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Abstract

Recently demonstrated silica toroidal microcavities, as on-chip resonant cavities, become

one of the most promising laser resonators due to their exceptional ability to confine op-

tical energy temporarily and spatially (high Q-factor and small mode volume) while being

integrated on a silicon substrate. In the first part of this thesis, semianalytic theory is

presented for an in-depth understanding of the high-Q toroidal microcavity coupled to a

tapered fiber waveguide. Basic properties of toroidal microcavities such as cavity mode

field, resonance wavelength, cavity mode volume, radiative Q-factor, and phase-matching

condition are described within the limit of an iterative perturbation expansion method.

With this theoretical background, various laser systems with different gain media, utilizing

the high-Q toroidal microcavity as a laser resonator, are demonstrated in the latter parts.

As a first example, II-VI semiconductor nanocrystal, CdSe/ZnS (core/shell), quantum

dots are coated on the surface of ultrahigh-Q toroidal microcavities. By pulsed excitation

of quantum dots on the surface, either through tapered fiber waveguides or free-space,

lasing is observed at both room and liquid nitrogen temperature. Use of a tapered fiber

coupling substantially lowered the threshold energy when compared to the case of free-space

excitation. Further threshold reduction down to 9.9 fJ was made possible by quantum dot

density control.

Lasing from an erbium-implanted high-Q silica toroidal microcavity is demonstrated and

analyzed in the next chapter. A minimum threshold power as low as 4.5 µW and a maximum

output lasing power as high as 39.4 µW are obtained. Control of lasing wavelength is

demonstrated by changing the cavity loading. Analytic formulas predicting threshold power,

differential slope efficiency are derived and their dependence on cavity loading, erbium ion

concentration and Q-factor is found and compared with the experimental results.

The nonlinear oscillation in an ultrahigh-Q silica toroidal microcavity is investigated in
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the last chapter. A controllable and reversible transition between parametric and Raman

oscillation is experimentally demonstrated and theoretically analyzed. By direct change of

cavity loading and indirect adjustment of frequency detuning, parametric and/or Raman

oscillation can be accessed selectively without modification of cavity geometry in a toroidal

microcavity with large enough aspect ratio. Based on an effective cavity gain theory, this

transition is analyzed in terms of cavity loading and frequency detuning leading to a better

understanding of the combined effects of parametric and Raman processes in silica micro-

cavities.
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Chapter 1

Introduction

1.1 Surface-tension-induced optical microcavities

Whispering-gallery modes (WGMs) in surface-tension-induced optical microcavities have

distinct features when compared to the confined modes of a Fabry-Pérot or a distributed

feedback resonator. In a surface-tension-induced microcavity, the light is consistently

bounced back from a dielectric curved cavity boundary by (almost) total internal reflection.

Consequent resonance conditions are then achieved by the round-trip phase shift matching

of the whispering-gallery mode. The surface-tension-induced microcavity structures (espe-

cially made from silica) have attracted considerable attentions due to their inherent low

intrinsic loss that can be partly attributed to near-atomic smoothness of the surface quality

as well as low material loss window of silica.1 Furthermore, the ease of fabrication at lower

costs makes it a strong candidate for scientific researches and engineering applications.

The concept of the WGM originated in the curved gallery surfaces of the St Paul’s Cathe-

dral in London and was first theorized in the form of an acoustical wave by Rayleigh [3, 4].

After the founding works of Mie and Debye [1, 5, 6], Richtmyer proposed the use of an

axially-symmetric (spherical and toroidal) dielectric cavity as a high-Q electromagnetic

resonator in 1939 [7]. Actual observation of the WGMs in these surface-tension-induced

micron-sized cavities in the optical frequency domain dated back to the series of researches

on the liquid droplets that are formed naturally in a near-spherical shape by the surface

tension [8, 9]. However, micro-droplets were inherently transient and the free-space exci-
1From UV to ∼1.5 µm, the loss of fused silica is mainly limited by Rayleigh scattering induced by density

fluctuations while from ∼1.5 µm to longer wavelengths, it is dominated by lattice absorption [1]. Still in
the telecommunication band, other loss mechanisms such as adsorption/chemoposition of OH− or water can
limit the quality factor significantly [2].
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tation of resonances was inefficient due to the nature of the coupling. After a decade of

research on the transient liquid droplets, a solid-state version of the spherically shaped cav-

ity was first made by melting the tip of a fiber to create a silica microsphere resonator [10].

These solid-phase microspheres, like their liquid counterparts, rely upon surface tension to

create an exquisitely smooth dielectric boundary [2] in which the whispering-gallery modes

are confined. Cavity quality factors (Q-factors) as high as 8×109 have been demonstrated

along with relatively small mode volumes.2 These quality factors have been the essential

driving force in fundamental research areas such as cavity quantum electrodynamics [12–14],

nonlinear optics [15–17], biosensing [18,19], and micro-scale lasers [20–22].

More recently, a method of fabricating arrays of ultrahigh-Q microcavities has been

developed, by combining surface-tension-induced reflow with modern lithographic tech-

niques [23]. This synergistic approach allows creating dense arrays of ultrahigh-Q silica

microcavity structures in parallel on a silicon wafer (Figure 1.1), allowing the integration

with complementary electrical, optical or mechanical functionality. In addition to the ca-

pability of achieving ultrahigh Q-factors, toroidal microcavities have a flexibility in mode

volume design/optimization and possess a simpler resonance spectrum when compared to

the spherical microcavities due to additional confinements provided by the toroidal geome-

try.3

The coupling schemes to surface-tension-induced microcavities have been improved in

order to achieve phase-matching, criticality, selectivity, and ideality [1]. With the ultrahigh-

Q microcavity, it is necessary to have a high-efficiency coupler to couple input photons

into and to extract cavity photons from the cavity. Free-space excitation was typically

used to study the resonance characteristics of liquid droplets in the early stage. However,

the coupling efficiency with this scheme was inherently low and limited by the radiative

characteristics of the cavity [1]. Therefore, various coupling devices have been developed

during the last decade and the most successful ones were the evanescent wave couplers

such as prism couplers, side polished fiber couplers, angle polished fiber tips, pedestal

antiresonant reflecting waveguides, and tapered fiber couplers. Among these, tapered fiber
2In a recent experiment on a crystalline CaF2 millimeter-sized polished spheroidal cavity, Q-factor as

high as 2×1010 has been demonstrated [11].
3For the spherical microcavity, main factors determining the cavity mode volume are the radius (or

equivalently, the diameter) and the refractive index of the sphere. However, the modification of the minor
diameter can also increase/decrease the cavity mode volume for the toroidal microcavity.
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Figure 1.1: Arrays of silica microdisk before CO2 laser reflow and microtoroid on a silicon
substrate after the reflow.

couplers have been extremely successful in realizing near-ideal coupling to a high-Q surface-

tension-induced microcavity.4 These tapered fiber couplers have been shown to have a

high ideality (minimized parasitic coupling to higher-order fiber modes) and a criticality

(< 0.02% transmission) with low insertion/junction loss [25,26]. More detailed reviews on

the surface-tension-induced microcavity can be found in [1, 14, 27–29] and the references

therein.

1.2 Organization of the thesis

This thesis will be organized as follows: In chapter 2, as an introduction to the surface-

tension-induced microcavity, two simple modeling approaches will be presented. Basic con-

cepts and properties of the optical microcavity will be defined and summarized to make this

thesis self-contained. In chapter 3, characteristics of the toroidal microcavities will be the-

oretically analyzed using an iterative perturbation expansion method. By this theoretical

approach, cavity mode field, cavity mode volume, resonance wavelength, phase-matching

condition, and radiative quality factor will be derived semianalytically within the limit of

perturbation expansion. With this theoretical background on hand, various laser systems

with different gain media, utilizing the high-Q toroidal microcavity as a laser resonator,

will be investigated in detail in the subsequent chapters. In chapter 4, II-VI chemically
4Tapered fiber coupling has also been used to couple light not only into surface-tension-induced micro-

cavity but also to the planar photonic crystal microcavity [24].
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synthesized semiconductor nanocrystals, specifically CdSe/ZnS (core/shell) nanocrystals

with high quantum yield and narrow size distribution, will be coated on the surface of the

toroidal microcavity and the lasing at both room and liquid nitrogen temperature will be

investigated via free-space or tapered-fiber excitation. Extremely low threshold down to

9.9 fJ is demonstrated, proving the high efficiency of the tapered fiber coupling scheme

and the feasibility of the quantum dot density control. In chapter 5, erbium-implanted

microcavity lasers are demonstrated experimentally and theoretically. After a simple ana-

lytic modeling of the erbium-implanted toroidal microcavity laser using a coupling-of-mode

formalism, experimental characterization will follow in close relation with the developed

analytic model. Low threshold operation down to ∼4.5 µW and lasing wavelength control

by changing the cavity loading condition is demonstrated. In chapter 6, laser oscillation

utilizing nonlinear optical effects in silica is investigated. Especially, Raman and parametric

oscillations are demonstrated in the ultrahigh-Q silica toroidal microcavity and it is shown

that both oscillation regimes can be accessed by a change of coupling condition in addition

to the geometrical cavity aspect ratio control. Detailed modeling will be briefly summarized

and the qualitative reasoning for this observation will be given. In the last chapter, I will

present a brief summary.
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Chapter 2

Basic Properties of Optical
Microcavities

In this chapter, basic properties of optical microcavities will be summarized to provide a

fundamental insight into the optical microcavity. This will be accomplished by introducing

two well-defined modeling approaches that are applicable to different regimes of interest.

The first one is a coupling-of-modes formalism that is appropriate for modeling modes of

an optical microcavity with input/output coupling [30]. The second one is a well-known

exact/approximate analytic solution to the Helmholtz equation for dielectric open spherical

microcavities from which various characteristics can be derived [29,31–35].

2.1 Coupling-of-modes formalism

For a detailed description of high-Q optical microcavities, the coupling-of-modes formalism

paves a nice and simple way to understand the basic properties of surface-tension-induced

optical microcavity especially with a tapered fiber coupling [26, 30, 36, 37].1 A governing

equation for a cavity field amplitude can be written as,2

da

dt
= iω0a − 1

2


σ2

0 +
∑

j=0

κ2
j


a + iκ0s, (2.1)

1This modeling with a positive-frequency component of the mode amplitude is only applicable to low loss
resonators because the loss of a resonator will couple two separate first order differential equations for the
positive- and the negative-frequency component. For further details, see [30].

2This equation can be derived from a second-order differential equation for a harmonic oscillator.
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where a is the cavity field amplitude (|a|2 is normalized to the cavity energy),3 ω0 is the

resonant (angular) frequency, σ2
0 is the rate of (energy) loss related to intrinsic cavity dis-

sipations, κ2
j (j > 0) is the rate of loss to higher order modes of the tapered fiber, κ2

0 is

the coupling rate for the fundamental tapered fiber (power-normalized) mode to the cavity

(energy-normalized) mode (and vice versa),4 and s is the input field amplitude (normalized

to the power) in the tapered fiber waveguide. To maintain the simplicity, a modal coupling

by counter-propagating mode is assumed to be negligible. In addition, the governing equa-

tion (2.1) can be further simplified by assuming a negligible parasitic coupling to the higher

order tapered fiber modes (
∑

j>0 κ2
j � κ2

0):

da

dt
= iω0a − 1

2
(
σ2

0 + κ2
0

)
a + iκ0s. (2.2)

Now, let’s assume that the input has an excitation frequency ω. Then, the input and the

cavity field amplitude take the form: s = s̃eiωt and a = ãeiωt. The governing equation (2.2)

can be written for a slowly varying field amplitude ã:

dã

dt
= i (ω0 − ω) ã − 1

2
(
σ2

0 + κ2
0

)
ã + iκ0s̃. (2.3)

This simplified governing equation will be investigated further in the subsequent sections.

2.1.1 Cavity Q-factors

Cavity Q-factor is one of the fundamental parameters characterizing the quality of a res-

onator. The concept of a Q-factor is universal and is applied to numerous resonating

systems. The general definition of the Q-factor is given by,

Q ≡ 2π(stored energy)
energy loss per cycle

. (2.4)

The Q-factor of a microcavity can be expressed as a function of the parameters of coupling-

of-modes formalism and this can be done by solving the equation (2.3) in time- or frequency-

domain. If the input takes the form: s̃(t) = s̃0 [1 − u(t)], where u(t) is the unit step function,
3The cavity field amplitude a can also be associated with the annihilator operator â.
4This symmetric coupling coefficient is a result of power conservation (lossless junction) and time-reversal

symmetry [38].
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then the decaying solution for |a(ω, t)|2 to the equation (2.3) can be written as (for t ≥ 0),

|a(ω, t)|2 = |a(ω, 0)|2exp
[
−
(
σ2

0 + κ2
0

)
t
]
, (2.5)

where |a(ω, 0)|2 is given by,5

|a(ω, 0)|2 =
κ2

0|s̃0|2

(ω − ω0)
2 +

(
σ2

0 + κ2
0

)2
/4

. (2.6)

Using the definition (2.4), the Q-factor can be written as,

Q =
2π|a(t0)|2

−λ
c

d|a(t)|2
dt

∣∣∣
t = t0>0

=
2πc

λ
(
σ2

0 + κ2
0

) . (2.7)

As can be seen from the equation (2.7), the total (loaded) Q-factor of a surface-tension-

induced microcavity depends on the constituting dissipation mechanisms and can be de-

composed as,

1
Q

=
1

Qmat
+

1
Qss

+
1

Qsc
+

1
Qrad︸ ︷︷ ︸

related to intrinsic loss

+
1

Qext

=
1

Q0
+

1
Qext

, (2.8)

where Q is the total quality factor, Qrad is the quality factor determined by the radiative

loss of the cavity,6 and Qext is the external quality factor due to a coupling to the output

waveguide.7 Several formulas for each of the Q-factors in equation (2.8) are known in closed

form:

• Qmat is the quality factor determined by the material loss of the cavity:

Qmat =
2πn

λαmat
, (2.9)

5It should be noted that the frequency dependency of |a(ω, 0)|2 is given by the Lorentzian lineshape. The
Q-factor can also be evaluated from the Lorentzian linewidth ∆ω = σ2

0 + κ2
0

6This loss is a result of the finite radius of curvature in an axisymmetric open microcavity. The subject
of radiative Q-factor will be revisited in section 2.2.4.

7Intrinsic and external Q-factors can also be expressed in terms of rate of loss or lifetime; Q0 =
2πc/(λσ2

0) = ωτ0, Qext = 2πc/(λκ2
0) = ωτext.
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where αmat is the linear loss of the cavity material. For fused silica with very low OH−

contents, linear loss of ∼ 0.2 dB/km is routinely obtained from fiber transmission ex-

periments. This corresponds to the material-loss limited Q-factor of ∼1.3×1011 at

1550 nm. This value is significantly higher than any Q-factor achieved experimen-

tally. Other loss mechanisms such as surface-scattering and/or water-layer absorption

should therefore have an effect on the observed lower Q-factors.

• Qss is the quality factor determined by surface scattering loss induced by the roughness

of the cavity surface. For a spherical microcavity, it is given by,

Qss ∼
3n2(n2 + 2)2

(4π)3(n2 − 1)5/2

λ7/2D1/2

σ2B2
, (2.10)

where D is the diameter of the spherical microcavity, σ is the rms surface roughness,

and B is the correlation length of the roughness [2].

• Qsc is the quality factor determined by the surface contamination loss and is given

specifically for a water layer:8

Qsc,w ∼
√

π

8n3

D1/2

δλ1/2βw(λ)
, (2.11)

where δ is the water layer thickness and β(λ) is the absorption coefficient of water [2].

However, this formula is shown to be valid only for relatively large microspheres,

and underestimates Q-factor in the 1550 nm [33]. To model the water-absorption

limited Q-factor more accurately, it is necessary to calculate the following expression

numerically:

Qsc,w =
2πn

λσw(λ)

∫ 2π
0

∫∞
0 I(r, φ)rdrdφ

∫ 2π
0

∫∞
0 I(r, φ)nw(r, φ)rdrdφ

, (2.12)

where σw(λ) is the absorption cross section of the water molecule, I is the intensity,

and nw(r, φ) is the concentration profile of adsorbed water.
8For a silica cavity, most of the surface contamination comes from the adsorption of water molecules or

the chemoposition of OH−.
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2.1.2 Transmission

Assuming a steady-state condition in the equation (2.3), the following equality holds for

the cavity field amplitude:

a

s
=

iκ0

i (ω − ω0) +
(
σ2

0 + κ2
0

)
/2

. (2.13)

The transmission is then given by the following,9

T (ω) =
∣∣∣∣
t0
s

+ iκ0
a

s

∣∣∣∣
2

'
(ω − ω0)

2 +
(
σ2

0 − κ2
0

)2
/4

(ω − ω0)
2 +

(
σ2

0 + κ2
0

)2
/4

. (2.14)

By introducing a normalized coupling parameter given by K ≡ κ2
0/σ2

0, the transmission for

the case of resonant excitation (ω − ω0 = 0) can be simply written as,10

T =
(

1 − K

1 + K

)2

. (2.15)

Three regimes of the coupling [25,26,38] can be defined based on the equation (2.15).

• Undercoupled regime (K < 1): Coupling rate into the resonator is smaller than the

intrinsic energy loss rate of the cavity (κ2
0 < σ2

0). This corresponds to the regime

where the external Q-factor is larger than the intrinsic Q-factor (Qext > Q0).

• Critical coupling point (K = 1): Coupling rate is matched with the intrinsic energy

loss rate of the cavity (κ2
0 = σ2

0). In this case, the transmission drops down to zero.

• Overcoupled regime (K > 1): Coupling rate into the resonator is larger than the

intrinsic energy loss rate of the cavity (κ2
0 > σ2

0). This corresponds to the regime

where the external Q-factor is smaller than the intrinsic Q-factor (Qext < Q0).

Figure 2.1 shows the typical measured transmission of a microsphere-tapered fiber system

with a fitting curve calculated by the equation (2.15). Three distinct regimes of the coupling
9For a high-Q optical microcavity, the coupling is very weak, i.e., κ0 � 1 and the transmitted field

amplitude is given approximately by t0 ' s [26].
10The coupling coefficient κ2

0 is a function of a gap width between the cavity and the tapered fiber coupler
whereas the intrinsic loss rate σ2

0 is independent of the gap width. Therefore, the normalized coupling
parameter K becomes a function of the gap width.
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Figure 2.1: Measured transmission of a tapered fiber coupled toroidal microcavity. Red line
is a best-fit to the measured data using the equation (2.15).
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are clearly shown in this graph with near zero transmission at the critical coupling point

(K = 1).

2.1.3 Cavity build-up factor

The presence of a high-Q cavity can dramatically increase the density of photonic states at

the resonance and can result in a resonant build-up of the cavity field amplitude. Energy

inside a microcavity can be expressed as a function of loss/coupling rates and input pump

power from the equation (2.13):

|a|2 =
κ2

0

(ω − ω0)
2 +

(
σ2

0 + κ2
0

)2
/4

|s|2. (2.16)

By converting the intracavity energy into the cavity circulating power,11 the cavity build-

up factor can be expressed in terms of the normalized coupling parameter K, the intrinsic

quality factor of the cavity Q0, and the effective radius of the cavity Re:

Pcavity

Pfiber
=

ω0c

2πnRe

K/Q0

(ω − ω0)
2 + (ω0/Q0)

2 (1+K
2

)2 Q0. (2.17)

For the case of resonant excitation of the cavity, the above equation reduces to

Pcavity

Pfiber
=

λ

π2nRe

K

(1 + K)2
Q0

︸ ︷︷ ︸
Cavity build-up factor

, (2.18)

where Pcavity is the circulating power inside the cavity, Pfiber is the input power in the

tapered fiber, λ is the resonance wavelength, n is the refractive index of the cavity material,

and Re is the effective radius of the cavity. The combined system of a high-Q cavity and an

efficient tapered fiber coupler is attractive in various applications partly due to the above

simple scaling rule (cavity build-up factor). For example, with typical resonator parameters

of Re = 30 µm, n = 1.46, Q0 = 108, K = 1, and λ = 1550 nm, input power of 1 mW will

be scaled up to a cavity circulating power of ∼90 W. This huge resonant energy buildup

will decrease the “input” threshold power of a microcavity-based laser or a nonlinear wave
11This conversion is done by dividing both sides of the equation (2.16) by cavity round-trip time, τrt =

2πnRe/c.
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generation in a microcavity. Latter parts of this thesis will provide a clear verification on

the advantages provided by huge cavity build-up factors in real device applications.

2.2 Analytic theory of spherical microcavity

In this section, analytic theory of a high-Q dielectric spherical microcavity will be re-

viewed.12 For a homogeneous spherical microcavity,13 both exact and approximate ana-

lytic solutions for the cavity field have been known for some time and other characteristics

of spherical microcavities have been derived automatically based on those analytic solu-

tions [29, 31–34]. Using this analytic theory, a deeper understanding of the spherical mi-

crocavity can be obtained and this will be the starting point for the modeling of a high-Q

dielectric toroidal microcavity in the next chapter.

2.2.1 Cavity mode field

The cavity mode field of a dielectric spherical microcavity can be obtained by solving the

Helmholtz equation in spherical polar coordinates. Exact solutions are given in [29,31,33,

35]. These exact solutions can be approximated further by assuming a large polar mode

number l and a constant direction of polarization.14 Approximate bounded TE/TM modes

with three mode numbers (q, l, m) can be expressed as follows,15

~ETE(r, θ, φ) =





θ̂Nsexp
(
±imφ − m

2 θ2
)
Hl−m(

√
mθ)jl(knsr) (r ≤ R)

θ̂Nsexp
(
±imφ − m

2 θ2
)
Hl−m(

√
mθ)jl(knsR)exp[−αs(r − R)] (r > R)

~HTE(r, θ, φ) = i
1

ωµ
∇× ~ETE(r, θ, φ), (2.19)

12In this context, the word “analytic” is used for the solution of the Helmholtz equation. Still, other
expressions can be transcendental or/and may not be solved analytically.

13For a homogeneous microsphere the relative permittivity takes the form: ε(~r) = n2
s (|~r| ≤ R0), ε(~r) =

n2
0 (|~r| > R0).
14This approximate solution is more accurate for a mode confined near the equatorial plane (θ � 1), i.e.,

for a small |l − m|.
15Three indices (q, l, m) represent radial, polar, and azimuthal mode number, respectively. A mode number

p can also be assigned to the polarization, which can be either TE (p = 0) or TM (p = 1).
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Figure 2.2: Normalized squared electric field, |Eθ|2, for the two lowest radial mode number
n = 1, 2. The polar and the azimuthal mode number are l = m = 139. The microsphere
boundary at R = 25 µm is shown in the graph.

~HTM(r, θ, φ) =





θ̂Nsexp
(
±imφ − m

2 θ2
)
Hl−m(

√
mθ)jl(knsr) (r ≤ R)

θ̂Nsexp
(
±imφ − m

2 θ2
)
Hl−m(

√
mθ)jl(knsR)exp[−αs(r − R)] (r > R)

~ETM(r, θ, φ) = −i
1

ωε0n2
∇× ~HTM(r, θ, φ), (2.20)

where ns is the refractive index of the sphere, Hl−m is the Hermite polynomial of order

l − m, jl is the spherical Bessel function of the first kind and other related parameters are

given in [34]. Figure 2.2 shows a normalized squared electric field |Eθ|2 for the two lowest

radial mode numbers n = 1, 2. The polar and the azimuthal mode number are fixed to

l = m = 139. The microsphere-air boundary at R = 25 µm is shown in the graph. Figure

2.3 shows the normalized squared electric field |Eθ|2 in the polar direction. The polar and

the azimuthal mode number are given by l = m = 139 (top) and l = m+1 = 139 (bottom).



14

Figure 2.3: Normalized squared electric field, |Eθ|2, in the polar direction. The polar and
the azimuthal mode number are l = m = 139 (top) and l = m + 1 = 139 (bottom).
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2.2.2 Resonance wavelength

A characteristic equation can be obtained by matching tangential fields at the dielectric

cavity boundary. The following characteristic equation is obtained from the approximate

analytic solution (2.19) and (2.20):

(
ηsαs +

l

R

)
jl(knsR) = knsjl+1(knsR), (2.21)

where ηs = 1 for TE modes and ηs = n2
s/n2

0 for TM modes.16 A more accurate reso-

nance wavelength can be calculated by the characteristic equation (obtained from the exact

solutions). This characteristic equation is given by [12,31–33],

n1−2p
s

[nskRjl(nskR)]′

nskRjl(nskR)
=

[kRh
(1)
l (kR)]′

kRh
(1)
l (kR)

, (2.22)

where p is the polarization mode number (0 for TE and 1 for TM), and the differentiation

is with respect to the argument. By solving this transcendental equation for a complex-

valued wavenumber k = kr + iki, the resonance wavelength and width (caused by radiative

tunneling) can be estimated as λ = 2π/kr and ∆λ = 4πki/k2
r . However, instead of numeri-

cally solving the transcendental equation (2.22), an asymptotic expansion for the resonance

wavelength has been found [39,40]:

λq,l = 2πR

[
ν

ns
− ζq

ns

(ν

2

)1/3
+

kmax∑

k=0

dk(ns, ζq)
νk/3(n2

s − 1)(k+1)/2

]−1

, (2.23)

where ζq is the qth zero of the Airy function, ν = l + 1/2, and coefficients dk’s are given

in [40].

2.2.3 Cavity mode volume

Cavity mode volume V can be calculated once the cavity mode field is obtained. The

definition of a cavity mode volume depends on the application. Among those, the following
16In this expression, all the modes (|m| ≤ l) having the same polar mode number l are degenerate.

However, a slight eccentricity will break this degeneracy. For further details, see [25,29,35].
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definition of the mode volume will be used throughout this thesis if not stated explicitly:

V =

∫
VQ

ε(~r)| ~E(~r)|2d3~r

| ~Emax|2
. (2.24)

For a nonlinear process in the microcavity (See chapter 6 and Appendix B), a different

definition is used to calculate (nonlinear) cavity mode volume:

V =

(∫
VQ

| ~E(~r)|2d3~r
)2

∫
VQ

| ~E(~r)|4d3~r
, (2.25)

where VQ denotes a quantization volume needed to calculate the mode volume. An ap-

proximate analytic formula for the nonlinear mode volume has been found by Braginsky et

al. [10]:

V ' 3.4π3/2

(
λ

2πn

)3

l11/6
√

l − m + 1

∝ D11/6

(
λ

n

)7/6

(for l = m). (2.26)

The scaling rule provided by this equation is quite useful for a rough estimate for the cavity

mode volume.

2.2.4 Radiative Q-factor

Radiation from an open microcavity is a result of energy leaking into the universe and

is mainly determined by the curvature of the microcavity. For the spherical microcavity,

this radiative Q-factor can be computed numerically by solving the characteristic equation

(2.22) for a complex eigenvalue k = kr + iki. The radiative Q-factor is then defined by the

relation Qrad = kr/(2ki) and can be asymptotically approximated as follows (by assuming

krR � 1) [32,41]:

Qrad ' 1
2

(
l +

1
2

)
n−(1−2p)

s

(
n2

s − 1
)1/2 exp

[
2
(

l +
1
2

)
(ηl − tanhηl)

]
, (2.27)
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Figure 2.4: Theoretical radiative Q-factor for TE/TM mode (λ ' 1.55 µm) calculated from
the equation (2.27).

where ηl is defined as follows,

ηl = cosh−1


ns

(
1 − 1

l + 1
2

{
ζq

[
1
2

(
l +

1
2

)]1/3

+
n1−2p

s√
n2

s − 1

})−1

 , (2.28)

where p is the polarization mode number (0 for TE and 1 for TM), l is the polar mode

number, and ζq is the qth zero of the Airy function. Figure 2.4 shows calculated radiative Q-

factors for TE/TM mode (radial mode number q = 1). However, this approximation of the

radiative Q-factor is found to be slightly deviated from the result of numerical calculations

(FDTD) even though the scaling rule is still applicable [33].
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Chapter 3

Semianalytic Theory of Toroidal
Microcavity

Among the properties of whispering-gallery type resonators, the cavity mode volume V is

one of the critical parameters that characterizes the cavity due to its fundamental rela-

tionship with the lasing threshold, nonlinear optical wave generation, and cavity quantum

electrodynamics (cQED) [14]. Since the mode volume V of a toroidal microcavity is smaller

than that of a spherical microcavity (for the same principal diameter), it is very important

to characterize and predict the mode volume in terms of the toroidal microcavity param-

eters [13]. While intrinsic Q-factors are functions dependent on other physical/chemical

properties such as water adsorption, surface scattering, and material absorption, the mode

volume V of each polarization (TE or TM) can be estimated more accurately once the

geometry of the device (including the material properties such as a refractive index) is clar-

ified. Although the effects of water adsorption, surface scattering, and material absorption

will not be investigated, whispering-gallery loss-limited Q-factors [13,34], which are mainly

determined by the geometry and the cavity mode, will be dealt with in this chapter with a

perturbation expansion of the cavity mode field and volume current method (VCM) [42,43].

The cavity mode field of the toroidal microcavity with three integer mode numbers

(q, l, m) has not been solved in closed form. Therefore, the other useful metrics of the

toroidal microcavity such as cavity mode volumes, radiative (whispering-gallery) Q-factors,

phase-matching conditions, resonance wavelengths, and free spectral ranges (FSR) could not

be explicitly calculated, and it was necessary to resort to numerical simulation [13]. The

complication arises from the inseparability of a scalar wave equation in local toroidal coor-

dinates and the corresponding lack of knowledge for the solutions of these two-dimensional
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problems. However, the difficulty of obtaining analytic solutions can be circumvented, and

an approximate solution instead of an exact solution can be obtained with a perturbation

method using a proper expansion parameter for a “fiber-like” (small inverse aspect ratio)

toroidal geometry.

In this chapter, an iterative perturbation expansion method will be applied to calculate

the cavity mode field inside and near the periphery of the toroidal microcavity with a

small inverse aspect ratio.1 The cavity mode field in a small inverse aspect ratio toroidal

microcavity can be obtained, in principle, by transforming the Helmholtz equation in a

Cartesian coordinate system into a scalar wave equation in the local toroidal coordinates

[44]. As a result of this transformation, solutions of the transformed wave equation become

analytically tractable with the perturbation expansion to a desired order (at the expense of

complexity in the solution derived). With the cavity mode field, other useful characteristics

are automatically obtained. The limit of this kind of expansion will also be addressed to

show the applicability of the perturbation approaches. These perturbation approaches give

an excellent qualitative/quantitative agreement with the numerical solutions given by the

finite element method (FEM), which justifies the proposed perturbative approach for the

toroidal microcavities with small inverse aspect ratio.

3.1 Problem formulations

A local toroidal coordinate system (r, φ, θ) that is intuitively suitable for electromagnetic

problems with a toroidal geometry will be used throughout the rest of this chapter. Figure

3.1 shows the local toroidal coordinate system with a rendering of the toroidal microcavity

structure (D = 2R: major diameter, d = 2a: minor diameter, Dp = 2Rp: principal

diameter). The problem can also be formulated based on three scalar Helmholtz equations

(each separated from a vector Helmholtz equation) written in Cartesian coordinates, but

it will be extremely cumbersome to satisfy the boundary condition at the surface of the

toroidal microcavity due to the curved geometry. The inverse aspect ratio δ, defined by the

ratio between minor and major diameter a/R, will play an important role in the expansion

of the cavity mode field and the subsequent estimation of various cavity characteristics.
1In this chapter, only the bound mode approximation will be considered by modeling exponentially

decaying field outside the toroidal microcavity boundary.
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Figure 3.1: A local toroidal coordinate system along with a corresponding boundary of the
toroidal microcavity. The definitions of principal (Dp = 2Rp), major (D = 2R) and minor
diameter (d = 2a) are illustrated.
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For a more accurate modeling, Maxwell’s equation with all six field components (Er, Eφ,

Eθ, Hr, Hφ, Hθ) should be used because the magnitude of nontransverse field components

(|Er|, |Eθ| for TE, |Hr|, |Hθ| for TM) may not be negligible compared to that of transverse

fields in general toroidal geometry. Therefore, the assumptions of a pure transverse field

will need to be carefully investigated. However, for large inverse aspect ratio the assump-

tion of TE/TM modes are verified to be quite accurate [34], and for small inverse aspect

ratio the problem is similar to the case of straight fiber that certainly supports TE/TM

modes. Therefore, in the following sections, only the TE/TM mode approximation will

be considered by solving one scalar wave equation for the toroidal microcavity with small

inverse aspect ratio. Although the derived scalar wave equation is not separable in the

transverse plane of propagation due to the coupling term induced by the geometrical per-

turbation from a straight waveguide geometry, the perturbation expansion method can then

be utilized to give approximate analytic solutions for the transverse fields. The problem of

solving the cavity mode field of the toroidal microcavity is very similar to the problem of

bent optical fibers. Lamouroux et al. solved Maxwell’s equation without assuming a weak

guidance approximation (which is required for decoupling mode calculation with polariza-

tion properties) and obtained a general solution of toroidally bent fibers with all six field

components up to the first order [45]. However, the applicability of those solutions to the

characterization of the toroidal microcavity is inherently limited due to its complexity in

the derived formula. Since the nontransverse field components can be assumed to be very

small compared to the transverse field components for the small inverse aspect ratio (for

example, |Er,θ| � |Eφ| for TE mode), the scalar wave equation for the transverse field will

be used in subsequent evaluations. Then, as has been derived previously for the evaluation

of the mode field in the bent optical fibers, the scalar Helmholtz equation can be reduced to

the following simple wave equation in transverse local toroidal coordinates after separating

(1 + r/a cosφ)−1/2e−jmθ factor (the round-trip phase shift should be multiples of 2π):

(
∂2

∂r2
+

1
r

∂

∂r
+

1
r2

∂2

∂φ2
+ k2n2

)
Ψ(r, φ)+

(
1 + δ

r

a
cos φ

)−2
(

1
4R2

− β2

)
Ψ(r, φ) = 0, (3.1)

where r and φ are the local toroidal coordinates in the transversal plane, k is the wave vector

(k = ω
√

µε0) in the free-space, n is the refractive index (= n0 for surrounding material),
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and β is the intrinsic propagation constant defined with respect to the major radius R.2

This scalar wave equation can be solved to an arbitrary order of δ with an assumption

of TE/TM mode without separating the wave function into two transverse components.

When solving this equation, three integer mode numbers (q, l, m) are naturally introduced to

characterize the cavity mode fields. The radial and polar mode number, q and l, determines

the type of transverse mode field patterns and azimuthal mode number m, accounts for

azimuthal variations of the cavity mode field. This definition of the mode numbers looks

similar to that of the microsphere resonators but has a slight different meaning and should be

distinguished from the mode numbers (q, l, m) for the microsphere resonators [34]. While the

fundamental mode of the microsphere resonator is characterized by the condition q = 1, l =

m, the fundamental mode (q = 0, l = 0) of the toroidal microcavity resonator is decoupled

in terms of polar and azimuthal mode numbers. The transverse electric (magnetic) field

can be obtained after solving wave equation (3.1) using the perturbation expansion and

transforming the wave function according to the formula:

Eφ = N
(
1 + δ

r

a
cosφ

)−1/2
Ψ(r, φ)e−jmθ (TE modes), (3.2)

Hφ = N
(
1 + δ

r

a
cos φ

)−1/2
Ψ(r, φ)e−jmθ (TM modes), (3.3)

where N is a normalization constant obtained from the condition of unit power flow. TE

modes are defined by ~E = φ̂Eφ, Er ' 0, Eθ ' 0 and TM modes are defined similarly as

~H = φ̂Hφ, Hr ' 0, Hθ ' 0. As stated before, the mode field cannot be separated in the

coordinates (r, φ) which is different from the case of microsphere resonators. The intrinsic

propagation constant β is defined as,3

β ≡ m

R
=

m

Rp − a
. (3.4)

Similar to the case of microsphere resonators, this propagation constant can be thought as
2It will be shown later that this intrinsic propagation constant β should be updated to a modified

propagation constant βe by an iterative procedure in order to improve the accuracy of the modeling.
3Note that the major radius R is used in defining the intrinsic propagation constant β. For a spherical

microcavity, the sphere radius R0, which corresponds to the principal radius Rp of the toroidal microcavity,
is used. This discrepancy will be resolved with the definition of the modified propagation constant βe in the
following sections.
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the wave vector in the net direction of propagation. However, for a more precise character-

ization of the cavity modes, this should be updated to a modified propagation constant βe,

as will be clear later in this chapter. The objective of the following section is to derive the

cavity mode field in terms of the expansion parameter and to show the actual cavity field

modes as the mode number changes.

3.2 Properties of toroidal microcavity resonators

Using the scalar wave equation expressed in local toroidal coordinates as introduced in the

previous section, a perturbational approach similar to the one given in [44], i.e., a power-

series expansion can now be applied to provide analytic approximate solutions to the mode

field in the toroidal microcavity.4

3.2.1 Cavity mode field

The intrinsic propagation constant β is quantized to sets of discrete values (given by az-

imuthal mode number m) and the spacing between adjacent βs is determined by the major

diameter of the toroid. If the inverse aspect ratio δ is very small (δ = a/R < 0.1), the error

made by approximating the cavity mode field patterns using the second order expansion for

a wave function will be quite small in subsequent characterization.To increase the accuracy

of the results and to use a wider range of minor diameters, the cavity mode field can be

expanded further to include higher orders terms. Making use of the perturbation expansion,

we can set the wave function:

Ψ =
∑

j=0

δjΨ(j). (3.5)

Truncating the wave function expansion up to the second order and inserting it to the

transform equation (3.2), the electric field can be expressed as,5

~E = φ̂N
(
1 + δ

r

a
cos φ

)−1/2
{Ψ(0)(r, φ) + δΨ(1)(r, φ) + δ2Ψ(2)(r, φ)}e−jmθ, (3.6)

4In the original paper written for a bent optical fiber [44], the propagation constant β is also expanded
as β2 = β2

(0) + β2
(2)δ

2. However, this makes the cavity field expression more complicated when the desired
order of perturbation theory becomes larger. Therefore, in this chapter, different approach has been taken
to modify the propagation constant with the iterative method.

5Without any loss of generality, only TE mode will be considered in this chapter. However, this method
can be applied to TM modes in the same way.
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where N is the (power) normalization constant that can be obtained by the volume integral

of the squared electric field divided by effective equatorial path length 2πRe.The scalar wave

equation for each order is given by,

DΨ(0) (r, φ) = 0, (3.7)

DΨ(1) (r, φ) = −2β2
( r

a

)
cosφ Ψ(0) (r, φ) , (3.8)

DΨ(2) (r, φ) = −2β2
( r

a

)
cosφ Ψ(1) (r, φ) +

[
3β2

( r

a

)2
cos2φ − 1

4a2

]
Ψ(0) (r, φ) , (3.9)

where the differential operator D is given by,

D ≡
[

∂2

∂r2
+

1
r

∂

∂r
+

1
r2

∂2

∂φ2
+
(
k2n2 − β2

)]
. (3.10)

After solving the wave equations of each order, the electric fields inside/outside the trans-

verse toroidal plane can be obtained by substituting the following wave functions into the

equation (3.6) for the mode number (q, l, m) = (q, 0, m):

Ψ(0)
in (ξ, φ) =

J0(uξ)
J0(u)

, (3.11)

Ψ(0)
out(ξ, φ) =

K0(wξ)
K0(w)

, (3.12)

Ψ(1)
in (ξ, φ) = 2(βa)2uξ2 J1(uξ)

J0(u)

[
A0

ξ2
− 1

4u2

]
cos φ, (3.13)

Ψ(1)
out(ξ, φ) = 2(βa)2wξ2 K1(wξ)

K0(w)

[
B0

ξ2
+

1
4w2

]
cos φ, (3.14)

Ψ(2)
in (ξ, φ) = − 1

8u

J0(uξ)
J0(u)

+
J1(uξ)
J0(u)

{
− ξ

8u
+ (βa)2

ξ3

4u
+ (βa)2

ξ

4u

[
ξ2 + 4A0(βa)2

]
cos 2φ

}

+
J2(uξ)
J0(u)

{
C0 −

(βa)2ξ2

4u2
− A0(βa)4ξ2

2
+

(βa)4ξ4

16u2
+
[
D0 −

A0(βa)4ξ2

2
+

(βa)4ξ4

16u2

]
cos 2φ

}

−(βa)4ξ3

24u3

J3(uξ)
J0(u)

, (3.15)

Ψ(2)
out(ξ, φ) =

1
8w

K0(wξ)
K0(w)

+
K1(wξ)
K0(w)

{
ξ

8w
− (βa)2

ξ3

4w
− (βa)2

ξ

4w

[
ξ2 + 4B0(βa)2

]
cos 2φ

}

+
K2(wξ)
K0(w)

{
E0 −

(βa)2ξ2

4w2
+

B0(βa)4ξ2

2
+

(βa)4ξ4

16w2
+
[
F0 +

B0(βa)4ξ2

2
+

(βa)4ξ4

16w2

]
cos 2φ

}

+
(βa)4ξ3

24w3

K3(wξ)
K0(w)

, (3.16)
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where ξ = r/a denotes the normalized radial coordinate, A0 and B0 are the constants given

by
[

2
w

K1(w)
K0(w) + 1

]
/
(
4u2
)

and
[

2
u

J1(u)
J0(u) − 1

]
/
(
4w2

)
respectively (these constants are obtained

by matching tangential electric fields at the surface between the toroidal microcavity and

the surrounding material), C0, D0, E0, and F0 are the constants similarly obtained, u and

w are the normalized toroidal microcavity parameters (u2 + w2 = v2 where v is the v-

parameter defined similarly for the case of weakly guiding fibers), Jj denotes the Bessel

function of the jth order, and Kj denotes the modified Hankel functions of the jth order.

For higher modes with l ≥ 1, the cavity mode field can be obtained similarly. For TE

modes, the magnetic field is then given by,

~H = i
1

ωµ
∇× ~E = i

1
ωµ

∇×
(
φ̂Eφ

)
. (3.17)

After evaluating the above expression in the local toroidal coordinates, the tangential mag-

netic field is given by,

Hθ =
[
1
r

+
∂

∂r

]
Eφ. (3.18)

Matching Hθ at the toroidal microcavity surface, r = a, gives the following characteristic

equation for TE modes. The normalized toroidal microcavity parameters u and w can be

obtained by solving the following characteristic equation:

u
J1(u)
J0(u)

= w
K1(w)
K0(w)

(TEq0m mode), (3.19)

where u = a
√

(nk)2 − β2 and w = a
√

β2 − (n0k)2. With this characteristic equation along

with the quantization of the intrinsic propagation constant β = m/R, rough estimates of the

resonance wavelengths and the FSR can be obtained from the equation (3.19). However, for

a more precise prediction of the cavity mode field and the resonance wavelengths, an itera-

tive modification of the intrinsic propagation constant and normalized toroidal microcavity

parameters is required using the following modified characteristic equation:

ue
J1(ue)
J0(ue)

= we
K1(we)
K0(we)

(TEq0m mode), (3.20)
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where ue = a

√
(nk)2 − β2

e , we = a

√
β2

e − (n0k)2, and βe is the modified propagation con-

stant. For this purpose, an effective radial coordinate re and an effective radius Re of the

toroidal microcavity is defined as follows:

re ≡ a

∫∫
ε| ~E|2ξ2cosφ dξdφ∫∫

ε| ~E|2ξ dξdφ
, (3.21)

Re = R + re = R

(
1 + δ

∫∫
ε| ~E|2ξ2cosφ dξdφ∫∫

ε| ~E|2ξ dξdφ

)
. (3.22)

After obtaining the effective radius Re with the intrinsic propagation constant β, the reso-

nance wavelength (including the normalized toroidal microcavity parameters, u and w) is

updated with the modified propagation constant βe and the modified characteristic equation

(3.20). The modified propagation constant βe can be obtained by projecting the intrinsic

propagation constant to the effective radius Re [46]:

βe = β
(
1 +

re

2R

)−1
= 2β

(
1 +

Re

R

)−1

. (3.23)

After several iterations with the equations (3.20)–(3.23) and the field expressions (3.11)–

(3.16), all the related parameters converge rapidly to the constant values including the

resonance wavelength.6 An asymptotic formula for the modified propagation constant βe

for the fundamental TE mode is found empirically:7

βe '
2π

λ



n − (2 − n)

[
1 + ζ

(
a

λ/n

)2
]−1



 , (3.24)

where ζ = 6.8288 gives a very good estimate on the modified propagation constant βe.

With a test fitting in the wavelength band of 850 and 1550 nm, the error was found to be

below ∼1% for the toroidal microcavity with principal diameter ranging from 40 to 80 µm.

Figure 3.2 shows a mode index (ne = βe/k) of the fundamental TE mode as a function of

minor radius (equation (3.24)). It is worthwhile to note that the principal diameter has
6The convergence takes two to four iterations for the examples given in this chapter to give a relatively

small error.
7This empirical expression is especially useful for the cavity mode field evaluation. With this empirical

formula, the cavity mode field at the specified resonance wavelength can be directly obtained without the
iterative procedure.
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Figure 3.2: The mode index (ne = βe/k) of the fundamental TE mode as a function of minor
radius. The iteration method gives a slight variation in mode index due to the change in
actual resonance wavelengths (∼1550 nm) for different minor diameters.

a negligible effect on the evaluation of the modified propagation constant for the case of

Rp/λ � 1.

Figure 3.3 shows the normalized squared cavity mode field (fundamental TE mode with

(q, l) = (0, 0)) calculated from the iterative perturbation theory for a toroidal microcavity

with minor/principal diameter of 3/60 µm along with a theoretical prediction provided by

a finite element method (FEM) simulation. An excellent agreement between the numerical

and the semianalytic evaluation can be confirmed. It can be seen that a peak of the cavity

mode field shifts toward outside due to the curvature of the geometrical boundary. As the

radial mode number q increases, the amount of peak-shift generally decreases compared to

that of a fundamental mode and the number of squared cavity mode field maxima in the

equatorial plane increases as 2q + 1 (Figure 3.4). Figure 3.5 shows the normalized squared

electric field in the equatorial plane for the fundamental (q, l, m) = (0, 0, 107) and the higher

order mode (q, l, m) = (1, 0, 91). The resonance wavelengths are chosen to be near 1.55 µm
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Figure 3.3: The normalized squared cavity mode field (fundamental TE mode with (q, l)
= (0, 0)) calculated from iterative perturbation theory for a toroidal microcavity with mi-
nor/principal diameter of 3/60 µm along with a theoretical prediction provided by a finite
element method (FEM) simulation.
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Figure 3.4: The normalized squared cavity mode field (TE mode with (q, l) = (1, 0)) calcu-
lated from iterative perturbation theory.
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Figure 3.5: The normalized squared electric field in the equatorial plane for the fundamen-
tal (q, l, m) = (0, 0, 107) and the higher order mode (q, l, m) = (1, 0, 91). The resonance
wavelengths are chosen to be near 1.55 µm. The principal/minor diameters are 40/3 µm.
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Figure 3.6: Finite element simulations of the resonance spectrum (proportional to the mag-
nitude of squared electric field inside the toroidal microcavity) for a fixed azimuthal mode
number m = 163.

and the principal/minor diameters are set to 40/3 µm. Figure 3.6 shows the finite element

simulation of the resonance spectrum of the TE modes (proportional to the magnitude of

squared electric field inside the toroidal microcavity) for a fixed azimuthal mode number

m = 163. The supported modes for this specific cavity are shown with their mode numbers

(q, l) = (0, 0), (0, 1), (0, 2) and (1, 0), respectively. In this case, the fundamental TE mode

is located at 1549.33 nm and the higher order modes are located at shorter wavelengths.

3.2.2 Resonance wavelength

Resonance wavelengths of a toroidal microcavity and corresponding FSR can be obtained

as described in the previous section for each TE/TM mode using the characteristic equation

along with the iteratively-obtained modified propagation constant βe.8 The free spectral
8For the purpose of resonance wavelength prediction, eigenvalues of the characteristic equation will be

assumed to be real. However, it is worthwhile to mention that the eigenvalues can be complex in general
and the complex-valued eigenvalues will give a simple estimation of the radiative Q-factor [32, 35]. Further
study will be needed to resolve this.
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Figure 3.7: Left: Resonance wavelengths for fundamental TE00m modes as a function of
minor diameter (principal diameter of toroidal microcavity is fixed at 60 µm). Resonance
wavelengths are plotted for two adjacent azimuthal mode numbers m = 157 and 158. Right:
Resonance wavelengths for TE10m modes.
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Figure 3.8: FSR calculated for the fundamental cavity mode m = 157 and 158 as a function
of the minor diameter (the principal diameter of the toroidal microcavity is fixed at 60 µm).

range of the fundamental cavity modes is given by the condition q = l = 0, ∆m = 1 and

similarly for higher order cavity modes. The resonance wavelength shifts towards shorter

wavelengths as the geometry of a spherical microcavity is compressed down to that of a

toroidal microcavity for fixed principal diameter Dp and azimuthal mode number m [13].

The dependency of wavelength shifts on dimension can be intuitively understood by a simple

analogy. After having separated the azimuthal θ-dependence, the problem reduces to that

of a two-dimensional potential well for the confined eigenmodes (effective potential depends

on the difference in the refractive index and the curvature). As the dimension of the toroidal

microcavity (minor diameter) decreases for a fixed principal diameter, the eigenfrequency

spectrum (resonance wavelength) moves toward a higher energy level (shorter wavelength).

This resonance wavelength blue-shift is more pronounced if the minor diameter of a toroidal

microcavity becomes more compressed to a fiber-like geometry due to the presence of addi-

tional confinements from the radial direction. Figure 3.7 shows the resonance wavelengths
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for two adjacent azimuthal mode numbers m = 157 and 158 as a function of minor diam-

eter of the toroidal microcavity (the principal diameter of the toroidal microcavity is fixed

at 60 µm). An excellent agreement in resonance wavelengths is confirmed by comparison

with FEM simulations. Even though the iterative prediction for the resonance wavelength

starts to deviate as the minor diameter becomes larger, FSR of the microcavity still remains

accurate due to the error canceling as shown in Figure 3.8.

3.2.3 Cavity mode volume

The mode volume of a microcavity has substantial impacts on various experiments and

theoretical predictions. On the assumption that the cavity quality factor can be maintained

at the same level,9 smaller mode volume is generally preferred to larger mode volume

for nonlinear optics, Purcell effects, cavity quantum electrodynamics and lasing threshold

reduction in microcavities. The mode volume of a toroidal microcavity can be engineered to

some extents by independently modifying the major/minor diameters (while for spherical

resonators, only the diameter of sphere can be controlled), or by changing the refractive

index of the cavity materials or the polarization of cavity mode field. With the cavity mode

fields obtained by the perturbation theoretic analysis, the mode volume of a microcavity

with small inverse aspect ratio can be calculated in the local toroidal coordinate system

using the definition (2.24) of the cavity mode volume:

V =
1

| ~Emax|2

∫∫∫
ε(r)| ~E(r, φ, θ)|2 (R + rcosφ)r drdφdθ. (3.25)

The semianalytic formula for an electric field (equations (3.6)) can be inserted into the

above expression and can be evaluated numerically. It was previously pointed out that the

mode volume of the toroidal microcavity consists of two major parts, which are fiber-like

contribution for small inverse aspect ratio and sphere-like contribution for large inverse

aspect ratio, respectively [13]. For fiber-like mode volume regime, if the minor diameter

of a toroidal microcavity becomes smaller, the mode volume of the toroidal microcavity

becomes smaller until it reaches its minimum value. Figure 3.9 shows the calculated mode

volume V of the fundamental (q, l) = (0, 0) mode of the toroidal microcavity for small
9For the same Q-factor, circulating intensity inside the cavity is inversely proportional to the cavity mode

volume, Icav ∝ 1/V , see section 2.1.3.
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Figure 3.9: Calculated mode volume V of a fundamental (q, l) = (0, 0) mode of the toroidal
microcavity for small inverse aspect ratio.
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Figure 3.10: Mode volume of higher order modes calculated from the finite element method
and the semianalytic calculations.
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Figure 3.11: Relative geometry and parameters of toroidal microcavity and tapered fiber
used to derive a phase-matching condition.

inverse aspect ratio. The applicability of the iterative perturbation expansion is limited

to the fiber-like and the early transition regime as can be seen in Figure 3.9. Figure 3.10

shows the mode volume of higher order modes calculated from the finite element method

and the semianalytic calculations. For a fixed aspect ratio, it is found that higher order

modes can have a smaller mode volume mode than the fundamental mode especially for

a slightly larger toroidal microcavity. However, the cutoff inverse aspect ratio for higher

order modes is always larger than that for a fundamental mode and it is the fundamental

mode that has a global minimum in the mode volume.

3.2.4 Phase-matching conditions

Phase-matching between the cavity mode and the waveguide mode is a necessary condition

that permits us to effectively couple waves into and out of the microcavity resonators.
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To access all three regimes of coupling (undercoupled, overcoupled, and critically-coupled

regime) with a variation in gap width between the waveguide and the microcavity, phase-

matching is essential (in addition to high enough intrinsic Q-factors of the cavity). From

an intuitive point of view, a simple phase-matching criterion can be written as,

βe = βtaper. (3.26)

Phase-mismatching (i.e., the difference in propagation constants, ∆β), however, is present

even for the toroidal microcavity and the tapered fiber with the same propagation constants

and this is caused by the curved geometry of the cavity. To transform the propagation

constant βe in the curved geometry into the equivalent propagation constant βe,tr in straight

waveguide coordinates (as seen by the straight tapered fiber), the following mapping formula

can be used [46]:

βe,tr '

[
1 − dsep

2Re
−
(

z

2Re

)2
]

βe, (3.27)

where βe is the modified propagation constant obtained by the iterative method. At the

minimum separation between the toroidal microcavity and the tapered fiber, i.e., z = 0,

the effective propagation constant projected onto the axis of straight tapered fiber can be

written (assuming dsep = a− re + af , where af denotes the tapered fiber radius) as follows:

βe,tr(z = 0) '
(

1 − a − re + af

2Re

)
βe. (3.28)

To get a phase-matching condition, the propagation constant βtaper of the tapered fiber

mode HE11 should be solved as a function of the tapered fiber radius af using the following

characteristic equation [47]:

J0(uf )
ufJ1(uf)

= −
(

n2
f + n2

0

2n2
f

)
K ′

1(wf)
wfK1(wf)

+

(
1
u2

f

− R

)
, (3.29)

where

R =



(

n2
f − n2

0

2n2
f

)2(
K ′

1(wf)
wfK1(wf)

)2

+
(

βtaper

nfk

)2
(

1
w2

f

+
1
u2

f

)2



1/2

, (3.30)

uf = af

√
(nfk)2 − β2

taper, wf = af

√
β2

taper − (n0k)2, (3.31)
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Figure 3.12: Phase-matched tapered fiber diameter as a function of the minor diameter for
toroidal microcavities with 40, 60 and 80 µm principal diameter.

where nf denotes the refractive index of the tapered fiber and n0 is the refractive index

of the surrounding. The following transcendental equation should then be solved for a

phase-matched diameter of the tapered fiber:

βtaper(af) =
(

1 −
a − re + af

2Re

)
βe(a). (3.32)

Figure 3.12 shows the phase-matched tapered waveguide diameter as a function of the

minor diameter for fixed toroidal microcavity principal diameters of 40, 60, and 80 µm. For

a very small minor diameter (d < 0.8 µm), the phase-matched tapered waveguide diameter

decreases as the minor diameter of the toroidal microcavity becomes larger. In this regime,

the decrease of the phase-matched diameter is mainly caused by the decrease of the effective

radial coordinate re. For a slightly larger minor diameters, the phase-matched tapered fiber

diameter increases as the minor diameter becomes larger. This increase of phase-matched
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diameter becomes slow due to the slow increase of βe for larger minor diameters. In addition,

it can be clearly seen that the phase-matched fiber diameter increases for larger principal

diameter toroidal microcavity for a fixed minor diameter. However, it should be noted that,

for a larger tapered fiber diameter, higher order tapered fiber modes can be present and

the ideality of coupled cavity-taper system can be degraded.

3.2.5 Radiative Q-factors

The loss of a surface-tension-induced optical cavity consists of several mechanisms, and the

total Q-factor of a toroidal microcavity resonator is determined by the combination of these

loss mechanisms. Among these, the whispering-gallery loss (or the radiative loss), which

is induced by the curvature of open dielectric cavity, can be a dominating factor especially

for small toroidal microcavities.10 In this section, the radiation loss of toroidal microcavity

resonators will be computed using the “volume current method” (VCM). In this approach,

the polarization current density created by the electric field inside the dielectric microcavity

(given by ~J(r, φ, θ) = ε0ω∆ε ~E(r, φ, θ)) acts as a polarization current source, and this induces

a far field (vector potential ~A) by a scalar Green’s function. By calculating Poynting vector

~S from this vector potential, the radiation loss can be calculated. A similar problem, the

radiation loss calculation of a bent optical fiber, has been tackled in many papers [42, 48].

One of these, an approach given by Kuznetsov and Haus [42], can be modified to fit our

current toroidal microcavity geometry. The same approach has also already been shown to

be applicable to the case of microsphere resonators [34]. The radiative Q-factor of a toroidal

microcavity now can be formulated as,11

Qrad ' πn2Re

λZ0

∫
Sr′r′

2sinθ′dθ′
, (3.33)

where Z0 denotes the impedance of the free-space (Z0 ' 377), Re is the effective radius

defined previously, and Sr′ is the magnitude of the Poynting vector in the radial direction
10For a spherical microcavity, the only dimension of interest is the diameter. However, the situation is

slightly different for a toroidal microcavity. Additional compressions in the polar/radial direction increase
radiative loss when compared to the spherical microcavity especially for small inverse aspect ratio δ.

11In this approximation, electric field polarization is assumed to be normal to the equatorial plane. This
approximation is intuitively justified expecially for the fundamental mode, which has a higher field density
concentrated near the equatorial plane, φ � 1. For more accurate calculation, the term related to a norm
of the vector product, |r̂′ × φ̂|, should be included into the equation (3.33) making the expression rather
complex.
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Figure 3.13: Radiative Q-factor for fundamental TE modes of toroidal microcavities with
principal diameters of 40, 60, and 80 µm. The resonance wavelengths were chosen to be
near 1550 nm.

of the spherical polar coordinates used to describe the far field.12 Figure 3.13 shows the

calculated radiative Q-factor for fundamental TE modes as a function of the minor diameter

of toroidal microcavities with principal diameters of 40, 60 and 80 µm. The resonance

wavelengths were chosen to be located near 1550 nm. As can be confirmed from Figure

3.13, the whispering-gallery loss is a sensitive function of the minor diameter. As the size

of minor diameter decreases, the radiative Q-factor decreases very quickly in the regime of

small inverse aspect ratio due to the additional leakage of confined modes, which is induced

by the increased compression in toroidal boundary.
12Primes are used for the spherical polar coordinates.
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3.3 Conclusions

Semianalytic approaches utilizing an iterative method and a perturbation expansion have

been proven to be a valuable approximation to a toroidal microcavity characterization.

The proposed analysis method is in excellent agreement with the finite element simulation

and promises a further expansion possibility for a useful characterization for the toroidal

microcavity with small inverse aspect ratio. Although the solutions given in this thesis are

not fully analytic, an asymptotic expansion or other approximate methods may be able to

give a simpler analytic formula.
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Chapter 4

Nanocrystal Quantum Dot
Microcavity Lasers

Semiconductor nanocrystal quantum dots are versatile building blocks that promise diverse

applications ranging from biological tagging materials, solar cells, and field-effect transistors

to light-emitting diodes [49–53]. Their discrete density of states and enhanced oscillator

strength can also be used to realize ultra-low threshold quantum dot lasers [54–61]. In

this chapter, we demonstrate an ultralow threshold on-chip tapered fiber coupled toroidal

microcavity nanocrystal quantum dot laser with a threshold pump energy below 10 fJ at

room temperature, a factor of 1 million lower than previously reported for strongly-confined,

nanocrystal quantum dot lasers [58].

Reduction of laser threshold can be obtained by leveraging large oscillator strength

gain media with high-quality-factor (Q-factor)/high-spatial-confinement resonator designs.

Along these lines, two, emerging strategies have been pursued and verified as a means to

explore the limits of classical laser performance. In the first, small mode volume (high

spatial confinement) photonic crystal microcavities offering moderate Q-factors are loaded

with epitaxially-grown, self-assembled semiconductor quantum dots (InAs/GaAs QDs) with

impressive results (lasing threshold power of 160 nW at 4.5 K) [62]. In the latter, dielectric

microsphere resonators capable of high-Q performance with moderate spatial confinement

have been coated with strongly-quantum-confined, semiconductor colloidal dots (CdSe/ZnS

(core/shell) nanocrystals) to also achieve excellent performance (lasing threshold power of

12 µW at room temperature) [58].

As a chip-based microcavity providing Q-factors in excess of 100 million, silica toroidal

microcavity resonators provide both long photon storage times and improved spatial con-
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Figure 4.1: Absorption and photoluminescence spectra of QDs in hexane solution are shown.
Inset: QDs in toluene excited by UV lamp.

finement over microsphere resonators of comparable size [23]. The devices are also fabricated

at lithographically predefined locations on a silicon chip which provides additional bene-

fits over microsphere resonators. Furthermore, with highly-ideal, tapered-fiber coupling,

efficient pumping and laser emission extraction is possible with low insertion loss [25,26].

4.1 CdSe/ZnS (core/shell) nanocrystal quantum dots

CdSe/ZnS (core/shell) nanocrystals having a high photoluminescence (PL) quantum yield

(>50%) are similarly synthesized by the organometallic method as published [63,64]. Mono-

disperse QDs are produced generally within 5% size distribution. Figure 4.1 shows the

typical absorption and photoluminescence (PL) spectra measured by a spectrophotometer

and a CCD spectrometer (PL is measured while CdSe/ZnS QDs in hexane are excited by

a GaN laser). In the subsequent characterization and experiments, CdSe/ZnS (core/shell)

QDs with peak wavelengths in the range of 560-570 nm are used. Typical PL emission from

the QDs has a Gaussian width of 29-33 nm. Inset in Figure 4.1 shows the image of QDs (in



45

Figure 4.2: Scanning Electron Microscope (SEM) images of the QD coated toroidal micro-
cavities. Left: QD solution-coated, center: enlarged view, right: QD sol-gel coated.

hexane) under UV lamp excitation.

4.2 CW excitation of QD coated toroidal microcavity

Ultrahigh-Q silica toroidal microcavities and tapered fiber waveguides are fabricated by

the procedures published earlier [23]. For the subsequent experiments, multimode graded

index fiber (NA = 0.27) with the core size of 62.5 µm is used to make a tapered fiber.

The waist diameter of the tapered fiber center is adiabatically reduced down to around 1

µm allowing pump pulses to be coupled evanescently to the toroidal microcavity. The QDs

are dispersed in toluene or hexane and spincast on toroidal microcavities. Thin, densely-

packed QD films are generally formed on the surfaces of the toroidal microcavities. The

thickness can be tuned down to a QD monolayer by controlling the spincasting condition

and the concentration of QD solutions. Typical QD thicknesses explored in this work were

a few densely-packed layers down to a QD monolayer with ∼0.3% volume fraction. Volume

fraction was estimated from spectrophotometric measurements of the solutions that have

retrieved QDs from the spun-cast wafer surfaces by using a known QD absorption cross

section [65]. Estimated QD numbers in the active region of the toroidal microcavity is then

calculated by assuming homogeneous QD coating on the toroidal microcavity. Figure 4.2

shows scanning electron microscope (SEM) images of the QD coated toroidal microcavities.

As can be seen in the first two images (in Figure 4.2), it is not possible to see any defects

or aggregations induced by spin-coating process within the resolution limit of SEM.

Continuous wave excitation of QD coated toroidal microcavity via a tapered fiber has

been performed and the typical output spectra are shown in Figure 4.3. Whispering-gallery
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Figure 4.3: CW excitation of QD coated toroidal microcavity. whispering-gallery modes
can be identified.

modes can be identified with a corresponding FSR relevant to the size of the toroidal

microcavity used in the experiment. Due to photo-bleaching (photo-oxidation) effect, PL

from the QDs gradually decreased with a time scale from tens of seconds to tens of minutes

depending on the pump power. Figure 4.4 shows the output emission spectra taken at 4

minutes interval. The intensity decrease and the peak emission blueshift confirm the photo-

oxidation effects and corresponding QD size reductions that have been verified by several

references [66,67]. The output power from the QD coated toroidal microcavity as a function

of input pump power shows no threshold behavior within the available power limit of the

pump laser (<50 mW before being coupled to the tapered fiber). The absence of threshold

behavior can be attributed to the high probability of charged QDs with CW excitation.1

1The origin of charging or ionization of QDs is not clearly proven yet. Carrier tunneling and Auger
autoionization are proposed as possible QD ionization mechanisms in [68,69].
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Figure 4.4: PL from the QD coated toroidal microcavity as a function of elapsed time (4
minutes interval). Lines are Gaussian fittings to the observed PL.
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Figure 4.5: Normalized output emission power as a function of input pulse energy at two
different temperatures. Left: liquid nitrogen temperature, right: room temperature.

4.3 Pulsed excitation of QD coated toroidal microcavity

Pulsed excitation is used for all subsequent experiments to avoid Auger-induced or tunneling-

induced ionization of QDs [68,69] as explained in the previous section. In addition, pulsed

excitation is prefered for the stimulated emission to compete with nonradiative multiexciton

Auger recombination [70] in the strongly-confined regime. The excitation pulse is frequency

doubled from the fundamental of a mode-locked Ti:sapphire femtosecond laser having a

pulse width of <100 fs (for the fundamental) and a repetition rate of 80 MHz. Output

emission is collected by a streak camera or a liquid nitrogen-cooled CCD spectrometer.

4.3.1 Free-space excitation

Measurements at two different temperatures are conducted to investigate temperature-

dependent characteristics of QD coated toroidal microcavity lasers. For a low temperature

measurement, QD coated toroidal microcavity is held at the liquid nitrogen temperature

using a cold finger cryostat. Room temperature experiment is performed under ambient
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environment. Figure 4.5 shows typical data for the output emission power as a function of

free-space pump excitation energy (L-L curve) at liquid nitrogen and room temperature.

Threshold pump energy of ∼2.6 nJ has been achieved for a QD cast toroidal microcavity

at liquid nitrogen temperature. The lasing emission is collected by a streak camera. It is

worthwhile to note that the threshold energies are not very sensitive to the temperature

change [70]. This is characteristic of QDs in strong confinement regime and is in contrast

to other epitaxially grown large QDs.

4.3.2 Tapered fiber coupled excitation

Figure 4.6 shows the schematic experimental set up for a tapered fiber coupled excitation

of the QD cast toroidal microcavity lasers. Inset shows a optical microscopy image of a

representative QD cast toroidal microcavity with a minor/principal diameter of 5/60.6 µm

under tapered fiber pulsed excitation. The lasing emission is bi-directionally coupled out of

the cavity (inset) and measured at one end of the tapered fiber either by a streak camera

with time resolution of 20 ps or by a liquid nitrogen cooled CCD spectrometer. From the

optical micrograph, it can be confirmed that the whispering-gallery modes (residing in the

periphery of the toroidal microcavity) are selectively excited by the use of tapered fiber

coupling. Figure 4.7 shows actual experimental setup used in the tapered fiber excitation

of QD cast toroidal microcavities.

To understand the loading conditions affecting pump and signal coupling, we studied

the effect of QD surface coverage (i.e., volume fraction) on the total intrinsic Q-factor of the

toroidal microcavity. The intrinsic Q-factor will be affected primarily by QD absorption at

a particular wavelength as well as scattering caused by the discrete nature of the QDs as

dielectric nanoparticles (Q−1
0 = Q−1

abs + Q−1
scatter). Figure 4.8 shows the theoretical intrinsic

Q-factors (based on measured absorption and scattering parameters) for two differentT

densities. The QD absorption-limited Q-factor can be calculated once the mode intensity

profile is known with the physical dimension of the toroidal microcavity. The Q-factor in

the absence of QDs is assumed to be in excess of 100 million (The adsorbed water molecules

or OH− on the surface have a negligible effect on Q-factor at the visible wavelength [2]).

At wavelengths well above the absorption band of the QDs, the Q-factor is QD scattering

limited as illustrated (Q−1
scatter ∝ λ−7/2). However, at the pump wavelength the Q-factor is
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Figure 4.6: Schematic experimental setup of a tapered-fiber-coupled, toroidal-microcavity,
nanocrystal QD laser. Pump pulses are coupled to the microcavity and lasing pulses are
bidirectionally emitted through the tapered fiber. Pulse repetition rate is 80 MHz and
pump wavelength is 388 nm. The output emission is collected either by a streak camera or
by a high-resolution, liquid-nitrogen-cooled, CCD spectrometer. Inset: optical micrograph
of QD cast toroidal microcavity laser.
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Figure 4.7: Experimental setup for tapered fiber excitation of a QD coated toroidal micro-
cavity. Inset: image taken by a digital camera while the sample is excited via the tapered
fiber coupling.
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Figure 4.8: Theoretical total intrinsic Q-factors for two different surface coverages of QDs
on a toroidal microcavity (circle/rectangle : high/low coverage). QD scattering-limited Q-
factors (dot/dash-dot : high/low coverage) and absorption-limited Q-factors (solid/dash :
high/low coverage) are also shown.

absorption limited and estimated to be in the range from 2×104 to 3×106 depending on

the coverage density. The following equation is used to estimate the QD absorption-related

Q-factors:

Qabs =
2πnref

λσQD(λ)

∫ 2π
0

∫∞
0 I(r, φ)rdrdφ

∫ 2π
0

∫∞
0 I(r, φ)n(r, φ)rdrdφ

, (4.1)

where σQD(λ), n(r, φ), and I(r, φ) are QD absorption cross section [65], QD concentra-

tion, and normalized mode intensity pattern of the toroidal microcavity, respectively. The

measured intrinsic Q-factor at 682 nm is 1.2 × 107 for low coverage density (0.3% volume

fraction). Optimal pump coupling resulted when tapered fiber and toroidal microcavity

were in contact. This arrangement indicates the presence of strong pump-band absorption

provided by the QDs. Furthermore, the absorption-limited pump-band Q-factor is so low

so as to enable efficient coupling of even short pulses, which themselves are spectrally broad
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Figure 4.9: Single mode and multimode lasing spectra from tapered fiber coupled torodial
microcavity QD lasers. Spectra are integrated over a time window of 50 ps after each pulse
excitation. Left: Single mode lasing spectrum, right: Multimode lasing spectrum.

(for toroidal cavities used here, there exist many higher-order modes at the pump wave-

length in addition to the fundamental pump mode and the presence of these modes with low

Q-factors can result in an improved coupling). Depending on the sample, both single mode

and multimode lasing have been observed. Representative single mode lasing is shown

in Figure 4.9 (left) with the lasing peak at 579 nm. Figure 4.9 (right) shows a multimode

spectrum. The streak camera image of the output emission corresponding to a multimode

lasing is shown in Figure 4.10. The measured mode spacing of approximately 5 nm is larger

than the next-nearest neighbor spacing (∼1 nm) and is consistent with spectral hole burning

in the gain distribution [71]. The mechanisms responsible for single mode versus multimode

oscillation in this system are still under investigation. The lasing spectra are obtained by

integrating 50 ps windows after each excitation pulse. Through control experiments, the

broad background emission (>600 nm) originates from the defects within the silica fibers

(Figure 4.11) and those defects are believed to result from the tapering (heating) process by

hydrogen flame. As can be seen from Figure 4.11, tapered fiber emission peak is located at
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Figure 4.10: Streak camera image of output emission intensity corresponding to a multimode
lasing case in Figure 4.9.
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Figure 4.11: Tapered fiber emission without QD coated toroidal microcavity. Strong pho-
toluminescence is observed under pulsed excitation.

∼650 nm. This tapered fiber emission adds a noise background to the measured lasing spec-

trum. For comparison to the free-space pumping case, Figure 4.12 (a) shows an LL curve

measured using a tapered-fiber coupled QD laser at room temperature with other conditions

kept identical to the free-space pumping experiment. Decay lifetime is recorded at various

pump energies along with processed CCD images of the QD cast toroidal microcavity lasers

(Figure 4.13). The processed CCD images illustrate the actual whispering-gallery mode

traces in the toroidal microcavity and are more clearly shown for the case of low energy

excitation due to the saturated response of the CCD pixels at higher pulse energy. As can

be clearly seen in these decay curves, at even low pump energy of around 5.3 pJ (which is

still above the threshold) the biexitonic decay can be identified showing the effectiveness of

toroidal microcavity QD lasers. All the curves can be fitted with two exponentials having

definite lifetime of 3.7 ns and 70 ps each corresponding to an excitonic and a biexitonic

lifetime. A threshold energy (∼1 pJ, in the left panel) is measured (Figure 4.12 (a)), and

this represents a reduction by a factor of ∼2600 when compared to the free-space excitation
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Figure 4.12: Output emission powers for three different QD concentration samples. (a)
LL curve for a QD coated toroidal microcavity laser having ∼ 2 × 105 QDs in the active
region. (b) LL curves for lower density QD toroidal microcavity lasers having ∼ 2 × 104

and ∼ 2× 103 QDs in the active region. (c) Magnified graphs showing the area enclosed by
doted line in Figure 4.12 (b)

case. This reduction of threshold energy can be explained by efficient and direct delivery

of pump energy to the QD gain region as compared to the free-space excitation, in which

case, pump pulse is not coupled efficiently to the toroidal microcavity. The following simple

formula on the average number of excitons can be qualitatively used to describe foregoing

arguments [72]:

〈Nex〉 =
σλ

hc

Epulse

A
, (4.2)

where σ is the absorption cross section at the pump wavelength, λ is the pump wavelength,

h is the Planck constant, c is the speed of light, Epulse is the input pulse energy and A is the

effective area of the excitation. For the case of free-space pumping, the effective area A is on

the order of a few thousand µm2 to excite the whole area of toroidal microcavity. However,

the effective area is on the order of a few µm2 with the tapered fiber coupling. Therefore,

from equation (4.2), to generate the same number of excitons, orders of magnitude lower

pump energy will be needed for a tapered fiber coupling than for a free-space pumping.

We next studied the effect of reducing the number of QDs in the active region of the

toroidal microcavity on the threshold energy. By decreasing the number of QDs in the
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Figure 4.13: Time-resolved decay measured by a streak camera for a high density toroidal
microcavity laser.
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active gain region, two benefits can be obtained. First, the cavity Q-factor is increased by

reducing QD-related contribution to scattering/absorption loss (Figure 4.8) and this in turn

reduces the required optical gain to achieve threshold condition. Second, and most impor-

tant, the transparency condition is lowered in proportion to the numeric reduction in QDs

within the gain region. Concerning this latter effect, the threshold pump energy consists

of a transparency component and a gain component. Optimization of threshold therefore

requires a balance of these two components that can be achieved experimentally through

variation of the QD number. Using a simple semiconductor laser theory, the threshold

pumping rate can be expressed as follows:

Rth =
1

τQD

(
NQD +

1
Bτp

)
. (4.3)

The first term is related to the total concentration of QDs in the active gain region and the

second term is inversely proportional to the cavity photon lifetime. With the assumption of

relatively high Q-factor, the contribution from the second term is negligible in the high Q

laser systems. Therefore, the lasing threshold will be approximately proportional to the QD

numbers in the active gain region. To test this scaling rule for an optimum threshold, two

other samples having a decreased number of QDs (Figure 4.12 (b) and (c)) were measured.

Threshold pump energies of 42.4 fJ and 9.9 fJ are obtained respectively for ∼20000 and

∼2000 QDs within the active region. In Figure 4.14, the measured threshold pump energies

are plotted as a function of the estimated number of QDs in the active region (volume

fraction in the active gain region). For comparison, the theoretical lower bound on threshold

energy provided by the transparency condition is also plotted.2

4.4 Conclusions

These observed improvements in laser threshold demonstrate the effectiveness of colloidal

QDs as a tool to explore the limits of laser performance in the strongly confined regime,

and, in addition, the utility of tapered fiber coupling to a high-Q toroidal microcavity.

From a fundamental viewpoint, the measurement of 9.9 fJ is a record low threshold for
2This condition is given by the amount of input energy required to achieve the transparency condition,

i.e., generating a single exciton in each QD when averaged.
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Figure 4.14: Threshold energy as a function of estimated number of QDs in the active gain
region of the toroidal microcavity. Theoretical transparency condition is plotted along with
experimentally measured threshold energies.

strongly-confined QDs and is close to the transparency bound for operation in this regime.

Significantly, this result is obtained for room temperature operation, a result of using the

strongly confined quantum dot lasing medium. Ultralow threshold pulse energy operation

of these devices may create new avenues for optical switching technology where low pulse

energy consumption is important. More generally, the ability to coat microresonators on a

chip with semiconductor nanocrystals opens up use of other nanocrytal surface functional-

izations for operation in the visible/infrared or potentially for sensing applications.
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Chapter 5

Erbium-Implanted Toroidal
Microcavity Lasers

Among the practical applications of ultrahigh-Q microresonators, rare-earth doped micro-

cavity lasers have been successfully demonstrated in recent years. These include whispering-

gallery-type microsphere lasers doped with neodymium, erbium and ytterbium-sensitized

erbium [20–22,73–77]. For the case of a neodymium-doped microsphere laser demonstrated

by Sandoghdar et al. [20], the (absorbed) threshold power was as low as 200 nW. Using

the chip-based toroidal microcavities, a novel sol-gel coating technique was applied recently

to fabricate erbium-doped toroidal microcavity lasers on a silicon chip [78]. In addition

to the advantages in fabrication, these devices provide improved spectral performance as

compared to microspheres owing to their reduced modal spectra [23, 78]. In particular,

single mode operation was possible in these devices. As a complementary method of gain

functionalization that is more compatible with standard VLSI processing, we have recently

demonstrated erbium-implantation based toroidal microcavity lasers [79]. For both types

of erbium-doped resonators (made by sol-gel processing or implantation), the internal dy-

namics and the dependence on cavity loading between the waveguide (tapered optical fiber)

and the microcavity have not been thoroughly investigated. In this chapter, we used the

ion implantation method to incorporate erbium ions into ultrahigh-Q toroidal microcavi-

ties and study in detail various lasing characteristics when these devices are coupled to a

tapered optical fiber for excitation. In addition, experimental results are correlated with

modeling of devices to understand the limits of performance as well as the basic lasing

mechanisms. Using samples of varying sizes and erbium ion concentrations, the minimum

threshold power was shown to be as low as 4.5 µW and the highest output power was
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measured to be 39.4 µW. A maximum unidirectional slope efficiency of 5.5% was observed.

Lasing wavelength control between adjacent whispering-gallery modes was demonstrated

and explained by a cavity-loading-induced change in the upper state population of erbium

ions. The remainder of this paper is organized as follows. In section 5.1, we present a de-

tailed description of erbium-doped high-Q toroidal microcavity lasers using coupled-mode

formalism. In section 5.2, we briefly illustrate the fabrication process used to create the

erbium-implanted toroidal microcavities. In section 5.3, we investigate experimentally the

performance of erbium-implanted toroidal microcavity lasers and compare these experimen-

tal results with the proposed analysis. Finally, in section 5.4, we conclude and discuss future

research directions.

5.1 Analytic modeling

The analysis is based on the coupling-of-modes formalism for the resonator coupled to an

external waveguide [16, 26, 30, 80, 81] with the addition of gain (or loss) terms from the

excited erbium ions. Considering two resonant modes at the pump and (lasing) signal

wavelengths in the microcavity along with the pump wave coupled into the resonator from

the waveguide (Figure 5.1 shows the graphical rendering of the toroidal microcavity-tapered

fiber system), the basic coupled equations of motion for the pump and signal field can be

written as follows:
das

dt
= − 1

2τs
as + gsas, (5.1)

dap

dt
= − 1

2τp
ap − lpap + jκpsp, (5.2)

where as, ap are internal cavity fields at the signal and pump wavelengths (|as,p|2 is nor-

malized to the energy in the cavity; and counter-rotating field coupling induced by surface

inhomogeneity is not included in this analysis), τs,p are cavity photon lifetimes at signal

and pump wavelengths (which include passive cavity loss mechanisms such as surface scat-

tering, absorption and waveguide coupling [2, 26, 82] but exclude the gain/loss caused by

the erbium ions), gs, lp are intracavity gain (or loss) coefficients depending on the mode, κp

is the amplitude coupling coefficient between the resonator and the waveguide pump wave

(which is defined as
√

1/τe,p and can be controlled by changing the gap width between the
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Figure 5.1: Graphical rendering of the toroidal microcavity-tapered optical fiber system.
Input/output waveguide (tapered optical fiber) and erbium-doped toroidal microcavity are
shown along with an input pump wave sp and internal cavity fields ap and as.

resonator and the waveguide), and sp is the pump field amplitude in the input waveguide

(|sp|2 is normalized to the pump power in the waveguide). For simplicity, we have used

the slowly varying envelope approximation (SVEA). Competing effects such as coopera-

tive up-conversion of erbium ions, excited-state absorption (pump or signal), pair-induced

quenching [83–85] and the inclusion of spontaneous emission are not considered here. How-

ever, these effects can easily be incorporated analytically into the above basic equations

by including appropriate additional rate terms and their associated rate equations. Mode

splitting due to coupling of counter-rotating waves (induced by inhomogeneity of cavity sur-

faces) [37, 81] is not considered. Under steady-state conditions, the time derivative terms

in (5.1) and (5.2) can be set to vanish, leading to the following two equations (5.3) and

(5.4). The first equation is equivalent to the well-known threshold condition (i.e., cavity

gain should be equal to cavity loss.1) for lasing and the second equation relates the internal

cavity energy at the pump wavelength to the input pump power at the waveguide-resonator
1This is a classical definition of a threshold. For more recent elaboration on the definition of a laser,

see [86].
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junction:

gs =
1

2τs
, (5.3)

|ap|2 =
κp

2

( 1
2τp

+ lp)2
|sp|2. (5.4)

Even though these equations seem to be decoupled from each other, they are in fact coupled

since the erbium upper state population N2 determines both gs and lp as shown below

(equations (5.5) and (5.6)). The intracavity gain and loss coefficients, gs and lp, can be

expressed as,

gs =
c

2ns

[
N2

NT
(αs + g∗s) − αs

]
, (5.5)

lp =
c

2np

[
−N2

NT
(αp + g∗p) + αp

]
, (5.6)

where c is the speed of light, ns, np are the refractive indices at the signal and pump

wavelengths, NT is the average erbium ion concentration, and αs,p and g∗s,p are Giles-

parameters [83,84,87] originally introduced for the modeling of erbium-doped fiber amplifiers

and defined as,

αs,p ≡ Γs,pNTσa
s,p, (5.7)

g∗s,p ≡ Γs,pNTσe
s,p. (5.8)

In these expressions Γs,p is an overlap factor (defined as the dimensionless spatial overlap

integral between the normalized optical intensity distribution and the normalized erbium

ion distribution) at signal and pump wavelengths and σs,p
a,e is the absorption/emission

cross section of erbium ions at signal and pump wavelengths. To fully utilize the simplicity

of Giles-parameters as given by (5.7) and (5.8) for further discussion, it is necessary to

specify the overlap factors in the toroidal microcavities. However, to date, there has not

been a detailed analytic model for the field distribution in the dielectric toroidal resonators.

In addition, the erbium ion diffusion process during the laser reflow process (see Armani

et al. [23] and also section 5.3) is not well known. Therefore, throughout this chapter,

the erbium ions will be assumed to diffuse homogeneously and the overlap factors of unity

(Γs,p = 1) for both signal and pump wavelength will be assumed for the simplicity (on the

assumption that the mode field distribution is well confined in the microcavity). We note
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that the pump wavelength used is in the range 1460-1480 nm and therefore signal and pump

overlap factors will be nearly the same.

5.1.1 Upper state population of erbium ions in microcavity

Combining equation (5.3) with (5.5), the normalized erbium upper state population N2/NT

can be expressed as follows:
N2

NT
=

αs + αpassive
s

αs + g∗s
, (5.9)

where the passive cavity signal loss αpassive
s is defined as,

αpassive
s ≡ c

nsτs
=

2πns

λsQ
passive
T,s

, (5.10)

with Qpassive
T,s the loaded quality factor at the signal wavelength, excluding the effects of

erbium ions. Equation (5.9) is especially useful because it provides a simple relation between

the normalized upper state population in the microcavity and the parameters of microcavity

and erbium ions. It reflects the well-known clamping of the population inversion under

lasing conditions. The normalized upper state population N2/NT is shown in Figure 5.2 as

a function of gap width (cavity loading) and signal intrinsic Q-factor. The calculation is

performed assuming Γs,p = 1, a signal wavelength of 1552.9 nm, erbium ion concentration of

2×1019 cm−3 and a cavity diameter of 50 µm coupled to a phase-matched tapered fiber. In

the highly undercoupled regime (large gap width between the microcavity and the tapered

fiber), the normalized erbium upper state population is determined by intrinsic signal quality

factor and Giles-parameters. For ultrahigh Q-factor, it is set near αs/(αs + g∗s) = 0.39

(determined by Giles parameters and therefore varying with lasing wavelength). At each

preassumed lasing wavelength, a possible minimum N2/NT is defined by αs/(αs +g∗s ) below

which lasing will not be permitted. As the cavity loading increases (gap width decreases),

the loaded signal quality factor decreases and therefore the normalized erbium upper state

population increases (favoring the possibility of shorter wavelength lasing). It is well known

that the peak gain wavelength [88] and the corresponding lasing wavelength are determined

by the normalized erbium upper state population. In section 5.3, lasing wavelength control

by change of cavity loading will be further examined on the basis of equation (5.9).



65

Figure 5.2: Normalized upper state population of erbium ions N2/NT under condition (5.3)
calculated as a function of gap width (cavity loading) and signal intrinsic Q-factor.

5.1.2 Q-factors at pump and signal wavelengths

In the equation (5.9) for the population inversion, cavity loss αpassive
s at the signal wave-

length is the only variable that can be controlled (after fabrication) by changing the wave-

guide loading of the cavity. This passive cavity signal loss αpassive
s can be expressed using

the loaded Q-factor as in (5.10). In the case of weak coupling between the resonator and

the waveguide, the decomposition of the loaded Q-factor for the passive (i.e., without the

effects of erbium ions) microcavity is given by the following simple form:

1

Qpassive
T

=
1

Qpassive
0

+
1

Qext
, (5.11)

where Qext is the external Q-factor of the microcavity (determined by cavity loading) and

Qpassive
0 is the intrinsic Q-factor originating from loss mechanisms such as cavity surface

scattering, adsorbed surface water, residual OH− impurities, whispering-gallery leakage, and

bulk material absorption loss [2, 82]. For undoped, silica microcavities having diameters

larger than approximately 20 µm and for the wavelength band of interest in this work
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(1400–1600 nm), intrinsic Q-factors are limited primarily by water adsorption and surface

scattering [2,34]. It should also be noted that in the present work, the erbium implantation

process could potentially alter Qpassive
0 by the introduction of absorbing (point) defects

in the ion beam modified silica network structure [89]. Transitions between the ground-

and excited-state manifolds (4I15/2 and 4I13/2) of erbium introduce signal gain and pump

absorption terms as described in (5.1) and (5.2). By extending the definition of Q-factor

to include these effects, the following “erbium-population-inversion dependent” cavity Q-

factors can be obtained:

1
QEr

s

=
λs

2πns

[
−N2

NT
(αs + g∗s) + αs

]

= −λsα
passive
s

2πns

= − 1

Q
passive
T,s

, (5.12)

1
QEr

p

=
λp

2πnp

[
−N2

NT
(αp + g∗p) + αp

]

=
λp

2πnp

[
−

αp + g∗p
αs + g∗s

(αs + αpassive
s ) + αp

]

=
λp

2πnp

(
g∗sαp − g∗pαs

αs + g∗s

)
− nsλp

npλs

αp + g∗p
αs + g∗s

1

Q
passive
T,s

, (5.13)

where equation (5.9) has been used to relate the population inversion to other parameters.

Using these intuitive definitions, the total Q-factors (including the effects of gain/loss from

excited erbium ions) for the signal (lasing mode) and pump wave can be expressed as follows:

1
QT,s

=
1

QEr
s

+
1

Qpassive
T,s

= 0, (5.14)

1
QT,p

=
1

QEr
p

+
1

Qpassive
T,p

=
λp

2πnp

(
g∗sαp − g∗pαs

αs + g∗s

)
− nsλp

npλs

αp + g∗p
αs + g∗s

1

Qpassive
T,s

+
1

Qpassive
T,p

=
1

QEr
0,p

+
1

Qext,p
. (5.15)
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The condition stated in equation (5.14), which is the threshold condition expressed in terms

of Q-factor, suggests that an infinite Q-factor for the signal wave is possible (i.e., perfect

balance of gain and loss). However, the infinite Q-factor is a by-product of neglecting

spontaneous emission in equation (5.1). In reality, this will not be observed because of

the spontaneous emission, which is also responsible for a finite laser linewidth. Beside the

form of equations (5.14) and (5.15) in lasing operation, another interesting regime is the

condition of negligible upper state population inversion (i.e., weak pump condition). The

weakly-pumped intrinsic Q-factors (including absorption both in the pump and the emission

band) are given by setting the population inversion N2/NT to zero in equations (5.12) and

(5.13):

QEr
wp,s '

2πns

αsλs
=

2πns

ΓsNTσa
sλs

, (5.16)

QEr
wp,p ' 2πnp

αpλp
=

2πnp

ΓpNTσa
pλp

. (5.17)

Here, a “wp” subscript denotes that these Q-factors correspond to the weakly-pumped case

(i.e., negligible upper state population).2 Clearly, in the weak pump condition, higher

erbium concentrations will reduce these quantities and, in turn, lower the total cavity Q-

factor. These weakly-pumped intrinsic Q-factors are easily measured in experiments. Their

measurement along with knowledge of basic parameters gives a rough estimate of the erbium

concentration and overlap factor.

5.1.3 Lasing output power

To obtain the output lasing power as a function of input pump power, the upper state

population is first expressed in terms of the internal cavity fields. From the rate equation

for an excited population of erbium ions under steady-state conditions [83, 84, 87], the

following expression results:

N2

NT
=

αs
νs

|as|2
nsV s

m
+ αp

νp

|ap|2
npV

p
m

αs+g∗s
νs

|as|2
nsV s

m
+ αp+g∗p

νp

|ap|2
npV p

m
+ hNT

cτEr,NT

, (5.18)

where V s,p
m are the effective pump and signal mode volumes in the microcavity, h is the

Plancks constant and τEr,NT
is the lifetime of the erbium ions. This normalized upper state

2Roughly speaking, these expressions are obtained by letting N2/NT → 0 in equations (5.12) and (5.13)
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Figure 5.3: Lasing power calculated as a function of input pump power and gap width.

population is equated to its threshold value (assuming lasing condition and population

clamping) from equation (5.9). After simple algebraic manipulation, the following relation

between internal circulating pump and signal energies can be obtained:

|as|2 =
(

νsnsV
s
m

νpnpV
p
m

)
αp(αs + g∗s) − (αp + g∗p)(αs + αpassive

s )

αpassive
s (αs + g∗s)

|ap|2

− NThνsV
s
m

αEr(αs + αpassive
s )

αpassive
s (αs + g∗s)

,

(5.19)

where αEr ≡ ns/cτEr,NT
. To relate these internal field quantities to the fiber-taper coupled

quantities, the internal pump energy |ap|2 is related to the input waveguide power |sp|2

through the following expression (obtained by combining equations (5.4), (5.6) and (5.9)):

|ap|2 =
4n2

pκ
2
p(αs + g∗s)

2

c2
[
(αp + αpassive

p )(αs + g∗s) − (αp + g∗p)(αs + αpassive
s )

]2 |sp|2. (5.20)
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Expressions (5.19) and (5.20) account for both waveguide loading and population-dependent

coupling effects. To convert from internal cavity energy to output lasing power, the internal

energy expression (5.19) is multiplied with κ2
s (PL = κ2

s×|as|2). Figure 5.3 shows the output

lasing power as a function of input pump power for different cavity loading conditions.

Input parameters are the same as for the calculations in Figure 5.2. In addition, a pump

wavelength of 1471 nm and Qpassive
0 = 4×107 are used. As can be seen, the lasing threshold

is a sensitive function of the gap width. The slope efficiency, defined as the differential

output power versus input power, is also strongly dependent on the coupling conditions. In

the next section, we will further discuss the threshold power and differential slope efficiency.

5.1.4 Threshold and slope efficiency

The input (fiber launched) threshold pump power can be obtained directly from equation

(5.19) and (5.20) by setting the internal circulating signal energy to zero and solving for

the required pump power:

|s|2th = NThνsV
s
m

(
νsnsV

s
m

νpnpV
p
m

)(
c2

4n2
pκ

2
p

)

×

[
(αp + αpassive

p )(αs + g∗s) − (αp + g∗p)(αs + αpassive
s )

]2

(αs + g∗s)2

× αEr(αs + αpassive
s )

αp(αs + g∗s) − (αp + g∗p)(αs + αpassive
s )

. (5.21)

It should be noted that the threshold power derived here is a lower limit as modal coupling

of counter-rotating pump waves [37,81], concentration-related quenching, and excited state

absorption are not taken into account. To obtain an expression for the coupled threshold

power rather than input threshold power, it is necessary to account for the power coupled

from the tapered optical fiber into the cavity (assuming perfect ideality [26]). The pump

transmission is given by,

Tp =
∣∣∣∣1 + jκp

ap

sp

∣∣∣∣
2

. (5.22)

This quantity can be easily calculated using equation (5.20) and different cavity loading

conditions can be divided into three characteristic regimes on the basis of (5.22); the three

regimes are overcoupled (0 < Tp < 1, smaller gap width than critically coupled position),
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Figure 5.4: Threshold power as a function of gap width and intrinsic Q-factor.

critically coupled (Tp = 1), and undercoupled condition (0 < Tp < 1, larger gap width

than critically coupled position), respectively. The coupled threshold power can now be

expressed simply as,

P coupled
th = (1− Tp)|s|2th. (5.23)

The differential slope efficiency expression can be derived from equation (5.19) and (5.20)

as follows:

η ≡ dPL

d|sp|2
= κ2

s

(
νsnsV

s
m

νpnpV
p
m

)
αp(αs + g∗s) − (αp + g∗p)(αs + αpassive

s )

αpassive
s (αs + g∗s)

×
4n2

pκ
2
p(αs + g∗s)

2

c2
[
(αp + αpassive

p )(αs + g∗s) − (αp + g∗p)(αs + αpassive
s )

]2 . (5.24)

Figures 5.4-5.6 shows: the input threshold power, the slope efficiency, and the fraction of

coupled input pump power, all as a function of cavity loading (gap width) and intrinsic
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Figure 5.5: Slope efficiency as a function of gap width and intrinsic Q-factor.
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Figure 5.6: Fraction of coupled pump power as a function of gap width and intrinsic Q-
factor.
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Q-factor, calculated using (5.21), (5.24), and (5.22) using the same parameters as in Figure

5.3. Figure 5.4 shows that at a given Q-factor, the minimum threshold power is a sensitive

function of gap width as also shown in Figure 5.3. The threshold increases sharply in the

overcoupled regime (small gap width) due to the sharp increase in cavity loss, and in the

undercoupled regime due to pump-coupling inefficiency from the fiber to the resonator.

For an optimum gap width, the threshold increases for decreasing intrinsic Q-factor. The

slope efficiency (Figure 5.5) reaches ∼100% for very high Q-factor (1010) at an optimum

gap width of ∼0.5 µm. It drops rapidly under over- and under-coupled conditions. This

optimum gap width for the lowest threshold power and highest slope efficiency in Figure

5.4 and 5.5 corresponds to a slightly undercoupled condition, as can be seen in Figure 5.6.

This figure also shows that the critical coupling point (as inferred by the gap width) is

roughly constant for high intrinsic Q-factors and moves towards the microcavity as intrinsic

Q-factor decreases (or Q < 106). This change of critical coupling point is caused by the

variation of intrinsic erbium-related Q-factor (QEr
0,p, defined in (5.15)). As the intrinsic Q-

factor decreases below 107, the intrinsic erbium-related Q-factor becomes independent of

erbium parameters and related only to intrinsic Q-factor, leading to a decrease in critical

coupling gap width. Asymmetries of threshold power, slope efficiency and the fraction

of coupled power with respect to gap width of minimum/maximum value are observed in

Figure 5.4-5.6. These asymmetries result from the lasing condition imposed on minimum

gap width for lasing (maximum achievable gain should be larger than the total round trip

loss), which will be discussed in the next section.

5.1.5 Lasing condition revisited

Equation (5.9) can be used to establish a lower bound for the erbium ion concentration

required to obtain lasing in a cavity with a given passive Q-factor. Taking into account

that the maximum upper state population cannot exceed the total erbium ion concentration

(N2 < NT ) in (5.9),

g∗s > αpassive
s . (5.25)

Equation (5.25) sets the limit on the minimum erbium concentration at fixed passive intrin-

sic quality factor required to overcome loss. Rewriting (5.25) using the constituent relation



74

given by (5.8) and (5.10), the minimum erbium ion concentration is bounded by,

NT >
2πns

λsΓsσe
sQ

passive
T,s

. (5.26)

As an illustrative example, by assuming the parameters discussed above, and a passive

Q-factor of 5 × 107, the erbium concentration should be greater than 7.3 × 1017 cm−3

(0.001 at. %). Under 980 nm pumping nearly complete inversion is feasible and the limits

contemplated in equation (5.26) may be achieved. However, when pumping occurs in the

erbium absorption band at or slightly below 1.5 µm, pump stimulated emission must be

taken into account. A tighter bound on NT is then obtained by following two lines of

reasoning. First, from (5.19), the following inequality is required for positive differential

slope efficiency (i.e., lasing operation):

αp
(αs + g∗s)
(αp + g∗p)

− αs > αpassive
s . (5.27)

For the special case of 980 nm band pumping (at which wavelength the emission cross

section is nearly zero), equation (5.27) becomes identical to (5.25). However, in general

(5.27) is a stricter condition. Inequality (5.27) can also be obtained by setting a limit on

the maximum achievable population inversion in equation (5.9):

N2

NT
<

αp

αp + g∗p
, (5.28)

which is the limit of population inversion when the pump energy is high in (5.18) (i.e., is

near the emission band). Figure 5.7 is a plot of the gap width above which lasing is possible

at a given erbium concentration. Curves are shown for passive cavity Q-factors ranging

from 2 × 107 to 1 × 108. Several features are apparent in the figure. First, for a fixed

passive intrinsic Q-factor, there is a minimum erbium ion concentration required for lasing

action. As the passive intrinsic Q-factor becomes larger, the required minimum erbium ion

concentration decreases. Second, for high erbium ion concentration, the minimum gap width

for lasing decreases and eventually becomes zero (at which tapered fiber and microcavity

contact each other). This characteristic concentration (3.4 × 1020 cm−3, 0.5 at. % in this

case) above which lasing can be observed with zero gap width is independent of intrinsic
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Figure 5.7: Gap width to obtain lasing at a given erbium concentration. Data are shown for
different passive cavity intrinsic quality factor Q

passive
0 in the range from 2× 107 to 1× 108.

Q-factors and determined mainly by erbium parameters and microcavity size parameters.

5.1.6 Dependence on erbium concentration

For the purpose of optimizing the coupled threshold power and differential slope efficiency

as a function of erbium ion concentration, equations (5.21) and (5.24) are evaluated. In

this analysis, cooperative upconversion or ion paring are not taken into account. Instead, to

take into account concentration quenching and subsequent lifetime shortening of the erbium

ions, the concentration-dependent erbium upper-state lifetime τEr,NT
is assumed to follow

the reduction formula (with quenching concentration NQ of 5 × 1020 cm−3 assumed) given

in [90]:

τEr,NT
=

τEr

1 + (NT/NQ)2
. (5.29)

Figure 5.8 shows the minimum achievable threshold power plotted as a function of er-

bium concentration and intrinsic Q-factor. For a given Q-factor, there is an optimal erbium

ion concentration, which gives the lowest input threshold power. The higher the intrinsic
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Figure 5.8: Minimum achievable threshold power plotted as a function of erbium ion con-
centration and intrinsic Q-factor.
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Figure 5.9: Maximum achievable differential slope efficiency plotted as a function of erbium
concentration and intrinsic Q-factor.



78

Q-factor, the lower the optimum erbium concentration. On either side of the optimum con-

centration, the threshold power increases sharply with concentration. The increase on the

low-concentration side is caused by condition (5.27); the increase on the high-concentration

side is caused by concentration quenching, increase in pump transmission (reduced pumping

efficiency, see Figure 5.6) and higher erbium concentration itself. Figure 5.9 shows the max-

imum achievable differential slope efficiency as a function of total erbium ion concentration

and intrinsic Q-factor. At a given Q-factor, the slope efficiency initially becomes larger

as the erbium concentration increases and then becomes smaller beyond a characteristic

erbium concentration of 9 × 1020 cm−3 (∼1.4 at. %). For a given Q-factor > 106, ∼100%

efficiency can always be achieved, provided Q-factor and junction ideality is sufficiently

high. Note that while these calculations do take into account the concentration-quenching

related reduction in lifetime at high erbium ion concentrations, cooperative upconversion

is not taken into account. This effect reduces the effective erbium ion population that can

be achieved at a given pump power. Inclusion of this effect will cause a reduction in the

achievable slope efficiency at given erbium ion concentration and Q-factor.

5.1.7 Mode volume, external coupling efficiency, and size of toroidal mi-

crocavity

The expressions derived in this section can be applied to any erbium-doped laser analysis. In

this paper, the laser cavity corresponds to a toroidal microcavity, and the coupling, both to

and from the toroidal microcavity, is achieved by evanescent-field coupling using a tapered

optical fiber [25, 26, 91]. Because analytic expressions are not available for the coupling

dependence on gap width and mode volume, the present analysis uses values in comparably-

sized microspheres for which there are readily available analytical expressions [34,80]. This

will cause slight differences in the results. For example, the mode volume in a toroidal

microcavity is smaller than that in a spherical cavity of the same diameter [13]. It is an

approximately quadratic function of the major diameter of toroidal microcavity. As the

lasing threshold is linear in mode volume (see equation (5.21)), the lowest lasing threshold

power is expected for small toroids. For very small toroids, however, radiative (whispering-

gallery) loss becomes dominant, and thus the smallest diameter of a toroidal microlaser that

can be practically achieved is determined by a balance between gain (erbium concentration)
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and loss, given a certain available pump power. From a calculation assuming an erbium

concentration of 2.5 × 1020 cm−3 (for which the effects of concentration quenching and

cooperative upconversion are relatively small) and the known size-dependent whispering-

gallery loss [34], it follows that the smallest toroidal microcavity diameter is typically ∼ 15

µm.

5.2 Fabrications of erbium-implanted toroidal microcavities

In this section we present fabrication procedures and structural data on toroidal microlasers

that were doped with erbium by ion implantation. The starting platform for the fabrication

of these microcavities is an intrinsic Si(100) wafer with a 2 µm thick SiO2 film grown by

thermal oxidation. The fabrication consists of five steps involving erbium ion implantation,

high-temperature thermal annealing, photolithography, wet/dry etching and CO2 laser re-

flow/annealing. Erbium ion implantation is performed with 2 MeV erbium ions at fluences

of 1.2×1015, 4.2×1015, and 1.2×1016 cm−2 using a Van de Graaff accelerator. The erbium

doping depth profile was measured by Rutherford backscattering spectrometry and is well

fitted by a Gaussian with a peak depth of 562 nm and a standard deviation of σ = 72 nm.

The peak erbium ion concentrations for the three implant fluences were 0.10, 0.35, and 1.0

at. %, respectively. To optically activate the erbium ions, the implanted wafer was annealed

at 800◦C for 1 hour in vacuum. Our data demonstrate that the 800◦C thermal anneal is

sufficient to restore the silica networks structure, to incorporate erbium ions on optically

active sites, and to reduce the defect density to a low level so that high intrinsic Q-factor

is achieved (see further on). The photoluminescence lifetime at 1.535 µm for the sample

implanted with 4.2× 1015 cm−2, measured after annealing, is 10 ms (See Figure 5.10). This

value is lower than the radiative lifetime of erbium ions in thermally grown SiO2 (17 ms),

which is ascribed to concentration quenching due to resonant energy transfer among erbium

ions followed by quenching at OH− impurity sites. Processing of the implanted wafers into

toroidal microcavities proceeds as described elsewhere [23]. Figure 5.1 shows the graphical

rendering of the toroidal microcavity with tapered optical fiber and the inset in Figure 5.11

shows a scanning electron microscope (SEM) image of a toroidal microcavity (major diame-

ter of 23 µm) used in the experiment. Briefly, after the high temperature annealing process,
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circular photoresist pads (40-100 µm diameter) are created on the erbium-implanted silica

film by standard photolithography. Next, the sample is immersed in buffered HF at room

temperature to remove unpatterned silica. In this way, arrays of circular silica disks are fab-

ricated on the silicon chip. Isolation of the silica disks from the silicon substrate is needed

to prevent unwanted light leakage into the silicon substrate. This is achieved by isotropic,

silicon dry etching using XeF2, leaving silica disks supported by a silicon pillar structures.

Finally, to create ultrahigh-Q toroidal microcavities, the silica disks are selectively reflowed

by irradiation using a CO2 laser (λ = 10.6 µm). As has been demonstrated before [23],

this leads to melting and subsequent collapsing of the silica disk to a toroidal shape, with

limiting dimensions defined by the width of the supporting silicon pillar. Toroidal micro-

cavities made in this way exhibit record high Q-factors for planar devices in excess of 108

and therefore make excellent base resonators for the study of erbium-doped laser struc-

tures [78,79]. To study the effect of laser annealing on the optical properties of the erbium

ions, we measured luminescence decay traces at 1.535 µm for both disk and toroidal micro-

cavities (i.e., both pre- and post-reflow process), and they exhibit similar lifetimes of ∼10

ms [79]. In the following analysis we have assumed that as a result of the laser annealing,

the erbium ions are homogeneously distributed throughout the toroidal volume, at average

concentrations of 6 × 1018, 2 × 1019, and 6 × 1019 cm−3, for the three implant fluences,

respectively (corresponding to concentrations of 0.009, 0.03, and 0.09 at. %, respectively).

5.3 Experiment and characterization

A typical, high-resolution transmission spectrum measured through the fiber coupled to the

erbium-implanted toroidal microcavity (4.2 × 1015 erbium/cm2) is shown in Figure 5.11.

The spectrum was measured by scanning a narrow-linewidth (<300 kHz), tunable (1400–

1500 nm), external-cavity laser across a toroidal microcavity whispering-gallery resonance

and monitoring the transmitted power using a photodetector (125 MHz). The frequency

scanning speed (<100 Hz) of the laser was carefully chosen to satisfy both the quasi-steady-

state condition imposed by the erbium ion decay rate and the maximum scanning speed

condition required for the precise measurement of high Q-factors. To couple light efficiently

in and out of the erbium-implanted toroidal microcavity, a tapered optical fiber (diameter
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Figure 5.10: Photoluminescence spectra of erbium-implanted microresonators before and
after laser annealing (the spectrum for the disk is shifted vertically for clarity). The right
inset shows photoluminescence decay traces measured at λ = 1535 nm for both a disk and
a toroid. The left insets show scanning electron microscopy images of a microresonator disk
and toroid. Scale bars are both 43 µm.
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Figure 5.11: High-resolution whispering-gallery mode spectrum. Inset: SEM micrograph of
a microcavity used in the experiment.

of 1-2 µm) was aligned in the equatorial plane of the toroidal microcavity. Taper fabrica-

tion and coupling characteristics are described elsewhere [25, 26, 91]. The microcavity was

attached to a piezoelectric stage (minimum step size of 20 nm) that allowed for its precise

positioning with respect to the tapered optical fiber. In the spectrum of Figure 5.11, the

laser center wavelength was set to 1411 nm and the resulting loaded Q-factor was 3.9× 107.

To prevent thermal broadening and spectral distortion [92] associated with the high-Q, the

input power was always kept below 10 µW during measurement of the resonance. Because

the measurement was performed in the undercoupled regime (∼79% transmission) and well

below the lasing threshold, i.e., with the major fraction of the erbium ions in the ground

state 4I15/2, the observed linewidth provides a good estimate of the unloaded Q-factor. The

erbium absorption related contribution to Q-factor can be estimated using (5.17) and yields

QEr
0 = 3.25 × 107 (assuming NT = 2 × 1019 cm−3, σa

p = 1 × 10−22 cm2, np = 1.46, and

Γp = 1). It is therefore believed that the measured Q-factor is predominantly caused by the
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Figure 5.12: Measured weakly pumped intrinsic Q-factor (normalized to the pump wave-
length of 1450 nm) as a function of erbium concentration and its linear fit on a log-log
scale. Inset: upconversion luminescence observed in toroidal microcavity with implantation
fluence of 1.2× 1016 cm−2.

absorption of erbium ions. To confirm the inverse relation between weakly-pumped intrinsic

Q-factor and erbium ion concentration given by (5.16) and (5.17), weakly-pumped Q-factors

at three different concentrations were measured as shown in Figure 5.12. A complication

that arises when comparing Q-factors for different resonators is that all resonators have dif-

ferent resonance wavelengths, determined by their slightly different geometry. In order to

compare Q-factors, they have been normalized to values at a wavelength of 1450 nm, using

the known erbium absorption cross-section spectrum [84] as a (inverse) normalization factor.

The line in Figure 5.12 provides the expected inverse relation between Q-factor and erbium

concentration and fits the data well. This further confirms that the measured Q-factors are

dominated by erbium-related absorption. The inset of Figure 5.12 shows a side-view color

optical micrograph of a toroidal microcavity with high doping concentration (erbium ion

fluence 1.2×1016 cm−2, 0.09 at. % average), under high-intensity pumping. Green emission,

resulting from second-order cooperative upconversion between exciter erbium ions is clearly

seen. This green emission was not observed for toroidal microcavities doped at lower er-
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Figure 5.13: Measured lasing power as a function of input pump power for two different
microcavity lasers showing two distinctive regimes of operation (all data are obtained for
toroidal microcavities with a fluence of 4.2 × 1015 cm−2). Low threshold fiber-launched
power obtained from microcavity of 25 µm diameter.

bium concentrations. Figure 5.13 and 5.14 show the measured output lasing power versus

fiber-coupled, input pump power for a microlaser implanted with 4.2×1015 erbium/cm2. To

pump the microlaser, the same laser used to measure the resonance spectrum in Figure 5.11

was tuned to a toroidal microcavity resonance within the absorption band (1460–1480 nm)

of the erbium ions. Input pump power and lasing output power were carefully measured

in order to account for modest amounts of tapered fiber loss. Two sets of measurements

corresponding to two, different toroidal microcavities are presented in Figure 5.13 and 5.14.

These devices illustrate two, distinctive operating conditions (low threshold and high output

power). The order of magnitude difference in threshold powers of these devices is attributed

to the difference in the size of microcavities as well as in the Q-factor. In Figure 5.13, a

threshold power of 4.5 µW is observed for a 25 µm diameter toroidal microcavity (lasing

wavelength of 1591.3 nm and pump wavelength of 1472.1 nm). The pump transmission was

about ∼50% in this measurement so the actual coupled threshold pump power is estimated
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Figure 5.14: Measured lasing power as a function of input pump power for two different
microcavity lasers showing two distinctive regimes of operation (all data are obtained for
toroidal microcavities with a fluence of 4.2× 1015 cm−2). High output power obtained from
microcavity of 50 µm diameter.
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Figure 5.15: Discrete lasing wavelength control by variation of the waveguide-resonator gap
distance (50 µm toroidal microcavity).

to be approximately 2-3 µW. This is, to the author’s knowledge, the lowest threshold power

reported for any erbium-doped laser. In this case, the Q-factor was so high that even at

very low input pump power (<100 µW), thermally induced resonance broadening [92] and

associated increase in pump power transmission (due to a finite frequency scanning range

in experiment) resulted in a saturated output lasing power which prohibited further out-

put power increase. Figure 5.14 shows a measurement with relatively high output lasing

power (unidirectional slope efficiency = 2.6%) measured using a 50 µm diameter toroidal

microcavity. The measured output power was 29 µW and the input threshold power was

116 µW. From a series of experiments on the same microcavity and for different cavity

loading conditions, the highest (unidirectional) output power measured was 39.4 µW and

the highest unidirectional slope efficiency was about 5.5%. The dependence of threshold,

slope efficiency, and lasing wavelength on cavity loading (i.e., the gap width) by the ta-

pered fiber was also investigated. Figure 5.15 contains a series of lasing wavelength scans

under varying loading conditions and illustrates the effect of increased cavity loading on
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oscillation wavelength. This measurement was performed using the same microcavity laser

of Figure 5.14. At large gap width (corresponding to the undercoupled or weakly loaded

regime), lasing at relatively longer wavelengths (1588.6 nm) is observed. As the gap width

decreases (cavity loading increases), the lasing wavelength shifts in discrete steps to shorter

wavelengths enabling us to broadly tune the lasing wavelength by the adjustment of cav-

ity loading. This effect is believed to be due to the cavity-loading-induced change in the

required inversion of erbium ions (equation (5.9)). In particular, as the loading increases

(gap width decreases), and thus loaded Q-factor decreases, the oscillation wavelength must

adjust to shorter wavelengths where the available erbium gain is larger (assuming that the

Q-factors are the same for all the whispering-gallery modes in the erbium gain-bandwidth).

This kind of discrete wavelength tuning was possible only in microcavities of moderate sizes.

For larger cavity diameter (>70-80 µm), and hence smaller free spectral range (FSR), mul-

timode lasing was dominant. For smaller diameters below ∼40 µm, the FSR is so large that

within the erbium gain spectrum only one lasing wavelength satisfies the lasing condition,

at an erbium upper state population determined by the gap width. The input threshold

power and unidirectional slope efficiency were investigated as a function of cavity loading

for two lasing wavelengths 1557.1 nm and 1588.6 nm. Figure 5.16 shows the input threshold

power as a function of gap width between the tapered fiber and the microcavity. In the

undercoupled regime, lasing starts at a relatively long wavelength (1588.6 nm) first with

high threshold due to the small pump coupling. As the gap width decreases the threshold

decreases at first, but ultimately increases abruptly near the gap-distance limit (∼1.1 µm)

defined by the condition (5.27). Eventually lasing at 1588.6 nm can no longer be supported

because the increased cavity loading (and hence reduced Q-factor) cannot be compensated

by the relatively small gain at this wavelength (small emission cross section). As the cou-

pling distance is further reduced, the next lasing line at 1557.1 nm appears and similarly,

the threshold power is observed to increase near the gap-distance limit (∼0.4 µm for this

wavelength). The inset in Figure 5.16 shows the differential slope efficiency as a function

of gap width for the two lasing wavelengths. Starting from the weakly loaded regime, the

differential slope efficiency increases as the cavity loading increases and reaches a maximum,

in quantitative agreement with the calculations in Figure 5.5. The same is observed for the

second lasing line that appears with increased loading. For each lasing wavelength, the
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Figure 5.16: Threshold power as a function of gap width between the tapered fiber and
the microcavity for two sequential lasting modes. Inset: differential (unidirectional) slope
efficiency as a function of gap width between the tapered fiber and the microcavity for the
same lasing modes. The drawn lines are guides for the eyes.
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Figure 5.17: Minimum threshold power achieved from different samples with various erbium
concentrations.

lowest threshold and highest slope efficiency are achieved at the same optimum gap width,

in agreement with Figure 5.4 and 5.5. Figure 5.17 shows the threshold power measured for

toroidal microcavities having three different erbium concentrations. The top axis shows the

erbium concentration assuming erbium ions are homogeneously distributed in the toroidal

microcavity. In each case, multiple measurements were performed on a series of toroidal

microcavities with the same erbium ion fluence, and the lowest measured threshold was

plotted in Figure 5.17. The data show only a weak dependence on erbium concentration.

This, and the absolute values of the measured thresholds, is in qualitative agreement with

Figure 5.8, which shows a weak dependence on concentration in the concentration range

from 7 × 1018 to 3 × 1019 cm3 for an intrinsic Q of 107, typical for our experiments.

5.4 Conclusions

Lasing in erbium-implanted high-Q silica toroidal microcavities coupled to a tapered fiber

has been investigated analytically and experimentally. Threshold powers as low as 4.5 µW

and output power of 39.4 µW are experimentally achieved using differently sized resonators
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and coupling conditions. Controlling the lasing wavelength was possible by changing the

tapered-fiber-microcavity gap width. Formulas predicting various performance metrics such

as threshold power, differential slope efficiency, optimum concentration of erbium ions, as

well as the influence of resonator size and the Q-factors were derived and the calculations

are in good agreement with the experimentally obtained results.
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Chapter 6

Parametric/Raman Toroidal
Microcavity Lasers

Toroidal microcavity resonators have extended the performance of well-known spherical

resonators (including liquid microdroplets) by providing both a simplified resonator spec-

trum and ultrahigh-Q performance on a silicon micro-electronic chip. Like microspheres

they provide a combination of effectively-long-interaction length (high quality factor) and

microscale mode volume so that even weak nonlinear mechanisms, such as stimulated Ra-

man scattering, are observable at only tens of microwatts of input power, which is orders

of magnitude lower than corresponding threshold powers for fiber-based Raman lasers [93].

However, in contrast to microsphere resonators, microtoroids have proven to be more ver-

satile by recently enabling the first demonstration of a Kerr-nonlinearity optical parametric

micro-oscillator (micro-OPO) [17]. Micro-OPOs are more challenging to realize than their

stimulated counterparts as they require both ultrahigh-Q performance and phase-matching

of the underlying nonlinear process. The following two conditions should be met by inter-

acting waves inside the toroidal microcavity:

∆f = 2fp − fs − fi (energy conservation), (6.1)

∆β = 2βp − βs − βi (momentum conservation), (6.2)

where fp, fs and fi are pump, signal and idler mode frequencies, βp, βs and βi are pump,

signal and idler mode propagation constants, respectively. Of the two requirements for

matching (momentum and energy conservation), momentum conservation is intrinsically
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satisfied in microcavities for symmetrically-located signal and idler modes with respect to

the pump mode. This is a natural consequence of the rotational symmetry which yields

a propagation constant βm = 2m/De, where m is an azimuthal mode number and De is

an effective diameter of the light path in the cavity.1 Strict energy conservation, which is

not satisfied automatically due to material and cavity mode dispersion, is relaxed by cross-

phase modulation (and in part by self-phase modulation). The parametric gain bandwidth

Ω gives the amount by which energy conservation can be relaxed in the process [17, 94].

This bandwidth which scales linearly with the pump power and nonlinear coefficient is also

progressively broadened by compressing the minor diameter d (i.e., increasing the aspect

ratio Dp/d where Dp is the principal diameter) of the toroidal microcavity, and thereby,

in turn, the effective cross-sectional area of the mode. Empirically, Dp/d > 15 has proven

sufficient to enable parametric oscillation. However, aspect ratio control is only a necessary

condition and not a sufficient condition for parametric oscillations. In addition to this

geometrical control, cavity loading provided by the waveguide used to couple power both

to and from the resonator (and characterized by a coupling parameter K = Q0/Qe, where

Q0 is the intrinsic quality factor, Qe is the external quality factor) should also be carefully

adjusted. This dependence results because, as noted above, the parametric gain bandwidth

scales with the circulating pump power in the cavity and this power can be controlled,

in turn, by changing the coupling parameter K. Cavity loading variation should be able

to induce transition between parametric and Raman oscillations in a sufficiently phase-

matched silica toroidal microcavity. However, this loading-induced control of OPO and

Raman oscillation has not been verified in previous experiments [17]. In this chapter, we

demonstrate control of oscillation regime (Raman and parametric oscillations) by varying

the cavity loading in a toroidal microcavity of fixed, but sufficiently high, aspect ratio. The

theoretical explanation for the transition of oscillations will be given in conjunction with

actual experiments based on an effective cavity gain theory which includes both the Raman

and parametric contributions.
1Assuming that pump, signal and idler have azimuthal mode numbers m, m + k and m − k, the phase-

mismatch is given by ∆β = 2m/Re − (m+ k)/Re − (m− k)/Re ' 0. Here, the same effective radius Re was
used for simplicity. In reality, there will be a slight phase-mismatch induced by the difference in Re.
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Figure 6.1: Two parametric oscillation spectra measured from the same ultrahigh-Q silica
toroidal microcavity with minor (d)/principal (Dp) diameter of 3.8/67 µm (Dp/d = 17.63 >
15). The two spectra correspond to a different (horizontal/vertical) tapered fiber position
with respect to the toroidal microcavity. Pump wavelength of 1549.2 nm is used for ex-
citation. Insets: SEM micrograph (upper) and theoretical (fundamental mode) intensity
pattern (lower) of the toroidal microcavity used for these spectra.
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6.1 Parametric oscillation in large-aspect-ratio toroids

Figure 6.1 shows two typical optical spectra of parametric oscillations in an ultrahigh-

Q silica toroidal microcavity with minor/principal diameter of 3.8/67 µm (aspect ratio

Dp/d = 17.63). The insets in Figure 6.1 show scanning electron microscope (SEM) images

of the actual toroidal microcavity used in the experiment and the squared electric field

(fundamental TE mode) obtained by a finite element modeling (FEM). The two spectra are

observed under different loading conditions.2 Tapered optical fiber of 1-2 µm diameter is

mounted on a piezo-controlled translation stage having a resolution of 20 nm and used to

couple pump and emission power to/from the toroidal microcavity for the characterization

of quality factors and the output spectrum. This coupling mechanism also enables precise

control of cavity loading through control of the airgap between the taper and resonator. To

resonantly excite the pump mode, a narrow linewidth (<300 kHz), tunable, external-cavity

laser was scanned across the pump whispering-gallery mode at a repetition frequency of

100 Hz. In the upper graph, the signal and idler (including the subsidiary signal and idler

modes) are shifted by one FSR (free spectral range) from the pump mode. However, as can

be seen in the lower spectrum, the lowest threshold signal and idler modes need not be the

most adjacent modes to the pump. In certain cases, signal and idler waves offset by 9×FSR

with respect to the pump mode have been observed within the same toroidal microcavity

of Figure 6.1. All the signal and idler oscillation wavelengths (including the pump mode)

correspond to the fundamental TE modes (which have smaller nonlinear effective mode area

than TM modes: ATE
eff < ATM

eff ) of the toroidal microcavity and the corresponding FSR for

these modes is ∼7.8 nm near 1550 nm. The minimum intrinsic Q-factor throughout the

experiments was 0.7× 108.

6.2 Cavity loading induced transitions

Figure 6.2 illustrates two distinct regimes of operation with respect to frequency detuning,

defined by ∆f = 2fp − fs − fi. These regimes are observable within the same microcavity

by selection of pump wavelength. Frequency detuning, which results from both material
2These two spectra are obtained at different tapered fiber positions relative to the equatorial plane of the

toroidal microcavity.
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Figure 6.2: (a) Transition between Raman oscillation and parametric oscillation in a toroidal
microcavity with larger frequency detuning ∆f ∼ 13 MHz. Cavity loading is different in
each panel and is varied by adjustment of the airgap (wg). Airgap values are referenced to
the critical coupling point (zero). (b) Toroidal microcavity with smaller frequency detuning
∆f ∼ 6 MHz showing parametric-only regimes over a range of loading conditions. As in
(a) cavity loading is controlled by adjustment of the taper-cavity gap distance shown in
each plot and gap values are given relative to the critical-coupling gap distance. Loading
increases in the vertical direction.
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dispersion (in this case, thermally-grown silica) as well as cavity mode dispersion (intrinsic

FSR changes as a function of wavelength), will vary with wavelength and hence with the

pump wavelength. In each graph, input pump power was always fixed below ∼1 mW and

only the cavity loading has been changed by varying the tapered fiber position. In Figure 6.2

(a), the transition from Raman oscillation to parametric oscillation (as the cavity loading

was varied gradually from undercoupled to overcoupled regimes) is clearly demonstrated for

a toroidal microcavity with an estimated frequency detuning of 13 MHz (gap width wg is

plotted relative to the critically-coupled condition: negative and positive values correspond

to over- and undercoupled regimes respectively). This kind of transition from Raman to

parametric oscillation is a clear signature of intermediate to large detuning frequency values

as previously predicted by the minimum threshold selection rule [17]. In contrast to the

large detuning case, we observe only parametric oscillation for another detuning condition

(∆f = 6 MHz) shown in Figure 6.2 (b). These data are consistent with a smaller detuning

frequency [17]. Although not shown explicitly in Figure 6.2, a Raman-only regime can be

observed within the limit of an available pump power from the same toroidal microcavity

using a different pump wavelength (and, presumably, large detuning frequency).

6.3 Quantitative analysis on nonlinear effects in microcavi-

ties

For a semi-quantitative description of the transition between these two oscillation regimes,

the theory of χ(3)-parametric amplification including the competing Raman-effect is adapted

to the toroidal micro-resonator geometry [95]. The undepleted pump-power approximation

is used and relevant parameters for silica are taken from [95]. For simplicity, the imaginary

part of the nonlinear coefficient was assumed to be an odd function of frequency. Figure

6.3 shows the theoretical threshold powers as a function of cavity loading for an ultrahigh-

Q silica toroidal microcavity with minor/principal diameter of 3.8/67 µm. Two different

frequency detuning values, ∆f = 6, 13 MHz, are assumed for the calculation of parametric

oscillation threshold powers. As can be seen in the graph, for small frequency detuning

(∆f = 6 MHz, corresponding to Figure 6.2(a)), the parametric oscillation threshold power

is always lower than the Raman threshold. However, for an intermediate frequency detuning
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Figure 6.3: Theoretical threshold powers as a function of cavity loading (K < 1: under-
coupled regime, K = 1: critical coupling, K > 1: overcoupled regime). Raman oscilla-
tion threshold along with parametric thresholds for two different frequency detuning values
(∆f = 6, 13 MHz) are plotted for a toroidal microcavity with principal/minor diameter of
67/3.8 µm. Intrinsic Q-factor of 108 is assumed for the analysis.
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Figure 6.4: Theoretical plot of a parametric bandwidth (defined as a 3 dB effective gain
bandwidth) as a function of minor diameter for three different input pump powers. Note a
sharp increase in the bandwidth for a larger aspect ratio over ∼15. The inset is a nonlinear
effective mode area for a toroidal microcavity with a principal diameter of 67 µm.

(∆f = 13 MHz corresponding to Figure 6.2(b)), the Raman threshold power is lower than

the parametric threshold in the undercoupled regime (K < 0.37) and becomes higher in the

rest of the coupling condition resulting in a transition to the parametric oscillation. The

empirical condition Dp/d > 15 has also been tested with the effective cavity gain theory.

In Figure 6.4, the parametric gain bandwidth is plotted as a function of minor diameter for

three different input pump powers. As can be seen in this plot, parametric gain bandwidth

increases sharply for a larger aspect ratio exceeding ∼15 thereby confirming the feasibility

of the empirical number given in [17].
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Figure 6.5: Frequency comb generation plotted as a function of input pump power. As the
input pump power increases, higher order signal and idler modes are generated.
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6.4 Frequency comb generation

For a high-Q toroidal microcavity with very small inverse aspect ratio, regularly spaced

frequency comb has been routinely observed due to increased parametric gain bandwidth

(Figure 6.4). Figure 6.5 and 6.6 show such a frequency comb generation in the toroidal

microcavity and the corresponding LL curves. As input pump power increases (P < 1

mW), higher order signal and idler modes are generated. Since the frequency detuning is

generally larger for the signal and idler modes far apart, the higher order signal and idlers

have higher threshold powers than the lower order signal and idlers.

6.5 Conclusions

In conclusion, a cavity-loading-induced transition between Raman and parametric oscilla-

tion in ultrahigh-Q silica toroidal microcavities is demonstrated experimentally and the-

oretically analyzed using a model that incorporates both Raman and parametric effects.

Frequency detuning and cavity loading are shown to play significant roles in the operation

of the microcavity nonlinear oscillator in addition to the previously proven method of as-

pect ratio control. For a toroidal microcavity with large-enough aspect ratio (Dp/d > 15),

it is possible to observe various oscillation regimes ranging from parametric to Raman in

the same toroidal microcavity by direct change of cavity loading conditions or by indirect

change of frequency detuning through adjustment of the pump wavelength.
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Figure 6.6: Frequency comb generation plotted as a function of input pump power. As the
input pump power increases, higher order signal and idler modes are generated.
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Chapter 7

Summary

In this thesis, ultrahigh-Q microtoroid on-chip resonators were investigated as low-loss laser

cavities. First, to gain a better understanding of the cavity itself, basic properties of the

ultrahigh-Q toroidal microcavity were studied. By solving scalar wave equation with a

perturbation expansion, the cavity mode field was expressed in closed form with iteratively-

obtained cavity parameters. The resonance wavelengths of the toroidal microcavity, which

were the solutions of the characteristic equation, were found to be very close to the val-

ues obtained by numerical simulations. Cavity mode volume, phase-matching condition,

external-Q-factor, and radiative Q-factor were all calculated based on the cavity mode field

for a toroidal microcavity with small inverse aspect ratio. The results of the iterative per-

turbation method were in good agreement with those of numerical prediction performed by

finite element method.

In the following chapter, chemically-synthesized nanocrystal, CdSe/ZnS (core/shell),

quantum dots were incorporated onto the surface of ultrahigh-Q toroidal microcavities. By

pulsed-excitation of quantum dots, either through tapered fiber or free-space, pulsed lasing

was observed at room and liquid nitrogen temperature. Use of a tapered fiber coupling

substantially lowered the threshold energy when compared with the case of free-space ex-

citation. The reason for this was attributed to the efficient delivery of pump pulses to the

active gain region of the toroidal microcavity. Further threshold reduction was possible

by quantum-dot surface coverage control. By decreasing the quantum-dot numbers on the

surface of the cavity, two benefits were achieved. The transparency-related component of

the threshold energy decreases and the cavity Q-factor increases thus lowering threshold

energy further down to 9.9 fJ.
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Lasing from an erbium-doped high-Q silica toroidal microcavity coupled to a tapered

optical fiber is demonstrated and analyzed in chaper 5. Average erbium ion concentrations

were in the range 0.009-0.09 at. % and a minimum threshold power as low as 4.5 µW and a

maximum output lasing power as high as 39.4 µW are obtained from cavities with diameters

in the range 25-80 µm. Controlling lasing wavelength in a discrete way at each whispering-

gallery modes was possible by changing the cavity loading, i.e., the distance between the

tapered optical fiber and the microcavity. Analytic formulas predicting threshold power,

differential slope efficiency are derived and their dependence on cavity loading, erbium ion

concentration and Q-factor is analyzed. It is shown that the experimental results are in

good agreement with the derived formulas.

The nonlinear oscillation in the toroidal microcavity is investigated in the next chap-

ter. Especially, a controllable and reversible transition between parametric and Raman

oscillation in an ultrahigh-Q silica toroidal microcavity is experimentally demonstrated and

theoretically analyzed. By direct change of cavity loading and indirect adjustment of fre-

quency detuning, parametric and/or Raman oscillation can be accessed selectively without

modification of cavity geometry in a toroidal microcavity with large enough aspect ratio.

Based on an effective cavity gain theory, this transition is analyzed in terms of cavity load-

ing and frequency detuning leading to a better understanding of the combined effects of

parametric and Raman processes in silica microcavities.
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Appendix A

Tuning of High-Q Toroidal
Microcavities

Ultrahigh-Q optical microresonators represent a distinct class of microcavities [14] with ap-

plications ranging from optical communications and biosensing [19] to fundamental studies

of nonlinear optical effects [15,16,96,97] and cavity quantum electrodynamics (cQED) [12].

Although wafer-scale tuning control has been available for devices operating in the Q regime

below 105, such methods have not been available in the ultrahigh-Q regime, where Q can

exceed 100 million. Nonetheless, there remains keen interest in finding more practical ways

to implement tuning control in this regime [98,99]. In this Appendix, we introduce electrical

control of resonant frequency in an ultrahigh-Q microtroroid by themooptic tuning. The

significance of this result is that this represents the first example of an ultrahigh-Q microres-

onator with “integrated” electrical tuning. By including only two additional processing steps

(lithography and metalization) into the prior fabrication process for the ultrahigh-Q micro-

toroids, electrical control is implemented. The end result is a highly reproducible process

through which chip-based electrically tunable microtoroids with Q-factors in excess of 100

million are fabricated. Furthermore, since the devices themselves are fabricated on a silicon

substrate and significant tuning range at subvolt levels is demonstrated, the integration

of complementary metal-oxide-semiconductor (CMOS) control circuitry with the devices is

also possible. In addition to characterizing the static tuning characteristics of these devices,

we also investigate their dynamic response including the use of a helium ambient atmosphere

to isolate the specific source of the tuning time constant.

The fabrication process with the exception of metalization steps is described in detail

elsewhere [23]. Briefly, it proceeds as follows (see Figure A.1). First, photolithography is
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Figure A.1: Fabrication process flow outline for the tunable microtoroid resonators. (a)
Oxide is lithographically defined and etched leaving oxide disks. (b) Metalization via evap-
oration on both sides of the wafer in order to create the electrical contacts. Ohmic contacts
are formed by annealing in a nitrogen ambient at 500◦C in a tube furnace. (c) The wafer
is isotropically etched using XeF2. (d) The oxide disks are exposed to a CO2 laser in order
to reflow the disks, creating the tunable UHQ microtoroids.

Figure A.2: Scanning electron micrographs of tunable disk and toroidal microresonators.
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performed on a highly p-doped (0.001-0.006 Ω·cm) silicon wafer with a 2 µm thick thermal

oxide. The unexposed photoresist is used as an etch mask during immersion in buffered

HF. These two steps define oxide disks of 100 µm diameter with a 25 µm wide contact hole

concentrically located on the disk. All oxide on the backside of the wafer is also removed. A

second photolithography step is performed in order to define a metal lift-off mask. 1000 Å

of aluminum are thermally evaporated on both sides of the wafer in sequential deposition

steps. The wafer is then immersed in acetone overnight releasing the excess aluminum and

leaving aluminum contacts in the center of the oxide disks as well as the backside of the

wafer. Ohmic contacts are formed by annealing the wafer in a tube furnace at 500◦C in a

nitrogen ambient. The remaining oxide disks act as etch masks during exposure to xenon

difluoride (XeF2) gas at 3 torr. Xenon difluoride isotropically etches the silicon substrate

leaving the perimeter of the silica disk isolated from the higher index silicon. To eliminate

lithographic blemishes along the perimeter of the oxide, each microdisk is orthogonally

exposed to a CO2 laser beam resulting in surface tension induced reflow and formation of

the microtoroid [23]. During this process the central region of the pillar is unaffected and

therefore the aluminum contact remains pristine. The resulting device possesses a surface

finish with near atomic roughness in addition to integrated metal contacts (Figure A.2).

The tuning range and frequency response of the tunable microtroid resonators were

measured in the optical telecommunication band (1550 nm). To create a low resistivity

electrical path, the substrate (now containing an array of microtoroids on one side) was

placed on a metal, electrically-grounded platform mounted to a three-axis stage with a 100

nm step resolution. The stage allowed the substrate to move freely so that the taper wave-

guide could couple to a single microtoroid. Two microscopes were used to simultaneously

image the microtoroid from both the top and side. Optical power was coupled to the disk

using a tapered fiber waveguide [91]. The tapered fiber was formed by stretching a standard

optical fiber (SMF-125) while heating it with a hydrogen flame. As the adiabatic condition

is maintained during the stretching process, the resulting tapered fiber exhibits losses typ-

ically less than 5%. Further details regarding tapered fiber fabrication and properties are

provided elsewhere [25,26]. It should be noted that during characterization of both tuning

range and frequency response the microtoroid and fiber taper waveguide were in contact

to prevent any thermally-induced loading variations. With the taper and microtoroid in
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Figure A.3: Resonance frequency shift versus voltage. The quadratic coefficient is 85.56
GHz/V2.

contact, the aluminum pad on top of the microtoroid is electrically contacted and voltage is

applied while the silicon substrate is grounded. Typical electrical resistance of the devices

were consistently less than 10 Ω. The induced ohmic heating and rise in temperature that

occured in the silicon pillar was thermally conducted to the silica microtoroid, subsequently

increased the temperature of the silica in the path of the optical whispering-gallery mode.

This temperature increase resulted in a frequency shift of the resonant frequencies.

The tuning rate and tuning range were determined by scanning a single-frequency,

external-cavity laser (coupled to the tapered fiber waveguide) across a frequency span of ap-

proximately 50 GHz and in the spectral vicinity of a high-Q resonance. Transmitted power

through the taper was monitored on an oscilloscope during scanning to measure tuning.

With the laser continuously scanning, voltage was incrementally applied to the microtoroid

resonator. Figure A.3 shows an example of a typical tuning curve for a microtoroid res-

onator with a resistance of 7 Ω and tuning rate of 85 GHz/V2. The tuning is plotted against

V2 in order to stress the dependence of tuning on applied electrical power (V2/R).

The frequency response characteristics were measured by first tuning the laser near
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a resonance, and simultaneously a function generator was used to apply a small-signal

sinusoidal modulation voltage. A lock-in analyzer was set up to detect the modulation

induced in the optical power transmission and was referenced to the modulation frequency

of the function generator. The frequency response of the tunable microtoroid resonators in

both air and helium was measured and is plotted in Figure A.4. The measured frequency

response contains features consistent with the existence of a single, low-frequency pole.

There are several possible cooling mechanisms which could account for this single, low

frequency pole. The authors postulate that the primary cooling mechanism should exhibit

a dependence on the coefficient of thermal conduction of ambient atmosphere around the

resonator. To confirm this hypothesis, the frequency response was measured while helium

gas was introduced into the testing chamber. As can be seen in Figure A.4, the corner

frequency doubled in the presence of helium, a result of helium being five times more

thermally conductive than air.

In summary we have demonstrated the ability to electrically tune ultrahigh-Q microres-

onators on a chip. Furthermore, tuning ranges as large as 300 GHz have been observed. The

corner frequency of the tuning process was measured to be 330 Hz in air and is attributed

to thermal dissipation to the ambient. Moreover, an understanding of the cooling processes

associated with the corner frequency was demonstrated by introducing helium into the air

ambient and observing the resulting increase in corner frequency. While not suitable for

high-speed applications, such a device has several important applications. The ability to

tune nearly one full free spectral range makes the tunable microtoroids ideal for use as an

tunable optical filter or as a tunable laser source [36, 78, 100–102] based on the ultrahigh-

Q properties. Tuning is also an essential feature in application of ultrahigh-Q devices to

cQED [12]. Additionally, the ability to detect small change in its ambient surroundings

can lead to applications in both biosensing and gas detection. Finally, tunable microtoroid

resonators would be well suited for the realization of CROW devices [102].
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Figure A.4: The frequency response of the tunable microtoroid resonators in both air and
helium ambient atmospheres. Inset: a rendered depiction of the tunable microtoroid device
coupled to a tapered optical fiber while being contacted by a metal probe.
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Appendix B

Cascaded Raman Spherical
Microcavity Lasers

Cascaded Raman lasers have been of considerable interest as a means of extending the wave-

length range of existing laser sources. Demonstrations of cascaded Raman (Stokes) lasing

in both fiber-based Bragg grating resonator [93] media and bulk-crystal active media [103]

have been realized. Recently, a microcavity-based Raman laser with an ultrahigh-Q silica

microsphere was demonstrated [15]. In addition to being both compact and efficient, this

device features pump and signal coupling directly to optical fiber, a significant advantage in

practical applications. In this Appendix, we report the first observation to our knowledge,

which can achieve as high as fifth-order Raman lasing with submilliwatt pump powers. To

our knowledge these devices are both the smallest fiber-compatible cascade devices ever

reported and the most efficient in terms of their threshold, exhibiting threshold powers that

are more than 2 orders of magnitude lower than those of cascaded operation of Raman

lasers based on fiber Bragg gratings [93]. The whispering-gallery modes (WGMs) of micro-

spheres fabricated from fused-silica have achieved one of the highest Q-factors (8×109) to

date [82]. Ultrahigh-Q combined with the small mode volume (∼1000 µm3 in this work)

allow resonant buildup of very high circulating intensities, thereby significantly reducing the

threshold for stimulated nonlinear processes. These properties of high-Q WGMs were first

demonstrated in the pioneering work of Qian [104] and Lin [105] concerning nonlinearities

in micro-droplets, including the observation of Raman cascading up to 14th order [104].

However, the required pump power in these experiments was large (typically several watts)

owing to inefficient modal excitation provided by free-space illumination. Modal excita-

tion with fiber tapers, on the other hand, allows excitation of a single WGM with ultralow
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coupling loss [25], thereby drastically improving the overall efficiency while providing con-

venient access to the technologically important fiber-transport medium. As demonstrated

here, the use of tapered optical fibers also allows precise measurements on the higher-order

Stokes waves.

The microsphere resonator modes are modeled as coupled harmonic oscillators with

external input field and nonlinear Raman terms [30,37,80,106]:

da0

dt
= − 1

2τ0
a0 + iκ0s −

ω0

ω1
g1a0|a1|2, (B.1)

daj

dt
= − 1

2τj
aj + gjaj |aj−1|2 −

ωj

ωj+1
gj+1aj |aj+1|2,

(j = 1, 2, ... , N − 1) (B.2)

daN

dt
= − 1

2τN
a0 + gNaN |aN−1|2, (B.3)

where aj is the slowly-varying cavity field amplitude of the jth Stokes wave, τj and gj are

the corresponding photon lifetime [30,37] and Raman gain coefficient (proportional to the

bulk Raman gain coefficient gB
R) [15],1 s is the input pump field amplitude (|s|2 = Pin: input

pump power), and κj is the coupling coefficient [37]. In a steady-state, recursion relations

are obtained where the initial starting term is taken as the (N − 1)th clamped intracavity

Stokes energy. With these recursion relations the intracavity Stokes energies of all orders

in the microsphere can be solved iteratively. Then, even- and odd-order (highest) Stokes

output powers are given by the following expressions where the parameter αj is introduced

for simplicity (defined by αj ≡ 1/(2τj)):

PN = |κN |2|aN |2

=
|κ0|2|κN |2

g2
0

(∑N/2
k=0

αN−2k

gN−2k

)Pin − |κN |2
N/2∑

k=0

αN−(2k−1)

gN−(2k−1)
(N even), (B.4)

PN = |κN |2|aN |2

=
|κ0|2|κN |2

g2
0

(∑(N−1)/2
k=0

αN−2k

gN−2k

)1/2

√
Pin − |κN |2

(N+1)/2∑

k=1

αN−(2k−1)

gN−(2k−1)
(N odd). (B.5)

These equations show that even-numbered, highest-order, Stokes lasing power increases
1The relation between gj and gB

R is given by gj = (λ1/λj)[c
2/(2n2Veff )]gB

R . For simplicity the mode
volume Veff is assumed to be independent of wavelength.
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Figure B.1: Typical emission spectrum of the microsphere cascaded Raman laser. The
pump wavelength is at 976.08 nm. Inset: optical micrograph of a microsphere taper system
used in the experiment.

linearly with input pump power whereas for the odd-numbered case power increases in

proportion to the square root of input pump power. Analysis also shows that for an odd

number of Stokes lasing lines, all of the even-numbered Stokes lines are clamped and vice

versa. From the relation between gj and gB
R , the threshold pump powers for the highest-

order Stokes lasing lines can be derived as follows:

Pth =
π2n2

λ0λ1

Veff

gB
R




N/2∑

k=0

1
QT,N−2k




2
N/2∑

k=1

Qext,0

QT,N−(2k−1)
(N even), (B.6)

Pth =
π2n2

λ0λ1

Veff

gB
R




(N+1)/2∑

k=1

1
QT,N−(2k−1)




2
(N−1)/2∑

k=0

Qext,0

QT,N−2k
(N odd), (B.7)

where n is the refractive index of the microsphere, Qext,0 is the external quality factor at

the pump wavelength and QT,j is the loaded quality factor at the jth Stokes wavelength.

Figure B.1 shows a typical spectrum of a microsphere cascaded Raman Stokes laser ex-
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Figure B.2: Theoretical plot of output Raman Stokes power as high as fourth order.

cited by a tunable, narrow linewidth (<300 kHz), external-cavity laser near the wavelength

of 980 nm. The output Stokes lasing was highly multimode because of the large Raman

gain bandwidth and the small free spectral range (FSR) of the microspheres involved in this

study. To characterize the conversion of power from the pump mode to the higher-order

Stokes lines, the peak output Stokes power was measured while the high-Q resonance at

the pump wavelength was repeatedly scanned with a function generator. The microspheres

tested ranged in diameter from 50 to 60 µm and a fiber taper with a waist diameter of 1-2

µm was used for excitation of the fundamental l = m and near-fundamental whispering-

gallery modes. The loaded Q-factor at the pump wavelength was estimated to be in the

range of 107-108 as determined by linewidth measurement. The inset in Figure B.1 is a

micrograph showing the microsphere tapered-fiber system.

Figure B.2 is a theoretical plot of cascade output powers versus pump power based

on Eqs. (B.4) and (B.5). Here the pump wavelength is 980 nm; the intrinsic Q-factors

for each Stokes wavelength is assumed to be 1.5×108; the microsphere and the fiber taper
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Figure B.3: Stokes lasing powers (first, second, 1550 nm pumping; third, fourth, 980 nm
pumping) versus input pump power. Each data set corresponds to measurements taken
with a different sphere.
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diameters are 60 µm and 1 µm, respectively; and the gap distance between the microsphere

and the fiber taper is set to the critical coupling point (0.253 µm) at the pump wavelength.

The external Q-factors are calculated according to the formula given in [80]. Figure B.3

shows the measured output versus input power relations as high as fourth order. Each

data set is taken when the order presented is the highest order in the spectrum. The data

exhibit the theoretically predicted behavior that odd-numbered lines increase proportional

to the square root of input pump power, whereas even-numbered lines vary linearly with

input pump power (corresponding regions in Figure B.2 are indicated for comparison).

Figure B.3 (upper left panel) also shows the clamped response for onset of a next-order

Stokes laser line. As a general comment, quantum efficiencies in these data sets were

made intentionally low (and thresholds high) by operation in the undercoupled regime.

This enabled more consistent data collection because small changes in the taper-sphere gap

induce a less abrupt power variation in the undercoupled regime than in the overcoupled

regime. In addition, multimode operation of the microsphere laser, particularly at the

shorter pump wavelength, reduced single-line quantum efficiency further. A differential

quantum efficiency (unidirectional) of 6.48% was observed for the first order Stokes lasing

using 980 nm band pumping.

Figure B.4 shows the measured threshold pump power versus taper-sphere gap distance

for several Stokes lines. A single sphere was used for all measurements and the gap distance

was controlled using a piezo motor having a step size of 20 nm. The observed dependence of

the minimum-threshold gap on Stokes order is attributed to a dependence of Qext and Q0 on

wavelength. The external quality factor Qext is dependent on the wavelength through the

phase matching condition (in the experiment, the fiber diameter was controlled to achieve

effective phase match at the pump wavelength). The theoretical fit is made by assuming

the external Q-factor is in the form of an exponential function of the gap distance [80].

The two plots in Figure B.5 show the measured threshold dependence on the Stokes order

for two different microspheres (each plot taken using a single sphere). In this measurement

the loading conditions were optimized for each data point by adjusting the taper-sphere

gap. The asymptotic threshold pump power dependence on the Stokes order (as the Stokes

order increases) can be inferred from Eq. (B.6) and (B.7) to be a cubic function of the

Stokes order, assuming all the loaded Q-factors are the same at each wavelength. The
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Figure B.4: Threshold pump power versus the gap distance for various Stokes orders (sphere-
taper contact location was set at 0 µm).
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Figure B.5: Threshold pump power versus Stokes order and theoretical curve (solid curve)
for two different spheres.
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experimental results in Figure B.5 confirm this cubic dependence; in addition, one point in

this data exhibited a record-low threshold pump power of 56.4 µW for onset of first-order

Stokes lasing (upper panel in Figure B.5). Furthermore, the data show a record threshold for

cascaded operation more than 2 orders of magnitude lower than for fiber Raman cascaded

lasers [93].

In conclusion, we have demonstrated cascaded Raman lasing in an ultrahigh-Q micro-

sphere coupled to a tapered optical fiber. Raman Stokes lasing as high as fifth order was

observed with submilliwatt pump power. The threshold power for the first Stokes line las-

ing was as low as 56.4 µW. Even- and odd-numbered Stokes lasing lines exhibited different

output power versus input pump power relations in agreement with theory. The threshold

power was observed to follow an approximate cubic dependence on the order, as predicted

by theory.
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Appendix C

Fabrication of LiNbO3 Disk
Structures by Layer Transfer
Method

Recently, ferroelectric materials have found extensive application in microelectronics, mi-

croeletromechanical system (MEMS) and electro-optics device applications [107]. Ferro-

electric oxides have been used as modulator, resonator, piezoelectric components, infrared-

detector elements, and as memory elements, as well as in acoustic delay lines, data process-

ing, and microwave tunable devices. In these applications, the integration of ferroelectric

thin films onto planar structures and Si substrate is an important technological issue. Use

of thin film ferroelectric oxide layers can reduce device operating voltages and allow mono-

lithically integrated devices. LiNbO3 is a well known nonlinear optical crystal and has

an extraordinary spontaneous polarization (71 µC/cm2). LiNbO3 optical waveguides also

exhibit unusual physical properties and are of great importance for electro-optic applica-

tions [108,109]. Direct wafer bonding and layer transfer techniques are promising methods

to fabricate high quality single crystal thin films without the need for heteroepitaxial growth

and problems associated with lattice mismatch between silicon substrate and ferroelectric

thin film. Implantation-induced layer transfer processes have been reported for the layer

transfer of Si, InP, Ge and diamond [110, 111]. Recently, layer splitting and transfer of

the ferroelectric materials such as LiNbO3, LiTaO3, KTaO3, SrTiO3 and BaTiO3 also have

been reported by sacrificing wet etching and anodic bonding methods combined with crys-

tal ion slicing (CIS) method [112–117]. However, because of large mismatch of coefficient

thermal expansion (CTE) between LiNbO3 (7.5-14.4×10−6 m/◦C depending on cutting



120

(a) (b)

(c) (d)

CO2 laser

Ion implantation

Figure C.1: Layer transfer process; (a) Ion implantation thorough donor bulk crystal, (b)
wafer bonding process, (c) laser irradiation using λ = 10.6 µm CO2 laser and (d) transferred
layer on Si substrate.

orientations) and Si (2.6×10−6 m/◦C) at high temperature (>400 ◦C), thermal mismatch-

induced stress at the interface of the LiNbO3/Si during the heating and cooling processes

even in direct bonding/layer transfer processes is quite large compared with other material

systems and this complicates layer transfer and bonding processes for the device integration

of the LiNbO3 on the Si. Laser-lift off (LLO) and laser-induced forward transfer methods

have been widely investigated to yield PZT, GaN and Si thin films using an excimer laser

irradiation with inter-metallic bonding layer (PdIn) as the metallic adhesive layer [118–120].

However, for the microphotonic device applications anticipated in this study, LiNbO3 thin

film needs to be directly formed on the Si without any metallic adhesive layer. In this

Appendix, we introduce a novel method, laser-induced layer transfer in conjunction with

ion implantation to integrate single crystal LiNbO3 thin film with silicon.

Figure C.1 represents overall processes. Light ions such as hydrogen and helium are im-
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Figure C.2: (a) Plan-view optical microscope image of transferred LiNbO3 layer on Si, (b)
bulk LiNbO3 crystal with an short laser duration on the bulk crystal point as marked with
A, and (c) layer exfoliate with 500 ◦C annealing of implanted LiNbO3 crystal. Implanted
energy was H+ dose (80 keV) with 5×1016 ions/cm2 and He+ dose (115 keV) with 1×1017

ions/cm2, respectively.

planted into the single crystal LiNbO3 wafer (donor) as shown in Figure C.1(a). The peak

concentration location of ion species can be controlled by the implant energy. An implant

energy of 30 or 80 keV is chosen to achieve an expected H+ peak concentration of ap-

proximately 0.2 or 0.8 µm below the donor wafer top surface. The implanted hydrogen and

helium ions introduce micro-cavities along the peak concentration during the post-annealing

or laser irradiation. The straggle range of ions is approximately 160 nm for hydrogen, which

roughly means a rms roughness of the transferred layer can be approximately 80 nm. Af-

ter the implantation, donor wafer and receptor substrates are cleaned to remove organic

contamination and particles and also to obtained hydrophilic surface and bonded at room

temperature (Figure C.1(b)). The continuous wave CO2 laser was irradiated and scanned

from LiNbO3 side, as shown in Figure C.1(c), to transfer layer from thermo-mechanical

shock-induced lateral crack and forward layer transfer as in the LLO processes [118–120].

The transferred thickness is consistent with the value we predicted using SRIM (Figure

C.1(d)). This means that high dose implantation (∼1×1017 ions/cm2) introduces a lot

of damage in the peak concentration region and most of laser power was absorbed in the

implant damaged region. The transferred LiNbO3 thin films have been characterized by

optical microscope, micro-Raman spectroscopy and atomic force microscopy/piezoresponse

force microscopy (PFM) and micro-disk structure was fabricated using conventional Si-based

CMOS processes.

Figure C.2(a) shows plan-view polarized optical microscope (OM) images of the trans-

ferred layer after laser-induced transfer. In the transferred LiNbO3 thin film, one can see
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cracks along the same orientation. This kind of crack generation is observed in ion implanted

LiNbO3 bulk crystal and also CO2 laser-irradiated bulk LiNbO3 (Figure C.2(b)) revealed

cracks along the domain with a density of 1.3×102/cm. It is frequently observed that the

intersection between lamellar twin defects act as preferred sites for crack nucleation in bulk

LiNbO3 [121, 122]. It could be considered that the polarization vectors are arranged as

head-to-tail on the twin boundaries. We speculate that these mechanically cleaved lines are

induced by thermal shock-induced rapid heating/quenching processes during the laser irra-

diation and transfer process [118]. Figure C.2(c) shows the exfoliate result at 500 ◦C with

Si wafer bonding. With lower bond strength after room temperature bonding, transferred

thin film was wrinkled and showed discontinuous layer bonding during the subsequent an-

nealing step. In Figure C.2 (c), the thickness of the blister is approximately 800 nm and it is

well consistent with Monte Carlo ion trajectory simulation (SRIM-2003) result. Regarding

transferred film and morphology, it is believed that the fundamental mechanism of our layer

transfer process is the explosive effusion of implanted species at the ion projected range that

occurs as the LiNbO3 is thermo-mechanically delaminated from the donor LiNbO3 wafer

toward a receptor substrate (Si) during the high power laser irradiation.

Figure C.3 shows AFM and PFM images for the transferred LiNbO3 layers on highly

doped Si(100) substrate obtained from the middle of the transferred area (34 µm×34 µm).

The rms surface roughness of the LiNbO3 crystal was increased from 2.0 nm to 11.0 nm

after high dose implantation. The rms roughness of the transferred LiNbO3 layer is 30.8 nm

due to the implantation-induced damage at the top layer. The increase of rms roughness is

mainly due to the existence of many cavities on the transferred surface or Li-evaporation at

high temperature rapid heating from the laser [110,111]. In addition, domain wall was ob-

served due to the twin formation from thermal stress during the cooling-down process after

layer transfer as seen in Figure C.2(a). In order to use this transferred LiNbO3 layer for

optoelectronic device application, surface roughness and crystallographic damage will be a

critical issue. Therefore, after layer transfer process, damage removal process is required to

reduce damage and surface roughness using chemical mechanical polishing (CMP) process.

In the piezoresponse image (Figure C.3(b)), bright and dark areas originate from the down-

ward (positive) and upward (negative) oriented domains, respectively [123]. Strong dark

contrast in domain regions suggests the existence of highly polarized area even without pol-
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Figure C.3: Simultaneously obtained (a) AFM topographic with small scan area image
and (b) piezoresponse (PFM mode) images of the transferred LiNbO3 layer (200 nm) on
the Si and (c) piezoresponse-hysteresis (P-E) curve obtained by piezoresponse signal at the
point N from domain image in (b). The modulation voltage of the tip, Vac, is 1.3 V and
modulation frequency is 18 kHz. PFM and AFM images are scanned by 34 µm × 34 µm
area.
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Figure C.4: Micro-Raman spectra for (a) fresh LiNbO3 bulk crystal as a reference, (b) ion
implanted LiNbO3. H+ dose (80 keV) is 5×1016 ions/cm2 and He+ dose (115 keV) is 1×1017

ions/cm2, (c) after CW-CO2 laser irradiation of bulk LiNbO3, (d) the transferred LiNbO3

on Si (200 nm) and (e) transferred LiNbO3 on Si (800 nm). Strong peak at 520 cm−1 is
due to the Si(TO) mode from Si substrate.

ing bias. Figure C.3(c) shows P-E hysteresis curves obtained from the piezoresponse signal

(tip amplitude) as a function of DC bias. From the DC-bias applied between conducting

AFM tip and substrate, piezoelectric strain coefficient, d33, value (∆Z = d33Vac sin(ωt),

where Z is the longitudinal displacement, Vac is the amplitude of the AC voltage and ω is

the angular frequency) was obtained to be 2.0-2.5 pm/V which is smaller than bulk LiNbO3

as reported by 6.0 pm/V. This small d33 value is mainly due to the clamping effect of the

thick Si substrate in the case of thin film and since the measurement was performed without

a domain poling process.

LiNbO3 belongs to the C3V point group (R3c-3m) and has four A1 and nine E Raman

active transitions (4A1 + 9E) [124]. In the unprocessed LiNbO3 (Figure C.4(a)), the bands

between 250 and 450 cm−1 are related Nb-O octahedral bending modes and the bands from

450 to 800 cm−1 are associated with Nb-O octahedral stretching modes. After the H+/He+

ions implantation (Figure C.4(b)), the local modes decreased due to the local damage from
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Figure C.5: (a) and (b) SEM images of micro-disk structures using transferred LiNbO3 thin
film on Si substrate and (c) schematic diagram of micro-disk in micro-resonator application.

high dose and energy implantation. The most notable local mode intensity change is in the

250-450 cm−1 for laser irradiated LiNbO3 samples as shown in Figure C.4(c). This band

suggests that the niobium octahedron have been distorted or Li element is partially released

from the LiNbO3 structure by laser irradiation. Similar phenomena have been reported in

proton exchanged LiNbO3 and high energy He+ implantation of LiNbO3 [112,125]. However,

the transferred-LiNbO3 thin films (Figure C.4(d) and (e)) have the same local mode with

the original bulk LiNbO3. These results suggest that the laser-induced thermal energy is

primarily confined in the implanted region.

Using the transferred LiNbO3 thin film (800 nm) on Si, we fabricated the micro-disk

structure as shown in Figure C.5. The detail fabrication process of the micro-disk is de-

scribed in [126]. After the isotropic dry etch of the Si substrate under the bonded LiNbO3

using XeF2, thin LiNbO3 layer shrank a little bit due to the strain relaxation during the

dry etching. For communication applications with λ= 1.55 µm resonator, we need to in-

crease the transferred layer thickness in the future. However, considering thicker LiNbO3

single crystal film with several micrometer thick reported by Radojevic et al., it is possi-

ble to obtain thicker film using high energy (several MeV range) implantation [112, 113].

The layer transferred LiNbO3 thickness can be increased by enhancing the implant en-

ergy but is ultimately limited by the equipment capability and processing time as Izuhara

et al. reported for several micron thickness freestanding LiNbO3. However, conventional

medium-current implant equipment employed for achieving the required dose range is typi-

cally limited to a maximum implant energy of around 400 keV (this energy corresponds to

approximately 4.5 µm thick LiNbO3 thin film). Low-current implant equipment can offer
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higher implant energy but make the processing time and cost unpractical. Therefore, future

goal of our study will be an epitaxial film growth on the transferred single crystal LiNbO3

as a template because most of researchers have found difficulties in growing highly oriented

LiNbO3 thin film directly on the Si surface due to huge lattice mismatch and coefficient of

thermal expansion (CTE) problem between Si and LiNbO3 [127]. Considering this future

application, thickness used in this study is enough for template and also damage removal

of the top layer in the transferred thin film has to be performed. In conclusion, a novel

fabrication process for the integration of single crystal LiNbO3 thin film on silicon has been

investigated with wafer bonding and layer transfer using laser-irradiation in conjunction

with ion implantation. High dose and high energy H+ and He+ co-implantation is used to

synthesize a buried damage layer in the LiNbO3 bulk crystal, which is bonded with the Si

at room temperature. After room temperature bonding, high power CO2 laser-irradiation

is used for lateral propagation of gas microcavities at the buried damage layer from rapid

absorption of radiation heat, leading to localized layer exfoliation from the LiNbO3 donor

substrate. Large area single crystal LiNbO3 thin films (6 mm2, 200-800 nm thick) have been

transferred on the Si(100) substrates and exhibit typical piezoelectric characteristics and

suspended micro-disk structure has been successfully fabricated. In this study, we transfer

thin LiNbO3 layer onto Si wafer and it acts as masking layer of patterning and template

for subsequent thick LiNbO3 growth ∼1.3 µm in order to obtain thicker LiNbO3 layer

for micro-resonator fabrication. This process will give more feasible mass production-type

consideration of ion implantation-induced layer splitting and wafer bonding applications.
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