I—. For let B be any connected component of I= N A which is not
covered. B must be completely uncovered, since the endpoints of J‘ij must always be
in A© N I. There can only be finitely many Jg’s with length at lcast |B]. At some
stage, therefore, there is an Lli< containing B which also contains a Jli{ with [Jll{| < |B|.
But this is a contradiction, since there must be some interval, say K, with
B C K C Lli( and D(K) = 1/2, contradicting the maximality of Jli{' The Jli(’s are
disjoint, D(Jli() = 1/2, and they cover A N 1—. Therefore

i) _ iy _ o — = — —
U3 =24, (UI1) =2 ]A n 1| = 2 |I=| D(I-).
(10)  Therefore U J;(l >(1—-ée)I—| .
1y

A similar procedure can be performed in I+, and the combined collection of intervals
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which results satisfies the conclusion of Claim 1.
The proof of Theorem 1’ now follows readily from Claim 1 and Lemma 2. Let
Gy = {[0, 1]} and let §; = {H}} where H} are the intervals shown to exist in Claim

1. We now apply Claim 1 to each H} to obtain (j2 = {H?}, and so forth indefinitely.

log 2 (1—€)
log (2)

Theorem 1’ is proven when we show that E C @ A. If x ¢ 8 A, then there is an n

E = Q(U Hll() has Hausdorff dimension at least from Lemma 2.
1
such that 27" < dist (x, 8 A). Since each |Hr11| <27 M x¢ HII1 for all i, and thus

x € E. Theorem 1! is therefore proven. O

Here is an extension of Theorem 1.
Theorem 1. Let f € Ll [0, 1], and suppose f: [0, 1] — R\I, where I = (a, b) is some
interval. Suppose S(F) < (b — a) €, where F(x)ofxf(t) dt.
Let A = {t|f(t) > b}. Then either |[A|] = 0 or |[A] = 1 or A has Hausdorff

dimension of at least

log 2(1—€)
log 2 )

Corollary: Under the condition of Theorem 1) if F is smooth, then OA has
Hausdorff dimension 1.

The proof is nearly the same as the proof of Theorem 1'. We can first reduce

1/!

Theorem to the case where (a, b) = (0, 1) by replacing f with

g(x) = f——(ff )__aa

Replace y, with the measure u(E) = J f(x)dx, and let
E
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D(E) = uc(E)/|E|.
The rest of the proof holds until we try to prove (10). Instead, let E = U Ji

i,j J
and note

pe(I7) 2 5 (1 - e =l

[E| D(E) + [E€| D(E®) > § (1 —€) (IE| + [E€|)

€|E| _ (1 — € — D(E%)) |E|
D(E) = 1/2,50 =5~ 2 - .

Noting D(E®) < 0, |E| y=¢ z 2 |[E€| .
Bl (££< + 1) > [E| + [B| = |1~
I =Bl > (1 - &) 1.

Thus, inequality (10) still holds, and the rest of the proof proceeds as before.
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III. Some Very Nearly Smooth Sets with Besicovitch Dimension Less Than One.

For E C [0, 1], the Besicovitch dimension of E is defined by
Dim g(E) = sup {« | iréf {E|Ji|a |[E C UJ; and |J;| = € Vi} >0} .

The Besicovitch dimension is always greater than the Hausdorff dimension of a set. It
is well known that if E is closed, E C [0, 1], and |E| = 0, then
Dim g(E) = inf {a| £ |Ji|a < oo} where J; are the connected components of EC.

Given N € Z, N > 10, I am going to construct a nontrivial set AN C [0, 1] such that

S(ip ) 190

I will calculate Dim g(0Ay;), which will turn out to be less than 1. This will
answer the question asked in section 1. There is no € > 0 such that

S(kp) < € implies |A| = 0 or |[A| = 1 or OA has Hausdorff dimension 1.

The construction I use is a minor modification of one due to Kahane [4]. It is
necessary to describe the construction in detail here in order to be able to explain
later the calculation of Besicovitch dimension.

Modification of Kahane’s Construction

I will construct a sequence of measures, Bs M1 Ho ot each of which is the

integral of a step function, constant on all intervals of the form

w =47k, a7 k1))
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That is, if I € w and |I| > 0, then, the density,

Dk(I) = py(I)/]1], will depend on w only , not in I. Given w as above, I will refer to

—(k+1 —(k+1
4 (k+1) (k+ )(4 r+j+1)],j = 0, 1, 2, 3 as the “children” of w in

w. = | (4 r+j), 4

J

the next generation, and w will be called the “parent” of wg, Wi, Wo, Wg. Given w,

L

let w™ and wR denote the intervals adjacent to and of equal length to w, lying to the

left and right of w.

Choose N € Z, N > 10.

Let py = 1/2 Lebesgue measure.
Suppose e has been constructed. Let Mgl be the measure with constant density on
—(k—i—l)s, 4——(k+1)

all intervals of the form [4 (s + 1)], the density on each such

interval being determined as follows: Let w = [4_kr, 4_k(r+ 1)], let Wgs Wi, Wo, W3

be its children. If Dk(w) = 0 or 1, then let each w; have the same density as its

parent. Otherwise,

1 otherwise

: B {0 if D) (wF) > Dy (w)
ct ny = .

Define ng similarly, using wl instead of wl.
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Let D | 1(wg) = Dy (w) + (-1) L

N
2

|~

Dy, 1(Wg) = Dy(w) — (-1)“L4

Z

(11)

z|"‘

Dy, 1(w)) = D (w) — (=1) "

yR_1
4N

Dy 1(wg) = Dp(w) + (—1
So the density on wg moves toward Dk(wL) if Dk(wL) # Dy (w), and similarly for
wg-  Each py is of the form p) (A) = 1{Sk(X) dx, where S, is a step function. As
k — oo, Sk converges almost everywhere to the characteristic function of some set E,
and the resulting measure is of the form pp. E is the union of all parent intervals

which at some stage k have density 1. The argument by Kahane shows HE is almost

smooth and
S(ug) < X

We wish next to calculate the Besicovitch dimension of 6 E.

A Note About Besicovitch Dimension
Let A be an open set such that A = [0, 1] and let {I”} be the connected components

of A. Each I” can be written as the union of closed intervals of the form

[r4_e, (r+1)4_£]. In fact, for each 17,
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a collection of intervals of the above form can be found such that for any ¢, no more

than 6 of the subintervals have the same length. Call the collection {I/;} For any
0 < o<,

0
M < sl < oe(T1 )Y < Ma) 1171®

TIC!
8 (=0

©
where M(a) = 6 ¥ 4=t The point is, then, L(I7)¥ = 00 & Ell'gla = o0, and
the calculation of Besicovitch dimension of J A is unaffected by the splitting of the
connected components of A in the above manner. Such a splitting naturally occurs in

calculating the Besicovitch dimension of the set E constructed above.

Calculation of the Besicovitch Dimension of 0 E.

Let Ek be the union of all closed intervals in the kth generation of intervals
having density 1 whose parents have densities less than 1. Let Fk be the union of
closed kth generation intervals with density zero whose parents have nonzero density.

LetE:Ll_{JEk,andF:i.JFk.
O(E) = [0, 1\(FUE).

Let Gk = Fk U Ek’ so Gk is the union of intervals of length 4K, This provides the
kind of splitting of the connected components of E U F into smaller segments
described above.

Let N = 4—k|Gk|, so Ny is the number of intervals of length 4k composing G, .

Then
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(12) Dimp(dE) = sup {a|S N, (475)¥ = oo}

Estimation of |G, |.

Let Akj = l{x| Sy (x) = j/4N}|

ko = 1/2 Lebesgue measure, so A0 ON = 1.
Note that if k + j is odd, Akj = 0.
: _1
For 2 < j < 4N-2, Ak+1,j = Q(Ak,j~1 + Ak,j-{-l)'

: _ 1

{ Agpg; if 1<j<2N-1

Let By, =4 ¢ if j<O0orj>2N "

: _ 1
Forl <j<2N-1, Bk—{-l,j = Z(Bk,j+1 + Bk,j—l + 2 Bk,j)' So

(13) a)  Byg=Bioy=0
_ 1
b)  Byi15~ Bry = 3Bkg41 + Brjo1 — 2By
c) B,.=1ifj = N, 0 otherwise.

where k is playing the role of time and j is playing the role of x. Clearly, for the

system (13) a), (13) b), there is a unique solution corresponding every set of initial
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data of the form (13) c') BOJ = bj,j =1,2,8,--+,2N-1.

We can solve this in a way analogous to the way the Heat Equation is solved.

Let A\ = 2 cos —2,r=1,2,--- 2N—1. Then for all r, (1 + )l‘ st—l\% is a

2

solution to (13) a), (13), b).

Forr =1, 2, --- 2N—1, the functions F;(j) = sin;l% are orthogonal in the sense that

2N-—1 .
_El Fr(j) Fg(j) =0fors #r,1 <s <2N-1.
J:

Therefore, the Fr(j)’s are an orthogonal set spanning every set of initial

2N-1

values, (13) ¢/). F., = Y apsings (1 + /\r) for some choice of {a;}, is the
J.k r—=1 2N
general solution to (13) a) and (13) b). The solution corresponding to (13) c) clearly
. 2N-1
has a; # 0, since j_—zil sin <2N) By = 1.

Ar decreases monotonically in r for 1 < r < 2N—1, so given € > 0, for all k large

enough,
(14) (1 — €)a;sind (1 4+ MK < B, < (1+ € aysin (14 2k
€a151n2—N(+Z) < k,j— 1s1n2N +4
Going back to (12), we are in a position to estimate ]Gk| and hence N, .
Gokq1| =0

G 2N 1B QNZ_lB
Gorl = Z; Br—1j ™ Z; B

From (14), 3 M such that if k > M,
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2N

—1 ; A1k A
1 s T 1\k—~1 1k
2lGoxl s 52 o sin(gy) (1 + 1= 0+ 5 s 26y

Thus there exists Cl’ C2, M > 0 such that if k > M,

>

l)k

A
Ci(1+ X <Gyl < Cy 1+ F

and
c,(1 ﬁ)k 2k N, < Co (1 + ﬁ)k 42k
1+ 7 s Mok s &2 3 '
, . A1k 42k 4 —2k\a :
Therefore, Dimg 0 E = inf{e [E(1 + 74—) 4°"(4 )¥ = oo}, or that « for which

A
a1+ helme =1

A
log 16 + log (1 + Tl)
@ = log 16.

Note /\1 <0,s0a < 1.
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IV. Remarks on the Previous Construction.

In the preceding construction, we derived each measure from its predecessor.
The rule used there specified that the construction stops on the interval w whenever
Dy (w) equals 0 or 1, that is, Dj(w) = Dy(w) for all j > k. Kahane’s construction,
from which my construction is derived, only comes to a stop when Dk(w) = 0. In
other words, his construction has a “floor” but no “ceiling.” The result is an almost

smooth singular measure.

Kahane was able to make his measure smooth by modifying the construction.
His initial measure, Bg» is Lebesgue measure on [0, 1]. Instead of using a stepsize of

1/4N (see equation (11)), he uses a variable stepsize, < satisfying:

(15) a) cp =1

He should have also added a condition such as

(16) €2j+1 = €2

To explain why some condition such as (16) is needed would take me a little
far from the point I wish to make. Let it suffice to say that without this constraint

his construction leads to a smooth singular measure, but the proof is more
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complicated than the one he gives. Also, some of his later remarks assume that there

exists Kl € R such that
(17) Ky > sup Ipa*) — p1-)| > 3
<47

This may not be true unless some constraint is placed on the cj’s beyond those in
(15).

For a smooth measure p, let

an(s) = sup S = p(1))
I <47n g

Given any sequence {bp} decreasing monotonically to zero such that bn+2 >
bn/2 and & b?] = oo we can choose cj’s meeting the constraints (15) and (16) with

¢ = 0 (bJ) The measure derived from these cj’s, say p, will satisfy

an(p) = 0(bn)-

Kahane pointed this out (in different terminology). He also pointed out that the
condition ¥ b% = o0, or equivalently, ¥ a%(p) = 00, is necessary as a result of a

theorem of Stein and Zygmund [7, appendix].

The same techniques can be used to create a smooth set. We start with
By = 1/2 Lebesgue measure and a sequence of cj’s satisfying (15) and (16), except
that we require ¢ = 1/4. We proceed as in section III, but substituting ¢ for 1/4N

in equations (11). The resulting sequence of measures converges to a measure of the



.97,
form Bas A C [0, 1], which is smooth for the same reasons as IKahane’s measures.

Again, given any sequence {bn} meeting the above criteria, we can create a smooth

set A such that an(p,) = 0(bp).

The question which arises is whether it is necessary, as in the case of smooth
singular measures, that & ag(pA) = oo. The condition is in fact necessary, as I shall

now prove. Arguing by contradiction, assume

SO
LZanleg) =M < oo

There exists N such that > a2 L
ere exists N suc tatnEN an(pp) < {5

. 1 1 HA(I)
We can find an interval I such that log, ] € Z, log, i > N, and I = 1/2. Let
7 be the linear function such that 7(I) = [0, 1], and let B = (I N A). |B| = 1/2 and
L .2 1
ngl an(eg) < 1§

Next, define a sequence of step functions, {fy(x)} as follows:

Let wp(x) be the interval of the form (r4~ ™, (r + 1) 47 "], r € Z, containing

Let

f(x) = 4" up(wa) = sy [ xp(o)

wpn(x)

It is known that f;(x) converges almost everywhere to XB(X), and, by the Dominated

Convergence Theorem, f;, converges in L2 norm to xpg- Therefore

(18) Jim_1Ifall3 = lxgll3 = 1/2.
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However, note that ||f0||§ = 1/4, and that fn+1 — f, is orthogonal to fj

(with respect to the usual inner product). Therefore

— 117

k
2 _
I3 = 1/4 +2 I

k
2
<1/4 + % a < 1/2.
<1/ jlk(ﬂB) /

(18) cannot hold and my claim is proven.

Finally, I wish to note how the existence of a positive smooth singular measure
implies the existence of a Blaschke product in BO' Consider first the Poisson integral

of a positive smooth singular measure g,

2w
u(r, 6) = -2—17? / P(r,  —t) dy(t) where
0

2

P(r, §) = 1 —r

1 — 2rcosf +r2

I claim first that lim (1 — r) 90 = 0 and the limit is uniform in 4. Let

r—

If we extend f periodically to the real line, f is uniformly smooth on any closed interval

not containing an odd multiple of .
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T
Let F(r, §) = 2_17r_ / P(r, (8 — t)) f(t) dt. It is known (see [8, pg. 109]) that for any
=

6 >0,

(1 —r) Fpyp(r, f) tends to 0 uniformly on (=7 + 6, 7 — §) ast — 1.

us
Fo= 5o / (% P(r, 0 — t) f(t) dt
—_—T

i

s t
%/ %P(r,ﬁ —t)/ du()) dt
—_T — 7

m e
=L / 95 P(r, 0 — t) dt dp())
T ™
- L / 9 P(r, 0 — t) dt du())
s
= & [P(r, 0 — X) dt — P(r, & — m)] d ()

™

Fg = u(r, 6) — 5= P(r, 9—7r)/ dpu(N)
Fgo = up(r, ) — 5= Pp(r, 6—7) f(r)

lim1 Py(r, 0 — 7) = 0 for § € (—7 + 6, 7 — 6) and the limit is uniform. Thus

Ir—

(1 —r) ug(r, 8) tends to 0 uniformly for 6 € (—7 + ¢, 7 — ().

The same argument can be repeated to obtain uniform convergence to 0 for

6 € (6,2m — §é), so my claim is proven.



-30-
u(r, 8) is known to be harmonic and since p is singular, lim1 u(r, ) =0

r

almost everywhere.

Let v(r, 6) be the harmonic conjugate of u satisfying v(0, 0) = 0. The

Cauchy-Riemann equations yield

ug = — rvr
Vg =T Vr
Differentiating with respect to 4,
UYgg = — I'Vgr
Vgg = V Ygr

ug and \7 then satisfy the Cauchy-Riemann equations, and are therefore
harmonic conjugates. There is a slight problem when r = 0, since one cannot recover

the Cauchy-Riemann equations in rectangular coordinates from the polar equations.

27
However, [ uy(r, 6)d 6 = 0 and uy = 0 at r = 0. Thus from the mean value

property we can deduce that u, is also harmonic in a neighborhood containing zero.

Similarly for Vg Thus Vg is the harmonic conjugate of ug. Therefore lim vg = 0,
r—

the limit being uniform (see [8, pg. 258]). Thus f(r, §) = u + i v is analytic and in

B Let

0.
g(z) = e f. Ref >0
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so lg'(z)] = If'| e "R < ||, 50 g is in By,

Furthermore,

lim1 lg(r, 8)] = 1 almost everywhere, so g is an inner function.
r—

By Frostman’s Lemma, for almost all complex « such that |o| < 1,

_ g2 —a
h(z) = 1= ag(z)
is a Blaschke product. It is then easy to check that h(z) € BO so Blaschke products

in BO exist. This method of producing Blaschke products in B0 was pointed out by

T. Wolff (see [6].)
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V. Proof of Theorem 2.

The proof of Theorem 2 will follow loosely the proof of Theorem 1. It will
start with a “rectangle” near the boundary of the unit disk, on the top half of which
our Blaschke product, B(z), is near zero. Inside this rectangle is found a collection of
rectangles, on the top half of which B(z) is also near zero. ~The sum of the lengths of
the rectangles will be at least a fraction, C, of the length of the original rectangle, but
each will have length no more that € times the length of the original. We will be able
to obtain a lower bound on the Hausdorff dimension of the singularity set of
1 — log C/log € and will be able to force € to approach zero. It was T. Wolff who

suggested a way of constructing these rectangles.

Recall that in proving Theorem 1 we started with an interval I with average
density D(I) = 1/2, and generated intervals inside I also with average density equal
to 1/2. The subintervals were all shorter than % |1| and covered a subset of measure

at least C. We were able to force C to tend to 1.

Note that B(zo) being near zero implies that the Poisson integral of its
boundary values is near zero. The Poisson integral is a weighted average, so the
condition that B(z;) is small is analogous to our condition in proving Theorem 1 that

D(I) = 1/2.
We now begin our proof.

Given an arc I = {eie: a < 6 < b},let ]Il = (b — a), and let

RI:{rew:a<6’<b,1>r>1——(b—a)}andlet

(b — a)

5 >r>1~-(b—-a)}.

TI:{rew:a<6<b, 1 -
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In proving a lemma, C. Bishop [1] proved the following:

Lemma 3.

Let B € B( be an infinite Blaschke product. There is a § > 0 so that if |I| is
sufficiently small, and if B, is the Blaschke product whose zeroes are the zeroes of B

belonging to RII, z € Ty, and [B(z)| < §, then [B{(z)| < 1/2.
4

I now prove:

Lemma 4.

Assume the singularity set of B has measure 0 with respect to arc length

measure on the unit circle.

For any 61 > 0, there is a C > 0 such that if I is an arc, |I| < 1/2, and B is a
Blaschke product with zeroes in Rl[’ then |B(zj)| < 1/2 for some z; € T| implies
z |Ij| > C |I|, where Ij are the inltervals in the dyadic decomposition of I maximal
with respect to the property “3 z € Ty such that |B(z)| < 6;.”

Proof. Let @ = D\ U Rp. |B(z)|JZ 61 on 0 Q\ 9D, which follows from the
maximality of the Ij’s. If z, is a sequence of points in D converging to w € 0 D\%I,

then lim |B(zp)| = 1, since B can be extended analytically across the boundary of

& D\SL

Furthermore, if z; is a sequence contained in @ N Ry, then |B(zn)| > 4.
Then clearly if z;, — 8 €, lim inf |B(zp)| > 61, so we can apply the maximum
modulus theorem to ITB—é—nﬂ to conclude |B(zp)| > 6; on Q. ~Log |B(z)| is therefore
a positive, bounded harmonic function on Q. Also,
—log |B(z)| - 0asz — 0 D\U_Ij, soifz, - a €9Q

lim sup —log |B(zy)| < —log 51 otherwise



-34-

Let w (A, B, C) denote the harmonic measure, at the point C, of the set B (on the

boundary of A) relative to the domain A.

By the maximum principle,

—log |B(z)] < w(f,0 QN U_RI_, z) (Tlog 81). Therefore, if [B(zg)| < 1/2,

= log2
I claim that
(19) w(@,0 Qn WI-’ z) = w(Q, 0 Q\ID, 2).
J

To prove this, it is enough to show that

(20) w(9, UTj\u Ij’ z) = 0.

IfQC Dand A C 9 QN I D,itis known that

w(Q, A, z) < w (D, A, z).

We are assuming the singularity set of B has measure 0, so w(D, UIj\UIj, z) = 0.

Hence (20) follows.

(21) w(Q, 8 Q\OD, zg) > C(6;) if [B(zy)l < 1/2

I now wish to show 3 CQ, C3 such that

(22) w(D, U Ij’ zg) 2 Co w(©, 8 Q\dD, z;) and
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(23) SIL| > C3 w(D, U L, 2g) 1]

Consider first any z € 8 Q\dD, so 3 Ij such that z € 9§ RI-' I claim there is a
J

constant K independent of z and Ij such that

(24) w(D, Ij’ z) > K.

|L|

Figure 3.

Any z on 6RI' is also on the corner of some rectangle Q contained in Ry, whose
J J
height is 2 times its base, J (see figure 3).

191 5
(25)  w(D,1;,2) > w(D, ), 2) = %/ ; (12_ d ;df (where r = [2])
0 — T COSs r
(1 —r1)/2 . (1 - r)/2(1 T
:L 1 = dg > I(’ ___r____
271'/0 (1——r)2—+-2r(1—c050)_ 0 (1—r)2

=K>0
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and hence (24).

Therefore w(D, UIJ-, z) > K for all z € 9 Q\d D, and (22) follows from this and

the maximum principle. To show (23) it is enough to show for each Ij’

(26) |IJ| 2 C3 w(D, Ij’ 20) 1]

1

’;
2
w(D, Ij’ zO) = / 1 —r*dd 5
a; 1 — 2rcos(f — 0)+r
®;
2|L| 1|
<(1+r)/ a r)2d951TJ54|—IJ—|
2 (1-r)

Therefore (26) and (23) hold.

Let Ij = {eig: a; < b < bj}’ Ij is contained in % I as in figure 4. Let z) = rel?

Figure 4.

Combining (21), (22) and (23) we obtain a C > 0 such that X |IJ| > C|I| as desired.

Combining Lemmas 3 and 4, we obtain
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Lemma 5. Let B € By be an infinite Blaschke product. There is a 6 > 0 and a
C > 0 so that if I is a sufficiently small arc on D and if there is a z € T with

|B(z)] < 8, then there are arcs Ij < I such that E|Ij| > CJI|, and inside each
Ty, IB(w)] < 6/8.
J

We’re now in a position to polish off the proof of Theorem 1. Let B € BO’ let
6, C be as shown to exist by Lemma 5. Choose Iy such that 3 z € TIO with
IB(z)] = 6 and sufficiently small to satisfy the hypothesis of Lemma 5. (Since there
are an infinite collection of zeroes of B, many such Iy exist.) Let {Ij} be the intervals
shown to exist by Lemma 5, such that T} contains wy such that |B(wy)| < 6/8. By

J

choosing a smaller IO if necessary, we can guarantee that for all Ij’ we T implies
J

(27) |IB(w)| <6/4.

This is possible since (1 — |z|) |B/(z)| tends to 0 as |z| tends to 1.

Given any Ij’ choose Ijk’s from the dyadic decomposition which are maximal

with respect to the property

“Ty. contains a point z where |B(z)| = 6.”
ik
Since for almost all §, Iim1 |B(rei0)| = 1, we can conclude that
r—
o | = [1.].
Ll = I

Inside each T ~ we can guarantee that |B(z)| > 6/2 for all z in TI'k. (The
J J
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choice I small enough to guarantee (27) also guarantees this.)
If wy € TIj, and wy € TIjk’ therefore, |B(w;) — B(wy)| > 6/4.

Soif (1 — |z]) [B'(2)| < a,

|L:|
log I—‘]— > §/4a .
T
Given any € > 0, we can choose IO even smaller, if necessary, then, to assure that
]Ijkl < € |Ij| < € [Tl
So the Ijk’s are a set of intervals such that
b) ]Ijk] < € |10]

c) 3 25 € TIjk such that |B(ij)| = 4.

Let G, = {IO}, let §; = {Ijk}' c) implies that inside each Ijk we can repeat the

process to obtain a collection G, = {Ja} of intervals such that each J, satisfies c)
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and such that for each Ijk

S ol > ClILyl,
Jo € Ly 3

We can then repeat the process indefinitely, creating a sequence of collections (jj

satisfying the conditions of Lemma 2, and E = N ( I{ Ig ) has Hausdorff dimension
J €4;
J
at least

log C

L~ foe e

E contains only points in the singularity set of B, as every point in E is the limit point

of points ﬂj satisfying !B(ﬂJ)| < 4.

Thus, the singularity set has dimension at least

log C

1—logE

, and € can be chosen

arbitrarily close to zero. Hence Theorem 1 is proven. a
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